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Abstract

We present the first accelerated randomized algorithm for solving linear systems
in Euclidean spaces. One essential problem of this type is the matrix inversion
problem. In particular, our algorithm can be specialized to invert positive definite
matrices in such a way that all iterates (approximate solutions) generated by the
algorithm are positive definite matrices themselves. This opens the way for many
applications in the field of optimization and machine learning. As an application of
our general theory, we develop the first accelerated (deterministic and stochastic)
quasi-Newton updates. Our updates lead to provably more aggressive approxima-
tions of the inverse Hessian, and lead to speed-ups over classical non-accelerated
rules in numerical experiments. Experiments with empirical risk minimization
show that our rules can accelerate training of machine learning models.

1 Introduction

Consider the optimization problem

min f(w), (D

weR?

and assume f is sufficiently smooth. A new wave of second order stochastic methods are being
developed with the aim of solving large scale optimization problems. In particular, many of these
new methods are based on stochastic BFGS updates [26, 132, [17} 18 133| 4]. Here we develop a new
stochastic accelerated BFGS update that can form the basis of new stochastic quasi-Newton methods.

Another approach to scaling up second order methods is to use randomized sketching to reduce the
dimension, and hence the complexity of the Hessian and the updates involving the Hessian [23}135]],
or subsampled Hessian matrices when the objective function is a sum of many loss functions [2} [1]].

The starting point for developing second order methods is arguably Newton’s method, which performs
the iterative process

W1 = wi — (V2 f(wy)) "'V f(wy), 2)

where V2 f (wy,) and V f (wy,) are the Hessian and gradient of f, respectively. However, it is inefficient
for solving large scale problems as it requires the computation of the Hessian and then solving a
linear system in each iteration. Several methods have been developed to address this issue, based on
the idea of approximating the exact update.

Quasi-Newton methods, in particular the BFGS [3} (7, 18, [27]], have been the leading optimization
algorithm in various fields since the late 60’s until the rise of big data, which brought a need for
simpler first order algorithms. It is well known that Nesterov’s acceleration [20] is a reliable way
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to speed up first order methods. However until now, acceleration techniques have been applied
exclusively to speeding up gradient updates. In this paper we present an accelerated BFGS algorithm,
opening up new applications for acceleration. The acceleration in fact comes from an accelerated
algorithm for inverting the Hessian matrix.

To be more specific, recall that quasi-Newton rules aim to maintain an estimate of the inverse Hessian
X, adjusting it every iteration so that the inverse Hessian acts appropriately in a particular direction,
while enforcing symmetry:

Xp(Vf(wi) = Vf(wg-1)) = wr — w1,  Xp = X . 3)

A notable research direction is the development of stochastic quasi-Newton methods [11]], where the
estimated inverse is equal to the true inverse over a subspace:

X V2 f(w)Se = Sk, Xp = X[, “)
where Sy € R™*7 is a randomly generated matrix.

In fact, (@) can be seen as the so called sketch-and-project iteration for inverting V2 f (wy,). In this
paper we first develop the accelerated algorithm for inverting positive definite matrices. As a direct
application, our algorithm can be used as a primitive in quasi-Newton methods which results in a
novel accelerated (stochastic) quasi-Newton method of the type (@). In addition, our acceleration
technique can also be incorporated in the classical (non stochastic) BFGS method. This results in
the accelerated BFGS method. Whereas the matrix inversion contribution is accompanied by strong
theoretical justifications, this does not apply to the latter. Rather, we verify the effectiveness of this
new accelerated BFGS method through numerical experiments.

1.1 Sketch-and-project for linear systems

Our accelerated algorithm can be applied to more general tasks than only inverting matrices. In
its most general form, it can be seen as an accelerated version of a sketch-and-project method in
Euclidean spaces which we present now. Consider a linear system Ax = b such that b € Range (A).
One step of the sketch-and-project algorithm reads as:

Tpy1 = argmin, [z, —2[|%  subjectto S, Az = S, b, %)

where ||z||% = (Bx,z) for some B > 0 and Sy, is a random sketching matrix sampled i.i.d at each
iteration from a fixed distribution.

Randomized Kaczmarz [[13[30] was the first algorithm of this type. In [12], this sketch-and-project
algorithm was analyzed in its full generality. Note that the dual problem of (3] takes the form of a
quadratic minimization problem [[10]], and randomized methods such as coordinate descent [19}134],
random pursuit [29} 28] or stochastic dual ascent [[LO] can thus also be captured as special instances
of this method. Richtérik and Takac [25]] adopt a new point of view through a theory of stochastic
reformulations of linear systems. In addition, they consider the addition of a relaxation parameter,
as well as mini-batch and accelerated variants. Acceleration was only achieved for the expected
iterates, and not in the L2 sense as we do here. We refer to Richtarik and Takac [25]] for interpretation
of sketch-and-project as stochastic gradient descent, stochastic Newton, stochastic proximal point
method, and stochastic fixed point method.

Gower [11] observed that the procedure (3)) can also be applied to find the inverse of a matrix. Assume
the optimization variable itself is a matrix, z = X, b = I, the identity matrix, then sketch-and-
project converges (under mild assumptions) to a solution of AX = I. Even the symmetry constraint
X = XT can be incorporated into the sketch-and-project framework since it is a linear constraint.

There has been recent development in speeding up the sketch-and-project method using the idea of
Nesterov’s acceleration [20]. In [15] an accelerated Kaczmarz algorithm was presented for special
sketches of rank one. Arbitrary sketches of rank one where considered in [[29], block sketches in [21]]
and recently, Tu and coathors [31]] developed acceleration for special sketching matrices, assuming
the matrix A is square. This assumption, along with any assumptions on A, was later dropped
in [24]. Another notable way to accelerate the sketch-and-project algorithm is by using momentum
or stochastic momentum [ 16]].

We build on recent work of Richtarik and Takac [24] and further extend their analysis by studying
accelerated sketch-and-project in general Euclidean spaces. This allows us to deduce the result for
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matrix inversion as a special case. However, there is one additional caveat that has to be considered
for the intended application in quasi-Newton methods: ideally, all iterates of the algorithm should be
symmetric positive definite matrices. This is not the case in general, but we address this problem by
constructing special sketch operators that preserve symmetry and positive definiteness.

2 Contributions

We now present our main contributions.

Accelerated Sketch and Project in Euclidean Spaces. We generalize the analysis of an accelerated
version of the sketch-and-project algorithm [24] to linear operator systems in Euclidean spaces. We
provide a self-contained convergence analysis, recovering the original results in a more general
setting.

Faster Algorithms for Matrix Inversion. We develop an accelerated algorithm for inverting positive
definite matrices. This algorithm can be seen as a special case of the accelerated sketch-and-project
in Euclidean space, thus its convergence follows from the main theorem. However, we also provide a
different formulation of the proof that is specialized to this setting. Similarly to [31], the performance
of the algorithm depends on two parameters i and v that capture spectral properties of the input
matrix and the sketches that are used. Whilst for the non-accelerated sketch-and-project algorithm
for matrix inversion [[L1]] the knowledge of these parameters is not necessary, they need to be given
as input to the accelerated scheme. When employed with the correct choice of parameters, the
accelerated algorithm is always faster than the non-accelerated one. We also provide a theoretical
rate for sub-optimal parameters (i, v, and we perform numerical experiments to argue the choice of
1, v 1n practice.

Randomized Accelerated Quasi-Newton. The proposed iterative algorithm for matrix inversion is
designed in such a way that each iterate is a symmetric matrix. This means, we can use the generated
approximate solutions as estimators for the inverse Hessian in quasi-Newton methods, which is a
direct extension of stochastic quasi-Newton methods. To the best of our knowledge, this yields the
first accelerated (stochastic) quasi-Newton method.

Accelerated Quasi-Newton. In the standard BFGS method the updates to the Hessian estimate
are not chosen randomly, but deterministically. Based on the intuition gained from the accelerated
random method, we propose an accelerated scheme for BEGS. The main idea is that we replace the
random sketching of the Hessian with a deterministic update. The theoretical convergence rates do
not transfer to this scheme, but we demonstrate by numerical experiments that it is possible to choose
a parameter combination which yields a slightly faster convergence. We believe that the novel idea
of accelerating BFGS update is extremely valuable, as until now, acceleration techniques were only
considered to improve gradient updates.

2.1 Outline

Our accelerated sketch-and-project algorithm for solving linear systems in Euclidean spaces is
developed and analyzed in Section[3] and is used later in Section [dto analyze an accelerated sketch-
and-project algorithm for matrix inversion. The accelerated sketch-and-project algorithm for matrix
inversion is then used to accelerate the BFGS update, which in term leads to the development of an
accelerated BFGS optimization method. Lastly in Section[5] we perform numerical experiments to
gain different insights into the newly developed methods. Proofs of all results and additional insights
can be found in the appendix.

3 Accelerated Stochastic Algorithm for Matrix Inversion

In this section we propose an accelerated randomized algorithm to solve linear systems in Euclidean
spaces. This is a very general problem class and it comprises for instance also the matrix inversion
problem. Thus, we will use the result of this section later to analyze our newly proposed matrix
inversioE] algorithm, which we then use to estimate the inverse of the Hessian within a quasi-Newton
method

!Quasi-Newton methods do not compute an exact matrix inverse, rather, they only compute an incremental
update. Thus, it suffices to apply one step of our proposed scheme per iteration. This will be detailed in Section[zl_:}
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Let X and ) be finite dimensional Euclidean spaces and let A : X — ) be a linear operator. Let
L(X,Y) denote the space of linear operators that map from X’ to ). Consider the linear system

Az =0b, 6)

where € X and b € Range (A) . Consequently there exists a solution to the equation (6). In
particular, we aim to find the solution closest to a given initial point g € X:

" < arg mi}(l |z — xo* subjectto Az =b. (7
kS

Using the pseudoinverse and Lemma [22]item v the solution to (7) is given by
z* = xo — AT (Azg — b) € 2o + Range (A*), (8)

where AT and A* denote the pseudoinverse and the adjoint of A, respectively.

3.1 The algorithm

Let Z be a Euclidean space and consider a random linear operator Sy, € L()), £) chosen from some
distribution D over L(Y, Z) at iteration k. Our method is given in Algorithm|[I] where Z;, € L(X) is
a random linear operator given by the following compositions

Zy = Z(Sp) & A*S; (SR AAS]) IS, A. 9)

The updates of variables gj, and xj4; on lines 8 and 9, respectively, correspond to what is known as
the sketch-and-project update:

Tyl = arg mig(l %Hx —yi||> subjectto SpAz = Spb, (10)
xrec

which can also be written as the following operation
Th41 — Ty = ([_Zk)(yk_x*) (1])

This follows from the fact that b € Range (A), together with item [ij of Lemma[22] Furthermore,
note that the adjoint A* and the pseudoinverse in Algorithm [I]are taken with respect to the norm

in (7).

Algorithm 1 Accelerated Sketch-and-Project for solving (T0) [24]
1: Parameters: y,v > 0, D = distribution over random linear operators.

2: Choose zog € X and setvg = g, B =1 — \/g,ﬂy: \/g,a: le.
3: fork=0,1,... do

Y = avg + (1 — o)z

5 Sample an independent copy Sy ~ D

6 g = A*S; (SpAA*S;)TSk(Ays, — b) = Zi(yx — x)

T Tht1 =Yk — 9k
8

9:

nok

V1 = Bog + (1 = B)yx — Y9k
end for

Algorithm T] was first proposed and analyzed by Richtérik and Taka¢ [24] in the special case when
X = R" and ) = R™. Our contribution here is in extending the algorithm and analysis to the more
abstract setting of Euclidean spaces. In addition, we provide some further extensions of this method
in Sections[D]and [E] allowing for a non-unit stepsize and variable «, respectively.

3.2 Key assumptions and quantities

Denote Z = Z(S) for S ~ D. Assume that the exactness property holds
Null (A) = Null (E[Z]) ; (12)

this is also equivalent to Range (A*) = Range (E[Z]). The exactness assumption is of key
importance in the sketch-and-project framework, and indeed it is not very strong. For example, it
holds for the matrix inversion problem with every sketching strategy we consider. We further assume
that A # 0 and E [Z] is finite. First we collect a few observation on the Z operator
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Lemma 1. The Z operator () is a self-adjoint positive projection. Consequently E[Z] is a self-
adjoint positive operator.

The two parameters that govern the acceleration are

. z,x E|(ZE[Z] Z|z,x
inf  (BlZea), pE ap BB g

def
z€Range(A*) (z.2) z€Range(A*)

The supremum in the definition of v is well defined due to the exactness assumption together with
A #£0.
Lemma 2. We have

1< v < L = EZ (14)
Moreover, if Range (A*) = X, we have
Rank(A
ElRani(Z)] < (15)

3.3 Convergence and change of the norm

For a positive self-adjoint G € L(X) and z € X let Hx||G = «/ x,x) o (Gz,x). We now
informally state the convergence rate of Algorithm[I} Theorem [3] generahzes the main theorem from
[24] to linear systems in Euclidean spaces.

Theorem 3. Let xy, vy, be the random iterates of Algorithm[I} Then

k
E [llog — 2ol + Hlon — 2 0?] < (1= 1/2) B [loo — 2l + Llwo — 2]

This theorem shows the accelerated Sketch-and-Project algorithm converges linearly with a rate of

\/’T which translates to a total of O(+/v/ulog (1/€)) iterations to bring the given error in
Theorem below € > 0. This is in contrast with the non-accelerated Sketch-and-Project algorithm
which requires O((1/u) log (1/¢€)) iterations, as shown in [12] for solving linear systems. From (T4),
we have the bounds 1/,/zt < \/v/p < 1/p. On one extreme, this inequality shows that the iteration
complexity of the accelerated algorithm is at least as good as its non-accelerated counterpart. On the
other extreme, the accelerated algorithm might require as little as the square root of the number of
iterations of its non-accelerated counterpart. Since the cost of a single iteration of the accelerated
algorithm is of the same order as the non-accelerated algorithm, this theorem shows that acceleration
can offer a significant speed-up, which is verified numerically in Section[3] It is also possible to get
the convergence rate of accelerated sketch-and-project where projections are taken with respect to a
different weighted norm. For technical details, see Section[B.4]of the Appendix.

3.4 Coordinate sketches with convenient probabilities

Let us consider a simple example in the setting for Algorithm[I|where we can understand parameters
1, v. In particular, consider a linear system Ax = b in R™ where A is symmetric positive definite.

Corollary 4. Choose B = A and S = e; with probability proportional to A; ;. Then

w= 7’\,‘3‘5%) =uP and v= m?:i(’:zyi =P (16)

and therefore the convergence rate given in Theorem [3|for the accelerated algorithm is

k k
Amin(A) min; A; ;
(1 N \/E) = (1 - é@) : (17)

Rate (I7) of our accelerated method is to be contrasted with the rate of the non-accelerated method:
(1 — u)* = (1 = Amin(A)/Tr (A)))*. Clearly, we gain from acceleration if the smallest diagonal
element of A is significantly larger than the smallest eigenvalue.

In fact, parameters p”, vT above are the correct choice for the matrix inversion algorithm, when
symmetry is not enforced, as we shall see later. Unfortunately, we are not able to estimate the
parameters while enforcing symmetry for different sketching strategies. We dedicate a section in
numerical experiments to test, if the parameter selection (T6) performs well under enforced symmetry
and different sketching strategies, and also how one might safely choose u, v in practice.
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4 Accelerated Stochastic BFGS Update

The update of the inverse Hessian used in quasi-Newton methods (e.g., in BFGS) can be seen as
a sketch-and-project update applied to the linear system AX = I, while X = X" is enforced,
and where A denotes and approximation of the Hessian. In this section, we present an accelerated
version of these updates. We provide two different proofs: one based on Theorem [3]and one based on
vectorization. By mimicking the updates of the accelerated stochastic BFGS method for inverting
matrices, we determine a heuristic for accelerating the classic deterministic BFGS update. We then
incorporate this acceleration into the classic BFGS optimization method and show that the resulting
algorithm can offer a speed-up of the standard BFGS algorithm.

4.1 Accelerated matrix inversion

Consider the symmetric positive definite matrix A € R™*™ and the following projection problem
A7l = argrr}}n HX||%(A) subjectto AX =1, X=XT, (18)

where || X | p(a) & Tr (AXTAX) = ||A/2X A1/2|3.. This projection problem can be cast as an
instantiation of the general projection problem (7). Indeed, we need only note that the constraint

def
in (T8) is linear and equivalent to A(X) = X‘g((r )

= ({) . The matrix inversion problem can be
efficiently solved using sketch-and-project with a symmetric sketch [[11]. The symmetric sketch is

given by S A(X) = ( S AX ) , where Sj, € R"*7 is a random matrix drawn from a distribution D

X-XxT
and 7 € N. The resulting sketch-and-project method is as follows
Xis1 = argmin || X - XilFcay subjectto STAX =S5, X=X, (19)

the closed form solution of which is
Xpp1 = Sk(Sy ASk) 1Sy + (I — Sk(S, ASk) 1Sy A) Xy, (I — ASk(SL ASk)™'S,) . (20)

By observing that (#.2)) is the sketch-and-project algorithm applied to a linear operator equation, we
have constructed an accelerated version in Algorithm[2] We can also apply Theorem [3]to prove that
Algorithm [2]is indeed accelerated.

Theorem 5. Let L* % HVk — A3+ i”Xk -1 ||F(A The iterates ofAlgorithmsatisfy

B(Lin] < (1- /%) EIL, @1

where || X |3, = Tr (Al/Q‘XTAl/QE [Z]T A1/2XA1/2> . Furthermore,

(4 e t
L, SN o
where
2Y9%101-(I-P)oI-P), PYAYV25(5TAS)15T A2, (23)
and Z : X € R™*" — R”X”lsglvenbyZ( ): —-([I[-P)X(I-P)=XP+PX(I—-P).
Moreover, 2Anin (E [P]) = Ain (E [Z]) 2 Anin (E [P]).

Notice that preserving symmetry yields g = Apin(E [Z]) , which can be up to twice as large as
Amin (E [P]), which is the value of the y parameter of the method without preserving symmetry. This
improved rate is new, and was not present in the algorithm’s debut publication [11]]. In terms of
parameter estimation, once symmetry is not preserved, we fall back onto the setting from Section [3.4]
Unfortunately, we were not able to quantify the effect of enforcing symmetry on the parameter v.

4.2 Vectorizing — a different insight

Define Vec : R"*" — R"’ (o be a vectorization operator of column-wise stacking and denote

def . . o . .
x = Vec (X). It can be shown that the sketch-and-project operation for matrix inversion (#.2) is

equivalent to
Ty = argmin ||z — ap||%gs  subjectto (I®S))(I® Az = (I® S, )Vec(I), Cx =0,
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Algorithm 2 Accelerated BFGS matrix inversion (solving (I8))
1: Parameters: y, v > 0, D = distribution over random linear operators.
2: Choose Xg € X andset Vo = Xo,8=1— /L, 7= ,/#—11/,@: L

14+~v
3. fork=0,1,... do
4: Y. :aVk+(1—o¢)Xk

5 Sample an independent copy S ~ D

6: Xip1 =Y + (YkA — I)S(STAS)ilsT - S(STAS)ilsTAYk
7: +8(STAS)"1STAY;, AS(STAS)~1ST

8 Vigr=pBVi+ (1 - B)Ye —y(Ye — Xpta)

9: end for

where C is defined so that Cz = 0 if and only if X = X T. The above is a sketch-and-project

update for a linear system in R™", which allows to obtain an alternative proof of Theorem without
using our results from Euclidean spaces. The details are provided in Section of the Appendix.

4.3 Accelerated BFGS as an optimization algorithm

As a tweak in the stochastic BFGS allows for a faster estimation of Hessian inverse and therefore
more accurate steps of the method, one might wonder if a equivalent tweak might speed up the
standard, deterministic BFGS algorithm for solving[I] The mentioned tweaked version of standard
BFGS is proposed as Algorithm 3] We do not state a convergence theorem for this algorithm—due
to the deterministic updates the analysis is currently elusive—nor propose to use it as a default
solver, but we rather introduce it as a novel idea for accelerating optimization algorithms. We leave
theoretical analysis for the future work. For now, we perform several numerical experiments, in order
to understand the potential and limitations of this new method.

Algorithm 3 BFGS method with accelerated BFGS update for solving (T)
1: Parameters: p, v > 0, stepsize 7.
2: Choose Xg € X, wg andset Vo = Xo, 6 =1— /5, v = \/g,a: ﬁ
3. fork=0,1,... do
4: W1 = wg — nXpV f(wy)

Sk = Wi1 — Wk, Ck = Vf(wig1) — Vf(wy)
Y. =aV, + (1 — Oz)Xk

5
6:
T T -
T X1 = g’_‘rik + (I _ OkCy ) Ys (I _ Gk )
k Sk
8
9:

5 C 8, Cr
0 Ve = Ve + (1= 8)Ye — (Y — Xiy1)
end for

To better understand Algorithm 3] recall that the BFGS updates an estimate of the inverse Hessian via

Xpy1 = argming [ X — Xp[|%a) subjectto X&j = G, X = X7, (24)

where 0 = wg+1 — wg and (x = V f(wg11) — V f(wy). The above has the following closed form
T T T
solution Xy 1 = g’%i’“k + (I — ?%%k) X (I — g’%i’“k) . This update appears on lineof Algorithm
k ¢ k 4 k
with the difference being that it is applied to a matrix Y.

S Numerical Experiments

We perform extensive numerical experiments to bring additional insight to both the performance of
and to parameter selection for Algorithms [2[and|3] More numerical experiments can be found in
Section [A] of the appendix. We first test our accelerated matrix inversion algorithm, and subsequently
perform experiments related to Section [4.3]
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5.1 Accelerated Matrix Inversion

We consider the problem of inverting a matrix symmetric positive matrix A. We focus on a few
particular choices of matrices A (specified when describing each experiment), that differ in their
eigenvalue spectra. Three different sketching strategies are studied: Coordinate sketches with
convenient probabilities (S = e; with probability proportional to A; ;), coordinate sketches with
uniform probabilities (S = e; with probability %) and Gaussian sketches (S ~ N(0,T)). As matrices
to be inverted, we use both artificially generated matrices with the access to the spectrum and also
Hessians of ridge regression problems from LIBSVM.

We have shown earlier that y, v can be estimated as per (T6)) for coordinate sketches with convenient
probabilities without enforcing symmetry. We use the mentioned parameters for the other sketching
strategies while enforcing the symmetry. Since in practice one might not have an access to the exact
parameters p, v for given sketching strategy, we test sensitivity of the algorithm to parameter choice .

1 1
We also test test for v chosen by (T6), 11 = = and 1 = 55507+
y L2OD, £+ = 100, H = 100000
100~ . 100+ . . . 1004 . . . 100+
o BFGS ©° BFGS
° zy@m’: © 3 © ?SFYCS"BF © - hBFGS100 - hBFGS100
- I+ e - * - |-
10 oy Foow0® oy 102 hBFGS10000 o, hBFGS10000
E] I + nsynBFGS- a ] + nsynBFGS- a E] I glO
3 o 3 3 . 3
21071047 "o -~ 710710 - 51074 o %
3 4 - 3 3 O 4
4 o 107* .
1071 Y - 1071 1078 e e
10720+ 107204 y 1078+ r r r 1076+ T T T
0 50 100 0 5 10 15 20 0 500 1000 1500 2000 0 500 1000 1500 2000

time (s) time (s) tine (s) time (s)

Figure 1: From left to right: (i) Eigenvalues of A € R100%X100 are 1 103 103, ..
used. (ii) Eigenvalues of A € R100X100 4 1,2,..., n and Gaussian sketches are used. Label “nsym” indicates non-enforcing symmetry and “-a” indicates
acceleration. (iii) Epsilon dataset (n = 2000), coordinate sketches with uniform probabilities. (iv) SVHN dataset (n = 3072), coordinate sketches with convenient
probabilities. Label “h” indicates that A, ;,, was not precomputed, but 1t was chosen as described in the text.

. 102 and coordinate sketches with convenient probabilities are

For more plots, see Section [A]in the appendix as here we provide only a tiny fraction of all plots.
The experiments suggest that once the parameters u, v are estimated exactly, we get a speedup
comparing to the nonaccelerated method; and the amount of speedup depends on the structure of A
and the sketching strategy. We observe from Figure ] that we gain a great speedup for ill conditioned
problems once the eigenvalues are concentrated around the largest eigenvalue. We also observe from
Figure I] that enforcing symmetry combines well with i, v computed for the algorithm which do not
enforce symmetry. On top of that, choice of y, v per (I6) seems to be robust to different sketching
strategies, and in worst case performs as fast as nonaccelerated algorithm.

5.2 BFGS Optimization Method

We test Algorithm [3]on several logistic regression problems using data from LIBSVM [3]]. In all
our tests we centered and normalized the data, included a bias term (a linear intercept), and choose
the regularization parameter as A = 1/m, where m is the number of data points. To keep things as
simple as possible, we also used a fixed stepsize which was determined using grid search. Since
our theory regarding the choice for the parameters y and v does not apply in this setting, we simply
probed the space of parameters manually and reported the best found result, see Figure 2] In the
legend we use BFGS-a-fi-v to denote the accelerated BFGS method (Alg[3) with parameters 4 and v.

— BFGS
“ — = BFGS-2-1228.33-0.1

— BFGS — BFGS — BFGS
— = BFGS-2-8124.0-0.01 — = BFGS-2-30.0-0.5 — = BFGS-2-1000.0-0.9

residual

iterations. iterations iterations iterations

Figure 2: Algorithm [3](BFGS with accelerated matrix inversion quasi-Newton update) vs standard
BFGS. From left to right: phishing, mushrooms, australian and splice dataset.

On all four datasets, our method outperforms the classic BFGS method, indicating that replacing
classic BFGS update rules for learning the inverse Hessian by our new accelerated rules can be
beneficial in practice. In A.4 in the appendix we also show the time plots for solving the problems in
Figure[2] and show that the accelerated BFGS method also converges faster in time.
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A Further Experiments with Accelerated quasi-Newton Updates

In this section, we test the the empirical rate of convergence of Algorithm [2| the accelerated BFGS
update for inverting positive definite matrices. Only vector sketches are considered, as the standard
quasi-Newton methods also update the inverse Hessian only according to the action in one direction.
We compare the speed of the accelerated method with precomputed estimates of the parameters p, v
to the nonaccelerated method. The precomputed estimates of ;1 v are set as per (T6):

P _ Amin(4) p_ _Tr(4)

mini (Az,z> ’

which is the optimal choice for coordinate sketches with convenient probabilities without enforcing
symmetry. In practice we might not have an access to Apin(A), thus we cannot compute 1 exactly.
Therefore we also test sensitivity of the algorithm to the choice of parameters, and we run some
experiments where we only guess parameter u .

Lastly, the tests are performed on both artificial examples and LIBSVM [5]] data. We shall also explain
the legend of plots: “a” indicates acceleration, “nsym” indicates the algorithm without enforcing
symmetry and “h” indicates the setting when v*" is not known, and a naive heuristic choice is casted.

A.1 Simple and well understood artificial example

Let us consider inverting the matrix A = af 4+ 11" for @ > 0 and 3 > — % 30 as in this case we
have control over both p and v. This artificial example was considered in [31] for solving linear
systems. In particular, we show that for coordinate sketches with convenient probabilities (which is
indeed the same as uniform probabilities in this example), we have

p o def . _ min(a,a+np)
b (B[P = B,
P (E [E[P}’%PE[P]’lPE[P]’%D = n.

Due to the fact that we do not have a theoretical justification of y, v for n > 2 when enforcing
symmetry, we set ;1 = p?” and v = v for Gaussian sketches as well.

0

10 B 10 i
S @ ——
,5\\ o BFGS N\ o BFGS
10°5 1 R —+ nsynBFGS L 10751 QA —+ nsynBFGS L
Wi T »
_ 9o BFGS-a _ % BFGS-a
g o < + nsynBFGS- a g % ., * nsynBFGS- a
2. 10 * AN L 2. -10 9 . L
%10 : %10 \
9} o 16} &
L o . e \ *
* . A
10715 : e 107154 X : -
10720 w 10720 w w w
0 5 10 0 1 2 3 4
time (s) tinme (s)

Figure 3: Parameter choice: o = 1 + 107,83 = —n~!,n = 100. From left to right we have:
Coordinate sketch with uniform (convenient) probabilities and Gaussian sketch respectively.

11



377
378
379
380
381

383
384

385

386
387

388

389
390
391

392

393
394
395
396
397

100 g0 10° 4=
- N
\ ol
o 10759 4, * -
10724 rE :
3 E e
- 5107104 4 L
[} [} *
“1O>4, o BFGS L= Lo o BFGS
—+ nsynBFGS -15 | 4 —+ nsynBFGS L
BFGS- a 10 L2 BFGS-a
* nsynBFGS- a * nsynBFGS- a
10-6 T T 10_20 T T
0 5 10 15 0 5 10 15
time (s) time (s)
Figure 4: Parameter choice: o = 1 +1073,8 = —n~!,n = 100. From left to right we have:

Coordinate sketch with uniform (convenient) probabilities and Gaussian sketch respectively.
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Figure 5: Parameter choice: o 1+107%8 = —n~ ', n = 100. From left to right we have:
Coordinate sketch with uniform (convenient) probabilities and Gaussian sketch, respectively.

As expected from the theory, as the matrix to be inverted becomes more ill conditioned, the accelerated
method performs significantly better compared to the nonaccelerated method for coordinate sketches.
In fact, an arbitrary speedup can be obtained by setting 3 = —n~! and o — 1 for the coordinate
sketches setup. On the other hand, Gaussian sketches report the slowing of the algorithm, most likely
caused by the fact that the theoretical parameters (i, v for Gaussian sketches with enforced symmetry
are different to p”, v*, which are estimated for coordinate sketches without enforced symmetry. In
the case of coordinate sketches with symmetry enforced, we suspect a great speedup even though the
parameters i, v were set to u, vF .

A.2 Random artificial example

We randomly generate an orthonormal matrix U, choose diagonal matrix D, and set A = UDU ",
Clearly, diagonal elements of D are eigenvalues of A. We set them in the following way:

e Uniform grid. The eigenvalues are setto 1,2, ..., n.

e One small, the rest larger. The smallest eigenvalue is 1, remaining eigenvalues are all 10 in
the first example, all 100 in the second example and all 1000 in the third example in this
category.

e One large, the rest small. The largest eigenvalue is 10, the remaining eigenvalues are all 1.

Firstly, consider coordinate sketches with convenient probabilities. Notice that we can easily estimate
vP, ,uP due to the results from Section since we have control of i, (A) and therefore also of .
Therefore, we set 11 = p” = min D;; and v = v* for Algorithm[2] Then, we consider coordinate
sketches with uniform probabilities and Gaussian sketches. In both cases, we set the parameters p, v
as for coordinate sketches with convenient probabilities.
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10° : 10° L L 10° I I \
i
i o BFGS i o BFGS o BFGS
N i N —~ nsynBFGS L o5 'L —~ nsynBFGS L o5 Iy —~ nsynBFGS L
10 e BFGS-a 107775 o BFGS-a 10 N BFGS-a
] R SR + nsynBFGS-a| | ® KON + nsynBFGS-a| | ® RN + nsynBFGS- a
E . ~, E] . 3 C RN
T R ~ b2 10-10 o S Fogotodl " - L
@ *~o k) . . S~o o o. A
= % o Swl = o, sl = * o “
o, ~< sS4 0. Sa
10-151 A B b oq07154 % o L F'o10°151 . . “ L
10720 T 10720 T T 10720 T T T
0 5 10 0 5 10 15 0 10 20 30 40
time (s) time (s) time (s)

Eigenvalues set to 1,10, 10,...10. From left to right we have: Coordinate sketch
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Figure 8: Eigenvalues set to 1,100, 100, ...100. From left to right we have: Coordinate sketch
with convenient probabilities, coordinate sketch with uniform probabilities and Gaussian sketch

respectively.
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Figure 9: Eigenvalues set to 1, 1000, 1000, . . . 1000. From left to right we have: Coordinate sketch
with convenient probabilities, coordinate sketch with uniform probabilities and Gaussian sketch

respectively.
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Figure 10: Eigenvalues set to 10000, 1,1,...1. From left to right we have: Coordinate sketch
with convenient probabilities, coordinate sketch with uniform probabilities and Gaussian sketch

respectively.

The numerical experiments in this section indicate that one might choose i, v as per Section[3.4] In
other words, one might pretend to be in the setting when symmetry is not enforced and coordinate
sketches with convenient probabilities are used. In fact, the practical speedup coming from the
acceleration depends very strongly on the structure of matrix A. Another message to be delivered is
that both preserving symmetry and acceleration yield a better convergence and they combine together

well.

We also consider a problem where we pretend to not have access to Apin(A), therefore we cannot
choose 1 = pi”. Instead, we naively choose y1 = 15 and 1 =

10000v *
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Figure 11: Eigenvalues setto 1,2, ..., n. From left to right we have: Coordinate sketch with conve-
nient probabilities, coordinate sketch with uniform probabilities and Gaussian sketch respectively.
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Figure 12: Eigenvalues set to 1,10,10,...10. Coordinate sketch with convenient probabilities,
coordinate sketch with uniform probabilities and Gaussian sketch respectively.
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Figure 13: Eigenvalues set to 1,100,100, ...100. From left to right we have: Coordinate sketch
with convenient probabilities, coordinate sketch with uniform probabilities and Gaussian sketch

respectively.
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Figure 14: Eigenvalues set to 1, 1000, 1000, . . .

1000. From left to right we have: Coordinate sketch
with convenient probabilities, coordinate sketch with uniform probabilities and Gaussian sketch

respectively.
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Figure 15: Eigenvalues set to 10000,1,1,...1. From left to right we have: Coordinate sketch
with convenient probabilities, coordinate sketch with uniform probabilities and Gaussian sketch
respectively.

Notice that once the acceleration parameters are not set exactly (but they are still reasonable), we
observe that the performance of the accelerated algorithm is essentially the same as the performance

of the nonaccelerated algorithm. We have observed the similar behavior when setting 1 = p* for
Gaussian sketches.

A.2.1 Sensitivity to the acceleration parameters

Here we investigate the sensitivity of the accelerated BFGS to the parameters i and v. First
we compute v, ¥ and from this we extract the following exponential grids: p; = 2°~*u and
v; =54 fori = 1,2,...7. To gauge the gain is using acceleration with a particular (1, v/) pair, we
run the accelerated algorithm for a fixed time then store the error of the final iterate. We then compute
average per iteration decrease and divide it by average per iteration decrease of nonaccelerated
algorithm. Thus if the resulting difference is less than one, then the accelerated algorithm was faster
to nonaccelerated.

In the plots below, n = 200 was chosen. We focused on 2 problems described in the previous

section—when the eigenvalues are uniformly distributed and when the the largest eigenvalue have
multiplicity n — 1.
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Figure 16: Sensitivity to acceleration parameters. Eigenvalues of A are setto 1,2. .., n. From left to
right we have: Coordinate sketches with convenient probabilities, coordiante sketches with uniform
probabilities and Gaussian sketches. Choice of parameters as per (I6)) in the middle of plots. Each
instance was run for 5 seconds.
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Figure 17: Sensitivity to acceleration parameters. Eigenvalues of A are set to 1,10, 10, ...,10. From
left to right we have: Coordinate sketches with convenient probabilities, coordiante sketches with
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Each instance was run for 2 seconds.
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Figure 18: Sensitivity to acceleration parameters. Eigenvalues of A are set to 1, 1000, 1000, . . ., 1000.
From left to right we have: Coordinate sketches with convenient probabilities, coordiante sketches
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plots. Each instance was run for 10 seconds.

The crucial aspect to make the accelerated algorithm to converge is to set v large enough. In fact,
combination of both small v and small p leads almost always to non-convergent algorithm. On the
other hand, it seems that once v is chosen correctly, big enough 1 leads to fast convergence. This
indicates how to compute p in practice (recall that computing v is feasible)—one needs just to choose
it small enough (definitely smaller than %).

A.3 Experiments with LIBSVM

Next we investigate if the accelerated BFGS update improves upon the standard BFGS update when
applied to the Hessian V2 f(x) of ridge regression problems of the form

e A
min f(z) € Zlldz b3 + Tllal3,  Vi(@)=ATA+AL (25)

[N

using data from LIBSVM [3]. Datapoints (rows of A) were normalized such that || A;.||* = 1 for all 4
and the regularization parameter was chosen as A = %

First, we run the experiments on smaller problems when parameters u, v are precomputed for
coordinate sketches with convenient probabilities (T6).
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Figure 19: Dataset aloi: n = 128. From left to right we have: Coordinate sketch with convenient
probabilities, coordinate sketch with uniform probabilities and Gaussian sketch respectively.
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Figure 20: Dataset wla: n = 300. From left to right we have: Coordinate sketch with convenient
probabilities, coordinate sketch with uniform probabilities and Gaussian sketch respectively.

=
o
©
=
o
©

10°
o BFGS o BFGS
- -+ nBFGS - - -+ nBFGS
R L . -0 o
S ’ * nsynBFGS- a S h P g e * nsynBFGS- a
*, Y [l
'06)10'4"1“‘0*&‘4_4 L .glo-zt,*ra»—OF,DhAo?ffu‘oh '05)10'2",
s ] - o BFGS s i
R - R —+ nsynBFGS ot »
107°1 F10°7 [ aea 1079} .
*-nsynBFGS- a k% .
R S P i
10°8 T T T 10°8 T T T 1074 : = T
0 100 200 300 400 0 100 200 300 400 0 100 200 300 400

time (s) time (s) time (s)

Figure 21: Dataset w2a: n = 300. From left to right we have: Coordinate sketch with convenient
probabilities, coordinate sketch with uniform probabilities and Gaussian sketch respectively.
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Figure 22: Dataset mushrooms: n = 112. From left to right we have: Coordinate sketch with conve-
nient probabilities, coordinate sketch with uniform probabilities and Gaussian sketch respectively.
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Figure 23: Dataset protein: n = 357. From left to right we have: Coordinate sketch with convenient
probabilities, coordinate sketch with uniform probabilities and Gaussian sketch respectively.
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Figure 24: Dataset phishing: n = 68. From left to right we have: Coordinate sketch with convenient
probabilities, coordinate sketch with uniform probabilities and Gaussian sketch respectively.

In the vast majority of examples, the accelerated method performed significantly better than the
nonaccelerated method for coordinate sketches (with both convenient and uniform probabilities),
however the methods were comparable for Gaussian sketches. We believe that this is due to the fact
that choice of parameters as per (T6) is close to the optimal parameters for coordinate sketches, and
further for Gaussian sketches. However, the experiments on coordinate sketches indicates that for

some classes of problems, accelerated algorithms with finely tuned parameters bring a great speedup
compared to nonaccelerated ones.

We also consider a problem where we do not compute Apin(A), and therefore we cannot choose
1

= in 9 = o and o =
pw=p' in . Instead, we choose p = 155 and u = 155005 -
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Figure 25: Dataset madelon: n = 500. From left to right we have: Coordinate sketch with convenient
probabilities, coordinate sketch with uniform probabilities and Gaussian sketch respectively.
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Figure 26: Dataset epsilon: n = 2000. From left to right we have: Coordinate sketch with convenient
probabilities, coordinate sketch with uniform probabilities and Gaussian sketch respectively.
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Figure 27: Dataset svhn: n = 3072. From left to right we have: Coordinate sketch with convenient
probabilities, coordinate sketch with uniform probabilities and Gaussian sketch respectively.
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Figure 28: Dataset gisette: n = 5000. From left to right we have: Coordinate sketch with convenient
probabilities, coordinate sketch with uniform probabilities and Gaussian sketch respectively.

Notice that once the acceleration parameters are not set exactly (but they are still reasonable), we
observe that the performance of the accelerated algorithm is essentially the same as the performance

of the nonaccelerated algorithm, which is essentially the same conclusion as for artificially generated
examples.

A.4 Additional optimization experiments

In Figure 29 we solve the same problems with the same setup as in[29] but now we plot the time
versus the residual (as opposed to iterations versus the residual). Despite the more costly iterations,
the accelerated BFGS method can still converge faster than the classic BFGS method.

— BFGS
— = BFGS-2-8124.0-0.01

— BFGS
— = BFGS-a-1000.0-0.9

Jesiduel
resal

residual

residual

time time

Figure 29: Algorithm [3](BFGS with accelerated matrix inversion quasi-Newton update) vs standard
BFGS. From left to right: phishing, mushrooms, australian and splice dataset.

We also give additional experiments with the same setup to the ones found in Section[5.2] Much
like the phishing problem in Figure 2} the problems madelon, covtype and a9a in Figures [30} 31]
and@did not benefit that much from acceleration. Indeed, we found in our experiments that even
when choosing extreme values of p and v, the generated inverse Hessian would not significantly
deviate from the estimate that one would obtain using the standard BFGS update. Thus on these two
problems there is apparently little room for improvement by using acceleration.

—— BFGS —— BFGS
= = BFGS-a-800.0-0.1 = = BFGS-a-581012.0-0.02

—— BFGS
— = BFGS-2-32561.0-0.01

residual
residual

R\

b L]

iterations

iterations iterations

Figure 30: madelon:  Figure 31: covtype Figure 32: a9a
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6 B Proofs for Section

457 B.1 Proof of Lemmal/2l

458 First note that Z is a self-adjoint positive operator and thus so is E [Z] . Consequently.

. O . E(Zew)
rz€Range(A*) <I, .’E>
@ f (E[Z]x,x)
z€Range(E[Z]) IL’,.’L‘>

Lemma[22litem i nf (E[Z|E[2) 2, E[Z] z)
X (E(2)'B(2] )
Lemma[2Zitem i nf (E [Z]Jr x,x)

"X (B[2]' 2, E (2] x)
Lemglam inf - <Z7TZ> (setz = (E [Z]T)IMCL’)
z€Range((E[2]")!/2) (E [Z] z, 2)
1
u e (26)
IEZ]]]
459 For the bounds (T4) we have that
E {(E 2]' Zz, Z@}
vy @ sup
r€Range(A*) <E [Z] €z, JC>

B [Z]"||E || Z2|I3]
z€Range(A*) <E [Z] T, LC>
1B 2]Y
1

I

ING I

460 To bound v from below we use that E [Z]T is self adjoint together with that the map X +—

w61 (XE [Z]T Xx,x) is convex over the space of self-adjoint operators X € L(X) and for a fixed
462 1z € X. Consequently by Jensen’s inequality

LemmaP2]item i

E [(ZE (2] Zz,2)| > (E[Z)E[2Z) E[Z]z, ) (E[Z]z,z). (27)

463 Finally

1 E[Z])z,x) 1
v o > sup Rl A
z€Range(A*) <E [Z] €z, $>

se4  Lastly, to show (T3) we have
Rank (A*) ] Rank (E [Z])
Lemma[[7 LemmaPA® (E [Z]E [Z]T) —E [Tr (ZE [Z]T”

E [ﬁ (ZE (2]t Z)}

< VE [Tr (Z)] Lemma L7 vE [Rank (Z7)],

465 where we used that (E {ZE [Z]Jr Z} u,u) < v(E[Z]u,u) for every u € Range(E[Z]) =
a6 Range (A*) = X. O
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467

468

469

470
471
472
473

474

475

476

477

478

479

Proof that X — (XE[Z]' Xz, 2) = ||X:13||2E[Z]T is convex: Let G = E[Z] then

IOX + 1= MYV)2le = N[XalE+ (1= )2 Va]E + 2201 = ) {@XGY, 2)
= A0-V[X -Y)2)E
FAIX 2l + (1= VY
< AIXallg + (1 =Ny alE. -
B.2 Technical lemmas to prove Theorem 3]

Lemma 6. For all k > 0, the vectors yi, — T, T — T and v, — ., belong to Range (A*).

Proof. Note that zp = yo = zo and in view of (8) we have z. € x( + Range (A*). So yo —
z. € Range (A*), vp — z. € Range (A*) and 2y — z. € Range (A*). Assume by induction
that y, — z. € Range(A*), vy — z. € Range(A*) and z;, — z. € Range (A*). Since
gr € Range (A*) and x11 = yr — g we have
Trpt1 — T = (Yyr — T«) — gr € Range (A).

Moreover,

Vg1 — Ty = B(vg — ) + (1 = B)(yr — 2%) — vg, € Range (A").
Finally

Yet1 — Tw = V41 + (1 — @)xp1 — 2o = (Vg1 — 24) + (1 — @) (241 — 2.) € Range (A").

O
Lemma 7.
E ||| Ze(yr — )20 o] < vllge = 23z (28)
Proof. Since y, — =, € Range (A*) we have that
E (|1 Zuto — 23 o] = (E[ZB12] 2] (e — 2., (e — 2.))
D LB 2. )
= vy — ff*||%:[z]~
O
Lemma 8.
ly — I3z = llyx — @01 = B [lznss — 2] [ 92] (29)
Proof.
E [|lzrr — 2 lye] = E[IIT = Ze)(ye — )17 | v
= (I -E[Z)(yh — 2.),ys — )
=y —2l? = Nl — 2Bz
O
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480

481

482

483

484

486

487
488

B.3 Proof of Theorem[3|
Letry, & llv, — x*”i:[z]*' It follows that
rlzc-&-l = |Jvk1 — x*”%;[g]‘r

= ||Box + (1 = B)yr — 2« — vZk(yxs — 1‘*)”]%3[2]1
= |fvx+ (1 —Byx — $*||2E[Z]f +72 | Zk(yx — x*)Hi:[z]T

I II
—27 Bk — 2.) + (1= B)(yr — 2.), E[2]" Zu(yn — )
II7
= T++2IT—24II1I. (30)

The first term can be upper bounded as follows

I = |IB(or = 22) + 1= B) gk — w2l
= ﬁ2”vk - x*HQE[Z]T +(1— B)QHyk - x*H]Qg;[Z]T +2B(1 = B)(vk — Tuy Yr — x*>E[Z]T
D Bllon — w2y + (1= Al — wlZ s — B0~ B)llvi — vilZyy
< B+ (1= B)llye =zl 31)

where in the third equality we used a form of the parallelogram identity
2(u,v) = |ull® + [lol* — [lu — ]|, (32)
with u = v — x4 and v = Yy — X».

Taking expectation with to S, in the third term in (30) gives

E[I11 |y, vn,xx] = (Buk+ (1= By — 2., E[Z) E[Z] (g — x.))
= (Bor+ (1= B)yr — Tu, Y — T) (33)
= (B |:;yk_ 1_a=73k:| + Q=B Yk — Tu, Y — Ts)

1l -«
= (yp — 2 +57(yk — Tk), Yk — Tx)

1l -«
= |lyx — z.? +57<yk — Tk, Yk — T

11—«

= lye —al* = 8 (lor = 2l = llye = @l = lly = 2.]1*§34)

2c
where in the second equality (33) we used that y;, — z.. € Range (A*) @ Range (E [Z]) together

with a defining property of pseudoinverse operators E [Z]" E [Z] w = w for all w € Range (E[Z]).
In the last equality (34) we used yet again the identity (32) with u = yi — 2 and v = yj, — ..

Plugging (31) and (34) into (30) and taking conditional expectation gives
E [ri | e, vk, 2r) = I +~*E[IT|y] — 2vE [IT1 |y, vy, ]

DB 502 4 (1 B) gk — w25 + 720l — 2l

11—«
420 (<l = 2l 4 B (o=l = o = l? = = 1) )

l—«

vy (<l =l + 50
«

23

1-p
< Bri + e - ol + 7% (lyr = 2:)1* = B [lrsr — 2al* [ 9n])

(e — 2 l?  llge x*P)) .

(35)



490 Therefore we have that

11—«
[y, — .12

E [rig + V2o — o Ly, vk, o] < B ri+

——
Py

1-— l1-«a
+ TB—27+72V—57

lye — .
o

Py

491 To establish a recurrence, we need to choose the free parameters v, a and 3 so that P, = v?v
422 and P, = 0. Furthermore we should try to set 5 as small as possible so as to have a fast rate of

403 convergence. Choosing 8 =1— /&, ~ =/ ﬁ, a= ﬁ gives P, = 0, 7?v = 1/ and

B+ o~ o] < (1-/2) (iF+ Hln—2?). @)

494 Taking expectation and using the tower rules gives the result. O

495 B.4 Changing norm

ae6  Given an invertible positive self-adjoint B € L(X’), suppose we want to find the least norm solution
def . .
497 of (7) under the norm defined by ||z||z = \/(Bz,z) as the metric in X. That is, we want to solve

def . .
¥ = arg mg{l%”x —xo||%, subjectto Az =b. 37
S

498 By changing variables * = B!/~ we have that the above is equivalent to solving

*

Y arg min 1|z — 2%, subject to AB™1%; =, (38)
zEX

490 with * = B~1/22* and B'/? is the unique symmetric square root of B (see Lemma . We can
so0  now apply Algorithm [1|to solve (38) where AB ~1/2 is the system matrix. Let 2, and v}, be the
so1 resulting iterates of applying Algorithm (1| To make explicit this change in the system matrix we
502 define the matrix

Zp & B2 A S (S ABT ARSI S, AB T2,
503 and the constants

e inf (BlZ5]z,2) (39)
xERange(B*l/QA*) <$,JZ>
504 and
» (E |Z5E (23] 75| 2, 2)
v = sup (40)

mGRange(B*l/%A*) <E [ZB]{I?,£C>

505 Theorem 3] then guarantees that

1 UB 1
2 = _ 2 _ Inted _ 2 . _ 2
E |:’Uk+1 - Z*”E[ZB]T + ' lTk+1 — 24| :l < (1 1/ VB> E |:||1}k Z*HE[ZB]‘( + i |z — 2| ] .

506 Reversing our change of variables z;, = B~1/2 —1/2

507  gives

zpand vy = B v, in the above displayed equation

1
_ 2 = 2
E |:||Uk+1 - fU*”Bl/zE[ZB]TBl/z + ﬁ”xkﬂ - x*”B]

KB - 2 Lo 2
< <1 =4/ 1/3) E [Hvk = Tullpr/emig i pre ;TB”M - $*|B] : (41)

s08 Thus we recover the same exact from the main theorem in [24]], but in a much more general setting.
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C Proof of Corollary {4

Clearly, Z = ﬁA%SSTA%, and hence E [Z] = ﬁ and pu”” = )‘,_’Er“%%l). After simple algebraic

manipulations we get

E [E [Z]"% ZE (2]} ZE [Z]‘ﬂ = Tr (A)’E [AéiSSTSST} — Tr (4) Diag (4;})

and therefore v = \ . E [E [Z]_% ZE [Z]—l ZE [Z}_%] — _Tr(4)

min; A; ; °

D Adding a stepsize w
In this section we enrich Algorithm [I] with several additional parameters and study their effect on
convergence of the resulting method.

First, we consider an extension of Algorithm(I]to a variant which uses a stepsize parameter 0 < w < 2.
That is, instead of performing the update

Thi1 = Yk = ks (42)
we perform the update

Tl = Yk — WYk- (43)
Parameters «, 3,y are adjusted accordingly. The resulting method enjoys the rate

k
O (1 — ﬁw(2 — w)) ) , recovering the rate from Theorem |3| as a special case for w = 1.
The formal statement follows.
Theorem 9. Let 0 < w < 2 be an arbitrary stepsize and define
7)[1:420.)—0.)220. (44)

Consider a modification of Algorithm[I|where instead of @2) we perform the update @3). If we use
the parameters

_ 1 — /K — L
o= 1+ ﬁ*lf % Y= Tla (45)
then the iterates {vy, Tj } k>0 ofAlgorithmsatisfy
k
E [l[v = @.li30 + 2o — o] < (1= /22) B [loo = @lid 0 + Hllwo — 2.
Proof. See Appendix [F} O

E Allowing for different o

In this section we study how the choice of the key parameter « affects the convergence rate.

This parameter determines how much the sequence yr = avy + (1 — «)xy resembles the sequence
given by xzj, or by vg. For instance, when o = 0, yr = zy, i.e., we recover the steps of the
non-accelerated method, and thus one would expect to obtain the same convergence rate as the non-
accelerated method. Similar considerations hold in the other extreme, when a@ — 1. We investigate
this hypothesis, and especially discuss how $ and v must be chosen as a function of « to ensure
convergence.

The following statement is a generalization of Theorem 3] For simplicity, we assume that the optional
stepsize that was introduced in Theorem [J]is set to one again, w = 1.

Theorem 10. Ler 0 < o < 1 be fixed. Then the iterates {vi, Ti } k>0 ofAlgorithmwith parameters

14+s—s v+4pus—2vs+vs? 1
V vs? (46)

B(S) = 2 ’ 7(3) = (1 — SB(S))Z/ .
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def 1_ def .
where T = % and s = %, satisfy

E [Hvk — x*||é[z]f + 7|z — x*||2} < "E {HUO _ x*H%[Z]T + 7|0 — ;L'*||2i| .
(or put differently):
E [lux = @ullz + (= alyllee = 2ull?] < 6°E [lloo = i + (1= a)ylleo - 2.?]
where p = max{f(s),s8(s)} < 1.
We can now exemplify a few special parameter settings.

Example 11. Foro =1, i.e, if s — 0, we gettherate p=1— L with =1 - £ ~ =1,
Example 12. For a — 0, i.e., in the limit s — oo, we get the rate p = 1 — £,

v
Example 13. The rate p is minimized for s = 1, i.e., § = 1 — \/% and v = ,/ﬁ; recovering
Theorem
The best case, in terms of convergence rate for both non-unit stepsize and a variable parameter choice
happened to be the default parameter setup. The non-optimal parameter choice was studied in order

to have theoretical guarantees for a wider class of parameters, as in practice one might be forced to
rely on sub-optimal / inexact parameter choices.

F Proof of Theorem 9

The proof follows by slight modifications of the proof of Theorem

First we adapt Lemmal8] As we have 411 — 2. = (1 — wZ},)(yx — z.) the following statement
follows by the same arguments as in the proof of Lemmag]

Lemma 14 (Lemmal[gf).
Mk — allggzy = lue — 2l = E [llzen — 2.l” [y (47)

Proof.

E [H(I - Zk)(yk- - x*)HQ |yk]
E[(({ —wZk)(yr — x:), (I — wZi)yr — )]

= lyw = 2ul® = nllye — 2.l 2)-

E [||37k+1 - $*||2 \yk]

O

We now follow the same steps as in proof of Theorem [3]in Section [B.3] We observe, that the first
time Lemma §]is applied is in equation (35). Using Lemma 4] instead, gives

1-0 vy
E i1l yp ok, 2] < Brip+ Tllyk — . + e (lyr = 2ull? = B [llorss — zl* [ ye])

l1—«

+2v(llykx*ll2+ﬂ o (”zkm*2|ykz*”2))- (48)

Therefore we have that

1 —

B [+l — ol liveza] < 6 [ 2 am o —

——
Py
1-p vy 1-— 9
+ —27y+— -8 lyr — @l
7 !
Py

Noting that % = ~yv and % = % = %, we observe P; = 0 and deduce the statement of

Theorem O]
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G Proof of Theorem

It suffices to study equation (33]). We observe that for convergence the big bracket, P», should be
negative,

1 1-—a
(1=8)=+7*v -2y —9—— <0 (49)
I o
The convergence rate is then
e 1-
,odzfmax{ﬂ,(a)ﬁ} . (50)
ayv

or in the notation of Theorem[10] p = max{3, s3}.

This means, that in order to obtain the best convergence rate, we should therefore choose parameters
[ and ~y such that (3 is as small as possible. This observation is true regardless of the value of s (which
itself depends on 7).

With the notation 7 = sy, we reformulate to obtain
1, 1,
-+ v =2y<B| = +s7V (51)
o 0

Thus we see, that 5 cannot be chosen smaller than

1 2y —2
B*(s,7) = Lrpyv—2py (52)

1+ suy?v

Minimizing this expression in y gives

14+s—s /V+4/,LS—221/S+VS2
B*(s) (53)

- 2s

We further observe that this parameter setting indeed guarantees convergence, i.e. p < 1. From (33)
we observe (v > 0,5 > 0, u > 0):

14+s5— V72V5+l/82 1 B 1
5(s) < V _l+s—(s—1)

2s 2s

E (54)
S

Hence sB*(s) < 1. On the other hand, (1 —s) < /(1 —35)%+ % and hence (1 + s) —

(1—s)2 + £ < 25, which shows 8*(s) < 1.

H Proofs and Further Comments on Section

H.1 Proof of Theorem 3
We perform a change of coordinates since it is easier to work with the standard Frobenius norm as
opposed to the weighted Frobenius norm. Let X = A'/2X A'/2 so that and become

X, Y= argmin| X||% subjectto X =1, X =XT, (55)

and X .

Xepr =P+ (I-P)Xp(I—-P), (56)
respectively, where P = A'/28(ST AS)~1ST AY/2. The linear operator that encodes the constaint
in @2) is given by A(X) = (X, X — X ") the adjoint of which is given by A*(Y1,Y2) = Y7 +
Y, — Y, . Since A* is clearly surjective, it follows that Range (/l*) = Rmx",
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592
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598
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606

Subtracting the identity matrix from both sides of (36) and using that P is a projection matrix, we
have that A .
Xppr —I=(I—-P)(X, —I)(I-P). (57)

To determine the Z operator (9), from (T1)) and we know that
(I-P)(Xp—=1)(I-P)=(I-2)(X)—1I).
Thus for every matrix X € R™*™ we have that
Z(X)=X-({I-P)X(I-P)=XP+PX(I-P). (58)
Denote column-wise vectorization of X as z: z & Vec (X). To calculate a useful lower bound on i,
note that
Tr(X'Z(X)) = Tr(X'XP)+Tr(X'PX(I-P))
z'Vec (XP)+z' Vec(PX(I — P))
" (P@Dx+a2" (I - P)® P
z Zz, (59)

[l

where we used that Tr (A" B) = Vec (A)" Vec (B) and Vec (AXB) = (BT ® A)Vec (z) holds
forany A, B, X.
Consequently, u is equal to
22 EZ| X, X TE[Z
PR (E[Z] . P e WJ IE
XeRnXn ||X||F IGR"2X"2 ' T

Notice that we have 2Ain (E [P]) > Amin(E[Z]) > Apin(E[P]) since (PR 1)+ (I @ P) > Z >
(P®I).

In light of Algorithm ] the iterates of the accelerated version of (56) are given by

= Amin (E[Z]).

Y, = aVi+ (1- a)f(k
Gr = Zu(Vp—1)
Xk-i—l = )A/k - ék
Vier = BVi+ (1 =BV — Gy (60)

where Yk, Vk, G € R™ ™. From Theorem we have that Vk and X, , converge to the identity matrix
according to

N 1 - I N 1. 5
B I¥ies = Mg+ 1% 13 < (1= /%) B 195~ 112 + 2150 - 112

(61)

where ”XH?E[Z]T = (E[Z]" X, X)p. Changing coordinates back to X}, = A'/2X,, A'/2 and defin-
def def

ing Y}, ©f A-172y, A=1/2, 1,  A-1/27, A-1/2 and G, & A-1/2G, A=1/2, we have that (1)
gives (21). Furthermore, using the same coordinate change applied to the iterates gives Algo-
rithm 2

H.2 Matrix inversion as linear system

Denote 2 = Vec (X), i.e. x is n? dimensional vector such that Xn(i—1)+1):ni = X. ;. Similarly,
denote e = Vec (I). System (6) can be thus rewritten as

(I Az =ce¢. (62)

Notice that all linear sketches of the original system AX = I can be written as
So (I® Az =25"e (63)

for a suitable n? x n? matrix Sy, therefore the setting is fairly general.
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H.2.1 Alternative proof of Theorem |

Let us now, for a purpose of this proof, consider sketch matrix Sy to capture only sketching the
original matrix system AX = I by left multiplying by S, i.e. Sp = (I ® 5), as those are the
considered sketches in the setting of Section 4]

As we have
Tr (BX 'BX) = Vec(BXB)' z=12' (B® B)z,
weighted Frobenius norm of matrices is equivalent to a special weighted euclidean norm of vectors.

Define also C' to be a matrix such that Cz = 0 if and only if X = X T. Therefore, (#.2) is equivalent
to

T1 = argmin||z — vx[|444 subjectto I®@STHI®@A)r=IT®S")e, Cz=0, (64)
which is a sketch-and-project method applied on the linear system, with update as per (20):

=g —(Heo((IoAz—e)-(ITH)((I@A)z—e)+(HAR H)(I® A)x —e)
for H & § (STAS)_1 ST, Using substitution & = (A2 ® A2)z; S = A2 S and comparing to (TT),
we get

Z=II-(I-P)®(I-P)

for P as defined inside the statement of Theorem E} Therefore, we have all necessary information to
apply the results from [24], recovering Theorem [5]

I Linear Operators in Euclidean Spaces

Here we provide some technical lemmas and results for linear operators in Euclidean space, that
we used in the main body of the paper. Most of these results can be found in standard textbooks of
analysis, such as [22]. We give them here for completion.

Let X, ), Z be Euclidean spaces, equipped with inner products. Formally, we should use a notation
that distinguishes the inner product in each space. But instead we use (-, -) to denote the inner
product on all spaces, as it will be easy to determine from which space the elements are in. That is,
for z1, 29 € X, we denote by (x1, x2) the inner product between x; and x5 in X.

Let

def
1T = lSlllleT%“IL

||l

denote the operator norm of T. Let 0 € L(X,Y) denote the zero operator and I € L(X,)Y) the
identity map.

The adjoint. Let 7™ € L()), X) denote the unique operator that satisfies

<Tl‘,y> = (x,T*y),

for all x € X and y € ). We say that T* is the adjoint of T'. We say T is self-adjoint if T = T*.
Since forallz € X and s € S,

(z, (ST)*s) = (STx,s)s = (Tx,S*s)y = (x, T*S*s),

we have
(ST)* =T*S™.
Lemma 15. For T € L(X,Y) we have that Range (T*)" = Null (T) . Thus
X = Range(T") ® Null(T) (65)
Y = Range(T)® Null (T) (66)
Proof. See 3.2.6 in [22]. O
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I.1 Positive Operators
We say that G € L(X) is positive if it is self-adjoint and if (x,Gz) > 0 for all z € X. Let
(ej);?‘;l € X be an orthonormal basis. The trace of G is defined as

oo

Tr (G) £ Y (Gejie;). (67)

Jj=1
The definition of trace is independent of the choice of basis due to the following lemma.
Lemma 16. If U is unitary and G > 0 then Tr (UGU*) = Tr (G) .

Proof. See 3.4.3 and 3.4.4 in [22]. O
Lemma 17. If P € L(X) is a projection matrix then Tr (P) = dim(Range (P)) = Rank (P).
Proof. Let d = dim(Range (P)) which is possibly infinite. Given that P is a projection we have

that Range (P) is a closed subspace and thus there exists orthonormal basis (e;)}_, of Range (P).
Consequently, Tr (P) @ Z;lzl 1 =d = dim(Range (P)). O

A square root of an operator G € L(X) is an operator R € L(X) such that R? = G.

Lemma 18. If G : X — X is positive, then there exists a unique positive square root of G which we
denote by G/2.

Proof. See 3.2.11 in [22]. O
Lemma 19. ForanyT € L(X,)) and any G € L(Y,Y) that is positive and injective,
Null (T) = Null (T*GT), (68)
and
Range (T*) = Range (T*GT). (69)

Proof. The inclusion Null (7') C Null (7*GT) is immediate. For the opposite inclusion, let
x € Null (T*GT). Since G is positive we have by Lemma |18| that there exists a square root
with G'/2G'/? = @. Therefore, (x, T*GTxz) = (G'/?*Tx,GY?>Tx) = 0, which implies that
G'Y?Tx = 0. Since G is injective, it follows that G'/2 is injective and thus € Null (7).
Finally follows by taking the orthogonal complements of and observing Lemma[l5] [

As an immediate consequence of (68)) and (69) we have the following lemma.
Corollary 20. For G : X — X positive we have that

Null (Gl/ 2) = Null(G) (70)

Range (G'/2) = Range(G) (71)

1.2 Pseudoinverse

For a bounded linear operator 7" define the pseudoinverse of 1" as follows.

Definition 21. Let T € L(X,)) such that Range (T) is closed. TV : Y — X is said to be the
pseudoinverse if

i) TT'Tx = x for all v € Range (T*).
ii) Ttz = 0 for all x € Null (T*).
iii) Ifx € Null(T) and y € Range (T*) then T (x +y) = Tz + T'y.
It follows directly from the definition (see [6] for details) that 7' is a unique bounded linear operator.

The following properties of pseudoinverse will be important.
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ess Lemma 22 (Properties of pseudoinverse). Let T € L(X,Y) such that Range (T) is closed. It
670 follows that

et i) TTTT =T
622 ii) Range (T") = Range (T*) and Null (T7) = Null (T*)
e73  iii) (T*)T = (T1)*
e74 iv) If T is self-adjoint and positive then T' is self-adjoint and positive.
675 v) TITT* = T*, that is, TTT projects orthogonally onto Range (T*) and along Null (T') .
676 vi) Consider the linear system Tx = d where d € Range (T)). It follows that
T'd = argmingex |z||*> subjectto Tz =d. (72)
677
78 vii) TT = T*(TT*)"
679 Proof. The proof of items j can be found in [6]]. The proof of item [vi]is alternative

eso characterization of the pseudoinverse and it can be established by using that d € Range (T)

681 together with itemE]thus TT'd = d. The proof then follows by using the orthogonal decomposition
sz Range (T*) @ Null (T') to show that 77d is indeed the minimum of (72). Finally item isa
683 direct consequence of the previous items. O

g e

ess J Conclusions and Extensions

685 We developed an accelerated sketch-and-project method for solving linear systems in Euclidean
686 spaces. The method was applied to invert positive definite matrices, while keeping their symmetric
687 structure. Our accelerated matrix inversion algorithm was then incorporated into an optimization
688 framework to develop both accelerated stochastic and deterministic BFGS, which to the best of our
689 knowledge, are the first accelerated quasi-Newton updates.

690 We show that under a careful choice of the parameters of the method, and depending on the problem
691 structure and conditioning, acceleration might result into significant speedups both for the matrix
692 inversion problem and for the stochastic BFGS algorithm. We confirm experimentally that our
693 accelerated methods can lead to speed-ups when compared to the classical BFGS algorithm.

694 As a future line of research, it might be interesting to study the accelerated BFGS algorithm (either
695 deterministic or stochastic) further, and provide a convergence analysis on a suitable class of functions.
696 Another interesting area of research might be to combine accelerated BFGS with limited memory
697 [14]] or engineer the method so that it can efficiently compete with first order algorithms for some
698 empirical risk minimization problems, such as, for example [9].

699 As we show in this work, Nesterov’s acceleration can be applied to quasi-Newton updates. We
700 believe this is a surprising fact, as quasi-Newton updates have not been understood as optimization
701 algorithms, which prevented the idea of applying acceleration in this context.

702 Since since second-order methods are becoming more and more ubiquitous in machine learning
703 and data science, we hope that our work will motivate further advances at the frontiers of big data
704 oOptimization.
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