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ABSTRACT
Multi-objective optimization tools are becoming increasingly popu-

lar in mechanical engineering and allow decision-makers to better

understand the inevitable trade-offs. Mechanical design problems

can however combine properties that make the use of optimization

more complex: (i) expensive cost functions; (ii) discrete or step-like

behavior of the cost functions; and (iii) non-linear constraints. The

latter in particular has a great impact on the convergence and the

diversity of the obtained Pareto front.

In this paper, we present five bi-objective mechanical design op-

timization problems with various levels of constraint complexity.

They are used to rigorously benchmark two common constraint

handling strategies (constrained-dominance and penalty function).

The results suggest that both strategies have similar performance,

and that as constraints become more intricate, convergence to the

best-known Pareto front is not guaranteed. Indeed, analyzing the

evolution of the hypervolume along generations reveals that the

optimizer can get trapped in local optima. A detailed analysis of

the obtained Pareto fronts for the proposed problems allows us to

qualify the effects of the different constraints.
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1 INTRODUCTION
The design of mechanical systems is often an intrinsically conflict-

ing task. Ideal solutions rarely exist and engineers are forced to

make compromises (weight over strength, price over performance).
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The formulation of a design task as a multi-objective problem

(MOP) is thus straightforward. Indeed, multi-objective optimization

(MOO) is gradually gaining importance in mechanical engineering

[10, 28, 29, 31], as it helps gain useful insights into the problem at

hand and increases the decision-making capabilities of engineers.

In the MOO community, engineering inspired applications have

often been used as examples [3, 7, 26].

Practically though, the objective functions of real-world mechan-

ical MOPs can rarely be expressed as algebraic equations and are

often the result of simulation-based models. As such, running an op-

timization process is a computationally expensive task. Constraints

imposed by the problem can also be the outcome of simulations

and their mathematical behavior is often unknown beforehand and

all sorts of non-linearity can be expected. In addition, step-like or

discrete behavior of both the objectives and the constraints can be

assumed, as mechanical design almost always implies categorical

choices.

In order to solve such MOPs, stochastic metaheuristics and in

particular multi-objective evolutionary algorithms (MOEAs), have

been successfully applied for the past decades and proved to be

powerful global search algorithms.

Nature of the issue. Complex real-world mechanical design prob-

lems have features that are challenging for MOEA. In particular

most problems are constrained MOP, formally defined by equation

(1).While test suites commonly used to benchmark the performance

of new algorithms now also feature constrained problems, e.g. CF

from the CEC 2009 competition [34] and C-DTLZ [21], most MOEA

have not been specifically designed for constrained problems.

min (f1(x), f2(x), ..., fm (x))
subject to дj (x) ≥ 0, j = 1, 2, ...,p

hk (x) = 0, k = 1, 2, ...,q

x
(L)
i ≤ x ≤ x

(U )
i , i = 1, 2, ...,n

(1)

Box constraints can be handled directly by the selected variation

operators, but inequality and equality constraints need to be taken

care of by means of a constraint handling strategy. Different con-

straint handling strategies have been proposed [2, 21, 22, 32], but

selection guidelines and the practical consequences for engineers

are scarcely present in literature.

Goals and objectives. The design of an electro-mechanical actu-

ator is considered and a set of five problems are specifically built

to characterize and assess different types of constraints and their

effects on the optimization process. The goal is to investigate on this
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problem set two simple and common constraint handling strate-

gies that are readily available in NSGA-II. The objectives are to

identify the most performing strategy depending on the nature of

the constraints and to understand how the convergence process is

affected.

Scope of the paper. The concepts of the considered engineering

problem are presented in Section 2 along with the proposed bench-

mark problems. Their specifications and expected level of difficulty

are discussed. Section 3 describes the optimizer used to solve these

problems and a brief review of existing constraint handling strate-

gies is made. The experimental conditions are clarified. The results

of the performed benchmark are reported in Section 4 and practical

observations and their consequences are discussed.

2 MULTI-OBJECTIVE DESIGN OF
ELECTRO-MECHANICAL ACTUATORS

Electro-mechanical actuators are devices mainly composed of an

electric motor and a gearbox wrapped in a housing that holds

the components in place and protects them from the environment.

These devices are often integrated in systemswhere position control

or motion is required.

Although seemingly simple, the design process of these systems

can be tedious, given electric motor, gearbox and housing are closely

coupled and need to be matched in order to fulfill the required

output speed and output torque, while satisfying constraints such

as cost, volume, weight and efficiency.

2.1 Decision variables and modeling
Following a generic approach, the whole actuator is modeled as a set

of smaller sub-models that are connected together. The integrated

model provides information on the actuator performance, its cost

and 3D layout details, Figure 1.

The electric motor is selected among a list of existing stepper

motors and its coils can be scaled using a fill-factor (FF ) coeffi-

cient. Its performance is predicted following Acarnley [1] and its

cost is based on existing products and adjusted to the selected FF .
Simplified mesh information is used for the 3D representation.

The gearbox is modeled as k stages of spur-gear pairs where

the wheel of a stage is rigidly connected to the pinion of the next

stage. Each spur-gear pair is represented by 6 design variables: the

modulemi and the thickness to module ratio bi of the stage, the
number of teeth Zi(1,2) and the profile-shift coefficient xi(1,2) for
pinion and wheel. 3D layout information of a pair is given by two

additional design variables: the axial shift from the previous stage

di and the relative angular position of the wheel with respect to the

pinion γi , as proposed by [31]. Calculations on the gear train are

performed using the geometrical, kinematic and strength relations

from ISO norms [15–19] and following recommendations from

[25, 30]. An approximate cylinder is used as 3D mesh information

and its volume is used to compute the cost.

Finally, the housing is modeled by a convex hull with a fixed

thickness wrapped around the motor and gearbox and only con-

tributes to the cost.

Motor

d1

!1

Z11 x11 Z12 x12m1 b1

Z21 x21 Z22 x22m2 b2

d2

!2

Output

Figure 1: Schematic representation of an electro-mechanical
actuator with indications on the design variables.

2.2 Objectives and constraints
The design of a particular actuator can have many different types

of objectives. As our focus is set on the effects of constraints, a

bi-objective case is considered, where the total cost is minimized

and the torque excess is maximized. The total cost is the sum of the

cost for motor, gears and housing. The torque excess is the effective

torque at the output for the required speed minus the required

torque. While the first objective is often straightforward for indus-

trial applications, the second one gives engineers the possibility

to assess the cost landscape around the ideal solution (no excess

torque).

The constraints considered are divided into three groups:

Kinematics. In order to ensure proper operation of a given gear

stage, tooth profile interference, minimum specific sliding and con-

tact ratio must be checked. These constraints are active only when

combining boundary values for the number of teeth and the profile-

shift coefficient for the pinion and the wheel. They are also inde-

pendent for each stage of the gearbox.

Strength. The resistance of the gears to the transmitted torque is

verified by calculating the stress due to bending and the Hertzian

pressure on the flanks of the gear tooth and comparing them to ma-

terial limits. These constraints not only involve all design variables

for a given stage, they are also dependent of previous stages.

3D layout. The modeling of the layout of the different compo-

nents in the 3D space needs to satisfy constraints linked to spacial

interference, assembly feasibility and general volume requirements.
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The spacial interference measures the normalized number of mesh

elements that are in the volume of another part. The assembly

feasibility looks for deadlocks in the construction of the system,

following work done in [13]. Finally, additional constraints on the

total volume can be specified either in terms of maximal volume or

bounding box limits.

2.3 Proposed test problems
Using the models defined previously, five mechanical design prob-

lems are analyzed, which aim at designing an actuator composed of

an electric motor and 4 spur-gear stages, while minimizing the total

cost and maximizing the excess torque at the output. The proposed

models are built with two levels of detail – with and without 3D lay-

out considerations – and with an increasing number of constraints.

Table 1 gives a summary of the considered constraints for these

problems (LJ1-5).

In addition, the contact ratio, the minimum specific sliding and

the strength safety factor should be equal or higher than 1.2, -5 and

1.5, respectively. Further, when applying bounding box limits, the

actuator should fit inside a box of 40x63x30.5 mm
3
. The lower and

upper bounds for the design variables are given as follow:



9

20

0.3

5

−0.6
−30
−π


≤



Zi1
Zi2
mi
bi

xi,(1,2)
di
γi


≤



80

100

1

15

0.6

30

π


(2)

The available motors, the operating specifications, the material

properties and the cost information are provided by an industrial

partner and are kept constant for all problems.

3 CONSTRAINT HANDLING STRATEGIES
The optimization of such constrained problems using MOEAs re-

quires the use of a constraint handling strategy. According to Taka-

hama et al. [33], these strategies can be classified into the following

categories: (1) death penalty methods, (2) penalty function methods

(static or adaptive), (3) extended dominance methods, (4) objec-

tivization methods, and (5) hybrid methods. Category 1 is the

easiest to implement: invalid points are assigned an arbitrarily

high objective value. Yet, no indication on the level of violation

is given to the algorithm, which is not expected to perform well

except for convex constraints or for constraints that only have a

limited impact on the search space [4]. Categories 2 and 3 use the

constraint violation (CV ), calculated with equation (3), to either

penalize the objective values or to extend the used dominance con-

cept. Objectivization methods include the constraints as one or

several additional objectives in the optimization process, creating a

many-objective optimization problem. As such, solving the result-

ing problem could be significantly more difficult [11, 20]. Hybrid

methods combine aspects of the previous categories and offer good

performance perspectives. Yet, most of them are not ready to be

used by practitioners from other fields.

CV (x) =
p∑
j=1

|min(дj (x), 0)| +
q∑

k=1

|hk (x)| (3)

Penalty function and extended dominance methods are com-

monly used in practice and are the focus of this paper.

3.1 Penalty functions
Penalty function methods add a penalty to the objective values

of solutions that violate constraints based on the “amount” of the

violation [2]. Typically, the “amount” is measured by the constraint

violation CV and is conditioned by means of weights. The new

fitness assignment is shown in equation (4), where Q is a function

of CV and some weights w . The problem (1) is then rewritten as

(5).

f ∗i (x) = fi (x) +Q (CV (X ),w) , i = 1, 2, ...,m

with Q ≥ 0 and Q = 0 ⇐⇒ CV (x) = 0
(4)

min
(
f ∗
1
(x), f ∗

2
(x), ..., f ∗m (x)

)
subject to x

(L)
i ≤ x ≤ x

(U )
i , i = 1, 2, ...,n

(5)

The selection of an appropriate penalty function and its corre-

sponding weights is known to be difficult and problem dependent

[2, 27]. Yet, it has an influence on the convergence process as it will

distort the fitness landscape. Depending on the selected algorithm,

the added penalty can be misleading for the selection or mating

process.

In order to alleviate these issues, adaptive methods have been

proposed, e.g. [2, 22]. Yet, for practical applications, adaptive meth-

ods are often not readily available and proper tuning of the penalty

parameters can be extremely expensive. For these reasons, it is still

common to use penalties linear – equation (6) – or quadratic with

respect to CV with a single weightw .

f ∗i (x) = fi (x) +wCV (x), i = 1, 2, ...,m (6)

3.2 Extended dominance
An alternate solution is to replace the dominance relation used in

MOEAs by a dominance relation that takes the constraint viola-

tion into consideration. The constrained-dominance [5] and the ϵ
constrained method [32] are two such relations.

The first is the parameterless operator used in NSGA-II [9] and in

the more recent NSGA-III [6, 21]. It extends the Pareto dominance

as follow:

Definition 3.1. Given two solutions x1 and x2, x1 is said to

constrained-dominate x2, if one of the following is true:

(1) x1 is feasible and x2 is not;
(2) x1 and x2 are infeasible and CV (x1) < CV (x2);
(3) x1 and x2 are feasible and x1 (Pareto-)dominates x2.

The ϵ constrained method is based on the ϵ-dominance [24]

and follows the same lexicographic ordering as the constrained-

dominance method, but includes relaxation of the constraints by

means of the ϵ parameter.
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Table 1: Summary of the proposed mechanical design problems.

n p Cost model Used constraint groups

LJ1 17 4 motor and gears kinematic

LJ2 17 6 motor and gears kinematic and strength

LJ3 25 6 motor, gears and housing kinematic, space interference and assembly feasibility

LJ4 25 8 motor, gears and housing kinematic, strength, spacial interference and assembly feasibility

LJ5 25 11 motor, gears and housing kinematic, strength, spacial interference, assembly feasibility and bounding box limits

Table 2: Parameters used to configure each run of NSGA-II.

Parameter

Population size µ 120

Function budget 60’000 calls

or 500 generations

Mutation ηm 20

Mutation rate 1/n
Crossover ηc 20

Crossover probability (CXPB) 0.9

Penalty coefficientw 10, 102, 103, 106

4 EXPERIMENTAL STUDY
An experimental study has been conducted using the five proposed

problems to benchmark the performance of two constraint han-

dling strategies: the constrained-dominance (called Dominance)

and the penalty function defined by equation (6) (called Penalty).

In addition, the aggregation of all optimization results is used to

obtain approximate Pareto fronts for each problem and to give some

insights into the effects of the constraints on the design trade-offs.

4.1 Experimental setup
The chosen constraint handling strategies are implemented on top

of NSGA-II. The dominance strategy is the default approach for this

algorithm, while the penalty strategy is implemented by adapting

the objective function. The latter strategy was run with 4 different

penalty weights, chosen by progressively decreasing the weight

and rerunning the experiment until infeasible solutions become

optimal.

The implementation of the considered problems uses continuous

variables only. Thus, the traditional variation operators of NSGA-II,

namely simulated binary crossover (SBX) and polynomial bounded

mutation (PBM) are used. Each problem-strategy combination is

run 30 times, configuring the optimizer with the parameters shown

in Table 2. The number of function calls is used as termination

criterion.

The performance assessment follows best practice from the field

[36] and is done using the hypervolume indicator [35] (implemen-

tation of Fonseca et al. [12]) with reference point chosen at (11, 11).
The main advantages of the hypervolume are that it combines con-

vergence and diversity in the objective space in a single metric and

that it does not need to know the optimal Pareto front. Yet, two

practical aspects need to be taken care of: (i) invalid individuals

lj1

lj2

lj3

lj4

lj5

1 1.5 2 2.5 3 3.5 4 4.5 5
Cost

-0.5

0

0.5

1

1.5
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2.5
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 e

xc
es

s

Figure 2: Best-knownPareto fronts for all five test problems.

are removed from the population before the indicator value is com-

puted to ensure that penalty values or unrealistic individuals do

not affect the measure; (ii) the second objective (Torque excess) is
negated as the hypervolume is designed for minimization only.

The null hypothesis that all strategies are equally well suited is

assessed using the non-parametric Kruskal-Wallis test [23] with a

confidence interval of 99%.

4.2 Best-known Pareto fronts
The best-know Pareto fronts for each problem are shown in Fig-

ure 2 and give some indications on the complexity of the proposed

problems and on the effects of the different constraints.

In terms of shape, all problems have discrete fronts and show

a step-like behavior of the objective functions. Given the discrete

nature of the motor selection process, this is an expected result.

Nonetheless, spreading the solutions along such steps is known to

be difficult, as most density measures used by MOEAs to maintain

diversity can be tricked by this kind of shape. Resources are spent

trying to fill the step, whereas more exploration might be needed

to spread.

The change in modeling level – without and with 3D layout – is

also clearly visible in Figure 2 when comparing the fronts of LJ1

with LJ3, and LJ2 with LJ4 and LJ5. It results in a shift of the fronts

towards higher cost due to the different cost model.
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In terms of constraints, the following points can be observed:

• The spacial interference and assembly feasibility constraints

only play a marginal role on the achievable objectives, as

there is no visible difference between the shape of the fronts

of LJ1 and LJ3.

• Without strength considerations (LJ1 and LJ3), the torque

excess can be increased from 0.5 to 1.5 with barely noticeable

effects on cost. In more realistic scenarios (LJ2, LJ4 and LJ5),

strength requirements force an increase in size – and thus

cost – with increasing torque, resulting in gentler fronts.

• The bounding box constraints (LJ5 compared to LJ4) does

not visibly affect the obtained front.

4.3 Benchmark results and discussion
The results of the benchmark between the constrained-dominance

and the penalty function constraint handling strategies are shown

in Table 3. The average hypervolume value as well as its standard

deviation for each function and for each strategy are shown. The

outcome of the statistical test indicates that there is no statistical

difference between the two strategies for all problems and indepen-

dently of the used penalty weight. It is worth noting that for the

lowest weight (w = 10), several infeasible solutions were present in

the final population. These results can also be seen graphically in

Figure 3, where the normalized hypervolume error
1
is used to allow

a better comparison between functions. In addition, Figure 3 gives

also an insight into the convergence process. For all problems and

independently of the considered strategy, outliers are found and

indicate that the algorithm got trapped in a sub-optimal front or

it was unable to repeatedly spread along the full Pareto front. The

particular shape of the front has already been identified as a source

of challenges. Increasing the number of constraints also seems to

increase this phenomenon. In particular, the hardest problem LJ5

shows poor convergence: the best-known Pareto front for this prob-

lem is achieved by an outlier. Thus, no clear selection rule regarding

strategy or penalty weight can be formulated at this point.

Looking at the impact of constraints on convergence, the follow-

ing statements can be made:

• The more than doubled standard deviation between run

results from LJ1 and LJ2 suggests a negative impact on con-

vergence of strength constraints. Indeed, these constraints

couple almost all design variables together – and in a non-

linear manner, and are as such expected to be difficult.

• The bounding box constraints, which only have a limited

impact on the Pareto front, make the optimization process

much harder, as shown by the lower mean and the higher

variance of the achieved hypervolume values (LJ5 compared

to LJ4).

When discussing convergence issues, the question of the allowed

optimization budget is important. In order to assess whether the

budget is sufficient for such problems, the analysis of the evolution

of the hypervolume along generations can be used as an indicator.

For the easiest problem, LJ1 (Figures 4), all runs have converged to

a very narrow band within 160 generations. Problem LJ2, Figure 5,

reaches a steady value within 220 generations, but the variance

1nHV (X ) = (HV (PF ∗)−HV (X ))/HV (PF ∗), where PF ∗
is the best-known Pareto

front
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Figure 3: Box plot of the normalized hypervolume error over
all runs for the different problems and strategies (lower is
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Figure 4: Evolution of the mean and standard deviation of
the hypervolume along generations over all runs for prob-
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the hypervolume along generations over all runs for prob-
lem LJ2.
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Table 3: Mean and standard deviation over all runs of the hypervolume for each test problem.

Domination Penaltyw = 10
6

Penaltyw = 10
3

Penaltyw = 10
2

Penaltyw = 10

LJ1 127.251 ± 0.5403 127.251 ± 0.5413 127.248 ± 0.5421 127.351 ± 0.0062 127.056 ± 0.9082

LJ2 125.799 ± 1.1711 125.595 ± 1.2788 125.826 ± 1.1613 125.566 ± 1.2830 125.902 ± 1.1035

LJ3 124.734 ± 1.3378 124.810 ± 1.3206 124.887 ± 1.2269 125.073 ± 1.0708 124.872 ± 1.2493

LJ4 111.449 ± 0.2542 111.315 ± 0.7414 111.313 ± 0.2984 111.342 ± 0.7433 111.493 ± 0.2338

LJ5 108.921 ± 1.2813 109.313 ± 1.3944 109.257 ± 1.2223 109.452 ± 1.1069 109.064 ± 0.9238
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Figure 6: Evolution of the mean and standard deviation of
the hypervolume along generations over all runs for prob-
lem LJ5. Note the difference in scale of the y-axis compared
to Figures 4 and 5.

remains high and constant for the remaining generations. This

emphasizes that the previously mentioned effects are not due to

a lack of budget and that the algorithm is indeed stuck. Similar

conclusions can be reached for problem LJ5, Figure 6.

In addition, the consequences of the reduced valid search space

for LJ5 can also be seen in Figure 6: the random initial sampling did

not yield any valid solutions and the algorithm needed a few gen-

erations to find solutions with no constraint violation. Optimizers

lacking specific selection strategies to handle this case face the risk

of an early and critical drop in diversity that will affect the ability

of the optimizer to spread and to converge. For this particular case,

the use of relaxation schemes will be further investigated. A hint of

the effect on diversity is highlighted in Figure 7 where the values of

the design variables of LJ5 for the population of the worst run and

for the best-known front are compared. The difference in diversity

between the two is clearly visible and is the consequence of all the

challenges previously discussed and combined in LJ5.

5 CONCLUSIONS
In this paper, the impacts of constraints and two common con-

straint handling strategies on the performance of NSGA-II for a set

of real-world based mechanical problems have been investigated.

In particular, the integrated design of an electro-mechanical ac-

tuators has been discussed and five specific formulations of the

problem have been proposed with the aim to distinguish the effects

of different types of constraints. The experimental study concluded

that, independently of the constraints (amount or type), neither the
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Figure 7: Value path plot for the design variable values of the
worse performing run (top) and for the best-known Pareto
front (bottom) for LJ5.

constrained-dominance nor the penalty functionmethod performed

significantly better. Generally, many runs have shown premature

convergence, whose source has been found to be both the step-like

behavior of the objective functions and the nature of the constraints.

Specifically, constraints coupling many design variables and con-

straints strongly limiting the search space reduced the performance

of the optimizer and undermined the ability of the optimizer to find

an appropriate approximation of the optimal Pareto front. For the

studied problems, the strength constraints and the bounding box

limits were identified as the main constraints affecting the conver-

gence process. The causes are the coupling of all design variables

for the first and the search space reduction for the second.

Future work will investigate the development of constraint spe-

cific variation operators and diversity improving mechanisms, as

well as the use of other constraint handling strategies including

relaxation schemes with the aim of finding a more robust optimizer
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for the considered application. Possible starting points are the algo-

rithms built around the ϵ dominance concept such as ϵ-MOEA [8]

or Borg [14].
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