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Abstract

Two Lie algebroids are presented that are linked to the construction of the linearizing output
of an affine in the input nonlinear system. The algorithmic construction of the linearizing output
proceeds inductively, and each stage has two structures, namely a codimension one foliation
defined through an integrable 1-form w , and a transversal vectorfield g to the foliation. Each
integral manifold of the vectorfield g defines an equivalence class of points. Due to transversality,
a leaf of the foliation is chosen to represent these equivalence classes. A Lie groupoid is defined
with its base given as the particular chosen leaf and with the product induced by the pseudogroup
of diffeomorphisms that preserve equivalence classes generated by the integral manifolds of g.
Two Lie algebroids associated with this groupoid are then defined. The theory is illustrated
with an example using polynomial automorphisms as particular cases of diffeomorphisms and

shows the relation with the Jacobian conjecture.

Keywords : Feedback linearization, Derivations, Lie Algebroids and Groupoids, Jacobian

Conjecture



1 Introduction

Affine in the input nonlinear systems ([5], [13]) are considered with a single control v and with

state z € R™ defined by
= flr)+g(@)u

This system is feedback linearizable to a linear system Z = Az + Bw through diffeomorphism
z = ®(z) and change of coordinates v = «a(z) + B(x)u under the condition of accessibility, i.e.
rank(g,adyg, ...,ad}) and involutivity of the distribution C = span{(g,adfg,...,ad}‘_2g} ([5],
[13]). A classical way of computationally solving this problem is to use the flow-box theorem [15]
which amounts to inductively straighten out the vectorfields. A similar method is used in the proof
of the Frobenius theorem in [2] Theorem 9 on pp. 89-92, and in [1], Theorem 7 on p. 24. Another
approach is to integrate the integrable 1-form in the null-space of the distribution C and relates to
the dual approach of [3], [14], [4]. Equivalence in the classical setting between the two approaches

can be found on p. 71 of [1].

An inductive process using a somewhat intermediate approach between the two appeared

in [10] where an anti-symmetrical product was defined.

The point of the following developments is to throw light on the meaning of the anti-
symmetrical product defined in [10] by proving that it is a Lie algebroid. This is achieved through
a tedious albeit direct proof of the Jacobi identity and the definition of a suitable anchor map. In

[10], this Lie algebroid was related to a Lie groupoid without mentioning this formalism.

In [17] another anchor map was defined without explicitly mentioning the Lie algebroid
formalism. Clarification of the relations between the two algebroids (by providing an isomorphism

of algeboroids) and between the algebroids and the groupoid will be given.

An interesting application of the theory is provided when the diffeomorphism of the defi-



nition of feeback linearization is replaced by a polynomial automorphism (see [16] for a detailed
coverage of this topic in relation with the Jacobian conjecture). The intermediate 1-forms appear-
ing in the definition of the algebroid when suitably defined leads to an algorithm for finding the
polynomial inverse map of the polynomial automorphism z = ®(z). If all the 1-forms appearing
throughout the intermediate steps (where the anchor map is used) could be shown to have have

constant determinant, this would lead to the proof of the Jacobian Conjecture.

Section 2 introduced the definition of a Lie groupoid of the literature, fixes notations,
and gives explicitly the axioms for the class of Lie groupoids that will be used with feedback
linearization. We also recall the definition of a Lie algebroid and define the two aforementioned Lie
algebroids. The proof of the Jacobian identity is then given for the first algebroid together with
an inductive construction of the linearizing output using Algebroid I and Algebroid II. Section 4
applies the theory to the case of polynomial automorphisms and relates both algorithms to the

Jacboian Conjecture. Complete proofs omitted due to the page limit can be found in [11].

2 Lie Groupoid and Lie Algebroid

2.1 Lie Groupoid

A lie groupoid [7], [8] consists of six elements subject to five axioms.

Definition 1 LiE GROUPOID. A Lie groupoid [7], [8] consists of the siz elements:

L A set Q called the groupoid (set of arrows)
II. a set O called the base (set of objects)

1II. a source map o, from  to O



1V. a target map 7, from 2 to O
V. an object inclusion map ¢, from O to
VI. a partial multiplication map (®1, Do) — @1 L Do, from QxQ to Q, where

QxQ={(P,P3) € AX Q| (D) = 7(P3)}

The target map and the source map are surjective submersions. The inclusion map s smooth. The

partial multiplication L is smooth. Additionally, these sixz elements are subject to the axioms:

(i) O'(‘IHJ_(I)Q) = O'((I)Q) and T(CI)l_L(IDQ) = T((I)l) for all ((131, CI)Q) € O Q,’

(17) 1 L(PolP3) = (91 L Do) L D3 for all D1, Py, P35 € Q such that o(P1) = 7(P2) and o(P2) =

T(P3);
(iii) o(¢(0)) = 7(:(0)) = O for all O € O;
(iv) By Li(o(B2)) = By and o(7(Pg)) LBy = By for all By € Q;
(v) each @y € Q has an inverse &5 such that
a(931) = 7(D2), T(D3") = o(P2)
Oyl LDy = 1(0(Dg)), Do LDy = 1(7(Dy)).

The element 1(O) € Q corresponding to O € O may be called the unity or identity corresponding to

0.

2.2 The Lie Groupoid for Feedback Linearization

A vectorfield g is given together with a noncancelling integrable 1-form w, that is, wg # 0 for all
z € R" and dw A w = 0, where d stands for the exterior derivative. This means that w admits

locally integral manifolds constituting a codimension 1 foliation (see for example [6]).



Definition 2 An integral manifold of w passing through a point A of the surrounding manifold will

be written as Oy4.

Because the distribution defined by the vectorfield g is trivially involutive and nonvanishing,

it admits integral manifolds:

Definition 3 The integral manifold of the vectorfield g passing through a point A of the surrounding

manifold is designated by Ga.

Lemma 4 shows that the set of all diffeomorphisms preserve the foliation defined by w, since
w is assumed integrable. The groupoid under study will be a subset of these diffemorphisms that

preserve equivalence classes defined by integral manifolds G of g.

Definition 4 EQUIVALENCE CLASSES ALONG INTEGRAL MANIFOLDS OF g Two points A1 and As

belong to the same equivalence class whenever

A1 € Ga,,

or, what means the same thing, whenever

AQ € gAl.

Definition 5 ELEMENTS Q7.  Elements of 1 are diffeomorphisms ® 4 g such that:

e they map the point A to the point B, i.e. P4 p(A) = B;

e they preserve integral manifolds of g:

VO € GaND(Pap) = Pap(C) € Pap(Ga) NR(Pa,B).



Definition 6 ELEMENTS ;7. Let v; : R 1 5 R, j = A, B be two functions satisfying both
Yi(j) =0, j = A, B and dp; = pjw, j = A, B with two functions p; : R* — R. Choosing
n — 1 functions ¢a;, ¢ = 1,...,n — 1 such that (i) ¢pai(A) =0, i =1,...,n—1 and (i) the
1-forms dpa;, i =1,...,n—1 together with w, evaluated at A, constitute a basis of TAR"™ and (iii)
dpa;g =0,i=1,...,n—1. Similarly, choose another set of functions ¢p;, ¢ =1,...,n—1, so
that (i) ¢pi(A) =0,4i=1,...,n—1 and (i) dép;, i = 1,...,n — 1 together with w, evaluated
at B, constitute a basis of TER™ and (iii) d¢pig =0, i =1,...,n—1. Then Qyr is the set of all

diffeomorphisms ® o g : R™ — R" that can be expressed as

Dyp =gl oDy (1)
with
ban ®B,1
baz2 bB2
Dy = Op = (2)
PAn—1 ®Bn-1
Ya (0

Lemma 1 The set Qj; is a subset of Q.

proof: ~ Because the corresponding constituting 1-forms diy 4, doa 1, dpaz, ..., ddpan—1
(resp. dig, dép1, dpBya, ..., dppn—1) form a basis of THR"™ (resp. T5R™), when evaluated at A
(resp. B), the maps ®4 and ®p in (2) are local diffeomorphisms, so that the reciprocal map @;1
exists showing that (1) is a well defined diffeomorphism. Additionally, ®(®4 ) = R(Pa,B) = R™.
Let x designate the coordinates of the surrounding manifold R™. Define z-coordinates as z, :=
d1(x), 22 = paz(x), ..., Zn—1 = Pan-1(x), zn = Ya(x). Then set Oy := {z|a(x) = 0} so

that Q4 is both a local integral manifold of w and a set that contains A. In the z coordinates,



its expression is O4 = {z|z, = 0}. Similarly, define 2] = ¢p1(x), 2, = ¢p2(x), ..., 2,1 =
®Bn—1(), 2, == ¥p(x) so that setting Op := {z|¢p(z) = 0} defines both a local integral manifold
of w and a set containing B. Expressed in the 2’ coordinates, Op = {Z/|z], = 0}. Now, the
choices (2) defining (1) show that the composition operator appearing in (1) forces z, = z/, so that

® 4,8(04) = Op which confirms that ®4 g € € according to Definition 5. '

Definition 7 BASE MANIFOLD O. The base manifold O is a globally defined integral manifold of

w.

Definition 8 FuNcTION ¢. We will suppose that O is defined by a single function ¢ : R™ — R

through

O = {z[¢(x) = 0}. 3)

Definition 9 SOURCE MAP o. The source map o maps the domain D(®a ) of a diffemorphism

® 4. p € Q to the base manifold O by following integral manifolds G of g, that is,

0(A1) =G4, NO, VA € D(P4B).

Remark 1 Notice that Definition 9 is well defined because we assume wg # 0 globally. The
groupoid can be understood as a class of pseudo-group. Pseudo-groups are used when dealing with

accessible sets [?] and with Riemannian foliations [?].

Definition 10 TARGET MAP 7.  The target map 7 : R — R maps the range R(® 4 B) of an

element ® 4 g to the base manifold O by following integral manifolds G of g, that is,

U(Bl) = gBl NnO, VB e %((I)A,B)‘

Lemma 2 Under the hypothesis of the existence of a function ¢ according to Definition 8 and of

the existence of a base of 1-forms of T*R™, both the source map o (Definition 9) and the target



map T (Definition 10) are globally defined and can be described using coordinates by choosing n — 1
functions v1, Y2, ..., Yn—1 Such that dv;g =0,i=1,...,n—1 and such that dv;, i=1,...,n—1

are independent 1-forms.

proof: Set z1 = y1(x), 22 = ¥2(x), - . ., 2n—1 = Yn—1(T), 2, = P(x), so that the base manifold
O is described by the set O = {z|z, = 0}. This is a well defined coordinate choice because, by
hypothesis, dig # 0 holds globally so that it is possible to find such functions satisfying dv;g = 0,
i=1,...,n—1 and such that dv;, i =1,...,n — 1 are independent of each other and independent
of di. Additionally, a point A in the surrounding manifold is described using z-coordinates as
ZA4, 1 =1,...,n. By construction of the coordinates, the integral manifold G4 of the vectorfield g,
passing through A, is

Ga={zlzi=za,i=1,...,n—1, z, e R}

and the intersection G4 N O is equal to the point of coordinates z1 = 21,4, 22 = 22,4, .-+, Zn—1 =
Zn—1,4, Zn = 0. Since this operation holds for all € R™ it holds equally well for o (Def. 9) and 7
(Def. 10) because on one hand D(®4,5) C R", V&4 p € Q, and on the other hand R(P4 p) C R",

V‘I)AyBGQ. Q

Definition 11 ® MAP.

Define the ® map as

Y1(x1, ..o, xp)
b = (4)
’Yn—l(xl’ .. -al'n)
(X1, ..., 2n)

so that according to Lemma 2 both the source map and target map can be defined as o0 = ® and

T=20.



Definition 12 INCLUSION MAP ¢. The inclusion map «(B) associates a diffeomorphism ®pp :
R™ — R™ to the the point B € O, with B being the inclusion of B in the surrounding manifold R,

such that ®p g is an identity on a local submanifold Oy of w (of same dimension) that contains

B.

Definition 13 PropucT L Given two elements ®4, g, and ®p, ¢, of 1y for which By € Gp,,

define their product as

Qa,,B,L LB,y = Py, © Pay B - (5)

Proposition 1 Axioms (i) to (v) of a Lie groupoid appearing in Definition 1 are satisfied for

elements of QU given in Definition 5 and for the product (5).

proof:  Axiom (i) is satisfied by definition of ®4, ¢, because it shares the same a map,
ie. ay, for @4, ¢, is the same as ay, for @4, p,. Axiom (ii) is trivially satisfied because of the

associativity of compositions of maps. The object inclusion map ¢ is the identity map

t:B—=R"n{z|y(z) =0}

so that Axiom (iii), which is a(¢(O)) = B(:(0)), is also satisfied. However, Axiom (iv) is slightly
more involved. Let us suppose that £ = ® 4, p, so that £ maps O4, to Op,. Then o(®) is the map
between O 4, to O that assigns to every point of A € O4, the point G4 N O in O. Therefore, if one
mutiplies by ®, that is ®Li(o(P)), then one gets back ® because of the correspondence along the

integral manifolds of g between the image of O4, as an open set in O and Oy, itself. o

2.3 Lie Algebroid

Definition 14 LiE ALGEBROID. Let O be a manifold. A Lie algebroid on O is a vector bundle

(A, 7,0) together with a vector bundle map m : A — TO over O, called the anchor of A, and



a bracket on sections I'A of the bundle given as [.,.] : TA x 'A — T'A which is R-bilinear and
alternating

[m1, ma] = —[ma, m] mi,mge € TA
and satisfies Jacobi’s identity, i.e. Ymyi,mg,m3 € A,
[ma1, [ma, ms]] + [ma, [ms, ma]] + [ms, [m1, ms]] = 0
The anchor and the bracket satisfy the properties:
(1) m([ma, ma]) = [w(ma), 7 (ms)] my,my € I'A
(1) [m1, amsg] = a[my, mao] + (Lx(n,)c) ma mi,me € TA, a0 € C(O).

where C'(O) designates functions on O.

2.4 Effect of diffeomorphisms on vectorfields and 1-forms

Consider an arbitrary diffeomorphism ® : R™ — R". Using coordinates, ® defines a new set of
coordinates z using the initial coordinates x as z := ®(z). This has consequences on vectorfields

belonging to TR™ and 1-forms belonging to T*R™.

Definition 15 PUSH-FORWARD. Let m € TR"™ be a vectorfield. Define the push-forward of m by
the diffeomorphism ® by
09

i (m) = 5-mo ¢ (2) (6)

Definition 16 PULL-BACK. Let w € T*R"™ be a 1-form. Using the vector notation that associates

to the 1-form > 7 | wi(x)dx; the vector w = <w1 Wy ... wn), define the pull-back of w by ® by
o\
P (w) :=w (gx> 0 ®1(2)

10



Lemma 3 If m is a tangent vector to a curve C = {z|z = {(a),a € R} with £ : R — R™ a smooth
defining funtion, then ®.(m) is the tangent vector of the image ®(C) := {z|z = ®({(a)), v € R} of

the curve C under the diffeomorphism ®.

Lemma 4 If w is an integrable 1-form associated with the integral manifold locally defined by a
function 1 : R" — R as {z|¢(x) = 0}, then the pull-back ®*w remains an integrable 1-form.
Moreover, 1 o ®~1 defines locally an integral manifold of ®*w. This manifold is locally described

as the set {z| o ®71(z) = 0}.

proof: These two results are classical, see for example [9]. [ )

2.5 Lie Algebroid I for Feedback Linearization
The bracket is defined as

<77L1, m2> ~ <m1, m2>

o wimsy . wmi
= [m1,ma] + g lg, m1] o [g, ma] (7)

where m; (resp. mg) is any representative of the equivalence class of m; (resp. mg). This definition
of the anti-symetrical product appeared in [10] without either the Lie algebroid interpretation or
mentioning the equivalence classes on which it operates. The closest definition that the author
could find is the Nickerson bracket, i.e. formula (44) on p. 520 in [12]. The explicit appearance of

the integrable 1-form w does however not appear in that formula.

Lemma 5 The bracket in (7) is independent of the equivalence classes my and mg chosen.

11



proof:

(m1,m2) =~ (m1 + ag, ma + Bg)

w(mo +
= [m1+a97m2+59]+(igﬁg)[g,m1+09]
w(m) + «
—M[Q,mg]
wyg

= [ma,ma] + Blm1, g] + alg, ma]

+(ma1(B) — ma(a) + ag(B) — fg(a)) g

2l + =2 g(@)g + Blg ) + o)y

—Tg[g, ma| — %g(ﬁ)g — alg, ma] — ag(B)g

12

(my1,ma) (8)

2.6 Lie Algebroid on (O,TR?/G)
The base manifold O is an integral manifold of the integrable 1-form w € T*R"™ and the typical

fibre bundle is TR", /span g(z), a section of which is a map m : O — TR?/G.

2.6.1 The Anchor

Definition 17 Let O designate an integral manifold of the integrable 1-form w. The following

anchor an  : TR™ — T'O is defined as
an (m) 1= Ty g«m

where T, 4 is the projection operator m, 4 : R" — O along integral curves of G, i.e. m,q4(m1) =

Tw,g(M2) whenever my € Gy, (i.e. Mo € Gy, ). It is such that m, 4+(g) = 0.

12



2.7 Properties I and II of the anchor an ,

Lemma 6 With anchor an r, Property I holds:

<ﬁl1, aﬁzg) = a<m1,m2> + an ﬂ(ml)(a)mg Vo € C(O)

proof: The function o € C(O) can be expressed with coordinates z1, ..., z,_1 that locally

defines the embedded submanifold O. Hence we can also understand « as defined in R"™ by consid-

ering « as a function of z1,..., z, with 2z, = 0 defining O. Denote the change of coordinates from

xz in R™ to z by z = ®(x). This then means that ®,g = % by construction of m, 4 « = Pr ®.g

where Pr meaning the projection by not considering the last coordinate. Since o does not depend

on z, by construction, it holds that Lyao = 0, so that

Now since g(a) =

identity.

0, it

(mq, amg)

wamso wmq
[97 ml] - Tg[ga amz]

= [mqy,ams] +

= ami,ma] + mi(a)me

wm wm wm
ra—2[g,m1] — a——1[g,m1] — —g(a)ms
wyg wg wyg

= a{mi,ma) +mi(a)ms

follows that mi(a) = mgw«mi(e) = an r(mq)(c) proving the required

A

Lemma 7 With anchor an ., Property II holds:

an ((m1,m2)) = [an (M), an (m2)] 9)

proof: The lemma and its proof are given in [10], Lemma 1 at the bottom of p. 554. &

13



2.8 Lie Algebroid on the bundle (R",R"/G)

The base manifold O is an integral manifold of the integrable 1-form w € TR™* and the typical

fibre bundle is TR} /span g(x), for which a section is a map m : R"™ — TR"/G.

2.8.1 The Anchor

Definition 18 Then anchor an , 4 : TR"/G — TR" is defined for any any I1-form w such that

wg # 0. For a given section m € I'TR"™ /G, the anchor is defined as
an g g(m) :=m— —g (10)

wg

where m is any representative in I'TR™ of the equivalence class m € TR™/G.

Lemma 8 The elements in Definition 18 are well defined

2.8.2 Properties I and II of the anchor an

Lemma 9 Property I holds:

(M1, ama) = a(my, ma) + an o, g(m1)(a)me Vo € C(R™)

14



proof:

<m1, @m2>

A g )~ g, ) (1)

= [my,ams]| +
= afmi,ma] + mi(a)me

wm wm
INC T
wyg wg

f%g(a)m (12)

wm
= «(my,me) + <m1 — 1m1> (a)meo
wg

= a(my,me) + an 4, 4(m1)(a)ms

The transition from (11) to (12) uses the same identity applied twice, [mi, ama] = a[my, ma] +
mi(a)me and [g,ame] = alg, ma] + g(a)ma. The remaining steps are appropriate groupings of
terms. P

Lemma 10 Property II holds:

an u.g((M1,m2)) = [an o g(M1), an o g(M2)]

wm1

and ag = ™2 5o that
wg

wg

proof: Define oy :=

an g, 4 ((m1,ma))
wm wmq
= al ygq <[mla m2] + 72[977”1] - m2)
wyg wyg
= [m1,ma] + azlg,mi1] — a1[g, ma]

_wlgw (Im1, mo] + aslg, mi1] — aalg, ma]) g

It also holds, for arbitrary vector fields fi, fo € I'T'R™, that

w(lf1, f2]) = filwf2) — fa(wf1)

15



so that

w([m1, ma] + azlg, m1] — aalg, ma)
= mi(wmg) — ma(wmi) + agg(wmi) — aomy(wg)

—aig(wms) + ayma(wg).

Next, since m; (%) = w for a, 8 € C(R™), one has

wmso
m1(wm2) - Oézml(wg) = ml(wm2) - Tgml(wg)

(wg)mi(wms) — (wmz)mi (wg)

(wg)?

= (wg)mi(az2)
Similarly,
ma(wmi) — arma(wg) = (wg)ma(a1)
Another expansion gives
azg(wmi) — arg(wms) = azg(wmi) — azai1g(wg)
—a1g(wms) + asa g(wg)

= az(g(wmi) — a19(wg)) — a1(g(wma) — asg(wg))

= az(wg)g(ar) — ar(wg)g(az)

16

(14)

(15)

(16)



so that substituting (14), (15) and (16) into (13) modifies the left-hand side of the identity to be

proved in the following way:

an g ((M1,M2)) = [m1, ma] + azlg, m1] — aa[g, mo

—jg«wg)ml(aa) — (wg)ma(an)
+az(wg)g(ar) — ai(wg)g(az))g

= [ma,ma] + azlg, mi] — ai[g, m2]
— (m1(a2) — ma(ar) + azg(ar) — arg(az)) g (17)
Now consider the right-hand side of the identity, namely

ot 5 (721), 81 4,5 (2)] = 1 — g, mz — azg]
= [m1,ma] — [m1, aag] — [a1g, ma] — [a1g, m2] + [a19, ai2g]
= [m1,ma] — azlmu, g] — mi(az)g — ailg, me] + ma(a1)g

+araslg, g] + arg(az)g — azg(a)g
= [m1,ma] + azlg, m1] — ailg, me]

+(—mq(a2) + ma(a1) + a1g(az) — asg(aa))g (18)

Comparing (17) with (18) shows that

an g ({M1,Ma)) = [an y 4(Mm1),an , 4(M2)]

which proves the assertion. 'Y

2.8.3 Proof of the Jacobi identity

Lemma 11 The following identity

Z <mi7 <mj7mk>> =0

cyclic i,j,k

17



holds.

proof: For notation convenience, the following quantities are defined:

wmi wmsy wms
o] = ——— Q9 = —— ag = —.
wg wg wg

Considering the first term of the Jacobi identity and the identity (7)

((m1,ma), m3) =
[an o g ((m1,m2)), an o, g(m3)]

+ ((ang, g ((m1,m2)))as) g

w<m17m2>> g

- (an wg(ms) g

By using (7) for (mj,ma), we get

w(ma,ma) = w([an ug(mi),an u,g(m2)]
+(an g g(mi)az —an  g(m2)ai)g)

= wlang,g(m1),an ug(m2)] + (an o, g(m1)a
—an o,q(mz)ar)wg

= 0+ (an o 4(Mm1)ag — an , (M) )wy.
Substituting (20) in (19) gives withi =1, =2,k =3

<<mi7mj>7mk>
= [lan wg(mi), an o g(mj)]an o g(my)]

+ ([an w,g(mq), an o (m;)] ()

)(an wg(mi)aj —an o g(m;)(a;))wg

—an g g(m wg

18

(19)

(20)



= [[an w,g(m;), an o 4(m;)]an o g(my)]
(0 g (a0 1 (15t — A1 g (15) g )tk
—an g g(mg)an o g(m;)ay +an o g(mg)an o 4(m;)ai)g.

It is then straightforward to notice that a circular summation of the previous expression over the

indices i, j, k yields zero, that is,

Z <<miamj>7mk’> =0

cyclic i,5.k

which is the Jacobi identity. [ )

2.9 Lie Algebroid Isomorphism

Proposition 2 The algebroids of Sections 2.6 and 2.8 are isomorphic in the sense that there exists
a one-to-ome correspondance between O - projectable vectorfields and corresponding line bundle in

the g,w-quotient bundle.

proof: The right-hand-side of (9) is the same as the right-hand-side of Property (II) of the
algebroid of the groupoid. Therefore, if one gives two O - projectable vectorfields /m; and ms, then
one simply defines corresponding line bundles as {m; + ag,Va : RY — R} and {12 + ag,Va :
RN — R} for which 7m; and g are used as representatives. Then 7((r1,ms2)) = ([, m2]) =
[rmy, mme] = [m1,me]. Reciprocally, suppose that two line bundles are given a priori, namely
{mq + ag,Va : RV — R}, and {ms + ag,Va : RY — R} and compute m; = (m;) = Pr(®.(m1))

and mgy = m(mg) = Pr(®,(ms)) so that after setting

one notices that because of the zero inserted in the last component, the vectorfields m; and msy are

O - projectable and therefore satisfy 7 ([111, 2]) = [m1, M| = 7({1M1, M2)) Because by construction

19



of my and my, it is true that [my,ma] = 7({m1, mg)), this also means that /m; belongs to the line
bundle generated by m;, and meo belongs to the line bundle generated by ms. The arbitrariness of
mq and mo within their respective line bundles shows that the construction of mj and m9y does not

depend on the representatives mq and mo chosen.

Therefore, a one-to-one correspondance between O - projectable vectorfields and corre-
sponding line bundles is established. The elements of one set (the O - projectable vectorfields m4
or mg) or the other (the line bundles {m; + ag,Va : R" — R} or {m2 + ag,Va : R" — R}) are

distinguished by the vectorfields m, and ms to which they map in T'O. '

3 Application to Feedback Linearization

3.1 Algorithm using Algebroid I

This algorithm is described in [10] and is summarized hereafter. It consists of two phases. The first
phase reduces the number of coordinates using diffeomorphisms of the Lie groupoid, keeping track
of their inverses. The linearizing output is computed using the chain of inverses of the target maps

during the second phase.

3.1.1 Phase 1l

o [nitialisation: fo = f, go := g and define an;o using a diffeomorphism ®q such that

anmo(go) =0.

o Induction:

fit1 = ang(fi)

giv1 = ang;([fi, 9))
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and choose w;11 such that it is integrable (or exact) such that w;t1g;+1 # 0 and construct a
diffeomorphism ® associated with the groupoid and defining an ;41 such that any ;41(gi+1) =

0.

e Termination: Stop when i =n — 1.

3.1.2 Phase 2
The linearizing output is obtained using the chain of inverses of the target maps
z=®y o d o 0® L (1)

where z; stands for the unique state of the last iteration.

3.2 Algorithm using Algebroid 11
3.2.1 Phase 1l
This algorithm is described in [17] without the formalism of Lie algebroids and groupoids.
e Initialisation: fo:= f, go := g and choose wy integrable (or exact) such that wygo # 0.

o Induction:

fir1 = anwi,gi(fi)

giv1 = any,([fi,9])
Choose w; 1 integrable (or exact) such that w;;1g;+1 # 0.

e Termination: Stop when i =n — 1.
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3.2.2 Phase 2

The second phase constructs the linearizing output using the 1-forms w; used in the first phase:

o Initialisation: vy_1 := wp—1

o Induction:

Vn—(i+1) "= Vn—i — ottt (i+1)
- = Pn— -
e Wn—(i+1)In—(i+1) o

e Termination: Stop when i =n — 1.

4 Polynomial Automorphisms and the Jacobian Conjecture

Key to all algorithms and properties of the previous sections is the construction of the 1-forms w;.
The choice of exact forms for which w;g; are constants and those that cancel g; play a fundamental
role in the construction of the inverse of a polynomial automorphism as it will be shown in this

section through an example.
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4.1 Example

T
The polynomial vectorfield f is given by its components f = < i fa fs > as

4 2 2 2
_ % 2, % %3 7 Ty 11 T2
f1—2+:c21:3+2+2+2+2+2+2
9 = —41}1.%'7+2.%'7—4.%'1xr5—123?1.%‘2.%54-6%21'?
3 3 3 3 3

5x4
—223 — baya3 + 73 — datal — 62303 — 12z 2323

2
+6x5
fz3 = a3 — 21123 — 8wywens — dwoxl — w173
*6$15E2$§ + 3ZL‘2£L‘§

2

T
—3 43:1333963 + 2x3x3 — 43:13323@3 — 2x2x3
5 2 2 2 2

T3
—T1T3 — 43:‘1’@:03 — 6.%%332(]}3 — 2x1T073 + 5

3z7 r3 x
1 2 2 1 2
—zi’———mlmQ—l——

2 2 2 2

and the g vectorfield is

T
9:<0—2x3 1)

The polynomial vectorfields f and g can be understood as polynomial derivations f =
> fige and g = 3, giz [16].
4.2 Algorithm with Algebroid II
4.2.1 Phase 1

The indices of f now relate to the iteration number of the algorithm (and not to its components).
Hence set fo = f and gy = ¢g. The 1-form
wo = (223 + 2x9)dxs + (23 + daoxs + 1)dx3
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is such that wp go = 1 and is exact since wyg = d(x§ + 2x2x§ + x5+ x%) This will be used to define

the first anchor

( ) wom
an m)=m —
w0,90 0 90 90

A direct computation gives

g1 = aHngo([angO])

N[

4:1:13:§ — 23:3 + 4z x93 — 22903 + X1 — %

—2561.75% + :c% — 22129 + T2

and f; = fo. Selecting the trivial exact 1-form
w1 = d.iCl

leads to the second iteration which is

g2 = an ., ([fi,0]) =
T
= ( 0 —da3 —dwows —1 2 (23 + x2) )
Choose wy = dxy so that

wo gg = —43;% —4xoxs — 1

this will be the integrating factor of the 1-form vy constructed in Phase 2.
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4.2.2 Phase 2

Applying the iteration scheme of Section 3.2.2 gives

Vy = Wy = dxg
Vv = (8%133% — 433% + 8x1x9x3 — droxs + 211 — 1)d561 + dxo
vy = (8x1:):§ — 4:r§ + 8xywoxs — dxoxs + 221 — 1)day

+ (423 4 dxoxs + 1)dxg + (825 + 8x9x3 + 223)das

1
w2 g2

— 1 _ 2 2
Yy = W= —xy — T2 — I3
w2 g2

Integrating the exact form 1 leads to the linearizing output

4.3 Algorithm with Algebroid I
4.3.1 Phase 1

Set fo = f and go = g. The polynomial morphism

1
by — x§+$2
x§ + 2x2x§ + x3 + x%

admits the inverse
z1
—1 .
Dy iz | —2d 422323 + 29 — 23
2

so that the anchor
an ro(m) = Pr @, o(m)
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is defined such that an »(go) = 0. Then

fl = an Tr,O(fO)

2
3 3z z z 2:
B B R L ks KTl e

D[

g1 = an ﬂ,O([anQO]):
zZ1 — 5

Select the second polynomial morphism as

Z1+z%+2’2

P2z —
Z1 — Z% — Z9
with polynomial inverse
1
5 (w1 + wa)
ortiw— (21)
% (—w% — 2wowy + 2wy — w% — 2w2)

defining the second anchor

an r1(m) = Pr @, 1(m)

with the property that an r1(g1) = 0. The linearizing output is w;.

4.3.2 Phase 2

Phase 2 consists in expressing wy through the successive polynomial-inverse maps:

y = 05N (w1) =Pyl (21 — 25 — 22)

= .%‘1*56%*.%2*33%
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4.4 Relation to the Jacobian Conjecture

Setting
Yy T — 22 — 29 — T3
iz Ly | = o3 + 21 + 2% + 22 (22)
Lfcy a:§ + 2$2x§ + x3 + :c%

gives a polynomial morphism ® : z — ®(x). Extending the ®; map obtained in Phase 2 with
z3 — 23 and changing notations using z instead of z gives the polynomial morphism
r1 + x% + 2
U:x— T — m% — T
3
with inverse given as (21) with w replaced by x and with last component x3. It is then straightfor-

ward to show that U~1 o ® ! is the inverse map of ® defined in (22).

Associated with any polynomial automorphism, one can construct a dynamical system
& = f(z) + g(x)u which is feedback linearizable using the polynomial automorphism. With n = 3
this would be 21 = z9, 29 = 29, 23 = u, and determine the associated f and g using the polynomial
morphism. Then proceed as described with f and g given above. The example was constructed

using a particular class of tame polynomial automorphisms.

5 Conclusion

The algebroids given in Section 2.6 and 2.8 have different anchors and can be used to give two
iteratives schemes to compute the linearizing output of nonlinear affine in the input single-input
system. The algebroids were shown to satisfy the Jacobi identity and all properties required. Key

in establishing this result is the fact that w appearing in (7) is an integrable 1-form. Using the two
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algebroids an example using polynomial automorphisms instead of diffeomorphisms illustrated the
theory. The convergence and computation of the inverse polynomial map hinged on the construction
of exact forms in the intermediate steps of the algorithm. If all these forms could be constructed
explicitly and a suitable collection of which could be shown to have a constant determinant, then the
Jacobian Conjecture would be proved. An algorithm for a class of tame polynomial automorphisms
was used for generating the example and will be published elsewhere. An algorithm for the general

case using the ideas presented is still unknown at the moment.
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