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This paper presents solutions for the classical one-dimensional (radial and Cartesian) problem of Langmuir
probes in a collisionless, isothermal plasma. The method is based on two-fluid equations derived from the first
two moments of Vlasov’s equation. In contrast to commonly-used approximations, electron inertia and ion
temperature are not neglected so that the fluid equations are symmetric in the terms for electrons and ions.
The fluid equations are reduced analytically so that the electric potential is the only remaining spatial function,
which is numerically determined using Poisson’s equation. The single radial solution applies continuously over
the whole region from the probe up to the unperturbed plasma, in contrast to theories which separate the
probe boundary region into a charged sheath and a quasi-neutral pre-sheath, and is valid for all values of
probe bias potential. Current-voltage characteristics are computed for cylindrical and spherical probes, which
exhibit non-saturation of the ion and electron currents. The 1D Cartesian case is also analysed, and the Bohm

criterion is recovered only in the limit of large radius probes.

I. INTRODUCTION

A body immersed in a plasma acts as a sink for charged
particles. Because of the large difference in mobility be-
tween electrons and ions, the former tend to be lost more
rapidly to the body, thus creating a charged region in
the vicinity of the surface, commonly called the sheath.
When the immersed object is electrically floating, the
space charge distribution in the sheath evolves towards
an equilibrium where ion and electron fluxes are equal
and no more charge is transferred to the body. If the im-
mersed object is biased, the sheath adapts to the imposed
boundary potential and a current is collected.

A fundamental diagnostic in plasma physics, the Lang-
muir probe, relies on the analysis of the current-voltage
characteristic obtained by sweeping the bias potential on
an immersed metallic pin. The method is technically
simple, but the analysis of Langmuir probe characteris-
tics is difficult, mainly because of the theoretical issues
inherent to the plasma sheath problem.! This was no-
tably addressed by Langmuir and colleagues®® and has
since been a major topic in plasma physics. A funda-
mental set of equations involved in this problem arises
from the moments of Boltzmann’s equation which de-
scribe the electrons and ions as two fluids in terms of
their mean densities and velocities. The successive mo-
ments by themselves do not constitute a closed set of
equations and have to be completed by a closure expres-
sion. Furthermore, the two fluid equations are coupled
through Poisson’s equation which determines the electric
potential.

In the early stages of sheath theory,* Langmuir intro-
duced two approximations which have been almost uni-
versally adopted up till now: The first is to separate
the continuous region next to the probe into a space-
charge sheath and a quasi-neutral plasma;' '8 the in-
terpretation of the plasma-sheath transition has caused

much debate.m*1%16 The second approximation is to ne-
glect the electron inertia in the associated momentum
conservation equation, which results in the commonly-
used Boltzmann relation for the electron density,! 28
Ne = Mo eXp AT—V, where AV and T, are respectively a
potential difference and the electron temperature, here
expressed in volts.28

In this work, we present two-fluid solutions of a colli-
sionless, isothermal plasma with singly-charged positive
ions, for the simplified situations of one-dimensional (1D)
radial and Cartesian geometries. To be precise, the prob-
lem is solved analytically until the point where Poisson’s
equation has to be integrated, which is performed nu-
merically. Specific features of the solution method are
the retainment of electron inertia and ion temperature
in the fluid momentum equations, the use of Lambert’s
function,?*3! and the respect of particle flux conserva-
tion everywhere from the unperturbed plasma up to the
probe surface. Boundary conditions are of prime impor-
tance because they define the probe fluxes; these are cal-
culated from the self-consistent convective flow velocity
of each species.

As a first consequence, the separation of space into
sheath and quasi-neutral plasma regions is no longer nec-
essary for radial probes because a single, collisionless so-
lution is considered. Secondly, the fluid equations are
symmetric in the terms for electrons and ions (account-
ing for charge sign), hence the solution is valid for all
probe bias voltages. Current-voltage characteristics can
be derived analytically for the 1D Cartesian case, whereas
for cylindrical and spherical probes, two parameters still
have to be determined numerically.



A. Brief review of probe theory

The dominant approach to describe the perturbed re-
gion adjacent to a plane probe consists in splitting this
region into two distinct ones. The first sub-region, the
sheath, extends from the probe surface to a point, the
sheath entrance, at which the electron and ion densi-
ties are taken to be equal. Beyond this point there
extends a second sub-region, the pre-sheath, character-
ized by the quasi-neutrality hypothesis. Collisionless and
isothermal 1D Cartesian models are generally applied to
describe the sheath region, which is then characterized
by constant particle fluxes. The Bohm criterion® was
developed to account for the ion velocity at the sheath
entrance. Ionization must then be considered to pro-
vide the necessary ion flux in the pre-sheath. This divi-
sion between sheath and pre-sheath regions gives rise to
2-scale theories.?®6:11:12 Different assumptions and ap-
proximations are made in these domains, for example,
collisional ionisation in the pre-sheath and no collisions
in the sheath,® so it is clear that matching problems will
occur at the sheath /pre-sheath interface.”!2 This can be
partly redressed by interposing another domain, a tran-
sition layer, on an intermediate scale, which accounts for
space charge and the dominant pre-sheath processes.'? In
this way, as more layers are added, the approximations
are successively improved for the various scale lengths.
It is clear, however, that a single analytical solution for
plasma-to-wall is precluded, by definition.” Ideally, the
exact Boltzmann equation would be solved over the whole
region to give a single solution. In the absence of such
analytical solutions, single profiles were obtained by nu-
merical computations which do not require multi-scale
assumptions”3273% although their accuracy of course de-
pends on any approximations made. Furthermore, real
finite-sized plane probes collect ions from an ill-defined
hemispherical shape so that, in practice, an infinite plane
wall plasma-sheath transition does not exist?? and at
least a 2D approach would be necessary.?!

To avoid the difficulties associated with infinite plane
walls, this paper goes on to consider a two-fluid, 1D solu-
tion for radial Langmuir probes (cylindrical and spheri-
cal) in collisionless, isothermal plasma. The term ”fluid”
conventionally refers to collisional conditions; however,
the macroscopic variables for electrons and ions are
here described by velocity moments of two collisionless
distribution functions, often known as a two-fluid ap-
proach. In the case of radial probes, the ion accelera-
tion due to inward flux concentration in the ”geometric
pre-sheath” means that a collisionless pre-sheath solu-
tion relaxes asymptotically to the unperturbed, field-free
plasma at infinity, without requiring ionisation or other
collisional processes which are necessary in the 1D plane
wall situation.'™!? Hence a collisionless, single, 1D ra-
dial solution would appear possible for both the sheath
and the pre-sheath, i.e. over the whole domain.! In fact,
the applicability,'® or necessity,""2%3% of the Bohm cri-
terion is less clear for cylindrical and spherical probe ge-

ometries. Calculations in the limit of probe radius much
larger than the sheath width3% are used here to reconcile
the 1D radial model with conventional 1D sheath/pre-
sheath models!!"'? which invoke the Bohm criterion.
Fluid models for non-saturated probe ion currents cal-
culate the increase of the effective ion collection area
due to a thicker sheath at higher values of probe bias
voltage. Non-saturated currents are also predicted in
the framework of kinetic approaches, notably in orbital-
motion-limited (OML) theories.?®192L.27 In these, the
conservation of individual particle angular momentum
plays a central role. In the present work, we develop
a two-fluid solution under the hypothesis of isotropic
temperatures and Maxwellian distributions. These as-
sumptions are common,!!:25:3032 and fair agreement is
found with a kinetic model.3” However, it means that
any distortions of the Maxwellian distributions due to
truncation,”2731:38:39 anisotropic temperatures,®” angu-
lar momentum conservation or trapped orbits?!:3? can-
not be accounted for. This does not mean that kinetic
effects are unimportant; in fact, orbital motion kinetic
effects are expected to be more and more relevant as the
probe diameter becomes smaller, making the assumption
of Maxwellian distributions close to the probe surface
less valid. This is probably a limit of validity of the
present Maxwellian approach. To have a better two-
fluid collisionless description, one should calculate the
distortions of the distribution functions due to kinetic ef-
fects (such as in OML theory) before performing Vlasov
equation moments. Instead, this two-fluid model tacitly
assumes that like-particle collisions are sufficiently fre-
quent to maintain Maxwellian distributions, even near
to an adsorbing wall, but that unlike-particle collisions
are sufficiently rare for friction and ionisation to be neg-
ligible. Alternatively, there may be other processes, such
as turbulence or electric field micro-instabilities, which
maintain a Maxwellian distribution even when collisions
are rare; this is known as Langmuir’s paradox.?® Finally,
fluctuations and instabilities such as ion acoustic waves
could affect experimental measurements but are not con-
sidered in the stationary solutions presented here.?!4? To
summarize, this fluid model might not represent physi-
cal situations generally, but it is a solution to a classical
problem of probes in collisionless, isothermal plasma.

B. Structure of the paper

The analytical model for a probe in a collisionless
plasma is developed in three stages corresponding to the
three geometries in Fig. 1:

1. Fig. 1(a) shows a 1D Cartesian model for collision-
less plasma flow to an infinite plane wall. The wall
does not represent a non-intrusive Langmuir probe
causing only a small perturbation to the plasma.’3!
Nevertheless, this 1D Cartesian model serves the
purpose of introducing the mathematical method in
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FIG. 1. Basic description of the probe geometries, showing
the probe applied voltage V,, and the ion and electron con-
vective velocities u;o and wueo. The dashed lines represent
the limit of large distance from the probe up to the equilib-
rium plasma at infinity. (a) Infinite plane wall (1D Carte-
sian solution) in Section II, with incoming particle velocities
from a supposed plasma source at infinity.*! (b) Cylindrical
and spherical probes (1D radial solution) of Sections III and
IV, with vanishing particle velocity from infinity. (c) Big ra-
dius probe in Section V, with space charge sheath and quasi-
neutral pre-sheath, showing the ion and electron convective
velocities uisn and u.sn at the plasma-sheath interface.

Section II, and provides a comparison in the limit
of large-radius probes in Section V.

2. Fig. 1(b) shows a 1D radial model to represent
collisionless plasma flow to a probe. In contrast
to the 1D Cartesian model, the flux to a small
radius Langmuir probe causes only a small per-
turbation to the plasma, which is maintained by
some independent source. Almost all of the ion-
isation rate due to this independent source is as-
sumed to be in equilibrium with particle loss rates
to other electrodes and surfaces. The assump-
tion of collisionless plasma in the locality of the
probe remains a reasonable approximation for a
perturbed region around the probe which is small
compared to the mean free path for particle col-
lisions. The length-scale of the solution then de-
termines the lower limit of the mean free path
and hence the upper pressure limit for solution
validity.?* For perturbation scale lengths < 1 mm
calculated in this work, collisionless conditions are
expected to be satisfied for argon gas pressures up
to about 1 Pa, where the mean free path for colli-
sions A\, ~ 1 cm (for ion charge-exchange collision
cross-sections?3% ~ 4.1071% m?). Cylindrical and
spherical probe 1D radial solutions are presented in
Sections IIT and IV respectively.

3. Fig. 1(c) shows part of the wall of a big radius probe
in a 1D radial model. Section V compares the limit

of large probe radius with the 1D Cartesian plane
wall solution and a classical sheath model.

Discussions and conclusions are presented in Sections
VI and VII respectively. Finally, Appendixes A and B
explain the Lambert solution and describe a practical
method to interpret probe IV characteristics.

Il. 1D CARTESIAN CASE OF AN INFINITE PLANE
WALL

A. Conservation of particles and of momentum for
electrons and ions

Taking the first velocity moment of Vlasov’s equation,
a momentum conservation equation for ions and electrons
can be written for a two-fluid description as follows:

MgNg % + (us.V)us| =gsnsE—-V-Pg, (1)
for a collisionless, non-magnetized plasma, where n, is
the number density of species s, us the convective ve-
locity, ms the particle mass, ¢ the electric charge (sign
included), P the pressure tensor, and E the electric field.

We consider here the 1D Cartesian problem (V — 9,)
of a semi-infinite plasma facing a wall with steady state
flow (8, — 0) in Fig. 1(a). The solutions here are re-
stricted to the case of electrons and a single ion species
with a single positive charge (|gs| = ¢, the elementary
charge). The treatment of different ion species, multiply-
charged ions, and negative ions, although possible, is be-
yond the scope of this work. As a closure expression
for (1) we assume an isothermal relation for equilibrium,
with isotropic Maxwellian velocity distributions for each
species.2?3140 Under these conditions the pressure tensor
is diagonal and isotropic, and by using the ideal gas law
the scalar pressure can be expressed as ps = nsqTs. Here,
T, is the s species mean temperature defined in volts in
order to simplify expressions involving ratios of voltage
and temperature.?® The relation between T in volts, and
the temperature T in Kelvin, is given by ¢7s = kgTs,
where kp is Boltzmann’s constant, by which the conven-
tional expressions can be recognised.

The resulting fluid equations for electron and ion mo-
mentum are:

meneueaa:ue - qneaa:v + qTeazne =0,
mm; U OgU; + qm@IV + quaznl =0, (2)

where V is the electric potential. Here, the densities,
fluid velocities, and potential are all functions of x.

In the literature, at this point, the electron inertia con-
vective term (proportional to m.) is almost universally
neglected in (2), and as such, the electron density is de-
scribed by a Boltzmann relation.! ?® Furthermore, the
cold ion approximation is usually applied (7; = 0) in
which case the ion pressure gradient is neglected and (2)
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leads to the free fall solution for the ion density. A con-
sequence of these approximations is that the sheaths are
only properly described for large negative bias potentials
with respect to the plasma potential. In the following, we
break with tradition and keep all terms in (2). In fact,
the only way to guarantee validity for the whole range
of probe bias potential is to maintain symmetry between
the electron and ion terms.?2 It will be seen that the elec-
tron and ion variables are interchangeable in all the exact
expressions - accounting for charge sign - as is necessary
for a model where the probe bias potential can be lower
or higher than the plasma potential.

We assume n.,n; # 0 for all z, and define thermal ve-
locities uthe = v/qTe/me and ugn; = \/q7T;/m;, the root
mean square velocity in any single direction. The mathe-
matical expressions can be simplified by introducing the
dimensionless functions U,, U; which are the squares of
the convective velocity normalized to the thermal veloc-
ity, for electrons and ions respectively:

ue \2 w \2
U, = ( © ) and U; = ( ! ) .
Uthe Uthi

Equations (2) then become:

1 1
iate — iazv + 31 ln(ne) = 0,
1 1

Neglecting ionisation and recombination processes,
consistent with the collisionless assumption, the particle
flux conservation is expressed from the zeroth moment of
Vlasov’s equation as:

Ons + V- (nsus) =0, (4)

which, according to our assumptions, leads to:

Oz(neue) =0, and  9.(nsu;) =0. (5)
Equations (3) and (5) can be directly integrated to give:
Ue
? — i —+ ln(ne) = Ce,
u, V
Nelle = ¢, and  nyu; = ¢y, (7)

where the integration constants C., C;, ¢, ¢; depend
on the boundary conditions. ¢., ¢; are the constant flux
densities (particles per second per unit area) for electrons
and ions respectively. Electrons and ions are assumed to
disappear by neutralization at the wall, with no processes
such as secondary emission. For the plasma at infinity,
we set an equal density ng for electrons and ions, and the
plasma potential is set to V. Because we aim to treat
the artificial 1D Cartesian problem of a semi-infinite colli-
sionless plasma facing a plane wall, we must, considering
(7), set non-vanishing injection velocities ugy from infin-
ity to ensure the conservation of particle fluxes, as shown
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FIG. 2. Plot of the Lambert function branches Wy (circles)
and W_; (squares) which have purely real and negative values
for —é <a<0.

in Fig. 1(a). We therefore define the non-vanishing val-
ues at infinity for the normalized square velocities to be
Uso = (us0/utns)?. Applying these boundary conditions
to (6) and (7), the integration constants C., C;, ¢. and
¢; are determined so that we can express n. and n; as:

UeO_Ue V_‘/O
5 T >

Ui Uz-vvo)

Ne = Ny €XP (

(8)

n; = ng exp ( B) Tl

and the particle flux conservation (7) as:

nﬁUe = nger, and H?Ul = TL%UZO

The particle density equations (8) are a more general
form of the Boltzmann relation, known as the ”Boltz-
mann distribution law” in kinetic theory, where the den-
sity, fluid velocity and potential can be non-uniform.*?
Combining these relations to eliminate the particle den-
sities gives expressions for the particle fluid velocities in
terms of the potential:

_ _U. —2V—Vo)

_Uee Ve = _ e0€ Ueo Te 5

) _ U2V =Vo)
—Uie_UT’ = —Ujpe 0t . (9)

The transcendental equations (9) have for solutions:

U, =W [—ere*Uﬁo = —Wad,

_2(V—Vp)
e }

W e U TR
U; = -W |=Ujpe i = —Wla;], (10)

where W denotes the Lambert function?® defined by
o = ze® & z = Wla]. This gives the functional depen-
dence of the fluid velocities and densities on the electric
potential, which is then the only remaining function to be
determined using Poisson’s equation. In the following we
will first analyse the consequences of solutions (10); the
full solution requiring integration of Poisson’s equation
is carried out in Sec. IID.



The Lambert function, which cannot be expressed
in terms of elementary functions, is multi-valued and
therefore has several branches. Because U, and U; are
square velocities, the solutions (10) must be real and
positive, which implies that the Lambert functions must
be real and negative. Fortunately, regarding the former
condition, only two branches of the Lambert function,
Wy and W_y, have purely real values. Furthermore, in
order to obtain negative values, the arguments for W,
and W_; must be restricted to the interval [—1,0]. The
representations of branches Wy(a) and W_q(«) in this
interval are shown in Fig. 2. The branch point, a = —%7
is of particular interest as it is the only value for which
the condition Wy(a) = W_1(a) can be fulfilled. Note
that, as Wy _1(—2) = —1, the condition a, = —1 is
equivalent to us = wu¢ns. Then, considering a given s
species, the Wy branch of the Lambert function must
be applied to describe the fluid velocity us when it is
known to be less than, or equal to, the thermal velocity.
On the contrary, if us > wups, the fluid velocity must be
described by the W_; branch. Using these properties
of the Lambert function, and under the important hy-
pothesis of a monotonic spatial variation of the electric
potential V(x), from infinity where V' (x) = V4 up to the
wall surface where a bias potential V, is applied, the
analysis of conditions a.; € [~1,0] (see Appendix A)
leads to the following conclusions:

The applied potential V, = V} plays a particular role
in this problem because it corresponds to a field free
situation. For V, < V|, ions are the attracted species
and electrons are repelled, while the opposite happens
when V, > V. The roles of ions and electrons are then,
in a way, symmetric with regard to the plasma potential.

For V, < Vj:
Ue=-Wylae] and U;=-W_q[a;], (11)
with the conditions on initial velocities:
Uio > 1,

2(Va—Vp)
0< Usg <UD = 1, [—eT_l} <1. (12)
The relations (12) imply that ions come from infinity
with an initial convective velocity w;o greater or equal
to usn;. The initial velocity of electrons, u.q, is limited
to a maximum value ugy™*. For u.o = uig™, the electron
velocity at the wall is also maximum and is equal to the

thermal velocity utpe-

For V, > Vj:
Uo=-W_1]a.] and U;=-Wylay], (13)
with the conditions on initial velocities:
Ueo > 1,

) _2WVa=Vo) 4
0 S UiO S UZ%MX = —WO —e T S 1. (14)

As stated above, the roles of electrons and ions are
inverted when V, crosses the plasma potential value, so
that electrons now come from infinity with an initial
convective velocity higher than their thermal velocity,
while the maximal ion velocity at the wall is wugp;.

Now consider the V, = V; case. Obviously, the so-
lutions for V, < V; (11) and V, > V; (13) must give
the same value for V, = V4. This leads to the condition
Wo(aei) = W_1(ae,i), which was shown to be satisfied
only for a.; = —%, and is equivalent to U; = U, = 1.
Then, the convective velocity for both species must be
Utns from infinity up to the wall. This notably implies
that the flux density at the wall in the field-free sit-

uation is given by ¢s = nouths = nm/qm—n. This is
different from the classical kinetic theory flux density
(bs = in(ﬂjs -
mean thermal velocity) which is conventionally assumed
for the repelled species at the wall surface in sheath

models. ! 3:89,13,19,26-28,32,43,44 WWo will come back to this
point in the final discussion, Section VIB.

1 = 8qTs
75=T0Uths; (where v, = \ ol s the

B. Criterion on initial velocities

To complete the solutions we have to determine Uyg
and U;g. A criterion on these initial velocities can be
found, for any probe potential V,, by requiring a mono-
tonic decrease of the charge density modulus |Q| =
q|n;—n.| towards infinity where V' = V}; a local condition
which can be expressed as [0y |Q|]v, < 0.*5 According to
our solution (10), after some algebra this inequality be-
comes:

Ty(Up — 1) + To(Ugg — 1) > 0. (15)

This relation for the initial convective velocities, which
is symmetric in electron and ion terms, can be seen as
a generalization of the classical Bohm criterion.>!! By
rewriting (15) in a more conventional way to express the
minimal velocity for ions entering a sheath we obtain:

T, +T;) — meu?
Uip > \/Q( e z) ethe (16)
mg
The Bohm criterion® wu;p > upohm = ‘55“ is recov-

ered for cold ions (7T; = 0) and negligible electron inertia
(me = 0). Persson’s?® expression is obtained when ion
temperature is accounted for, and the complete expres-
sion (16) of Baalrud et al“® is recovered when electron
inertia is also included. Note that criterion (15) implies
a general coupling between ion and electron initial veloc-
ities for all bias potentials.

Interestingly, the inequality (15) is directly related to
the required convective kinetic energy density at infinity,
E,, which can be expressed for any value of the applied



potential as follows:

1 1
Ex(Va) =m0 <2miu§0 + Qmeuio)

1
= §q’n0 (TzUzO + Teer) . (17)

When V, = Vg, as Ujp = Ugp = 1, (17) gives
1
E(Vo) = Eo = 54M0 (T; + Te) - (18)
Taking the energy difference Fo. (V) —FEoo (Vp) we obtain:

Fa(Va) — Bao(Ve) = ~qno [Ti(Uso — 1) + To(Uso — 1)].

2

(19)
Then the criterion (15) can be interpreted as follows:
E(Vp) corresponds to a minimum of required convective
kinetic energy density at infinity. For any other value of
V., the required kinetic energy density can only increase.
Consequently, a saturation of criterion (15), i.e. taking
T;(Uio — 1) + T.(Ueo — 1) = 0, corresponds to a mini-
mization of E(V,) which then takes the constant value
Ey = %qno (T; + T) for any applied potential V.

Furthermore, it can be verified from (27) that, by sat-
urating (15), the electrical field intensity at the wall is
minimized, and therefore that the total charge in the
wall-perturbed region is also minimized. Hence the sat-
uration of the general criterion (15) corresponds to the
minimal perturbation to the plasma by the biased wall.
On the basis of these arguments we postulate the cri-
terion (15) to be always saturated. But then what de-
termines the partition of the constant convective kinetic
energy density Fy between ions and electrons?

To clarify this question we consider the V, < Vj case.
Saturating (15), U;p can be expressed as a function of
eri

T,
UzO =1+ T (1

K2

Uro). (20)

From (12), U is constrained to lie in an interval
[0,U%2*]. From (20) it is obvious that in order to min-
imize the ion initial velocity one should maximize Ugg
and take Uy = Ul**. By doing so, the electron con-
vective velocity at the wall is implicitly set to ugne for
any value of the applied potential V, < V4, and not only
for V, = Vp when it must be so. One could question
the choice of minimizing the initial velocity of the field-
accelerated species at the expense of the field-repelled
one. The problem can also be stated as follows: The re-
pelled species is adsorbed at the wall by sole virtue of its
random thermal motion, which does not depend on the
bias potential in the framework of an isothermal model.
We know from our solution that the convective velocity
for both species must be us,s in the field-free situation.
It should then remain u,s for any value of V,, as long as
the considered species is repelled.

The evolution of the initial ion velocity as a function
of V,, in comparison with the Bohm velocity, is shown
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FIG. 3. Evolution of the initial ion velocity w0, normalized
to the Bohm velocity, for the infinite plane probe for three
different values of the ion temperature T;. Fixed parameters:
Argon gas, ng =10"" m™3, T, =3V, V, =20 V.

on Fig. 3 for three different ion temperatures. It then
appears that taking the Bohm velocity as an initial
velocity for ions is an acceptable approximation for low
T; and large negative biasing.

To resume the 1D Cartesian result, we first remind
that . and o, from (10), are given by:

_ _2(V—-Vp)
Qe = —Ugo€ Ueo Te )

2(V—-Vy)
—Ujp+22=10)
a; = —Uge 0T T

The 1D Cartesian moment equations for V, < V; are
finally reduced to

U= -Wyla, and U;=-W_q|a],

T
where Uj;o =1+ ?(1 —Uy), and
Q(Va_vo)_1:|

Ueg = Wy |:*e Te (21)
The electron fluid velocity at the wall is always equal to
the thermal velocity wutpe. The corresponding loci of the
electron and ion fluid velocities are shown on a Lambert
function diagram in Fig. 4.

For V, > V4, the roles of electrons and ions are ex-
changed, accounting for charge sign:

Ue = —Wfl [Oée] and Uz = _WO [al] s
T;
where Uz, =1+ f(l - Uio), and

2(Va— Vo)
‘0‘1] C(22)

Uiy = Wy {—e Ti
C. Wall current-voltage characteristics

Now that U;p and U,y are known, the current per unit
area collected at the wall according to this 1D Cartesian
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FIG. 4. Locus of the electron normalized square fluid velocity
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the corresponding ion locus (red line) on the Lambert branch
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Te=1V,and T; = 0.2 V.

solution can be calculated using
Jwall = qno(uio — Ueo)- (23)

The current-voltage (I'V) characteristic is a continuous
solution as shown in Fig. 5, for an arbitrary set of plasma
parameters. The ion and electron currents show very
pronounced saturation for V, <« V4 and V, > Vj re-
spectively, as expected for an infinite plane probe.!»2 The
plasma parameters were chosen as follows: The pressure
of ~ 1 Pa (estimated in Section I.B) is characteristic
of low temperature, non-equilibrium plasmas, for which
T. ~ 3V is a typical value imposed by particle balance.?®
The ion temperature is generally above ambient temper-
ature (0.025 V), and a relatively high value, T; = 0.2 V|
was chosen here to show its effect in the figures. The
plasma density, ng ~ 10'7 m™3 corresponds to a rep-
resentative degree of ionisation ng/ngas ~ 1074, and the
electron Debye length A\p. = (c0T./(noq))'/? is 0.04 mm.
The plasma potential, V5 = 20 V, is an arbitrary refer-
ence level chosen here so that the floating potential V7 is
not far from 0 V, because the sheath voltage at a floating
probe is often not very different from the sheath voltage
at the ground electrode.?® Figures can be re-calculated
for other plasma parameters by using the analytical ex-
pressions given in the text.

The influence of T; on the value of the electron satu-
ration current and on the shape of the IV characteristic
around V, = Vj is illustrated in Fig. 6. The curve for
T; = T, is later compared with a numerical result of Par-
rot et al,3% in the limit of probe radius much larger than
the sheath thickness, in Fig. 15.

The expression for the floating potential V; of the wall
is deduced by setting Jy.n = 0 in (23):

V}Af’c‘ll:%—%(lnA—Fl/A—l)a (24)
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FIG. 5. Typical current-voltage characteristic for the infi-
nite plane probe predicted by the Lambert solution, using
(23). Insets show details (a) around the plasma potential Vp,
where the curvature depends on 7;; and (b) around the float-
ing potential V;. Fixed parameters: Argon gas, Vo = 20 V,
no=10"m™3 T, =02V, T. =3 V.
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FIG. 6. Current-voltage characteristics for the infinite plane
probe for three different values of the ion temperature T;,
using (23). Fixed parameters: Argon gas, no = 107 m™3,
T.=3V,Vp =20 V.

— Te(7ni+me)
where A = T

D. Potential and electric field

The ultimate step for a complete solution would be to
obtain the spatial profiles by integrating Poisson’s equa-
tion,

OV = —%(ni — 1) (25)

To our knowledge, an analytical solution cannot be
found, but at least the square electric field intensity
E? = (-0,V)? can be expressed everywhere by the fol-
lowing calculation:



Multiplying (25) by 0,V gives

1
VOV = 0,[(0.V)] = — L (n; — n)d,V. (26)
€0
Using the fluid equations for electron and ion momen-
tum (2), and making use of particle conservation (n.u. =
Nolen = ¢ and nyu; = nouip = ¢;), we have:

me¢eazue - qnean + qTeawne =0,

By summing these two equations,

_Q(ni - ne)azv = me(bea:rue + qTeamne
+m;¢i0zui + qT;0:n;.

Then (26) can be directly integrated to find the expres-
sion for the square electric field, the integration constant
being defined by the limits at infinity:
€
50E2 = —qTi(no — ni) — qTe(no — ne)
—m;Pi(Uio — Ui) — Mee(Ueo — Ue). (27)

Equations (25) or (27) can be integrated numerically
starting from a point supposed far enough from the wall
so that we can take as initial conditions n, = n; = ng,
U; = Ujp, U, = U, and V = Vj. An initial infinitesimal
gradient for V' is imposed and the spatial evolution of the
potential is computed until the condition V =V, is sat-
isfied, which corresponds to the wall. Alternatively, since
we know the electric field at the wall surface from (27),
we can also integrate Poisson’s equation starting from
the wall. Both methods give the same result, although
the integration starting from the wall tends to diverge
and needs much smaller integration steps. For examples,
plots of computed profiles for V,, lower, and greater, than
Vo are shown in Figs. 7(a) and (b), respectively. The
ion-rich perturbed region in Fig. 7(a) is several Debye
lengths wide, but much smaller than the mean free path
A¢, which is characteristic of a collisionless thin sheath
for a classical Langmuir probe.*” The electron-rich per-
turbation in Fig. 7(b) is narrower and more similar to
the Debye length. In Fig. 7(a), the ion initial convective
velocity is slightly greater than the Bohm velocity (see
Fig. 3 for V, = 15 V), and the electron convective velocity
at the wall equals their thermal velocity?® as discussed
in Section ITB. Note that the electron initial convective
velocity in the V, > Vj case is slightly higher than their
thermal velocity t¢he, as shown also by Scheiner et al.3!

E. Discussion of the 1D infinite plane wall case

As already emphasized, the 1D Cartesian collisionless
example above, corresponding to an infinite plane wall
and a semi-infinite plasma, clearly does not apply to the
physical case of a real probe immersed in a plasma.! The
wall acts more like an electrode than a probe in this
case, and a pre-sheath must be considered.'’2:30 The
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FIG. 7. Potential profile adjacent to an infinite plane wall,
ion and electron densities, and velocities normalized by their
thermal velocity (692 m/s and 7.26-10° m/s respectively), (a)
for Vo =15 V< Vp =20 V; and (b) for V, =25V > 1 =
20 V. Same plasma parameters as for Fig. 5.

fundamental drawback of this 1D Cartesian collisionless
solution is that conservation of particle flux requires a
non-zero convective velocity plasma source from infinity
(Fig. 1(a)), whereas for real finite-sized bodies, particle
flux conservation imposes a limit of zero convective veloc-
ity from infinity (Fig. 1(b)), as will be shown in the next
section. In many conventional 1D models, conditions for
finite-sized bodies are nevertheless imposed at infinity
(ns = ng, V.="Vy, Us = 0), and as such, the 1D Carte-
sian particle conservation is violated, unless ionization is



included in a collisional pre-sheath. As a consequence
there is an artificial separation of space into a collision-
less sheath, with a 1D Cartesian constant particle flux,
and a collisional pre-sheath where the flux is increasing
up to the sheath entrance (Fig. 1(c)), with considerable
difficulties to match the two solutions. This problem is
considered further in section V in the framework of the
big radius probe approximation.

I1l. 1D RADIAL GEOMETRY FOR CYLINDRICAL
PROBES

For radial symmetry, the fluid equations for electron
and ion momentum are found to be identical to the 1D
Cartesian situation (3):

1 1
§6TU6 — E&V + 87« ln(ne) = O7
1 1
§8TUZ‘ + ?&V + ar h’l(ni) =0. (28)

In cylindrical geometry, however, the steady state radial
particle flux conservation is expressed as %&(rnsus) =0,
hence

2rrnete = e, and  27wrnu; = Iy, (29)

where I' ; is the constant particle flux per unit length of
the probe, for electrons and ions respectively. As for the
1D Cartesian case, we set at infinity an equal density ng
for electrons and ions, and the plasma potential V. This
being stated, it is clear from (29) that both electron and
ion fluid velocities must tend toward zero as 7 tends to-
ward infinity to ensure a finite flux (see Fig. 1(b)). Then,
the integration of (28), making use of the boundary con-
ditions at infinity, leads to

o ex erJerVO
e = N €XP 5 T. s
U, V-1V,
;= - . 30
n noexp( 5 T ) (30)

Because the fluxes I'c; can no longer be defined by
boundary conditions at infinity, we use instead a defi-
nition at the cylindrical probe surface located at r = R,,:

2TRpNeqleq =Le, and 27Rpniqui, =Ty, (31)

Ueq and u;, being the electron and ion fluid velocities at
the probe and n., and n;, the corresponding densities
according to (30), with the potential of the probe being
defined as V,. We further redefine the normalized square
velocities at the probe as

u 2
.. — ( ca)
Uthe
Then the combination of (29) to (32) leads to the solu-
tions for the square velocities U, and U;, which take the

2
and Uj, = <““) . (32)

Uthi

following forms:

2

Ue = - _Rz;-gea e_U6a+2(V%EV)] =-N [Oée],
R2U;, ;o _20Va—v)

Ui =W | L=l s ] =~ [0, (33)

As in the 1D Cartesian case, both U, and U; are real and
positive, so they can only be described by the W, and
W_1 branches of the Lambert function, and «.; must
lie in the interval [—1,0]. We still assume for this radial
case a monotonic variation of the electric potential with
r. In the 1D Cartesian geometry, the monotonicity of
V(z) implies the monotonicity of the Lambert function
arguments o ;(), so that the analysis of the conditions
ae,i(z) € [~1,0] concerns only the boundary conditions
at infinity and at the wall surface, as shown in Appendix
A. In cylindrical geometry this is no longer true, because
of the direct dependence on r of a. ;(r). In fact, taking
the spatial derivative of a,. and «; one finds:

—2a, (Te
87»0[5 = Te ( r + 87nv> )
—204i T’l
= = . 4
87‘0[7, E ( r 8T‘V) (3 )

To understand the meaning of this, we focus in the
following on the V, < Vy case. Upon the monotonicity
hypothesis, the potential continuously increases with r
so that 0,V > 0. For electrons, (34) never vanishes for
0,V > 0 and the argument a.(r) is still monotonic. As
in the 1D Cartesian model, the condition . € [—2,0]
implies that the electron convective velocity at the probe
lies in the interval [0, ugne]. We have shown in the 1D
Cartesian Section II.B that taking ue, = uthe corre-
sponds to a minimal perturbation to the plasma by the
biased wall. We postulate in the following that this re-
mains true in radial geometry, or, in other words, that the
adsorption mechanism of the repelled species at the probe
does not depend on the geometry considered. Then, set-
ting ueq = uthe the electron density at the probe surface
is known using (30):

Va —V{
Neaq = noe*%e T (35)

For ions, according to (34) the argument «; reaches its
minimum at a radius Rg for which [0,V]g, = T;/Rs.
Consider then the ion velocity evolution (33) starting
from infinity toward the probe, as shown schematically
in Fig. 8. For large r, U; tends toward zero and can
then only be represented by the first branch of Lambert
functions, Wy. Approaching the probe, «; decreases, and
the ion velocity increases up to the minimum of «; when
r = Rg. Beyond this point, as «; now increases, the ion
velocity would decrease if it were to remain represented
by Wy. As, on the contrary, we expect the ion velocity to
continuously increase even for r < Rg, this implies that
the solution must switch to the second Lambert branch,
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FIG. 8. Locus of the ion normalized square fluid velocity for
the case V, < Vi of a cylindrical probe, showing the zero
initial velocity (circle), the ion thermal velocity at the sonic
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The y axis is inverted with respect to Fig. 2. The locus of
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electron thermal velocity, point [f%, 1].

W_1. However, to ensure a continuous solution, the con-
tinuity between the two branches Wy and W_; must be
satisfied at r = Rg. This can only be achieved by set-
ting o;(Rs) = —2, which implies that the ion convective
velocity at Rg must be uin;. Rg can then be defined
as the ion sonic radius (this is not the same as the ion
acoustic speed associated with Bohm'’s velocity). Clearly,
for probe theories with cold ions (7; = 0), the ion sonic
radius could have no meaning.

An interesting question arises when the applied po-
tential V,, approaches V. Clearly, for the field-free case
V., = Vi, a sonic radius Rg can no longer be defined
because 9,V = 0 everywhere. Then, there must be a
limit value V, = Wiy for which Rg coincides with R,
implying that the ion convective velocity at the probe is
ugp; for this case. Above Wy, the ion convective velocity
could be thought to fall below u¢n;. On the other hand,
according to the 1D Cartesian solution, for the field-free
situation (V, = V) we expect the ion and electron con-
vective velocities at the probe to be w¢n; the, and we have
indeed already postulated that this remains true in the
radial case by setting weq, = ughe above. This then im-
plies that the convective velocities of ions and electrons
in the zone between the two limit potentials Vi, (one for
Va < Vo when [0,V]r, = T;/R,, and one for V, > 1}
when [0, V]r, = —Tc/R, ) are to be constant at u; and
Uthe, TeSpectively.

Under this assumption, in this ”constant velocity
zone”, both ion and electron densities at the probe are
known, using (30), and can be expressed for any probe
radius R, as:

—1 Ya—Vo
Neq = Noe~ 2€ Te |
1 _Va—Vo
Nig = Noe 2e T (36)

Going back to the more general case for which an ion
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FIG. 9. Cylindrical probe 1D radial profiles of potential, den-
sity, and convective velocity normalized to the thermal veloc-
ity, (a) for probe voltage Vo, = 15 V < Vp = 20 V, and (b)
for probe voltage V, =25V >V = 20 V, for three cylindri-
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electron sonic radius Rg in (b), is also shown for each probe.
Fixed parameters: Argon gas, no = 101" m™3 T; = 0.2 V,
Te=3V.

sonic radius can be defined (V, < Vijm < Vo), the electron
convective velocity at the probe (r = R,,) being known
to be ugne, and the ion convective velocity at the sonic
radius (r = Rg) to be usp;, we can rewrite (33) to obtain:

U, = —Wo




2 _2(vg—V)
Ui = —W, {];Se ; 1} . V>Vs,
2 _2(vg-V)
U= -W_, {—};SeTSi 1} . V<Vs. (37)

Vs is the value of the electric potential at the sonic radius
Rg, and both parameters are to be determined. Recalling
that these are defined by the following conditions on the
electric potential:

_ 5
=

and that in 1D radial coordinates Poisson’s equation
takes the form:

[0-V]Rrs and V(Rs) = Vs, (38)

q

Loravy = tov 4 o2v = -
T T €o

(ni —ne),  (39)
Rg and Vg can be determined by requiring that the so-
lution of Poisson’s equation satisfies the boundary con-
ditions:

V(Ry) =V, and V(r—o0)=W.

As far as we know, no analytical solution for Poisson’s
equation can be found, as also in the 1D Cartesian case,
and we have to perform numerical integrations starting
from Rg. If the correct pair (Rg,Vs) is used as initial
conditions, the integration of (39) towards the probe sur-
face (decreasing r) will respect the boundary condition
V(R,) = V,, while the integration towards infinity (in-
creasing r) must lead to the limiting value V. The po-
tential profile can then be computed iteratively (see Ap-
pendix B2) in order to simultaneously satisfy these two
boundary conditions. Note that, apart from a numerical
determination, the value for Vs can be analytically re-
stricted to quite narrow intervals on the basis of simple
arguments concerning the charge density and the density
gradients at » = Rg, as shown in Appendix B 1.

As a first illustrative result we show on figures 9(a)
and (b) the ion and electron density profiles computed
for a same value of applied potential V,, (V, < Vj for
figure 9(a) and V, > Vy for (b)), for three probe radii.
We first remark that, although the probe radii vary from
0.05 mm to 0.25 mm, the widths of the ion-rich perturba-
tion in Fig. 9(a) are all several Debye lengths thick. This
is much narrower than the mean free path A., and is
characteristic of a collisionless thin sheath for a classical
Langmuir probe,*” qualitatively similar to the 1D Carte-
sian case in Fig. 7(a). The electron-rich perturbation in
Fig. 9(b) is again narrower and more similar to the De-
bye length. It is generally found that the sonic distance
(Rs — R,,) increases with increasing probe radius.

A second observation concerns the non-monotonic ion
density profiles on figure 9(a) which appear for small
probe radius and which are expected according to pre-
vious works, notably Laframboise.?? Note that the pro-
files of voltage and convective velocity remain monotonic,
even when the charge densities are not. It is shown here
that the same effect is expected for electrons (figure 9(b))
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FIG. 10. Current density-voltage characteristics for three

cylindrical probe radii, R, = 0.05,0.15 and 0.65 mm, and
for the 1D Cartesian solution from Fig. 5. The inset shows
the ion non-saturation and floating potentials. Fixed param-
eters: Argon gas, no = 101" m™3, T; = 02V, T. = 3V,
Vo =20 V.

when V, > Vj. It should also be noted that the charge
separation at the ion sonic radius Rg is very small (typi-
cally 0.01-0.1%) for V,, < Vp, and this remains true up to
values of V,, very close to V. On the other hand, when
V., > Vy the charge separation at the electron sonic ra-
dius Rg is large (typically 50%) even for large positive
bias. It then appears that if the ion sonic radius Rg could
be thought of as a possible definition of a quasi-neutral
sheath edge in the V, < Vj case (at least for V, <« Vp),
it is not generalizable to the V, > V case.

A. 1V characteristics for cylindrical probes

Figure 10 shows the predicted IV characteristics for
three different probe diameters. The results are pre-
sented as collected current per unit area (A/m?) for
comparison. The noise in the characteristics, especially
for the smallest probe, is due to the numerical reso-
lution of Rg. The first important result concerns the
observation of non-saturating electron and ion currents.
The two-fluid solution presented here accounts for this
experimental fact, which arises due to an increase in
Rs (Appendix B 3), without reference to orbital-motion-
limited (OML) theory.%19:21:27:48°50 Fyrthermore, the
non-saturation is more pronounced for small probe radii,
also as observed.3? The floating potential depends on the
probe radius, as can be seen in the inset. It can generally
be expressed as

2
m; Te Rp 2(V5;;V0)

T.
|74 A /A P I s : . 40
f 0 9 n meﬂR%e ] ( )

Fig. 10 also shows the IV characteristic predicted
by the 1D Cartesian solution from Fig. 5. Clearly,
the large cylindrical probe characteristic (for example,
R, = 0.65 mm in Fig. 10) does not seem to tend toward
the 1D Cartesian result as could be expected. This
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contradiction will be explained in Section V in the
framework of the big radius probe approximation.

Figure 11 shows the flux of attracted species calcu-
lated for the special case T; = T, in order to com-
pare with graphical results of Laframboise.?? The agree-
ment is good for the larger probes (probe radius to elec-
tron Debye length, R,/Ap. = 10,50), although the non-
saturation for the small probe (R,/Ape = 2) is more
pronounced for the present model.

In order to fully exploit this radial solution for the
analysis of measured characteristics, one has to know the
dependence of the sonic radius Rg and of the sonic po-
tential Vg with the applied voltage V,. However, we
show in Appendix B4 how the main plasma param-
eters, ng and T., can be conveniently extracted from
experimentally-measured characteristics, upon the as-
sumption of a constant ion current contribution between
floating and plasma potentials.

IV. 1D RADIAL GEOMETRY FOR SPHERICAL PROBES

The analysis of the spherical probe can be carried out
by following the same method as for the cylindrical probe.
The 1D radial expressions are similar and one has just
to perform a r — 72 substitution to switch from the
cylindrical case to the spherical one. Attention has nev-
ertheless to be paid to the fact that the sonic radius Rg
is now defined by the relation:

2T; e

O V]ps =% .
[ }RS RS

(41)
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Figure 12 shows the IV characteristics (current per
unit area) predicted for a cylindrical probe (R, =
0.15 mm) and a spherical probe of same radius. It can be
seen that the non-saturation of spherical probes is more
pronounced than for cylindrical ones, as seen in experi-
mental observation and numerical results.??

V. 1D RADIAL GEOMETRY IN THE LIMIT OF BIG
RADIUS PROBES

Intuitively, the cylindrical 1D radial solution should
tend toward the 1D Cartesian solution when the probe
radius R, becomes very large compared to the perturbed
region. It can be seen on figure 10 that when the probe
diameter is increased the IV characteristic becomes more
and more saturated for large biasing, as expected. How-
ever, the values of the ion and electron saturation cur-
rents are higher for the 1D Cartesian solution than for the
cylindrical one with large R,. This apparent contradic-
tion arises from an incompatibility between the boundary
conditions taken for the velocities at infinity in the two
geometries, which can be explained as follows:

For both models, an equal density ng for ions and elec-
trons and a uniform electric potential V) can certainly be
imposed at infinity. The difference then comes from the
particle conservation equations

for 1D Cartesian,
for 1D cylindrical.

NsUs = (bs

2nmrnsus = L'y

At infinity, where ns = ng, us cannot vanish for the 1D
Cartesian case because the constant particle flux den-
sities ¢s must be non-zero (Fig. 1(a)). On the other
hand, to ensure constant, finite values of I'y, the velocity
must tend to zero at infinity in the cylindrical situation
(Fig. 1(b)). Therefore, in the limit of large R,,, the 1D
Cartesian result can never be recovered because, however
large the probe radius, the initial velocities at infinity
must be zero. Another consequence of vanishing initial



velocities is that the particle densities at the probe for
V, = Vp are nge™ in the cylindrical analysis (see (35))
and not ng as in the 1D Cartesian model.

We therefore focus now on the big radius probe prob-
lem. The fluid equations for electron and ion momentum
(28) do not depend on R, and will not be changed in
the framework of the large probe approximation. Then
equations (30) remain valid:

-U. V-V
nenoexp( 5 + . ),
- -U; V-V
ni—noexp( B — TZ ) .

Consider now particle conservation in cylindrical 1D ra-
dial systems for a distance x above the probe surface:

T
— = RynsqUsq, (42)

sus = (R sUs =
rnsus = (Rp + z)nsu 5

where ng, and ug, are respectively the density and the
velocity of the considered species at the probe surface. If
we take the probe radius to be very large with respect
to the sheath length scale, then = can be neglected with
regard to R, in (42) and we directly obtain the 1D Carte-
sian particle conservation law in this limit:

Nsls = NgqUsa = ¢s' (43)

Boundary conditions are necessary to solve the problem
as in the 1D Cartesian section, but x cannot extend to
infinity in the framework of this approximation. Instead,
we have to state an upper boundary for our solution at
a given position zg, < R,. The only condition we will
require at this radius is an equal density ngy, for ions and
electrons, by analogy with the sheath defining the bound-
ary of quasi-neutrality with respect to the pre-sheath in
conventional models.>'"!2 By doing so, we employ the
classical notions of sheath and pre-sheath, but it has to
be noted that conditions other than quasi-neutrality at
the sheath edge could, or even should, be envisaged.

A. The sheath in the limit of big radius probes

The potential at x4, is set to be Vi, while the initial
electron and ion velocities at the sheath edge are u.g, and
uisn (Fig. 1(c)). With these definitions, the combination
of (30) and (43) gives the solutions

2
n 2(V-Vp)
U w sh -
e — — |:_ 5 Uesh€ Te :l ;
ng
2
n 2(V—Vp)
sh — T
Uy=-W {—2 ish€ i },
no

(44)

where we have reintroduced the normalized initial square
velocities Uesh = (Uesh /Uthe)? and Ussy = (Uisn/Utni)?. In
order to be self-consistent, (44) must lead to U. = Uegp
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FIG. 13. Current density-voltage characteristics predicted for
three different cylindrical probe radii (0.05, 0.15 and 0.65mm)
and for the big radius probe approximation. The inset shows
the ion non-saturation. Fixed parameters: Argon gas, no =
10" m™® 7, =02V, T. =3V, V=20 V.

and U; = U;g, for V= V. From these two conditions
we obtain

TeT’i(Uish - Uesh)
Vi = Vo — , 45
b 2T. +T;) (45)
_TiUjsh +TeUggh
Ngh = Noe 2(Te+Ty) | (46)

As in the 1D Cartesian model, we express the condition
for a continuous variation of the net charge density at
the sheath edge as:

[OvQv,, = [Ov(ni —ne)lv, <0,

which according to (30) and (44-46), after some algebra,
gives again the general criterion (15):

Ti(Uish - 1) + Te(Uesh - 1) Z 0.

Now consider the case for which V, < Vj, the ion-rich
sheath. As explained in the 1D Cartesian section, we
then take the initial normalized square velocity for elec-
trons Uesn to be UM, its maximum value. Therefore,

taking (15) to be saturated gives

TE max
Uish =1+ f(l — Yesh )
Then, according to this expression for Usgp, (45) and (46)
become

TE max
‘/;h = VO - ?(1 - esﬁL )7 (47)
1
ngn = npe” 2, (48)
with
max 2(Va—=Vp)
esh —¢€ Te . (49)

Interestingly, in the framework of this big radius probe
approximation, we find the classical result of a potential
drop (with regard to plasma potential) at the sheath edge



of approximatively T, /2, at least for V, sufficiently lower
than Vy. We furthermore find that the plasma density
at the sheath edge is nge~'/2, which is also a classical
result.?”

For V, > Vj, saturating (15) we get:

T;
T

max

UESh =1 + ish )

(1-

This also leads to ng, = nge /2

the sheath edge becomes

, and the potential at

TZ max
Von = Vo + 5(1 - Uit™), (50)
with
max —2(Va—Vo)
ish — € ¢ (51>

B. IV characteristics in the limit of big radius probes, and
comparison with a classical model

The IV characteristic according to the big radius probe
approximation is shown on figure 13 in comparison with
the IV curves calculated for cylindrical probes with
different R,, which resolves the apparent contradiction
noted in Section III A regarding the discrepancy of the
1D Cartesian solution in Fig. 10.

The predictions of this model differ significantly
from those of conventional theory,?® as illustrated on
Fig. 14(a). The main reason for these differences arises
from the modification of the electron current expression
in the two models:

Jé;lassical — @e(‘/a%evo) 8q1e ,
4 TMe
i 4 (vavay [qT,
Jé)lg radius _ qnoe” 2 e( " ) 67
Me

for V,, < Vp, as shown in Fig. 14(b).

The ion current contributions for both models are also
represented on figure 14(b). In classical theory, the ion
current is taken to be constant for any value of the ap-
plied potential, whereas the big probe solution implies
a continuously decreasing ion current as V, approaches,
and passes, the plasma potential. This being said, the
electron contribution to the total current is much higher
than the ion current in this region, so the approximation
of a constant ion flux is fairly reasonable. With regard to
the ion saturation currents (figure 14(c)), the expressions
for the two models can be compared as follows:

_ 1
_qnoe 2 V qTe/mi7
Jrisradivs _ _op00=5\/g(T, + T;) /m,

where the big radius probe expression accounts for non-
zero ion temperature.
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FIG. 14. (a) IV characteristics for a classical model (red lines)
compared with the big radius probe approximation (black
lines); (b) semi-log plot of the electron currents, J., and mag-
nitude of the ion currents, J;; (¢) expanded scale to show the
ion saturation currents and the floating potentials Vy. Fixed
parameters: Argon gas, no = 101" m™3, T, =02V, T, =3V,
Vo =20 V.

The modification of electron and ion flux expressions
naturally implies different values for the floating poten-
tial:

. T m; T, elm,

Vclassmalzv _ e 1 v 1| =V, _761 :
! 0= |Gt ° T2 M ommy
o radi T. . Te(m;+me) Te , m;
Vb1grad1us:V Sl Pk A CRLERALVAY-VE /ANt | i
f O Ny YT 2 M

which differ by Z In(&-) 2 0.47, as shown in Fig. 14(c).

Finally, Fig. 15 shows the I'V characteristic predicted
in the framework of the big probe approximation for
the special case T, = T;, in order to compare with
the numerical result of Parrot et al,3® also obtained in

)
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FIG. 15. Normalized current-voltage characteristics for the
big radius probe, the 1D Cartesian case, and the numerical
simulation of Parrot et al®® for the special case of T; = T.
and ionized oxygen atoms. no = 10" m™3, T; =T, =3 V.

the limit of probe radius much larger than the sheath
thickness. The correspondence between both curves is
excellent and suggests a convergence of both approaches
in the big radius probe limit, similarly to Fig. 11. Fig. 15
also shows the IV characteristic for the 1D Cartesian
infinite plane wall, which differs from the big radius
probe limit due to their different boundary conditions
at infinity.

In conclusion, it has been shown that the classical 1D
Cartesian model of a collisionless sheath applies only in
the limit of large radius cylindrical (or spherical) probes.
This is why non-saturation effects observed experimen-
tally for small probes could not be described by the clas-
sical sheath model. The big radius probe approxima-
tion relies on the supposition that the probe radius is
much bigger than the typical length scale of the sheath,
or plasma perturbation. We note that, with our set of
parameters, this typical length scale is about 1 mm, and
therefore a "big probe” would in reality be several cen-

timeters in diameter, and would rather be qualified as a
big body.

VI. DISCUSSION
A. Concerning the extension of solutions up to infinity

Clearly, whichever geometry is considered, an infinite
plasma has no meaning if ionization is included, because
an infinite plasma would generate infinite particle fluxes
that would have to be adsorbed by the wall or the im-
mersed body. In such models, a probe must be taken
to be immersed in plasma of limited extent, or in other
words, enclosed in a vessel. If the probe is small enough
to be non-perturbing, the majority of the ionization con-
tributes to fluxes toward external walls. Considering a
simplified axisymmetric system in Fig. 16, the flux for a
given species is oriented toward the probe in its vicin-
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FIG. 16. Schematic of flows to a cylindrical probe and to a
cylindrical wall, showing the watershed radius ro.

ity while it is oriented toward the vessel wall far away
from the probe. There is therefore a certain watershed
radius ro at which the particle flux must vanish.® The
flux adsorbed by the probe is then given by the inte-
gral of all ionizations between the probe radius R, and
ro. For a given flux to the probe, decreasing the ioniza-
tion rate leads to increasing rg, which tends to infinity in
the collisionless (ionizationless) limit. As a consequence,
the extension of the perturbed region for cylindrical and
spherical probes to infinity seems in fact to be required
in the framework of collisionless models.

Then, consistent with the collisionless hypothesis, our
solution extends from the probe to infinity, without any
distinction possible between sheath and pre-sheath be-
cause the charge separation evolves continuously over the
whole domain. This being said, although the solution
is mathematically valid over the whole space, it is not
physically valid everywhere: If the collisionless hypoth-
esis is acceptable for low pressure in the vicinity of the
probe (i.e. in the "sheath” where the charge separation
is significant), over larger distances, collisions are deter-
minant and can no longer be neglected. It should be
noted, however, that there is a fundamental difference
between 1D Cartesian and radial geometries: In the 1D
Cartesian case, a collisional (ionization) presheath is re-
quired to justify the flux at the sheath entrance,® while
for radial probes, the inward flux concentration in the
geometric presheath allows a collisionless presheath to
relax asymptotically to the unperturbed plasma.'!:'2

B. Concerning the repelled species convective velocity at
the probe surface

In the 1D Cartesian demonstration it was shown that
the repelled species, s,., has a convective velocity at the
probe surface, ug, 4, which is undetermined but must lie
in an interval [0, uths,].- It was further shown that, in
the field free situation, wuhs, is the only possible value
for us, 4 in order to ensure continuous solutions when the
bias of the wall crosses the plasma potential. We then
extended this result to all bias potentials for the repelled
species. By doing so we actually converge with the con-



ventional approach in which the electron flux at the wall
surface is taken to be given by the random thermal ki-
netic fux!—3:8:9:13,19,26-28,32,43,44 ineaﬁe _ \/%neauthe’
at least, for the case V, < V. The only difference is the
factor \/127 which does not appear in our solution. The

classical kinetic theory flux, inm, / i’ge, applies to the

case of non-interacting particles in front of an adsorbing
wall: In a kinetic description, the velocity distribution is
truncated because no particles return from the wall. The
classical kinetic theory result thus corresponds to the flux
of a half-Maxwellian velocity distribution. However, in
the fluid approach considered here, Maxwellian velocity
distributions are assumed to persist up to the adsorbing
wall surface. Our solution then self-consistently demon-
strates that the predicted net flux convected to the wall,

Neat/ ZZC , is larger than the classical kinetic theory result
by a factor V.

In the cylindrical and spherical 1D radial cases the re-
pelled species velocity at the probe is also found to lie
in the interval [0, usys, ], but no condition was found for
the field free situation. On the contrary, we have demon-
strated the existence of a zone in terms of probe bias,
in the vicinity of the plasma potential V{, in which the
convective velocities of both repelled and field acceler-
ated species could fall below uins. Our main question
here concerns the application of 1D Cartesian results to
cylindrical and spherical 1D radial cases. In fact, to solve
the 1D radial problem we postulated that the field-free
convective velocity at the probe for the repelled species
is also ugns,., as it must be in the 1D Cartesian situation.
By doing so we have in fact made the conventional as-
sumption that the adsorption mechanism of the repelled
species at the biased surface does not depend on the ge-
ometry considered.

C. The criterion on initial velocities

According to our demonstration, a criterion on initial
velocities seems to have no meaning apart from the 1D
Cartesian model for which the flux conservation imposes
non-vanishing velocities at infinity, or at the sheath edge
in the framework of the big radius probe approxima-
tion. In 1D Cartesian systems, the criterion on initial
velocities arises from the requirement of a continuously-
decreasing charge density when going away from the wall,
up to infinity or to the sheath edge where electrons and
ions have the same density. In 1D radial geometries, all
the Lambert function arguments vanish in the limit of
large r, and the requirement of a continuously-decreasing
charge density up to infinity leads to the trivial condition
1/T.41/T; > 0. In this case, another criterion is required
to determine the charge separation (or, equivalently, the
electric potential) at the sonic radius.
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VIl. CONCLUSIONS

The two-fluid equations were solved using the Lam-
bert function for the 1D cases of planar, cylindrical and
spherical Langmuir probes in a steady state, isother-
mal plasma. Because electron inertia and ion temper-
ature are both included, the fluid equations are sym-
metric in the terms for electrons and ions, hence the
solutions apply below and above the plasma potential.
The solution of the fluid equations allows ion and elec-
tron densities to be expressed as functions of the elec-
tric potential, which is then the only remaining func-
tion implied in Poisson’s equation. This final differ-
ential equation is integrated numerically to obtain the
full solution, i.e. the spatial dependence of all param-
eters. The calculated current-voltage characteristics for
radial probes correspond with general experimental ob-
servations, such as non-saturation of the ion and electron
saturation currents, which are more pronounced for small
probe radii. Furthermore, spherical probe currents show
stronger non-saturation than cylindrical probes for iden-
tical radius.

The model gives a single 1D solution for radial probes
extending from the probe surface up to infinity. The con-
nection with classical models considering a separation of
space between a 1D Cartesian collisionless sheath and
a quasineutral pre-sheath was made, and it was demon-
strated that this approach is valid only as an approxima-
tion in the framework of big radius probes for which the
sheath length scale can be considered to be very small
compared to the probe radius. In the limit of big radius
probes, the solution leads to several generalized results
which converge towards conventional ones provided that
proper approximations are applied. Notably, a criterion
on initial velocities was derived, generalizing the Bohm
criterion, which not only implies a minimal initial ve-
locity for ions entering an ion-rich sheath, but also for
electrons when the probe bias is higher than the plasma
potential. This unique expression for both species was
shown to be related to the total required kinetic energy
density of ions and electrons at the sheath entrance. Sat-
uration of the criterion minimizes this energy density, as
well as the total charge of the perturbed region; this case
then corresponds to the minimum perturbation to the
plasma by the probe for any given probe potential.

Another surprising result of the 1D Cartesian solu-
tion is the prediction, in the field free situation, of an
adsorbed particle flux by the wall that differs from the
usually-stated thermal kinetic flux by a factor \/%7 This
arises from the requirement of continuous solutions when
the wall bias potential crosses the plasma potential. As
nothing distinguishes a charged particle from a neutral
one in the field free situation, this result can in principle
be generalized to neutral particle fluxes at an adsorbing

surface.
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Appendix A: 1D Cartesian solution

The solutions (10) must be real and positive, which im-
plies that the Lambert functions must be real and neg-
ative. The reality condition implies that U.; must be
described by the Wy and W_; branches of Lambert func-
tion, and negative values are obtained only provided that
the arguments o ; are restricted to the interval [—1,0].
We therefore write:

1 —Vo)

2(V
——< _UeOeiUE()i Te = ae(UeO7 V) < 07
(§]

2(V—Vp)

_é < —Ujpe V0TI = (Ui, V) 0. (A1)

The upper limit is always satisfied and we have only
to deal with the lower one. These inequalities must be
satisfied for all space, from infinity where V = Vj, to
the wall where a potential V, is applied. The solutions
depend on whether the probe applied potential V, is less
than, greater than, or equal to the plasma potential Vj.
We consider here the case V, < V{, the reasoning for the
case V, > Vj being similar with inverted roles for ions
and electrons, accounting for charge sign.

The potential V' is assumed to vary monotonically with
x for any applied potential V,. Under this condition,
for V, < Vg, the argument «.(Ueg, V) reaches its min-
imum at the wall where V' = V,, for any value of Ug.
On the other hand, for any Ujp, the minimum value for
a; (U0, V) is reached at infinity when V' — Vj. It then
appears that the inequalities (A1) in fact only concern
the boundary conditions at the wall and infinity. Plots
of ae(Ueo, V,) and «;(Usg, Vo) for these two extreme cases
are shown in figure 17.

For ions, (Al) is satisfied for any value of U,y and
then no condition on the initial velocity arises in this
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Va < Vi case. The potential V(z) decreases monoton-
ically when approaching the wall surface, and so «; in-
creases. The first branch of Lambert functions, Wy(a),
tends monotonically toward 0 for increasing argument,
while the second branch, W_; (), tends towards infinity
(Fig. 2). Then, if the ion square velocity U; were to be
represented by the Wy branch, it would imply a decelera-
tion of ions when approaching the wall surface. However,
the ion velocity is expected to increase, and therefore the
W_; branch must apply for the ion solution for the case
Vo < Vo, and so U;g > 1.

Regarding electrons, the argument ae(Ueg, V,) always
crosses the lower limit —% at two points in Fig. 17, whose
values for U, are also given by Lambert functions using

(Al):

2(Va—Vg) _
Te

= Wy |- =,

2(Va—Vo) _4
Uego = —W_4 {—e Te } > 1. (A2)
For both points the electron square normalized velocity
at the wall takes the value U, = 1, i.e. ue = Ughe at
the wall, since o, = —2 in (10). The solutions with
Uey > Uego correspond to initial velocities u.o greater
than . and would be described by the W_; branch of
the Lambert function. According to these solutions, the
electrons would come from infinity with a "high” convec-
tive velocity and would be decelerated as they approach
the wall. However, considering particle flux conservation,
if the convective velocity of electrons was to decrease,
their density should on the contrary increase when ap-
proaching the wall to maintain the constant flux. As we
expect the opposite to occur, these solutions can be elim-
inated. On the other hand, solutions for U < U™ <1
correspond to initial velocities lower than wus,. and are
described by the W, branch, for which electrons are
correctly predicted to be accelerated towards the wall.
Then, in this V, < V; case the solutions to (10) are given
by (11) and (12).

Appendix B: 1D cylindrical solution
1. Around the ion sonic radius Rgs:

A mathematical difficulty arises at the sonic radius re-
garding density and velocity gradients for the field accel-
erated species, because both numerator and denominator
in the derivative of (30) and (37) vanish at » = Rg. This
indeterminacy can be overcome by using a Taylor expan-
sion for the electric potential around Rg and performing
a power series expansion?® of velocity and density ex-
pressions around Rg. As an example we show here the
development for the V, < Vj case.

We define the net charge density at = Rg to be:

Qs = q(ni(Rs) — ne(Rs))
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Then from (38) and (39) we get:

2, = 95 _ T
[aTV}RS - €0 R%

(B2)

According to (38) and (B2), a second order Taylor ex-
pansion of the potential around Rg can be expressed as:

Ti 1 QS Tz 2
V=V _ (=S
ST RSC 2(50+R§)6’

(B3)

with ¢ = r — Rg. Using (B3), the Taylor expansions of
U; and n; around Rg can be expressed, from which the
first derivatives at the sonic radius are identified to be:

_12Qs
[a"'Ul]RS - 50E7

1o eeps [ Qs 1
[BTnZ]RS npe ; ( 5T, R . (B4)

It then appears that the charge separation Qg gives di-
rectly the gradient of the ion square velocity at the sonic
radius. We also note from (B4) that the charge sepa-
ration at Rg must be positive, n;(Rs) > n.(Rg), for
[0-Uilrs and [0,n;]rs to be real numbers, as expected
for V, < V. Furthermore, as in most cases we expect
the ion density to increase with r, we can express from
(B4) the condition:

2e0T;

[arni]Rs >0=Qs > Rz
S

(B5)

The inequality (B5) defines an upper value for Vg but
can unfortunately not be solved analytically.

In the V, >V} case the density and velocity gradients
for electrons at the sonic radius are given by:

__ [Z2%s
[arUe]RS - EOTe )
-1 YoVs Qs 1
[Orne]pg = moe™ 27T (\/ 2T, Rs>' (B6)

As expected the charge separation is now to be neg-
ative in order to obtain real quantities. The electron
density is expected to increase with r, such as we can
express from (B6) the following condition on the charge
separation at the sonic radius in the V, > V} case:

250Te

[8rne]RS >0=0Qs < — R2
S

(B7)

Coming back to the general case, the range of possible
values for Vg can be analytically limited by considering
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FIG. 18. Electron and ion densities around the ion sonic
radius Rs obtained by integration of Poisson’s equation for
two close values of Qs (0.04% variation). Fixed parameters:
Argon gas, no =10""m™3 T, =3V, T; =02V, V=20V,
V. =15V, probe radius R, = 0.25 mm.

first that the density of the field accelerated species at the
sonic radius cannot exceed its initial density at infinity
ng, and secondly that the density of the field repelled
species at the sonic radius must be smaller than that of
the field accelerated one (Qg > 0 for V,, < Vo and Qs <0

for V, > Vo).
Considering the case V, <V, we get:
T Q] T: @R2 2(Va—Vp) _ ©
It < <Vy— — - 2% " Te ;
Vo 2_V5_V() 9 2VVO[ Tlee
(B8)
where © = TffT

For V,, > Vj the range for Vg is given by:

T (C) T,
Vo+§zvszvo+§+§wo[—

OR? —2tva-vo) e
e T; Te
T, R2

S

(B9)

2. Iterative integrations

For a given Rg the result of Poisson integration in
the direction of increasing r is extremely sensitive to the
value taken for Qg (i.e. Vg through (B1)). This is illus-
trated for a V, < Vj case on figure 18 which represents
the evolution of the electron and ion densities for two very
close values of Qg (0.04% variation). A too high charge
separation at Rg (i.e. velocity and density gradients too
steep (B4)) leads to an ion density which diverges toward
400, while, on the other hand, a too low charge separa-
tion leads to an ion density which diverges toward —oo.
The divergences occur especially when the space charge
density () becomes small, and are then so sensitive that
one can try to adjust the value of Q¢ up to many decimal
places without really improving the obtained density pro-
files. Nevertheless, Qg can then be iteratively determined
by detecting this positive/negative divergence switching.
Apart from this numerical determination, we would need
a criterion on Qg that would ensure V(r — oo) = V.
Such a criterion cannot be deduced for the cylindrical
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FIG. 19. (a) Evolution of the sonic radius Rs with probe
bias potential V,, for probe radius R, = 0.15 mm. The ”con-
stant velocity” zone extends approximately between Vi, =
19.955 V< Vp and Viim = 20.342 V> Vy. (b) Evolution of the
electric potential Vs at the sonic radius with V. The triangles
represent the ”constant velocity” zone solution Vs (Vg) = Vi,
while the circles correspond to computed solutions outside of
the ”constant velocity” zone. The inset shows a zoom around
the limit potential for V,, > Vp. Fixed parameters: Argon gas,
no=10"m3 T, =02V, T. =3V, Vo, =20 V.

case in the same way as for the 1D Cartesian case (using
[Ov|Q|]v, < 0) because all the expressions vanish at in-
finity. Fortunately, the integration of Poisson’s equation
towards the probe (decreasing r) is not so sensitive to the
value taken for QQg, and only a few iterations are needed
to estimate the voltage profile between Rg and R, with
a sufficient resolution (1% in Fig. 9).

3. Voltage dependence of the sonic radius parameters

The typical evolution (R, = 0.15 mm) of the sonic
radius Rg with the applied probe potential V, is shown
in Fig. 19(a). It can be seen that the ”constant veloc-
ity” zone for which Rs = R,, and both electron and
ion velocities are taken to be constant (us = uths), is of
small extent. It was found that the width of the ”con-
stant velocity” zone depends on the probe radius, lower
R, leading to wider zones. The increase of Rg with the
applied potential was found to be the only reason for the
non-saturation of the ion and electron currents. To illus-
trate this point we consider as an example the electron
current non-saturation for V, > Vj. In this case, the
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FIG. 20. Evolution of the electric potential Vs as a function of
the applied probe potential V, < Vg, for R, = 0.15 mm. The
noisy black curve corresponds to computed values. The yellow
curve is the solution of (B5) while the red one corresponds to
the analytical upper value for Vs according to (B8). Fixed
parameters: Argon gas, no = 101" m™3, 7, =02V, T, =3V,
Vo =20 V.

ion contribution to the total current can be neglected, so
that the electron flux to the probe I'c = 27T RgUtpenes de-
termines the collected current. It can been verified (not
shown) that n.s decreases slightly (by a few percent)
with increasing bias, and therefore the non-saturation of
the electron flux can only be due to the increase in Rg
with V. Similar reasoning can be applied for the non-
saturation of ion current.

Figure 19(b) shows the evolution of the sonic radius
potential Vg with the probe potential. We first note that
the solution computed in the V, ranges for which Rg can
be defined seems to tend tangentially toward the ”con-
stant velocity” zone solution Vg(V,) = V, at both limit
potentials Viiy,. Fig. 20 shows a zoom on Vg(V,) for the
V., <V, range, along with the analytic upper limit for Vg
given by (B8), which corresponds to a vanishing charge
separation at the sonic radius. The computed upper limit
given by (B5) expresses the condition for vanishing ion
density gradient at Rg. The fact that the computed val-
ues of Vg deviate only slightly from these limit curves is
a consequence of the very small charge separation at the
sonic radius for V, < V5. This then cannot be general-
ized to the V, > Vi case for which it was shown that the
charge separation at Rg is large.

4. Analysis of cylindrical probe characteristics

We describe here how the cylindrical solution given
in this work can be used to analyse experimental IV
characteristics in a simple way. To illustrate the method
we consider as an example a theoretical characteristic
Jp(Va) computed for R, = 0.15 mm, taken from Fig. 10,
as shown on Fig. 21(a).

First, radial probes characteristics are generally
expected to present an inflexion point in the vicinity of
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the plasma potential V. This is illustrated on Fig. 21(a)
showing the first derivative Ov,J,(V,), which reaches
its maximum slightly before V, = V. Theoretically,
for big radius probes this inflexion point is exactly at
Vo. It is sometime difficult to determine precisely this
point from real measurements, but it provides a fair
order of magnitude. Another particular point of the
characteristic is the floating potential V}, for which
ion and electron contributions to the total current are
equal. We propose an analysis of the portion of the
curve comprised between the floating potential and the
plasma potential.

According to the model, electron and ion currents (J,
and J; respectively) at the probe surface are given by:

_1 Va—Vo
Je = quinenoe” 2e” Te

. (BW)
Ui(Va) _ Va—V
Ji = —quninoy/ Ui(Va)e_ 7T O. (Bll)

20

with
R

Plots of J. and computed J; in the range V, = [V}, V]
are shown on figure 21(b). The relation (B11) is quite
unpractical to use because both evolutions of Rg and
Vs with the applied bias V, are unknown, and must be
computed for a given probe radius R,. But, as can be
seen on the inset of figure 21(b), the ion contribution J;
to the total current J, = J. +J; is rapidly negligible with
respect to the electron one. In fact, we would make only
a small error by considering the ion contribution to be
constant between V; and V;, this constant being given
by the value of J; at the floating potential. According to
equation B10 we have:

Ui=-W_

Vi—Vo

Ji(Vy) = —Je(Vy) = —quthenoe_%e Te

therefore the total collected current J(V,) in the [V}, Vo]
interval approximates to:

Japprox(va) = Jz(Vf) + Je(va)

_1_Yo | Va Vs
= qugpeNge 2 Te |eTe —eTe | . (B12)

We then obtain an expression which is independent of un-
known parameters Rg and Vg, and on the probe radius
R, as well. The impact of R, on the characteristic is in
fact taken into account through the experimental deter-
mination of the floating potential Vy, which depends on
the probe radius as can be seen in (40). The difference be-
tween the originally-computed characteristic J,(V,) and
the approximate expression Jupprox(Va) is so small as to
be practically indistinguishable on Figs. 21(a) and (b)
for V, < V4.
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