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Experimental Characterization of
a T-Shaped Programmable
Multistable Mechanism
Programmable multistable mechanisms (PMM) exhibit a modifiable stability behavior in
which the number of stable states, stiffness, and reaction force characteristics are con-
trolled via their programming inputs. In this paper, we present experimental characteri-
zation for the concept of stability programing introduced in our previous work (Zanaty
et al., 2018, “Programmable Multistable Mechanisms: Synthesis and Modeling,” ASME
J. Mech. Des., 140(4), p. 042301.) A prototype of the T-combined axially loaded double
parallelogram mechanisms (DPM) with rectangular hinges is manufactured using elec-
trodischarge machining (EDM). An analytical model based on Euler–Bernoulli equations
of the T-mechanism is derived from which the stability behavior is extracted. Numerical
simulations and experimental measurements are conducted on programming the mecha-
nism as monostable, bistable, tristable, and quadrastable, and show good agreement with
our analytical derivations within 10%. [DOI: 10.1115/1.4040173]

1 Introduction

Multistable mechanisms are mechanical devices with more than
one stable state. A stable state is the deformation of the mecha-
nism at which its energy is minimum, implying that a zero force is
required for maintaining such state. The stability behavior of a
multistable mechanism can be characterized by its strain energy,
reaction force, secant, and tangential stiffness and degree of sta-
bility (DOS), which represents the number of its stable states, as
illustrated in our previous work [1].

Bistable mechanisms are the most common family of multista-
ble mechanisms in which DOS¼ 2 [2]. Examples of bistable
mechanisms include buckled beams [3,4], Young’s mechanism
[5], slider crank mechanism, and the four bar mechanism [6].
Multistable mechanisms in which DOS> 2 can be constructed by
the combination of bistable mechanisms. Serial combination of
N-bistable mechanisms can increase DOS to 2N . Parallel combina-
tion of bistable mechanisms can modify DOS as illustrated in the
double Young tristable mechanism [7] and the double tensural
tristable mechanism [8]. Orthogonal combination of bistable
mechanisms can also achieve higher order multistability as dem-
onstrated in Ref. [9]. Multistable mechanisms are beneficial for
low power switching applications as medical devices [10], radio
frequency systems [11], and micromechanical computations [12]
as they require zero force for maintaining their stable states.
Furthermore, multistable mechanisms exhibit a wide spectrum
behavior due to their fast switching response, which qualifies
them as energy harvesting devices [13].

Programmable multistable mechanisms (PMM) are a family of
multistable mechanisms whose stability behavior is controlled via
external inputs, known as programing inputs introduced in
Ref. [1]. These inputs modify mechanism DOS, the position of
equilibrium states and their stiffness. PMM are characterized by
the number of their independent programing inputs, called degree
of programming (DOP). For instance, an N-DOP PMM represents
a PMM with N independent programming inputs. An example of
1-DOP PMM is the axially loaded beam mechanism [4]. It has

one programming input, the axial load of the beam, which pro-
grams its DOS to be either one or two. Combination of 1-DOP
PMM increases DOS. Serial combination of two 1DOP Miura ori-
gami mechanisms leads to a PMM, in which monostability, bist-
ability, and quadrastability can be achieved [14].

In our previous work [1], we demonstrated, both analytically
and numerically, that T-combination of two 1-DOP double paral-
lelogram mechanisms (DPM), connected in a way similar to
Ref. [15], forms a PMM, which can be programmed as monosta-
ble, bistable, tristable, or quadrastable mechanism. Moreover, we
found that tuning the programming inputs enables constant force
response, whereby zero force monostable, constant force monosta-
ble, zero force bistable, constant force bistable, and zero force tri-
stable mechanisms can be achieved. Stability programming
enables new applications such as medical devices, mechanical
computation, and threshold sensing. We applied PMM to develop
retinal vein cannulation needles [16], in which the stiffness of the
mechanism is programmed to control the cannulation force. The
contributions of this paper are

(1) Experimental validation of the concept of stability
programing

(2) Experimental characterization of the stability behavior of
the T-mechanism, a generic example of programmable
multistable mechanisms discussed in Ref. [1].

(3) Extension of the analytical model in Ref. [1] to parallelo-
gram mechanism having rectangular hinges.

The paper is arranged as follows: First, we briefly review the
operation of 2-DOP T-combined DPM. After that, we provide an
analytical model of T-combined DPM consisting of rectangular
beam hinges. A prototype of the T-mechanism is manufactured
using electrodischarge machining (EDM). Then, we discuss the
measurement setup and the results, as compared to our analytical
and numerical calculations.

2 Programmable T-Shaped Multistable Mechanism

A T-combined DPM consists of two modules orthogonally con-
nected. Each module is an axially loaded DPM with two parallel
beams centrally connected by a rigid block, as illustrated in
Fig. 1(a). Module 1 is fixed on one extremity and axially guided
by programming input p1 on the other extremity. Module 2 is
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connected to the central block of module 1 in the lateral direction
of the beams of module 1 on one extremity. The other extremity
of module 2 is guided by programming input p2. An actuation
input x is applied to the central block of module 2 in the lateral
direction of its beams.

The stability behavior of the mechanism depends on the values
of p1 and p2. We define pcr

1 as the minimum value of p1 at which
module 1 buckles with sufficient lateral force to buckle module 2.
Similarly, pc

2 is the maximum value of p2 at which the lateral stiff-
ness of module 2 is zero at x¼ 0.

If p1 < pcr
1 , the mechanism can function either as a monostable

or bistable mechanism. If p2 > pc
2, the mechanism is bistable with

unstable state at x¼ 0. If p2 < pc
2, the mechanism is monostable

with a stable state at x¼ 0.
In the case of p1 > pcr

1 , module 1 has three equilibrium states
in the lateral direction of its beams at y ¼ ka

2; kb
2; kc

2, where
ka

2 < kb
2 < kc

2. States at y ¼ ka
2; kc

2 denote stable states and kb
2 rep-

resents unstable state.
If p2 < ka

2, the mechanism is monostable as module 1 cannot
reach its stable states. If ka

2 < p2 < kb
2, module 1 can reach one of

its stable states but cannot surpass its unstable state and the mech-
anism is bistable. If kb

2 < p2 < pc
2, module 1 can surpass its unsta-

ble state and behaves as a tristable mechanism. If p2 > pc
2, the

mechanism is quadrastable, where p2 is sufficient to exhibit nega-
tive stiffness at x¼ 0.

We define pa
2 and pb

2 as the values of the programming input, p2

corresponding to the lateral displacement of module 1, ka
2; kb

2,
respectively, at x¼ 0. Table 1 summarizes the range of the pro-
gramming inputs for a given DOS. It should be noted that

(1) The values of pa
2; pb

2; pc
2 depend on p1.

(2) The value of pcr
1 depends mainly on the dimensions of the

mechanism.

The concept of stability programming of T-mechanism is still
valid for different geometrical variants of parallelogram mecha-
nisms, in which distributed stiffness blades are replaced by rectan-
gular beam hinges, as given in Fig. 1(b).

In this paper, we study T-combined DPM with rectangular
beam hinges. They are simpler to manufacture using EDM, com-
pared to distributed stiffness blades discussed in our previous
work [1], and have a relatively longer stroke compared to circular
notch hinges [17]. In the rest of the paper, we will refer to the
T-combined DPM with rectangular hinges as T-mechanism, for
short.

Figure 2 illustrates a T-mechanism with width w. Module 1 has
four beams of length ‘1 with rigid links of length r1 and compliant
rectangular hinges of length c1 and thickness t1. Module 1 is axi-
ally loaded by a spring, referred to as programming spring, of
stiffness kr with length ‘r and thickness tr. Module 2 has four
beams of length ‘2 with rigid links of length r2 and rectangular
hinges of length c2 and thickness t2. The thickness of the rigid
links is ten times that of the hinges.

We replaced the central rigid block of module 2 by two rigid
blocks connected by two hinges, as shown in Fig. 2, to avoid kine-
matic over constraints, as illustrated by the equivalent rigid body
diagram of the mechanism in Fig. 3. This modification does not
affect the stability behavior of the mechanism. There are three

Fig. 1 Two degree of programing T-combined DPM composed
of (a) distributed stiffness blades and (b) lumped stiffness rec-
tangular hinges

Table 1 Degree of stability of the T-mechanism as a function of
the programming inputs, p1, p2

p1 p2 DOS

p1 < pcr
1 p2 < pc

2 1

p1 > pcr
1 p2 < pa

2 1

p1 < pcr
1 p2 > pc

2 2

p1 > pcr
1 pa

2 < p2 < pb
2 2

p1 > pcr
1 pb

2 < p2 < pc
2 3

p1 > pcr
1 p2 > pc

2 4

Fig. 2 (a) T-mechanism, (b) key dimensions, and (c) forces and displacements

092301-2 / Vol. 140, SEPTEMBER 2018 Transactions of the ASME

Downloaded From: http://mechanicaldesign.asmedigitalcollection.asme.org/ on 06/28/2018 Terms of Use: http://www.asme.org/about-asme/terms-of-use



degrees-of-freedom controlled by programing inputs p1, p2, and
actuation input x.

As illustrated in our previous paper [1], the stability behavior of
the T-mechanism depends on the stiffness ratio of the program-
ming spring to module 1, g1, stiffness ratio of module 1 to module
2, g2, and length ratio of the beams of module 2 to module 1, a2,
such that

g1 ¼
Ir‘

3
1

I1‘3
r

; g2 ¼
I1‘

3
2

I2‘
3
1

; a2 ¼
‘2

‘1

(1)

We introduce the parameters a01, a02, which denote the ratio of
the length of rectangular hinges to the beam length of module 1
and module 2, respectively

a01 ¼
c1

‘1

; a02 ¼
c2

‘2

(2)

3 Analytical Model

We calculate the reaction force f of the mechanism upon
applying a displacement x. The reaction force is represented as a
seventh-order polynomial from which the stability behavior of the
mechanism can be quantified, i.e., DOS, positions of equilibrium
states, and their stiffness. Our model is based on the following
assumptions:

(1) A linear elastic material is used with Young’s modulus Y.
(2) The shear strain of compliant elements is negligible such

that Euler–Bernoulli equations can be applied.
(3) Compliant elements are not buckled in their second or

higher order buckling modes.
(4) Lateral forces of module 1 and module 2 are negligible

compared to the buckling load of the beams of the pro-
gramming spring.

(5) The displacement range of the beams is within their inter-
mediate range [18].

We normalize all forces of module 2 by Ywt3
2=ð12‘2

2) and dis-
placements of module 2 by ‘2. Similarly, the forces of module 1
are normalized by Ywt31=ð12‘2

1Þ and displacements by ‘1.
Following the same procedure discussed in Ref. [1], we derived

the reaction force of the T-mechanism having rectangular hinges
as a seventh-order polynomial. We first evaluate the relation
between displacement x and axial displacements k1 and k2 of
module 1 and module 2, respectively, as illustrated in Fig. 2(c).
Then, we calculate the axial loads N1 and N2 as functions of x. As
discussed in Ref. [17], the secant stiffness of module 2 depends on
N2. Based on that, the reaction force of module 2, which repre-
sents the reaction force of the mechanism is calculated.

On applying lateral displacement x to the central block of mod-
ule 2, axial displacement k2 occurs [1,18]

k2 ¼ p2 �
6W2

5
x2 (3)

where,

W2 ¼
15� 50a02 þ 60a2

02 � 24a3
02

2 3� 6a02 þ 4a2
02

� �2

ignoring the elastic component of the axial displacement of the
compliant beams.

The two modules are orthogonally connected such that the axial
displacement of module 2 is equivalent to the lateral displacement
of module 1, leading to the following axial displacement of
module 1 [1,18]

k1 ¼ �
6a2

2W1

5
k2

2 (4)

where

W1 ¼
15� 50a01 þ 60a2

01 � 24a3
01

2 3� 6a01 þ 4a2
01

� �2

Substituting Eq. (3) in Eq. (4)

k1 ¼ �
6a2

2W1p2
2

5
þ 72a2

2W1W2p2

25
x2 � 216a2

2W1W
2
2

125
x4 (5)

Axial displacement k1 loads the programing spring imposing an
axial load N1 on module 1 [1,17]

N1 ¼ 24g1ðp1 þ k1Þ (6)

which modifies the secant lateral stiffness of module 1 such that
[1,18]

kp1
s ¼

48

C1

� 12

5
W1N1 (7)

where,

C1 ¼
1

2a01 3� 6a01 þ 4a2
01

� �
Since module 1 is laterally displaced by k2, it imposes an axial
load on module 2 [18]

N2 ¼ g2kp1
s k2 (8)

The lateral reaction force of module 2 is [1,18]

f ¼ 48

C2

� 12

5
W2N2

� �
x (9)

Fig. 3 Equivalent rigid body diagram of the T-mechanism
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where,

C2 ¼
1

2a02 3� 6a02 þ 4a2
02

� � (10)

Substituting Eqs. (5)–(8) in Eq. (9), the reaction force f of the
mechanism can be written as

f ¼ xUðx2Þ (11)

where,

UðzÞ ¼ b0 þ b1zþ b2z2 þ b3z3 (12)

and,

b0 ¼
48

C2

� 576g2W2

5C1

p2 þ
3456g1g2W1W2

25
p1p2

� 20736g1g2W
2
1W2a2

2

125
p3

2

b1 ¼
3456g2W

2
2

25C1

� 20736g1g2W1W
2
2

125
p1

þ 373248a2
2g1g2W

2
1W

2
2

625
p2

2

b2 ¼
�2239488a2

2g1g2W
2
1W

3
2

3125
p2

b3 ¼
4478976a2

2g1g2W
2
1W

4
2

15625

(13)

The stability behavior of the mechanism can be extracted from the
polynomial UðzÞ [1], where

(1) DOS is estimated by calculating the sign alternation of the
coefficients of UðzÞ and the sign of its discriminant for
given p1, p2.

(2) Equilibrium positions, qi, are the square root of the
positive-valued zeros of UðzÞ.

q0 ¼ 0; q6
i ¼ 6

ffiffiffiffi
zi
p

; i ¼ 1; 2; 3 (14)

(3) The value of the critical buckling load pcr
1 is the zero of the

discriminant of b0 where [1]

pcr
1 ¼

5

6C1g1g2

þ 126

127

a2
2

g2
1g

2
2C

2
2W1W

2
2

 !1=3

(15)

(4) The values of pa
2; pb

2, and pc
2 are the zeros of the cubic poly-

nomial, b0, where pa
2 < pb

2 < pc
2 if pa

2; pb
2 exist.

(5) The tangential stiffness of the mechanism at its equilibrium
states, qi, is the first derivative of the reaction force with
respect to the displacement x at equilibrium positions

kt ¼ @f

@x

����
x¼qi

(16)

4 Numerical Simulations

We use COMSOL FEM to model the stability behavior of the
mechanism and calculate its reaction force and strain energy for
different values p1, p2. The solid mechanics module is used,
including the geometric nonlinearity. The displacement control
method is utilized, as it is easier to converge, being a single-
valued problem. The actuation displacement x applied at the cen-
tral block of module 2 is swept and the reaction force is evaluated.
The strain energy of the mechanism is estimated by integrating
the stored energy density over the volume of the mechanism.
Mesh convergence tests are performed to ensure the validity of
the solution.

5 Fabrication

The T-mechanism was manufactured out of BOHLER K390
steel [19] using EDM, as shown in Fig. 4(a). EDM is used to
manufacture reliable compliant elements of maximum length to
thickness ratio of 60 [17]. We selected the dimensions of the
T-mechanism in Table 2 such that monostability, bistability, trist-
ability, and quadrastability can be experimentally verified based
on the dimensional analysis in Ref. [1]. We used Leica M125 ster-
eoscope [20] for dimension measurements with a resolution down

Fig. 4 (a) T-mechanism monolithically manufactured by EDM, (b) schematic representation of the measurement setup, and
(c) realization of the measurement setup

Table 2 Dimensions of the T-mechanism

Dimension Description Designed Measured

w Beam width 10 (mm) 10 (mm)

Programing spring

‘r Beam length 15 (mm) 15 (mm)
tr Beam thickness 350 (lm) 345 (lm)

Module 1

‘1 Beam length 23 (mm) 23 (mm)
t1 Hinge thickness 80 (lm) 78 (lm)
c1 Hinge length 4.0 (mm) 3.9 (mm)

Module 2

‘2 Beam length 36 (mm) 36 (mm)
t2 Hinge thickness 50 (lm) 49 (lm)
c2 Hinge length 3 (mm) 2.9 (mm)
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to 50 (nm). The inherent tolerance in the EDM technique leads to
differences between designed and measured dimensions as given
in Table 2.

6 Experimental Setup

We constructed an experimental measurement setup that con-
sists of three displacement Keyence laser sensors, LK-H082 [21],
to measure the imposed values of p1, p2, and x. Aluminum reflect-
ing blocks are mounted on the mechanism as references planes for
the sensors as illustrated in Figs. 4(b) and 4(c). Displacement sen-
sors used for measuring p1, p2 are configured to the range
62 ðmmÞ with a resolution of 25 ðnmÞ. The actuation displace-
ment sensor is configured to measure the range of 616 ðmmÞ with
a resolution of 100 ðnmÞ.

We apply manually the programming inputs via micrometric
screws, while helical springs are used to apply negative values of
the programing inputs. The actuation input is applied via a 1-DOF
micrometric stage on which piezo-electric Kistler force sensor,
type 9207, is mounted [22]. The sensor is connected to the central
block of module 2 via a nylon wire. The force sensor is configured
for the range of 65 ðNÞ with a resolution of 1 ðmNÞ. A known
mass is used to compensate for the negative reaction force of the
mechanism to avoid snapping. The mass is connected to the cen-
tral block of module 2 via a wire and a pulley. All the sensors are
calibrated before the measurement.

We use national instrument cRIO 9035 [23] for the control of
the measurement setup and data acquisition. Analog to digital
converter NI9220 [24] and charge amplifier Kistler 5171A4 [25]
are used for the interface of displacement and force sensors,
respectively.

7 Results and Discussion

The dimensional variability of the manufacturing process and
the measurements errors are accounted for by using a constant
correction factor. This factor is determined by curve fitting the
reaction force, as calculated using the analytical model, with
experimental measurements when the mechanism is programmed
as monostable.

In this section, we use the symbols p1, p2, x, and f to denote
the explicit values of the programming inputs of module 1, mod-
ule 2, actuation input, and reaction force, respectively, instead of
representing their normalized values. We present and discuss
the results according to the different stability regions of the T-
mechanism introduced in Ref. [1].

7.1 Monostable Region. The mechanism has only one stable
state, i.e., DOS¼ 1 when p1 < pcr

1 and p2 < pc
2 or p1 > pcr

1 and
p2 < pa

2. Figure 5 gives the stable state of the mechanism, q0,

which occurs at x¼ 0. The reaction force of the mechanism is
depicted in Fig. 6 based on the analytical calculations, numerical
simulations, and experimental measurements showing a good
match.

Upon increasing either p1 for given p2 or p2 for given p1, the
mechanism stiffness at its stable state decreases until it reaches
zero at p2 ¼ pa

2 for p1 > pcr
1 or p2 ¼ pc

2 for p1 < pcr
1 .

7.2 Bistable Region. There are two regions in which the
mechanism distinctly exhibits bistability.

7.2.1 Region I. This region is defined when p1 < pcr
1 and

p2 > pc
2, where module 2 buckles. Figure 7 gives the equilibrium

states based on numerical simulations and experimental stable
states where q6

1 are the stable states and q0 is unstable state.
As p1 increases for a given p2, the stiffness of the mechanism at

its equilibrium position decreases till it reaches zero at pc
2 ¼ p2.

However, the stiffness increases by increasing p2 for a given p1.

Fig. 5 Stable state q0 of the mechanism programmed in mono-
stable region based on FEM (left) and experiment (right)

Fig. 6 The reaction force of the mechanism when programmed
as monostable for p1 5 0:0 (mm) and p2 5 0:0 (mm)

Fig. 7 Stable states, q6
1 and unstable state, q0 of the mecha-

nism programmed in bistable region I based on FEM (top) and
experiment (bottom)
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Figure 8 illustrates the reaction force of the T-mechanism at
p1 ¼ �0:15 ðmmÞ; p2 ¼ 1:1 ðmmÞ.

7.2.2 Region II. This region is defined by p1 > pcr
1 and

pa
2 < p2 < pb

2. The mechanism has unstable state q0 at x¼ 0.
Figure 9 illustrates the equilibrium states of the mechanism based
on numerical simulations and the equivalent experimental stable
states, where q6

3 are stable and q0 is unstable. Figure 10 shows
the reaction force of the mechanism for p1 ¼ 0:39 ðmmÞ and
p2 ¼ �0:9 ðmmÞ.

The mechanism exhibits lower stiffness magnitude around its
unstable state, compared to its stable states. As p2 increases for a
given p1, the stiffness of the mechanism increases around its sta-
ble states q6

3 ; however, the stiffness magnitude around q0 may
increase or decrease, depending on the range of the applied p2. In
the case of p1 increase for a given p2, the stiffness magnitude for
both stable states q6

3 and unstable state q0 increases.

7.3 Tristable Region. The mechanism exhibits tristability

when p1 > pcr
1 and pb

2 < p2 < pc
2. Figure 11 gives the equilibrium

states of the mechanism based on numerical simulations and
their equivalent experimental stable states where q0, q6

3 are stable

and q6
2 are unstable. The reaction force of the mechanism for

p1 ¼ 0:36 ðmmÞ; p2 ¼ 2:8 ðmmÞ for imposed displacement x is
given in Fig. 12.

As p1 increases for a given p2, the stiffness of equilibrium
states, q0, q6

2 ; q6
3 , increases. On increasing p2 for a given p1, the

stiffness magnitude of stable states q6
3 and unstable states q6

2

increases while the stiffness of the stable state q0 may increase or
decrease depending on p2.

7.4 Quadrastable Region. The mechanism exhibits quadrast-
ability when p1 > pcr

1 and p2 > pc
2. Figure 13 illustrates the seven

equilibrium states of the mechanism, based on numerical simula-
tions and the equivalent experimental stable states where
q0 and q6

2 are unstable and q6
1 and q6

3 are stable.
Figure 14 illustrates the reaction force of the mechanism for

p1 ¼ 0:36 ðmmÞ; p2 ¼ 0:8 ðmmÞ. As p1 increases for a given p2,
the stiffness of states q6

2 ; q6
3 increases and the stiffness of states

q0, q6
1 decreases. On increasing p2 for a given p1, the stiffness

magnitude of all equilibrium states, q0, q6
1 ; q6

2 ; q6
3 increases. It is

clear that the switching force between qþ1 and q�1 is far lower than
the switching force from qþ1 to qþ3 . This is an intrinsic limitation
of the T-mechanism.

7.5 Summary. The reaction force of the T-mechanism in the
different stability regions was measured. A discrepancy of less
than 10% is found in estimating the switching forces for certain
values of programming inputs between the analytical model on
one side and experimental results and numerical simulations on
the other. This is attributed to neglecting higher order nonlinear
stiffness terms in the model, as in the case when the mechanism
displacement exceeds the intermediate displacement range. We
also ignore the axial parasitic displacement of the central block of
module 1 on calculating the axial force of module 2, which affects
the mechanism overall stiffness. Moreover, the effect of the elas-
tic component of the axial displacement of the beams is ignored.
The friction of the pulley, which was not considered in the model,
is likely to affect the measured stiffness. However, we find the
model sufficient for first order estimation of the stability behavior
of the T-mechanism.

Fig. 8 The reaction force of the mechanism programmed as
bistable in region I for p1 5 20:15 (mm); p2 5 1:1 (mm)

Fig. 9 Stable states, q6
3 and unstable state, q0 of the mecha-

nism programmed in bistable region II based on FEM (top) and
experiment (bottom)

Fig. 10 The reaction force of the mechanism programmed as
bistable in region II for p1 5 0:39 (mm), p2 5 20:9 (mm)
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The effect of the programming inputs on the stiffness magni-
tude of the T-mechanism, at its equilibrium states based on
Eq. (16), is summarized in Table 3, where " indicates an increase,
# indicates a decrease, ! indicates no change, and "# denotes
dependency of the trend on the range of the applied programming
inputs.

7.6 Programming Diagram. The programming diagram
gives the number of stable states of the T-mechanism, i.e., DOS,
upon changing its programming inputs p1, p2.

The DOS can be found by evaluating the sign of the discrimi-
nant of U and the number of sign alteration between the
coefficients b0, b1, b2, b3 in Eq. (13) [1]. The values of stability

boundaries pcr
1 ; pa

2; pb
2; pc

2 were measured experimentally as
reported in Fig. 15 and show good match with analytical computa-
tions within less than 7%.

7.7 Equilibrium Positions. We study the effect of the pro-
gramming inputs p1, p2 on the positions of equilibrium states,
which are the square roots of the positive-valued zeros of UðzÞ, as
given in Eq. (14). We fix one of the programming inputs and
sweep the other one.

Fig. 11 Stable states, q0, q6
3 and unstable states, q6

2 of the mechanism programmed in trista-
ble region based on FEM (top) and experiment (bottom)

Fig. 12 The reaction force of the mechanism programmed as
tristable for p1 5 0:37 (mm), p2 5 0:0 (mm)

Fig. 13 Stable states, q6
1 ; q6

3 , and unstable states, q0, q6
2 of the mechanism programmed in

quadrastable region based on FEM (top) and experiment (bottom)
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7.7.1 Fixing p1 and Sweeping p2. There are two qualitatively
different equilibrium diagrams as illustrated by the selected values
in Fig. 16(a).

The first case occurs when p1 < pcr
1 , the mechanism is monosta-

ble with a stable state q0 at x¼ 0. At p2 ¼ pc
2, the stable state q0

becomes unstable and bifurcates into two stable states q6
1 as given

in Fig. 16(b). The value of the bifurcation node p2 ¼ pc
2 depends

on p1. As p1 increases, pc
2 increases as well.

The second case occurs when p1 > pcr
1 as illustrated in

Fig. 16(c). In this case, the mechanism is monostable for p2 < pa
2

with a stable state q0 at x¼ 0. At p2 ¼ pa
2, the stable state becomes

unstable and bifurcates into two stable states q6
3 . The mechanism

becomes bistable upon increasing p2. At p2 ¼ pb
2, the unstable

state q0 becomes stable and bifurcates into two unstable states q6
2 .

The mechanism is tristable with increasing p2. At p2 ¼ pc
2, q0

bifurcates again into two stable states, q6
1 and becomes unstable.

The mechanism is quadrastable for p2 > pc
2.

Fig. 14 The reaction force of the mechanism programmed as
quadrastable for p1 5 0:36 (mm); p2 5 2:8 (mm). The inset illus-
trates the reaction force upon switching between second and
third stable states.

Table 3 Effect of the programming inputs on stiffness magni-
tude of the existing equilibrium states

Programming inputs Stiffness at equilibrium states

Region DOS p1 p2 q0 q6
1 q6

2 q6
3

Monostable 1 " ! #
! " #

Bistable I 2 " ! # #
! " " "

Bistable II 2 " ! " "
! " " # "

Tristable 3 " ! " " "
! " " # " "

Quadrastable 4 " ! # # " "
! " " " " "

Fig. 15 Programming diagram of the T-mechanism in which
stability boundaries pcr

1 ; pa
2 ; pb

2 ; pc
2 are experimentally verified

Fig. 16 (a) Selected p1 values of the calculated equilibrium
position diagrams as p2 varies from 24 (mm) to 4 (mm),
equilibrium positions diagram at (b) p1 5 20:1 (mm), and (c)
p1 5 0:35 (mm) verified both numerically and experimentally
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7.7.2 Fixing p2 and Sweeping p1. When p2 is fixed as p1

increases, the value pa
2 decreases and pb

2; pc
2 increase. Both the val-

ues pa
2; pb

2 exist only for p1 � pcr
1 . We consider different cases

illustrated in Fig. 17(a).
If pa

2 > p2 for all values of p1, the mechanism is monostable
with a stable state q0 at x¼ 0. In the case that p2 is selected such

that pa
2 < p2 and pb

2 > p2 for a certain range of p1, the mechanism
shows both monostability and bistability. At pa

2 ¼ p2, pitch-fork
bifurcation occurs at which stable state q0 becomes unstable and
bifurcates into two stable states q6

3 [1].
If p2 is selected such that pb

2 < p2 and pc
2 > p2 for a given range

of p1 > pcr
1 , the mechanism can show monostability, tristability,

and bistability, as illustrated in Fig. 17(b). For p1 < pcr
1 , the mech-

anism has a stable state q0 at x¼ 0. At p1 ¼ pcr
1 , saddle-node bifur-

cation occurs and stable states, q6
3 , unstable states, q6

2 emerge.
The mechanism is tristable.

As p1 increases, pb
2 increases as well. When pb

2 ¼ p2, inverted
pitchfork bifurcation occurs. The stable state q0 becomes unstable
and the two unstable states, q6

2 merge at x¼ 0 and the mechanism
becomes bistable.

On increasing p2 and sweeping p1, the value of the bifurcation

node pb
2 ¼ p2 increases and the equilibrium states, q6

2 ; q6
3 move

apart from x¼ 0. When pb
2 < p2 and pc

2 > p2 over the entire range
of p1, the mechanism functions as monostable for p1 < pcr

1 and tri-
stable mechanism for p1 > pcr

1 , as illustrated in Fig. 17(c).
If p2 is selected such that pc

2 < p2 for a given range of p1 < pcr
1

and pb
2 < p2; pc

2 > p2 for p1 > pcr
1 , the mechanism can exhibit

bistability, monostability and tristability upon changing p1, as
illustrated in Fig. 17(d). For pc

2 < p2, the mechanism has two sta-

ble states, q6
1 and unstable state q0. As p1 increases, pc

2 increases.
At pc

2 ¼ p2, the stable state q0 becomes stable and the two stable

states q6
1 merge at x¼ 0 and the mechanism is monostable. At

p1 ¼ pcr
1 , saddle-node bifurcation occurs and stable states, q6

3 and

unstable states, q6
2 emerge rendering the mechanism tristable.

On further increase of p2, the value of the bifurcation node pc
2

increases. If pc
2 ¼ p2 at p1 > pcr

1 , the mechanism shows quadrast-
ability for pc

2 < p2 and tristability for pc
2 > p2 while p1 > pcr

1 as
illustrated in Fig. 17(e).

8 Conclusion

In this paper, we experimentally verified the concept of stability
programming using T-combined double parallelogram mechanism
consisting of rectangular beam hinges. An analytical model of the
mechanism was also derived. The reaction force is represented as
a seventh order polynomial from which the stability behavior of
the mechanism is extracted.

Reaction force, programming diagram and bifurcation diagrams
of equilibrium positions were calculated analytically, numerically
and experimentally where a mismatch of less than 10% was
found.
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