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Abstract

In this paper, we propose a secondary consensus-based control layer for current sharing and voltage balancing in DC microGrids
(mGs). To this purpose, we assume that Distributed Generation Units (DGUs) are equipped with decentralized primary
controllers guaranteeing voltage stability. This goal can be achieved using, for instance, Plug-and-Play (PnP) regulators, which
allow one to analyze the behavior of the closed-loop mG by approximating local primary control loops with either unitary gains
or first-order transfer functions. Besides proving exponential stability, current sharing, and voltage balancing, we describe how
to design secondary controllers in a PnP fashion when DGUs are added or removed. Theoretical results are complemented by
simulations, using a 7-DGUs mG implemented in Simulink/PLECS, and experiments on a 3-DGUs mG.
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1 Introduction

Power generation and distribution are rapidly chang-
ing due to the increasing diffusion of renewable energy
sources, advances in energy storage, and active partici-
pation of consumers to the energy market [24, 23, 26].
This shift of paradigm has motivated the development of
migroGrids (mGs), commonly recognized as small-scale
power systems integrating Distributed Generation Units
(DGUs), storage devices and loads. Since AC power gen-
eration is the standard for commercial, residential, and
industrial utilization, several studies focused on the con-
trol of AC mGs [16, 34, 5, 35, 39]. However, nowadays,
DC energy systems are gaining interest [10, 11] because
of the increasing number of DC loads, the availability
of efficient converters, and the need of interfacing DC
energy sources and batteries with minimal power losses
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[26, 11, 12]. As reviewed in [11], DC mGs are becoming
more and more popular in several application domains,
such as avionics, automotive, marine and residential sys-
tems [11].

The basic problems in control of DC mGs are voltage
stabilization [10, 42, 43, 9, 8, 17, 44] and current sharing
(or, equivalently, load sharing), the latter meaning that
DGUs must compensate constant load currents propor-
tionally to given parameters (for example, the converter
ratings) and independently of the mG topology and line
impedances. Current sharing is crucial for preserving the
safety of the system, as unregulated currents may over-
load generators and eventually lead to failures or system
blackout [18]. An additional desirable goal is voltage bal-
ancing, i.e. to keep the average output voltage of DGUs
close to a prescribed level. Indeed, load devices are de-
signed to be supplied by a nominal reference voltage: it
is therefore important to ensure that the voltages at the
load buses are spread around this value.

These objectives can be realized using hierarchical con-
trol structures. In particular, current sharing is often re-
alized by coupling secondary-layer consensus algorithms
with primary voltage controllers. Secondary regulators,
however, can have a detrimental effect and closed-loop
stability of the mG must be carefully analyzed. In order
to guarantee stability, several existing approaches focus
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on specific mG topologies or provide centralized control
design algorithms, i.e. the synthesis of a local controller
for a DGU requires knowledge about all other DGUs and
lines. For instance, in [3, 29] only mG with a bus topology
are considered and local control design is performed in a
centralized fashion. The synthesis procedures proposed
in [30, 19] suffer from similar limitations. Indeed, in these
works, the computation of local controllers guarantee-
ing collective stability uses a global closed-loop transfer
function matrix, and the largest eigenvalue of the Lapla-
cian matrix associated with the communication network.
Consensus-based secondary controllers for mG with gen-
eral topologies have been presented in [38]; also in this
case, however, stability of the closed-loop mG equipped
with primary and secondary control layers is studied
through centralized analysis (i.e. the root locus), or via
simulations [10]. Similar drawbacks affect the approach
in [28], whereas, in [37], current sharing is achieved by
means of a centralized controller, which receives infor-
mations from all the DGUs in the mG.

All the synthesis algorithms mentioned above become
prohibitive for large mGs. Moreover, they are unsuit-
able for mGs with flexible structure because, to preserve
voltage stability, the plugging-in or -out of DGUs might
require to update all local controllers in the mG. This
motivated the development of scalable design procedures
for local controllers as in [42, 41, 43]. In [42] and [41], the
aim is to stabilize the voltage only via primary decen-
tralized controllers. These regulators, termed Plug-and-
Play (PnP) have the following features: (i) the existence
of a local controller for a DGU can be tested on local
hardware, and control design is cast into an optimiza-
tion problem, (i) each optimization problem exploits
information about the DGU only [41] or, at most, the
power lines connected to it [42], and (i77) when a DGU is
plugged-in, no other DGUs [41], or at most neighboring
DGUs [42], must update their local controllers.

Paper contributions. In this paper, we present a sec-
ondary regulation scheme for achieving stable current
sharing and voltage balancing in DC mGs. We assume
that the proposed higher-level scheme is build on top
of a primary stabilizing voltage control layer; moreover,
similarly to [43], at the secondary level we exploit con-
sensus filters requiring DGUs to communicate in real-
time over a connected network. There is, however, a key
difference between our approach and the one presented
in [43]. In the latter work, the authors assume DGUs
to be controllable current sources; on the contrary, we
consider primary-controlled DGUs behaving as wvoltage
generators. In this setting, by properly choosing the ref-
erence values for the output voltages of each DGU, one
can always regulate the currents that flow through the
power lines, even when load conditions change. In this
way, unwanted circulating currents (which may open the
safety breakers in order to prevent damages on the de-
vices) can be avoided. Instead, if all the DGUs in the mG
are ideal current sources, the primary regulation scheme
alone cannot guarantee such control on the flowing cur-

rents [43].

At the modeling level, we propose two abstractions for
the DGUs controlled with primary voltage regulators:
unit gain and first-order transfer function approxima-
tion. The first one is used only for tutorial purposes and
for developing basic mathematical tools that will allow
us to extend the key results to the second (more realis-
tic) approximation of the primary loops.

Another contribution of this paper is the study of the
eigenstructure of the product of three matrices (LDM),
where (i) L and M are the graph Laplacians associated
with the electrical and the communication graphs, re-
spectively, and (4) D is a diagonal positive definite ma-
trix defining the desired ratios between balanced cur-
rents. While several studies focused on the properties of
the product of stochastic matrices (see e.g. [25]), which
are central in discrete-time consensus, to our knowledge
weighted products of Laplacians received much less at-
tention. In particular, we show that, under two different
conditions, LDM preserves some key features of Lapla-
cian matrices. In this case, the asymptotic achievement
of current sharing and voltage balancing in a globally
exponentially stable fashion is proved.

Finally, we provide an experimental validation of our ap-
proach using a lab-size DC mG. The results show the
robustness of the proposed controllers to non-idealities
that are unavoidably present in a real mG.

Paper organization. The paper is organized as fol-
lows. Section 2 summarizes the electrical model of DGUs
and PnP controllers. The secondary control layer is de-
veloped and analyzed in Sections 3 and 4. In particu-
lar, Section 4.4 shows that, similarly to the regulators in
[42] and [41], secondary controllers can be designed in a
PnP fashion. Section 5.1 demonstrates current sharing
and voltage balancing through simulations in Simulink /-
PLECS [2], where non-idealities of real converters and
lines have been taken into account. Finally, in Section
5.2 we present experimental tests performed on a real
DC mG.

A preliminary version of the paper will be presented at
the 20th IFAC World Congress. Different from the con-
ference version, the present paper includes (7) the proofs
of Propositions 2-5 and Theorem 1, (iz) the more realis-
tic case where primary control loops are approximated
with first-order transfer functions, and (i#ii) experimen-
tal results and more detailed simulations.

Notation and basic definitions. The cardinality of
the finite set S will be denoted with |S|. A weighted di-
rected graph (digraph) G = (V,E, W) is defined by the
set of nodes V = {1,...,n}, the set of edges E CV x V
and the diagonal matrix W € RI€IXIEl with W;; = w,
where w; € R is the weight associated with the edge
e; € €. The set of neighbors of node i € Vis N; = {j :
(i,5) € € or (j,1) € £}. A digraph G is weakly connected
if its undirected version is connected [6]. Q(G) € RIVI*I€|
is the incidence matrix of G [15]. The Laplacian matrix



of G is L(G) = Q(G)WQ(G)T, and it is independent of
the orientation of edges.

The average of a vector v € R" is (v) = 13" ;.
We denote with H' the subspace composed by all vec-
tors with zero average [4, 13] i.e. H! = {v € R" :
(v) = 0}. The space orthogonal to H' is H!. It holds
H{ = {al,, o € R} and dim(H!) = 1. Moreover, the
decomposition R® = H! & Hj_ is direct, i.e. each vector
v € R™ can always be written in a unique way as

v=0+v witho€ H" and v € H. (1)

Consider the matrix A € R™ ", With A(H'|H') we
indicate the linear map A : H* — H" (i.e. the restriction
of the map A : R® — R" to the subspace H'). For a
subspace V C R"™, we denote with Py (v) the projection
of v € R™ on V. The subspace V C R" is said to be A-
invariant it v € V = Av € V. Moreover, with \;(A4),
i=1,...,n, we denote the eigenvalues of A.

Let A € R™ "™ be a matrix with real eigenvalues. The
inertia of A is the triple i(A) = (i+(A),i_(A),i0(A)),
where i (A) is the number of positive eigenvalues of A,
i_(A) is the number of negative eigenvalues of A, and
10(A) is the number of zero eigenvalues of A, all counted
with their algebraic multiplicity [21].

We use A > 0 for indicating that the real symmetric
matrix A is positive-definite.

Laplacian matrices have the key properties summarized
in the next Proposition [1, 14, 4]. We also defer the reader
to [40] for a self-contained proof of these results.

Proposition 1 For a weakly connected graph G with
weights w; > 0, A = L(G) € R™ ™ has the following
properties:

(i) it has non positive off-diagonal elements;
(iii) Ker(A) = H! and Range(A) = H';
(iv) A(HY|H?') is invertible.

List of acronyms. Distributed Generation Unit
(DGU); Globally Exponentially Stable (GES); Linear
Matrix Inequality (LMI); microGrid (mG); Point of
Common Coupling (PCC); Primary Loop (PL); Plug-
and-Play (PnP); per-unit (p.u.); Quasi Stationary Line
(QSL).

2 Plug-and-play primary voltage control
2.1 DQGU electrical model

As in [42], we consider a DC mG composed of N DGUs,
whose electrical scheme is shown in Figure 1. In each
DGU, the generic renewable resource is modeled as a
battery and a Buck converter is used to supply a local
load connected to the Point of Common Coupling (PCC)
through an RLC filter. Furthermore, we assume that

loads Ir; are unknown and treated as current distur-
bances [42, 41]. The controlled variable is the voltage at
each PCC, whereas the control input is the command to
the Buck (indicated with V;;). From Figure 1, by apply-
ing Kirchhoff’s voltage and current laws and exploiting
Quasi Stationary Line (QSL) approximation of power

lines [42, 41], we obtain the following model of DGU i !

dV; 1 Vi Vi 1
=Ty ) = I
dt Cri't +].§[_ (CtiRij CtiRij) Cu ©
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-y Ly,
a Lo Tattnn

DGU i :

where (Vy;,I1;) are the inputs, (V;, I;;) the states (i.e.
the measured voltage at the i-th PCC and i-th output
current, respectively), V; is the voltage at the PCC of
each neighboring DGU j € N, the constants Ry;, Cy;, Ly
identify the electrical parameter of the i-th Buck filter,
and R;; is the conductance of the power line connecting
DGUs i and j (see Figure 1).

2.2 Plug-and-play regulators

In this Section, we briefly summarize the PnP scalable
approach in [42, 41] for designing primary decentralized
controllers guaranteeing voltage stability in DC mGs.
This will allow us to justify the approximations of pri-
mary control loops used in Section 4. Moreover, we will
describe local updates that must be performed when
DGUs are added or removed. These operations will be
mirrored by those described in Section 4.4 for updating
local secondary controllers, hence showing that both the
primary and secondary control layer can be designed in
a modular and scalable fashion.

The local regulator of DGU i exploits measurements of
V; and I;; to compute the command V;; of the i-th Buck
converter and make V; track a reference signal V,.; (see
the scheme in Figure 1). Each controller is composed of
a vector gain K; and an integral action is present for
offset-free voltage tracking. The decentralized computa-
tion of these vector gains is the core of PnP controller
synthesis: (i) the design of K; requires knowledge of the
dynamics of DGU i only [41] or, at most, the parameters
of power lines connecting it to its neighbors [42], (i) K;
is automatically obtained by solving a Linear Matrix In-
equality (LMI) problem.

For modeling the electrical interactions between multi-
ple DGUs, we represent the mG with a digraph G, =
(V, Eei, W) (see the example in Figure 2), where (i) each
node is a DGU with local PnP controller and local cur-
rent load, (i7) edges (i,7) are power lines whose orien-
tation define a reference direction for positive currents,

! For the detailed model derivation, we defer the reader to

[42).



(#ii) weights are line conductances? ——, and (iv) we set

Ry
N =|V|and M = |&|.
Next, we describe how to handle plugging -in/-out of
DGUs while preserving the stability of the mG. When-
ever a DGU (say DGU i) wants to join the network (e.g.
DGU 6 in Figure 2), it sends a plug-in request to its fu-
ture neighbors, i.e. DGUs j € N (e.g. DGUs 1 and
5 in Figure 2). Then, DGU ¢ [41] or each DGU in the
set {i} UNF! [42] solves an LMI problem ((24) in [41]
and (25) in [42]) that, if feasible, gives a vector gain K
guaranteeing voltage stability in the whole mG after the
addition of DGU 4. Otherwise, if one of the LMIs is in-
feasible, the plug-in of DGU ¢ is denied and no update
of matrices K;, j € Nf is performed.
The unplugging of a DGU (say DGU m) follows a sim-
ilar procedure. It is always allowed without redesigning
any local controller [41] or it requires to successfully up-
date, at most, controllers of DGUs k, k € N¢ before
allowing the disconnection of the DGU [42].

DGU ¢ Power line ¢j
PCC; 11 |
Ry Lu o, V, I Ry, Lij vy,
ANN—T—>- - AR———C
[Lz A

|
|
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@)
©

I

Fig. 1. Electrical scheme of DGU ¢ and local PnP voltage
controller.

Remark 1 Local PnP controllers can be enhanced with
pre-filters so as to shape in a desired way the transfer
function Fy (s) between voltages Vycy,; andV; represented
in Figure 1. The closed-loop transfer function Fy;(s) has
3 poles and in the sequel it will be approximated by a unit
gain or a first-order system. The first approzimation will

2 Line inductances L;; are neglected as we assume QSL
approximations [42, 41], which are reasonable in low-voltage
mGs.

Fig. 2. Graph representation of an mG composed of 5 DGUs
(in black) and plug-in of DGU 6 (in red). Blue nodes identify

DGUs whose electrical scheme is shown in Figure 1, i.e. with
local loads connected to the corresponding PCCs.

be used mainly for tutorial reasons. The second one is
very mild at low and medium frequencies, as can be no-
ticed from the Bode plots of Fi;(s) in [42]. Moreover, the
presence of an integrator in Figure 1 allows the voltage
Vi at the PCC to track constant references without offset
when the disturbances (i.e. load currents Ir;) are con-
stant.

3 Secondary control based on consensus algo-
rithms

3.1  Control objectives

Primary stabilizing controllers, such as the PnP regula-
tors described in Section 2.2, have the goal of turning
DGUs into controlled voltage generators, i.e. to approx-
imate, as well as possible, the identity V; = Vics;. As
such, they do not ensure current sharing and voltage
balancing, defined in the sequel.

Definition 1 For constant load currents Ip;,i =
1,..., N, current sharing is achieved if, at steady state,
the overall load current is proportionally shared among
DGUs, i.e. if

L 1y

- = foralli,jeV, (2)
I Iij

where I, > 0 are constant scaling factors.

We recall that current sharing is desirable in order to
avoid situations in which some DGUs are not able to sup-
ply local loads, thus requiring power from other DGUs.
A very common goal is to make DGUs share the total
load current proportionally to their generation capacity.
This can be obtained by measuring the output currents
in per-unit (p.u.), i.e. setting each scaling factor I, in
(2) equal to the corresponding DGU rated current (see
Section 5.1 for an example). On the other hand, if the
scaling factors are all identical, the current sharing con-
dition becomes

Iti:<IL> 7::1,...7N7 (3)
where Iy, = [I11, I, ..., Irn]7T is the vector of the local
load currents.

Assumption 1 Voltage references are identical for all
DGUS, i.e. Vref,i = Vref, Vi e V.

Definition 2 Under Assumption 1, voltage balancing is
achieved if
(V) = Vier. (4)

where vector V. = [V1,Va,..., Vx|T collects the PCC

voltages.



In order to guarantee current sharing and voltage balanc-
ing, we use a consensus-based secondary control layer,
as described next.

3.2 Consensus dynamics

Consensus filters are commonly employed for achieving
global information sharing or coordination through dis-
tributed computations [31, 6]. In our case, as shown in
Figure 3, we adopt the following consensus scheme for
adjusting the references of each primary voltage regula-
tor

N
AV =k S ay <I”(“—I”(t)>, )

I, Is
J=1,j#i b t

where a;; > 0 if DGUs ¢ and j are connected by a com-
munication link (a;; = 0, otherwise), and the coefficient
kr > 0 is common to all DGUs. The use of consen-
sus protocols has been thoroughly studied for networks
of agents with simple dynamics, e.g. simple integrators
[31, 6], with the goal of proving convergence of individ-
ual states to a common value. In our case, however, (5)
is interfaced with the mG dynamics and convergence of
currents Iy; to the same value does not trivially follow
from standard consensus theory. This property will be
rigorously analyzed in Section 4.

In the sequel, we assume bidirectional communication,
i.e. a;; = aj;. The corresponding communication di-
graph is G, = (V, &, W,) where (3,5) € & <= a;; > 0
and W, = diag{a,;}. Considerations on the topologies
of G. and G.; guaranteeing stable current sharing and
voltage balancing are detailed in Section 4.2. In all cases,
however, the following standing assumption must hold.

Assumption 2 The graph G.; is weakly connected. The
graph G. is undirected and connected.

From a system point of view, the collective dynamics of
the group of DGUs following (5) can be expressed as

AV = — k;L DI, (6)
L

where AV = [AVl,...,AVN]T =V - Vref, V,-ef =

[Vref,lav;"ef,%"~7‘/7’ef,N]T7 It = [It17It27'~~7ItN]T7
D = diag(,%7...,1%> = diag(dy,...,dy) and
t1 tN

L = £(G.). Note that L is the Laplacian matrix of G,
with W, replaced by k;W..

4 Modeling and analysis of the complete system

The hierarchical control scheme of a DGU equipped with
primary and secondary regulators is shown in Figure 3.
For studying the behavior of the closed-loop mG, we

Secondary consensus layer

L [1
....... A

N\ o N—
AV; h Rifiter | 7, |1 line ij
Viers p—— DGU j
Local controller %G C J_ ()IL
ti _l_ i
Primary control layer Buck i DGU i

Primary loop i

Fig. 3. Complete hierarchical control scheme of DGU 4. Sub-
systems j and k are the neighbors of DGU ¢ according to the
communication graph.

first approximate DGUs under the effect of primary con-
trollers by unit gains (Section 4.1) and prove that cur-
rent sharing is achieved in a stable way. We also provide
conditions for voltage balancing. Results derived in this
simple setting will be instrumental for studying the more
complex scheme where primary control loops are ab-
stracted into first-order transfer functions (Section 4.3).

4.1 Unit-gain approximation of primary control loops

By approximating primary loops with ideal unit gains,
we have the relations V; = V,ey; + AV;, Vi € V.
Figures 4a-4b show the resulting control scheme, used
for deriving the dynamics of the overall mG as a function
of the inputs Iy, and V,ef. Starting from the left-hand
side of Figure 4a, we have, in order, (6) and

V =AV 4 Ve (7)

Then, from basic circuit theory, we derive the relation
between the vector of voltages V and the vector of line
currents I = [Ip1, ..., Irnr) T as

I, = -WB,'V, (8)

where W and B.; = Q(Ge;) are the weight and the inci-
dence matrix of G, respectively. Next, we get

I; =1y — Baly (9)
and, merging equations (6)-(9), we finally obtain

Y: AV = —LD ByWB. T AV —LDI;, — LD BuW BT Viyer
M M
= —QAV — LDIy, — QVyer
(10)
where Ml = £(Ge;) = BaW BgT is the Laplacian matrix
of the electrical network and Q = LDM.



4.2 Properties of the matriz Q

The matrix Q in (10) captures the interaction of elec-
tric couplings and communication. From (10), it governs
the voltage dynamics and hence the achievement of cur-
rent sharing and voltage balancing. Notice that Q is ob-
tained pre- and post- multiplying a diagonal matrix by
a Laplacian (L and M, respectively). It follows that Q is
not a Laplacian matrix itself because it might fail to be
symmetric and have positive off-diagonal entries, even if
weights of G.; and G, are positive. Nevertheless, in the
sequel we provide two distinct conditions under which Q
preserves some key features of Laplacian matrices. Be-
fore proceeding, we introduce the following preliminary
result.

Iy Ips

& LD AV, . AV, ﬁ Vy *WBZ; Ipp

Tom
BN

(b) i-th ideal primary
loop.

(¢) First-order approximation of the
i-th primary loop.

Fig. 4. Hierarchical control scheme and Primary Loop (PL)
approximations.

Proposition 2 It holds Pyn (DMHY) = H*.
PROOF. From Proposition 1-(iv), we know that
M(H!|H?') is invertible, hence surjective. Then,
DMH' = DH'.
We now study the projection map Py: : DH' — H'.
Since D is invertible, we have that dim(DH!) =
dim(H') = N — 1. Therefore, one has
dim(Range(Ppy1)) + dim(Ker(Py1)) = N — 1.  (11)
The next step is to show that
Ker(Py) = {0}, (12)

so that, from (11), Py is surjective. Let u € DH?! and
set u = 4 + 4, where & € H! and 4 € H'. Hence,

Priu = Pyiii = 4 and, if u € Ker(Ppy1), then @ = 0. In
other words, u € Ker(Py1) verifies

u = a,1l for some a, € R
u = Dv

for some v € H'
One has
Ju||5-1 =u"' D7 'u = @, 1" D7 'Dv = @, 1Tv = 0

where the last identity follows from the fact that v € H*
has zero average. But, since || - |[p-1 is a norm, ||ul|3,_,
implies u = 0. This shows (12).

At this point, we can introduce two assumptions which
allow us to characterize the eigenstructure of matrix Q;
then, we discuss their impact on the choice of the com-
munication graph topology as well as on the value of
coefficients a;; in (5).

Assumption 3 The diagonal matriz containing the
scaling factors for the output currents coincides with the
identity, i.e. D = 1.

Assumption 4 It holds D # I, D > 0 and the product
LDM commutes (i.e. LDM = MDL).

Remark 2 Under Assumption 3, the desired goal is that
all converters in the mG produce the same current (mea-
sured in Ampere and not in p.u.), i.e. that (3) holds. This
can be desirable, for instance, when all the converters in
the network have the same generation capacity. We no-
tice that Assumption 8 does not enforce constraints on
the graphs Ge; and G., which must fulfill Assumption 2
only. In particular, the topology of G. can be chosen based
on considerations on the network technology and for op-
timizing the performance of the secondary control layer,
independently of the electrical interactions.

Remark 3 Assumption 4 is suited to the case of con-
verters with different ratings. However, it requires ma-
triz Q to be symmetric. An interesting case where this
condition is verified is given by

L = uM, (13)

where p > 0 is a global parameter, common to all the
DGUs3 . Relation (13) holds if the following conditions
are simultaneously guaranteed:

(a) Gei and G. have the same topology;

(b) coefficients in (5) are chosen as a;; = /LR%j if DGUs

1 and j are connected by a communication link.

3 From (13), Q = LDM = yMDM, which commutes since

M and D are symmetric and p is a scalar.



Condition (b) has an impact on the design of local Lapla-
cian control laws (5). Notably, each agent (say DGU i)
needs to know the global parameter 1 and the value of the
conductances 1-‘% connecting it to its electrical neighbors

j belonging to set N (which, in this particular case, co-
incides with Nf).

Remark 4 Assumptions 8 or 4 are instrumental in
guaranteeing asymptotic stability of the hierarchical con-
trol architecture in Figure 3. Indeed, as will be shown
in the following Proposition, the above conditions imply
that the eigenvalues of Q are nonnegative. Note that,
if neither Assumption 8 nor 4 are verified, Q can have
negative eigenvalues (see the example in Appendiz C of

[40]).

Proposition 3 The matriz Q = ILDM has the following
properties:

(i) Ker(Q) = HL;
(ii) Range(Q) — H';
(iii) the linear transformation Q(H|H?') is invertible;
(iv) under Assumption 3 or 4, Q is diagonalizable and
has real nonnegative eigenvalues.
(v) under Assumption 3 or 4, the zero eigenvalue of Q
has algebraic multiplicity equal to one.

PROOF. We start by proving point (ii). Since,
from Proposition 1-(iii), Ker(M) = H}{, one has
MRY = M(H! @ H') = MH'. Furthermore, from
Proposition 2, Py (DMH') = H!. Proposition 1-(iv)
applied to the Laplacian L shows that L(DMRY) = H?!,
which is (ii).

For proving point (i), we recall that Ker(M) =
H!{ and then Ker(LDM) DO H!. From (ii) we
have that dim(Range(Q)) = N — 1. The equation

dim(Range(Q)) + dim(Ker(Q)) = N implies that
dim(Ker(Q)) = 1. Since dim(H!) = 1, we have
Ker(Q) = Hi.

In order to prove point (iii), we show that Q(H!|H?') is
both surjective and injective [27, p. 50]. The surjectivity
of Q on H' has been shown above when proving point
(ii). For proving the injectivity, we need to check if it
holds

Vbe H' Vz,yc H' (Qe=band Qy="5)=z=1y.

Now, Qz = Qy = b implies that Q(z — y) = 0. It means
that z — y € Ker(Q) = H!, therefore 3a € R such that
x —y = al,. However, sincex —y € H', z —y = o1,
is verified only for o = 0; this leads to z = y.

As regards statement (iv), we first consider the case in
which Assumption 3 holds. Since D = I, we have that
Q = LM. Hence, Q is the product of two matrices, both
positive semidefinite in the real sense. Moreover, since IL
and M are symmetric, they are positive semidefinite also

in the complex sense [33]. The proof concludes by apply-
ing Corollary 2.3 in [21], which states that the product
of two complex positive semidefinite matrices is diago-
nalizable and has nonnegative real eigenvalues.

We now prove statement (iv) when Assumption 4 holds.
Since D is diagonal with positive elements, the matrix
Dz verifying D = Dz D? exists and is invertible. Then,
Q can be written as follows

Q=D > D:LD? D*MD? D" 3. (14)
T/T

Matrices £ and M in (14) are positive semidefinite in
the real sense and symmetric; hence, they are positive
semidefinite also in the complex sense. Therefore, also
in this case, we can use Corollary 2.3 in [21] to state
that £LM is has nonnegative real eigenvalues. Now, since
D% in (14) is symmetric, matrix £M is congruent to
Q. Thus, since under Assumption 4 £M is symmetric 4,
by Sylvester’s law of inertia [22], the inertia of Q and
LM coincide, i.e.

(i+(£M),0,i0(LM)) = (i+(Q), 0,40(Q))-

This concludes the proof of statement (iv) under As-
sumption 4.

Finally, point (v) follows from points (i) and (iv). Indeed,
since QQ is diagonalizable, the algebraic and geometric
multiplicity of null eigenvalues coincide. From point (i),
since dim(H!) = 1, we conclude that the zero eigenvalue
of Q is unique. |

4.2.1 Analysis of equilibria

In order to evaluate the steady-state behavior of the
electrical signals appearing in Figure 4a-4b, we study
the equilibria of system (10). Hence, for given constant
inputs (If,, Vi), we characterize the solutions AV™ of
equation

QAV” = ~LDI;, ~ QViy (15)

through the following Proposition.

Proposition 4 For equation (15),

(i) there is only one solution AV ¢ H!;
(ii) all solutions AV* € RN can be written as

AV*=AV +aly acR  (16)

PROOF. Proposition 3-(ii) shows that (15) has solu-
tions only if -LDI; — QV}, € H'. From Propositions

4 Indeed, (CLM)T = ML = D* MD?D*L, D% = LM.
N’

MDL=LDM



1-(iii) and 3-(ii) this is always true. Statement (i) di-
rectly follows from Proposition 3-(iii).

For the proof of statement (ii), we split AV* € RY asin
(1),i.e. AV* = AV +AV".From (15) and Proposition
3-(i), one has that, irrespectively of AV = aly € H!,
Qﬁ* = —LDIj — QV7. Moreover, from the first
part of the proof, it holds AV = AV . |

Next, we relate properties of the equilibria of (10) to
current sharing and voltage balancing.

Proposition 5 Consider system (10) with constant in-
puts (If,Vie). Then, current sharing is achieved at

steady state. Moreover, if V* Vierlny (i.e. if As-

ref —
sumption 1 holds) and o in (16) is equal to zero, then the

equilibrium V* wverifies the voltage balancing condition

(4).
PROOF. At the equilibrium, since Ker(L) = H! (see
Proposition 1-(iii)), from (6) we have that

—]LDIZ< =0y & DI;< = ]_t]-N

I I:N:|T 7 (17)
= T’ cey g - It].N,
|:It1 ItN

which is (2). Let now AV™* be an equilibrium for system
(10). Replacing (16) in (7) and averaging the resulting
vector, we get (V*) = (AV ) + Na 4V, which is (4).
M 0
-0 =

4.2.2  Stability analysis

The similarities established in Proposition 3 between
the spectral properties of graph Laplacians and the
matrix Q will allow us to study the stability proper-
ties of (10) using methods similar to the ones adopted
for analysis of classical consensus dynamics. Results in
this section follow the approach in [13], where stability
of consensus is analyzed through the use of invariant
subspaces. An advantage of this rationale is that it car-
ries over almost invariably to the case of more complex
models of primary loops (Section 4.3).

In the sequel, we prove exponentially stable conver-
gence of AV in (10) to an equilibrium ensuring both
current sharing and voltage balancing for constant Iy,*
and Vi, = Vierln. We first show that projections
Py (AV) = AV and Pyi(AV) = AV have non-
interacting dynamics (or, equivalently, that subspaces
H' and H1 are invariant for (10)).

Proposition 6 If AV is given by system ¥ in (10) for
AV (0) = AVy, then AV = AV + AV, where AV €

H! and AV € H* fulfill

3 AV =0y (18)
AV(0) = (AVo)ly
and
5. { AV=-QAV-LDI - QVir g
AV(0) = AV, — AV,

PROOF. We write vectors AV (0), I, and Ve ac-
cording to the decomposition (1), i.e. using “~” and “
~ 7 for denoting their H! and H! components, respec-
tively. As described in [13], we analyze the dynamics
of AV by averaging both sides of (10) and AV (0) =
AV, respectively. From points (i)-(ii) of Proposition
3, we have (—QAV) = 0 and (—QV,er) = 0. Since
Range(LL) = H' (see Proposition 1-(iii)), we also have
(~LDIy) = 0, hence obtaining 4 (AV) = 0. Recalling
that AV = (AVy)1y, we obtain (18).

——

Next, we analyze AV = AV — AV. We have

AV = AV — = —QAV — LDI;, — QV, et

Y
<~
=0y

and E(O) = AV, — AV,. From Proposition 3-(i),
QAYV = QAYV and then we have (19). ]

Remark 5 The splitting of £ into systems £ and S im-
plies that, if AVyq has zero average, then AV (t) has
the same property, ¥t > 0 and irrespectively of inputs
(Ir, Vyet). This behavior can be realized by suitable ini-
tialization of the integrators appearing in Figure 4a.

According to system X, the value of Py (AV) = AV

remains constant over time and equal to AVg. Hence,
in order to characterize the stability of equilibria (16),
it is sufficient to study the dynamics (19). In an equiva-
lent way, one can consider system (10) and the following
definition of stability on a subspace.

Definition 3 Let V be a subspace of R™. The origin of
z = Az, z(t) € R™ is Globally Exponentially Stable
(GES) on'V if 3k,n > 0 : ||Ppz(t)| < ke || Puz(0)].
The parameter n is termed rate of convergence.

Note that X is a linear system and, for stability analysis,
we can neglect inputs, hence obtaining

{ AV = —QAV (20)

AV(0) = AV,.



Theorem 1 Under Assumption 8 or 4, the origin of
(20) is GES on H'. Moreover, the rate of convergence is
the smallest strictly positive eigenvalue of Q.

PROOF. The proof of Theorem 1 is presented in Ap-
pendix A.

The above results reveal that, given an initial condition
AV (0) = AV, for system (10) and constant inputs
I; and V] ; = Vicrln, the state AV converges to the
equilibrium (16) with « = (AVy).

Summarizing the main results of this Section, we have
that the consensus scheme described by (5), Assumption
1 and

(AVo) =0 (21)

guarantee the asymptotic achievement of current sharing
and voltage balancing in a GES fashion.

4.8 First-order approximation of primary control loops

Figure 4a and Figure 4c show the overall closed-loop
scheme of an mG equipped with () consensus current
loops and (i) primary control loops modeled as first-
order transfer functions. Different from the case ana-
lyzed in Section 4.1, each local dynamics is now described
by means of two states which are the state of the con-
sensus current loop (AV;) and the state of the controlled
DGU (V; in Figure 4c). We highlight that relations (6)
and (7) still hold, while the additional state equation is

V=QV°-QV, (22)

where vectors V° = [VP, V5, ..., Vg]T and V belong
to RN, and the diagonal matrix Q = w.] € RV*N,
we > 0, collects on its diagonal the approximate band-
width of each controlled DGU. In view of Remark 1, as-
suming equal approximate bandwidths for all the con-
trolled DGUs is a mild constraint.

As in Section 4.1, in order to find the dynamics of the
closed-loop scheme, we write relations among mG vari-
ables. From Figure 4a, we notice that (6) holds, and

V°® = AV + Vies. (23)
Always from Figure 4a, we have that, for line and output
currents, equations (8) and (9) are still valid. By merging

relations (6), (23), (22), (8) and (9), we can write the
dynamics of the overall mG as

AV = —QV - LDIy, (24a)
V =QAV — QV + OV ¢, (24b)

or, equivalently, in compact form,

KR

—_——
Q

ON><N —LD Vref
Q -0 I |
with @ € R2NV>*2N and [AVTVT]T ¢ RN x RV,

4.8.1 Analysis of equilibria

The equilibria of system (24) for constant inputs
(I3, Vi), are obtained by computing the solutions

[AV*T V*T|T o the system

Oy = QAV* — QV* + QV? (26D)

ref:

{QV* = —LDI;, (26a)

Since matrix 2 is invertible, equation (26b) becomes

V* = AV* + Vi, (27)
By substituting (27) in (26a), we get QAV* = —LDI} —
QVi¢, that is exactly (15). We can then exploit Propo-
sition 4 for concluding that there are infinitely many so-
lutions AV* € RY in the form (16). Replacing (16) in
(27), we can write equilibria of system (24) as

lAv*] _ [ AV +aly (28)

v AV +aly+ Vi, |

Relations between the equilibria and current sharing/-
voltage balancing are given in the next Proposition.

Proposition 7 Consider system (24) with constant in-
puts If and Vi e. At the equilibrium, current sharing is
achieved. Moreover, if Vi = Vierly (i.e. if Assump-
tion 1 holds) and o in (28) is equal to zero, then the equi-

librium [AV*T  V*T|T yerifies the voltage balancing.

PROOF. Since equation (6) holds, one has that, at the
equilibrium, relation (17) is verified. Then, the proof is
identical to the one of Proposition 5. |

Next, similarly to the simplified case described in Section
4.2.2, we evaluate the stability properties of the closed-
loop system (24) so as to show the convergence of state
[AVTVTIT 0 an equilibrium which guarantees current
sharing and voltage balancing.



4.8.2  Stability analysis

Proposition 8 If [AVIVT]T verifies (24), then
av]_[av], AV
\% v v |

where v € HY x Hl and v € H' x H" fulfill

51, {AV — 0y (29a)
V =QAV —QV + QV,o¢ (29b)
and
51, JAV = —QV —LDI, (30a)
V =0QAV - QV + QV,, (30D)
respectively.

PROOF. Thedynamics of AV and AV can be derived
proceeding as in the proof of Proposition 6. In a similar
way, by averaging both sides of (24b), one derives the

(independent) dynamics of V and V. |

The above decomposition allows us to evaluate the evo-
lution of state v on RV*¥ by separately analyzing dy-
namics (29) and (30), i.e. studying the behavior of pro-
jections v = Py(v) and v = Pyy(v), with V = Hl x H!
and W= H' x H".

First we focus on X} . Without loss of generality, for sta-
bility analysis we can neglect the input vector Ve in
(29b), thus having:

{A'V — oy
V =0AV - OV.
By construction, (31b) collects the decoupled equations

Vi:WCA‘/;foJCVi Viil,...,N, (32)
where, according to (29a), each term AVj in can be
treated as an exogenous input (thus not affecting stabil-
ity properties). It follows that dynamics (32) is asymp-
totically stable, since w. > 0. In summary, system (29)
tells us that the average AV will remain constant in

time (and equal to (AVy)), while V will converge to the
origin. For studying stability properties of system X!,
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we consider (24) without inputs, i.e.

{A’V - _QV (33

V = QAV - QV

and analyze stability on H' x H'. We have the following
result.

Theorem 2 Under Assumption 8 or 4, the origin of
(33) is GES on H! x H'. Furthermore, matriz Q has a
simple zero eigenvalue and the rate of convergence is the
mazimum among real parts of all other eigenvalues.

PROOF. The proof is given in Appendix B.

By means of Theorem 2, we have that, given an ini-
tial condition [AV? Vo |7 for system (24), the state
[AVTVT]T will converge to the equilibrium in (28),
The results above show that, for system (24), current
sharing is achieved in a GES fashion. In a similar way,

asymptotic voltage balancing is ensured if Assumption
1 and (21) are fulfilled.

4.4 PnP design of secondary control

We now describe the procedure for designing secondary
controllers in a PnP fashion. We will show that, as for
the PnP design of primary regulators, when a DGU is
added or removed, the secondary control layer can be
updated only locally for preserving current sharing and
voltage balancing.

Plug-in operation. Under Assumption 3, when a DGU
(say DGU i) sends a plug-in request at a time ¢, it
choses a set N of communication neighbors (which must

not necessarily coincide with V') and fixes parameters
a;j > 0,Vj € NF, in order to design the local consen-
sus filter (5). At the same time, each DGU j, j € N7,
updates its consensus filter by setting aj; = a;; in (5).
If, instead, D # I, one can fulfill Assumption 4 by al-
lowing the entering DGU to receive the value of conduc-

tances 1% from neighboring DGUs j € N and by set-
]
ting N = N¢! (see Remark 3). By doing so, DGU i can
choose parameters a;; = ,u%, and each DGU j € Nf
ij
sets aj; = a,j, thus updating its consensus filter (5).
Overall, Theorems 1 and 2 ensure that the disagreement
dynamics of the mG states is GES. Let Assumption 1

hold for all the interconnected DGUs in the mG before ¢
and let us denote the common reference voltage by V..

If DGU i sets Vyer; = Vyey and if we choose AV;(t) =0
AV'(2)
AVi(t)

vector AV prior the plugging-in of DGU i), both cur-
rent sharing and voltage balancing are preserved in the
asymptotic régime (see Propositions 5 and 7).

(thus having ( ) = 0, where AV'(¢) is the




Unplugging operation. Under Assumption 3 or 4,
when a DGU (say DGU j) is unplugged at time ¢, pro-
vided that the new graphs G.; and G, fulfill Assumption
2, the key condition that must be guaranteed is that
the vector AV _; (i.e. AV without element j) verifies
(AV_,(#)) = 0. If (AV(#7)) = 0, this can be achieved
by re-setting AV;(t) = AV;(t7) + W(“\ ) for alli € N,
and keeping AV;(t) = AV;(t7) for all i ¢ N7 U {j}. In-
deed, this yields

(AV_(0) = D Y A=
zENC Z¢N(U{J}
i z&/\/ju{]}

1 .
=1 (N(AV(t

))) = 0.

5 Validation of secondary controllers
5.1  Simulation results

In this Section, we demonstrate the capability of the pro-
posed control scheme to guarantee current sharing and
voltage balancing when DGUs are plugged in/out and
load changes occur. Simulations have been performed
in Simulink/PLECS [2]. We consider an mG composed
of 7 DGUs, interconnected as in Figure 5, with non-
identical electrical parameters and power lines. Notice
the presence of loops in the electrical network, that com-
plicates voltage regulation. Primary PnP voltage regu-
lators are designed as in [42], whereas, for the secondary
control layer, we choose kr in (6) equal to 1. DGUs have
rated currents I]; = 10 A, ¢ = 1,2,3, I}, = I = 5
A and I}z = I]; = 3.33 A. Since, in this scenario, we
aim to achieve the current sharing condition (2), we set
I; =1j,,i=1,...,7, thus having, in (6), D # I. Then,
in order to guarantee the asymptotic stability of the hi-
erarchical control scheme, we fulfill Assumption 4 by ()
letting G, have the same topology of G¢;, and (74) picking
aj; = R%j, if DGUs 7 and j are connected by a commu-
nication link (see Remark 3). Furthermore, the voltage
reference in Assumption 1 is V;..; = 48 V, and the elec-
trical parameters are given in Appendix D of [40].

In the following, we describe Figure 6, which illustrates
the evolution of the main electrical quantities (i.e. mea-
sured DGU output currents in Amperes, DGU output
currents in p.u., PCC voltages and average PCCs volt-
age) during the consecutive simulation stages shown in
Figure 5.

Stage 1: At time tg = 0, all the DGUs are isolated and
only the primary PnP voltage regulators, designed as
in [42], are active. Therefore, as shown in Figure 6, (%)
each DGU supplies its local load while keeping the cor-
responding PCC voltage at 48 V, and (4i) the DGU out-
put currents in p.u. are different. We further highlight
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that primary controllers have been designed assuming
that all the switches in Figure 5 connecting DGUs 1-6
are closed. From [42], however, they also stabilize the
mG when all switches are open.

Stage 2: Subsystems 1-6 are connected together at time
t; = 2 s and, as described before, no update of primary
controllers is needed. As shown in the plot of Vpoe in
Figure 6, voltage stability and fast transients after the
plug-in operations are ensured by PnP primary regula-
tors. The secondary control layer is still disabled at this
stage.

Stage 3: At time to = 5 s, we activate the secondary con-
trol layer for DGUs 1-6, thus ensuring asymptotic cur-
rent sharing among them (see the plot of the currents
in p.u.). This is achieved by automatically adjusting the
voltages at PCC (as shown in the plot of Vpec). More-
over, the top plot of Figure 6 reveals that, as expected,
DGUs 4 and 5 share half of the current of DGUs 1-3,
while the output current of DGUs 6 is one third of the
currents of DGUs 1-3. We further highlight that, by set-
ting AV;(t2) = 0,4 = 1,...,6, as described in Section
4.4, condition (21) is fulfilled and asymptotic voltage bal-
ancing is guaranteed (see the plot of the average PCCs
voltage, indicated with V).

Stage 4: For evaluating the PnP capabilities of our con-
trol scheme, at t3 = 15 s, DGU 7 sends a plug-in request
to DGUs 4 and 5. Previous primary controllers of DGUs
4 and 5 still fulfill the plug-in conditions in [42]: they are
therefore maintained and the plug-in of DGU 7 is per-
formed. In the light of Assumption 3, at ¢3 also the sec-
ondary controller of DGU 7 is activated, thus enabling
the DGU to contribute to current sharing. This can be
noticed in Figure 6, as all PCC voltages change in or-
der to let all the output currents in p.u. converge to a
common value. We also notice that the measured output
currents (top plot of Figure 6) are still shared accord-
mgly (1e Itl = ItQ = Itg = 2]154 = 21t5 = 3It6 = 3It7).
Furthermore, choosing AVz(t3) = 0 (as described in Sec-
tion 4.4), we maintain the average PCCs voltage at 48
V (see Vg, stage 4).

Stage 5: At t4 = 25 s, we halve the load of DGU 1, thus
increasing the corresponding load current I7; and caus-
ing a peak in the corresponding output current. How-
ever, after few seconds, all the DGUs share again the
total load current, while the averaged PCC voltage con-
verges to the reference value.

Stage 6: Finally, we assess the performance of the pro-
posed hierarchical scheme when the sudden disconnec-
tion of a DGU occurs. To this aim, at time t5 = 35 s, we
disconnect DGU 3. Figure 6 (stage 6) shows that volt-
age stability, current sharing and voltage balancing are
preserved in the mG composed of DGU 1-2 and 4-7.

5.2 Ezperimental results

The performance of the presented hierarchical scheme
been also validated on the mG platform in the top panel
of Figure 7, which consists of three Danfoss inverters, a
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Fig. 5. Simulation stages: numbered nodes represent DGUs,
while black lines denote power lines. The secondary control
layer is activated for the DGUs contained in the red area.
Open switches in stages 1, 2, 3 and 6 denote disconnected
DGUs. The arrow in stage 5 represents a step up in the load
current of DGU 1.
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Fig. 6. Simulation results: evolution of measured output cur-
rents, output currents in p.u., voltages at PCCs and average
PCCs voltage. Lines in the plots are associated with different
DGUs and they are color-coded as in Figure 5. Simulation
stages are those shown in Figure 5.

dSPACE1103 control board and LEM sensors. In order
to properly emulate DC/DC converters (i.e. Buck con-
verters), only the first phase of each inverter (supplied
by a DC source generator) has been used. Resistive loads
have been connected to each PCC.

For this scenario, primary PnP voltage controllers are
designed using the approach in [41], and Assumption 3
holds. Hence, since D = I, I}; = I}, = I}5 = I, i.e. we
aim to achieve the asymptotic current sharing condition
(3). Moreover, we set ky in (6) equal to 0.5, while coeffi-
cients a;; in (5) are equal to 1 if DGUs ¢ and j are con-
nected by a communication link, 0 otherwise. We also
recall that, under Assumption 3, the stability of the mG
equipped with our hierarchical scheme is preserved even
if the topologies of G. and G, differ. Notably, we consider
the mG in Figure 7, where G.; and G, are highlighted in
blue and red, respectively, and the edges of G.; are RL
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Fig. 7. Experimental validation: mG setup (top) and topolo-
gies of the electrical and communication graphs (bottom).

lines.

The controllers have been implemented in Simulink and
compiled to the dSPACE system in order to command
the Buck switches at a frequency of 10 kHz.

The evolution of the main electrical quantities is shown
in Figure 8. At time ¢y = 0 s, all the DGUs are isolated
and do not communicate. At times t; ~ 2.5 s, to & 5
s and t3 =~ 10 s, we connect DGU 1 to 2, 2 to 3 and 1
to 3, respectively, thus obtaining a loop in the electri-
cal topology. As described in [41], no update of primary
PnP controllers is required when units are connected.
As shown in the plot of the PCC voltages in Figure 8,
PnP primary voltage regulators ensure smooth transi-
tions and stability. Since for ¢ < t3 the secondary layer
is not active, the output currents are not equally shared
and the PCC voltages coincide with the reference (no-
tably, Assumption 1 holds, with V,..; = 48 V). Next, at
time t4 = 15s, we set AV;(t4) = 0,7 =1,2,3 and enable
the secondary control layer. As expected, the three out-
put currents converge to the same value (see I; in Figure
8). Furthermore, the fulfillment of condition (21) guar-
antees asymptotic voltage balancing (see V,, in Figure
8). Finally, at time ¢5 ~ 25 s we decrease the load of
DGU 3, causing an increment in the corresponding load
current. As a consequence, the value of I; = (I}) in-
creases as well. Also in this case, the total load current
is equally shared among DGUs while V,,, does not devi-
ate from 48 V.

As for the voltage discrepancies induced by secondary
controllers, they are within 5% of the nominal voltage
Vrer = 48 V. This fulfills, for instance, the standards for
DC mGs used as uninterruptible power supply systems
for telecommunication applications [36].

6 Conclusions

In this paper, a secondary consensus-based control layer
for current sharing and voltage balancing in DC mGs


Giancarlo Ferrari Trecate
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Fig. 8. Experimental results for the mG in Figure 7. In the
time interval from 2.5 s to 15 s, DGUs are connected together
and primary PnP voltage regulators are enabled. From time
15 s onwards, also the secondary control layer is active. At
time 25 s, the local load of DGU 3 is halved.

has been presented. Under the assumption that DGUs
are equipped with decentralized primary controllers
that guarantee voltage stability, we proved stability of
the hierarchical control scheme. Moreover, we presented
a method for designing secondary controllers in a PnP
fashion for handling plugging -in/-out of DGUs.

Future developments will study the impact of non-
idealities (such as transmission delays, data quantiza-
tion and packet drops) on the performance of closed-
loop mGs. The analysis of networked control systems
has received considerable attention in the recent past
[20] and our goal will be to reappraise methods and
tools developed within this area in the context of mi-
crogrids. Another fundamental challenge that must be
addressed when higher-level networked schemes are in-
cluded in the mG control architecture is security against
cyberattacks [32].

A  Proof of Theorem 1

We introduce a preliminary Lemma, partly taken from
Theorem 19 in [7].

Lemma 1 For A € R" ™ letV and W be A-invariant
subspaces of R™ such that dim(V) = k, dim(W) =n — k
and R* =V ®W. Then:

I) there is a matriz T € R™ "™ such that A = T~Y AT
has the block-diagonal structure

A11 0
0 A22

7 (A1)
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with Ay1 € RF*F and Agy € ROVFIX(=K) I pas-
ticular, if {b1,...,br} and {bky1,...,b,} are basis
forV and W, respectively, the transformation ma-
triz T has the block structure

T= o] ilbesl [l (A2)
Therefore, if x € V, then T 'z = [&1]0]T,
with &, € RF. Similarly, if * € W, then
Tz =10 27, with o € R*F.
The origin of & = Az is GES on'V if and only if the
origin offcl = A11%1 is GES. Moreover, parameters
k,n > 0 verifying ||Z1(t)|| < xe™"(|Z1(0)|, also
guarantee || Pyx(t)]| < ke || Pyz(0)]|.

1)

PROOF. For the proof of point I, we defer the reader
to the proof of Theorem 19 in [7].

The proof of point I directly follows from the block-
diagonal structure of matrix A in (A.1). Indeed,

t=Arei=A

T {fl = AT
=

T Zog = Agolo,

i.e. Aj; is the matrix representation of the map A(V|V).
In other words, studying the stability of A on V is equiv-
alent to study the stability of A;1. Moreover, by con-
struction, Py(z) = T[ZT | 0]7. Then,

1P @) < ITH1E: 0] < ITllke |31 0)]. (A3)
Since [71(0)]] < 17| P((0)) |, imequality (A.3) be-
comes

1Py (@) < | T||lwe™ (|21 (0)]] < me™|| Py (x(0))]].

Proof of Theorem 1. Points (i) and (ii) of Proposi-
tion 3 show that subspaces H! and H| are Q-invariant.
Moreover, RN = H!' @ Hi It follows that Lemma 1
can be applied with V = H' and W = H1. In partic-
ular, by means of point I, we know that there exists a
transformation matrix 7 € RY*N such that the linear
map Q can be represented as in (A.1). Denoting with
B! = {by,...,by_1} and B! = 1y the basis for H' and
H1, respectively, from (A.2), we have

T= [b1|-~-|bN,1|1N].

Matrix Q = T~'QT is given by

Q- lQu 0]
0 g2



where Q1 € RW=1Dx(V=1) Moreover, scalar ¢gao = 0
since, by construction, it represents the map Q(H® |H1)
(see Proposition 3-(i)). We notice that the representa-
tions of A/\i and AV with respect to the basis B are
o =T 1AV =[&,...,éx-1,0T and 7, = T-1AV =
[0,...,0,&x]T, respectively. Now we prove that the ori-
gin of

b1 = —Qui (A.5)

is GES. Since @ and Q are similar matrices, they have the
same eigenvalues. Therefore, by exploiting points (iv)
and (v) of Proposition 3, one has that all the eigenvalues
of Q11 are strictly positive. This proves that (A.5) is GES
and, as shown in [7], the convergence rate is —\, where A
is the minimal eigenvalue of (J11. The remainder of the
proof follows directly from point II of Lemma 1. |

B Proof of Theorem 2

We first present two Propositions which provide prelim-
inary results that will be used to prove Theorem 2.

Proposition 9 Subspaces H* x H' and H! x H! are
Q-invariant, for Q given in (25).

PROOF. We first show that, for any vector ¥
[T9217, it holds Qv € H! x H'. Indeed, ov
T
[f(Q\B)T (Q(1 — \72))T} , and, from Proposition
3-(iii), the rightmost vector belongs to H' x H*'. Simi-
larly, for any vector ¥ = [¥1¥1]T € HL x H!, we have

T
that Qv = [(0x)" (Q(v1—¥2))7| , and then
Qv e H! x H!. n

Proposition 10 Matriz Q in (25) has two eigenvalues
equal to zero and —w.., respectively. All other eigenvalues
have strictly negative real part.

PROOF. By definition, vector [AVIVT|T #£ 04y
is an eigenvector of Q, if there exists A; such that

T T
Q [AVT VT} =\ {AVT VT} . From this equa-
tion, one gets:
—QV = \,AV (B.1a)
we(AV = V) =\, V. (B.1b)

By isolating AV in (B.1b) and substituting it in (B.1a),
we obtain
Ai( A + we)

We
——
Ai

—QV = v, (B.2)
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where 5\1 are, by construction, eigenvalues of —Q. From
points (iv) and (v) of Proposition 3, we have

Av =0 (B.

j\i:_'ﬁa ’)/7;>O i=1,...,
From (B.3a) and (B.2), one has A\;(A\; + w.) = 0, and
hence Q has a single eigenvalue equal to zero and an
eigenvalue equal to —w.. By substituting in (B.3b) the

expression of \; in (B.2), one gets: 3772 + X +v =0,
i=1,..., N — 1. Since all the coefficients of these poly-

nomials are strictly positive, we can conclude that ma-
trix Q has 2(N — 1) eigenvalues with Re()\;) <0. W

Proof of Theorem 2. Similarly to the proof of Theo-
rem 1, we can exploit Lemma 1 with V = H! x H! and
W = H! x Hi. In fact, we know that (i) subspaces
H'x H'and H! x H} are Q-invariant (see Proposition
9) and (ii) RY x RY =V @ W. Hence, there exists a
transformation matrix 7' € R2V*2N guch that the linear
map Q has an equivalent block-diagonal representation

Q11| 0

22
Q1 € REN-1x2(N=1) and Qg € R?*2. By construc-
tion, matrices Q11 and Q22 represent the maps Q(V|V)
and Q(W|W), respectively. In particular, in the light on
the consideration made for system (29), we have that the
eigenvalues of Q22 are zero and —w.. Moreover, by con-
struction, the eigenvalues of Q17 are the 2(IN — 1) eigen-
values of Q with strictly negative real part (see Propo-
sition 10).

of the form (A.1),i.e. T71QT = Q = [ ] , with
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