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Abstract

The main topics of this thesis are distributed estimation and cooperative path-following in the presence
of communication constraints, with applications to autonomous marine vehicles. To this end, we study
algorithms that take explicitly into account the constraints imposed by the communication channel, either
by reducing the total number of messages per unit of time or quantizing the information with a reduced
number of bits and transmitting it at a fixed rate.

We develop a cooperative path following (CPF) algorithm with event-triggered communications and
show both through simulations and sea trials with Medusa-class marine vehicles that the self-triggered
cooperative path-following algorithm proposed yields adequate performance for formation control of
autonomous marine vehicles, while reducing substantially the communications among the vehicles. By
exploiting tools from quantized consensus theory, we also provide a method for cooperative path-following
with quantized communications, and an algorithm for distributed estimation and control with quantized

communications. The performance of the resulting systems is illustrated in simulations.

A new methodology for the design of distributed estimators for linear systems is proposed that yields
guaranteed stability in the case of collectively observable systems. The resulting algorithm only requires
the broadcasting of each node’s state estimate at each discrete time instant. We show via simulations that
for some particular conditions the algorithm has a lower estimation error norm than other methods that

use the same bandwidth and yields stable estimation errors for unstable systems.

This thesis also proposes a distributed estimation and control algorithm with progressive quantization.
We show that with an appropriate parameter choice and given that the system is collective detectable, the
algorithm proposed yields a bounded estimation error and state for every agent, with bounds proportional
to the process and measurement noise of the system. Finally, it is shown in tests with model cars that
distributed estimation with quantized consensus is a feasible strategy for formation control using only
range measurements between the vehicles.

Key words: Distributed state estimation; Cooperative path-following; Quantized consensus; Event-

triggered communications; Input-to-state stability






Resumo

Os principais topicos desta tese sdo estimacdo distribuida de estados e seguimento de caminho cooperativo
na presenca de restricdes de comunicacdo, com aplicacdes em veiculos maritimos auténomos. Para este
fim, estudamos algoritmos que tomam em consideracao explicitamente as restricdes impostas pelo meio
de comunicagdo, seja reduzindo o nimero total de mensagens transmitidas por unidade de tempo ou

codificando a informag¢do com um ndmero reduzido de bits e transmitindo-a a uma velocidade fixa.

Desenvolvemos um algoritmo de seguimento de caminho cooperativo (CPF) com comunicacdes desen-
cadeadas por eventos e mostramos através de simulagdes e ensaios no mar com veiculos maritimos
da classe Medusa que o algoritmo de seguimento de caminho com comunicagdes auto-desencadeadas
proposto produz um desempenho adequado para o controlo de formagdes de veiculos maritimos auté-
nomos, enquanto reduz substancialmente as comunicagdes entre os veiculos. Ao utilizar ferramentas da
teoria de consenso quantizado, fornecemos também um método para seguimento de caminho cooperativo
com comunicagdes quantizadas e um algoritmo para estimacio de estados e controlo distribuidos com

comunicagdes quantizadas. O desempenho dos sistemas resultantes € ilustrado através de simulacdes.

E proposta uma nova metodologia para o projeto de estimadores distribuidos para sistemas lineares com
garantia de estabilidade no caso de sistemas colectivamente observaveis. O algoritmo proposto requer
apenas a transmissdo da estimativa do estado do sistema de cada nd, em cada instante de tempo discreto.
Mostramos através de simulagdes que, para algumas condi¢des particulares, o algoritmo produz uma
norma do erro de estimac¢ao mais baixa do que outros métodos que usam a mesma largura de banda e

produz erros de estimagdo estdveis em sistemas instaveis.

Esta tese também propde um algoritmo de estimacao e controlo distribuido com quantizag¢do progressiva.
Mostramos que com uma escolha de pardmetros apropriada e dado que o sistema é coletivamente
detectdvel, o algoritmo proposto produz um erro de estimagdo limitado em cada agente, com limites
proporcionais as magnitudes da perturbacdo e ruido de medi¢do do sistema, e estabiliza o sistema.
Finalmente, € ilustrado com recurso a testes com automoéveis de radiomodelismo que o algoritmo de
estimacao distribuida com recurso a consenso quantizado € uma estratégia vidvel para o controlo de

formagdes utilizando apenas medidas da distancia entre os veiculos.

Palavras-chave: Estimacdo de estados distribuida; Seguimento de caminho cooperativo; Consenso quanti-

zado; Comunicag¢des desencadeadas por eventos; Estabilidade entrada-estado.
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Résumé

Les principaux topiques de cette these sont I’estimation distribuée d’états et suivi de chemin coopératif
avec la présence de contraintes de communication, avec des applications sur véhicules marins autonomes.
Avec cet objective nous étudions des algorithmes que prennent en considération d’une facon explicite les
contraintes imposées par le moyen de communication, soit en réduisant le total de messages transmises
par unité de temps soit en codifiant I’information avec un nombre réduit de "bits" et la transmettre avec

une vitesse constante.

Nous avons développé un algorithme de suivi de chemin coopératif (CPF) avec des communications
déclenchées par événements et nous avons montré avec des simulations et expériences avec des véhicules
marins de classe Medusa que 1’algorithme alternatif proposé de suivi de chemin avec des communications
auto-déclenchées produit une adéquate performance pour le contrdle de formations de véhicules marins
autonomes en méme temps réduisant fortement les communications entre les véhicules. En utilisant
des outils de la théorie de consensus "quantizé" nous présentons aussi une méthode pour le suivi de
chemin coopératif avec communications "quantizées" et un algorithme d’estimation d’états et controle
distribués avec communications "quantizées". La performance des systemes développés est illustrée avec

des simulations.

Une nouvelle méthodologie est proposée pour le projet d’estimateurs distribués pour systemes linéaires
qui produit une garantie de stabilité dans le cas de systemes collectivement observables. L’algorithme
proposé exige seulement la transmission de I’estimation de I’état du systeme en chaque nceud, en chaque
instant de temps discret. Nous montrons avec des simulations que, pour certes conditions particulieres,
I’algorithme produit une norme de I’erreur d’estimation moins élevée que d’autres méthodes qu’utilisent

le méme largueur de bande et produit des erreurs d’estimation stables avec des systémes instables.

Cette these propose aussi un algorithme d’estimation de contrdle distribué avec une "quantization" pro-
gressive. Nous montrons que, avec un adéquat choix de parametre et quand le systéme est collectivement
détectable, I’algorithme proposé produit un erreur d’estimation limité en chaque agent, avec des limites
proportionnels aux magnitudes de perturbation et bruit de mesure du systéme, et stabilise le systeme.
Finalement, avec des expériences avec des automobiles de radio modélisme, nous montrons que 1’algo-
rithme d’estimation distribuée basé sur le consensus "quantizé" est une stratégie viable pour le contrdle de

formations en utilisant seulement la mesure des distances entre véhicules.

Mots clefs : Estimation distribuée d’états ; suivi de chemin coopératif ; Consensus "quantiz€" ; communi-

cations déclenchées par événements ; stabilité entrée-état.
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Motivation

Motivated by advances in small embedded processors, sensors, and miniaturized actuators, the development of
fleets of autonomous marine vehicles has been gaining momentum worldwide, bringing into sharp focus their
potential to drastically improve the means available for ocean exploration and exploitation. It is envisioned that
the use of multiple autonomous robotic vehicles acting in cooperation will drastically increase the performance,
reliability, and effectiveness of automated systems at sea. Possible scientific and commercial missions include
marine habitat mapping, geophysical surveying, and adaptive ocean sampling, to name but a few.

In this thesis we address a number of problems that arise in the cooperative operation of multiple marine
vehicles due to the presence of bandwidth limitations, when only a limited amount of data are exchanged among
multiple distributed systems or agents per unit of time. In particular, we focus on the topics of networked
cooperative control and estimation for multiple vehicle operations. This issue is of paramount importance in
practical applications, since lower bandwidth translates into lower energy consumption and, consequently, into
increased operational autonomy. Bandwidth limitations are particularly stringent in underwater applications
since communication between vehicles takes place over low bandwidth, short range communication channels
that have intermittent failures, multi-path effects and delays.

In the field of cooperative marine vehicle motion control, a wide range of applications require the solution of the
problem of cooperative path following (CPF). The latter consists of, given n autonomous vehicles and different
spatial paths assigned to them, deriving control laws to drive and maintain the vehicles on their paths with
desired speed profiles, holding a specified formation pattern. In the literature, Ihle et al. [2006], Ghabcheloo et al.
[2009] offer a theoretical overview of the subject and introduce techniques to solve the CPF problem. Different
solutions to the CPF and similar problems can be seen in Giulietti et al. [2000], Stilwell and Bishop [2000],
Ogren et al. [2002], Jadbabaie et al. [2003], Moreau [2005], Ma and Zhang [2010], Dong [2011]. One of our
objectives in this thesis is to solve the CPF problem while keeping the communication bandwidth low.

Another type of problem that we address is motivated by one of the most challenging mission scenarios at
sea: underwater habitat mapping in complex 3D environments, where the flexible structure of a fleet of small
autonomous underwater vehicles (AUVs) is preferable to a single well-equipped AUV. In this scenario, it
is critical that a number of vehicles carrying different sensor suites and navigation equipment maneuver in
formation at close range, cooperating towards the acquisition of environmental data. Meeting this objective
requires that the vehicles be equipped with advanced systems for networked navigation and control. As an
example, we cite a mission in shallow water where one or more surface vehicles (the anchor vehicles) are
equipped with advanced sensor suites for absolute geo-referencing, such as GPS, so as to follow desired paths
or maneuver along arbitrary trajectories in response to episodic events. It is up to the follower vehicles in the
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fleet to reach and maintain a desired formation with the anchors, effectively moving along at the same speed
while acquiring relevant environmental data with complementary sensor suites. In practice, executing this type
of mission without expensive inertial sensor suites requires the follower vehicles to maneuver into formation
by relying on measurements of their distances to the leading vehicles and exchanging complementary data.
This entails considerable difficulties underwater, as conventional communication and localization systems are
unavailable and usually replaced by acoustic devices: acoustic modems that allow the exchange of data, and
ranging devices that estimate distances by measuring time-of-flight of acoustic signals. These devices exhibit
a number of constraints that are inherent to the medium, such as temporary communication losses, outliers in
the range measurements, and low bandwidth of the acoustic communication systems. In practice, an important
consequence of these limitations is the inability to measure or communicate frequently, with inter-sample times
often in the range of seconds, making the problem of underwater range-based multiple vehicle formation keeping
very challenging.

The example mission of underwater mapping mentioned above leads to one of the problems that we address in
this thesis, where each vehicle is required to know its absolute position and those of the neighboring vehicles,
while measuring ranges to neighbouring vehicles. This problem is referred to as cooperative navigation, and
when applied to the problem of formation control it is named range-based formation control. The problem
of cooperative navigation is contained within the larger scope of distributed state estimation, which will also
be addressed in this thesis. Spawned by recent advances in wireless sensor networks (WSNs) and distributed
sensing, there has been a flurry of activity on the topics of distributed state estimation and its interaction with
control, see for example Olfati-Saber [2005], Khan and Moura [2007, 2008], Calafiore and Abrate [2009], Garin
and Schenato [2010], Battistelli and Chisci [2014], Li et al. [2015b], Battistelli et al. [2015], Battistelli and Chisci
[2016] and the references therein. These issues are at the core of a wide range of applications, from network
localization to environmental monitoring, surveillance, object tracking, collaborative information processing,
and traffic monitoring (see Akyildiz et al. [2002], Xu [2002], Bethke et al. [2007], Smith and Hadaegh [2007],
Zavlanos [2008], Ghabcheloo et al. [2009], Bahr et al. [2009], Mesbahi and Egerstedt [2010], Aberer et al.
[2010], Prathap et al. [2012], Soares et al. [2013], Rawat et al. [2014], Soares et al. [2015a,b] for an introduction
to these issues).

Motivated by the examples and problems above, the main topic of this thesis consists of tackling bandwidth
limitations in cooperative path-following or distributed estimation algorithms, either by reducing the total number
of communications or by transmitting at a fixed rate a limited number of bits. To this end, we consider two
methods which have as a common feature the fact that they rely on synchronized estimators between agents, that
is, the transmitters estimate the data at the emitter end, and the emitter computes the same estimate using the
exchanged information. For continuous-time signals, we consider event-triggered communications mechanisms
aimed at reducing the total number of messages per unit time by transmitting only when the difference between
a relevant estimated quantity and the real quantity reaches a given threshold. For discrete-time systems, we
propose quantized communications with progressive quantization as a means to address explicitly bandwidth
constraints. This is done by considering explicitly that a limited number of bits are transmitted at a fixed rate.

An important desired feature in estimation and control applications is that the observers and controllers derived
yield input-to-state stable (ISS) systems, in the sense that given bounded process and measurement noise, the
estimation error and the state of those systems are bounded, with bounds proportional to those of the process and
measurement noise. The main analysis effort undertaken in this thesis consists of deriving ISS guarantees for all
the control and estimation algorithms proposed.



pA Outline

The main theme of this thesis is distributed estimation and cooperative path-following under bandwidth limita-
tions, and applications to autonomous underwater vehicles. For a better comprehension of the content in this
work, the thesis is organized in seven parts.

The main research topics occupy three central parts, starting with distributed estimation, continuing with event-
based communications applied to cooperative path-following, and finally considering quantized communications
in the design of algorithms to solve the problems of cooperative path-following and distributed estimation. The
thesis is organized as follows:

Part I: Introduction We briefly motivate the core research topics of this thesis, describe the outline, and set
forth the contributions of this work.

Part II: Mathematical Background We describe the basic mathematical tools that will be used throughout
this thesis, and also provide some results in the theory of standard and quantized consensus.

Part III: Distributed Estimation We provide an introduction and a literature survey on the topic of distributed
state estimation of linear dynamical systems, and propose a new distributed state estimation method.

Part IV: Event-based Communications We address the problem of cooperative path-following with self-
triggered communications.

Part V: Quantized Communications We solve the problems of cooperative path-following and distributed
estimation and control with quantized communication by applying the theory of quantized consensus
developed in Part II.

Part VI: Tests with Real Vehicles We apply the methods developed in theory in the previous parts to the
control of formations of real vehicles.

Part VII: Discussion We summarize the thesis and provide final comments and avenues for future work.






R] Contributions

The work done in the scope of this thesis led to several contributions and related publications, listed below for
each part.

Part II: Mathematical Background We extend some results in standard consensus. In particular, Lemma 1
goes further than Theorem 1 in Xiao and Boyd [2004], and Lemma 2 which is equivalent to Theorem 3 in
Hartfiel and Spellmann [1972] is proven with a different method in this thesis. We also give conditions
for stability of a quantized consensus algorithm with progressive quantization that extend the conditions
found in Li et al. [2011], in that they consider directed networks and allow faster convergence rates. We
also extend these stability conditions for the case where the values stored in each agent are affected by
some bounded noise. These conditions will be applied in Part V.

* F F. C. Rego, Y. Pu, A. Alessandretti, A. P. Aguiar, and C. Jones. A consensus algorithm for
networks with process noise and quantization error. In Proceedigs of the 53rd Annual Allerton
Conference on Communication, Control, and Computing, 2015. (Rego et al. [2015])

Part III: Distributed Estimation We provide a literature survey on the state of the art in distributed state
estimation for linear systems and propose a new distributed design method for a distributed state estimation
algorithm that has the potential to perform better than most estimation algorithms in the literature, and
requires only the transmission of its estimate to the out-neighbours and the computation of a small
multiplications and additions on-line.

e F. F C.Rego, A. P. Aguiar, A. M. Pascoal, and C. Jones. A design method for distributed Luenberger
observers. IEEE, 2017. Accepted for the 56th IEEE Conference on Decision and Control, 2017.
CDC 2017. (Rego et al. [2017])

Part IV: Event-based Communications We propose an algorithm for cooperative path-following with self-
triggered communications with guaranteed input to state stability for delays and packet losses. The work
in this part is a continuation of the work in Vanni [2007] in that we provide full proofs of stability of the
cooperative path-following algorithms and we define formally the filter structure for an arbitrary network.

* F. FE C. Rego, A. P. Aguiar, and A. M. Pascoal. A packet loss compliant logic-based communication
algorithm for cooperative path-following control. In Proceedings of the 9¢th IFAC Conference on
Control Applications in Marine Systems 2013, 2013. (Rego et al. [2013])

Part V: Quantized Communications We provide a method for cooperative path-following with quantized
communications (Rego et al. [2015]), and an algorithm for distributed estimation and control with
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quantized communications, which goes further than in Rego et al. [2016b] since we consider that the state
estimate of each agent is used for feedback control of the plant.

* F. F. C. Rego, Y. Pu, A. Alessandretti, A. P. Aguiar, A. M. Pascoal, and C. Jones. Design of a
distributed quantized Luenberger filter for bounded noise. In Proceedings of the 2016 American
Control Conference (ACC), pages 6393—-6398, July 2016, doi: 10.1109/ACC.2016.7526675. (Rego
et al. [2016b])

* The theorems and lemmas in Rego et al. [2016b] are proven in the technical report Rego et al.
[20164a].

Part VI: Tests with Real Vehicles For an introduction to the problem of cooperative navigation and to the
hardware setup used in the following tests we provide a report of the tests of a range-based formation
control algorithm for underwater vehicles.

We apply the event-triggered cooperative path-following algorithm to the control of a formation of three
real autonomous marine vehicles and we employ the distributed estimation algorithm to the cooperative
navigation of model cars measuring ranges among them.

* F. F C. Rego, J. M. Soares, A. Pascoal, A. P. Aguiar, and C. Jones. Flexible triangular formation
keeping of marine robotic vehicles using range measurements. In Proceedings of the /9th IFAC
World Congress, 2014.(Rego et al. [2014])

To the extent that this manuscript reuses material from our previous publications, referenced above, we recognize
the copyrights transferred to their respective publishers.



Notation

In this section we summarize the notation used throughout the thesis. Given two square matrices of the same
dimension X and Y the matrix inequality X <Y means Y — X is positive semidefinite and X < Y means ¥ — X
is positive definite. Similarly X > Y means X — Y is positive semidefinite and X > Y means X — Y is positive
definite. The symbol ® stands for the Kronecker product. The symbols || - || and || - |, represent the 2— and
oco—norm, respectively of a vector of real numbers. Given a positive definite matrix P we define the ellipsoidal or
P-norm of x as || x||p:= xT Px, where x is a vector of appropriate dimensions. We also define the matrix induced
P-norm of a matrix A as | Al p:= supj =1 1Axlp, where A is a matrix of appropriate dimensions. We define
the symmetric square root of a symmetric positive definite matrix P as pPri= QA% QT, where P = QAQT is the
singular value decomposition of P, and its inverse as P_%. The notation |- | represents the cardinality of a set.

The symbol |-] represents the floor operator, or the rounding down to the closest lower integer, [-] represents the
ceiling operator, or the rounding up to the closest higher integer, the function sgn(:) is the sign function, and p(-)
is the spectral radius of a square matrix. Given a square matrix P, Amax (P) denotes the maximum norm of any
eigenvalue of P, A, (P) the minimum norm of any eigenvalue of P, and o pax (P) its maximum singular value,
which is equal to the norm of P, || P||, induced by the vector 2 —norm. Further, o, (P) denotes the minimum
singular value of P which, if P is nonsingular, is equal to I1P~H~L Iy represents an M x M identity matrix,
and 1 represents a N x 1 vector with ones in every entry. The vector e; is a column vector with all entries equal
to 0 except at entry i which is 1. For a matrix A we define A" as the Monroe-Penrose pseudo-inverse that is
computed as follows. For a non-negative diagonal matrix X we compute its Monroe-Penrose pseudo-inverse
> by taking the reciprocal of each non-zero element on the diagonal, leaving the zeros in place. For a generic
matrix A, given its singular value decomposition A= UXV* where X is a non-negative diagonal matrix, and
V and U are unitary matrices, and V* is the conjugate transpose of V, the Monroe-Penrose pseudo-inverse is
defined as AT := VZTU*.

When clear from the context, the superscript of a variable, e.g. X I refers to the node index of that variable,
where i € A :={1,..., N}. In this context where i € {1,..., N}, the operator row(:) is defined as

row(Xi):z [x',....xN],

the operator col(-) as

col(Xi) ::row(XiT)T,

and the operator diag (X?) yields a block diagonal matrix whose diagonal elements are X*,..., X". Given |42
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matrices A/, i, j € .4, we define the notation

All A12 AIN
A21 A22 A2N
ij —
[A ]i,jem' : ) :
ANl ANZ ANN

For a stochastic variable the operator E [-] represents its expected value. If x € R” is a stochastic variable, then
the notation x ~ A (xp, P) indicates that x has a Gaussian probability distribution, with

E[x] = xo,
E[xxT] =P

for a positive definite matrix P.

If I < [0,00) is an interval, then |lu||; denotes the essential supremum norm of a signal u : [0,00) — R” | that
is [lull; := esssup,c;lu(8)]. For a signal v:R— R™, with m =1 we will use the notation v(¢t*) :=lims_;+ v(s).
When time is omitted, we use the notation v* := v(t*). A continuous function a : [0,00) — [0,00) is said to
belong to class £, or a € A if it is strictly increasing and a/(0) = 0, if lim,_., a(r) = oo then «a is said to be of
class #. A continuous function f: [0,00) x [0,00) — [0,00) is said to belong to class £ £, or fe £ Z, if, for
each fixed t, the mapping f(r; f) belong to class £ with respect to r and, for each fixed r, the mapping B(r; t)
is decreasing with respect to t and f(r;t) — 0 as £ — oo.

10
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] Properties of Nonlinear Continuous-Time
Systems

Consider the autonomous continuous-time system
i= [0, ©-1)

where ¢ € R is the time, x € R” is the state of the system and f is assumed to be continuous in ¢ and Lipschitz
continuous in x. To express stability of an autonomous continuous-time system, the following definition is
required.

Definition 1. System (5.1) is said to be ultimately bounded (UB) if there exists a function f € #% and a
positive scalar € such that

lx(@)Il < BUxO], 1) +e. (5.2)
Moreover, if € = 0 the system is said to be asymptotically stable (AS).
The following theorem states how to determine if a function is ultimately bounded or asymptotically stable by

constructing an auxiliary function, referred to as Lyapunov function.

Theorem 1 (Theorem 4.18 of Khalil [1996]). Let V : [0;00) x R — R be a continuously differentiable function
such that there exist functions a1, as € £, a continuous function W such that W(x) >0, V|| x|| > 0, and

ar(Ix1) < V(£, ) < ax (1x1),Y (2, %) € [0,00) x R", (.3)
ov oV
S 3o (00 S WYl > e, 1€ [0,00). 54)

Then the system (5.1) is uniformly bounded.

Consider now the non-autonomous continuous-time system
X=f(t,x,u), (5.5

where £ € R is the time, x € R” is the state of the system, u € R™ is the input of the system which is assumed to
be piecewise continuous and f is assumed to be continuous in ¢ and u and Lipschitz continuous in x. When
analyzing continuous time systems of the form (5.5) one important concept that will be used in this Thesis is
that of input to state practically stability Khalil [1996].

13
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Definition 2. System (5.5)-(5.9) is said to be input to state practically stable (ISpS) if there exist functions
e XL and 0 € £ and a positive scalar € such that

lx(®) < BUxO), 1) +0 (lullo,) +e. (5.0)
Moreover, if € = 0 the system is said to be input to state stable (ISS).
The following theorem gives the Lyapunov function based method of determining input to state practical stability
of a system.

Theorem 2 (Theorem 4.19 of Khalil [1996]). Let V : [0;00) x R — R be a continuously differentiable function
such that there exist functions a;, a2 € £, p € £ a continuous function W such that W(x) >0, V|| x|| > 0, and

ar(lxl) < V(£,x) < az(1x]),Y (£, x) € [0,00) x R" x R"™, (5.7)
oV oV
o7+ 30/ BX W =WE,VIxl > p(lul) +¢ ¢ €0,00). (5.8)

Then the system (5.5) is ISpS. Moreover, if € = 0 then the system is ISS.

Consider now the measurement equation
y=nh(tx), 5.9

where y € R/ is the output of the system. The following property is useful in order to assess how the input given
to a system affects its output.

Definition 3. System (5.5)-(5.9) is said to be input-output practically stable (I0pS) or £ stable if there exist
functions B° € # % and a positive scalar €” such that

Iyl < B2 UlxO)l, )+ (lulo,n) +e’. (5.10)

Moreover, if €? = 0 the system is said to be inpuz-output stable (10S).

The following theorem states sufficient conditions for IOpS.

Theorem 3 (Theorem 5.4 of Khalil [1996]). If the system (5.5) is ISpS and there exists a function o"e % and
a positive scalar €” such that

ly)l <o dx) +e", .11)

then we can say that the system (5.5)-(5.9) is input-output practically stable (IOpS). Moreover, if the system is
ISS and € = 0 then we can say that the system is IOS.

5.1 Interconnection of Input to State Practically Stable Systems: The Small-
Gain Theorem

The concept of input to state stability is particularly useful in the study of interconnected systems, since it
expresses the effects of the system in the size of the norm of a signal passing through it. One example is the case
of a cascade connection of Figure 5.1. Consider two ISpS systems X! and X2.

14
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Theorem
=t
X1 = filt, x1,u1),
and
2.
Xo = fo(t, X2, X1, Up),
which satisfy the ISpS properties
lx1 ()1 < B Ulx1 O, ) + 0 (lurllo,) +e€1, (5.12)
lx2 (Ol = B2 (%2, ) + 03" (1x1ll0,1) + 02 (Iu2llj0,1) + €2, (5.13)

where B, 5% € # £ and 0',0%,0)' € X, €1,€; are positive scalars. If we analyze the cascade connection where

»t 2
Ui ] xr1 ]
€1 :fl(t,QTl,U]) x2:f2(t,$2,$1,UQ)

Uz

Figure 5.1 — Cascade connection of two systems.

x1 is an input of 22, as illustrated on Figure 5.1 we can guarantee that the overall system is stable, i.e. the system
whose state is x12 := [x] xJ | T and the input is w1z := [u] ] | Tis ISpS

Theorem 4 (Lemma 4.7 of Khalil [1996]). Given systems X! and X? satisfying the ISpS properties (5.12)-
(5.13), and suppose the two systems are connected in cascade with x; as an input of X2, then the state of
the interconnected system is ultimately bounded, that is, there exists functions g'? € # %, o' € %, and a
non-negative scalar €15 such that

lx12(01 < B2 (lx120)11, 1) + 02 (w2l 0,11) + €12

Moreover if ! and >2 are ISS, that is €; = 0 and €, = 0, then the overall system is ISS, that is, €12 = 0.

The property of input to state practical stability is particularly useful in the study of the feedback connection of
Figure 5.2. Consider two ISpS systems 22 defined as before satisfying property (5.13) and X! redefined as

=t
i1 = fit, %1, %2, u1),
which satisfy the ISpS properties
lx1 ()1 < B Ux1 O, 8) + 07 (Ix2ll0,0) + o (It llo,0) + €1, (5.14)

where Ufz e & . If we analyze the setup where x; is an input of 1 and x; is an input of >2 as illustrated on
Figure 5.2 we can guarantee that the overall system is stable, i.e. the system whose state is xj2 := [xlT xZT ] r
and the output is uy, := [ulT uZT | s ISpS, if the conditions of the small-gain theorem in Jiang et al. [1994] and

Khalil [1996], reproduced here in a slightly different form, are observed.
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1
(50 by

Pl @1 = fi(t, 21,20, u1)

T2 1

22

— o = folt,z2, 21, uz) |&

Uz
e

Figure 5.2 — Feedback interconnection of two systems.

Theorem 5 (Small-gain Theorem Jiang et al. [1994]). Given systems X! and 2 satisfying the ISpS properties
(5.13) and (5.14), and suppose the two systems are interconnected with x, as an input of =1, and x; as an input
of 22, if

o, (0% (r)<r Yr>o,

then the state of the interconnected system is ultimately bounded, that is, there exists functions §'? € # %,
0'? € &, and a non-negative scalar €1, such that

lx12(01 < B2 UIx1201, ) + 02 (Il tazll0,1) + €12

Moreover if 2! and 22 are ISS, that is €; = 0 and €, = 0, then the overall system is ISS, that is, €12 = 0.
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Ellipsoidal Norm

6.1 Motivation

As defined in Chapter 4, given a positive definite matrix P the ellipsoidal or P-norm of x is defined as [ x| p :=
xT Px, where x is a vector of appropriate dimensions. This chapter describes the properties of the ellipsoidal
norm, which can be a useful tool for analysis of linear systems with bounded norm. The ellipsoidal norm is
extremely well suited to describe the Lyapunov stability property of linear systems, as well as the effect of noise
and disturbances with bounded norm. The usefulness of the ellipsoidal norm comes from expressing Lyapunov
functions as norms, which enables us to use the usual properties of a norm such as the triangular inequality.

The ellipsoidal norm is not a new concept and was studied for example in Blondel et al. [2005] for the computation
of the joint spectral radius of a set of matrices. It is also used in Du et al. [2016, 2017] for the computation of a
Maholanobis distance. However, to the best of the authors’ knowledge, its usefulness for the analysis of stable,
discrete-time linear systems has not been reported before.

In Section 6.2 we present some properties of the matrix induced ellipsoidal norm which are useful for the
analysis of linear systems, and in Section 6.3 we give some illustrative examples that illustrate the usefulness of
the ellipsoidal norm in the analysis of linear systems.

6.2 Properties of the ellipsoidal norm

This section gives some useful properties of the matrix induced ellipsoidal norm. The proofs of these properties
are given in the next section. As with any induced norm, the matrix induced ellipsoidal norm is sub-multiplicative.

Property P1 (Sub-multiplicative). The matrix induced ellipsoidal norm is sub-multiplicative, i.e. given two
matrices A and B of appropriate dimensions, and a positive definite matrix P, we have

IABIp < I AllplIBlp.
Since for stability and convergence analysis we wish to quantify the rate of decrease of an appropriate norm of
the state of a stable system, the next property will be useful.

Property P2 (Norm decreasing property of stable systems). Given a matrix A with p(A) < 1, there exists a
symmetric positive definite matrix P such that | Al p < 1. Furthermore, if for a positive definite matrix Q we
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1

2
have ATPA— P =—Q, then || Allp = \/1 —amm(Q%P—i) <1.

Note that in general one cannot infer that || All < 1 if p(A) < 1, therefore the use of the ellipsoidal norm given in
Property P2 might be preferable to the £, norm in the analysis of stable LTI systems.

Finally, it will be useful to make the equivalence between the ellipsoidal norm and the infinity norm of a vector
explicit, as well as between two ellipsoidal norms of a vector.

Property P3 (Equivalence between the ellipsoidal norm and the infinity norm of a vector). The ellipsoidal norm
and the infinity norm of a vector are equivalent, i.e. given a symmetric positive definite matrix P of size n x n,
for a vector x of appropriate dimensions we have

m(P) [ xlloo = I xllp = M(P) Xl 0o,

with
1

m(P) := min —
]

1<i<n

M(P) := max |lvilp,
l<i<2n

where F; is the ith row of the matrix F:= I, —I,]T, and v; is the ith vertex of the hypercube A := {y|[| ¥lloo <
1} = {y|Fy < 1}. Moreover, given two symmetric positive definite matrices P; and P,, we have

m(P; ® Py) = m(P1) m(Po),
M (Py® Py) = M (P1) M (P>),

Notice how, from the definitions of m(-) and M(-), and for the case of the 2 —norm, we retrieve the known
results m(Iy) =1 and M(In) = v'N. One can also observe that the number of evaluations of the P-norm for the
computation of M(P) is exponential on the dimension of P. Therefore, if the dimensions of P are large, it is
preferable to use, instead of M(P), its upper bound

M(P) < max
Iyl=vn

)

Pl v

where the inequality comes from the definition of M(-) and the fact that ||v;|| = v/n forall i € {1 < i <2™}.
Property P4 (Equivalence between two ellipsoidal norms). Given two symmetric positive definite matrices P;

and P, it follows that the P;-norm and the P,-norm are equivalent, i.e. for a vector x of appropriate dimensions
we have

m (P1, Po) | x| p, < | xllp, < M (P1, P2) | x| p,,

1 -1 O min (P1)

m(Py, P2) := O (PZP 2)> _—
b mne O max (P2)

i -1 O max (P1)

M(Pq,Py) =0 (PZP 2)< _
bee e 12 Umin(PZ)

Moreover, given four symmetric positive definite matrices Py, P2, P3 and P4 of appropriate dimensions we can

where
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observe, directly from the properties of the Kronecker product, that

O min (P1) 0 min (P2)
Umax(PS)Umax(P4)’

m(Py ® Py, P3® Py) = m(Py, P3)m(Po, Py) > \/

Omax (P1)Omax (P2)
O min (P3) 0 min (P4) ’

M(Py ® Py, P3® Py) = M(Py, P3)M(P2, P4) < \/

Property P5 (Kronecker product). Given two symmetric positive definite matrices P; and P, and two matrices
A and B of appropriate dimensions, then

IA® Bllp,ep, = | Allp, Bl p,

6.3 Application Examples

In this section we describe examples of applications of the elliptical norm, such as the cases of a stable LTI
system driven by bounded noise, a system stabilized with an LQR controller and a Luenberger observer. The
examples found in this section can be found in Ogata [1995], Franklin and Workman [1998], Hespanha [2009]
and Anderson and Moore [1979], however in this section we provide explicit upper bounds on ellipsoidal norms
of the states or estimation errors, depending on upper bounds of appropriate norms of the disturbances acting on
the system. We will also address the case of LQR stabilized systems when only a quantized measurement of the
state is available to the controller.

6.3.1 Stable system with noise
Consider a discrete-time LTI system of the form
Xp1 = AXp+ Wy, (6.1)

where x; € R" is the state, Ae R"*" and w; € R" is the process noise, which satisfies, for a symmetric positive
definite matrix Py, ||w¢llp, < 1. Assume also that the system is stable, that is p(A) < 1. Therefore we have, from
Property P2 that | Al p < 1, for some appropriately chosen positive definite matrix P, which may be computed by
solving the discrete-time Lyapunov equation AT PA— P = —Q, for some positive definite matrix Q. See Ogata
[1995] and Hespanha [2009] for an introduction to Lyapunov stability for discrete-time linear time invariant
systems. With this property we can derive the next theorem which is the main result of this section and supports
the use of the use of ellipsoidal norm as an analysis tool for discrete-time stable LTT systems.

Theorem 6. Consider the stable LTI system (6.1) with uniformly bounded process noise, i.e. |w¢lp, <1, V=0
for some positive definite matrix P,,. Defining a:= || Allp < 1 where P is an appropriately chosen positive definite
matrix, whose existence is guaranteed by Property P2, the norm of the system state is bounded by

M(P, Py)

t
lxellp < alixollp + -

’

with M (B, P,) given in Property P4.

Proof. From (6.1), the triangular inequality of a norm, and Property P3 we have

Ixer1llp < allxellp + llwellp

<allx¢llp+M(P Py).
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Applying recursively the previous inequality and using the geometric series property we can conclude that

-1
Y a’) = a'llxollp + M(P.Py)
i=0

1-a' M(P.P,,)
<a'|lxllp+ ———.
l1-a l1—-a

lxllp < a'llxoll p + M(P,Py)

OJ
6.3.2 LQR controlled linear system
We now consider the case of a controlled linear system described by
Xr+1 :AX[+BU[+LU[, (62)

where x; € R" is the state, A € R™*" is the state matrix, u, € R is the control input, B € R"*"" is the input matrix,
and w; € R" is process noise, which satisfies, for a symmetric positive definite matrix Py, llw;llp, < 1. We
assume that the pair (A, B) is stabilizable. In contrast to the previous case we do not assume that p(A) <1. We
assume linear feedback, i.e. u; = Kx;. In this case the state dynamics become

Xt+1 = (A+ BK) X+ Wy.

As in Franklin and Workman [1998], we now show how to design the gain K and, in the same process, how to
obtain the ellipsoidal norm of the state x; with a guaranteed decrease property as in the previous case. Given
positive n x n matrices, Q and R, let P be the unique positive definite solution of the algebraic Riccati equation
(ARE)

P=Q+A"PA- ATPB(R+BTPB) BTPA,
and compute the controller gain as
K=(R+B"PB)"' BT PA.
It is well known from LQR theory that this selection of control gain minimizes the cost
()
2 (xf Qe+ ui Ruy),
=0
for a system without disturbances when the state is measured directly. Notice from the definition of K that
ATPB(R+B"PB) ' BTPA= ATPBK =K' (BT PB+R)K.
Therefore, the ARE becomes

(A-BK)'P(A-BK)-P+Q+K'RK =0,

i 2
which, combined with the proof of Property P2 results in a := ||A— BKl|lp = \/ 1—0Omin (Q§ P‘%) , where
Q. := Q+ KTRK. Following the analysis in the previous subsection we can bound the state as

M(BPy)

r
lx:llp<allxollp+ 1
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6.3.3 Luenberger observer

This subsection addresses the stability of a Luenberger observer for an LTI system of the form (6.1) and
measurement equation

Ve =Cxs+ vy,

where y; € R’ is the measurement at time ¢, C € R'*" and v: € R™ is the measurement noise, which satisfies, for
a symmetric positive definite matrix Py, [[v¢llp, < 1. We assume that the pair (4, C) is detectable. The theory
behind the discrete-time Luenberger observer is given in Franklin and Workman [1998] and with more detail in
Anderson and Moore [1979]. In the Luenberger observer, the state estimate has the dynamics

X = Afct+L(yt—Cfct),

where %; € R” is the state estimate and L € R"*! is an appropriately chosen observer gain matrix. Defining the
estimation error as e; = (x; — X;), the estimation error dynamics becomes

ery1 = (A-LC)@;-F LUt—LUt.

To compute the observer gain matrix L we define positive definite matrices V and W of appropriate dimensions
and compute the solution X to the algebraic Riccati equation

s=w+AzAT - asc” (v+czcl) T czal,
from which it follows that the observer gain L is given by
L=aAscT(v+czch)

This choice of observer gain is known from Kalman filtering theory to asymptotically minimize the mean of the
square estimation error for the centralized case, when the measurement noise covariance is V! and the process
noise covariance is WL,

Following the same computations as for the controller, the above ARE can be re-written as
(A-LOZ(A-LO)T-z+wW+LVLT =0, (6.3)

However, to compute || A— LC||p one would prefer a Lyapunov equation in the form
(A-LO)TP(A-LC)-P=-Q.

Following the derivations in Olfati-Saber [2009] it follows that
A-LC=A-AsCT (czcT+v) ' C

Moreover, defining £ := (27! + CV~1CT) ™", from (6.3) using the Schur complement inverse property ! we have
T=AZAT+W.

Defining P:=X7'£2"! and W := W+ ZCV~!CTZ we obtain

pl=x5ly

LGiven four matrices A, B, C, and D of appropriate dimensions, where A and D are positive definite, the Schur complement inverse
property consists of the fact that (A~ BD~! C)_l =A'+A71B(D- CA_lB)_1 cA™L.
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=x(z'+cvich =
=x+xcvicls
=ASAT+w+zcvicTs
=ASAT +W.

Finally, using P to define the quadratic Lyapunov function yields

(A-LCO)'P(A-LC)-P=
=x'5(ATPA-E)Ex!
=-371E-2AT (AZAT + W) AT) 27!
=g+ aTw ez,

where in the last equality we used the Schur complement property.

We now define Q:= X! (271 + ATW1A) =1, which is positive definite since X and £ are positive definite.

2
Then, the last equation combined with Property P2 results in a:=||A— LC|lp = \/ 1-0min (Q%P‘%) . Following
the analysis of subsection 6.3.1 we can bound the estimation error as follows

M(P,Py)+ |ILllpM(B, P,)

t
le:llp<a’lleollp+
l1—a

6.3.4 LOQOR controlled linear system with uniform quantization

We now apply the ellipsoidal norm concept to the case where we wish to stabilize an LTI system, and the
controller only has available a quantized version of the state. This case occurs in practice when the state is
measured with a finite number of bits. Formally, the quantizer with a step-size A is defined by the operator?

Q(x) :=sgn(x)A “Ai" + %J .

When x is a vector in R”, Q(x) applies the quantization element-wise. It can be seen that with this definition of
Q(-), the quantization error is bounded as ||x; — Q(x{)llco < %. Applying an LQR controller to the system (6.2),
as in subsection 6.3.2 yields the following dynamics

Xt+1 = AX; + BKQ(x) + wy = (A+ BK)x; + BK (Q(xf) — x¢) + wy.
Taking the ellipsoidal norm of the state we obtain
Ixt+1llp < allxcllp + 11Q(xs) — X¢ll grgrpr + M(P, Py)
A TRpT
< alxllp+ 5 M(K"B"PBK)+ M(PPy),
and from the proof of Theorem 6 we have

M (KTBTPBK)A/2+ M(P,Py)

t
lx:lp<a'llxollp+
l—a

2 In this chapter we consider quantization with an infinite quantization interval, that is, we considered that the quantization operates
in the same manner everywhere in the domain R”. A formal definition of the quantizer with a limited quantization interval is given in
Section 7.1. In the case of a limited quantization interval, we would need to show that the value to be quantized is within the quantization
interval, that is [|x — Q(x)[lco, in order to guarantee that the quantization error is bounded. The quantizer is thus defined as
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6.3.5 LQR controlled linear system with progressive quantization

In the last subsection we used a constant quantization step-size and we obtained an ultimate bound on the system
M(KTBTPBK)A/2+M(PP,,)
1-a
bound which depends only on a and M(P, P,,) we can define a decreasing quantization step-size A; = Aga’,
where Ap > 0 and 0 < @ < 1. This method is named progressive quantization and is studied in detail, applied to
an optimization algorithm, in Pu et al. [2017], and to quantized consensus in Li et al. [2011] and Thanou et al.

[2013].

. In order to obtain an ultimate

state which depends on the quantization step-size as

Taking the ellipsoidal norm of the state we obtain

lxis1llp < allxellp +11Q(xe) — Xl grgrppr + M(B Pyy)

A
<alxp+ ?tM(KTBTPBK) +M(P.Py).

Applying the previous inequality recursively yields

=1 . A
lxellp < alxollp+ Y. (a’ (M(P,Pw> * aH*’?‘)M(KTBTpBK)))
i=0
A =l oayi\  M(PP)
<a'llxllp+a™' —M(K'B"PBK —| [+
Ixollp 5 M( ) Zo(a) a4
M(K"BTPBK)Ay M(PP,)
+
2(ax—a) l1-a

t t
<alxllp+a

)

M(BPy)

where we can see that the ultimate bound is =~

Besides progressive quantization, other quantization methods have been studied for the stabilization of LTI
systems such as logarithmic quantization in Elia and Mitter [2001], Ishii and Basar [2005].
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Quantized Consensus

7.1 Uniform Quantizer

We now define the meaning of quantization formally. The concept is motivated by the requirement to transmit a
message with a limited number of bits and a known precision, given that both the transmitter and the receiver
have the same quantizer parameters: mid-value, quantization interval, and number of transmitted bits.

Consider the quantization interval % — 4, %+ 2] of size A centered at the mid-value X. A uniform quantizer

with a quantization step-size A is given by

x=4
2 -
Q(x):={ X+sgn(x—Xx)A [w_,_ %J
x+4

The quantizer is illustrated in Figure 7.1.

mid-value &

T T

A quantization interval

Figure 7.1 — Example of quantizer with n;, = 3.

The parameter A is determined by the number n; of bits of the quantizer as A :=

_A
27 =2"

(7.1)

From (7.1), the
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quantization error is upper-bounded by

A A
lx— Q) SEZW. (7.2)

For the case where the input of the quantizer and the mid-value are vectors with the same dimension, the
quantizer Q is taken element-wise.

7.2 Communication Network
This chapter formulates the concept of a communication network that is at the core of this thesis.

We consider a very general setup consisting of: I) a set of nodes ./, with cardinality N := [.4]. II) a commu-
nication network between nodes (A, o), where of € A x A is the set of node pairs describing the directed
connections between these nodes (each standing for a data link), i.e. node i can communicate with node j, in this
direction, if and only if (i, j) € «. The following assumption describes the communication limitations among
Sensors.

Assumption Al. The nodes are able to communicate according to the network structure defined by </, i.e. a
node i is able to send messages to node j if and only if (i, j) € «/.

The concept of communication network is illustrated in Figure 7.2. Let A'? be the index set of the vehicles that
communicate with vehicle i, i.e. A% :=]{ j:(j, i) € o/} (the so called neighbouring set of vehicle i or the set of
in-neighbors of i, we will use the terms neighbour and in-neighbour interchangeably throughout this thesis).
From Figure 7.2 we can observe that .48 = {4,7}. We define a directed path as an ordered sequence of nodes
such that any pair of consecutive nodes in the sequence is an edge of the graph, i.e. a directed path of length
n from node i to node j is a sequence of nodes iy, 1,...,1,, where iy =i, i, = j, and forany [ € {1,...,n—1}
(i i) ed.

(3
®\ /’\ e
@\l @
®

]
@f °

Figure 7.2 - Example of communication network where A = {1,...,8}, N = 8 and « =
{(1,4),4,1),(4,8),(8,3),3,7),(7,8),(8,5),(5,4), (7,6), (6,5), (5,2), (2,5)}.

A cycle in a network is a directed path that starts and ends at the same node and that contains no repeated
node except for the initial and the final node. In the Network of Figure 7.2 one can find three cycles: {4,8,5,4};
{8,3,7,8} and {8,3,7,6,5,4,8}. A network is aperiodic if the greatest common divisor of the lengths of its cycles
is one. Note that if self-loops are allowed, i.e. if for any i € A, (i,i) € o, then the network is automatically
aperiodic.

A node of a network is globally reachable if it can be reached from any other node by traversing a directed path.
A network is strongly connected if every node is globally reachable. Analysing Figure 7.2 one can conclude
that the graph is strongly connected. A graph (A, <) is weakly connected or just connected if the minimal
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undirected graph that contains it is strongly connected. For undirected graphs, i.e. if i € A4/ implies j € A7,
connected and strongly connected are equivalent concepts.

The adjacency matrix of a graph, denoted A, is a square matrix with rows and columns indexed by the nodes such
that the i, j-entry of Ais 1if j € .4 and zero otherwise. The degree matrix D of a graph (4, <) is a diagonal
matrix where the i-entry equals || A I, the cardinality of the set of in-neighbours of i, A I The Laplacian of a
graph is defined as L:= D — A. Thus, every row sum of L equals zero, that is, L1 = 0. For the graph of Figure 7.2
the Laplacian is

1 0o 0 -1 0 O 0 O
o 1 0 O -1 0 o0 O
o o 1 o0 o0 0 0 -1
L= -1 0 0 2 -1 0 0 O
o -1 0 0 3 -1 0 -1
o o0 o0 o0 O 1 -1 o0
o 0 -1 0 0 O 1 O
o o0 o0 -1 0 0 -1 2

It is well known that if (A, <) is strongly connected, L has a simple eigenvalue at zero with an associated
eigenvector 1 and the remaining eigenvalues are all positive, see e.g. Godsil and Royle [2013]. We also define
for a non-negative square matrix B of size N, where b/ is the element of B in the ith row and jth column, the
graph G(B) := (&, %) where % := {(i, j)|b"/ > 0}. A non-negative square matrix B is irreducible if for every
pair of indices i and j, there exists a natural number k such that b;c’j > (0, where bfc’j is the element of B¥ in
the ith row and jth column. It can be shown, see e.g. Meyer [2000], that B is irreducible if and only if its
associated graph G(B) is strongly connected. The period of i is defined as the greatest common divisor of all
natural numbers k such that b;.c’i > 0. When B is irreducible, it is easily seen that the period of every index is the
same and is called the period of B. It is easily shown that the period of B is 1 if and only if its associated graph
G(B) is aperiodic, and in that case we say that B is aperiodic. A primitive matrix is a nonnegative square matrix
B for which there exists a positive integer k such that all elements of B¥ are strictly positive. It can be proved,
see e.g. Meyer [2000], that primitive matrices are the same as irreducible aperiodic non-negative matrices.

7.3 Standard Consensus Algorithm

7.3.1 Problem Definition

The problem of consensus can be described coarsely as that of determining what computations should be
performed and what messages should be exchanged among multiple agents so that they asymptotically agree
on the value(s) of some relevant variable(s). A particular case of the consensus problem is that of distributed
averaging, where all the agents should obtain in the end the average of the values stored initially at each
agent. Due to their applicability in a wide range of practical problems involving the coordination of multiple
systems, from distributed state estimation to flocking or rendez-vous of fleets of autonomous vehicles, consensus
algorithms (in particular distributed averaging) are probably the most ubiquitous ones in a distributed setting. In
this section we give an introduction to the standard algorithm of distributed averaging. In the process, we also
summarize some basic results related to consensus and doubly stochastic matrices. Some of these results can be
found in Xiao and Boyd [2004], while others when explicitly mentioned are original.

1 (N, <) is the minimal undirected graph that contains (A, /) if o is the set with the minimum number of elements such that
o Sof and if (i, j) € o, then (j, i) € <.
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Consider the network defined in Section 7.2, where each node i in .4 is initalized with a variable zé and we
wish to compute at each node the average of all nodes % Yien z(‘;. In the standard consensus algorithm, at each
iteration [ a variable zf is stored at node i which is then transmitted to its out-neighbours as is shown in Figure
7.3.

Network (N, A)

Node 2 oo

Figure 7.3 — Standard consensus problem consisting of a network (A", /) and a set of nodes .A.

7.3.2 Literature Survey on Consensus

Some of the fundamental results on distributed averaging are given in Xiao and Boyd [2004], where the
authors derive general conditions under which distributed linear iterations characterized by appropriately defined
weighting matrices will yield distributed averaging consensus over a network. The paper also shows how
to compute the optimal weight matrix consistent with a given network so as to obtain the fastest possible
convergence factor. In the case of undirected networks, this is shown to be equivalent to a semidefinite
optimization program.

In line with the framework adopted in Xiao and Boyd [2004], the work in Mosquera et al. [2010] addresses the
case where additive noise perturbs the exchange of information among the agents in a network and proposes a
greedy approach to step-size sequence design that minimizes the mean squared error at each iteration. As shown
later, the concepts introduced in Mosquera et al. [2010] can be exploited to solve the problem of quantized
consensus if one considers the quantization error as communication noise.

Recently, a number of results on the conditions that the topology of a time-varying graph should satisfy in
order to obtain distributed consensus have come to the fore. Among such results, the work in Charron-Bost
[2013] establishes orientation and connectivity based criteria for an agreement algorithm to achieve asymptotic
consensus in the context of time-varying topologies and communication delays. The results are very general and
provide a general framework under which the results of other related papers are obtained as special cases of the
theorems derived in Charron-Bost [2013]. Also in the context of time-varying topologies, Blondel and Olshevsky
[2014] provides a necessary and sufficient condition to achieve consensus using a finite set of consensus matrices,
the so-called avoiding sets condition, which is proven to be NP-hard to verify.

7.3.3 Algorithm

Consider that the generic node i at iteration / contains a vector denoted z; € R™. A standard consensus algorithm

consists of updating the internal vector z; with a weighted sum of the vectors stored in the neighbors, z{, jeNt,
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according to the rule

z= Y iz, (1.3)
JEN
where we denote by "/ € R the weight that the node i uses to incorporate the information available from node
J, with abl = 0if (i, J) ¢ o/ . We remark that we represent the iteration number of the consensus algorithm as [
and not ¢, which denotes time, since in the context of distributed estimation we consider that there are multiple
iterations of the consensus algorithm at each time instant.

The matrix IT whose component (i, j) is equal to 17 is termed a consensus matrix. This matrix is assumed to
satisfy the following standard assumptions in consensus design:

Assumption A2. The consensus matrix II is doubly stochastic > and primitive.

Assumption A3. The consensus matrix II has a positive diagonal, i.e. 77 >0 forall i € A

Given Assumption A2, we can define o as the second largest singular value of I1. The following lemmas, which
build on results available in Hartfiel [1971], Hartfiel and Spellmann [1972], Xiao and Boyd [2004], Tifenbach
[2011], show the importance of Assumption A2 and clarify under what conditions the assumption is valid.

Lemma 1. Consider the standard consensus algorithm (7.3). Then,

. 1

. i _ J .

ll:r(r)lozl = Z N Vie N,
jeN

if and only if Assumption A2 is satisfied and, in this case, if Assumption A3 is satisfied, then ||[[T- 117 =

o2 <1, where o is the second largest singular value of II.

Lemma 2. There exists a matrix IT such that Assumptions A2 and A3 are satisfied if and only if the network
(AN, &) is strongly connected, and self loops are allowed, as defined in Section 7.2.

The proofs are given in Appendix B.1.

A result similar to that in Lemma 1 is given in Xiao and Boyd [2004]. However, Lemma 1 goes further than
Theorem 1 in the reference above, since it guarantees that ||TT — ﬁllTll < 1 if Assumption A3 is satisfied.

We remark that if the graph is bidirectional, i.e. if (i, j) € « implies (j, i) € <7, and if self-loops are allowed,
Assumption A2 can be satisfied by designing IT with Metropolis-Hastings local-degree weights, see Xiao and
Boyd [2004]. That is, IT satisfies Assumption A2 if

0 if jeN!
i = W ifje Alandi#j .

Zje‘/t/i,j#inl’] lfl:]

This is not possible if the communication network is directed. However, if self-loops are allowed, which is
very often the case in practice, Lemma 2 guarantees that it is possible to build a consensus matrix satisfying
Assumption A2 if (A, <) is strongly connected. The proof of this result, which gives an explicit method to
build such a matrix, is given in Section B.1. For the rare cases where self-loops are not always present, it can be
seen that, if the communication network is strongly connected, the existence of self-loops in every node is only
a sufficient but not necessary condition for the existence of a consensus matrix satisfying Assumption A2. In

2A doubly stochastic matrix is a square matrix of nonnegative real numbers, whose rows and columns sum to 1.
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fact, one can find networks without any self-loops such that there exist a matrix satisfying Assumption A2. One
example is a network with two or more cycles with mutually prime lengths that do not intersect at any node and
span the whole network, and a single cycle that also spans the whole network.

7.3.4 Guarantees with a Finite Number of Iterations

We have seen that under Assumptions A2-A3, using the standard consensus algorithm the value stored at each
node zf € R" converges to ¥ je x %z{,, but we did not quantify the deviat.ion from the average at a given iteration.
In what follows we quantify bounds on the deviation z; — ¥ je.x %zé at any given iteration of the standard
consensus algorithm.

In order to compute formally the deviation from the average, we first define the variables z; := col (zf, ieN ),

M= (1/N)(117) ® Iz;, and q;:= 2, - z?vg. The consensus step can be written in compact form as

Zl =

zi =IMel,z. (7.4)

Note that using the property %IITH = %IIT, from Assumptions A2-A3 and the update (7.4), the vector of

113 =2z,"%. Combining (7.4) with the fact that 2} =

averages follows the dynamics z, 7 1=

z,'® yields
1
i = (1= 117 Luan, (7.5)

and the convergence of the standard consensus algorithm can be established. Since in the rest of the thesis we
will work with a quadratic P-norm for some symmetric positive definite matrix P of size n x n, we describe the
convergence of the difference between the values in each node and their average in terms of || g;ll7,sp, as stated
in the following theorem.

Theorem 7 (Convergence of standard consensus). Consider the recursion (7.4). If Assumptions A2-A3 hold,
then, for any ! = 0, the values of g; satisfy

!
lgilliyer < 05llqoll 1yep-

7.4 Literature survey on quantized consensus

In what follows we give a brief summary of the state of the art in quantized consensus, as organized by the type
of method adopted.

7.4.1 Gossip Quantized Consensus Algorithms

One of the first methods considered for quantized consensus involved the use of gossip algorithms, where at
each step one edge or communication link in a network graph is selected at random and the values stored in
the nodes at both ends of the edge change according to some rule. In this context, the work in Kashyap et al.
[2007] addresses a class of gossip algorithms to achieve consensus on integer numbers and proves probabilistic
convergence to consensus of these algorithms. Since the paper deals with consensus of integers, it also deals
with the case where the integer numbers represent quantized real numbers. However, a quantization error still
exists after convergence, and, since this is a probabilistic method, it is not possible to determine for each agent in
the network how close to the average its own state is. More recently, in Basary et al. [2014] it is proven that the
use of the Metropolis-Hastings method for edge selection in the gossip algorithm yields faster convergence to
consensus than an unbiased edge selection.
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In many situations, such as those considered in the present thesis, where a number of nodes can communicate at
the same time, the use of gossip algorithms may be slow when compared to algorithms where multiple nodes
communicate at the same time, since they use the full capacity of the network. For this reason, we now focus on
quantized consensus algorithms where all the network links are active at the same time.

7.4.2 Dithered quantization

One particular method to do quantized distributed averaging consists of performing the standard linear iterations
of unquantized distributed averaging as in Xiao and Boyd [2004], while quantizing the communicated values with
a probabilistic quantizer, i.e. performing dithered quantization. This approach guarantees that the quantization
error is a zero mean additive noise. The work that we summarize next deals with consensus with probabilistic
quantization and yields algorithms with guaranteed probabilistic convergence.

The principle of consensus with dithered quantization was first proposed in Aysal et al. [2008] where the authors
present a proof of probabilistic convergence of the consensus algorithm. It is also shown in Aysal et al. [2008]
that the values of all the agents will converge to the same quantization level and that the expected value of that
quantization level is the average of the initial values.

In Yildiz and Scaglione [2008], the authors propose a quantized consensus scheme with the same probabilistic
guarantees as in Aysal et al. [2008]; however, in this case the authors consider a communication rate that decays
to zero. This is achieved through the design of an optimal predictive coding which uses information of the
previously received messages. The authors of Yildiz and Scaglione [2008] also address the design of an optimal
Wyner-Zyv decoder, which uses each agent’s own state sequence in the decoder.

The work in Kar and Moura [2010] deals with the quantized consensus algorithm with dithered quantization and
shows that when the quantizer range is unbounded, consensus is achieved asymptotically to some value, the
expected value of which is the average of the initial values. Moreover, it is shown that the quantization step-size
can be made arbitrarily small for a smaller variance. The paper also deals with the case of a bounded quantization
interval and provides a lower bound on the probability that the difference between the final consensus value
and the initial average is smaller than a threshold as a function of the number of quantization levels and the
quantization interval size.

A stronger result for consensus with dithered quantization is derived in Fang and Li [2009], where the authors
prove that using the dithered quantization scheme proposed in Aysal et al. [2008], and performing a temporal
average of the values at each agent, the sequence of averaged values converges to the average of the initial values.
This is stronger than proving that the expectation of the limit value is equal to the average of the initial values.

It is important to stress that dithered quantization is probabilistic in nature. For this reason, the results on
distributed averaging in this setup are necessarily probabilistic and not deterministic, that is, the values in all
nodes converge almost surely to the same value. However, it is impossible to determine with absolute certainty
at any moment how distant the computed value of a certain node is with respect to the values on all other nodes.
In what follows we present results that deal with deterministic quantization methods.

7.4.3 Deterministic Quantized Consensus with Fixed Quantization Interval

In this context, the first method considered consists of performing linear iterations of a distributed averaging
algorithm while the exchanged messages are quantized with a uniform quantizer with a fixed quantization
interval. This concept is studied in Frasca et al. [2009], which provides a quantized consensus algorithm where
the average of all the agents’ states is preserved. The worst case and probabilistic performance of the proposed
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quantized consensus algorithm is also addressed. The quantization interval is considered to be constant.

In the related work reported in Nedi¢ et al. [2009], the problem of distributed averaging over time-varying
topologies with quantized communications is studied, where the quantization method considered is the rounding
down of the absolute value, and there is no preservation of the average as in Frasca et al. [2009]. With this
method, the values can only converge to within some bound of the initial average which depends on the number
of quantization levels.

So far, it has been assumed that the quantization interval is fixed. For this reason, the quantization error does not
converge to zero and there will be at each node, after convergence, an ultimate error to the average value of all
nodes. To overcome this problem the quantization interval must necessarily decrease. The remaining literature
survey on quantized consensus describes the results of work in which the quantization interval decreases or the
quantizer is non-uniform, thus guaranteeing that the difference from the average at each node converges to zero.

7.4.4 Adaptive Quantization Interval

When the quantization interval changes at each iteration, based on past data, we say that the quantization interval
is adaptive. Adaptive quantization in the context of consensus is studied in Fang and Li [2009], where the authors
propose a modification of the classic consensus algorithm in Xiao and Boyd [2004], in order to achieve consensus
if the variance of the quantization error converges to zero. They further propose an adaptive quantization scheme
that drive the quantization interval to zero, thus satisfying the requirements for convergence.

Similarly, regarding adaptive quantization intervals, Carli et al. [2010] presents two schemes of quantized average
consensus. The first is the zoom-in zoom-out method, where the quantization interval shrinks or increases
depending on whether a saturation constraint is active or not. The second is a logarithmic quantizer, i.e. the
value that is quantized is the logarithm of the state of the agent, which guarantees that the quantization error is
proportional to the magnitude of the quantized value. Conditions on the parameters of the logarithmic quantizer
that guarantee convergence of the algorithm are also given.

When off-line information of the network topology and of the models of the system and sensors is available, one
can be more efficient and just decrease exponentially the quantization interval at a pre-specified rate. This is the
principle behind progressive quantization that will be examined next.

7.4.5 Progressive Quantizers

A particular case of quantization with varying quantization intervals is progressive quantization, where the
quantization interval decreases exponentially to zero. Progressive quantization is studied in Thanou et al. [2012,
2013], where the authors propose a progressive quantizer that exploits the increasing correlation between
the values exchanged by the sensors throughout the iterations of the consensus algorithm by progressively
reducing the quantization intervals, and derive conditions on the quantizer parameters to guarantee deterministic
convergence to consensus. In particular, Thanou et al. [2013] provides an asymptotic convergence rate of the
difference between the value at each node and the average of the values. However, no performance bounds are
given.

Performance bounds for consensus with progressive quantization are available in Li et al. [2011], where the
authors describe a method of computing the parameters of a progressive quantizer depending on the network
topology and the communication rate, such that convergence is guaranteed if the values at each agent always fall
inside the quantization interval. This paper also provides conditions that guarantee that in expectation the values
at each agent always fall inside the same quantization interval.
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In this chapter, we chose a progressive quantization algorithm as in Li et al. [2011], Thanou et al. [2012,
2013], which has the advantage of guaranteed convergence to the average of the initial values. However, in the
deterministic case considered in this chapter, as in Li et al. [2011], it is necessary to know a priori an upper
bound on the initial deviation of the value in each node from average and which communication topology and
consensus matrix will be used.

As a contribution to the field of quantized consensus, in Section 7.5 we give conditions on the quantizer
parameters under which the quantized consensus algorithm algorithm converges. The convergence conditions
are different from those in Li et al. [2011] in that we consider directed networks, whereas there it is assumed that
network is undirected, the decrease rate can be arbitrarily close to the second singular value of the consensus
matrix I, o2, and unlike Li et al. [2011] which limits the choice of the consensus matrix to I1 = Iy — hL where
L is the network Laplacian and £ is a sufficiently small positive scalar, which limits the minimum achievable
o2, we only require IT to be doubly stochastic. Morevoer, unlike Li et al. [2011] the stability conditions do not
depend on the network degree, max;e 4 |</V i \, and on the smallest eigenvalue in norm of the Laplacian of the
communication network.

7.5 Quantized Consensus Theory

The main result of this section draws from the convergence properties of a consensus based distributed Luenberger
observer and from the convergence in norm of a consensus algorithm that takes into account the fact that the data
exchanged during the consensus step are quantized, as described in detail next. Therefore, this section, which
contains results from Rego et al. [2015], addresses the convergence analysis of a consensus algorithm where the
communications among nodes are subject to quantization error.

The quantized consensus algorithm here derived builds upon the progressive quantization scheme considered in
Liet al. [2011], Thanou et al. [2012, 2013]. In what follows we provide performance bounds, i.e. bounds on the
norm of the estimation error at each iteration, that tend to zero. Performance bounds of the same kind were also
derived in Li et al. [2011]. However, in this section we provide a different bound which is more suitable to the
problems of the following chapters of this thesis.

Here, we consider the case where the messages exchanged are quantized, i.e. the messages sent are generated
by the quantizer Qf (zl‘ ) of the form (7.1), where the quantizer mid-value depends on the node i and iteration
number [, and the quantization interval size depends on the iteration number /. To this end, we define the
quantization error 1)} := Q} (2}) — zj and the variable 7; := col (n},i € ).

Because we consider quantized messages, the desired consensus dynamics take the form
i Lind (L)) _(nif.i)_ i
zy,, = Z_n Q] (zl) (Ql (zl) zl). (7.6)
jenNt
The consensus step can then be written in compact form as

z11 =@ 1,Qi(z) — (Q(z) — z;)
=H®Inzl+(H—IN)®InT”. (77)

Following the same arguments of Subsection 7.3.4, it follows that
[
qi+1 = H_Nll ® Inq;+ (11— In) ® In;. (7.8)
If the time dependent quantization interval is selected as A; := ra!, where r and a are appropriately chosen
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positive constants, with 0 < 02 < @ < 1, and the mid-value of the quantizer is recursively chosen to be
z1=Q-1(z1-1), (7.9)
. . 1 . .
the quantization error decreases linearly as [|z; — Q (2))lloo < ﬁ, and we can conclude the main result of this

section.

Theorem 8 (Convergence of quantized consensus). Consider the quantizer Q; given by (7.1) with ny, bits and
where A; = ral, with 0 < 0, < a < 1. For the recursion (7.7)-(7.9), if Assumptions A2-A3 hold and if the number
of bits ny, the initial quantization interval r, and the initial mid-value Zz, satisfy

r
Sl+82m55, (7.10)
where
2V NM(P)(a+1) + (a—o2)m(P)
Sp = , (7.11)
m(P)a(a—o07)
and s; satisfies
L(a+1 _
s1zm(P)”! (anonmp +lz0—2y"® ||1N®p) : (7.12)
then, for any [ = 0, the values of g; satisfy
NM(P)r
<al ,_YNMP)r | 7.13
lgilliyer < a |lqgolliyer @—ay) 2" -2) (7.13)

The proof is given in Appendix B.2. It is worth noticing that the assumption in (7.10) can be satisfied by proper
design of the quantizer. More specifically, by choosing 7 such that

nyp >1log,(s2 +2),

and r such that

S: r
815(1— 2 )

2m —2) 2
Notice that s; and s, depend on the network through o, and the decrease rate a. The parameter s, is also
proportional to the initial parameters || goll;yop and 2o — nggll Iy®P-

7.6 Quantized Consensus with Noise

We now consider a hypothetical case where we cannot assign an exact value to zf , and instead of (7.6) the
quantized consensus iterations are

zli+1 = Z ﬂi’jQ{ (z{) - (Q; (zll) - z;) + vf, (7.14)

jent

where vf € R™ is a process disturbance. We consider that the process disturbance is bounded with an a-priori
known bound. Therefore, the following assumption is needed in the rest of this section:

Assumption A4. The disturbances satisfy
vl <8y +epal, i€ N, 1€Ny,
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for some constants €,,6, =0, and 1 > a, =0, where af, is a, to the power of [.

This assumption covers the cases of a vanishing process noise when 6, =0 and €, > 0, of a uniformly bounded
noise when when 6, > 0 and €, = 0, or a combination of the two. These assumptions are suitable for scenarios
where we cannot have absolute control over the local variable of interest, on which we desire to perform
consensus, but we can assign the value of that local variable of interest with an error or disturbance which is
ultimately bounded. One example where these assumptions apply can be seen in Chapter 11.

Defining v; := col(vf), the consensus step can be written in a compact form as
zip1=lelzi+ (1= IN)® 0+ V). (715)

Note that using the property 111711 = +:117, from Assumptions A2-A3 and the update (7.7), the vector

T8 =2+ % (117) & I,v;. Combining (7.7) with the fact that z,.; =

of averages follows the dynamics z,.] = z; 1 =

avg . 1 (1qT ~
z, ©+ 5 (117) ® I,v;, we can write

1 1
qi+1 = (H—NIIT) @Iyqi+II-1In)® Iy + (IN—NIIT) ® I,v;. (7.16)

If the time dependent quantization interval is selected as A;:=r al+r, with0<oy<a<1and a, < a, and the
mid-value of the quantizer is recursively chosen to be z; = Q; (z;—1), the convergence of the quantized consensus
can be established, as stated in the following theorem.

Theorem 9 (Convergence of quantized consensus). Consider a quantizer Q; from (7.1) with ny, bits and where

A= ral+r, with0< o, <a<1and a, < a. For the recursion (7.7), if assumptions A2 and A3 hold and if

the number of bits ny, the initial quantizer parameters r;, and r» and the initial mid-value Z, satisfy

ro r

n n
—gnbﬂ —~ < E’ (7.17)

ﬂ1+a2m53, by + by

where a;, ap, b; and b, are defined as

YNM@P)a+]) 1 - (7.182)

P m(P)_l((a+1)||fJo||1N®P
1 a mPala—0,) «

- av,
+ 1120 — 2 g”IN@P\J +

i 2v/NM(P)(a+1) L (7.18b)
m(P)a(a—o2) a

2VNM(P
by = | ZYNMP) s (7.18¢)
m(P)(1-072)
4V NM(P
byim Ay (7.18d)
m(P)(1-02)
then for any / = 0 the values of g; satisfy
! v NM(P) r T2 VINM(P)
arlyer <@ [Iqollor+ = == (5 e |+ (5t +0u) ST (7.19)

The proof is given in Appendix B.3.

It is worth noticing that the assumption in (7.17) can be satisfied by properly designing the quantizer. More
specifically, choosing 7 such that

ny >log, (max(az, bo) +2),
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and r; and r, such that

2

a r b T

als(l— z )—l, bli(l— = \J 2
2m —2) 2 2 —2

It is worth noticing that a;, az, by and by depend on the network through o, and on the decrease rate a. The

parameter a is also proportional to the initial parameters €, [ goll1yep and ||Zo — zgvgll 1yep- Finally b, is also

proportional to the ultimate bound of the noise §,.
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Distributed Estimation Survey

This chapter is a brief literature survey of distributed estimation for discrete-time linear systems. The objective
is to review the state of the art in this field and summarize previous work, in order to obtain the proper historical
context. We also reproduce here some of the main results given in the literature.

8.1 Motivation

Given a certain system, a number of sensors with computing capabilities, and a communication network between
the sensors, i.e. each sensor is a node of the network, the problem of distributed state estimation consists of
estimating the state of the system at every node. This problem arises mostly in situations where the sensors
are physically displaced, it is not possible to recover the state of the system with just one of the sensors and
communications are scarce, which prevents the use of centralized approaches. Distributed state estimation
has been considered in a wide range of applications where these conditions hold, from network localization
to environmental monitoring, surveillance, object tracking, collaborative information processing, and traffic
monitoring (see Akyildiz et al. [2002], Xu [2002], Bethke et al. [2007], Smith and Hadaegh [2007], Zavlanos
[2008], Ghabcheloo et al. [2009], Bahr et al. [2009], Mesbahi and Egerstedt [2010], Aberer et al. [2010], Prathap
et al. [2012], Soares et al. [2013], Rawat et al. [2014], Soares et al. [2015b,a], Dong et al. [2017], Wang and Ren
[2017], Zhang et al. [2017] for an introduction to these topics). In what follows we give a survey of the state
of the art in distributed estimation, where some of the main theoretical points will be discussed in detail, with
emphasis on consensus based estimation and particularly on linear time-invariant systems.

In the literature, one can find many references that give an overview of the field of distributed state estimation
which influenced the organization of this chapter. The reader is referred to the book Hall and Llinas [2001]
for an early overview of the problem of distributed sensor fusion. The paper Wah and Rong [2003] contains
a comparison and a technical summary of some of the most relevant methods of distributed estimation. An
overview of many aspects related to data fusion applied to target tracking is given in Zhao et al. [2002], Smith
and Singh [2006]. Two surveys of several techniques and problems associated information fusion for sensor
networks are given in Makarenko and Durrant-Whyte [2004], Nakamura et al. [2007]. More recently, Mahmoud
and Khalid [2013] and Li et al. [2015b] give extensive literature surveys of the state of the art in distributed
state estimation and Garin and Schenato [2010] gives an overview of the technical details associated with
consensus-based distributed estimation.
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8.2 Problem Definition

This section formulates the problem that is at the core of the chapter.

8.2.1 Networked System

In this paper we consider a very general setup composed by: I) a discrete-time dynamical system; II) a set of
nodes A endowed with local sensing and actuation capabilities, with cardinality N :=|.4|. Ateach node i € A/,
a sensor measures an output yi of the system; III) a communication network between nodes. This setup is shown
in Figure 8.1. The discrete-time dynamical system is given by

System

Figure 8.1 — Problem setup.

X1 = AXp+ Wy, (8.1)

where x; € R" and w; € R" denote the state vector, and the state noise vector, respectively, at time ¢, and A € R"*"
is the dynamics matrix.

The measurement equation associated with the generic node i € A" is defined as
yi=C'x;+v}, (8.2)

where yg € R™ and vi € R denote the observation vector and the observation noise vector, respectively,
considered at time ¢, and C' is a matrix of appropriate dimensions.

The following assumptions are made on the detectability of the system and the intensity of the disturbances.
Assumption AS. The system (8.1)-(8.2) is collectively detectable, i.e. the pair (A, C) is detectable, where
C :=col(CY).

Note that we only assume global detectability but not local detectability of the system, i.e. we do not require that
the pair (A,C iy be detectable for any i € N

Assumption A6. The matrix A in (8.1) is invertible.
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Remark. As shown in the appendix B of Park and Martins [2016], and in Appendix C.1, Assumption A6 is mild.
Even if the matrix A is not invertible we can observe the state of the system by partitioning the system into two
subsystems. One of the subsystems satisfies Assumption A6 and the other can be ignored.

Since in this chapter we aim to guarantee ultimate boundedness of the estimation error at every node, we require
the following assumption on the magnitude of the disturbances.
Assumption A7. The %, norm of the disturbance signals satisfy

lWelloo < €1, Vi loo S €4, i €N,
for some constants €,, >0 and €, > 0.
In Assumption A7 we chose the £, norm since it is the norm which we find most suitable in many applications.
Equivalently, different norm bounds can also be considered, such as quadratic norms.

Another case is when the disturbances are stochastic instead of deterministic. In the latter case, instead of
Assumption A7 we make the following assumption about the measurement and process noise.

Assumption A8. The measurement and process noise satisfy
w; ~N(0,Q), v§~JV(0,Ri),ieaV,

for some positive definite matrices Q € R™*™ and R' € R"*™i Moreover, the process and measurement noise of
different sensors are uncorrelated among themselves, that is,

AT
(vi) v

For simplicity, we consider that the covariance matrices are fixed in time. However, without adding much more

E =0,ieN.

NT
=0,i,jeEN,i#] E[Wt(l/i)

complexity to the stability proofs, we could also assume that the covariance matrices are time varying and
uniformly bounded over time. We note that Assumption A8 can be considered as a strong assumption since one
normally assumes only that Q is positive semi-definite in order to model dimensions of the system state without
any process noise, such as in the case of single integrator. The reason behind this assumption is that it avoids
singularities in the Kalman filter algorithm that will be discussed later in this chapter. When Assumption A8 does
not hold and the covariance of the process or measurement noise is positive semi-definite, one can take matrices
Q or R’ as upper bounds on the covariance of the process or measurement noise, that is, E [(v;)T v;] <R’ and
E|w!'w,] < Q, incurring in a small cost on the performance of the estimation methods depending on how tight
the bounding is.

We assume that the nodes are synchronized.

Assumption A9. The nodes are synchronized, i.e. the nodes have knowledge of the global time ¢, and take
measurements and communicate at the same rate.

Finally, the nodes are allowed to communicate according to the following assumption.

Assumption A10. At each measurement time the nodes are able to communicate a finite number of times /7
according to the network structure defined by </, i.e. anode i is able to send Iy messages to node j if and only
if (i,j)eof.
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8.2.2 Distributed State Estimation Problem

Under Assumptions AS, A6, A7 for the deterministic case or A8 for the stochastic case, A9 and A10 this chapter
discusses solutions for the problem of distributed state estimation using distributed observers. In this setup,
each node reconstructs locally the state of the global system (8.1), denoted 5c§ In the deterministic case, it is
required that the estimation error, x; — fci, converges to an ultimate bound proportional to the magnitude of the
disturbances €,, > 0 and €,,i € 4. In the stochastic case, it is required that the covariance of the estimation
error becomes upper bounded after a finite time by a positive definite matrix, proportional to Q and R, i € ..

8.3 Notation

In this chapter we will use the following notation. An estimate of the state will be denoted as %;, and the predicted
state at time ¢ given X;_; is denoted as X;. The estimation error is defined as e; := X; — x; and the prediction error
is defined as é; := X; — x;. Given a local estimate of the state at node i, denoted as J%é the predicted state at time
t given fci_l is denoted as )'c; Their estimation errors are defined respectively as ei = JAC; —x; and éi = )_C; - Xt
In the context with different estimates at each node, e; is defined as e, := col (e!) and &, := col (&%).

The estimation error covariance is defined as P, := E [e;e! | and the prediction error covariance as P, := E [é;&
The information matrix is defined as Q, := P;! and the inverse of the prediction error covariance is Q;:= P
In the context of multiple nodes we define P! := E [ei [ei)T] and its inverse Qf := (P!)™, Pi:= E [éi (&)
and its inverse Qf := (P!)™'. We also define the matrices W:= Q™! V= R}, Vi:= (R))™", $:= CTVC, and
Si.= (Ci)T VIC!, and the vectors s;:= CTVy, and si:= (Ci)T Viy,.

)
]

8.4 Covered Topics

In this chapter we will cover key topics related to distributed state estimation, with a particular focus on linear
time invariant systems. We will give next a general overview of the topics that we address.

8.4.1 Known Correlations

One approach that potentially requires only one communication after each measurement is to solve the problem
of distributed state estimation through a recursive solution, after taking a measurement and communicating
with the neighbors, of a minimum variance estimation problem, given the prediction from the previous step, the
current measurement, and the estimates from the neighboring sensors.

This approach was first considered in Bar-Shalom [1981] and is therefore often referred to as the Bar-Shalom
fusion method. Similar methods were studied subsequently in the papers Kim [1994], Li and Wang [2000], Li
and Zhang [2001b,a], Li et al. [2002, 2003], Zhang et al. [2003], Li [2003], and Alriksson and Rantzer [2006]
among others. This approach requires that each node maintain the covariance matrix of the estimation error of
all nodes and the cross-covariance matrix between all the nodes of the network.

If the system is linear and time-invariant, then these matrices can be computed off-line. However, if the matrices
do not converge to fixed values, one can only compute the matrices for a finite number of steps. If we require the
estimator to run for a long period, one must consider other methods of distributed state estimation. Moreover, if
the sensor model is time varying and only available locally at the sensor node, then this method is not feasible
and other methods are required such as the ones we will discuss next.
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8.4.2 Exchange of Measurements

Another method of performing distributed state estimation is by only exchanging the measurements, or some
transformation of the measurements, among the nodes. This principle has been widely studied in the literature,
e.g. in Rao and Durrant-Whyte [1991], Manyika [1993], Mutambara [1998], Durrant-Whyte [2000], Alriksson
and Rantzer [2006].

The advantage of this method is that since the measurements are usually uncorrelated, to perform sensor fusion
each node only needs to know the covariance of its current estimate and the covariance of the measurement
noise of the neighbouring sensors, and there is no need of pre-computing off-line the covariance matrices or
exchanging covariance matrices.

On the downside, this method only guarantees that the estimation error is bounded if for each node the system is
observable with its own measurement and the measurement of the neighbours, which is a stronger assumption
than being observable given the measurements of all nodes in the network. We will discuss this issue in detail
later in this chapter.

8.4.3 Distributed Solvers for Linear Systems

Noting that, for linear systems, the solution of the centralized state estimation problem, consisting of estimating
the state of the system given the measurements of all the sensors, amounts to solving a linear system of equations,
one method of performing distributed state estimation consists of using specialized algorithms to solve the same
linear system in a distributed fashion.

This method has been discussed recently in the papers Khan and Moura [2008], Pasqualetti et al. [2010]. In this
chapter we will briefly explain formally the techniques of distributed state estimation through distributed solvers
for linear systems and discuss some of the state of the art. As a drawback, distributed solvers for linear systems
usually require many communications (exchange of messages) after each measurement.

8.4.4 Unknown Correlations

If one has restrictions of bandwidth, an alternative method to maintaining uncorrelated filters is to use approaches
to the problem of fusing two estimates that do not rely on the knowledge of cross-correlation of the estimation
error among different nodes.

One such method is covariance intersection, where each node fuses its own estimate with the estimates of
the neighbours and computes an overestimation of the state estimation covariance with no knowledge of the
cross-covariance. This fusion method consists of computing the fused information vector, the inverse covariance
matrix times the estimate, as a convex combination of the information vectors of the neighbour set and the
fused inverse covariance as a convex combination of the inverse covariances of the neighbours. The method
guarantees that the computed covariance is always greater than the actual covariance of the estimate. Thus, one
can guarantee that if this upper bound of the estimation error covariance is ultimately bounded, then the actual
covariance is also ultimately bounded.

This method came to the fore early during the development of the field of distributed state estimation in the works
reported in Uhlmann [1996], Julier and Uhlmann [1997, 2001]. In the context of consensus based estimation,
covariance intersection was extended in Battistelli et al. [2015], Battistelli and Chisci [2016] to consider multiple
sensors and guarantee deterministic convergence of the estimates. Despite not being considered originally as
extensions of covariance intersection and only as applications of consensus to distributed estimation, similar
methods had been studied previously in Casbeer and Beard [2009], Cattivelli and Sayed [2010]. An application
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of this technique to cooperative localization can be seen in Carrillo-Arce et al. [2013].

Besides covariance intersection, one can find in the literature other methods of data fusion such as the largest
ellipsoid method Benaskeur [2002], the covariance union method for estimation with spurious measurements
Uhlmann [2003], and the ellipsoidal intersection Sijs and van den Bosch [2015]. We will review these methods
in a subsequent section of this chapter.

8.4.5 Consensus-Based Methods

Another method of distributed estimation involves distributing to every sensor information from all the sensors
through a distributed averaging, or consensus algorithm. This method assumes that multiple messages are
exchanged between the sensors between two instants of time ¢ and £+ 1.

One of the earliest works in consensus-based distributed estimation is Olfati-Saber [2005], where the author
proposes the use of continuous time consensus filters to recover the centralized Kalman filter at each sensor.

This paper has been at the origin of a flurry of activity on consensus-based distributed estimators, as in Mosquera
and Jayaweera [2008], Kamgarpour and Tomlin [2008], Olfati-Saber [2009], Olfati-Saber and Jalalkamali [2012].
More recently, the work in Battistelli and Chisci [2014], Battistelli et al. [2015], Battistelli and Chisci [2016]
also considers the case of many iterations of a consensus algorithm, by taking instead of the consensus matrix I1
its power I1".

If, instead of basing the design of the distributed observers on the centralized Kalman filter, we base the design
on a centralized Luenberger observer, we obtain the distributed Luenberger observer that is used in Chapter 12,
which also has the property of a fixed gain matrix and therefore of known convergence rate. If designed through
LQR it approaches its optimality properties as Iy — co.

8.4.6 Distributed Linear Time-Invariant (LTI) Observers

In addition to the above mentioned methods, there has been a flurry of activity in the development of other
methods that rely on the exchange of estimates with deterministic, instead of stochastic, convergence guarantees.
Among the many references on distributed estimation, in the discrete-time setting, many are based on Kalman
filtering such as Khan and Moura [2007, 2008], Long et al. [2012]. These methods require that the estimation
error covariances computed locally be exchanged among nodes, which increases the amount of data needed to
communicate. The issue of bandwidth efficiency is of paramount importance in practical applications, since lower
bandwidth translates into lower energy consumption and therefore increased operational autonomy. Moreover,
since in these methods the estimates have time-varying dynamics, it is difficult to obtain convergence rates
beforehand for the estimation errors.

The above two issues, the need to exchange covariances and the difficulty in computing guaranteed error
convergence rates, do not occur for distributed Luenberger observers, also named distributed linear time-invariant
(LTT) observers, or distributed fixed gain observers, where the dynamics of the estimation errors are linear
and time-invariant, unlike in Kalman filtering where the observer gains are typically time-varying. Distributed
Luenberger observers have been the object of many recent studies, see Hashemipour et al. [1988], Khan et al.
[2010], Matei and Baras [2012], Orihuela et al. [2013], Khan and Jadbabaie [2011], Ugrinovskii [2011], Viegas
et al. [2012], Ugrinovskii [2013], Das and Moura [2013a,c,b], Doostmohammadian and Khan [2013], Li and
Sanfelice [2014], Das and Moura [2015], Park and Martins [2016], Mitra and Sundaram [2016]. In a later section
we will describe in detail some of these methods and reproduce the proofs of the convergence guarantees of
some of the methods in the literature.
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8.4.7 Nonlinear Methods

If the system that one is observing is inherently non-linear, then one should use methods suitable for distributed
state estimation of nonlinear systems, such as moving horizon estimation Farina et al. [2012], extended Kalman
filtering Lee and West [2010, 2013] or particle filtering, as in Manuel and Bishop [2014].

In moving horizon estimation, one computes on line the estimate which fits best a finite number of past
measurements. Extended Kalman Filtering computes at each step the linearization of the nonlinear system at
the current estimates and computes a linear Kalman filter update based on the measurement. Particle filtering
computes the trajectory of several samples and attributes a probability to each sample given the measurements
at each sensor, then the estimated state is a weighted average of the samples. We will later give a survey of
methods of distributed estimation for nonlinear systems.

8.4.8 Related problems

Finally, we note that there are many problems related to distributed state estimation that have been the focus of
much activity. This chapter would not be complete if such topics were not covered. Among those problems we
cite network localization Barooah [2007], Barooah et al. [2010], Todescato et al. [2015], distributed detection
Tenney and Sandell [1981], Chair and Varshney [1986], Tsitsiklis [1993], Viswanathan and Varshney [1997],
Blum et al. [1997], Willett et al. [2000], Chamberland and Veeravalli [2003], static estimation Borkar and Varaiya
[1982], Xiao and Boyd [2004], Speranzon et al. [2008], Kibangou [2010] and field estimation Delouille et al.
[2004], Cortes [2009]. The problem of network localization consists of estimating at each sensor their own
position based only on relative measurements to neighbours. Distributed detection is the problem of deciding at
each node if a certain hypothesis is true, given that at each node a sensor takes a measurement and communicates
with neighbour nodes. Static estimation is the problem of estimating a certain vector fixed in time given that
there are different sensors taking different measurements of that vector. Finally, field estimation is the problem of
determining the value of a field at each node which takes a measurement of the field at a particular location which
is correlated with the measurements of the neighbour nodes depending on the distance among the locations of
the two nodes. In the last section of this chapter we will give an overview of these problems related to distributed
estimation.

8.4.9 Structure

In summary, the following topics related to distributed state estimation will be covered in each subsection.

* Section 8.5: Kalman Filtering - Description of the classical theory of centralized Kalman filtering and
proof of deterministic convergence.

* Section 8.7: Known Correlations - Considering the distributed state estimation problem as a sequence of
different minimum variance estimators and maintaining at every node the covariance and cross-covariance
matrices of all nodes.

* Section 8.8: Exchange of Measurements - Methods that rely on the assumption that only the measurements,
or some transformation of the measurements are exchanged among nodes.

» Section 8.9: Distributed Solvers for Linear Systems or Matrix Inversion - Transforming the global state
estimation problem into that of solving a linear system or a matrix inversion problem and using specialized
algorithms to solve it in a distributed fashion.

 Section 8.10: Unknown Correlations - Methods with guaranteed boundedness of the estimation errors or
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its covariance but do not require the computation of cross-covariances among different state estimates.
The emphasis is on the covariance intersection method.

Section 8.11: Consensus-Based Methods - Methods of distributed estimation that are based on consensus.

Section 8.12: Distributed Linear Time-Invariant (LTI) Observers - Techniques of distributed state estima-
tion with convergence guarantees of the estimation error which are time-invariant.

Section 8.14: Nonlinear Methods - Methods suitable for distributed state estimation of nonlinear systems,
such as moving horizon estimation, extended Kalman filtering or particle filtering.

Section 8.15: Related Problems - Other problems related to distributed state estimation: Network localiza-
tion, distributed detection, static estimation and field estimation.

Section 8.16: Overview - A summary of the conclusions comparing the different methods discussed in this
chapter. 8.16

8.5 Kalman Filtering

Before proceeding to the theory of distributed estimation one must first start with the basics of Kalman filtering,
and yet before with its basic building block, the Best Linear Unbiased Estimation (BLUE). We borrow from
Verhaegen and Verdult [2007] to describe the concepts of BLUE and Kalman Filtering.

8.5.1 Best Linear Unbiased Estimation

The problem of BLUE consists of reconstructing, with minimum variance, a deterministic variable with noisy
measurements. That is, we want to estimate a deterministic variable x € R", denoted %, given the measurements
expressed as

y=Fx+e

where € ~ A(0, P) is a random signal with P >0, and F € R"*", with m = n, is full rank. The following lemma
establishes the solution to the BLUE problem.

Lemma 3 (Theorem 4.2 in Verhaegen and Verdult [2007]; Lemma 2.2.4 and Theorem 3.4.1 in Kailath et al.
[2000]; Sections 4k and 5a in Rao [1973]). The estimate

x=FTPIptFTply

is the only estimate of x of the form X = My such that E[X] = x, and where for any other estimate X of the same
form the estimation error covariance satisfies E [(X—x)(2—x)T]| = (FTPIA) < E[(x-0(x-0T].

The estimate % = (FT P~'F)~'FT P~!y is termed the Best Linear Unbiased Estimator (BLUE).

8.5.2 Kalman Filtering

One of the standard methods in state estimation for linear systems is Kalman filtering, where the covariance of
the state estimation error is computed at each time and the observer gain is computed based on this covariance.
The Kalman filter can be derived by applying the concept of BLUE to the problem of centralized state estimation
in the case of stochastic noise, i.e. the problem of estimating the state of a discrete-time linear system of the
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form (8.1) with measurements of the form
Ve = Cxt + vy,
with C € R™*" and v; ~ (0, R), with R positive definite.

As a first step we wish to predict the state at time ¢+ 1 given a prior estimate of x;, X;, with estimation error
e;:= Xy — x; satisfying e; ~ A (0, P;). The only possible linear unbiased estimator of x;;; is

X1 = AXy, (8.3)

and the prediction error &, 1 := X;11 — X¢41 satisfies, &1 ~ A (0, Py;1), where the covariance of the predicted
state is derived as

P :=AP AT +Q. (8.4)

Then, given a predicted state x; ~ A (x;, P;) and the measurement at time £, ¥, one wants to compute a BLUE
of x;. This can be achieved directly from Lemma 3 noting that stacking y; and X; we obtain

C
J_/t = xl’ + lft y
X I, é;
with
R O
e z o
(3 0 Pl’

Therefore, we can apply Lemma 3 with

L 473 L C L R 0
y'_ X't ) - In ) - 0 pt
The BLUE is thus

%= (CTRIC+ B (CTR Yy, + P %))
= (S+5;Y) " (si+ P %)
=%+ (S+P;) " CTR (3, - Cx), (8.5)
and the estimation error e; := X; — x; satisfies e; ~ A (0, P;) with

Pryi= (S+(AP[AT+Q)_1)_1. (8.6)

This minimum variance estimator of the state is termed the Kalman filter, and is arguably the most successful
kind of state estimator to date. It can be shown that if the pair (A, C) is observable, then the estimation error
converges and remains close to a neighbourhood of the origin.

We will now demonstrate, borrowing the results of Battistelli and Chisci [2014], the convergence properties
of the estimation error of the Kalman filter, considering Assumption A6, i.e. that A is invertible. Although
convergence of the Kalman filter follows from its optimal properties and the stability of the Luenberger observer,
Theorems 10 and 11 containing explicit bounds on the estimation error covariances or deterministic bounds on
the estimation error, are new to the best of this author’s knowledge. The proofs of the theorems are given in
Appendix C.2.
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For the stochastic case, i.e. when w; ~ A (0,Q) and v; ~ A (0, R) one can show that the Kalman filter estimate
covariance is bounded above after a fixed time, i.e. for t =ty =1, P; < P for some positive definite matrix B.
This result is given in the following theorem.

Theorem 10. Given the Kalman filter (8.5)-(8.6), if the pair (A, C) is observable, A is invertible, and the
disturbances w;, v; and initial estimation error e satisfy for positive definite matrices Q, R and Py of appropriate
dimensions

thW(O)Q)) Ut"‘:/V(O,R), eONW(OyPO))

we obtain upper and

o

P<Elele]:=P, <P, Vt=0,
where P and P are positive definite matrices. Moreover, we obtain for £ = 1,
Pl<Q:=w+S, (8.7)

and for t = n,

P—1>é._nil'( —i)T -
Jl=Qi=) plATH]) sAT (8.8)
=0

where f is a positive scalar variable such that (AQ_IAT + Q)_1 > BA"TQA™! for any Q < Q, whose existence is
guaranteed by Lemma 20.

For the deterministic case, i.e. when [|w;llc < €y and [ V¢l < €, for some positive constants €,,,€, > 0, we will
show that the estimation error is ultimately bounded. To establish the deterministic convergence of the Kalman
filter we first note that the estimation error dynamics are given by

€1 = Aer— wy, (8.9)
and

er = ét - (S+Qt)_1 CTV(Cét_ Ut)
- (In —(s+0,)" S) e+ P,C TV,
(S+Qt)_1Q[ét+P[CTR71Vt

=PtQtét+PtCTVUt. (810)

Combining (8.9) and (8.10) yields
er+1=Pr1Qri1Ae; + Py (CTVVt+1 —Qtwt) =P 1Q14e;+ Pragy, (8.11)

with &, := CTR w11 — Q,w;. We can now derive the result on deterministic ultimate boundedness of the
estimation error.

Theorem 11. Given the Kalman filter (8.5)-(8.6), if the pair (A, C) is observable, A is invertible, and the
disturbances w;, v, satisfy, for positive constants €,, and €,,

lwiloo <€w, Vtlloo <€y,
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we obtain

limsup |le;|| <9,
t—oo

where given a positive scalar 1 >0 >0

5o |omx(@) 2114l 1|,
L= % , o M>
T i () 00 min (ATQ71 A+ Q) O min () 1--0

1
ev:=ICTR™ Y |Vme, + _ Ve w,
. U omin (ATQT1A+Q) Y
. 1
ﬁ = —1 . o (ATQTA)
Umin(ﬁ)

To avoid cumbersome notation, for the remainder of this chapter we will prove convergence of the estimation
error, for some of the observer algorithms, only in the noiseless case, that is, when w; =0 and vi forallie A,
t = 0. However, using the analysis in the proofs of Theorems 10 and 11 one could also conclude that the
estimation errors are ultimately bounded if Assumption A7 holds or that the covariance matrix of the estimation
error is bounded after a finite time if Assumption A8 holds.

8.6 Generic Formulation for Distributed Estimation Algorithms

Many of the methods described in this chapter share the same formulation. The difference among them lie on the
computation procedure for some design parameters. The method with known cross-correlations from Section 8.7
and the covariance intersection method of Subsection 8.10.1 can be written in the form

i, = ( Y ‘Dij)'c{) +Flyl, (8.12)
JEN!

where Dij €R™" and F! € R"™™ are selected such that (Z jeN Dij ) +FIC' = A. The difference between the

two methods is how to select the parameters D,’ and F!.

As mentioned previously, there are some disadvantages of having time varying parameters, Dij and F!, namely
the computation of the matrices is an extra burden in real-time and the convergence rate of the estimation error is
unknown beforehand. These issues are not present in the distributed linear time invariant methods of Section
8.12. The method in Subsection 8.12.2 has form 8.12 for all the nodes except one, where the dimension of the
observer state is increased but the dynamics remain linear.

8.7 Known Correlations

When each node can only communicate once with one neighbour after each measurement, one can apply the
theory of BLUE to the problem of distributed estimation. This method consists of computing recursively
the BLUE given the prediction from the previous step, the current measurement, and the estimates from the
neighboring sensors. We will see that this method assumes that each node knows all the covariances of the
estimates in all nodes, and the cross-correlations among estimates of all nodes. Therefore, with this method, the
computations may be heavy if the number of nodes is high.

In detail, the method works as follows. Assume that we begin with an estimate J'ci with a Gaussian distribution
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and the following characteristics:
E[xﬁ—xt] -0, (8.13)

(%5 - x) (2 - x:) !

We define the global covariance matrix as Py := [P;j ] -
ije

.= pH. (8.14)

E t

, and the vector ; := col (x1). The following theorem

states how to compute the BLUE of the state at the next time J_C; +1 given the local measurement y§ and the
estimates of the neighbours J'c{, jeN i as well as the global covariance matrix Py, := E [étﬂétT +1], where
é;:= col(éi) with éi = )'c; — Xi.

Theorem 12. Consider the matrices 1; € Rl In*Nn_ defined by 7; :=row(ej, j € A1) ® I,, where vector e; is
a column vector with all entries equal to 0 except at entry i whichis 1, 1; € RIY'1*7 defined by 1;:=1®I,, and
e Rl Inx1 defined by Tij:=1ni(ej®I,).

Define O := 17 (;5,17) 1, and Qi := Q! + 57, where (n;Pn")" is the Monroe-Penrose pseudo-inverse of
niPm"" defined in Chapter 4.

Given the estimates )'c;', i € N, satisfying (8.13) and the global covariance matrix P, := [P;j ] _ defining the
ije

correction terms s’ := (C1)" Viyi and §7:= (C)" ViC!, the BLUE of the state at time £+ 1 at node i given the

local measurement yi and the estimates of the neighbours )'c{, j e ANis given by

. -1 _ . .
%, =[] ( Y 17 (niBm?) ;%] +s§), (8.15)
JeENT

and the global covariance matrix is given by

Bray = TiB, 1] +diag(AP{S'PLAT )+ (1n1}) & Q, (8.16)

where T is defined as T; := [Ttij ]

. - 1— . .
T .~ AP{A] (n;iPm]) Tij, j eN!
! 0, jeN

One may observe that since the size of P; is nN x nN, the computations can be very costly to compute on-line if
the number of nodes is high. However, if the system is linear and time-invariant, then the sequence of global
covariance matrices P; can be computed off-line. Thus, the main problem with this method is that if the matrices
do not converge to fixed values, one can only compute the matrices for a finite number of steps. In this case,
this method cannot be used if one requires that the estimator run for an unbounded period of time. Moreover,
if the sensor model, i.e. C' is only available locally at the sensor node i, then this method is not feasible,
and other methods are required such as the ones we will discuss next. It should be noted that this is the only
method discussed in this chapter that assumes that only one message is received from the neighbours between
two discrete-time instants ¢ and ¢+ 1 and that is optimal in the stochastic sense, in that the covariance of each
estimation error is minimized.

To the best of the author’s knowledge this method, exactly in this form, is not described in the literature.
However, the general idea is present in many publications. In one of the first works in distributed state estimation,
Bar-Shalom [1981], this method is developed for fully connected networks. For this reason, this method is

Lhich i : 5,771 5.7 ic
which is equivalent to (niPmi ) if n;Pym; is full rank

50



8.8. Exchange of Measurements

sometimes referred to as the Bar-Shalom method, which is revisited in Kim [1994].

In the series of papers Li and Wang [2000], Li and Zhang [2001b,a], Li et al. [2002, 2003], Zhang et al. [2003]
and Li [2003], the problem of BLUE distributed parameter estimation is addressed. This is a particular case of
distributed state estimation when the system is static and there is no process noise. The last paper of this series,
Li [2003], deals with the problem of distributed state estimation with BLUE estimates of linear dynamic systems
for the case of two sensors.

Another similar work is Alriksson and Rantzer [2006], where the estimate fusion among neighbours is done
with averaging, with optimal weights minimizing an upper bound of the estimation error covariance after a finite
time. In this work optimal estimator covariances, i.e. the covariances of the BLUE estimator, are computed
off-line, with a recursive process. The estimator is time invariant using only the converged covariances. However,
conditions for convergence of the covariance matrices are not provided.

8.8 Exchange of Measurements

An alternative method which does not require pre-computing off-line the global covariance matrix is obtained
by only exchanging the measurements, among the nodes, that is, every node performs the Kalman Filter
computations by taking its own measurements, and the measurements of the neighbours, y{, je N The
prediction equations are the same as in the standard Kalman filter. The predicted state is )'c; = Afcﬁ and the
covariance of the prediction is P! = APIAT + Q.

The update equations can be seen as a particular case of the update equation of the standard Kalman filter,
where one has multiple measurements with uncorrelated measurement noise. The update equations amount to
computing a BLUE of x;, given the predicted state J'c;' ~ N (xy, 15;') and the measurements of the neighbours at
time ¢, y{, j € A, Expressing the neighbour set as A¥ := {iy, ..., i|.4i|} we obtain by stacking y{, jeNt and
X} the following equation:

i .
s ch vy
. . = a —+ . X
vl cllo |7 |
Ve t
J'c; ] I e
with
il 1
v R4
! 0
; ~AN|0 )
U1|Wi| ’ Rl|”vi|
t_ () -
er Py

From the above equations, the BLUE can be obtained by applying Lemma 3 with

ll i i
Cll Rll
y.t ‘ 0
= . |, F:= - , P:= ’ )
T e c'hl o R
% I pi
n r

t
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which yields

-1
Y sl+0ix
jenNt
~1 . ‘
(c') v ¥ (v-cls). (8.17)
jeNT

fciz( Yy §/+Ql

jent

=5c;'+( Yy §/+Ql
jenNt

The estimation error el := i — x; satisfies e/ ~ A (0, P!), with

-1
P, ;:( Y sf+(Ap;'AT+Q)_1) . (8.18)

jeNT

The method described in this subsection is optimal in the stochastic case, given the information received by
the sensors. However, with this method each agent does not receive information from sensors other than the
neighbours and it can be seen from the analysis of the standard Kalman filter, that this method only guarantees
that the estimation error is bounded if for each node the system is observable with its own measurement and the
measurement of the neighbours, i.e. if the pair (A, col (Cf ,jEN i)) is observable for every node i € A", which is
a stronger assumption than being observable given the measurements of all nodes in the network.

This method has been widely studied in the literature during the past three decades, e.g. in Rao and Durrant-
Whyte [1991], Manyika [1993], Mutambara [1998], Durrant-Whyte [2000], Kamgarpour and Tomlin [2008]
where the method is named the decentralized information filter, or the decentralized Kalman filter. More recently,
in Olfati-Saber [2009], this method is termed Kalman-consensus information filter. To overcome the limitation
of the requirement of local observability, some papers combine both exchange of measurements and exchange of
estimates such as Alriksson and Rantzer [2006], Battistelli et al. [2015].

8.9 Distributed Solvers for Linear Systems or Matrix Inversion

One possible method of distributed state estimation is the use of distributed solvers for linear systems. These
algorithms consider a set-up where there are multiple computing nodes and a general communication network
among the nodes. The objective is to compute at each node a vector c that is the solution of the linear system
b = Ac, where A is a matrix of appropriate dimensions known to all nodes and b = col(b’), where vector b’
is only known to node i. This should be achieved while taking into consideration that each node is only able
to communicate with its neighbours in the communication graph. The transformation of the distributed state
estimation problem, described in Section 8.2, as the problem of solving a linear system in a distributed manner
is described in Pasqualetti et al. [2010]. Here, we describe a slightly different transformation than what is given
in Pasqualetti et al. [2010]. Starting with an estimate of the state at time ¢ — 1, X;_1, with an error covariance of
P;_1 we can obtain the predicted state at time ¢ as X; and its error covariance P; := APAT + Q. Defining the
following matrices

ét )_‘t In
1 1 1
v; Nz C
U[:: . ’ Yt:: . ’ OE:: . y
N N N
v, N C
we obtain
Yl» = OtX() + Ut,
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where é; := X; — x; and the covariance of U; is known. Notice that the BLUE estimate of x;, X, can be computed
with the knowledge of Y;, O; by solving a linear system, as seen in Lemma 3. However, in the problem of
distributed estimation each node does not have knowledge of the full matrix Y; and only has available yf and X;,
where i is the node index. Therefore, a distributed solver for linear systems is required to compute the BLUE
estimate of x; given Y;. The characteristics of this method depends on which distributed solver one uses, and
whether the solver is terminated before convergence or not. If the solver computes accurately the solution of the
linear system of equations this method is equivalent to a centralized Kalman filter. However, it should be noted
that potentially a large number of iterations are required between two discrete-time instants, or some particular
type of communication network is needed.

For this purpose, in Pasqualetti et al. [2010] a distributed solver for a linear system for half duplex mediums
(only one node can broadcast a message at each iteration), full networks (every node can communicate with
every other node) and which requires N + 1 iterations is proposed. The application of the Jacobi algorithm on
distributed solvers for linear systems to the problem of network localization, that is to estimate the location
of sensors measuring only the position difference to other nodes, a particular case of distributed estimation, is
widely discussed in Barooah [2007], Barooah et al. [2010].

A different perspective on distributed estimation, which makes use of distributed matrix inversion algorithms, is
given in Khan and Moura [2008]. Here, the objective is to obtain a distributed algorithm that approximates the
classical centralized Kalman filter. To guarantee that the computations are scalable with the number of nodes, in
the paper each node only estimates the parts of the state that contribute to that node’s measurement, and not the
full state. The paper also assumes that initially every node only has knowledge of its local observation matrix
C' and does not know the observation matrix of any other node. Therefore, to compute the covariance matrix
at each step, one requires distributed matrix inversion algorithms. For this purpose, the authors of the paper
propose the distributed iterate collapse inversion (DICI) algorithm, for covariance inversion, which assumes that
the inverted covariance matrix can be approximated as a L-banded matrix. This approximation is shown to be
mild, given the sparseness of the dynamics and observation matrices.

8.10 Unknown Correlations

In this section we consider a setup where each node runs one filter and transmits to the neighbours the estimate
and the computed covariance. The objective is to perform data fusion of the received estimates without knowing
the cross-covariance between the estimates and computing an upper bound of the covariance of the estimate. A
solution to this problem is proposed in Uhlmann [1996] with the covariance intersection method, which will be
described here.

Other methods of data fusion with unknown correlation which are less present in the literature include the largest
ellipsoid Benaskeur [2002] method and the covariance union method Uhlmann [2003].

8.10.1 Covariance Intersection

Covariance intersection Uhlmann [1996], Julier and Uhlmann [1997, 2001] was one of the earliest distributed
state estimation methods. Given its simplicity and theoretical support, it has become a popular method of fusing
correlated estimates.

The paper by Battistelli et al. [2015] contains strong theoretical guarantees on the stability of the distributed
consensus based Kalman filter, which is the application of covariance intersection to the problem of distributed
state estimation, requiring only global and not local observability and only one communication at each step.
In that paper, the authors summarize the different consensus-based approximations of a Kalman filter in a
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distributed setting, which apply the concept of covariance intersection: consensus on information, consensus on
measurements, and a hybrid version.

The method works as follows. Suppose that at time ¢ we have at each node i € A the predicted state )_Ci,
and the computed estimation error covariance P!, satisfy E [%! —x;| =0 and E [(J'c; —x;) (%1 - xt)T] < P! The

pair J'ci, I3§ satisfying these properties is referred to as a consistent estimate. We assume that the filters are

. ; T
(X'; - Xt) (J_C{ - Xt)
matrix Qi := (1), and the correction terms si := (C?)" Viyi and Si:= (C!)" ViC!, where V' is some positive
definite matrix which, if under Assumption A8 holds, it is defined as V' := (R! )_1. Also, consider the consensus
coefficients 7"/ = 0 where i,j € A and 7"/ =0 if j ¢ A, "/ >0if je A and Yjewn nPJ = 1. The fusion
method is described by the equations

possibly correlated, that is, it might happen that E #0 for j # i. Define the information

st=pi[ T a0 19
JEN
Qi= Y a0l +s. (8.20)
JEN

. . . ; N . o
The fused estimated covariance is recovered as P} = (Ql) . It is straightforward to show that E [%! — x;] =0,

. ; i i T|.j i . ;
and therefore to guarantee consistency one must show that P; > E [ (&1 —x¢) (R - x) | L ylje JV‘] .

The consistency of this method is shown in Julier and Uhlmann [2001]. For a geometric interpretation based on
sigma contours the reader is referred to Uhlmann [1996]. Sigma contours are level sets of the quadratic function
defined by the estimate and its covariance, which represent areas with a defined probability of containing the
true state. The covariance intersection method is shown to yield an estimate whose sigma contours contain the
intersection of the sigma contours of the estimates to be fused, hence its name.

The prediction equations are the same as in the standard Kalman filter, that is,

%, = Az, (8.21)
and

= i, AT o7

Of, =w-wA(Qf+aTwa] " aTw, (8.22)

where W is some positive definite matrix which, if under Assumption A8 holds, it is defined as W := Q~!. In the
stochastic setting, the paper by Battistelli and Chisci [2016] shows that the information matrices for every node
are lower bounded given global observability, showing that the estimation error covariances remain bounded and
proving the usefulness of this method.

In the deterministic setting, the work in Battistelli et al. [2015] gives a stability proof of the distributed Kalman
filter given only global observability which we will summarize here. Some of the technical details of the
Theorems in Battistelli and Chisci [2016] are given in Battistelli and Chisci [2014]. The main result is the
following.

Theorem 13 (Lemma 2 of Battistelli et al. [2015]). Let assumptions A6-A7 hold, and assume that the system
(8.1)-(8.2) is collectively observable, i.e. the pair (A, C) is observable, where C := col(CY). Then, given the
distributed consensus-based Kalman filter defined by equations (8.19)-(8.22), the estimation error ei = fci — X
at each node is ultimately bounded, i.e. there exists a positive scalar € > 0 such that for all i € A

lim sup |le}|| <e.
[—00
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The abbreviated proof is given in Appendix C.2, which makes use of Lemmas 20 and 21, also contained in
Appendix C.2.

Remark. In Theorem we used the assumption that the system is collectivelly observable instead of detectable as
in Assumption AS. However, if the system is not collectivelly observable and Assumption A5 holds, it can be
shown that the estimation error is ultimatelly bounded in the same fashion of Appendix C.1, by performing an
observability decomposition of the system and showing that the estimation errors associated to the unobservable
subspace are naturally stable, and that Theorem 13 shows that the estimation errors associated with the
observable subspace are stable.

As stated in Theorem 13, given collective observability, this method guarantees ultimate boundedness of the
estimation error. Moreover, in the stochastic case we obtain an upper bound on estimation error covariance,
which is bounded by above. As disadvantages, this method is not optimal in the stochastic case, and requires the
transmission of covariances or the computation of a large number of covariance matrices.

This method was studied in a number of research papers. In Battistelli and Chisci [2016] an extension of this
method to the case of nonlinear systems is given through an adaptation of the extended Kalman filter. A similar
method, named the diffusion Kalman filter, was studied in Cattivelli and Sayed [2010] which offered a proof of
stochastic convergence of the method that requires local observability. A survey of different fusion rules which
yield stable observers is given in Sijs and van den Bosch [2015], which derives a stability condition guaranteeing
that the estimates are consistent. Another fusion method, the ellipsoidal intersection, which satisfies the stability
condition is proposed and analyzed. The application of covariance intersection to the problem of distributed state
estimation is also analyzed in Casbeer and Beard [2009] in the perspective of information filtering. The concept
of covariance intersection was applied to the problem of cooperative localization in Carrillo-Arce et al. [2013].

8.10.2 Other Fusion Methods with Unknown Correlations

The covariance intersection method gives a conservative over-approximation of the fused estimate covariance.
The largest ellipsoid method Benaskeur [2002] computes the largest ellipsoid that is included in the level sets of
the quadratic functions determined by the covariances of the estimates to be fused. This is less a conservative
method than covariance intersection, but does not guarantee consistency.

To fuse with spurious estimates, i.e. when one or more estimates are not accurate in terms of expected value
and covariance, in Uhlmann [2003] the Covariance Union (CU) method is developed. This method consists of
computing a conservative estimate that is consistent with both estimates, instead of being consistent with the
fusion of the estimates. In Uhlmann [2003] inconsistency between estimates is detected through the Maholanobis
Distance between expected values.

8.11 Consensus-Based Methods

We now review other estimation methods that are based on consensus. We first describe the method of Olfati-
Saber [2005], the application of a consensus algorithm to the distributed Kalman filtering problem. We then
describe a distributed consensus-based Luenberger observer, which will be used in Chapter 12 to address the
problem of distributed estimation and control with quantized communications. Both of these methods have the
disadvantage, in comparison with other methods in this chapter, that multiple iterations of a consensus algorithm
are required between every two discrete-time instants ¢ and £+ 1.
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8.11.1 Consensus-based Distributed Kalman Filter

A seminal work in distributed Kalman filtering is Olfati-Saber [2005]. The key technique used involves writing
the Kalman filter equations in information form, i.e. in terms of the inverse of the covariance matrix, termed
the information matrix. The latter is then computed by averaging local information matrices and the global
measurement is computed as the averaging of linear transformations of the local measurements.

The main idea of Olfati-Saber [2005] is the following. If one can compute averages, e.g. through distributed
averaging, the centralized Kalman filter can be recovered as follows. The prediction equations remain identical
to the standard Kalman filter.

)-Cl+l = Aj(\:l‘r

P =AP AT +Q.

The update equations can be recovered by using distributed averaging to compute the following values:

1 .

San [ Z Sl,
Nieﬂ

1 .

avg i

spe=—3 s
NiEJV

Using the update equations we obtain

2= (NS P (584 B k),

Prup = (Nsavg + (AP AT + Q)’l)_l.

In Olfati-Saber [2005], it is assumed that the nodes communicate continuously and therefore continuous time
consensus filters are proposed to compute the averages. In a similar work, Kamgarpour and Tomlin [2008],
discrete-time communications are assumed and the averages are computed through dynamic discrete-time
consensus filters. For an historical perspective, this method was already considered, for the case of fully
connected networks in the paper by Hashemipour et al. [1988].

We now examine the case where the consensus algorithm used to compute ¥, is the standard consensus algorithm
i

in Section 7.3 of Chapter 7 with a limited number of iterations I, that is we assign z;

0= si, and perform [
iterations of the form

i _ i,j,J
041 = Z T2 p
JENT

and we approximate J; at node i by y; := z! 1, In this case we estimate s, at node i as
§i=s,+Nq',
i_ i 1 ‘ : . j 1 i
where g} := z;lf ~NLjen Zi,(r Defining ¢y, := col (Z;,o) “15Yjen Zi,o yields
1 )
Gro = (IN— —IIT) ® Incol(S’) Xy
N
From Theorem 7 we have that

l

1 ly 1 1 _
G = (n— NuT) ® Inquo = (n— NuT) ®Incol(8’)xt.
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Repeating the analysis of the Kalman filter in Section 8.5, we obtain
ei+1 = Pt+IQt+1Ae§ +Pr€r+ Pt+1q§,

and the global estimation error e; := col (e!) is

_ 1 Iy .
er=In®(Pr1Qi1A) e+ IN® Prijer + N(H - NIIT) ® P col(s‘) X

Since the estimation error dynamics depends on x;, as can be seen in the last equation, if the system is unstable
then the estimation error is also unstable, and therefore, rigorously, we cannot consider that the distributed
estimation problem is solved with this algorithm. However, if the number of consensus iterations If is large
then the interconnection between x; and e; becomes week, and we can only observe the instability effect if the
algorithm runs for a long time, and the algorithm has a similar performance to the centralized Kalman filter.

A further development in the distributed Kalman filter appears in Olfati-Saber [2009], where it is shown how
to compute the optimal gain matrix of a linear observer given that at each time an agent communicates with
a limited set of neighbours. However, it is also shown that the computation of this optimal gain requires data
from the neighbours of the neighbours, which requires two communication cycles. In addition, the work in
Olfati-Saber [2009] gives a simplified, more tractable, version of the distributed Kalman filter with stability
guarantees, but which requires local observability, i.e. the state of the system can be observed by each sensor
individually. The work in Olfati-Saber and Jalalkamali [2012] builds on the results in Olfati-Saber [2009] to
tackle the problem of simultaneous state estimation and tracking.

More recently, the work in Battistelli and Chisci [2014], Battistelli et al. [2015], Battistelli and Chisci [2016] also
considers the case of many iterations of a consensus algorithm, by taking instead of the consensus matrix IT its
power 1. As was seen in Subsection 8.10.1 this consensus-based distributed estimation algorithm has stability
guarantees for the estimation error, unlike Olfati-Saber [2005] when using the standard consensus algorithm.

8.11.2 Consensus-based Luenberger Observer

A central concept in this chapter is that of state estimation using a Luenberger observer. We first consider the
hypothetical centralized case where all the nodes have access to all of the outputs, or equivalently, to the vector
V= col(yf), and the objective is to estimate the state of the system x; with a bounded error. Let L be a gain
matrix of appropriate dimensions such that p(A— LC) < 1, which can always be found since (A4, C) is detectable.
Further let ; € R” denote a state estimate of x;. The centralized Luenberger observer algorithm is described by

Rie1 =A%+ L(yi—Cxy).
It follows easily from the above that the estimation error e; := X; — x; satisfies the dynamics
err1=(A—LC) e, + w; + Leol(vh).

Since p(A— LC) < 1, in the deterministic case where Assumption A7 holds, one can observe from its dynamics
that the estimation error e; is ultimately bounded. Similarly in the stochastic case when Assumption A8 holds,
since p(A— LC) < 1 the covariance of the estimation error P; := E [etetT] is ultimately bounded.

The above centralized version of the Luenberger observer can be re-written in distributed form as follows.
Consider L! € R such that L:= % row(L?). Then, the estimates %,,; provided by the Luenberger observer
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can be reformulated as the average ;41 := % Yien zi 4+ of the local variables zi 1 defined by

Zhy = AR+ L (yi-Cly). (8.23)

Due to the limited communication resources, it is in general not possible to compute the average perfectly, and
one must compute an approximation of the average. One possible method of computing an approximation of the
average is the consensus algorithm in Section 7.3 of Chapter 7.

We now consider the application of the consensus algorithm (7.3) to the problem of distributed state estimation.
One would like to compute the the real average value % Yiew z{ , with zi defined in 8.23. However, in general,
due to bandwidth limitations, it is only possible to perform a finite number of iterations, denoted here as Iz, of
the consensus algorithm (7.3).

Since in the proposed approach consensus is unattainable, each agent keeps an internal value JACi., which may
be different from node to node. Therefore, one wants an approximation of the average of the following local
variables

Zi,o = A%y + L (J’i—l - Cifci—l)’ (8.24)

i.e. one wishes to compute an approximation of ﬁ Yjen zi o- This approximation is computed with [ iterations
of the consensus algorithm (7.3), which in the present case takes the following form:

i _ ij i
zt,l+l_ Z n Zt,l’
JEN

Finally, the state estimate is computed as fc; = zi Iy

: cati : i i i_pi_ 1 J
Defining the estimation error of node i as e} := &; — x;, the consensus error as q; := X; — i X je.y Z; o, and the

average error as e?yg = % Yiewn )Aci — X, one can observe that the estimation error satisfies the dynamics
. . 1 SN .
el =(A-LO)e;" - gl + N Y (A— L‘C’) gl + w; + Leol(v}). (8.25)
JEN

Notice that if the consensus algorithm approaches perfect averaging, i.e. if fc; = % Yiewn zi o» €ither because

of a large number of performed iterations /; or because the network is highly connected, the estimation error
avg
t

and qi =~ 0. Therefore, the performance of the consensus algorithm must be taken into account in the analysis of

dynamics coincides with the hypothetical centralized Luenberger case, since for all i € A4~ we obtain ei =e

the estimation error dynamics. The following theorem provides a lower limit on the number of iterations of the
consensus algorithm, such that stability of the estimation errors is guaranteed.

Theorem 14. Let assumptions A5-A7 hold. Then, given the distributed Luenberger observer defined by
equations (8.19)-(8.22), assuming that the number of consensus iterations satisfies

y 1- | A~ LClp,
0'2 >

maX(||A—LiCi||Pl)max(1, ||A—LiCi||p1)

TA=ICTp,

where P; is a positive definite matrix such that [|[A— LC| p, < 1, the estimation error ei = 56; — Xx; at each node is
ultimately bounded, i.e. there exists a positive scalar € > 0 such that for all i € A

lim sup |le}|| <e.
[—00
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We have seen in Theorem 14 that stability is guaranteed with a known convergence rate for I sufficiently large.
Moreover, in the stochastic case, for a very large number of consensus iterations, i.e. as [y goes to infinity, the
covariance of the estimation errors as ¢ goes to infinity are the same as the covariance of the estimation error of
the centralized Kalman filter.

8.12 Distributed Linear Time-Invariant (LTI) Observers

We now review time-invariant estimation methods that involve exchange of state estimates among nodes. We
must mention that most methods mentioned above involve, in one form or another, transmitting the covariance
of the estimation error at each node, or the off-line computation and storage of a potentially large number
of matrices. Moreover, since the assumed covariances are, in general, time-varying, it is difficult to obtain
convergence rates of the estimation error beforehand, which is important to know if the observer is used in
connection with another system. In order to avoid communicating covariances among nodes, to save bandwidth,
and to obtain convergence rates of the estimation error, one is naturally led to the use of distributed LTI observers,
or distributed Luenberger observers, which will be studied in depth in this section.

8.12.1 Connectivity-Based Norm Decrease

The concept of distributed Luenberger observer is developed in Khan et al. [2010], which studies the network
tracking capacity of this type of observers, i.e. distributed estimators with fixed innovation gain, which
communicate only once between agents between measurements. Given a set of sensors connected via a
communication network, the network tracking capacity is the maximum vector induced 2-norm of the dynamics
matrix of an observed system such that it is possible to compute a fixed gain matrix for a distributed observer
with guaranteed ultimate boundedness of the estimation error. The authors study observers which depend only
on one parameter to obtain an analytical lower bound on the network tracking capacity, and show that this lower
bound is always greater than one for strongly connected communication graphs.

The main idea of the paper Khan et al. [2010] will be summarized next. The scalar gain estimator proposed in
Khan et al. [2010] has the following form

xM:Afc;—aA(( ) (x;—fcf))—(c’) (yi-Cisl )
jenNt
Defining the matrices A, G and D¢:
Ag:=(In®A)IyNn—aG),
G:= L®IN+Dc,
(cH'ct 0
DC L= ,
0 (cN)'cN
and the time-varying vectors e;, u; and g;
NN
€r:= [e[]i(—;/v,

ut:zgt_1N®wtv
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(e v}
gr:=Un®A)B : )
()" vy
the estimation error dynamics are described by

€ry1 = Aeet + Uy

Given the above defined matrices, the design process consists of choosing a as

2
Amax(G) + Amin(G) '

a= argmin“ I N —pGll =

from which it can be shown that stability is guaranteed if || P|| < 1, that is, if

1 _ Amax(G) + Amin (G)
I Inn—aGll  Amax(G) = Amin(G) '

ANl <

Following the framework of Khan et al. [2010], the authors in Das and Moura [2013a,c,b, 2015] describe
variations of the distributed Kalman filter algorithms, with consensus on pseudo-innovations, and analyze
their stability. One of the main assumptions in these papers is that the 2-norm of the matrix A in (8.1), || All,

is smaller than or equal to some value. As seen in the previous analysis in Khan et al. [2010] this bound is

Amax (G)+Amin (G)
Al < 3T )

aspect of this design, we note that the design of the observer is very simple requiring only an eigenvalue

which is closely related to the connectivity of the communication network. As a positive

decomposition and the transmission to every agent of a scalar value.

8.12.2 Stabilizing the Estimation Errors from a Single Node

The work in Park and Martins [2016] gives a method to design stable distributed LTI observers with very mild
assumptions, which are weaker than strong connectivity of the network. Specifically, it is only required that
all source components, strongly connected subsets of the network with no incoming edges from the rest of the
network, be collectively observable. Since in that paper it is proposed that the gains of all the observers except
one are chosen randomly, it is apparent that this method may not be competitive in terms of performance, as
measured by the convergence rate and ultimate estimation error bound.

The method proposed in Park and Martins [2016] can be summarized as follows. Suppose, without loss of
generality, that we stabilize the observers through node 1, then the observers take the following form for nodes
ie M1

si Ljgd 4 opicyi ini
Ria=A ) A +L(y;-C'%),
jeNT

where L’ € R"*™i_ j € ¥ is referred to as the local observer gain. For node i = 1 they are described by

~1 1,joJ 1,1 141
X =A Z T ]xi+L (y; —C &)+ uy.
jeN?

The estimation error dynamics can then be expressed as
51
ery1 = Aper+ B ug+ iy,

where Ap=TI® A+YY B'LIC',B' =e;®1,, C'=e] ®C',and yi;:=1® I,w;+ ¥} | B'L'v!. From node 1 we
can measure the estimation error e} through the innovation j; = y! — C!} = —Cle; + v}. In Park and Martins
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[2016], it is proposed that the observer gains L’ be chosen at random from realizations of uniform distributions. It
is shown that for almost all choices of L’ the triple (Af, B, —C1) is observable and controllable under collective
observability. Therefore we can choose, through LQR, eigenvalue assignment or any other method, u; = Ké;,
with K € R”*N" such that A + B'K has all eigenvalues inside the unit circle.

To compute é; on node 1 we design an observer of e; of the following form:
s _ A n el _lal | Aly
ey =Apé;+L°(y;, —C x,+C &),

with L¢ such that Ar + L¢C! has all eigenvalues inside the unit circle. Combining the observer of e, and
the dynamics of e, it follows from the separation principle of linear systems that since p (Ar + B'K) <1 and
p (Ap+L°C") <1 the observer is stable. As stated previously, this method has a potentially slow convergence
rate. However, we note that the design procedure is simple, and can be done in just one node, all the others are
completely independent and do not require any knowledge of the system model.

8.12.3 Observability Decomposition

Another paper that deals with the general case of collectively observable systems is Mitra and Sundaram [2016],
which gives a method to design stable distributed LTI observers. The method consists of decomposing the
state for each sensor into observable and unobservable subspaces. This decomposition is done sequentially,
i.e. sensor 2 only decomposes the unobservable sub-state of sensor 1 and so forth. Then each sensor estimates
only its observable sub-state and diffuses, with a consensus law, its estimated sub-state. This design method
ensures that convergence occurs sequentially, in that since the observable sub-state of node i, if it exists, depends
on the observable sub-states of nodes up to i — 1, the convergence of the estimation error at i depends on the
convergence of the estimation errors up to that node.

The method proposed in Mitra and Sundaram [2016] consists of performing a state transformation
o= i,

where the unitary matrix I~ € R"*" is referred to as the transformation map. With this transformation, considering
without loss of generality that the set of sensors with associated observable sub-states is A% ={1,..., N°} c A,
the state dynamics and measurement equations become

5 T
1 = AL+ T wy,

yi=Clé+vi,
where C!:= C!J takes the form for i € A°

where C'/% and C® for i, j € ./ ° are local measurement matrices of appropriate size, and with

Aip 0 |
A Age
A=gTAT = :
Ano1 Anoz ... Anog
Al A .. Ane  Ago |

where A;j, Ajg, A;j and Ay are local matrices of appropriate size, (A;g, C i0) is observable and p(A) < 1. The
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analysis in Mitra and Sundaram [2016] guarantees that the transformation J exists for collectively observable
systems. As mentioned before, this transformation I~ can be obtained sequentially using standard methods of
computing the observability staircase form of a system. Obtaining the observability staircase form of system
(8.1) for sensor 1 we decompose the state of the system in observable and unobservable modes. Then for sensor
2 we only decompose the unobservable modes of sensor 1 and so forth.

This transformation is designed such that the state can be partitioned in multiple sub-states as

5(1)
Qtt = : »

gt(N")
E%@

where the measurement equations become

. B et .
y; _ Cl@é(tl) + Z Cljﬁfij) " l/;.
j=1

Moreover, the dynamics of the sub-states ¢ (”, i € N take the form
0 0,5 40 (o)
6[:_1 = Ai@Etl + Z Aijf[ +(g- ! ) We,
j=1
where ) is the column of J~ associated with & (ti). The dynamics of the unobservable sub-state %7 are

T
ft+1 _A%@E%@JFZA 6(]) ( %@) w;,
j=1

e g o—%@’

wher is the column of 9 associated with f%@ It is shown in Mitra and Sundaram [2016] that collective

observability ensures that the transformation map 9~ exists.

The distributed observer can be designed as follows. For the nodes i € A such that i ¢ A4° the measurements
are discarded and the observers are simply

xt+1 =A Z "
jeNT

We choose observer gains L’ such that p(Aig — LiC!%) < 1, which exist since the pairs (A;g,C 10y are observable.
Then, at each node i € A we estimate the sub-states & (t] ) for jEN as¢; U7 and the unobservable sub-state E?‘@
as f?m with the following observers. For i, the observer is

R W MR

N T i-1 .. P
Cl@é(tl)l + Z Cl]@’é(t])l)) )

j=1

For j # i, the observer takes the form

(i N1 I
{i=450 3 "'/ +ZA &

leNt
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Finally, for the unobservable sub-state the observer is
PUOCT PUOCi o ()i
Sro1 = Awosy 7+ Y AE
j=1

It is also shown in Mitra and Sundaram [2016] that this design yields stable observers. However, it must be noted
that the design must be done in a centralized fashion and some measurements taken by some sensors (the sensors
not in 4 %) might be ignored, which can diminish the performance of the algorithm or slow the convergence rate.
Also, since the convergence of the estimation errors occurs sequentially, the performance and convergence rate
depends on the topology of the network and how the sensors are ordered.

8.13 Other Methods

In most of the methods discussed above, the observers take the form

=AY altisl - Liyi-cisd. (8.26)

JjeN
There has also been a vast number of works that propose design methods of the observer gains L’ through the
solution of some optimization problem such as Hy or H, filtering, e.g. Ugrinovskii [2011], Orihuela et al.

[2013], Ugrinovskii [2013]. A similar methodology was used in Viegas et al. [2012] for the H, filtering design
of a continuous-time distributed observer for the problem of cooperative localization of AUVs.

Observers of the form (8.26) were studied by several authors. The paper Mosquera and Jayaweera [2008] studies
the convergence properties of a distributed Kalman filter of the form (8.26) with time-varying gains L and
fixed consensus weights. In Matei and Baras [2012], a distributed Luenberger observer of the form (8.26) with
time-varying observer gains and consensus weights which guarantee a certain level of performance with respect
to a quadratic cost is presented. Finally, the paper Doostmohammadian and Khan [2013] analyzes the design of
observers of the form (8.26) based on the results of structured systems, taking into account the structure of the
matrix A in (8.1), the measurement matrices, and the communication graph.

When multiple iterations of the consensus algorithm are allowed between measurements, in Khan and Jadbabaie
[2011] the authors show that it is possible to design distributed estimators with fixed innovation gain, which are
stable if enough iterations of the consensus algorithm are performed. Namely, if the number of iterations are
greater or equal to the primitivity index of the consensus matrix.

Finally, for the case of continuous-time linear systems, in Li and Sanfelice [2014] an optimization based design
method for a continuous-time Luenberger observer is proposed.

8.14 Nonlinear Methods

Until this point we have assumed that the observed system is linear. There are many cases, however, where
this assumption is too restrictive, when the system exhibits nonlinear behaviours. In these cases one should use
methods suitable for distributed state estimation of nonlinear systems.

One of the most popular methods of state estimation is the Extended Kalman Filter (EKF). This method consists
of doing the prediction by solving an ODE with the nonlinear dynamics of the system, and computing the
updated estimate and the covariances based on the linearization of the system about the predicted state. The
extension of this method to the distributed case is studied in Lee and West [2010], Long et al. [2012], where the
authors propose distributed extended Kalman filters based on generalizations of the distributed Kalman filter
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found in Olfati-Saber [2005].

Another method of nonlinear state estimation is Moving Horizon Estimation (MHE). In MHE, one computes
on-line the estimates of the past and present states which best fit a finite number H of past measurements, named
the horizon length. In this method we assign a certain cost to the deviation of each state from its prediction taking
into account the previous estimated state, another cost to the deviation from the estimated state at a particular
time and the measurement at that time, and another cost function to the deviation from the estimated state at
t— H, and its estimate in the previous time step. The extension of this method to a distributed setting is given in
Farina et al. [2012], is based on the results from linear systems in Farina et al. [2010]. In the method proposed,
the nodes exchange and perform averaging of estimates of time ¢ — H, where H is the horizon length. The weight
matrix defining the deviation cost of the estimate at ¢t — H, or terminal cost, is also exchanged among nodes and
computed in a distributed fashion.

Finally, there is also the method of particle filtering, which consists of computing the trajectory of several
samples of a probability density function, and attributing a probability to each sample given the measurement
taken. The assumed probability density function is then computed as a weighted sum of kernel functions centered
at the samples. Distributed particle filtering methods can be found in Lee and West [2013] and Manuel and
Bishop [2014]. The methods work by having the nodes exchange samples and fusing the probability density
functions defined by the samples, until consensus is reached.

8.15 Related Problems

There are many problems which fall within the scope of distributed state estimation and can be seen as a
particular case. For each of these problems, different methods have been developed for their solution. We will
discuss in this section a subset of those problems: network localization, distributed detection, distributed static
estimation, and distributed field estimation.

8.15.1 Network Localization

The problem of network localization consists of having each node localizing itself, i.e. estimating its own
position, based on the difference between its position and that of the neighbours. Computing the global BLUE
estimate based on the available measurements, the network localization problem can be cast as the problem of
solving a linear system. In Barooah [2007] and Barooah et al. [2010] it is shown that, for the linear system of
equations that needs to be solved, the Jacobi method for solving linear systems of equations can be implemented
in a distributed fashion. This fact and its implications are extensively studied in Barooah et al. [2010]. Another
method for network localization is given in Todescato et al. [2015] where the communications among agents are
assumed asynchronous and the method is inspired in gradient-based optimization.

8.15.2 Distributed Detection

Distributed detection consists of testing one or more hypothesis given that each node makes a measurement
which depends on each of the hypothesis being valid or not. This problem is similar to distributed state estimation
where the state is discrete and can assume only two values, true or false. Distributed detection was one of
the first problems related to distributed estimation to be studied. Since then, it has been the subject of many
research articles, e.g. Tenney and Sandell [1981], Chair and Varshney [1986], Tsitsiklis [1993], Viswanathan
and Varshney [1997], Blum et al. [1997], Willett et al. [2000], Chamberland and Veeravalli [2003].
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8.15.3 Distributed Static Estimation

If one wants to estimate in a distributed fashion static parameters, then the problem of distributed static estimation
arises. This is a particular case of distributed state estimation when the matrix A in (8.1) is equivalent to the
identity and the process noise is zero. The problem has been the subject of much research for many decades now.
In Borkar and Varaiya [1982] the problem of static estimation with multiple sensors is studied in a stochastic
framework. More recently, in Xiao and Boyd [2004], distributed static estimation is formulated as a consensus
problem and a solution based on distributed averaging is presented. The paper Speranzon et al. [2008] studies
the problem of distributed state estimation of a time varying signal instead of a static parameter, i.e. when there
is process noise. Finally, in Kibangou [2010] a method of distributed static estimation is proposed that considers
network delays and unknown communication channel properties.

8.15.4 Distributed Field Estimation

Distributed field estimation is the problem of estimating a field based on measurements of sensors placed at
different locations, while communicating according to a communication network. This problem was studied in
Delouille et al. [2004] for multiple static sensors and in Cortes [2009] multiple mobile sensors, using the Kriging
method.

8.16 Overview

In Table 8.1 we summarize the main characteristics of the methods discussed in this chapter. We compare
the known correlations method of Section 8.7, the method with exchange of measurements of Section 8.8,
the method of covariance intersection method of Subsection 8.10.1, the consensus-based distributed Kalman
filter of Subsection 8.11.1, the consensus-based distributed Luenberger observer of Subsection 8.11.2, the
connectivity-based norm decrease method of Subsection 8.12.1, the method of stabilizing the estimation errors
from a single node of Subsection 8.12.2 and the observability decomposition method of Subsection 8.12.3
in terms of the assumptions required for stability, or ultimate boundedness, in the deterministic setting, the
optimality of the scheme in the stochastic case, that is, if the estimation errors have the minimum possible
covariance, the type of data exchanged, the communication rate, that is, the amount of times data is exchanged
with the neighbours between two discrete-time instants ¢ and ¢ + 1, the on-line computations that must be done
between two discrete-time instants and the off-line computations required.

In terms of the assumptions required for stability, collective detectability is the most general assumption, and
is the only assumption in many methods. In the consensus-based Kalman filter with the standard consensus
algorithm of Section 7.3 of Chapter 7 there are no stability guarantees if p(A) > 1, however if [ is large, the
instability effects might only be noticed when the magnitude of the system state becomes very large.

In the stochastic case, the only optimal scheme given the state estimates of the neighbours is the known
correlations method. The consensus-based methods only recover optimality when the number of consensus
iterations tend to infinity. The distributed linear, time-invariant methods that are discussed in this chapter are not
optimal.

With the exception of the method of exchange of measurements, the type of data exchanged is usually a state
estimate, or a variable of equal size. The covariance intersection scheme also requires the transmission of
information matrices. With the method that only relies on measurements exchange we can only guarantee
stability if we have local detectability, i.e. if the pairs (A,col(C/, j € 7)) are detectable for all i € A4, since
each sensor does not receive information from other sensors other than the neighbours.
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Method Assump. Optimality | Type of Com. rate On-line Off-line
for stability data com. comp. comp.
Known Cor- | Collective Yes %l eR" Once Each node Init. with PD
relations detectability between two | inverts of N | matrices
DT instants | matrices of
size greater
than n
Exchange Local Yes, given yi e R™i Once Standard KF | Init. with PD
of Meas. detectability | only the between two | comp. matrices
meas. from DT instants
neighbours
Covariance | Collective No %l eR" Once Equivalent | Init. with PD
Intersection | detectability Q! eR™" | between two | to Standard | matrices
DT instants | KF comp.
Consensus- | p(A) <1 Yes, when Z;, L€ RrR" Ly iterations | Standard KF | Init. with PD
Based Dist. lf >0 between two | comp. matrices,
Kalman DT instants and Init. of
Filter consensus
algorithm
Consensus- | Collective Yes, when zl"' . € RrR" l i iterations | Mult. and Solving an
Based detectability | t — oo and between two | additions of | ARE of size
Luenberger | and l o0 DT instants the order of n, and Init.
Observer sufficiently n? of consensus
large ¢ algorithm
Connec.- Sufficiently | No )Acé eR" Once Mult. and Eigenvalue
Based small || Al between two | additions of | decomp. of a
Norm DT instants | the order of | matrix of
Decrease n? size Nn
Stab. the Collective No, and 2 eRrR Once Mult. and Solving an
Est. Errors | detectability | might between two | additions of | ARE of size
from a converge DT instants | the orderof | Nn
Single Node slowly n?
Observ. Collective No XteR? Once Mult. and Solving N
Decomp. detectability between two | additions of | AREs of dim.
DT instants | the order of | smaller than
n? n

Table 8.1 — Comparison between different distributed estimation methods. The cells colored in green correspond
to the best methods for a particular characteristic, in red the most disadvantageous methods and in yellow
methods with intermediate characteristics.

Regarding the communication rates there are multiple communications between two discrete-time instants ¢
and 7+ 1 on the consensus based methods, and just one communication between two instants for all the other
methods.

In terms of on-line computations, the linear time-invariant methods, including the consensus-based Luenberger
observer, are the most efficient, requiring a number of multiplications in the order of n? and a number of sums in
the order of n. The worst method in terms of on-line computations is the method with known correlations, since
between each two time instants we need to compute all the covariances and cross-covariances of the estimation
errors, which involve inverting N matrices of size n |JV i| X n |JV i|. All the other methods perform computations
equivalent to the standard Kalman filter computations, involving the inversion of an n x n matrix.
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Finally, regarding off-line computations, most methods, except the linear time-invariant methods, just require
the initialization with positive definite matrices. In the case of consensus-based methods, we require also the
initialization. With the linear time-invariant methods we simplify the on-line computations by increasing the
complexity of the off-line computations, which usually involve the computation of the solution of algebraic
Riccatti equations, except in the connectivity-based norm decrease method, which requires the computation of
the eigenvalues of an Nn x Nn matrix.

From the analysis above it is apparent that some methods are more adequate for certain situations. When on-line
computations are very fast compared to the sampling rate of the system and communications expensive, the
known correlations method of Section 8.7 is a better choice. When the nodes have little computational power,
communications are expensive, and there is an off-line design phase where a central computer has information
about all the nodes, the distributed Luenberger observers such as the ones in Section 8.12.2 or 8.12.3 fare better.
When computations are expensive and communications are relatively inexpensive when compared to the required
performance, the consensus-based Luenberger observer of Section 8.11.2 is better. When off-line computations
are infeasible and on-line computations and communications are relatively expensive, the covariance intersection
method of Section 8.10.1 is more adequate.
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A New Design Method for a Distributed
Luenberger Observer

9.1 Introduction

This section addresses the problem of designing distributed observers for discrete linear time-invariant (LTT)
systems with distributed sensor nodes subjected to bounded measurement noise. A solution is proposed
in terms of a distributed LTI Luenberger observer that departs from common linear time-varying solutions
rooted in consensus-based distributed estimation techniques. The solution does not require the exchange of
covariance matrices. It is shown, under the conditions of collective observability, strong connectivity of the
sensor communication network, and invertibility of the matrix A in (8.1) that the resulting observer yields
ultimate boundedness of the estimation error. A design example is given where the asymptotic performance of
the proposed observer is shown to be similar to that obtained using a time-varying distributed Kalman filtering
approach.

As with any distributed Luenberger observers seen in Chapter 8 the proposed method is more advantageous than
the other described methods in terms of required communications or required on-line computations. Comparing
with other distributed Luenberger observer methods seen in Chapter 8, the method in this chapter can be more
advantageous in that the off-line design process can be performed in a distributed fashion with a finite number of
iterations, and its performance is potentially better in some cases as illustrated in simulations of a particular case.

9.2 Algorithm

In what follows, to simplify the notation, we will omit the time index ¢. For this purpose, for a time-varying
vector x;, when omitting the time index ¢ we will use the notation x* to refer to x;41.

Consider the consensus coefficients 7/ > 0, where i,j € A and 7"/ =0 if j ¢ A, 2%/ >0if je A" and
Yien nhJ =1, and the consensus matrix IT whose i jth element is 7/ and which is primitive, i.e. there exists an
integer k > 0 such that I1¥ is strictly positive. As was mentioned in Section 7.2, if the network (A, <f) is strongly
connected and aperiodic this condition is satisfied. Note that since we only require IT to be stochastic and not
doubly stochastic, for an arbitrary network each node of the network i € A can compute its local consensus
coefficients knowing the number of in-neighbours .4 for example as

1 e i
.. —— €
L) T if je ¥V ‘
0, otherwise

69



Chapter 9. A New Design Method for a Distributed Luenberger Observer

The algorithm proposed in this section has the following form:

. N S AT -1

)%”zA(Q‘) (Z n”]foc]+(C’) (R’) y’), ©.1)
JEN

where QF, and Q' are appropriately chosen positive definite matrices of size n x n, n is the size of the state x,

and R' is a positive definite matrix of size m' x m', where m' is the size of the measurement vector y*.

This observer algorithm is similar to the distributed Kalman filter with consensus on information given in
Battistelli et al. [2015]. However, in the present we consider that the matrices Qf and QF are fixed in time.

The main problem that we address in this chapter is how to compute the matrices Q' and Q'. The design method
is described in the next subsection.

9.3 Design

The design proceeds is as follows. We first choose the parameter 0 < 8 < 1 and define the matrix

o k-1 L
Q=Y F (A Y aisi|a, 9.2)
=0 jeN

where S’ := (Ci)T (}?")71 Ci, 7 is the element i, j of matrix IT", k := k + n where k is the primitivity index of
I1, i.e. the lowest integer such that ¥ is strictly positive, and 7 is the dimension of the state. It can be seen, from
the collective observability property and the fact that IT¥ is strictly positive, that QO is positive definite

Given the above we may compute the matrix Q' as

Ql=p(a ) aia 9.3)
Finally Q' is computed as

Q=8+ Y Q. (9.4)
JjeEN
The motivation for this choice of matrices Q! and Q' is given in the proof of stability presented in the next
subsection.

From equations (9.2), (9.3) and (9.4) one can observe that the design can be done in a distributed fashion in &
steps. Since the observer is linear, each node is only required to store its own state estimate, and perform a finite
number of multiplications and sums at each time of the order of nm;, where n is the dimension of the state and
m; is the size of the measurement at sensor i.

In contrast with the design method of this chapter, the methods in Mitra and Sundaram [2016], Park and Martins
[2016] and Khan et al. [2010] require the observers to be designed beforehand in a centralized fashion. Similarly
to the method proposed in this paper, since those methods yield linear observers, they just require a finite number
of operations at every step of the order of nm;. In Park and Martins [2016], one of the observers is also required
to store and perform computations with an augmented state of the order of N, the number of sensors. It should
also be noted that the method in Battistelli et al. [2015] does not require an a priori design of the observers.
However, it requires a matrix inversion at every time.
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9.4 Main Theorem

Before proceeding to the main result of this chapter the following result is in order.

Lemma 4. Consider the matrices Q’, and Q' computed as in (9.4) and (9.2) respectively. Given assumptions
A6-A7, and assuming that the system (8.1)-(8.2) is collectively observable, we obtain

Qi >0,

Proof. Using the fact that the system is collectively observable and n%’j >0 for all i,j € A, we have that
7 T e .
B* (A‘k) (Zj&/y ﬂ;.C'J Sf) A~F is positive definite. It then follows that

Q=8+ Y aQ)
JEN

—sey )

7=1

A*T

Y. ayls!

JEN

:Qi+5k(A_1;)T( Z H;C,jsj Ak

JEN

> Q!

We now present the main result of this chapter.

Theorem 15. Consider the distributed LTI observer (9.1), with matrices Q/, and Q? computed as in (9.3)-(9.4).
Given assumptions A6-A7, and assuming that the system (8.1)-(8.2) is collectively observable, the estimation
errors £/ — x,i € N are ultimately bounded with ultimate bounds on IRi=xl,ie N proportional to the bounds
on the magnitude of the noise €,, >0 and €,i,i € A

Proof. We first consider the noiseless case
x* = Ax,
yi =Clx.
Defining the estimation error as n := &’ — x it follows from (9.1) that
. -1 ol .
n't = a0 ( Y atiQis) + S’x—Q’x)
JEN

-afo)[ £ wa]

JjeN
where the last equality is obtained using (9.4), and the fact that IT is stochastic.

Define the local cost function £ := (n') Tai n'. Using (9.3)-(9.4), Lemma 2 of Battistelli and Chisci [2014], the
fact that Qf > QF (from Lemma 4) and that A is invertible, it follows that

T
it _ ( Z ni,ijnj) (Qi)_lATQiA(Qi)_l( Z ni'jfljnj)
JEN JEN
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T

=B Z ”i,ijnj (Qi)lﬂi(gi)l( Z ni'ffljnj)
JEN JEN
T
55 Z ﬂi’ijUj (Qi)_lgi (Qi)_l( Z ﬂi'ijle)
JEN jeN
T -1
55 Z ﬂi,ijnj (Z ni’jﬂj) (Z ﬂiJanj)
jewN JjeN jewN
<B Y atiniTQin/=4 Y ntl.

jen jen
In vector form, defining £ := col (£7) yields
Lt <png,
where the inequality is interpreted element-wise.

Since IT is stochastic, 1 is an eigenvalue and we can find its left eigenvalue p which satisfies p”TI1= p?. Finally,
defining the Lyapunov function 7 := p % we can compute

v =pTet<pp'ne=ppteL=p5v.

Since the Lyapunov function decreases at each step, we have that the estimation errors for the noiseless case
converge to zero. Therefore, from Assumption A7 and classical results on LTI systems (e.g. Theorem 9.6 of
Hespanha [2009]), since the error dynamics are linear time-invariant, one can compute an ultimate bound on the
estimation error - using the solution to a generic non-homogeneous discrete-time linear time invariant system
(given in Section 6.5 of Hespanha [2009] or in Theorem 6) - that is proportional to €, and €, and the Theorem
follows. O

Remark. In Theorem 15 we used the assumption that the system is collectively observable instead of detectable
as in Assumption A5. However, as was mentioned in the remark of Section 8.10.1, if the system is not collectively
observable and Assumption A5 holds, it can be shown that the estimation error is ultimately bounded using the
same method of Appendix C.1, that is, by performing an observability decomposition of the system and showing
that the estimation errors associated to the unobservable subspace are naturally stable, and that Theorem 15
shows that the estimation errors associated with the observable subspace are stable.
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9.5 Computation

To make clear the distributed nature of the design process and the low on-line computational requirements, we
now summarize the computational details of the proposed distributed Luenberger observer and its design. The
design algorithm is described as follows.

Data: 8, S', Aand "/, je A'!
Result: Q' and Q'
Gi—gi
=0
while [ < k do
Receive Q/, j € A from in-neighbours
0 = p(A~) (5o po 6] 47
Send Q! to out-neighbours
I=1+1
end
Ql=g(a ) aia
Qi:=§! +Zjeﬂni'jflj
Algorithm 1: Design algorithm.

The on-line computations are simply described by the following algorithm.

Data: 777 A(Q) ' 0/, A(Q) ' (¢) (R) ', ¥, # and &/, je. N
Result: &'*
i+ = Zjeﬂﬂi,jA(Qi)_l Ozl A(Qi)—l (Ci)T (Ri)—l yi

Algorithm 2: On-line computations.

Notice that the matrices 7/ A(Q7) ™' @/ and A(Q) " (C?)" (R)) ™ for i€ .4 and j e A can be precomputed
off-line, and therefore the on-line computations consist of |.4?| n? + nm; multiplications and n (|4 '| n+ m; — 1)
sums.

9.6 Illustrative Example

In this section we illustrate the performance of the algorithm proposed in this chapter through a design exercise.
We also compare its performance against that obtained with other methods available in the literature. Namely,
the scalar gain observer method of Khan et al. [2010] (an algorithm that requires a bound on the %, norm of A),
the distributed Kalman filter algorithm with consensus on information (and not on measurements) in Battistelli
et al. [2015], and the method in Park and Martins [2016].

In order to assess the performance of the distributed algorithms, we will consider a distributed system of the
form (8.1)-(8.2) with collective but not local observability where the eigenvalues of A can be assigned. We will
consider a network of 11 nodes. The dynamical system considered has matrix A defined as A:= Adiag(A’),
where A’ is a random unitary matrix and A will be defined later. This matrix represents a setting where we have
a set of heterogeneous systems with decoupled dynamics, all having the same eigenvalues.

Let e; be a row vector with 1 at position i and zero at every other position. With this notation, the observation
matrices are defined as

Cioe (ei—ei)”
(ei-1—en)?

® I,
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except at i = 1, where we replace i —1 by N, and at i = N, where we define CV := eﬁ@ I,. This set of observation
matrices translates to a setting where the heterogeneous systems with decoupled dynamics mentioned above
have coupling in the measurements. It can be observed that with this choice of A and C matrices we have
collective observability but not local observability at each node, thus requiring the use of distributed observers to
reconstruct the state.

The process and measurement noises are generated randomly with a Gaussian distribution. With this method
of stochastic noise generation one cannot determine beforehand the noise bounds; however, at each realization
the noise is bounded and we have that the estimation errors are ultimately bounded for stable observers. The
covariances chosen for the noises were Q = I for process noise and Ri= IO‘ZImi for measurement noise. The
initial state is also randomly generated with a Gaussian distribution with covariance Py = 10%I,. The matrix R
in (9.1) was set equal to the covariance of the measurement v’. The communication network considered was an
undirected circular network, i.e. the neighbor set at each node is defined as A L=(i—1,i+1} except at node
i =1 where itis A :={N,2}, and at node i = N where it is &/ := {N—1,1}.

In what follows we will compare the different algorithms in terms of the norm of the global estimation, i.e.
|l col (fci - x) l. To remove the randomness effect of a single simulation run, we perform 50 runs and plot the
average values.

In the algorithm proposed in this chapter, stability is guaranteed for any choice of the parameter f satisfying
1> B> 0. To assess the effect of the choice of f we plot in Figure 9.1 the norm of the estimation error for
different values of ﬁ, when A =1.05.

Norm of estimation error for different choices of 3
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Figure 9.1 — Norm of estimation error for different choices of §.

We can observe from Figure 9.1 that, for this case, the best asymptotic performance is achieved for a value of
B =0.3 and this is the parameter choice that will be used in the following simulations. In the following plots
we will present the results of the scalar gain observer in Khan et al. [2010] in red, the distributed Kalman filter
in Battistelli et al. [2015] in green, the method in Park and Martins [2016] in blue, the method in Mitra and
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Sundaram [2016] in cyan, and the algorithm of this chapter in magenta. For reference we also plot the norm of
the stacked state vector |1 ® Lyx| = V'Nllx|l in black. The results for A = 0.9 are shown in Figure 9.2 and the
results for A = 1.05 are shown in Figure 9.4.

6 Norm of estimation error for A = 0.9
10"

10°
1045'

10°

Norm of estimation error (dimensionless)

1 I 1 1 I 1
10 0 10 20 30 40 50

Time (discrete / dimensionless)

Figure 9.2 — Norms of global estimation errors for A = 0.9. The results for the scalar gain observer in Khan et al.
[2010] are in red, for the distributed Kalman filter in Battistelli et al. [2015] in green, for the method in Park and
Martins [2016] is in blue, for the method in Mitra and Sundaram [2016] in cyan, for the algorithm of this chapter
is in magenta, and for the norm of the stacked state vector is in black.

From Figure 9.2 one can observe that all estimators are stable. However, the observer in Park and Martins
[2016] has worse convergence rates and worse asymptotic errors than that of the stacked state norm. This is not
surprising since the observer gains in all of the nodes except one are assigned randomly. We can also notice that
the asymptotic bound of the estimation error of the observer proposed in this chapter is slightly lower than the
ultimate bound observed for the method in Battistelli et al. [2015], and is lower than the other methods that are
being compared.

Figure 9.4 shows that, since the norm of the state transition matrix is greater than the bound required for stability
in Khan et al. [2010], the method in the latter paper yields an unstable observer, although with an increase
rate lower than that of the stacked state. Also, as expected, the observer designed with the method in Park and
Martins [2016] is stable, but has a very high asymptotic estimation error when compared to the other stable
methods. The method in this chapter converges faster and achieves a smaller ultimate error than the method in
Mitra and Sundaram [2016]. Finally, it must be stressed that the asymptotic performance and the convergence
rate of the method proposed in this chapter is comparable to those achieved by the method in Battistelli et al.
[2015]. Recall, also, that in Battistelli et al. [2015] there is exchange of the covariance matrices.

9.7 Conclusion

In this chapter we provided the design method of an LTI observer with guaranteed stability, which departs from
common linear time-varying solutions rooted in consensus-based distributed estimation techniques, and does
not require exchange of covariance matrices. It was shown, under the conditions of collective observability,
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Figure 9.3 — Close-up of Figure 9.2.
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Figure 9.4 — Norms of global estimation errors for A = 1.05.
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strong connectivity of the sensor communication network, and invertibility of A that the resulting observer yields
ultimate boundedness of the estimation error. From the simulation results of an illustrative example we show that
the asymptotic performance of the proposed observer is shown to be similar to that of Battistelli et al. [2015].

Continuing the table of Section 8.16, the method proposed in this chapter has the following characteristics. We

Method Assump. Optimality | Type of Com. rate On-line Off-line
for stability data com. comp. comp.
New Dist. Collective No i eR" Once Mult. and Distributed
Luen. Obs. | detectability between two | additions of | algorithm
DT instants | the order of | with k
n? iterations

can observe that the proposed method of this chapter is equivalent to the other distributed Luenberger observers
seen in Chapter 8 in terms of required communications or required on-line computations and therefore fares
better than the other described method in those aspects. The advantage with regard to the other distributed
Luenberger observer methods of the method in this chapter is that the off-line design process can be performed
in a distributed fashion with a finite number of iterations, whereas the other methods require a centralized
design process with knowledge of information from all the nodes. Also, although the method is not optimal in
the stochastic case, compared to the other distributed Luenberger observers, the performance in terms of the
asymptotic norm of the estimation errors is potentially better as illustrated in the simulations of a particular case.

A number of topics warrant future research. Namely, optimizing the selection of parameter §, designing plug
and play procedures for adding and removing sensors and, because we have a-priori known convergence rates,
one can explore the use of progressive quantizers to exchange messages as in the case of Chapter 12.
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I{I] Cooperative Path-Following with Logic-
based Communications

10.1 Introduction

As was mentioned in the introduction of this thesis, in the field of cooperative motion control, a wide range
of applications require the solution of the problem of cooperative path following (CPF). The problem of CPF
consists of, given N autonomous vehicles and different spatial paths assigned to them, deriving control laws to
drive and maintain the vehicles on their paths with desired speed profiles, holding a specified formation pattern.

A common strategy to solve the CPF problem consists of decoupling the CPF problem in i) a path-following (PF)
problem, where the goal is to derive closed loop control laws to drive each vehicle to and follow its assigned
path while tracking a path-dependent speed profile and ii) a multiple vehicle coordination problem, where the
objective is to adjust the speed of each vehicle so as to achieve the desired formation pattern. The PF problem
has been extensively addressed in the literature, see for example Dagci et al. [2003], Soetanto et al. [2003],
Skjetne et al. [2004] and Plaskonka [2012].

The coordination problem, however, requires further study to address the limitations of the communication
network between vehicles. These limitations are particularly stringent in underwater applications due to the
communications medium. However, in the literature some of these issues have been addressed using graph theory
to model the communication network and Lyapunov-based techniques to cope with intermittent communication
failures and switching topologies; see for example Moreau [2005], Thle et al. [2006], Ghabcheloo et al. [2006]
and Ghabcheloo et al. [2009].

This chapter extends the CPF framework discussed in Ghabcheloo et al. [2006, 2009] to take into account that
communication between vehicles occur at discrete instants, instead of continuously. In this respect the results of
this chapter go further than in Ghabcheloo et al. [2006, 2009], where communication failures and switching
topologies were considered, but communications take place continuously. The goal of this chapter is also to
minimize the frequency of information exchange between vehicles. For this purpose, we borrow ideas from
Yook et al. [2002] and Xu and Hespanha [2006] which consider distributed control systems, where the controller
for each system uses the states of its own system and estimates of the states of the systems it communicates
with. The communication strategy considered there assumes that each system has an internal estimator of its
own state, synchronized with its neighbors. This setup allows each system to determine the estimation error of
its neighbours by taking the difference between the actual and the estimated state. The communication logic
consists of only transmitting information when the estimation error exceeds a certain threshold. With this method
communication occurs asynchronously at discrete instants of time.
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The general idea of event-triggered control, where a task such as broadcasting a variable or applying a control
input only when a certain condition is satisfied has been the subject of many works such as Tabuada [2007],
Astrom [2008], Lunze and Lehmann [2010], Jetto and Orsini [2011] and Donkers and Heemels [2012] for single
systems and Mazo and Tabuada [2011], De Persis and Wirth [2011], Wang and Lemmon [2011] and Wang et al.
[2012] for multiple agents. In the context of control of multiple agents it is important that each agent is able
to compute its own triggering condition, which leads to the field of self-triggered control, see e.g. Yook et al.
[2002], Velasco et al. [2003], Xu and Hespanha [2006], Wang and Lemmon [2009], Mazo et al. [2010], Anta
and Tabuada [2010], Shanbin and Bugong [2011] and Battistelli et al. [2012].

The works of Dimarogonas and Johansson [2009], Dimarogonas et al. [2012], Seyboth et al. [2013] and Fan
et al. [2013] use the principle of self-triggered communications on consensus of single or double integrators. In
Dimarogonas and Johansson [2009], Dimarogonas et al. [2012] a control law for continuous-time consensus
with event-based communications is given, where it is considered that the estimates of the neighbouring states
are piecewise constant and only change at communication times. The paper Dimarogonas et al. [2012] proposes
multiple communication triggering conditions (CTC) with different characteristics. One of the proposed CTCs
can only be computed centrally, another can be computed distributively with information from the neighbours,
and the last one is completely distributed and only requires local information. The work in Seyboth et al. [2013]
proposes a time-varying CTC that can be computed distributively, and also addresses consensus of double
integrators. The work in Fan et al. [2013] provides a consensus algorithm where the agents read the states of the
neighbours at communication times rather than sending their own states, and provides a communication protocol
to compute the communication times guaranteeing stability of the scheme.

The application of event-triggered communications to the problem of consensus of linear or nonlinear multi-agent
systems is analyzed in Guo et al. [2014], Garcia et al. [2014], Viel et al. [2016] and Almeida et al. [2017]. In
Guo et al. [2014], a consensus control law of continuous-time systems with self-triggered communications is
proposed where the triggering conditions is evaluated periodically. The work in Garcia et al. [2014] provides
an algorithm with guaranteed convergence to consensus, where the state estimates do not take into account
the control input, and therefore each agent only needs to estimate the states of the neighbours. Alternatively,
Viel et al. [2016] proposes an estimator taking into account estimates of the states of all the agents. Here,
convergence to consensus is guaranteed by using unsynchronized estimates of the neighbours for control, and
less accurate estimates synchronized among neighbours, to provide an upper bound of the estimation error of the
more accurate estimate. Finally, Almeida et al. [2017] extends the work in Seyboth et al. [2013] for LTI systems
and directed networks.

Regarding more complex system models, the work in Viel et al. [2017] extends the work in Viel et al. [2016] for
Euler-Lagrange systems, and Jain et al. [2017] applies some principles in Seyboth et al. [2013] to the problem of
cooperative path following with self-triggered control. However, the evaluation of triggering condition requires
continuous communications with the neighbours. In the work of this chapter, we use the same principles in
Seyboth et al. [2013] and Jain et al. [2017] on the problem of coordinated path-following yielding a control
algorithm with self-triggered communications.

This work is a continuation of the work in Vanni [2007] and Vanni et al. [2008] in that we provide full proofs of
stability of the cooperative path-following algorithms that consider the interconnection between the coordination
controller and the path-following controller when it exists, and we design an algorithm where that interconnection
does not exist. Moreover, in the stability proofs we consider explicitly the delays and provide an upper bound
on the delay such that the closed-loop system is stable. Also, unlike Vanni [2007] we define formally the filter
structure for an arbitrary network.
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10.2 Coordinated path-following control system architecture

This chapter proposes a CPF control architecture for a group of N decoupled agents, Z;,i € A modeled by
general systems of the form

2 Xi = Fi (xi, uj, wy), (10.1a)
Yi =76 (xi,u4, v), (10.1b)
zi = i (xi), (10.1¢)

where x; € R denotes the state of agent i, u; € R™ its control input, y; € R”i its measured noisy output, w; an
input disturbance, and v; measurement noise. The output z; € R is a signal that we require to reach and follow
a desired feasible path z4, : R — R% parametrized by y; € R. The following notation is required:

Zdl-(Y') v i .
6zdl_ 1 61}};()/1) '}/l
y: i) oy, vi) Vi
zq,(yi) = . , Uy = . , Yi= :
0% zq, o'v, )
5 ) o (1) Y

The generalized path zg, is a vector that contains the desired path z4, and its partial derivatives with respect to
Yi up to some order k, the generalized speed profile v, is a vector that contains the reference speed v, and its
partial derivatives with respect to y; up to some order ! and the generalized path variable y; is a vector that
contains the path-following variable y; and its time derivatives up to some order 7.

In this chapter we introduce a new architecture for the coordinated path-following control system (CPFCS). The
CPFCS consists of a control system for each agent which communicates with a set of neighbours. The innovation
in this chapter consists of introducing a communication system which considers asynchronous communications
between agents.

The objective of CPFCS is to drive the output of each agent z; to converge to and remain inside a tube centered
around the desired path zg4, (y;), while ensuring that its rate of progression y; also converges to and remains
inside a tube centered around the desired speed profile v, (y;). Additionally, CPFCS must also guarantee that
the path variables y;,i € ./, are synchronized, that is, all the coordination errors y; -y, i, j € A converge to
and remain inside a ball around the origin. The path variables y; may also be called parameterizing variables,
path-following variables or, given their role in the coordination of agents, coordination states.
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Figure 10.1 — Coordinated path-following control system (CPFCS) architecture with logic-based communication
system.

The architecture for a general CPFCS proposed in this chapter is shown in Figure 10.1. The CPFCS architecture
consists of three interconnected subsystems for each agent:

Path-following controller (PFC, see Figure 10.1) - This is a dynamical system whose inputs are a spatial path
z4;, a desired speed profile v, that is common to all agents, and the agent’s output y;. Its output is
the agent’s input, computed so as to make it follow the path at the assigned speed, asymptotically. In
preparation for its connection with the coordination controller, this system produces also a generalized path
zq4,, a generalized speed profile v, and a generalized path variable y;. Furthermore, it accepts corrective
speed action from the coordination controller via the signal #,. This corrective action is aimed at making
the vehicles synchronize along the paths. Notice that the dynamics of the parameterizing variable y; are
defined internally at this stage and play the role of an extra design knob to tune the performance of the
path-following control law.

Coordination controller - This is a dynamical system whose inputs are the measured noisy output y;, the
desired generalized path z4, and speed profile v, (y;), the generalized path variable y;, and estimates of
the generalized coordination states y j; j € A I, where A" is defined as the set of neighbours of agent ith.
Its output is the correction speed signal 7, which is used to synchronize agent i with its neighbours.

Logic-based communication system - This is a logic-based dynamical system that makes the interface with
the network system through which the agents output y;, the generalized desired path zg,, the generalized
speed profile v,, and the generalized path variable y; can be communicated to the neighbour agents. Its
output is an estimate y ; of the generalized coordination states of the neighbouring agents y;, j € A ! This
communication system has knowledge of the spatial paths z;,, [ € ./, and the desired speed profile v,

In order to assess what are the necessary conditions for the CPFCS to achieve its goals, the objectives must be
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precisely defined in the form of the CPF problem. In Ghabcheloo et al. [2009], the CPF problem was defined
and conditions were derived so that the path-following and coordination controllers solve the CPF problem.
In Section 10.3 we will derive the conditions for the CPFCS to solve robustly the CPF problem, considering
bounded estimation errors of the path variables. In the same Section we introduce the communication problem,
that amounts to guaranteeing that the estimation error is bounded with asynchronous communication between
agents. In Section 10.4 we will give an example of a CPFCS design which solve the CPF problem for a class of
autonomous marine vehicles.

10.3 Problem statement

The purpose of the path-following and coordination controllers is to solve robustly the CPF problem, assuming
that each agent estimates the coordination state of its neighbours with bounded estimation error.

In this section we will review the concepts of a path-following controller and a coordination controller present
in Ghabcheloo et al. [2009], while also considering estimation errors of the neighbours’ path-variables. As
in Ghabcheloo et al. [2009] we will apply the small gain theorem to derive conditions under which the
interconnection between the path-following controller and the coordination controller is stable.

10.3.1 Path-following controller

As stated in Skjetne et al. [2004], a path following controller can be considered to have two assignments, the
geometric task and the dynamic task. The geometric task consists of driving the agent output z; to a desired
path z,4, parametrized by a continuous scalar variable, the path-following variable y;. The dynamic task consists
of forcing the path-following variables y; to a certain dynamic behaviour. More specifically, the dynamic task
considered in this section is a speed assignment where we require the parameterizing variables to have a desired
speed v, (y;), assumed to be globally Lipschitz in ;.

For the sake of clarity and rigor, in what follows we give a formal definition of the output path-following problem.
This is instrumental in understanding the conditions that a path-following controller must satisfy in order to
perform successfully the geometric and dynamic tasks.

Since a path-following controller acts as a feedback controller for the agent X;, its output is the agent control input
u; and admits as input the agent’s output y;. Also, it requires a reference of the desired path and speed profile,
therefore it admits as input the generalized desired path z4, and speed reference v,.. Finally, the path-following
controller also admits a correction speed signal from the coordination controller 7,,. Before proceeding with
the definition of the path-following problem, we have to define the class of admissible speed profiles 7 which
is the set of continuously differentiable functions in R and for a function v, € 7;, the class of admissible paths
Za,(v;) which is the set of continuously differentiable functions z,4, : R — R”, such that there exists a function
u; :R" xR —R™ such that for any y € R and x; € R" satisfying z4,(y) = #; (xl*) we have

0.7
ax,-

0z,
a—;’(y) ve(y) = (x])Zi (x7, uj (x],7),0).

Definition 4 (Path-following problem). Consider a set of n agents Z;,i € A" with dynamics (10.1) and let Z,

and 7; be the classes of admissible paths and speed profiles, respectively. We say that a given set of controllers
given by fo,ieﬂ

i =g (i za, ve ), 91, (10.2a)

i’
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1273 =%ipf (xpf J/irzdi,vr(Yi), ﬁr,—)! (lozb)

i’

solves robustly the output path-following problem if for every prescribed speed profile v, € 7, and path
z4, € Z4,(v;), there exist functions qu,ai,agr,ae € Ao, B¢ € X £, a non-negative scalar u and a signal error

0

e such that for each initial condition x" := col(x,- (O),xff(O)) and bounded signals w := col(w;), v := col(v;)

and 7, = col (7y,), all the states of the closed-loop system (10.1)-(10.2), i € A with the exception of y;(t) are
bounded, the path-following errors

ei(t) :=z;i(0) —zg,(yi(1),VieN,
and speed errors

ey, (1) :=yi(t) — v (yi), VieN,
satisfy the detectability condition

le; (D1l +lley, (DIl <o (llello,n), Yie N, (10.3)
and e is input-to-output practically stable (IOpS) with respect to w, v, and 7, that is,

le(ll < B (| x°]), 1) + %, (lwhio,n) + o4 (1vlho,n) + 0%, (17,10,0) + . (10.4)
Remark. Note that one can define the error signal e as
) |

However, the definition of the CPF problem allows for other definitions of the error signal such as the one in

e:.= col( ¢

ey,
Lemma 5.

In simple terms, the geometric task amounts to impose a (small) bound on the path-following errors e; and the
dynamic task consists in forcing a bound on the speed errors ey,. From the detectability condition (10.3), both
tasks are satisfied if we can bound the signal error e. The IOpS condition (10.4) implies that if the process
noise w, the measurement noise v and the input from the coordination controller 7, are bounded, then we can
compute a bound on e assymptotically, independently from the initial conditions of the agents x;(0) and the
path-following controllers xf f (0), here represented by x°.

10.3.2 Coordination controller

Besides meeting the requirements of path-following, that is, making each agent follow a desired path z;, at
some required speed v,, we also require coordination of the entire group of agents so as to achieve a desired
formation pattern compatible with the paths adopted. We say that two agents are coordinated, are synchronized
or have reached agreement if and only if y; —y; =0,V1i, j € A. Since nullifying the coordination errors y; —;
is a very strict requirement, we require instead that the coordination errors became bounded by a small number
after some settling time. To be more precise regarding the necessary characteristics of coordination controller
for coordinating the agents, we now define the coordination control problem.

P!
f

Since the coordination controller acts on the path-following controller , its output is the correction speed

signal ¥,, and admits as input the path-following variable y;, included in xf , and the sensors output y; from Z;.

Also, the coordination controller requires a reference of the desired path and speed profile, therefore it admits as
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input the generalized desired path z,4, and speed reference v,.. Finally, the communication system has the role
of providing the the coordination controller with the value of the path-following variables of the neighbours
Yi» JEN I, Since we aim to save the number of communications the output of the communication system is
instead estimates of the generalized path-following variables ¥, j € A I, and we define the estimation error as
Yi=7i-v;

Definition 5 (Coordination control problem). Consider a set of N agents X;, i € A with dynamics (10.1),
equipped with path-following controllers Zf f , 1 € A with dynamics given by (10.2), and the speed profile
vy € ¥, and paths zq4, € Z4,(vy), i € . Assume that y; and ¥, V j € 4} are available to agent i and define the

estimation error as ?; = )7;'. -Yj

5 = giee (xl?C,y,-,zd,., v (yi), i, col (y;’.,j € w")), (10.52)

l 1

By, = A (%6, yis Zap, vr (), yiscol (7 e A 7)), (10.5b)
solves robustly the coordination control problem if there exist functions p° € # £, o¢, U‘;, Ui;,O’i,Ui € Ao
and a coordination error signal ¢ that satisfies the detectability property

Cmax |y (0 -yl =0t (IElhoa), (10.6)
ieN;jeN!

T
and the evolution of the coordination error signal & := [5 T col (xf“) T, ﬁr] satisfies, for each initial condition

xg = col([x,-(O)T, xff(O)T, xfC(O)T]T),

g =g (|«

1)+ (1vlo,0) + 0% (1wl 0,0) + 05 (I710,0) + 0% (el o,0), (10.7)
where v :=col (v;), w:= col (w;), ¥ := col (}7{, ieN,je Wi).

In plain terms, our approach to coordination amounts to imposing an upper bound on the coordination errors
lyi()=y;j®OI,VieN;jeN . From the detectability property (10.6), we can bound the coordination errors if
we can bound the coordination error signal ¢. The IOpS condition (10.7) implies that if the measurement noise
v, the process noise w, and the estimation errors y are bounded, then, after some settling time, we can compute
a bound on ¢, independently from the initial condition of the agents x;(0), the path-following controllers xf ! (0)
and the coordination controllers x{°(0) here represented by xg. The bound on ¢ depends on the the bounds on
the measurement noises, process disturbances, and the estimation error. The impact of those bounds on the
controller performance, given by O’i (Ilvlo,a) Ui, (Ilwllo,s) and Uf, (I171l10,1), are expected to be small when
compared to the precision required for coordination control. This was found to be the case in the experiments of
Chapter 14.

10.3.3 Coordinated path-following

It is important to note, however, that the coordination control problem and the path-following problem are not
independent because, if both problems are solved, the dynamics of ¢ and e are interconnected. Noting that
the vector & contains 7, this interconnection can be seen in Equations 10.4 and 10.7 of Definitions 5 and 4,
and is illustrated in Figure 10.2. Therefore, to make sure the interconnection between the path-following and
coordination controllers solves the geometric and dynamic tasks and approaches coordination at the same time it
is not sufficient that the path-following and coordination problems be solved independently. The CPF problem
defined next, if solved, guarantees that all mentioned objectives (dynamic and geometric tasks and coordination)
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Figure 10.2 — Feedback interconnection of the path-following control system and the coordination control
system.

are achieved by the interconnection, for bounded process and measurement noise.

Definition 6 (Coordinated path-following problem). Consider the closed-loop system 2¢! composed by n agents
of the form (10.1) and the path-following controller and coordination controller defined by (10.2) and (10.5)
respectively. We say that ¢! solves robustly the CPF problem if for every agent i € A, every prescribed speed
profile v, € %, and path z4, € Z,,(v;), there exist functions 0°,0¢,,0% € Foo, B € X £, a positive scalar p®,
and a error signal € such that for each initial condition x(e’ = col([x,- o7, xf f o7, xl.“(O)T] T) and bounded
disturbance signals w := col(w;) and v := col(v;), the path-following errors, speed errors, and coordination
errors satisfy the detectability condition

max | |le;|| + lley. || + max |y; —vil| <co®(l|e , 10.8
max leill +lley, | jeﬂill}’; il (II ”[O,t]) ( )

and e is IOpS with respect to w and v, that is,

lel < p° (2], 1) + 0%, (lwlio,n) + o5 (1vlo,n) + K. (10.9)
Remark. Note that one can define the error signal é as

€
e:=col ey,
col(yi—yj.jeN")

However, the definition of the CPF problem allows for other definitions of the error signal such as the one in
Lemma 7.

The geometric and dynamic tasks are satisfied and coordination is achieved if e;, ey, and y; —yj, j€ N I are
bounded. The detectability condition (10.8) guarantees that if the error signal & is bounded then e;, ey, and
Yi—Y;j,J € A are bounded. Finally, the IOpS condition (10.9) guarantees that if v and w are bounded, then
e becomes bounded after some settling time. Therefore, if the CPF problem is solved robustly, for bounded
measurement and process noise (v and w respectively), the closed loop system ¢ satisfies the geometric and
dynamic tasks and achieves coordination.

The following theorem gives conditions under which a closed loop system ¢! solves the CPF problem, assuming
it consists of the interconnection of the path-following and coordination controllers which solve the path-
following and coordination problems, respectively.

Theorem 16. Suppose that in the closed-loop system 2¢ each path-following controller Zf ! and coordinated
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controller Z¢¢ solve robustly the output path-following and coordination problem, respectively, that is, inequalities
(10.3)-(10.4), (10.6)-(10.7) hold. Suppose further that y is bounded and there exists rp = 0 such that

agroai(r)<r, Yr>rp. (10.10)

Then, the closed-loop system 2¢ solves robustly the CPF problem.

Proof. From (10.4) and (10.7) we conclude that the path-following and coordinated controllers can be viewed as
two interconnected I0pS systems with outputs e and 7, := col 7y, ), respectively. A straightforward application
of the small-gain theorem, Theorem 5, and Theorem 3, implies that if (10.10) holds then the connection is IOpS.
We can then conclude (10.9) since ¥ is bounded. Inequality (10.8) follows using the detectability conditions
(10.3) and (10.6). |

This theorem states that the closed-loop system Z¢! solves robustly the CPF problem if the estimation errors
are bounded, all the path-following controllers and coordination controllers solve robustly the path-following
and coordination problems, and inequality (10.10) holds, i.e. the interconnection between the path-following
controller and the coordination controller is stable.

10.3.4 Logic-based communication system

In order to consider bandwidth limitations, to save the number of communications, instead of sending continu-
ously the generalized path-following variables y;, i € A/, to the out-neighbours, they are exchanged through
communication systems that send messages at discrete instants of time asynchronously using some logic, the
communication triggering condition (CTC). Since the coordination controller assumes as input the generalized
path-following variables of the neighbours in continuous time, the communication system estimates the gener-
alized path-following variables, as y;, based on the data received. To guarantee that the coordination control
error is smaller than some upper bound, we still need to guarantee that the communication system produces
estimations of the neighbours path variables with a bounded estimation error ¥; :=y; —y;. Therefore, the main
innovation introduced in this chapter is a logic based communication system which has as its main goal keeping
the estimation errors y; bounded.

Inspired by the communication logic proposed in Xu and Hespanha [2006], each communication subsystem is
composed by a bank of estimators of the neighbours’ generalized path-following variables ]?j., jeANanda
communication logic. The estimators run open-loop most of the time but are sometimes reset (not necessarily
periodically) to correct their state when measurements are received through the network. The communication
logic is responsible for determining for each agent i € A how well the out-neighbour agents can predict, as
}7{ , j € A%, the value of its local generalized coordination state y; and decide when it should communicate
the actual measured value to its out-neighbours so as to guarantee that Hfrj.(t) H <e VjeN I\t =0, for some
positive scalar € > 0.

In this section, we formulate the general problem of coordinated path-following with self-triggered commu-
nications using the same principles in Seyboth et al. [2013] and Jain et al. [2017]. It is important to note that
unlike Jain et al. [2017] where the control input is self-triggered but requires continuous communications, the
communications in the work of this chapter are assumed to be self-triggered. To be more precise regarding
the necessary characteristics of a communication system for keeping the estimation errors bounded we need a
formal definition of the communication problem.

Definition 7 (Communication problem). Consider the closed-loop system X¢/, composed of 7 agents of the form
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(10.1) and the path-following controller and coordination controller defined by (10.2) and (10.5) respectively,
the formation speed assignments v, € 7;, and corresponding paths z4, € Z4,(v,). Assume that zgq,, v-(y:), Yi,
vy PS
Yl» J/z, xi ) X
asynchronously through the network system. Let t][ci], k = 0 indicate the instants of data transmission, which

l.“ are continuously available to agent i and Za;, vr(Yj)s Yj» Vis x;’ f s x]C.C; Vje N I are available

occur when a communication triggering condition (CTC) is satisfied. We say that a given set of logic based
impulse dynamical systems Zﬁbc; i € A defined as

For t# 1/, je 4 Ut} k=20

zf_bc: xl{bc _ gilbc (xl{bc)’ (10.11a)

i

7=t (xlbc),jeJVi, (10.11b)

If3je A Ui} suchthat r=1)), k=0

xlbe (1) = }f’c(xfb“,yj,xff,xjc-“,x;bc,zdj,vr()/j),}’j), (10.12)

where x(t*) :=limg_ ;+ x(s), and the CTC triggering communications at times t,[ci] when the condition

(gilbc (xl{bc,yi,xff,xlgc,xl{bc,zdi’ vy (Yi)r]/i) =0 (10.13)
is satisfied, solve robustly the communication problem if for every i € &

Hy;’.m“se, VieNivi=0 (10.14)

for some scalar € > 0 where 7' := ¢}~ .

In the definition above, information is sent from agent i at instants t][f] and xl{bc is updated instantaneously.

Accordingly, at instants t,[C] l j € A" information is received by agent i from its neighbour j. At this point, for

the sake of generality, we purposely avoid discussing the mechanism for generation of communication times t][f I
pf
F
yi and y;. While no data is sent or received the communication system only uses internal information

This will be done later in this chapter. Here we consider that the information sent can contain elements of x

cc ,lbc
i

to compute the path variables estimates. To estimate the coordination states, the communication system relies on

X

the assigned path z4,, and on the required speed v, for each agent i € A"

The particular strategy to solve the communication problem that we apply in this chapter is, as proposed in
Xu and Hespanha [2006], to consider that the estimators for each of the neighbours are independent among
themselves, and that each agent contains estimators of its own variable synchronized with its out-neighbours
with the purpose of computing the estimation errors in the out-neighbours. That is Zﬁbc is composed by the
systems Zﬁ?c j € N defined by
Ibc . ~Ibc _ plbc | .lbc
shes ape=Ee (),
~i _ prlbc| . .lbc
7= Hiye (),

and by synchronized copies of the estimates Z%?C i € A& contained in the agents j such that i € A7/, i.e.

the out-neighbours, which give as output the estimates ff{ in the out-neighbours. Therefore the state of the
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communication system is of the form

be _ col(x;.?”,ieﬂf) ‘
! col(xﬁ?c, je./Vi)

Given that agent i has access to the estimates y; := H ]l.?c (x%’c), i€ A agent i can compute the estimation

errors )7{ in its out-neighbours. Therefore a communication is triggered by agent i at the times tl[ci] when the
condition ”}"ff (t,[j]) ” = ¢ is satisfied for some j € .4 such that i € A/, If at some time ¢ = t,[ci] ”f/{ (1) ” =€ then
Ib

on agent i and j the state x i ;¢ is updated with some rule of the form

Ib Ibc (,.1b Ib
xjiC(ﬁ) :]jiC(xjiC,yj,x;’f,xC.C’xj Cyzdj,vr(yj),yj),

satisfying

70 = (135 (e vgox] g, 27 2 ey ) = 0

By ensuring that on agent 7 and j the state x%’c is updated at the same time with the same rule, we can guarantee

that the estimates are kept synchronized. Moreover, since whenever “}7{ (%) “ =€ we have ”f/{ (t7) H =0 the
condition (10.14) is satisfied and the communication problem is solved.

‘We now state the main result of this section.

Theorem 17. Consider the overall closed loop system 2°¢! composed by n agents of the form (10.1) and the
CPFCS defined by (10.2), (10.5) and (10.11)-(10.12). Suppose that each PF controller Zf ! and coordinated
controller Z¢¢ solve robustly the output path-following and coordination problem, respectively, that is, inequalities
(10.3)-(10.4), (10.6)-(10.7) hold. Suppose further that the logic-based communication satisfies (10.14) Vi e A
and there exists 7o = 0 such that inequality (10.10) holds. Then, the closed-loop system ¢! solves robustly the
CPF problem.

Proof. Since the logic-based communication system satisfies (10.14) Vi € A/, y is bounded. Therefore all the
assumptions of Theorem 16 hold. [

The comunication problem of Definition 7 is a general formulation for non-delayed communications without
packet losses. However, on Subsection 10.4.4, and on Section 10.6 we propose communication systems that can
cope with packet losses and delays that depart from the formulation of Definition 7. To be robust to packet losses
we will require that the communication systems send a reply whenever they receive a message to the sender of
that same message. Therefore in the remainder of this chapter we assume that the communication network is
undirected, that is if i € A/ then j € A",

It should also be noted that in Definition 7 we allow for the estimates of the generalized path-following variable
of agent i, y;, on its out-neighbours, ff{ , i € N7, tobe different between each other, that is it is admissible that for
some j # I such that i € A/ U.N! 77{ # 77{ . However, in the communication system of the ideal communications
case of Subsection 10.4.4 all estimates of the path-following variable of an agent are equal, that is for every
two agents j and [ such that i € 47 U.A!, we have if{ = frﬁ. Only on Section 10.6 we propose a scheme with
different estimates for different agents.
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10.4 Controller Design

In this section, to illustrate how we can apply the framework described in the previous section, we consider the
case of CPF of autonomous marine vehicles maneuvering in 2D.

10.4.1 Vehicle model

In this subsection we describe the mathematical model of a class of autonomous marine vehicles used for motion
control design. We can consider this mathematical model as the agent dynamics.

We write the kinematic equations of motion of a vehicle moving in the horizontal plane by using a global inertial
coordinate frame {%/} and a body-fixed coordinate frame {98}, with origin at the vehicle’s center of mass, yielding

X = wucos(y)—vsin(y), (10.16a)
¥y = usin(y) +vcos(y), (10.16b)
Vo= (10.16¢)

where u and v are body-fixed frame components of the vehicle’s velocity, x and y are the inertial Cartesian
coordinates of its center of mass, and y defines its orientation (heading angle). The kinematic equations
(10.16b)-(10.16¢) can be written in compact form by defining p := [x, y]T and v:=[u, v]7, leading to

P = Ry,
v o=

where R is the orthonormal transformation matrix from {28} to {%}, i.e.

cos(y) —sin(y)
sin(y) cos(y) |

In the presence of a constant and irrotational ocean current, v is the sum of the vehicle’s velocity with respect
to the water vy, := [uy,, vy]T and the water current velocity v, := [u, ve)T, both expressed in the body-fixed
reference frame, i.e.

Uy + Ue
=Vy+VUc=

Vw+ Ve

10.4.2 Path-following controller

The path-following controller considered in this section is described in Vanni [2007]. To solve the problem of
driving a vehicle along a desired path, the key idea exploited is to make the vehicle approach a virtual target
that moves along the path. Let p;(y) be the position of the target, and v, (y) its desired rate of progression. We
decompose the motion-control problem into an inner-loop dynamic task, which consists of making the vehicle’s
surge velocity u and heading rate r track desired references u, and rg, respectively, and an outer-loop kinematic
task on the speed and heading rate references u, := [14, 41" and the evolution of the path parameter y, which i)
regulates the evolution of the virtual target p;(y) and ii) assigns the reference speed u,; := [ugy, 4] T'50as to
achieve convergence to the path.
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In what follows we assume that the inner-loop controller satisfies the following stability assumption:

Assumption A1l. Let @i := u— uy and 7 := r — rg be the speed and heading rate tracking errors, v,, be the
sway velocity, and let x?l the initial condition of the state of the inner-loop system. There exist functions
BT, B%, BV € & £ and positive constants €7, €, €, such that

IFON<p" (=0, 6)+er, laml=p (x40 6) +ea  Nvw@l =" (1251, 1) +ep.

We also assume that each vehicle contains an observer for the lateral water current velocity v, which satisfies the
following assumption:

Assumption A12. Let 7. := v, — D, be the estimation error and xgc be the initial condition of the state of the
lateral water current velocity estimator. There exists a function g% € # % and a positive constant €, such that

1ot < ¥ (Il 1I, £) + €.

Given the above mentioned assumptions the kinematics of the vehicle can be described as

Ug+ 1
= Rl =
Vet Vet Vy

Vo= rg+r.

The path-following problem for the outer loop can be formulated in this context as follows:

Definition 8 (Path-following problem). Consider the vehicle whose motion is described by (10.16), and let
pa(y) € R? be a desired path parametrized by a continuous variable y € R and v,(y) € R a desired speed
assignment. Suppose that p,;(y) is sufficiently smooth and its derivatives with respect to y are bounded. Solving
robustly the path-following problem of Definition 4 amounts to deriving control laws, subject to Assumptions
A1l and A12, for ug and y, such that the position error || p(f) — p4(y (1)) | and the speed error |y (£) — v, (y ()l
converge to a small neighbourhood of the origin as t — co.

Notice that the speed v, is not an actual vehicle speed: it expresses the desired rate at which parameter y changes.

Define the position error e as the difference between the positions of the vehicle and the virtual target expressed
in the body frame {%},

e:=R"(p-pa).

Its dynamics are described by

0 -r
r 0

7 0
e=—S(rye+| YAt _RTaLde-, S(r) = : (10.17)

Ve+ Vy

where we used the fact that R = RS(r).

To make the desired speed u, := [1g, 41T appear in the position error dynamics we introduce a constant design
vector 8 := [8, 0]7, § <0. From (10.17), simple computations show that the position error dynamics are then
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given by
ée=-S(r)(e-6)+Au;—R —y - ~ (10.18)
oy oF Vy+ Ve
where A := 5 ] . Defining the virtual target speed error
w:=y—(vr+7), (10.19)

where 7, is piecewise continuous, and computing its time derivative where it is defined yields @ = - 0, (y) — i, =

Y- %’;’ (Y)Y — 0r. By explicitly controlling ¥ when ¥, is defined we introduce an additional control variable.

Moreover at the instants f; where 7, is not defined, if we assign y(£}) = y(tx) — 0, (t) + 0, (1), we have
w(ty) = w (&), and therefore w is continuous.

Lemma 5 (Path-following controller). Consider the vehicle model described by (10.16), in closed-loop with the
output feedback control law composed by an inner loop that satisfies Assumption Al1, a lateral current estimator
which satisfies Assumption A12, and, when 7, is defined, the outer loop given by

. 1 0
7= —kow+ 0y + by + —(e—8)TRT L9 (), (10.20)
Co o0y
0 0
udzA‘l(—Kk(e—a)—[ 2+ rTPA w15 |, (10.21)
D¢ oy
where K := diag (kx, ky), and the design parameters ky, k), k, and c,, satisfy ky, ky, kw, ¢, > 0.
At the instants #; where , is not defined we assign
y(6f) =y () — 0 (1) + 0, (15) - (10.22)

Then, the error vector

e—90
Me:=
Co
is ultimately bounded (UB), that is, there exist functions (¢, f T f} s €L % and a positive constant ¢, such that
Inell < B (I, £) + BE (I1x311, ) + B (16011, £) + €. (10.23)

Therefore, the control laws (10.20-10.21) solve robustly the path-following problem.

Proof. See Appendix. O

With this strategy the evolution of the position of the virtual target p; depends on the position error e —é in that
if the vehicle is ahead/behind the desired position the virtual target moves faster/slower.

Remark. The concept of stabilizing the error e — 8 instead of directly stabilizing the path-following error e

T

stems from the fact that taking the control Lyapunov function candidate V = %e e, considering the disturbance
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free case where @i = v. = vy, =0, the time derivative of V, from (10.17), yields

. opa”
V= udbe—YaLYd Re,

where b:= [1,0], and when be =0, ug has no influence on V and therefore it is impossible to define a function
uq(e,y,y) such that V<0 forall e, y, y such that V > 0. Therefore V cannot be a Lyapunov function. In contrast,
defining the Lyapunov function candidate V = % (e—08)" (e— &) and, in the disturbance free case, taking its time
derivative yields, from (10.18),

) opa’
V:(e—é‘)TAud—)'/aLYd R(e-&),

and we can observe that simply by taking, for some positive scalar k
- 0pa
ug=A"'{-ke-8+R 27|,
d (e—0) oy Y

we obtain, whenever V > 0, that is when |le—8| >0, V = —k|e—6&|®> <0, and therefore V is a Lyapunov
function.

This strategy for trajectory tracking or path-following of nonholonomic vehicles can be traced back to the work
of Aguiar and Hespanha [2007 ], which borrows concepts from Skjetne et al. [2004]. This method was applied
to the problem of cooperative path-following in Ghabcheloo et al. [2006] and in Vanni et al. [2008]. More
recently this method was considered as an auxiliary control law for a model predictive control algorithm for
path-following of an underactuated vehicle in Alessandretti et al. [2013] and its application to the control of
multiple vehicles is given in Aguiar et al. [2017]

In the literature we can find other strategies for the control of underactuated vehicles such as controlling the
vehicle’s heading to stabilize the cross-track error, as in Samson and Ait-Abderrahim [1991], Micaelli and
Samson [1993], Encarnacdo and Pascoal [2000], Lapierre et al. [2003] and Astolfi et al. [2004], and the line of
sight method in Healey and Lienard [1993], Fossen and Pettersen [2014] and Fldten and Brekke [2017].

10.4.3 Coordination controller

In this subsection we develop the coordination controller, which follows closely the methods developed in
Ghabcheloo et al. [2009]. To this effect we first recall some key concepts from algebraic graph theory.

Consider now the coordination control problem with a communication topology defined by a graph (A, of). We
assume that the graph is undirected, that is, the communication links are bidirectional, if i € A J then jewN £

Remark. The assumption of an undirected graph will be important in this chapter for the case where packet
losses exist and we require that the vehicles send an acknowledgment message to their in-neighbours acknowl-
edging that a data message was received. If we assume that there are no packet losses, this assumption could be
relaxed without much effort.

Using a Lyapunov-based design and the backstepping technique, we propose a decentralized feedback law for
Uy, as a function of the information obtained from the neighbouring agents. Following Ghabcheloo et al. [2009],
we introduce the coordination or synchronization error vector

1
=Ty, T:=Iy——117,
¢ Y NT N
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where y := col (yl-). From (10.19), the dynamics of the coordination subsystem can be written in vector form as
Y=0,+0r+0,
1
where 7, := col (v (y;)), @ := col (w;), and ¥, := col (#,). Consider the control Lyapunov function V := =¢7¢.

T S T2
Computing its time-derivative yields

V=¢TT(0, + 0, + @).

To make ¢ ISS with respect to input @, a natural choice would be 7, = —kL{ = —kLI'y = —kLy, where L is the
Laplacian of the graph (., o/) and k is a positive scalar, or equivalently, U, = =k jc 4i(yi — ;) (the so-called
neighbouring rule). To reduce the communication rate using a logic based dynamical system, we will lift the
assumption that each agent receives information from its neighbourhoods continuously. We assume instead that
it relies on the estimates 7?5., j € A, Therefore, defining the estimation error )73. = }73. -7, the coordination
control law becomes

==k ¥ (ri-7i)=-k ¥ qi-yp+k ¥ 7, (10.24)

jeNi jeNi jeNi
or, in vector form, ¥, = —kL¢ + ky, where ¥ := col (Zjeﬂi }7;) Defining ¥ := col (?;,ieﬂ,j E.JVi) and
d* = maX;e x4 (I,/Vil) we have ||yl < d*|lyll. Note that unlike Almeida et al. [2017], in this work we do not
require that the average of the coordination variables % Y ie.y Temains constant, and therefore it is not necessary

the use of an average preserving coordination law as Uy, = =k ¥ je 4 (}‘f{ - )7;) proposed in Almeida et al. [2017],
and we can adopt the control law Uy, = =k} je 4 ()/i —}73.), which does not introduce the estimation error

associated with )7{ . The time derivative of V becomes
V=—kéTLE+ETT (vp + @ + k7).

In this case, the term —kéT L is negative definite provided that the graph that models the constraints imposed by
the communication topology among the agents is connected, see e.g. Godsil and Royle [2013]. We can then
conclude the following result.

Lemma 6 (Coordination). If (A, <) is connected then ¢ is ISS with respect to the inputs @ and ¥, for k

satisfying k > [/0,, where o is the second lowest singular value of L and [ is the Lipschitz constant of v, that

is, there exist functions U;i, 0(": € Ko and ,B‘( € X £ such that

1€l < B AIEO)I, £) +U£; (lolo,n) +Ug; (I7l0,1)-
Proof. See Appendix. O

We are now ready to state the main result of this section.

Lemma 7 (CPF). Consider the closed-loop system X, composed by n agents of the form (10.16) with inner
loops satisfying Assumption A1l and the path-following controller and coordination controller defined by
(10.20)-(10.21) and (10.24) respectively. If (A, /) is connected then, for k > giz, the error vector

es
Neéw = W »
¢
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is ISpS with respect to the input ¥ := col ()7;'., ieN,jeN i), that is, there exist functions 0;&“ € Koo and

e, BE, B € & £ and a positive constant ¢, such that

IMecoll < B (INecw O, 1) + B3 (165,11, 2) + Bonss (15,11, £) + 05 (1T i0,) + E o

Therefore, X¢y, solves robustly the CPF problem.

Proof. See Appendix. O

10.4.4 Logic-based communication system

In this subsection we present the logic-based communication system, which builds on the methods developed in
Xu and Hespanha [2006] and Yook et al. [2002]. We will start with the case where the communication links
are ideal, that is, there are no delays or packet losses. We then move on to the case where there are bounded
communication delays. Finally, we will describe a communication system that is robust to limited packet losses.

Ideal communication links

The logic-based communication system structure for a node i, with neighbours j; to jj 4| belonging to A I is
illustrated in Figure 10.3. The communication system is composed by observers of the path-following variables
of the neighbours ji to jj_yi|, 7j, to 7 i) which are reset when a data message is received by the respective
neighbour, and, to compute the communication triggering condition, an observer of the own path-following
variable, ¥;, which only uses data that are sent to the neighbours. The emitter compares the observed path-
following variable 7; to the real y; and if the norm of the difference reaches the value € a data message is sent to
the neighbours containing the present y;.

Yi { Network of Vehicles }
Logic-Based Communication System

. } vi(#)

Yi Emitter |

: vi (i)
] Y i Receiver

|
- Yj| i I

— Yijwi| Receiver

Coordination Controller

Figure 10.3 — Logic-Based Communications System for ideal communication links

Let t,i, k > 0 denote the instants of time at which agent i transmits information to the neighbours. Following the
procedure described in Section 10.3 and taking account the dynamic equations of the coordination subsystem,
we propose for each agent i the following logic-based communication system:

97



Chapter 10. Cooperative Path-Following with Logic-based Communications

i i
-For <I<tp.

¥i(t) = v, (71)-
-For t=t]
?i(f;i+)=7’i(t,i)-

Since the communication links are ideal we consider in this case that there are copies of ¥; in all the neighbours
of i, # andin i.

We note that if we define T, (y) := [} ——do and its inverse as T, (£), i.e. T (T, (1)) := £, we have for t/ < t < L,
Y 0 7,0 k k+1

7i() =T, (=t + T, (yi(z]))) The estimator can thus be described as
7i(0) =Fr(t—t£(t)+Tr (Yi(tﬁ(t)))), (10.25)

where £i(1) := MaXje, i< s t,i. When v, is constant the above expression simplifies to

Fio =y (6] + (- ),

The choice of the estimator (10.25) is motivated by the fact that if, for some #, >0, @(f) =0 and ¢{(¢) =0
for t > t,, if ¥;(tw) — yi(tw) = 0 we would have y;(#) —y;(#) = 0 for ¢ > t,. The estimators (10.25) were also
considered due to their simplicity. However, it would be also possible to chose more complex reproductions of
the corresponding dynamic models, see Vanni et al. [2008].

To solve robustly the communication problem (see Definition 7) we introduce the communication triggering
condition (CTC) ||y;ll = € where € >0, where ¥; := ¥; —y;. Agent i transmits to j a data message with y; at time
t; when the CTC is satisfied.

Note that the post reset value of y; is ¥; (t,’c) = 0. Consequently, y; € {)7{ eR:y; < ¢} and, hence, (10.14) holds,
and from Lemma 7 we have that in the ideal communications case the overall closed-loop system together with
the logic-based communication system is input to state practically stable, i.e. the path-following, speed and
coordination errors converge to a neighbourhood of zero, and the size of this neighbourhood depends on the size
of perturbations, which in this thesis are considered to be ultimately bounded by €5, €; and €.

Delayed information

‘We now consider the case where the communication channels have bounded, time-varying and non-homogeneous
delays. Consider the following situation: agent i sends data at time ¢/, and agent j receives it at time t,i + T;C] .
We assume that

<7, Vi, j, k

where the constant 7 > 0 is known a priori. The main idea is to keep estimators always synchronized, therefore
both the emitter and the receiver only update the estimators at some time, with the same information, at t,i +7.

Suppose that at time t,i agent i transmits a data message, which contains the following data: {¢,y;}. Then,
the estimators 7; in agent i and its neighbours .4 cannot be immediately updated. This is because we must
guarantee that the value of the state estimate 7; can be computed in all agents in .4*. To this end, both estimates
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can only be updated at time ¢ = .t]"c + 7. Upon receiving t,i, the coordination state estimate )7;] running in agent j
should be updated at time ¢ =7, +7 to

7i (e + f)+) =1, (7- i+ 7 (v (1)),

In the case where v, is constant, this simplifies to 7; ((t,‘C + f)+) =v; (t]’c) +7v,. With the above procedure, we
guarantee that the estimators are always synchronized. The estimator can thus be described as in (10.25) where
tL(1) is redefined as £i(1) := MaAXpen, 17 t,i. Therefore, one can consider the ideal case mentioned previously
as a particular instance of the delayed communications case with 7 = 0.

Notice that in general 7; (] + ) will not be zero because @; and ¢ may not be zero in the interval [#;, t; + 7).
We can therefore only guarantee that this technique is valid if 7 is sufficiently small so as to guarantee that y;
satisfies ¥; ((t,’c + f)+) < &. The stability guarantees for the delayed case will be stated in Theorem 18.

Communication losses

We now address the case when the data messages are not always received, i.e. there are packet losses. To
make the communication system robust to limited communication losses we require each agent to send an
acknowledgment message upon receiving a data message. The agent which sent the data message only updates
his estimators 27 time units after the data message has been sent in case the acknowledgment message was
received, otherwise another data message is sent. This guarantees that the receiving agent receives a data message
at some point after the CTC is satisfied.

The communication system structure, for this case with communication losses, for a node 7, with neighbours j;
to ji_yi| belonging to A I, is illustrated in Figure 10.4. The structure is similar to the one in Figure 10.3, with

the difference being that, since we wish to allow different data messages to be sent to different agents, we have
different estimates of the path-following variable y; synchronized with the neighbours ji to jj 4|, y{‘ toy ilﬂ l,

respectively.
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Yi { Network of Vehicles }
Logic-Based Communication System
. ri()
}7{1 Emitter |
Yl
Yi tk
?"”" Emitter |
i
. i (i)
1 Y}l Receiver
] Pk
Vi) B
— Y i Receiver

Coordination Controller

Figure 10.4 — Logic-Based Communications System for the case with packet losses

Consider the case when at time t” agent i transmits to agent j a data message, which contains the following
data: {t ,yl} Upon receiving the data message and sending an acknowledgment message, the coordination state

estimate y running in agent j should be updated at time ¢ = t +27 to

(] ) =refer= ko )

If the acknowledgment message was received by agent i, then the coordination state estimate ﬂ running in
agent i should be also update at the same time as ¥ (t +27) = { (t,lcj +27), otherwise another data message is

ij
sentat f,_
period when the estimators are desynchronized, that is y 7é 7! ] ', however the synchronization is recovered after

= t +27. Note that if agent 7 did not recelve the acknowledgment message, then there is a brief

the acknowledgment message of a later data message is recelved.

The estimator can be represented formally as
P =r,(t—t£f(t)+T, (Yi(t;'f(t)))), (10.26)

where t,’ (1) := max; (W rerpli=1 k , ', where ,B is 1 if the data message sent by agent i to agent j at time tllcj

is received by agent j.

Equivalently, we can represent the estimator running on agent i synchronized with agent j, }7{ as in
Flo=r,(t-t]m+1, (yi(tj;;(r)))), (10.27)

where t;{](t) = max ', where a'/ is 1 if the data message sent by agent i to agent j at time t,lcj

keN ) +2<t,al =1 k > k
is received by agent j and agent I receives its acknowledgment message.

If we can guarantee that for at least a finite number Ny, of consecutive data messages sent one acknowledgment

. , .. +
message is received, then if 7 is sufficiently small so as to guarantee that }7; satisfies ﬂ ((t]lcj + 21") ) <&, we can
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guarantee that the estimation error is bounded, hence, (10.14) holds.

The emitter communication protocol for the case of delayed information and communication losses are described
in the following.

Data: I'/ (1), T/(-), T and €
while true do
if Hif{ H = ¢ then
while no acknowledgment message was received do
Send a data message containing the current time I;C] and y; (t,lcj );
Wait until t,ij +27;
end
Si (0 oz) . = ] (410
Update y; (tk +21) =T, (27— 6o+ Ty (yl (tk )))

end

end
Algorithm 3: Algorithm for the emitter at agent i to agent j

The receiver communication protocol is the following.

Data: T',-(-), T(-), T and ¢

while true do

if a data message is received containing t]icj and y,'(t]ij ) then
Send an acknowledgment message, acknowledging that a data message was received ;
Wait until 7/ +27 ;
Update 7/ (1) +27):= T, (22— ) + 1, (1: (1))

end

end
Algorithm 4: Algorithm for the receiver at agent j from agent i

We can now state the main result of this chapter.

Theorem 18. Consider the overall closed-loop system gy, consisting of N agents of the form (10.16), equipped
with inner loop controllers satisfying Assumption All, the proposed CPF controller under the assumptions
of Lemma 7, with k > [/0>, and the proposed logic-based communication system in the presence of delayed
information and communication losses. If it is guaranteed that for a finite number Ny, consecutive data
messages sent by an agent one acknowledgment message is received, then for sufficiently small time delays
7 and sufficiently small values of [|£(0)]l, maxX;e 4 [N, (0) ||, max;e 4 “x?l,» ”, maX;e_y ||x8”, || and ¢,, the overall
closed-loop system solves the CPF problem.

Y gy
il Pobs
@ (Nmax ) : [0, ¢) — [1,00) and @%, @ : [0, ¢) — [0,00), for some positive constant ¢ with @®(0) = 1 and at(0) =
a“(0) =0, such that

In particular, we can compute functions f,, z € XL, a®® af € # and continuous functions

_max [7100] = 6 N B U001 0+ @ () B [maxiin, 01, 1) + 6]
ieN,jeN! ieN

0
max | x;, ||, t))
ieN !

- | a7 1 - _
+@" (Niax ) (ﬁzbs ( nax x|l t) + —se) +@° (Nmax D),

NGH

1

(10.28)
where B¢ € & £ is defined on the proof of Lemma 6.
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Before proving Theorem 18 the following lemmas are required.

Lemma 8. Consider the overall closed-loop system Xpcp of Theorem 18, and the proposed logic-based
communication system in the presence of delayed information and packet losses. For any time t,’cj when the

S +
messages sent from agent i to j are received by j, if the post-reset value satisfy ”}7{ ((t,i] + Zf) )” < g, then, for
sufficiently small 7,

|70 = @ NP1+ 0 (N DI 1-204p0,11+ € Nenas D0l 12,01, V£ = 0,5 € A f € AT (10.29)

for continuous functions a®(Npax7) : [0, b) — [1,00) and as,a® :[0,b) — [0,00), for some positive constant b
with af(0) = 1 and a®(0) = a®(0) =0

Proof. See Appendix. O

Lemma 9. Consider the overall closed-loop system Zpcp of Theorem 18, and the proposed logic-based
communication system in the presence of delayed information and packet losses. If for any time t;cj when

; P +
the messages sent from agent i to j are received by j, the post-reset value satisfy ”)7{ ((t,lcj + Zf) )H < g, for
sufficiently small T and Npyax we have that (10.28) is satisfied.

Proof. See Appendix. O

Lemma 10. Consider the overall closed-loop system Xpcr of Theorem 18, and the proposed logic-based
communication system in the presence of delayed information and packet losses. For sufficiently small 7
and Npax, or sufficiently small values of [[17¢¢, (0)], ”le“ ||x Nl and [leegnll, if ¥ (t) satisfies (10.29), then

” Yi ((tk + 21) )H < ¢ follows for any time tk] when the data messages sent from agent i are received by j.
Proof. See Appendix. O

Proof of Theorem 18. Suppose that for some time t,ij when a data message sent from agent i to j is received by
Jj, all the previous data messages sent from any agent o € A that are received by some agent p € A4, sent at a
time tOp = i , the post-reset values satisfy ‘ b ((tlgp + 2f)+) < g. This holds true if t,icj is the time when the
first data message in the fleet that is received by another agent, is sent.

If T and Ny« are sufficiently small such that they satisfy the conditions of Lemmas 8, 9 and 10, we are under
the conditions of Lemma 10, and therefore we have

[77((# -2

where & depends on [|€(0) ||, max;e 4 [I1¢, (0) |, max;e ||x?ll I, max;e 4 ||x2a_ I, €. and € but not on time, and we
can apply Lemma 10 for the next received data message.

<E,

Noting that, from Lemma 8, one can observe that, when (t) is defined, max;¢ 4 jeni ”)/ ; (t) ( 1) ” vy , where

vy depends on [|£(0) I, max;e 4 [N, (0) ||, max;e 4 ||x?li I, max;e 4 ||x v lls €e and € but not on time.

Therefore, the triggering condition ”7/ (%) || = ¢ can only occur N times within u time units. Repeating the
same reasoning every time a data message is received by any agent, the theorem holds by recursion. O
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Theorem 18 provides stability guarantees in the case with delays and packet losses. The following corollaries
of Theorem 18 provide stability guarantees for the cases with only communication delays and with ideal
communication links.

Corollary 1 (Delayed Information). Consider the overall closed-loop system Zocr of Theorem 18, and the
proposed logic-based communication system in the presence of delayed information. For sufficiently small time
delays 7 and sufficiently small values of [|£(0)[l, max;e s lIne, (0) |, max;e x “x?li ”, maxe_y ||+ || and &, the
overall closed-loop system solves the CPF problem.

Proof. Since the delayed communication case can be viewed as a particular instance of the communication
losses case with Ny« = 1 and T halved, Theorem 18 provides a proof of stability of the overall system for all the
case with only communication delays. O

Corollary 2 (Ideal Communications). The overall closed-loop system Zpcy, of Theorem 18, and the proposed
logic-based communication system with ideal communication links, i.e. there are no delays or communication
losses, solves the CPF problem.

Proof. Since the ideal communications case can be viewed as a particular case of the delayed communications
one where T = 0, Corollary 1 provides a proof of stability of the overall system for the case with ideal com-
munication links. Moreover, one can observe from Theorem 18 that the boundedness assumptions on || (0) ||,
max;e 4 [1¢,(0)l, max;e 4 ”x?l H, maxe_y || x) || and &, are not required anymore since as(0)=a®0)=0. O

i

10.5 Alternative Design

In the case where the vehicles are equipped with heading controllers, rather than yaw rate controllers and
we require that the reference surge speed u,4 be continuous, as is often the case in practice, we require some
adjustments of the path-following controller. With the proposed path-following controller introduced in this
section there exists an interconnection between the coordination and the path-following errors and therefore we
require a different stability proof methodology. This interconnection between the path-following controller and
the coordination controller was also studied in Ghabcheloo et al. [2007] for the path-following control algorithm
in Soetanto et al. [2003], which provides conditions such that the overall interconnected system is stable.

This interconnection was not present in the control laws of Section 10.4. This is because, since we require the
reference surge speed u, to be continuous, we must not have discontinuities in y as in (10.22), and we remove
the term 7, from the control law of input ¥, since it is not defined when a message is recieved. As will be seen in
Subsection 10.5.2, unlike the previous version with these changes one cannot guarantee that the coordination
controller speed error @ is independent of ¢ and therefore we have the interconnection illustrated in Figure 10.5,
where e := col (ei - &) and e’ is the path following error of agent i.
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€5 I w v

Path-Following Coordination
Controller Controller

2n
—>
A

Figure 10.5 — Diagram of the interconnection between the coordination controller and the path-following
controller in the alternative design.

10.5.1 Path-following controller

In this section we consider that the vehicles are equipped with inner-loop controllers designed to track heading
angle and surge speed commands. We therefore assume that the following holds

Assumption A13. Let &i:= u—uy and ¢ := ¥ — w4 be the surge speed and heading errors, respectively and let
x?l be the initial condition of the state of the inner-loop system. There exist functions %, B¥ € & £ and positive
constants €z, €y, €y such that

Iy (Dl <ey IIﬂ(t)IISﬁa(llx?lll,t)+€a ”Vw(t)”Sﬁy(||x?l”;t)+€v;
where 7 > ¢y

The assumption that the heading error is bounded from the beginning, and does not have a transient phase as
the speed, stems from the fact that since it is assumed that the heading is measured directly, one can assign the
initial desired heading 1 4(0) to be equal to the initial measured heading 1(0) and therefore we have initially
(0) = 0, thus eliminating the transient phase.

Define the position error e as the difference between the positions of the vehicle and of the virtual target
expressed in the reference heading coordinates {Z8,}, where Ry is the orthonormal transformation matrix from
{B4} to {3}, that is,

e:= Rg(p—pd).

The dynamics of e are described by

Ug+1 0 -y

Yag O

. opa . .
¢=-S(ira)e+R ~REPLy S (i) =

, 10.30
a5y ( )

Vet Vy

where R is the orthonormal transformation matrix from {98} to {%,}, i.e.

cos () —sin () ‘
sin(#)  cos(y) |’

and we used the fact that Ry = S(v4) and R; =RRT.
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To make the desired speed 1, := [ug, 17417 appear in the position error dynamics we introduce a constant design
vector 8 := [, 017, & < 0. Following from (10.30), simple computations show that the position error dynamics

are then given by

. . - 177 opg .
=-S5 —8)+Auyg+R -RI—2y, 10.31
é (Wa)(e—06)+Auy T a5y ¥ ( )
cos () e . S
where A := Lol , which is invertible, since from Assumption A13 [|{]| < 3
sin(y) -6

Defining the virtual target speed error
ey:=7— (v, +0r), (10.32)
_ v

and computing its time derivative yields &y = — 0, (y) = ay ny-

Lemma 11. Consider the vehicle model described by the kinematics (10.16), with finite values of

sup
YER

a@% N H and sup

9pa H
i d v,

in closed-loop with the output feedback control law composed by an inner loop that satisfies Assumption A13, a
lateral current estimator which satisfies Assumption A12, and the outer loop given by

1 3
§= ko0 = vr— 57) + by + —(e—8)TRTIPLD) (10.33)
Co oy
[ o B
ud:A—l (_Kk(e—é‘)—R R +R56L7/d(vr+ﬁr)); (10.34)
c

where Ky := diag(ky, ky), and the design parameters ky, ky, ky and ¢, > 0 satisfy ky, ky, ke, ¢y > 0.
Then, defining the error vector

e—0

CoW

Ne:=

’

is IOpS with respect to 7, that is, there exist functions af; € A~ and B¢ € £ £ and a positive constant &, then

el < B° (Ine (), ) + B5, (15,11, £) + Bo s (10,1, ) + 5 (15, 1l10,7) + - (10.35)

Moreover, 0‘; and €, can be defined as
r

0
. max(,/cwkw,supyeR | pé”}fy) ”)
ot (s):= - S, (10.36)
vr min(ky, ky; kw)Oe

and

[2
€%+ (e +€p,)?

= 10.37
" min(ky, ky, ko)0e 1037

with 0 < 6, < 1. Thus, the control laws (10.33-10.34) solve robustly the path-following problem.
Proof. See Appendix. O
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10.5.2 Coordination controller

Following Ghabcheloo et al. [2009], we introduce the error vector
=T = Iy 117
o Y! —IN N )

where y := col (y;). We also define the coordination controller speed error
w; = ey~ Ury, (10.38)

where 7, is the desired correction speed signal assuming that measurements of the coordination states y;V j €
! are available continuously. With w; defined as above, the dynamics of the coordination subsystem can be
written in vector form as

V=04 0y, + @, (10.39)

where v, := col(vr(y,-)), o := col(w;), and ¥, := col(ﬁrdi Jl € JV) Consider the control Lyapunov function

1
V= ch T¢. Computing its time-derivative yields
V=TT, + 0y + @).

To make ¢ ISS with respect to input @, a natural choice would be 7, = —kL§ = —kLI'y = —kLy, where k is a
positive scalar, or equivalently, Uy, = -k} ;e 4i(yi —7;) (the so-called neighbouring rule). The time derivative
of V becomes

V=—kiTLE+ETT (0, +@).
In this case, the term —kéT L is negative definite provided that the Graph that models the constraints imposed

by the communication topology among the agents is connected. We can then conclude the following result.
Lemma 12. If (4, <) is connected then ¢ is ISS with respect to the input @ for k satisfying k > [/0,, where
07 is the second lowest singular value of L and [ is the Lipschitz constant of v, that is, there exist functions
0'5) € Koo and B¢ € K %L such that

1€l < BEUEO, 1)+ 0%, (1Bl 0)-

Moreover, Ui can be defined as

1

Eray e
0,(8): (kaz_lw{s,

with 1> 0¢ > 0.

Proof. See Appendix. O

To reduce the communication rate using a logic based dynamical system, we will lift the assumption that each
agent receives information from its neighbourhoods continuously. We assume instead that it relies on estimates.
Therefore, the coordination control law becomes

U ==k Y, i=7)=0r +k 3 T (10.40)
jeNt jent
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or in vector form,
vy =, +ky,
where ¥ := col (Zjeﬂf )7;)

In order to prove that the coordination control problem is solved with the proposed controllers we need to obtain
a result similar to lemma (11) using the Lyapunov function V = 1 (|les|* + ¢, ll@[|?), where e5 := col (e’ — &) and
e’ is the path-following error of agent i, with @ instead of ey.

Lemma 13. Consider the vehicle model described by (10.16), with finite values of sup,cp jc 4 H P4, ” and

ay
opa, . . .
SUPyeR i n “ pad_,y(y) vr(y) ”, in closed-loop with the output feedback control law composed by an inner loop that

satisfies Assumption A13, a lateral current estimator which satisfies Assumption A12, and the outer loop given
by (10.33-10.34). Then, if k is chosen satisfying k < Tinok k)

on , where oy is the largest singular value of L,
the error vector

N = es, Vead] ",

is ISpS with respect to ¢ and v, that is, there exist functions a‘é’,ag‘?’ € Ao and B¥ € £ and a positive constant
£, such that

e

1m0l < B Uno )1, 0+ 84 (| cot(x3, )| £) + B2 1)+ 02 (100,00 + 02 UIFlio,0) + £ (10.41)

Moreover, 0'? can be defined as

k I+k
00(s) = YoukonlUrkon) o (10.42)
¢ {min(ky, ky, ko) — ko160,
with0<60,<1.
Proof. See Appendix. L]

We are now ready to state the main result of this section.

Theorem 19. Consider the closed-loop system X7, composed by N agents of the form (10.16) with inner
loops satisfying Assumption A13 and the path-following controller and coordination controller defined by
(10.33)-(10.34) and (10.40) respectively. If the network (4, o) is connected then, choosing k satisfying

l

k
Z<k< =k (10.43)
2 ON

where ky := min(ky, ky, k), and ¢, satisfying

2
(< ((kag—\/NJN)(kk—kUN)) , (10.44)

kon(l+ kop)

then there exists a vector 7.z, such that es, ey, ¢ and @ are detectable through 1,¢,, and 1.¢, is ISpS with
respect to the input ¥ := col ()7;'., ieN, je ./Vi), that is, there exist functions ae‘(“,a;‘rw € o and ﬁefw exXL
and a positive constant €,¢, such that

lesll + lleyll + €]+ @1 < 0% (In e lo,0), (10.45)
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and

INecall < B Mot O, D+ 05 (Tl 0,0) + et

Therefore, Z¢y, solves robustly the CPF problem.

Proof. The proof of the above result is based on lemmas 13 and 12, together with the small-gain theorem in
Jiang et al. [1994].

Inequality (10.43) follows directly from the hypothesis of Lemmas 13 and 12.

From the small gain theorem we have that X¢; is ISpS if and only if aﬁ, oo? (s) < s, that is, if for some 1 >0, >0
and 1> 0; >0 we have

kon(l+k
! VeokonU+kon) (10.46)

(koy — \/NO’N)Qg (kx —kon)Be
which holds if (10.44) is satisfied =

10.6 Alternative Logic-based communication system

This subsection describes an alternative logic-based communication system that takes into account, in the
dynamics of its filters, the action of the coordination controller, potentially increasing the period between com-
munications. This filter dynamics requires a more complex communication system structure and communication
protocols, since the filter requires local estimates of the path-following variables of multiple agents. We will
discuss the cases where 1) the communications are ideal with no packet losses or delays 2) the communications
are delayed and 3) the communications are delayed and are subject to packet losses.

1) Ideal communication links: Let t,[c” ], k > 0 denote the instants of time at which agent i transmits data to j
or j transmits data to 7, and let ﬁ;cj € {i, j} denote the agent which sent data at t,[C” I Following the procedure
described in Subsection 10.3 and taking account the dynamic equations of the coordination subsystem, we
propose for each agent i the following logic-based communication system:

[i j] [i]]

-Fort /" <t<t

k k+1
7 = (7)) + 5, (10.47a)
b=k Y (W -1h),  le%y (10.47b)
meﬂ’nfij
F _ (lij]
-rorr=1,
ST (i) _ B
7 (67 =7, (10.48)

where }7; is defined as

L (10.49)
7

gl yio =
I otherwise

with a;; € N a;j = jif j e N and &5 2 {i, j, where a;; represents a neighbour of i that is closest
to j and Z;; represents the set of path-following variables that estimated in the link ij. We will consider
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10.6. Alternative Logic-based communication system

Zij = JV However, other choices such as &;; = {i, j} could also be considered, in which case we would
have v, -k (}77 )7”) and ﬁi{ =-k (}7;] ?i]) To simplify the estimators, we have chosen (10.47) instead
of choosing a more complex reproduction of the corresponding dynamic models, which would imply the
communication of more variables among the agents, increasing the required bandwidth, without much foreseeable
improvement in performance. From the logic-based communication system we obtain the estimates of the

neighbours’ path-following variables as )73. = ?;j ,jeNt.

To solve robustly the communication problem (see Definition 7) we introduce the communication threshold € > 0

and 7; = 775 —vi and use the following logic: agent i transmits to j a message composed by [)7;] lep,, At time
ij

[l 7l

when lim___ i 77{ (1) ” = e. Since the message was sent by agent i we define the index ﬁ;;j =1, otherwise
k

ﬁk =]J.

Note that the post reset value of ¥ y is 7; ( [”]) = 0 Consequently, }7{ € {}7{ eR: ”)7{ ” < e} and, hence, (10.14)

holds.

)7;.(1‘) ” > ¢, that is, when both
agents send messages at the same time. To handle such cases we consider that each communication link has a

However, we did not consider the cases when lim (gl )7; (1) “ >¢ and lim f i
k k

primary and a secondary agent. Considering without loss of generality that i is a primary agent on link i j, then

)7;] and y 7/1 , L € & are updated as

Li .
i (i1 _ i (i) _ ) ¥ i #i
0 (404) =2 )_{ﬁ. o (10.50)

With this method, the post reset values of }7{ and )7;. are equal to zero and therefore (10.14) holds also in this
case.

2) Delayed information: We now consider the case where the communication channels have bounded, time-

[ij]

varying and non-homogeneous delays Consider the following situation: agent i sends data to j at time 7, ", and

[1]

agent j receives it at time 7, /. We assume that

/<7, Vie,/V,Vje,/v",Vk:ﬁ;'jzi, (10.51)

where 7 > 0 is known a priori. Suppose that at time t][clj ] agent i transmits to agent j a message, which contains

the following data: { 17 col (yl ( el ]) le %, ])} Then, the internal estimator [}7;] ] cannot be immediately

leZ;;
updated. This is because we must guarantee that the value of the state estimate ] J will always remain equal to

the corresponding state estimate running in agent j, 77{ ! To this end, both estimates can only be updated at time

t= t[” '+ 7. Upon receiving t[ Jl , the coordination state estimate ?g Jl running in agent j should be updated at
time t=1/ +7 to
7 47) ") ) s

With the above procedure, we guarantee that the estimators are always synchronized. Notice that in general

77;1 (t,[c” Ty f) will not be zero because v, may not be constant and @; and 7, may not be zero in the interval

Ujl lij] | - L i .
[tk O T). The estimation error y; viewed by agent j will be

g
lim y; (t)-e+[ , ’}7;(0')(10', (10.53)

7
t— 47 I
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which is bounded assuming that the time delay is bounded, hence, (10.14) holds. Equation (10.53) only holds if
7 is sufficiently small and € is selected to be sufficiently small so as to guarantee that the post-reset value of }7;

satisfies ”)7{ ” <e.

We also have to consider the case where, on link i j an agent tries to send a message while the other agent has
already sent one message during the 7 previous time units. For each link we consider a primary and a secondary
agent, as was done before. Considering without loss of generality that i is a primary agent on link i j, then the

message sent by agent j is ignored and if lim __uj “ffj.(t) H = € holds, then another message is sent by agent j
k
[ij]

at tume 7, .,

_ i =

=10 +T.

][Cli]l + ‘[') is bounded assuming that the time delay is bounded, therefore, (10.14) holds.
We can guarantee that this technique is valid if 7 is sufficiently small and € is selected to be sufficiently small so
i (i1 =

7 (tk” + T) H <e.

The estimation error )7;'. (t

as to guarantee that }7;'. satisfies )

3) Communication losses:

To make the communication system robust to limited communication losses we require each agent to send a
reply upon receiving a message. The agent which sent the message only updates his estimators 27 time units
after the message was sent if the reply was received, otherwise another message is sent.

lij

Consider the case that at time ] agent i transmits to agent j a message, which contains the following data:

{t][cl] ! col ()‘/; (t,[cl] ]) e j) } Upon receiving the message and sending a reply, the coordination state estimates

Pl running in agent j should be updated at time ¢ = t[ij] +27 to
Y g gent j p k

i (e 22) =71 () + 27w, (71 (27). (10.54)

If the reply was received by agent i then the coordination state estimates )75” ] running in agent i should be also

updated at the same time as 7,’ (t,[cl]] +2f) =7 (t,[c”] +2f) otherwise a reply is sent at t][clj]l = t][c”] +27. Note
that if agent i did not receive the reply, then there is a brief period when the estimators are desynchronized, that

is ﬁj # }7{ i, however the equality is replaced after the reply of the next message is received.

‘We now have to consider the case of conflicting messages. If on link i j an agent tries to send a message while
the other agent has already sent one message during the 27 previous time units, we consider, for each link, a
primary and a secondary agent. Considering, without loss of generality, that i is a primary agent on link i j, then
the message sent by agent j is ignored and, if lim,_ 7457

agent j at time t,[clj]l

?;(t) H = ¢ holds, then another message is sent by

_ lijl _
=1 +27.

If we can guarantee that for two consecutive messages sent one reply is received then, if 7 is sufficiently small and
€ is selected to be sufficiently small so as to guarantee that 77? satisfies ”77{ (t,[cl] 4 Zf) “ <€, then the estimation
error is bounded, hence, (10.14) holds.
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The communication logic for the case with delayed information and communication losses is illustrated in Figure
10.6.

y

Update Filters Wait until tup
~1] up
=N

Wait until typ
Wait for reply

WP =47 + 270 (%)

tup =t + 27 — Store 7, 'and tup
—|i. Wait for event |— S sl
19 — il > e message

Send ¥, and i

received

Secondary and message received

Primary and ||’yl” —7ill > €

Figure 10.6 — Communication logic diagram.

10.7 Simulation

To assess the performance of the designed CPFCS in simulation, with the alternative design of Section 10.5 and
the alternative communication system of Section 10.6 we used a Simulink model of the MEDUSA autonomous
marine vehicle with the inner loop controller for heading and speed described in Ribeiro [2011].

We consider a lateral water current observer with the law 9, = ky, {[0 11RT p- ﬁc}.

10.7.1 Test Case

Test set-up

The formation considered consists of three agents, that is A" = {1,2,3}, where agent | communicates with 2,
agent 2 communicates with agents 1 and 3, and therefore agent 3 only communicates with agent 2. Agent 2 is a
primary agent on both links, 12 and 23. In this case there is no freedom on the selection of a;;. We have in agent
17 := 732, 75 :=73% inagent 2 77 := 731, 72 := 733, and in agent 3 73 := 732, 73 := 73%. The three vehicles are
required to maintain a side-by-side formation with 107 between the vehicles. The formation will follow straight
trajectories at a speed of 0.5m/s with a U-turn upon reaching x = 160m. In order to assess the full potential of
this control architecture an engine failure of agent 1 is simulated at £ = 500s with a recovery at ¢ = 600s. In this
simulation, a current of v, = [-0.05,—0.05] T was considered. The network was simulated with delays of 0.1

seconds and 20% of packet losses.

Parameters

Table (10.1) contains the parameter values used in the simulations. Parameters &, kx, k) and k,, are needed by
the path following controller (10.20)-(10.21), k is used by the coordination controller (10.24). The parameter €
refers to the CTC.
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Parameters Value

) -1.5 (m)
ke 0.3 (s
ke 5(s7h
k 0.1 (s™H
Co 0.1 (s%)
€ 0.5

Table 10.1 — Simulation parameters.

10.7.2 Results

The simulated trajectories of the three vehicles can be seen in Figure 10.7 where it is visible that the trajectory is
accurately tracked in the conditions of the test.

60 -

40}

y (m)

&%
<)
T

0 20 40 60 80 100 120 140 160 180
x (m)

Figure 10.7 — Trajectories of the vehicles.

The communication instants during engine failure can be seen in Figure 10.8. In Figure 10.8 the blue + markers
represent sent messages and the red + markers represent replies to received messages. It can be observed
that agent 1 communicates heavily with agent 2, agent 2 communicates moderately with agents 1 and 3, and
agent 3 receives messages from agent 2 and sends few messages. The reason behind those "frequencies" of
communication between vehicles will be explained next.

The estimated coordination states computed by each communication logic block during engine failure are shown
in Figures 10.9 to 10.12.

Since the path-following variable kinematics are designed to reduce the path-following errors, that is, to keep the
desired position close to the real agent position, y; goes to a stop a few seconds after engine failure. Since the
expected path-following variable kinematics of the filters in the communication logic block do not account for
the path-following error, the estimation errors of y; become greater than in normal conditions, explaining the
heavy need of communication. The path-following variable kinematics of agent 2 imposes a strong deceleration
due to the effect of agent 1, therefore there is a slight oscillatory behaviour which degrades the filter performance,
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Com. 3to 2} - S T S HHE b

Com.2to 3 i i A - B

COM. 210 1 = HFhH H I HI BT I — i g
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Figure 10.8 — Communication instants.
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— — gamma 1
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500 520 540 560 580 600 620 640 660

Time (s)

Figure 10.9 — Communication system output on agent 1 synchronized with agent 2.

and therefore there is a small need of communication. Agent 3 is only affected by agent 2 and therefore the
decelerations imposed by the path-following variable kinematics are relatively weak, then the path-following has
no difficulty in follow p,4(y) and therefore there is little need for updating the filters for y3. From Figures 10.7,
and 10.9 to 10.12 it can be observed that coordination is achieved while each agent follows its assigned path.
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600 T T T T T T T
580 -
560 -
540 -
520
——est. gamma ;
est. gamma
500 est. gamma 3|
— — gamma 1
— — gamma 2
— — gamma 3
480 1 1 1 1 1 1 1
500 520 540 560 580 600 620 640 660

Time (s)

Figure 10.10 — Communication system output on agent 2 synchronized with agent 1.
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Figure 10.11 — Communication system output on agent 2 synchronized with agent 3.
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Figure 10.12 — Communication system output on agent 3 synchronized with agent 2.
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18§ Cooperative Path-Following with Quantized
Communications

11.1 Motivation and problem description

In this chapter we aim to solve the CPF problem introduced in Chapter 10 while considering bandwidth
limitations. The problem of CPF is defined as the problem of given multiple autonomous vehicles and different
spatial paths assigned to them, deriving control laws to drive and maintain the vehicles on their paths with desired
speed profiles, while holding a specified formation pattern. We have seen in Chapter 10 that a form of solution
is a coordination controller which amounts roughly to performing a continuous-time consensus algorithm on
the path-following variables, with the dynamics of the vehicles in the loop. To solve the CPF problem while
considering bandwidth limitations, in this chapter we apply the quantized consensus algorithm of Section 7.6,
and its theoretical guarantees. That is, we consider that each vehicle is a node in a communication network and
that each vehicle communicates messages with a finite number of bits with a set of neighbours. Details on the
consensus algorithm are given in Subsection 11.2.1. Specifically, in this chapter we consider the problem of
cooperative path-following of a network of single integrators driven by process noise, i.e. where the dynamics of
each agent are of the form

p=u+o, (11.1)

where p € R is the agent’s state u € R™ is the agent’s input and w € R™ is the process noise which is bounded
by llwll < €.

We now assign to each agent a desired path, a continuously differentiable function p; : R — R™ and a path-
following variable y that parameterizes the path. The objective is to derive control laws for u and ¥ to steer
the state of each agent p to its assigned path p,;(y) and the time derivative of the path-following variable y to
its assigned value v,. Since we are considering multiple agents we can make explicit the agent’s index on the
path-following variable as 7, i € .4, and we will omit the agent’s index when it is clear from the context that
we are referring to a generic agent.

We also want the formation to be coordinated, i.e. we desire that the bound II)/i - }fj || for i # j converge to
zero (or at least to a small value). Defining, I := col (yi ,i € /) the above is the same as the convergence of
| (In — £117)T|| to zero (or a small value). In order to enforce consensus we introduce a desired velocity
v4(#) which is a perturbation of v, where ||v;(t) —v,|l is bounded for a bounded deviation from average of
the path-following variables || (I N— %IIT) F|| Therefore we want to drive y to v,4(#) and we design v () to
achieve consensus.
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In summary, defining the path-following error as ¢ := p — p4(y) and the velocity error as :=y —v, the objective
of the path-following controller is then to make the agent’s error vector defined as z:= [T n]T converge to a
small neighbourhood of zero. The objective of the consensus algorithm is to ultimately bound the consensus
error ||(In - %IIT) I'||. Moreover we also want the deviation from the reference velocity [[v4(f) = v, to be
ultimately bounded.

11.2 Algorithm description

The coordinated path following algorithm considered in this chapter is depicted in Figure 11.1. It is composed of
the following three components:

* A consensus law which provides the desired path-following variable at the next communication time,
* A desired velocity generator which provides the reference velocity to the path-following controller,

* A path-following control law which provides the control input u and the second derivative of the path-
following variable .

We will now describe each main component in detail.

11.2.1 Consensus

In this application we consider that the agents communicate at discrete instants of time #; := kAt where k€N
and At is the time between communications. To achieve coordination we set a desired path-following variable at
each communication instant according to the quantized consensus algorithm

Y= ¥ 2l (v o) - (kY ) -y o) +viar, (11.2)
JeEN!

where the mid-value of the quantizer Q,"C () issetas )7Zf1 = Q]i (yi (tk)) + v, At and its interval length is set as
Ay = ria® + ry, for an appropriate decrease rate & and parameters r; and r, selected under the conditions of
Theorem 8. Therefore we .want that the values of path-following variables evolve according to y;; = 7211 + w,’C
where the disturbance w_ satisfies assumption A4. It can be observed that the introduction of the reference

velocity on the algorithm does not change the properties of the algorithm and Theorem 8 still applies.

11.2.2 Desired velocity

Given the desired path following variable at time #,; we can define the desired velocity for the time segment
I <=ty as

ve+2ve Bk <<+t
vay={ T kA k= =T (11.3)
v,+2vk AT Wkt T Ststn
where the impulse perturbation velocity v{ is defined as
d
Yierr ~ Y0
v;:z(’”lT—v, . (11.4)
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Figure 11.1 — Diagram of the coordinated path-following algorithm. Blocks in gray correspond to continuous-
time systems and blocks in orange correspond to discrete-time systems.

Given this desired velocity, recalling that 1 := y — v, we can observe that the values of the path-following
variable at the communication instants evolve as follows

78]

vd(t)dt+f n(dt

Ik

T+l 2381

Yt =yo+ | ydr=y(n) + f

173 Iy
d Tke+1
:yk+1+f n(dt.
73

Therefore the values of the path-following variable at the communication instants evolve according to y(fx41) =

Y4, |+ wi where wy is wy := t’““n(t)dt

11.2.3 Path-following controller

We now consider a path-following scheme as described in Vanni et al. [2008] for the case of single integrators.
The path-following control law is the following

Opa
J=—kgn+va+&" 2 oy (11.5)
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5
u=-Kei+ Ly, (11.6)
oy

where K¢ := I, kg with kg > 0 and k;) > 0. Since this is a path-following control law, there exist a feedback from
the path following error p — p;(y) to the the dynamics of the path-following variable y. Compared to trajectory
tracking where the path is parameterized by time, as in p;(?), this method provides a faster convergence of the
vehicles to their assigned paths, since the path-following variable dynamics drives p,(y) closer to the agent’s
position p. It should be noted that the derivative of the desired velocity v, is not defined at all points. To
overcome this problem we must replace v, on the control law for ¥ with some signal which is defined everywhere
and is equal to v; where it is defined.

11.3 Design and theoretical guarantees

The path-following control law drives the agent’s error vector z to an ultimate bound proportional to €, as stated
by the following theorem.

Theorem 20. Given the system (11.1), where the process noise is bounded by [|w| < €,,, and the path-following
control law (11.5), the norm of the agent’s error vector ||z(#)|| satisfies, for all 6 such that 0 <6 <1,

€w

Ol <z e F-Okmt 4 ,
lz(D)ll < lz(0)]le ok,

(11.7)
where ky, := min (k¢, ky).

From Theorem 20, we can bound ||wy| as follows

Tke+1 Tre+1 €,
gl s[ ||n(t)||dtsf 12" 0-Oknt 4 €0 g,
173

173 Hkm

[E4QI ~(1=0)knAr) ~(1-0)kpatk | EoDL
=———"(1- n mith y S0
(1—6)km( ¢ Je Ok

The proof is given in Appendix E.1. With this bound we can observe that Assumption A4 is satisfied with
§y:= %“TAmt, €y 1= MaXje 4 &% (1- e 1=0knAl) and k, := e~ (1=Dknll Therefore we can apply Theorem 8
to derive lower bound conditions for the number of bits n;, and the quantizer parameters a, r; and r». Since
we can apply Theorem 8 we can also establish ultimate bounds on the consensus error ||(Iy — 4117) T using
continuity arguments. Moreover, since the consensus error is ultimately bounded we can also establish ultimate
bounds on the impulse perturbation velocity v} and therefore ultimately bound the deviation to the reference

velocity [[vg(t) —v,.

11.4 Simulation Results

As an example we consider a fleet of six two dimensional vehicles with single integrator dynamics performing
a lawnmower mission. The desired shape of the fleet is composed by equilateral triangles and the agents
communicate each second with their immediate neighbours only. We consider a coordinated path-following
controller with gains k¢ = 0.08 and k; = 2, and the process noise is bounded with €, = 0.2. This selection of
gains yields a fast convergence of the path-following errors and a slow convergence of the coordination errors.
The slow convergence of CC allows for a lower number of transmitted bits.

The parameters €,, k, and §,, from Assumption A4 were adjusted manually to provide a tight bound on the
process noise || v,ill. It was found that the conditions of Theorem 9 are satisfied if six bits are transmitted each
second, and in this example, to obtain a reasonably small initial quantization interval, we used eight bits per
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second.

The trajectories of the agents are represented in the Figure 11.2, where it can be observed that the positions
of the agents converge to the desired paths. We can also observe that, as expected, the formation acquires the
desired shape, since the path-following variables approach consensus.

20

FAs
OY W
oK

-60 -4 -20

—~
=

p1 (m)

Figure 11.2 — Trajectories of the vehicles. The black markers represent the agents position every 75 seconds and
the black dashed lines represent communication links.

The quantization level transmitted by each agent, Qi (yi (tk)) (2™ —2) /A, is shown in Figure 11.3. It can be
observed that, for this case, the theoretical guarantees are quite conservative and we could use a much lower
number of transmitted bits, since only 16 of the 255 quantization levels were used.
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Quantization level
o
]

) 100 200 300 400 500 600 700 800

time (s)
Figure 11.3 — Quantization levels.

The evolution of the difference of the path-following variables to their average, i.e. of Y/ — (1/N) Y. jen ¥/, can
be observed in Figure 11.4, the derivative of the path-following variables y, is shown in Figure 11.5, and we
can observe the norms of the path-following error || p’ — p; (y"Il in Figure 11.6.

-4 1 1 1 1
0 20 40 60 80 100

time (s)

Figure 11.4 — Evolution of the difference of the path-following variables to their average Y’ — (1/N) Y, jen ¥l
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Figure 11.5 — Time derivative of path-following variables .
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Figure 11.6 — Evolution of the norm of the path-following error || p’ - p, (y)|.

From Figures 11.4, 11.5 and 11.6 we can observe that all the quantities that we wanted to regulate, i.e. the
deviation of the path-following variables from the average, the deviation of the time derivative of path-following
variables to the reference velocity (one in this case), and the norm of the path-following error, decrease from
their initial values until they reach an ultimate bound and remain within that bound, as was expected from the
theoretical analysis.
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The lower bound on the number of bits required for stability is a conservative over-approximation as indicated by
Figure 11.3. In fact, it was observed in simulations that 7n;, = 2 also yields a stable system albeit with degraded
performance. Figure 11.7 shows the evolution of the norm of the difference to average of the path-following
variables, i.e. of |col(y' = (1/N) ¥ jen y/)||, averaged among 5 different simulation runs, for different number
of transmitted bits between 2 and 9, with the same parameters of the previous simulations. We can observe from

Norm of difference to average of PF variable for different choices of n

102 T T T T T T T
—
—3
— 1
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— 6
-7
f 8
— 10’ 2
=
=
I
[z,
|
=
Rt
10‘1 1 1 1 1 1 1 1
0 50 100 150 200 250 300 350 400
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Figure 11.7 — Effect of number of bits on coordination error.

Figure 11.7 that with 5 transmitted bits we obtain approximately the same asymptotic performance as with 8 bits
with a smaller convergence rate. It was observed that above 8 bits there is no significant difference in terms of

asymptotic performance or convergence rate.
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|4 Quantized Distributed Estimation

12.1 Introduction

The topic of distributed estimation has been the subject of intensive research, as the literature survey in Li
et al. [2015b] shows. Representative examples include the work on distributed estimation in Olfati-Saber
[2005], Battistelli and Chisci [2014] and Park and Martins [2016], where the authors proposed distributed state
estimators, and proved their stability.

Guaranteeing that a decentralized estimator (observer) satisfies an ISS property in the presence of bandwidth
limitations, that is, when only a limited amount of data are exchanged among multiple distributed systems or
agents per unit of time, is still an open topic of research. This issue is of paramount importance in practical
applications, since lower bandwidth translates into lower energy consumption and, consequently, into increased
operational autonomy. Stringent bandwidth limitations occur naturally in the case of underwater applications,
due to the nature of the communications medium. These constraints must therefore be taken explicitly into
account in the design of distributed estimators and controllers for networked marine vehicles Bahr et al. [2009],
Soares et al. [2013], Rego et al. [2014]. In general, to address explicitly bandwidth limitations, it may be
expedient to consider that the messages exchanged among agents in a network are quantized, i.e. are encoded
with a finite number of bits.

One of the most common distributed algorithms is consensus, where all the network nodes agree on a single
value, usually the average of values initially contained in the nodes. Consensus is often used as a mean to apply
certain algorithms, designed originally for a single computer, in a distributed setting, as for example the case of
Kalman filtering Battistelli et al. [2015]. The problem of distributed averaging with quantized exchanged data
has been addressed in many works, see for example Aysal et al. [2008], Frasca et al. [2009], Nedic et al. [2009],
Carli et al. [2010] and the references therein. Recently, results have come to the fore that guarantee convergence
to the initial average, and not convergence of the expected value, using progressive quantization Li et al. [2011],
Thanou et al. [2012, 2013], Pu et al. [2015]. These results motivate the application of consensus with progressive
quantization to the problem of distributed estimation in order to guarantee convergence of the estimation error in
the absence of disturbances.

One of the main motivations for state estimation is to stabilize or enhance the performance of systems through
state feedback when the state is not available directly but can be estimated using a dynamic observer. However,
in Chapters 8 and 9 the problem of distributed state estimation of systems was addressed without considering
state feedback. In the context of distributed estimation, when the state estimates are used for state feedback, it is
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not possible to compute precisely the effects of the control input in the dynamics. This is due to the fact that the
nodes may have different state estimates and therefore the control action applied by each node is not available to
the other nodes. Thus, the separation principle, that states that the design of the controller has no impact on the
estimation error dynamics, does not apply in this context, making the design of distributed state estimators more
challenging.

Motivated by the above considerations, in this chapter we address the problem of distributed state estimation
for linear systems with linear state feedback subjected to process and measurement noise, under the constraints
of quantized and rate-limited network data transmission. We propose a linear distributed consensus-based
Luenberger observer, where the consensus algorithm is implemented with progressive quantization as in Thanou
et al. [2013], and derive a set of conditions on the design parameters of the quantizer that guarantee ultimate
boundedness of the estimation error. The latter is shown to depend on the £, norm of the noise signals and the
number of bits transmitted. We further show that the maximum possible estimation convergence rate depends on
the number of iterations of the consensus algorithm and can be made arbitrarily close to that obtained with a
centralized estimator by increasing the number of iterations. Moreover, the proposed method requires global, and
not local observability, i.e. the system state can be reconstructed if information from all the sensors is available
but may not be reconstructed with just any individual sensor. A numerical example illustrates the performance
of the proposed algorithm.

The design of the estimation algorithm that we propose is straightforward in that the parameters of the algorithm
must only satisfy a certain number of inequality conditions. However, the initial design of the algorithm must be
done centrally, using global information. This is because some of the design parameters are necessarily the same
for all nodes in a network (e.g. the quantization interval parameters and the number of transmitted bits) and
the design of parameters satisfying the stability conditions require information about the global communication
graph as well as the models of the observed system and of every sensor. The key contributions of the chapter are
threefold:

* We propose a distributed linear state estimation algorithm for linear state feedback systems that takes into
account limited data-rate communications among agents.

* We provide conditions on the design parameters of the algorithm to guarantee ultimate boundedness of the
estimation error.

 Given that the above mentioned conditions are satisfied, we derive explicit bounds on the estimation error
norm and on the norm of the state of the system.

12.2 Literature Survey
In what follows we review briefly the contributions of some papers that are relevant to our work.

In J.-J. Xiao et al. [2006], Sun et al. [2007], Li and Fang [2007] and Msechu et al. [2008] the distributed
estimation setup considered is one where multiple sensors take quantized measurements of a system, and send
their measurements, to a fusion center, i.e. a computer running a centralized estimation algorithm. The papers by
J.-J. Xiao et al. [2006] and Li and Fang [2007] address the problem of parameter estimation, i.e. the problem of
estimating a time-invariant parameter given multiple noisy measurements. The work in J.-J. Xiao et al. [2006]
addresses the problem of minimizing the transmission power consumption while ensuring a given performance
for the state estimation algorithms. In Li and Fang [2007], a decentralized estimation method is proposed that
makes use of adaptive quantization, and where only one bit of information is exchanged at each epoch. In
contrast with the two previously mentioned works, Sun et al. [2007] and Msechu et al. [2008] deal with the
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general problem of distributed state estimation, i.e. the problem of estimating the state of a discrete-time dynamic
system given measurements from multiple sensors. The paper by Sun et al. [2007] proposes a decentralized
Kalman filter that takes into consideration the trade-off between number of quantization levels of the sent data
and the state estimation performance. Finally, Msechu et al. [2008] proposes a method of scheduling optimally
which measurement is sent to the fusion center at each time. It should be noted that the methods proposed in J.-J.
Xiao et al. [2006], Sun et al. [2007], Li and Fang [2007] and Msechu et al. [2008] are different from the setup
we consider in this thesis in that they require that all agents can communicate with a fusion center, and therefore
it is only applicable for very specific topologies of the communication network.

The work in Li et al. [2015a] proposes a distributed Kalman filter with quantized communications between
agents, which is gossip based, i.e. uses a gossip algorithm instead of a consensus algorithm for information
fusion. In the gossip algorithm, for each node a neighbour is selected at random and the state of the observer,
estimated state and covariance, is swapped with that neighbour. The above paper also proves weak convergence
(in distribution) of the proposed observers. Since the method considered is gossip-based, it is considerably
slower than consensus based algorithms in certain cases, e.g. when the number of neighbours of each agents is
considerably larger than one, and therefore it may not be suitable for the set-up considered in this chapter.

To the best of our knowledge, there are no publications that propose consensus-based algorithms to solve the
general problem of distributed state estimation considered in this chapter, while taking into account bandwidth
limitations. Also, it is important to stress that the papers mentioned above address stochastic convergence of the
estimation error, and not deterministic convergence as we aim to guarantee in this chapter. Moreover, since the
guarantees are not deterministic, they do not provide methods to compute ultimate bounds of the estimation
error, or upper bounds on the convergence rates. To the best of our knowledge, there are also no publications
on the design of distributed observers that guarantee input to state stability with respect to measurement and
process noise, with quantized communications among agents, i.e. taking into account bandwidth limitations,
which is the aim of this chapter. As a contribution to overcome these limitations, we borrow the theory of
quantized consensus, which we will review in the next section, to provide input to state stability guarantees for a
consensus-based distributed state estimation algorithm.

12.3 Problem Statement

This section formulates the problem that is at the core of the chapter. We first introduce the setup that originates
the problem we aim to solve, and the necessary assumptions, in Section 12.3.1. In Section 12.3.2 we describe
formally the main problem of this chapter.

12.3.1 Networked System

We consider a very general setup consisting of: I) a discrete-time dynamical system; II) a set of nodes A
endowed with local sensing and actuation capabilities, with cardinality N = |.4"|. At each node i € 4" and instant
f, a sensor measures an output yf of the system and an actuator acts upon the system through a local control
input ui; IIT) a communication network between nodes (A, <), where «f € A x A is the set of node pairs
describing the directed connections between these nodes, i.e. node i can communicate with node j if and only if
(i, j) € «f. This setup is shown in Figure 12.1.

We assume that the discrete-time dynamical system is given by
Xe+1= Axe+ Y. Blub+w, (12.1)

ie N
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Figure 12.1 — Problem setup consisting of a discrete-time linear dynamical system, sensor and control nodes
that take measurements from the system and act upon it, and a communication network that allows the nodes to
communicate among themselves.

where x; € R", ué e R% and w; € R" denote the complete state vector, the local control inputs, and the state noise
vector, respectively, at time ¢, A€ R™*" is the dynamics matrix and B’ are local input matrices of appropriate
dimensions.

The measurement equation associated with the generic node i € A is defined as
yi=Clx,+vl, (12.2)

where yi € R™ and vf € R denote the observation vector and the observation noise vector, respectively,
considered at time ¢, and C' is a matrix of appropriate dimensions.

The following assumptions are made on the detectability and stabilizability of the system and the intensity of the
disturbances.

Assumption A14. The system (12.1)-(12.2) is collectively detectable, i.e. the pair (A, C) is detectable where
C:= col(CH).

Assumption A15. The system (12.1) is collectively stabilizable, i.e. the pair (A, B) is stabilizable where
B:=row(B).

Assumption A16. The £, norm of the disturbance signals satisfy
lwillo<€w,  IVlo <€y, i€N,
for some constants €,, >0 and €, > 0.
Note that we only assume global detectability but not necessarily local detectability of the system, i.e. we do not

require that the pair (A, C?) be detectable for any i € 4. Concerning Assumption A16, different norm bounds
can also be considered, such as quadratic norms, as will be seen later in the chapter.
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12.3.2 Problem Statement

Given the system and the network described in Subsection 12.3.1, the main problem solved in this chapter is
described next.

Assume, in (12.1)-(12.2), that the disturbances w; and v;' are uniformly bounded over time and consider that at
each time ¢ the nodes are allowed to communicate quantized messages with a fixed number of bits n;, according
to the network structure defined by (A, <), for a finite number of times [ r between every two discrete instants
of time ¢ and ¢+ 1. The problem of distributed state estimation and control with quantized communications
consists of reconstructing at each node the state of the global system (12.1) and simultaneously driving the state
of the system to the origin, with the estimation error and the state converging to an ultimate bound proportional
to the magnitude of the disturbances.

Stated mathematically, the objective is to compute at each node i € A" and at each discrete time ¢ a state
estimate J“ci and a control input ui such that, for every initial condition, there exists a time T such that for ¢t = T,
||5¢§ —X¢|l < by and || x|l < bo, with b; and b, proportional to €,,, j € A" and €,, defined in Assumption A16.

12.4 Proposed Estimation and Control System

This section describes the main concepts required for the solution of the problem formulated in 12.3 and outlines
the control system proposed in this chapter. We refer to the general set-up introduced before, see Fig. 12.1.

12.4.1 Linear State Feedback

One of the objectives of this chapter is to provide a stabilizing control algorithm for system (12.1), i.e. we wish
to stear the state x; of the system to a small neighbourhood of the origin. For this purpose, we now define the
linear control law adopted. Suppose that each node can measure the complete state x; perfectly (this assumption
will be lifted later). Then, local gain matrices K? € R%*" can be defined such that with the global gain matrix
K := row(K?) we have p(A+ BK) < 1. This is possible because the system is collectively stabilizable and we can
set the ith local control input as u; := K'x,. In this case, the dynamics of the closed loop system are described by

Xi+1 = (A+ BK) Xt + Wy.

Since p(A+ BK) < 1 and since the process disturbance w; is bounded, it follows that the state x; is ultimately
bounded.

Because in the set-up adopted in this chapter the nodes do not have access to the full state, an observer is required,
as described next.

12.4.2 Luenberger Observer

A central concept in this chapter is that of state estimation using a Luenberger observer. We start by considering
the case of an hypothetical centralized observer that has access to all of the outputs, that is, to the vector
Vii= col(y;'), and the objective is to estimate the state of the system x; with a bounded error. Let L be a
gain matrix of appropriate dimensions such that p(A — LC) < 1, which can always be found since (4, C) is
detectable. Further let %; € R" denote a state estimate of x;. Under the assumption of a linear state feedback law
u; := K'%,,i € ./, the centralized Luenberger observer algorithm is described by

%41 =(A+BK)X+ L(y:— Cxe),
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with K := col(K?).
It follows easily from the above that the estimation error e; := X; — x; satisfies the dynamics
err1=(A-LC)e;+w;+ LCOl(l)i).

Since p(A— LC) < 1, and since the measurement and process disturbances vi and w; are bounded, it follows that
the estimation error e; is ultimately bounded.

The convergence of the estimation error e; will be expressed quantitatively in the remainder of this chapter
through a P;-norm, |le;|lp,, such that ﬁ :=||A-LC| p, <1, which is in general different than the £, norm, i.e.
Py # I,'. This norm can be found applying directly Property P2 of the P-norm defined before.

The above centralized version of the Luenberger observer can be formally re-written in distributed form as
follows. Consider L € R”*" such that L := % row(L!). Assuming that all nodes have identical state estimates
at time £ —1, given by X;_1, the estimates X; provided by the Luenberger observer can be reformulated as the
average %;:= % Y ;e 2. of the local variables z! defined by

2= (A+BK) %1 + L' (y;‘_l—cifct,l). (12.3)

Due to the limited bandwidth and the topology of the communication network, it is in general not possible to
compute the average Ai, Yien zi perfectly at every node, and one must compute an approximation of that average,
which may be different at each node. One possible method of computing an approximation of the average is the
consensus algorithm given in the following subsection. This method also guarantees that the estimates remain
approximately equal in all agents, which is an assumption of (12.3).

We will discuss the technical details of the distributed Luenberger observer in Subsection 12.4.3.

12.4.3 Distributed Luenberger Observer

In order that all nodes collect in a useful manner information from the measurements of all the nodes at every
discrete-time instant, we follow the reasoning in the last part of subsection 12.4.2, where each node computes the
average value % Yien z{ , with zi defined in 12.3. With the purpose of computing the average, and to ensure that
the state estimates contained in all the nodes remain close to each other as required in 12.3 where it is assumed
that the estimates are the same in all nodes, we consider the application of the consensus algorithm (7.3) to the
problem of distributed state estimation. However, in general, due to bandwidth limitations, it is only possible
to perform a finite number of iterations, denoted here as I, of the consensus algorithm (7.3), between two
consecutive discrete-time iterations. Since it is only possible to perform between two consecutive discrete-time
instants a finite number of consensus iterations, each agent keeps an internal value ﬁi, which may be different
from node to node. Therefore, one wants an approximation of the average of the following local variables

Zho= (A+ BR)Z_, + L'yl - C'5_,), (12.4)

i.e. one wants to compute an approximation of % Yjen zi o- This approximation is computed with [ iterations
of the consensus algorithm (7.3), which in the present case takes the following form:

i _ ij i
2= 2, ), (12.5)
JeEN

1However, if (A,C) is observable then it is possible to compute an observer gain matrix L such that B <1 with Py = I, ie.
|IA—LC| = B < 1, through eigenvalue assignment. This is achieved by assigning 7 different real eigenvalues to A— LC with f <1 as its
greatest eigenvalue in absolute value.
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Finally, the state estimate is computed as &/ := zi I

Since at each node we have an independent estimate of the state )Aci, i € &/ we apply at each node a control input
u; =K ’fc; which is not available at the other nodes j # i.

: At ; i i i opi_ 1 J
Defining the estimation error of node i as e; := X; — x;, the consensus error as q; := £; — 3 X jes Z; 00 and the

8

av o . . . .
average error as e, © 1=+ ¥ jen %] = x;, one can observe that the estimation error satisfies the dynamics

el = (A-LC) e 8 + gl + w, + Leolw) + Y BIKI (el —el).
jenN

One can observe that if the consensus algorithm approaches perfect averaging, i.e. if fci = ﬁ Yien Z{,o’ either
because of a large number of performed iterations [y or because the network is highly connected, the estimation
error dynamics coincides with the hypothetical centralized Luenberger case, since for all i € A/ we obtain
ei = e?vg and qi ~ 0. Therefore, the performance of the consensus algorithm must be taken into account in the
analysis of the estimation error dynamics.

One can also observe that the control feedback gain K appears in the estimation error dynamics, which is not
the case in a standard Luenberger observer. Therefore, it is important to also take into account the control law
when designing the distributed observer, as is done in this chapter.

12.4.4 Estimation and Control System Architecture with Quantized Communications

To solve the problem formulated in section 12.3, this chapter proposes a general architecture consisting of a
quantized consensus and a Luenberger observer update, together with a control input computation block at each
agent, as depicted in the diagram of Figure 12.2.

The purpose of each of the blocks is the following:
» Luenberger observer update - Provides the local Luenberger observer contribution zi o to be averaged,
given the local measurement yﬁ and the current state estimate fci

* Quantized consensus - Provides an approximation of the average % Yien Zi,o of the local Luenberger
observer contributions, which serves as the local state estimate X}, while performing over the time interval
between ¢ and ¢ +1 a finite number of iterations of a consensus algorithm through the transmission of
messages with a limited, fixed, number of bits.

* Control input - Computes the local control input ui given the local state estimate fcé
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System Tir1 = ATi+ Y i Biuf + wy

ul Lt l

Local Measurement i = Cixt + o

Local Control Input - R L
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Figure 12.2 — Control architecture diagram.

12.5 Main Result

In this section we describe the proposed distributed Luenberger observer with quantized communications and
we present the main result of this chapter, which establishes the ultimate boundedness of the state estimation
error and the system state under the proposed distributed observer and controller.

12.5.1 Distributed Luenberger Observer with Quantized Communications

We now consider the distributed Luenberger observer given in Subsection 12.4.3. Because we assume that
starting at each time step, between two measurements, a limited number of data packages containing a limited
number of bits are exchanged among agents, we consider that the averaging is performed with the quantized
consensus algorithm given in Chapter 7 with a limited number of iterations.

The quantized consensus algorithm consists of initializing each agent with z{ 0= z{ and then performing I
times the following update rule in between discrete time instants ¢ and ¢+ 1.

= X 70 () - (@l (=) <L) (12.6)
JeEN!

. e . i . . N
During the consensus step the quantities z ;) are quantized through Q 110 with mid-value z 1= Qry (zt, l)

for [ >0 and Z{,o = AQ?_L -1 (zi_ly lf—l)’ and quantization interval A, ;:= (af’ + b) a!, where we initialize the
parameters a and b and the decreasing rates a and S so as to satisfy the conditions of Theorem 21 given below.

We initialize the mid-values Z(]) o- and the estimated states before consensus with the same value in all the nodes,

i.e. Zé 0= zé = zé, Vi, j € A . Finally, we consider that the local estimate of the state is defined as )Ac; = zi I the
end result of the consensus step. The local control input u; given the local state estimate )2; is computed as
ul = K'%1. The distributed Luenberger observer with quantized communications can be summarized in the form

of the following algorithm, which consists of two steps, the consensus and the update steps.
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12.5. Main Result

Algorithm:
Quantized Distributed Luenberger Observer

Initialization:

¢ Choose L such that p(A—-LC) < 1.

¢ Choose the decrease rates a and 8

satisfying conditions (12.7) and (12.8) respectively.
e Choose the quantizer parameters a and b
satisfying condition (12.9).

Consensus:
for l=O,1,...,lf— 1 do
Ay =(ap'+b)a!

i vy . o ijnt () _(ni [, \_,i
Zt_,l+1_z{€ﬂ’n Qt,l(zt,l) (t,l(zt,l) Zt,l)

Zi,m = Qi,l (zi,l)’vj eN!
end for
2{+10:(A+BK)Q51 -1 (z{l _J,Vjeﬂi
: oy iy
X} = Z;,lf
ui =K
Update:

sample the measurement yf

Z0= A+BKX + L (yi-C'zl)

Before proceeding to the main result of this chapter and its proof, the following definitions are required. We
define the matrices @' := A— L'C', T := diag(®’ + BK) — 1 ® row(B'K"), and the error dynamics matrix as
D= % col (@i )1 T'® I,,. Based on these matrices we define the parameters

M(col (@) Iy & Py col (@), Py)

Q=D jyep, = N )

A 1 ; 1 : _1

b:= ”—1®Inrow(q>’+31<) = | P} row (@' + BK) Iy e P, 2,
N IN®P,

®:= T 1yep,-

See Appendix F.2 for the derivation of the above equalities. Because I' is of size Nn x Nn, the direct computation
of |T'll7yep, is very costly if the number of agents NV is large. For this reason, it is preferable to use, instead of D,
its upper bound

_ . 1 .. _1
@smax(”@’—irBK P} row(B'K') Iy e P, ?

o
Py

which is derived in Appendix F.2.

We also define the local and global estimation errors ei =X zi pand e )= col(ei ;)» respectively, the global

noise bound € := \/Zieﬂ (M(LIT Py Li)e i + M(P))e)?, and the design parameters given in Appendix F.1. We
now state the main result of this chapter.

Theorem 21. Let Assumptions A2-A3 and A14-A16 hold and adopt the quantized distributed Luenberger
observer algorithm with L such that ﬁ = ||A—- LCllp, < 1. Further let the number of bits transmitted rny,
satisfy nj, > log, (max(cy, dz) +2), the number of iterations of the consensus step satisfy Iy > 1 or, if 02 >0,

Iy >log,, (%ﬁ min(l, é)), a and S satisfy
or<a<a, (12.7)
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p<p<l. (12.8)

where f3:= ,3+alf(i>max(1, -), and @ ::min( ! %min(l, - ),1).

[
s

Gl

B

Consider also the parameters ¢; — ¢2, dy — da, ki — k4, defined in (F.1). If the parameters a and b satisfy

C2 a dy b
ClS(l-m) E, dls(l_znb—Z)E, (129)

then for any ¢ = 0 the norm of the estimation error e;; ; satisfies

lesiNlyer, < B [killeooll 1yep, + k2] + kse + ka. (12.10)

The proof of this theorem will be given in the next section.

We can observe that the lower bound on /¢ depends heavily on the choice of L since the parameters B and @
depend directly on L by definition.

In general, for an arbitrary network we have a lower bound on the number of iterations of the consensus step I,

since in general 02 >0 and we have to satisfy the condition [ > log,,, (% min (1, g

a full network where each node can broadcast its message to all other nodes, we may have o2 =0 and in this

)) However, in the case of

case we can set [f = 1.

It can be observed from inequality (12.10) that the norm of the estimation error | ey, Iy ll7yop, becomes bounded
above by kse + ks when t goes to infinity, and the error is thus ultimately bounded. This bound depends directly
on the disturbance bounds through € and on the choice of the constant component of the quantization interval
length b.

It is worth noticing that for the noise-free case, when the number of the exchanged bits n; and the number of
consensus iterations /r tend to infinity, we recover perfect convergence of the estimation error to the origin.
Moreover, the convergence rate of the algorithm f is lower bounded by 8 which tends to, but never reaches
exactly (since B > f3 always), the convergence rate of the centralized case f:= | A— LC||p, as the number of
iterations of the consensus algorithm ¢ tends to infinity.

Note also that if in Assumption A16 ||w;| p, < €, for some symmetric positive definite matrix P,,, then we
must replace M (P;) by M(Py, P,) in the definition of €. Similarly, if in Assumption A16 || vill P S€yi for some
symmetric positive definite matrix P,i, we must replace M (LT P;L?) by M (LT P,L!,P,:) on the definitions of
€ and d;.

Finally, one of the key elements of the proposed algorithm is to set the quantization interval at the beginning
of the consensus step to af’ + b. With this setting we can observe that as ¢ goes to infinity, the first term af’
goes to zero and only the second term b is functioning. Moreover, we can note that from condition (12.9) only b
relates to the noise bound € and only a depends on the initial estimation error.

12.5.2 Ultimate Boundedness of the System State

The proposed distributed observer and the linear feedback control law with p(A + BK) < 1 can be described by
the dynamical system

X1 = (A+BK) x; + wt—Bdiag(Ki)et,,f. (12.11)
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12.6. Proof of Ultimate Boundedness of Estimation Error

Because the gain matrix K is computed so that p(A+ BK) < 1 and the process disturbance w; and estimation
errors e;,;, are ultimately bounded, it follows that the state x; is ultimately bounded. More specifically, choosing
a symmetric positive definite matrix Q» of size n x n and computing a matrix P, such that the Lyapunov equation
P, —(A+BK)TP,(A+ BK) = Q> holds, defining ¥ := [|[A+ BK]p, < 1, and choosing a positive scalar y such that
1>y >max(y, ), we have the following result

Theorem 22. Let Assumptions A2-A3 and A14-A16 hold and let a quantized distributed Luenberger observer
algorithm be adopted such that the assumptions of Theorem 21 are satisfied. Then, the system state norm || x|l p,
is bounded as follows:

’

M* M (Py)ey + M* (kse + kq)
lxellp, <7y ||x0||p2+—ﬁ_?(klueO,O”I,\@Pl+k2) + 2 wl_? 3€+ Ky

where M* := M (diag(K'") BT P,Bdiag(K"), I, ® P;).

The proof is given in Appendix F.5. Again, if in Assumption A16 [|w| p, < €, for some symmetric positive
definite matrix P,, then we must replace M(P,) by M(P», P,,) in Theorem 22.

12.6 Proof of Ultimate Boundedness of Estimation Error

Before proceeding with the proof of Theorem 21, the following definitions are required. We define the vector of
avg
6l

% (117) ® I, the local and global noise contributions to the

averages ziwlg = % (llT) zy,1, its difference to z;; as q;; := z;,; — 2, , the vector of mid-values Z;; := col (2; l),
avg ,_
[

error dynamics as ' := w;— L'v!, w; := col (w'), the local and global consensus error contribution to the error
t t t

the average of the estimation errors e

dynamics as fi = (DiQ; Iy ~Ljen BIKI (qi I qi lf)’ and &, :=col (g“t) We can observe that ¢ =I'qy,;,. We
also require the parameters c¢; — cg, d; — dg, k1 — kg which are defined in (F.1) in Appendix F.1.

12.6.1 Conditions for Convergence of Consensus Step

As a first step we can apply directly the results of Section 7 in the consensus step of the distributed Luenberger

observer to get conditions on how to bound the difference between the estimates z;,; and the vector of averages
avg

21

i.e. how to bound ¢g;,;. Applying Theorem 8 we have the following result

Lemma 14. Let Assumptions A2-A3 hold and the quantized distributed Luenberger observer algorithm be
adopted with [¢ = 1. If 02 < @ <1 and the number of bits 7, and the parameters a and b satisfy

a

b
L <= (12.12)

a
c3 + ks SE, ds + ks

2nb+1 —4

where ks is defined in (F.1) in Appendix F.1 and c3 and dj satisty
4(a+1 _
csf' +ds=m(P) " (Tuquonm@pl + 1120 - zi‘j)guzN@pl), (12.13)

av .
then for any [ = 0 the values of q;;:=2,; -2 A lg satisfy

ap’+b
2m —2 |’

(12.14)

!
1g:illver, < a [I1g:olliyer, + ke

Proof. Noting that if condition (12.12) holds then we have

ap'+b <aﬁt+b

t
Cgﬂ +d3+k52nb+1_4_ >

)
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and the lemma follows from Theorem 8 with z;; as z;, af’+ b as r. L]

12.6.2 Error Dynamics

avg _ _avg
=z

t,l t,l+1°

(12.1), the measurement equations (12.2), and the distributed observer algorithm (12.4), we obtain the following

i +1.0° €t+1,0 and the dynamics of the average of the

Combining the fact that the consensus algorithm preserves averages, i.e. that z the system dynamics

result which describes the dynamics of the estimation errors e

. . avg
estimation errors et 0"

Lemma 15. Let the quantized distributed Luenberger observer algorithm be adopted with Iy > 1; then, the
estimation errors obey the recursion

) 1 . o
et = 2 N®'eo—¢iton (12.15)
JEN

for any i € A/, and globally,

err1,0 = Pero— ¢+ wy. (12.16)
Moreover,

erio =diag(<1>")e§‘})g—§,+w,, (12.17)
and

e o= IN®(A—LO) €} + % (1) el 0. (12.18)

We now derive results on the norms of e; o and e%g by taking the norms of both sides of equations (12.17)
and (12.18), respectively. For this purpose we compute upper bounds of the norms of the terms ¢; and w; in
Appendix F, where we show that if Assumption A16 holds we have [lw; |1 ep, <€, and if at time ¢ the conditions
of Lemma 14 are observed, then

apP +b
2m —2 |

=
1Ecllyep, < Pa’f |llesollyer, + ke

Therefore, we can bound [|€}'5 ol iyep, and lle;+1,0ll1yep, by taking the norm of (12.18) and (12.17), as follows:
t
avg 3 ,ave  lr aﬁ +b
le, 7 olliver, < Plle, g lyer, +Pa’ |llewollyep, + ke o | +© (12.19)
_ - af’+b
lecsrolliyer, < @€ ¢ lnep, +a'r [lerolysr, + ks fob - ] +e (12.20)

Since, for reasons that will become clear later in the proof of Lemma 16, we need an upper bound of |le;+1,0ll 1yeP,
which is equal to the upper bound of IIeI‘;:gLOII Iyep, times a constant, we upper bound |le;11,0ll7,ep, as follows:

D\ (A av, 1
lett1,0lliyer, = maX(L E) (ﬁllet,é’yllzwv1 +®a’

lewolliyor, + ke (12.21)

t
ap +b]+€)'
2 —2

We now choose f such that f < 8 < 1 and derive the conditions in a, b, and n;, to ensure ultimate boundedness.
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12.6. Proof of Ultimate Boundedness of Estimation Error

12.6.3 Proof of Theorem 21

Theorem 21 is proven by induction. We show that if we satisfy, for all time instants p such that 0 < p < ¢,
the conditions of Lemma 14 and if inequality (12.7) holds, then inequality (12.10) follows. For this purpose
we apply equations (12.19) and (12.21) recursively to obtain bounds on |Ie2;'vog l7yer, and llesoll1yep, depending
explicitly in time. Moreover, since we want that the conditions of Lemma 14, and more specifically inequality
(12.13), hold we also need to provide bounds in Z;41,0 — Z?Yrgl,o- These results are presented in the following

Lemma, the proof of which is given in Appendix F.4.

Lemma 16. Let Assumptions A2-A3 and A14-A16 hold and let the quantized distributed Luenberger observer
algorithm be adopted with L such that ,3 =|A-LClp,<1. If @ and ! r=1are adopted such that

- -
alr < Tﬁmin(l,ﬁ),
@ 0]

0y <a <1, Bsatisfy B < B <1, and the conditions of Lemma 14 are satisfied for all 0 < p < ¢, then | e;v,é;II[ngl,

= avg .
lepolliver,> 1gp,illiyer, 1Zpr1,0 — 2 l7yepr, and lle, ;. |l7yep, satisfy
p p p p+1,0 ply

av b .
||€,[,y§||1N‘x>P1 < B [lleoollryep, + Csﬁ] + 1% +dgzm,—,Vi+12p=0;

) b .

lepolliyer, <= max(l, E) (ﬁp [leoollryep, + cazme—s | + ﬁ + dsm) Vi+1=p=0;
>

max(l,ﬁ)e
1-p

_ av, b .

1Zp+1,0— Zl,+‘(°r1,0||1,\,®P1 < BP [cslleopll iyep, + Cosms | + ds + dosm—, V1 = p = 0;

lepi lyor, < BP[killeoollyep, + k2] +kse+ ks, V= p=0.

b
+ d7 5,5

NVitzp=z0,1lp=1=0;

)
lapilver, =al |p” [max(1, %) leoolyer, + cromis | +

Proof of Theorem 21. We prove by induction that zi ! falls inside the quantization interval of Q,, i.e. ||Z; 1=

Z{ ] loo < Au for t = 0, which, combined with Lemma 16 concludes the proof of Theorem 21. In light of Lemma
14, we need to prove that the conditions

a b
tConar =y htdoima— =5
are equivalent to
a a b
Gtk S5 Btk =0

Since ¢, and d» are defined as in (F.1), i.e. as ¢y := ¢4 + ks and d» := dy + ks, this equivalence is achieved by
defining c3 and d3 as

Cc3:=C1+¢Cy 4,d3:=d1+d4

onp+l _ 2nb+1_4’

Now, to satisfy all the conditions of Lemma 14, it remains to show that, for £ =0,

+1 . avg
aT||CIt,0||IN®P1 + 1200 =2, 5 ll1yep,
m(Py) .

Cgﬁt-l- ds =

We will prove the above by induction. The base case is given by assumption, since go,0 = Zo,0 — zgvog =0. For the
induction step we first note that if, for some ¢ =0,

+1 . avg
S apolliyer, +12p0 = 2,5l 1yep,

Pyds;>
c3pl +ds = Py

)
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and applying Lemma 16 and inequality (F.2) we obtain

1 5 avg
NG olliyep, +1Z1,0—2,, 1 o lyer; <
m(Pr) -

t+1] &5 % _a b
B Flleoolliyer, + % gmpy— | +ds+do gmy—

b b
B! maX(l, ﬁ) [leoolvar, +cozm=]+ 75+ dsznb_z] + Py

t+1 b
ﬁ +d1+d4m

(a+1)
m(P))a

a
c+ C4m
CgﬁHl +ds.

We have proven that, under the assumptions of the theorem, the base case holds, i.e. z(]) ; falls inside the

j _(atbha' -j | (a+b)a!
0,1 2 0t 2

inside its quantization interval for 0 < I < [¢, then zi .

quantization interval |z

for 0 <1 < lr. The recursion step guarantees that if zi ;18

11 18 too.

Then, by induction we have shown, forall0<tand 0<[/<! s that:

;i (ap'+ba’ _j (ap'+Dba

J _
€ Zt,l 2 ’Zt,l 2

t,l

¥4

)

and the theorem is proven. O

12.7 Numerical Results

As a design example we consider a system composed by a network system of 20 agents, a communication
network (A,<f) that is bidirectional and randomly generated, and a consensus matrix computed as I =
hiIn + (1 — hp)Metro, Where Iy is computed with Metropolis weights, and hyy is selected to minimize 0.
In this example we consider a network where the second singular value of IT is o2 = 0.6913. We also consider
an objective network (A’ ,dobj) which is also randomly generated, and for each agent we define the objective
neighbour set as A {)j :={j €N :(j,i) € Hpj}. The communication and objective networks are represented
graphically in Figures 12.3 and 12.4, respectively.

Communication Network

—~— 7
\v/'/f{

N ///
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weva ‘
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S “'.’é/‘\, —
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i
]

VI
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ny

—44

Figure 12.3 — Graphical representation of the communication network.

Remark. For the communication network of this example the value of hyy that minimizes o, is hy = —0.73,
which yields a consensus matrix that has some negative elements, and is therefore does not satisfy the assumption
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12.7. Numerical Results

Objective Network
T T

Figure 12.4 — Graphical representation of the objective network.

that 11 is a non-negative matrix. However, since the resulting matrix is doubly stochastic and primitive, the
results of Theorems 21 and 22 still hold.

1. x? and x3. The first two states of each agent correspond to a

double integrator with the following dynamics with disturbances:

Each agent has 3 states, locally referred to as x

1 _ 1 1
Xip1 =Xyt uUr+wy,

2 _ 2,1, 2
Xip1 = Xp + X +wyp,

where u; is the agent’s input and w} and w? are bounded disturbances. We consider also a local colored noise
signal with dynamics

3 _ 3,3
X401 =0.95x7 + wy,

where wf’ is a bounded disturbance. All local states x!, x%, and x° are observed with some measurement noise
by each agent. The objective of each agent is to have x? track x> (that is, drive x? as close as possible to x*) and

also to coordinate the states x? of the agents among themselves (that is, drive the state x>’ of an agent as close

. 21 je ¥ is the index of the agent). This setting aims to represent

i

. 1 27 .
as possible to —— Y . .+ x=/, where in x
P ] Zie Ay

obj
the case where several agents try to track separate signals while coordinating among themselves. This example

translates to a system described by (12.1) with

1 0 O
A=Dy® |1 1 0
0 0 0.95

The output matrix C’ for each agent is

T

(e;i—ejt1)
N4

(eji—1—eg)

Ci_

® I3,

where e; is a vector of size 20 x 1 with 0 on every element except on the ith, which is 1. The local input matrix
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B! for each agent is

1
Bi:ei® 0f.
0

It is straightforward to show that in this example we have global observability but not local observability.

The measurement and process noise are selected at random with a Gaussian distribution centered at zero, with a
covariance of

10 o 0
0 108 o [,
0 0o 107

for the local measurement noise, and

108 0 0
Le®| 0 107% o0 |,
0 0 025

for the process noise. The measurement and process noises are saturated so as to satisfy Assumption A16 with
€, =1.5x107% and €,, = 0.5. To compute the controller gain matrix K, notice that the objective stated previously,
of having x? tracking x® and coordinating the states x> of the agents among themselves, can be converted into
that of minimizing the cost function

o0
ZO (x/ Qx¢ + u/ Ruy), (12.22)
=

where Q and R are defined as R := 2015 and

Q:= Do ® (G Cioc) + Lobj ® (Cgig, Caist)

with
1 ifi=j,
ij._) - ifjeni,
Lonj = G T
0 otherwise.
Cioc =10, 1, —1],
CdiSt = [0) 1) 0] »

Given the above matrices, let P be the unique positive definite solution of the algebraic Riccati equation (ARE)
P=Q+ATPA- ATPB(R+B"PB)" BT PA,

and compute the controller gain as

1

K=(R+B"PB)  B'PA.

It is well known from LQR theory that this selection of control gain minimizes the cost (12.22) for a system
without disturbances when the state is measured directly. Notice from the definition of K that

1

AT"PB(R+B"PB) B'PA=A"PBK=K"(B"PB+RK.
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Therefore, the ARE becomes

(A-BK)"P(A-BK)-P+Q+KT'RK =0,

1

1 _1)\2
which, combined with the proof of Property P2 results in ||A— BK]| p, = \/ 1—Omin (QZZ P, 2) , where P, := P
and Q,:= Q+KTRK.

To compute the observer gain matrix L we define the matrices V := Igo and W := Igy and compute the solution
to the algebraic Riccati equation

s=w+azA - asc” (v+czel) T czal,
from which follows the observer gain L given by
L=aAzcT (v+czch) ™,

This choice of observer gain is known from Kalman filtering theory to asymptotically minimize the mean
of the square estimation error for the centralized case, when the measurement noise covariance is v~ and
the process noise covariance is W~!. Following the derivations in Subsection 6.3.3 of Chapter 6, we define
=71+ CV‘1CT)71, Py:=371837and Q;:=271 (£71+ ATW~1A) =1, which is positive definite since £

- 1 _1)\2
and X are positive definite, yielding |A—LCl p, = \/1 —Omin |Qf P, 2) .

The computed minimum number of consensus iterations for guaranteed stability was 24. Setting Iy = 29, the
minimum number of bits sent such that stability can be guaranteed was 17, and the number of bits used was 18.
The obtained estimated states for two sensors in the network are represented in Figure 12.5, where the initial
condition for each state is either 5 or —5 and the initial estimate for all the states is 0.

estimates at agent 5

estimates at agent 15

Figure 12.5 — Estimated states zi I in two sensors (states 14 (in blue) and 15 (in red) above, states 44 (in blue)

and 45 (in red) below). The solid lines represent the real states, and the black dashed lines near the origin
represent the average of the states x>/, j € N it)j, that is —1— ¥ je

i
obj

—a
X7
N
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We can observe that, for the settings of this problem, at each time step consensus is almost achieved and therefore
we are not able to distinguish the estimates for different states since the estimates zi( T) are almost equal for
all the states. We also note that the estimated states (dashed lines) remain close to the actual states (solid lines)
thus indicating that the observer fulfills its purpose. Finally, we observe that the objectives mentioned earlier, of
having x? track x® and coordinate the states x? of the agents among themselves, were achieved. That is, we note
that for both represented agents, 5 and 15, the local x? states (blue lines) remain at a close distance from both

the x3 states and the average of the other x? states, —— ¥ jeni x>J (black dashed lines). This was achieved
obj

i
obj

while guaranteeing input to state stability with a limited number of consensus iterations, 29, at each time step

and using exchanged messages with a determined number of bits, 18 in this case.

This number of transmitted bits and consensus iterations guaranteeing stability of the observer, which stems
from the analysis in this chapter, is a conservative upper bound. In order to assess how conservative these upper
bounds are, we computed the estimation error and objective cost of the system coupled with the estimation
and control algorithm for different values of the number of transmitted bits nj, and consensus iterations / s
maintaining the values of a, b, a and B. In Figure 12.6, we plot the base 10 logarithm of the average control
objective cost of the system defined by

1 Z
AEE:=—) llel,
=
where 7 > 0 is the final time of the simulation, and in Figure 12.7, we plot the base 10 logarithm of the average
estimation error of the observers defined by

1
ACC:=— ) x[Qx,.
If =0

In both Figure 12.6 and 12.7 we plot the isocontours of the base 10 logarithm of the data rate defined by
DR:=nny lf,

the values for each point of nj, and Iy represent the average of 5 realizations of the system for 77 = 100. We
only plot the values for points where the average estimation errors are smaller than 102. Also for both figures
we represent a dashed dotted line, obtained by linear regression, defined by [f = 41.4 —2.47ny,, where above it
the average estimation error is smaller than 20. We also represent a line Iy = 41.4 —2.47n,, where above it the
average estimation error is in general smaller than 11.5.

We can observe from Figures 12.6 and 12.7 that in practice above the line Iy = 41.4 —2.47ny,, represented by
a dashed line, we obtain a performance similar to the centralized Luenberger observer, and below that line
the performance of the algorithm degrades quickly when reducing the number of consensus iterations or the
number of transmitted bits. In Figures 12.8 and 12.9 we plot the average estimation error and the average control
objective cost along the line lf =[41.4-2.47nyp].

From Figures 12.8 and 12.9 one can observe that the performance of the algorithm does not change significantly
along the line Iy = [41.4—2.47n,]. Along that line the required data rate (DR) is shown in Figure 12.10. We
can conclude from Figure 12.10 that the two best settings that yield a performance similar to that of a centralized
observer are transmitting 3 bits and a performing a 35 consensus iterations, yielding a data rate of 8100 bits/s,
or exchanging 17 bits and performing 10 consensus iterations, yielding a data rate of 10200 bits/s. In this case
the better strategy would be to to transmit 17 bits and performing 10 consensus iterations. However, since the
difference is not large, we can envision that in some cases transmitting a low number of bits and performing a
large number of iterations would be more advantageous.
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Figure 12.6 — Base 10 logarithm of the average estimation error (log,, (AEE)) for different numbers of bits
transmitted r;, and consensus iterations /. The base 10 logarithm of the required data rate (log;, (Bw)) contour
lines are plotted in labeled solid black lines. The dotted black lines represent the theoretical bounds for stability

of Theorem 21.

20

18

16 M

14

number of bits
> N

©

o)

Average control cost

10 2 30 40
number of consensus iterations

23

225

2.2

2.15

21

2.05

1.95

1.9

1.85

1.8

Figure 12.7 — Base 10 logarithm of the average objective control cost (log;, (ACC)) for different numbers of bits
transmitted n;, and consensus iterations I¢. The base 10 logarithm of the required data rate (log;, (Bw)) contour
lines are plotted in labeled solid black lines. The dotted black lines represent the theoretical bounds for stability

of Theorem 21.
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R} Range-Based Formation Control

In order to prepare the Medusa-class autonomous underwater vehicles (AUVs) for more complex tests, in the
scope of the MORPH project Abreu et al. [2015], and to introduce a scenario which can profit from the use
of distributed estimation methods, as will be seen in Chapter 15, in this chapter we propose controllers for
formation control of AUVs in a scenario where we have two surface vehicles (the anchor vehicles) which are
equipped with GPS, so as to follow desired paths and one or more follower vehicles which are required to reach
and maintain a desired formation with the anchors, relying on measurements of the distances to the leading
vehicles and exchanging complementary data. This chapter proposes a control strategy for the follower vehicle
that uses simple feedback laws for speed and heading commands to drive along track and cross track errors to
zero. Simulation results using a realistic model of an existing marine vehicle are described and discussed. The
performance of the algorithm that we propose is demonstrated in sea trials with the same vehicles, equipped
with acoustic modems and ranging devices affected by noise, outliers, and communication losses.

13.1 Problem formulation

The range based formation control problem addressed in this chapter can be understood by referring to Fig. 13.1.
The objective is to execute a triangular formation keeping maneuver, that is, to drive and maintain a vehicle,
henceforth known as the follower, at a desired position with respect to two leader vehicles that run a cooperative
path following controller Ghabcheloo et al. [2009]. The follower obtains, via an acoustic ranging and communi-
cation device, range measurements to each leader, as well as their headings. These measurements have a period
of multiple seconds.

The kinematic model for the AUV is written in terms of its speed and heading. In the figure, the follower is at
position p with controlled speed v and heading angle ¥ measured with respect to an inertial reference frame.
The leaders move in cooperation, with equal reference speed and heading denoted v; and v, respectively. For
simplicity, we assume that the course and heading angles are equal, i.e. there is no current and side-slip is
negligible. The two leaders, denoted x; and x,, move at a fixed distance d from each other.

To describe the geometry of the formation we define an x — y frame with origin at the midpoint between the
leaders. The y axis points from x; to x, and the x axis points 90° clockwise from the y axis. The desired
position of the follower, denoted pg, is at a distance d; from x; and dy from x,. To disambiguate the two
possible locations of p; we introduce a flag x4 so that if x; = 1 then pg is on the negative side of the x axis, and
if x; = —1 then p, is on the positive side of the x axis.
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Figure 13.1 — Formation diagram.

For controller design purposes we define the along track - cross track, € — § reference frame with origin at p.
The along track axis € points in a direction opposite to that specified by the heading of the leaders, that is,
W +180°. The & axis points 90° anti-clockwise from the € axis. Written in the € — § frame, the kinematics of the
follower vehicle are as follows:

Pe =V —vcos(y — ;) (13.1)
Ps = —vsin(y —y ;). (13.2)

where p, and ps are the € and 6 coordinates of p, respectively. The goal is to derive outer-loop feedback laws in
pe and ps to drive the follower vehicle to the desired position pg, specified by the desired distances d; and d»
and by the flag x; (see Fig. 13.1). If the errors p. and ps go to zero, then p converges to pg .

13.2 Related Work

Representative work in the area of relative formation control includes that of Desai et al. [1998, 2001] on the
so-called leader-follower formation control problem for a formation graph with an arbitrary number of vehicles.
In the work cited, two approaches were proposed using either range-bearing or range-range control, depending on
the available sensors. In both approaches, knowledge of the leader motion was assumed. A different strategy is
employed in Cao and Morse [2007, 2008], where a solution is proposed for a 4-vehicle station keeping problem,
requiring exclusively range measurements and a decentralized control policy using switched adaptive control.
The vehicle dynamics correspond to single integrators in 2D.

In the more recent work of Cao et al. [2011], the authors advance algorithms to coordinate a formation of mobile
agents when the agents can only measure the distances to their respective neighbors. This solution requires that
subsets of non-neighbor agents cyclically localize the relative positions of their respective neighbor agents while
these are held stationary and only then move to reduce the value of a cost function; the latter is nonnegative and
assumes the zero value precisely when the inter-vehicle distances in the formation are the pre-specified desired
distances. Again, it is assumed that the mobile agents can be described by kinematic points.

Additional related work includes that of Anderson and Yu [2011], which provides conditions on the range
measurements required for each vehicle to infer the relative positions of its neighbors in its own coordinate
frame. In the work of Kim et al. [2007], a method is presented for formation keeping of an unmanned aerial
vehicle using relative range information. The proposed controller is designed using classical input-out feedback
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13.3. Controller design

linearization methods. It is important to observe that the performance of any of these methods depends on the
accuracy of the range measurements, which are often subject to sensor noise and only available at discrete times.
To cope with this limitation, an extended Kalman filter, such as the one proposed in Alcocer et al. [2007], can be
useful as part of a range based formation keeping algorithm. A similar approach has been proposed for merging
inertial and range information for localization purposes (e.g. Allotta et al. [2011]).

Motivated by the above considerations, Soares et al. [2012, 2013] addressed the simplified problem of maintaining
an autonomous vehicle in a moving triangular formation with respect to two leader vehicles that move at the
same speed and with constant separation. The follower vehicle has no a priori knowledge of the path described
by the leaders and its goal is to follow them by regulating its relative position to a desired point in the formation,
using range measurements and the heading of the leaders.

The present chapter borrows the framework and control structure proposed in Soares et al. [2012]. However, it
departs from it in that it deals with a flexible geometry, where the formation is not restricted to the case where the
distance to the two leader vehicles is identical and the two-leaders travel side by side. Rather, the leaders follow
the same path with one trailing the other. To cope with this new situation, instead of regulating the common- and
differential- mode errors defined in the previous work, suitably defined along track and cross track errors are
regulated to zero. This set-up is strongly influenced by the mission scenarios adopted in the scope of the EU FP7
project MORPH (Kalwa et al. [2013]), where a formation is spearheaded by a single vehicle equipped with a
multibeam echosounder and trailed by a communication coordination vehicle.

13.3 Controller design

The control system, depicted in Fig. 13.2, consists of multiple discrete modules. The follower vehicles receive
periodically, with an acoustic modem, messages from the leader vehicles. These messages contain the heading

aco

of the leader {““, and through a Dynamic Long Baseline (DLBL) method one can compute the message travel
time between the leader and the follower in the acoustic medium ¢%°°. These signals are then processed to
exclude outliers and filtered through Kalman filters yielding estimates of the distance between the follower and
x1 (21), the distance between the follower and x;, (22), and the circular mean of the leaders’ angle (/;). The
distance estimates 2, and Z, are used to compute (pe, ps), the estimated position of the follower in the € — 6
frame. Using the e coordinate, a velocity controller computes a command of desired speed u,; which is then
linearly transformed to a common mode command. Finally, with the leaders’ heading estimate 1/; and the &
coordinate, a heading controller yields a reference for the follower’s heading angle ;. The details of each

module are presented in the subsections below.

13.3.1 Outer-loop feedback

One distinctive characteristic of this work is the use of simple control laws that separately regulate the desired
linear velocity u, and heading 4. These are then fed to inner loop controllers specific to the vehicle.

The control law for the desired velocity is given by

t
Ug = sat(ku,,pe + km-f pedT + Ulnom), (13.3)
0

where ky is the proportional gain, ky; is the integral gain and vy, is a scenario-configurable nominal velocity.

nom

While not strictly required, the use of a v;  close to the leader speed accelerates the convergence to the desired

nom

speed and position. The final value is run through a saturation function that limits the output to [Vmin, VUmax]. An
integration clamping anti-windup scheme is adopted, i.e. the integration is interrupted when the control variable
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Figure 13.2 — Control system diagram.

saturates and the control error and control variable have the same sign.

The control law for 4 is given by

t
wd=1/71+sat(kwpp5+kwif0 padr). (13.4)
The heading controller tracks the reference heading estimated from the information sent by the leaders, and adds
a PI controller on the error ps. The output of the PI controllers is saturated to [-0.5rad,0.5rad] so that, even
for large errors, the vehicle does not move in a direction opposite the leaders’. As in the case of the velocity
control law, an integration clamping anti-windup scheme is implemented.

With these control laws, defining 1:= v; — ky; [y pedt — vy, and & := —kyi s psdt and neglecting the inner
loop dynamics, i.e. considering v = uy and ¢ = ¥, we may linearize the kinematics of the follower about the
desired position p; and about heading v = v; and speed v = v; yielding, from (13.1) and (13.2),

Pe | _| “Rup 1) pe | (13.5)
n _kui 0 n

and
Po | _ | ~vikyp Vit po (13.6)
¢ —kyi 0 ¢

The characteristic polynomial for the p, dynamics is s + sky, p + kui and the characteristic polynomial for the ps
dynamics is 2+ svikyp + viky;. Therefore, we may select the gains for ps as kyp := 2{ywny and ky; := wfm
and the gains for pe as kyp := (ywny /v and ky; := wflw/vl.

13.3.2 Outlier rejection

Due to the nature of acoustic ranging, erroneous readings are frequent, especially in shallow waters with irregular
seabed topography. Therefore, the range samples received must be filtered for outliers. A measurement m is
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accepted if it is inside the interval

[a—Smax-(t— 1), a+ Spmax - (T—1])]. (13.7)

aco

For z:= vgouna - t*° to be accepted, we consider $;,qx = Umax, the maximum speed of the vehicle, and for y !

to be accepted we consider $;,4x = Wmax, the preset maximum angular speed.

When a measurement is accepted, a and ¢; are updated according to #; = t and a(k+1) = (1—kgec)-a(k) +kgee-m,
where k,.. =0.5. When a measurement is not accepted but is inside the interval

[a—4Smax - (t—11),a+4Smax - (t—1])], (13.8)

then a is updated as a1 = (1= kyej) - g + kyej - m, where kyoj =0.25. A measurement outside these ranges is
discarded.

13.3.3 Kalman filter

The long period between samples and relatively fast error dynamics require the use of an estimator to improve
the behavior of the controllers. The problem is further exacerbated in the presence of packet loss, frequent for
some scenarios and particular modem alignment conditions. The estimated states are 2;, 2, and 1/; with one
Kalman filter for each state, and their respective discrete-time increase or decrease rate. In precise terms, we
chose to use a Kalman filter, with a design model as follows:

Xps1 = Axp+ w, (13.9)

where A is defined as

11
A= o1l (13.10)
and w is process noise with covariance matrix Q. The output equation is
Yk = HXp + Vg, (13.11)
where H is defined as
H=[10], (13.12)

and vy is process noise with covariance matrix R. The sampling period considered is 0.2 seconds. Notice that
we only perform the update step when a measurement is received, i.e. during most samples only the prediction
step is performed.

The Kalman filters are updated each time a new measurement is accepted. The estimated ranges Z; are updated
with y = Vgouna t{°° and the estimated leaders’ average heading ¥; is updated with the circular mean of the last
accepted headings from each leader.

13.4 Simulation results

Simulations were carried out in order to evaluate the performance of the algorithm in preparation for the sea
trials. For this purpose, we used a Simulink model of the MEDUSA AMYV shown in Fig. 13.3, with the inner
loop controller for heading described in Ribeiro et al. [2012].
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Figure 13.3 — The Medusa vehicles.

The two leaders follow the same path at 0.5m/s with the follower at starboard of the leaders. Each vehicle is
15m away from the others, that is, y; = —7/2, x;, = 1 and d; = d» = d = 15m. The acoustic modems of each of
the leader vehicles transmit information with a period of 4s. The simulation time step is of 0.2s. Sensing and
ranging imperfection are taken into account, with a packet loss rate of 40% and added Gaussian ranging noise
with a standard deviation of o = 0.45m. The parameters of the ROF controller are the following:

© wpy - 0.041,
« {,-0.82,

* Wny - 0.0022,
* {y-89.

The simulated paths of the vehicles can be seen in Fig. 13.4 and the along track and cross track errors are shown
in Fig. 13.5.

From Figures 13.4 and 13.5 we can conclude that the control algorithm achieves the objective of keeping the
vehicles in formation, and is able to cope with packet losses and sensor noise with a standard deviation of 0.45m.

After an initial transient phase, the along track and cross track errors are bounded between —5m and 5m. There
is, nevertheless, room for improvement on the range measurement filters, especially to mitigate the effect of
packet losses. A possible enhancement would be using an extended Kalman filter (EKF) that takes into account
the input commands.

13.5 Sea trials

To verify the performance of the ROF controller, trials were performed at Parque das Nagdes, Lisbon, Portugal,
in a closed harbor with shallow waters and no boat traffic. The MEDUSA AMYVS, developed at the LARSyS/
ISR/IST, Lisbon, Portugal, were used in the sea trials.

The vehicles implement a Dynamic Long Baseline method conceived by the NATO Center for Maritime Research
and Experimentation (CMRE) atop functionalities present in the EvoLogics modems (Kebkal et al. [2012]). Each
node has the ability to accurately time-stamp, in a local clock, the incoming and outgoing packets. Every packet
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Figure 13.4 — Simulated vehicle paths. The solid red line is the actual path followed by the vehicle, the gray solid
line represents the computed path with range measurements, and the dashed lines represent range measurements.
The segments between a circle and a cross represent periods during which no range measurement was received
from one of the vehicles in the preceding 12 seconds.

sent is then used as a query and yields N-1 replies in a distributed LBL scheme, considering the time differences
between queries receptions and reply transmission. Since the nodes are at close distance, rigid time-division
multiple access (TDMA) is used without incurring a large penalty in channel capacity. Heading exchanges are
piggybacked on these localization packets. At the end of each round, and in the absence of losses, all vehicles
will know the distance to and heading of every other vehicle in communication range. This is an improvement
over the simple ping-reply model used in Soares et al. [2013].

During this trial, we again considered the mission described in Section 13.4. The paths described by the vehicles
during the trial are shown in Fig. 13.6 and the along track and cross track errors are shown in Fig. 13.7. Aside
from minimal disturbances, the follower is able to better track the leaders than observed in the simulation. This
suggests that either our vehicle model is not a sufficiently accurate representation of the real vehicles and/or
that our simulation overestimates sensor noise and packet losses. The latter is found to be true, with packet loss
during trials recorded as 8.12%, compared to the 40% rate used in simulation.

13.6 Conclusions

This chapter proposed a solution to a three-vehicle formation keeping problem where a follower moves in a
triangular formation with two leader vehicles. The follower has no knowledge of the path taken by the leaders,
and uses only inter-vehicle range measurements, the predefined relative position between the two leaders and
their headings.

Preliminary simulation results were described for a lawnmower motion using a dynamic model of the Medusa
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Figure 13.5 — Along track (p¢) and cross track (ps) errors during simulation. The black line represents the
estimated errors from the ranges measured by the virtual acoustic modems. The blue line indicates the exact
along track and cross track errors, as if they were computed using continuous exact measurements.

vehicles developed at ISR/IST. The results show good performance with error bounded to a 5m window.

We have also addressed the implementation and testing of the algorithm in marine scenarios using real marine
vehicles. The algorithm is able to deal with range measurements that are only available at discrete points in time,
with a period of several seconds. Furthermore, these measurements are affected by sensor noise and outliers, as
well as communication delays and temporary losses.

Future steps will include the analysis of the performance and robustness of the algorithm proposed. A simple but
significant improvement would be to use estimators with accurate vehicle dynamics, taking into account the
commands given to the vehicle, as well as other data, namely from inertial sensors.
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y (m)

Figure 13.6 — Vehicle paths during trials. The follower vehicle is plotted in red and the leaders are plotted in
black and yellow.
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Figure 13.7 — Along track (p,) and cross track (ps) errors during trials. The black line represents the estimated
errors from the ranges measured by the acoustic modems. The blue line indicates the along track and cross track
errors computed using RTK GPS measurements.
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1] Cooperative Path-Following with Event-
Based Communications Field Tests

This chapter contains the results of field trials with autonomous marine vehicles that illustrate the efficacy of
the event-triggered coordinated path following algorithm derived in Chapter 10. In addition, on each test, a
saturation of the RPM control signal in one of the vehicles (the so-called Medusa-black vehicle) is temporarily
enforced in order to test the resilience of the proposed algorithms to transient events that may have a negative
impact on coordination.

14.1 Test Set-up

The field tests were performed with 3 Medusa-class AUVs, the properties developed by DSOR/ISR. We name
the vehicles with the Black, Red and Yellow MEDUSAs, corresponding to their colors. The vehicles and its
operation during the test are illustrated by Figure 14.1. Each Medusa vehicle is equipped with a navigation
system using GPS that allows it to access its own position. The communications among the vehicles take place
using a wi-fi connection. For further details on the technology used in the Medusa vehicles, we refer to Abreu
et al. [2016].

a - Medusa vehicles b - Red, Yellow and Black Medusas operating at sea

Figure 14.1 — Medusa surface vehicles and an aerial snapshot during the tests.

The communication topology between the vehicles used during the field tests is shown in Figure 14.2.
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&33 = Ur

PAY31 = Ur

Figure 14.2 — Communication topology and filters running at each vehicle. Vehicle 1 is the Red vehicle, vehicle
2 is the Black vehicle, and vehicle 3 is the Yellow vehicle.

The performed mission in all the reported trials was the following:

* Nominal path for the RED vehicle: Lawnmower trajectory with 30m length for straight line segments and
12m radius for circle segments,

» Formation: Alongside alignment, Sm of separation with the red vehicle at the center following the nominal
path,

* Nominal speed along the nominal path: v, = 0.5m/s.

In the following plots, when displaying the dimensionless path-following variable, the latter corresponds to the
arc-length in meters along the nominal path, i.e. the path taken by the red vehicle.

In the field tests the following algorithms were tested:

» Coordinated path-following with event-triggered communications with € = 0.2m, € = 0.6m, and € = 1.4m,

* Coordinated path-following with event-triggered communications with € = 0.6m, subjected to packet
losses (with a probability of communication loss of 20%) considering delays up to 2 seconds’.

14.2 Periodic Communications

To evaluate the performance of the controllers developed in the best case scenario, we tested the coordinated
path-following algorithm with periodic communications with a period of 0.2 seconds, which is equal to the
sampling period of the controller. The enforced saturation of motor propeller speed of the black vehicle occurs
at the beginning of the third circular segment, 400 seconds after the start of the mission, until 550 seconds
after the start of the mission. The trajectories of the vehicles are shown in Figure 14.3 and the evolution of the
path-following variables is displayed in 14.4.

We can observe from both Figure 14.3 and 14.4 that coordination is achieved from the beginning of the mission
and is maintained throughout the mission, even during the saturation of motor propeller speed of the black

ISince we are using a wi-fi network, message transmissions are virtually instantaneous. However, we assume that delays of up to 2
seconds could be possible and therefore in the case of a packet loss a message will only be resent after 2 seconds.
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Evolution of Path-Following Variables
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Figure 14.4 Path-following variables for CPF with periodic com-

Figure 14.3 Vehicle paths for CPF with periodic communications. .
munications.

vehicle. It is apparent also from Figure 14.4 that, since the black vehicle is not able to follow its assigned speed,
all the vehicles follow their assigned paths with a speed lower than the pre-defined.

14.3 Trajectory Tracking

Since all the vehicles have synchronized clocks, when the vehicles perform trajectory tracking they evolve in a
coordinated formation without requiring communications. The trajectory of the vehicles is shown in Figure 14.3.
The saturation of the black vehicle propeller rotation occurs in the beginning of the second straight line. This
was done to avoid that the black vehicle will depart from its path and collide with other vehicles, since it is not
able to follow its assigned position. This possibility highlights the advantage of cooperative path-following with
respect to trajectory tracking, for its resilience to events that force one or more vehicles away from its defined
position.

60 Coordinated Path Following

50+

st

30

X[m]

.10 1 1 1 1 1 1 1
20 10 0 10 20 30 40 50 60
Y[m]

Figure 14.5 — Vehicle paths performing trajectory tracking.

It is clear that, because the vehicles are not aligned and not moving at the beginning of the mission, they do not
align during the whole first straight line, and they only coordinate during the first circular segment. In contrast
with the behaviour of the cooperative path-following, uncoordination is very apparent during the saturation.
However, after the saturation is removed the vehicles become aligned again.
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14.4 Event-triggered Communications

This section contains the main results of this chapter, where it is shown the results of the field tests of the
cooperative path-following algorithm with event-triggered algorithms for values of € of 0.2, 0.6 and 1.4. For
all the performed tests in this section a saturation of the propeller rotation was introduced in the black vehicle,
between 400 and 550 seconds from the beginning of the mission, which corresponds to the period from the
beginning of the third circular segment to the middle of the fourth straight line segment.

14.4.1 Test with ¢ =0.2

Figures 14.6 and 14.7 contain the trajectories of the vehicles and the evolution of the path-following variables
fore=0.2.
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Figure 14.6 Vehicle paths for event-triggered communications Figure 14.7 Path-following variables for event-triggered commu-
with € =0.2. nications with € = 0.2.

One can observe from Figures 14.6 and 14.7 that coordination is maintained throughout the test with the vehicles
running at a lower speed during the enforced saturation. The communication events between the vehicles and
the estimation errors are plotted in Figures 14.8, 14.9 and 14.10.

Communications between Red and Black
T T T T

T

Red to Black HH -
Black to Red oA HHERE - -
1 1 1 1 1 1
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Estimation error of Red

0 100 200 300 400 500 600

Communications between Red and Yellow
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Red to Yellow + W H+ < -
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0 100 200 300 400 500 600
t[seconds]

Figure 14.8 — Communication events and estimation error on the red vehicle for € = 0.2.
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Figure 14.9 Communication events and estimation error on the
black vehicle for e = 0.2.

Figure 14.10 Communication events and estimation error on the
yellow vehicle for € = 0.2.

From Figures 14.8, 14.9 and 14.10, one can observe large periods without communications after the initial period
when the vehicles are still converging to the paths from their initial positions and before the enforced saturation.
However, the number of communications is still elevated. During the enforced saturation, since the vehicles
move at a speed which is lower than the reference, the estimates of the path, the vehicles communicate almost
periodically. As expected, since we do not have packet losses in this test, the estimation error of all the vehicles
never surpasses 0.2.

14.4.2 Test with ¢ =0.6

For € = 0.6 the trajectories and path following-variable evolution of the three vehicles were the ones plotted in
Figures 14.11 and 14.12.
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Figure 14.11 Vehicle paths for event-triggered communications
with € = 0.6.

Figure 14.12 Path-following variables for event-triggered commu-
nications with € = 0.6.

From both Figure 14.11 and 14.12 it is visible a slightly worse performance during the saturation than for the
case with € = 0.2. Figures 14.13, 14.14 and 14.15 contain the communication instants and estimation errors of
the path-following variables of all the vehicles.
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Figure 14.13 — Communication events and estimation error on the red vehicle for € = 0.6.
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Figure 14.14 Communication events and estimation error on the Figure 14.15 Communication events and estimation error on the
black vehicle for € = 0.6. yellow vehicle for € = 0.6.

From Figures 14.13, 14.14 and 14.15 one can observe that after the initial convergence and before the enforced
saturation the communications are sporadic and occur only at the instants when the vehicles enter or leave the
circular segments. This is the case since the outer and inner vehicles on the circular segment are required to
respectively accelerate and decelerate instantaneously to follow their pre-defined paths.

14.4.3 Test withe=1.4

For € = 1.4 the trajectories followed by the vehicles and the path-following variables of the vehicles were the
ones shown in Figures 14.16 and 14.17 respectively.
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Figure 14.16 Vehicle paths for event-triggered communications
with € =1.4.
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Figure 14.17 Path-following variables for event-triggered commu-
nications with € = 1.4.

During most of the mission the vehicles are coordinated. However, it is apparent that during the enforced

saturation we have a much worse performance than in the previous cases with the black vehicle further behind

the other two vehicles. Also, during the enforced saturation, one can observe oscillations in the heading of the

yellow vehicle. This is likely due to sudden variations of reference speed whenever a message is received. The

communications events between the vehicles were the ones shown in Figures 14.18, 14.19 and 14.20.
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Figure 14.18 — Communication events and estimation error on the red vehicle for € = 1.4.
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Figure 14.19 Communication events and estimation error on the Figure 14.20 Communication events and estimation error on the

black vehicle for € = 1.4.

yellow vehicle for € = 1.4.

In this case we obtain a very low number of exchanged messages after the vehicles reach coordination and before

the saturation. In total after coordination and before saturation we can count only two communications from the

black vehicle and one from the yellow.

14.5 Event-triggered Communications with Packet Losses

To check the predicted performance with acoustic communications we perform tests with packet losses and
delays for € = 0.6. The saturation only takes 40 seconds and occurs at the start of the third straight line.

60 Coordinated Path Following

50 -

40t

30+

X[m]

-30 L L

-20 0 20 40 60
Y[m]

80

Evolution of Path-Following Variables

250 T
/|
200 / 4
/
_ 150+ ’ // J
K J/
o v
Q
©
§ 100} / i
[ ,
& e
50} / 1
0 ——MedBlack
MedRed
MedYellow
100 200 300 400 500

t[seconds]

Figure 14.21 Vehicle paths for event-triggered communications Figure 14.22 Path-following variables for event-triggered commu-

with € = 0.6 and packet losses.

nications with € = 0.6 and packet losses.

We can observe from Figures 14.21 and 14.22 that the performance is similar to the case without packet losses
and € = 0.6. The communications among vehicles are shown in Figures 14.23, 14.24 and 14.25.
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Figure 14.23 — Communication events and estimation error on the red vehicle for € = 0.6 and packet losses.
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Figure 14.24 Communication events and estimation error on the
black vehicle for € = 0.6 and packet losses.

Figure 14.25 Communication events and estimation error on the
yellow vehicle for € = 0.6 and packet losses.

One can observe that the communications events are still sparse in this situation. However, the numbers of

exchanged messages is much larger than in the case without packet losses.
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15.1 Test setup

To test the performance of the algorithms described in Chapter 12 a set-up was mounted composed by three
model cars (AMZ Atomic) controlled with an R/C radio connected to a computer with a PcTX cable, a cable
that transmits pulse width modulated (PWM) commands to the R/C radio that will be relayed to the steering
servo and the electronic speed controllers in the model cars. The tests were conducted in a room equipped with
an OptiTrack vision tracking system which measured the position of the vehicles. The algorithms controlling the
cars were implemented in MATLAB.

15.2 Distributed Luenberger Observer

The trials consist of three vehicles which can only measure ranges to neighbours and communicate with neighbour
vehicles. The vehicles are also able to measure the range to a virtual beacon vehicle with a known position.
Those measurements are used on a distributed Luenberger observer, which is used to estimate the vehicle’s
positions by exchanging estimates. The position estimate is then used to control the cars using a trajectory
tracking algorithm. This set-up emulates the situation where we have a fleet of AUVs equipped with acoustic
modems capable of measuring ranges to a limited set of neighbours.

In the setting of these trials all the non-beacon vehicles communicate with each other and measure ranges to
each other and to a set of beacon vehicles %!. Only one communication with a finite number of bits, which will
vary on each test, is allowed after each vehicle makes the range measurements. We consider a fully connected
network and therefore one communication is sufficient to guarantee the conditions of Chapter 12. The number
of bits might not satisfy the requirements of Chapter 12, since we do not have an accurate model of the effect of
the control input. However, we show here that with a low number of transmitted bits we obtain a stable closed
loop system.

We consider that the pre-defined paths of the vehicles, pil(t), define a formation with fixed distances between

the cars, that is, “ pé(t) - pl]i( 1) ” is constant for ¢ € R* and i, j € &, where A4 is the set of non-beacon vehicles.
To design the distributed Luenberger observer, we take into consideration the deviation from the desired position
in the formation frame

¢ :=Ry(p' - p}),
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where R; is the rotation matrix between the inertial frame and the tangent to the path at the center of the
formation, and p’ is the position of the ith vehicle. The Luenberger observer is designed on the assumption that
the deviation from the desired position has the following discrete time dynamics.

e 1i
Cs1 = € Cpp Wy,
i _ i 2i
Ske1 = Shrr T WE

where w,lci € R? and wii € R? are bounded process disturbances. Note that it is possible to recover p’ knowing
é' through p’ = Rgéi + p;,. The state of the system that will be observed by the Luenberger observer is then

i

X =col e
¢ ¢

kliiew )

k

which is assumed to follow the discrete time dynamics
Xpi=13® A+ wy

where wy. € R!2 is a bounded process noise and A is defined as

L b
0 b

The measurement equation for each vehicle is

col(|p’ - p*/|, j € ')

hi(x):: X T
col(|[p'=p’||,jeN)

)

where %' is the set of beacon vehicles from where i measures ranges and p?/ is the position of beacon j. The
set of measurements that is assumed to be available to each vehicle is

Yi=h )+,
where 1/,"c is a bounded measurement noise. The observation matrix matrix for each vehicle is computed as the
linearization of the measurement equation when the vehicles are at their defined positions, that is, it is defined as

. ont
C':=—(0).
ax()

The observer gain L of the Distributed Luenberger observer was computed by solving an ARE as proposed in
Subsection 6.3.3 of Chapter 6 which provides a positive definite matrix P and a matrix L such that || 3@ A—LC| p <
1, where C := col(C?). The matrix L is then partitioned in local sub-matrices such that L = row(L’) and a decrease
rate B is selected such that | I3 ® A— LC||p < 8 < 1. The distributed Luenberger observer is the following

where
%,y =l ® AT +3L (y - B (0) - C'5}),

Regarding the quantizer parameters, a decrease rate of § of the quantization interval was implemented. However,
since it is difficult to obtain a-priori bounds on the process noise, the quantization interval is determined according
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to a zoom-in, zoom-out approach, that is, it is defined as

o { pay it |5~ Q} (<}

k+17 2A;'C otherwise

The number of bits for each dimension of the state, nj, was set to a different value on each test.

15.3 Trajectory Tracking Controller

A trajectory tracking controller was implemented that drives the vehicles to their assigned paths p; by controlling
the desired surge speed u, and yaw rate r; of the vehicles.

Dropping the vehicle index, and defining & := R(p — p;) where R is the rotation matrix from the inertial frame to
the body frame of the vehicle, and p is the estimated position of the vehicle, the trajectory tracking control law
is the following

Ug

. =A"'(-K(@-8&+R"pa), (15.1)
d

where K is a positive diagonal matrix, and for a positive constant § > 0,

1 0

A=
0 -6

’

and 6 := 1[5, 0]T. The speed of the vehicle is controlled by a PI controller which assigns commands to the motor
of the vehicle to drive the surge speed to u,. Finally, the yaw rate of the car is driven to r; by commanding the
steering angle of the vehicle, which is determined by inverting a mapping between the steering angle and yaw
rate.

15.4 Mission

The formation of the three non-beacon vehicles and the two beacon vehicles along with the measured ranges is
shown in Figure 15.1.

It can be seen from Figure 15.1 that each non-beacon vehicle is not able to determine its own position only by its
own range measurements to the beacons, thus it is necessary that the vehicles communicate among themselves to
estimate their positions. The trajectory followed by the vehicles during the trials is a cyclical trajectory composed
by two straight lines and two half-circles. The nominal assigned speed is 0.8m/s. During the trials, the frequency
of the algorithm is 10Hz, which corresponds to the frequency at which each vehicle measures ranges and the
frequency at which each vehicle exchanges its estimate with the others.

15.5 Test with n;,:=16

The first test performed the number of transmitted bits for each dimension of the state nj; was set to 16. For
that test the trajectories followed by the cars and the estimated positions are shown in Figure 15.2. The position
errors are shown in Figure 15.3.

We can observe from Figures 15.2 and 15.3 that the vehicles follow their assigned paths with a deviation of up to
0.2 meters. The estimation errors during the test are displayed in Figure 15.4 and the quantization interval size is
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Figure 15.1 — Formation of the cars during the trials. The orange vehicles correspond to virtual beacon vehicles
that are assumed to follow perfectly their assigned paths. The dashed red lines correspond to the measured
ranges.
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Figure 15.2 Trajectory of the vehicles during the first cycle of the

trial for nj, := 16. The solid lines are the pre-defined trajectories, Figure 15.3 Deviation from the assigned position for rj, := 16.
the dashed lines are the cars trajectories and the dots are the

estimated positions.

shown in Figure 15.5. One can see from Figure 15.4 that the estimation errors are of the same size as deviation
to the assigned position. We are assuming a linearized system and therefore the estimation error is expected
to be proportional to the distance to the desired position. From Figure 15.5 it is visible that the quantization
interval size remains bellow 0.1 throughout most of the test, while surpassing 0.3 for brief periods.

15.6 Test with n,:=4

For the test with ny, := 4 the trajectories followed by the cars and the estimated positions are shown in Figure
15.6. The position errors are shown in Figure 15.7.

From Figures 15.6 and 15.7 one can observe that the performance is similar to the case of nj, = 16, and that
the algorithm is robust to a challenging initial condition. The estimation errors during the test are displayed in
Figure 15.8 and the quantization interval size is shown in Figure 15.9.
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Figure 15.6 Trajectory of the vehicles during the first cycle of the

. Figure 15.7 Deviation from the assigned position for nj, := 4.
trial for ny, :=4.

From Figures 15.8 and 15.9 one can see that the estimation error size is similar to the trial with n;, = 16 indicating
that the quantization errors contribute little to the estimation error in this case. The quantization intervals are
greater than for nj, = 16 indicating that the quantization errors are also larger.

15.7 Test with n;,:=3

Finally, the trajectories followed by the cars and the estimated positions for the test with 7y, := 3 are shown in
Figure 15.10 and the position errors are shown in Figure 15.11.

It can be seen that the behaviour of the estimation errors is very different from the previous cases, since the
quantization error has a greater impact on the estimation performance. During the first cycle the vehicles
followed their assigned paths. However, it is visible from Figure 15.11 that the cars diverge slowly from their
assigned paths. The estimation errors are shown in Figure 15.12 and the quantization interval size are plotted in
Figure 15.13, where it is visible that the path-following control system is unstable in this case.
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| (i)Y Conclusions

In this thesis we proposed a number of algorithms for distributed state estimation and cooperative path-following
that take into account explicitly the bandwidth limitations of the communications medium.

It was shown that the proposed quantized consensus algorithm achieves consensus asymptotically and that there
are explicit convergence conditions yielding convergence rates that can be as close as one wishes to the case
of unquantized communications, depending on the number of transmitted bits, and compute explicitly upper
bounds on the deviation from average of each node. We have also shown that when the value stored at each node
is disturbed by a bounded noise the ultimate bound on the difference to the average of a node is proportional to
the magnitude of the noise.

We also proposed a new design method for a distributed state estimation algorithm for linear systems with
guaranteed stability for collectively observable systems, that only requires the broadcasting of the node’s state
estimate at each discrete time instant. We demonstrated with simulations that, for some particular conditions, the
algorithm has a lower estimation error norm than the other methods that use the same bandwidth and yield stable
estimation errors for unstable systems.

We proposed a cooperative path-following algorithm with self-triggered communications that is robust to delays
and packet losses and we proved that the closed-loop system is input to state stable with respect to disturbances.
We have shown through simulations and with tests in real vehicles that the self-triggered cooperative path-
following algorithm has adequate performance for formation control of autonomous marine vehicles. Moreover,
the algorithm only requires communications when the vehicles are converging to their paths and into formation,
and after that phase the vehicles practically do not need to communicate. From the tests with real vehicles it was
found that cooperative path-following is a safer approach to formation control than trajectory tracking, since
formation is maintained even when for some reason one vehicle lags behind temporarily, avoiding possible
collisions.

We have also shown that with an appropriate parameter choice and given that the system is collective detectable,
the distributed estimation and control algorithm with progressive quantization proposed in this thesis yields a
bounded estimation error and state in every agent, with bounds proportional to the process and measurement
noise.

We demonstrated in simulations that in a particular example the two best possible strategies in terms of bandwidth,
that yield estimation errors with the same magnitude of the centralized case, are either transmitting 3 bits and
performing a large number of consensus iterations between two discrete time instants, or performing the least
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possible number of consensus iterations guaranteeing adequate performance while communicating a large
number of bits.

Finally, it was shown in tests with model cars that distributed estimation with quantized consensus is a feasible
strategy for formation control using only range measurements between the vehicles, and, in that case, stability
was achieved when each vehicle broadcast 10 times per second a vector of dimension 12 with each element
coded with 4 bits. That is, we required a data rate of 10 x 12 x 4 = 480 bits per second.
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We have determined conditions under which quantized distributed estimation and self-triggered cooperative
path-following are input to state stable with respect to disturbance and measurement noise. However, in order to
assess the performance in practice of the devised algorithms, a rigorous analysis of the trade-off between the
available bandwidth and the performance of the algorithms would be useful.

A strong assumption in quantized consensus and, consequently, in quantized distributed estimation is the
assumption that there are no packet losses, and therefore that each node knows exactly what data was received
by the out-neighbours. A possible method to cope with packet losses is the adaptation of protocols such as the
method in Saab et al. [2017] to ensure that all the agents know which information each observer used to update
its own state.

To complete the analysis of the application of quantized distributed estimation to cooperative navigation of
Chapter 15, a potential future work to assess the suitableness of the algorithm in real conditions is to perform sea
trials with Medusa vehicles using acoustic modems. Also, another limitation of the tests of Chapter 15 is that,
since the noise bound is not known beforehand, the quantization interval was selected according to a zoom-in
zoom-out method, instead of the progressive quantization method proposed in Chapter 12. Both methods are
similar, in that the quantization interval decreases with a pre-determined decrease rate. However, in the method
of Chapter 15 the quantization interval length does not reach asymptotically a fixed value but instead it increases
whenever the quantized value is outside the quantization interval. A theoretical analysis of the method in Chapter
15 in terms of stability would be useful.

Since in underwater environments there are few available positioning systems and we usually have to rely on
range measurements to other vehicles or beacons, and in Chapter 10 we assumed that the agents have knowledge
of their positions, we should investigate the stability of the coupling between cooperative navigation with range
measurements, as is done in Chapter 15, and cooperative path-following with quantized or event-triggered
communications, instead of trajectory tracking as in Chapter 15.

Another potential improvement to the theory in this thesis is the use of the results in Almeida et al. [2012], which
state that cooperative path-following with periodic communications is stable, to relax some of the assumptions
in Theorem 18, such as that the initial conditions must be within a neighbourhood of the origin.

A potential breakthrough in the theory of distributed estimation would be to determine under which conditions
in the distributed estimation method of Section 8.7 in Chapter 8 the global covariance matrix converges to
a fixed value. In that case it is expected that we would obtain the advantages of the method with known
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cross-correlations of Section 8.7, which is optimal in the stochastic sense, with the light on-line computational
burden of a distributed Luenberger observer.

Another potential research topic in the field of distributed state estimation for linear systems is to investigate
under which conditions it is possible to stabilize a system using distributed observers to estimate the state and
using these state estimates to perform feedback control. This problem is not trivial since each node does not
have knowledge of the control action the other nodes apply. In particular, the application of model-predictive
control for constraint satisfaction is particularly challenging in this context since each agent must guarantee that
the constraints are not violated without knowledge of the state estimate present in the other agents.

Finally, a possible extension to the quantized distributed estimation methods is to extend the developed methods
to non-linear systems using methods similar to the extended Kalman filter.
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.\ Appendices of Chapter 6

A.1 Proofs of Ellipsoidal norm Properties

Proof of property P1.
IABllp:=  sup [Ayllp<= sup [[Ayllp =IlAlplIBlp.
y=Bx,|xllp=1 lylp=IBllp=1

Proof of property P2. Because p(A) < 1, given any positive definite matrix Q there is a positive definite P such
that ATPA— P = —Q. Multiplying on the right by P~ and on the left by P~2T one obtains

D=

p:TQp2=1,-pP:TATpAPz.

Moreover, since Q and P are positive definite, and thus P*%TQP*%, and because P2 TATPAP7 is positive
semidefinite, it follows that

0< Omin(QZP2) < 1.
AS a consequence,

|Alp:= sup VxTATPAx= sup \/lellz—xTQx \/1— min, 117,

lxllp=1 llxllp=1 xllp=

\/I—Hm 1Q2 P~ 2xllz—\/l Omin(Q2P™2)2 < 1.

Proof of property P3.
Given the ellipsoid %, := {y|l|yllp < a}, define its support function as

— T
hay, (y) := fcré%i(y X.
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Performing the change of variables y := P?x we have

ha, (y) := max y" P2y,
Iyl=a

which can be solved by inspection to yield

1
_1 P72 _1
h%(y):zyTP 2 17’ a=|P zy|a.
7]
Therefore,
min |lyllp= max a= max a= max «
1¥loo=1 WA b FOSfi | pdasy,
= min ]' = m(P).
1<i<n P—EFI_TH
Furthermore,

max [|yllp =max|yllp = max |v;llp:=M(P).
IYleo=1 yeESH 1<i<2n

Given two positive definite matrices P; and P, of size n; x n; and ny x np, respectively and defining Fl.1 as the
ith row of the matrix F' := [I,,,,~I,,17, and F! as the ith row of the matrix F?:= [I,,,,—I,,]" it follows, using
property P5 and the usual properties of the Kronecker product, that

1

m(P;® Py) = min
ISiSrll,lSjSI’lz

1 1
T2 2 plT 2T
P *eP,*FlTe F?

. 1
I<i=mi%j=n 1 ) = m(Py)m(Pz).
sisnplsjsm | =y o7 || || p=2 2T

Py PF Py ° F

Furthermore, defining v} as the ith vertex of the hypercube #" := {y|F'y <1} and v? as the ith vertex of the
hypercube .#? := {y|F?y < 1} we have

_ 1,2 _ 1 2l _
M(PreP;) = 15is2r"rll,élus(j52”2 i ®V; ”P1®P2 B 151‘325111,&11)5(]'52@ lvi ”Pl ” vj sz = M(PYM(Py).
]
Proof of property P4.
. = 1o
min _|[yllp, = min ||P, *v|| =0nin(P;P,?):=m(Py,Ps).
Iylp,=1 llvll=1 P,
Similarly,
11
max ||yllp, = Omax (P} P, ?) := M(Py, Py).
Iyllp,=1
O
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A.1. Proofs of Ellipsoidal norm Properties

Proof of property P5. Using the mixed product property of the Kronecker product gives

lA® Bllpop, = max [A® Bxlpep,-
[xllpyep, =1

Doing the transformation x := y ® z one obtains

= Tg,T - T AT TRT
IA®Bllpop, = ~ max 1" ® 2" | sro57p op,a08 = . max \/y ATP,Ayz"BTP,Bz
ly'ez ”P1®P2:1 yiPiyz! Pyz=1

= max \/yTATplAszn[}ax \/2TBTP,Bz = || Allp, | Bl p,.

y'Piy=1 22=1
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Appendices of Chapter 7

B.1 Proofs of Standard Consensus Lemmas

Before proving Lemma 1 the following result, based on the theorems in Tifenbach [2011], is required.

Lemma 17. If Assumptions A2-A3 are satisfied then o, (I1) =1 and 03 < 1.

Proof. If Assumption A3 is satisfied, then IT”TI has the same or a larger number of non-zero elements than II,
and if IT is doubly stochastic then TT17TI is doubly stochastic. Therefore, from Assumption A2 it follows that
I17TI is non-negative, doubly stochastic, and primitive.

Since IT7TI is doubly stochastic, LNI is both the left- and right-eigenvector associated with the eigenvalue 1.

Therefore, it follows from the Perron-Frobenius Theorem that the eigenvalue 1 is a simple eigenvalue of IT7 I
and the norm of the other eigenvalues is smaller than 1.

Finally, since the singular values of II are the eigenvalues of 171, we obtain omax (1) =1 and 05 < 1. O
We can now prove Lemma 1.

Proof of Lemma 1. We start by proving the first implication, i.e. if lim;_ 4, zf =Yjen %z(]). , Vi e A& then
Assumption A2 is satisfied. Defining z; := col(z;) we can write (7.3) as

ziv1 =11z
We can also write the property

. i 1 .
lim z; = Z —z(]), Yie N,
-0 jEJVN

as

1
lim z; = —lszo,
-0 N
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which is equivalent to

1
lim ' = —117.
=00 N

This implies that 14117 = L1171 = 1117, which is only possible if IT is doubly stochastic. Moreover, since
lim;_o, IT! is positive, there is an integer k > 0 such that IT¥ is positive, i.e. I1 is primitive.

If Assumption A2 is satisfied, then the conditions of Lemma 17 apply and therefore o max(IT) =1 and 0 < 1. We
can also observe that since IT is doubly stochastic, \/LNI is both a left- and a right-singular vector associated with
Omax (IT) = 1 and the left- and a right-eigenvector associated with A = 1. Therefore, from the Perron-Frobenius
theorem (see e.g. Bullo et al. [2009]), we have that lim,_o, 1’ is the Perron projection %IIT.

Finally, given that Assumption A2 is satisfied we can perform an SVD decomposition of IT as

1 0
n=u o2 vT,

from which it follows that

. 1 0
NlszU 0 v,
0 0

and [TT- £117) = o (T- 117 =0, < 1. O

A proof of Lemma 2 is given in Theorem 3 of Hartfiel and Spellmann [1972]. In what follows we give an
alternative proof that departs considerably from that in Hartfiel and Spellmann [1972] and has the benefit of
being constructive. The proof presented here relies on graph theoretical considerations and on the Birkhoff-von
Neumann Theorem given next.

Theorem 23 (Birkhoff-von Neumann theorem, In Horn and Johnson [2012], Theorem 8.7.1). A square matrix
is doubly stochastic if and only if it is a convex combination of permutation matrices.

Proof of Lemma 2. The implication that if Assumption A2 is satisfied then the network (', <f) is strongly
connected, stems from the fact that if IT is primitive then it is irreducible, i.e. we cannot partition A into two
disjoint sets A, and A2, N UN =N, N N AN =@, such that ahd >0 for i € A4 and J € N5, and from the
well known result that if IT is irreducible then G(IT) is strongly connected.

The converse implication, i.e. that if self loops are allowed and the network (A, /) is strongly connected then
there exists a matrix IT such that Assumption A2 is satisfied, is proven as follows. If the network (A, o) is
strongly connected then each edge (i, j) € «f is included in a cycle of edges contained in /. This is due to
the fact that since the network is strongly connected, for every edge (i, j) € of there is a path without repeated
nodes starting in j and ending in i. Therefore, there is a finite set of n > 0 cycles 6%, k ={1...,n} such that
Ul'cl:l 6\ = <. Since self loops are allowed, for every cycle we can define a permutation matrix Py, whose G(Px)

is a subgraph of (A, o), by defining its i jth component p,lc'] as

(i, ]) € G
i 1, if or
B ifi=j,andVke.¥, (i,k) ¢ 6r
0, otherwise
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We can now define IT := ZZHakPk, with ay >0 for k={1,...,n} and ZZH ar =1. We can see that G(II) =
(N, <f). Since the network is strongly connected and aperiodic (because it contains self-loops), we have
that G(II) is strongly connected and aperiodic, and therefore IT is primitive. Moreover, since II is a convex
combination of permutation matrices, from Theorem 23 IT is doubly stochastic. This concludes the proof. [

B.2 Proof of Theorem 8

To prove the main result of this section we need the following.

Lemma 18. Consider the quantizer Q; defined in (7.1) in Section 7.1 with n;, bits and where A; = ral, with
0< 0y <a<1. Let Assumption A2 hold. Given the linear consensus system with quantized communications
(7.7), if, given [, for all 0 < p < [ the values of z,, fall inside the quantization interval, i.e. [z — Zpllco < %, then
llgill1yep satisfies

g1 1ver < @' | 1ol yep + (B.1)

\/NM(P)( r )

—0y \2m -2

Proof. If Assumption A2 holds, then from (7.8) it follows that

® InNp-i.

1. .\P*! i R
qp+1=(l'[——ll ) ®Inq()+ (H——ll ) (I1—-1In)
N iz0 N

The same assumption implies that [I[1- 5117 =g, <1, [I1- Iyl < [II[ + [l Iyl < 2, and that | [y — 117 =1,
and therefore

p+1

1 i
lgp+1lliyer < H—NIIT I = InlHnp-illiyepr

1
m-—117
N

=a)" ||6]o||1N®P+ZO'2 2Inp-il1yer),
i=0

where we used Properties P1 and P5. From the assumption that || [l < z"bﬁ—}f—zx’ and Property P3, we have

ApVNMP) _rVNM(P) ,

Inpliver < VNMPIMplloo < — = < @
Therefore,
lgpillyep <ob” ||610||1N®P+ \/_M(P)Za aP™
<alt! ||670||1N®P+ \/_M(P)Zaza’” i
<aP*! ||670||1N®P+ \/_M(P)Z z+1

Since 0, < a < 1, by using the convergence property of the geometric series, we get that the expression above is
equivalent to

VaM®) (1- (%))

22" (-

+1
lgp+1llyer < aP™ |lqolliyepr +
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r  VNM(P)

+1
<af ||170||1N®P+2nb_2 a0,

Proof of Theorem 8. We prove by induction that z; falls inside the quantization interval of Qy, i.e. [|z;—Z;lloo < %
for [ = 0. This, combined with Lemma 19 concludes the proof of Theorem 8.

The base case that || zg — Zglloo < % is given by assumption, since from equation (7.10), using the norm Property
P3, and the definitions of ¢g; and z?vg we can state that

avg -

120 = Zollow = 10 + 2 = Zollog < lgollyepr + 112y = — ZollIyep o < r_ ra® B

0~ Zolloo = 1190 —Zolloo = <sj<-<—=
o 0 o m(P) 27 2

N|c>

We must now prove the induction step, that is, if [|z; — Zjlloo < % then | 2731 — Z141llo < A’Z” . From (7.8), and the
avg avg
I+1 1

fact that the algorithm preserves averages, i.e. z,,5 =z, -, we have

1Z1+1 = Zi+1lloo = 12141 — Q1(z2D) o
=g = a1 —Millco = 1G131leo + 1 G1lloo + 1M1l o

lgis1lliyer  lqilliyer
< . B.2
(P) + (P) +||nl||oo ( )

Combining (B.2) with Lemma 18, and the assumption of the induction, i.e. the assumption that ||z; — Z;[lco < %,
it follows that

al

m(P)

I+1

m(P)

.\ VNM@P)r
2" (- 03)

VNM(P)r

r 1
+
2" (a —0))

2”b+1 .

zi41 — Zi1llo = lqolliyer lgolliyepr

Rearranging the right hand side of the last inequality one obtains

i 1l @+ Dlgolliyer  2VNMP)(@+1)+m(P)(@—02) 1
2141 = Zi+1llo = @ +
m(P)a m(P)a(a—o0>) 2m+l
r
sal“ Sl+52W ,

where the last inequality stems from the definitions of s;, s, and the fact that ||Zg — nggll Iyvep = 0. From the
assumptions of Theorem 8 we obtain

I+1
_ 141 r ra A
lzii1 = Zisillo =@ |1+ 270y | < —— = ——

B.3 Proof of Theorem 9

Before proving the main result of this section we first need the following preparatory result:

Ly, withO<os<a<1

Lemma 19. Consider a quantizer Q; from (7.1) with n, bits and where A; =«
and @, < a. Let Assumptions A2, A3 and A4 hold. Given the linear consensus system with quantized

communications (7.7), if, given [, for all 0 < p <[ the values of z, fall inside the quantization interval, i.e.
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A .
Inplles < == then [l g;| satisfies

It iyep < | Idolyer + +6,). (B.3)

\/NM(P)( 2 2+€U) +\/NM(P)( ra

—0y 27— -0, \2m -2

Proof. Given that Assumptions A2, A3 hold, from (7.8) we have
1 p+1
qp+1 = (H— NIIT) ® Inqo
® Innp-i

1.7\ 1.,
m-—17| [iy-=11
N N

Noting that, from Assumptions A2 and A3, |II— %IITII =0y <1, |IT—=1In|l < I + | Inll < 2, and that
1 Iy — %IITII =1, from Property P5, and the fact that ||I,,||p = 1, we have

(H—iuT)i(n—I )
N N

® Invp-;.

i=0

1
lgp+1lliyepr < H_Nll lqollryepr
p 1. 7 i
> H—Nll I = Inllnp-illyer
i=0
+i RSP (NP PR TP
—_—— —_—— v i
= N N N p—illIy®P
p
—02 ||€0||IN®P+ZO'2 210 p-illiyer + 1Vp=ill yep).
i=0
From the assumption that ||, [l < ﬁ we obtain
ApVNM(P)  r;V/NM(P) 2V’ NM(P)
p 1 2
Inpliver < VNMPIplloo < — g < g — P + ==

Also, assumption A4 yields

lvpliyep < VNM(P)lvplloo < VNM(Pe,ab + VNM(P)S,
<VNM(@P)e,a? + VNM(P)5,,

where we used the fact that a, < a, and therefore

P

1ps1liyer =05 Ndolliyer + (55— +eu) VN M(P)Za (5 0.) VRMP) Y. 0,
=" golyer + (5 +eu) VN M(P)Zazaf’ "+ (g +60) VN M(P)Zcr2
< gt Ilqo||1N®P+(2n +€U)\/_M(P)Z (znb )\/_M(P)Za2

i=0

Since 0 < a < 1, by using the property of the geometric series, we get that the expression above is equal to
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+1
lgp+1lliyep < a?

-
BT

!
e

oot

VNMP)(1-0}")

2
+(2nb—2+6”) 1-0,

P+l n VNM(P) r2 VNM(P)
=0 ldollyor+ (5 <) a-o, *(zm %) 1-0;

Proof of Theorem 9. We prove by induction that z; falls inside the quantization interval of Qy, i.e. [ z;—Z;lloo < %
for [ = 0 which, combined with Lemma 19, concludes the proof of Theorem 9.

The base case is given by assumption, since from equation (7.17), the definitions of g; and zzlwg, Property P3,
and the fact that m(Iy) = 1 we can state that

_ av, = -1 av -
20 — Zolloo = llgo + 25 & — Zolloo < M(P) " (I goll 1y + 125 & — Zoll 1ysp)

0
rna +r A
cq =l 10+ _No

r
2 2 2

We now have to prove the induction step, that is, given that || z; — Z;[lco < % we have [|zj51— Zj41llco < A12+1 . From

(7.8), and the fact that the vector of averages follows the dynamics z?Igl = z?vg + % [llT) ® I,,v;, we have
12141 = Z1v1lloo = 12041 = Zilloo = G151 — g1 + 3 (117) ® Ly vp = Mylloo
< gis1lloo + 191l + 1% (117) ® I vy lloo + 1M1 lloo (B.4)

<mP) (g1l iyep + 1 Gl 1yep) + 1V1lloo + 171l co-

Combining (B.4) with Lemma 19, assumption A4 and the assumption of the induction, i.e. the assumption that
1z — Zilloo < %, it follows that

2t = 21l = 2 ol yop + YYMPIEw | VNMPIR
1+1 7 Zlrlleo = 2oy 10l Ive P a-o; 2™ —2) (a—07)
. ! Lol +\/NM(P)€,, VNM(P)r
mp) | Polver T — 7 @M —2) (@ —07)
2V NM(P) 2V NM(P)r» ] rn ! I
ot +e,a’+0,+ a’+ .
m(P)(1-03) m(P)(1 - 03) (2" —2) 2mtl—g—  2mtl g

Rearranging the right hand side of the last inequality one obtains

1+1

lz1+1 = Ziv1llo = @ —
I+ [+11loo mP)a

ala—or) a
(2\/NM(P)(a +1) 1 ) r
+ +

@+ Dl qollryep +(\/NM(P)(06+1) . 1)

m(P)a(a_Uz) E 2nb+l —4

. 2V/NM(P) s 4V NM(P) A
m(P)(1 —0'2) v m(P)(1 _0-2) an+1 —4
I+1 I )

sa’” [a1+32m]+b1+b2—znb+l_4,

where the last inequality stems from the definitions of a;, ay, by, b, and the fact that || zg — ngg l7yep = 0. From
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the assumptions of Theorem 9 we have that

2
2nb+1 —4

l

+1 a)+ ay +b1+b2

n
znb+1_4
rnat™+r, RAVES

2 2

lz41— Zir1lloo < @
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8] Appendices of Chapter 8

C.1 General Solution for a Non-invertible Matrix A

Given a dynamic system described by (8.1) and (8.2), where w; =0 and vi =0, one can express it in a basis that
transforms the A matrix in its Jordan form, i.e. we can find a matrix M such that J = M~' AM is a block diagonal
matrix in the Jordan form diag(J;), where for each i in {1,..., p}, the sub-matrix J; is the ith real Jordan block.

If the matrix A is non-invertible, we can partition the state between modes associated with the zero eigenvalues,
and modes associated with the non-zero eigenvalues. That is, without loss of generality we consider that there
exists a an integer pg such that Jp 11,...,Jp are all the Jordan blocks associated with the zero eigenvalue. This
implies that there exists a positive integer ko for which J lk =0forall k=kpandi€{po+1,...,p}.

By applying a similarity transform to the system with M, we obtain the following state-space equation:

xgH _ A, O xg ]
X1 0 Ap X
xt
yi=| Ca Cp ] b |
Xy

a
where xz =M x,, Ay =diag(J;,i €{1,...,po}), Ap =diag(J;, i € {po+1,...,pH,and | C, Cy ]:CM.

X
t
With this partition x{ contains the modes associated with the non-zero eigenvalues, therefore the A, matrix is

invertible. The state xf contains the modes associated with the zero eigenvalue, therefore Ay, is nilpotent, i.e.
there exists a positive integer ty such that AZ =0 for t = 1y, and therefore it holds that xlf =0 forall t= 1.

Since all the modes associated with the zero eigenvalues will converge to zero asymptotically we can derive the
following state-space equation:

a — a
Xpp1 = AaXpyy
Yi = Cax{,
for t = t,. Therefore we can design a stable estimator for x; using Assumption A6 by only estimating the state

a
Xy

x{, from which the state x; can be obtained using the relation x; = M 0
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C.2 Proofs

Before proceeding to the convergence results, the following result is required.

Lemma 20 (Lemma 1 of Battistelli and Chisci [2014]). Define y(Q):= (AQ AT + Q)_l, with Q > 0. Then, if
A is invertible, for any positive definite matrices  and € there exist positive scalars ,B <1 and B <1 such that:

I) For any Q > ) > 0 we obtain y/(Q) < ,BDA’TQA’I.

IT) For any Q) = Q > 0 we obtain y(Q) = fA"TQAL.

Proof of Lemma 20. Since Q > 0, there exists a positive constant y > 0 such that
ATIQAT T =707,

and therefore since Q = € > 0 we obtain
AlQa T =y,

and part I of the lemma follows with ﬁ = ﬁ

For part II, we note that since Q > 0, for each positive constant a > 0 there exists a positive constant y(a) > 0
such that

ATQAT <y (Q+al,) " = f(@ Q+al) "
One can observe that y(a) decreases with a. The conclusion follows by taking the limit
Y= limy(a),
and defining f:= = O

1
1+y°

Proof of Theorem 10. To prove boundedness of the covariance matrix we first note that, from (8.6), P; <
(W +8)7! for ¢ = 1. Applying part IT of Lemma 20 with Q:= W + S yields

Prl=s+paTqQ,al. (C.1)
Therefore, applying recursively (C.1) yields, for t = n,
n—1 . AT ) o
pl= Y plaTl) sai=0>0,
i=0
and, for ¢ = n, we obtain P, < P with B:=O"1

For 1 < t < n, if one considers that initially Py > 0 then, from (8.6), one has that P, > 0 within that interval and
since the set 1 < ¢ < n is finite, there exists a maximum max; <<, P; and therefore the covariance P; is bounded
from above for all time . O

Proof of Theorem 11. Noting that, for = n,
. =l T . .
Q=Y B(a7) sa'=0,=Qi=W4s,
i=0
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from the covariance prediction equation (8.4) one can bound the disturbance vector €;:= C TVvi —Qrw; as

el < NCTVIveeal+ 1260wl
1
om(ATQ 1A+ Q)

<|ICTVIvVme,+ Ve == €.

We now define a candidate Lyapunov function as
Viley) :=el Qe
From Theorem 10 can conclude that V;(-) is positive definite, and that, for ¢ = n, &, () x* < V,(x) < opr (Q) x2.

Now we prove the convergence to zero of the estimation error for the noiseless case, i.e. when w; = 0 and
vy = 0. We first note, from (8.4) that P; < P and from part I of Lemma 20 with Q:= Y71 § (A‘i)T CTrlcA™i,
that P; ! < [%A‘IP; 'A=T. Then the Lyapunov function candidate has the following decrease property for the
noiseless case

T =T & ~ =
Viri(ers1) = e, Qe =€, Q1 Pri1Qp1861
T A = _ T ATH
<e; 1 Q181 =e; A Qpi1 Aey

= ﬁetTQtet = pVi(er).
Therefore, for the noiseless case, the estimation error converges to zero.
In the noisy case, choosing a positive constant 8 such that 0 <0 <1 — ﬁ, from (8.11) we obtain

Viri(er+1) < ,évt(et) +28tTATQt+1Pt+15t + ftTPtHEt

14 eri— 2om@led?) +
om(ATQ 1A+ Q)0 () 27" ' T m ()

< (B+0)Viler) +2|lel €5
To guarantee that V;(e;) decreases, one must first ensure that

Al .
om(ATQTA+ Qo ()

0 o
Eam(ﬂ)netuz >

Therefore if e; satisfies

2| All
=z €M)
00 m(ATQ 1A+ Q)02,(Y)

el =

we obtain

o 1 9
Viri(err1) = (ﬁ+0) Viler) + —€y-

om(€2)

In this case, we can guarantee that Vi (es41) < Vi(e;) when

0 1
(ﬁ + 9) Vile + —— €, = Viley),

Om

which is equivalent to, using the fact that V;(e;) < o (Q) llecll?,

< llell.
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Therefore, if

1 2|l All 1
¢:= - max o o) em < lledl?,
m(Q) 0om(ATQ A+ Qom( )\ /1_g_¢

we can guarantee that V;(e;) decreases. Since Vi(e,) < o (Q) lefl?, if op () &2 < Vi(ey) then & < |lel and
therefore V;(e;) decreases according to

ax (Vi1 (er) =0 (©) 62,0) < B +0) max(Viten —oa (©) ¢2,0),
hence

lim max (V;(e;) — o (Q)€%,0) =0,

t—o0

and from the fact that o, (Q) llesll? < Vi(e;) the theorem follows. O

Proof of Theorem 12. After the agents communicate among themselves, we wish to compute fci, the BLU
estimate given the estimates of the neighbours, i.e. given )_C{ ,j €N, where A is the set of neighbours of i.
The estimate J?; can be computed as follows. Then, the estimate J"c; is the BLUE of x; such that n; X, = 1;x;+¢€;
with e, ~ A (0,n;P;n!). Therefore from Lemma 3, if P’ is full rank, we obtain

. _ -1 _
5= (l) 1 (P nis,

and Sc; has the following characteristics:

where Q:=1T (niﬁmiT)T 1;. We can also express X as

=
S

:(Q;) lT 77th77 Z Ft]
jeNi

After taking a measurement, one wishes to compute fci, the BLUE of x; given X; and yﬁ. This can be obtained
directly as

N AT [ =1
- () (Q;x; ()" (R) y;).
Finally, we do the prediction, i.e. we compute the estimate of x;+; given fci, which is simply
xi+1 = Afc;.'

We are still left to compute the next global covariance matrix P;, ;. For this purpose we must analyze the error
dynamics, i.e. the dynamics of & := % — x,. The dynamics of the estimate %’ can be written as follows:

56§+1=A(Q§)1( > liT(nipmiT)Triﬂer(Ci)T(Ri)lﬂ)

jeNi
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+ A(Qi)_l (C")T (Ri)_l Vi,

Given that Ql; =Y jexi ll.T (niﬁmiT)T I'jj (from the fact that }- ;e 4 I';; = 1;) the state dynamics can be expressed
as

-1 _ : .
= 4(ai) ( > 1] (niPen]) 1%+ 8x
JjewN!

X41=AX; + Wy = A(Q‘;)_l (Q’;xt + Sixt) +w;

N —1 _ .
= A(Q;) ( Y liT(niPtnl.T)TFijxt+Slxt) +w;.
JeNT

The error dynamics can then be written according to

. -1 ot N1 AT [ -1
el, = A(Q;) ( S 17 (iPm?) Tyjel +A(Q’) (Cl) (R’) vi-w,. (C.2)
jeN?
Defining v; = col(vi) yields
ery1 = Ttet+Kvt+1N®Inwt.
with K := diag(A Q)" (ch)’ (Ri)_l). Finally, we can compute the update law for Py, (8.16). O

Lemma 21 (Lemma 2 of Battistelli and Chisci [2014]). Given an integer N =2, N positive definite matrices
My,..., My, and N vectors vy, ..., Uy, the following inequality holds

N T/nN N N
(ZMiVi) (ZMI) (ZM,’U;’)SZVITM,'U,'. (C.3)
i=1 i=1 i=1 i=1

Proof of Theorem 13. Defining the matrix
l;j = nijAPfQ{,
we obtain, from the distributed consensus-based Kalman filter equations (8.19)-(8.22) the following error

dynamics

. T

- L

e =) q,’)t]ei+AP§(C’) Vivi+w.
jeN

‘We now consider the noiseless case where vi =0,i€N,and w; =0, and define the matrix IT:= [ni’j]i jen It
follows from the properties of IT that we can find a vector p := col(p’) such that p”II = p”. Then, the Lyapunov
function used to prove convergence is the following:

Vien=Y p' (éi)Q’;éi. (C.4)

ieN

From Lemma 20 and boundedness of information matrix (Lemma 1 of Battistelli et al. [2015]) it follows that

T
N ;
_i ij_j A i ij5j
(eHl) t+let+l = ( Z ¢y et) Qi ) ¢
jenN jeN

i ijeJ —]
PLY) m Qm 1
JEN

5[3( Y niiale]

JeEN
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o _ i ]
<p 3 n(¢l) o
jeN
We can now establish the decreasing property of the Lyapunov function as follows:

Viri(é41) = Z p ( t+1)Qi+1éi+1

ieN
< 5 pint(¢l) ol
i,jeN
=p Y p(el) ale=pvien,
i,je N

thus proving that for the noiseless case the estimation errors converge to zero. Since we assume additive bounded
noise and the dynamics are linear, ultimate boundedness of the estimation error follows. O

Proof of Theorem 14. Before proceeding with the proof, we define g, := col(q}), e} := 2zl — x;, e :=
col (eio), and the local and global noise contributions to the error dynamics w' := w, — L'v!, w, := col (w}).
Combining the fact that the consensus algorithm preserves averages, i.e. that %Z jen z{y 1= %Z jen zi} 1410
and the error dynamics (8.25), we obtain the following result which describes the dynamics of the estimation

errors es41,0 and the dynamics of the average of the estimation errors before consensus e?vg. Let the distributed
Luenberger observer algorithm be adopted with /7 > 1; then, the estimation errors obey the recursion

et+1,0:col(A—LiCi) avg+d1ag(A LC)qt+wt, (C.5)
and
1 o
e = (A- LC)ean+N1T®In(a)[+diag(A—L’C’)qt). (C.6)

We consider now the noiseless case where w; =0 for all £ =0 and derive results on the norms of e; o and e?vg by
taking the norms of both sides of equations (C.5) and (C.6), respectively. From Theorem 7 we obtain

ly
lgelliyep, <0, llerolliyep, -

Therefore, we can bound | e} ||P1 and |le;+1,0ll1yep by taking the norm of (12.18) and (12.17), as follows:
|€X%E |, < 1A= LClIp, | €%, +Inax(HA LiC ” )gz —lerolnern (C.7)

||et+10||IN®P1<maX(HA LC’” )\/—“etngP +max(HA LC’” )02 lewolliyep, -

We need an upper bound of [le;11,0ll1,ep, Which is equal to the upper bound of IIei\ﬁ ||p times a constant, we
upper bound [les+1,0ll7yep, as follows:

letr1,0lliyepr,

A-L'C!
< \/ﬁmax 1 ”

I
*—HA_Lcupj)("A—Lcna e Lo, smax{ |- 1], Joi Ttetnon). 8

It is given by assumption that for £ < p < 0 we are under the conditions of Lemma 14, then equations (12.19) and

(12.21) hold. Note that since we initialized the algorithm with Zé,o = z(]).,o for any i, j € A, we obtain e = legVg ,

|A-Lict . .
and therefore [legoll1yep, = \/_||egvg||P < v/ Nmax ( ’||\ATC|||,|:I) e Ivep,- APplying equations (C.7) and
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(C.8) at p =1 we obtain

€55, =14~ L1, 151y, + x| 4- L'

i1 -
0, ——lleopllryer, < PBlleooll yer
Pl) 2 \/N N 1 ﬁ N 1’

[A-LiC ],

Al .avg
leiollryep, < VNmax Lm)ﬁ”eo ||P1’

where f is defined as

Lot

- l . .
= |A-LC +meax(”A—L’C’” )max
Bi=llA-LClp +0o . T

and is strictly positive and smaller than 1 by assumption. At p =2 we obtain

ez 15, = BNl 1,
”A_LiCi||P1 52 || .ave
IA-LClp, )ﬁ Il

Repeating this step p times yields

lezollyep, =V Nmax|1,

avg

ap+l
e < BPHe )
1,0 H P, B lleoollryep,

Similarly to the previous point, applying equations (C.7) and (C.8) recursively, and following the same steps we
have for |lepoll and for any p such that t+1=p =0.

|a-LiC ],

e <VNmax|1, ——| P[22, .
lep+1,0llyer, " TA=LClp, )ﬁ lleg ”p1

We have thus proved that in the noiseless case the estimation errors converge to zero. Since we assume additive
bounded noise and the dynamics are linear, ultimate boundedness of the estimation error follows. O
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D.1 Proofs

Proof of Lemma 5. The proof exploits the use of the Lyapunov function V = %Ilnell2 = % (Ile —8|%+ cwwz).

From (10.19) and (10.20) we have, when ¥, is defined,

. 1 B
i =F— 0y — By = —kpw+ —(e—8)TRTZPL (D.1)
Co oy

and since w is continuous and —k,w + Ei(e - 6)TRT% is also continuous we have that @ is continuous and
“ Y
(D.1) holds at all times.

From (10.18) and (10.21) we have

0 7]

of | *

é=—S(r)(e—6)—Ki(e—&) —RT%(»—

Vyw+ D¢

Noting that x”S(r)x = 0, Vx € R?, computing the time derivative of V yields

. 0 i
V=(e—6)T(—Kk(e—6)— o S )—kwcwwz
o7 Uy + D¢
T 2 T 0 Z
=—(e—90)" Ki(e—0) — cpkyw”+ (e—0) (— ~ - )
oF Vw+ Dc
Defining K, := diag{ky, ky, k,} we obtain the following result
V=—n, Kene+ || ne| ( €2+ (e, +ey. ) +Be;
(B (1201, £))7 + (BY (15,1, )% + 687 (16,1, 1) + B (12,1, r)). (D.2)

The rest of the proof involves dominating all positive terms of (D.2) by —nZKene < —min(ky, ky, k) ||77e||2- To
do this, notice from (D.2) that
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V= —(1-0)min(ky, ky, ko) 161+ ||| ( €2+ (e +ey,)” +Oer

+\/(ﬁﬂ(ux§?l||,t))2+(ﬁ“(nx?,n,t))2+6ﬁf(||x?,u,t)+ﬁ”c(uxscu,t)—emin(kx,ky,kw)uneu :

and therefore, defining

\/(ﬁﬂ(x, 0)*+(BU(x, 0)* +667(x, 1)

i , 1) = ’
Putx D O min(ky, ky, k,)
B (x, 1)
)t T A
Bobs o) = G R ey )
VL + (ev+eu,)” +Ber
£p1= ,

Omin(ky, ky, ky)
where 0 < 0 <1 we have
V < —(1-0)min(ky, ky, ko) I7e1%, Y Inell = Bir (12511, £) + Bons (1160, 11, 1) + £,

from which (10.23) follows with $(x, 1) := xe~1"Ominkeky k)l “where ¢ (x, 1) and ¢, (x,1) are defined
such that ,Bfl (x,0) := B;;(x,0), B¢, (x,0):= Bops(x,0) and, assuming without loss of generality that 8;;(x, ) and

obs
Bops(x, t) are differentiable in ¢ (one can always upper bound a £ % function by a differentiable .#".% function)

0 B¢.(x, 1) —(1-60)min(ky, ky, kw)ﬁ;?l(x, ) ifﬁ?l (x,0) > Bir(x, )
—_— N x, = . : ’
o'l max(—(l —0) min(ky, ky, ko) 7, (x, 1), %ﬂil(x, t)) if B¢, (x, 1) = Py (x, 1)

ﬁe ( t) _(I_Q)mln(k.?o ky; kw)ﬁibs(x; t) ifﬁf)bs(x' t) >ﬁ0bs(x; t)
. X, = . . .
at obs max(_(l_g) mln(er ky’k(u)ﬁ(e)bs(xy t)’ (%,Bobs(X, t)) lfﬁibs(xy t) :ﬁobs(x; t)

Proof of Lemma 6. Defining
7= %1%,
we can decompose ¥ as
y=1y+¢.
Using this fact and recalling that v, (y) is assumed to be globally Lipschitz we can conclude that
o, =& (1o, (1) - Qv (1) — 5)) =TT (3, — 10, (7)) < LIEIP.
We can now bound the time derivative of V' with
V< —ke LS+ U1+ Ta+ kg TY < —ka €17 + LIEIZ + 1Nl + kd ™ 1N

We can then conclude that V < —(1 — ) (ko — 1) |I€]|? for ||&] = Uﬁ,(lld)u[o,t]) +Uf~,(||)7||[o,t]), for1>0 >0,

1 ( kd*
—(ka — l)@s’ U}(S) = —(ka - Z)QS' The conclusion of the lemma follows with ,Bf(x, 1=
xe~ -0 (kap-Dt. 2 2 -

I4
where o3,(s) :=

Proof of Lemma 7. The proof is based on Lemmas 5 and 6 together with Theorem 16.
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Lemma 5 implies that Zf ! ,1 € ./ solve the path-following problem with creﬁr (s) := as, for a > 0 with « arbitrarily
small. Lemma 6 states that £¢¢, i € .4 solve the coordination control problem. Since a can be arbitrarily small,
Theorem 16 implies that = solves robustly the CPF problem.

From the proofs of Lemmas 5 and 6 one can also bound ||| as

4 4 0 4 0
IE < B UNEO), ) + By (rl,relilVXIIne,- o1, t) +B; (%}Xllxﬂi I, t) +Bops (%}Xllxyci I, t)

4 =]
+05 (ie}?gwi I7; ||[0,z]) + e,
with
¢ _ VNIco (1 o)ymin(keky ke kos—1)
)= — y ’
Feoler D= G =1y e
S VN/cy
T Qkor-D °
VN/lcy =
ﬁfl(x, 1) := G(Tg—wl)ﬁil(x’ 1),
VvNlc, =
ﬁihs(x' 1):= Q(Tz_wl)ﬁohs(x» 0,

and with fB;;(x, t) and Bops(x, t) defined such that ;;(x,0) := B;1(x,0), Bops(x,0) := Bops(x,0), and

—(1 -0 min (kx, ky, ko, koo —1) Biy(x, 1) if i (x, 1) > Biy(x, 1)

’

0 ~
Eﬁil(x; 1) ={

0 otherwise
a > _ _(I_B)min(k)ﬁ ky;kw;kO'Z_ l) Eobs(x; t) ifﬁobs(-xy t) >ﬁ0bs(x; t)
_,Bobs (x,0) = . .
ot 0 otherwise

Proof of Lemma 8. 1f Hff{ ((t]’;j + 2f)+)

< g is satisfied, for any time t,lcj when the data messages sent from agent
i to j are received by j, defining fcr¢ (t;cj ) < t,lCJ the time when the last data message was sent triggered by a

communication triggering condition (CTC) we have that ”)7{ (ICTC (t,icj )) ” =¢and t,ij —tcre (t,icj ) <2(Nmax—DT.

From the definition of )7{ , the facts that y; = v, (y,-) + U, + w; and )7{ =v, ()7{ ), when the derivative is defined,

we have for 1 € [tCTC (t,lcj) s t]lcj +2f)

#l=v(7)=vr(ri) - —0i <7l + ka*  max  |7s] + klen + il

-0
! 0EN , pEN© Yp

From the comparison lemma in Khalil [1996] (Lemma 3.4) we have for t € [l‘CTc (t]ij) , t,ij + 217'] s H}?{ H <I'(1)

ij) ,oo) — [€,00) is defined with T’ (tCTc (tij)) =¢ and

where I : [ICTC (tk h

I - * 50 23 P . P 22
I'=ITr+kd oeart/r,lz?gﬂ" “Yp I+ k<l [[CTC(IIEC])'IIEC]+21¢] + llw;l [tCTc(t;])J;ijﬂf] .
It follows that
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H?{(t,"cj +2f) H sl“(t,"cj +2f)
() +27-101¢(1))) ij

=ce +z(l,tij+2‘['—t (t ]))kd* max |y
cre |ty e X, 171l

i o5 _ ij o . o
+Z(l, tk +2T tCTC(tk )) (k”é'”[tcTc(t,lC]),t;C]Jer] + ||wl||[tCTC(t]lC])vt]lC]+2f:|)

< ee?™NoT 4 2(1,2Nmax ) kd*  max |79
oeN ,peN©

T £ L. .. . L. P
+2 (L, 2NmaxT) (k”S I |1 -2 -1, 21 il [r,’j—Z(Nmax—l)f,t,’j+2f]) '
where
ell-1 .
e— if [>0
z(l,1):= b )
t, if =0

Therefore noting that MaXje y je N reR* II)"/f(t) | < MaXje 4 je A keN* II}"f{(t]lC] +27)|, if Npmax and T are small
enough such that kd* z(l,2 N« T) < 1, we have

~J 21 Npax T = * ~J
 omax 70 see®™T 4 2(1,2NmaxD)kd*  max I (0)]
ieN,jeNT teRT ieN,je N teRT

+2(l,2NmaxT) (kllfll (=2 Npu 7, 1] T max lw;ll [t—2Nmaxf,t]) .
1

Finally we have

21 Niax T
1—kd*z(l,2NmaxT)
+ 2(1,2NnaxT)

1—kd*z(l,2NmaxT)

max [P (0l<e
ieN,jeNT teRT

(kllfll [£=2Npax 7,¢] T Max|lw; || [r—zzxr,mf,z]) ,
ieN

p 2l kz(1,2 1,2
and (10.29) holds with a(x) := m, at(x) = #z(f,)zm and a®(x) := #z(xl)m O

Proof of Lemma 9. We wish to determine the bound MaXje y je yi ‘ ?{(t) H <y(1):= d'f(Nmaxf)ﬁf(Ilé(O) I, 1)+

a®” (NmaxT) @0 (1) + @ (Npmax 7)€, where

)+ maxl, ) + e

= .= g7 Y 0
(0= Pl e 1 ] o max
We first note that, from Lemma 5 and the definitions of fB;; and fps in the proof of Lemma 7, defining

B(x, 1) := xe~ t-Omin(kuky ko ko2=1) . (1) can be bounded as

- 1 (5 - ~
maxlo; (01 = 0(0)i= —— B [max e, O ¢+ B max |15, | )+ Bone (maxlaf | 1) +e.)-

Vo
Also, we note that, if the bound MaX;e y je xi | ?{(t) ” < y(1) is defined for ¢ < 7 € R*, and %}7(0 >—-(1-
0) (ko —1)y(1), since from the definitions of ﬁ, Bil and ,Bobs, %d)(t) >—-(1-0) (ko — 1) @(¢), from the proof
of Lemma 6, we can bound [|() ]| by

*

c N
sl = p° (||5(0)|I,t)+9Ld)(t) ¥(0). (D.3)

k
koa—0""" T 0tka, 1)

We first define y(¢) in the interval ¢ € [0, 2 Nax 7] such that it is guaranteed that max;. N jeN )

7l <7,
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Vt€[0,2NmaxT]. From equations (10.29) and (D.3) one can observe that

omax 7] = e (e +af () (ﬁf (11,00 + H(T‘/T_D&)(O)
+ 0 N D e |7]
O(koz—1) ien,jensil” N0, 2Nnax 7]
+ 0 (Nax 10),

We define y (1) to be constant on the period f € [0,2NpyaxT1. Therefore one has for £ € [0, 2NpaxT] that y(£) =
MaX;e y je yi IIﬂ(t) | if one defines y(¢) in the period t € [0, 2 NyaxT] satisfying

*

k
O(koy—1)

c r N
Y1) = @ (NmaxT)€ + @° (Nmax T) (ﬁ‘ (EO1,0) + l)d)(O) +

Gos" y(t)) + @ (Nmax D@(0),

which is possible if 7 is sufficiently small such that a* (Nmaxf)e(,fU;d:_l) < 11. This is equivalent to

7(0 = m (aE(Nmaxf)f + a(f(]\fmax‘l_')ﬁ(s (HO)] ||,0))
1= 0(ko,—1)
+ ! a® (Nmax?) N, a® (Npax?) | @(0)
1 kd;&igv_“‘l*‘)"ﬂ max 0(kos—1) max )
which holds by defining
~€ ,_ € ~& ._ 13
@ (%)= — s @ (1), @ () i= — s ar (),
1- 0(ko,—1) " O(koa-D
1 . VN
a®(x):= a’(x) +a”x)|,
g

and if @(t) = @(0) for ¢ < 2NpyaxT, which is the case if, for t < 2NpaxT, ﬁzw (x, 1) = %ﬁe(x, 0), ,5?1 (x,0) =

\/% Bi1(x,0), and ﬁibs (x,0) = \/% Bops(x,0). One can also observe that ¥(0) is an absolute upper bound on

MaXje y, je ' 17 (@)1l for t e R*.

If on the interval £ € [f — 2k Nmax T, f] we have 7(1) = MaX;e 4, jey ”77{(0 H and a%)'/(t) =—(1-0)(kas—Dy(p),

i from

and on the interval ¢ € |7 —2kNmaxT, I —2kNmaxT + 7| we have (1) = max;c 4 jen ’ Nt
’ t, t+2Nmax T

equations (10.29) and (D.3) we obtain on the interval € [,  + 7]

*

max 7100 = @ (NaxDe + 0 Noax (£ ~ 2 Nipax) + 2 (N7 (

_ Y(t—ZNmaxf))
€N, jeENT D

__ka™
9(/(30‘2 -

+ a’E(Nmaxﬂ (,6{ (€I, £ — 2 NmaxT) + o(t— 2Nmaxﬂ) )

O(koy—1)

and therefore we have that y(f) = max;c 4, jc 4 H}’{(t) H, Ve [2(k+1) NmaxT, 2(k +2) Nyax ], if

*

T/(t) >af (NmaxT)€ + a® (NmaxT)® (£ = 2NmaxT) + a’f(Nmaxf) (H(Tz—l)

?(t—ZNmaxT'))

+ @ (Nmax ) (ﬁ’f (IEO)l, = 2Nmax 7) + a»(r—szaxf)),

N
0(koy - 1)
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which holds if @&, @ and @® are defined as before, and ,Bzw (x, 1), ,Bfl (x,t) and ﬁzbs (x, t) are defined as

1 e . —

_ —f%(x,0), if t <2NpaxT
B (x, 1) 1= l\c/gg(i) 7) - kd*af) _1_ge _ - -
() Beow (X, t —2NmaxT) + (1 - e(kaz_l))ﬁﬁ (x,t —2NpmaxT), otherwise
e=hBiu(x,0), if £ < 2 Npax

¥
B (x, 1) = Y _ gl ~ _ )
il gfkfz_(’l? ,B;.Yl (X, t —2NpaxT) + (1 - ](;?k;;—()lc)) ) \/%,B,-l(x, t—2NmaxT), otherwise

7 ( ) %Bobs(x, 0)) iftSZNmaxf
X, 1) = gy - _ *E ~ _ .
obs gfktfz_(’;)) st (%, t — 2 Niax T) + (1 - gfk;‘z_(’;))) \/%ﬁobs(x, t —2NmaxT), otherwise

With the above definitions one can observe that y(¢) is continuous and %}7(1,‘) = —(1-0) (ko — 1) y(t) when the
derivative is defined.

Because we can establish that max;e 4 je yi ”77{ (2) ” 0,747 < ¥(0), from the proof of Lemma 8 one can observe

7]
that, when f/;(t) is defined, MaXje y je xi ”ﬂ(r)f(r) “ < V3, where vy depends on [£(0)]l, max;e 4 [I1¢, (01,

maxje |12 Il, maxjey 137, I, €. and & but not on time.

Since y(t) is decreasing we have that y(#) = max;. 4 jeni ‘ )7{(t) H[t - is valid for ¢ in the interval
! ) [+2 NmaxT
F— 2k Niyax© + 7, F— 2k N T + 7 + min (Nmaxf, L ENpan T+ D)7 {14) )] .
Y
Finally, by induction we verify that max;e 4 je 4 | )7{ (1) ” < 7(¢) holds for £ € R. O

Proof of Lemma 10. The post reset estimation error can be expressed as
P ((chvar) ) =7 (o 22) ) - vi (sh v 27) =1 (27— ot 70 (1 (2]))) - v ( 0k + 22).
Defining, on the interval £ € [t} ¢} +27] the function n(¢) := T, (£ — ¢l + T (y; (£1))) = yi(1) we have n(z}) =0
and n (¢} +27) = 7] (¢} +27)").
From the derivative of the inverse function we have

IR (Fr (t— t,i + T (Yi (t,’c)))) ~Yi=vr(yi+n) - vy — U, —w;,
and taking the norm yields

*

r N k
. * - ~ é \% ~ -
Il < inl + kd Y(O)+w(0)+/€(,3 USO1,0) + 0(koq = l)w(O) + G(kag—l)y(o))

kvVN

k
14 * _r s _ vy
< Uinli+ kB> (IO, 0) + kd (1+9(k02_l))y(0)+(1+e(kaz_l)

) @(0).
Following the derivations of Lemma 8 of this proof, it follows that
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[7((si+27))

o=

£ k k N
= ¢ * A —V ~
< 2(1,2%) (kﬁ (IEO1,0) + kd (1+e(kaz—l))Y(OH(He(kaz—l))w(m)

<z(1,27) (kd* (1 + @ (NmaxT)€

o0:1)
0(koy—-1)

+(Ic+ kd*(1+ df(Nmaxf))ﬁé(llf(O)ll,O)

o0:1)
0(koy - 1)

kd*( k ) kv N -
+ 1+ ——|[+[1+———— | |®(0)].
VCo O(ko,—1) O(ko,—1)

Finally we have that II?{ ((t,’; +27)")| < € if the time delays T and maximum number of failed communications
Nmax are sufficiently small such that

kd*z(1,27) &% (Nmax T) 1,

1+ k ) <
O(ko,—1)
and for sufficiently small values of [£(0) [, max;e 4 [1¢; (0)ll, max;e 4 IIx?l_ I, max;je 4 ||x8u, |l and €, such that

£> 2(,27) ((k+ kd* (1+

1-kd*z(l,27)a¢(NmaxT) (1 + 3(]“52,1))

k
" & = &
eum—n)“ (dexf))ﬁ (1€)11,0)

+ @(14_#)4_ 1+ﬂ '“(0)
Voo U 0kos-1) 0kar-10 )|

]
Proof of Lemma 11. The proof exploits the use of the Lyapunov function V = %||77e||2 = % (Ile —5I%+ cwef.,).
From (10.32) and (10.33) we have
1 0
6 =7 — Uy = —kpey + ko0, + —(e—8)T RS L4 (D.4)
Co oy
From (10.31) and (10.34) we have
. . ~ i apd _
=-8 ~8)-Ki(e—8)+R —RI2(0, —ey). D.5
é=-S(1r4) (e—8) - Ki(e—8) + - a7y Prep) (D.5)
Computing the time derivative of V yields
- &7 S+ R 70Pa - k -
V=(e-8)" |-Kir(e-8)+R — +Rde, +cpey (—ko(ey — 77))
_ T 2 - 7| orOPd - | 5 i
=(e—08) Ki(e-08)-cykye;+cokweyiy+(e—06)" |R;—— 0, +R - .
Y oy Vw + D¢

Defining K, := diag(ky, ky, k) we have the following result

V<-nlKne (D.6)

0
+||ne| | max | v/co ko, sup ﬂ“ ||17r||+\/€?2+(€u+€u6)2
YER 6'}/
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+[Ime]l (\/ (B7 (19,11 £) + (B (1x9,11, £)) + B (x5, 1, r)). (D.7)

The rest of the proof amounts to dominating all positive terms of (D.6) by -1, Kene < —min(ky, ky, k) IInellz.
That is, we note that from (D.6) we have

V= —(1-0.) min(ky, ky, ky) .1

+mel (max(\/mw, sup —H) 15,1+ /e + (e +€uc)2)

+||ne|| (\/ B (12011, £))° + (BY (129,11, £)) + BV (19,1, £) — e min(k, ky, ko) 17l |,

, (B (19, 11,£))°+ (B (1x9,11,1)) Be (120, I,¢
and therefore, defining ¢, (le?lll, t):= \/ Beinin(kx o and B¢, (le 1) := W we have

V < —(1-0,)min(ky, ky, ko) Inel?, Yinel = 65 (I1x3,1, ) + B, (12011, ) + 0§, (15,110,01) + €er

and therefore (10. ollows wit O, 1) :=1ne e~ (1=0)min(ky,ky, ky)t
d therefore (10.35) foll ith B¢ (I1(0)], ) := 17 (0) ]| e~ -0 mintkeky ko)t 0

Proof of Lemma 12. Defining

we can decompose y as
y=1y+¢.
Using this fact and recalling that v, (y) is assumed to be globally Lipschitz we can conclude that
o, =T (1o, - Qvr () - 99)) = ETT (@, - Lo, (7)) < LIENP.
We can now bound the time derivative of V with
V< —kLE+ 11 +¢TTa < ~kaa €1 + LIEI + 1€ ).

Then we can conclude that V < 0 for [|€]| = [(koz — ) 05]_1 l@ll, for 1> 6; > 0. O

Proof of Lemma 13. The proof is based on the Lyapunov function V = 1[I, 1% = 5 (les 1 + coll®]1?).

From (D.5) we have in vector form

il 0
e5:—diag(S[ijfdi))eg—Kk(e—ti)+col( o Ry — Pd, ( witk Y 7§ ))
Vw; + Vg, 0}’ jeNi
From (D.4)
. . i1 T T pd
;= &y, — Uy, = —kowi +kyk Y 7i+—(ei=8) Ry a0 +k Y (v
jeNi Co Yi jeni
- opy;
= —kow; + kok ) ’+—(el 6)TR§ o +k ) ( v toi—0j+k Z'(Yi_Yj))-
jent t jeNt keNi
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and in vector form we have

0
=—ky®+kyy+ kLU, + kzLZf + kLo + e T'col (RTZ

Computing the time derivative of V yields

i

V=e; (—Kke5 +col (R,'
ve,

opa. .
+R) P4 7l
i OYZ j&/Vi J

+ cp®" (~ko® + ky + kL(Dy + kKL)¢ + kL),

Uy, +

i

where K := diag(Ky,...,Ki). Noting the fact that ||y|| < d* ||)7”, where d* := max;c_y A, we have the
following result

. eI\ o
VS—min(kx,ky,kw)nnwnZ+max(\/akw, Pa,ly H)d o] 7]

YER, zeﬂ H

+\/_(\/ +(ep+ey,) \/ﬁu col ” t + col( )H,t))z)nnwn
+ VN (| col (x0, ]| )IIanI+\/akazv(l+kazv)||f||||nw||+kaN||nw|| (D.8)

The rest of the proof involves dominating all positive terms of (D.8) by —min(ky, ky, ko) 170 2. That is, we note

that from (D.8) we have
V= —(1 - 6,)(min(ky, ky, ko) = ko n)Ine

+ 70| (maX(\/%kw, sup

YER

e feoet )| )+

_gw(min(kxy kyr kw) - kUN) "nw") ’

0
aLde) d* | 7]+ VeakonU+kap)IEl + VNV €2 + (e, +ep,)?

o, )]

oty )| + v

and therefore, defining

VNV(B(x, 1)+ (BY (x, 1))?

e
. , 1) = )

Pt D = e inte, Ky, k) — ko)

VNBY(x, 1)
¢ lxl, 0= Np
0, (min(ky, ky, k) — ko)’
o max(\/mkw, SUPyeR Opd “) ar
7y )= mintks, ky, ko) — koN) '
VN\/€2 + (e, + el,c)2
" Do minky, ky, ko) — kon)’
we obtain

V < —(1-0,)(min(ky, ky, ko) — ko n) 10617,

YNl = B (”col (x?li) , t) +ﬁ‘(‘)’bs( col (xgci)” , t) +of (I1N0,21) +07 (||)7|| [O,t]) + &)

from which (10.41) follows with B (x, 1) := xe~(1-0w)Min(ko ky ko) =kon)t, O
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E.1 Proof of Theorem 20

Proof. First, we introduce the Lyapunov function V(z) = %z’ z= %Ilzllz. ‘We can bound the derivative of the
Lyapunov function as

V(2) = kel & = kyn? + 0'é
= —(1-0)(ke&'& + kyn?)
+(0'E = 0ke&'E = 0kyn®)
< —(1-0)knllzl*+ (lollzl - 0knlzl1?)
= ~(1-0)km2V (2) + (|0l V2V (2) - 0km2V (2).

2
Noting that |w|lv2V (2) —0k,;,2V (z) is always negative for V(z) = % (;]é”n) we have that

V(z) < —(1-0)kn2V(z) VYz:V(2) >l(€_w)2
- " I VT

Applying the comparison lemma (see e.g. Khalil [1996]) we have

1( € 2
Viz) < 1% *“*9)’%”,—(—‘” ) )
(z) <max|V(z(0))e 20k,

And finally we can bound [ z(#)|| as

12D < [2(0) | e~ 1-Oknt 4 S (E.1)
Ok,
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F.1 Glossary of Formulas

C1

C2

Cq:

Cs5

Ce -

c7

Cg

dli

ds

dy

ds

ds

dy

dg

= (||A+ BK|p,a/ ! + dals + ||LC||P1)

:= | A+ BK|pa

X O]
= alf k(; =,
1

a+l @), 1
Tmax(l,w) + ECS

= e ,
Py leollryep,
=y + ks,
2 (a+1 ( d)) 06)
= —max|1,—=|cg+—|1,
mP)\ « B B

. o)
= (||A+ BK|lp,a" ' + dal + ||LC||P1) max(l, E),

= |A+BKlp a

-1 [ VNM(Py)
— +c7

. 0]
+dalicr + ILCllp, max(l, 5) cs,

d
= max(l, —~) cg + kg,
B

)
= alfke =,

wor 3 4

= + ,
mPa 1-4 m(Py)

e

= d4 + ’C5,

2 1 @
= (ﬂmax(l,ﬁ) dg+d6),

mP)\ «a

) . L
maX(l’ 5)6 , Ziew M(LITP L),

1-8 VN

. d
+®al d; + | LClIp, max(l, E) dg,

-1 [ \/NA;(PI) vl

o)
= max(l, E) dg + kg,

’
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ky:= (l+alfmax( (D)), (F.10)
ﬁ
ko := (68+alf67) — (E.1p)
ks := (1+alfmax( )) (F.1q)
ky:= (d8+alfd7)2nh > (Flr)
ke := ZYNMPO @+ D)+ m(Py)(@—02) (Els)
m(P)a(a—o3)
kﬁ::m. (E.1t)
a—0>2

F.2 Derivation of ®, ®, and the Upper Bound on ®

To compute @, notice that
®:= [@lpyer, =+ max_lleol(9)17 @ L2l e,
N lxliyop, =1
M(col (@) Iy & Py col (@), Py)
,—N )

= — max ||c01( )y||1N®P1—

\/_ N Iyl =1

where we used the transformation y := \/—LNIT ® I,x and the fact that maxyy, ,, =1 117 ® Iy Xl 1yep, = VN with
x=1®1I,y and ||yllp, = 1, which can be easily verified.

The parameter ® can be derived as follows:

1 .
b :”Nl®1nrow(<l>l+BK) H1®Inrow(q>’+BK) H

In®P; N ||JCHIN®P1—1 In®P,

TN A 11 ow (@i +BK)T (17 1) Py row(@i+ BK) = 11w (@1 +-BK) T Py row(@i+BK)
N®F1

lxlryep, =1

1
2

p? row(@’ +BK) Iy®P,

To upper-bound ® we use the definition of I as follows:

&= Tl ep, = diag(@i +BK) +1 ®row(BiK") livep:

< | diag (<I>i + BK) lryep, +111® row(BiKi) l1ver,

1

= max(|® + BK|p,) + N PZrow(B K’)IN®P z

F.3 Derivation of Upper Bounds on the Norms of w; and ¢,

If Assumption A16 holds, then, from property P3, we have

lolyer, =/ Y (lw} IIP1 =/ 2 (lw - LlV”Pl)

ieN ie N
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Y (lwellp, + 1L ||p1 <./ Y (MPDIlwlleo+MLITP L)V} ||oo)
ieN ieN

Y (MWLITP Lie,i + M(Pyey)” =€.
ieN

To bound [|¢ ]l 1yep, first note that, since z¢o=1® x; — ez and (Iy — %IIT) 1 =0 one has

1 7
qio=— IN_NII ®Inet,0.
Since IIIN—%IITII =1 we have

Ig:olliver, < llewolliyep,- (F.2)

Then, if at time ¢ the conditions of Lemma 14 apply, it follows from inequality (F.2), the definitions of ¢, and ®
and the fact that {; = Lqei,. that

apB?+b
21 —2

.
1$ellyer, = Pa’ |llegollyop, + ke

F.4 Proofs of Lemmas

Proof of Lemma 15. We first define g’ e =z i -Yje NN N t ;» Which is the component of g, correspondmg to
the node i. Then, we can express the state estimates z! 11, 3 the average of the state estimates plus an error g! Ly
as

. 1 .
i J i
z = —Z + .
t,l Z t,l qt,l
4 JEN N ! !

Because the consensus algorithm preserves averages, 3 je %zi ;= Yiew %zi o> We obtain

i

1
Zt,lf: Z N tO qtlf

Then, from the state dynamics and filter update equations (12.1) and (12.4), the definitions of @’ in section
12.5.1, and wi and f’; in Section 12.6, we obtain equation (12.15) as follows:

i _ P NS PN i i Jicd i
€ri10= Al =2y, )~ L'(Clx + vi-Clz o)t ;VB Kl(zy, =2y, )+w;
JE

1 o ; ; 1 .
Xt~ Z N tO qtlf) L (Clxt+yi_cl Z Nzi,o qtlf + Z B]Kj(qtl q;'lf)"'wt
JjeEN jeN jeN

=A

= !

1 1 ) .
Xi— )y, — N t(]) Erol= > N@’e] -&t+ ol
jeN jeN

From the definitions of @, ¢; and w; we obtain directly equation (12.16), given by

1 )
€r+1,0 = (I)et,o—ft+(ut = NCOI(‘D’) 1T®Inel’,0_ét+wt-
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Because col (dDi) is equal to diag [@i )1 ® I, the previous equation is equivalent to
Lo i T
et+1,0=Ndlag(<D )1®I,11 ® Inerp— &+ wy.

Using this equation, the mixed-product property of the Kronecker product, and the definition of ', we obtain

tO ’
equation (12.17) as:

. N1 , N
er+1,0 = dlag((bl) ~ (117)® I,e.0— &+, = diag ((IJ’) e‘;‘gg —&+w;.
Finally, from the definition of et +1 o and equation (12.17) we obtain

avg

1 1 . .
€rr10= (117) e Inen10= N mher, (dlag((l)’) eivog -&, +wt) ]
Since 17 ® I, diag (®7) is equal to row (@), using the mixed-product property of the Kronecker product yields

, . NP
ers o= I ®Inrow(q)’)ei\8g+ N O REIACEEHE

Noting that ; (117) ® I.€}* is equal to ;¢ we have

avg

e = 1®1nrow(c1>’) (117) & 1,68+~ ~ (1) e L we =&

Using the mixed-product property and the fact that row (CI)" ) % 11, = ﬁ Yijen ®J/ = A-LC the previous equation
is equivalent to

: 1 1
eiio=y1e - LO 1" @ I,e} ¢ + ~ (117 e I, (0 &)).

Again, using the mixed-product property we have that
19 1,,(A-LC)=INy®(A-LC)1® I,

from which it follows that

1
e?1g10—1N®(A LC)—1®I 17e1 eavg"'N(llT)@In(wt—fz)'

Finally, from the last equation, the definition of e%‘g, and the mixed-product property, we obtain equation
(12.18). O

Proof of Lemma 16. The proof of each inequality is given in each of the following points.

1. The first inequality follows from the assumption that for < p <0 we are under the conditions of Lemma
14, thus equations (12.19) and (12.21) hold. Note that since we initialized the algorithm with z0 0= zé B

. _max(l fb)

avg
for any i, j € A&, we obtain e0 o = €0,0, and therefore |leggllyep, < ”eo 0 5

€0,0

IveP IN®P;

Since Assumption A16 holds, applying equations (12.19) and (12.21) at p = 1 we obtain

apP +b
2 —2

avg
1,0

avg

+€

<pB|e

= 1 = 1
+da'’| e +da k
Ivep, ’ lleooll yep, 6

apP +b
<ﬁ||eoo||1N®pl+d>a’fkﬁ g T
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leiolliyer, < max(l,

where B is defined in the statement of Theorem 21 as f8:= + a// ®max (1

apP +b
2 —2

) (,Bllfé‘o,ollb\,w1 +®a'l ke

rel,

o B

%) and is strictly positive and

smaller than 1 by assumption. At p =2 we obtain

avg
€0

Repeating this step p times yields

av,
eg

< Bp+l

p+1,0

liion,

-1 p
- = ;.. apP+b = ;.. apP+b
sﬁ(ﬁlleo,olllwpl+<Dafksw+e +Da kg > —3 +€
Ly
=B ||€00||11\,®Pl+Z,31(q>0élfka'B—2 +€),
7=0
D)\ - L aBP " +b
lezollyer, = maX(l, —~) Fleoolliyer, + ) B (cba’f k2P +D +e) ,
B =0 20 —2
aBP~"+b
< BP ool ryer, + Z Bt (q’alfksﬁ—z +€)
7=0
Ir & aT—p—1pp— Ny b &
||e0,0||1N®p1+afq>k6—Z,BT p ﬁp T +EZﬁT+q)(ka6 ZﬁT
2 -2 = =0 2M -2 15

< ﬁp+1

I &
lleo,oll iyep, + '/ Dks

a
2 —2

p - ~
+e) BT +da' ke
7=0

p ﬁ'r .
;)ﬁr+l 2Ny Z 'B

Since 0 < 8 < 1, using the property of the geometric series, we obtain that the expression above is

equivalent to

avg
p+1,0

< pp+l

In®P;

< ﬁp+1

2\ prl
Iy _(B)"
leool +(Da k6(1 0 a ¢, %alk b
0,01l IyeP, ( E) ) 1_5 1_5 oy 9
p

ool +Cf)alfk6 a |, ¢ +Cbalfk6 b

. < _ - )

OOMNen T g g a2 | T1f 1-p 2m-2

2. Similarly to the previous point, applying equations (12.19) and (12.21) recursively, and following the

same steps we have for [le, ol and for any p such that t+1= p = 0.

llepoll <max(1 CT)) BP | lleo,ll +(i)alfk6 a + -5 +ci)wlfk(5 b
pollIyep, = ’,B 0,0l IyeP, 5_p 2m -2 -5 1_j 22 .
3. From (F.2),
ldgpolliyep, < llewolliyep,
) a €
Z1lgr
smax(l,ﬁ)(ﬁ [”80'0”1N®P1+682nb_2]+1_B+d82nb_2)’Vt+12p20'
Moreover, from Lemma 14, we have
I ap? +b
lgp,iliyer, < |Ilgpolliyep, + ke > _3
_ P
<al|pP (1 CI))II I ros ]+max(1r§)€+d b | vizp=01,2120
<a max|1,—|le c ~ Nt=p=0,
F; 0.0l IyeP, T €755, 1-p 22 p !
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avg
pls

averages, and x, = % Yien e;;,o + z;,o, from the definitions of e;g,o and Z;;,m one obtains

. Noting that since zp,1, = qp,i, +2, ;. = qp,i, + ZZV(%, from the fact that the consensus algorithm preserves

i _ i i [ i1 _ [ i [ 1
Zhino=(A+BK)Z, +1 (y;— z;Jf)_(@lJrBK)zp'lﬁpr

= @'+ BK)z), + L' (Clx,+v)) = (@ +BK)Z), +LIClx,+ L',

—(CDi+BK)(qi +l§ z )+LiCi(i§ e +z )+L"u"

- )1 ,0 ,0 ,0
PNy P N 7P P

. ) 1 . | . o
- j j
= (P +BK)q”g,lf +(A+BK)— ) Z,0 +L'C'— > e ,+L vy

p,0
JjewN JjeN

Therefore,
. i avg | . imi) Loy T i
Zp+1,0 = diag (qa + BK) Ap,i; + In® Az +diag (L C ) ¥ (11") ® Iep0 +col (L vp) ,

and, noting that ¥ ;c 4 (L'C?) = NLC, we obtain

1 o
Zyf0= + (11") @ Ly diag (0 + BK) qp1, + In® (A+ BK)Z)5

1 1 o
+IN®(LC)N(11T)®Inep,0+N(IIT)QDI”COI(L’ vp).

For z,,10 we have
p+1,

Zpr10 = IN® (A+ BKIQp1, 1 (2p1,1)
= In® (A+BK) [Qpiy1 (21,1 ) = 2piy 1| + In® (A+ BK) 2,1,

= Iy®(A+BK) [Q,,,,f,l (zp,lf,l) —zp,lf,l] +Iy®(A+BK)qp -1 + In® (A+BK)Z)s,

and finally,

- avg
||Zp+l,0 - Zp_,_l,()”IN@Pl =

(ap? +b)ar'VNM(P)

<A+ BKl|lp, )

+ 1A+ BKllp, 1gp,1,-1ll1yep,
Y jes M(LITPLi)e]
vN

+ @l qp,i,ll1yer, + ILCllp, llepollyer, +

t
< csPPllegolliyepr, + csf +ds +dg

21 —2 2m 2’

. _ avg . - 14: _ avg
. Since zp,1, = qp,i, + Z,0 We may subtract both sides by 1® x), yielding ey 1, = qp,i, + €0 Then we

obtain

av
lep,i;lver, < Idp,i,llyer, +l€pglyer,

<pP

@
Iy = ( ly )
(1+a max(l,lg))lleo,ollll\,@pl+ cgt+a’lcs 21—

)
+(1+alfmax(1,ﬁ))L~+(d8+alfd7) Vi+l=p=1,

b
1-6 2m -2’
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F.5 Proof of Theorem 22

Proof. Given the system dynamics (12.11) we can express X4+ as

t . .
Xis1= (A+BK) " xo+ Y (A+BK)/ (wt,j - Bdiag(K’) e,_j',f) . (E3)
j=0

From Theorem 21 and using Property P4 we have
”Bdiag(K’J el Hp <M* lecji lyep, < M* (,Bt_j [k1lleoollyep, + k2] + kse + k4).
2

Taking the norm of (F.3) and using Property P3, together with the convergence properties of the geometric series,
yields

t . .
lxeerllp, <7 x0lp, + Y 7 (MPoew + M* (B [Kalleoolyer, + ko] + kse + ks))
=0

t (o] [

<y |lIxollp, + ) (%) M*(killeoollyep, +k2) | + Y. 7/ M(P2)ey + M* (kse + ka)
j=0 =
M* M(Ps)e,y + M* (kze + kq)

=y ol + 5= (alenollivor, + k) | + - T .
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