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Summary

A computer simulation technique is applied to the modeling of Balmer line shapes in dense divertor conditions. The

spectral pro�le of lines with a high principal quantum number n is sensitive to Stark broadening and can be used as

a density diagnostic. In contrast, an analysis of the shape of low or moderate n lines such as Dα (n = 3), Dβ

(n = 4) and Dγ (n = 5) is more intricate because the Stark e�ect is weaker and can compete with the thermal

Doppler broadening. We examine this issue and address the relative contribution of the Stark and Doppler e�ects

on the �rst Balmer lines. Analyses of experimental spectra are performed.
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1 Introduction

Passive spectroscopy provides a non-intrusive diagnostic of tokamak edge plasmas: an analysis of the shape and

the intensity of atomic spectral lines yields local values of the plasma parameters (Ne, Te etc.), provided a suitable

model can be found. A speci�c issue that requires careful examination is the broadening of the hydrogen isotope

lines observed in the edge and in the divertor of tokamaks. In detached regime, the plasma located near the divertor

target plates contains a large proportion of neutrals in an excited state, with a principal quantum number n possibly

larger than 10. The corresponding dipole moment is large enough so that the atomic energy levels are sensitive to

the plasma's microscopic electric �eld (Stark e�ect). Accordingly, the emission lines observed in passive spectroscopy

can be used as a probe of the electron density; recent analyses have been performed on spectra observed in the
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divertor of ASDEX-Upgrade [1], JET [2], and TCV [3]. An issue that remains unclear concerns the validity of using

a pure Stark broadening model, i.e. not accounting for other line broadening mechanisms, on Balmer lines with a

low or moderate quantum number such as Dα and Dβ (n = 3→ 2 and 4→ 2 transitions). In contrast to the high-n

lines that are more strongly a�ected by Stark broadening, the �rst lines in the Balmer series are weakly sensitive to

the plasma micro�eld, so any thermal Doppler broadening can become signi�cant; this property has already been

used for probing the atomic velocity distribution function at the edge [4, 5]. In this work, we examine the relative

contribution of the Stark and Doppler broadenings to the shape of the �rst Balmer lines. Our calculations employ

a computer simulation technique, which has been designed for the description of Stark broadening in tokamak edge

plasma conditions [6]. The formalism and the method are presented in Sec. 2 and calculations are reported in Sec. 3.

An analysis of an experimental spectrum observed in the divertor of TCV is performed in Sec. 4.

2 Stark broadening modeling

The formalism used in Stark line shape modeling involves atomic operators and related quantities in the framework

of quantum mechanics. Here, we give a summary of formulas; further details can be found in textbooks, e.g. [7].

Consider an atom immersed in a plasma and emitting a photon, the spectrum is given by the Fourier transform of

the dipole autocorrelation function

I(ω) =
1

π
Re

∞∫
0

dtC(t)eiωt, (1)

C(t) = Tr{~d⊥(0) · ~d⊥(t)ρ}. (2)

Here, the trace is performed over the atomic states and denotes a statistical average, ρ is the projection of the density

operator onto the atom's Hilbert space evaluated at the initial time, the brackets {...} denote an average over the

perturber trajectories (classical path approximation), and ~d⊥ = ~d − (~d · ~n)~n is the projection of the atomic dipole

operator onto the polarization plane, in the Heisenberg picture (~n = ~k/|~k| where ~k is the wave vector). ω denotes

the angular frequency of the emitted photon. In Eq. (2), restrictions of the dipole operator to the upper and lower

levels of the transition are implied (no-quenching approximation). For calculation purposes, it is convenient to write

the autocorrelation function in terms of an evolution operator U(t). From the identity ~d⊥(t) ≡ U†(t)~d⊥(0)U(t), a

calculation of the line shape requires knowledge of the matrix elements of ~d and an evaluation of U(t). The evolution
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operator obeys the time-dependent Schrödinger equation

ih̄
dU

dt
(t) = [H0 + V (t)]U(t). (3)

Here, H0 is the Hamiltonian including both the atomic energy level structure (with a non-Hermitian part accounting

for natural broadening) and the Zeeman e�ect, and V (t) = −~d · ~E(t) is the time-dependent Stark e�ect term

(Schrödinger picture) resulting from the action of the microscopic electric �eld ~E(t). When this term is neglected, the

Schrödinger equation has the trivial solution U(t) = exp(−iH0t/h̄), which shows, using Eqs. (2) and (1), that I(ω)

reduces to a set of delta functions (or Lorentzian functions if the natural broadening is retained). The case where

~E(t) must be retained is more complex as there is no general exact analytical solution. Time-dependent perturbation

theory yields a formal expansion (Dyson series), which is not applicable in explicit calculations because of the

non-commutation of the interaction term at di�erent times (time-ordering problem). This, in particular, concerns

the micro�eld due to ions. Several models, based on suitable approximations, have been developed to provide an

analytical expression for the line shape (e.g., the impact and static approximations; the model micro�eld method;

etc.). For our purposes, it is convenient to have a line shape model with less restrictive approximations, made to

be applicable to various plasma conditions. A good candidate is the simulation technique [8, 9]. The purpose of this

method is to numerically reproduce the motion of the charged particles in the plasma to obtain the time dependent

electric micro�eld ~E(t). Explicitly, a numerical simulation consists of: (i) the calculation of a set of realizations for

the electric �eld; (ii) the numerical integration of the Schrödinger equation for each realization; (iii) the average of

the evolution operators on a set of realizations and the Fourier transform of the autocorrelation function. In the

simulations performed for this work, we use a code designed for weakly coupled magnetized plasmas, i.e.with a large

number of particles in the Debye sphere. A deuterium atom immersed in pure deuterium plasma is assumed. Only

the ion motion is simulated here and it provides a set of realizations for the ion electric �eld ~Ei(t), to be used in

the Schrödinger equation. The contribution of the electrons is described using a damping term (collision operator).

Technical details can be found in [10].

3 Relative contribution of Stark and Doppler broadening

The formalism presented above models the line shape in the atomic frame of reference, i.e. without any Doppler

e�ect. The Doppler broadening due to the thermal motion of the emitters can be retained through a convolution
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with the velocity distribution function (VDF) f(~v), using the following substitution

I(ω)→
∫
d3vf(~v)I(ω − ω0~v · ~n/c), (4)

where ω0 is the central angular frequency of the line under consideration. The �rst lines in the Balmer series, such

as Dα, are most sensitive to Doppler broadening. If the density is su�ciently low, the Stark broadening is negligible

and the spectral pro�le is proportional to the atomic VDF (see Fig. 1); this property has already been used for

characterizing the recycling mechanisms of the neutrals present at the edge [4, 5]. The situation is di�erent for high

density conditions (typically if Ne ≥ 1014 cm−3) because the Stark e�ect broadening increases to become comparable

to the Doppler broadening. Figure 2 shows an example of adjustment of Dα obtained from a simulation accounting

for the simultaneous action of the Stark and Doppler broadenings at Ne = 1014 cm−3, Te = Ti = 1 eV, and assuming

a Maxwellian distribution of atoms at 1 eV. The Zeeman splitting is not retained here for the sake of simplicity in

discussions. In the adjustment model, only Doppler broadening is retained. The use of a Maxwellian distribution

yields a systematic overestimate of the temperature due to the extended Stark line wing. A better agreement with a

many-temperature Maxwellian model (e.g., to account for a population of hot neutrals created by charge exchange)

is obtained but the physical interpretation of the temperatures is meaningless. The adjustments presented in �gure

2 were performed with a genetic algorithm (see [11] for the code) applied using one- and two-temperature models.

A value of 1.3 eV was obtained from the one-temperature model and values of 1.6 and 16 eV were obtained from

the two-temperature model. So the conclusion is that a Dα line shape cannot always be �tted by just a Doppler

broadened shape (with an adjusted VDF), as also Stark broadening can contribute signi�cantly to the line shape for

Ne > 1014 cm−3.

4 An analysis of Dδ and Dε at high density conditions

The relative contribution of Doppler broadening with respect to Stark broadening decreases as the principal quantum

number n increases (the dipole operator scales as n2 and, hence, the Stark e�ect increases with n). In this framework,

a line shape analysis using a pure Stark broadening model, i.e. not accounting for the Doppler e�ect, is appropriate

if the principal quantum number n is su�ciently high. Figure 3 shows a plot of the half-width at half-maximum

(HWHM) of the �rst Balmer lines in terms of the principal quantum number for various densities. The HWHM is

weakly sensitive to the ion and electron temperatures, hence we have assumed a value of 1 eV, which is representative

of values measured in detached regime. The Doppler HWHM corresponding to Maxwellian distribution at 1 eV is

also shown in the �gure. No values are displayed for Dβ (n = 4) at Ne = 1014 and 1015 cm−3 as this line shows a
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Figure 1: Plot of a calculated spectral pro�le of Dα. At low densities, the contribution of the Stark broadening

to the line width is negligible compared to that of the Doppler broadening in the case of lines with a low upper

principal quantum number. It essentially provides a contribution to the line wing. Here, the spectrum is shown in

semi-logarithmic scale in order to magnify the Stark e�ect contribution in the far wing.

dip at line center, rendering the concept of HWHM meaningless. The Stark e�ect contribution becomes larger than

the Doppler broadening at Ne ≥ 1014 cm−3 for n ≥ 5, indicating that a Stark broadening alone can be used safely

in a diagnostic routine for the Balmer lines beyond Dβ.

Figure 4 shows an example of a spectrum analysis. We have performed an adjustment of Dδ and Dε observed in the

divertor of TCV in detached regime (shot #52062 at t = 1.0 s, central line of sight [3]). The real time application of

the numerical simulation technique presented in Sec. 2 is not convenient so, in this framework, we have constructed a

database directly exploitable by an adjustment program through an interpolation routine (see [10]). The instrumental

function was retained through convolution. Since the Stark broadening is weakly sensitive to temperature, we again

assumed a value of 1 eV with the density left as the only adjustable parameter. The best �t results are in a good

agreement with the experimental spectra. Values of 5× 1013 cm−3 and 6× 1013 cm−3 were obtained for the electron

density; the deviation between these values falls in the typical range of uncertainty expected from the accuracy

of line shape model and experiment (in particular this includes the �tting method and the instrumental function

characterization). Values of the same order of magnitude were obtained previously using a di�erent Stark line shape

model [3].
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Figure 2: At high density conditions, the Stark e�ect on low n lines can be comparable to the Doppler broadening

contribution and spectra can be misinterpreted if this e�ect is not retained in diagnostic routines. Here, a calculated

pro�le of Dα has been analyzed using a Doppler line broadening model not accounting for the Stark e�ect. The use

of a Maxwellian distribution yields a systematic overestimate of the temperature (30% here) due to the inability of

the model to reproduce the Stark line wing. If a two-temperature Maxwellian model is used instead, there is a better

agreement between the curves but the physical interpretation is meaningless.

5 Conclusion

The operation of magnetic fusion devices requires passive spectroscopy diagnostics in the edge plasma region. In

this work, we have applied a computer simulation technique to the modeling of Balmer line shapes in dense divertor

conditions. Calculations in high-density conditions, assuming 1 eV temperature and Gaussian atomic velocity distri-

bution function, have indicated that the Stark e�ect contribution to line broadening becomes larger than the Doppler

broadening at Ne ≥ 1014 cm−3 for n ≥ 5, implying that Stark broadening alone can be used safely in a diagnos-

tic routine for the Balmer series above Dβ. This result was illustrated through an experimental spectrum analysis.

An extension of this work to the modeling of Balmer lines in the presence of a strong magnetic �eld is currently in

preparation for applications to the ITER divertor (B will be increased to 8 T). Speci�c investigations accounting

for the Zeeman e�ect will be performed. More sophisticated �tting algorithms devoted to cases where the Stark and

Doppler contributions are comparable will also be investigated.
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Figure 3: Plot of the half-width at half-maximum (HWHM) of the �rst Balmer lines in terms of the upper principal

quantum number n for various density values. A value of 1 eV is assumed for the ion and electron temperatures. The

Doppler HWHM corresponding to a 1 eV temperature Maxwellian distribution is also shown. No values are displayed

for Dβ (n = 4) at Ne = 1014 and 1015 cm−3 because this line presents a dip at the center.
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Figure 4: Plot of the spectral pro�les of Dδ and Dε, obtained experimentally (circles) and from a calculation (solid

line). An adjustment has been done using the Stark broadening model presented in this work. Values of 5 × 1013

cm−3 and 6× 1013 cm−3 have been obtained for the electron density. The deviation between these values falls in the

typical range of uncertainty provided by the model accuracy.
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