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Abstract

We analyze the stability and accuracy of discrete least squares on multivariate poly-
nomial spaces to approximate a given function depending on a multivariate random
variable uniformly distributed on a hypercube. The polynomial approximation is cal-
culated starting from pointwise noise-free evaluations of the target function at low-
discrepancy point sets. We prove that the discrete least-squares approximation, in a
multivariate anisotropic tensor product polynomial space and with evaluations at low-
discrepancy point sets, is stable and accurate under the condition that the number of
evaluations is proportional to the square of the dimension of the polynomial space, up
to logarithmic factors. This result is analogous to those obtained in [7, 22, 19, 6] for
discrete least squares with random point sets, however it holds with certainty instead
of just with high probability. The result is further generalized to arbitrary polynomial
spaces associated with downward closed multi-index sets, but with a more demanding
(and probably nonoptimal) proportionality between the number of evaluation points
and the dimension of the polynomial space.

Keywords: approximation theory, discrete least squares, error analysis, multivariate
polynomial approximation, low-discrepancy point set, (¢, m, s)-net, (¢, s)-sequence,
nonparametric regression.
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1. Introduction

In recent years, an increasing interest has been dedicated to the various fields of ap-
plied mathematics graviting around the issue of uncertain knowledge of data in com-
putational models. The uncertainty can be treated by means of random variables
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distributed according to a given or unknown probability distribution. In the applica-
tions, the presence of multiple sources of uncertainties demands that a large number
of random variables be employed. Therefore, the underlying challenge is the approxi-
mation of target quantities of interest which functionally depend on a large number of
random variables. Starting from the classical Monte Carlo method, i.e. with random
sampling points, several approaches have been proposed. When the functional depen-
dencies on the random variables are smooth, polynomial approximation techniques [18]
such as stochastic Galerkin [2], stochastic collocation on sparse grids [5] and discrete
least squares with random evaluations [7, 22, 19, 6] have been proposed as an efficient
approximation tool. Another approach is the quasi-Monte Carlo method [24, 29, 10],
which relies on the careful development of specific sets of deterministic quadrature
points, so-called low-discrepancy points, to approximate multidimensional integrals.
The combination of random and deterministic points has proven advantageous as well.

In recent works, it has been proven that univariate discrete least squares on poly-
nomial spaces with random evaluations uniformly distributed on an interval are stable
and optimally convergent in expectation [7] and in probability [22], under the condi-
tion that the number of evaluations is proportional to the square of the dimension of
the polynomial space. The analysis has been extended to the multivariate case in [6],
for any dimension of the random variable, for polynomial spaces associated with any
arbitrary downward closed multi-index set, for the uniform and Chebyshev densities.
The same analysis can be extended to any tensorized densities on a hypercube in the
beta family using the results proven in [20].

In the present work we focus only on the case of uniform density, and we ana-
lyze discrete least squares on multivariate polynomial spaces with evaluations at low-
discrepancy point sets. We prove in Theorem 9 that, in multivariate anisotropic tensor
product polynomial spaces and using low-discrepancy point sets, the discrete least-
squares approximation of any uniformly continuous function is stable and accurate,
when the number of evaluation points is proportional to the square of the dimension
of the polynomial space (up to logarithmic factors). As in [6], accurate means that
the error of the discrete least-squares projection in the L? norm is comparable with
the best approximation error in the L* norm. Therefore, with anisotropic tensor
product spaces, the use of low-discrepancy point sets leads to analogous theoretical
results as those with random points proven in [6]. The results with low-discrepancy
points hold with certainty, whereas the results with random points only hold with high
probability or in expectation. A closer look to the logarithmic factors reveals that
in the low-discrepancy case the stability condition contains a logarithmic dependence
which worsens as the dimension increases, whereas the same logarithmic dependence
is dimension-free in the random case.

In the multivariate case, when the polynomial space differs from the anisotropic
tensor product the quadratic growth worsens: in any case we have proven the sta-
bility and accuracy of discrete least squares in any polynomial space associated with



arbitrary downward closed multi-index sets, if the number of evaluation points is pro-
portional to the quartic power of the dimension of the polynomial space. Notice that
this is a sufficient but not necessary condition. An analogous quartic proportionality
can be proven using probabilistic estimates for the star discrepancy of random points
independent and uniformly distributed.

A relevant quantity in our analysis is the superposition of star discrepancies of low-
order projections of point sets, which has proven to be related to the convergence of
quasi-Monte Carlo and to tractability issues, see [28, 32] and references therein.

Recently, in [34] an analysis of discrete least squares with deterministic points has
been presented in the case of the Chebyshev density, however, using techniques quite
different than those used here. The authors prove stability and accuracy under the con-
dition that the number of points scales as the square of the dimension of the polynomial
space associated with any downward closed multi-index set, with the proportionality
constant depending on the number of components of the multivariate random variable.

We point out that, the use of quasi-Monte Carlo and low-discrepancy point sets
for integration usually requires strong smoothness assumptions on the integrand, e.g.
existence of mixed derivatives, see [10]. However, in our case the discrete least-squares
approximation does not require any assumption of mixed regularity on the function to
approximate. The quasi-Monte Carlo estimates involving mixed derivatives are applied
here only on polynomial functions (which of course have enough regularity) to prove
the stability of the discrete least-squares approximation.

The outline of the paper is the following: in §2 we recall the approximation method-
ology based on discrete least squares on multivariate polynomial spaces. In §3 we in-
troduce the notion of star discrepancy of a point set, the latest developments of its
upper bounds for nets and sequences, and some estimates for the superposition of star
discrepancies of low-order projections of a point set. In §4 we prove a norm equiv-
alence on multivariate polynomial spaces using the star discrepancy. In §5 we prove
stability and accuracy of discrete least squares on multivariate polynomial spaces with
evaluations at low-discrepancy point sets. Finally in §6 we draw some conclusions.

2. Discrete least-squares approximation

Let I; C R® be the s-dimensional hypercube I := [0, 1]° in the Euclidean s-dimensional
space, with s € N denoting the dimension. Consider a random variable Y € I, dis-
tributed according to the probability density p : I, — RJ, and a target function
¢ : I, — R that depends on the random variable. Throughout this article we consider
only the tensorized s-dimensional uniform density p = p(y) := ®@_,1j0.1(y,)dy,, where
Io,1) denotes the characteristic function on the interval [0, 1]. We would like to approx-
imate the function ¢ = ¢(Y) in the L? probability sense, using pointwise noise-free
evaluations. The dependence of the function ¢ on the random variable Y is assumed
to be smooth, and this justifies the use of an approximation approach based on poly-



nomial expansions. Given n distinct points 3, ..., y" € I, we introduce the L? scalar
product and its discrete counterpart,

(f1, ) 2 3:/1 ) f)dy,  (fi, f2)n Zfl

and the associated norm || - || 221,y == (-, -)2/22(13) and seminorm || - ||, = (-, -}/>.

We denote by {p,},>0 the family of univariate Legendre polynomials orthonormal
w.r.t. the standard L? scalar product on [0, 1], i.e. {¢q, ¥1)12(0,1) = g, see [30]. Denote
by A C Nj a finite multi-index set, and for any v € A define the multivariate Legendre
polynomials 1, as

= nguq(yq% Y€ Is7 (1>

by tensorization of the univariate L?*-orthonormal Legendre polynomials {¢,},>0. The
space of polynomials Py = Py (/) associated with the multi-index set A is defined as

Py :=span{y, : v € A},

and of course it holds dim(Py) = #(A). Notice that the seminorm || - ||, becomes a
norm over any polynomial space Py, provided n is sufficiently large (n > #A) and the
n points {y*}, are distinct. A particular class of multi-index sets, that we consider
in our analysis in §4-85, is characterized by the following property.

Definition 1 (Downward closedness of the multi-index set A.). The finite multi-index
set A C Nj is downward closed (or it is a lower set) if

(velA and p<v)=pcA,
where p < v means that p, < v, forallqg=1,...,s

According to this definition, the multi-index set A = {0}, which contains only the
null multi-index, is downward closed.
Denoting by w a nonnegative integer, common isotropic polynomial spaces P, are

Tensor Product (TP) : Av ={v eN;: [V]lpes < W},
Total Degree (TD) : Ay ={v e Ny : |v|eag < W},
Hyperbolic Cross (HC) : Ay = {u e Nj: H(l/q +1)<w-+ 1} :
q=1
An anisotropic polynomial space, that will be used in the present paper, is the anisotropic
tensor product space with maximum degrees wy, ..., ws in each coordinate:
anisotropic Tensor Product (aTP) : Ay owo ={reNy: v, <w, Yg=1,...,s}.
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In the remaining part of this section, the multi-index set A need not be downward
closed, but can be any finite multi-index set A C Nj. We consider a discrete least-
squares approximation of ¢ over the polynomial space Py. Given n points 3, ..., 9",
we compute the noise-free evaluations of the target function ¢ in these points. The
discrete L? projection I1%¢ of the function ¢ over the polynomial space Py is defined
as

N := argmin ||¢ — u|,, (2)

uePy
and corresponds to a minimization problem whose unknown is the coefficient vector 3
in the expansion
(o) () = > Butbu(y), € L.
veEA

We introduce the design matrix A and the right-hand side b defined element-wise
as [A];; = ¥;(y") and b(y") = ¢(y'), respectively, for alli = 1,...,nand j =1,..., #A.
From a linear algebra point of view, solving problem (2) is equivalent to finding the
solution 3 to the normal equations

ntATAB =n"tATb.
Problem (2) approximates the continuous L? projection

IA¢ := argmin ||¢ — u||r2(1,),

uePp

which usually cannot be directly computed.

In any dimension s, for any multi-index set A and any set of n distinct points

yt, ..., y" € I, we define the following nonnegative quantities as in [22]:

HUH%Z(IS)
Q(n,A) := sup and S(n,A):= sup ——. (3)

u€Pp \{u=0} HUHQLQ(IS) u€Pp \{u=0} HUH%

ullz

In §4 we analyze these quantities using low-discrepancy point sets. In the case that
the n points y!,...,y" are realizations of the random variables Y, ... Y" S p, the
quantities @ = Q(n,A) and S = S(n,A) defined in (3) are two random variables
themselves. This framework has been analyzed in [7, 22, 6, 21, 19], and we report in
§5.2 the main results achieved.

In the remaining part of this section, the points ¢, ..., y" can be either deterministic
or random. In the following we report two results from [22], that give an insight into
the importance of the quantities (3) in the stability and convergence properties of the

discrete L? projection (2).

Proposition 1. For any multi-indez set A in any dimension s, with S(n,\) defined
as in (3) and n > #A, it holds that

6= 30l 20y < (14 VS, A)) inf (16— ullpmryy Vo€ COL). (4



Proof. See [22, Proposition 1]. O

To quantify the stability of the least-squares problem (2), we define the spectral
condition number of its associated matrix AT A as

o ATA
(A7)

cond (ATA) = — (ATA>’

(5)

with opax(+) and oy (+) being the maximum and minimum singular values.

Proposition 2. For any multi-index set A and any dimension s, the spectral condition
number (2-norm) of the matriz AT A, as defined in (5), is equal to

cond (A"A) = Q(n,A) S(n, A), (6)
since Opmas(ATA) = Q(n, A) and oin(ATA) = (S(n, A))~1.
Proof. See [22, Proposition 4]. O

Remark 1. In any dimension s and for any multi-index set A it holds that

-1

1 :
SmA)= sp ——=| inf [u2] . QmA)= sup [ul2
wery lull? e v u€Py
lull 270y =1 £2(15) el L2 gy =t

3. Low-discrepancy point sets

In this section we introduce the notions of local discrepancy and star discrepancy of
a given set of points, which aim at quantifying how well the points are uniformly
distributed in the domain I;. The topic is extensively introduced and covered in [24,
26, 11, 10], with complete lists of references.

Let S := {1,...,s} be the set containing all the s directions, and let R and T
be subsets of S satisfying 7" C R C S. Unless explicitly mentioned otherwise, the
empty sets R = ) and T = () are allowed as well. The ordering of the directions
is not taken into account, and will not play any role in this paper. We denote the
cardinalities of the sets S, R, T by |S|, |R|, |T| rather than by the hash symbol used for
the cardinalities of multi-index sets. Of course s = |S|. Following the notation I; to
denote the s-dimensional hypercube, for any §) # R C S we denote by g := [0, 1]|R‘
the |R|-dimensional hypercube. In the one-dimensional case we simplify the notation
I to I :=[0,1].

Given a point y € I, we denote by (ygp, 1) € I, the point with the same values as
y in the coordinates corresponding to the elements of R, and with values equal to 1
in the remaining coordinates in the set S\ R. In the following discussion, the value 1
could be replaced by any other arbitrary (but fixed) value in I. Also, we often use the
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notation y = (yr, ys\r) to denote the point y € I,, to emphasize its components in R
and S\ R, respectively.
We introduce the anchored Sobolev space H?. (I;) with inner product

mix

\RI IR
<f1,f2> () ¢ Z/ 8 val)gy fo(yp, 1)dyr, (7)

RCS \RI

where 9/l f(y5,1) /Oy, denotes the mixed first derivative of f in the directions specified
by the elements of the set R, and evaluated in the point 1 in all the remaining directions
contained in the set S\ R. The inner product (7) induces the norm || f|| ;= = (/f, f>1/2

over the space H?

mix’

which contains all the functions with square—integrable mixed first
derivatives and with finite H?. norm. These spaces can be characterized by means of
reproducing kernels, see e.g. [10].

Given a set of n points y*,...,y" € I, and any subset () # R C S, we introduce the
anchored local discrepancy

A" (tg ZH 0@ = [t tr € Ln; (8)

i=1 g€R qER

and the anchored star discrepancy

Dy = sup |A™R(tg, 1)), (9)

tR€I|R‘

that quantifies how much the empirical distribution of the components in R of the n
points differs from the uniform distribution, while the remaining |S \ R| components
are frozen to 1. On the one hand, a well uniformly distributed set of points has a small
star discrepancy. On the other hand, large values of the star discrepancy imply a poor
uniformity of the empirical distribution. The quantifiers “small” and “large” will be
made more precise in the next section.

The star discrepancy DP corresponds to the L norm of the local discrepancy
A™ Similarly, the L? discrepancy can be defined by means of the LP norm with any
p > 1. Notice that, when R = S, A™% and D% correspond to the usual anchored
local discrepancy and anchored star discrepancy. These notions of (unweighted) dis-
crepancies can be extended to their weighted counterparts [29], by introducing suitable
weights that specify the mutual importance of combinations of coordinates. Several
types of weights have been proposed, e.g. product weights, finite-order weights, order-
dependent weights and general weights, see [11]. However, in this work, we restrict
ourselves to “unweighted” discrepancies.

3.1. Upper bounds for the star discrepancy

In this section we recall upper bounds for the star discrepancy. We make use of the
same distinction introduced in [10], where “closed” set of points refers to a finite set



of say n points, and “open” set of points refers to the first, say, n points of an infinite
sequence.

Concerning the upper bound for the star discrepancy, there exist sequences of points
such that

1 S
Dgng(nn), s>1, foralln>1, (10)
n

where the constant B, depends only on the sequence and on the dimension s but not
on n. Notice that, for fixed s, the function n + n~*(Inn)* increases w.r.t. n unless
n > exp(s). Therefore one has to take at least n > exp(s) points to make the right-
hand side in (10) lower than B;. Common low-discrepancy sequences are by Sobol’,
Niederreiter, Faure, van der Corput, Halton, see e.g. [11].

A “closed” point set with n points sometimes allows a further decrease of the
exponent of the logarithm: e.g. in the case of (£, m, s)-nets the star discrepancy satisfies

(Inn)s—!

pr<B Y s> (11)
n

As remarked in [10, Example 2.5], typically the upper bounds for “closed” point sets
are better than those for “open” point sets. On the other hand, “open” point sets
allow to arbitrarily increase the number of points n keeping all the previously chosen
points in the set. In general this does not hold for “closed” point sets, and a different
number of points n corresponds to a completely different set of points.

In the next section, we introduce two classes of low-discrepancy point sets: nets
and sequences. A net is a “closed” point set, and the first say n points of a sequence
is an “open” point set.

3.1.1. Nets and sequences

In this article, we focus on so-called (¢, m, s)-nets and (¢, s)-sequences, see [23, 24, 11]
and references therein. We start by introducing the notion of (¢,m, s)-net, following
[11].

Definition 2 ((¢,m, s)-net in base b). Let s > 1, b> 2, ¢t >0 and m > 1 be integers
with t < m. A (t,m,s)-net in base b is a point set consisting of b™ points in [0,1)*
such that every elementary interval of the form

2 a; a; +1

I

i=1

with integers d; >0, 0 < a; < b%, and dy + ... +dy = m —t, contains exactly b* points
of the net.

Here b is an integer denoting the base of the net, t is the quality parameter, and m
specifies the total number of points in the net given by n = ™. It is known that for
every prime base b there exist (0,m, s)-nets in base b for all s < b+ 1, see [11, page
198]. Moreover, we have the following theorem.
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Theorem 1 ([11, Theorem 5.28]). For every dimension s there is a (t, m, s)-net in base

b =2 consisting of 2"1* points in [0,1)* whose star discrepancy is less than s/210%.

In [12, Theorem 1] an upper bound for the star discrepancy of a (¢, m, s)-net in base
b is proven. For any positive integer k£ and any integer v, we denote by (5) the usual
binomial coefficient with (5) = 0 whenever k£ < v or v < 0.

Theorem 2 ([12, Theorem 1]). Let s > 2, m >t > 0, and let b > 2. The star
discrepancy of a (t,m, s)-net in base b with n = b™ points satisfies

ayym’, (12)

with

s—2—v v s—1-wv -1
(s) . s—2 b+2 (b—l) <(2) 2 ) s —2 b+2 (b—l)v ()
Gob = ( v ) ( 2 SIS R P B Q=1 I (LD

forany 0 <wv <s—1, with

b+ 8 b? L

——,  if b is even, . if b is even,
a((fg =4 jl_ 4 and afg = 21(3*1’ 1)

—5 if b is odd, < if b is odd.

We report in the following a corollary of this result. Throughout the article 7, is
defined for any integer b > 2 as
b2
7= m, if b is evel,
1, if b is odd.

Notice that, for any b > 2, it holds that 1 <7, <4/3.

Corollary 1 ([12, Corollary 1]). Given a (t,m,s)-net in base b with n = b™ points,
then it holds that

v () o (M) w

The term O ((Inn)*2/n) in (13) can be precisely quantified taking into account all
the terms in the right-hand side of (12).
A (¢, s)-sequence, according to [11], is defined as in the following.

Definition 3 ((¢,s)-sequence in base b). Let t > 0 and s > 1 be integers. A (t,s)-
sequence in base b is a sequence of points (y*,y?,...) in [0,1)% such that for all integers
m >t andl > 0, every block of b™ points

M 41 (I+1)p™
.

Y - Y

in the sequence (y',y?%,...) forms a (t,m,s)-net in base b.

9



As an example, the Sobol” sequence is a special kind of a (¢, s)-sequence in base
b = 2. An analogous result of [12, Theorem 1] has been proposed in [12, Theorem 2]
for a (¢, s)-sequence in base b, which we report here, as well as its corollary.

Theorem 3 ([12, Theorem 2|). Let s > 2, m >t > 0, and let b > 2. The star
discrepancy of a (t, s)-sequence in base b satisfies

s

bt
D < 2N A% v 14
s_nvz:; U,b(ogbn) ) (14)

for any n > max{b,b'}, and with

o _bF2
06T o op
b—1 g b—1
A;‘j’b = <2v + T) aq(h,)) + 7@5}_)17,), forl<v<s—1,
s b_ 1 (S)
8,b = 2¢ CLs—l,b’

where the coefficients af}sg are the same as in Theorem 2.

Corollary 2 ([12, Corollary 2]|). Given the first n points of a (t, s)-sequence in base b,
then, for any n > 1, it holds that

D: < Z;’ (b_1>s(ln")s+o(m>. (15)

2Inb n n

Again, the term O ((Inn)*~!'/n) in (15) can be precisely quantified taking into
account all the terms in the right-hand side of (14).

Notice that the main difference between the bound (15) for sequences and the bound
(13) for nets is in the exponent of the logarithmic terms as well as in the factorial s!
in the denominator compared with (s — 1)!. Recently, the upper bound on the star
discrepancy for (¢, s)-sequences has been further improved in the non-asymptotic regime
in [14, Theorem 1].

The digital construction of (¢, m,s)-nets and (¢, s)-sequences has been introduced
in [23]. Afterwards, these point sets have been named digital (¢, m, s)-nets and digital
(t, s)-sequences, see also [11]. We do not introduce them in the present paper, and
just mention that our results proven for nets and sequences hold true for digital nets
and digital sequences as well. Recently (£, m, e, s)-nets have also been introduced, see
[31, 16], but we will address their application in forthcoming analyses. Neither will we
consider generalized nets, i.e. (t,a, 3,n X m,s)-nets as introduced in [8, 3, 4].

3.1.2. The one-dimensional set of deterministic equispaced points
In one dimension, the following result provides an explicit formula for the star discrep-
ancy of any point set.

10



Theorem 4 ([24, Theorem 2.6]). If 0 <y' < ... <y" <1, then

" 1
Ds =g, + ax

. 20—1
b — . 1
v -2 (16)

In this case, the point set of “closed” type with minimal star discrepancy (16) is

21
y = Zzn el, i=1,....n, (17)

and the value of its star discrepancy, with S = {1}, is
D= (2n)"', n>1 (18)

The point set (17) is a (0, 1, 1)-net in base b = n, and it is optimal in the sense that it
has the best star discrepancy w.r.t. all point sets with n points in [0, 1].

3.2. Low-order projections of a low-discrepancy point set

The overall accuracy of the quasi-Monte Carlo method relies on the low-discrepancy
properties of the set of quadrature points, and on the properties of the integrand, e.g.
its smoothness. A well known explicit formula for the integration error is (26), which
involves indeed the local discrepancy of all the low-order projections. Therefore, the
discrepancy quality of low-order projections is as much important as the discrepancy
quality of the point set itself. However, the number of low-order projections of an
s-dimensional point set is 2° — 1, and a quantitative analysis of their role corresponds
to taking into account the different importance that the interplay of any subset of
coordinates might have. The discrepancies of low-order projections of low-discrepancy
point sets and their influence in the convergence of quasi-Monte Carlo have already
been studied in the literature, see [28, 32|, and will play a main role in our analysis as
well.

In the following we estimate the superposition of star discrepancies of low-order
projections

D} (0) = > Do (19)
§#£RCS

for point sets like (¢, m, s)-nets and (t, s)-sequences with any s > 1 and with 0 being a
nonnegative real parameter. In the case S = {1} and § = 1, D?(#) coincides with the
usual star discrepancy. We recall a useful propagation rule for the low-order projections
of a (t,m, s)-net.

Lemma 1 ([11, Lemma 4.16]). Given a (t,m,s)-net in base b, its projection onto any
combination of 1 < s < s dimensions is a (t,m, s")-net in base b.

An analogous propagation rule holds also for a (¢, «, 5,n X m, s)-net in base b, see
[3, Theorem 1.2], and for a digital (¢, «, 5,n X m, s)-net, see [9, Theorem 2, propagation
rule V].
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In the next lemma we explicitly calculate an upper bound for the superposition
of star discrepancies of low-order projections of (¢,m, s)-nets, starting from the upper
bound in Theorem 2.

Lemma 2. In any dimension s > 2, given a (t,m, s)-net in base b with n = b™ points:
for any real 0 > 0 the superposition of star discrepancies of low-order projections
satisfies

) ot b9\ 2 o(b—1) Inn\*"
DS(9)§7<(1+QT) ((1+2+9(b—|—2)lnb> g(s,bﬁ)—h(s,b)>+8>,

(20)
with
s

9(5,b,0) = (0(s = 1)afl) +af3) 1)

e

gy
h(S, b) = ST. (22)
Proof. See Appendix A. O

From Lemma 1, the quality parameter of any low-order projection of a (¢,s)-
sequence cannot be worse than t. Therefore, an upper bound for the superposition
of star discrepancies of low-order projections of (¢, s)-sequences can be explicitly cal-
culated starting from the upper bound in Theorem 3.

Lemma 3. In any dimension s > 2, given the first n > max{b,b'} points in a (t,s)-
sequence in base b: for any real 0 > 0 the superposition of star discrepancies of low-
order projections satisfies

. ob' b+2\°? 20(b—1) Inn\*"
DS(Q)SW(b<1+QT) ((1+2+9(b+2)mb> g(s,b,e)—h(s,b)>

+s (aﬁf (1 + E—Z) + 2) + % (HT2) - (r(b) +w(s, b) (1 + 9b+72>>) :

(23)

with the functions g and h being defined in (21)—(22), and the functions r = r(b) and
w = w(s,b) defined as

’ 2
w(s,b) == <a((fg + 5% — 4) : (25)

b+2
r(b) =4 —af) + (3 - affg) (—) , (24)

Proof. See Appendix A. O]
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For some types of (¢, s)-sequences, e.g. for digital sequences of Sobol” and Niederre-
iter type, it is possible to quantify how much the quality parameter of low-order projec-
tions is smaller than the quality parameter of the starting sequence. More specifically,
for any ) # R C S an explicit expression depending on |R| can be obtained for the
quality parameter of the (tg,|R|)-sequence obtained by projecting the (¢, s)-sequence
onto the coordinates in R, see [27, Section 2|. Thanks to this explicit expression, for
these particular (¢, s)-sequences it is possible to improve the term b in (23).

3.3. Koksma-Hlawka inequalities

In this section we recall in Lemma 4 the Hlawka/Zaremba’s identity (see [15, 33] for
the proof), and then prove in Lemma 5 a Koksma-Hlawka-type inequality, which is the
starting point of the analyis developed in §4.

Lemma 4 (Hlawka'’s identity or Zaremba’s identity). For any function f € HS,, and

miT

any set of n points y', ..., y" € I, it holds that

1 — ,
=D ) = | fy)dy = 1)IE A”R r Ddyp. 26
" E.: (") /I (y)dy = RCS /m f(yg, 1)dy (26)

Lemma 5. For any function f € HS,, and any set of n points y',...,y™ € I, it holds
that
IT\ HIR\T
1120y = IFI2 < D2 DR 15— Flymi 1 fuwD| 2D
0#£RCS  TCR LZ(I\RO Ymr L2(I1r))

Proof. Using the Zaremba’s identity (26) we have

n , |R|
e = W12 = [ PPy = 5 S = 32 (00 [ AR (1),

Lt 0+£RCS I|R| Yr
(28)
Then,
T S S LA T
L2(I5) n| > P Yrs Yr
0£rCS |V IRl Yr
. IIT| OIENT|
-y |/ a ’Rza—f o V) 5 F (e 1)
0£RCS |7 IRl TCcRrR 7T R\T
HIR\T|
< Z Dn/ le)a—f(val) dyp
P£RCS Iig TCR Ymr

<3 oy </|R <8—Zf(yR71))2dyR>é /I|R (gyI:;f(yRal)>2dyR

0£RCS TCR

- > 0y |5

0£RCS TCR

HIR\T]

T |
a va f(yR7 1)

2(I|R\) yR\T L2(I|R\)

13

1
2



]

There are mainly two differences between (27) and the classical Koksma-Hlawka
inequality, see [17, Theorem 5.6]: first we directly bound the difference of the norms
instead of the integration error, and second we keep the combinatorial summation with
the low-order star discrepancies out of the norm on the right-hand side, rather than
including it in the Hardy—Krause variation.

4. Norm equivalence on polynomial spaces

In this section we prove a norm equivalence between the discrete and continuous L?
norms over Py, i.e. we derive conditions which ensure the existence of § € (0,1), such
that

(1= OlullZaqr,) < lully < X+ 0)llullzap,), — Vu€Pa, (29)
where A is an arbitrary downward closed set. The norm equivalence (29) corresponds
N Jul

1 UNT2(1,) 1
== < ) Vu € Py,
110 = [uz —1-9 e

and therefore, taking the supremum and infimum over u € Py \ {u = 0}, it allows us
to obtain lower and upper bounds of the quantities introduced in (3), namely:

1
— <S(n,A) < —
1 + 5 — (n7 ) — 1 _ 57
It also provides, using Proposition 2, a bound on the condition number of AT A, namely

<1—|—5
—1-4

To begin with, in §4.1 we derive from [20] some useful multivariate Markov-type

and 1—0<9(n,A)<1+4.

cond(ATA)

and Nikolskii-type inequalities for polynomials associated with downward closed multi-
index sets. Afterwards, in §4.2 we prove the norm equivalence (29) with the equivalence
constant ¢ being dependent on the particular polynomial space P, characterized by the
multi-index set A, on the star discrepancy of all the low-order projections of the points
y',...,y", and on the dimension s.

4.1. Multidimensional inequalities for polynomials associated with downward closed
multi-index sets

We first recall two standard results on univariate Legendre polynomials. Given an

interval [a,b] C R, for any ¢ € Ny the L?-orthonormal Legendre polynomial o, with

degree ¢ satisfies

2 1
||80;|’L2(a,b) = m\/q (q + 5) (¢ +1), (30)

2¢+1
||<Pq||L°°(a,b) = b

— (31)

14



The proof of (30) follows from [20, Lemma 4], taking into account the scaling factor
due to the change of the interval.

To keep the present paper self-contained, we now recall from [20] some results that
will be used a number of times in the following. Given n € Ny and 141 real nonnegative

coefficients ay, . .., o), we define the univariate polynomial p € P,(Ny) of degree 7 as
U
p:Ng—=R:nw— p(n):= Zalnl, (32)
1=0

with the convention that 0° = 1 to avoid the splitting of the summation. In any
dimension s and given an arbitrary downward closed multi-index set A, we define the
quantity K,(A) as

K,(A) = Z Hp(l/q) = Z H (a0 +onvg + ...+ o)), (33)

which depends only on A when p is fixed. We introduce the following condition con-
cerning the coefficients of the polynomial p.

Definition 4 (Binomial condition). The polynomial p defined in (32) satisfies the

binomial condition if its coefficients vy, ..., oy satisfy
n+1
ap < ;) foranyl=0,...,n. (34)

Theorem 5 ([20, Theorem 1]). In any dimension s, for any downward closed multi-
index set A and for any n € Ny, if the coefficients o, . .., o, of the polynomial p satisfy
the binomial condition (34) then the quantity K,(A) defined in (33) satisfies

Kp(A) < (#A)" (35)

In our analysis in the present paper we need also Markov and Nikolskii inequalities
for multivariate polynomials that have been proven in [20], and we report them in the
following adapted to the domain I instead of [—1,1]*.

Theorem 6 (|20, Theorem 3]). For any s-variate polynomial u € Pp(I) with A down-
ward closed it holds that

o

Y- < A)? w72 .
Oy -+ - Oy, < (#A) Null 2,

L2(Is)

u

Theorem 7 (|20, Theorem 6]). For any s-variate polynomial u € Py (1) with A down-
ward closed it holds that

ullZoe (1) < A [lullZar,)-

15



The proofs of these inequalities rely on the use of Theorem 5 combined with the one-
dimensional equalities (30) and (31) for Legendre polynomials. These results have been
proven also for weighted L? norms, with the orthonormalization weight of Chebyshev,
Jacobi and Gegenbauer orthogonal polynomials, see [20].

Given any set ) # R C S, we define the multi-index set

AR == projzA,

which is obtained by projecting the multi-index set A onto the coordinates in the set
R. This corresponds to building a multi-set with all the elements in A truncated to the
components in the set R, and then take out possible multiple occurrences of the same
element to obtain a properly-said set. Unless mentioned otherwise, we allow also the
empty set R = (), in which case we define #Apr := 1. This is a natural choice to ensure
that

#Ar < (#A7r)(#Arvr), YT CR, VRCS,

and allows us, for example, to make sense of the case S\ R = () in the following equation
(36), where equality is attained. Notice that, if A is downward closed, then the set Ag
is downward closed for any R C S.

In the following two lemmas, we prove Nikolskii-type and Markov-type inequalities
for multivariate polynomials associated with downward closed multi-index sets.

Lemma 6. For any s-variate polynomial u € Py with A downward closed and for any
set ) £ R C S it holds that

2
max ||U(?JR,?/S\R)||%2(I‘R|) < (#AS\R) ||U||%2(IS)- (36)

Ys\REI|s\R|

Proof. For any u € P5 (1) it holds that

U(y}z, ) € PAS\R, YV yr € I|R|.

Then, using Theorem 7 we have

Ys\REI|s\R|

max  |u(yr ys\r)| < (#As\r) \// u?(Yr, Ys\r)dYs\r, Y Yr € I|g|.
Is\r
Moreover,

Hu(yRayS\R)H%?(I‘R‘)S max / w*(yr, Ys\r)dyr

Ys\REI|5\R| Iig|

< / max  u’(yg, Ys\r)AYr
IiR

Ys\REI|s\R|

< (#AS\R)2 / / u* (Y, ys\r)dys\rRAYR
Iir) Y js\R|

= (#As\r)” [ul2er,)-
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Lemma 7. For any s-variate polynomial u € Py with A downward closed, and for any
set ) £ R C S and any subset T C R, it holds that

AT
' @u(yR,ys\R) < (#Ar)° lu(yr, ys\e)llz2n)s ¥V Ys\r € Lis\r)- (37)

L2(LiR))

Proof. For any u € P, (1) it holds that

u(-,ys\r) € Pag, YV ys\r € I|s\g|-

Given any arbitrary ys\r € Ijs\g|, we define ug := u(-,ys\r) € Pa,. Using Theorem 6
adapted to the domain I, for any arbitrary ys\r € Ijs\r we have

2

9Tl 2
:/ <8—U(?JR;?JS\R)> dyr
L2(LiR)) IR Yr
97Tl 2
:/ (8_UR(?JR)) dyr
Iz \OYT
Pl 2
/ / <_UR yR)) dyr dyR\T
Iipyry JIirp \OYT

< / (A () 2oy, s
Iir\1|

H o7

?JR> ?JS\R)

= (#Ar)* / / w(yr,yrr) dyr dympr
fir\r| Y I

= (#A7)" ulyr, ?JS\R)”%?(QR‘)'

4.2. Norm equivalence on polynomial spaces using the star discrepancy

This section contains several results where a norm equivalence between the L? continu-
ous and discrete norms is proven, with the equivalence constant depending on the star
discrepancy of the low-order projections.

Lemma 8. For any s-variate polynomial u € Py with A downward closed, using any
point set with n points it holds that

ullZe gy = lulln] < ullZzq,) (#8) D3 (L) (38)

Proof. First we prove the following intermediate result. For any set ) # R C S and

17



any v, u € A, the L?-orthonormal Legendre polynomials ¢, and ¢,, satisfy

7 Vq q q q

/fm yr 4€R

dyr

H 81% (Qouq (yq)@uq (yq))

qER

O )21 1) ‘ i,

(9
( (Yq) e squ(yq)ﬂouq(yq) aa %q(yq))‘dyq>
(

(Yq) 9 souq(yq))‘dyﬁ /1 (souq(yq) aiqwq(yq)>'dyq)

L2(I)>

A3+ 602 + 20y + \J4453 + 612 + 211,)

0

Pug\Y
L2(I) Hayq ral0)

(39)

In the last but one step we have used the Cauchy-Schwarz inequality. In the last step
we have used (30) for each one of the two derivatives. We can now expand any u € Py
in Legendre series u = ) .\ By, with coefficients 3 = (8,),ea. Then, using in
sequence (39), (31), (va+vb)? < (a+1)(b+ 1) for any reals a,b > 0 and Theorem 5,

18



we obtain the following:

u/‘ I 2 1)‘d __L/° al\ 2{:6 o j{:ﬁ o) ]
g ayR o e IR veA o yR7 pEA S o
olxl
— /IRl ayR (;\“Za\ﬁuﬂuwu YR, )wu(yR, ) dyR
al\
< Z Z |6u||5/—t| H |901/q ||§qu |/ (H Prqy yq quq(yq) dyR
vEA pneA q¢R IR q€ER
<3S 1818 TT /20 + D) (211g + (\/4y3 602+ 20\ [t + 62+ 2, )
vEAN peA q¢R

<1817, D> TIev + )2, +1) H (4ug + 602 + 20, + 1) (4pd + 612 + 2410 + 1)

veA peA q¢R

q€ER

<1817, [ D0 T + 602 + 20, + 1)(4p + 642 + 241, + 1)

veA pel ¢g=1

= 118117, | D [ T(4w + 602 + 20, + 1) > [ (4r3 + 6422 + 211, + 1)

vel g=1

peA q=1

< llullZ2q,) F#A)™

Finally, from (28) and using (40) we obtain the thesis for any u € Py:

—Jlullz] <

2

0£RCS

Huniag)

2

P£RCS

(40)
/ AnRalR| 2( 1)d
U \YR, Y
IRy R : *
n 8|R| 2
Dy, 8_u (yR?l) dyr
gy R
<HUHL2(I (#A)* Z Dy.
P#ARCS
O

An alternative and sometimes better estimate can be obtained starting from (27)

instead of (28).

Lemma 9. For any s-variate polynomial u € Py with A downward closed, using any

point set with n points it holds that

lallZzr,y = Iull2] < lulfey D Dk (#Asr) Y- F#Ar)* (#Ara)”  (41)
0#RCS TCR
< e,y ) g {(#AsR)" (B2 (#AR) '} D). (42)
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Proof. From (27), using Lemma 7 and Lemma 6 we obtain

ooy — 2] < 3 DRI |9

0£RCS  TCR L2(11R))

<Y oy (#AT)2 (#Arr)” lulyr, DIz,

0#RCS TCR

- Z Dillu(yr, 1)“%2(1\30 Z (#AT>2 (#AR\T)2

HIR\T]

yR> u(yRa ]-)

ayR\T L2(I|g))

P#RCS TCR
<lullZery S Di(#As\R)" D #A) (#Arr)”
P#ARCS TCR

and (41) is proven. Starting from the right-hand side of (41) we obtain (42) as in the
following;:

ST Dh(#AsR) D #A) (#Ame) <Y D (#Asg)” max{(#AT (#Ar\r) }21

P£RCS TCR 0£RCS TCR
2 nolR|
< max { (#Asin)” (#A0)? (#A0)} D D2
TCR 0#RCS
[

In the case of an isotropic polynomial space, the previous result particularizes as
follows.

Corollary 3. Let Py be an isotropic polynomial space, i.e. A is invariant under any
permutation of the directions. Then, for any polynomial v € Py with A downward
closed and using any point set with n points it holds that

HUH%Q(IS) -

= 0<t<gzs LNt AT g AT s

Corollary 4 (Anisotropic TP spaces). In any dimension s, when A is an anisotropic

tensor product space with degrees w1, ..., W, the following quantity appearing in (42)
satisfies
2 2 2] _ - 2 _ 2
B {(#0s0)° HA2)? (#Am)} = [Jog =17 = )
TCR q=

Remark 2. For any polynomial space Py with the downward closed multi-index set A

contained in the anisotropic tensor product with degrees wy, ..., ws it holds that
max {(#A ) (#A7)? (#A } < | | wy+1)2 (44)
RS S\R R\T q
TC

In the cases with s =1, s =2 or s = 3, if A is such that the mazximal degrees in each
direction are equal to wiy, ..., ws then the equality holds in (44), and therefore the set
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A always behaves like the anisotropic temsor product despite it could be more sparse.
When s > 4 this is not the case and the sparsity of A might pay off: if

dJ0ARCS : 2<|R|<s—2 and AR<H(Wq+1),

gER

then the strict inequality holds in (44). In other words, in high-dimension (s > 4) the
largest three-term product of the square of the cardinalities of the low-order projections
of A can be effectively smaller than HZ:I(WQ +1)2, if A is sufficiently more sparse than
an anistropic tensor product. This cannot happen in dimension s = 1,2, 3.

5. Stability and accuracy of discrete least squares

In this section we present the main result on the stability and accuracy of discrete
least squares with deterministic evaluations. First, in §5.1 we prove that the same
conditions that ensure the norm equivalence (29) between the continuous and the
discrete L? norms are sufficient conditions for the stability and accuracy of discrete
least squares on polynomial spaces. Afterwards, in §5.2 we recall the main results
achieved in [7, 6, 19, 21, 22, 20] concerning the analysis of discrete least squares with
uniformly distributed random points. Finally in §5.3 we compare the cases of low-
discrepancy - and random points.

5.1. Fvaluations at low-discrepancy point sets

Using the results in Lemmas 8 and 9, we introduce the following positive quantity,
which depends on A, n and s:

Z,a(A) = min{ (#A)'DI(1), Y DR (#Asr)® Y #A2) (#Arr)” (45)

0#RCS TCR

0#£RCS
TCR

< min {(#A)4DZ(1), max {(#AS\R)2 (#Ar) (#AR\T)2} D?(Q)} - (46)

The quantity Z,,(A) can be made arbitrarily small by choosing an open or closed
low-discrepancy point set with a sufficiently large number of points. In any dimension
s and for any A downward closed, it holds that
lim Z,(A)=0,
n—-+o0o

because from Lemmas 2-3 the upper bounds of D?(1) and D?(2) in (46) converge to
zero as n goes to infinity. Notice that, when using a point set of closed type, different
values of n in Z; ,(A) might correspond to completely different sets of points. Using
specific types of low-discrepancy point sets, thanks to the same upper bounds from
Lemmas 2-3, it can be shown that the quantity Z;,(A) is monotonically decreasing
w.r.t. n for all n large enough, in any dimension s and for any A downward closed.
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The following theorem gives an upper bound on Z; ,,(A) for (¢,m, s)-nets and (t, s)-
sequences.

Theorem 8. For any s > 2, when A is of anisotropic tensor product type, using the
n = b"™ points of a (t,m,s)-net in base b it holds that

Zon(A) < (#A) %t ((b +3)"? <(1 + Z;—;E—D_ 9(s,b,8) — h(s, b)) - 3) ,

(47)
and using the first n > max{b,b'} points of a (t, s)-sequence in base b it holds that

Z,0(A) < (#A)? % (b (b+3)"2 <(1 + %ﬁ—’;) g(sb,60) — hs, b))

+ s <afg (1 + 11?1—7;) + 2> + % (HTQ) - (r(b) + w(s,b) (b + 3)8)) .
(48)

Proof. Starting from (46), using Corollary 4 and Lemma 2 for (¢, m, s)-nets or Lemma 3
for (t, s)-sequences, we obtain (47) and (48), respectively. ]

Theorem 9. In any dimension s > 1 and for any downward closed multi-index set A,
fiz § € (0,1) and choose n such that the following condition holds

6 > Z,u(A). (49)
Then it holds that
T 146
and for any ¢ € C°(1,)
16 = 06l ay < (14 ——— ) inf fu— o] (51)
APIL2(15) = m weP, (% Loo(I,) -

Proof. When using a low-discrepancy point set of “open” or “closed” type with n
points, combining Lemmas 8 and 9 we obtain

2
1—Z,(A) < % <1+ Z,,(N), YuePy\{u=0} (52)
L2 (1)

The right-hand side of (52) does not depend on the polynomial u, and therefore we
can take the supremum over the space Py \ {u = 0} and substitute the definition (3)
of the quantity Q:
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Taking the inverse of each term in (52), with the same argument and using the definition
(3) of the quantity S gives

1 1 1 1
< < A) <
140 = 14 Z,,(A) — S, A)

S1-z.00) " 1-90 (54)

Using the result in Proposition 2 and thanks to (53) and (54) we obtain the thesis (50).
To prove (51) it suffices to substitute the bound (54) into (4). O

The following corollary highlights the case of anisotropic tensor product polynomial
spaces with low-discrepancy point sets of “open” and “closed” type.

Corollary 5. Fiz any § € (0,1). In one dimension s = 1, if the number of sampling
points n satisfies
n >0 (#MN)? with the (0,1,1)-net in base b =n given by (17),  (55)

1L >26 " (#A)? By, with any point set of “open” type, (56)
nn

then (50) and (51) hold true. In any dimension s > 2 with A being of anisotropic
tensor product type: if the number of sampling points n satisfies

>0 (#A)%, (57)

with any (t,m, s)-net in base b with n = b™ points, or

n

52 2(b—1)Inn\*" ) Inn
b(b+3) (1—|— 573 b O(s?) + 1+1nb O(s)

S5 HAPY,  (58)

with any (t, s)-sequence in base b, then (50) and (51) hold true.

Proof. In the one-dimensional case (s = 1), from (45) we have Z,,,(A) = 2D%(#A)?,
and combining this with (18) and (10) we can rewrite condition (49) as (55) and (56),
respectively. In the multidimensional case (s > 2), in the case of anisotropic tensor
product polynomial spaces using Theorem 8 we can rewrite condition (49) as (57) and
(58). Thanks to Theorem 9, conditions (55), (56), (57) and (58) ensure that (50) and
(51) hold true in each one of the cases. []

Notice that, in conditions (57) and (58), for any b > 2 it holds
=L st
b13)mb— 0

and the terms O(s?) and O(s) are precisely quantified in Theorem 8.
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5.2. Evaluations at random point sets

Discrete least squares with evaluations at random points have been analyzed in [7, 6,
19, 21, 22, 20]. In [22, Theorem 3] it is proven that the univariate discrete least-squares
approximation with random evaluations is stable and accurate with high probability,
when the number of evaluations is proportional to the square of the dimension of
the polynomial space, and for any “quasi-uniform” density p, i.e. densities which are
bounded and bounded away from zero. An analogous univariate result has been proven
in [7] but in expectation rather than in probability. The case of beta and gaussian den-
sities have been analyzed in [19, Chap. 3]. In the following we report the multivariate
result which has been proven in [6], in the particular case of the uniform density. Ex-
tensions to the Chebyshev density can also be found in [6], and further generalizations
to the beta family can be obtained using the results proven in [20].

For a given M > 0, we assume that the target function satisfies a uniform bound
|6(y)| < M for any y € I,. In addition, we introduce the truncation operator Ty (t) :=
sign(t) min{ M, |t|} and define the truncated discrete least-squares projector ﬁx =
Ty oII}. For any 6 € (0,1), we define ((6) ==+ (1 — ) In(l —J) > 0.

Theorem 10 (from [6]). For any v > 0, any § € (0,1) and any downward closed
multi-index set A C N§, if n satisfies

n 1+7 2
o > W(#M (59)

then for any ¢ € C°(I,) with ||¢||p~(r,) < M, the following hold

~ 4¢(0
E (I - i) < (14 st ) 10~ Mol +83507, (60)

[ 1 ) _
PT’ H¢—HX¢HL2([5) § 1—|— S mf H¢_UHLOO(IS) 2 1—27L 77
1—0 ] uepy

)Sig) 21_277/777

Pr (cond (ATA

where the expectation in (60) is taken over all possible random point sets.

Theorem 10 asserts that the discrete least-squares approximation is stable and
optimally convergent in any dimension and for any downward closed multi-index set
A, if the number of sampling points is proportional to the square of the dimension of
the polynomial space (up to logarithmic factors). We aim now at comparing this result
with the one obtained for low-discrepancy point sets derived in §5.1.

5.3. Low-discrepancy point sets versus random point sets

With both deterministic or random points, in any dimension s and for any downward
closed multi-index set A, the discrete least-squares approximation is stable and accurate
under condition (49) or (59), respectively.
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The first notable difference is that in Theorem 10 the stability and accuracy of
discrete least squares on polynomial spaces are proven with high probability, whereas
in Corollary 5 the stability and accuracy are proven with certainty.

In the one-dimensional case we summarize the following situation. The condition
to ensure stability and accuracy, with evaluations in random uniformly distributed
points, requires the number of evaluations n to scale like n oc w? up to a logarithmic
factor in n, with respect to the highest degree w retained in the polynomial space. The
choice of evaluations at low-discrepancy point sets of “open” type requires n oc w2,
again up to a logarithmic factor in n, whereas the choice of evaluations at the low-
discrepancy point set (17) of “closed” type requires n oc w?, without any logarithmic
factor. Therefore, in one dimension, the same proportionality relation n oc w? ensures
stability and accuracy, no matter which type of points is being used.

In the multidimensional case in any dimension, the condition n oc (#A)? ensures sta-
bility and accuracy of discrete least squares on polynomial spaces of anisotropic tensor
product type, up to a dimension-free logarithmic factor in the case of random points,
and up to a dimension-dependent logarithmic factor in the case of low-discrepancy
points. With more general polynomial spaces Py, associated with arbitrary downward
closed multi-index sets A, the condition n oc (#A)? with random points might worsen
to n o< (#A), again up to a dimension-dependent logarithmic factor, in the case of
low-discrepancy points, according to our estimates.

The number of points n required by condition (59) with random points can be lower
or larger than the number of points required by condition (49) with deterministic points,
depending on the dimension s, on the multi-index set A, on the parameter v, and on the
parameters b and ¢ which determine the low-discrepancy point set of “open” or “closed”
type. In particular, the parameters ¢ and b still depend on the dimension s and on the
number of points n, see e.g. http://mint.sbg.ac.at, complicating the comparison
between condition (59) and condition (49), i.e. (57)—(58). The two conditions (59)
and (49) have different consequences: with random points, stability and accuracy are
achieved with a confidence level which still depends on 7; with low-discrepancy points,
stability and accuracy are achieved with certainty. The one-dimensional case s = 1 is
aside: with the (0,1, 1)-net in base b = n given by (17), condition (49) is always less
demanding than (59). In higher dimension s > 2, on the one hand, for any admissible
choice of the parameters b, m and ¢ there might be a choice of v > 0 such that (59) is
less demanding than (49). Here “admissible” means that the choice of the parameters
b, m and t is not arbitrary but obeys to specific constraints. On the other hand, it is
always possible to choose a sufficiently large v such that (59) becomes more demanding
than (49), but still cannot reach a confidence level equal to one, which can be achieved
only in the limit n going to infinity. The precise comparison between (59) and (49)
should also take into account all the constants arising from the upper bounds of the
star discrepancy and the interplay among the parameters n, s, b and ¢ outlined in §3.

Remark 3. In the case of independent and uniformly distributed points, probabilistic
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bounds for the star discrepancy have been derived in [1] showing that

Pr <D" < (s, 5)5——) > ¢, with ¢(s,§) == 5.7+ \/4.9 4@ =97) 5)_1),

S

with & € (0,1). The use of this bound allows us to prove the stability and accuracy with
high probability of discrete least squares with evaluations at random points, following
the lines of the proof of Theorem 9. Unfortunately in this case the condition requires
n o< (#A)*, which is nonoptimal w.r.t. condition (59) in Theorem 10.

6. Conclusions

We have proven that, in anisotropic tensor product polynomial spaces in any dimen-
sion, discrete least squares with evaluations at low-discrepancy point sets are stable
and accurate if the number of evaluations is proportional to the square of the dimen-
sion of the polynomial space, up to a dimension-dependent logarithmic factor. Here,
accuracy is evaluated in terms of the best approximation error in the L* norm. With
any polynomial space associated with an arbitrary downward closed multi-index set,
stability and accuracy have been proven under a more demanding sufficient condition,
with at most a quartic power rather than a quadratic power. The conditions derived in
our analysis will automatically take advantage of any future improvement in the upper
bounds for the star discrepancy of “open” and “closed” point sets.
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Appendix A. Proofs of Lemmas 2 and 3

Proof of Lemma 2. From Definition 2, in the one-dimensional case S = {1} the star
discrepancy of any (¢,m, s)-net in base b with n = b™ points satisfies D% < b'n~!.
Using the propagation rule of Lemma 1 and the upper bound stated in Theorem 2 for
s > 2 we obtain

Z Dn0|R\ _ Z Dn0|R| + Z Dng\R| < _t 59+Z< >9qq a?l);mv

#£RCS RCS RCS v=0
|R[=1 |R[>2 -~ _
T
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Now we estimate the term 7] as:

s -1 s—1 s
T Z@eqq e =S me 3 (2ot
v=0

q=2 v=0 q=v+2 q
s—1 s—v—2
“1\ 1 v =2 w1
:va<s )_ Z 0‘7(8 v ) s(s—v—1)
—~ v )l g q (g+v+1)(g+v+2)
b+2\ (b—=1\" s/ @ ) — L, fs—1\ 1
X <—2 ) <—2 ) 7 <a07b+(q+v+2) —4> —i—;m o Jo=1)
s—v—2 v
s—1—wv 5 b+2>q(b—1) 9
X 01 9v+1a()
; ( q )(Q+U)(Q+U+1)< 2 2 o

s—1 v
ls—1\1 [b—1\"
< E m ( ” )J(T) 0"+ 2s(s —v —1)

v= q=0
ol ) (2)_4>
s—1\1 /b—1 (%b
— v i B 9U+2 1 + <1
Zm( v )'( 2 ) S P Ty B Oy
> T
- s—I\N1 (b—1\" | @ s b+2\°"7
v . - v 1 _
+;m( v )v'( 2 ) o +1 0 2
h T

We introduce the functions

AU B G B
fi(v,5,0,0) :=0s(s —v — )a WJF +

fo(v,s,b,0) ::l (a?) i ) ,

vl bu+1

that are products of decreasing functions in v. Hence, for any choice of the parameters
s, b and 0, the two points v; = 0 and v, = 1 satisfy

fi(v,s,0,0) < fi(v1,8,b,0), Yo=0,...,s—1,
fa(v,8,0,0) < fo(vg,s,b,0), Yo=1,...;s—1.
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Afterwards, we estimate the terms 75 and T3 as
s—1 [ —2
s—1 b—1 vl b+ 2 "
() e () e
s—1 )
s—1 b—1 vt b+ 2 Y
T3 S f2(1757b7 9) ; ( v > <T) 0 < QT) m-,

and summing up the series we finally obtain

T2 S f1(0787b79

T, <Tp +1T;
s—1
Se (1+eb+—2) <(1+ 9<b_1) lnn) (f1<0757b79>+f2(1>57ba9))_f2(1737679)> :

2 2+0(b+2) Inb

To shorten formulas, we introduce the functions g = ¢(s, b, 0) and h = h(s,b) defined in
(21)—(22) such that g(s,b,8) = f1(0,s,b,0)+ fo(1,s,0,0) and h(s,b) = fo(1,s,0,0). O

Remark 4. For given values of 0, b, s and n, the upper estimate (20) can be optimized.
We introduce two real constants C1 and Cy such that

C1,Co > 1,

and the parametric upper estimate

th b_|_ 2 Q(b — 1) lnn -1 T o~
n < - -
DS(Q)_ n (( (9 9 ) (<1+2+9(b+2)011nb) fl(vl757b>0>cl>

o(b—1) 1 . T
+ <1 + ( ) e ) f2(V2,5,0,0,Co) —f2(U2757b>9702)> +5> ’
A

2+ 6(b+2)Cynb

with the functions f; and ];; being defined as

fvl(v, $,0,0,Cy) :=0s(s —v — 1)%

=a

2
(aéj 4> 1+

wrhe+2 T Ty )

Fa(v,5,b,0,Cs) : fj(a il( 9“—2))

and with the points 01 € [0,...,s — 1] and vy € [1,...,s — 1] such that
ﬁ(v,s,b,&)gﬁ(@l,s,bﬁ), Yo=0,...,s—1,
fo(v,8,b,0) < foDs,5,b,6), Yo=1,...,5s—1.

The upper bound (A.1) differs from (20) due to the smaller multiplicative term in front
of logn and to the presence of the additional terms Cy and C3 in the functions f1 and fg,
competing with the factorials v!. The upper bound (20) is a particular instance of (A.1)
with C; = Cy = 1, and therefore can only be improved by a constrained optimization
over the parameter set {(C1,Cq) € R? : C1,Cq > 1}.
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Proof of Lemma 3. It holds that

> DR =1 " Dpol®i 4+ > Dol

§+RCS RCS RCS
= |RI=1 |R|>2
>y

J/

Q1 Q2

A result from [13, Corollary 1] states that for any (¢, 1)-sequence in base b > 2 the star
discrepancy satisfies

b
D§ < (agzg(l + log, n) + 2)

where aflz is the same coefficient introduced in Theorem 2 and S = {1}. We use this

bound to estimate the term @)1, and obtain

Q < ﬁ ( (2)(1 +log,n) + 2)

To estimate the term ()5 we use the upper bound stated in Theorem 3 for any s > 2,
and then split the innermost summation:

bt (S (s E v
Q2 SE Z ( )QqZAffz)) (log, n) )
q=2 q v=0
bt : b-+2 ( ) s !
- Z()Qq v ()Qanq 2" (log,n)"
n q=2 q q=2 v=1
T bt

117 v

where in the term IV we have merged the terms

— ; b—1 g b—1 )
Z a, b logb n)" + aé&,b o0 (log,n)? = Z ai()q_)Lb o (log, n)
v=1
q—1
q) b—1 1 v+1
Uz% v,b 2<U—|—1)( gbn)
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For the terms II, III, IV, swapping the two summations we get

s—1 s
II: Z( >¢9an 2" (log, n) 222” (logyn)* Z (Z)Qqag
v=1

q=2 q=v+2
s—1 s s
v S S
=Y 2"(log, n) Z ( )anffl),— ( )an((]qg,
v=0 q=v+2 q q=2 q
W 11b

q=2 v=1 v=1 q=v+2 q
—1 S S
— 14 s b—1 S
I o 3 (Pt - S (2 )oral
v=0 q=v+2 q q=2
I1Ta 1116
° /s K b—1 g | . (s
IV : ( )0‘1 a?) (log, n)"*" = (log, )" ( )Qqaf)@.
2 ()" 2 ey e = 2y (w2 ()

For the term Ila, using the result obtained with nets in the proof of Lemma 2, we
obtain

s—1 s
Ila: Z 2" (log, n)" Z (Z) an,ffl),

v=0 q—U+2

<o (+052) (i) o0 -nen) o).

with a doubled multiplicative factor in front of Inn. For the terms Illa and IV, again

proceeding as in the proof of Lemma 2 with nets, we get

b—1 s—1 s
Illa: 5 (log, n)" Z <S> anv‘fg

b—1 b+2\°° O(b—1) Inn\*"'
SHT((”@T) <(1+2+9(b—|—2)lnb) 9“’@9)‘“57”))*5)’

IV

)
< 9%1 ((1 + QHTQ)SQ ((1 +5 T;(; Jlr)2) 11?17;)1 9(5,b,8) — h(s, b)> + s) .



For the term I we have

s

*/s\ . b+2 s b+2\72 / &
b Z(q)eq 2 o = <Q>9q( 2 ) <aé’2+q2_4>’

q=2 q=2

and putting together the terms I, IIb and IIIb, we arrive at

s

- b+2 b+ 1
[—Ib—111=%" (5) Q‘I%aé"é - % ) <S> 69a?)
b q b

q=2 q q=2

s b e,

q=2

b+2\°
e ) (10022)). »

Now collecting the estimates for the terms Ila, IIla, IV and (A.2) (that is an upper
bound for the summation of the terms I, IIb and IIIb) we obtain the upper bound of
(22, and then summing the upper bounds of (), and )5 we obtain the thesis. To shorten
formulas we write the thesis using the auxiliary functions r = r(b) and w = w(s,b)
defined in (24)—(25). O
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