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Abstract

We propose a noise robust two-step phase shifting algorithmfor the evaluation of ran-

dom and unknown phase step. In this algorithm, the phase within a small size two-

dimensional window around a user selected pixel in an interferogram is approximated

as a quadratic surface. The problem of quadratic phase fitting parameter estimation

is formulated as a state space analysis performed using the extended Kalman filter.

The phase step is evaluated from the estimated parameters and subsequently the in-

terferogram phase distribution is obtained. Simulation and experimental results are

demonstrated.

Key words: Phase estimation; Two-step phase shifting interferometry; Quadratic

phase; State space analysis.

1. Introdution

Phase shifting interferometry (PSI) is one of the most commonly used techniques

in the optical interferometic measurement systems whereinmultiple phase shifted in-

terferograms are recorded carrying the information on the measurand [1, 2, 3, 4, 5].

The important advantages that the PSI offers are high accuracy in the phase estimation,5

higher noise robustness and measurement with higher spatial resolution compared to
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the single-frame spatial interferogram analysis techniques. Numerous PSI algorithms

have been reported in the literature for the purpose of phaseestimation from a stack

of interferograms. The important limitation associated with PSI is the requirement of

its isolation from mechanical disturbances. These disturbances may bring undesirable10

changes in the interferograms which in turn adversely affect the accuracy of phase esti-

mation. It is therefore preferable to obtain the phase estimate from a minimum number

of interferograms which generally happens to be three. Further increase in the number

of interferograms provides robustness against noise and phase step miscalibration at

the cost of an increased susceptibility to vibrations.15

Recently, a lot of research effort has been directed towardsobtaining the phase esti-

mate from the recording of only two phase shifted interferograms [6, 7, 8, 9, 10, 11, 12,

13, 14, 15, 16, 17, 18, 19, 20, 21, 22]. The main objective of these techniques is to do

away with the effects of air turbulence, temperature variations and mechanical vibra-

tions in PSI systems while maintaining the features offeredby PSI intact. Usually, the20

phase estimation procedure involves two steps: phase step evaluation and interferogram

demodulation. A single phase step applied between the two interferograms is gener-

ally unknown and can lie anywhere within(0,π). Therefore, an accurate evaluation

of phase step is key for the successful demodulation of interferograms. Kries et al.[6]

first proposed a Fourier transform based method for the pointwise demodulation of in-25

terferograms by estimating the phase step. Another PSI algorithm for the phase step

estimation based on a self-tuning (ST) quadrature filter is proposed in [7]. A two-step

procedure described in [8] first evaluates the fringe direction map using a regularized

optical flow (OF) algorithm. Subsequently, the spiral phasetransform is applied to one

of the interferograms and utilizing the estimated fringe direction map, the associated30

quadrature interferogram is obtained. The algorithm basedon Gram-Schmidth (GS)

orthonormalization method [9] computes orthonormalized interferogram basis. The

phase step estimation based on the extreme values of interference (EVI) [10] obtained

from one of the interferogram is found to be computationallyefficient. Some of the

other two-step PSI algorithms include methods based on two-dimensional continuous35

wavelet transform [11], quotient of the inner product [14],independent component

analysis [17] and polynomial phase fitting and global optimization [19, 21].
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In this paper, we propose an algorithm for the estimation of the phase step from two

interferograms recorded in a PSI setup. The phase within a two-dimensional window

around a selected pixel is approximated to be a two-dimensional quadratic function40

of the spatial coordinates. The quadratic phase parametersare evaluated using a state

space analysis approach. The phase step estimate which is derived from the estimated

phase parameters is subsequently employed to demodulate the interferogram.

2. Theory

Two phase shifted interferograms can be represented as

I1(x,y) = a(x,y)+b(x,y)cos[φ(x,y)], (1)

I2(x,y) = a(x,y)+b(x,y)cos[φ(x,y)+α], (2)

where,a(x,y), b(x,y) andφ(x,y) represent background intensity, fringe amplitude and

phase, respectively.x ∈ [1,N] andy ∈ [1,M] represent the spatial coordinates. The

interferogramI2 is phase shifted by a phase step ofα with respect toI1. In order to

reduce the number of unknown variables, the slowly (spatially) varying background

intensity can be removed by the application of high pass filtering [23]. Such high pass

filtered interferograms can be represented as

Ĩ1(x,y) = b(x,y)cos[φ(x,y)], (3)

Ĩ2(x,y) = b(x,y)cos[φ(x,y)+α]. (4)

In the proposed method, a quadratic phase approximation is considered within a small

size window around a selected pixel, say,(xpt,ypt). The interferograms within the

window can be expressed as

Ĩ1L(x,y) = bcos[φ1(x,y)], (5)

Ĩ2L(x,y) = bcos[φ2(x,y)], (6)

where,x,y ∈ [−L,L] with xpt =̂ (x(0) = 0) andypt =̂ (y(0) = 0). L is the window

size parameter. Note that the fringe amplitude is considered to be constant within the
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analysis window. Two-dimensional quadratic phase approximation is considered as

φ1(x,y) = c0+ c1x+ c2y+ c3x2+ c4xy+ c5y2, (7)

φ2(x,y) = c6+ c1x+ c2y+ c3x2+ c4xy+ c5y2, (8)

where,α = c6−c0. The proposed method aims to accurately estimate the quadratic45

phase parameters from which the phase step can be computed.

2.1. Phase Parameter Estimation Via State Space Analysis

The problem of parameter estimation is considered from the point of view of a state

space analysis wherein the phase parameters are defined to bethe elements of a state

vector. The state estimation is performed using a nonlinearKalman filter utilizing the

fringe sample observations. Such an observation vector is defined as

III l =


Ĩ1L(x,y)

Ĩ2L(x,y)


 . (9)

Considering a raster scanning of fringe samples within the analysis window, the vari-

ablel takes the values in the range[1,(2L+1)2]. Now, let us define the state vector as

βββ l =
[
c0,c1,c2,c3,c4,c5,c6,b

]T
. (10)

The superscriptT indicates the transpose operation. The process update of state vector

can be represented as

βββ l = FFFβββ l−1, (11)

where,FFF represents the state transition matrix. Since the phase parameters are defined

to be constant within the window, the state vector is essentially a constant vector. Ac-

cordingly,FFF is defined to be an identity matrix of size 8×8. Based on the quadratic

phase approximation, the observation vector in Eq. (9) can be modelled as

III l = hhhl (βββ l ), (12)

=


βββ l (8)cos(βββ T

l ppp1)

βββ l (8)cos(βββ T
l ppp2)


 , (13)
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where,

ppp1 =
[
1,x,y,x2,xy,y2,0,0

]T
, (14)

ppp2 =
[
0,x,y,x2,xy,y2,1,0

]T
. (15)

Since the observation is a nonlinear function of state vector (See Eq. (13)), we

propose to use the extended Kalman filter (EKF) for the estimation of phase parameters.

The procedure of EKF based parameter estimation is described as follows [24]:50

1. The state vector and covariance of state estimation errorare initialized as

β̂ββ 0|0 = E(βββ 0), (16)

PPP0|0 = E[(βββ 0−β̂ββ 0|0)(βββ0−β̂ββ 0|0)
T ], (17)

where,β̂ββ l |l−1 andβ̂ββ l |l represent the state estimates at thel th step given the fringe

sample observations up to and including the(l−1)th andl th pixel location, respec-

tively.

2. The process updates of state vector and covariance matrixneed not be performed

sinceFFF is an identity matrix. Thus we set,

β̂ββ l |l−1 = β̂ββ l−1|l−1, (18)

PPPl |l−1 = PPPl−1|l−1. (19)

3. The nonlinear observation vector modelhhhl (βββ l ) can be linearized around the pro-

cess updated state estimateβ̂ββ l |l−1 using the first order Taylor series expansion as

hhhl (βββ l ) = hhhl (β̂ββ l |l−1)+
∂hhhl

∂βββ

∣∣∣∣
β̂ββ l |l−1

(βββ l−β̂ββ l |l−1), (20)

where the partial derivative matrixHHH l =
∂hhhl
∂βββ

∣∣∣
β̂ββ

l |l−1

is computed as

HHH l =−b̂


sin(φ̂1),sin(φ̂1)x,sin(φ̂1)y,sin(φ̂1)x2,sin(φ̂1)xy,sin(φ̂1)y2,0,−cos(φ̂1)/b̂

0,sin(φ̂2)x,sin(φ̂2)y,sin(φ̂2)x2,sin(φ̂2)xy,sin(φ̂2)y2,sin(φ̂2),−cos(φ̂2)/b̂




(21)

The phase estimateŝφ1 and φ̂2 are obtained by substituting the estimated phase

parameters
(

β̂ββ l |l−1

)
in Eqs. (7) and (8), respectively.55
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4. Based on the partial derivative matrixHHH l , the observation update of the state vec-

tor is performed as

KKK l = PPPl |l−1HHHT
l

(
HHH l PPPl |l−1HHHT

l +RRRl

)−1
, (22)

β̂ββ l |l = β̂ββ l |l−1+KKK l

[
III l−hhhl

(
β̂ββ l |l−1

)]
, (23)

PPPl |l = (III−KKK l HHH l )PPPl |l−1 (III−KKK l HHH l )
T +KKK l RRRl KKK

T
l , (24)

where,III represents the identity matrix of size 2×2, RRRl is the observation noise

covariance matrix andKKK l is the EKF gain.

5. Once all the fringe samples are exhausted, the estimate ofphase step is computed

as

α̂ = β̂ββ (7)−β̂ββ(1). (25)

In order to improve the robustness of phase step estimation,the phase parameter

estimation procedure described above is performed at the immediate surrounding

pixels of the selected location. Median value of the phase step estimates is chosen

so that the contribution due to the outlier estimate is neglected. Utilizing the

estimated phase step, the interferogram demodulation for the phase estimation is

performed as

φ̂φφ(x,y) = arctan

[
ĨII1(x,y)cos(α̂)−ĨII2(x,y)

ĨII1(x,y)sin(α̂)

]
. (26)

3. Simulation and Experimental results

We provide a simulation example to demonstrate the ability of the proposed method

for the estimation of two dimensional quadratic phase parameters. Two-dimensional60

signals of size 41×41 were simulated at signal to noise ratio (SNR) = 20 dB in function

of phase stepα with the quadratic phase parameters,c0 = 0, c1 = 6e−2, c2 = 5e−2,

c3 = 2e−4, c4 = 3e−4, c5 = 1e−4, c6 = c0+α and amplitude,b= 2. The following

intialization parameters are utilized in all of the simulation and experimental results

provided in this paper.65
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L 15

β̂ββ 0|0

[
0,1e−1,1e−1,1e−3,1e−3,1e−3,0, b̂

]
, b̂= 0.5 ·

[
max

(
Ĩ1L

)
−min

(
Ĩ2L

)]

PPP0|0 diag([1e2,1e1,1e1,1e−1,1e−1,1e−1,1e2,1e1])

RRRl 1e1· III

where, diag(·) is a function which forms a diagonal matrix with a diagonal vector pro-

vided as an argument.
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Figure 1: Estimates of (a)c1,c2 and (b)c3,c4,c5 in function of α . The simulation was performed with

two-dimensional signals (I1 andI2) of size 41×41.

70

Figure 1 shows the estimated quadratic phase parameters plotted in function ofα.

It can be observed that the proposed method is capable of accurately estimating the

phase parameters for a wide range of phase step values. A simulation example is pro-

vided for the demodulation of interferograms shown in Fig. 2. The interferograms

were simulated with the phase step ofα = 1 rad at SNR = 20 dB. For each value of75

α, mean estimate of 50 simulation run is considered. The fringe amplitude was set as

b(x,y) = 25·exp
{
−[(x2+ y2)/5e4]

}
. In the implementation of the proposed method,

the pixel location with coordinatesxpt = 126 andypt = 123 was selected to evaluate

the phase step. A red colored rectangle surrounding the selected pixel is shown in

Fig. 2b. The same pixel location is considered in all the simulation and experimen-80

tal results provided in this paper. Figure 3 shows the estimated phase maps computed
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Figure 2: Phase shifted interferograms of size 256× 256 simulated withα = 1 at SNR = 20 dB. Fig. 2b

shows a red colored rectangle sourrounding the selected pixel (xpt = 126, ypt = 123) for the phase-step

estimation.

using the Kries, ST, OF, GS, EVI and the proposed method. Whereas the Kries, ST

and OF methods failed to provide reliable phase estimates, the GS, EVI and the pro-

posed method resulted in accurate phase estimates. For the same simulation example,

the phase estimation was performed in function ofα. Figures 4a and 4b show plots85

of root mean square errors (rmse) in the phase estimates computed at SNR =∞ dB

and SNR = 20 dB, respectively. The GS, EVI and the proposed methods are found

to be capable of accurate phase estimation for a wide range ofα values. However,

since the proposed method is developed with the main objective of accurate phase

step estimation, it is more appropriate to evaluate the performance of the proposed90

method for the estimation of phase step instead of phase. Accordingly, errors in phase

step evaluation using the EVI and the proposed method are compared in Fig. 4c at

SNR = 10 dB and 30 dB. The proposed method is found to be more noise tolerant

compared to the EVI method over the entire range ofα. A study is also performed

to observe the errors in the phase step estimate computed at five distinct pixel loca-95

tions (xpt,ypt) = {(106,122),(46,132),(63,202),(120,195),(226,125)}. The errors

are plotted in Fig. 4d. Note that these locations were selected at random. The error

values indicate that the phase step estimation is mostly insensitive to the selection of

pixel locations.
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Figure 3: Estimated phase maps from the phase shifted interferograms shown in Fig. 2 using (a) Kries (b)

ST (c) OF (d) GS (e) EVI and (f) the proposed method.

Figure 5 shows the results of phase step estimation performed at three different100

pixel locations in the interferogram given in Figure 2(a). The interferograms were

simulated at SNR = 10 dB withα = 0.25 rad. The second and third columns show

the reconstructed wrapped phase and fringe patterns, respectively, evaluated using the

estimated polynomial coefficients. The results indicate that the proposed method is

capable of reliable estimation of the phase step at any user selected pixel. A study105

of the effect of window size on the accuracy of phase step estimation is performed as

shown in Figure 6. The results suggest that window sizes fromthe set L = [15, 19]

provide good accuracy in phase step estimation over a range of signal to noise ratio.

The proposed method was implemented using MATLAB R2017a on 3.19-GHz Intel

core i5 processor machine with 8-GB random access memory. The computation time110
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Figure 4: Root mean square error in the estimation of phase computed using the Kries, ST, OF, GS, EVI and

the proposed method in function ofα at (a) SNR =∞ dB and (b) SNR = 20 dB. (c) Error in the estimation of

phase step computed using the EVI and the proposed method in function ofα at SNR = 10 and 30 dB. (d)

Error in the estimation of phase step computed using the proposed method in function ofα at different pixel

locations (represented as Pt#).

required by the proposed method withL = 17 was found to be around 0.3 seconds.

Note that this computation time corresponds to the phase step estimation performed

total nine pixel locations at and around the user selected pixel.

The experimental validation of the proposed method is performed with the interfer-

ograms recorded in a classical phase shifting holographic interferometry setup. Two of115

five frames shown in Figs. 7a and 7b correspond to the out-of-plane displacement of

an aluminum plate. The Schwider-Hariharan phase shifting algorithm [25, 26] was im-

plemented with the five phase-shifted frames to obtain the reference phase map shown

in Fig. 7c. The demodulated phase maps computed using the Kries, ST, OF, GS, EVI

and the proposed method are shown in Fig. 8. Similar to the simulation results, the120

estimated phase maps obtained using the GS, EVI and the proposed method are found
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Figure 5: The first, second and third column in the figure show original windowed interferograms, the

reconstructed wrapped phase and fringe patterns at (a)xpt = 106,ypt = 122 (b)xpt = 46,ypt = 132 and (c)

xpt = 120,ypt = 202, respectively.

to be more reliable in comparison with those obtained using the Kries, ST and OF

methods.

4. Discussion

The method proposed in [21] considers the Zernike polynomial phase fitting within125

a locally masked interferogram. The phase shift is derived from the estimated coeffi-

cients of the polynomials. Whereas the number of polynomialcoefficients required to

be estimated in [21] are eleven, only eight coefficients needto be estimated in the pro-

posed method. Since the coefficient estimation is a nonlinear optimization process, the
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Figure 6: Estimated phase step (α = 0.25 rad) at (a)xpt = 106,ypt = 122 (b)xpt = 46,ypt = 132 and (c)

xpt = 120,ypt = 202 in function of window sizeL and SNR.

computational complexity increases with the increase in the number of coefficients. In130

order to have a reliable approximation of phase with a small number of polynomial co-

efficients, the size of the local mask needs to be small. However, in this case, the noise

robustness of the optimization algorithm tends to decrease. Since the proposed method

utilizes Kalman filtering which is capable of handling noisein a very effective manner,

the required local mask size is smaller compared to the method in [21]. It is important135

to note that whereas the coefficient set in [21] does not include the fringe amplitude,

the fringe amplitude in the proposed method is estimated as apart of the process and

has been considered to be spatially varying in the simulation and experimental studies.

Since the quadratic phase approximation is considered onlywithin small size win-

dow around the user selected pixel, the proposed method is applicable for the analysis140

of interferograms with widely varying fringe densities including those containing in-

herent phase discontinuities. However, it is important to note that the pixel should be

selected such that the analysis window does not contain pixels from the phase discon-
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Figure 7: (a) and (b) Two phase-shifted interferograms recorded in a classical holographic interferometric

setup corresponding to out-of-plane deformation of an aluminum plate. (c) The reference true phase com-

puted using the Schwider-Hariharan (5-step) phase shifting algorithm.

tinuous region.

5. Conclusion145

In the proposed method, a quadratic phase parameter estimation method based on

the state space analysis is found to provide a robust estimate of phase step in a two-step

PSI system. The utilization of spatial information on interferograms and appropriate

assumption on the local phase profile allows the method to effectively handle the pres-

ence of noise. Phase parameter estimates obtained using theEKF based state space150

analysis are found to converge towards their true values without any prior knowledge
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Figure 8: Estimated phase maps from the phase shifted interferograms shown in Fig. 7 using (a) Kries (b)

ST (c) OF (d) GS (e) EVI and (f) the proposed method.

about them. This is justified with the use of same initial conditions in all the simula-

tion and experimental results. A uniform performance is observed over a wide range

of phase step and SNR values. The comparison of numerical andexperimental perfor-

mances with previously suggested methods demonstrates thepractical applicability of155

the proposed method.
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