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Abstract: We study the continuity of many channel parameters and operations under various
topologies on the space of equivalent discrete memoryless channels (DMC). We show that mutual
information, channel capacity, Bhattacharyya parameter, probability of error of a fixed code and
optimal probability of error for a given code rate and block length are continuous under various
DMC topologies. We also show that channel operations such as sums, products, interpolations and
Arikan-style transformations are continuous.
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1. Introduction

This paper is an extended version of our paper that is published in the International Symposium
on Information Theory 2017 (ISIT 2017) [1].

Let X and Y be two finite sets, and let W be a fixed channel with input alphabet X and output
alphabet ). It is well known that the input-output mutual information is continuous on the simplex
of input probability distributions. Many other parameters that depend on the input probability
distribution were shown to be continuous on the simplex in [2].

Polyanskiy studied in [3] the continuity of the Neyman—Pearson function for a binary hypothesis
test that arises in the analysis of channel codes. He showed that for arbitrary input and output
alphabets, this function is continuous in the input distribution in the total variation topology. He also
showed that under some regularity assumptions, this function is continuous in the weak-* topology.

If X and Y are finite sets, the space of channels with input alphabet X and output alphabet ) can
naturally be endowed with the topology of the Euclidean metric, or any other equivalent metric. It is
well known that the channel capacity is continuous in this topology. If X and ) are arbitrary, one can
construct a topology on the space of channels using the weak-* topology on the output alphabet. It was
shown in [4] that the capacity is lower semi-continuous in this topology.

The continuity results that are mentioned in the previous paragraph do not take into account
“equivalence” between channels. Two channels are said to be equivalent if they are degraded from each
other. This means that each channel can be simulated from the other by local operations at the receiver.
Two channels that are degraded from each other are completely equivalent from an operational point
of view: both channels have exactly the same probability of error under optimal decoding for any fixed
code. Moreover, any sub-optimal decoder for one channel can be transformed to a sub-optimal decoder
for the other channel with the same probability of error and essentially the same computational
complexity. This is why it makes sense, from an information-theoretic point of view, to identify
equivalent channels and consider them as one point in the space of “equivalent channels”.

In [5], equivalent binary-input channels were identified with their L-density (i.e., the density of
log-likelihood ratios). The space of equivalent binary-input channels was endowed with the topology
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of convergence in distribution of L-densities. Since the symmetric capacity (the symmetric capacity
is the input-output mutual information with uniformly-distributed input) and the Bhattacharyya
parameter can be written as an integral of a continuous function with respect to the L-density [5],
it immediately follows that these parameters are continuous in the L-density topology.

In [6], many topologies were constructed for the space of equivalent channels sharing a fixed
input alphabet. In this paper, we study the continuity of many channel parameters and operations
under these topologies. The continuity of channel parameters and operations might be helpful in the
following two problems:

e If a parameter (such as the optimal probability of error of a given code) is difficult to compute for
a channel W, one can approximate it by computing the same parameter for a sequence of channels
(Wi )n>0 that converges to W in some topology where the parameter is continuous.

o  The study of the robustness of a communication system against the imperfect specification of
the channel.

In Section 2, we introduce the preliminaries for this paper. In Section 3, we recall the main results
of [6] that we need here. In Section 4, we introduce the channel parameters and operations that we
investigate in this paper. In Section 5, we study the continuity of these parameters and operations
in the quotient topology of the space of equivalent channels with fixed input and output alphabets.
The continuity in the strong topology of the space of equivalent channels sharing the same input
alphabet is studied in Section 6. Finally, the continuity in the noisiness/weak-* and the total variation
topologies is studied in Section 7.

2. Preliminaries

We assume that the reader is familiar with the basic concepts of General Topology. The main
concepts and theorems that we need can be found in the Preliminaries Section of [6].

2.1. Set-Theoretic Notations

For every integer n > 1, we denote the set {1,...,n} as [n].
The set of mappings from a set A to a set B is denoted as B*.
Let A be a subset of B. The indicator mapping 145 : B — {0,1} of A in B is defined as:

1 ifxeA,

Tap(x) =1yen =
(%) *e 0 otherwise.

If the superset B is clear from the context, we simply write 1 4 to denote the indicator mapping of
Ain B.

The power set of B is the set of subsets of B. Since every subset of B can be identified with its
indicator mapping, we denote the power set of B as {0,1}? = 25.

Let (A;);cs be a collection of arbitrary sets indexed by I. The disjoint union of (A;);c; is defined
as | [Ai = [J(A; x {i}). For every i € I, the i-th-canonical injection is the mapping ¢; : A; = [ [ 4;

icl iel €l
defined as ¢;(x;) = (x;,i). If no confusions can arise, we can identify A; with A; x {i} throug]h the
canonical injection. Therefore, we can see A; as a subset of L[ Ajforeveryi € I
i€l

Let R be an equivalence relation on a set T. For evéry x € T, theset£ = {y € T: xRy}
is the R-equivalence class of x. The collection of R-equivalence classes, which we denote as T/R,
forms a partition of T, and it is called the quotient space of T by R. The mapping Proj, : T — T/R
defined as Projy (x) = £ for every x € T is the projection mapping onto T/R.
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2.2. Topological Notations

A topological space (T,U) is said to be contractible to x¢ € T if there exists a continuous mapping
H: T x[0,1] = T such that H(x,0) = x and H(x,1) = x( for every x € T, where [0, 1] is endowed
with the Euclidean topology. (T, ) is strongly contractible to xo € T if we also have H(xo, t) = x for
every t € [0,1].

Intuitively, T is contractible if it can be “continuously shrinked” to a single point x(. If this
“continuous shrinking” can be done without moving xy, T is strongly contractible.

Note that contractibility is a very strong notion of connectedness: every contractible space is
path-connected and simply connected. Moreover, all its homotopy, homology and cohomology groups
of order > 1 are zero.

Let {(T;,U;) }ie1 be a collection of topological spaces indexed by I. The product topology on [ | T;

i€l
is denoted by ® U;. The disjoint union topology on H T; is denoted by EB u.

il i€l il
The following lemma is useful to show the continuity of many functions.

Lemma 1. Let (S, V) and (T,U) be two compact topological spaces, and let f : S x T — R be a continuous
function on S x T. For every s € S and every € > 0, there exists a neighborhood V; of s such that for every
s’ € Vg, we have:

sup | f(s',1) - f(s,1)] <e.

teT

Proof. See Appendix A. [

2.3. Quotient Topology

Let (T, U ) be a topological space, and let R be an equivalence relation on T. The quotient topology
on T/R is the finest topology that makes the projection mapping Proj, continuous. It is given by:

U/R={UcT/R: Proj (U) cu}.

Lemma 2. Let f : T — S be a continuous mapping from (T,U) to (S, V). If f(x) = f(x') forevery x,x" € T
satzsfymg xRx', then we can define a transcendent mapping f : T/R — S such that f(%) = f ( ) for any
x" € %. f is well defined on T /R. Moreover, f is a continuous mapping from (T /R,U/R) to (S,

Let (T,U) and (S,V) be two topological spaces, and let R be an equivalence relation on T.
Consider the equivalence relation R’ on T x S defined as (x1,y1)R'(x, ) if and only if x;Rx; and
¥1 = Y2. A natural question to ask is whether the canonical bijection between ((T/R) x S, (U/R) ® V)
and ((T x S)/R’, (U ®V)/R’) is a homeomorphism. It turns out that this is not the case in general.
The following theorem, which is widely used in Algebraic Topology, provides a sufficient condition:

Theorem 1. [7] If (S,V) is locally compact and Hausdorff, then the canonical bijection between
((T/R) x S,(U/R)® V) and ((T x S)/R, (U ® V)/R’) is a homeomorphism.

Corollary 1. Let (T,U) and (S, V) be two topological spaces, and let Rt and Rg be two equivalence relations
on T and S, respectively. Define the equivalence relation R on T x S as (x1,y1)R(x2,y2) if and only if x1Rx;
and y1Rsys. If (S, V) and (T/Ry,U/RT) are locally compact and Hausdorff, then the canonical bijection
between ((T/Rt) x (S/Rs), (U/Rr) @ (V/Rs)) and ((T x S)/R, (U @ V)/R) is a homeomorphism.

Proof. We just need to apply Theorem 1 twice. Define the equivalence relation R, on T x S as follows:
(x1,y1)R%(x2,y2) if and only if x;Rrxp and y1 = y,. Since (S, V) is locally compact and Hausdorff,
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Theorem 1 implies that the canonical bijection from ((T/R7) x S, (U/Rr) @ V) to ((T x S)/RY, (U &
V)/RY) is a homeomorphism. Let us identify these two spaces through the canonical bijection.

Now, define the equivalence relation R on (T/Rt) x S as follows: (£1,y1)R5(%2,y2) if and only
if #1 = %, and y1Rsys. Since (T/Rt,U /Ry) is locally compact and Hausdorff, Theorem 1 implies that
the canonical bijection from ((T/R7) % (S/Rs), (U/R1) ® (V/Rg)) to (((T/Rt) x S)/R%, (U/Rt) @
V)/Rj) is a homeomorphism.

Since we identified ((T/Rr) xS, (U/Rr) ®@ V) and ((T x S)/R%, (U @ V)/R}) through the
canonical bijection (which is a homeomorphism), R can be seen as an equivalence relation on
((T x S)/Rf, (U ®V)/RY). Itis easy to see that the canonical bijection from (((T x S)/R%)/R%, (U ®
V)/R})/RY) to ((T x S)/R, (U ® V)/R) is a homeomorphism. We conclude that the canonical bijection
from ((T/Rr) x (S/Rs), (U/Rr) ® (V/Rs)) to ((T x S)/R, (U ® V)/R) is a homeomorphism. [

2.4. Measure-Theoretic Notations

If (M,X) is a measurable space, we denote the set of probability measures on (M,X) as
P(M,XL). If the o-algebra X is known from the context, we simply write P(M) to denote the set
of probability measures.

If P € P(M,X) and {x} is a measurable singleton, we simply write P(x) to denote P({x}).

For every P;, P, € P(M, L), the total variation distance between P; and P, is defined as:

[Py — Pof|rv = sup [P1(A) — P2(A)].
AEL

The push-forward probability measure:

Let P be a probability measure on (M, %), and let f : M — M’ be a measurable mapping from
(M, %) to another measurable space (M’,%'). The push-forward probability measure of P by f is
the probability measure f¢P on (M’,%/) defined as (fsP)(A’) = P(f~1(A’)) for every A’ € ¥/

A measurable mapping ¢ : M’ — R is integrable with respect to fxP if and only if go f is
integrable with respect to P. Moreover,

| g atP) = [ (go0)-aP.

The mapping f4 from P(M, %) to P(M’,%’) is continuous if these spaces are endowed with the
total variation topology:

(a)
| fsP — faP'llrv < [P = P'll7v,

where (a) follows from Property 1 of [8].
Probability measures on finite sets:

We always endow finite sets with their finest c-algebra, i.e.,, the power set. In this case,
every probability measure is completely determined by its value on singletons, i.e., if P is a
probability measure on a finite set /X', then for every A C X, we have:

P(A)=)_ P(x).

xeA

If X is a finite set, we denote the set of probability distributions on X" as Ay. Note that Ay is
an (|X| — 1)-dimensional simplex in R*. We always endow A y with the total variation distance
and its induced topology. For every p1, p2 € Ay, we have:
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1
||P1—P2\|Tv— Y Ipa(x )|=§||P1—P2H1-

xeX

Products of probability measures:

We denote the product of two measurable spaces (M7, X1) and (Mp, Xp) as (My X My, L1 ® Xp).
If P, € P(My,%1) and P, € P(My, %), we denote the product of P; and P, as P; x Ps.

If P(My,%1), P(Mp, %) and P(M; X My, X1 ® ¥;) are endowed with the total variation topology,
the mapping (P1, P,) — P; x P, is a continuous mapping (see Appendix B).

Borel sets and the support of a probability measure:

Let (T,U) be a Hausdorff topological space. The Borel o-algebra of (T,U) is the c-algebra
generated by U. We denote the Borel o-algebra of (T,U) as B(T,U). If the topology U is known
from the context, we simply write B(T) to denote the Borel o-algebra. The sets in B(T) are called
the Borel sets of T.

The support of a measure P € P(T,B(T)) is the set of all points x € T for which every
neighborhood has a strictly positive measure:

supp(P) = {x € T: P(O) > 0 for every neighborhood O of x}.
If P is a probability measure on a Polish space, then P(T \ supp(P)) = 0.

2.5. Random Mappings

Let M and M’ be two arbitrary sets, and let &’ be a 0-algebra on M’. A random mapping from
M to (M, %) is a mapping R from M to P(M’,%’). For every x € M, R(x) can be interpreted as the
probability distribution of the random output given that the input is x.

Let X be a o-algebra on M. We say that R is a measurable random mapping from (M, X) to
(M, %) if the mapping Rp : M — R defined as Rg(x) = (R(x))(B) is measurable for every B € ¥/.

Note that this definition of measurability is consistent with the measurability of ordinary
mappings: let f be a mapping from M to M’, and let D¢ : M — P(M’,¥') be the random mapping
defined as D¢ (x) = Jy(y) for every x € M, where J5(,) € P(M’,X') is a Dirac measure centered at
f(x). We have:

Dy is measurable < (Dy)p is measurable, VB € ¥’
& ((Df)p) '(B') €%, VB € B(R), VBeX/

=

((Df)p)'({1}) €L, VBe X

Y 1Byes, vBey

& fis measurable,

s

where (a) and (b) follow from the fact that ((Df)p)(x) is either one or zero, depending on whether
f(x) € Bornot.

Let P be a probability measure on (M, X), and let R be a measurable random mapping from
(M, %) to (M, Z'). The push-forward probability measure of P by R is the probability measure R4P on
(M, %) defined as:

(RyP)(B) = /M Rg-dP, VB e X

Note that this definition is consistent with the push-forward of ordinary mappings: if f and D¢
are as above, then for every B ¢ ¥/, we have:
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((Dp)sP)(B) = [ (Dp)s-dP= [ (1gof)-aP= [ 14-d(fiP) = (iP)(B).

Proposition 1. Let R be a measurable random mapping from (M, %) to (M',X). Ifg : M' — RT U {+oo} is
a X/-measurable mapping, then the mapping x — / g(y) - d(R(x))(y) is a measurable mapping from (M, %)
M/

to RT U {+oo}. Moreover, for every P € P(M, L), we have:

[e-a®ep) = [ ([ s -a®@)w) e,
Proof. See Appendix C. [

Corollary 2. If g : M’ — R is bounded and ¥'-measurable, then the mapping:

x— | 8() d(R(x))(y)

is bounded and X-measurable. Moreover, for every P € P (M, %), we have:

[ gedmer) = [ ([ st a®Re)0) ) dpex).

Proof. Write ¢ = ¢© — ¢~ (where ¢ = max{g,0} and g~ = max{—g,0}), and use the fact that every
bounded measurable function is integrable over any probability distribution. O

Lemma 3. For every measurable random mapping R from (M, %) to (M',X"), the push-forward mapping Ry
is continuous from P (M, X) to P(M',X") under the total variation topology.

Proof. See Appendix D. [

Lemma 4. Let U be a Polish (This assumption can be dropped. We assumed that U is Polish just to avoid
working with Moore—-Smith nets.) topology on M, and let U’ be an arbitrary topology on M'. Let R be
a measurable random mapping from (M, B(M)) to (M', B(M")). Moreover, assume that R is a continuous
mapping from (M,U) to P(M', B(M")) when the latter space is endowed with the weak-* topology. Under these
assumptions, the push-forward mapping Ry is continuous from P(M, B(M)) to P(M', B(M')) under the
weak-* topology.

Proof. See Appendix D. [

2.6. Meta-Probability Measures

Let & be a finite set. A meta-probability measure on X is a probability measure on the Borel
sets of A y. It is called a meta-probability measure because it is a probability measure on the space of
probability distributions on X

We denote the set of meta-probability measures on X as MP(X). Clearly, MP(X) = P(Ay).

A meta-probability measure MP on X is said to be balanced if it satisfies:

[ p-aMP(p) =,
Jay

where 7y is the uniform probability distribution on X'.

We denote the set of all balanced meta-probability measures on X as MP,(X'). The set of all
balanced and finitely-supported meta-probability measures on X' is denoted as MPp¢(X).

The following lemma is useful to show the continuity of functions defined on MP(X).
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Lemma 5. Let (S, V) be a compact topological space, and let f : S x Ay — R be a continuous function on
S X Ay. The mapping F : S x MP(X) — R defined as:

F(s,MP) = /AX f(s,p) - dMP(p)

is continuous, where MP(X') is endowed with the weak-* topology.

Proof. See Appendix E. [

Let f be a mapping from a finite set X’ to another finite set X’. f induces a push-forward mapping
f4 taking probability distributions in A y to probability distributions in A 4. fy is continuous because
Ay and Ay are endowed with the total variation distance. fy in turn induces another push-forward
mapping taking meta-probability measures in MP(X) to meta-probability measures in MP(X’).
We denote this mapping as fz4, and we call it the meta-push-forward mapping induced by f. Since
fu is a continuous mapping from Ay to Ay, fa# is a continuous mapping from MP(X) to MP(X’)
under both the weak-* and the total variation topologies.

Let &} and A, be two finite sets. Let Mul : Ay x Ay, — Axxx, be defined as
Mul(py, p2) = p1 X pa- Forevery MP; € MP(X;) and MP, € MP(X,), we define the tensor product
of MP; and MP; as MP; @ MP, = Mul#(MPl X MPz) S MP(Xl X Xz).

Note that since Ay, Ay, and Ay, «x, are endowed with the total variation topology,
Mul(p1, p2) = p1 X p2 is a continuous mapping from Ay, X Ay, to Ay, «x,. Therefore, Muly is
a continuous mapping from P(Ay, X Ay,) to P(Ax,xx,) = MP(X; x &) under both the weak-*
and the total variation topologies. On the other hand, Appendices B and F imply that the mapping
(MPy,MP;) — MPy x MP; from MP(X;) x MP(X,) to P(Ax, x Ay,) is continuous under both the
weak-* and the total variation topologies. We conclude that the tensor product is continuous under
both of these topologies.

3. The Space of Equivalent Channels

In this section, we summarize the main results of [6].

3.1. Space of Channels from X to Y

A discrete memoryless channel W is a three-tuple W = (X, Y, pw) where X is a finite set
that is called the input alphabet of W, ) is a finite set that is called the output alphabet of W and
pw : X x Y — [0,1] is a function satisfying Vx € X, ) pw(x,y) = 1.

yey
For every (x,y) € X x Y, we denote py(x,y) as W(y|x), which we interpret as the conditional

probability of receiving y at the output, given that x is the input.

Let DMCy y be the set of all channels having X" as the input alphabet and ) as the output
alphabet.

For every W, W’ € DMC x,y, define the distance between W and W' as follows:

1
dxy(W,W') = Smax ) [W'(y|x) = W(ylx)|.
xek
yey
We always endow DMCy j with the metric distance dy y. This metric makes DMCy y a compact

path-connected metric space. The metric topology on DMCy j that is induced by dy y is denoted
as Tx,y.
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3.2. Equivalence between Channels

Let W € DMCy y and W' € DMCy z be two channels having the same input alphabet. We say
that W’ is degraded from W if there exists a channel V € DMCy, z such that:

=) V@lyWyl).

yey

W and W’ are said to be equivalent if each one is degraded from the other.
Let Ay and Ay be the space of probability distributions on X" and ), respectively. Define P}, € Ay,
as Py (y | X\ Y W(y|x) for every y € Y. The image of W is the set of output-symbols y € Y

xeX
having strictly positive probabilities:

Im(W) = {y € ¥ : Piy(y) > 0}.

For every y € Im(W), define W, L € Ay as follows:

- W (ylx)
Wl x) = =22, Vxe X.
¢ e )

For every (x,y) € X x Im(W), we have W(y|x) = |X| P}, ( )Wy’l(x). On the other hand, if x € X
and y € Y\ Im(W), we have W(y|x) = 0. This shows that P};, and the collection {Wy_l}yelm(w)
uniquely determine W.

The Blackwell measure (denoted MPyy) of W is a meta-probability measure on & defined as:

MPy = Y Py(y)dy 1,
yeIm(W) Y

where 6,1 is a Dirac measure centered at W, 1. In an earlier version of this work, I called MPyy the
posterior meta-probablhty distribution of W. Max1m Raginsky thankfully brought to my attention the
fact that MPyy is called the Blackwell measure.

It is known that a meta-probability measure MP on X is the Blackwell measure of some
discrete memoryless channels (DMC) with input alphabet &’ if and only if it is balanced and finitely
supported [9].

It is also known that two channels W € DMCy y and W' € DMCy z are equivalent if and only if
MPy = MPy [9].

3.3. Space of Equivalent Channels from X to Y
)

Let & and Y be two finite sets. Define the equivalence relation R( on DMCy y as follows:

VW, W' € DMCy y, WR(O) W' & W isequivalent to W'.

The space of equivalent channels with input alphabet X’ and output alphabet ) is the quotient of
DMC y by the equivalence relation:

DMC(;?y = DMCpy /R()‘(’?y.

Quotient topology:

We define the topology 7;5,03, on DMC(/,S?y as the quotient topology 7Ty y/ R(Pg,)y' We always

associate DMC()?/)y with the quotient topology TA({‘O‘%}
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We have shown in [6] that DMC()??y is a compact, path-connected and metrizable space.

If Yy and ), are two finite sets of the same size, there exists a canonical homeomorphism between
DMCE{,',)y1 and DMC()?,y2 [6]. This allows us to identify DMCE,;))) with DMC(;?[n], where n = |)|
and [n] ={1,...,n}.

Moreover, for every 1 < n < m, there exists a canonical subspace of DMC(;)["Z] that is

homeomorphic to DMC()?)M [6]. Therefore, we can consider DMC()?)M as a compact subspace

of DMCY) .

Noisiness metric:

For every m > 1, let A, x be the space of probability distributions on [m] x X. Let ) be a finite
set, and let W € DMCy y. For every p € A, x, define P.(p, W) as follows:

P(p, W)= sup Y p(u,x)W(y|x)D(uly).
DEDMCy,[m] uE[m],
xeX,
yeYy

The quantity P.(p, W) depends only on the R(/{;?y—equivalence class of W (see [6]). Therefore,

ifW e DMC(;)y, we can define P, (p, W) := P.(p, W') forany W’ € Ww.
)

Define the noisiness distance d()?,)y : DMCE{,’?y X DMC(;,), — RT as follows:

A9 (W, Wa) = sup  |P(p, W) — Pe(p, o).
m>1,
PEAmxx

We have shown in [6] that (DMCS?I))}, TA(;)%,) is topologically equivalent to (DMC(A‘;,)y, d(;?,)y)'

3.4. Space of Equivalent Channels with Input Alphabet X

The space of channels with input alphabet & is defined as:

DMCy, = [ [DMCy -

n>1

We define the equivalence relation RES)* on DMCy . as follows:

YW, W' € DMCy,,, WRY. W' & W is equivalent to W'.

Sk

The space of equivalent channels with input alphabet X is the quotient of DMCy , by the
equivalence relation:
DMCY), = DMCy.,, /RY)..

For every n > 1 and every W € DMCy (), we identify the R()‘;)[”] -equivalence class of W with the
(0) (0)

Rg)*—equivalence class of it. This allows us to consider DMC, ] @8 a subspace of DMC}y .. Moreover,

pmcy), = (J bmcy

n>1

[n]*
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Since any two equivalent channels have the same Blackwell measure, we can define the Blackwell

measure of W € DMC(;)* as MPj;, = MPyys for any W' € W. The rank of W € DMCES)* is the size of
the support of its Blackwell measure:

rank(W) = | supp(MPy,)

We have:
DMCY), = {W € DMCY), : rank(W) < n}.
A topology T on DMC()??* is said to be natural if and only if it induces the quotient topology
TASO[)H] on DMC()g)[n] for every n > 1.
Every natural topology is c-compact, separable and path-connected [6]. On the other hand,
if |X| > 2, a Hausdorff natural topology is not Baire, and it is not locally compact anywhere [6].
This implies that no natural topology can be completely metrized if | X| > 2.

Strong topology on DMC()S?*:

We associate DMCy . with the disjoint union topology T, x. = € Tx,n- The space
(DMCy ., T x ) is disconnected, metrizable and o-compact [6].

The strong topology s(fv) ., on DMCES)* is the quotient of 7; x . by R(/{,))*:
T,(.OX?,* = 7;/Xr* /R(.;,)*

S

We call open and closed sets in (DMC()?,)*, Ts(f\f)*) as strongly-open and strongly-closed sets,
respectively. If A is a subset of DMCES)*, then A is strongly open if and only if AN DMC(/{,])M is open

in DMC(/\?,)[”} for every n > 1. Similarly, A is strongly closed if and only if AN DMC(;?M is closed in
pmcY)

X, [n]

We have shown in [6] that 7;(}) , is the finest natural topology. The strong topology is sequential,

compactly generated and Tj [6]. On the other hand, if | X'| > 2, the strong topology is not first-countable
anywhere [6]; hence, it is not metrizable.

forevery n > 1.

Noisiness metric:

)

. as follows:

Define the noisiness metric on DMCS?

dgg?*(w, W) .= d()((),)[n] (W, W') where n > 1 satisfies W, W' € DMCE@?M :

d(/{,)?*(W, W') is well-defined because d(;)[n] (W, W’) does not depend on n > 1 as long as W, W’ ¢
(0)

DMCE‘Z?M. We can also express d 3y, as follows:

d(/’{f),)*(wl W)= sup |P.(p,W)—P.(p,W')|.
m>1,
pEA[m]xX

The metric topology on DMCE\‘;/)* that is induced by d(/@)* is called the noisiness topology on
DMCE‘??*, and it is denoted as T/,éoi We have shown in [6] that 'Tééoi is a natural topology that is strictly
(0)

coarser than 7; X
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Topologies from Blackwell measures:

The mapping W — MPy; is a bijection from DMCE,?,)* to MPy¢(X). We call this mapping the

canonical bijection from DMCE@,)* to MPys(X).
Since Ay is a metric space, there are many standard ways to construct topologies on MP(X).
If we choose any of these standard topologies on MP(X) and then relativize it to the subspace
MPys(X), we can construct topologies on DMCS??* through the canonical bijection.
In [6], we studied the weak-* and the total variation topologies. We showed that the weak-*
topology is exactly the same as the noisiness topology.

The total-variation metric distance d(TO‘)/ y . on DMCES)* is defined as:
4} v (W, W') = [[MPy, — MPy, | 7.

The total-variation topology ’TT(‘O/) v . 18 the metric topology that is induced by d%)/ y,on DMC(/{Z)*.
We proved in [6] that if |X| > 2, we have:

. TT(‘O/) X4 is not natural, nor Baire, hence it is not completely metrizable.
(0)

e T;/ v . isnotlocally compact anywhere.

4. Channel Parameters and Operations

4.1. Useful Parameters

Let Ay be the space of probability distributions on X'. For every p € Ay and every W € DMCy y),
define I(p, W) as the mutual information I(X;Y'), where X is distributed as p and Y is the output of W
when X is the input. The mutual information is computed using the natural logarithm. The capacity of
W is defined as C(W) = sup I(p, W).

pEAx
For every p € Ay, the error probability of the MAP decoder of W under prior p is defined as:

Pe(p, W) = 1= ) max{p(x)W(ylx)}

yey

Clearly, 0 < P,(p, W) < 1.
For every W € DMC y, define the Bhattacharyya parameter of W as:

1
e W X1 X2 if |X|>2
oy [T, B By wi),
X17X2
0 if |X] = 1.

It is easy to see that 0 < Z(W) < 1.

It was shown in [10,11] that %Z(W)2 < Po(mmy, W) < (]X| —1)Z(W), where rty is the uniform
distribution on X'.

An (n, M)-code C on the alphabet X is a subset of X" such that |C| = M. The integer n is the
block length of C, and M is the size of the code. The rate of C is 1 log M, and it is measured in nats.
The error probability of the ML decoder for the code C when it is used for a channel W € DMCy y is
given by:

1

Pe,C(W):l—‘—| ) max{HW yilxi) }

ylieyn xfeC
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The optimal error probability of (1, M)-codes for a channel W is given by:

Penm(W) = Créli‘ﬂ Pec(W).
Ic|=M

The following proposition shows that all the above parameters are continuous:

Proposition 2. We have:

I: Ay x DMCy,y — R¥ is continuous, concave in p and convex in W.

e C:DMCyy — RT is continuous and convex.

e P.: Ay xDMCy,y — [0,1] is continuous, concave in p and concave in W.

e Z:DMCyy — [0,1] is continuous.

e  Foreverycode Con X, P,c : DMCy,y — [0,1] is continuous.

e  Foreveryn > 0and every 1 < M < |X|", the mapping P, ,, ps : DMCy y — [0,1] is continuous.

Proof. These facts are well known, especially the continuity of I, its concavity in p and its convexity
in W [12]. Since C is the supremum of a family of mappings that are convex in W, it is also convex
in W. For a proof of the continuity of C, see Appendix G. The continuity of Z, P, and P, ¢ follows
immediately from their definitions. Moreover, since P, 1 is the minimum of a finite number of
continuous mappings, it is continuous. The concavity of P, in p and in W can also be easily seen from
the definition. [

4.2. Channel Operations

If W e DMCy y and V € DMCy z, we define the composition VoW € DMCy z of W and V
as follows:
(VoW)(zlx) = ) V(zly)W(y|x). Vx € X, Vz € Z.
yey

For every function f : X — }, define the deterministic channel D € DMCyy as follows:

1 ify = f(x),
Dy (ylx) = .
0 otherwise.
Itis easy to see thatif f : X — Vand g: YV — Z, then Dg o Dy = Dgor.
For every two channels W; € DMCy, y, and W, € DMCy;, y,, define the channel sum W; & W, €
DN[C_)(1 IECRZRARY of Wl and W2 as:

Wi(ylx) ifi=j,

Wi & W) (y,ilx, j) =
(W1 ® W) (y, ilx, ) {0 otherwise.

Wi @ W, arises when the transmitter has two channels W; and W, at its disposal, and it can use exactly
one of them at each channel use. It is an easy exercise to check that eC(W19W2) — (C(W1) 4 (C(W2)
(remember that we compute the mutual information using the natural logarithm).

We define the channel product Wy ® W> € DMCy; « x,,), xy, of W1 and W, as:

(W1 ® Wa)(y1, y2|x1, x2) = Wi (y1]|x1)Wa(y2|x2).

Wi ® W, arises when the transmitter has two channels W; and W, at its disposal, and it uses both
of them at each channel use. It is an easy exercise to check that C(W; @ Wp) = C(Wp) + C(Ws),
or equivalently eC(W1EW2) — (C(W1) . (C(W2) - Channel sums and products were first introduced by
Shannon in [13].
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For every Wi € DMCy y,, W» € DMCy y, and every 0 < a < 1, we define the a-interpolation
[DLW], (1 — DC)Wz] S DMCX,yl 11, between W; and W as:

[aW1, (1 — a)Wa](y, i|x

)= {och(y|x) ifi=1,
(1—a)Wo(y|x) ifi=2.

Channel interpolation arises when a channel behaves as W; with probability « and as W, with
probability 1 — a. The transmitter has no control on which behavior the channel chooses, but on the
other hand, the receiver knows which one was chosen. Channel interpolations were used in [14] to
construct interpolations between polar codes and Reed—Muller codes.

Now, fix a binary operation * on &X. For every W € DMCy y, define W~ € DMCy » and
W* € DMCy y2, y as:

-~ 1
W~ (y1, y2|u1) = &l Y Wyilug * ua)W(ya|uz),
upeX

and: 1
W (y1,y2, u1|up) = mw(yﬂul * Up )W (yaluz).

These operations generalize Arikan’s polarization transformations [15].

Proposition 3. We have:

e The mapping (W,V) — VoW from DMCy y x DMCy z to DMCy z is continuous.

o The mapping (W1, Wz) — Wy @ W, from DMCy, y, X DMCy, y, to the space DMCx, 11,3, 11
is continuous.

o The mapping (W1, W) — Wi ® W, from DMC, y, x DMCy, y, to DMCy, x x,,y, xy, iS continuous.

o The mapping (Wy, W, &) — [aWy, (1 — a)Wa] from DMCy y, x DMCy y, x[0,1] to DMCy y, 11,
is continuous.

e For any binary operation x on X, the mapping W — W~ from DMCy y to DMCy ) is continuous.

e Forany binary operation * on X, the mapping W — W+ from DMCy,y to DMCy y2,, y is continuous.

Proof. The continuity immediately follows from the definitions. [

5. Continuity on DMCE{.))y
(0)

It is well known that the parameters defined in Section 4.1 depend only on the R y,-equivalence

)

class of W. Therefore, we can define those parameters for any W € DMC(; y through the transcendent
mapping (defined in Lemma 2). The following proposition shows that those parameters are continuous
on DMC()??y:

Proposition 4. We have:

o I:Ayx DMCES)y — R is continuous and concave in p.

e C: DMC()?)J, — R* is continuous.

e P:Ayx DMCES)y — [0,1] is continuous and concave in p.
o Z: DMCS?)y — [0,1] is continuous.
e  ForeverycodeCon X, P, : DMC(/{;)y — [0,1] is continuous.

e  Foreveryn > 0andeveryl < M < |X|", the mapping P, , um : DMCE@)J, — [0, 1] is continuous.
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Proof. Since the corresponding parameters are continuous on DMCy y (Proposition 2), Lemma 2
implies that they are continuous on DMCES)y. The only cases that need a special treatment are those of
I 'and Z. We will only prove the continuity of I since the proof of continuity of Z is similar.

Define the relation R on Ay x DMCy y as:
(p1, W1)R(p2, W2) < p1=p2and WlR(;,)yWZ.

It is easy to see that I(p, W) depends only on the R-equivalence class of (p, W). Since I is
continuous on Ay X DMCy y, Lemma 2 implies that the transcendent mapping of I is continuous
on (Ay x DMCy y)/R. On the other hand, since Ay is locally compact, Theorem 1 implies that

Ay x DMCy y)/R can be identified with Ay x (DMCy y /R9.) = Ay x DMCY, | and the two
5 Y /Ryy Xy

spaces have the same topology. Therefore, I is continuous on Ay x DMCE\‘;,)y. O

With the exception of channel composition, all the channel operations that were defined in
Section 4.2 can also be “quotiented”. We just need to realize that the equivalence class of the resulting
channel depends only on the equivalence classes of the channels that were used in the operation.
Let us illustrate this in the case of channel sums:

Let Wi, W] € DMCy;, y, and W, W; € DMC, y, and assume that W; is degraded from W] and
W, is degraded from Wj. There exists V; € DMCy, y, and V, € DMCy), y, such that W; = V; o W]
and W, = V, o Wj. It is easy to see that Wy & W, = (V3 @ V) o (W] @ W}), which shows that W; & W,
is degraded from W @ Wj. This was proven by Shannon in [16].

Therefore, if W; is equivalent to W| and W, is equivalent to W}, then W; @ W, is equivalent

to W, ® W5. This allows us to define the channel sum for every W; € DMCS?B,yl and every

W (0) AWy — W b TA (0) A w.
W, € Dl\iC\{z,y2 as Wi ®@Wy = W] & Wj € DMC 112,31 11 for any Wi € W; and any W; € W,
where W| @ W} is the Rg?l)H A, 11y, €quivalence class of Wy & W;.

With the exception of channel composition, we can “quotient” all the channel operations of

Section 4.2 in a similar fashion. Moreover, we can show that they are continuous:

Proposition 5. We have:

e Themapping (Wi, Wo) — Wy © W, from DMC(/\?])’y] X DMC(/{,)Z)/y2 to DMCE\‘;)H A, 11, 1 continuous.
e The mapping (Wi, W,) — Wy @ W, from DMC(A‘,)])I% X DMCESZ),y2 to DMCS;)X Xy, %, 18 continuious.

1
o The mapping (Wy, Wa,a) — [aWy, (1 — a)W,] from DMC(/,\‘;)y1 X DMC(/‘(‘zI)y2 x[0,1] to DMC(/{;?J,1 11
is continuous.
e For any binary operation x on X, the mapping W — W~ from DMC(/{,))y to DMCgf,')y2 is continuous.

e  For any binary operation * on X, the mapping W — W from DMC(O) to DMC(O) is continuous.
Y yop pping X,y

XVExX

Proof. We only prove the continuity of the channel sum because the proof of continuity of the other
operations is similar.

Let Proj : DMCyx, 11,0111, — DMCS{%)H 111, Pe the projection onto the RS‘?H "
equivalence classes. Define the mapping f : DMCy, y X DMCy,y, — DMCS\?]_[ 1), 38
f(W;y, W,) = Proj(W; & W,). Clearly, f is continuous.

Now, define the equivalence relation R on DMCy, y, x DMCy, y, as:

(W1, Wo)R(W], W}) < wleﬁl),ylw{ and WaR'y) ), W3,

The discussion before the proposition shows that f(W;, W) = Proj(W; @ W,) depends only on
the R-equivalence class of (W7, W;). Lemma 2 now shows that the transcendent map of f defined on
(DMCy;, y, x DMCpy,y,)/R is continuous.
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Notice that (DMCy, y, X DMCly, y,)/R can be identified with DMC(;?I),J,1 X DMC(QEZ),)JZ' Therefore,
we can define f on DMCE\Z),J,1 X DMC(/»,?Z)’J}2 through this identification. Moreover, since DMCy, y, and
DMC(/{,JZ)/J,2 are locally compact and Hausdorff, Corollary 1 implies that the canonical bijection between
(DMCy;, y, x DMCy,y,)/R and DMCS?B,J,1 X DMCg?z),y2 is a homeomorphism.

Now, since the mapping f on DMC(;()I)’y1 X DMC(/,\ZZ)’J,2 is just the channel sum, we conclude that the
mapping (Wy, W,) — Wy & W, from DMCEgl),y1 X DMC()?Z),y2 to DMC(A",?H A, 11, 18 continuous.  [J

6. Continuity in the Strong Topology

The following lemma provides a way to check whether a mapping defined on (DMCE??*, 7;(22*)

is continuous:

Lemma 6. Let (S, V) be an arbitrary topological space. A mapping f : DMC(/{,)/)*

(DMCE{;L, 7;(3,) .) ifand only if it is continuous on (DMC(;?M, 7:,\((0,[)”} ) for every n > 1.

— S is continuous on

Proof.

f is continuous on (DMCSK)*, 7;(36 ) e fl(v)e (X) , vvevy

HET(O[)] Vn>1,VYVey

< f is continuous on (DMC&?I[H],TAS?[)”]) Vn > 1.

& f1(v)nDMcY

Since the channel parameters I, C, P, Z, P, ¢ and P, , M are defined on DMCS‘g)[n] for every

n > 1 (see Section 5), they are also defined on DMCY X .= U DMC! )[ t The following proposition
n>1
shows that those parameters are continuous in the strong topology:

Proposition 6. Let Uy be the standard topology on A y. We have:

o I:Ayx DMCg?,)* — R is continuous on (Ay x DMCE@?*,UX ® T(X ,) and concave in p.
C: DMC(O) — R is continuous on (DMC(;I)*, 7;(;’()*)

e Do:Ayx DMC( ) — [0,1] is continuous on (Ay X DMC(;I)*,LIX ® T(X ,) and concave in p.
o Z: DMCE\,/)* — [0, 1] is continuous on (DMC(/{,)?*, ’7;(3,)*)

e  ForeverycodeCon X, P, : DMC(A‘;/)* — [0,1] is continuous on (DMC(;()’)*, 7;(‘;()*)

e For every n > 0andevery1 < M < |X|", the mapping P, ,, p : DMCS?)* — [0, 1] is continuous on

S,
Proof. The continuity of C, Z, P, ¢ and P, , »; immediately follows from Proposition 4 and Lemma 6.
Since the proofs of the continuity of I and Z are similar, we only prove the continuity for I.
Due to the distributivity of the product with respect to disjoint unions, we have:

Ay xDMCy, =] (AX x DMCX/W),
n>1
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and:

Uy 7T @(UX@)TX[])

n>1

Therefore, (Ay x DMCy ., Uy ® T x «) is the disjoint union of the spaces (Ay x DMCy ) n>1-
Moreover, [ is continuous on Ay x DMCy [, for every n > 1. We conclude that [ is continuous on
(AX X DMCX,*,Z/{X ® 7;,‘)(,*).

Define the relation R on Ay x DMCy , as follows: (p1, W1)R(p2, W) if and only if p; = ps and

1A%} RS?)* W. Since I(p, W) depends only on the R-equivalence class of (p, W), Lemma 2 shows that
the transcendent map of I is a continuous mapping from ((Ay x DMCy ,)/R, (Ux @ T x«)/R) to
R*. On the other hand, since Ay is locally compact and Hausdorff, Theorem 1 implies that ((Ay x

DMCy,.)/R, (Ux ®Ts 1)/ R) can be identified with (Ay x (DMCy,. /R$)), Uz @ (Ts x,0/RY,)) =
(Ay x DMC(/{,)I)*,Z/{ ¥ ® 7;(32*) Therefore, I is continuous on (Ay X DMCES/)*,LI ¥ ® 7;(33*) O

It is also possible to extend the definition of all the channel operations that were defined in

Section 5 to DMC(;)*. Moreover, it is possible to show that many channel operations are continuous in
the strong topology:

Proposition 7. Assume that all equivalent channel spaces are endowed with the strong topology. We have:

2) — Wi @ W, from DMC( ) . X DMC(O) , to DMC(;)HX is continuous.
) — Wi ® W, from DMC(O) X DMC(O) , o DMCE\ﬁ)xXz,* is continuous.
Wa,a) — [aWy, (1 — a)W,] from DMCX,* x DMCY)y, x[0,1] to DMCY/

¥

e The mapping (W;, W

e The mapping (W;, W

e The mapping (W,
is continuous.

e For any binary operation x on X, the mapping W — W~ from DMCS?)* to DMCS?)* is continuous.
e For any binary operation x on X, the mapping W — W+ from DMC(;)* to DMC(/{,))* is continuous.

Proof. We only prove the continuity of the channel interpolation because the proof of the continuity
of other operations is similar.

Let U be the standard topology on [0, 1]. Due to the distributivity of the product with respect to
disjoint unions, we have:

DMCy,. x DMCy,y, x[0,1] = [ [(DMCy j;; x DMCy,y, x[0,1]),
n>1

and:

7;,2\?,* ® 7:\7,3;2 QU = @ (TX,[n] & T;\{,yZ & U) .

n>1

Therefore, the space DMCy . x DMCy,y, %[0, 1] is the topological disjoint union of the spaces
(DMCX,[n] X DMCX,yz X [O, 1] )nzl'

For every n > 1, let Proj, be the projection onto the R(o)[

X, 1 yz-equivalence classes, and let i, be

(0) (0)
the canonical injection from DMC, X 11, O DMC, .
Define the mapping f : DMCy , x DMCy y, x[0,1] — DMC(;,)* as:

f(Wi, W, ) = in(Proj, ([aWy, (1 — 0)Wa])) = [aWy, (1 — a)Wo),

where 7 is the unique integer satisfying Wy € DMCy . W; and W, are the Rg‘z)[n] and

Rg?)yz -equivalence classes of Wi and W, respectively.
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Due to Proposition 3 and due to the continuity of Proj, and i,, the mapping f is
continuous on DMCy ;) x DMCy,y, X [0,1] for every n > 1. Therefore, f is continuous on
(DMCX,* X DMCX,J;2 X [0, 1}, 7;/\(’* & TX,yz & U)

Let R be the equivalence relation defined on DMC y , x DMCy y), as follows: (Wy, Wy )R’ (W, W3)
if and only if Wle?,)*W{ and WZR(;?,)yZ Wj. Furthermore, define the equivalence relation R on
DMCy . x DMCy y, x[0,1] as follows: (Wi, Wa,a)R(Wj, W3, a’) if and only if (W, W)R'(Wy, Wj)
and a = o’

Since f(W;, Wy, ) depends only on the R-equivalence class of (W1, W, &), Lemma 2 implies that
the transcendent mapping of f is continuous on (DMCy . x DMCy y, x[0,1])/R.

Since [0,1] is Hausdorff and locally compact, Theorem 1 implies that the canonical bijection
from (DMCy . x DMCy y, x[0,1])/R to ((DMCy, x DMCy y,)/R’) x [0,1]) is a homeomorphism.
On the other hand, since (DMCy ., 7T; x .) and DMCES,)yZ = DMCyy, / R(/{z/)yz are Hausdorff and

locally compact, Corollary 1 implies that the canonical bijection from DMCS?)* X DMC(/,,?)y2 to
(DMCy,. x DMCy,y,)/R’ is a homeomorphism. We conclude that the channel interpolation is

continuous on (DMC(;,)* X DMCE,??),2 x[0,1], 7;(;)()* ® 'T)go%, QU). O

)

P

Corollary 3. (DMCE{,’ » T< x.») 15 strongly contractible to every point in DMC(/{,)

Proof. Fix Wy € DMC(/{,’,)*. Define the mapping H : DMC()?,)* x[0,1] — DMCY )* as HW,n) =
[aWp, (1 — &)W]. H is continuous by Proposition 7. We also have H(W,0) = W and H(W, 1) = W, for
every W e DMC(/{,],)*. Moreover, H (Wg,a) = W, for every 0 < w < 1. Therefore, (DMC(;)*,K(K,) ,) is

strongly contractible to every point in DMCES,)*. O

The reader might be wondering why channel operations such as the channel sum were not

shown to be continuous on the whole space DMC()Z)* X DMC()?Z)* instead of the smaller space
DMC(/{,?,* X DMC(XOZ),yZ- The reason is because we cannot apply Corollary 1 to DMCy, . x DMCy, .

and DMC(;)* X DMCES)* since neither DMC(/{Z)*, nor DMC(/@)* is locally compact (under the
1/ 2/ 1/ 2/
strong topology).
One potential method to show the continuity of the channel sum on

(DMC(O) X DMC(;)*,T Ay © T ) is as follows: let R be the equivalence relation on

S
DMCy, « x DMCpy, . defined as (Wl,Wz)R(Wl’,Wﬁ) if and only if Wlegl)*Wl’ and WzRggz)*Wé.
We can identify (DMCy, . x DMCy, .)/R with DMCS?B . X DMCE?Z) , through the canonical bijection.
Using Lemma 2, it is easy to see that the mapping (W;,W,) — W; @ W, is continuous from
(0) (0) (0) (0)
(DMCXl,* X DMCXZ,*, (Ts,2,4 © 7;,X2/*)/R) to (DMCXl]_[Xz,*’E,Xl]_[XZ,*)' .
o0

It was shown in [17] that the topology (7;.x,+ ® Ts,,)/R is homeomorphic to x(7 7y, , ®

T(f\f)z,*) through the canonical bijection, where K(T(fv)l,* ® 7;(;22*) is the coarsest topology that is both

S, S,

compactly generated and finer than 7'(0) +® 7'(0) Therefore, the mapping (W;, W,) — W1 @a W,

is continuous on (DMCE{,')* X DMCX - (’7;/1, L ® TXz .)). This means that if 7;( ® T, X2 , 1
0) 0)

compactly generated, we will have T ) D T( Ay = K(’T Fp i © T ) ), and so, the channel sum will

S,

be continuous on (DMC( ) X DMC(XZ) » 7;( ?()1 ® T( ) ). Note that although T( ) , and T(Xz .

compactly generated, the1r product 7;( Xy ® 7'( X) . m1ght not be compactly generated

7. Continuity in the Noisiness/Weak-* and the Total Variation Topologies

We need to express the channel parameters and operations in terms of the Blackwell measures.
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7.1. Channel Parameters

The following proposition shows that many channel parameters can be expressed as an integral
of a continuous function with respect to the Blackwell measure:

Proposition 8. For every W € DMC(;I)*, we have:
A p(x)p'(x)
Vp € b, 1p W) = H(p) — X1 [ p/(x) log
L Lp)p(x

Vp €Ay, Po(p, W) =1— |X|/A Igézi%({p(x) x p'(x)} - dMPy(p'),

/AX\/i dMPy;

if1X]>2, Z(W) =

|X| — ey,
x;éx
A X"
For every code C C X", P,c(W) =1 — ] max le x;) dMin(P;ll)f
|C| A% xjeC

where H(p) is the entropy of p and MP}, is the product measure on A", obtained by multiplying MPy, with
itself n times. Note that we adopt the standard convention that 0log 8 =0.

Proof. By choosing any representative channel W € W and replacing W (y|x) by | X | Py ()W, L(x) in
the definitions of the channel parameters, all the above formulas immediately follow. Let us show how
this works for P,:

P(p, W) = P(p,W) Z 1= Y max{p(x)W(y|x)}

yelm(w) X%
=1- ) max {p(x) X[ PRy (y)W, H(x)
yEIm(W)
=1-1x] ), max{p(x)W, , ()} - Piy(y)
yelm(w) *

=1 1X] || max{p(x)p'(x)} - aMPy (p)
x X
=112 [ map()p/(x)} - dMPy (p),
¥ X
where (a) is true because W(y|x) = 0 fory ¢ Im(W). O

Proposition 9. Let Uy be the standard topology on A x. We have:

e [:Ayx DMCES)* — R is continuous on (Ay X DMC(XD)*,Z/{X ® T/\((ob and concave in p.
o C: DMC(;I)* — R is continuous on (DMC(/@)*, TA(,O)).

B

e P:AyX DMC(;)* — [0, 1] is continuous on (Ay X DMCS?)*,UX ® T/,é"i) and concave in p.

o« Z: DMCS?,)* — [0,1] is continuous on (DMCEY)*, T( 1)

e  Foreverycode Con X, P, : DMCS?)* — [0,1] is continuous on (DMCg()*, T( l)

e For every n > 0and every 1 < M < |X|", the mapping P, a1 : DMC(X)*

— 10,1] is continuous
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Proof. We associate the space MP(X') with the weak-+ topology. Define the mapping:
I: Ay X MP(X) —RT

as follows:

TPy = H(p) — 121 [ | T pllp' ey 1og LT | v,

Lemma 5 implies that I is continuous. On the other hand, Proposition 8 shows that I(p, W) =
I(p,MPy; ). Therefore, I is continuous on (Ay x DMCE{: U @ 7' ) We can prove the continuity of
P,and Z 51m11ar1y

Now, define the mapping C : MP(X) — R as:

C(MP) = sup I(p,MP).
pedx
Fix MP € MP(X), and let e > 0. Since MP(X) is compact (under the weak-* topology),
Lemma 1 implies the existence of a weakly-* open neighborhood Uyp of MP such that |I(p, MP) —
I(p,MP)| < € for every MP' € Uyp and every p € Ay. Therefore, for every MP’ € Uyp and every
p € Ay, we have:
I(p,MP) < I(p,MP') + € < C(MP’) +¢,
hence,
C(MP) = sup I(p,MP) < C(MP') +e.
pedy
Similarly, we can show that C(MP') < C(MP) + €. This shows that |C(MP') — C(MP)| < e
for every MP' € Upp. Therefore, C is continuous. However, C(W) = C(MP};), so C is continuous
on (DMCY), T3).
Now for every 0 < i < n, define the mapping f; : A’y x MP(X) — R backward-recursively
as follows:

o fu(p},MP) = max {H Pi(xi)}
1 i=1

e Forevery 0 <i < n,define:
P MP) = [ fiaa (57, MP) - AMP(py1).
X

Clearly f, is continuous. Now, let 0 < i < 5, and assume that f;;; is continuous. If we let
S = Ay x MP(X), Lemma 5 implies that the mapping F; : AL, x MP(X) x MP(X) defined as:

R, MPMP) = [ fia (71, MP) - aMP (i 1)
X

is continuous. However, f;(p',MP) = F;(p},MP,MP), so f; is also continuous. Therefore, f; is
X"
€]
(DMCEY)*, T/,é i) Moreover, since P, ,, )1 is the minimum of a finite family of continuous mappings, it is
continuous. [J

continuous. By noticing that P, ¢ (W) =1 fo(MPy, ), we conclude that P, ¢ is continuous on

It is worth mentioning that Proposition 6 can be shown from Proposition 9 because the noisiness
topology is coarser than the strong topology.
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)

Corollary 4. All the mappings in Proposition 9 are also continuous if we replace the noisiness topology T)(f*

with the total variation topology TT(‘O/) X

Proof. This is true because TT(&) 1 18 finer than 7:1(,0). O

*

7.2. Channel Operations

In the following, we show that we can express the channel operations in terms of Blackwell
measures. We have all the tools to achieve this for the channel sum, channel product and channel
interpolation. In order to express the channel polarization transformations in terms of the Blackwell
measures, we need to introduce new definitions.

Let X be a finite set, and let * be a binary operation on a finite set X'. We say that * is uniformity
preserving if the mapping (a,b) — (a * b, b) is a bijection from X to itself [18]. For every a,b € X,
we denote the unique element ¢ € & satisfying c *b = aas c = a/*b. Note that /* is a binary operation,
and it is uniformity preserving. /* is called the right-inverse of *. It was shown in [11] that a binary
operation is polarizing if and only if it is uniformity preserving and its inverse is strongly ergodic.

Binary operations that are not uniformity preserving are not interesting for polarization theory
because they do not preserve the symmetric capacity [11]. Therefore, we will only focus on polarization
transformations that are based on uniformity preserving operations.

Let * be a fixed uniformity preserving operation on X'. Define the mapping C™* : Ay x Ay —
Ay as

(€™ (pr,p2)) (1) = ) pr(ur *u2)pa(ua).
upelX

The probability distribution C™*(p1, p2) can be interpreted as follows: let X; and X, be two
independent random variables in X that are distributed as p; and p», respectively, and let (U, Uy) be
the random pair in X2 defined as (Uy, Up) = (X1/* X3, X2), or equivalently (X1, Xo) = (Uy * Uy, Up).
C~*(p1, p2) is the probability distribution of Uj.

Clearly, C~* is continuous. Therefore, the push-forward mapping C, " is continuous from
P(Ax x Ay) to P(Ay) = MP(X) under both the weak-+ and the total variation topologies (see
Section 2.6). For every MP, MP, € MP(X), we define the (—, *)-convolution of MP; and MP; as:

(MP;,MP;) " = C,”*(MP; x MP;) € MP(X).

Since the product of meta-probability measures is continuous under both the weak-* and the
total variation topologies (Appendices B and F), the (—, x)-convolution is also continuous under
these topologies.

For every p1, p2 € Ay and every u; € supp(C*(p1, p2)), define CT"1*(pq, p2) € Ay as:

e _ pa(ug xuz)py(uz)
(P = (e, ) )

The probability distribution C**1*(py, p2) can be interpreted as follows: if Xy, X5, Uy and U, are
as above, CT"1*(py, pa) is the conditional probability distribution of U, given U; = u.
Define the mapping C™* : Ay x Ay — P(Ay) = MP(X) as follows:

CH*(p1,p2) = )y (C*(p1,p2)) (1) - Ot (py o)
uy €supp(C—*(p1,p2))

where 6+, 1,y is @ Dirac measure centered at CH*(p1, pa)-
If Xy, Xp, U; and U, are as above, C**(py, p2) is the meta-probability measure that describes the
possible conditional probability distributions of U, that are seen by someone having knowledge of

Uj. Clearly, C** is a random mapping from Ay x Ay to Ay. In Appendix H, we show that C** is
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a measurable random mapping. We also show in Appendix H that C** is a continuous mapping from
Ay X Ay to MP(X) when the latter space is endowed with the weak-* topology. Lemmas 3 and 4
now imply that the push-forward mapping C; " is continuous under both the weak-* and the total
variation topologies.

For every MP;, MP; € MP(X), we define the (+, *)-convolution of MP; and MP; as:

(MP;, MPy)™* = CJ* (MP; x MPp) € MP(X).

Since the product of meta-probability measures is continuous under both the weak-* and the
total variation topologies (Appendices B and F), the (+, *)-convolution is also continuous under
these topologies.

Proposition 10. We have:

For every Wy € DMC()?I) ,and Wy € DMCE@Z) ., we have:

R |Xl‘ /|
MEW2 x|+ x| W

||

MP _
|21 | + Az

/
- MPY

where MP;/A\/1 (respectively MP{/V2 ) is the meta-push-forward of MPy, (respectively MPy; ) by the canonical
injection from X (respectively X,) to X1 1] Xp.

o  For every Wy € DMC()? L and W, € DMC(QQ ,» we have:

1

MPy;, 37, = MPy, © MPyg .
e  Forevery a € [0,1] and every Wi, W, € DMC()?)*, we have:
MP[DCWL(l*lX)Wz] = DCMPWI + (1 - IX)MPWZ

e For every uniformity preserving binary operation * on X, and every W € DMCS?)*, we have:

MPW, = (MPw, MPVA\/)_’*'

e For every uniformity preserving binary operation * on X and every W € DMC(;)*, we have:

MPy,. = (MPy, MPy;,) .

Proof. See AppendixI. [

Note that the polarization transformation formulas in Proposition 10 generalize the formulas
given by Raginsky in [19] for binary-input channels.

Proposition 11. Assume that all equivalent channel spaces are endowed with the noisiness/weak-* or the total
variation topology. We have:

o The mapping (Wi, W,) — Wy @ W, from DMCESI) . X DMCES) ,to DMCE‘(‘,?HX2 , is continuous.

2

o The mapping (W1, W,) — Wy @ W, from DMCEQ . X DMCESZ) ,to DMCE@BX X, 18 continuous.

o The mapping (Wi, Wa,a) — [aWy, (1 — a)Wa] from DMCy . xDMCE‘Z)* x[0,1] to DMCE‘Z)*
is continuous.

)

. to

e For every uniformity preserving binary operation x on X, the mapping W — W~ from DMCS?

DMC(;)* is continuous.
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e For every uniformity preserving binary operation * on X, the mapping W — W+ from DMCS?)* to

DMCS?)* is continuous.

Proof. The proposition directly follows from Proposition 10 and the fact that all the meta-probability
measure operations that are involved in the formulas are continuous under both the weak-* and the
total variation topologies. [

Corollary 5. Both (DMC ;)*,TX*) and (DMC X, *,TV x,) are strongly contractible to every point
in DMC(/{,])

/* :
Proof. We can use the same proof of Corollary 3. [

8. Discussion and Conclusions

Sections 5 and 6 show that the quotient topology is relatively easy to work with. If one is
interested in the space of equivalent channels sharing the same input and output alphabets, then using
the quotient formulation of the topology seems to be the easiest way to prove theorems.

The continuity of the Channel sum and the channel product on the whole product space

(DMC(/“;I) X DMC(;)*, T X ® T X *) remains an open problem. As we mentioned in Section 6,

o S,

it is sufficient to prove that the product topology 7;( ) ® 7'( X) + Is compactly generated.
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The following abbreviations are used in this manuscript:

DMC Discrete memoryless channel
TV Total variation

Appendix A. Proof of Lemma 1

Fixe > 0,and let (s,t) € S x T. Since f is continuous, there exists a neighborhood O of (s, t) in
S x T such that for every (s,t') € Oss, we have |f(s',t') — f(s,t)| < §. Moreover, since products of
open sets form a base for the product topology, there exists an open neighborhood V; s of s in (S, V)
and an open neighborhood Us; of t in T such that Vs ; x Us; C O .
Since (S,V) and (T,U) are compact, the product space is also compact. On the other hand,
we have U Ver x Usp = S X T,s0 {Vs x US,t}(s,t)GSxT is an open cover of S x T. Therefore,
(s,t)eSXT

n
there exist sq,...,s, € Sand ty,...,t, € T such that U Veit; X U4, = S < T.
i=1
Now, fix s € S, and define V; = ﬂ Vs, ;- Since V; is the intersection of finitely many open sets
1<i<n,
SEVs
n
containing s, V is an open neighborhood of s in (S, V). Lets’ € Vs and t € T. Since | J Vs, 1, X Us, 1, =
i=1
S x T, there exists 1 < i < nsuchthat (s,t) € Vi 1, x Us,t, C O, 1. Since s € Vg, 1, we have Vs C Vg, 1.,
and so, s’ € Vs, 1,. Therefore, (s',t) € Vi, 1, x Us, 1, C O, 1, hence:

£ 8) = (5,0 < LF(S'8) = Flsi i) |+ F s t) = Fls, )] < 5+ 5 =
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However, this is true for every t € T. Therefore,

sup | f(s',1) - f(s,1)] <e.
teT

Appendix B. Continuity of the Product of Measures

For every subset A of M; x M, and every x; € My, define A)' = {x, € My : (x1,x2) € A}.
Similarly, for every x, € M, define A}> = {x; € My : (x1,x) € A}. Let P, P € P(My,%) and
P, Pé € P(Mz,Zz). We have:

[P1 x Py—P{ x Pyflty = sup [(P1 x P2)(A) — (P{ x P3)(A)]
AEL|®X)

< sup  {|(Prx P)(A) = (P x Po)(A)| + | (P x P2)(A) = (P} x P3)(A)]|}

AL |®E)

< sup { [ |P(AR) - PAT)] dPa(en) + [ [Pa(AT) — PA(AS)] - dPi(x)
A621®22 M Ml

— sup ‘/ Pl(Af2)~dP2(x2)—/ Pl(A2) - dPy(xy)
AET QL) M, M,

| [ Az -arfn) - AR -dri(e)
M, M

< / sup |Pi(A1) — Pl(Ay)| ] dPy+ sup |Pa(A) — Ph(Ay)| | dP]
M A€, My AreXy
= [Py = Pillrv + [|P = Ps[7v-
This shows that the product of measures is continuous under the total variation topology.

Appendix C. Proof of Proposition 1
Define the mapping G : M — R™ U {+o0} as follows:

G = [ sWARM)W).

For every n > 0, define the mapping g, : M’ — R™ as follows:

1.0 _
gn(y) = 57 |2" x min{n, g(y)} .
Clearly, for every y € M’ we have:

e gu(y) <g(y) foralln >0.
o  9u(y) <gui1(y) foralln > 0.
o lim gn(y) =g(y).

Moreover, for every fixed n > 0, we have:
e g, isX/-measurable.

e g, takes values in {2% :0<i< nZ”}.

Forevery 0 <i < n2" letB;, = {y € M': gu(y) = % }. Since g, is &'-measurable, we have
B;, € ¥/ for every 0 < i < n2". Now, for every n > 0, define the mapping G, : M — RU {+o0}
as follows:
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g n2" i
Golx) = [ gunaR@)W) = [ (Z 5 m<y>> A(R(x))(v)

_n2" i R 5 n2" i
SPIETCTNC IS SECEINE

Since the random mapping R is measurable and since B; , € ', the mapping Rp,  is X-measurable
for every 0 < i < n2". Therefore, G, is X-measurable for every n > 0. Moreover, for every x € %,
we have:

lim Gy(x) = lim [ gu(nd(R)W) L [ sdR)) = G(x),

n—roo n—oo [ M

where (a) follows from the monotone convergence theorem. We conclude that G is X-measurable
because it is the point-wise limit of X-measurable functions. On the other hand, we have:

211 . nzn

[y d(RaP) = & SR B0 = £ 57 [ Ra (0-P()
n2" . ot ;
“Ly i, RE(Biy) - dP(x) = Lo /. (_/M, 1p,,(y) ~d<R<x>><y>) dP(x)

-/ ( / ("2" 'nB,,n<y>> d(R(x))(y)) 4P (x)
— [, ([, &»Re) W) dpx) = [, G -a.

Therefore,

/ - d(RyP) hm/ gu-d(RyP) = lim [ G, dP—/ G-dp,
M/
where (a) and (b) follow from the monotone convergence theorem.

Appendix D. Continuity of the Push-Forward by a Random Mapping

Let R be a measurable random mapping from (M, X) to (M',¥/). Let Py, P, € P(M, X). Define the
signed measure y = P| — P, and let {u™, 4~ } be the Jordan measure decomposition of . It is easy to
see that [|Py — Po|lry = u™ (M) = u~ (M). For every B € ¥/, we have:

(Rg(P1))(B) — (Re(P2))(B) = /M Rp-dP, — /M Rp-dP, = /M Rp-d(Py — P2)
= [ Ro-du* —p7) < [ Ra-dp < [Rollo - 5" (M)

(a)
< ut (M) = ||P, = Porv,

where (a) follows from the fact that |[Rg(x)| = |(R(x))(B)| < 1 for every x € M. We can similarly
show that:

(R#(P2))(B) — (R¢(P1))(B) < [[Rplleo - = (M) < |[Pr = Po|7v-
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Therefore,

|R#(P1) — Ra(P)|l7v = ;ug |(R#(P1))(B) — (Rg(P2))(B)| < ||Py — Py]| Ty

This shows that the push-forward mapping Ry from P(M, %) to P(M’,¥’) is continuous under
the total variation topology. This concludes the proof of Lemma 3.

Now, assume that ¢/ is a Polish topology on M and U’ is an arbitrary topology on M’'. Let R
be measurable random mapping from (M, B(M)) to (M’,B(M’)). Moreover, assume that R is
a continuous mapping from (M,U) to P(M', B(M')) when the latter space is endowed with the
weak-* topology. Let (P,),>0 be a sequence of probability measures in P (M, B(M)) that weakly-x*
converges to P € P(M, B(M)).

Let ¢ : M’ — R be a bounded and continuous mapping. Define the mapping G : M — R
as follows:

G = [ g)-dR)W).

For every sequence (x,),>0 converging to x in M, the sequence (R(x,)),>0 weakly-* converges
to R(x) in P(M’, B(M')) because of the continuity of R. This implies that the sequence (G(x,))n>0
converges to G(x). Since U is a Polish topology (hence, metrizable and sequential [20]), this shows
that G is a bounded and continuous mapping from (M, ) to R. Therefore, we have:

n—oo

. . b
lim [ g-d(RyP:) @ ;}%/Mc-dpn & /MG~dP 9 /M/g.d(R#P),

where (a) and (c) follow from Corollary 2, and (b) follows from the fact that (P,),>0 weakly-x
converges to P. This shows that (R¢P,),>0 weakly-x converges to R4P. Now, since U is Polish,
the weak-* topology on P(M, B(M)) is metrizable [21]; hence, it is sequential [20]. This shows
that the push-forward mapping Ry from P (M, B(M)) to P(M’,B(M')) is continuous under the
weak-* topology.

Appendix E. Proof of Lemma 5

For every s € S, define the mapping fs : Ay — Ras fs(p) = f(s, p). Clearly f; is continuous for
every s € S. Therefore, the mapping F; : MP(X) — R defined as:

F,(MP) = /AX f, - dMP

is continuous in the weak-* topology of MP(X).
Fix € > 0, and let (s, MP) € S x MP(X). Since F; is continuous, there exists a weakly-* open
neighborhood Uj \ip of MP such that |F;(MP’) — F;(MP)| < g for every MP' € U; \p. On the other

hand, Lemma 1 implies the existence of an open neighborhood V; of s in (S, V) such that for every
s’ € Vs, we have:

sup |f(s',p) — f(s,p)| <
pedx

N @
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Clearly Vs x U, vp is an open neighborhood of (s, MP) in S x MP(X). For every (s',MP’) €
Vs x Us mp, we have:

|E(s',MP') — F(s,MP)| < |F(s', MP') — F(s,MP')| + |F(s, MP') — E(s, MP)|

[, )= £(5,p)) - 4P ()| + [EMP) — Fiup)

(a)
<

< ( [ 176 = £ -dMP’(p)) "

NI ™
N ™

where (a) follows from the fact that MP’ is a meta-probability measure and |f(s', p) — f(s, p)| < g for
every p € Ay. We conclude that F is continuous.

Appendix F. Weak-* Continuity of the Product of Meta-Probability Measures

Let (MP1,)y>0 and (MP;,,),>0 be two sequences that weakly-* converge to MP; and MP; in
MP(X1) and MP(AX,), respectively. Let f : Ay, X Ay, — R be a continuous and bounded mapping.
Define the mapping F : Ay, x MP(A3) as follows:

F(p1,MP;) = /AX f(p1, p2)dMP5(p2).

Fix € > 0. Since f(p1, p2) is continuous, Lemma 5 implies that F is continuous. Therefore,
the mapping p; — F(p1, MP,) is continuous on A y,, which implies that it is also bounded because
Ay, is compact. Therefore,

lim F
n—oo AX]

(p1, MP2)dMP1 ,,(p1) Z/A E(p1, MP;)dMP(p1)

X

because (MPy ;,),>0 weakly-* converges to MP;. This means that there exists #; > 0 such that for
every n > ni, we have:

N @™

/A F(pl,MPz)dMPl,n(pl)—/A F(p1, MP,)dMP; (p1)| <
Xy

Y

On the other hand, since F is continuous and since MP(X,) is compact under the weak-x
topology [21], Lemma 1 implies the existence of a weakly-* open neighborhood Uyp, of MP; such that
|F(p1, MP) — F(p1, MP,)| < % for every MP; € Uyp, and every p; € Ay,. Moreover, since MP; ,
weakly-* converges to MP,, there exists n, > 0 such that MP, , € Unp, for every n > no.



Entropy 2018, 20, 330 27 of 33

Therefore, for every n > max{ny,n,}, we have:

/AX1 ( AXZf(Plrpz)dMPz,n(P2)> dMP1,,,(p1) — /AX1 < o, f(Plzpz)dMPz(p2)> dMP; (p1)

<

/Axl ( p, f(PLPz)dMPz,n(Pz)> dMPy,,(p1) /AXl </AX2 f(plrpz)dMPz(p2)> dMP1 ,(p1)

+

AXI (/AXZf(m,pz)dMPz(Pz)) dMPy, (p1) .//;Xl ( AXZf(pl,pz)dMPz(p2)> dMP; (p;)

/A (F(p1,MPy,,) — F(p1,MP2)) dMPy ,(p1)
Jay,

+

/A F(plfMPZ)dMPLn(pl)_/A F(p1, MP;)dMP1(p1)
Y

X

—

e (a)

€ €
< [P MPa,) = F(pr, M) dMPy, (pr) + 5 < [ 5 - aMPLu () + 5 =,
AXI AXl

where (a) follows from the fact MP; ,, € Unp, for every n > ny. Therefore,

lim F-d(MPy, x MPy,) 2 lim ( A f(pl,pz)dMPQ,n(pz)> dMP, , (p1)
X

n—o0 AX1><AX2 n—co A/Yl

=/, (A;« f(p1,P2)dMP2(P2)> dMP1 (p1)

(b) /
= -d(MP MDP,),
Ay <, f-d(MPy x 2)

where (a) and (b) follow from Fubini’s theorem. We conclude that (MP;, x MP;,),>0

weakly-* converges to (MP; x MP;),~¢. Therefore, the product of meta-probability measures is
weakly-* continuous.

Appendix G. Continuity of the Capacity

Since the mapping I is continuous and since the space A y x DMCy y is compact, the mapping I is
uniformly continuous, i.e., for every € > 0, there exists () > 0 such that for every (p1, W1), (p2, W) €

Ay x DMCy y, if |p1 — p2lli := Y [p1(x) — p2(x)| < 6(€) and d (W1, W2) < &(e), then
xXeX

[I(p1, W1) — I(p2, W2)| < e.

Let W, W, € DMCy y be such thatd y (Wi, W2) < é(€). Forevery p € Ay, wehave ||p — plj1 =
0 < é(e), so we must have |I(p, W;) — I(p, W,)| < €. Therefore,

I(p,W1) < I(p,Wp) +€ < sup I(p/,Ws) +€=C(W,) +e.
p'EAy

Therefore,

C(Wy) = sup I(p, W) < C(W,) +e.
pely

Similarly, we can show that C(W,) < C(W;) + e. This implies that |C(W; ) — C(W,)| < €; hence, C
is continuous.
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Appendix H. Measurability and Continuity of C**

Let us first show that the random mapping C** is measurable. We need to show that the mapping
CE’* : Ay x Ay — Ris measurable for every B € B(Ay ), where:

Cy”(p1,p2) = (CT*(p1,p2))(B), Vp1,p2 € Ax.

For every u; € X, define the set:

Au, = {(p1,p2) € Ax x Ay = (C7(p1,p2))(u1) > 0}.

Clearly, A,, is openin Ay x Ay (and so it is measurable). The mapping C*"1* is defined on A,
and it is clearly continuous. Therefore, for every B € B(Ay), (CT*1*)~1(B) is measurable. We have:

Cp " (p1,p2) = (CT(p1,p2))(B) = )3 (C™*(p1, p2)) (1)

uy€supp(C~*(p1,p2)),
CT"1*(py,p2)€B

= Y pup) ) 2 Y (€ (pup2) (1) iy 1) (P1P2),
u1€X, u1€X
(perZ)eAulr
CH1*(p1,p2)€B

where (a) follows from the fact that (p;,p2) € (C**1*)~1(B) if and only if (p1,p2) € Ay, and
C*1*(py, p2) € B. This shows that C5"* is measurable for every B € B(Ay). Therefore, C** is
a measurable random mapping.

Let (p1.4, pan)n>0 be a converging sequence to (p1,p2) in Ay x Ay. Since C™* is continuous,
we have nli_r>ro10(C_'*(p1/n,p2,n))(u1) = (C*(p1,p2))(uq) for every u; € X. Therefore, for every
uy € supp(C~*(p1,p2)), there exists n,, > 0 such that for every n > n,,, we have C™*(p1,, p2,u) > 0.
Let ng = max{ny,, : uy € supp(C *(p1,p2))}. For every n > ng, we have supp(C~*(p1,p2)) C
supp(C~*(p1,n, P2,n))- Therefore, for every continuous and bounded mapping ¢ : Ay — R, we have:

,}520/ g d(CT* (p1, p2n)) = lim )» §(CT M (p1, pan)) - (C™ (PLns P2n)) (1)
Ay Uy Esupp(cf'* (Pl,mPZ,u))
Dim % S prapaa) (€ (prpaa)) )

uy€supp(C*(p1,p2))

Y y 2T (py, p)) - (C™(pa, pa)) ()
uy€supp(C~*(p1,p2))

- /A,Vg-d(C*'*(m,pz)),

where (b) follows from the continuity of g and C* and the continuity of C**1* on A,, for every
uy € X. (a) follows from the fact that:
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A, )y 1Q(CT (prs pan)) - (C (1w p2)) ()]

uy€supp(C* (pnPan)),s
uy¢supp(C~*(p1,p2))

< [Iglleo lim D (C™*(p1n p2n)) (1)

n—o0
up ESupp(C*'* (pl,anZ,n))/

ur¢supp(C~*(p1,p2))

“lgletim (1= X (€ (punpan)))
up esupp(

C=*(p1.p2))

= liglle (1 - )3 (C'*(Pblﬂz))(ul)) =0.
uq €supp(

C=*(p1.p2))

We conclude that the mapping C™* is a continuous mapping from Ay x Ay to MP(X) when
the latter space is endowed with the weak-* topology.

Appendix I. Proof of Proposition 10

Let W; € DMCS?B,* and W, € DMC(;Z),*. Fix W; € W; and W, € W5, and let )} and )% be
the output alphabets of Wi and W), respectively. We may assume without loss of generality that
Im(Wl) = yl and Im(Wz) = yz.

Lety € V1. We have:

1

Phaw, V) = 5 (W1 @ Wa)(y|x)

10 |X1HX2|xeX§jXZ
1 | X
e Wi (ylx) = —————P§ > 0.
T ] & ) = T T )
For every x € A}, we have:
_ Wi & W, X W1 (y|x _
(W1®W2)y1(x): ( 1 2)(]/| ) _ 1(y‘ ) :(Wl)yl(x)'

(1] + [Py, (v) — [Xa Py, (v)
On the other hand, for every x € &3, we have:

(W1 @ Wa)(y|x)
([ %]+ [X2)) Ppy, ()

(Wi @ Wa), ' (x) = = 0.

Therefore, (W; @ Wz)y’ 11— 4)1#(W1)y’ 1, where ¢ is the canonical injection from X to X} [] &,.
_ |5

| X1] + | s
Pos(W2) y 1, where ¢, is the canonical injection from X, to Xy [ [ A». For every B € B(A X,11%,), we have:

Similarly, for every y € ), we have Pjy o, (v) Py, (y) > 0and (W1 & Wz)y_l =
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MPwow,(B) = ). Phaw,®)
yeV1 11V,
(WieWs),teB
[ 2| o
- 1A p n S L B
( PR PR AR PR PR AR
¢14(W1), ' €B ¢2(Wa), ' €B
_ | -1 | 42| -1
= WMPM ((4’1#) (B)) + WMPWz((CPZ#) (B))
_ | ||
EAENES (¢14#MPw;, ) (B) + EAENES (¢24sMPw;, ) (B).
Therefore,
|| |42
MPyi, 70 = ot MP 4 2y MPr
Woe = [ ] P T T ] P s
This shows the first formula of Proposition 10.
For every y = (y1,y2) € V1 x Va, we have:
1
Py ow, (v) = Y o (WL @ Wa) (y1, y2x1, x2)
e (x1,22)€X x Xy %1
W; W;
= X i) Walyzln) Py, (y1) Py, (y2) > 0.
wex, 1Al ||
XzEXz
For every x = (x1,x2) € &7 x A3, we have:
(W) @ Wa) ! (x) = Wi @Wo)(ylx) _ Wi(yalx1) ~ Wa(yz|x2)
Y

XX P, (v) [P (1) [ 2| Py, (v2)
= (W1)y,! (x1) - (W2)y,)! (x2) = (W), x (W2),,)!) ().

For every B € B(Ax, xx,), we have:

MPw,ew,(B) = ),  Phaw) = ) Py, (y1) Piy, (v2)
YENI XV, yeV1xVs,
(Wi@W,), B (Wi)y x (Wa),,'€B
= ) Py (y1) Py, (y2) = (MPyy, x MPy, ) (Mul ™" (B))

yeV1xVs,
Mul (W)L (Wa) ;) €B

= (Mulg(MPy, x MPy,))(B) = (MPy, @ MPy,)(B).

Therefore,

MPy; o7, = MPy, @ MPpg .

This shows the second formula of Proposition 10.

Now, let « € [0,1] and W, W, € DMCES)*. Fix W; € Wy and W, € W,, and let )y and )»
be the output alphabets of W; and W, respectively. We may assume without loss of generality
that Im(W;) = Yy and Im(W;) = ). Let W = [aWy, (1 — a)W;]. If &« = 0, then W is equivalent
to W, and MPy = MPy, = aMPy, +(1 — «) MPy,. If « = 1, then W is equivalent to W; and
MPy = 1\/IPW1 = CKMI)Wl +(1 — 0() MPWZ
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Assume now that 0 < « < 1. For every y € ), we have:

Py W( oWy (y|x) = aP, > 0.
Wy |X‘x§1’ y' |X|x§y 1 }/| ) Wl(y)

For every x € X, we have:

e WO Wil
Wyt () = (e ) = Ty, () = Vv 0

Similarly, for every y € V5, we have Pjy(y) = (1 —a)Pj, (y) > 0and W, ' = (W), . Therefore,

MPw = T Bt = (@) 1)+ ( 0080 1)

yeN LI UISN%1 YyEW
= aMPy, + (1- ac)MPWZ.

Therefore,
MP[IXWl,(l—tX)WZ] - DCMPWl + (1 - lX)MPWZ.

This shows the third formula of Proposition 10.

Now, let W € DMC(;)*, and let * be a uniformity preserving binary operation on X. Fix W € W,
and let ) be the output al},)habet of W. We may assume without loss of generality that Im(W) = ).

Let U;, U be two independent random variables uniformly distributed in X'. Let X; = Uy * U»
and X, = Up. Send X; and X, through two independent copies of W, and let Y; and Y, be the
output, respectively.

For every (y1,12) € V2, we have:

Ppy-(y1,¥2) = Py, )y, (y1,y2) = Py, (y1) Py, (y2) = Py (y1) Py (y2) >0

For every u; € X, we have:

(W_)y_ﬁyz (ul) - PU1|Y1 Yz(u1|y1/ y2 Z PLII UZ|Y1 Yz(ul/ u2|y1’ yZ)

uzGXz

= Y Px vy, (W1 ¥t ualy1,y2) = ) Pxypy, (w1 % u2lyr) Px, |y, (#2]y2)
up e up Xy

=) Wyzl(ul * uz)Wy2 (up) = (C*'*(Wyfll,Wyle))(ul).
uZEXz

For every B € B(Ay), we have:
MPy-(B)= ). Py-(y)= Y Py, (v1) Py, (v2)
yey?, (v1, yZ)eyZ
(W), teB C (W, ' Wy, eB

= (MPy x MPW)((C )T 1(B)) = (C#_’*(MPW X MPW))(B) = (MPw, MPy )~ (B).

Therefore,
MPW, = (MPW’ Mpw)i’*.

This shows the forth formula of Proposition 10.



Entropy 2018, 20, 330 32 of 33

For every (y1,y2,u1) € Y? x X, we have:

Py+ (W1, y2,11) = Py, v, (Y1, Y2, 1) = Pyy v, (Y1, ¥2) Py v, v, (H11Y1, Y2)
= P}y (y1) Py (y2) - (C (W, W, 1)) (1)

Therefore,

Im(W*) = (U {(ry2)} xsupp(C (W, W, ).
(y1.92)€Y?

For every (y1,y2,u1) € Im(W™), we have:

P vy, v, (1, u2]Y1,y2)

Py, vy v, (u1ly1, y2)
Py, (% uafyn) Py, (u2lya) Wy (g ua) Wy (u2)
W W) ) (Cr Wy W) ()
= (CTH (WL W) (u2).

(W) o (42) = Py vy v, (21y1, 2, 1) =

For every B € B(Ay), we have:

MPy: (B) = ) ) Pi () Py (y2) - (C (W', Wy, 1)) ()
(y1.42) €Y? uy€supp(C* (W, | Wy ),
CHH1* (Wyzl'wyal)EB

= ). BBy )3 (C* (WL W, 1) (1)
(y1y2)€V? ulesupp(C_'*(Wy‘ll,Wy_zl),
C+,ul,*(wy—11,VV}721)eB
= Y Py Py(v2) (CT (W, W, 1)) (B)
(y1y2)€Y?
= Y Py Py(v2) (C5 (W, W, 1)
(y1.42)€Y?
= Cs”"(p1,pa) - d(MPy x MPy)(p1, p2)

AXxAX

= (G (MPw x MPy))(B) = (MPy, MPy) ™ (B).

Therefore,
MPW+ = (MPW’ MPW)—’_’* .

This shows the fifth and last formula of Proposition 10.
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