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Abstract

The present work deals with the rational model order reduction method based
on the single-point Least-Square (LS) Padé approximation technique introduced
in [3]. Algorithmical aspects concerning the construction of the rational LS-Padé
approximant are described. In particular, the computation of the Padé denomi-
nator is reduced to the calculation of the eigenvector corresponding to the min-
imal eigenvalue of a Gramian matrix. The LS-Padé technique is employed to
approximate the frequency response map associated with various parametric time-
harmonic acoustic wave problems, namely, a transmission/reflection problem, a
scattering problem, and a problem in high-frequency regime. In all cases we es-
tablish the meromorphy of the frequency response map. The Helmholtz equation
with stochastic wavenumber is also considered. In particular, for Lipschitz func-
tionals of the solution and their corresponding probability measures, we establish
weak convergence of the measure derived from the LS-Padé approximant to the
true one. 2D numerical tests are performed, which confirm the effectiveness of the
approximation method.
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1 Introduction

Many applications require the fast and accurate numerical evaluation of Helmholtz
frequency response functions, i.e., functions that map the wavenumber to the solution
(or some quantity of interest related to the solution) of the corresponding time-harmonic
wave-problem, for a large number of frequencies. In mid- and high-frequency regimes,
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very fine meshes or high polynomial degrees should be considered, in order to obtain
accurate Finite Element (FE) solutions of the time-harmonic wave-problem. Moreover,
low order FE schemes are affected by the pollution effect [2], namely, an increasing
discrepancy between the best approximation error and the FE error, as the wave number
increases. In the “many-queries” context, i.e., when many solutions of the underlying
Partial Differential Equation (PDE) are needed, the “brute force” approach entails the
solution of a large number of high-dimensional linear systems, and it is then out of
reach.

Model order reduction methods aim at significantly reducing the computational
cost by approximating the quantity of interest starting from evaluations at only few
wavenumbers. They rely on a two-step strategy: the OFFLINE stage consists in
the computation of a finite dimensional basis - e.g., the basis of snapshots (see, e.g.,
[5, 14, 19, 25, 26, 28, 29, 15, 8, 22]), or evaluations of the frequency response map and
its derivatives at fixed centers (Padé method, see, e.g., [7, 13, 10, 9, 3]); the output of
this phase, whose computational cost may be very high, is stored, to be used during the
ONLINE phase, in which the approximation of the frequency response map correspond-
ing to a given new value of the parameter is constructed. This stage does not involve
the numerical solution of any PDE, and is expected to provide the output in real time.

In this work, we focus on the Padé-based model order reduction technique introduced
in [3], defined for any given univariate Hilbert space-valued meromorphic map 7 : C —
V', and relying on a single-point Least-Square (LS) Padé approximant. In particular, the
single-point LS-Padé approximant of 7" centered in zy € C, denoted by T[as/nj, is given

by the rational V-valued map Tja/nj(2) = %, where Py ny(2) = Zyzo Pal(z —
20)®, with coefficients p, € V' (we write Piyr/ny € Pas (C;V)), and Q) € Py (C),
where P%; (C) is the set of all polynomials with complex coefficients {q, }2_, such that
o laal® = 1.

In [3] we have analyzed the convergence of Tj/ny to T as M — oo for a fixed
denominator degree N. In particular, the LS-Padé approximant 7[y;,n) identifies the N
poles of T closest to the center zg, as limit of the roots of the denominator Qas/n(2)
for M going to +o0.

In this paper, we describe in detail the algorithmical aspects of the construction of
the single-point LS-Padé approximant. In particular, the identification of the LS-Padé
denominator is proved to be equivalent to the identification of the normalized eigenvector
corresponding to the smallest non-negative eigenvalue of the Gramian matrix of the set
{T(zo), (’T) Lag? (’T) N)zo}, where (T)a,zo denotes the Taylor coefficient of 7 of order
a at zg.

Moreover, we explore the effectiveness of the single-point LS-Padé technique when
applied to parametric frequency response problems which go beyond the setting con-
sidered in [3], namely, a transmission/reflection problem, and a scattering problem. In
both cases, we first prove that the frequency response map associated with the consid-
ered problem is meromorphic. 2D numerical results are provided, which demonstrate
the convergence of the LS-Padé approximation. Moreover, 2D numerical tests in high-
frequency regime are performed for the parametric problem presented in [3].

The stochastic Helmholtz boundary value problem is also considered. We refer to [23]
for Uncertainty Quantification for frequency responses in vibroacoustics, to [6, 17, 16]
for model order reduction for random frequency responses in structural dynamics, and
to [24, 12] for the stochastic Helmholtz equation with uncertainty arising either in the
forcing term or in the boundary data or in the shape of the scatterer.

Within the present framework, we propose a novel approach to the stochastic Helm-



holtz boundary value problem based on the LS-Padé technique, where the wavenumber
k? is modeled as a random variable taking values into K = [k2,,,, k2,,.]. We approximate
the random variable X := £(S(k?)) with Xp := L(Sjp/nj(k?)). Here, L:V — Ris a
Lipschitz functional representing a quantity of interest, S is the meromorphic frequency
response map associated with the (stochastic) Helmholtz equation endowed with either
homogeneous Dirichlet or homogeneous Neumann boundary conditions, and Sy Ny is
the LS-Padé approximation of S. An upper bound on the approximation error for the
characteristic function is derived.

All the considered boundary value problems fall into the following general setting.
Let D be an open connected bounded Lipschitz domain in R? (d = 1,2,3), and consider
the following Helmholtz boundary value problem

—Au—Fk?, u=f inD,

U =gp on I'p,
Vu-n=gy on 'y,
Vu-n—iku=gr onlg,

(1)

where the wavenumber k2 is either a parameter or a random variable, which takes values
into an interval of interest K := [k2, ,k2,..] C R, e, =¢.(x) € L=(D), f € L*(D),
gp € HY*(I'p), gv € H-Y2(Ty), gr € H'/?(I'g), and {T'p,Tx, g} is a partition of
0D, ie, TpUTNUTgr =0D and TpNI'y =T pNTg =TxNITg = 0. Throughout the
paper, we denote with V' the Hilbert space H%D (D). Moreover we assume the functions
in V to be complex-valued.

The outline of the paper is the following. In Section 2, we recall the definition of the
single-point LS-Padé approximant and the main convergence result of [3]. In Section 3,
we describe the algorithm to compute the LS-Padé approximant. Section 4 deals with a
parametric transmission/reflection problem, whereas Section 5 deals with a parametric
scattering problem. In Section 6, the LS-Padé approximation is tested in high-frequency
regime, and in Section 7 the LS-Padé methodology is applied to the stochastic setting.
Finally, conclusions are drawn in Section 8.

2 Least-Squares Padé approximant of the parametric
model problem

This section deals with the Least-Squares (LS) Padé approximation of the following

parametric Helmholtz problem:

Problem 1 (Parametric Model Problem) The Helmholtz equation (1) has para-
metric wavenumber k* € K := [k2,,,,k2...] C RT, e, = 1, and is endowed with either

Dirichlet or Neumann homogeneous boundary conditions on 0D, i.e., T'r = 0 and either
I'pb=0D and gp =0, or 'y = 9D and gy = 0.

The following result was proved in [3].

Theorem 2.1 Let S be the frequency response map which associates to each z € C, the
solution u, € V' of the weak formulation of Problem 1:

/D Vu,(x) - Vo(x) dx — z/Duz(x)ﬁ(x) dx = /D fx)v(x) dx YveV. (2)

Then, S is well-defined, i.e., problem (2) admits a unique solution for any z € C\ A,
A being the set of (real, non negative) eigenvalues of the Laplace operator with the



considered boundary conditions. Moreover, S is meromorphic in C, with a pole of order
one in each X € A.

Remark 2.2 For the sake of simplicity, in Problem 1 we endow the Helmholtz equa-
tion with either homogeneous Dirichlet or homogeneous Neumann boundary conditions.
Small modifications to the proofs of Theorem 3.1, Proposition 4.1, and Proposition 4.2
in [3] allow to handle both homogeneous mized Dirichlet/Neumann and non-homogeneous
Neumann boundary conditions, and to conclude an analogous result as Theorem 2.1. In
Section 4, we will show how to handle non-homogeneous Dirichlet boundary conditions.

We recall now the definition and the convergence theorem of the LS-Padé approxi-

mant of the frequency response map S.
Let K = [k2,,,, k2,..] C RT be the interval of interest, and zg € C\ A with Re (o) >

man? 'max
0. To fix the ideas we take 2y = % +61i, with 6 € R\ {0} arbitrary. The LS-Padé
approximant of S, centered in zg, is given by the ratio of two polynomials of degree M
and N respectively:
 Puyn(2)

The denominator Qys/nj(2) is a function of z only, and belongs to the space P% (C)
of all polynomials of degree at most N, ¢ = Ziio qi(z — 29)" € Py (C), such that
ZZN:O |qi|2 = 1. The numerator Py : C — V is a function of both the complex
variable z and the space variable x € D. More precisely, P n)(2) = Zi\io pi(z — 20),
with coefficients p;, € V. In the following, we denote with Pys (C; V') the space of
polynomials of degree at most M in z € C with coefficients in V.

The construction of the LS-Padé approximant proposed in [3] relies on the minimiza-
tion of the functional jg , : Py (C; V) x Py (C) — R, parametric in E € N and p € RY,

defined as
, 1/2
20
, 4
v, Rc(zo)p ) ( )

where the brackets ()a o denote the a-th Taylor coefficient of the Taylor series centered

E
e (P,Q) = <Z |@@se) - Py,
a=0

in zg (i.e., foramap 7 : C\A =V, (’T(z))a o= iif(«zo)), and ”Hv\/m denotes
the weighted H'(D)-norm (equivalent to the standard one) defined as

2 2
lolly, ey = V1901320 + Re (20) 0132 - (5)

We recall the formal definition of the LS-Padé approximant of the solution map S,
and we refer to Section 3 for the proof of the existence of a (not in general unique)
LS-Padé approximant.

Definition 2.3 Let M,|N € N, E > M + N, and p € R*. A LS-Padé approzimant
Simy/ny, centered in 29, of the solution map S is a quotient g with P € Py (C; V),
Q € Py (C), such that

JEp(P,Q) < jg,(R,S) VYRePy(CV), VSePy(C). (6)

The following convergence result has been proved in [3].



Theorem 2.4 Let N € N be fivred, and let R € R* be such that the disk B(zo, R)
contains exactly N poles of S. Then, for any z € B(zo, R) \ A and for any |z] < p < R,
it holds

lim | S(z) — S[M/N](Z)Hv,\/m =0,

M—o0

for all E> M + N. Moreover, given o > 0 small enough, introduce the open subset

Ko= |J A—ax+a)CK.
AEANK

Then for any 0 < p < R such that B(zo, p) D K, there exists M* € N such that, for any
M > M* and for any z € K \ K, it holds

1 M+1
18(z) = @ uamlly, /meey < C oz (%) ’ "

where the constant C > 0 depends on p, R, N, 29, Amin = min{A € A}, ||f||L2(D), and
9(z) = HAEAOB(zO,R)(z = A).

Remark 2.5 In [3] the bound

1/ p\M+1
[8¢) = SEuimilly, e < €= (%)

was proved, with a constant C that depends on ﬁ, with
K\Kq
‘= min z
IK\K, LCRVK. lg(2)],

and g(2) = [Iyenns(z,r) (2 = A). Since the frequency response map S presents only
sitmple poles (given by the Dirichlet/Neumann Laplace eigenvalues), and the interval of
interest K contains a finite number of poles of S, it follows that there exists Cq > 0
such that
z)| > C, min z— A VzekK,
l9()] 2 Cg | min 12 = A

hence gi\ k., > Cya and the bound (7) follows.

We can draw the following consequences:

(a) The roots of the LS-Padé denominator Qjys/n) approximate the N poles of S, closest
to zgp.

(b) The region of convergence of Sjyr/n] is an open circle whose radius is equal to the
distance between zg and the (N + 1)-th closest pole of S.

3 Algorithmical aspects

In this section, we describe an algorithm for the computation of a LS-Padé approxi-
mant (defined according to Definition 2.3) of the Helmholtz frequency response map S
introduced in the previous section. We underline that the presented algorithm can be
likewise applied to any V-valued meromorphic map 7 : C — V. As a first instructive
step, we recall the proof of the existence of such an approximant, which was developed
in [3, Proposition 4.1].



Proposition 3.1 For any M,N € N, E> M+ N, and p € R", there exists a LS-Padé
approrimant centered in zg.

Proof. We want to show that the minimization problem (6) admits at least one solution.
Since P has degree M, then (P(z)) =0 for all o > M. Hence, we can rewrite jg,, as

@,z

Jpe(PQ)? =" H(Q(Z)S(Z) = P(2).0 i,mpm
+ (@@)8() - P), | -
2 ol etz

- i H (Q()8(z) - P(2)), ., o e

* Q:EM:H H (Q(Z)S(z))""zf’ V,\/mp

Now, let @ be fixed. Taking P = P(Q), where P(Q) satisfies
(P(Z))a,zo = (Q(z)S(z))avz0 Vo<a< M,

problem (6) can be formulated as a minimization problem in @ only: find @ € Py (C) such
that

2 2c

JEp(Q) < jBp(S) VS €PN (C), (8)
where

2

1/2
20
p : )
M a1 V,n/Re(zp) )

Since the functional jg,, is continuous and the set P} (C) is compact (being homeomorphic

ir.(Q) ::jE,p(P@),Q):( > @ese), .,

to the unit sphere in CV*1), jg , has a global minimum on P (C), and the minimization
problem (8) admits at least one solution. O

In the following proposition we express an equivalent formulation of the constrained
minimization problem (8).

Proposition 3.2 The constrained minimization problem (8) is equivalent to the iden-
tification of the (normalized) eigenvector corresponding to the smallest non-negative
eigenvalue of the Hermitian positive-semidefinite matriz Gg,, € CWNHOXINFD) with en-
tries

E
(GEvp)i,j = Z <(S)a7j7z0’ (S)a7i7Z0>V Re( )pQQa Z7] 207"'7]\77 (10)
a=M+1 TV etFo

. . 1
where (-, -)MW denotes the scalar product that induces the weighted H'(D)-norm
H'”V,\/Wzo)’ and the Taylor coefficient of order 3, (S)ﬁyz(), is the unique solution of the
following Helmholtz equation:

/D V(S)ﬁ,zO (x) - Vo(x) dx — z/ (8)6720 (x)v(x) dx

D

:/ (8), 1..0(x) dx YweV, (11)
D

whereas we set (S) .= 0, whenever g < 0.

B,z



Proof. Set g, := (Q)a w0 for a =0,...,N. Since

o N
(Qs)a,zo = Z 4n (S)a—n,zo = Z 4n (S)a—n,zg
n=0 n=0

according to our convention that (8) . 0 for B < 0, we have

B,z

2

E
= 2
]E,p(Q) - %+ )a,zo’ (Qs)a,zo>v,mp

N N
<2qj <s>aj,m,zqi<s>m,zo> =
i=0 V. /Re(z0)

B N
= Z Z q: 95 <(8)a—j,zo7 (8)a7i,zo>vy\/mp2a

Il
=M=

20

Il
Q
5
N
7~
—
~—
Q
|
<.
I
o
—
~—
Q
|
-
I
o
~_
=

Fq; S S p
i,j=0 a=M+1 V/Re(z0)
:q*GEanv
where G, € CN+TDXV+D s defined in (10), and q = (qo,...,qn)". By definition, G, is
Hermitian. Moreover, definition (9) implies that Gg,, is positive-semidefinite, so that all its

2
eigenvalues are real non-negative. Finally, observe that the constraint Zi\f:o ‘(Q) =1is

a,z
equivalent to the condition ||q||, = 1. Hence, we conclude that the constrained min(i)mization
problem (8) is equivalent to the identification of the (normalized) eigenvector corresponding to
the smallest eigenvalue Gg,,. Finally, we observe that equation (11) is obtained by repeated
differentiation of equation (2); see [3] for a rigorous derivation. O

The Hermitian matrix Gg , defined in (10) is obtained as weighted sum of sub-
matrices of the Gram matrix G € CNVHDX(N+1) ag50ciated with the solution map S,

namely, the matrix with entries G; ; = <(S)Z. o (S)j ZO> 7 fori,j =0,...,N.

V,/Reen)
See Figure 1 for a graphical representation.
By following the steps performed in the proof of Proposition 3.1, and applying Propo-
sition 3.2, we devise Algorithm 1 for the computation of the LS-Padé approximant.

Remark 3.3 The choice of p impacts the algorithm only by determining the weights in
the computation of Gg,,. Specifically, small (respectively large) values of p emphasize
the contributions from the sub-matrices located in the top-left (respectively bottom-right)
portion of G. A fast version of the algorithm, where Gg,, reduces just to the leading
term (i.e., for p — 4+00), is currently under investigation (see [/]).
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<S’S>V <8781>V <8782>V
(S1,8)y  (S1.S1)y o )

G- | 528y (S281)y (52,82)y (82:83)y (52, S4)y

: (83,81)y W (S3:83)y  (S3,S4)y

5 ( Vv (S Ss)y (SasSa)y

(S3:83)y (S2:83)y, (S1,83)y
GE'yp:...-i-pG <83,SQ>V <Sg,$2>v <81,82>V + ...
(S3,81)y  (S2,81)y  (S1,81)y

gure 1: Gram matrix (top) associated with the frequency response map S. To lighten
e notation, we omit both the argument (z) of the Taylor coefficients S,, and the

weight \/Re (29) of the scalar product (-,-);,. In blue the sub-matrix corresponding

to

N =2 and a = 3, which provides a contribution to Gg , (bottom) with weight p°.

Observe that a transposition with respect to the secondary diagonal is carried out before

CO

mputing the sum.

Algorithm 1 Construction of the LS-Padé approximant

=W N

o

: Fix 29 € C\ A with Re(29) >0, pe R*, M, N, E €N, with E > M + N
: Evaluate S in the center zg, by solving problem (2)
:for p=1,...,F do
Compute the Taylor coefficient of & in zy of order f, (8) B2y by solving the
problem (11) ’
end for

6: Define the matrix G , € RWVFDXWV+D according to (10)

10:

11:
12:

13:

Compute the (normalized) eigenvector & = (&, ...,&n) corresponding to the small-
est non-negative eigenvalue of the matrix Gg,,
Define the denominator as Qqas/ny(2) = 22[:0 €al(z — 20)"
for a =0,...,N do
Compute the Taylor coefficient of SQas/n) in 2o of order a using the formula

(SQ[M/N])WO =2 n0bn (S)a—n,zo

end for
Define the numerator as Py /nj(2) = Zi‘vfzo (SQ[M/N])a o (2 —20)"
Define the single-point LS-Padé approximant as Spa/n) = %




4 Application to a transmission/reflection problem

We consider the transmission/reflection problem treated in [18], i.e., the transmis-
sion /reflection of a plane wave ¢***4 with wavenumber « and direction d = (cos(f), sin(#)),
across a fluid-fluid interface. In particular, the considered domain D = (—1,1)? is di-
vided into two regions with different refractive indices nq, ny; we assume n; < no. The
Helmholtz problem is the following

_ 2.2 . - n1 if To < 0,
Au— k“e;u =0, with e.(z1,22) = { e if g > 0. (12)
For any angle 0 < 6 < /2, the following function is a solution of equation (12):
| Texp{iK-x} if xo > 0,
Uea (1, 2) = { exp{iknid - x} + Rexp{irnid - (z1, —x2)} if 22 <O. (13)

where K = (knidy, 5y/n3 — (n1d1)?), R = —52751% and T = 1+ R. We couple
the Helmholtz equation (12) with Dirichlet boundary conditions derived from the exact
solution (13), i.e., ulop = Uex|oD-

Depending on the value of # (angle of the incident wave), the solution may exhibit
two types of behavior:

e if < 6.,y := arccos (;’—f), then Im (K3) # 0, and u., decays exponentially for
x9 > 0. Physically, this phenomenon is called total internal reflection;

e if > 0., then d is close to the normal incidence, and the wave is refracted at
the interface.

The two behaviors are depicted in Figure 2.

Figure 2: Exact solution of the transmission/reflection problem with n; = 2, ny = 1,
k=11 and § = 29° (left), § = 69° (right).

4.1 Frequency response map

We are interested in the following boundary value problem:



Problem 2 (Transmission/Reflection Problem) The wavenumber k* ranges in the
interval of interest K = [k2,,,, k24z], and the Helmholtz equation is endowed with

Dirichlet boundary conditions on I'p = 0D:

{ —Au—k%*u=0 in D,

u=gp on 0D, (14)

where gp = Uez|op, and ue, is given by formula (13) with k = 11 and either 6 = 29°
or 6 =69°.

A weak formulation of problem (14) with z € C replacing £? reads: find @ € V = H}(D)
such that

0. (x) - Vo(x)dx — 2z 2(x) G, (x)0(x)dx
/sz<>v<>d /Dsm (x)(x)d

= z/Dsf(x)wg(x)@(x)dx Yv eV, (15)

where w, € H(D) is the unique harmonic extension of gp, i.e., Awy = 0in D and
wylop = gp, and U := u — wy.

By generalizing [3, Theorem 2.1], it can be proved that problem (15) admits a unique
solution for all z € C\ A, A being the set of eigenvalues of the Laplacian (w.r.t. the
weighted L?(D)-norm vl r2(py.e,. = llervllp2(py) with homogeneous Dirichlet boundary
conditions. Moreover, with

0<a< min | —z|, (16)
JIAGEA

the unique solution satisfies the a priori bound

V| Amin — z[ +[Re (2)] + Re (20)
v, /Reteey < max{l, ni, 2} o 2 lwgll 2 (py> (A7)

o

Uz

where A\, := min{\ € A}. By triangular inequality, an analogous upper bound on

|| ”V\/m follows.

Let us denote by S : C — V := H!(D) the frequency response map that associates
to each complex wavenumber z, the function S(z) = @, 4+ wy, with . the weak solution
of (15).

Proposition 4.1 The frequency response map S is meromorphic in C, having a pole of
order one in each A € A, where A is the set of eigenvalues of the Laplacian (w.r.t. the
weighted L?(D)-norm [l r2(py.c,.) with homogeneous Dirichlet boundary conditions.

Proof. We denote with (-, )., the inner product which induces the L*(D) weighted norm
[lL2(py.e,s -5 (V1,02)e, = In e2(x)v1(x)v2(x)dx. Let {p;} be the set of eigenfunctions of
the Laplacian (with homogeneous Dirichlet boundary conditions) orthonormal with respect
to the inner product (-,-)c., and let {\;} be the corresponding eigenvalues, i.e., —Ayp; =
Nje2p; in D and @jlap = 0 (see, e.g., [21, Theorem 2.36]). Inserting into equation (15) the
eigenfunction expansion (z,x) = > 4;(2)p;(x), where 4;(2) := (i(2), ¢;)e,, and denoting
wj := (Wg, Pj)e,, we derive

. Z w;
u;(z) = Y —Jz' (18)
The eigenfunction expansion of the frequency response map is then given by
S(z) = iz, %) + wy(x) = Y tj(2)p5 (%) + wy(x)
J
(18) ZW;
D3 () + wy () (19)
j J

10



Since the series converges in the (weighted) H'(D)-norm, then (19) directly implies that S is
meromorphic in C, and each A € A is a pole of order one for S. ]

4.2 LS-Padé approximant of the frequency response map

Since the frequency response map is meromorphic, it is appropriate to use the LS-
Padé technology to catch the singularities of S, and provide sharp approximations of
S(z), when z is close to the center zy. We apply Algorithm 1, and compute the co-
efficients of the denominator as the entries of the eigenvector corresponding to the
minimal eigenvalue of the Gram matrix (10). The Taylor coefficient of order g > 1,

8 .
(S)ﬁ,zo = é‘éz‘g |.=., € H}(D), satisfies

/D V(S),@,zo (x) - Vo(x)dx — 2o / £2(x) (8)6720 (x)v(x)dx

D

:/Daz(x)(S)B_LZO(X)@(X)dx VUGH&(D). (20)

Problem (20) admits a unique solution for all z € C\ A, since the PDE operator is the
same as in (15) and the right-hand side is a bounded linear form.

Let K = [3,12] be the interval of interest and § = 29°. In Figure 3, the H'(D)-
weighted norm of the P? finite element approximation of S, Sy, is compared with the
norm of its LS-Padé approximant Sp, p centered in zy = 7.5 + 0.5¢, for various degrees
(M, N). We have empirically observed (see Figure 4) that the LS-Padé approximation
delivers a better accuracy than that predicted in (7):

B M+1
0 — 2] ) , (21)

|Sh(z) — S[M/N],h(Z)HV,\/Re(zo) ~ <|ZO AN

where {);}; are the elements of A ordered according to: [A1 — zp| < |A2 — 20| < .... We
refer to [4] for a formal derivation of (21), where Sjjz/n is computed by a fast version
of Algorithm 1.

11
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Figure 3: Comparison between the H'(D)-weighted norm of S, (with 6 = 29°) and of

its LS-Padé approximant Sp p centered in zp = 7.5 + 0.54.
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5 Application to a scattering problem

In this section, we consider the scattering of an acoustic wave at a scatter occupying
the domain B((0,0),0.5) C R?. The incident wave u’ is the time-harmonic plane wave
traveling along the direction d = (cos(#),sin(#)) with wavenumber k, i.e., u’ = e?*d*.
The total field u, given by the sum of the incident wave u® with the scattered wave u?,
satisfies the following boundary value problem in the infinite domain R?\ B((0,0),0.5) C
R2

—Au—k*u=0 in R%\ B((0,0),0.5) C R,
u=0 on I'p := 9B((0,0),0.5) C R?, (22)
lim oo fof/? (2552 = ikt (%)) = 0

The finite element approximation of problem (22) entails the truncation of the un-
bounded domain R?\ B((0,0),0.5) C R? into the bounded domain

D= ([-2,2] x [-2,2]) \ B(0,0.5),

whose outer boundary will be denoted as I'g. Approximating the Sommerfeld radiation
condition at infinity in problem (22) by a first order absorbing boundary condition, we
write the following parametric problem:

Problem 3 (Scattering Problem) The wavenumber k? ranges in the interval of in-
terest K = [k2,, ,k2..] C RT, n is the outgoing normal vector field to T'r, and

| nw}rm mazx ’
gr ‘= %—7:: — tku® is the impedance trace of the incoming wave u*. We consider the
Helmholtz boundary value problem

—-Au—k>u=0 inD,
u=0 onTp, (23)

o] : _
In — tku=gr on I'p.

5.1 Regularity of the frequency response map

We extend problem (23) to complex wavenumbers. Given a complex wavenumber z € C,
we introduce the incident plane wave u? = e and its impedance trace g, := %’ﬁ —
izu’, and we define the frequency response map S : z — S(z2) := u, € V := H} (D),

where u, satisfies

izd-x

/D V. (x) - Vo(x)dx — 2 /D s (X)B(x)dx — iz /F e (X)T(x)ds (24)

R

:/F 9.(x)v(x)ds VwvelV.

If z € R, problem (24) admits a unique solution (see, e.g., [11]), which implies that the
frequency response map is well-defined on R. The following Theorem extends this result
to the complex half plane {z € C: Im(z) > 0}. Since the wavenumber in (24) is square
of the parameter z, we will endow the Hilbert space V with the weighted H'(D)-norm,
with weight w = Re (z9) (and not w = \/Re (zp), as was done before).

Theorem 5.1 Problem (24) admits a unique solution in all compact subsets of

Ct:={z€C: Im(z)>0}. (25)
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Proof. Given z € C, we introduce the bilinear and linear forms which define problem (24):
B.(u,v) :=/ Vu,(x) - Vo(x)dx — z2/ uz (x)v(x)dx — zz/ uz (x)v(x)ds, (26)
D D Ir
L.(v) := / 9-(x)v(x)ds. (27)
Tr

We first show that either the coercivity or the Garding inequality (see [21]) holds, provided
that Im (z) is non-negative. For the bilinear form in (26), we have

Re (B (u,u)) = ||Vu\|ia(D) — (Re(2)” = Im (2)?) ||“H2L2(D) +1Im (2) HuHi?(FR)
> 1Vl 22 py — (Re ()7 —m (2)?) [z
= ||“H%/,Re(zo> — (Re (2)2 —Im (2)2 + Re (ZO)Q) ||u||2L2(D> :
If C := Re(z)® —Im (2)® + Re (20)? < 0, then B(:,-) is coercive, whereas if C' > 0, then B, (-, -)

satisfies the Garding inequality.

2
The bilinear form (26) is bounded, with constant C' = max{l, Rl:(fo)v 1‘:‘3'8‘0”) . Indeed,

using the trace inequality
||UHL2(FR) < Cir HUHHI(D) )

we get

2
|B= (u, 0)| < IVull L2 p) VOl L2(py + 1217 [l L2 (py 100l L2 oy + |20 1l L2y 101 L2 (0 g
2 2
SAVull 2oy IVl (py + 1217 [l 2 oy 100l L2y + 121 Cor lull g1 oy 0] g1 )
|z]* Re (20)*
< HVUHLZ(D) HVUHL?(D) + W Hu||L2(D) H'U”LZ(D)

2 1
121G e {1, sy bl Pl
o LelC2

< max{l, 3 3
Re (Zo) Re (Zo)

} T

Moreover, the linear functional (27) is bounded, with constant

C = C}, max {1, m} HgZHV,Re(zo) :

Problem (24) admits a unique solution (continuously dependent on the data) if and only if
its homogeneous adjoint problem admits only trivial solutions: see [21, Theorem 4.11]. We
consider the case Im (z) > 0, and we refer to [11] for Im (z) = 0. The bilinear form associated
with the adjoint problem with g, = 0 reads:

B(p0) = o) = [ Vo) Vulxax—2* [ oouxax—7z [ olx)iods

and the condition B (u,u) = 0 is equivalent to

Re (B2 (u,)) = |Vl 2 () — (Re (2)° = Tm (2)%) [lull32 ) + T (2) 0] 22y = O
1 (B (u,w)) = Re (2) (21 (2) [[ul 3y + [0l 22r) ) =0

If Re () # 0 and Im (2) > 0, then Im (B} (u, u)) = 0 is equivalent to [[ul ;2(py = [lull 2,y =0,
that is, v = 0 in D, whereas, if Re(z) = 0 and Im (z) > 0, then Re (B} (u,u)) = 0 implies
IVull 2 py = llull 2(py = ||u\|L.2(FR) =0, hence u = 0. _ . . O

We recall here the following theorem, see [27, Theorem 1], which will be used in the
proof of Proposition 5.3.
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Theorem 5.2 Let B be an open and connected subset of the complez plane. If {T(2)}.cB
is an analytic family of compact operators defined on a given Banach space, then either
(I —T(2)) is nowhere invertible in B or (I —T(z))~! is meromorphic in B.

Proposition 5.3 The frequency response map S associated with problem (24) is mero-
morphic in all open bounded and connected subsets of C, and all its poles have negative
mmaginary part.

Proof. We proceed as in [20, Proposition 2]. We add and subtract the term [, u.Tdz to the
left-hand side of (24), and we get

/D Vu,(x) - Vo(x)dx + /D uz (x)v(x)dz — (1 + 22)/ u (x)v(x)dx

D

— iz /FR uz(x)0(x)ds = /FR g:(x)v(x)ds Vv eV,

which can be written equivalently as
(I -T()u. =G, iV, (28)

where T'(z),G, : V. — V are defined, respectively, as

u(x)v(x)dx + zz/ u(x)v(x)ds Vv eV,

I'r

(T()u, 0}, = (1+ 22)/

D

(Gz,v)y, = / g:v(x)ds YwveV.
Tr

Therefore, S(z) = (I — T(z)) " *G.. We prove that T(z) is compact in all open bounded
connected subsets of the complex plane C. We write T'(z) as T(z) = T'(z) o J, where J is the
compact embedding .J : V — H'/2*2(D), and T(z) : H'/>*¢(D) — V. Hence, in order to prove

the compactness of T(z), it is enough to show that T(z) is continuous. For all u € H'/2*2(D),

we have
<T(z)u, U>V|

(1+2%) /D u(x)(x)dx + iz /F u(x)(x)ds

R

HT(Z)uH = sup
Vo wevfully=t

= sup
veV,[|v]ly, =1

2
< | SHUP ) (‘1 +z | HuHL2(D) HU||L2(D) + 2| ||U||L2(FR) HU”L?(FR))
vy =
2
< SHUP (‘1 +z | HUHL2(D) H””]ﬂ(D) + |7 ||u||L2(8D) HU||L2(3D))
vy =
2 2
< sup (1142 ull o oy 1ol ooy + O3 2l Tl ey 100172420

[lelly=1

IN

max{|1 + 212} ,Cth |Z|} HUHH1/2+E(D) )

where C;, is the continuity constant of the trace operator v : HY/?*¢(D) — L?*(8D) (see,
e.g., [1, Theorem 5.36]). Applying Theorem 5.2, we conclude that (I —T'(z))™" is meromorphic
in all open bounded and connected subsets of C and, since G is linear in z (hence holomorphic
in C), the same conclusion applies to the frequency response function S(z) = (I — T(2)) "' G..
Moreover, since Theorem 5.1 states that S is well defined in C*, we deduce that all poles of S
must have negative imaginary part. O
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5.2 LS-Padé approximant of the frequency response map

We construct the LS-Padé approximant of the frequency response map S following
Algorithm 1. Having fixed zg € CT, N, M, and E > M + N, the coefficients of the
denominator are computed by identifying the eigenvector corresponding to the smallest
eigenvalue of the matrix (10), where the S-th Taylor coefficient of S, (S) Bz’ solves the
following recursive problem: ’

/D V(S)6720 (x) - Vo(x)dx — 23 /D (S)B,ZO (x)v(x)dx — izo / (S)B’Z0 (x)v(x)ds

I'r
~ 9 /D (S(9) ., - T(x)dx + i /F (800) .y, T
_ 1 d° _
+ /D (S(x))ﬁiz’z()v(x)dx + A /FR %gz(xﬂzzz0 v(x)ds VwveV. (29)

Since the PDE operator in (29) is the same as in (24), and the linear form at the
right-hand side is bounded, by applying Theorem 5.1, we conclude that problem (29) is

well-posed for any z € CT.

Figure 5: Comparison between the P? finite element solution of problem (24) (left), with
its LS-Padé approximation Spys/ny(2) centered in zp = 3 4 0.5i with degree (M, N) =
(10,2) (center), and its Taylor polynomial centered in zg = 340.5¢ with degree M +N =
12 (right), in the point z = 2.

Let u’ be the incident wave traveling along the direction d = (cos(0),sin(0)) with
wavenumber z = 2. Figure 5 (left) represents the solution of problem (24) computed via
the finite element method with polynomials of degree 3. Figure 5 (center) and (right)
represents the LS-Padé approximation Sjy/nj(2) at z = 2 with center 29 = 3 + 0.5
and degree (M,N) = (10,2) (and parameters p = |z — 29|, E = M + N), and the
Taylor polynomial centered in zy = 3 + 0.5¢ with degree FF = 12, respectively. Both the
Padé and the Taylor approximant are constructed starting from the set of evaluations
{S(20), (S),(20),---,(8),,(20)}. The LS-Padé approximant reproduces the behavior
of the reference solution much better than the Taylor approximant, and the LS-Padé
relative error in the weighted H 1(D)—norm erTpade = 0.101089 is much smaller than the
Taylor one erryq, = 0.611428.

Let z = 3, and 29 = 3 + 0.5¢. In Figure 6 (left) we plot the relative LS-Padé ap-
proximation error versus the degree of the LS-Padé numerator, for different values of
denominator degree. In Figure 6 (right), the relative error obtained by approximating
the frequency response map with the Taylor polynomial (black dashed line), and with
the LS-Padé approximant are compared. Also the diagonal LS-Padé approximant is
considered (dashed purple line), where the LS-Padé numerator and denominator have
the same degree. In Figure 6 (right), the errors are plotted versus the number of deriva-
tives (S)B,ZO’ B =0,...,E computed (i.e., the number of PDEs solved offline). Since
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B(zo, |z — z0|), the disk with center zp = 3+ 0.5¢ and radius r; = |z — 29| = 0.5, is con-
tained in the half plane where the frequency response map is holomorphic (see Proposi-
tion 5.3), the Taylor series centered in zg converges, and the Taylor approximation error
is comparable to the LS-Padé approximation error. Figure 7 presents analogous plots
as in Figure 6, for the point z = 2. In this case, B(zo, |z — z0|) N {Im (z) < 0} # 0, and
the Taylor series diverges.

20 =34+0.51,2=3 20 =3+05t,2=3
102 e 10
-+ N =0 (Taylor) -+ Taylor
——Pade, N =2
—4—Pade, N =4|]
Pade, N =6
-o Pade diag

Figure 6: Relative Taylor and LS-Padé approximation error in z = 3 plotted versus the
numerator degree (left), and the number of derivatives (S) 5. B=0,..., E computed

offline (right).

20 =3+0.5i,2=2 20 =3+0.5i, 2 =2

—-—N=2 b
o N=4 , L}
N=6 ¢ .
-« Taylor N \
-o- Pade diag| |

107" e Taylor
——Pade, N =2
—a—Pade, N =4
Pade, N =6
-0 Pade diag

10'2 L L L
15 20 0 5 10 15 20 25

Figure 7: Relative Taylor and LS-Padé approximation error in z = 2 plotted versus the
numerator degree (left), and the number of derivatives (S ) .07 8=0,...,E computed

offline (right).

6 Application in high frequency regime

In this section, we want to study the approximation properties of the LS-Padé ap-
proximant in the high frequency regime. As in [3], we consider Problem (1) with
D= (0,7)x (0,7), 'p = 0D, gp =0, and f(x) = —Aw(z) —v?w(z), where w(x) is the
product between the plane wave e~ 4* with wavenumber v = /51 traveling along the
direction d = (cos(w/6),sin(pi/6)) and the normalized quadratic bubble function van-
ishing on 0D. Note that w(x) is the exact solution of the Helmholtz equation (2), i.e.,
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S(z) = w, when z = 2. The interval of frequencies we are interested in is K = [39, 55],
which contains 6 eigenvalues of the Dirichlet-Laplace operator: 40,41, 45,50, 52, 53.

In Figure 8, we plot the numerical solution S, € V of problem (2) with z = 51,
computed via P? continuous finite elements. Observe that the relative finite element
error is of the order of 107°. In Figure 9, the LS-Padé approximant S, p centered
in zg = 47 + 0.57 evaluated in z = 51 is represented for two different values of the
denominator degree. Due to the fact that more derivatives are employed in the right
plot, more accurate results are obtained with higher denominator polynomial degrees.

In Figure 10, we plot the LS-Padé approximation error w.r.t. the exact solution, in
z = b1, for different values of the degree of the denominator, and we compare it with
the numerical rate (21). When N = 2,4, the LS-Padé technique works as expected (or
even better), whereas for N = 6 the error is no longer decreasing. We believe that this
behavior is caused by the ill-conditioning of Step 7 in Algorithm 1), i.e., the computation
of the (normalized) eigenvector of the Gramian matrix G , defined in (10).

We partition uniformly the interval of interest K in 100 subintervals. At each point
z of the grid we have computed the numerical solution Sy(z) of the Helmholtz prob-
lem (2), and the LS-Padé approximant Sy, p (see Figure 11), as well as the relative error
151.(2) =S P ()l g1 by, /Retzgy

1801 (1, Rotzgy
the roots of the LS-Padé denominator Qas/n) to the exact Laplace eigenvalues. For

all degrees of the LS-Padé denominator Qps/nj, there are two roots of Qar/n) which
converge to the two Laplace eigenvalues closest to zg. Concerning the other roots, we
observe two regimes: the error decreases for M smaller than a fixed value M™* which
depends on N (M* = 12 if N =4, M* =9 if N = 6); for M > M*, the problem
becomes ill-conditioned and the roots do not converge anymore to the Laplace eigenval-
ues. This behavior explains also the reason why in Figure 12 only 4 peaks are identified
by the LS-Padé approximant. The ill-conditioning of the eigenvalue problem limits the
applicability of the method, especially in high frequency regime, where the singularities
are dense. To overcome this problem, we are currently investigating the multi-point
generalization of the single-point LS-Padé method proposed in this paper. In a multi-
point framework, the number of derivatives to be computed are split over the set of
centers. In particular, instead of computing M + N derivatives in a single center z,
[(M + N)/n] derivatives will be computed in each center z;, for i =0,...,n — 1.

(see Figure 12). In Figure 13, we study the convergence of

Figure 8: Finite element solution S,(51) € V' of problem (2)
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Figure 9: LS-Padé approximant Sy, p(51) centered in zg = 47+0.5¢, with degrees M = 10
and N =2 (left), N =4 (right).
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Figure 10: Relative error
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Figure 11: Comparison between the weighted H'(D)-norm of the P? finite element

solution S, (z), and the weighted H'(D)-norm of the LS-Padé approximant Sjas/n(2),
for numerator degree M = 10 and denominator degree N =2, N =4 and N = 6.

Relative error in K (M = 10)

3 J
W - N=2
- N=4

e~ N=6

40 45 50 55
k’2
”Sh(z)_sh,P(Z)HHl(D),\/WZO)
HSh(Z)HHl(D),m

Figure 12: Relative error for different values of the degree of

the denominator.
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Convergence of the denominator roots (N = 2) Convergence of the denominator roots (N = 4)
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Figure 13: Convergence of the roots rg of the LS-Padé denominator to the Laplace
eigenvalues. The error |rg — A| is plotted for N =2, N =4 and N = 6.
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7 LS-Padé approximant of the stochastic model prob-
lem

This section deals with the stochastic counterpart of Problem 1:

Problem 4 (Stochastic Model Problem) The wavenumber k* of the Helmholtz equa-
tion is modeled as a random variable with bounded density function Fyz2. In this section,
either Dirichlet or Neumann or mized Dirichlet/Neumann homogeneous boundary con-
ditions on 0D are considered.

We introduce a Lipschitz functional £ : V' — R representing a quantity of interest of
the frequency response map S, and we define the following two random variables:

X = L(S(k?)) (30)

and
Xp = L(Spyni (k%)) (31)
where SNy = g[[’;é’;]] is the LS-Padé approximant of S centered in zg, with Re (zg) =

2 2
W and Im (zg) # 0; this guarantees that zp ¢ A, A being the set of eigenvalues

of the Laplacian, with the considered boundary conditions. Let ¢x,¢x, : R — C
denote the characteristic functions of X and Xp, respectively, i.e., ¢x(t) :=E [eitx ],
dxp(t):=E [e”X P ] . We are interested in studying the LS-Padé approximation error on
the characteristic function, i.e., we aim at proving an a priori bound for

erry = |px (t) — dx,(t)] for any ¢t € R. (32)

Theorem 7.1 Let L:V — R be a Lipschitz functional with Lipschitz constant L, and
let X, Xp be the random variables defined in (30) and (31). Given a > 0, then it holds

< (21Kal + 10 LoL (2K sup 7 VieR 33
erri< (20Kl 4+ 1 LO () K] sup Fiae) VieR  (3)

with the same definitions of R, p, and K, and the same characterization of C > 0 as
in Theorem 2.4, and |-| denoting the Lebesgue measure.

Proof. Using the definition of the characteristic function and the linearity of the expected
value we find

erre = |px () — dx ()] = ’IE [e“x] _E [e”XP] ‘

_ ‘IE [6itX _ eitXp” _ / (eitﬁ(s(z)) B eitL(S[M/N](z))) Fpo () dz
K

< ‘ / (£ _ 26 7,4 () do
Kqo

+

/ (eitL(S(ac)) _eizz:(s[M/N](w)) T2 (z) dz| .
K\Kq,

We bound the two integrals separately. For the integral over K., we have

'/ (eiw(s@)) 7eit[,(5[1u/N]<T>>) P2 () da
Ko

g

pitL(S(@) L (SN (@)

Fr2(z)de < 2|Kqo| sup Fpe2(x).  (34)

zeKqy

Fpa (2)dz + /

o a

22



Consider now the integral over K \ K. Since et

[t], and £ is Lipschitz with constant L, we find

is Lipschitz as a function of z with constant

/ (eitL(S(z)) _ eit‘:(‘S[M/N]<I>>) Fy2(x) dw
K\Kq

GIL(S@)) _ JitE(S(ar/n) ()

Fr2(x)dz
< |t |L(S(x)) = L(S(@))a/my| Pz () dac

StL/ S(z) — S(x Fr2(x)de.
1t K\KQH() @e/mly, ey Zo2 (@)

From the bound (7) of Theorem 2.4, we obtain

/ (6it£(S(z)) B eitﬁ(S[M/N](m))) Fy2 () da
K\Kaq

<l Le— (2)" K| 2 (x) (35)
< — (5 sup  Fp2(x).

a3 \R zeK\Kq g

The conclusion follows from inequalities (34) and (35). O

Corollary 7.2 Under the same assumptions as in Theorem 7.1, it holds

lim err;, =0 VteR.

M—o0

In particular, there exists C > 0 such that for any t € R

M+1

erry < C \t|1/4 (%) !

Proof. We have |K.| < an, with n < N the number of poles of S in K. From Theorem 7.1
it holds
) 1 /p\M+1
erry < ér;fo <C’1a+Cz(t)£ (E) ) ,
with C1 = 2nsup,c i Fp2(x) and Ca(t) = [t| LC | K| #2(x). By optimizing the expression in

« we obtain
M+1
4

erry < Cy (%)

with Cy = C¥/*Co(£)V/4(31/4 + 373/4), O
This corollary establishes, in particular, uniform exponential convergence of ¢x, to
¢x on any compact subset of R.

Remark 7.3 Theorem 7.1 and Corollary 7.2 can be generalized to derive an a priori up-
per bound on errg = |E[{(X)] — E[(Xp)]|, for any continuous and bounded functional
£:R — R. Thus, the weak convergence of Xp to X follows, as M — +oo.

Let us consider the case of 0D = I'p. Let K = [7,14] be the interval of interest
(which contains three eigenvalues of the Dirichlet-Laplace operator: 8,10,13), and let
the wavenumber be modeled as a random variable uniformly distributed on K, i.e.,
k* ~ U(K). Given the functional £ = H'”V,M’ where zy = 10+0.5¢, we consider the

random variables X = HSh(kQ)HV\/m and Xp = |}Sh7p(k2)|}v\/m. We define as
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Sp, the P3 finite element approximation of S; then Sy, p is the LS-Padé approximant of
Sh, centered in zg and with polynomial degrees (M, N). In Figure 14, we display the
random variables X and Xp evaluated at 100 sample points uniformly distributed in
K. When the degree of the LS-Padé denominator is N = 3, all the poles are correctly
identified by the LS-Padé approximant, provided that M is larger than 4. In Figure 15
we plot the characteristic function of the random variable X p, ¢ x, (t), where the degrees
of the Padé denominator and denominator are N = 3, and M = 2,4, 6, respectively.
The expected value has been computed by the Monte Carlo method, using 10° samples.

N=1 N=2
103 T T T 103 T T T T T T
o Xp, M =2 o Xp, M=2
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& ;O ’ *’O & e‘ ‘ o
1%% mjo ® ‘. ;ﬁﬁé& m 18§ \. “ @§ g
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oot 68 o oo Cogy @ 122
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Figure 14: Comparison between X = HSh(kZ)HV\/m and Xp = HSh,p(kQ)HV\/m
evaluated at 100 sample points uniformly distributed in K = [7,14]).
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Figure 15: Characteristic function ¢x, (t), with N =3 and M = 2,4,6.

8 Conclusions

The present paper concerns a model order reduction method based on the single-point
LS-Padé approximation technique introduced in [3]. We have described an algorithm to
compute the LS-Padé approximant of the Helmholtz frequency response map, and we
have explored the applicability and potentiality of the method via 2D numerical exper-
iments in various contexts. Moreover, the time-harmonic wave equation with random
wavenumber has been analyzed.

We are currently investigating the extension of the proposed methodology and of its
convergence analysis to the case of multi-point LS-Padé expansions, where evaluations of
the frequency response map S and of its derivatives at multiple frequencies are used. We
believe that this technique will outperform the single-point one, when a large number
of singularities of S need to be identified.
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