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Punching shear resistance formulations provided by codes are usually calibrated on test results of isolated specimens
that typically simulate the slab zone within the points of contraflexure around the column (hogging area). However,
the behaviour of actual continuous flat slabs can be different to that of isolated specimens owing to the beneficial
contributions of moment redistributions and membrane actions that cannot take place in isolated specimens. This
paper presents a parametric study carried out to highlight the influence of the main geometrical features and the
reinforcement layout affecting the punching shear resistance of continuous slabs around internal columns.

Notation
am distance between cracks
b0 length of the control perimeter
c column size
[Dc] Jacobian matrix in x, y-coordinate system of concrete
[Ds] Jacobian matrix in x, y-coordinate system of steel
d effective depth of the slab
dg maximum aggregate size
dg0 reference aggregate size
Ec modulus of elasticity of concrete
Es modulus of elasticity of steel
fc concrete compressive strength
ft concrete axial tensile strength
fy yield strength of the reinforcement steel
Gc compressive fracture energy of concrete
h slab thickness
in n-layer of multi-layered element
ksys coefficient for the performance of punching shear

reinforcement systems
L flat slab span
mE average moment per unit length
mR average flexural resistance of the slab in the

hogging area
rs distance between the column axis and the point

of contraflexure
Si bar spacing
t finite-element shell thickness
V acting shear force
VE acting shear force
VR punching shear resistance
wctu maximum crack opening with residual tensile strength

xi,yi direction of the ith order of bar
γxy shear strain in the x,y-coordinate system
ε concrete strain
εc,cr concrete strain at maximum compressive stress
εc,el elastic compressive strain of concrete
εc,pl plastic compressive strain of concrete
εc,re experienced minimum compressive strain on the

monotonic curve
εc,u ultimate strain of concrete in compression
εcr cracking of concrete
εsh shrinkage strain
εsy yielding strain of reinforcement
εt,cr concrete strain at maximum tensile stress
εt,el elastic tensile strain of concrete
εt,pl plastic tensile strain of concrete
εt,re experienced minimum tensile strain on the monotonic

curve
εt,u ultimate tensile strain of concrete
εx,y strain along x,y direction, respectively (Figure 2(a))
{εc} strain vector of concrete
{εcf} concrete strain field caused by applied loads
{εm} total strain vector of reinforced-concrete element
{εs} strain vector of steel
{εsf} steel strain field caused by applied loads
{εsh} shrinkage strain
ρhogg percentage of hogging reinforcement
ρsagg percentage of sagging reinforcement
σ total stress field of reinforced-concrete member
σc stress field of concrete
σcl,cr residual bond stress
σs stress field of steel
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σrad radial stresses
σtang tangential stresses
σx,y stress along x,y direction, respectively (Figure 2(a))
θi angle between the direction of the ith order of bars

and the x-direction
τxy shear stress in the x,y-coordinate system
Ψ slab rotation
ΨR ultimate rotation corresponding to the punching shear

resistance

Introduction
Reinforced-concrete (RC) flat slabs are common structural sol-
utions in residential and multi-storey buildings. The behaviour
of RC flat slabs can be governed at failure by punching shear
close to columns. Most of the code formulations for punching
shear strength assessment (ACI 318-14 (ACI, 2014); Eurocode
2 (CEN, 2004); fib Model Code 2010 (fib, 2013)) are based or
calibrated on experimental tests usually carried out on isolated
specimens. Nevertheless, the bending and the shear resistance
of isolated specimens can be lower than the resistance of
actual continuous RC flat slabs due to moment redistribution
and compressive membrane action (CMA) or tensile mem-
brane action (TMA) effects (Figure 1).

CMA and TMA effects can be considered in the capacity
assessment of restrained slabs (Arshian and Morgenthal,
2017), continuous RC (Amir et al., 2016; Foster et al., 2004;
Ladner et al., 1977) and steel fibre-reinforced concrete (SFRC)
slabs (Di Prisco et al., 2016), bridge deck slabs (Kirkpatrick
et al., 1986; Taylor et al., 2007), slabs subjected to large displa-
cement due to fire (Bailey, 2001), slabs subjected to a sudden
removal of a supporting column (Dat and Hai, 2013;
Gouverneur et al., 2013a; Qian et al., 2015) and slabs sub-
jected to deterioration (Botte et al., 2014). CMA or TMA
effects can be evaluated using yield line methods (Bailey, 2001;
Burgess, 2017; Dat and Hai, 2013; Gouverneur et al., 2013a;
Qian et al., 2015), rigid plastic approach (Park and Gamble,

2000; Rankin and Long, 1997; Wood, 1961) for RC, SFRC
and strengthened fibre-reinforced polymer (FRP) members
(Zeng et al., 2016), sector models based on axisymmetric
assumptions (Einpaul et al., 2015, 2016) and finite-element
methods (Belletti et al., 2016; Soares and Vollum, 2015).
Membrane action effects on continuous slabs have been recently
analysed using nonlinear finite-element analysis (NLFEA)
and different modelling approaches, for example using three-
dimensional (3D) hexahedral elements (Genikomsou and Polak,
2017) or multi-layered shell elements (Cantone et al., 2016). In
this paper, the shrinkage effects on concrete cracking and on
the punching shear resistance are studied. This aspect could be
significant for the structural assessment of existing structures
carried out using refined numerical tools, such as NLFEA
methods, which are able to take into account hidden resistance
capacities, but are less conservative than analytical approaches
(Belletti et al., 2015a, 2015b).

To this aim, a parametric study has been carried out to inves-
tigate the dependency of membrane action and moment redistri-
bution on the geometrical features and reinforcement layout of
continuous slabs. Therefore, different values of base column
dimension, slab thickness (with constant value of the effective
depth, which means that the influence of reinforcement cover of
the tensile reinforcement is investigated), slab span and ratios of
hogging and sagging reinforcement have been considered. This
work focuses on the region of the slab supported on internal
columns without openings, where the highest influence of CMA
may be expected. The activation of CMA in edge and corner
columns, as well as internal columns with openings, requires
further research that is out of the scope of this work.

The parametric study was carried out using NLFEA performed
using a multi-layered shell model and PARC_CL 2.0 (physical
approach for reinforced concrete for cyclic loading) crack model
implemented in the user-defined material model (UMAT)
subroutine for Abaqus Code. The numerical results are then
post-processed using the critical shear crack theory (CSCT)
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Figure 1. (a) Moment redistribution between hogging and sagging areas; (b) CMA – radial and tangential stresses (σrad and σtang) and
effect of the tension ring on the hogging area
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failure criterion to obtain the punching shear resistance (as
performed by Belletti et al. (2015a, 2015b), Shu et al. (2017)
and Soares and Vollum (2015, 2016)). The effect of shrinkage
is considered in this work on the slab response (e.g. load–
rotation relationship), and its influence on the failure criterion
is neglected. The effect of creep on both slab response and
shear strength is usually neglected according to the CSCT,
since the effect of the increased rotation is assumed to be com-
pensated for by the increased local resistance.

In the framework of the level of approximation (LoA)
approach, the punching shear resistance estimated using
NLFEA (LoA IV) is compared with the resistances analyti-
cally obtained using LoA II and LoA III. These latter com-
parisons have been carried out with and without considering
membrane action and moment redistribution effects detected
using NLFEA as a function of the slab rotation.

Multi-layered shell modelling, PARC_CL 2.0
crack model and CSCT failure criterion
NLFEA is carried out using multi-layered shell elements
and the PARC_CL 2.0 crack model (Belletti et al., 2017)
implemented in Abaqus as a user subroutine. PARC_CL 2.0
crack model is a new release of previous models (PARC for
monotonic loading (Belletti et al., 2001) and PARC_CL 1.0
for secant unloading (Belletti et al., 2013)), which is able to
account for hysteretic loops and plastic deformations in the
case of cyclic loading. PARC_CL 2.0 is total strain fixed,
meaning that after cracking, the 1,2-coordinate system remains
fixed at the integration point, Figure 2(a). The reinforcement is
assumed to be smeared in the hosting concrete elements.
Nonlinear stress–strain relationships for concrete and steel,
multiaxial state of stress for concrete and aggregate interlock
are considered. Since the PARC_CL 2.0 crack model is suit-
able for a plane stress state, the thickness of the slab is subdi-
vided into layers. Four Gauss integration points in the plane of
the shell and three Simpson integration points in the thickness

of each layer have been adopted (Figure 2(b)). The geometric
nonlinearity, which has to be set to evaluate membrane
actions, is considered by adopting a Lagrangian formulation.

Since the adopted multi-layered shell elements are not able to
predict the nonlinear behaviour over the thickness of the slab, a
post-processing approach, as presented in (Belletti et al., 2015a,
2015b), is used on the basis of the CSCT (Muttoni, 2008). The
CSCT failure criterion enables the prediction of the punching
shear resistance of a slab subjected to a concentrated load
depending on the maximum slab rotation Ψ (Figure 3). The
punching shear capacity depends on the opening width of the
critical shear crack, which is associated to the product Ψd and
the aggregate interlock across the inclined crack (Figure 3(a)).

The failure criterion given in Equation 1 is derived from a
mechanical model presented in Guidotti (2010), Muttoni
(2008), Muttoni et al. (2018) and Simões et al. (2018).

1: VR ψð Þ ¼ ð3=4Þb0d
ffiffiffiffiffi
fc

p
1þ 15 ψd= dg þ dg0

� �� �

where b0 is the length of the control perimeter at a distance
0·5d from the column edge, Figure 3(b), d is the effective depth
of the slab, dg is the maximum aggregate size, dg0 is the refer-
ence aggregate size (16 mm) and fc is the concrete compressive
strength in MPa.

The slab rotation Ψ proposed by fib Model Code 2010
(fib, 2013) for LoA II is

2: ψ ¼ 1�5 rs
d

fy
Es

mE

mR

� �1�5

where rs is the distance between the column axis and the point
of contraflexure, fy is the yield strength of the reinforcement
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Figure 2. (a) PARC_CL 2.0 crack model; (b) multi-layered shell approach
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steel, Es is its modulus of elasticity, mE is the average moment
per unit length for calculation of the flexural reinforcement in
hogging area and mR is the average flexural resistance of the
slab in the hogging area.

For LoA I, it is assumed that the flexural reinforcement in
the hogging area is fully plasticised, so that rotation Ψ may be
calculated assuming mE/mR=1 in Equation 2. According to
fib Model Code 2010, this is the first step to verify whether
punching or flexure is governing and is thus not comparable to
calculations presented in this paper.

For the LoA II, mE is estimated on the basis of the acting
shear force VE (mE=VE/8 for an interior symmetric column).
This allows a straightforward design, but needs an iteration
until VE=VR for calculating the punching shear resistance
(the punching shear resistance corresponds to the intersection
point between the failure criterion of Equation 1 and the load–
rotation relationship of Equation 2) (Figure 3(c)).

In the LoA III, linear finite-element analyses can be used for a
better estimation of the radius rs and of the acting moment mE.
In this case, the coefficient 1·5 in Equation 2 is replaced by 1·2.

For LoA IV, the load–rotation relationship in Equation 2
is replaced by a relationship determined using NLFEA.
Additionally, in this case, the punching shear resistance VR

corresponds to the intersection point between the NLFEA
load–rotation curve and the failure criterion (Figure 3(c)).
The adopted procedure has been validated by comparing
NLFEA results with experimental observations in Cantone
et al. (2016), Muttoni (2008) and Belletti et al. (2015a, 2015b).
Furthermore, for some selected case studies, in Shu et al.
(2017) the shear punching resistances obtained using shell
modelling and PARC_CL 2.0 crack model have been com-
pared with shear punching resistances obtained using brick
modelling and a crack model implemented in DIANA
material library (Manie and Kikstra, 2010). In Shu et al.
(2017) it is highlighted that the effectiveness of shell element
modelling prediction of punching shear resistance is

comparable with results obtained using brick element model-
ling. Furthermore, slab modelling requires less time and
memory compared to brick element modelling, whose NLFEA
results are more mesh- and material parameter-dependent.

Moment redistribution, membrane action
and shrinkage effects
Significant hidden resistance reserves of continuous RC slabs
can be provided by moment redistribution due to nonlinear
behaviour and by membrane action. These beneficial effects
cannot be observed in the conventional experiments performed
on isolated RC flat slabs, but can be evaluated via onerous
experimental tests (Gouverneur et al., 2013b; Ladner et al.,
1977) on continuous flat slabs or by NLFEA simulations
(Botte et al., 2016; Genikomsou and Polak, 2017).

Membrane actions are strongly correlated to the boundary
conditions of the slab. In the present study, two different static
cases are investigated.

(a) Isolated slab reproducing the hogging area of a flat slab
without CMA, having dimension equal to 0·22L, and
subjected to concentrated loads corresponding to the
typical experimental setup (Figure 4(b)).

(b) Self-confined continuous flat slab having regular spans
L loaded with a uniform pressure to simulate permanent
and variable loads (Figure 4(a)).

Owing to the symmetry of loading and boundary conditions,
a quarter of the isolated and self-confined slab is considered
(Figure 4).

Influence of membrane action
The lateral expansion of the cracked concrete in the hogging
area is restrained by the outer part of the slab and this leads to
the formation of radial and tangential stresses. Radial compres-
sive membrane stresses in the column area (so-called CMA) are
in equilibrium with a tangential tension ring in the outer area
of the slab (Figure 1(b)). This phenomenon increases stiffness

Ψ

V

d

Critical shear crack

d/2

b0

VR

ΨR Ψ

CSCT failure
criterion

V–Ψ with
NLFEA

(a) (b) (c)

Figure 3. (a) Punching shear strength correlated to the crack opening; (b) assumption of control perimeter at 0·5d from the edge of the
column; (c) punching shear resistance at the intersection between nonlinear load–rotation curve and CSCT failure criterion
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and strength of flat slabs (compared to isolated specimens or flat
slabs where CMA is negligible) (Belletti et al., 2015a, 2015b;
Einpaul et al., 2015, 2016; Soares and Vollum, 2015). The
potential beneficial influence of CMA on the failure criterion
(Clément et al., 2014) is not addressed in the present study.

Influence of moment redistribution
For calculating the punching shear resistance of RC flat slabs
according to fib Model Code 2010 (LoA II and III), it may be
assumed that the position of the point of contraflexure (radius rs)
is constant and is not affected by cracking or yielding of the
reinforcement (in the case of flat slabs with regular spans and
column sizes, it may be assumed that rs≈ 0·22L according to
linear elastic calculations). Actually, both cracking of concrete
and yielding of reinforcement in the hogging area cause
moment redistributions that lead to a reduction of the radius rs
(if the stiffness of the hogging area is reduced, the point of
contraflexure moves toward the column), so that the punching
shear resistance is increased (as rotation Ψ according to
Equation 2 is reduced). In contrast, cracking and yielding in the
sagging area lead to an increase of radius rs (and eventually to a
reduction of the punching shear resistance). As cracking and
yielding are more pronounced in the hogging area (at least
for usual column sizes and reinforcement ratios), accounting for
moment redistribution usually leads to an increase of the punch-
ing shear resistance (Einpaul et al., 2015, 2016).

Shrinkage
In an unsaturated environment, shrinkage generates a contrac-
tion of concrete volume that develops with time. Since concrete
contraction is restrained by the presence of reinforcement,
shrinkage can facilitate cracking; thus the tension ring around
the column is less effective and membrane actions are reduced.

The shrinkage effect in the PARC_CL 2.0 model is simplified
considering an average deformation, without resolving the
solution of thermo-hygrometric problems and neglecting

temporal and spatial evolution of the phenomenon. Therefore,
the model is able to capture the shrinkage effects on strains
and critical load (Wu and Gilbert, 2008). In the parametric
study carried out and presented in the present
study, a constant shrinkage strain εsh of 3� 10−4 is considered.
In the PARC_CL 2.0 crack model, shrinkage is applied as an
additional tensile strain (Equation 3) (Bernardi et al., 2016).

3: εshf g ¼
εsh
εsh
0

8<
:

9=
;

PARC_CL 2.0 is a crack model (Belletti et al., 2017) that
assumes perfect bond condition between concrete and steel; for
this reason, the strain field of the RC element {εm} is given by
Equation 4

4: εmf g ¼ εcf g ¼ εsf g ¼
εx
εy
γxy

8<
:

9=
;

where {εc} is the strain vector of concrete and {εs} is the strain
vector of steel.

Therefore, the linear elastic uncracked response is modelled by
including the free shrinkage strain {εsh} of the concrete in the
total concrete strain field (Equation 5).

5: εmf g ¼ εcf g ¼ εcff g � εshf g

where {εcf} is the concrete strain field caused by stress, while for
the steel reinforcement the total strain is given by Equation 6.

6: εmf g ¼ εsf g ¼ εsff g

where {εsf} is the steel strain field caused by stress.

y

y

X x

Translation on z

Rotation about y

Rotation about x

Translation on x

Translation on y

Concentrated load

(a) (b)

Figure 4. Boundary conditions for: (a) self-confined slab – pressure; (b) isolated slab – concentrated loads

5

Magazine of Concrete Research Parametric analysis on punching shear
resistance of reinforced-concrete
continuous slabs
Belletti, Muttoni, Ravasini and Vecchi

Downloaded by [ EPFL Bibliotheque - 19 GBP] on [02/10/18]. Copyright © ICE Publishing, all rights reserved.



Consequently, the resultant stress fields in concrete and steel
are given respectively by Equations 7 and 8, while the total
stress field in RC member is given by Equation 9
7: σcf g ¼ Dc½ � εcff g ¼ Dc½ � εcf g þ εshf gð Þ

8: σsf g ¼ Ds½ � εsff g

9: σf g ¼ σcf g þ σsf g ¼ Dc½ � εcf g þ εshf gð Þ þ Ds½ � εsf g

where [Dc] and [Ds] are the Jacobian matrix in x, y-coordinate
system of concrete and steel bars, respectively, which can be
found in Belletti et al. (2017).

Parametric study of continuous slabs

Geometrical and mechanical properties
In this paper, a parametric analysis has been carried out
to study the influence of several parameters on the punching
resistance of RC continuous slabs, namely hogging and sagging

Table 1. Mechanical properties of steel and concrete

fc: MPa Ec: MPa fy: MPa Es: MPa

35 32 600 520 200 000

Zone 1 Zone 2 Zone 3

C
as

e 
3

C
as

e 
2

C
as

e 
1

Va
ry

in
g

20
 m

m

d

Va
ry

in
g

20
 m

m

d

Va
ry

in
g

20
 m

m

d

Va
ry

in
g

20
 m

m

d

Va
ry

in
g

20
 m

m

d

Va
ry

in
g

20
 m

m

d

Va
ry

in
g

20
 m

m

d

Va
ry

in
g

20
 m

m

d

Va
ry

in
g

20
 m

m

d

Φ 20/100

Φ 14/100

Φ 10/100

Φ 6/100

Φ 8/100

Φ 14/200 +
Φ 8/200

Φ 8/100

Φ 10/200 +
Φ 6/200

Φ 6/100

Φ 8/100

Φ 8/100

Φ 6/100

Φ 6/100

Φ 12/100

Φ 20/200 +

Φ 12/100

Φ 12/200
Φ 12/100

Φ 12/100

Figure 5. Reinforcement layout for each case study
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reinforcement ratios, geometrical properties of the slab and
shrinkage effect.

The mechanical properties for concrete and steel are kept
constant for all the analyses (Table 1).

The parametric analysis is carried out by varying the column
size c, the flat slab span L, the slab thickness h (the effective
depth is kept constant, d=210 mm for all the analyses, which
means that, in fact, the cover of the tensile reinforcement
has been varied (Figure 5)) and the percentage of hogging and

sagging reinforcement, ρhogg and ρsagg, respectively. Table 2
summarises the investigated values for the parametric study,
which lead to 360 combinations and NLFEA.

Three cases with three hogging reinforcement ratios in the
column area (0·4L� 0·4L) are studied: ρhogg = 1·5%, 0·75%,
0·375%. For all cases, the sagging reinforcement is uniformly
distributed over the span with a reinforcement ratio
ρsagg = ρhogg/3 (Zone 1) and the hogging reinforcement is
reduced to 2/3 and 1/3 in the support strips outside the column
area (Zone 2) and the central part of the span (Zone 3),
respectively (Table 3 and Figure 6).

The shear reinforcement leads to an increment of the punching
shear resistance owing to the beneficial limitation of the
critical shear crack width. The presence of shear reinforcement
could be taken into account by adding its strength to the basic
failure criterion, for which only the concrete contribution
is considered. The maximum punching shear resistance
is limited by crushing of the concrete struts in the supported
area and it is achieved by using a value of ksys = 2·8 for studs
(diameters of heads larger or equal to three-times the bar
diameter) (fib, 2013).

Punching shear resistance dependency on parameters
In Figure 7, the load–rotation curves for the self-confined con-
tinuous flat slab and the isolated specimen are shown. The
punching shear resistance corresponds to the intersection of
the load–rotation curves with the CSCT failure criterion. It
can be observed that the response of continuous slabs is stiffer
than the response of isolated specimens, leading to higher
punching shear resistances. In addition, the difference between

Table 2. Geometrical properties of RC flat slabs for parametric
analyses

c: mm h: mm L: m d: mm

130 230 4 210
195 250 5
260 270 6
325 290 7
390 310 8

Table 3. Reinforcement steel ratios for each case of study

Case 1 Case 2 Case 3

Zone 1:
0·4L�0·4L
around column

ρhogg = 1·5% ρhogg = 0·75% ρhogg =0·375%
ρhogg/ρsagg = 3 ρhogg/ρsagg = 3 ρhogg/ρsagg = 3
ρsagg = 0·5% ρsagg = 0·25% ρsagg = 0·125%

Zone 2: support
strips outside
Zone 1

ρsagg = 0·5% ρsagg = 0·25% ρsagg = 0·125%
ρhogg/ρsagg = 2 ρhogg/ρsagg = 2 ρhogg/ρsagg = 2
ρhogg = 1% ρhogg = 0·5% ρhogg =0·25%

Zone 3: central
part of the span

ρsagg = 0·5% ρsagg = 0·25% ρsagg = 0·125%
ρhogg/ρsagg = 1 ρhogg/ρsagg = 1 ρhogg/ρsagg = 1
ρhogg = 0·5% ρhogg = 0·25% ρhogg =0·125%

Zone 2

Zone 3

Zone 1

Modelled
zone for
SC slab

Portion of the
indefinitely extended
analysed continuous

slab

0·4L

L

Figure 6. Zone subdivision for the analysed continuous slab (SC, self-confined)
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continuous and isolated slab response predictions increases
when the hogging reinforcement decreases.

It is well known that membrane actions are strongly dependent
on the boundary condition of the RC flat slab, but Figure 7
shows that membrane actions can also have non-negligible
effects in the case of self-confined slabs without considering
horizontal restraints provided by vertical supports (such as
columns, walls etc.).

To evaluate the difference between flat slabs without and with
shear reinforcement, the failure criterion associated to shear
reinforcement is also considered in Figure 7 (maximum shear
resistance with ksys = 2·8 for stud shear reinforcement according
to fib Model Code 2010). As expected, the failure mode can
change considering the isolated or the self-confined slabs. For
example, in the case of ρhogg = 0·375% (Figure 7(c)), the isolated
slabs fail due to bending while the continuous slabs fail in a mix
mode due to punching shear reached after partial yielding of
hogging and sagging reinforcement. Figure 7 also shows the
influence of concrete shrinkage on the punching shear resist-
ance. Since shrinkage causes anticipated cracking, its effects on

punching shear resistance are more evident in cases of high
values of hogging reinforcement ratio (Figure 7(a), where
ρhogg=1·5%), while they can be considered negligible in cases of
low values of hogging reinforcement ratio (Figure 7(c), where
ρhogg=0·375%). This can be explained by the fact that in cases
of low reinforcement ratios, punching shear resistance is reached
after extensive yielding in hogging and sagging areas where the
effect of shrinkage almost disappears.

Figure 8 shows the normalised punching shear resistances as a
function of the slab span L for the case without shear reinforce-
ment; the punching shear resistance diminishes as the span
increases because the slab rotation Ψ increases. The punching
shear resistance of isolated slabs is similar to the punching shear
resistance of continuous slabs calculated considering the shrink-
age effect for ρhogg=1·5%. In contrast, the prediction of the
punching shear resistance of continuous slabs is higher than the
punching shear resistance of isolated slabs for lower hogging
reinforcement ratio values, also considering shrinkage effects.

In Figure 9, the influence of column size c is shown for the
case without shear reinforcement. It can be noted that the
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dimensionless punching shear resistance reduces as the column
size increases because, keeping fixed all the other parameters,
the rotation of the slab increases.

Figure 10 shows the influence of the slab thickness h on
the normalised punching shear resistance (the effective depth
d=210 mm is kept constant) for the case without shear

reinforcement. For the isolated specimen, the punching shear
resistance is constant as in the model it is assumed that the
reinforcement cover on the tensile side has no influence on the
shear resistance. Conversely, for continuous flat slabs, the total
slab thickness has a non-negligible effect on the load-carrying
capacity as the tensile ring around the column can also
develop in the cover above the upper reinforcement. It must be
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noted that this effect is neglected in codes of practice as they
are based or calibrated on tests with isolated slab specimens.

Membrane actions in continuous slabs
The average values of radial stresses σrad and tangential stresses
σtang over the control perimeter b0 at distance 0·5d from the edge
of the column have been calculated using NLFEA on continuous

slabs. In Figures 11 and 12, radial stresses σrad and tangential
stresses σtang are reported as a function of the slab rotation Ψ
for the case with c=260 mm, h=250 mm, d=210 mm
and L=6 m. In Figure 11, it is possible to appreciate the
effect of shrinkage on the radial stress for the three selected
hogging reinforcement ratios ρhogg. As expected, the concrete
shrinkage leads to a reduction of radial stress σrad. Comparing
Figures 11(a)–11(c), it is worth noting that the first peak of the
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radial stress σrad increases as the hogging reinforcement ratio
ρhogg decreases. This effect is due to the higher difference
between the stiffness in hogging and sagging zones registered in
the case of low hogging reinforcement ratios; furthermore, higher
compressive resultant stresses are observed in cases of lower
reinforcement ratios as the slab rotation Ψ is increasing.

Figure 12 shows both radial and tangential stresses (σrad and
σtang) for the continuous flat slab with concrete shrinkage. The
most interesting strain limits are marked as follows: cracking
of concrete (corresponding to εcr, see also Figure 12(a));
maximum crack opening with residual tensile strength (corres-
ponding to wctu, see Figure 12(a), calculated as wctu = εt,u� am,
where am is the distance between cracks; see Belletti et al.
(2017)); and yielding strain of reinforcement (εsy). It can be
seen from Figures 12(b)–12(d), that the peak value of radial
stresses σrad corresponds to the achievement of the residual
tensile strength of concrete (crack opening wctu) in the sagging
area, which corresponds to the maximum ring effect for self-
confined slabs. Depending on the intersection with the
CSCT failure criterion, punching shear failure occurs before
yielding of hogging and sagging reinforcement for high
reinforcement ratio (ρhogg = 1·5%), after yielding of hogging
reinforcement for medium reinforcement ratio (ρhogg = 0·75%)
and after yielding of hogging and sagging reinforcement for
low reinforcement ratio (ρhogg = 0·375%). Even if not reported
in the present study, it is important to observe that the
sequence of events remains the same without considering
shrinkage of concrete.

For fully externally restrained slabs, literature (Botte, 2017)
reports that CMA decreases as the span length of the slab
increases, while TMA is almost not affected by the span
length. Figure 13 shows an opposite trend for self-restrained
continuous slabs. In cases of high hogging reinforcement ratios
(ρhogg = 1·5%), the peak value of CMA is similar for all values

of analysed slenderness while the peak value of TMA is
increasing as the span length is increasing. In cases of low
hogging reinforcement ratios (ρhogg = 0·375%), the peak value
of CMA is increasing as the slab slenderness is increasing,
while the peak value of TMA is reaching an asymptotic value
for all the analysed slenderness values.

Moment redistribution effect on the point
of contraflexure rs
Figure 14 shows the variation of the point of contraflexure rs
with the slab rotation Ψ. Before cracking in the hogging area,
the position of this point remains constant and corresponds
approximately to 0·22L. After cracking of the hogging area,
the position of the point of contraflexure rs moves toward the
column, reducing the effective slab slenderness rs/d (Einpaul
et al., 2015, 2016).

This reduction continues till the maximum crack opening
(wctu) in the hogging area is reached for a rotation Ψ approxi-
mately equal to 2 mrad for all the analysed slabs. The
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corresponding position of the point of contraflexure rs depends
on the hogging reinforcement ratios, with low values of rs
for low reinforcement ratios. Afterwards, an opposing trend is
observed until yielding of hogging reinforcement occurs (when
the position of the point of contraflexure rs begins to move
back to the column).

Punching shear resistance obtained using
levels of approximation approach
The NLFEA described in the previous section shows that
higher load-carrying capacities can be obtained in continuous
flat slabs due to the membrane action in the column area (see
compressive stresses in Figure 12) and moment redistributions
leading to a variation of the effective slenderness expressed
with parameter rs (see Figure 14). Both effects can also be
accounted for in an indirect manner in LoA II and LoA III
approaches by adapting some parameters. The moment
capacity mR to be used in Equation 2 can be calculated while
accounting for the radial stress σrad according to Figure 12 (on
the basis of the calculated rotation Ψ), thus accounting
indirectly for CMA. In a similar manner, the position rs of the
point of contraflexure, which is also an important parameter
in Equation 2, can be taken from Figure 14, accounting

for moment redistribution. This approach, which requires
an iterative calculation as both parameters depend on rotation
Ψ, allows for the separation of the influence of CMA and
moment redistribution on the load-carrying capacity. At
LoA II, mE=VE/8 is assumed, while at LoA III the average
hogging moment is calculated on the basis of a linear elastic
calculation.

To highlight the influence of both effects (membrane action
and moment redistribution), the punching shear resistance
obtained using LoA IV, which refers to NLFEA results, is
compared to the resistances obtained with LoA II and LoA III
with the three assumptions described in Table 4.

Figure 15 summarises the normalised punching shear resistances
of an isolated specimen and a continuous slab (shrinkage neg-
lected) where the LoA II and III are improved by accounting
for membrane effect (Case A), moment redistribution (Case B)
and both effects (Case C), as described in Table 4. It shows that
analytical calculation of the punching shear resistance of con-
tinuous flat slabs carried out according to LoA II and LoA III
is improved if membrane and moment redistribution effects are
considered. Moment redistribution effects and the related vari-
ation of the position of the point of contraflexure rs seem to be
the predominant contribution to be considered to obtain resist-
ances similar to NLFEA results (LoA IV).

Conclusions
This paper presents the results of a parametric study aiming to
investigate the influence of different geometrical parameters
(such as reinforcement ratios, column size, slab span and cover
of the reinforcement) on the punching shear resistance of con-
tinuous flat slabs around internal columns without openings.
The shrinkage effects on the punching shear resistance of RC
flat slabs are also investigated.

The main conclusions are as follows.

& It is confirmed that the punching shear resistance of
continuous flat slabs is higher than in equivalent isolated
slabs. This is due to moment redistribution and CMA
effects.

& The difference between the punching shear resistance of
continuous slabs and the resistance of isolated slabs
decreases as the hogging reinforcement ratio increases.

Table 4. Assumptions for improved calculations according to LoA II and III

CMA Moment redistribution

Case A Accounted for by calculating mR on the basis of the
radial stresses σrad (according to Figure 12)

Neglected (fixed value of rs)

Case B Neglected (mR with σrad = 0) Accounted for by varying the position of the point
of contraflexure rs (according to Figure 14)

Case C Accounted for as in case A Accounted for as in case B

0·25

ρhogg = 0·375%

ρhogg = 0·75%

ρhogg = 1·5%

0·20

0·15

0·10

0·05

LoA II
LoA III
LoA IV

0

V
R

b 0
d√

f c

Is
ol

at
ed

 s
pe

ci
m

en
C

on
tin

uo
us

 c
as

e 
A

C
on

tin
uo

us
 c

as
e 

B
C

on
tin

uo
us

 c
as

e 
C

Is
ol

at
ed

 s
pe

ci
m

en
C

on
tin

uo
us

 c
as

e 
A

C
on

tin
uo

us
 c

as
e 

B
C

on
tin

uo
us

 c
as

e 
C

Is
ol

at
ed

 s
pe

ci
m

en
C

on
tin

uo
us

 c
as

e 
A

C
on

tin
uo

us
 c

as
e 

B
C

on
tin

uo
us

 c
as

e 
C

Figure 15. Comparison of the normalised punching shear
resistance of an isolated specimen and a continuous slab
(shrinkage neglected) where the LoA II and III are improved
accounting for membrane effect (case A), moment redistribution
(case B) and both effects (case C)
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& Besides the effective depth, the total slab thickness also
has a significant influence on the punching shear
resistance. This parameter, which is usually neglected, has
an influence on the effectiveness of the circular tie ring
around the column, which provides confinement to the
hogging area.

& Shrinkage of concrete leads to a reduction of the punching
shear resistance. This effect is more pronounced for slabs
with high reinforcement ratios where restrained
deformations cause additional cracking and because failure
occurs for lower deformation capacities.

& Due to nonlinear behaviour (cracking and yielding), the
position of the point of contraflexure rs varies with the
slab rotation. The usually assumed value of 0·22L
(based on linear elastic calculations) leads to conservative
results since radius values ranging from 0·1L to 0·16L have
been calculated at failure. The value of rs is smaller for low
hogging reinforcement ratios since the effect of moment
redistribution becomes more pronounced.

& Moment redistribution effects and the associated variation
of the position of the point of contraflexure rs seem to be
the predominant effect compared to the CMA effect.

& In the framework of the LoA approach, better estimation
of the punching shear resistance of continuous slabs
can be achieved at LoA II or LoA III if parameters mR

and rs are corrected accounting for CMA and moment
redistribution.
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