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RÉSUMÉ 

DESCRIPTION DES CORRECTIONS APPORTÉES À CETTE VERSION DE LA 
THÈSE: 
Le résumé a été modifié pour tenir compte de la nouvelle conclusion apportée à cette 
thèse. 

 

Les carbures sont des matériaux utilisés dans de nombreuses applications où d’excellentes 
propriétés mécaniques, telles que dureté, résistance à la déformation et ténacité, sont requises. 
L’industrie des matériaux d’usinage est un exemple où les carbures ont une importance 
considérable. 

Que ce soit dans les aciers outils ou pour la fabrication de cermets, les alliages les plus performants 
sont composés de carbures ternaires, contenant deux éléments métalliques en plus du carbone, et 
présents en renforts dans la matrice métallique. De tels carbures constituent des renforts conférant 
de meilleures propriétés en comparaison avec des carbures binaires. Toutefois, les connaissances 
de ces carbures ternaires en tant que tels restent très insuffisantes, et seules les propriétés des 
alliages ont été caractérisées. La principale raison à ce manque est la petite taille de ces particules, 
de l’ordre du micron, qui complique la mesure des propriétés mécaniques. 

Cette thèse a pour but de combler ces lacunes au moyen d’essais micromécaniques capables de 
mesurer les propriétés locales des particules prises individuellement. Ceci est possible grâce aux 
récents développements de la nanoindentation et des faisceaux d’ions. Les challenges sont donc de 
produire des carbures sous forme de particules dans une matrice de fer, en contrôlant leur 
composition, de tester mécaniquement et individuellement ces particules, et de proposer une 
explication à l’évolution des propriétés avec la composition, dans le but de trouver un carbure 
optimal en termes de propriétés mécaniques. 

Le principal challenge vient non seulement de la faible dimension des particules (< 40 µm), mais 
aussi de la matrice qui les entoure, plus complaisante, et qui fausse les mesures des propriétés 
élastiques. Les techniques de nanoindentation standards ne peuvent pas mesurer précisément les 
propriétés élastiques de ces combinaisons particules-matrices, et de nouvelles méthodes ont été 
développées dans le but de résoudre ce problème. 

Les particules de carbures ont été produites in situ en fondant de la fonte et des chips d’éléments 
d’alliage dans un four à arc, tout en variant les compositions. Trois propriétés mécaniques ont été 
ensuite mesurées : le module d’élasticité, la dureté et la ténacité, en indentant la surface polie des 
carbures, ou par flexion et rupture d’une poutre pré-entaillée. Ce trio de propriétés est essentiel 
pour caractériser correctement un matériau, à plus forte raison pour une utilisation ultérieure dans 
l’usinage. 
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Les carbures binaires nous ont servi de référence, et nous avons pu caractériser cinq systèmes 
ternaires, à savoir (Ti,W)C, (Ti,V)C, (Ti,Ta)C, (Ti,Nb)C et (Ta,V)C. Le ratio des éléments 
métalliques a été varié dans le but de couvrir toute la gamme de compositions. Pour ces carbures 
ternaires, nous avons mesuré des modules ainsi que des duretés supérieures d’environ 15-20% par 
rapport aux valeurs des carbures binaires correspondants. Une comparaison de ces résultats à la 
théorie développée par Jhi et al. et reposant sur la densité d’électrons de valence met en évidence 
que cette théorie seule ne permet pas d’interpréter tous les résultats obtenus ici et que d’autres 
paramètres sont tout autant importants pour déterminer la dureté et le module élastique de ces 
carbures. 

 

Mots-clés : Composites à matrice métallique, Carbures, Aciers, Module élastique, Dureté, 
Ténacité, Essais Micromécaniques, Nanoindentation, Concentration d’Électrons de Valence. 
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ABSTRACT 

DESCRIPTION OF CORRECTIONS BROUGHT TO THE SUBMITTED THESIS 
VERSION: 
The abstract has been corrected in order to account for the modified conclusion of the 
thesis. 

 

Carbides constitute a class of materials used for many applications, especially where excellent 
mechanical properties, such as stiffness, hardness and fracture toughness, are required. The 
machining industry is a typical example where carbide are crucial materials. 

Whether it be in tool steels or in cermets, the most performant machining alloys are actually 
composed of ternary carbides, i.e. contain two different metallic elements in addition to carbon, 
present as a reinforcement in a metallic matrix. Ternary carbides constitute better reinforcements 
providing enhanced mechanical properties in comparison with binary carbides; however, our 
knowledge of ternary carbides per se is still insufficient, and only the properties of the alloys have 
been characterized. The main reason explaining such a lack of data is the relative small size of these 
particles, in the micro-range, which complicate the measurement of their mechanical properties. 

This thesis aims to contribute towards filling this gap by means of micromechanical methods able 
to measure locally the main properties of individual microscopic carbide particles. This is now 
possible thanks to the recent developments of experimental techniques such as nanoindentation 
and Focused Ion Beam. The challenges of this thesis are then to be able to (i) produce carbides 
particles embedded in iron with tailored compositions, (ii) test mechanically individual particles 
and (iii) explain the evolution of the properties with changes in composition, in order to find an 
optimal composition characterized by enhanced mechanical properties. 

The main challenges come from the small dimension of the particles (< 40 µm) and the fact that 
such particles are embedded in a steel matrix, more compliant than the particles, which can then 
bias the measurement of elastic properties. Standard nanoindentation techniques cannot measure 
accurately the mechanical properties of such matrix/particle combinations and new methods have 
been developed in this thesis in order to overcome this problem. 

Carbide particles have been grown in situ by arc-melting cast iron with transition metal high purity 
chips, in order to properly tune the composition. Three mechanical properties have been measured: 
elastic modulus, hardness and fracture toughness, by indenting a polished surface, or by bending 
up to fracture notched micro-cantilever beams. This trio of properties is essential in order to 
characterize properly a material in view of an application in machining industry. 

By using binary carbide compositions as references, we have characterized five ternary carbide 
systems, namely (Ti,W)C, (Ti,V)C, (Ti,Ta)C, (Ti,Nb)C and (Ta,V)C, as well as the quaternary 
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(Ti,Ta,V)C system. The ratio of the metallic elements has been varied in order to cover the entire 
range of compositions. For the ternary systems, we found compositions that exhibited both a 
higher hardness and modulus than the two corresponding binary carbides, enhancing the properties 
by ~15-20%. Comparing results of this study with the Valence Electron Concentration 
(VEC) based theoretical predictions of Jhi et al shows poor agreement, leading to conclude that 
other parameters than the VEC are equally important in governing the elastic modulus and 
hardness of carbides explored in this work. 

 

Keywords: Metal Matrix Composites, Carbides, Steel, Elastic modulus, Hardness, Fracture 
toughness, Micro-mechanical tests, Nanoindentation, Valence Electron Concentration. 
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CHAPTER 1: INTRODUCTION 

INTRODUCTION 

1.1 Motivation and background 

The micromechanical behavior of two-phase metallic alloys and metal matrix composites (MMC) 
represents one of the most promising and prolific research field of modern metallurgy. The number 
of related publications in various scientific journals attests this fact: during the last 20 years, more 
than 10’000 scientific articles have been published in this specific fieldi. 

Micromechanics aims to link the global macroscopic mechanical properties of a material, 
including notably alloys and composites, with its microstructure and the values of local properties 
of individual phases and interfaces within the material; those are, in fine, the main parameters by 
which one can design the best material for a given application. It is well known that macroscopic 
properties are governed by the material microstructure: the specific structure at the micro-scale is 
a key feature in determining properties as different as elastic modulus, hardness, or fracture 
toughness. 

There is a myriad of possible combinations to form metallic-based alloys or composites, and there 
are no fewer different microstructures. They can however be grouped into two main categories: 
homogeneous solid solutions and heterogeneous microstructures containing second phases. The 
latter category encompasses alloys forming intermetallic particles and MMCs, where the second 
phase consists of a prefabricated phase generally called the reinforcement. The nucleation of fine-
scale (submicron) intermetallic precipitates is a well-known hardening mechanism, since the 
discovery of Alfred Wilm 1 , which allows to strongly increase mechanical properties such as 
hardness or yield strength; Al2Cu and Mg2Si precipitates constitute examples of intermetallics 
formed in aluminium alloys. In steels, the presence of cementite, a metallic carbide with the 
chemical formula Fe3C, allows to increase the mechanical properties over those of pure iron. If 
intermetallics can positively influence the strength, they also often contribute to reduce the ductility 
and the fracture toughness of the phase in which they are embedded. For other systems, 

 
i Source: www.sciencedirect.com; Keywords: micromechanics, metals; Years: 1999-2018; Results: 11’725 (15.11.2017) 
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intermetallic precipitates can have a global negative effect over the alloy properties; Au5Al2 and 
AuAl2 are intermetallic particles that are formed at the interface when gold is welded to aluminium; 
these intermetallics make gold mechanically weak (less strong and less ductile), and at the same 
time also decrease significantly the alloy interfacial electrical conductivity2. 

Despite the importance of understanding the influence of a given reinforcement on the properties 
of an alloy, very little is actually known about the intrinsic properties of those reinforcements, 
despite their intensive use in the metallurgical industry; for example, cementite is not very well 
characterized from the standpoint of its intrinsic mechanical behavior 3 . Local second phase 
properties matter, however. A previous study led in our laboratory demonstrated that both the 
shape and the quality of the reinforcement may have a significant impact over mechanical 
properties of alumina reinforced aluminium composites, such as their ultimate tensile strength 
(UTS) and fracture toughness4. By infiltrating an aluminium matrix with two different alumina 
reinforcements, namely inexpensive comminuted (angular) or alternatively high-quality vapor-
grown (polygonal) particles, an increase of both the UTS and the fracture toughness was found for 
the alloys containing polygonal alumina particles (Fig. 1.1). 

	
Fig. 1.1 – Tensile strength/toughness for various Al/alumina composites 
and comparison with common aerospace Al alloys; reproduced from Ref 

[4]. 

Among the investigated composites in Fig. 1.1, four parameters were varied: the composition of 
the aluminium matrix (pure Al, Al-2 wt% Cu and Al-4.5 wt% Cu), together with the alumina 
particle size, quality and morphology/shape. The comminuted particles contain many cracks, as a 
consequence of their production method, whereas the vapor-grown particles are much more 
expensive but of better quality with a cleaner surface and less defects. The two kinds of Al2O3 
particles are depicted in Fig. 1.2. 
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Fig. 1.2 – a) Angular comminuted 35 µm alumina particles; b) vapor-
grown polygonal 25 µm alumina particles; reproduced from Ref [4]. 

If we compare composites according to the quality of their reinforcements, all other things being 
equal, a better particle quality results in a global increase of the composite material toughness (𝐾!"  
is almost doubled for a pure Al matrix), while the strength increases as well. If we had to simulate 
the behaviour of those two composites with a standard micromechanical model, we would be 
limited by the lack of input parameters characterizing the difference in quality between the two 
types of particles (instead, when one seeks to access such local phase properties, those are generally 
back-calculated, using micromechanical models, from the measured composite properties). 

A similar situation can happen in alloys containing second phases formed in situ instead of 
prefabricated particles: if it is possible to change those particles with alterations in the material 
processing parameters, so as to change either their morphology or their composition, would it then 
be possible to enhance the properties of the alloy? That question is of primary importance, because, 
in case of a positive answer, this would represent a further step towards the amelioration of metallic 
alloys. To answer it, we must however no longer consider reinforcements as a second phase, but 
rather as a bulk material. We have then to determine the relevant properties as a function of the 
state of the particle, i.e. its morphology, its composition, etc. Second phases are often the first cause 
of fracture in multiphase metallic materials. Improving the quality of the reinforcement, by 
reducing for example the proportion or size of internal of interfacial cracks, or by tuning their 
chemical composition to improve their stiffness or toughness, is an approach that is still seldom 
used to produce better alloys or MMCs. The main goal of this thesis is to contribute to this 
approach.  

Because of their industrial importance, especially in tool steels and in cermets, we focus our study 
on MC carbides, where one metallic atom is present for each carbon atom; examples of MC 
carbides are TiC, VC, TaC, NbC and WC. Regarding the matrix, we embed such carbides particles 
in steel matrices. This choice is due to the fact that steel constitutes, in terms of mass, by far the 
most commonly used metal in industry, with more than 1’600 million tons produced in 2015ii and, 
due to the natural presence of carbon in steel, carbides constitute the most common 
reinforcements. Carbide particles are furthermore also extensively used in cermets, another 
important family of metal-ceramic composites, where very hard prefabricated ceramic particles are 
embedded within a hard metallic matrix that serves to bind the particles together and toughen the 
material. Moreover, carbides are, per se, very interesting ceramics, because of their very high 
mechanical properties, and also because most metals can form a stable chemical compound with 
carbon. Since most MC carbides share the same NaCl-type crystalline structure (except WC, which 
exhibits a simple hexagonal structure), they are totally or partially soluble with each other: this 

 
ii Source: www.worldsteel.org; 2015: 1’621 millions of tons 
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interesting feature allows to form ternary, quaternary or higher order reinforcements, by partial 
substitution of the metallic atoms with another metallic element. 

Taking advantage of this feature, this thesis aims at investigating and optimizing mechanical 
properties of MC carbides by varying their chemical composition, embracing ternary and finally 
quaternary MC carbides, the carbides being all precipitated and embedded in steel. 

1.1.1 MC carbides 

Strength and hardness are the most important features explaining why transition metal MC 
carbides are extensively used in engineering applications. Their very high melting point make them 
suitable for high-temperature structural applications, since they retain a large part of their strength 
and hardness while gaining in ductility. Their principal limitation comes from their brittleness at 
room temperature, this being a consequence of the ease of crack nucleation and propagation within 
these low-toughness phases. Their toughness depends on the ease of dislocation motion within the 
carbides, and therefore on factors such as Peierls stress and the rate of diffusion of carbon and 
metal atoms. Diffusion prevails at high temperatures, whereas the Peierls stress is more important 
at lower temperatures. Below 800°C, all the transition carbides break in a brittle fashion: the stress 
required to move dislocations is so high that fracture is promoted. At more elevated temperatures, 
there is a ductile-brittle transition, which translates a shift in the comparative values of the yield 
strength 𝜎# and the fracture strength 𝜎$ as a function of temperature. 

A summary of the mechanical properties of dense monocrystalline MC carbides at room 
temperature is given in Table 1.1 (more details are given about the mechanical properties of 
carbides in the next chapter). As seen, those vary significantly with composition. 

Table 1.1 – Mechanical properties of selected monocrystalline 
carbides. 

 
𝐸 

[GPa] 
𝐻 

[GPa] 
𝐾!" 

[MPa·m0.5] 

TiC 4515 28-355 1.6-3.06 

VC 4307 27-317 1.3-1.98 

TaC 4729 17-297 3.6-3.810 

NbC 5375 18-2411,12 7.713 

WC 6965 21-2611,14 7.5-8.915 

 

Carbides, beyond their use as reinforcements in steels and cermets, find nowadays application in 
several branches of industry. 

Hard carbides are suitable for application as a coating: it is of great industrial interest to be able 
to form a very hard thin film on a given surface, to improve its hardness and wear resistance. Drills 
or razor blades are a good example, with a core made of a tough and strong material (typically 
steel), while the cutting properties are restricted to the surface. As toughness and hardness are 
inverse properties, coating the surface with ultra-hard titanium carbide (or nitride) is an easy and 
inexpensive solution to overcome the problem. Aside from mechanical properties, coatings can 
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modify other properties, such as electric and thermal conduction, reflectivity or corrosion 
resistance. Chemical vapor deposition (CVD), physical vapor deposition (PVD) and thermal 
spraying are the major processes for coating tool steels with hard carbonitrides. 

In the automotive and aerospace industries, various carbides and nitrides are used for structures 
where high temperatures and/or corrosive environments are involved. Silicon nitride rotors are 
produced for turbochargers in the automotive industry; aircraft gas turbines operate in an erosive 
and corrosive environment and are hence protected by a coating of zirconia or a mixture of 
tungsten, chromium and titanium carbide16. Carbon fibers are also in certain applications coated 
via CVD by silicon or hafnium carbide, to provide protection against oxidation above 500°C17. Ball 
bearings are often coated with TiC or silicon nitride, in order to increase the hardness and provide 
a smoother surface, and then a lower coefficient of friction18. 

Nowadays, carbides are also used for nuclear applications. Boron carbide is an excellent neutron 
absorber used to control the neutron flux in nuclear reactors. The ability of refractory carbides to 
sustain strong thermal shocks also makes them suitable as coating in nuclear fusion devices: as 
examples, TiC is used on graphite neutron beam armor and B4C is applied for wall protection. 

1.1.2 Tool Steels 

Depending on the carbon concentration, as well as on the presence of alloying elements, steels 
can be grouped into several categories. Main ones are carbon steels, alloy steels, stainless steels and 
tool steels. Carbon steels contain mainly iron and carbon, with only minor quantities of alloying 
elements; according to their carbon content, they can be subdivided into low carbon (C wt% < 
0.3), medium carbon (0.3 ≤ C wt% ≤ 0.6), and high carbon steels (C wt% > 0.6). Alloy steels 
contain more alloying elements (generally between 4 and 8 wt%), such as Mn, Mo, Ni or Cr that 
allow an interesting increase of their properties in comparison with carbon steels. Alloying elements 
can be carbide-forming, as is the case of Mn, Cr, Mo, W, V, Ti and Nb, or not carbide-forming (Si, 
Al, Cu, Ni, Co). In tool steels, the amount of such carbide-forming elements is increased above 10 
wt%, leading to a carbide volume fraction in the range 10-20 vol%, thus making them ideal 
materials for cutting or drilling tools. 

The first alloyed tool steel was produced by Robert Mushet in 1868, by incorporating tungsten 
(between 4 and 12 wt%) into a high-carbon steel (1.5 – 2.5 wt% of C)19. Nowadays, the most 
common alloying elements for standard tool steels are manganese, chromium, vanadium, tungsten, 
molybdenum, nickel and titanium. 

According to their use, processing and composition, tool steels can be classified in 8 groups as 
shown in Table 1.2. 

Table 1.2 – Classification of tool steels20. 

 Group Symbol Main alloying elements 
(AE) 

Carbon and alloying 
elements content (wt%) 

1 Water-hardening tool steels W Mn, Si, Mo, V 
C: 0.6 - 1.4 

AE: 0.25 - 0.50 

2 Shock-resisting tool steels S Ni, Si, Mo 
C: 0.45 - 0.55 
AE: 1.5 - 4.5 
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3 Oil-hardening cold-work tool steels O Mn, Cr, W, Si, V 
C: 0.9 - 1.2 

AE: 1.6 - 2.5 

4 Air-hardening, medium-alloy cold-
worked tool steels A Cr, Mn, Mo, V 

C: 0.5 - 2.25 
AE: 4.0 - 12.0 

5 High-carbon, high-chromium cold-work 
tool steels D Cr, Mn, V 

C: 1.5 - 2.35 
AE: 12.0 - 17.0 

6 Hot-work tool steels H Cr, W, Mo 
C: 0.35 - 0.5 

AE: 6.0 - 24.0 

7 Tungsten high-speed tool steels T Cr, W, V, Ti, Ta 
C: 0.75 - 1.5 

AE: 23.0 - 38.0 

8 Molybdenum high-speed tool steels M Cr, Mo, W, V, Ti 
C: 0.8 - 1.3 

AE: 14.5 - 27.0 

 

W-grade steels are essentially high carbon steels; they are the most commonly used tool steels 
because of their low cost. A water quench is needed to achieve a maximum hardness and they 
cannot be used over 150°C, since they begin to soften above that temperature. Additions of 
manganese, silicon and molybdenum significantly increase fracture toughness, while vanadium is 
added to limit grain growth during heat treatment. The shock-resisting group, S-grade tool steels, 
is characterized by a low carbon content (0.45 ≤ C wt% ≤ 0.55) and a comparatively low amount 
of alloying elements (< 4.5 wt%) in order to maximize fracture toughness. 

O-grade steels are oil quenched and then tempered; they are characterized by a medium amount 
of carbon (0.9 ≤ C wt% ≤ 1.2) and a low amount of alloying elements (< 2.5 wt%). A-grade steels 
contain a high chromium content (~5 wt%) and are characterized by a good balance of wear 
resistance and toughness. D-grade steels contain between 10 and 13 wt% of chromium that forms, 
in this case, carbides rather than participate to the corrosion protection offered by a surface layer 
of chromium oxide. H-grade tool steels can contain either chromium (~5 wt%), tungsten (9-18 
wt%) or molybdenum (~5 wt%) as their main alloying element. Their carbon content is however 
low (< 0.5 wt%) in order to avoid the extensive formation of carbides. 

T/M-grade steels contain W (14-20 wt%) or Mo (5-10 wt%) with more than 0.75 wt% of carbon, 
in order to create a higher volume fraction of carbide. The presence of tungsten or molybdenum 
carbides increases strongly both the hardness and the stiffness of these steels. 

Regarding the microstructure of a standard tool steel in the hardened state, it consists of a matrix 
of martensite containing a dispersion of carbides, or iron and/or alloying elements (Fig. 1.3). 

Carbides in steel can form either during hot working, if the alloying elements are strongly carbide-
forming, or can precipitate from martensite during tempering. In most tool steels, carbides are 
formed during solidification if the alloy is initially cast, or sometimes by reaction sintering if the 
material is produced by powder metallurgy using blended elemental powders. Later on, the 
morphology and the composition of those precipitates can be modified by hot forming or heat 
treatment of the alloy. A high carbon content obviously increases the volume fraction of carbides 
and produces a steel harder and more resistant to wear but of lowered toughness. Depending on 
the final application, examples being tools for forming, shearing, cutting or molding, the required 
properties vary and a more specialized tool steel can be produced by tailoring its composition and 
processing. As an example, a cutting tool requires both high hardness and wear resistance, 
sometimes at high temperature, whereas toughness is the crucial parameter for shock-resistant 
tools used in hammers. 
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Fig. 1.3 – W-tool steel microstructure (1.05 C wt%), austenized at 800°C 
and brine quenched. The microstructure is composed of plate martensite 

with un-dissolved cementite (white particles). Specimen etched with 
Nital. Figure reproduced from George Vander Voortiii. 

Carbide-forming elements alloyed in steels can result in different kinds of reinforcements, such 
as MC, M3C or M6C carbides, giving rise to a wide range of properties. Typically, MC carbides 
exhibit the best properties in terms of hardness, while M3C carbides, such as cementite, are weaker 
and M6C carbides show intermediate properties. It is then possible to tune steel properties by 
combining different types of carbides, the choice depending on the final application. As an 
example, Fig. 1.4 represents the hardness of some carbides present in tool steels, compared with 
typical matrices hardness. 

	
Fig. 1.4 – Hardness of the different carbides types in tool steels, and 
comparison with matrices hardness; figure reproduced from Ref [21]. 

 
iii George Vander Voort, Revealing the Microstructure of Tool Steels, March 15, 2012 
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1.1.3 Cermets 

Besides their use as reinforcements in tool steel, carbides are also found in cermets. Cermets can 
be considered as a category of MMC characterized by a metallic matrix usually of cobalt, 
molybdenum or nickel, and containing reinforcements made of various carbides, borides and/or 
oxides. The typical volume fraction of reinforcements ranges from 30 to 90 vol%, and an example 
of a cermet microstructure is given in Fig. 1. 5. 

	
Fig. 1. 5 – WC-Co cermet microstructure (13 Co wt%), The average WC 

grain size is ~0.45 µm; figure reproduced from Ref [22]. 

Such phase combinations give rise to materials exhibiting both the extreme strength and hardness 
typical of ceramics and a toughness that is higher than what is typical for ceramics, nearer that of 
metals. Cermet properties depend on the properties of the individual phases, the size and the 
distribution of those phases, and the interfacial energy between the matrix and the carbide particles. 
The most common cermet is WC-Co, meaning that WC particles are embedded in a cobalt matrix. 
In terms of cutting performance, the WC-Co cermets are comparable to high-speed T/M tool 
steels. WC-Co cermets are usually obtained by liquid-phase sintering of a mixed powder of carbide 
and cobalt. The hardness increases with the amount of WC particles and by decreasing the particle 
size; the toughness follows the opposite trend. WC-Co can be alloyed with other MC carbides: TiC 
has the highest hardness among binary MC transition carbides at room temperature and is thus 
often used in combination with WC, making ternary WC-TiC-Co cermets the most common 
material for metal cutting purposes nowadays. TiC can also be replaced by TaC, which is harder 
above 500°C, where high-temperature and thermal shock resistances are requested. Both TiC and 
TaC improve the wear resistance in cutting applications. Due to the high cost of TaC, it is nowadays 
often replaced by NbC without changing significantly the cermet properties23. 

When WC is fully replaced by TiC or TiCN, another family of cermets can be developed, 
characterized by superior wear resistance and cutting performance, but inferior toughness 
compared with WC-Co cermets. Many efforts have also been devoted to substituting the Co 
binder, which is expensive, with Ni or an alloy of nickel and chromium; however, because of their 
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insufficient strength at high temperatures, so far, those substitute metals did not reach industrial 
application. 

Illustrative cermet, tool steel and carbide coating applications are presented in Fig. 1.6: 

	
Fig. 1.6 – Practical carbide applications: a) High-speed tool steel drill 
with a TiCN coating (in gold)iv; b) WC-Co cermet end millsv; c) Metal 

cutter for a CNC machine, the three tungsten carbide inserts are coated 
with TiN (in gold)vi; d) Si3N4 ceramic rotorvii; e) TiC coated ball 

bearingviii. 

 
iv Image reproduced from: http://www.suttontools.com/products/panel-drills-single-ended-tin-coated-d127/ 
v Image reproduced from: https://www.regalcuttingtools.com/products/end-mills/high-speed-steel-end-mills/four-
and-more-flute-hss-end-mills/four-and-more-flut-6 
vi Image reproduced from: https://www.secotools.com/#article/83057?language=fr 
vii Image reproduced from: https://www.alibaba.com/product-detail/ceramic-Silicon-Nitride-degassing-rotor-
impeller_60682992372.html?spm=a2700.7724857.main07.18.3b5b61c9GJUyPD&s=p 
viii Image reproduced from: http://www.tic-techs.com/products/ 
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1.2 Problem addressed and objectives of the thesis 

We have outlined in what precedes the industrial importance and relatively wide range of carbides 
used to reinforce engineering structural materials; that constitutes an excellent reason to measure 
their intrinsic properties and seek ways to improve them. 

The binary Fe-C system forms a rather complex system, and the addition of other carbide-
forming elements contributes to increase significantly that complexity. The in situ formation of MC 
carbides in a steel matrix constitutes then the first challenge of this thesis, especially for ternary and 
higher order carbides, where more than one metallic element is present. We must then not only 
produce the carbide, but also be able to tune its composition. Note that, because of their high 
thermodynamical stability and their low solubility in liquid iron, the modification of the 
microstructure by thermal treatment, following carbide formation, can be very complicated and 
can require very high temperatures. Moreover, some elements, e.g. Fe or impurities present in Fe, 
tend to diffuse within most of the carbide to form a higher order carbide, contributing generally to 
reduce their mechanical properties. 

The second challenge this thesis faces is related to the measurement of local mechanical 
properties of small MC carbide particles. In fact, the small size of such particles (2-40 µm) limits 
the possibilities available to test them mechanically, requiring high precision in the positioning and 
the measurement procedures. Thanks to the evolution of measurement techniques at the micro-
scale, based on nanoindentation, it is nowadays possible to test very small volumes of material. 
Moreover, by coupling nanoindentation with focused ion beam technology (FIB), it is now possible 
to machine very small specimens and thus scale down, to the micron-scale, tests traditionally 
performed on a much larger scale. Furthermore, other phenomena can influence the sample 
response such as electrostatic forces or surface adhesion, both of which gain importance over 
gravity as the scale of objects decreases. Precision also becomes a more difficult issue, regarding 
the milling and the loading part: the sample cannot be seen by naked eyes, therefore electronical or 
optical microscopes are required to shape and characterize the structures tested. Microscale testing 
thus constitutes a second interesting challenge this thesis aims to tackle. 

Finally, in situ grown carbides are characterized by an irregular shape, most often that of dendrites 
or variously shaped, often angular, particles, depending on the composition, the processing and the 
heat treatment cycle of the steel sample. This irregular morphology constitutes the third difficulty 
of the thesis. An easy solution for getting around the problem consists in testing mirror-polished 
particles still embedded in the matrix. This solution however adds an indirect complication: because 
the steel matrix is much more compliant than the carbide particle, indenting the particle inevitably 
leads to a non-negligible deformation of the surrounding matrix. We could assimilate this situation 
to an equivalent system formed by two springs in series, with the first one, stiffer, simulating the 
particle, and the second spring representing the matrix. When the system is loaded, the more 
compliant spring is necessarily deformed, such that the particle stiffness is always underestimated. 
This extra-compliance furthermore varies, being dependent on particle shape and the applied load 
and cannot be ignored for all the measurements involving elastic properties. A new measurement 
method was therefore developed in order to measure the elastic modulus of these tiny and irregular 
carbide particles. In order to measure hardness and fracture toughness, on the other hand, we used 
already developed methodologies, by adapting them to our particles. 
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Data interpretation is finally based on atomic bonding considerations, namely of density of metal-
carbon or metal-metal bonds and density of occupied states (DOS), based on contributions in the 
literature. This approach allows us to understand some of the measured trends in the evolution of 
elastic modulus or hardness as a function of composition for ternary and higher order systems. 

The objectives of the thesis can be subdivided into three distinct parts: 

1. Development of a processing route able to generate ternary and quaternary carbides 
embedded in steel and characterized by tailored composition, homogeneity and proper size; 

2. Development of micromechanical testing methodologies by which the elastic modulus, the 
hardness and the fracture toughness of hard carbides reinforcing iron alloys can be directly 
measured; 

3. Determination of optimal compositions and interpretation of the measured properties 
including atomic bonding considerations. 

 

After this first introductive chapter, a literature review is presented in Chapter 2. The 
thermodynamics of carbide formation in liquid iron are firstly presented, followed by a brief review 
of binary carbide properties, with a focus on the five that we investigated in this work: TiC, WC, 
VC, TaC and NbC. We then present the state of the art regarding ternary carbide systems, with an 
emphasis on the change in mechanical properties along with the composition. In a second part, we 
expose the bases of contact mechanics, as well as the bases of nanoindentation. We describe the 
different methods developed to measure elastic modulus, hardness and fracture toughness. Finally, 
we present several pertinent micro-mechanical tests that have been developed to measure the 
fracture toughness at the microscale. 

Chapter 3 describes the processing of binary, ternary and quaternary carbides in steel. Details on 
the method used to create the various sample are presented, as well as all the obtained 
microstructures, with the identification of the different phases. 

Chapter 4 presents the methods and results for the hardness measurements. At the end of the 
chapter, the method accuracy is discussed, followed by an interpretation of the hardness evolution 
for ternary and quaternary compositions. 

Chapter 5 and Chapter 6 have a similar structure but are dedicated respectively to elastic modulus 
and fracture toughness measurements. 

Finally, a conclusion is the subject of Chapter 7. 

1.3 Thesis framework and funding 

This thesis was part of the ERC Advanced Grant Agreement N° 291085 awarded to Prof. 
Andreas Mortensen, director of the Laboratory of Mechanical Metallurgy (LMM), at EPFL, under 
the European Union’s Seventh Framework Programme. This ERC project was carried out between 
May 2012 and April 2017; funding for the continuation work on this thesis past April 2017 was 
provided by basic laboratory funds from EPFL. Global objectives of the ERC project were to 
develop micromechanical tests and use them to determine the mechanical properties of hard 
second phases in alloys and MMC. Three PhD theses were produced within this project: 
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1. A thesis focused on silicon in Al-Si alloys, by M.G. Mueller; 

2. A thesis on alumina reinforcements in MMC, by V. Pejchal; 

3. The present thesis, focused on carbides in steel. 

Three post-doctoral researchers who contributed full-time to the project helped me significantly 
in my work: Dr. G. Zagar with testing and simulation, Dr. M. Fornabaio with specimen processing 
and analyses and Dr. L. Deillon with thermodynamics. Other members of the LMM have also 
variously contributed to the project: R. Charvet and C. Dénéreaz for many technical aspects of my 
work; A. Rossoll and A. Singh (who also worked full-time on the ERC project) as scientific 
collaborators at the beginning of the ERC project. 
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CHAPTER 2: LITERATURE REVIEW 

LITERATURE REVIEW 

The purpose of this chapter is to lay the groundwork for understanding and interpreting the 
results and their discussion, exposed in subsequent chapters, and also to present the state of the 
art in relevant scientific topics related to this thesis. 

We start with an overview of MC carbides generally, including their thermodynamics, their crystal 
structure and their chemical bonding; we focus afterwards on the mechanical properties of the five 
binary MC carbides explored here, namely TiC, VC, TaC, NbC and WC. 

In a second section of this survey, we discuss ternary carbides, addressing relevant phase 
diagrams, their general properties, and the known causes of the variation of mechanical properties 
– typically hardness – with composition. 

The third part of this chapter is dedicated to mechanical testing at a small scale. We start by 
summarizing the basis of contact mechanics and we continue with a review of the different 
nanoindentation techniques that have been developed to measure the elastic modulus, the hardness 
and the toughness of materials at the microscale, from the Oliver and Pharr method to more recent 
techniques. Finally, we discuss different micromechanical tests, in particular the chevron-notched 
cantilever beam method, that have been developed to measure specific mechanical properties in 
samples a few micrometers wide. 

2.1 Thermodynamics of the Fe-C system 

Since steel constitutes the matrix in which in situ created carbides of this work are embedded, we 
review now briefly the Fe-C system, by focusing on its liquid phase, where carbides formation takes 
place. 

By definition, steel is a binary alloy of iron and carbon, whose composition lies between 0.02 and 
2.00 wt% (in practice 1.5% is seldom exceeded) carbon (Fig. 2.1). The presence of carbon atoms, 
which are significantly smaller than the iron atoms and therefore occupy interstitial sites in the Fe 
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crystal lattice, is the first reason for the rise of mechanical properties of steel in comparison with 
pure iron: carbon in solid solution interacts strongly with dislocations. One part of the carbon 
forms a compound with iron: a M3C carbide called “cementite” generally forms, whereas the other 
part remains within the iron lattice by filling the octahedral interstices, thus distorting the crystalline 
lattice. Below 0.02 wt% of carbon, cementite does not form, while when the limit of 2.00 wt% is 
reached, the solidification process passes through a eutectic transformation and a more brittle alloy 
is formed directly from the liquid phase: this is (by definition) cast iron, containing either the more 
stable form of carbon, namely graphite (grey cast iron) or cementite (white cast iron). 

	
Fig. 2.1 – C-Fe partial phase diagram; insert: Fe(a) single-phase domain 

near the eutectoid temperature. 

Reactions that lead to the formation of stable MC carbides are governed by the behavior of the 
carbon atoms. As they are significantly smaller than those of iron and most of the alloying atoms 
(except boron), their diffusion is then faster, also in the liquid phase. Chipman24 wrote in 1972 a 
review of the complex thermodynamics that govern phase transformations in the Fe-C system: the 
behavior of the carbon atoms within the different phases appears to be a key parameter in 
explaining the reactions that take place during cooling, especially carbide formation. The chemical 
potential, or the activity, of the alloying elements govern their solubility in iron and the driving 
force for the formation of carbides. 

The chemical potential 𝜇, defined as the rate of change of the free energy for a thermodynamic 
system with respect to the change in the number of atoms of the species, is often quantified using 
the chemical activity 𝑎% , which expresses the difference between the chemical potential of a species 
in the considered (real) state (𝜇%) and that in a standard state, of chemical potential (𝜇%&) for the 
same species: 

𝜇% = 𝜇%& + 𝑅𝑇 𝑙𝑛 𝑎% 	
Eq. 2.1 

where 𝑅 is the gas constant and 𝑇 the absolute temperature. When the activity is equal to unity, 
the element is in its standard state, and 𝜇% = 𝜇%& . In a thermodynamic solution, the activity 
measures the effective concentration of a species in a mixture, assumed to be equal to unity for 
pure substances as these are generally chosen as the relevant standard state. The carbon activity, 

1147

727

1538

912

1349

1600

0

400

800

1200

L

Fe (K)

Fe
 (E

)

Fe
3CTe
m

pe
ra

tu
re

 °C

Composition - Fe at.%
75 80 85 90 95 100

Fe (K)

Fe (E)
727

912

10099.92
200

1100



Chapter 2: Literature Review 

 

41 

measured relative to graphitic carbon as the standard state (i.e. 𝑎' = 1 at saturation), in the austenite 
and in the liquid phase has been calculated by Ban-ya et al.25 (Fig. 2.2). 

	
Fig. 2.2 – Activity of carbon in austenite and liquid iron; reproduced 

from Ref [24]; 𝑦" is the atomic ratio 𝑛"/𝑛#$. 

We may observe that the carbon concentration at which the carbon activity is equal to unity in 
liquid iron (at which, in other words, phase separation between the liquid and graphite begins) 
increases with increasing temperature26-30(Fig 2.3). Temperatures involved in the processing of 
steels, on the order of 2500°C, are higher than the melting point of iron (1538°C). At these 
temperatures, the activity of carbon in usual alloys is generally well below unity. 

	
Fig. 2.3 – Solubility of carbon in iron, curve reconstructed from data in 

Refs [26, 27, 28, 29 and 30]. 

This rise in solubility is a definite advantage for the design of steel alloys because more dissolved 
carbon is then available for carbide formation if processing starts at elevated temperatures, well 
above the melting point of iron. 

Cementite, Fe3C, is the most frequent natural iron carbide, but it is metastable with respect to 
graphite at all temperatures31. The simplest chemical reaction for its formation is: 
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3	𝐹𝑒(𝛾) + 	𝐶	(𝑔𝑟𝑎𝑝ℎ) → 𝐹𝑒(𝐶. Scheil32 and Smith33 have measured separately the standard free 
energy associated with that reaction (Fig. 2.4). 

	
Fig. 2.4 – Gibbs free energy associated with the formation of 

cementite32,33 ; figure reproduced from Ref [24]. 

The driving force for the reaction increases with temperature, as outlined in Fig. 2.4 by the 
decrease in Gibbs free energy 𝛥𝐺°. The absolute value of the energy associated with the formation 
of cementite remains, however, small in comparison with the energies involved in the formation 
of other transition metal carbides. 

The reaction synthesis of carbides in liquid iron is governed by the solubility of carbon and that 
of foreign metallic atoms in the melt, by interface kinetics, as well as by nucleation and growth 
processes34. Nucleation occurs when a critical supersaturation is reached, which depends on carbide 
and liquid composition, carbon and metals activities, temperature and interfacial energies. 

The starting melt is generally considered to be a homogeneous solution of iron and other metals 
atoms. Where carbide nuclei form and grow, two diffusion fluxes, of carbon and metal, control the 
growth process if interface kinetics are sufficiently rapid. The diffusion coefficients of carbon, 𝐷") , 
and of the metal, 𝐷*) , in liquid iron therefore influence the final microstructure. Resulting 
microstructures of a slowly cooled steel containing carbide-forming elements consists in a 
dispersion of carbides, the shape of which is often dendritic and can be faceted or rounded, within 
a matrix of steel, the structure of which can, in turn, itself be quite complex. 

2.2 Binary MC carbides 

Carbides constitute a category of ceramics that has been extensively investigated because they 
combine several attractive properties. Carbides are indeed among the best materials in terms of 
elevated hardness and elastic modulus. From the perspective of electrical properties, most carbides 
are conductive ceramics and superconductors; on top of that, their crystal structure – particularly 
that of MC carbides – is simple, which makes them attractive materials in attempting to understand 
the relationship between properties and microstructure. Among the many possible carbides, MC 
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compositions exhibit the highest hardness and stiffness values, are thermodynamically stable at 
room temperature and exist over a wide range of compositions, since many metal atoms can be 
substituted for others in such crystals, with the implication that MC carbides can be ternary or 
quaternary alloy phases, of composition (MxM’yM’’(1-x-y))C. A large number of investigations have 
been carried out during the second half of the 20th century on those materials, generally based on 
thermodynamics considerations, or on mechanical tests at the macroscale. 

Given the rapid current pace of evolution of numerical simulation methods, a new trend in 
carbide research consists in simulating their properties, using DFT-based methods. While 
“classical” binary carbides are still often investigated, in ternary or higher order systems, a new 
category of complex carbides, called Nowotny carbides, has emerged to offer new research 
opportunities. Within Nowotny compounds, the metallic atoms are no longer arranged in a 
compact crystal lattice, but occupy the vertices of an octahedron, whose center is occupied by an 
atom of carbon. Nowotny carbides have the general chemical formulation (M’xM’’y)C35,36. This 
includes carbides with the formula M’3M’’2C, in which octahedrons are linked by their vertices (e.g. 
Nb3Al2C, V3Ga2C, Mo3Al2C, etc.). Nowotny carbides can also adopt a perovskite structure M’3M’’C 
where the octahedra form a simple cubic structure (e.g. Sc3AlC, Fe3InC, Pt3HgC, etc.). Carbides of 
formula M’2M’’C are structured in such a way that the octahedra share an edge (Cr2AlC, Mo2BC, 
Hf2SnC, etc.); finally, if the octahedra share a complete face, they have the formula M’3M’’3C 
(W3Co3C) or M’4M’’2C (W4Co2C). The large number of Nowotny carbides – more than 600 
different compositions have already been identified – exhibit different properties: few can be 
classified as refractory and fewer are characterized by mechanical properties similar to those of MC 
carbides. Many exhibit very interesting and promising electronical properties but are mechanically 
weak and totally unsuitable for any structural application. This thesis therefore focuses on more 
traditional carbides, having a MC composition and a much simpler crystal structure. 

 

We will first discuss the thermodynamics of phase in which the particles are formed, and then 
will focus on MC carbides, from near 0K temperatures – at which they are considered in DFT 
simulations – to finite and high temperature, where their formation takes place. We will then give 
an overview of the crystal structures encountered in the most common carbides, with a focus on 
the B1-NaCl structure and the simple hexagonal structure of WC, as these constitute the structures 
of the five binary carbides we study here. Finally, we will discuss atomic orbital-based 
considerations for structures where the carbide contains a transition metal, as bonding then 
involves a complex d-orbital hybridization. Linked with symmetry of the cubic MC crystal 
structure, those considerations constitute the basis for the interpretation of the measured 
mechanical properties using results of DFT simulation. 

2.2.1 Thermodynamics of MC carbide formation 

The properties of carbides give hints about their thermodynamical characteristics. Their 
frequently extreme melting points, for example, reaching up to almost 4000°C for TaC and HfC, 
are indications of very strong chemical bonding between atoms, and also of a high chemical 
stability. 
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Almost all metals of the Periodic Table can form a stable chemical binary compound with carbon 
(Fig. 2.5). 

	
Fig. 2.5 – Overview of binary carbides. 

Among this multitude of carbides, we can distinguish four categories: 

1. Covalent carbides 

2. Salt-like carbides 

3. Interstitial carbides 

4. Intermediate carbides 

Covalent carbides are formed when the difference in electronegativity 𝛥𝜒 between carbon and 
metal is small: the nature of their chemical bond is therefore mostly covalent; these carbides show 
excellent mechanical properties. Only three binary covalent carbides exist: SiC, B4C and GeC. 
When 𝛥𝜒 is large, salt-like carbides are formed: these are ionic species that can be hydrolyzed, 
making them unsuitable for nearly any structural application, since in contact with water they 
produce either methane, or acetylene. Calcium carbide is a typical example, which was in fact used 
as a source of acetylene for underground applications. 

Interstitial and intermediate carbides are formed with the elements of the first eight groups of the 
d-block of the Periodic Table; these are often named metallic carbides. 𝛥𝜒 values are intermediate 
in comparison with values for covalent or salt-like carbides, resulting in a mixed covalent-polar 
bond. Depending on the atomic size ratio, these carbides can be classified as interstitial or 
intermediate. 

Intermediate carbides, such as Fe3C and chromium carbides, have lower mechanical properties 
in comparison with interstitial or covalent carbides. Nevertheless, they are important in the steel 
industry. 

The formation of a stable carbide depends mainly on 𝛥𝜒, on the ratio of the atomic radii and on 
the nature of the chemical bond that holds the atoms together. Carbon is an electronegative atom, 
with 𝜒 = 2.55, which is higher than for all carbide-forming metallic elements (Appendix A). The 
second factor controlling the formation of carbides is the ratio of the atomic radii (Table 2.1). With 
some approximations, we can consider a sp3 hybridization or CN = 6 for p- and d- blocks 

H He

Li Be B C N O F Ne

Li2C2 Be2C B4C

Na Mg Al Si P S Cl Ar

Na2C2 MgC2 Al4C3 SiC

K Ca Sc Ti V Cr Mn Fe Co Ni Cu Zn Ga Ge As Se Br Kr

K2C2 CaC2 ScC TiC VC Cr3C2 Mn3C Fe3C CoC Ni3C Cu2C2 ZnC Ga4C3 GeC AsC Se2C

Rb Sr Y Zr Nb Mo Tc Ru Rh Pd Ag Cd In Sn Sb Te I Xe

Rb2C2 SrC2 YC2 ZrC NbC MoC RuC RhC PdC Ag2C2 CdC2 SnC SbC TeC

Cs Ba La Hf Ta W Re Os Ir Pt Au Hg Tl Pb Bi Po At Rn

Cs2C2 Ba2C LaC2 HfC TaC WC ReC OsC IrC PtC Au2C2 HgC2 TlC PbC BiC
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respectively, in order to describe the electron position, giving rise to the values of atomic radii 
reported in Table 2.1. 

 

Table 2.1 – Ratio of atomic radii (p-block: sp3; d-block: CN=6)7. 

 
Atomic radius 

[pm] 
𝑟"/𝑟 
[-] 

 

C 78.0  

Si 117.0 0.666 covalent 

Cr 126.7 0.615 intermediate 

Fe 126.0 0.619 intermediate 

Ti 146.7 0.531 interstitial 

V 133.8 0.582 interstitial 

W 139.4 0.559 interstitial 

Ta 146.2 0.534 Interstitial 

Nb 145.1 0.538 interstitial 

 

The last parameter we have to take into consideration in order to explain the formation and 
structure of carbides is the nature of the bond between the carbon and metal atoms, which 
obviously depends on the two first parameters. Generally, the bond involves a complex 
combination of ionic, covalent and metallic bonding. The covalent bond is the principal type; the 
ionic part of the bond is due to the electronegativity difference and tends to make the bond 
asymmetric; the metallic contribution is a direct consequence of the crystalline arrangement of the 
metallic atoms in the carbide. 

Regarding these three parameters, thermodynamics give us a powerful tool to understand the 
formation of carbides, as well as their evolution in a given environment, and have been widely 
studied during the last 50 years37,38,39,40,41,42,43. 

We can write a general carbide formation reaction as: 

𝑥
𝑦𝑀 + 𝐶	 ↔

1
𝑦	𝑀+𝐶#	

Eq. 2.2 

where 𝑀 and 𝐶 represent respectively the metal and carbon, and 𝑥 and 𝑦 are the stoichiometric 
parameters. This reaction is associated with a change in Gibbs free energy ∆𝐺,° : 

∆𝐺,° = ∆𝐻,° − 𝑇∆𝑆,° 	
Eq. 2.3 

The enthalpy variation ∆𝐻,°  is associated with the change in bond energy, as new chemical bonds 
are created during the reaction. The entropy variation ∆𝑆,°  measures the increase of the system 
disorder. At constant pressure, both enthalpy and entropy are functions of the heat capacity 𝑐.: 
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𝛥𝐺,° = G𝛥𝐻/01° + H 𝑐.(𝑇)𝑑𝑇
,

/01

J − 𝑇G𝛥𝑆/01° + H
𝑐.(𝑇)
𝑇 𝑑𝑇

,

/01

J	

Eq. 2.4 

where ∆𝐻/01°  and ∆𝑆/01°  are respectively the change of enthalpy and the change of entropy at 
room temperature. The heat capacity is a parameter easily accessible to measurement and has been 
used extensively to calculate the free energy of many chemical reactions. Formation reactions of 
the most important carbides, with their associated free energies, are given in Appendix A and are 
summarized in Fig. 2.6 in the form of an Ellingham-type diagram. 

The energies associated with the formation of interstitial cubic carbides, i.e. TiC, VC, TaC and 
NbC, are higher in absolute value than the energies required for the formation of intermediate or 
covalent carbides (SiC, CrxC, Fe3C, etc.). At elevated temperatures, the M2C carbides are however 
always more stable than their MC counterpart. 

	
Fig. 2.6 – Ellingham representation of the change in Gibbs free energy 
associated with carbide formation; figure drawn from data in Ref [44]. 

A deeper thermodynamic analysis requires knowledge of the heat capacity at low temperatures, 
the changes in enthalpy ∆𝐻/01°  and entropy ∆𝑆/01°  at ambient temperatures, as well as the 
temperature dependence of 𝑐.(𝑇). 

Values of 𝑐. close to 0K are necessary to interpret calculated electronic structures as well as the 
atomic bonding of materials. The heat capacity of an ideal material can be divided into two parts 
at very low temperatures: an electronic and a vibrational contribution (Einstein-Debye model). 
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𝑐. = 𝑐2) + 𝑐)344 =
𝜋/𝑁𝑘/

2𝐸5
𝑇 +

12𝜋6𝑁𝑘
5𝑇7(

𝑇( = 𝛾𝑇 + 𝛼𝑇(	

Eq. 2.5 

where 𝑐2) is the electronic contribution to the heat capacity and 𝑐)344 the vibrational specific heat. 
The electronic term is directly proportional to the temperature 𝑇 , while the lattice term is 
proportional to 𝑇(. Both proportionality coefficients, 𝛾 and 𝛼, can be expressed as functions of 
the number of atoms 𝑁, Fermi energy 𝐸5 , Debye temperature 𝑇7 and Boltzmann constant 𝑘. Real 
materials deviate from the Einstein-Debye model and their heat capacity is better represented by a 
higher-order polynomial. Most of the carbides are furthermore superconductors, with a relatively 
high critical temperature 𝑇' ; it is then more difficult to obtain reliable data at 0K, because of the 
ensuing discontinuity of 𝑐. at 𝑇' . Pessal et al.45 proposed an extrapolation procedure widely used 
to determine 𝛾, 𝛼 and 𝛽 (Appendix A): 

𝑐.(𝑇) = 𝛾𝑇 + 𝛼𝑇( + 𝛽𝑇8	
Eq. 2.6 

The triplet (𝛾, 𝛼, 𝛽) is calculated from a set of three equations: 

𝑐.(𝑇9):23;<=2> = 𝛾𝑇9 + 𝛼𝑇9( + 𝛽𝑇98

T
𝑑𝑐.(𝑇9)
𝑑𝑇 U

:23;<=2>
= 𝛾 + 3𝛼𝑇9/ + 5𝛽𝑇96

TH
𝑐.
𝑇 𝑑𝑇

,%

?
U
:23;<=2>

= 𝛾𝑇9 +
1
3𝛼𝑇9

( +
1
5𝛽𝑇9

8

	

Eq. 2.7 

where 𝑇9 is a temperature above 𝑇' . The Debye temperature 𝑇7, defined as the temperature at 
which the highest vibrational frequency mode is excited, is also directly proportional to the average 
sound velocity and thus depends on elastic constants. Toth et al.46 measured the evolution of 𝑇7 
for TaC and NbC as a function of the carbon/metal atomic ratio and found a rise for rich carbon 
compositions (Fig. 2.7). That increase is correlated with the increment in bond strength between 
metal and carbon atoms, which stiffens the lattice, decreasing the atomic vibration and then raising 
𝑇7. 

The next important thermodynamic parameters are the changes in enthalpy and entropy from 0K 
to room temperature. These are given in Eq. 2.8. Storms40 deduced the variation of enthalpy and 
entropy from 0K up to room temperature (Appendix A) by integration of the heat capacity: 
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𝐻/01° = 𝐻?@° +H 𝑐.𝑑𝑇
/01

?
⇒ ∆𝐻/01° = H 𝑐.𝑑𝑇

/01

?

𝑆/01° = 𝑆?@° +H
𝑐.
𝑇 𝑑𝑇

/01

?
⇒ ∆𝑆/01° = H

𝑐.
𝑇 𝑑𝑇

/01

?

	

Eq. 2.8 

	
Fig. 2.7 – Evolution of 𝑇& with 𝐶/𝑀 ratio for Nb and Ta carbides; 

reproduced from Ref [46]. 

Storms also evaluated the standard heat of formation corresponding to Eq. 2.2 at 298K (Table 
2.2) and observed a decrease in −∆𝐻$°  with the group number, as well as a strong 𝐶/𝑀 ratio 
dependence (Fig. 2.8). The compound’s band structure is involved in the interpretation of ∆𝐻$°  
variations with the increase of the group number, as antibonding levels are filled for higher 
groups47. For that reason, Group IV carbides have stronger bonds and exhibit very interesting 
properties; however, only TiC has important industrial applications, because zirconium and 
especially hafnium are far more expensive metals. 

High temperature thermodynamic data pertinent to carbide formation have been compiled by 
many authors (Storms40, Kelley42, Chang39, Barin48, etc.). These are provided in Appendix A for the 
five investigated binary systems. 
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Table 2.2 – Standard heat of formation at 298K40. 

 
−∆𝐻'° 

[kJ·mol-1] 
Group 

TiC 185.22 

IV ZrC 197.40 

HfC 210.33 

VC 102.90 

V NbC 141.12 

TaC 143.22 

WC 40.61 VI 

	
Fig. 2.8 – Variation of −∆𝐻'° with the 𝐶/𝑀 ratio in the C-Ta (left) and 

C-Nb (right) systems; reproduced from Ref [40]. 

2.2.2 Crystal structure 

The theoretical structure of crystals is strongly linked to thermodynamic data, as both are 
governed by the physics of bonding, the atoms seeking to be packed such as to minimize the global 
energy of the structure. In the case of metal carbides, the crystal structure can evolve from a fcc 
structure (TiC) to a much more complex icosahedron-based structure (B4C). The crystal structure 
of carbides depends strongly on the parameters discussed in the previous section: the atomic radius, 
the electronegativity and the nature of the chemical bonds. 

Although carbon atoms are small, tetrahedral sites are not large enough to accommodate them, 
and only the octahedral sites in the fcc and hcp structures, or the trigonal prisms in the hexagonal 
simple lattice, can contain an atom of carbon. If all the octahedral sites are occupied, we have the 
B1 NaCl-type structure; apart from WC, which exhibits a simple hexagonal structure (Fig. 2.9), all 
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the MC interstitial carbides adopt a B1 structure. With half of the octahedral sites occupied in a 
hcp structure, the L3’ structure is formed, which is often observed in M2C carbides (Fig. 2.10). 

	
Fig. 2.9 – Crystal structure of WC (hexagonal simple)ix. 

	
Fig. 2.10 – Crystal structure of TiC (B1) and W2C (L3’)x. 

Hägg49 published an empirical rule to predict the structure of metallic carbides: if 𝑟"/𝑟* < 0.59, 
the interstitial spaces are large enough to accommodate the carbon atoms and the structure is then 
simple. Otherwise, the distortion of the lattice becomes too large and the strength of the metallic 
bond cannot ensure the cohesion of the crystal: a more complex, less compact, structure is then 
formed. By analyzing Hägg’s rule, we find that 𝑟 < 0.59 for all the transition elements of the fourth 
first columns of the d-block, except Cr. Their structure follows the rule, and they exhibit either the 
B1, or the L3’ structure. 

Because 𝑟"/𝑟"= = 0.615 > 0.59, chromium carbides have a different and more complex crystal 
structure, as well as a different stoichiometry: Cr3C2, Cr7C3 and Cr23C6 (Fig. 2.11). 

a	

 
ix Reproduced from www.hardmaterials.de/html/_crystal_structures.html 
 
x Reproduced from www.hardmaterials.de/html/_crystal_structures.html 
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b	

c	
Fig. 2.11 – Crystal structure of a) Cr23C6; b) Cr7C3; c) Cr3C2xi. 

2.2.3 Atomic bonding 

As outlined in the previous sections, bonding in interstitial carbides involves contributions of 
covalent, metallic and ionic bonds to the cohesive energy; the covalent and metallic parts constitute 
the most important contribution, the ionic part of the bond having limited effects on bond 
strength. Some properties of the carbides, such as their good electrical conductivity, suggest that 
there is also a strong influence of the metallic crystal lattice, because values of those properties 
suggest the presence of a large number of free electrons. This is characteristic of the metallic bond, 
where the electrons are delocalized within a lattice of arranged metallic ions. 

Conversely, some properties, such as the lack of plasticity and ensuing brittleness of carbides, are 
mostly governed by the covalent nature of the bonds, as this prevents the formation of dislocations, 
and in turn of slip-driven plastic deformation. Rundle50 first observed that most of the interstitial 
carbides have a B1 structure, with carbon occupying the octahedral interstices of the lattice, thus 
increasing the distances between two metallic atoms and suggesting that M-C bonds are more 
important than M-M bonds. Ern and Switendick51 proposed a more elaborate model that predicts 
electron transfer from the d-band of the metal to the p-band of the carbon. 

The carbon atom counts 6 electrons, with an electronic configurations 1s22s22p2. The transition 
elements are characterized by a partially empty d-orbital. The electronic structure of groups IV, V 
and VI are: 

 
xi Reproduced from www.hardmaterials.de/html/_crystal_structures.html 
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 Ti: [Ar] 4s23d2 V: [Ar] 4s23d3 Cr: [Ar] 4s13d5 

 Zr: [Kr] 5s24d2 Nb: [Kr] 5s14d2 Mo: [Kr] 5s14d5 

 Hf: [Xe] 6s25d2 Ta: [Xe] 6s25d3 W: [Xe] 6s25d4 

 

The electronic structures of Cr, Nb and Mo show anomalies with respect to the Aufbau principle, 
which dictates the order of filling, because the highest s-orbital is only half-full, whereas the d-
orbital counts an extra electron. The explanation of these anomalies is given by pairing energies: 
there is a cost in energy to pair electrons in the lower s-orbital, because of electronic repulsion. 
Depending on the energy difference between the s and the d-orbital, it could be more stable to 
place one of the two electrons in the d-orbital than to keep the pair in the s-orbital. 

Since d-orbitals are associated with the orbital quantum number 𝐿 = 2, there are five possible 
values for the magnetic quantum number 𝑚A, giving rise to as many sub-orbitals. The shape of 
these sub-orbitals in the ground state is more complex than for lower orbital quantum numbers; in 
particular, these sub-orbitals are multi-directional (Fig. 2.12). Each sub-orbital exhibits two nodal 
planes (there is only one for p sub-orbitals and zero for s-orbitals). Four of the five sub-orbitals 
consist of 4 coplanar lobes, intersected by two perpendicular nodal planes. These orbitals are 
geometrically equivalent. The fifth sub-orbital is mathematically equivalent to the others, despite 
its different electron distribution; that shape is a normalized linear combination of the 𝑑B)C#) and 
the 𝑑B)C+) functions. As more shells are filled, the size of the orbital increases, but the shape of 
the sub-orbitals remains identical. 

 

	
Fig. 2.12 – Shape of the five d sub-orbitalsxii. 

Each sub-orbital exhibits two nodal planes (there is only one nodal plane for p sub-orbitals and 
none for s-orbitals). Four of the five sub-orbitals consist of 4 coplanar lobes, intersected by two 
mutually perpendicular nodal planes. These orbitals are geometrically equivalent. The fifth sub-
orbital is mathematically equivalent to the others, despite its different electron distribution; the 

 
xii Reproduced from www.chem.libretexts.org 
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shape of which is governed by a normalized linear combination of the 𝑑B)C#)  and the 𝑑B)C+) 
functions. As more shells are filled, the size of the orbital increases, but the shape of the sub-
orbitals remains identical. 

As is the case for s and p orbitals, d-orbitals can hybridize. Combining two d-electrons with three 
p-electrons and one s-electron a set of six equivalent sp3d2 hybrid orbitals is obtained (Fig. 2.13). 
These hybrids are oriented along the three principal directions and form therefore an octahedron, 
which is indeed the most commonly observed elementary structure among the interstitial MC 
carbides. 

Since the bond between the carbon atom and the metallic atom is mainly covalent and polar, two 
theories can be taken into consideration to model the bond: crystal field theory (CFT), to describe 
the ionic contribution of the bond, and molecular orbital theory (MOT), which provides a covalent 
bonding model. 

	
Fig. 2.13 – sp3d2 hybridizationxiii. 

CFT represents metallic atoms as a central positive charge surrounded by negative point charges 
representing carbon atoms. Since the attraction between two opposite charges corresponds to a 
purely ionic bond, in this theory the strength of a bond derives from electrostatic forces and, in 
the ground state, all five d sub-orbitals of the cation are degenerated. In the presence of an electric 
field, created by six negative charges forming an octahedron around the cation, the electrons of the 
metal atom interact repulsively, and their energy rises. Because the 𝑑+)C#) and 𝑑B) sub-orbitals 
point directly to the anions, whereas the three other sub-orbitals point at 45° to the anions, their 
energy levels are split (Fig. 2.14). 𝑑+)C#) and 𝑑B) are called eg orbitals, and 𝑑+#, 𝑑+B and 𝑑#B t2g 
orbitals. The energy gap between the two, 𝛥D, is called the crystal field splitting parameter (CFSP). 

 
xiii Reproduced from www.chem.libretexts.org 
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Fig. 2.14 – Octahedral crystal field splitting, with 𝛥* splitting parameter; 

reproduced from Ref [52]. 

Once the structure of the crystal is known, one must determine which sub-orbital will be occupied 
by the electrons. For an octahedral configuration, eg energy is higher than t2g. Depending on the 
number of d-electrons and on the difference between the pairing energy, 𝐸E, and the CFSP, they 
can occupy a low-spin, or a high-spin configuration. 

For 1, 2 or 3 electrons, the only possibilities are the t2g sub-orbitals, and there is no high-spin 
configuration; for 8, 9 or 10 electrons, the only possibilities left are the eg half-empty sub-orbitals 
and there is no low-spin configuration. For 4, 5, 6 or 7 electrons, both high- and low-spin 
configurations are possible: if it costs less energy to pair two electrons in the same sub-orbital than 
to promote one of the two to a higher-energy sub-orbital, the configuration will be low-spin; if not, 
we have a high-spin configuration. 

The five binary carbides that we have investigated, TiC, WC, VC, TaC and NbC, count between 
4 and 6 valence electrons, and can then occupy either a low-spin or a high-spin configuration. As 
we will discuss later, this possibility is one of the reasons explaining the variation of properties with 
the carbide composition. 

Alternatively, the covalent-polar bond can be treated as being purely covalent: we consider now 
the bond between the carbon atom and the metallic atom as a dative covalent bond, i.e. the metallic 
atom in a sp3d2 hybridization donates one electron to each of the six carbon atoms. The total 
number of sub-orbitals involved in an octahedral configuration is then fifteen: 9 coming from the 
metal outer-shell (1s + 3p + 5d), and 6 coming from the six carbon atoms. Twelve of those form 
the covalent bonds and are split in 6 bonding and 6 antibonding states; the remaining 3 sub-orbitals, 
corresponding to the t2g group, are non-bonding (Fig. 2.15). 

	
Fig. 2.15 – Covalent dative bonding in an octahedral configuration in the 

ground state; the six covalent bonds are represented by the magenta 
arrows, each pair being one bond. 

4p

4s

3d t2g

M M (sp3d2) ML6 6 L



Chapter 2: Literature Review 

 

55 

More precisely, we must consider each of the available metal valence sub-orbitals and determine 
what combinations of the carbon sub-orbitals can overlap with them; overlapping of orbitals is a 
requirement to form a bond. The s-orbital, given its spherical symmetry, overlaps with all the six 
carbon sub-orbitals to give a bonding configuration called a1g. The situation for the three p sub-
orbitals is more complex, as they are asymmetric: each sub-orbital px, py and pz overlaps with a 
carbon sub-orbital situated in their respective direction, forming three bonding configurations 
called t1u. For the d sub-orbitals, we need to consider separately the eg and t2g group. The two eg 
sub-orbitals overlap with the carbon, while they are pointing directly at the six anions. For the three 
t2g sub-orbitals, it is impossible to find a bonding combination: the net result is always a zero 
overlap, which is why they are considered as non-bonding. For each bonding situation, an 
antibonding counterpart exists, which is formed by reversing the signs of the ligand orbitals. That 
situation is represented in Fig. 2.16. 

There is a correlation between both theories: the three t2g non-bonding sub-orbitals and the two 
low-energy anti-bonding eg set are identical for the two theories; crystal field theory does not 
consider the a1g and t1u groups. The energy that separates the t2g non-bonding set from the eg 
bonding set in molecular orbital theory is equivalent to 𝛥D in the CFT. For a strong M-C bond, the 
energies of the bonding levels tend to decrease, while the energies of the anti-bonding counterparts 
increase, leading to a large energy difference between the highest anti-bonding level and the lowest 
bonding level; since the energy of the non-bonding level remains constant, 𝛥D increases with the 
strength of the bond. In contrast, weaker bonding results in closer bands, and in fine a smaller gap 
between the t2g and eg sets together with a smaller 𝛥D. 

𝛥D constitutes therefore a very useful measurable parameter. It depends strongly on the period 
of the metal: when the size of the orbitals increases with the first quantum number 𝑛, the splitting 
parameter increases by a factor comprised between 1.2 and 1.5 for each new shell52. 

	
Fig. 2.16 – Complex bonding in an octahedral configuration. 
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Electronic considerations have been used by several scientists to explain the elastic properties of 
carbides. Kang53 studied the YC, ZrC, NbC and RhC 5th-shell carbides via electronic band structure 
calculations. Density of states (DOS) theory confirmed the presence of both covalent M-C and 
metallic M-M bonds. The number of valence electrons induces changes in the bonding structure 
and influences therefore the elastic properties of the carbides. Values of bulk modulus and lattice 
parameter of the 5th-shell transition metal carbides have been measured by Korir54 and are given in 
Table 2.3. The bulk modulus increases and goes through a maximum for NbC: as the interatomic 
distances become shorter, the modulus first increases due to a stronger covalent bond. The 
modulus then decreases when antibonding states are filled. Kang calculated the DOS for these four 
carbides (Fig. 2.17). 

Table 2.3 – Bulk modulus and lattice parameter of the 5th-shell 
transition metal carbides54. 

 dk 
𝐵 

[GPa] 
𝑎+ 
[Å] 

YC d1 124.3 5.09 

ZrC d2 220.1 4.71 

NbC d3 300.2 4.49 

RhC d6 280.6 4.36 

 

	
Fig. 2.17 – DOS of 5th-shell transition carbides; a) YC; b) ZrC; c) NbC; 

d) RhC – total DOS (black line) – metal (red line) – carbon (green line) – 
eg (blue line) – t2g (yellow line) – Fermi level (dashed line); reproduced 

from Ref [53]. 

The four DOS show similarities: the density is never zero at the Fermi level, confirming the 
metallic character of the carbides. The states are grouped into three well separated regions: a lower 
valence band (LVB), an upper valence band (UVB) and a conduction band. The LVB is dominated 
by the C-2s orbitals; the partially filled UVB is composed of C-2p and M-4d orbitals: the peaks 
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correspond to the M-C bonding states and their anti-bonding equivalent, above the Fermi level, 
form the conduction band. The strong overlap between C-2p and M-4d orbitals confirm the strong 
covalent character of the bond. When moving along the period from YC to NbC, the number of 
valence electrons increases and the 4d orbitals are shifted toward lower energies: the overlap with 
C-2p is better and bonding becomes stronger, explaining the rise in bulk modulus. The eg bonding 
states are progressively filled until the set is full; when more electrons are added, they must occupy 
a non-bonding t2g sub-orbital. When replacing Nb with Rh, the extra electrons occupy the Rh-4d-
C-2p anti-bonding states, decreasing the total overlap and then reducing the bulk modulus as the 
number of bonds decreases. 

 

Atomic considerations have also been used to describe the very high hardness of binary carbides. 
For ceramics, the Peierls stress required to move dislocations is high; the stresses leading to plastic 
deformation are then directly related to the shear modulus 𝐺, and then to the 𝑐66 elastic constant 
for a cubic material. Jhi et al.55 investigated the modifications of the band structure of TiC when a 
shear strain is applied to the crystal (Fig 2.18). Important changes occur for states derived from C-
2p orbitals and eg d-orbitals: the energy of the fourth band, which is directly related to directional 
𝜎 M-C bonds between those two sets of orbitals, increases near the K-point of the first Brillouin 
zone, suggesting that electrons occupying that band have a stronger resistance to shear. The first 
Brillouin zone is a primitive cell in reciprocal space; for a fcc lattice, the primitive cell is represented 
by a truncated octahedron, with the K-point corresponding to the middle of an edge joining two 
hexagonal faces (Fig. 2.19). At the opposite, the fifth band, composed of directional M-M 𝜋 bonds, 
is equally affected by shear strain, but its energy decreases with increasing shear. The second and 
third bands, which involve t2g 𝜋 p-d bonds, are quite insensitive to shear strain, except near the 𝛤-
point, corresponding to the centre of the Brillouin zone, where their energy decreases with 
increasing shear. 

	
Fig. 2.18 – a) band structure of TiC; b) band structure of TiC under 

shear strain (𝜀,- = 0.1), with the fourth band highlighted (in bold); c) 
charge density of TiC near the K-point of the Brillouin zone, under shear 
strain, fourth band on the (001) plane; d) as in (c) but for the fifth band; 

reproduced from Ref [55]. 
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As highlighted in Fig. 2.18 c,d, electrons of the fourth band give a positive contribution to the 
shear modulus, as shear tends to elongate M-C bonds; fifth-band electrons, on the contrary, give a 
negative contribution, as shear tends to shorten M-M bonds. As M-C bonds prevail in MC carbides, 
they are extremely resistant to shear and also to plastic deformation. 

	
Fig. 2.19 – First Brillouin zone of the fcc lattice in reciprocal space. 𝛤, K, 
L, U, W and X correspond to high-symmetry points; 𝛬, 𝛥 and 𝛴 to high-

symmetry lines. 

Besides hardness and bulk modulus, other properties can be at least partially explained based on 
electronic arguments. The very high melting point is due to the large splitting of bonding and 
antibonding bands around the Fermi level and is coherent with the high strength of carbides. The 
decrease in thermodynamic stability coincides with the filling of antibonding states. The brittleness 
at room temperature can be linked with the presence of highly directional covalent M-M and M-C 
bonds. Finally, the crystal structure, first explained from atomic size considerations, is coherent 
with sp3d2 hybridizations. 

2.2.4 Mechanical properties of MC carbides 

Carbides are known to have a high elastic modulus, their Young’s modulus being generally above 
400 GPa. The elastic behavior of carbides is strongly influenced by temperature, porosity, and 
composition. The 𝐶/𝑀 ratio is an important parameter, since binary MC carbides can exist over a 
given range of composition. 

The temperature dependence has been experimentally established to follow the empirical 
relationship56: 

𝐸(𝑇) = 𝐸? − 𝐵𝑇 𝑒𝑥𝑝(−𝑇?/𝑇)	
Eq. 2.9 

with 𝐸? the modulus at room temperature and 𝐵 and 𝑇? empirical constants depending on the 
material. Variations of 𝐸  with porosity 𝑃 , which is often present in bulk carbides, have been 
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investigated by Speck and Miccioli57, who proposed a linear empirical relationship, as a function of 
the modulus at full density 𝐸EF? and a material dependent constant 𝑘: 

𝐸(𝑃) = 𝐸EF?(1 − 𝑘 · 𝑃)		
Eq. 2.10 

Other correlations exist for this function, however. Most of the time, elastic constants values 
reported in literature show large variations, which come from the presence of uncharacterized 
porosity within the sample, anisotropy, or carbon-to-metal atomic ratio. Table 2.4 illustrates the 
variation of reported values for Young’s modulus 𝐸 for some selected carbides, according to a 
commonly used source of materials information: www.matweb.com. 

Table 2.4 – Range of elastic modulus measured vales for selected 
carbides. 

 
𝐸 

[GPa] 

TiC 448-451 

VC 268-430 

NbC 330-537 

TaC 241-720 

WC 669-696 

 

More recently, calculations have been performed based on atomistic simulations such as density 
functional theory (DFT), that allows, by determining the electronic structure of a compound in 
variously deformed states, to calculate its elastic constants. The method used to calculate the elastic 
constants and the interatomic potentials can still lead to large differences; for example, a 
compilation of values from different publications gives a range of 401-466 GPa58,59 for the elastic 
modulus of TiC. 

Carbides exhibit a surprisingly high ductility at elevated temperature, at which they are able to 
plastically deform. The slip systems consist, as is usual, of close-packed planes and close-packed 
directions. For cubic carbides, the closest-packed planes are {111}  and the closest-packed 
directions are 〈11d0〉60 . This slip system corresponds to that commonly found in fcc metals, 
coherently with the fact that the atoms of carbon are small and located in interstitial sites. Ductility 
is made possible because carbides deforming along {111}〈11d0〉  have five independent slip 
systems61. 

The critical resolved shear stress necessary to cause slip has been studied for binary carbides as a 
function of temperature, and for TiC as a function of composition as well (Fig. 2.20 & Fig. 2.21). 
The rise in critical shear stress with respect to the 𝐶/𝑇𝑖 atomic ratio is in agreement with the 
increase in the number of Ti-C bonds and the corresponding decrease in vacancy concentration, 
since the critical shear stress is directly related to the number of bonds that must be broken in 
order to move a dislocation. 

The brittleness of carbides at room temperature is a consequence of the ease of crack nucleation 
and propagation, which depends on the ease of dislocation motion, and therefore on factors 
controlling it such as the Peierls stress and the rate of diffusion of carbon and metal atoms. 
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Diffusion prevails at high temperature, whereas the Peierls stress is more important at lower 
temperatures. For TiC, it has been calculated that diffusion phenomena take over above 1150°C60. 

	
Fig. 2.20 – Effect of composition on the critical shear stress in TiC; 

reproduced from Ref [62]. 

	
Fig. 2.21 – Effect of temperature on the critical shear stress in various 

carbides; reproduced from Refs [63,64]. 

The fracture strength is also strongly dependent on the 𝐶/𝑀 ratio, as the number of bonds that 
must be broken during fracture increases with the carbon content. 

Carbides are extremely hard materials: their hardness depends on temperature, 𝐶/𝑀 atomic ratio 
and porosity. The hardness behavior as a function of the 𝐶/𝑀 ratio is erratic and varies from one 
carbide to another one (Fig. 2.22). For instance, the hardness of TiC1-x increases sharply with 
increasing 𝐶/𝑀 ratio, whereas the hardness of TaC1-x reaches a maximum at a point situated out 
of stoichiometry65,66. 
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Fig. 2.22 – Effect of C/M ratio on TiC and TaC hardness; reproduced 

from Refs [60,65]. 

2.2.5 Phase diagrams & mechanical properties of binary carbides 

Among MC carbides, five have been selected for our study: TiC, VC, TaC, NbC and WC; they 
not only exhibit very good mechanical properties, but they are also among the most used in terms 
of industrial applications. We review now briefly these five binary systems, with an emphasis on 
their phase diagrams and mechanical properties. 

The phase diagrams present several similarities; Fig. 2.23 presents the five binary diagrams. 
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Fig. 2.23 – Binary phase diagrams for the binary C-Ti, C-V, C-Nb, C-Ta 

and C-Wxiv. 

According to the group of the metal atom, TiC is part of Group IV (with ZrC and HfC), VC, 
NbC and TaC are the three carbides forming the Group V, and WC is part of Group VI. 

Except WC which is stoichiometric, all the other MC and M2C carbides of this work exhibit a 
range of possible compositions. The absence of a M2C phase is a characteristic of Group IV, and 
therefore TiC is the only carbide of the C-Ti system. TiCx has a homogeneity range between 𝑥 = 
0.47 and 𝑥 = 0.99. The melting point of TiC is very high, 3066°C. 

The phase diagrams of the systems of Group V are more complex with the presence of a M2C 
phase. The C-V system is characterized by a melting point of VC at 2658°C while V2C decomposes 
by a peritectic reaction at 2193°C. V2C is stable at room temperature, with a stoichiometric 
composition. A third stoichiometric V3C2 phase is predicted by the phase diagram. The C-Nb and 
C-Ta systems are similar to C-V in terms of phases (without the M3C2 phase). The melting point 
of NbC is 3625°C, and Nb2C decomposes at 3015°C. TaC has one of the highest melting points: 
3969°C; it keeps its mechanical properties at higher temperatures than TiC, and it is therefore 
mainly used in addition to other carbides for high-temperature service. 

The C-W phase diagram exhibit three carbide compounds: WC, W2C and WC0.8. The WC phase 
is stoichiometric and is the only stable phase at room temperature. It has a simple hexagonal 
structure and is formed via a peritectic reaction at 2770°C. The L3’ W2C phase, formed from the 
liquid, exists until 1255°C, where it decomposes into WC + W. It has a melting point of 2775°C. 
Finally, WC0.8 is a high-temperature phase, with a salt-like-cubic structure; it is directly formed from 
the liquid at 2745°C and decomposes into WC + W at 1255°C. 

The crystal structure and lattice parameters of the MC and M2C phases are given in Table 2.5: 

Table 2.5 – Crystal structure and lattice parameter for MC and M2C 
carbides of the C-Ti, C-V, C-Ta, C-Nb and C-W binary systems5. 

 TiC VC V2C NbC Nb2C TaC Ta2C WC W2C 

Structure fcc fcc hcp fcc hcp fcc hcp hex hcp 

𝑎+ [Å] 4.32 4.16 2.90 4.47 3.12 4.45 2.87 2.90 3.00 

𝑐+ [Å] - - 4.58 - 4.96 - 4.57 2.80 4.75 

 
xiv Reproduced from www.asminternational.org/phase-diagrams 
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As outlined when discussing general carbide properties, it is common to find references exhibiting 
a large range of reported values. In order to understand where these differences come from, it is 
important to discuss now in more detail the methods used to predict or measure such properties 
(DFT, mechanical waves, indentation, etc.), the test conditions (variation of composition, of 
temperature, etc.), as well as the characteristics of samples (sintered, single-crystal, etc.). 

Mechanical measurements of the TiC elastic modulus 𝐸 range from 40059 for TiC0.84 to 46067 GPa 
for TiC0.99. DFT simulations give an even wider range, namely 342-51768 GPa. Within these ranges, 
we selected the value of 𝐸,%"  = 4515 GPa as reference value, as it has been mechanically measured 
on (bulk) single crystal carbide, with a carbon/metal ratio close to unity; therefore, it represents the 
value as close as possible to our system. The hardness has been measured too, giving values from 
2569 to 3570 GPa, depending on the composition; and simulated to give values from 1914 to 3271 
GPa. Maerky et al.6 measured the hardness anisotropy by indenting bulk TiC single crystals with 
different orientations (Fig. 2.24-a,b) and we chose their results obtained with Vickers and 
Berkovich indenters, 𝐻,%"  = 25.5 – 34 GPa, as our reference values. The same authors investigated 
the TiC fracture toughness, including its anisotropy; their values for 𝐾"  range from 1.7 to 4.0 
MPa·m0.5 and are also dependent on the crack propagation direction in TiC (Fig. 2.24 c-e). 

 

The elastic modulus of VC has been measured, to give values from 255 to 46672 GPa depending 
mainly on stoichiometry and porosity. It has been simulated with different DFT models, to give 
values in the range 420-68568 GPa. We use the value of 𝐸G"  = 4305 GPa as our reference, because 
it was mechanically measured on a sample with a 𝑉/𝐶  ratio close to unity without porosity. 
Another indentation-based measurement by Wu et al.73 gave a modulus of 436 GPa and thus 
confirmed the previous value. The hardness of VC ranges from 1911 to 3373 GPa, being the lowest 
values measured on porous samples, we consider as proper range 𝐻G"  = 275-33 GPa. The fracture 
toughness 𝐾"  has been measured between 1.3 and 1.9 MPa·m0.5 by Govila et al.8. 
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Fig. 2.24 – TiC hardness and fracture toughness anisotropy; a) and b) 

hardness, indentations on (001) and (111) planes respectively; c), d) and 
e) toughness, indentations on (001), (110) and (111) planes respectively. 

For all graphs, the azimuthal angle represents the rotation angle from the 
indenter axis to the vertical; reproduced from Ref [12]. Vickers and 

Berkovich indenters are chosen for symmetry reasons. 

NbC elastic modulus values vary from 360 to 60468 GPa, with simulated and measured results 
merged; as a reference, we use 𝐸HI"  = 5375 GPa, from work where a NbC bulk single crystal 
sample was measured by a sound wave technique. The hardness measurements and simulations 
vary from 19.569 to 29.412 GPa, but once again, low hardness values correspond to porous samples. 
Therefore, the range 𝐻HI"  = 27.512-29.4 is selected as our reference. Indentation fracture 
toughness has been measured by Kim et al.13 giving values between 7.0 and 8.6 MPa·m0.5. 

Among the five binary carbides presented, TaC exhibits the widest range of values concerning its 
mechanical properties. TaC is indeed very sensitive to changes in stoichiometry, as well as porosity. 
Due to its extreme melting point, sintering processes are less efficient than for other carbides. The 
range obtained by compiling several mechanical measurements of 𝐸  starts at 30372 GPa and 
increases up to 54910 GPa. Simulated values vary from 38074 to 55075 GPa. We choose the reference 
value 𝐸,3"  = 4729 GPa, measured by sound wave propagation on a dense sample made of hot 
pressed TaC powder. Several other publications, based on mechanical tests, confirm that 
measurement76,77. Hardness measurements range from 1410 to 2677 GPa, but values below 2169 GPa 
correspond to porous samples. Our hardness reference range of TaC is then 𝐻,3"  = 21-26 GPa. 
The fracture toughness 𝐾"  has been measured by Nino et al.10 and found to vary from 3.5 to 4.5 
MPa·m0.5. 

The mechanical properties of WC exhibit a smaller range of values compared to B1 carbides, 
mainly because of its fixed stoichiometry. The main reason for the variation is then the hexagonal 
crystal structure and ensuing anisotropy. The elastic modulus has been measured and simulated 
with values from 62378 to 72279 GPa. We choose 𝐸J"  = 6965 GPa as a reference value, because it 
has been mechanically measured (sound waves) on WC bulk single crystal samples. Hardness 
measurements and simulations range from 1980 to 3081 GPa; in that case, we used only mechanical 
measurements (𝐻J"  = 19-2482 GPa) as our reference values, because the DFT calculations have 
never been confirmed experimentally and seem to be overestimated. 𝐾"  fracture toughness varies 
from 7.5 to 8.915 MPa·m0.5. 

Table 2.6 summarize the relevant mechanical properties of TiC, VC, TaC, NbC and WC, chosen 
as our reference values. 
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Table 2.6 – Reference mechanical properties chosen for the TiC, VC, 
TaC, NbC and WC binary carbides. Reference for the Poisson’s ratio 	

𝜈 : [5]; 𝑀 is called the indentation modulus. 

  TiC VC NbC TaC WC 

𝐸 [GPa] 451 430 537 472 696 

𝜈 [-] 0.19 0.22 0.21 0.24 0.18 

𝐻 [GPa] 25.5-34 27-33 27.5-29.4 21-26 19-24 

𝐾" [MPa·m0.5] 1.7-4.0 1.3-1.9 7.0-8.6 3.5-4.5 7.5-8.9 

 

 

 

2.3 Ternary Carbides 

As discussed in the Introduction Chapter, TiC, VC, TaC, NbC and WC can be used alone; 
however, most of the time binary carbides are combined together to form higher-order carbides. 
An interesting property of carbides resides in their large mutual solubility: most of the binary 
systems can form a homogeneous ternary phase with other MC carbides. Thereby, it is possible to 
produce ternary or quaternary carbides exhibiting improved properties. 

Thermodynamic considerations are first presented, with regard to the solubility of the transition 
elements carbide and the isothermal sections of ternary phase diagrams. We then present the few 
studies that have been done on the mechanical properties of ternary carbide system. Finally, we 
introduce the two mechanisms affecting the mechanical properties: the valence electron 
concentration and the precipitation of second phases in ternary carbides. 

2.3.1 Ternary phase diagrams of transition carbides 

Ternary carbides are based on the high solubility between MC carbides: it is possible to form a 
new ternary (M,M’)C homogeneous phase which conserves the MC crystal structure, i.e. the M’ 
atoms substitute atoms of the element M, while the crystal remains homogeneous. The properties 
of such new phases are interesting, because they generally do not follow a linear relationship 
between the properties of MC and M’C binary carbides and can exhibit sometimes a maximum at 
intermediate compositions. 

The large solubility among most of the transition carbides originates from the fact they are 
comparable in terms of properties, atomic bonding and crystal structure, as illustrated in Table 2.7. 
Green boxes in Table 2.7 represent total solubility of the secondary element M’ in the MC carbide, 
while orange signifies partial solubility and red very limited solubility. Chromium, molybdenum 
and tungsten carbides are exceptions, mostly because they have more complex crystal structures. 
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Table 2.7 – Intersolubility of transition carbides. 

	
 

Different solubilities are illustrated in Fig. 2.25. 

	
Fig. 2.25 – a) Ta-V-C system (full MC & M2C solubility); b) V-W-C 
system (partial solubility of W in VC); c) Zr-W-C system, (almost no 

solubility)xv. 

Because a complete description of all the ternary systems would be too wide, this section will be 
devoted only to systems of present interest, namely Ti-W-C, Ti-V-C, Ti-Ta-C, Ti-Nb-C and Ta-V-
C. A complete ternary phase diagram is often difficult to visualize, and is also often not available, 

 
xv Reproduced from www.asminternational.org/phase-diagrams 
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such that we prefer the use of isothermal sections. Six sections of the Ti-W-C system are presented 
in Fig. 2.26. 

	
Fig. 2.26 – Isothermal sections of the Ti-W-C ternary system from 

3100°C down to 1100°Cxvi. 

At elevated temperatures, the liquid phase dominates; binary WC and TiC are both liquid, and 
only tungsten, carbon and some compositions of the ternary (Ti,W)C carbide remain solid. When 
the temperature decreases to 3000°C, the solid domain of the ternary carbide extends up to TiC, 
but W-rich compositions are still liquid. At 2500°C, tungsten carbide is solid; the solubility of W 
in TiC is almost total, and TiC decomposes only for W-rich compositions, into WC and a W-
poorer (Ti,W)C compound. From 2500 to 1900°C, the solubility of W in TiC decreases significantly 
until ~50 at%; at that temperature, only the titanium remains liquid. The situation at 1750°C is 
relatively similar, except that the area of the single-phase (Ti,W)C is drastically reduced. At 1100°C, 
finally, the W2C phase disappears and the solubility of W in TiC drops. 

Rudy has investigated most of the ternary systems, including those of great interest for us, Ti-W-
C, Ti-V-C, Ti-Ta-C and Ti-Nb-C, from a thermodynamic point of view in 1969 and a deeper 
discussion can be found in that compendium83. Tungsten carbide, as one of the most used material 
for the machining of high-performance steels, is often alloyed with titanium, in order to form the 
ternary (Ti,W)C. Although TiC and WC have different crystal structures at room temperature (TiC 
being cubic and WC hexagonal simple), they still exhibit partial solubility (Fig. 2.26), being WC 
soluble within titanium carbide up to ~50 at% at 1750°C. The single-phase (Ti,W)C area gets 
smaller as the temperature decreases. At 2500°C however, the solubility of W in TiC is almost total. 

Rudy studied more specifically this system84 and found that there is a total mutual miscibility of 
both carbides above 2530°C, because at that temperature, WC adopts a stable cubic phase. 
Metcalfe85 measured a surprising variation in the lattice parameter for a cubic ternary carbide: he 

 
xvi Reproduced from www.asminternational.org/phase-diagrams 
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observed a plateau up to ~ 50 at%, followed by a decrease of the lattice parameter (Fig. 2.27) by 
increasing the W exchange. 

	
Fig. 2.27 – Evolution of the lattice parameter of (Ti,W)C with the 

tungsten content; reproduced from Ref [85] 

With regard to processing, Jiang, Fei and Han86 synthesized (TiWC)-Fe composites, the particles 
being formed in situ by arc-melting. More in detail, they mixed and compacted titanium, tungsten, 
graphite and iron powders and melted the specimens within an electric arc furnace; the result was 
a dispersion of spheroidal ternary and close-to-stoichiometric carbide particles in a steel matrix. A 
microstructure of their sample is presented in Fig. 2.28. 

	
Fig. 2.28 – Fe-Ti-W-C composite microstructure; reproduced from Ref 
[86]. The carbides (in white) are spheroidal and uniformly distributed in 

the Fe-matrix. 
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A thermodynamic description of the Ti-V-C system has also been done by Zhang et al.87, and 
Bandyopadhyay et al.88 based on simulation, founding a good correlation with the measured phase 
diagram exposed by Rudy. 

Ono and Moriyama89 investigated phase relationships within the Ti-Nb-C system; the samples 
were produced from niobium oxide, metallic niobium and titanium powders, and graphite. NbC 
and Nb2C were prepared by carbothermic reduction of Nb2O5 at 2000°C; the Ti-Nb-C carbide was 
then sintered, confirming a continuous solid solution for this system. The microstructure of Ti-
Nb-C compounds was investigated by Wei et al.90; the samples were prepared by melting powders 
of Nb, Ti and graphite in an arc-melter. In a matrix of Nb, both Nb2C and the ternary (Ti,Nb)C 
carbides are formed, depending on the composition. An illustration of a Nb-21Ti-4C 
microstructure is provided in Fig 2.29. 

	
Fig. 2.29 – Nb-21Ti-4C microstructure, heat treated90,86. The ternary 
carbides (in black) are spheroidal and uniformly distributed in the Fe-

matrix. 

To our knowledge, very little work has been published about the Ta-V-C system; it is not present 
in Rudy’s compendium. Tret’yachenko et al.91 published, however, a study of the phase equilibria 
in this specific system. 

2.3.2 Mechanical properties of ternary carbides 

The mechanical properties of sintered polycrystalline (Ti,W)C have been measured by Jung and 
Kang92; the samples were produced by reducing a mix of carbon, titanium and tungsten oxide, 
followed by sintering at 1510°C. Vickers hardness values varying between 19.2 and 20.5 GPa were 
found, with a maximum for the Ti60W40C composition. Fracture toughness values varied between 
6.4 and 7.7 MPa·m0.5, as a function of tungsten content (for a maximum of 50 at% W). 

Tret’yachenko and Eremenko93 performed a first study on the crystal structures of the Ti-V-C 
ternary system in 1966. Both binary TiC-VC and TiC-V2C sections of the ternary diagram were 
investigated, through microhardness measurements. They measured a decrease in hardness with 
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the increase of VC content, from 3450 to 2580 HV, and a decrease from 3450 to 2250 HV for V-
richer compositions. 

Ternary (Ti,Ta)C carbides of various compositions have been produced via SHS (self-propagating 
high-temperature synthesis) by Levashov et al.94 and then characterized in a second paper95. The 
measured hardness of precipitated (Ti,Ta)C carbides ranges from 14.2 to 18.0 GPa, depending on 
the porosity (from 10 to 19%) and composition. 

Cermets based on titanium and tantalum carbonitride in a Co matrix have been produced via a 
mechanically induced self-sustaining reaction (MSR) by Chicardi et al.96. They studied the effect of 
Ta content on the oxidation resistance of the cermet and found an interesting improvement97: the 
weight gain per unit area after 48h, (measuring the oxidation), is divided by a factor 7 when 
replacing 20% of Ti atoms by Ta. The effect of TaC addition to a titanium carbonitride cermet has 
been investigated by Wu et al.98, to find an increase in strength, but a reduction in hardness and 
toughness, as more TaC is added (up to 7 wt%). 

Jiao et al.99 measured the mechanical properties of Ti-Nb-C alloys. The Vickers hardness of the 
alloy was measured, without focusing on the properties of the carbide second phases: the hardness 
increases with the titanium content, up to 20 at% (Ti-richer compositions have not been 
investigated), as well as the yield strength, both at room temperature and at 1200°C. 

By way of conclusion, we see that relatively little is known about ternary carbides, especially 
considering their mechanical properties. Most of the few studies to date are based on 
thermodynamic considerations, and the even fewer mechanical measurements that have been done, 
concern polycrystalline sintered particles or multi-phase metal matrix composites. Consequently, 
we cannot use those values as references for our monocrystalline, in situ formed, ternary carbide 
particles, and the only relatively reliable comparative values remain the measurements performed 
on binary compositions. 

2.3.3 Valence electron concentration 

By definition, the valence electron concentration (VEC) is the number of valence electrons (VE) 
per unit cell of the crystal lattice. Both B1 cubic and hexagonal simple structures count one metal 
atom and one carbon atom per cell. As carbon has four valence electrons in its hybridized sp3 state, 
and each transition metal atom counts from 4 to 6 VE, TiC is characterized by 8 VE, VC, NbC 
and TaC by 9, while WC has 10 VE. 

The VEC is a parameter that can be easily tuned by forming a ternary or quaternary carbide and 
thus by changing its composition, the VEC being directly proportional to the concentration of the 
different transition metals, following Eq. 2.11: 

𝑉𝐸𝐶([𝑀+𝑀KC+
L ]𝐶) = 𝑥 · 𝑉𝐸𝐶(𝑀) + (1 − 𝑥) · 𝑉𝐸𝐶(𝑀L) + 4	

Eq. 2.11 

Some authors use a slightly different definition, where the number of VE per cell is normalized 
by the number of atoms per cell. As a result, their VEC is then divided by a factor two; we choose 
to use the former definition, as it is the most common. 
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H. Holleck100 reviewed the hardness of several ternary carbides and carbonitrides as shown in Fig. 
2.30: 

	
Fig. 2.30 – Evolution of the hardness of ternary carbides and 

carbonitrides with valence electron concentration; reproduced from Ref 
[100]. 

The valence electron concentration used for the horizontal scale in Fig. 2.30 is linked at the same 
time with atomic bonding and with the composition of the ternary carbide. The most important 
result of that graph is the systematic maximum that is exhibited by each ternary system; the 
hardness at the maxima is always higher than the hardnesses of both the MC and the M’C carbides. 

As emphasized in Fig. 2.30, mechanical properties can be strongly influenced by a change in 
composition and hence in VEC. Hardness is one of the mechanical properties that is the most 
affected: the resistance to plastic deformation increases when the atomic bonds get shorter, when 
the iconicity of the bonding is reduced, or when the density of bonds is increased. Among those 
three possibilities, the last is the easiest to control and increasing the VEC is one way to increase 
the density of atomic bonds11. 

Jhi55 illustrated that behavior with the variation of the 𝑐66  elastic constant in (cubic) ternary 
titanium carbonitride and explained it with the directionality of the eg d-sub-orbitals. Substituting 
atoms of metal is not the only way to change the VEC of carbides; one can also replace carbon 
atoms (4 VE) by nitrogen (5 VE). In both cases, eg sub-orbitals are progressively filled when the 
VEC increases; Jhi calculated that they became saturated when VEC ≈ 8.4. From there on, other 
d sub-orbitals, t2g, with different directionalities, begin to fill, and shearing along directions defining 
𝑐66 then promotes M-M bonds, which decrease the hardness. In Fig. 2.31 we can observe the 
change in overlap between (C,N)/p and M/d-eg orbitals when shear strain is applied (Fig. 2.31-
a,b), together with the change in overlap between two M/d- t2g orbitals (Fig. 2.31-c,d). Increasing 
the VEC changes the density of such bonds, increasing the density of M-C bonds when VEC ≤ 
8.4 and M-M when VEC > 8.4. 
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Fig. 2.31 – Shearing of eg and t2g bonds in a carbonitride; reproduced 

from Ref [101]. 

The bulk modulus 𝐵 measures the resistance of a material to isostatic pressure. Under that kind 
of stress, the strain differs from pure shear strain, and the directional covalent bonds are then 
subjected to other types of alteration. TiN, for example, has a higher bulk modulus than TiC, 
because it counts more electrons per volume102: 𝐵  increases as carbon atoms are replaced by 
nitrogen atoms. The additional electrons first occupy the eg sub-orbitals and provide a strong 
contribution to the bulk modulus; when those orbitals are full, similarly to what is seen with the 
hardness, the additional electrons start to fill the t2g sub-orbitals, which, in that case, do not add a 
negative contribution to 𝐵, but rather a “less strong” positive effect. We have thus a bulk modulus 
increasing strongly as 𝑥 decreases from 1.00 and less strongly when 𝑥 comes close to 0 (Fig. 2.32). 
For some systems, it has been found that the deviation from linearity is small and that 𝐵 can for 
practical purposes be considered as a linear function of composition, or of the VEC103,104. 

	
Fig. 2.32 – Calculated values of bulk modulus of TiCxN1-x. Five different 

supercell configurations have been considered: L10(CuAu), CH, L11 
(CuPt), DO22 and L12. The dashed line is an interpolation between the 

bulk modulus of TiN and TiC; reproduced from Ref [102]. 
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Ivashchenko et al. 105  performed ab initio calculations for several compositions of titanium 
carbonitride. They predicted a linear evolution of the lattice parameter as a function of the nitrogen 
content and confirmed the results of Jhi regarding the maximum of the c66 elastic constant for a 
VEC of ~8.4. 

2.3.4 Phase separation in ternary carbides 

Phase separation, exemplified by precipitation hardening, which is a well-known strengthening 
mechanism in metal alloys, can also be effective in hard carbides. 

	
Fig. 2.33 – Evolution of hardness of several ternary carbides with 

composition (in at%) by the mechanism of second phase precipitation by 
spinodal decomposition; reproduced from Ref [100]. 

As illustrated in Fig. 2.33, phase separation can have a rather strong effect on the strength of 
various ternary carbides compositions. An interesting feature of many MC-M’C systems in this 
respect is that they exhibit a spinodal decomposition at low temperatures when their phase diagram 
presents a miscibility gap within a single solid phase region106 (e.g. TiC-ZrC in Fig. 2.34): the mixed 
ternary composition separates into two new ternary phases with different compositions. That 
behavior leads to the formation of two very fine-scale separated phases, and this can increase the 
mechanical properties of the carbide. 

Ma et al.107 investigated the behavior of the (Ti,Zr)C system: they aged samples of different 
compositions for 500 hours at 1300°C, a temperature high enough for diffusion to be operational, 
yet low enough to enter the temperature range for phase separation. The result was a lamellar 
structure of alternating Zr-rich and Ti-rich carbides. When the aging temperature was increased to 
1800°C, after 10 hours precipitation along the grain boundaries of both Zr-rich and Ti-rich 
domains was observed. The decomposition rates are clearly influenced by the temperature: at lower 
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temperature, decomposition is not limited to the interfaces, whereas at high temperature, phase 
separation is confined at the grain boundaries (Fig. 2.35). 

	
Fig. 2.34 – Pseudo-binary TiC-ZrC phase diagramxvii. 

The mechanism of phase decomposition in these experiments was identified as discontinuous 
precipitation109. Li et al.108 reported the evolution of hardness and of the fracture toughness of a 
TiC-ZrC solid solution prepared by spark plasma sintering, as a function of the aging time (Fig. 
2.36) and observed both an increase of the hardness and of the fracture toughness. On single crystal 
particles, Ma et al. reported a hardness over 40 GPa107. 

	
Fig. 2.35 – a) Low temperature decomposition of (Ti,Zr)C; b) high 

temperature decomposition; reproduced from Refs [107,109]. 

 
xvii Reproduced from www.asminternational.org/phase-diagrams 



Chapter 2: Literature Review 

 

75 

	
Fig. 2.36 – Effect of aging time on hardness (n) and fracture toughness 

(g) for TiC-ZrC composite; figure reproduced from Ref [108]. 

 

 

 

 

2.4 Mechanical Testing at Microscopic Scales 

We now turn to the various nanoindentation-based methods, as well as small-scale mechanical 
tests, that have been used to measure mechanical properties at micron-scale. We place particular 
emphasis on the adequacy of these various tests in the context of this work, meaning toward 
measuring the mechanical properties on steel-surrounded carbide particles of this work. 

2.4.1 Contact Mechanics 

Hertz was the first scientist to study the deformation of materials when they are in contact with 
each other: in 1882, he solved the contact problem of two elastic materials with curved 
surfaces110,111. Hertz assigned a given shape to the surfaces of contact (Fig. 2.37), exploring shapes 
that satisfy the following boundary conditions: 

• Stresses and strains must satisfy the equations of elasticity; stresses tend to zero far away 
from the contact surface; 
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• The contact is assumed to be frictionless; 

• Along the contact surface, normal pressures are equal and opposite for the two bodies; 
the normal pressure is zero elsewhere; 

• Perfect contact is assumed, i.e. the distance between surfaces is zero inside the circle of 
contact; 

• The integral of the pressure distribution gives the force acting between the two bodies 

	
Fig. 2.37 – Contact radius a of a sphere; 𝑑 represents the distance 

between the initial surface and the maximal penetration of the non-
deformed sphere, under a force 𝐹. By convention, the load is always 

positive. Reproduced from Ref [122]. 

With the profile of the contacting surfaces represented by a quadratic function, Hertz found that 
an ellipsoidal radial distribution of the normal pressure 𝜎B(𝑟)  is a solution to those specific 
boundary conditions. When the contact surface is a circle, this gives: 

𝜎B(𝑟)
𝑝:

= −
3
2
l1 −

𝑟/

𝑎/ 

Eq. 2.12 

where 𝑝: is the mean pressure over the contacting surfaces and 𝑎 the radius of the contact circle. 
That equation, called the Hertz equation, is valid for 𝑟	 ≤ 	𝑎. Huber112 then calculated, based on 
Hertz’s theory, the stress field caused by the indentation of a sphere on a flat surface. That 
important stress field was subsequently re-evaluated by Fuchs113, Huber and Fuchs114, and Morton 
and Close115. Sneddon116 extended the theory to other tip geometries, including axi-symmetric tips. 

The initial condition in indentation is described by a point contact, which was studied by 
Boussinesq117. Its solution can be extended to give the stress for any pressure distribution if one 
applies the principle of superposition of linear elasticity. Any contact configuration, e.g. 
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indentations with various indenter geometries, can thus be interpreted as a distribution of point 
loads along the tested sample surface. 

The stresses within a given material in a point contact situation were calculated by Timoshenko 
and Goodier118, based on Boussinesq’s results, in cylindrical coordinates: 

𝜎=(𝑟, 𝑧) =
𝑃
2𝜋 o

(1 − 2𝜈) q
1
𝑟/ −

𝑧
𝑟/√𝑟/ + 𝑧/

s −
3𝑟/𝑧

(𝑟/ + 𝑧/)
8
/
t 

𝜎&(𝑟, 𝑧) =
𝑃
2𝜋

(1 − 2𝜈) o−
1
𝑟/ +

𝑧
𝑟/√𝑟/ + 𝑧/

+
𝑧

(𝑟/ + 𝑧/)
(
/
t 

𝜎B(𝑟, 𝑧) = −
3𝑃
2𝜋

𝑧(

(𝑟/ + 𝑧/)
8
/

𝜏=B(𝑟, 𝑧) = −
3𝑃
2𝜋

𝑟𝑧/

(𝑟/ + 𝑧/)
8
/

 

Eq. 2.13 

where 𝑃 is the applied load, 𝜎= the radial stress, 𝜎& the tangential stress, 𝜎B the normal stress and 
𝜏=B  the shear stress in a radial plane. By convention, 𝑟  and 𝑧  are positive quantities. The 
corresponding strains can be calculated by using Hooke’s law. 

Knowing the pressure distribution of a point contact, it is then possible to calculate the ensuing 
surface deflection by a superposition of those arising from individual point contacts: 

𝑢B =
1 − 𝜈/

𝜋𝐸 w𝑝(𝑟, 𝜃)𝑑𝑟𝑑𝜃
M

 

Eq. 2.14 

From the displacement, it is in turn possible to compute the strains and the stresses from Hooke’s 
law. Describing an indentation requires defining the stresses and deflections of points along the 
surface and within the material as a function of the indenter geometry. 

Spherical indenter 

For a spherical indenter, the pressure distribution is directly given by the Hertz equation (Eq. 
2.12). The normal stress reaches a maximum at 𝑟	 = 	0, and is zero along the edge of the contact 
circle, where 𝑟	 = 	𝑎. The local surface displacement with respect to the original free surface is: 
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𝑢B,;.O =
1 − 𝜈/

𝐸
3
2𝑝:

𝜋
4𝑎
(2𝑎/ − 𝑟/) 

Eq. 2.15 

We can observe that 𝑢B,;.O(𝑟 = 𝑎) = K
/
𝑢B,;.O(𝑟 = 0) 

The radial stress distribution and the related displacement at the surface and inside the contact 
circle have been calculated by Johnson119: 

𝜎=
𝑝:

=
1 − 2𝜈
2

𝑎/

𝑟/
y1 − T1 −

𝑟/

𝑎/
U

(
/
z −

3
2
l1 −

𝑟/

𝑎/

𝑢= = −
(1 − 2𝜈)(1 + 𝜈)

3𝐸
𝑎/

𝑟
3
2
𝑝: y1 − T1 −

𝑟/

𝑎/
U

(
/
z

 

Eq. 2.16 

The peak radial stress is found at 𝑟	 = 	𝑎. The stresses within the material for a spherical indenter 
have also been calculated114,120 and are given in Appendix B. 

 

Hertz110,111 found that the radius 𝑎 of the contact circle is related to the load, the indenter radius 
𝑅 and the mechanical properties of the material (𝐸=) by the following relation: 

𝑎( =
3
4
𝑃𝑅
𝐸=

 

Eq. 2.17 

the reduced modulus 𝐸= being a combined function of the modulus of the indenter (subscript 𝑖) 
and that of the specimen (subscript 𝑚): 

1
𝐸=
=
1 − 𝜈%/

𝐸%
+
1 − 𝜈:/

𝐸:
	

Eq. 2.18 

When 𝑃	 = 	0, i.e. the indenter just touches the surface, the distance ℎ(𝑟) between the indenter 
of radius 𝑅 (with 𝑅	 >> 	ℎ) and the surface is given by: 

ℎ(𝑟) =
𝑟/

2𝑅 

Eq. 2.19 
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When load is applied, the total displacement 𝛿(𝑟) − ℎ(𝑟) is the sum of the indenter displacement 
𝑢B,% and that of the material surface 𝑢B,:: 

𝛿(𝑟) − ℎ(𝑟) = 𝑢B,% + 𝑢B,: 
Eq. 2.20 

Using the pressure distribution along a spherical indenter (Eq. 2.15), we can write 𝛿(𝑟) − ℎ(𝑟) 
as: 

𝛿(𝑟) − ℎ(𝑟) = 𝛿(𝑟) −
𝑟/

2𝑅 =
1 − 𝜈%/

𝐸%
3𝜋𝑝:
8𝑎

(2𝑎/ − 𝑟/) +
1 − 𝜈:/

𝐸:
3𝜋𝑝:
8𝑎

(2𝑎/ − 𝑟/)

=
1
𝐸=
3𝜋𝑝:
8𝑎

(2𝑎/ − 𝑟/) 

Eq. 2.21 

Setting 𝑟	 = 	0, 𝑝: = 𝑃/𝜋𝑎/, and using Eq. 2.17 we get: 

𝛿( = ~
3
4𝐸=

�
/ 𝑃/

𝑅 	 

Eq. 2.22 

For a spherical indenter, we then reach the conclusion that 𝑃 is proportional to 𝛿(//. 

Conical Indenter 

For a conical indenter, the pressure distribution is given by: 

𝜎B(𝑟)
𝑝:

= −𝑐𝑜𝑠ℎCK
𝑎
𝑟 

Eq. 2.23 

The associated displacement beneath the indenter (𝑟	 ≤ 	𝑎) is: 

𝑢B = �
𝜋
2 −

𝑟
𝑎� 𝑎 𝑐𝑜𝑡 𝜙 

Eq. 2.24 

with 𝜙 the semi-angle of the cone. The complete stress field for a conical indenter is given in 
Appendix B. 

The radius of the contact circle is related to the applied load via121: 
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𝑎/ =
2
𝜋
𝑃 𝑡𝑎𝑛𝜙
𝐸=

 

Eq. 2.25 

At 𝑟	 = 	0 and using Eq. 2.24, we have then: 

𝑃 =
2
𝜋 𝐸= · 𝑡𝑎𝑛 𝜙 · 𝑢B,=F?

/  

Eq. 2.26 

For a conical indenter, 𝑃  is thus proportional to the square of the displacement (as can be 
surmised given the fact that, in this configuration, the problem remains geometrically self-similar). 

A similar development for a flat punch indenter is given in Appendix B. It leads to conclude that 
load and displacement are proportional to one another (as can be surmised given the fact that, in 
this configuration, there is no evolution of the contact surface with load). 

Fig. 2.38 summarizes local values of the normalized contact pressure distribution, the surface 
deflection and the surface radial stresses for spherical, conical and flat punch indenters, as a 
function of 𝑟/𝑎. 

	
Fig. 2.38 – a) Normalized contact pressure distribution; b) Deflection of 

the surface; c) Magnitude of normalized surface radial stress; figure 
reproduced from Ref [122]. 

2.4.2 Nanoindentation 

Nanoindentation is a standard method that is extensively used to measure mechanical properties 
at the micro-scale. It is based on the penetration of a rigid indenter into a material, the test 
measuring the load-displacement curve. Three kinds of indenters are used in practice: spheres, 
cones and flat punches (Fig. 2.39 a-c); note that pyramidal geometries such as Vickers, Berkovich 
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or cube corner tips are cones, which are often assimilated to axi-symmetric conical indenters (Fig. 
2.39 d-f). The semi-angles 𝜙 of those pyramidal indenters are given in Table 2.8. 

Table 2.8 – Semi-angles for Vickers, Berkovich and cube corner 
pyramidal indenters. 

 Semi-angle 𝜙 Symmetry 

Vickers 68° 4 

Berkovich 65.3° 3 

Cube corner 35.3° 3 

 

 

	
Fig. 2.39 – Typical indenter geometries: a) flat punch; b) sphere; c) cone; 

d) Vickers; e) Berkovich; f) cube corner 

 

Oliver and Pharr have developed a now very often used methodology123, which starts by assuming 
that all the information is contained in the unloading part of the indent. The key underlying 
observation (or at times assumption) is such unloading is purely elastic, contrary to the loading 
path, where nearly all materials exhibit a certain amount of irreversible deformation such as 
plasticity. More recent techniques or data interpretation schemes have been developed since, for 
example to measure other mechanical properties. Most recent apparatuses have sensors able to 
measure loads as small as a few µN, or a setup able to heat the specimen and then perform high-
temperature indentations. A.C. Fischer-Cripps published several reviews of standard 
nanoindentation techniques 124 , 125 . We present now eight different methods that have been 
developed to measure the elastic modulus of bulk materials and thin films. Pros and cons are 
summarized in Table 2.9, as well as the main adequate use of each. 
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Table 2.9 – Pros and cons of 𝐸 indentation-based measurement 
methods. 

Method Equation Pros Cons Principal use 

Oliver & Pharr Eq. 2.28 
Simple method 

Adapted to 
automatization 

Not adapted for 
thin films on 

hard substrates 
Most situations 

Doerner & Nix Eq. 2.37 Adapted to thin 
films 

Empirical 
relation 

Depends on the 
material 

Thin films on W 
and Si 

King, Nix and Saha Eq. 2.38 Adapted to thin 
films 

Thickness of the 
film must be 

precisely known 
Thin films 

Spherical indentation Eq. 2.39 Simple method 
Not adapted for 

thin films on 
hard substrates 

Most situations 

Lee et al. Eq. 2.40 
Take into 

account of sink-
in or pile-up 

FE modelling 
required 

Valid for most 
materials 

Cheng et al. Eq. 2.42 No calibration of 
the tip required 

Only for conical 
indenters 

Adapted for 
work-hardening 

materials 

Oliver Eq. 2.43 
Less affected by 
deviation from 
ideal indenter 

Not valid for 
pile-up 

Conical indenter 
only 

Most situations 

Malzbender and De With Eq. 2.44 

Less affected by 
deviation from 
ideal indenter 

shape 
Valid in the 

presence of pile-
up or sink-in 

Conical indenter 
only Most situations 

 

2.4.2.1 The Oliver & Pharr Method 

As mentioned, the Oliver & Pharr method (OPM)123 is based on an analysis of the unloading part 
of the indentation curve. If the loading section is a combination of elastic and plastic deformations, 
the unloading part is (assumed to be) exclusively elastic and can thus be used to determine the 
elastic modulus. 

When indentation is performed up to a peak load 𝑃:3+, the material will be deformed, and the 
tip of the indenter will penetrate to a depth ℎ:3+. If the material is elasto-plastic, when the load is 
progressively removed, the imprint will be resorbed by elastic recovery up to (remaining 
indentation) a certain depth, ℎ$. Fig. 2.40 displays a classical load-displacement curve. 
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Fig. 2.40 – Nanoindentation load-unload curve and penetration; 

reproduced from Ref [123]. 

The analysis that is used to determine the elastic modulus accounts for the particular curvature 
of the unloading curve, which is usually approximated by a power law: 

𝑃(ℎ) = 𝛼�ℎ − ℎ$�
:	

Eq. 2.27 

where 𝛼 and 𝑚 are fitting constants. Parameter 𝑚 depends on the tip geometry, as seen above: 
𝑚	 = 	1 for flat cylinders, 𝑚	 = 	1.5 for spheres and paraboloids of revolution, and 𝑚	 = 	2 for 
cones. Oliver and Pharr have tested several materials with a Berkovich indenter and the fitted 
values for 𝑚 show, however, values in the range 1.2	 ≤ 	𝑚	 ≤ 	1.6 (the OPM assumes that the 
behavior of the Berkovich indenter can be modeled by a circular conical indenter with an angle 𝜙 
= 65.3°). 

The model introduces a parameter called the contact length ℎ' (Fig. 2.40-b), corresponding to 
the vertical distance along which contact is made with the tip. In reality, the profile of the 
permanent mark is never perfect, because of the sink-in phenomenon, and thus ℎ' 	≠ 	 ℎ:3+. 

The reduced modulus 𝐸= is calculated from the unloading curve as: 

𝐸= =
√2
𝜋

𝑆
√𝐴
	

Eq. 2.28 

where 𝑆 is the slope of the unloading curve at 𝑃:3+ and 𝐴 is the contact area. The value of 𝑆 is 
calculated from the power law fit, by differentiating the equation and evaluating the derivative at 
the point of peak load and called contact stiffness. 

 

To determine the contact area, the OPM assumes that the indenter can be described by an area 
function 𝑓(ℎ) that depends on the distance from its tip. 𝐴 is then defined from the relation 𝐴	 =
	𝑓(ℎ') . The deflection of the surface at the contact perimeter ℎ; = ℎ:3+ − ℎ'  is given by 
Sneddon’s law for a conical indenter: 
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ℎ; =
𝜋 − 2
𝜋 �ℎ − ℎ$�	

Eq. 2.29 

and the force-displacement relationship for a conical indenter is then 

�ℎ − ℎ$� = 2
𝑃
𝑆	

Eq. 2.30 

Moreover, Oliver and Pharr defined a parameter, 𝜀, as the proportionality constant between 
𝑃:3+/𝑆 and ℎ;. For a conical indenter, 𝜀 = 0.72; for a flat punch and a paraboloid of revolution, 
the values are respectively 𝜀 = 1.0 and 𝜀 = 0.75. depending on 𝜀, ℎ'  can thus have a range of 
possible values (Fig. 2.41). 

	
Fig. 2.41 – Range of possible ℎ. displacement as a function of 𝜀	; 

reproduced from Ref [123]. 

Given the values of the fitting parameter 𝑚  measured for different materials, the indenter 
geometry that provides the best description of the unloading curve is the paraboloid of revolution. 

Another important consideration in the OPM is the determination of the load frame compliance. 
Knowing this compliance is essential because the measured displacement is the sum of the indent 
and the load frame deformations. It is particularly important for materials that have a high modulus, 
for which the load frame movement can be a significant fraction of the total displacement. The 
overall compliance is modelled as two springs in series: 

𝐶4D4 = 𝐶$=3:2 + 𝐶;.2'%:29 = 𝐶$=3:2 +
1
𝑆 = 𝐶$=3:2 +

√𝜋
2𝐸=

1
√𝐴
	

Eq. 2.31 
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The OPM measures 𝐶$=3:2 by plotting 𝐶 versus 𝐴C½. The most accurate values of 𝐶$=3:2 are 
obtained when 1/𝑆	is small, i.e., for large indentations. Usually, a pure aluminium reference sample 
is used to measure 𝐶$=3:2 , because of its low hardness. 

In 2004126, Oliver and Pharr published a second paper, adding refinements and limitations to the 
method. They defined the new concept of “effective indenter shape” (EIS) to understand why the 
equations derived for indentation of a flat elastic half-space remain valid for a half space whose 
surface has been distorted by the formation of an indent. The EIS is a cylindrical function 𝑧	 =
	𝑢(𝑟) that describes a shape that produces the same normal surface displacement on a flat surface 
as that which a conical indenter would produce on the indent. 𝑢(𝑟) is the distance between the 
indenter and the original surface, and r is the radial distance from the center of the tip. Finite 
element analysis has shown that the z function can be approximated by a power law relation: 

𝑧 = 𝐵𝑟9	
Eq. 2.32 

with 𝑛 varying from 2 to 6 depending on the material properties. Using Sneddon’s equation for 
indentation of a half space by an indenter described by a power law EIS, it was concluded that: 

𝑃 =
2𝐸=

�√𝜋𝐵�
K
9

𝑛
𝑛 + 1 y

𝛤 �𝑛 + 12 �

𝛤 �𝑛2 + 1�
z

K
9

ℎKR
K
9	

Eq. 2.33 

where 𝛤 represents the gamma function. If we compare the exponent of ℎ, we obtain 𝑚	 = 	1 +
1/𝑛, meaning 1.2	 ≤ 	m	 ≤ 	1.5, which agrees with experimental observations. 

 

Oliver and Pharr also derived a general expression for 𝜀, using the EIS: 

𝜀 = 𝑚 �1 −
2𝛤 ~ 𝑚

2(𝑚 − 1)�

√𝜋𝛤 ~ 1
2(𝑚 − 1)�

(𝑚 − 1)�	

Eq. 2.34 

making it possible to determine ℎ' for any axially symmetric indenter by determining the fitting 
parameter 𝑚. 

 

The OPM does not account for pile-up around the imprint. When this is present, the contact area 
increases, and the modulus is overestimated. This inability to deal with pile-up is a consequence of 
using an elastic analysis. Oliver and Pharr showed that the amount of pile-up or sink-in depends 
on the ratio ℎ$/ℎ:3+ and on the rate of work-hardening of the material. Pile-up is important for 
ℎ$/ℎ:3+ close to unity with little work-hardening. 
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Oliver and Pharr also added a new correction factor 𝛽. This parameter is used to correct the 
deviation from axisymmetric geometry for the indenter. Finite element analysis provided an 
expression for 𝛽: 

𝛽 = 𝜋
q𝜋4 + 0.1548 ∙ 𝑐𝑜𝑡𝜙 ∙

1 − 2𝜈%
4(1 − 𝜈%)

s

q𝜋2 − 0.8312 ∙ 𝑐𝑜𝑡𝜙 ∙
1 − 2𝜈%
4(1 − 𝜈%)

s
/	

Eq. 2.35 

The authors also provided an improved calibration procedure for measuring the load frame 
compliance. This new method relies on the 𝑃/𝑆/ ratio and on the hardness of the material 𝐻: 

𝑃
𝑆/ =

𝜋
4𝛽/

𝐻
𝐸/	

Eq. 2.36 

This ratio is independent of the contact area and is not altered by the presence of pile-up or sink-
in behavior. The basic idea for the load frame compliance measurement is that 𝑃/𝑆/ should be 
constant if the hardness and the modulus are also constant. The proper compliance is then found 
by changing 𝐶$=3:2 until 𝑃/𝑆/ becomes constant when plotted versus the penetration depth. 

2.4.2.2 Elastic modulus measurement 

Even if the Oliver and Pharr method is still the most frequently used method nowadays in the 
interpretation of nanoindentation data, it has some limitations that make it unsuitable in certain 
situations, as for instance measurements of the elastic modulus of carbide reinforcements in a steel 
matrix or of thin films. Other methods, or corrections to the OPM, have been then developed to 
address such situations. 

The measurement of the modulus of a material making a thin film is more complex because, in 
that case, the indenter deforms not only the film, but also the underlying substrate: the measured 
modulus is then a composite modulus, which is furthermore a function of the indentation depth. 
Doerner and Nix127 suggested an empirical equation to take into account the effect of the substrate: 

1
𝐸 =

1
𝐸$
+ T

1
𝐸;
−
1
𝐸$
U𝑒CS

4
OT	

Eq. 2.37 

where indices 𝑓	and 𝑠 denote respectively the film and the substrate, and 𝑡 is the film thickness. 

 

King128 provided another empirical model for a flat punch, which was subsequently improved by 
Saha and Nix for conical indenters129: 
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1
𝐸=
=
1 − 𝜈%/

𝐸%
+
1 − 𝜈$/

𝐸$
T1 − 𝑒

CU4CO
√W U +

1 − 𝜈;/

𝐸;
𝑒
CU4CO

√W 	

Eq. 2.38 

Vlassak130 proposed an approach similar to the OPM but based on Yu’s solution131 for the elastic 
contact of an indenter on a layered half space instead of Sneddon’s equation for a homogeneous 
semi-infinite half-space. 

 

The OPM is not the only nanoindentation-based method that can be used to measure the elastic 
modulus of bulk materials, and several other models have been developed during the last 20 years. 

Indentations performed with a spherical tip follow Hertz’s contact analysis. The load is then 
linked to the displacement by a simple relationship: 

𝑃 ∝ 𝐸=√𝑅	ℎ'
(
/	

Eq. 2.39 

Herbert et al.132 showed that Hertz’s analysis was successful in measuring the elastic modulus if 
the geometry of the indenter is truly spherical and the displacements are small in comparison to 
the radius of the tip. 

Lee et al. 133 provided a more accurate method based on FE modelling, to take into account pile-
up and sink-in phenomena. As a result, they introduced a correction factor 𝜅  into the elastic 
modulus equation: 

𝐸 =
1 − 𝜈/

𝑑:3+
𝜅𝑆 − 1 − 𝜈%

/

𝐸%

	

Eq. 2.40 

where the maximum contact diameter 𝑑:3+ is taken at the maximal displacement ℎ:3+, with 
material pile-up or sink-in considered. 

 

Another interesting approach uses the work of indentation. Cheng et al.134 demonstrated that the 
ratio of the energies developed during the loading and the unloading parts of the indentation are a 
function of multiple parameters, such as the elastic modulus and the angle of the indenter. If the 
unloading curve is purely elastic (i.e., if no reverse plasticity occurs) and the loading curve is 
elastoplastic, then the reduced modulus 𝐸=  influences the shape of both curves. The authors 
established a linear relationship between the ratio 𝐻/𝐸= and the ratio of the energies135: 

𝐻
𝐸=
= 𝛾

𝑊<9)D3>%9X

𝑊)D3>%9X
	

Eq. 2.41 



Lionel Michelet Thesis n°8615 July 2018 

88 

 

This equation is valid for indenters with an angle between 60° and 80° (Ni et al.136 extended the 
method for spherical indenters) and do not require a calibration of the indenter. The reduced 
modulus can then be easily calculated as: 

 

𝐸= = 𝛾
𝜋
4 𝑆

/𝑊<9)D3>%9X

𝑊)D3>%9X

1
𝑃:3+

	

Eq. 2.42 

 

Oliver137 proposed a method based on the evaluation of the loading 𝑆A and unloading 𝑆Y slopes: 

𝑆Y
𝑆A
=

𝐸=
𝐻√𝜋𝐶

+
𝜀
2

𝐸= = �
𝜋
𝐶

1
2𝑃:3+𝛽

T
𝑆Y/𝑆A

2𝑆Y − 𝜀𝑆A
U
/	

Eq. 2.43 

where 𝐶 is equal to 24.5 for a Berkovich indenter, 𝛽 and 𝜀	 are the same parameters than for the 
OPM. 

 

Malzbender and De With138 proposed a similar relationship that described by Oliver, but taking 
pile-up or sink-in into account: 

𝑆Y
𝑆A
=
𝜋 𝑡𝑎𝑛 𝛼
𝛽

𝐻
𝐸=
ℎ'
ℎ4

𝐸= =
𝑆Y/𝑆A

2 ∙ 𝑓(𝑛) · 𝑆Y − 𝜀𝑆A
1

2𝑃𝛽 𝑡𝑎𝑛 𝛼

	

Eq. 2.44 

where 𝑓(𝑛) is a correction function that accounts for pile-up or sink-in. 

 

Leggoe139 studied the indentation of particles embedded in a soft matrix and quantified the 
interaction of the stress field with the surrounding matrix by performing FE simulations of a 
second indentation of the surrounding matrix, the particle acting thus as a pseudo cylindrical flat 
punch. Assuming that the matrix deformation is purely elastic, its deformation is then subtracted 
from the total deformation to deduce the elastic modulus of the particle from the test signal. This 
approach gave promising results if the matrix is sufficiently stiff such that the elastic matrix 
deformation is small; however, it requires FE simulation of each indent. 
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2.4.2.3 Hardness measurement 

Hardness is a measurement of the capability of a given material to resist permanent deformation 
during compression under a hard surface. Usually, a sharp (general diamond) indenter is pressed 
against the material surface with a load large enough to generate plastic deformation. 

As indentation can quickly produce a permanent imprint, it is a convenient method to measure 
the hardness. A load is applied via a spherical or pyramidal indenter and the pressure distribution 
beneath the surface, more precisely the mean contact pressure 𝑝: , is used to determine the 
hardness knowing the permanent deformation induced by the indentation. With an ideally plastic 
material (which does not work harden), 𝑝: remains constant with an increase of the indenter load 
and is directly proportional to the material’s yield, producing a direct relationship between 𝐻 and 
𝑌, 𝑐 being the proportionality constant: 

𝐻 = 𝑐 ∙ 𝑌	
Eq. 2.45 

If we compare an indentation test with a standard uniaxial compression test, the mean contact 
pressure required to initiate yield is higher in the former case. Indeed, plastic flow is driven by the 
shear component of the stress field and the stress field of an indentation is characterized by an 
important hydrostatic part, due to constraint exerted by the stressed material in the surrounding 
bulk. The 𝑐 factor in Eq. 2.45 is then called the “constraint factor” and depends upon the indented 
material and the indenter. For a material showing a large ratio 𝐸/𝑌 (e.g., metals), 𝑐 is in theory 
close to 3; for low values of 𝐸/𝑌 (e.g., glasses), 𝑐	 ≈ 1.5. 

We can distinguish three different regimes in the strain-stress response recorded during an 
indentation test: 

1. For 𝑝: < 1.1 𝑌: full elastic response; there is no imprint left after the indenter is removed 

2. For 1.1 𝑌  < 𝑝:  < 𝑐 · 𝑌 : plastic deformation is constrained by the surrounding elastic 
matrix 

3. 𝑝: = 𝑐 · 𝑌: a plastic region grows further as indentation progresses, leading to an increase 
in indentation contact area and almost no increase in 𝑝:. 

At the beginning of the indentation process, corresponding to the first regime, the response is 
purely elastic. For a spherical indenter, the loading curve follows the equation: 

𝑝: = ~
4𝐸=
3𝜋 �

𝑎
𝑅	

Eq. 2.46 

This equation is consistent with Hertz’s theory, with 𝑅 the radius of the indenter, 𝑎 the radius of 
the contact circle between the indenter and the surface, and 𝐸= the reduced modulus given in Eq. 
2.18. This assumes a linear relationship between the mean contact pressure, called the “indentation 
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stress”, and the ratio 𝑎/𝑅, called the “indentation strain”. Using either the Tresca or Von Mises 
yield criterion, we can show that plastic deformation starts when 𝑝: ≈1.1 𝑌. 

The second regime consists in a transition between purely elastic and elasto-plastic deformation. 
For high values of indentation strain, the plastic deformation, under the assumption of no work-
hardening, progresses with little or no increase in 𝑝:. 

Measurements of hardness via indentation are thus done in a fully developed plastic zone, where 
the mean contact pressure is independent of the load and dependent only of material properties. 
The most frequently used definition of hardness is given by Meyer’s law, which uses the mean 
pressure at full load: 

𝐻 =
𝑃:3+
𝐴 	

Eq. 2.47 

where 𝐴 is the projected contact area. 

For indentation with a sharp indenter, a substantial level of plastic flow is observed in the indented 
material, and the elastic strain is small enough to be neglected: the material can be considered as 
rigid-plastic. For blunt indenters, the material must be considered as elastic-plastic. The mode of 
plastic deformation is then a result of compression and the displaced volume is compensated by 
elastic strains outside the plastic zone. A model called the “expanding cavity” model has been 
developed by Johnson140 to describe that situation (Fig. 2.42). 

	
Fig. 2.42 – Expanding cavity model140 ; figure reproduced from Ref 

[122]. 

In that model, the contact between the indenter and the surface is surrounded by a first core, 
which is under hydrostatic stress and has a radius 𝑎' ; that core is in turn surrounded by a plastic 
zone of radius 𝑐. Everything else is considered elastic. An increment of penetration 𝑑ℎ results in 
an expansion of the core by 𝑑𝑎. The volume displaced by the indenter is accommodated by a 
displacement of matter at the core interface, which causes, in turn, an expansion of the plastic 
cavity 𝑑𝑐. For geometrical indentations (i.e., with a conical indenter), we have 𝑑𝑎/𝑑𝑐	 = 	𝑎/𝑐: the 
radius of the plastic zone increases at the same rate as that of the core. 

The pressure within the core has been calculated as: 
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𝑝 =
2𝑌
3 �1 + 𝑙𝑛 T

(𝐸/𝑌) 𝑐𝑜𝑡 𝛼 + 4(1 − 2𝜈)
6(1 − 𝜈) U�	

Eq. 2.48 

When the plastic material is no longer elastically constrained, the material takes the characteristics 
of a rigid-plastic solid, because elastic deformation becomes much smaller than plastic flow. Yield 
of such a material depends on the critical shear stress, calculated with either the Tresca or Von 
Mises criterion. 

For two-dimensional (vs. axisymmetric) geometries, slip-line theory has been developed by Hill, 
Lee and Tupper141Fig. 2.43 to model indentation of a perfectly plastic material (Fig. 2.41). 

	
Fig. 2.43 – Illustration of the Slip-line theory141 ; reproduced from Ref 

[122]. 

The volume of material displaced by the indenter is accommodated by upward and outward flow. 
Under the assumption of frictionless contact, the stress along the line AB is normal to the indenter. 
This type of indentation involves cutting along the line OA and creating new surfaces. The contact 
pressure is then: 

𝑝: = 2𝜏:3+(1 + 𝛼) = 𝐻	
Eq. 2.49 

Using the Tresca yield criterion 𝜏:3+ = 0.5·𝑌, we get: 

𝐻 = 𝑌(1 + 𝛼) ⟺ 𝑐 = (1 + 𝛼)	
Eq. 2.50 

A slightly higher value of c is found if the Von Mises criterion is used instead (𝜏:3+ ≈0.58·𝑌). 
For 𝛼 = 90° and with the Von Mises criterion, this thus yields the expected value 𝑐 = 3. 

Historically, indentation methods are based on the measurement of the residual imprint 
dimensions, which are used to determine the hardness. However, for the very small marks 
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produced by nanoindentation, it is hard to measure their dimensions with sufficient accuracy. 
Therefore, the depth of penetration is used, and the area is extrapolated, knowing the indenter 
geometry, as in modulus measurement methods detailed above. The effect of compliance is here a 
less critical parameter than for the modulus measurement, because the related extra displacement 
is much smaller than the plastic deformation. 

It is important to note that for ceramics, which are materials with a low ratio 𝐸/𝑌, the mean 
contact pressure under the condition of fully developed plastic zone measures the resistance of the 
material to combined plastic and elastic deformation. Stricto sensu, therefore, indentation is often 
not an exact measurement of hardness. The analysis of Oliver and Pharr can, however, be applied 
to determine the hardness – using the relation 𝐻	 = 	𝑃:3+/𝐴 after a proper calibration of the area 
function of the tip – but there will be a systematic error (which decreases as the ratio 𝐸/𝑌 
increases). For most materials, that error is negligible, and the Oliver and Pharr method provides 
accurate hardness measurements. 

It is alternatively possible to use the energy spent during indentation to measure the hardness. 
This method rests on the fact that an indentation consists of an elastic-plastic loading, followed by 
an elastic unloading and assuming that there is no reverse plasticity. A general power-law can 
describe both parts of the indentation: 

𝑃 = 𝐶 ∙ ℎ:	
Eq. 2.51 

The constant 𝐶 depends on the nature of the contact, while 𝑚 = 2 for a conical indenter. For the 
elastic-plastic part of the loading curve, 𝐶A is given by: 

𝐶A = �
1

�𝜋𝐻 ∙ 𝑡𝑎𝑛/ 𝜙
+
2(𝜋 − 2)

𝜋
�
𝜋
4
√𝐻
𝐸=
�
C/

	

Eq. 2.52 

while for the (fully elastic) unloading part, 𝐶Y is given by: 

𝐶Y =
2
𝜋 𝐸= 𝑡𝑎𝑛 𝜙	

Eq. 2.53 

 

This energy-based approach considers the work done by the applied load 𝑃  during the 
indentation (Fig. 2.44). During unloading, work is also done by the partial elastic recovery of the 
material. It appears that the amount of energy returned during the unloading is independent of the 
indenter’s geometry and is a function of the ratio 𝐸=/𝐻. 
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Fig. 2.44 – Indentation work during the loading (UP+UE) and the 

unloading (UE); figure reproduced from Ref [142]. 

 

At maximal load, the two power-law curves intersect, and we have for a conical indenter: 

𝑃:3+ = 𝐶Aℎ:3+/ = 𝐶Y(ℎ:3+ − ℎ=)/ 
Eq. 2.54 

The work of indentation is then calculated by integrating 𝑃 with respect to ℎ: 

𝑈E = H 𝐶Aℎ/𝑑ℎ − H 𝐶Y(ℎ − ℎ=)/𝑑ℎ
O/01

O2

O/01

?
= (𝐶A − 𝐶Y)

ℎ:3+(

3  

Eq. 2.55 

For rigid-plastic materials (high 𝐸/𝑌	ratio), elastic recovery is negligible, and we can set 𝐸= 	=
	∞. In that case, ℎ:3+ 	= 	 ℎ= and thus: 

𝑈E = 𝐶A
ℎ:3+(

3 = 𝜋𝐻 ∙ 𝑡𝑎𝑛/ 𝜙
ℎ:3+(

3  
Eq. 2.56 

Since the volume of a cone of radius 𝑎  and height ℎ  is given by 𝑉	 = 𝜋 · 𝑎/ · ℎ:3+/3 and 
knowing that 𝑡𝑎𝑛(𝜙) 	= 	𝑎/ℎ, we can transform Eq. 2.56: 
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𝑈E = 𝜋𝐻 ∙
𝑎/

ℎ:3+/
ℎ:3+(

3 = 𝐻 T
𝜋𝑎/ℎ:3+

3 U = 𝐻 ∙ 𝑉'D92 ⇔ 𝐻 =
𝑈E
𝑉'D92

 

Eq. 2.57 

That value represents the amount of work required to produce a unit volume of indentation (or, 
more strictly, of corresponding displaced material); it is thus called “true hardness” since it can be 
viewed as a true measurement of resistance to plastic deformation. 

For an elastic-plastic contact (i.e., for a small 𝐸/𝑌 ratio), the volume of the indentation is the size 
of the residual impression 𝑉= 	= 𝜋 · 𝑎/ · ℎ=/3 and the hardness is calculated as: 

𝐻 =
𝑈E
𝑉=

 

Eq. 2.58 

This hardness is called the “apparent hardness”. For an elastic-plastic material, the apparent 
hardness is smaller than the true hardness by a factor that depends on the ratio 𝐸=/𝐻. 

The model can be improved by considering the elastic recovery process in more detail142: the 
shape of the indenter during unloading need no longer be assumed to be conical. Eq. 2.54 becomes: 

𝑃:3+ = 𝐶Aℎ:3+/ = 𝐶Y(ℎ:3+ − ℎ=): 
Eq. 2.59 

The total work of indentation is calculated by integrating the loading part: 

𝑈, = 𝐶E
ℎ:3+(

3  
Eq. 2.60 

Integration of the unloading part gives: 

𝑈Z = H 𝐶Y(ℎ − ℎ=):𝑑ℎ
O/01

O2
= 𝐶Y

(ℎ:3+ − ℎ=):RK

𝑚 + 1  

Eq. 2.61 

The work related to the plastic deformation is then: 

𝑈E = 𝑈, − 𝑈Z = 𝐶A
ℎ:3+(

3 − 𝐶Y
(ℎ:3+ − ℎ=):RK

𝑚 + 1  
Eq. 2.62 
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We can now define the ratios 𝑈E/𝑈, and 𝑈Z/𝑈, : 

𝑈E
𝑈,

= 1 −
3

𝑚 + 1~1 −
ℎ=
ℎ:3+

�

𝑈Z
𝑈,

= 1 −
𝑈E
𝑈,

 

Eq. 2.63 

Finite element calculations have shown that for a conical indenter, 𝑚 ranges between 1.27 and 
1.36143,144. 

 

Cheng, Li and Cheng143 found an empirical linear relationship between the ratio 𝐸=/𝐻 and the 
ratio 𝑈Z/𝑈, : 

𝐻
𝐸=
= 𝜅

𝑈Z
𝑈,

 

Eq. 2.64 

and we can define the ratio 𝐸=//𝐻 by using Eq. 2.28 and Eq. 2.47: 

𝐸=/

𝐻 =
T12�

𝜋
𝐴
𝑑𝑃
𝑑ℎU

/

𝑃:3+
𝐴

= ~
𝑑𝑃
𝑑ℎ�

/ 𝜋
4𝑃:3+

 

Eq. 2.65 

Combining Eq. 2.64 and Eq. 2.65 gives: 

𝐻 = 𝜅/ ~
𝑑𝑃
𝑑ℎ�

/

~
𝑈Z
𝑈,
�
/ 𝜋
4𝑃:3+

 

Eq. 2.66 

Parameter 𝜅 requires a calibration with a known standard; 𝐸= is known and 𝑑𝑃/𝑑ℎ, 𝑈Z , 𝑈, , and 
𝑃:3+ are test parameters. 

Many further models have been developed to measure the hardness from a nanoindentation test: 

Ni et al.145 extended the method based on the 𝑈Z/𝑈,  ratio for spherical indenters, with the 
equation: 

𝐻 = 0,276 ~
ℎ:3+
𝑅 �

K,/6

~
𝑑𝑃
𝑑ℎ�

/

~
𝑈Z
𝑈,
�
/ 1
𝑃:3+

	

Eq. 2.67 
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Hainsworth at al.146  described the loading curve with the same power-law 𝑃	 = 	𝐶 · ℎ/ , but 
defined empirically the constant 𝐶 as: 

𝐶 = 𝐸 G𝜙:l
𝐸
𝐻 + 𝜑:

l𝐻
𝐸J

C/

 

Eq. 2.68 

for a Berkovich indenter, 𝜙: = 0.194 and 𝜑: = 0.93. 

Page and Pharr147 proposed another method for the measurement of hardness, based on the 
𝑃/𝑆/  parameter. This ratio is indeed directly proportional to 𝐻  and independent of the tip 
geometry: 

𝑃
𝑆/ =

𝜋
4𝐸=/

𝐻	

Eq. 2.69 

This method is however sensitive on the accuracy of 𝐸=  and even a small variation of that 
parameter can alter significantly the measurement of 𝐻. 

We have in summary exposed five different methods to measure the hardness. We can now 
compare their pros and cons, as well as the adequate use of each (Table 2.10). 

Table 2.10 – Pros and cons of H indentation-based measurement 
methods. 

Method Equation Pros Cons Principal use 

OPM Eq. 2.47 
Simple method 

Adapted to 
automatization 

Large error for 
materials with a 

large elastic 
recovery 

Most situations, 
but inaccurate for 

hard materials 

Cheng et al. Eq. 2.66 

Work-based 
method 

Consider the 
unloading part 

Only for conical 
indenters 

Adapted to all 
materials 

Ni et al. Eq. 2.67 

Idem Cheng et al. 
Extension for 

spherical 
indenters 

Only for 
spherical 
indenters 

Adapted to all 
materials 

Hainsworth et al. Eq. 2.68 
Accurate for stiff 

and hard 
materials 

For Berkovich 
indenters only 

Materials with a 
high elastic 
recovery 

Page and Pharr Eq. 2.69 Very simple 
method 

Elastic modulus 
must be precisely 

known 
Most situations 
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2.4.2.4 Toughness measurement 

During a nanoindentation test, tensile stresses are induced in the specimen as the radius of the 
plastic zone increases. During unloading, additional stresses appear because of the elastic recovery 
of the material outside of the plastic zone; the end result is a state of residual stress in the indented 
material. Tensile stresses produced within the material can result in the formation of cracks, the 
presence of which can often be detected by examination of the indents after testing. 

One distinguishes usually four different kinds of residual cracks around indents: radial (also called 
“Palmqvist cracks”), lateral, median and half-penny (Fig. 2.45). 

Radial cracks are vertical half-circular cracks that occur at the surface and emanate from the 
corners of the residual imprint. These cracks are formed by a hoop stress and extend downward 
into the material, although they are generally shallow. Lateral cracks are parallel to the surface and 
occur beneath the surface. They are symmetric according to the load axis; they can often be 
deflected and extend to the surface, resulting in a surface ring. Median cracks are vertical circular 
cracks that form beneath the surface along the loading axis (lateral and median cracks are, thus, not 
directly visible after testing). Finally, if the load is high enough, median cracks may extend and join 
with radial cracks, forming a large half-penny crack. 

The cracks can be subdivided into two categories: those which form on symmetry planes 
containing the indenter axis (radial and median cracks) and those which form on planes parallel to 
the surface (lateral crack). The sequence of initiation depends strongly of the indenter geometry, as 
well as of the material, but median cracks initiate generally first; their extension to the surface, 
forming half-penny cracks, is due to residual stresses in the elastically strained material surrounding 
the median cracks. Normal residual stresses are responsible for the propagation of lateral cracks. 

	
Fig. 2.45 – Indentation cracks; a) radial crack; b) lateral crack; c) median 

crack; d) half-penny crack; reproduced from Ref [142]. 

Such cracks can be subdivided into two categories: those that form on symmetry planes 
containing the indenter axis (radial and median cracks) and those that form on planes parallel to 
the surface (lateral crack). The sequence of initiation depends strongly of the indenter geometry, as 
well as of the material. This said, median cracks initiate generally first; their extension to the surface, 
forming half-penny cracks, is due to residual stresses in the elastically strained material surrounding 
the median cracks. Normal residual stresses are responsible for the propagation of lateral cracks. 
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In measuring fracture toughness, radial and half-penny cracks are of particular importance, 
because they constitute surface cracks that can be directly observed without milling material under 
the indent. 

Palmqvist148 was the first to demonstrate empirically that the length l of radial cracks could be 
related to toughness, on metal carbides. A theory describing the evolution of the lateral/radial crack 
system under Vickers indents was later developed by Lawn, Evans and Marshall149, based on 
Griffith’s fracture theory. 

The Griffith analysis of fracture is based on consideration of potential energy minimization: 
cracks grow when the rate of release of strain energy 𝑈; that accompanies crack growth exceeds 
the surface energy plus the rate of energy dissipation from processes that accompany crack 
formation (such as plastic deformation) 𝑈[ required to create two new crack faces: 

𝑑𝑈;
𝑑𝑐 ≥

𝑑𝑈[
𝑑𝑐  

Eq. 2.70 

Where 𝑐 is the crack length. Lawn et al. proposed a model by approximating the elasto-plastic 
field of a Vickers indentation generating a median crack into (i) the stress field of the same 
indentation at full load and (ii) the residual stress field present after plastic deformation and 
complete unloading (Fig. 2.46) 

	
Fig. 2.46 – Lawn analysis of median crack system; a) plastic zone and 

crack configuration at full load; b) distribution of the elastic stress field at 
full load; c) residual stress after complete unload. Picture redrawn from 

Ref [149]. 

The elastic field (Fig. 2.46-b) operates outside the plastic zone, reaches a maximal intensity at full 
load and goes to zero at complete unload. The residual field (Fig. 2.46-c) results from the mismatch 
of tensile forces applied on the surrounding matrix by plastically deformed the material within 𝑟	 ≤
	𝑏; it is maximal at full load and remains as the indenter is removed. 

 

Lawn et al. used the stress intensity factor for center-loaded penny cracks to derive the stress 
intensity factor for each of those two stress fields: 
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𝐾 = 𝜒
𝑃
𝑐(// 

Eq. 2.71 

with 𝜒 the proportionality factor, which depends both on the indenter geometry and on the 
material. 

The residual stress field is evaluated by: 

1. virtually removing a half-sphere of material, of radius 𝑏, under the indenter; 

2. deforming the removed material plastically by indentation with penetration 𝑑 and contact 
radius 𝑎. The volume being constant, and 𝛿𝑉 characterizing the volume of the imprint, the 
half-sphere strain can be expressed as: 

𝛿𝑉
𝑉 =

2
3𝑎

/𝑑
2
3𝜋𝑏

(
=
1
𝜋
𝑎/𝑑
𝑏( =

1
𝜋 �
𝑎
𝑏�

(
𝑐𝑜𝑡 𝜙	

Eq. 2.72 

3. the half-sphere is elastically restored to its original radius 𝑏 , by applying a hydrostatic 
compression: 

𝑝I = 𝐵
𝛿𝑉
𝑉 ⇒ 𝑝I =

𝐸
3(1 − 2𝜈)

1
𝜋 �
𝑎
𝑏�

(
𝑐𝑜𝑡 𝜙 

Eq. 2.73 

4. the half-sphere is then reinserted, and the interface coherence is restored. The constraining 
pressure on the half-sphere is compressive but reduced to a fraction of 𝑝I (1/2 for an 
infinite matrix). The magnitude of the force is obtained by integrating the horizontal stress 
component over the zone cross section within the crack plane: 

𝑃=2; =
𝜋𝑏/

2 𝑝I =
𝐸

6(1 − 2𝜈) �
𝑎
𝑏�

(
𝑏/ 𝑐𝑜𝑡 𝜙	

Eq. 2.74 

The stress intensity factor for the residual field component is then: 

𝐾=2; = 𝑓(𝛼)
𝑃=2;
𝑐(// =	𝜒=2;

𝑃
𝑐(// 

Eq. 2.75 
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where 𝑓(𝛼) is an angular function compensating the effects of the free surface and its value is 
close to unity. With 𝐻 = 𝑃/	𝑎/ the proportionality coefficient 𝜒=2; is then expressed as: 

𝜒=2; = 𝑓(𝛼)
𝐸

6(1 − 2𝜈)
𝑎
𝑏
𝑎/

𝑃 𝑐𝑜𝑡 𝜙 = 𝑓°(𝛼)
𝐸
𝐻
𝑎
𝑏 𝑐𝑜𝑡 𝜙 

Eq. 2.76 

where the 6(1 − 2𝜈) term has been incorporated in the 𝑓°(𝛼) function. The 𝑎/𝑏 ratio can be 
related to the 𝐸/𝐻 ratio by using the expanding cavity model that was developed to model the 
measurement of hardness150 (Fig. 2.42): 

𝐸
𝐻 =

9
2

�(1 − 𝜈) �𝑏𝑟?
�
(
− 23 (1 − 2𝜈)�

�1 + 𝑙𝑛 �𝑏𝑟?
�
(
�

	

Eq. 2.77 

where 𝑟?  is the radius of the cavity. A log-log plot of 𝑏/𝑟?  versus 𝐸/𝐻 gives a nearly linear 
function, i.e. it is possible to approximate Eq. 2.77 with a power law: 

𝑏
𝑟?
= 𝐶 · ~

𝐸
𝐻�

:

	

Eq. 2.78 

The cavity volume being in our case the volume of the imprint, Eq. 2.78 becomes 

𝑏
𝑎 = ~

𝐸
𝐻�

:

~
𝑐𝑜𝑡 𝜙
𝜋 �

K
(
	

Eq. 2.79 

The final form of 𝜒=2; is then: 

𝜒=2; = 𝑓′(𝛼) ~
𝐸
𝐻�

KC:

𝑐𝑜𝑡 𝜙
/
( 

Eq. 2.80 

Lawn et al. proposed an empirical value of 𝑚	 = 	0.5. 

Lawn et al. evaluated similarly the stress field at peak load, by integrating a point-load Boussinesq 
stress field 𝜎(𝑟, 𝛼) = 𝑔(𝛼) · 𝑃/𝑟/, 𝑔(𝛼) being the angular function represented in Fig. 2.46-b, 
for 𝑏	 ≤ 	𝑟	 ≤ 	𝑐151,152. 
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𝐾2 = 𝑃 · 𝑓(𝛼) · 𝑔(𝛼)l
2
𝑐 H𝑟𝜎

(𝑟)
𝑑𝑟

√𝑐/ − 𝑟/

'

I

= 𝑓(𝛼)𝑔(𝛼) 𝑙𝑛 ¨
𝑐
𝑏 G1 +

l1 −
𝑏/

𝑐/J©
𝑃

𝑐
(
/
	

Eq. 2.81 

Because 𝑐	 >> 	𝑏, Eq. 2.81 reduces to 

𝐾2 = 𝑓(𝛼)𝑔(𝛼) 𝑙𝑛
2𝑐
𝑏
𝑃

𝑐
(
/
= 𝜒2

𝑃

𝑐
(
/
	

Eq. 2.82 

At equilibrium, both components must be summed, and the critical toughness is then 𝐾' =
𝐾=2; + 𝐾2 . The authors observed a net dominance of 𝐾=2; over 𝐾2 , and because of the reversibility 
of the elastic term, the equilibrium crack length c at complete unload depends only on 𝜒=2;. They 
confirmed experimentally the predominance of 𝐾=2; over 𝐾2 . 

 

Laugier153 extended this model for half-penny cracks, that consist of median cracks propagated 
up to the surface, and which are very often observed on ceramics. The fracture toughness is now 
given by: 

𝐾' = 𝑥\�
𝑎
𝑙 ~
𝐸
𝐻�

//( 𝑃
𝑐(//	

Eq. 2.83 

with 𝑥\ = 0.015 for a Vickers indenter and 𝑥\ = 0.016 for a Berkovich indenter. 

 

Niihara et al.154,155 proposed two different modified equations, one for radial cracks, the other for 
half-penny cracks: 

𝐾",]E = 𝐴K ~
𝐸
𝐻�

/
8 𝑃

𝑐
(
/
	

𝐾",^ = 𝐴/ ~
𝐸
𝐻�

/
8 𝑃
𝑎√𝑙

	

Eq. 2.84 

with 𝐴K and 𝐴/ being respectively the constants for half-penny and radial cracks. 

When indenting very small particles and generating a crack, the Berkovich indenter is most of the 
time inadequate and a much sharper cube corner tip is needed. Field and Tada 156,157 investigated 
fracture toughness measurements performed on very small particles, using such indenters. They 
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proposed to determine the crack length 𝑐  from the loading curve, such that no crack length 
measurement is required. 

 

The energy approach has been investigated for indentation toughness by Zhang et al.158. Here, 
the toughness is calculated by determining similar parameters as in measurement of the hardness: 
𝑈, and 𝑈Z : 

𝐾" = 𝜆 ~
𝑈,
𝑈Z
�
K
/ 𝑃:3+

𝑐
(
/
	

Eq. 2.85 

The constant 𝜆 has been calibrated and 𝜆 = 0.0695. 

We have described four indentation methods to measure the fracture toughness based on Lawn’s 
derivation. We can now summarize their pros and cons, as well as the adequate use of each in Table 
2.11. 

Table 2.11 – Pros and cons of K indentation-based measurement 
methods 

Method Equation Pros Cons Principal use 

Lawn et al. Eq. 2.71 
Simple method 
Simple analysis 

Analysis can be 
complicated 

(more than one 
crack-type) 

Not the most 
accurate model 
For Palmqvist 

cracks only 

Adapted to brittle 
materials 

Laugier Eq. 2.83 
Simple method 
Simple analysis 

Idem Lawn 
For half-penny 

cracks 

Adapted to brittle 
materials 

Niihara et al. Eq. 2.84 

Simple method 
Simple analysis 

For both 
Palmqvist and 

half-penny cracks 
Most accurate 

model 

For Berkovich 
and cube corner 

only 

Adapted to brittle 
materials 

Zhang et al. Eq. 2.85 

Work-based 
method 

𝐸 and 𝐻 are not 
required 

Determination of 
crack length can 
be complicated 

Adapted to brittle 
materials 
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2.4.3 Micromechanical Tests 

If nanoindentation is a relatively convenient way to measure fracture toughness at the micron 
scale, it has been strongly criticized and can lead to error in measurements. As a result, other micro-
mechanical methods have been developed, based on other loading modes (scratching, impact, etc.) 
or on the rupture of pre-cracked or notched specimens having one of specific geometries. 

The measurement of 𝐾"  via a scratch test has been proposed by Akono et al.159. Toughness in 
the sense of this test is a function of the horizontal force 𝐹, , the perimeter of the indenter 𝑝 and 
the horizontal projected load bearing contact area 𝐴: 

𝐾" =
𝐹,

�2𝑝𝐴
 

Eq. 2.86 

Another method, based on the splitting of FIB milled pillars, has been developed by Sebastiani 
et al.160: 

𝐾" = 𝛾
𝑃'

𝑅
(
/
	

Eq. 2.87 

where 𝑃' is the load at failure, 𝑅 is the pillar radius and 𝛾 is a calibration constant, which depends 
on the material and is evaluated by numerical techniques. 

Frutos et al.161 used repeated nano-impacts to propagate a crack with the aim of measuring the 
fracture toughness of alumina. In this case, it was possible to follow the evolution of the crack, 
progressing from radial to half-penny for each impact. 

 

The most common mechanical test used to measure toughness at the microscale consists in 
cutting a notched cantilever beam out of the sample and testing it to fracture in bending. The 
simplest crack initiator is a straight notch. Iqbal et al.162, Di Maio and Roberts163, and Kupka et al164 
developed such a method. In this case, if one assimilates the notch to a crack, the fracture toughness 
is then easily determined by the general equation 

𝐾!" = 𝜎'√𝜋𝑎 · 𝐹 �
𝑎
𝑏� 

Eq. 2.88 

where 𝑎 is the initial crack length (i.e. the depth of the notch), and 𝐹(𝑎/𝑏) is a geometrical factor. 
Iqbal used this method to determine the anisotropic fracture toughness of monocrystalline NiAl; 
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they machined 8 µm long beams in two different orientations using FIB and measured two different 
toughness values: 3.52 MPa·m0.5 for the “soft” orientation and 5.12 for the “hard” orientation. Di 
Maio and Roberts machined pentagonal (truncated triangle) straight-notched beams in silicon, 
orienting the notch along a (111) fracture plane; they obtained a toughness of 1.1 MPa·m0.5, 
coherent with literature references for the material. They transposed then the method to CVD-
deposited WC on a steel substrate and measured a fracture toughness of 3.2 MPa·m0.5. Kupka et 
al. measured the fracture properties of brittle grain boundaries in aluminium lithium alloys using 
notched micro-cantilever beams. 

Mueller et al.165 have replaced the straight notch by a chevron-notch (Fig. 2.47). For that special 
geometry, cracks nucleate and propagate in a stable way before fracture, with the advantage that 
fracture occurs (i) in an area unaffected by FIB effects and (ii) by propagation of a “real”, sharp 
crack instead of a notch. 

	
Fig. 2.47 – Chevron-notched beam; a-b) chevron-notched beam in 

polycrystalline alumina fibers; c) chevron-notched beam in fused quartz; 
figure reproduced from Ref [165]. 

Mueller at al. measured in this way the fracture toughness of polycrystalline alumina to find 𝐾!"  
= 2.3 MPa·m0.5, and of fused quartz, giving 𝐾!"  = 0.65 MPa·m0.5, both in agreement with literature 
values. 

The cantilever beam can also be used to test the resistance of interfaces166 or coatings167,168. 

A variation of the cantilever beam is the clamped beam (Fig. 2.48), where both extremities are 
fixed, and a straight notch is milled using the FIB in the middle of the beam. Jaya and Jayaram169 
experimented that configuration, as well as Cui and Vinci170 who used a triangular notch. The 
geometrical factor is determined via numerical FE simulations. 

	
Fig. 2.48 – Clamped beam Si specimen; reproduced from Ref [169]. 
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Jaya and Jayaram used that method to measure the toughness of NiAl and silicon; this gave values 
of 𝐾!"  = 2.1 MPa·m0.5 for Si, which is higher than most reported values, and 3.8 MPa·m0.5 for 
NiAl, in accordance with reference data. Cui and Vinci adapted the method for bowtie-shaped 
beams with a chevron-notch (Fig. 2.49); they measured the fracture toughness of fused quartz by 
applying a cyclic load to cause progressive crack extension, and found 𝐾!"  = 0.62 MPa·m0.5, a value 
coherent with the literature (and the value measured at the microscale by Mueller et al.). 

	
Fig. 2.49 – Fused quartz bowtie specimen; figure reproduced from Ref 

[170]. 

Another creative method that has been used to measure fracture toughness is the double 
cantilever beam (Fig. 2.50)171. This method has been applied with good results to various materials 
including SiC, GaAs and CrN-based coatings. 

	
Fig. 2.50 – Double cantilever beam (SiC); figure reproduced from Ref 

[171]. 

In practice, after machining, the specimen is loaded in compression, up to failure at critical load 
𝑃' , in a nanoindentation apparatus using a flat punch, which pushes on the two edges protruding 
on top of the specimen (Fig. 2.50). The fracture toughness is then calculated by the following 
equation: 
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𝐾!" = √3
(𝑒 − 𝜇ℎ)

𝑏𝑑
(
/

𝑃' 

Eq. 2.89 

where 𝑒 = K
/
(𝑑 − 𝑤), 𝜇 is the coefficient of friction between the indenter and the sample, and b 

is the thickness of the beam. A value of 𝐾!"  = 3.6 MPa·m0.5 was obtained for SiC, and 0.57 
MPa·m0.5 for GaAs. The toughness of columnar-grown CrN coatings was also measured in this 
way, giving 𝐾!" = 1.75 MPa·m0.5, as was that of a CrAlN/Si3N4 coating, which gave 3.26 MPa·m0.5. 

B. Merle and M. Göken172 used a bulge test to propagate a crack and then measure the toughness 
of thin films: a pre-crack is introduced in a membrane, which is deformed by the pressure of a gas, 
causing the membrane to bulge, which in turn provides a driving force for crack propagation (Fig. 
2.51). 

	
Fig. 2.51 – Bulge test; figure reproduced from Ref [172]. 

This method was used to measure the fracture toughness of amorphous CVD deposited silicon 
nitride, giving 𝐾!"  = 6.3 MPa·m0.5. 

 

In surveying the literature, no results were found for micro-mechanical tests on carbides. 

 

 

 

2.5 Concluding remarks 

Carbides constitute a very important class of materials, notably for the machining industry, where 
high hardness, high stiffness, sufficient toughness and often resistance to elevated temperature are 
key parameters. In practice, basic binary MC carbides are generally deemed sufficiently hard and 
stiff materials to withstand such extreme operating conditions as are found in applications of tool 
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steel. Their toughness, which is often low, is improved by combining the carbides with a hard but 
tough metallic matrix, or by using them as coating material over a tougher substrate. Given that 
machining often constitutes an important part of the price of engineering components (up to 
25%173), interest in developing more efficient cutting tools remains high. 

The most investigated option consists in using harder and stiffer reinforcements, be it in 
cemented carbides or tool steel. With carbides, an interesting possibility to increase their intrinsic 
mechanical properties is to use their mutual solubility, or in other words alloying of MC carbides. 
Many systems have been investigated during the 1970s and 1980s, including carbonitrides; most of 
the publications presented the evolution of Vickers microhardness versus composition. Under the 
assumption that the increase in hardness is related to the carbide bond structure, Jhi et al.55 
proposed a complete physical interpretation based on atomic simulation and band structure. 

As a result of that work and of progress in ab initio materials simulation, numerical investigations 
of carbide systems have proliferated in recent years, aiming to predict not only the hardness, but 
also other important mechanical properties, such as the Young’s modulus or the fracture 
toughness. In parallel, and with the development of nanoindentation techniques, several authors 
have tried to correlate mechanically the predictions of atomic simulations, by indenting bulk 
carbides. 

With this thesis, we aim to go one step further in measuring directly the properties of carbide 
reinforcements embedded in their matrix. We also aim to optimize both hardness and Young’s 
modulus by processing and characterizing ternary and quaternary MC carbides. 

  



Lionel Michelet Thesis n°8615 July 2018 

108 

  



Chapter 3: Microstructures & Processing 

 

109 

 

CHAPTER 3: MICROSTRUCTURES & PROCESSING 

MICROSTRUCTURES & PROCESSING 

DESCRIPTION OF CORRECTIONS BROUGHT TO THE SUBMITTED THESIS 
VERSION:  Table 3.13 has been corrected for errors present in the original thesis 
version. 

 

This chapter first describes the processing methods that we applied to produce carbide particles 
reinforcing iron, then reports the microstructures that we obtained and the different analyses that 
were used for characterization of their microstructure. Five binary MC carbides (M = Ti, V, Ta, 
Nb, W) have been produced, as well as five ternary MM’C carbides (MM’ = TiW, TiV, TiTa, TiNb, 
TaV) and, finally, the quaternary Ti-Ta-V-C system. 

 

 

3.1 In situ carbide formation 

Taking as a reference the tool steel industry, where carbides are frequently produced in situ by 
precipitation within a liquid iron phase, samples of this work were prepared by arc-melting high-
purity (binary) cast iron together with selected amounts of transition metal. Carbides are then 
produced via a chemical reaction between the metallic elements and carbon in a liquid composed 
mainly of iron. In such complex systems, several carbides with various morphologies can be 
formed, depending on the temperature, the cooling rate and the composition. In order to obtain 
the desired composition, as well as a shape and size amenable to mechanical testing of the particles, 
additional heat treatment was occasionally applied, using the dedicated software ThermoCalc® as a 
guide for interpretation and design of heat-treatment schedules. 
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3.1.1 Design of carbide particles reinforcing iron: raw materials and carbide 
compositions 

Four ternary titanium-based carbides, namely (Ti,M)C, with M = W, Ta, V and Nb, as well as an 
additional ternary (Ta,V)C, and a quaternary (Ti,Ta,V)C MC carbide have been investigated. We 
chose these five transition metals because, among the large number of possible compositions, those 
systems are known to produce very strong carbides and because those are among the most 
common transition carbides used in industry. The carbides are formed in situ from high-purity 
powders, granules or chips of the metallic elements. In order to reduce the total surface, granules 
are preferred rather than powders. Table 3.1 summarizes the main features of the selected materials. 

Table 3.1 – Raw materials used for carbide formation 

 Purity Shape Supplier 

Fe 99.98% chips Sigma Aldrich, St-Louis, US 

Ti 99.99% granules ABCR, Karlsruhe, DE 

W 99.9% powder Alfa Aesar, Haverhill, US 

V 99.7% granules ABCR, Karlsruhe, DE 

Nb 99.9% powder Wah Chang, Albany, US 

Ta 99.98% powder ABCR, Karlsruhe, DE 

 

Carbon in cast iron was selected as the carbon source. The alloy was produced by melting pure 
iron chips in a graphite crucible within a custom-made induction furnace setup, powered by a 
CELES® 12 kW, 22A power source. The crucible is cylindrical, with an aperture of 2 cm, and is 
made of EDM 200 high-quality graphite. The temperature is set at 1500°C and the process lasts 5 
minutes, in order to allow carbon diffusion into liquid iron. The solidified rod is then chemically 
analyzed by the Combustion Infrared Detection Technique (LECO® CS844) to determine the 
carbon content: an average composition of 5.5 wt% of carbon was measured. In this process, the 
iron dissolves a portion of the crucible (as predicted by the phase diagram, Fig. 3.1) and begins to 
melt once its carbon content is high enough. The liquid phase, once formed, becomes then richer 
in carbon and reaches a maximal composition between 5 and 5.5 wt% at that specific temperature, 
this concentration being the maximum solubility of graphite in liquid iron at 1500°C (Fig. 2.3). 

The carbide-containing samples are designed to have a carbide volume fraction, 𝜙_`a, equal to 
0.4. The respective masses of each element are then calculated from that parameter. 

𝜙'3= =
𝑉'3=

𝑉'3= + 𝑉:34=%+
=

𝑚'3=
𝜌'3=

𝑚'3=
𝜌'3=

+𝑚:34=%+
𝜌:34=%+

	

Eq. 3.1 
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where 𝑉 represents the volume, 𝑚 the mass and 𝜌 the density, respectively of the carbide and of 
the matrix. The carbide density is assumed to be either known (binary carbides) or is otherwise 
approximated using the simple rule of mixtures from densities of relevant binary densities (for both 
ternary and quaternary carbides). The total mass of the sample is also fixed at 𝑚4D4 = 𝑚'3= +
𝑚:34=%+ ≈ 1.5 g, this choice being made simply because of the furnace size limitations. We assume 
that the entire carbon amount present in the cast iron was involved in alloying element carbide 
formation (with, thus, no formation of cementite), and for simplicity we consider the matrix as 
pure iron with 𝜌:34=%+ = 𝜌%=D9  (at room temperature this is justified by the fact that carbide-
forming alloying additions will lower the carbon equilibrium concentration in iron even lower than 
its value in the binary Fe-C system). 

	
Fig. 3.1 – C-Fe partial phase diagram. The process temperature, 1500°C, 

is outlined. 

The only remaining unknown parameter is then the carbide mass: 

𝑚'3= =
𝑚4D4

1 + 𝜌%=D9𝜌'3=
� 1
𝜙'3=

− 1�
	

Eq. 3.2 

The carbide mass 𝑚'3=  is also linked according to its desired composition. For a quaternary 
carbide of MK , M/  and M(  metallic elements, we define the composition as (M1

xM2
yM3

1-x-y)C, 
where 𝑥 and 𝑦 are the atomic fraction. For a ternary compound, 𝑦	 = 	1 − 𝑥. The total number of 
moles 𝑁 of atoms contained in 𝑚'3= is obtained as: 

𝑁 =
𝑚'3=

𝑀:D)�𝑀+
K𝑀#

/𝑀KC+C#
( 𝐶�

=
∑ 𝑚*3% +𝑚"

∑ 𝑏%𝑀:D)(𝑀%)% +𝑀:D)(𝐶)
	

Eq. 3.3 
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where 𝑏% 	= 	𝑥, 𝑦, 1 − 𝑥 − 𝑦 for 𝑖	 = 	1, 2, 3. The required mass of each element is then given 
by: 

𝑚*3 = 𝑁 ∙ 𝑏% ∙ 𝑀:D)�𝑀%�
𝑚" = 𝑁 ∙ 𝑀:D)(𝐶) ≤ 0.055 · 𝑚:34=%+

	

Eq. 3.4 

In systems containing vanadium, an extra amount of 11.8 at% V is systematically added to the 
desired composition, to compensate for the large solubility of V in Fe. This value was calculated 
using ThermoCalc for pure cast iron containing 5.5 wt% of C. 

ThermoCalc was also used to determine the phases that should appear for a given system. An 
example of phase fraction calculation is given in Fig. 3.2 for the ternary composition Ti0.5Ta0.5C. 

	
Fig. 3.2 – Phases fraction for the Ti0.5Ta0.5C composition, based on 

ThermoCalc predictions. 

More generally, ThermoCalc, as a thermodynamic calculation software, can be used to calculate 
phase diagrams, equilibrium phase fraction (for a given composition) and phase compositions (at 
a fixed temperature). We use it as a support tool when designing our ternary and quaternary 
compositions, to get an idea of the expected phases that should be formed in a given system, and 
to determine the theoretical compositions of our samples. 

3.1.2 Arc Melting 

The formation of carbide reinforcements by an in situ process requires a specific furnace: 

• The temperature should be high enough to melt metals of high fusion temperature (T ≥ 
2500°C); 

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

4000

3600

3200

2800

2400

2000

1600

1200

800

400

Phases fraction

Te
m

pe
ra

tu
re

 (°
C

)

Liquid

(Ta,Ti)C (fcc)
(Ta,Ti)Fe2

Fe (bcc)



Chapter 3: Microstructures & Processing 

 

113 

• The process should be done under a controlled atmosphere, to avoid the formation of 
oxides. 

The arc melter furnace is one of the best options, because it is possible to reach temperatures 
higher than 3000°C, and to operate under gettered Argon. The small laboratory-scale arc melter 
brings with it some limitations, however, which include: 

• The size of the sample: typically, samples of < 5 g are well melted, while larger samples 
are more difficult to melt entirely. This value is further decreased to < 2 g in our systems 
due to the very high melting temperature of transition metals; 

• The crucible electrode is water-cooled, and a strong temperature gradient exists within 
the sample, from the top to the bottom in contact with the crucible, during the cooling, 
which also occurs relatively fast; 

• The tip electrode is made of tungsten, small particles of which may contaminate the 
sample during the process; 

• The peak sample temperature is unknown. 

We used an Edmund BÜHLER (Bodelshausen, DE) laboratory arc melter, model MAM-1. Usage 
and the underlying principle of an arc melter furnace are relatively simple: an electric current passes 
from a tungsten electrode to a copper crucible through an argon atmosphere, creating an arc that 
heats the sample, as schematically shown in  

Fig. 3.3. 

	
 

Fig. 3.3 – Simplified schema of a laboratory arc melter furnace, similar to 
the MAM-1 BÜHLER model we used for our processing. 
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The temperature of the sample in the furnace depends on the current, the weight of the sample, 
its electrical conductivity and its distance from the tungsten electrode. As stated previously, the 
exact temperature is unknown. 

The design of the furnace requires a cooling system that prevents the crucible and the tip from 
melting; that cooling influences however strongly the solidification process of the sample, as it 
imposes a relatively high cooling rate and promotes then the formation of out-of-equilibrium 
microstructures. 

The melting procedure can be summarized as: 

1. The sample components are cleaned with acetone, as is the inside of the furnace chamber; 

2. A primary vacuum of 10-2 mbar is applied, the chamber is then filled with 99.9999% extra 
pure Argon; 

3. Five cycles of vacuum-Argon are done to purge the pipes, and the vacuum is progressively 
improved up to 10-3 mbar. The chamber is then filled with Ar; 

4. A piece of pure Titanium is molten, acting as an oxygen getter; 

5. A first piece of compacted transition metallic powders or granules is molten. The 
compaction avoids a dispersion of the small particles when the arc is created; 

6. That sample is melted and cooled, at least 5 times, turning it in order to ensure a good 
homogeneity of its microstructure; 

7. The metallic piece is then molten with the cast iron, in order to form the carbides. 

8. The process is repeated at least 5 times to promote a good homogeneity, rotating the 
sample. 

Then, the sample is analyzed in a scanning electron microscope (SEM). 

3.1.3 Sample preparation and analysis 

Before being mechanically tested, the sample must be adequately prepared. The metal piece is 
first cut in half alongside the thermal gradient of the arc melter. That specific cut allows to observe 
the different microstructures that can be formed at different cooling rates. 

The sample is then embedded in a conductive polymeric resin, containing carbon filler to avoid 
charging effects in the SEM. The thickness of the resin is kept as small as possible, typically < 10 
mm, to minimize the global sample compliance during the mechanical tests. 

The embedded sample is then polished with monocrystalline diamond particles, from 9 µm down 
to ¼ µm. After the 1 µm polish, the sample exhibits a mirror surface, but the last ¼ µm step is 
crucial to reduce the surface roughness and allow to measure meaningfully tip penetrations of a 
few nanometers. 

The sample is analyzed in a SEM: the microstructure is observed and investigated (phase fraction, 
morphology, etc.) and the phase compositions are measured by EDX within the particles. For a 
given phase, several particles are tested, and the average value is then calculated. The amount of 
carbon being difficult to determine accurately, EDX is used to measure the ratio of transition 
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metals in carbide particles, with a typical precision of ± 1.5 at%. Elemental mapping is performed 
to confirm the overall composition of the sample. 

Finally, a XRD analysis is performed on flat surface to detect the crystalline structure of the 
phases and to confirm the EDX analyses as well as ThermoCalc prediction. 

The various apparatuses, equipment and consumables used for sample preparation and analysis 
are: 

• Saw: PRESI® (Le Locle, CH) Mecatome T180, equipped with a diamond blade; 

• Resin: STRUERS® (Ballerup, DK) PolyFast thermosetting phenolic resin with carbon 
filler; 

• Coater: PRESI® Mecapress 3; 

• Polishing: STRUERS® DAP-7, equipped with an additional VEXTA® counter-rotating 
motor; 

• Diamond particles: PRESI® Diamond suspension, polycrystalline particles; 

• SEM: ZEISS® (Oberkochen, DE) Merlin SEM, equipped with a Gemini II column. We 
used the microscope in SE mode, with a voltage of 2 kV and a probe current of 350 pA; 

• EDX: OXFORD Instruments® (Abingdon-on-Thames, GB) X-MaxN Silicon Drift 
Detector, with ad detector size of 80 mm2, mounted on the ZEISS Merlin SEM. We 
used a standard tension of 10 kV. The analysis software is ETAS® INCA V7.0; 

• XRD: PHILIPS® (Amsterdam, NL) X’Pert X-ray diffractometer, equipped with a Cu-
Ka source, angles 2𝜃 from 10° to 90°. 

3.1.4 Heat-treatment 

In order to verify whether a carbide particle is suitable for mechanical testing, three criteria were 
taken into consideration: size, homogeneity and composition. 

The size is the most crucial parameter: if a particle is too small, it is then impossible to apply a 
load with sufficient precision, and/or the applied stress field extent can exceed the dimensions of 
the particle and overflow into the matrix. The limit of the particle size depends on the test: a 
modulus measurement test can be done on particles as small as ~1 µm, whereas a toughness test 
is unthinkable for particles smaller than 10 µm, because there is no room for crack propagation. In 
general, tests inducing only elastic deformation can be performed on very small particles, but once 
plasticity or cracks are involved, the minimal particle dimensions rise. 

Homogeneity in composition is another important factor in collecting meaningful data. Within 
error of the performed analyses, the composition should be constant inside the tested zone. A 
different composition is often found near the interface between particle and the matrix, as 
compared to the particle core; if the core is sufficiently large, the test is done on the core (only). 

The composition of the particles should be as close as possible to the aimed-for values. Regarding 
the microstructure, as the melting process imposes rapid cooling, the microstructure can often 
deviate from thermodynamic equilibrium predictions, such that other phases can appear or 
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predicted phases might not have formed. This was ensured as was the composition, using SEM 
analyses coupled with EDX, thus defining the particles suitable for testing. 

If the previous requirements are not fulfilled, a simple way to increase the size of the particles, 
make them homogeneous or change their composition consists in applying an adequate heat 
treatment. Heating the sample promotes a more stable microstructure: the particles grow, reducing 
the particle-matrix interfacial area; they also become more homogeneous, reducing the 
composition gradient and their composition moves closer to the thermodynamic prediction. The 
phenomenon is governed by solid state diffusion, which becomes increasingly important as the 
temperature rises. The selected temperature is then chosen to be as high as possible, while still in 
the region of stability of the desired solid phase. Heat-treating temperatures used here varied from 
1200°C to 1500°C depending on the system. ThermoCalc predictions were used as a guide in 
defining the proper temperature. 

The duration of the heat treatment is also crucial: since diffusion is a statistical phenomenon, 
based on vacancy-atoms exchanges, it requires time to induce changes in a micron-scale 
microstructure. The heat treatments that we applied lasted typically from 2h to 72h, depending on 
the material and on the temperature of the treatment. 

Two kinds of furnace were used: a tubular resistive and an induction furnace. The former is made 
of an alumina tube, surrounded by electrical resistances; the tube is sealed, and vacuum is applied 
with a turbomolecular pump. As the tube is large and not perfectly sealed, the best vacuum did not 
exceed 5·10-3 mbar. Titanium sponge was introduced inside the furnace close to the sample to 
serve as an oxygen getter and the pump was continuously running during the treatment. That 
furnace allowed us to apply long heat treatments with a maximal temperature of 1500°C. The 
second furnace is a simple induction furnace: a coil generates a magnetic field that drives the 
movement of induced currents, which heat the sample in a quartz tube under Argon. As drawbacks, 
heat treatments longer than 2 hours cannot be performed, and the cooling rate is faster than a 
resistive furnace, since the tube is less well insolated from a thermal standpoint. 

Once the first heat treatment was performed, the sample was analyzed again by SEM and EDX 
and eventually a second heat treatment (at different temperature or holding time) was performed. 
The cycle was repeated unless the requirements of size and composition were satisfied. In case a 
heat treatment was performed, important parameters as temperature and holding time are specified 
for each sample in the next section. 

Once the desired composition and microstructure are obtained, the sample is submitted to a last 
polishing step before being analyzed in detail by SEM, EDX and XRD, before subsequent 
mechanical characterization. 

 

 

3.2 Carbide microstructures 

Five binary carbides, five ternary systems of carbide particles embedded in steel and an additional 
quaternary carbide system were investigated as summarized below: 

• Binary: TiC, WC, TaC, VC and NbC; 
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• Ternary: (TixW1-x)C, (TixV1-x)C, (TixTa1-x)C, (TixNb1-x)C and (TaxV1-x)C; 

• Quaternary: (TixTayV1-x-y)C 

The composition of ternary and quaternary carbides systems was varied and tailored in order to 
cover the entire range of composition. Collected EDX and XRD spectra, as well as the phase 
diagram calculated with ThermoCalc (except for the (TixW1-x)C system), are provided in Appendix 
C. 

 

 

3.2.1 Binary carbides 

Starting with the systems containing binary carbides, Fig. 3.4 depicts the microstructure of TiC 
carbides grown in situ in a steel matrix. 

	 	 	
Fig. 3.4 – Microstructure of TiC particles embedded in a steel matrix, 

raw from arc melter. 

TiC particles, which appear in black in the SEM images (Fig. 3.4 left & center) are dendrites, 
typical of nucleation and growth of a primary phase within the liquid phase. The microstructure is 
homogeneous over the sample and is not affected by the thermal gradient associated with the arc 
melter furnace. Regarding the steel matrix, EDX analyses revealed that about 10 at% of Ti remains 
in solution, coherently with the Fe-Ti phase diagram, which exhibits such a solubility for Ti in Fe 
at 1290°C. Finally, another second phase is present in the microstructure as suggested by the light 
grey particles illustrated in Fig. 3.4-c. According to the EDX and XRD results, this phase was 
identified as Fe2Ti. These particles can be found in random areas over all the surface of the sample. 
Image analysis of Fig. 3.4-a gives a TiC volume fraction of 32.1%. 

TiC particles are homogeneous in composition and EDX analysis did not show any signal of 
impurity elements. Their size, in the range of 20-60 µm satisfied well the requirements for testing. 

 

The microstructure observed in WC/Fe samples produced by arc melting is reported in Fig. 3.5. 
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Fig. 3.5 – Fe/WC microstructure, after arc melting. 

Despite the homogeneity of the microstructure and the proper size of the particles embedded in 
iron, the dendritic particles, whose phase fraction exceeds 40 vol%, are composed of a ternary 
(Fe,W)C carbide, identified using EDX and XRD data as the Fe3W3C phase. The WC phase does 
not form during the arc melting process, probably because of the high cooling rate, such that 
formation of WC requires a subsequent heat treatment. Therefore, the sample was submitted to 
heat treatment at 1400°C for 2h in the induction furnace; the new microstructure is given in Fig. 
3.6. 

	 	
Fig. 3.6 – Fe/WC heat-treated at 1400°C/2h. 

After the heat treatment, SEM micrographs show the presence of grey angular particles of pure 
WC and of light grey rounded particles of Fe3W3C. The size of the WC particles (15-20 µm) is 
adequate for our mechanical tests, as well as their homogeneity. An analysis of Fig 3.6-left reveals 
the following phase volume fraction: 48.9% of second phases, divided in this way: 25.1 vol % of 
WC and 74.9 vol % of Fe3W3C. 

 

The VC system did not require any heat treatment after the melting process, as the VC particles 
were sufficiently large for our tests. The microstructure of the sample is given in Fig. 3.7. 
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Fig. 3.7 – Fe/VC microstructure, after arc melting. 

The largest black particles are composed of pure VC, as are the smaller eutectic-like particles. The 
sample is homogeneous in terms of composition, even if the morphology of the VC particles 
changes over the specimen volume. Dendrites are found at the bottom, near the cool copper plate 
of the arc melter (Fig 3.7-left), while the top of the specimen is mainly made of spheroidal particles 
(Fig 3.7-right). EDX reveals that the matrix contains around 10 at% of vanadium. According to 
the Fe-V phase diagram, V can be soluble in Fe up to 20 at%, depending on the temperature. As 
mentioned in the previous section, an extra amount of 11.8 at% of vanadium with respect to iron 
was added to compensate for such high solubility. Image analyses of Fig 3.7-a and Fig 3.7-c reveal 
a VC volume fraction of 28.5% and 29.4%. 

 

The microstructure of the iron/TaC sample after the melting process is given in Fig. 3.8. 

	 	 	
Fig. 3.8 – Fe/TaC microstructure, after arc melting. 

The big grey particles of Fig. 3.8-center are composed of TaC, while the fishbone-like phase 
consists of the Laves phase Fe2Ta, accordingly both to EDX and XRD analyses. In the 
microstructure shown in Fig. 3.8-c, we can also identify large (several tens of micrometers) 
spheroidal particles of TaC. Even though one can distinguish differences in contrast, the EDX 
analyses confirm that the particles are all composed of TaC, with the same tantalum to carbon 
ratio. A possible explanation for the different contrast could be that there is a dependence of 
brightness on crystal orientation. Dark grey particles, as well as the small particle in Fig. 3.8-right, 
are composed of Fe2Ta. The composition of TaC particles is homogeneous over the sample, but 
their morphology changes with location, with more dendritic particles at the bottom of the 
specimen (Fig. 3.8-a). EDX analyses reveal a small amount of tantalum in the matrix, around 0.88 
at%, coherently with the Ta-Fe phase diagram. Analysis of Fig. 3.8-b gives a 44.3% TaC volume 
fraction. 
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Finally, the microstructure of the NbC system after the arc melter process is presented in Fig. 3.9. 

	 	 	
Fig. 3.9 – Fe/NbC microstructure, after arc melting. 

 

Once again, it is possible to identify light grey particles composed of NbC, dark grey particles, as 
well as eutectic particles composed of Fe2Nb. The morphology of NbC particles evolves along the 
sample, from a rounded shape at the top (Fig. 3.9-left), to dendrites (Fig. 3.9-center) as one moves 
further towards the center of the sample, and then to faceted dendrites close to the bottom of the 
specimen (Fig. 3.9-right). The facets of this phase show clearly the cubic crystalline structure of 
NbC, typically observed when the growth velocities of the different crystalline orientation are 
different. Nb in the matrix was not detected by EDX. Observations are coherent with Nb-Fe phase 
diagram, where the solubility of Nb in Fe tends to zero at low temperatures. Image analysis reveals 
a final NbC volume fraction of 46.3%. 

 

From now on, we use two different notations for our samples: (i) the theoretical (i.e., aimed-for) 
composition is written, for example, Ti90W10C and means that the metallic elements were 
weighted in order to have a 90/10 atomic ratio and to form a MC carbide (there is then one atoms 
of carbon for each atom of metal). (ii) the measured and calculated compositions are written, for 
example, Ti89W11C and we omit the subscript 100 for C, in order to simplify the notation. 

 

 

3.2.2 (TixW1-x)C ternary carbides 

With the aim of covering systematically the entire range of compositions, we designed five 
different (TxW1-x)C samples, aiming to reach a theoretical composition from 10 to 90 at% of W. 
The final, measured composition featured less tungsten that expected, with 𝑥  varying 
stoichiometrically from 34 at% up to 89 at%. Table 3.2 lists those measured values, including SEM 
micrographs and the real phase compositional values obtained by EDX analyses. 
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Table 3.2 – Summary of the microstructure obtained for ternary 
(TixW1-x)C particles embedded in steel. 

Theoretical 
composition Microstructures 

Phases 
composition 
(according to 

EDX 
analyses) 

Ti90W10C 

  

Ti89W11C 
Fe2(Ti,W) 

Matrix: 
Ti – 6.6 at% 
W – 1.2 at% 

Ti75W25C 

  

Ti81W19C 
Fe2(Ti,W) 

Matrix: 
Ti – 3.5 at% 
W – 3.4 at% 

Ti50W50C 

  

Ti71W29C 
Fe3W3C 

Matrix: 
Ti – 0.1 at% 
W – 7.2 at% 

Ti25W75C 

  

Ti54W46C 
Fe3W3C 

Matrix: 
Ti – 0.12 at% 
W – 3.4 at% 

Ti10W90C 

  

Ti34W66C 
Fe3W3C 

Matrix: 
W – 3.0 at% 

 

All the microstructures have in common the presence of both the ternary (Ti,W)C carbide and 
an iron-containing phase such as Fe2Ti for higher amounts of Ti or Fe3W3C as the theoretical 
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amount of W exceeds Ti. The (Ti,W)C particles are large enough to be tested and the variation of 
the composition for a given (Ti,W)C particle was assessed by EDX to be within instrumental error 
(±1.5 at%). Therefore, those samples do not require a complementary heat treatment before 
testing. The range of compositions in the (TixW1-x)C system is well covered with 𝑥 varying from 34 
up to 89 at%, although the phase diagram predicts a maximum content of 50 at% of W in the cubic 
phase (Ti,W)C84. The measured tungsten content is lower in comparison with the theoretical 
composition (compare the first and third columns of Table 3.2) , especially for W-rich samples; 
that could be a consequence of Fe3W3C phase formation, which lowers the tungsten content in the 
carbide. If we compare these compositions with ThermoCalc predictions (Table 3.3), we still 
observe a difference in the W-content of the (Ti,W)C particles. The temperature of 1200°C was 
chosen in order to be in the dual solid phase Fe + (Ti,W)C domain. 

Table 3.3 – Comparison of (Ti,W)C theoretical, measured and 
predicted compositions. 

Theoretical Measured 

ThermoCalc 
Database: 
TCFE9 

T°: 1200°C 

Ti90W10C Ti89W11C TiC 

Ti75W25C Ti81W19C Ti97W3C 

Ti50W50C Ti71W29C Ti81W19C 

Ti25W75C Ti54W46C Ti69W31C 

Ti10W90C Ti34W66C Ti67W33C 

 

	
Fig. 3.10 – Pseudo-binary TiC-WC diagram in an iron matrix (from 

ThermoCalc). 
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The pseudo-binary Fe/TiC-WC phase diagram obtained by ThermoCalc is reported in Fig. 3.10, 
where it is plotted as a function of temperature and of the TiC content. As seen, WC should 
precipitate for W concentrations above 65 at%: this is not observed in our samples; therefore, we 
can assume that our particles are metastable, and that their formation is likely associated with the 
high cooling rate imposed by the arc melter furnace. This was confirmed by performing heat 
treatments that led to the decomposition into microstructures containing metastable W-rich 
carbides towards the equilibrium microstructure. The presence of a (Fe,W)C ternary carbide is also 
predicted by ThermoCalc, in the form of a M6C carbide. 

 

 

 

3.2.3 (TixV1-x)C ternary carbides 

This second system probes the mutual solubility of Ti and V; nine different (Ti,V)C ternary 
compositions were produced covering the entire compositional range. As for the previous system, 
Table 3.4 summarizes the different microstructures of ternary carbides in a steel matrix and 
compares the theoretical (Ti,V)C composition with the experimentally values obtained by EDX. 

 

Table 3.4 – Summary of the microstructure obtained for ternary 
(TixV1-x)C particles embedded in steel. 

Theoretical 
composition Microstructures 

Phases 
composition 
(according to 

EDX 
analyses) 

Ti95V5C 

  

Ti90V10C 
Matrix: 

Ti – 8.0 at% 
V – 10.3 at% 

Ti75V25C 

  

Ti81V19C 
Matrix: 

Ti – 3.6 at% 
V – 13.2 at% 
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Ti50V50C 

  

Ti75V25C 
Matrix: 

Ti – 0.9 at% 
V – 9.0 at% 

Ti40V60C 

  

Ti71V29C 
Matrix: 

Ti – 8.4 at% 
V – 14.9 at% 

Ti35V65C 

  

Ti47V53C 
Matrix: 

Ti – 0.7 at% 
V – 17.0 at% 

Ti25V75C 

  

Ti34V66C 
Matrix: 

V – 18.0 at% 

Ti15V85C 

  

Ti26V74C 
Matrix: 

Ti – 0.3 at% 
V – 20.0 at% 

Ti10V90C 

  

Ti23V77C 
Matrix: 

V – 13.0 at% 
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Ti2V98C 

  

Ti4V96C 
Matrix: 

V – 18.6 at% 

 

 

All the compositions exhibited (Ti,V)C particles fulfilling requirements of size, homogeneity and 
composition and hence amenable to mechanical testing. Therefore, no additional heat treatments 
were performed. We explored compositions ranging from 5 to 98 at% of V. According to EDX 
results, all the (Ti,V)C particles contain a tiny amount of Fe, below 1 at%. The vanadium content 
in carbides is smaller than the predicted values, with the exception of Ti95V5C. The observation 
is not surprising, if we consider the high solubility of V in Fe, in many case higher than the amount 
of 11.8 at% we add during the processing. The particles have the characteristic dendritic 
morphology, although the dendrites are more fragmented in comparison with the previous system. 

When comparing the measured (Ti,V)C compositions with predicted values from ThermoCalc, 
we observe an acceptable concordance, except for the low-vanadium compositions, Table 3.5. As 
for the previous system, the temperature was chosen to correspond to a domain of the phase 
diagram exhibiting a mixture of Fe and (Ti,V)C carbide in a solid state. 

 

Table 3.5 – Comparison of (Ti,V)C theoretical, measured and 
predicted compositions. 

Theoretical Measured 

ThermoCalc 
Database: 

SSOL2 
T°: 600°C 

Ti95V5C Ti90V10C TiC 

Ti75V25C Ti81V19C Ti99V1C 

Ti50V50C Ti75V25C Ti71V29C 

Ti40V60C Ti71V29C Ti70V30C 

Ti35V65C Ti47V53C Ti40V60C 

Ti25V75C Ti34V66C Ti35V65C 

Ti15V85C Ti26V74C Ti19V81C 

Ti10V90C Ti23V77C Ti13V87C 

Ti2V98C Ti4V96C Ti3V97C 
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3.2.4 (TixTa1-x)C ternary carbides 

For this third ternary system, we produced five (Ti,Ta)C ternary carbides, ranging from 10 at% 
to 90 at% of Ta. As with the previous system, the two binary TiC and TaC carbides are totally 
soluble at high temperatures. Table 3.6 summarizes the different phases that could be distinguished 
by analyzing the microstructure in the SEM, together with the main EDX results. 

Table 3.6 – Summary of the microstructure obtained for ternary 
(TixTa1-x)C particles embedded in steel. 

Theoretical 
composition Microstructures 

Phases 
composition 
(according to 

EDX analyses) 

Ti90Ta10C 

  

Ti81Ta19C 
Ti10Ta90C 

 
Matrix: 
Fe2Ti 

Ti75Ta25C 

  

Ti69Ta31C 
Fe52Ta11Ti14C33 

 
Matrix: 
Fe2Ti 

Ti60Ta40C 

  

Ti42Ta58C 
Fe2(Ti,Ta) 

Matrix: 
Ti – 5.5 at% 
Ta – 0.2 at% 

Ti25Ta75C 

  

Ti22Ta78C 
Fe2(Ti,Ta) 

Matrix: 
Ti – 1.6 at% 
Ta – 0.5 at% 
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Ti10Ta90C 

  

Ti10Ta90C 
Fe2Ta 

Matrix: 
Ta – 0.6 at% 

 

As with the (Ti,W)C system, we observe the presence of an iron-containing phase in all the 
samples, this phase being present in addition to the desired ternary carbide. Both theoretical and 
measured compositions match relatively well with the predicted ThermoCalc values, except for the 
Ti60Ta40C composition (see Table 3.7). Such small deviations can be explained by (i) an out-of-
equilibrium structure, caused by the rapid cooling of the samples, (ii) the presence of other phases 
(Fe2Ta, Fe2Ti) and (iii) partial solubility of Ta in the matrix (up to 4 at% according to the Ta-Fe 
phase diagram). The ternary (Ti,Ta)C particles fulfill the requirements on size, composition and 
compositional homogeneity necessary for mechanical tests and have therefore not been subjected 
to additional heat treatment. 

We observed in Ti90Ta10C a difference in composition between the border and the center of the 
sample; yet, the particles are large enough in the middle to perform the mechanical tests. The 
morphology of the ternary carbides is again mostly dendritic, with the presence of more spheroidal 
particles for some compositions such as Ti10Ta90C, particles of which are located close to the top 
of the sample. Besides the ternary carbide phase, we can observe the presence of a fishbone-like 
phase in Fe/Ti22Ta78C and Ti10Ta90C, as well as the Laves phase Fe2Ta in the Ti42Ta58C 
composition. The Ti-richest composition contains also a second kind of particle with a Ti10Ta90C 
composition, but its volume fraction is much smaller than for the other carbides. 

Table 3.7 – Comparison of (Ti,Ta)C theoretical, measured and 
predicted compositions. 

Theoretical Measured 

ThermoCalc 
Database: 
TCFE9 

T°: 1300°C 

Ti90Ta10C Ti81Ta19C Ti89Ta11C 

Ti75Ta25C Ti69Ta31C Ti74Ta26C 

Ti60Ta40C Ti42Ta58C Ti59Ta41C 

Ti25Ta75C Ti22Ta78C Ti25Ta75C 

Ti10Ta90C Ti10Ta90C Ti9Ta91C 

 

3.2.5 (TixNb1-x)C ternary carbides 

The fourth ternary system that was investigated is based on the mutual solubility at high 
temperature of the two binary carbides TiC and NbC. Six compositions were investigated in that 
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specific ternary system, from a theoretical value of 2 to 80 at% of Nb with respect to Ti. Table 3.8 
summarizes the different microstructures observed, as well as the identified phases with their 
respective compositions as analyzed by EDX. In some cases, a thermal treatment was necessary in 
order to obtain a good compositional homogeneity; details are reported in Table 3.8. 

Table 3.8 – Summary of the microstructure obtained for ternary 
(TixNb1-x)C particles embedded in steel. 

Theoretical composition Microstructures 

Phases 
composition 
(according to 

EDX 
analyses) 

Ti98Nb2C 

  

Ti93Nb7C 
Fe2Ti 

Matrix: 
Ti – 7.0 at% 

 

Ti90Nb10C 

  

Ti72-82Nb18-

28C 
Ti76Nb24C 
(Average) 
Matrix: 

Ti – 2.8 at% 
Nb – 0.3 at% 

Heat treatment: 1250°C – 72h 

Ti70Nb30C 

  

Ti70-80Nb20-

30C 
Ti73Nb27C 

(average) 
Matrix: 

Ti – 5.0 at% 

Heat treatment: 1350°C – 1h 

Ti50Nb50C 

  

Ti39-50Nb50-

61C 
Ti43Nb57C 

(average) 

Matrix: 
Nb – 0.5 at% 

Heat treatment: 1200°C – 48h 
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Ti30Nb70C 

  

Ti23Nb77C 
Matrix: 

Ti – 0.3 at% 
Nb – 1.0 at% 

Ti20Nb80C 

  

Ti10Nb90C 
Fe2(Ti,Nb) 

Matrix: 
Ti – 1.8 at% 
Nb – 1.4 at% 

 

 

The microstructures in this system share a dendritic morphology for the ternary (Ti,Nb)C carbide. 
Spheroidal particles are present in Nb-rich samples (Ti30Nb70C and Ti20Nb80C), close to the top 
of the sample. The size of (Ti,Nb)C carbide particles fulfils the requirements for mechanical tests. 
Although thermal treatment were performed, some ternary (Ti,Nb)C particles are definitely not 
homogeneous, especially at higher Ti amount (Ti90Nb10C, Ti70Nb30C and Ti50Nb50C); EDX 
analyses revealed a range of compositions of carbide particles for each of these three samples. 
However, since the average composition is constant over the sample, the dispersion being 
acceptably small, we nonetheless test those particles, trying to focus, if possible, on the particle 
core, which seems more homogeneous than the rim. This system is one in which the formation a 
second particle phase is less marked, as only the two extremal compositions exhibit the presence 
of, respectively, Fe2Nb Laves phase for Ti98Nb2C and a quaternary iron-containing carbide for 
Ti20Nb80C. A small amount of niobium in the matrix is outlined by EDX analyses, corresponding 
to the solubility of Nb in Fe, as given by the Fe-Nb phase diagram (~ 5 at% at 1394°C). 

The relatively good agreement that we found between the theoretical and observed compositions, 
as well as with those predicted by ThermoCalc at 1350°C is given in Table 3.9. 

Table 3.9 – Comparison of (Ti,Nb)C theoretical, measured and 
predicted compositions. 

Theoretical 
Measured 
(average) 

ThermoCalc 
Database: 

SSOL2 
T°: 1350°C 

Ti98Nb2C Ti93Nb7C Ti97Nb3C 

Ti90Nb10C Ti76Nb24C Ti88Nb12C 

Ti70Nb30C Ti73Nb27C Ti69Nb31C 

Ti50Nb50C Ti43Nb57C Ti54Nb46C 

Ti30Nb70C Ti23Nb77C Ti36Nb64C 

Ti20Nb80C Ti10Nb90C Ti13Nb87C 
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3.2.6 (TaxV1-x)C ternary carbides 

The fifth and last ternary system is (Ta,V)C, of which we produced nine different compositions, 
from 8 at% up to 96 at% V. Table 3.10 presents the various microstructures of the different 
specimens and reports the compositions that we measured by EDX analysis. For some of the 
samples, a thermal treatment was performed, parameters of which are reported in the same table. 

 

 

Table 3.10 – Summary of the microstructure obtained for ternary 
(TaxV1-x)C particles embedded in steel. 

Theoretical 
composition Microstructures 

Phases 
composition 
(according to 

EDX 
analyses) 

Ta75V25C 

  

Ta90V10C 

Fe2(Ta,V) 

Matrix: 
Ta – 1.0 at% 
V – 20.0 at% 

Ta75V25C 

  

Ta92V8C 

Fe2(Ta,V) 
Matrix: 

Ta – 1.3 at% 
V – 13.0 at% 

Ta50V50C 

  

Ta69V31C 
Ta52-58V48-42C 

Matrix: 
Ta – 0.2 at% 
V – 15.0 at% 

Heat treatment: 1400°C – 2h 
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Ta50V50C 

  

Ta77V23C 

Fe2(Ta,V) 
Matrix: 

Ta – 0.3 at% 
V – 21.0 at% 

Heat treatment: 1400°C – 72h 

Ta35V65C 

  

Ta53V47C 
Ta30-48V70-52C 

Matrix: 
Ta – 0.2 at% 
V – 17.0 at% 

Heat treatment: 1400°C – 2h 

Ta25V75C 

  

Ta39V61C 

Ta32V68C 
Matrix: 

Ta – 0.3 at% 
V – 18.0 at% 

Heat treatment: 1400°C – 2h 

Ta10V90C 

  

Ta13V87C 
Ta4V96C 
Matrix: 

Ta – 0.1 at% 
V – 14.6 at% 

Heat treatment: 1350°C – 2h 

Ta10V90C 

  

Ta18V82C 
Fe2V 

VC 
Matrix: 

Ta – 0.3 at% 
V – 28.0 at% 

Heat treatment: 1400°C – 72h 



Lionel Michelet Thesis n°8615 July 2018 

132 

Ta2V98C 

  

Ta4V96C 
VC 

Matrix: 
V – 18.6 at% 

 

 

From Ta-rich to V-rich compositions, the nine (Ta,V)C samples exhibit various microstructures. 
The first two samples share the same theoretical composition; however, the vanadium solubility 
was not compensated for in the first sample, while it was for the second sample, by adding the 
extra amount of 11.8 at% of V. The microstructures of the two samples are very dissimilar. In the 
first, we observe the presence in Ta92V8C of light grey, somewhat faceted dendrites, as well as a 
eutectic-like second phase, namely the Laves Fe2Ta phase. A third phase, of the quaternary carbide 
(Fe,Ta,V)C, is also present. The microstructure of the second Fe/Ta75V25C specimen, which 
contains more vanadium, consists mainly in faceted dendrites of the ternary carbide (whose 
composition is slightly richer in vanadium in comparison with the previous composition), together 
with the presence of tiny (Fe,Ta,V)C particles. 

Three other samples, namely the first Ta50V50C (heat treated at 1400°C for 2h), Ta35V65C and 
Ta25V75C, exhibit roughly the same microstructure, mainly composed of ternary carbide particles,  
with no additional particle phase present. The ternary carbide particles are characterized by a 
fragmented faceted dendritic morphology, with a different and inhomogeneous composition at the 
rim of the particle in comparison with the core, which is homogeneous. Because the core is 
sufficiently wide and its composition is known, composition gradients near the rim do not 
constitute an issue for the mechanical tests. 

In the case of Fe/Ta50V50C system, another thermal treatment was performed by increasing the 
holding time, with the aim of investigating variations in carbide composition and homogeneity. 
The resulting microstructure is different, showing a coexistence of the ternary (Ta,V)C carbide, in 
the form of dendrites, and a quaternary iron-based carbide within smaller particles. 

The two twin Fe/Ta10V90C samples, of the same composition but heat treated differently, 
exhibit a rather similar microstructure, consisting of spheroidal particles of different ternary 
(Ta,V)C compositions. For the first specimen (1350°C for 2h), large Ta13V87C particles are present, 
in parallel with smaller Ta4V96C. For the second sample (1400°C for 72h under vacuum), tiny binary 
VC particles nucleate at the matrix/particle interface. Both specimens contain the Laves Fe2V 
phase. 

The last sample, Fe/Ta2V98C is characterized by dendrites of ternary (Ta,V)C carbide and pure 
VC forming a eutectic phase. 

A comparison with ThermoCalc predictions at 1100°C and theoretical carbide stoichiometry 
values is given in Table 3.11: 
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Table 3.11 – Comparison of (Ta,V)C theoretical, measured and 
predicted compositions. 

Theoretical Measured 

ThermoCalc 
Database: 
TCFE9 

T°: 1100°C 

Ta75V25C 
Ta92V8C Ta88V12C 

Ta90V10C Ta88V12C 

Ta50V50C 
Ta69V31C Ta69V31C 

Ta77V23C Ta69V31C 

Ta35V65C Ta53V47C Ta47V53C 

Ta25V75C Ta39V61C Ta35V65C 

Ta10V90C 
Ta13V87C Ta13V87C 

Ta18V82C Ta13V87C 

Ta2V98C Ta4V96C Ta3.5V96.5C 

 

For this system, the measured vanadium content of the ternary carbides is in good agreement 
with the predicted values. Discrepancies with the theoretical values are mostly explained by the 
solubility of V and by the presence of both Laves and (Fe,Ta,V)C phases. 

 

3.2.7 (TixTayV1-x-y)C quaternary carbides 

A quaternary system was investigated, combining the three (explored) ternary (Ti,Ta)C, (Ti,V)C 
and (Ta,V)C systems. The three binary TiC, VC and TaC carbides exhibit a total mutual solubility 
at T > 1500°C, and a homogeneous quaternary phase is predicted by ThermoCalc within the entire 
range of compositions.  

Initially, we designed six quaternary specimens with their compositions equally spaced between 
TiC and Ta77V23C. The latter composition, situated within the ternary (Ta,V)C system, was chosen 
because it might exhibit attractive mechanical properties according to the VEC-based criterion of 
Jhi et al., exposed in Chapter 2 and discussed in the next chapters. A first series of samples was 
produced, with no correction for the solubility of vanadium in iron: that series is labelled “A”. A 
second batch of specimens, labelled “B” was then prepared, by correcting the vanadium content 
with a fixed amount corresponding to 11.8 at%. Finally, a last series of samples, corrected for the 
vanadium solubility, was produced and thermally treated at 1400°C for 24h. Table 3.12 summarizes 
the different compositions and the processing cycle of the 18 quaternary specimens that were 
produced. 
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Table 3.12 – Labelling and processing of quaternary Fe/(Ti,Ta,V)C 
specimens. 

 Sample 1 Sample 2 Sample 3 Sample 4 Sample 5 Sample 6 

Theoretical 
composition Ti80Ta15V5C Ti67Ta24V9C Ti53Ta34V13C Ti40Ta44V16C Ti27Ta54V19C Ti13Ta64V23C 

Label “A” Raw from arc melter, no correction for V solubility in Fe 

Label “B” Raw from arc melter, corrected for V solubility (extra amount of 11.8 at% of V) 

Label “C” Corrected for V solubility (extra 11.8 at% of V) and heat-treated at 1400°C/24h 

 

Among those 18 specimens, only 12 fulfil the requirements for mechanically testing, namely the 
six “A” samples, plus Samples 2B, 3B, 4B, 1C, 2C and 3C. 

In order to represent this quaternary system, we use a pseudo-ternary TiC-TaC-VC phase 
diagram, shown in Fig. 3.11. On the edge of the triangle, we report the ternary carbides described 
above in this chapter. The microstructures of these 12 compositions are presented in Table 3.13: 

	
Fig. 3.11 – Pseudo-ternary TiC-TaC-VC compositions. On the edge, we 

report the composition of the three ternary systems forming the 
boundaries. 
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Table 3.13 – Summary of the microstructure obtained for quaternary 
(TixTayV1-x-y)C particles embedded in steel. CHANGED by 

correction of micrographs and specification of the heat treatment 

Sample Microstructures 
Phases composition 
(according to EDX 

analyses) 

1A 

  

Ti67Ta32V1C 

Ti97V3C 
Matrix: 

Ti – 0.5 at% 
Ta – 0.7 at% 

2A 

  

Ti52Ta46V2C 

Matrix: 
Ti – 0.4 at% 
V – 0.9 at% 

3A 

  

Ti55Ta43V2C 

Matrix: 
Ti – 0.4 at% 
Ta – 0.1 at% 
V – 2.7 at% 

4A 

  

Ti38Ta59V3C 

Fe45Ta13Ti7V4C31 

Matrix: 
Ti – 0.2 at% 
Ta – 0.1 at% 
V – 2.8 at% 

5A 

  

Ti25Ta72V3C 

Matrix: 
Ti – 0.1 at% 
Ta – 0.1 at% 
V – 2.8 at% 
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6A 

  

Ti16Ta79V5C 

Matrix: 
Ti – 0.05 at% 
Ta – 0.1 at% 
V – 3.0 at% 

2B 

  

Ti54Ta38V8C 

Fe80Ti1V5C14 

Matrix: 
Ti – 0.2 at% 

Ta – 0.05 at% 
V – 7.3 at% 

3B 

  

Ti44Ta48V8C 
Ti67Ta7V26C 

Matrix: 
Ti – 0.2 at% 
Ta – 0.1 at% 
V – 6.0 at% 

4B 
+ heat 

treatment 
2h @ 

1500°C 

  

Ti36Ta55V9C 
Ti9Ta10V31C50 

Matrix: 
Ta – 0.5 at% 
V – 7.0 at% 

1C 

  

Ti64Ta11V25C 

Matrix: 
Ti – 0.5 at% 
V – 8.4 at% 

2C 

  

Ti54Ta23V23C 
Matrix: 

Ti – 0.2 at% 
Ta – 0.1 at% 
V – 9.0 at% 
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3C 

  

Ti36Ta43V21C 
Matrix: 

Ti – 0.1 at% 
V – 11.7 at% 

 

 

The microstructures of the twelve quaternary samples are rather different, and similarly to the 
(Ta,V)C system, it is difficult to define a common microstructure type. Depending on the sample, 
we can observe either (i) homogeneous particles with a composition that we can consider as 
constant (2A, 3A, 5A, 6A, 4B, 1C), or (ii) particles having a different composition at the sample 
border (1A, 2B, 3B, 3C). The iron-containing carbide was found in Specimen 4A. Finally, Specimen 
2C exhibits some heterogeneities in terms of grey levels, suggesting the presence of compositional 
variations within the carbide; EDX analysis reveals that the composition varies by ~1 at%, such 
that for purposes of this work we can consider it as a constant composition. Most of the quaternary 
(Ti,Ta,V)C carbides exhibit a characteristic dendritic morphology, with the presence of more 
spheroidal particles close to the top of the sample (3A, 5A, 6A, 2C). The particles meet the three 
criteria defined above for mechanical testing suitability. 
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CHAPTER 4: HARDNESS 

HARDNESS 

DESCRIPTION OF CORRECTIONS BROUGHT TO THE SUBMITTED THESIS 
VERSION: 
This chapter has been corrected by replacement herein of (invalid) hardness 
measurement values, which were initially reported, with new measurements 
produced by Dr. Deillon using the standard nanoindentation model developed by 
Oliver & Pharr (instead of Cheng’s model) for all the carbide compositions. The 
modified experimental methods are given in Section 4.1, and the new results in 
Section 4.2. 
 
Dr Léa Deillon performed the new set of hardness measurements, as well as the 

analysis based on the standard Oliver & Pharr model. 
 

 

This and the two next chapters aim to present in turn the three mechanical properties we have 
investigated, namely the hardness, the elastic modulus (Chapter 5) and the fracture toughness 
(Chapter 6) of MC carbides in steel. For each property, the methods used to measure it are firstly 
described, followed then by the results. A discussion, aiming not only to interpret the results, but 
also first to assess the measurement accuracy, is then presented at the end of each chapter. 

 

Hardness measurements, as opposed to elastic modulus data, are not sensitive to the matrix 
compliance because, provided indents are sufficiently small in comparison with the particle size, 
data that are measured are related only to plastic deformation within the carbide particle; not 
knowing the load train or substrate elastic compliance has no importance. A traditional hardness 
test measures the imprint left by an indenter after unloading, i.e. after recovery of elastic 
deformation, including in the matrix. We still have here to address the issue of particle size, 
however: plastic deformation imposes that a threshold load be exceeded, which depends on the 
indenter geometry, and the size of the imprint relative to that of the particle, since the stress field 
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associated with the indentation must be entirely contained within the particle. Therefore, particles 
should have dimensions in excess of ≈ 15-20 µm to be tested. 

 

The “standard” Oliver and Pharr analysis was used. As for the elastic modulus described in the 
next chapter, all systems of Chapter 3 (binary, ternary and quaternary carbides) have been tested 
and (updated) hardness values will be presented hereunder as a function of carbide composition. 
The discussion will first assess the method accuracy and, in a second step, attempt to determine 
whether existing theory from electronic considerations provides a viable interpretation of observed 
trends. 

 
 

4.1 Hardness measurement: methods 

We start this chapter by giving a description of the experimental procedure that was used to 
measure the hardness of carbide particles. 

4.1.1 Nanoindentation apparatus: Hysitron TI 950 TriboIndenter 

Because all our mechanical tests are based on, or involve, nanoindentation, our nanoindenter 
constituted the key data-generating apparatus of this thesis. For that reason, we start with a 
description of the setup, including the heads, the tips and the stages that we used during the project. 

We used a HYSITRON® (Minneapolis, US) TI 950 TriboIndenter apparatus composed of three 
main parts, namely the frame, the stage and the heads. A granite frame is used in order to supply a 
rigid, dimensionally stable skeleton for the nanoindenter, the material contributing to thermal 
stability and reducing environmental noise and resonant frequencies. All the measurements are 
performed within an acoustic enclosure designed to block air currents and act as a thermal buffer; 
a piezo-electric active vibration isolation system completes the frame. The X/Y stage has a lateral 
resolution of 500 nm to allow for precise and repeatable positioning of the probe. The 
nanoindenter can accommodate three different heads, and the head-support constitutes the Z-axis 
stage, with a micro-stepping resolution of 3.1 nm. One of the three slots hosts an optical camera 
system, with a 10x MITUTOYO® (Toru Nakagawa, JP) objective lens and a ALLIED® (Exton, 
US) color CCD Camera. The two remaining slots are dedicated to nanoindentation sensors, in our 
case a low-load cell and a high-load cell. The low-load head is a HYSITRON® TriboScanner 
characterized by a maximum force of 13.3 mN. It is used to perform scanning probe microscopy 
(SPM) imaging and indentations. The high-load head, used here for fracture toughness exclusively, 
is a HYSITRON® MultiRange NanoProbe, characterized by maximal load and displacement of 
respectively 2.45 N and 84.4 µm. 
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In addition, we used a NEWPORT® (Irvine, US) M-GON40-U ±5° tilt stage, in order to correct 
for sample surface inclination in the most severe direction (N-S or W-E), to bring it as parallel as 
possible to the X/Y plane of the nanoindenter. 

We used four types of nanoindentation tip: 

• Two low-load Hysitron® Berkovich diamond tips (E = 1140 GPa and n = 0.07), with a 
half-angle of 65.27°.  

• Two low-load Hysitron® conospherical diamond tips (E = 1140 GPa and n = 0.07), with 
a cone angle of 90° and a nominal tip radius between 0.5 and 1.5 µm (1.09 µm for the 
first tip, 1.33 for the second, measured on fused quartz); 

• A low-load Hysitron® cube corner diamond tip (E = 1140 GPa and n = 0.07), with a half 
angle of 35.27° and a < 50 nm tip radius; 

• A high-load SYNTON® (Nidau, CH) cube corner diamond tip (E = 1140 GPa and n = 
0.07), with a half angle of 35.27° and a < 50 nm tip radius. 

We used two different references when calibrating the tip area function: 

• Fused quartz, provided by Hysitron® as a standard sample. This sample has a reduced 
modulus Er of 69.6 ± 5% GPa, a hardness H of 9.25 ±10% GPa and a Poisson’s ratio n 
of 0.17; 

• Silicon carbide, 4H a-SiC, in the form of a 330 µm wafer, provided by University Wafer 
(Boston, US), with a <0001> orientation of elastic modulus 𝐸 = 410 GPa, measured 
hardness 𝐻 = 35 GPa and Poisson’s ratio 𝜈 = 0.14xviii  

4.1.2 The Oliver and Pharr analysis for hardness 

The hardness of binary carbides was measured following the standard Oliver and Pharr method, 
which is based on deriving the ratio of the maximal load to the imprint contact area calculated, 
knowing the indenter geometry, from the unloading segment of the measured indenter load-
displacement curves. Here, the indenter is a Berkovich diamond tip. The area function was 
calibrated on fused quartz, and the load function is a standard trapezoidal curve with 5s 
loading/unloading segments and a 2s holding time. 

The peak load was chosen by performing indents on the 5 binary carbides with different Pmax 
values, ranging from 4 to 10 mN. The objective was to keep the peak load as low as possible yet 
perform indentations deep enough such that results are not affected by indentation size effects. 

Hardness measurements are then performed on carbide particles produced in this work (i.e, 
embedded in steel). A minimum of six particles was tested for each composition; the precise 
number of indents used to calculate the (average) measured hardness is reported for each 
composition in the tables below.  

All samples were previously aligned with a single tilting stage: according to the angle measured 
during SPM, this was corrected to be less than 0.5°.  A SPM image with an area of 20x20 µm2 was 

 
xviii Values for E and n of α-SiC  from 
www.matweb.com/search/DataSheet.aspx?MatGUID=dd2598e783ba4457845586b58c8ea9fb 
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collected on each tested particle; the locations of the indentation were chosen by “clicking” directly 
on the spots that had to be indented on the SPM image. A time delay of 150 seconds was set before 
the first indent and 90 seconds between each tests in order to increase the spatial accuracy. Once 
all the indents were performed, a final SPM scan was done to verify that the indents were correctly 
located. 

The hardness is then calculated by means of Eq. 2.47. The area function A(hc) is calculated with 
the Oliver & Pharr method, defining contact depth hc as ℎ' = ℎ:3+ − 𝜀

E/01
M

. For a Berkovich tip, 
𝜀 = 0.75, and S is the unloading contact stiffness, defined as the derivative of P(h) at h=hmax. In 
practice, the unloading indentation curve is fitted between 20% and 95% of Pmax with a power-law.  

 

 

4.2 Hardness measurements: results 

Examples of load-displacement curves performed with a Berkovich indenter on several different 
particles are given in Fig. 4.1: 
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Fig. 4.1 – a) Comparison of load-displacement curves in the Ti-W-C 
system; b) comparison of load-displacement curves for a binary, a 

ternary and a quaternary composition. 

4.2.1 The Oliver and Pharr analysis for hardness measurement 

The results for binary carbides are given in Table 4.1. Reported values are the mean hardness, 𝐻±, 
over all measurements conducted, as well as the standard deviation 𝜎  and the number of 
measurements 𝑛 for each composition. 

Table 4.1 – Hardness measurements on TiC, WC, TaC, VC and NbC, 
obtained with Berkovich indentation and Oliver & Pharr analysis 

CHANGED.  

 TiC WC TaC VC NbC 

𝑃45, (mN) 6 6 6 6 6 

𝐻G (GPa) 30.9 31.1 31.6 30.4 25.7 

σ (GPa) 0.7 3.4 0.8 0.9 1.2 

𝑛 (-) 24 14 17 9 19 
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Hardness results of the ternary systems calculated using the Oliver & Pharr method are displayed 
in Tables 4.3 - 4.7 together with graphic representations of the hardness evolution as a function of 
carbide composition in Figs. 4.3 – 4.7. In those graphic representations, the vertical error is given 
by the measured hardness values’ standard deviation and the horizontal uncertainty by the 
estimated uncertainty in EDX data (± 3%), this estimation being an addition of uncertainty 
inherent to EDX measurements (± 1.5%), plus variations in concentrations measured within and 
between particles, also roughly equal to ± 1.5%. The VEC evolution with composition is inserted 
for discussion in the next section. 

Table 4.2 – Hardness measurements for ternary (TixW1-x)C particles 
embedded in steel. CHANGED 

 Ti89W11C Ti81W19C Ti71W29C Ti54W46C Ti34W66C 

𝑛 (-) 56 48 58 29 24 

𝐻 (GPa) 
31.9 
± 0.9 

32.1 
± 0.8 

34.2 
± 1.1 

33.9 
± 1.3 

36.4 
± 1.5 

	
Fig. 4.2 – Hardness of the (Ti,W)C ternary system. CHANGED 
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Table 4.3 – Hardness measurements for ternary (TixV1-x)C particles 
embedded in steel. CHANGED 

 Ti90V10C Ti82V18C Ti76V24C Ti71V29C Ti49V51C Ti35V65C Ti27V73C Ti23V77C Ti4V96C 

𝑛 (-) 60 57 58 50 52 52 32 46 48 

𝐻 (GPa) 
31.2 
± 0.8 

31.9 
± 0.5 

32.3 
± 0.5 

32.9 
± 0.6 

33.1 
± 0.7 

33.1 
± 1.0 

32.1 
± 0.7 

31.9 
± 0.7 

29.3 
± 1.5 

	

	
Fig. 4.3 – Hardness of the (Ti,V)C ternary system. CHANGED 

Table 4.4 – Hardness measurements for ternary (TixTa1-x)C particles 
embedded in steel. CHANGED 

 Ti85Ta15C Ti69Ta31C Ti42Ta58C Ti22Ta78C Ti10Ta90C 

𝑛 (-) 60 70 70 56 67 

𝐻 (GPa) 
29.5 
± 0.6 

29.2 
± 0.8 

30.7 
± 0.7 

33.4 
± 1.5 

32.7 
± 0.9 

Table 4.5 – Hardness measurements for ternary (TixNb1-x)C particles 
embedded in steel. CHANGED 

 Ti93Nb7C Ti77Nb23C Ti75Nb25C Ti45Nb55C Ti23Nb77C Ti10Nb90C 

𝑛 (-) 50 57 67 57 71 50 

𝐻 (GPa) 
30.8 
± 0.8 

31.9 
± 0.9 

32.1 
± 0.6 

31.3 
± 0.9 

31.3 
± 0.9 

32.3 
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Table 4.6 – Hardness measurements for ternary (TaxV1-x)C particles 
embedded in steel. CHANGED 

 Ta92V8C Ta90V10C Ta77V23C Ta69V31C Ta53V47C Ta39V61C Ta18V82C Ta13V87C Ta4V96C 

𝑛 (-) 89 58 72 76 76 90 59 97 36 

𝐻 (GPa) 
32.4 
± 0.9 

36.1 
± 1.0 

34.6 
± 0.7 

32.7 
± 1.0 

33.5 
± 0.7 

31.6 
± 0.8 

30.9 
± 1.5 

31.6 
± 0.9 

31.2 
± 0.6 

	
Fig. 4.4 – Hardness of the (Ti,Ta)C ternary system. CHANGED 

	
Fig. 4.5 – Hardness of the (Ti,Nb)C ternary system. CHANGED 
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Fig. 4.6 – Hardness of the (Ta,V)C ternary system. CHANGED 

 

Finally, hardness results for the twelve quaternary (TixTayV1-x-y)C carbides are given in Table 4.7. 

Table 4.7 – Hardness measurement on (TixTayV1-x-y)C quaternary 
compositions. CHANGED 

 1A 2A 3A 4A 5A 6A 

 Ti67Ta32V1C Ti55Ta44V1C Ti49Ta49V2C Ti39Ta58V3C Ti28Ta69V3C Ti17Ta79V4C 

𝑛 (-) 53 48 48 60 59 54 

𝐻 
(GPa) 

32.0 
± 0.6 

30.9 
± 1.0 

30.9 
± 1.1 

32.4 
± 0.9 

30.4 
± 0.9 

30.3 
± 1.2 

       

 2B 3B 4B 1C 2C 3C 

 Ti54Ta38V8C Ti44Ta48V8C Ti38Ta53V9C Ti65Ta11V24C Ti54Ta22V24C Ti36Ta43V21C 

𝑛 (-) 49 48 59 79 76 84 

𝐻 
(GPa) 

31.0 
± 0.9 

31.3 
± 1.0 

32.0 
± 1.1 

32.2 
± 1.2 

32.0 
± 1.1 

32.0 
± 1.2 
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4.3 Hardness measurements: discussion 

The hardness of carbides varies with many parameters including the carbide porosity, 
composition and crystalline orientation. Values in the literature therefore cover a certain range (see 
Chapter 2, Section 2.2.4). In that range of reported values, monocrystalline dense carbides tend to 
exhibit the highest hardness values, pointing to the importance of porosity and/or grain boundaries 
in the obtained value. One should also take into consideration that hardness can be strongly 
influenced by anisotropy, as measured by Mearky on TiC6. 

In this section, we will first discuss the accuracy of the method that was used to measure 𝐻. 
Unlike the elastic modulus, hardness is not a measurement of the stiffness of the material, but 
rather an indication of its resistance to permanent deformation. For that reason, the effect of the 
extra load-train compliance is not as important an issue here as it is for the elastic modulus (see 
next chapter). 

Secondly, we will discuss the observed hardness evolutions as a function of carbide composition, 
referring in particular to the theory developed by Jhi et al.55. 

4.3.1 Comparison between Oliver & Pharr analysis and literature 

Table 4.8 presents a comparison between hardness measurement derived from the Oliver & Pharr 
analysis (“OPM hardness”) and corresponding values found in the literature. 

Table 4.8 – Comparison among hardness results of binary carbide 
particles, analyzed with Oliver & Pharr method and the range of 

values found in the literature. CHANGED 

 TiC WC TaC VC NbC 

𝐻678 (GPa) 
30.9 
± 0.7 

31.1 
± 3.4 

31.6 
± 0.8 

30.4 
± 0.9 

25.7 
± 1.2 

𝐻9:; (GPa) 19.014 – 35.070 19.080 – 30.081 14.010 – 26.0 77 19.011 – 33.073 27.212 – 29.412 

𝐻9:;<:=> (GPa) ~ 32.0 xix 23.0 – 30.0 xx 17.8 – 26.3 xxi 33.3 xxii 24.5 xxiii 

 

 
xix Q. Yang et al., Journal of Alloys and Compounds, 309 (2000) L5–L9 
xx T.E. Buchheit et al., Mechanics of Materials, 42 (2010) 599–614 
xxi S.R. Bakshi et al., Materials Science and Engineering, A528 (2011) 1287–1295 
xxii L. Wu et al., Journal of Alloys and Compounds, 548 (2013) 60-64 
xxiii L. Wu et al., Journal of Alloys and Compounds, 561 (2013) 220-227 
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OPM hardness values measured here are in some cases coherent in comparison with literature 
values, in other cases do not agree, the deviation being non-systematic: presently measured values 
agree with the literature for TiC and VC, while exceeding literature values for WC and TaC, and 
lying lower than literature values for NbC. Reasons for the discrepancy are not easy to pinpoint: 
one can invoke differences in the measurement method used, or in the microstructure or 
composition of the carbide, or also with anisotropic carbides such as WC in the crystal orientation. 
Most literature values are gathered using micro-Vickers measurements, in which the measured 
residual imprint area is used to compute the hardness from the measured peak load. Another 
possibility is that, despite finding a plateau in the present measurements above a certain load, this 
plateau value still be characteristic of hardness values amplified by a size effect. For this reason, a 
separate line is added to Table 4.8, giving literature values of hardness, ℎ)%4C%9> , gathered 
exclusively by nanoindentation methods.  

 

The contact area 𝐴(ℎ') constitutes a key parameter for hardness measurements, and all the 
sources of error affecting the displacement (initial penetration, thermal drift, surface roughness, 
etc.) have an effect on the computed contact area. Calibration of the indenter requires here extra 
care, since 𝐻 is directly proportional to 𝐴CK (while 𝐸= , for example, is only proportional to 𝐴CK//	). 
In practice, it is very difficult to calibrate accurately the indenter for small displacements, and so 
we preferred identifying a threshold depth above which the hardness was observed to remain 
constant. A new calibration was also performed after testing ~1/3 of the samples, to observe that 
identical results were obtained, indicating in turn that there is no significant indenter tip blunting. 

One possible source of systematic error in the present measurements is the potential, with the 
present steel-embedded carbide particles, for an added plastic (permanent) residual indenter 
displacement resulting from the particle sinking into the matrix via plastic deformation of the latter. 
The resulting added displacement will indeed have the effect of increasing the total residual 
displacement after subtraction of elastic deformation and therefore the computed contact area, 
causing the computed hardness to be smaller than it would with a sample of bulk carbide. Were 
residual indenter displacements resulting from such plastic particle sinking into the matrix 
significant, however, their values should increase with the applied load: this is not the case here, 
since measurements were only computed once reaching a plateau over a range of peak load values; 
i.e., in the absence of such an effect. Hence, as long as the particle does not indent plastically (or, 
viewed differently, sink permanently into) the matrix, matrix deformation will only bring added 
compliance to the load train. This will lead to an increase of the elastic recovery during unloading, 
thus potentially raising uncertainty but not causing systematic error on 𝐻 . We note that this 
question has been addressed by Buchheit et al. in Mechanics of Materials 42 pp.599-614, 2010 in 
experiments where similar nanoindentation measurements of hardness and modulus were 
conducted on particles of equally hard particles (including WC) embedded in far more compliant 
polymeric matrices, to show that reliable hardness measurements could be obtained, with ranges 
of uncertainty in data similar to what is recorded here.  

4.3.2 Evolution of the hardness for ternary compositions 

The hardness of ternary carbides is reported here using values that were measured using the 
Oliver & Pharr method; relative deviations with this method proved to be within ± 2%. Although 
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this does not preclude higher levels of imprecision in measurements, we deem that this is an 
indication that present results are sufficiently precise to appreciate differences among compositions 
explored here. 

We observe that the maximum hardness H in the (Ti,V)C system is located near VEC=8.5-8.7, 
not very far from the composition where VEC ≈ 8.4 and the analysis developed by Jhi et al. predicts 
a peak in carbide hardness  based on consideration of numerically predicted values for the 𝑐66 
elastic (directional, shear) modulus of cubic carbide or nitride crystals simulated by means of ab 
initio pseudopotential density functional theory. The maxima that we observe for (Ti,W)C and 
(Ti,Ta)C are on the other hand situated at far higher VEC values and thus cannot be said to agree 
with that prediction (in fact in the (Ti,Ta)C system near VEC = 8.4 the hardness rather passes 
through a minimum). The (Nb,Ti)C system shows no significant variation in measured hardness 
across the range of compositions explored except for the downward jump for binary NbC; here 
again the prediction by Jhi et al. of a maximum in hardness at VEC = 8.4 is not observed. And 
finally, data for the (Ta,V)C system, where the VEC is constant yet measured hardness values show 
strong variations, prove unequivocally that other factors than the VEC are at play in governing the 
hardness of carbides. The lack of agreement of present data with the VEC criterion of Jhi et al. is 
apparent also if one superimposes present data over those of Holleck100 (see graph presented in 
Fig. 2.30) in Fig. 4.9, where microhardness values given by Holleck were converted into GPa 
(noting also that their definition of hardness is different from that used here, in that residual and 
not contact areas were used, causing an upward deviation in hardness if the former tend to fall 
below the latter). 

The explanation that was proposed by Jhi et al. for the existence of this peak can be schematically 
summarized as follows. The effect on orbitals of the pure shear deformation along directions 
corresponding to cubic elastic constant 𝑐66 of a MC cubic crystal is sketched in Fig. 4.8. As outlined 
by Jhi et al., the 𝜎 M-C bonds, formed by the pairing of two electrons coming respectively from a 
p sub-orbital of the carbon atom and a d-eg orbital of the metal atom (more precisely, the electron 
is localized in a hybridized sp3d2 orbital), are deformed in shear along the 44 orientation of the 
cubic crystal such that their overlap decreases: the crystal resists deformation that decreases in this 
way the bonding energy. Therefore, an increase of the density of such bonds has a positive 
(increase) effect on the shear modulus 𝐺. On the other hand, shear strain (along that direction) 
tends also to increase the overlap of 𝜋 M-M bonds, formed by the pairing of two d-t2g electrons, 
in the direction perpendicular to shearing, while it tends to separate them in the shearing direction. 
Because these M-M bonds are non-bonding, they do not contribute to the crystal cohesion in the 
undeformed state. Therefore, their increased separation in the shearing direction does not have a 
significant effect on the mechanical properties, while the increased overlap in the perpendicular 
direction suggests a negative effect on 𝑐66: this assists the deformation. Therefore, as long as only 
d-eg states are occupied, corresponding to M-C bonds, the shear modulus (and then the hardness) 
are expected to increase. On the other hand, when starting to fill also the d-t2g states, forming M-
M bonds, the hardness starts to decrease. This transition happens at VEC ≈ 8.4, suggesting that 
this is where 𝐺 and hence the hardness should peak. 
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Fig. 4.7 – Completion of Holleck graph for hardness evolution of ternary 
carbides and carbonitrides with the hardness measurement performed in 
the frame of this thesis for the five (Ti,Nb)C, (Ti,Ta)C, (Ti,V)C, (Ti,W)C 

and (Ta,V)C ternary systems. CHANGED 

 

 

As seen, present data do not agree with this prediction, especially if one considers the fifth ternary 
system, namely (Ta,V)C, for which the VEC is constant and equal to 9, both Ta and V belonging 
to Group V. According to the analysis of Jhi et al., all eg states are occupied at such a high value of 
VEC, and we should then have a linear evolution of the hardness, linked to the gradual replacement 
of Ta atoms by V atoms, with no change in VEC and hence no change in the effects noted above. 
Our measurements of hardness for this specific ternary system show strong variations in measured 
hardness, with a high peak near 10 at.% V), Fig. 4.6. We now consider possible causes for 
discrepancy between the theory of Jhi et al. and data for carbides explored here. 
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Fig. 4.8 – Evolution of the overlap with a shear strain in the xy plane. 

Possibly, the difference in M-C bond strength between the two metals is another important 
parameter, as the strength of the Ta-C bond is different (and higher) than the strength of V-C 
bonds. As outlined by Gao11, based on Gilman’s theory, the bond strength of covalent ceramics 
can be extrapolated from the difference, in terms of energy, between the highest occupied state 
and the lowest unoccupied state, because breaking a bond requires moving a pair of electrons from 
the valence band up to the conduction band. DOS plots can then be used in order to determine 
the energy gap between these two states (Appendix D). 

Another possible effect comes from the fact that, as a different atom is substituted within a MC 
cubic lattice, the difference in atom size may also play a role. If we assimilate the M-C bond to a 
spring, replacing an atom of M by an atom of M’ will lead to the replacement of six M-C bonds by 
six new M’-C bonds, characterized by a different “spring constant” (which is directly linked to the 
bond strength). The new M’ atom is located in the center of an octahedron, i.e. its equilibrium 
position remains the same, but the “springs” need to be either stretched or compressed to 
accommodate the difference in size. 

Finally, a last possible effect might be the probability that an electron occupies a high-energy 
antibonding state. For this to be possible, the electron must overcome the gap energy, by tunneling. 
For high values of the VEC, the highest occupied state moves closer to the lowest antibonding 
state and the probability for an electron to tunnel into it increases. The effect on mechanical 
properties of the occupation of antibonding states was highlighted in Chapter 2 with the evolution 
of the bulk modulus along the fifth period. 

 

To summarize, we observe a variation in hardness with composition for all five ternary systems. 
All the systems exhibit a non-linear behavior, with the presence of a maximal hardness for 
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intermediate compositions, and peak hardness values at compositions that do not agree with Jhi’s 
theory.  

4.3.3 Hardness evolution for quaternary compositions  

A campaign of hardness measurements was also performed on quaternary (Ti,Ta,V)C carbides, 
thus exploring a portion of the compositional space situated between the three ternary (Ti,Ta)C, 
(Ti,V)C and (Ta,V)C systems. 

Data are given in Table 4.7. As seen, in general, the addition of a third metallic element does not 
significantly impact the measured carbide hardness. Indeed, the reported hardness values for the 
twelve quaternary compositions that we have investigated all range from 30.3 to 32.4 GPa. If we 
compare those values with the hardness of the three related binary carbides TiC (30.9 GPa), VC 
(30.4 GPa) and TaC (31.6 GPa), we can conclude that there is no strong practical interest (or 
penalty), in terms of hardness, in producing a quaternary carbide, particularly given that ranges of 
measurement variations with composition match experimental uncertainty (see Table 4.9). 

4.3.4 Conclusion 

Pooling data from this work, the highest hardness has been obtained by mixing TiC and WC; 
indeed, the ternary composition Ti34W66C exhibited a hardness of 36.4 GPa, which represents a 
gain of 5.5 GPa in comparison with TiC. It is interesting to note that this specific composition is 
metastable: indeed, at such a high amount of tungsten, thermodynamics predict the precipitation 
of WC; we assume that the fast cooling rate associated with the arc melting process is a possible 
explanation to the formation of this out-of-equilibrium phase. Another, similarly high, peak 
hardness was found in the (Ta,V)C system, namely in the carbide containing 10%VC; neighbouring 
compositions, however, showed values clearly lower than that. Overall, those are high hardness 
values; however, all fall short of the value 40 GPa, which is often considered as the threshold value 
above which materials can be qualified as being superhard.  
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CHAPTER 5: ELASTIC MODULUS 

ELASTIC MODULUS 

Elastic modulus measurements were confronted with the major issue that the surrounding steel 
matrix adds compliance to the loadtrain, which lowers the apparent value of 𝐸 that is measured 
when indenting the material making the particles well below the intrinsic stiffness of that material. 
We explored several different methods in order to overcome this challenge: we tried to correct the 
Oliver and Pharr method by using an analysis proposed by King for thin films over a substrate and 
we also milled un-notched cantilever beams and tested them in bending in order to eliminate the 
effect of the matrix. In the end, we designed our own method, based on ultra-low load spherical 
indentation, to measure 𝐸 under conditions where it was possible to neglect the matrix-induced 
extra-compliance effect. 

We measured in this way the modulus of five binary carbides: TiC, VC, TaC, NbC and WC, and 
these measurements were used to assess the accuracy of our method, by comparison with the 
respective literature values of those carbides. The mixed compositions within all the five ternary 
and some of the quaternary systems were then characterized. As will be seen, the elastic modulus 
evolution exhibits various behaviors depending on the system. We conclude by comparing 
measurements with the measured evolution of hardness and with predictions of atomic bonding 
theory, reviewed in Chapter 2: Literature Review. 

5.1 Elastic modulus measurement methods 

In this section, the nanoindentation apparatus is firstly described in detail. That apparatus was 
used not only for elastic modulus measurements, but also to determine hardness and fracture 
toughness. We then provide experimental details, as well as the analyses used to measure 𝐸. 
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5.1.1 The Oliver and Pharr method and King’s analysis 

The elastic modulus of carbides was first evaluated by the standard method that Oliver and Pharr 
developed in 1992. Indents were done with a calibrated Berkovich diamond tip. The elastic 
modulus was then extrapolated from the unloading curve, by measuring the slope at 𝑃:3+ , as 
described in Chapter 2 (Section 2.4.2). 

Calibration of the tip, necessary to determine the area function, was done on the reference 
substrates, of polished fused quartz and SiC. A perfect Berkovich tip has a contact area given by: 

𝐴(ℎ') = 24.5	ℎ'/	
Eq. 5.1 

A real indenter, which is always blunted at its tip, is better approximated by a polynomial function: 

𝐴(ℎ') = 24.5	ℎ'/ + 𝐶Kℎ' + 𝐶/ℎ'
K
/ + 𝐶(ℎ'

K
6 + 𝐶6ℎ'

K
1 + 𝐶8ℎ'

K
Kb	

Eq. 5.2 

The calibration is realized by doing a series of 100 indents on the reference material, with an 
increasing peak load. We produced indents from 615 µN up to 12’000 µN with a step size of 115 
µN on the fused quartz reference sample. Each indent was then analyzed, and the area function 
was calculated, the modulus and the Poisson’s ratio being fixed. The contact area was plotted as a 
function of the contact depth ℎ' . The polynomial coefficients 𝐶% are then calculated by fitting the 
data with the function given in Eq. 5.2. In doing so, it is better to have only a few non-zero 
coefficients because when too many coefficients are finite, the fitting polynomial will start to fit 
the noise and develop inflection points. 

Our Berkovich tip is well fitted with a two-parameters polynomial, as per calibration on fused 
quartz: 

𝐴5c(ℎ') = 24.5	ℎ'/ + 599.86	ℎ' 	
Eq. 5.3 

In measuring the modulus of MC carbides, once the sample is correctly placed onto the 
nanoindenter X/Y stage, one particle is selected with help from the optical image provided by the 
camera. Then a scan of the surface is performed with the tip, keeping a constant contact load of 2 
µN. This SPM capability of the nanoindenter transducer allows to apply the load with a positioning 
precision of ~100 nm. 

A drift analysis is then performed: the tip is set in contact with the specimen and the displacement 
is measured for 40 seconds. Because of the large difference in size between the tip (a few µm3) and 
the sample (~ 3 cm3), as soon as the contact is established, thermal equilibration occurs. Therefore, 
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even a small difference in temperature between the tip and the sample can induce a measureable 
movement of the tip by thermal dilatation on either side of the contact point. That effect, called 
thermal drift and typically on the order of 0.1 nm/s, is then corrected for each indent according to 
the measured drift rate. 

The load function used for all the tests is a simple trapezoidal curve, composed of three segments: 

• A loading part, conducted with a constant loading rate of 2 mN/s; 

• A plateau lasting 2 seconds; 

• An unloading part, conducted with an unloading rate of -2 mN/s. 

The unloading curve is fitted with a power-law from which the slope at 𝑃:3+  is calculated, 
allowing to determine the reduced modulus 𝐸= (Eq. 2.28). The power law used to fit the unloading 
part of the indentation curve counts three parameters: 𝐴, 𝑚 and an offset ℎ$ accounting for the 
plastic deformation, in the following function: 

𝑃(ℎ) = 𝐴�ℎ − ℎ$�
:	

Eq. 5.4 

The slope of the unloading curve at ℎ:3+ can be directly calculated from the power-law: 

𝑆 =
𝑑𝑃(ℎ)
𝑑ℎ ²

OFO/01

= 𝑚𝐴 · �ℎ:3+ − ℎ$�
:CK	

Eq. 5.5 

Knowing 𝐸= , the modulus of the material is then extracted using Eq. 2.18. 

The Oliver and Pharr analysis was developed for bulk materials and proved to be inaccurate for 
particles embedded in more compliant and softer matrix: it then leads to underestimate the particle 
elastic modulus. For that reason, we used a corrected version of this method, initially proposed by 
King for flat punch indents and extended to conical indenters by Saha and Nix, in order to correct 
the Oliver and Pharr analysis so as to account for the added compliance caused by the substrate. 

This model adds an extra term in Eq. 2.18, which accounts for the fact that the measured reduced 
modulus is not only a combination of both sample and indenter properties, but should also include 
properties of the substrate (Eq. 2.38). In our case, we consider carbide particles as a thin film (Fig. 
5.1) that is not uniform, in the sense that the film is fragmented, and its thickness is not constant 
(the particles have a complex shape and are not always aligned with the polished surface). 

	
Fig. 5.1 – Thin film vs particles configuration. 
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If the measurement on particles can be locally assimilated to a thin film measurement, the particle 
thickness along the indentation axis varies along the particle and must be determined, for example 
by FIB-milling. We measured the local thickness by performing FIB-tomography on a few tested 
particles: a rectangular cross-section is cut, encompassing the particle, and a high-resolution SE 
picture of the cross-section is taken; a new cut is performed, followed by a new picture; the process 
is repeated until all the particle has been milled. We can then reconstruct a 3D picture of the particle 
and measure its thickness at different locations, especially under the indentation. Because that 
process proved to be very time-consuming, we characterized only three binary carbides in this way, 
namely TiC, TaC and VC, testing three different particles for each carbide. 

Eq. 2.38 requires knowledge of the mechanical properties of the matrix (𝐸;  and 𝜈; ). In our 
samples, the matrix is not homogeneous because it contains ~ 40 vol% of carbide particles. As a 
first approximation, it is possible to use the modulus of iron (𝐸  = 200 GPa), but a more 
sophisticated micro-composite model would be more appropriate. Therefore, the Hashin-
Shtrikman174  composite model was used to determine the matrix properties: we assumed the 
presence of 40 vol% carbide particles in the matrix and we calculated its composite modulus using 
thi mean-field model developed for an isotropic material uniformly reinforced with isotropic 
spheres of different modulus. Both bulk and shear moduli of the composite, 𝐵' and 𝐺' , are first 
bounded, as a function of the properties of the matrix and of the reinforcements: 

𝐵52 +
𝑉'3=

1
𝐵'3= − 𝐵52

+ 𝑉52
𝐵52 +

4𝐺52
3

≤ 𝐵' ≤ 𝐵'3= +
𝑉52

1
𝐵52 − 𝐵'3=

+ 𝑉'3=
𝐵'3= +

4𝐺'3=
3

	

𝐺52 +
𝑉'3=

1
𝐺/ − 𝐺52

+ 6𝑉52(𝐵52 + 2𝐺52)
5𝐺52(3𝐵52 + 4𝐺52)

≤ 𝐺' ≤ 𝐺'3= +
𝑉52

1
𝐺52 − 𝐺'3=

+ 6𝑉'3=(𝐵'3= + 2𝐺'3=)
5𝐺'3=(3𝐵'3= + 4𝐺'3=)

	

 

Eq. 5.6 

𝐺52 = 77.5 GPa and 𝐵52 = 166 GPa are found in the literaturexxiv. 𝐺'3= and 𝐵'3= are calculated 
from 𝐸'3= and 𝜈'3= , under the assumption of an isotropic material made of isotropic phases: 

𝐵'3= =
𝐸'3=

3(1 − 2𝜈'3=)
	

𝐺'3= =
𝐸'3=

2(1 + 𝜈'3=)
	

Eq. 5.7 

 
xxivSource: matweb.com; search: iron, Fe; 26.03.2018 / 09:40 
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The Hashin and Shtrikman model gives us a lower and a higher bound for substrate 𝐵 and 𝐺 
moduli. We used the lower bound, because it corresponds to the case of strong particles embedded 
in a more compliant matrix. The Young’s modulus of the sample matrix is then calculated from: 

 

𝐸; =
9𝐵'𝐺'
3𝐵' + 𝐺'

	

Eq. 5.8 

We use an iteration process, starting with 𝐸; = 𝐸%=D9; the carbide elastic modulus 𝐸'3= is then 
calculated with Eq. 2.38. 𝐸; is then re-evaluated by using the new value of 𝐸'3= and Eq. 5.6 & Eq. 
5.8; 𝐸'3= is calculated again with Eq. 2.38 and from this 𝐸; is recalculated. That procedure is then 
repeated until convergence of 𝐸;. During all the process, the Poisson’s ratio of the substrate, 𝜈;, is 
assumed constant and 𝜈; = 𝜈%=D9 = 0.29xxiv. 

5.1.2 Cantilever beams 

In another attempt to eliminate the effect of the matrix surrounding the carbide particles, the 
carbide particle elastic modulus was measured by carving and bending triangular un-notched 
cantilever beams within the particles. To this end, a micro-cantilever beam is milled from the 
polished surface of a carbide particle. As few beams have been produced in this way, and similar 
beams were tested to measure the carbide fracture toughness, the complete method will be 
explained in the fracture toughness chapter (Chapter 6), where it was more extensively used to test 
similarly shaped and carved chevron-notched cantilever beams. 

A sketch of the test is shown in Fig. 5.2. The beam is loaded elastically by a cube-corner tip, using 
the low-load head of the nanoindenter up to 𝑃 = 5 mN. The load-displacement curve for such a 
test is a straight line. The elastic modulus 𝐸 is given by: 

𝐸 =
𝑃:3+𝐿(

3𝐼𝛿:3+
	

Eq. 5.9 

Where 𝑃:3+ is the peak load (5 mN), 𝛿:3+ the maximal deflection, 𝐿 is the distance between the 
origin of the beam and the point of the load application, and 𝐼 is the moment of inertia; for a 
triangular beam, 𝐼	 = 	𝐻 · 𝐵(/12, with 𝐻 and 𝐵 the beam height and width. While applying the 
load, both the displacement 𝛿:3+ and the load 𝑃:3+ are measured. The dimensions of the beam, 
𝐿, 𝐵 and 𝐻 are determined from SEM images. 

This method proved to give a good approximation of the carbide elastic modulus but was very 
sensitive to the SEM-measured dimensions. Moreover, milling such beams was very time 
consuming and not adapted for evaluation of a large number of particles. Only a few tests were 
thus conducted using this approach. 
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Fig. 5.2 – Sketch of an un-notched cantilever beam in bend testing. 

 

5.1.3 Ultra-low load spherical indentation 

A third method, used here in systematic fashion, was developed within the frame of this project 
in order to measure the elastic modulus of embedded particulate carbide reinforcements. Our 
method aims to overcome the issue of the extra compliance coming from the matrix, without 
requiring the use of onerous FIB machining, which automatically renders the method unsuitable 
for testing a large number of carbide compositions. This method is based on nanoindentation 
solely. 

The matrix can be seen as an additional spring, placed in series with two other springs 
representing the carbide and the indenter. The spring constants could be ordered as follow: 𝑘:34 
< 𝑘'3= < 𝑘%9> , the matrix being much more compliant (by virtue both of its modulus and size than 
the carbide or the diamond. As load is applied, the three springs are deformed. A procedure used 
to calibrate the compliance was proposed by Oliver & Pharr, but cannot be applied here because 
it requires a large indent, which is not compatible with the size of our particles. Moreover, the 
procedure would have to be performed for each particle, because the compliance is a function of 
both the particle thickness and of what lies underneath, two parameters that vary widely from 
particle to particle. Rather than calibrating the extra matrix-induced compliance, we chose to use 
testing conditions that make it negligible. 

Because the effect of the compliance is, in a first approximation, proportional to the applied load, 
the extra displacement, ℎ'., that it induces on the indenter can be written as: 

ℎ'. = 𝐶: ∙ 𝑃	
Eq. 5.10 
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Where 𝐶:  is the extra matrix-induced compliance and 𝑃  the applied load. Our approach 
consisted in using ultra-low loads, typically 𝑃 < 1 mN, in order to render ℎ'. negligible compared 
to the displacement induced b deformation at the point of indenter and carbide contact. 

By decreasing the load, the penetration depth decreases as well: for example, at 1 mN, the 
penetration of the indenter in a carbide particle is only ~10-20 nm, depending on tip geometry and 
on the material. The resolution of the apparatus is such that this displacement range is below 
uncertainty or noise of the apparatus. For such small penetrations, all the indenters deviate from 
their ideal geometry and can in a first approximation be considered as blunted and hence roughly 
spherical. For that reason, we chose to use a spherical indenter and treat our measurements by 
using Hertz’s analysis of the elastic contact between a sphere and a surface. We used a large 
spherical diamond tip, with a radius 𝑅 > 1 µm. 

The total displacement ℎ4D4 measured during the indentation is the sum of three terms: 

ℎ4D4 = ℎ? + ℎ'. + ℎ%9> 	
Eq. 5.11 

where ℎ? is an offset due to the initial contact established with the tip at 2 µN, ℎ'. is due to 
matrix deformation, and ℎ%9> is the particle penetration depth. Using Hertz’s analysis (Eq. 2.22) 
and the definition of compliance Eq. 5.8 & Eq. 5.9, we can rewrite this as: 

ℎ4D4(𝑃) = ℎ? + 𝐶: ∙ 𝑃 + G
𝑃

4
3𝐸=√𝑅

J

//(

	

Eq. 5.12 

The easiest way to determine Ea  would then be to fit a function 𝑓K(𝑃) 	= 	𝑐	 + 	𝑏 · 𝑃	 +
	(𝑃/𝑎)//(		 to our data, the constant 𝑎 containing all the particle-relevant elastic information, 𝑏 
being the global load-train compliance and 𝑐 the offset. 

Reference materials are used to calibrate the radius of the indenter 𝑅. To this end, a series of 
indents is performed on the SiC reference, chosen because it is closer to MC carbides in its stiffness 
value. The reference being bulk SiC, we are not concerned by the effect of extra matrix-induced 
compliance and the second coefficient in the 𝑓K(𝑃) function, 𝑏 , is zero. Fig. 5.3-a shows an 
example of the load-displacement curve of an indent performed on SiC; the deformation is purely 
elastic, as confirmed by the superposition of both loading and unloading curves. Fig. 5.3-b gives 
an example of the fit accuracy. The local, nanoscale indenter radius is then calculated from the 
resulting 𝑎 fitting parameter, knowing 𝐸= (Eq. 5.12). 

By examination of function f1, it is seen that if the load is low enough, the last term, proportional 
toP2/3, will dominate over the second term, which is linear in P and has a coefficient that decreases 
as the matrix stiffness increases. Hence, if the particle is embedded within a relatively stiff matrix 
and the load is kept sufficiently low, the linear term becomes negligible and the simplified fitting 
function f2, which implicitly neglects the effect of the matrix compliance, can be used. By using 
sufficiently low loads, we found indeed that the effect of the extra-compliance due to the matrix 
becomes negligible (𝑏  = 0), making it possible to use a simplified 𝑓/(𝑃) 	= 	𝑐	 +	(𝑃/𝑎)//( 
function, containing only two fitting parameters. Reducing the number of fitting parameters has 
the advantage of avoiding mathematical issues due to the fact that an infinity of solutions exists for 
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the fit of a given curve if too many parameters are involved. And, indeed, it proved to be impossible 
to determine single and clear values for both 𝑏 and 𝑎 when fitting function 𝑓K to the data. 

 

	 	
Fig. 5.3 – a) Elastic indentation on a SiC (0001) wafer; b) Accuracy of a 

fit on the total displacement related to the indentation of SiC by a 
spherical tip. 

The theoretical error in the 𝑎 parameter is easily calculated: we consider an indentation performed 
on an ideal particulate sample, for which both the extra matrix-induced compliance and the elastic 
modulus are known, with a spherical indenter of fixed radius 𝑅. If we compare analyses of the 
load-displacement curve done with both 𝑓K(𝑃) and 𝑓/(𝑃) functions, it appears that the quantity 
ℎ − 𝑐 must be constant, and the 𝑎-parameter calculated with 𝑓/(𝑃), called 𝑎¶, must be different 
from 𝑎, in order to compensate for the extra matrix-induced compliance. The ratio 𝑎¶/	𝑎 can be 
easily calculated and depends on both the matrix-induced compliance 𝑏 and the parameter 𝑎 , 
which is a function of the particle elastic modulus and of the indenter radius: 

𝑎¶
𝑎 =

𝑃
𝑎 y𝑏 · 𝑃 + ~

𝑃
𝑎�

/
(
z

C(/

	

Eq. 5.13 

Error in the 𝑎 parameter is plotted in Fig. 5.4. The three colors, red, green and blue, correspond 
respectively to three increasing values of 𝑎; for a tip radius of 2 µm, 𝑎 = 4 TPa·nm0.5 represents 
fused quartz, 𝑎 = 18 TPa·nm0.5 SiC and 𝑎 = 8 TPa·nm0.5 an intermediate material. The solid lines 
represent a stiff matrix, with 𝐶: = 1 nm/mN, compatible with a steel matrix, while the dashed 
lines represent a more compliant matrix with 𝐶: = 5 nm/mN (e.g. an aluminium matrix). For 
ultra-low loads (𝑃 < 150 µN), and for stiff matrices (𝐶: = 1 nm/mN), the error on 𝑎 for carbide-
like materials (𝑎 ≈ 18) is smaller than 5%. 

The minimal load required for a given error in the 𝑎 parameter can also be easily estimated by 
inverting Eq. 5.13: 
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𝑃 = 𝑎

⎝

⎜
⎛�
𝑎¶
𝑎�

C/(
− 1

𝑎𝑏

⎠

⎟
⎞

(

	

Eq. 5.14 

	
Fig. 5.4 – Estimation of the theoretical error on the 𝑎 parameter caused 
by elastic surrounding matrix deformation; Red: 𝑎 = 4; Green: 𝑎 = 8; 

Blue: 𝑎 = 18; Solid line: 𝐶4 = 1 nm/mN; Dashed line: C? = 5 nm/mN; 
the limit representing an error of 5% for 𝑎 = 4 and C? = 1 nm/mN is 

represented by the grey line. 

Note that the load below which it is possible to neglect the effect of the extra-compliance depends 
then not only on the matrix stiffness, but also on the particle modulus. If the matrix is too 
compliant, it is almost impossible to reach the limit of 5% (dashed lines in Fig. 5.4). By contrast, 
for a less stiff particle material such as fused quartz, it is possible to neglect the matrix compliance 
for loads higher than 1 mN (red solid line in Fig. 5.4). 

Our method consists then in performing a large set of indents (> 50) for each composition, on 
different particles, each indent having a load function characterized by several load-unload cycles, 
with a peak load situated between 2 and 3 mN. 

 The entire set of displacement-load curves is then fitted by imposing: 

• The fitting equation is 𝑓/(𝑃) 	= 	𝑐	 +	 (𝑃/𝑎)//(, c being the offset corresponding to the 
point of initial contact between the indenter and the sample, with 𝑎 then containing all 
the elastic information; 
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• All the loading/unloading parts of the indents are considered separately, and the first 
loading part of each indent is systematically rejected, as it can exhibit a small amount of 
plastic deformation during initial contact and depending on the surface roughness; 

• The fitted part of the curve covers the interval of load values from 50 to 100 µN, such 
that we can neglect the linear elastic compliance load-train; 

• The offset 𝑐 is fitted separately for each indent; 

• Parameter 𝑎 is fitted for the entire set of data, i.e. it is constrained to keep the same value 
for all the curves of the set. 

 

 

The reason for fitting the entire set together with a single value of 𝑎 is to eliminate the effect of 
thermal drift, which is a statistical error, and by this increase the accuracy of the fit. For a set of 𝑁 
loading/unloading curves, we have thus to determine 𝑁 + 1 parameters by means of 𝑁 fits. An 
example is given in Fig. 5.5, with a set of 50 different indents performed on SiC or TiC. 

		
Fig. 5.5 – Example of fitting equation. ℎ in nm and 𝑃 in µN. The blue 
points represent the 50 superposed indents; the red points are used for 
the fit and the red line corresponds to the fitted equation. a) fit on SiC 

wafer; b) fit on TiC particles in a steel matrix. 

 

The difference in displacement at peak load is different in both cases: for SiC, which is a bulk 
material, the difference is very small and can be explained by the frame compliance (which is not 
corrected here). For TiC particles, the deviation at peak load becomes important and is due to the 
matrix compliance, which cannot be neglected anymore at 3 mN. 
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5.2 Elastic modulus measurements: results 

The elastic modulus was measured for binary, ternary and quaternary carbide compositions. We 
first present the Oliver and Pharr results for Berkovich indents in binary carbides, in order to 
demonstrate the underestimation of the elastic modulus caused by matrix deformation. We then 
give the results gathered using King’s analysis for TiC, VC and TaC binary carbides. Next, we 
present the measurements done by bending cantilever beams of TiC, VC and TaC. Finally, we give 
the results obtained with our own spherical indentation method, for binary, ternary and quaternary 
systems. 

5.2.1 Oliver & Pharr and King’s analysis 

The Oliver & Pharr analysis is based on the unloading part of the indent, which is purely elastic 
if we assume no reverse plasticity. We present, for illustration, the detailed calculations for a TiC 
particle. 

Nine indents were performed on a single TiC particle, with a maximal load of 10 mN, arranged 
according to a 3x3 grid with a 3 µm step size. That spacing is sufficient to ensure that the strain 
field associated with each indent does not interfere with that of neighbor indents. The power-law 
fitting parameters, as well as 𝑆 and ℎ:3+ are given for the 9 indents on the TiC particle in Table 
5.1: 

Table 5.1 – Power-law fitting parameters for indents on a TiC particle 
embedded in steel. 

Parameter Indent 
1 

Indent 
2 

Indent 
3 

Indent 
4 

Indent 
5 

Indent 
6 

Indent 
7 

Indent 
8 

Indent 
9 

𝐴 MmN
nmmN 24.93 25.80 25.56 24.00 23.79 30.30 23.66 25.91 22.64 

𝑚 (-) 1.377 1.369 1.372 1.384 1.383 1.329 1.391 1.360 1.384 

ℎ' (nm) 60.85 61.03 62.32 60.28 61.20 63.48 67.41 62.73 61.64 

ℎ45, (nm) 138.6 138.8 139.9 138.4 140.0 142.0 144.6 142.5 143.2 

𝑆 (µN/nm) 177.2 176.1 176.9 177.1 175.6 169.2 180.1 170.5 169.6 
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With the contact stiffness 𝑆 thus calculated, we can determine the contact depth ℎ' . 

ℎ' = ℎ:3+ − 𝜀
𝑃:3+
𝑆 	

Eq. 5.15 

Where the parameter 𝜀 = 0.75 for a paraboloid of revolution and accounts for deflection of the 
surface along the contact perimeter. By inserting Eq. 5.3 & Eq. 5.5 into Eq. 2.28, it is now possible 
to determine 𝐸= : 

𝐸= =
√𝜋 · 𝑚𝐴 · �ℎ:3+ − ℎ$�

:CK

2�24.5	ℎ'/ + 599.86	ℎ'
	

Eq. 5.16 

The TiC Young’s modulus is then calculated with Eq. 2.18. The results for the indents performed 
on a TiC particle are given in Table 5.2: 

Table 5.2 – Contact depth, contact area and reduced modulus for 
nine indents on a TiC particle. 

 Indent 
1 

Indent 
2 

Indent 
3 

Indent 
4 

Indent 
5 

Indent 
6 

Indent 
7 

Indent 
8 

Indent 
9 

ℎ. (nm) 96.3 96.2 97.5 96.1 97.3 97.7 103.0 98.5 99.0 

𝐴(ℎ.) (µm2) 0.285 0.284 0.291 0.283 0.290 0.292 0.321 0.297 0.299 

𝐸@ (GPa) 294.0 292.5 290.4 294.5 288.9 277.2 281.3 277.2 274.6 

𝐸 (GPa) 381.9 379.3 375.7 382.8 373.1 353.2 360.1 353.2 348.8 

 

 

That procedure was repeated on at least five different particles, in order to provide a range of 
values accounting for potential effects of anisotropy. Table 5.3 gives final results, obtained by 
following the same procedure, for the five binary carbides. The values intervals represent the 
min/max measured moduli for each binary carbide. 

Table 5.3 – Elastic modulus measurements by the Oliver & Pharr 
analysis on TiC, VC, TaC, NbC and WC particles embedded in steel. 

 TiC WC TaC VC NbC 

𝐸 (GPa) 345-393 497-524 389-396 344-361 405-419 

 

 

We also applied King’s analysis to measurements performed on 3 different particles of TiC, VC 
and TaC. That model requires prior determination of the thickness 𝑡 of the particle under the 
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indentation. The α parameter in Eq. 2.38 is a function of the √𝐴/𝑡 ratio, and was empirically 
determined by Saha and Nix129: 

𝛼 T
√𝐴
𝑡 U = −0.378 − 0.005 T

√𝐴
𝑡 U + 0.347 T

√𝐴
𝑡 U

K
/
+ 1.197 T

√𝐴
𝑡 U

K
6
	

Eq. 5.17 

As described in the previous section, the elastic modulus is calculated by an iterative process 
based on the Hashin-Shtrikman model. 

The detailed results are presented in Table 5.4: 

 

Table 5.4 – Elastic modulus measurements of TiC, VC and TaC 
particles embedded in steel. The matrix is considered as a 

carbide/steel composite and its modulus is determined with the 
Hashin-Shtrikman model. 

 TiC VC TaC 

 Ind. 1 Ind. 2 Ind. 3 Ind. 1 Ind. 2 Ind. 3 Ind. 1 Ind. 2 Ind. 3 

𝑡 (µm) 3.02 3.42 4.03 3.87 3.62 4.01 4.24 4.99 4.65 

√𝐴 (nm) 533.6 533.2 582.7 567.3 579.1 565.8 564.7 575.8 568.4 

α (-) 0.48 0.52 0.44 0.50 0.53 0.49 0.48 0.44 0.46 

ℎ (nm) 138.9 139.43 138.9 144.6 146.4 144.3 141.5 142.8 141.8 

𝐸@ (GPa) 295.1 294.5 296.9 285.7 285.0 286.4 309.9 310.5 309.5 

𝐸 (GPa) 467.2 453.1 451.8 435.2 440.4 433.0 484.9 475.9 477.5 

 

 

 

5.2.2 Elastic modulus measurement with cantilever beams 

In a first approach to eliminate effects of the matrix deformation, cantilever beams were 
machined in TiC, TaC and VC (one for each composition). The elastic modulus is calculated with 
Eq. 5.7. The beam dimensions, as well as the maximal displacements measured are presented 
together with the calculated 𝐸 values in Table 5.5. The errors on 𝐸 are calculated from Eq. 5.7, by 
assuming a measurement uncertainty on 𝐵, 𝐻 and 𝐿 from the SEM image analysis of ± 5%. 
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Table 5.5 – Elastic modulus measurements based on the bending of 
TiC, VC and TaC cantilever beams. 

 TiC VC TaC 

𝛿45, (nm) 450.7 402.3 615.7 

𝐵 (µm) 5.0 5.2 4.9 

𝐻 (µm) 2.6 2.5 2.7 

𝐿 (µm) 15.2 14.6 16.6 

𝐸 (GPa) 490 ± 27 430 ± 24 490 ± 30 

 

5.2.3 Ultra-low load spherical indentation method 

As described in the previous section, this new method consists in fitting an entire set of 
indentations, performed on the same sample but in different particles, with a power-law function. 
Each loading/unloading curve is fitted separately for the offset ℎ? , but the 𝑎  parameter of 
𝑓/(𝑃) 	= 	𝑐	 +	(𝑃/𝑎)//( is forced to be the same for the entire set. 

The measurements for the binary carbides are given in Table 5.6: 

Table 5.6 – Elastic modulus measurements on binary carbides, based 
on ultra-low load spherical indentation. 

 TiC VC TaC NbC WC 

𝑎 
(TPa·nm0.5) 

19.5 
± 0.15 

13.8 
± 0.25 

14.8 
± 0.20 

16.6 
± 0.37 

26.8 
±0.14 

𝑅 (nm) 
1972 
± 43 

1065 
± 33 

1065 
± 33 

1065 
± 33 

1972 
± 43 

𝐸@ (GPa) 
329 
± 4 

318 
± 6 

339 
± 6 

383 
± 7 

452 
± 5 

𝑀 (GPa) 
461 
± 6 

440 
± 9 

481 
± 10 

574 
± 13 

746 
± 10 

𝜈 (-)5 0.19 0.22 0.24 0.22 0.24 

𝐸 (GPa) 
445 
± 6 

419 
± 9 

454 
± 10 

546 
± 13 

703 
± 10 

 

 

The uncertainties on 𝑎  and on the indenter radius 𝑅  are calculated from the R-squared 
correlation coefficient and propagated to 𝐸= , 𝑀  and 𝐸  according to standard uncertainty 
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propagation methods. The measured curves are compared with the fitting functions and the R-
squared coefficient is calculated from the residuals, by using the general definition: 

"𝑅/" = 1 −
𝑆𝑆=2;
𝑆𝑆4D4

= 1 −
∑ (𝑦% − 𝑓%)/%

∑ (𝑦% − 𝑦d)/%
	

Eq. 5.18 

where 𝑦% are the measured displacement values, 𝑓% are the fitted displacement values and 𝑦d is the 
mean displacement. A statistical approach makes sense here, because each set of data contains a 
sufficient number of indentation loading/unloading curves (typically 𝑁 > 500). The R-squared 
coefficient can then be used to determine the uncertainty on the derived value of 𝑎: 

𝑒𝑟𝑟(𝑎) = l
(1 − "𝑅/")∑ (𝑦% − 𝑦d)/%

(𝑁 − 1)∑ (𝑥% − �̅�)/%
	

Eq. 5.19 

where 𝑥% represents each measured load and �̅� the mean load. 

Results for the five ternary systems are presented in Tables 5.7-5.11. A graphic representation of 
the elastic modulus evolution with composition is shown in Figs. 5.6-5.10. A representation of the 
carbide indentation modulus 𝑀 is preferred instead of 𝐸 , because the Poisson’s ratio was not 
known for ternary and quaternary compositions. Nevertheless, an estimation for 𝐸 calculated from 
the binary MC carbide Poisson’s ratios using the rule of mixtures is given for each composition. 

 

Table 5.7 – Elastic modulus measurements in the (TixW1-x)C ternary 
system, based on ultra-low load spherical indentation. 

 Ti89W11C Ti81W19C Ti71W29C Ti54W46C Ti34W66C 

𝑎 
(TPa·nm0.5) 

20.0 
± 0.17 

20.9 
± 0.16 

21.8 
± 0.21 

23.0 
± 0.15 

25.0 
±0.21 

𝑅 (nm) 
1972 
± 43 

1972 
± 43 

1972 
± 43 

1972 
± 43 

1972 
± 43 

𝑀 (GPa) 
480 
± 7 

509 
± 7 

542 
± 8 

589 
± 9 

669 
± 10 

𝜈 (-) 0.19 0.20 0.20 0.21 0.22 

𝐸 (GPa) 
463 
± 7 

490 
± 7 

520 
± 8 

563 
± 8 

636 
± 10 
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Fig. 5.6 – Indentation Modulus evolution in the (Ti,W)C ternary system. 

 

Table 5.8 – Elastic modulus measurements in the (TixV1-x)C ternary 
system, based on ultra-low load spherical indentation. 

 Ti90V10C Ti81V19C Ti75V25C Ti71V29C Ti47V53C Ti34V66C Ti26V74C Ti23V77C Ti4V96C 

𝑎 
(TPa·nm0.5) 

15.2 
± 0.19 

21.0 
± 0.19 

21.5 
± 0.13 

15.7 
± 0.19 

20.9 
± 0.15 

19.8 
± 0.16 

19.2 
± 0.13 

19.1 
± 0.19 

18.9 
± 0.17 

𝑅 (nm) 
1065 
± 33 

1972 
± 43 

1972 
± 43 

1065 
± 33 

1972 
± 43 

1972 
± 43 

1972 
± 43 

1972 
± 43 

1972 
± 43 

𝑀 (GPa) 
501 
± 13 

514 
± 7 

533 
± 8 

527 
± 13 

509 
± 7 

473 
± 7 

453 
± 6 

447 
± 7 

443 
± 6 

𝜈 (-) 0.19 0.19 0.19 0.20 0.20 0.21 0.21 0.21 0.22 

𝐸 (GPa) 
483 
± 12 

495 
± 7 

513 
± 7 

507 
± 13 

488 
± 7 

453 
± 6 

433 
± 6 

427 
± 6 

422 
± 6 
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Fig. 5.7 – Indentation Modulus evolution in the (Ti,V)C ternary system. 

 

Table 5.9 – Elastic modulus measurements in the (TixTa1-x)C ternary 
system, based on ultra-low load spherical indentation. 

 Ti81Ta19C Ti69Ta31C Ti42Ta58C Ti22Ta78C Ti10Ta90C 

𝑎 
(TPa·nm0.5) 

14.9 
± 0.22 

15.0 
± 0.22 

15.8 
± 0.23 

15.8 
± 0.19 

15.6 
± 0.20 

𝑅 (nm) 
1065 
± 33 

1065 
± 33 

1065 
± 33 

1065 
± 33 

1065 
± 33 

𝑀 (GPa) 
489 
± 10 

492 
± 10 

531 
± 11 

530 
± 10 

520 
± 10 

𝜈 (-) 0.20 0.20 0.22 0.23 0.24 

𝐸 (GPa) 
470 
± 10 

472 
± 10 

506 
± 11 

502 
± 10 

491 
± 10 
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Fig. 5.8 – Indentation Modulus evolution in the (Ti,Ta)C ternary system. 

Table 5.10 – Elastic modulus measurements in the (TixNb1-x)C 
ternary system, based on ultra-low load spherical indentation. 

 Ti97Nb3C Ti76Nb24C Ti73Nb27C Ti43Nb57C Ti23Nb77C Ti10Nb90C 

𝑎 
(TPa·nm0.5) 

14.4 
± 0.25 

14.8 
± 0.25 

14.9 
± 0.22 

15.6 
± 0.27 

16.1 
± 0.29 

16.5 
± 0.23 

𝑅 (nm) 
1065 
± 33 

1065 
± 33 

1065 
± 33 

1065 
± 33 

1065 
± 33 

1065 
± 33 

𝑀 (GPa) 
463 
± 10 

485 
± 10 

489 
± 10 

521 
± 11 

545 
± 12 

568 
± 12 

𝜈 (-) 0.19 0.19 0.19 0.20 0.21 0.22 

𝐸 (GPa) 
446 
± 10 

467 
± 10 

470 
± 10 

499 
± 11 

521 
± 12 

542 
± 12 
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Table 5.11 – Elastic modulus measurements in the (TaxV1-x)C ternary 
system, based on ultra-low load spherical indentation. 

 Ta92V8C Ta90V10C Ta77V23C Ta69V31C Ta53V47C Ta39V61C Ta18V82C Ta13V87C Ta4V96C 

𝑎 
(TPa·nm0.5) 

14.7 
± 0.20 

14.9 
± 0.23 

15.0 
± 0.20 

15.1 
± 0.18 

15.2 
± 0.14 

14.8 
± 0.20 

14.1 
± 0.21 

14.0 
± 0.21 

13.8 
± 0.18 

𝑅 (nm) 
1065 
± 33 

1065 
± 33 

1065 
± 33 

1065 
± 33 

1065 
± 33 

1065 
± 33 

1065 
± 33 

1065 
± 33 

1065 
± 33 

𝑀 (GPa) 
481 
± 10 

490 
± 10 

493 
± 10 

498 
± 10 

503 
± 10 

482 
± 10 

450 
± 9 

445 
± 9 

440 
± 9 

𝜈 (-) 0.24 0.24 0.24 0.23 0.23 0.23 0.22 0.22 0.22 

𝐸 (GPa) 
453 
± 9 

462 
± 10 

465 
± 10 

471 
± 10 

477 
± 10 

457 
± 10 

427 
± 9 

423 
± 9 

419 
± 9 

 

 

	
Fig. 5.9– Indentation Modulus evolution in the (Ti,Nb)C ternary system. 
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Fig. 5.10 – Indentation Modulus evolution in the (Ta,V)C ternary system. 

 

The results for the twelve quaternary (TixTayV1-x-y)C alloy particles are presented in Table 5.12. 
Fig. 5.11 represents a ternary TiC-TaC-VC diagram summarizing all the measurements performed 
on the three TiC, TaC and VC binary carbides, on the three ternary (TixTa1-x)C, (TixV1-x)C and 
(TaxV1-x)C systems, and on the quaternary compositions that were explored here. 

Table 5.12 – Elastic modulus measurement on (TixTayV1-x-y)C 
quaternary compositions, based on ultra-low load spherical 

indentation. 

 1A 2A 3A 4A 5A 6A 

𝑎 
(TPa·nm0.5) 

20.9 
± 0.24 

21.5 
± 0.35 

21.3 
± 0.27 

22.4 
± 0.23 

22.3 
± 0.31 

21.8 
± 0.22 

𝑅 (nm) 
1972 
± 86 

1972 
± 86 

1972 
± 86 

1972 
± 86 

1972 
± 86 

1972 
± 86 

𝑀 (GPa) 
511 
± 8 

532 
± 9 

523 
± 8 

566 
± 8 

562 
± 9 

542 
± 8 

𝜈 (-) 0.20 0.21 0.21 0.22 0.23 0.23 

𝐸 (GPa) 
490 
± 8 

509 
± 9 

500 
± 8 

539 
± 8 

532 
± 9 

513 
± 8 
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 2B 3B 4B 1C 2C 3C 

𝑎 
(TPa·nm0.5) 

22.1 
± 0.19 

22.7 
± 0.19 

22.6 
± 0.26 

22.0 
± 0.17 

23.1 
± 0.20 

25.0 
± 0.26 

𝑅 (nm) 
1972 
± 86 

1972 
± 86 

1972 
± 86 

1972 
± 86 

1972 
± 86 

1972 
± 86 

𝑀 (GPa) 
552 
± 8 

577 
± 8 

571 
± 9 

549 
± 8 

590 
± 9 

669 
± 10 

𝜈 (-) 0.21 0.22 0.22 0.20 0.21 0.22 

𝐸 (GPa) 
528 
± 8 

549 
± 8 

543 
± 9 

527 
± 8 

564 
± 9 

637 
± 10 

	
Fig. 5.11 – Indentation Modulus of the (Ti,Ta,V)C quaternary system, all 

values in GPa. 
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5.3 Elastic modulus measurements: discussion 

As seen in Chapters 1 and 2, one often finds for carbides a large range of values for experimentally 
measured values of 𝐸 reported in the literature. Such a big interval is mainly due to the material 
itself, as the elastic modulus is sensitive to the microstructure and varies notably as a function of 
porosity and carbide stoichiometry. For single crystals, anisotropy is a further factor impacting the 
elastic modulus measurement, as 𝐸  can exhibit large variations depending on the crystal 
orientation. 

The measurement method itself is another source of uncertainty. In general, normalized 
measurements done on large macro-scale specimens (e.g. in tensile tests) can provide an estimation 
of the modulus of elasticity with a typical error of 1-2%175 . When dealing with micron-scale 
specimens, the measurement procedure is completely different, as are the sources of error. Because 
we use the contact between an indenter and the surface of the material, both have an important 
role, and in this case, most of the error on the measurement can be distributed between tip and 
surface effects. For that reason, measurements based on nanoindentation provide generally less 
accurate results than macro-scale tests. The aim of this section is then firstly to identify all the 
parameters that can induce uncertainties in the present elastic modulus measurement. In a second 
step, we examine the elastic modulus evolution with changes in ternary/quaternary carbide 
composition. 

5.3.1 Accuracy of the Oliver & Pharr analysis 

The Oliver & Pharr analysis is the classical indentation method and constitutes, as such, a good 
starting point to discuss the accuracy of nanoindentation-based 𝐸 measurements. 

The parameters that could have an effect on the final value can be divided into three groups: (i) 
those related to the material, (ii) those related to the testing method and (iii) those related to the 
indenter tip. The surface is the most important parameter as concerns the material to be tested: at 
such a small scale, and given the small penetration depth, the surface must be as flat and 
homogeneous as possible. The sample is prepared for the indentation by mechanical polishing: 
different diamond particles with decreasing sizes are used successively until ¼ of a micron; that 
last step, if done correctly, allows to reduce the surface roughness to a few nanometers. Such 
roughness constitutes the first source of error, because it varies randomly over the surface and can 
induce, by creating sites of stress concentration, local plastic deformation. 

Although the penetration is small, the stress field associated with an indentation has an influence 
over a much larger depth; depending on what lies below the imprint (pores, second phases, etc.), 
the result will be affected. Residual stresses are another common source of error, which in the 
present material are present due to differential phase contraction during cooldown of the sample 
from processing temperatures, or during metallographic preparation by deformation during the 
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polishing process; the interaction of the indentation stress field with residual stresses modifies the 
response of the material and thus biases the measurement. 

Sinking-in and piling-up effects can appear when the surface is drawn underneath the indenter; 
the presence of one or the other effect is linked to the 𝐸/𝑌 ratio, as well to the strain-hardening 
properties of the material. Both phenomena can have an important effect on the measurement of 
the properties, because they induce changes in the contact area (Fig. 5.12). 

	
Fig. 5.12 – Sinking-in and piling-up effects; figure reproduced from Ref 

[176]. 

Thermal-drift constitutes the most important test-related source of error. As explained before, it 
results from the thermal equilibration sets in when the indenter and the material are in contact, 
leading to a deformation by thermal expansion or contraction of the indenter. The drift rate is 
generally not constant during the indentation; a typical value for a contact between a diamond tip 
and a carbide surface leads to a drift rate of ~ 0.1 nm/s. When doing a series of indents, the drift 
rate decreases, as the thermal equilibrium is progressively reached. The fact that the thermal drift 
is never constant during the indent constitutes a severe issue, and a drift correction, based on a 
constant drift rate, becomes complicated. 

Before indenting the material, it is necessary to establish contact between the tip and the material 
(to measure the thermal drift among others). To this end, we defined a pre-load of 2 µN: the 
contact is considered as established when the load cell measures this specific value. Even if the pre-
load is small, however, there is always a corresponding penetration of the tip; depending on the 
surface roughness, that offset can vary and should be corrected to measure accurately the elastic 
modulus. 

The last source of error linked to the test can be attributed to the apparatus compliance; when 
we try to measure a mechanical property related to the elastic behavior of the material, compliance 
is always an issue. The extra-displacements due to the compliance are proportional to the load and 
are consequences of the reaction forces during the loading. It is possible to correct this by the 
Oliver & Pharr calibration method presented in Chapter 2. As explained, in the case of particles 
embedded in a soft matrix, the compliance issue becomes the biggest uncertainty error. 

The last category of error arises from the indenter and its deviation from an ideal shape: it is 
indeed impossible to machine a perfect indenter, especially at its tip. At high resolution, the tip of 
an indenter is always more nearly spherical than pointed, with a typical radius of 100 nm (one can 
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find more expensive high-quality tips with a smaller radius of 50 nm). The error due to the indenter 
geometry becomes important when the penetration depth decreases, as outlined in Fig. 5.13. 

	
Fig. 5.13 – Indenter geometry effect; figure reproduced from Ref [176]. 

Calibration of the tip area function is always required, but the function is based on a fit of several 
indents performed on a reference material at different loads. Depending on the quality of the fit, 
and the interval of penetrations, contact area values can constitute an important source of error. 
Moreover, for indents performed with a penetration depth smaller than the tip radius, analysis 
schemes designed for a conical tip are no more valid; rather, in such situations, Hertz’s analysis can 
provide a more accurate description of the underlying physics. 

The indentation size effect describes the differences in measurement with variation of the 
penetration depth. Such size effects can have various origins, such as the presence of a thin oxide 
film, friction between the indenter and the sample, or the area function of the indenter. Friction 
and adhesion constitute then a last source of error, since at small scales, surface forces become 
important and can have an impact on the shape of the load-displacement curve, depending on the 
indented material. 

For most of these sources of error, standard procedures have been developed in order to reduce 
the impact on the measurement. For example, the initial penetration can be easily corrected, and 
precise calibrations can be performed to determine the area function and the apparatus compliance. 

This said, it is not possible to correct completely all these sources of error; moreover, the total 
error being the sum of all the possible uncertainties, nanoindentation-based elastic modulus 
measurements uncertainties can easily reach 10%, well above usual error in macro-mechanical tests. 

We consider now the repeatability of the Oliver & Pharr analysis on bulk materials and on 
particles. For fused quartz and SiC, a series of 196 Berkovich indents at 10 mN have been done 
along a 14x14 grid pattern, the rows and columns being spaced by 10 µm; the total area of 130x130 
µm2 can be considered as homogeneous and the total required time for a series of indents is 
approximatively 6 hours. Given the conditions, we can consider that each indent was performed 
under the same conditions and the results can then be compared. 

Each indent was analyzed using the OPM procedure, with the same calibration for the machine 
compliance and for the area function of the indenter. The results for the elastic modulus, including 
the min/max values, as well as the average 𝜇 and the standard deviation 𝜎 are presented in Table 
5.13. 
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Table 5.13 – Repeatability of standard nanoindentation tests on bulk 
fused quartz (FQ) and SiC reference samples. 

 FQ SiC 

𝐸4:= (GPa) 68 396 

𝐸45,(GPa) 76 441 

𝜇 (GPa) 70.1 416 

𝜎 (GPa) 0.6 4.9 

 

 

We can measure the interval for each material: 8 GPa for fused quartz and 45 GPa for silicon 
carbide. These ranges correspond more or less to 10% of the mean value. If we compare now the 
mean values with the literature references for the elastic moduli (𝐸5c = 70 GPa; 𝐸M%"  = 410 GPa), 
agreement is much better; when we average a large number of curves, the effect of statistical 
sources of error such as thermal drift or the offset tends to zero. 

To conclude, the reasons explaining why the Oliver & Pharr analysis is widely used to measure 
elastic moduli are linked with its accuracy when several indents are performed under the same 
conditions. Combined with a cautious calibration of the apparatus and of the indenter tip, this 
method can be used to measure the modulus of bulk materials with good accuracy. 

If we try now to extend the method to particles embedded in a soft matrix and treated as a thin 
film, severe complications arise. The substrate or the matrix play an important role when we try to 
measure elastic properties. The load applied by the indenter induces a displacement that is used to 
measure the modulus of elasticity; however, in that case, the displacement is not entirely situated 
in a single phase, as was the case for a bulk material. Rather, it is the sum of (i) the penetration of 
the indenter within the film or the particle, and (ii) the indenter displacement caused by the finite 
substrate/matrix compliance. If the stiffness of the matrix is higher than the particle stiffness, it 
could be possible to neglect it, under certain conditions, because the part of the displacement due 
to the matrix would be small in comparison with the penetration into the particle. For the opposite 
situation, as is the case for carbides embedded in a steel matrix, the extra displacement due to the 
deformation of the matrix is too large to be neglected. The Oliver & Pharr analysis is then no 
longer accurate: resulting values characterize the modulus of elasticity of a composite material of 
carbide combined with steel. 

Operationally, the indentation procedure is identical to that described for measurements 
performed on bulk materials. Hence, all the listed possible sources of errors are found again; 
however, the microstructure of hard particles in a soft matrix introduces an additional source of 
error, arising due to uncertainty in the surroundings of the region surrounding the particle that was 
tested. Unlike a bulk homogeneous material, we have now the presence of interfaces between the 
matrix and the particle; these boundaries are easily seen at the surface, but they form a complex 
3D structure that is unknown below the surface. When indenting, the stress field associated with 
the penetration must remain within the particle, otherwise the result will be a combination of the 
particle and the matrix properties. This means that the maximal load is limited by such 
considerations, particularly if we produce several indents in each particle. Another supplementary 
source of error is directly linked to the polishing procedure: indeed, due to the high hardness 
difference between carbides and steel, it is nearly impossible to obtain a flat surface in 
metallographic polishing; the particle surface has a slightly convex shape, as it is harder to remove 
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material from the carbide than from the matrix. That feature will introduce differences within a set 
of indents inside the same particle, as the indents closer to the particle border will have a different 
alignment with the indenter than the indents performed in the center of the particle, due to the 
convex morphology of the particle surface. The last, but important, source of variability consists 
in the anisotropy between the single crystal particles: indeed, each polished particle exhibits a 
different crystalline orientation, leading to differences in the measurements. 

All these additional sources of error decrease the accuracy of the measurement but remain small 
in comparison with the effect of the extra-compliance brought by deformation of the matrix. Table 
5.14 presents the average value and standard deviation of the elastic modulus measured on a given 
TiC particle, as well as the same quantities measured similarly for a set of data gathered from 5 
different particles. 

Table 5.14 – Elastic modulus measurement and Oliver & Pharr 
analysis on TiC particles. 

 
TiC 

(1 particle) 
TiC 

(5 particles) 

𝐸4:= (GPa) 349 345 

𝐸45,(GPa) 382 393 

𝜇 (GPa) 367 368 

𝜎 (GPa) 13.6 17.1 

 

The standard deviation is more important in that case than for bulk material measurements, and 
it increases when different particles are analyzed together. 

 

If we consider now the results obtained for the TiC, VC, TaC, NbC and WC binary carbides with 
the Oliver & Pharr analysis, we can compare the values with literature references in Table 5.15: 

Table 5.15 – Binary carbides particles elastic modulus measurement 
performed with the Oliver & Pharr analysis method (OPM) 

compared with literature values. 

 TiC WC TaC VC NbC 

𝐸678  (GPa) 345-393 497-524 389-396 344-361 405-419 

𝐸9:; (GPa) 4515 6965 4729 4307 5375 

 

Obviously, the modulus of elasticity is largely underestimated, as it oscillates between 72% and 
87% of the reference values that can be found in the literature, thus betraying the effect of the 
matrix compliance. We conclude that for this study, the Oliver & Pharr analysis cannot be used to 
measure the modulus of elasticity with sufficient precision. 
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5.3.2 Accuracy of King’s correction 

The correction proposed by King and adapted by Saha and Nix addresses the calculation of the 
elastic modulus from the reduced modulus. In the classical Oliver & Pharr approach, the reduced 
modulus is considered as a combination of both the material and the indenter deformations; King 
added an additional term to account for deformation of a substrate. The procedure used to calculate 
the reduced modulus is given by the Oliver & Pharr method, and consequently, the above 
discussion of the sources of error inherent to the OPM remains: King’s analysis constitutes only a 
correction of that method. 

An additional parameter is now required to calculate the elastic modulus, namely the thickness of 
the film or the local thickness of the particle just below the indenter (at fixed total sample 
thickness). That parameter is directly used in Eq. 2.38 and serves also to determine the 𝛼 parameter, 
according to Eq. 5.15. The square root of the contact area is directly given by the area function of 
the indenter, and the penetration ℎ is measured on the indentation curve. The critical parameter is 
then the indented phase thickness, which is unknown and not constant in the case of particles (as 
opposed to a thin film). Indeed, because they are randomly oriented, and because of their irregular 
morphology, the thickness of a particle can only be defined locally as the length between the 
polished surface and the particle/matrix interface. A possible approach to measure this consists in 
making perpendicular cuts in a FIB-equipped SEM; we can then reconstruct the interface between 
the matrix and the particle underneath the surface. That procedure is easier with faceted particles; 
in the case of a parallelepipedic dendritic arms, two cuts suffice to characterize the thickness of the 
particle. 

Once 𝑡 has been measured, we can use King’s analysis to calculate the Young’s modulus of the 
particle. A comparison between Oliver & Pharr analysis, King’s correction and literature values for 
TiC, VC and TaC is given in Table 5.16: 

Table 5.16 – Comparison between Oliver & Pharr, King’s correction, 
bending beams and literature values for TiC, VC and TaC elastic 

modulus. All values in GPa. 

 TiC VC TaC 

𝐸678 345-393 344-361 389-396 

𝐸A:=B  452-467 433-440 476-485 

𝐸C$54D  490 ± 27 430 ± 24 490 ± 30 

𝐸9:; 451 430 472 

 

 

The correction proposed by King and improved by Saha and Nix was also explored in an attempt 
to correct the data obtained with the OPM to take into account the compliance of the matrix. The 
approach proved to measure accurately the modulus of elasticity, on the condition that the 
thickness of the particle or of the film be known. For this reason, it is one of the most used 
nanoindentation method to determine the Young’s modulus of thin films. When dealing with 
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particles, the method is however more complicated, as mentioned before, given the non-constant 
thickness of the particles normal to the indent coupled with their irregular shape. Also, the FIB-
milling step represents a strong limitation to the efficiency of the process, because it cannot be 
automated. 

5.3.3 Carved beam bending 

In Table 5.16, we compare also the values obtained by bending TiC, VC and TaC cantilever 
beams. The agreement is good for VC, but the values for TiC and TaC are overestimated by the 
beam bending method. That method proved to be very sensitive to the beam dimension 
measurements, and for that reason, its accuracy is not optimal. Moreover, the time required to 
machine each beam makes the method both expensive and labour-intensive. For that reason, it was 
not further used. 

 

5.3.4 Accuracy of the spherical indentation method 

Here we use elastic indents performed with a conospherical indenter, the tip of which is treated 
as (different) spherical indenter in order to measure the elastic modulus of particles embedded in 
steel at very low load, so low that Hertzian indentation physics dominate the process. The usual 
sources of error of standard indentation methods, listed previously, again apply to measurements 
produced by this method. 

In order to illustrate the error due to the initial contact and to the thermal drift, Fig. 5.14-a 
presents five different indentations performed on the same TiC particle. A zoom on the area 
corresponding to the peak load and maximal displacement outlines the displacement offset, 
representing roughly 1-2 nm. For a standard high-load (𝑃 ≈ 10 mN) indentation, the difference is 
negligible, but here, it represents 5% of the displacement at peak load 𝑃:3+. 

 

Fig. 5.14-b represents subtractions between two similar indentations, performed on the same 
particle, at the same location: ℎ>(𝑃) = ℎK(𝑃)– ℎ/(𝑃). According to Eq. 5.11, such a difference 
should in principle be written as: 

ℎ>(𝑃) = �ℎ?,K − ℎ?,/� = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡	
Eq. 5.20 

However, we can see that ℎ>(𝑃) is not constant; thermal drift is mainly responsible for that 
behavior. 
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Fig. 5.14 – a) Superposition of comparable indent curves; b) Subtraction 

of comparable indent curves. 

a)

b)

a)

b)
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Reducing the influence of thermal drift requires a short test, and thus a high loading rate. The 
offset cannot be avoided during the test, but that parameter is well determined by the fitting 
procedure and does not constitute a critical issue. Particularly for such small displacements, thermal 
drift, initial penetration and surface roughness constitute the most important sources of error. 
Because we consider the tip as a sphere, the area function of the indenter is not a problem anymore, 
as long as we can determine accurately the (apparent) tip radius. 

The problem of initial penetration is solved by determining the offset separately for each indent. 
The load-displacement curves can then be accordingly corrected: 

𝑃 =
4
3𝐸=√𝑅

(ℎ4D4 − ℎ?)
(
/ = 𝑎 · ℎ

(
/	

Eq. 5.21 

with 𝑃(ℎ = 0) 	= 	0. Because ℎ? is independent of 𝑃, it can be easily fitted – if data agree with 
this purely Hertzian indentation law. 

The problem of surface roughness is solved by cycling the indents: each indentation consists of 
a series of 5 load/unload cycles. The first load allows to establish the contact with the surface of 
the sample, leading to a small amount of plastic deformation, which flattens somewhat surface 
roughness; the next cycles are then purely elastic. When analyzing the data, we thus simply exclude 
the first load. 

Thermal drift can be an important issue when indenting at a typical depth of ~20 nm: the drift 
can easily exceed 2 nm during the test, representing 10% of the total displacement. We know that 
the drift becomes smaller with the number of indents on the same sample, because after the tip is 
in contact with the surface, thermal equilibrium is gradually reached; it is then possible to minimize 
this effect by doing a first series of indents that we will not analyze, but whose usefulness is chiefly 
to give time for thermal equilibration. It is also possible to correct the drift by measuring the drift 
rate; this reduces the error, but not completely, because the drift rate varies during the test. The 
most efficient way to deal with the drift consists in averaging several indents, because the time 
variation of the drift rate tends to be cancelled statistically. That is the reason explaining why we 
need to fit the second parameter of the power law, 𝑎, as a single constant over the entire set of 
indents. 

 

A comparison between the results obtained with spherical low-load indentation and literature for 
the five binary carbides is given in Table 5.17: 

Table 5.17 – Comparison between the elastic modulus measurement 
of binary carbide based on spherical indentation and literature values. 

 TiC WC TaC VC NbC 

𝐸DEF (GPa) 445 ± 6 703 ± 10 454 ± 10 419 ± 9 546 ± 16 

𝐸9:; (GPa) 451 696 472 430 537 
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The moduli of elasticity measured with our spherical indentation method are in good agreement 
with the reverence values. The method accuracy can also be considered as good, since the error is 
less than < 3% of the modulus across the range of measurements. 

 

If we compare the different methods used to measure the elastic modulus and their agreement 
with literature data, both King’s model and the spherical indentation method proposed here are 
able to measure E with sufficient precision, given the difficulty of a measurement at a such small 
scale. If the correction proposed by King allows to quantify the effect of the matrix deflection 
under the particle, in practice it is inconvenient with particles. By comparison, the spherical method 
is based on the fact that at very small loads we can neglect the effect of the matrix deformation 
altogether, rather than measure it, removing the influence of this factor. That method also has the 
important advantage that it can easily be performed efficiently over a large number of particles and 
samples. Finally, King’s correction being based on the OPM method, it requires an indent that 
deforms plastically the material, and requires a conical indenter and an area function calibration; 
such indents being much larger than what ones corresponding to a purely elastic indentation, it 
introduces a lower bound on the size of particles that can be characterized. 

 

5.3.5 Evolution of the modulus for ternary compositions 

Having compared different methods used to measure the Young’s modulus of the present carbide 
particles, we turn now to results obtained for the five ternary systems using the ultralow load 
indentation method. 

For ternary and quaternary systems, we examine the indentation modulus 𝑀  rather than 𝐸 , 
because the ternary carbide Poisson’s ratio is not known. The evolution of 𝑀 is represented versus 
the composition in Figs 5.6-5.10. In the light of the underlying literature exposed in Chapter 2, it 
is of interest to convert the atomic composition into the corresponding valence electron 
concentration (VEC). This is easily done if we know the number of valence electrons for each 
element composing the carbide and then use the simple rule of mixtures. The indentation modulus 
is represented for the five systems as a function of VEC in Fig. 5.15. Because the valence of 
tantalum and vanadium is the same, the VEC of the (Ta,V)C system is constant and equal to 9, 
causing data points to be aligned along the ordinate axis direction. 

One observes that two of the five systems – (Ti,W)C and (Ti,Nb)C – exhibit a linear evolution 
of the modulus, across the range between the moduli of TiC, and WC or NbC, respectively. The 
three other systems: (Ti,V)C, (Ti,Ta)C and (Ta,V)C show strong deviations from linearity, with the 
presence of a maximum at a value of the VEC that is far from being a constant (the maximum 
present in the (Ta,V)C ternary system is only visible in Fig. 5.10, because of the constant VEC 
value characterizing this system). 
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Fig. 5.15 – Indentation modulus as a function of VEC. 

The disagreement between the analysis proposed by Jhi et al. and the present data can have several 
sources. Jhi et al.’s analysis predicting maximum stiffness at VEC = 8.4 is based on a pure shear 
deformation. The indentation modulus M is, rather, close to Young’s modulus, which is related, 
for an isotropic material, to the shear modulus 𝐺(𝑥) and the bulk modulus	𝐵(𝑥), 𝑥 being any 
parameter upon which it depends, such as the composition, by the relation: 

𝐸(𝑥) =
9𝐵(𝑥) · 𝐺(𝑥)
𝐺(𝑥) + 3𝐵(𝑥)	

Eq. 5.22 

As outlined in Chapter 2, the bulk modulus 𝐵 increases monotonically with the VEC, without 
the presence of a maximum and unlike 𝐺. Indeed, if we assume a hydrostatic dilatation, it is evident 
that all the M-C bonds are equally stretched in the three 𝑥,𝑦 and 𝑧 directions, resisting similarly to 
the deformation; the non-bonding t2g orbitals are also moved away from each other, but because 
they are non-bonding, they do not affect the resistance to the deformation. As the VEC increases, 
the density of M-C bands – resisting the deformation –increases also, resulting in a rise of 𝐵. For 
higher values of VEC, t2g orbitals are filled, resulting in a weaker 𝜋 M-M bond and the increase in 
bulk modulus is less important. The evolution of 𝐵 with the composition thus does not exhibit a 
maximum but rather deviates only somewhat from linearity as 𝐵 increases more at the beginning 
(low values of VEC) than at the end (high values of VEC). 

It is easily shown using Eq. 5.22 that, provided 𝐵(𝑥) is not a constant, the maximum of 𝐸(𝑥), if 
it exists, is not located at the same composition as for the shear modulus 𝐺(𝑥). It is thus clear that 
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the evolution of 𝐸 with composition is not expected to show the same peak at VEC ≈ 8.4 as was 
predicted by Jhi et al. for 𝑐66 and, by extension, for both 𝐺 and the hardness. This proved to be 
the case for our five systems, as two of them exhibit a linear evolution, while three are characterized 
by the presence of a maximum. 

 

The evolution of the indentation modulus for the (Ti,W)C system is presented again in Fig. 5.16, 
together with DFT calculations (Details are given in Appendix D). 

	
Fig. 5.16 – Evolution of 𝑀 vs VEC for the (Ti,W)C system. 

For that specific ternary system, we (this was chiefly the work of Dr. Goran Zagar, in our 
laboratory at EPFL) ran our own DFT calculations in parallel with the measurements. One can 
observe that both agree for this system, for a VEC < 9. We observe a linear evolution of the 
indentation modulus with the composition for our measurements. The XRD analysis confirmed 
the fcc structure for all the compositions, except for pure WC which is hexagonal. We observe that 
for the DFT simulation, the modulus increases linearly up to VEC ≈ 8.4, corresponding to 
saturation of d-eg bonds. When more electrons are added, the indentation modulus 𝑀 rises again, 
but more slowly. Our measurements do not exhibit a such change at VEC ≈ 8.4; the slope is similar 
before and after the saturation, suggesting a stronger M-M bond for a metastable structure. More 
investigations would be necessary for a firm conclusion to be reached (measuring precisely the 
lattice size for the metastable carbides and comparing the value with the predicted lattice size 
evolution could give more information about the validity of the simulations and the nature of M-
M bonding). 

The evolution of 𝐸 in the (Ta,V)C system, characterized by a constant value of VEC = 9 and yet 
showing a clear maximum in E (Fig. 5.11), illustrates again that the VEC is not the only parameter 
governing intrinsic mechanical properties of MC carbides. Other parameters. Other parameters, 
namely both changes in bond strength and in atomic size, can influence the Young’s modulus, as 
atoms are gradually replaced in the crystal structure of the carbide. Relevant information can be 
found in DOS plots or by measuring changes in lattice size (all these data, when available, are 
provided in Appendix D). It is, however, complex to quantify the effect of each phenomenon. 
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The last parameter which may influence the elastic modulus of all the systems and depends on 
the VEC is related to the antibonding empty states, as already mentioned in the previous chapter. 
In the octahedron configuration, an electron can not only occupy an eg bonding or a t2g non-
bonding state, but also an eg antibonding state. The energy increase is in the following order: 𝐸(eg-
bonding) < 𝐸(t2g) < 𝐸(eg-antibonding) (Fig 2.12). Each electron has then a probability of occupying 
an antibonding state, which induces a strong negative effect over the elastic modulus (cf the 
example of RhC in Chapter 2). Because our measurements of M involved only (small) elastic  
deformation (unlike hardness which involves plastic deformation and breaking of atomic bonds), 
this phenomenon has only a limited effect, as suggested by the very high elastic modulus of WC. 
Indeed, WC is characterized by the highest VEC (10) among all the carbides we investigated, and 
it is then the most susceptible to be affected by the antibonding phenomenon. It is also the carbide 
that exhibits the highest elastic modulus (E = 696 GPa), suggesting that it is not affected by this 
phenomenon. 

 

 

5.3.6 Evolution of the modulus for quaternary compositions 

In order to visualize the evolution of the indentation modulus with composition, with such a 
parameter varying over more than one dimension, we use as in Chapter 4 the pseudo-ternary TiC-
TaC-VC diagram and reduce it to several pseudo-binary sections; in total, we look at six different 
cuts, as shown in Fig. 5.17. They all possess a maximum in the evolution of 𝑀 with composition, 
which by fitting polynomial equations seems to be located at ~50 at% of V and ~70 at% of Ta. 

 

 

	
  



Chapter 5: Elastic Modulus 

 

189 

 

 

 

	

	

	
Fig. 5.17 – Pseudo-binary cuts in the TiC-TaC-VC diagram. 

 

 

Parallel cuts can be directly superimposed and compared with the corresponding ternary system, 
Fig. 5.18: 
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Fig. 5.18 – Comparison of parallel pseudo-binary cuts. 

As was noted for the hardness, if we consider mixed TiC-TaC carbides, the addition of 
supplementary vanadium has a positive effect over the indentation modulus, with a supposed 
maximum for an intermediate V content value. As we have not explored compositions richer in V 
we cannot affirm that we have found the optimum within this system; however, the lower 
mechanical properties of VC suggest however that the elastic modulus will likely decrease for 
higher V contents. In Fig. 5.18-b we also can see that the behavior of the modulus when the Ta/Ti 
ratio changes is similar for different V contents; however, the value at the maximum increases from 
~540 GPa for 0 at% V up to ~670 GPa when the carbide contains 22 at% V, this being a significant 
increase and a high stiffness. 

 
In conclusion, the data collected over the course of this investigation show that monocrystalline 

binary MC carbide particles precipitated from steel exhibit interesting variations in their resistance 
to elastic deformation: their elastic indentation modulus, which closely approximates Young’s 
modulus, is high in comparison with that of other materials and can be increased significantly by 
adding a third or even a fourth alloying element. Variations with composition are significant: one 
obtains a ~50% improvement over TiC by adding 27% of vanadium and 62% of tantalum, thus 
forming a quaternary carbide. At the optimal composition found in this work, this yields a carbide 
with an indentation modulus as high as of 670 GPa (corresponding to 𝐸 = 630-640 GPa). 
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CHAPTER 6: FRACTURE TOUGHNESS 

FRACTURE TOUGHNESS 

DESCRIPTION OF CORRECTIONS BROUGHT TO THE SUBMITTED THESIS 
VERSION: A part of this chapter is affected by the hardness value correction. Indeed, 
the indentation toughness equation is based on both the elastic modulus and the 
hardness of the tested material (although, as the equation contains the E/H ratio to the 
power 2/5, the results are only slightly affected). We have thus recalculated all the 
indentation toughness values and redrawn corresponding graphics. 

I performed all the measurements, with the chevron-notched method and by 
nanoindentation. I recalculated the fracture toughness with new hardness values 
measured by Dr Léa Deillon. 

 

The fracture toughness of MC carbides explored in this work was measured by two different 
methods: (i) propagating a crack in a chevron-notched bending cantilever beam, or (ii) by 
generating cracks whiles indenting a polished particle surface with a cube corner indenter (i.e., 
measuring the indentation toughness). We present the two experimental procedures used to 
measure the fracture toughness, present the results for binary and ternary compositions, and then 
discuss the method accuracy, comparing results obtained with the two methods. Finally, we 
examine the evolution of fracture toughness with carbide composition. 

6.1 Toughness measurement methods 

In this section, we start by describing the procedure for the chevron-notched cantilever beam. In 
a second part, we describe the method used to generate cracks with a nanoindenter, as well as the 
Lawn-based analysis method that was used to calculate the indentation toughness. 
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6.1.1 Chevron-notched cantilever beam 

The fracture toughness of MC carbide particles was first measured by means of the chevron-
notched test, as developed for microscale testing in our group and based on the bending of a FIB-
machined triangular cantilever beam. 

The first part of the test consists in carving a beam out of a particle with a known crystalline 
orientation. Polished particles were first analyzed by EBSD (electron back-scattered diffraction), 
in our case, here using a FEI® (Hillsboro, US) XLF-30 (EBSP) with a OXFORD Instruments 
Nordlys II(S) EBSD detector. The tension was set at 30 kV and the current at 5 nA. Analysis of 
Kikuchi bands formed by the diffraction of back-scattered electrons allows to determine the crystal 
orientation of each single crystal particle. We used the EBSD post-processing software Tango, 
developed by Oxford Instruments and designed for the generation of orientation maps. A mapping 
of a selected sample area is performed and the orientation of all the particles contained within this 
area is determined. The surface quality is a very important parameter in obtaining a signal from 
which one can index the different Kikuchi bands; for that reason, a careful final polish with ¼ µm 
diamond particles was applied. Exposure of characterized material volumes to Ga+ ions used in 
the FIB, is mostly avoided in the test, this being important as implanted ions contaminate the 
material, alter its mechanical properties and make impossible any EBSD measurement. The 
orientation analysis is therefore always performed before the FIB-machining process. It is thus 
possible to identify the plane orientation parallel to the polished surface. The other directions are 
generally determined by analyzing the faceted morphology of the particles, knowing that cubic 
crystal dendrites tend to grow along the <100> direction. 

The selected particles must then be machined, in order to give them the required chevron-
notched bend beam geometry. The procedure is entirely performed within a ZEISS NVision 40 
CrossBeam high-resolution SEM equipped with a Ga liquid metal ion source FIB. The SEM and 
FIB column voltages are always respectively 2 kV and 30 kV. The electron beam current is also 
constant and set at 350 pA. The ion beam current varies during the procedure, depending on the 
precision that is required. 

The FIB-milling process can be summarized as follows and the different steps are illustrated in 
Fig. 6.1 a-g: 

1. We start by milling two parallel rectangular pits (Fig. 6.1 a,b). The pit depth and width must 
be large enough to avoid the pit being completely filled by milled material redeposition 
while milling with the ion gun. Because of the large volume of material to be removed, we 
use a high current of typically 26 nA. 

2. In a second step, we mill the free extremity of the beam (Fig. 6.1-c), with the same milling 
conditions as for the first step. 

3. The sample is then tilted at 45° so as to machine the triangular section. We start by milling 
one side of the beam (Fig. 6.1-d) and then the sample is rotated by 180° and the second 
side is similarly milled. 

4. This step is repeated several times (Fig. 6.1-e), while decreasing the milling current from 13 
nA down to 300 pA. Small currents are required in order to mill precisely the triangular 
beam geometry. 
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5. Once the beam is finished, we mill the notch. We us several stage tilt angles, ranging from 
45° to 30° (the angle of the ligament corresponds to the double of the tilt angle). The 
sharper the ligament, the weaker the beam, and the easier it becomes to initiate a crack 
during the test. It was found that the ligament angle need to be sharper than 90°, as that 
value was not sharp enough to initiate stable crack growth on bent WC beams. The notch 
is fibbed from both sides, by rotating the sample by 180° (Fig. 6.1-f). We use ultra-low 
currents, typically 10 pA, in order to have the thinnest notch possible (as this aids crack 
nucleation). 

6. With the notch carved, the sample is tilted again to its original position. The last step 
consists in fibbing shallow benchmarks (Fig. 6.1-g), which are used during SPM scanning 
in the nanoindenter to find the load application point. 

7. Once the chevron-notched beam is ready, we measure its dimensions in the SEM; 

 

	
Fig. 6.1 –a-g) Shaping of the beam; h) Out-of-the-plane fracture; i) in-

plane fracture. 

 

The beam is then tested under the nanoindenter. We start by correcting the X/Y beam alignment 
with two perpendicular ±5° tilt stages. We measure the misalignment by scanning a neighboring 
particle along two orthogonal directions normal to the indentation direction. The correction 
process is repeated until the misalignment is smaller than 0.1° in both directions. The beam is then 
scanned along the beam, and the point of load application is chosen at the intersection of the two 
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benchmarks. The load is applied at a very slow loading rate of 0.5 µN/s, in order to detect and 
measure stable crack propagation. 

When the beam is loaded in bending, stresses – normal to the notch – promote the formation of 
a crack at the apex of the ligament and then its growth in Mode I. The tip of cracks growing within 
chevron-notched beams can be considered as being in plane strain; also, since this is the directly 
known quantity, we use the indentation modulus 𝑀	 = 	𝐸/(1 − 𝜈/) instead of 𝐸 in toughness 
calculations. 

Once initiated, the crack goes through the notch; we assume that the crack front remains straight 
during its propagation (Fig. 6.2). The width of the crack front 𝑏(𝑎) is calculated from geometrical 
considerations: 

 

𝑏(𝑎)
𝑏(𝑎K)

=
𝑎 − 𝑎?
𝑎K − 𝑎?

𝑏(𝑎K)
𝐵

=
𝑊 − 𝑎K
𝑊

= �1 −
𝑎K
𝑊�

𝑏(𝑎) = 𝐵 �1 −
𝑎K
𝑊�

𝑎 − 𝑎?
𝑎K − 𝑎?

		

Eq. 6.1 

where parameters present in Eq. 6.1 are described in Fig. 6.2. 

	
Fig. 6.2 – Geometry of the notched section for a triangular beam. 

The increasing crack front width serves to stabilize crack growth, because the rate of elastic strain 
energy released, 𝐺, then initially decreases with increasing a. Indeed, Griffith’s criterion tells us that 
the crack propagates spontaneously when: 

𝐺 =
𝑃/

2𝑏
𝜕𝐶
𝜕𝑎		

Eq. 6.2 
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where 𝐶 is the specimen compliance. We can thus express the stress intensity factor 𝐾!  for a 
chevron-notched specimen as: 

𝐾! = √𝐺𝑀 = l𝑃
/

2𝑏
𝜕𝐶
𝜕𝑎 𝑀 = 𝑃l

1

2𝐵 �1 − 𝑎K𝑊�

𝑎K − 𝑎?
𝑎 − 𝑎?

𝜕𝐶
𝜕𝑎 𝑀 =

𝑃
𝐵√𝑊

l
1

2(1 − 𝑎ÂK)
𝑎ÂK − 𝑎Â?
𝑎Â − 𝑎Â?

𝜕𝐶\
𝜕𝑎Â

=
𝑃

𝐵√𝑊
𝑌	

Eq. 6.3 

where the “tilde” symbol represents a dimensionless quantity, normalized by 𝑊 , and 𝐶\  is a 
dimensionless compliance, 𝐶\ 	= 	𝐶 · 𝐵 · 𝑀. 

For each sample, the compliance evolution and from there the relevant derivative is calculated by 
an elastic finite element analysis performed with the software Abaqus® (Dassault Systèmes, Vélizy-
Villacoublay, FR). The compliance is calculated for thirty different crack lengths. The critical plane 
strain fracture toughness 𝐾!"  is determined at the peak load and at 𝑌:%9, where instability sets in: 

𝐾!" =
𝑃:3+
𝐵√𝑊

𝑌:%9	

Eq. 6.4 

6.1.2 Indentation fracture toughness 

Due to the large number of samples to be characterized, and because the chevron-notched 
method is expensive and time-consuming, we used another, more conventional, measurement 
method, based on nanoindentation, to estimate the fracture toughness of the carbide particles. 
Indentations are known to generate cracks if the material is brittle enough; it is then possible to 
correlate the length of these cracks with the applied load and deduce the toughness. 

The method classically used to measure toughness from indents consists of three steps: 

1. Indentation of the material with a sharp indenter and generation of cracks; 

2. SEM analysis of the indentation to measure crack length; 

3. Analysis of the crack length and determination of 𝐾. 

In practice, the generated cracks can form a messy system, with different crack geometries 
appearing simultaneously; hence, one must be careful and define criteria that enable one to consider 
a test as valid or not. 

The first challenge consists in the generation of cracks, since we have particles of relatively small 
size. Indeed, a crack must propagate within a limited volume entirely contained within the particle: 
if the crack is stopped by an interface, for example the boundary of the particle with the matrix, or 
if it propagates into the matrix, the test cannot be considered as successful. For these reasons, we 
must apply the lowest load able to generate measurable cracks in the present carbide particles. 
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The sharpest available indenter has a cube-corner geometry and 3-fold symmetry. In comparison 
with a standard Berkovich tip, characterized by a semi-angle of 65.3°, the cube corner is a three-
sided pyramid with perpendicular faces and a semi-angle of 35.3°. With that kind of tip, it is possible 
to generate cracks in a carbide particle with a load of 50 mN, whereas more than 500 mN are 
generally required for a Berkovich indenter. We performed indents on all the compositions that 
exhibited particles large enough to support the imprint and the cracks generated by a load of 50 
mN. For each testable composition, at least 10 different particles were tested. 

Once the indents have been performed, an accurate picture of the crack system is needed to be 
able to determine the toughness. Each indent is observed separately within a SEM microscope to 
identify cracks and then find the crack type, i.e. radial, median, lateral or half-penny, as well as its 
length. In some cases, we performed FIB-tomography to observe whether those cracks had 
propagated below the surface (looking for both lateral and median cracks). 

 

At this point, a decision could be made as to whether an indent can be analyzed or not. An 
example of a valid test is presented in Fig. 6.3. On the contrary, the indent is rejected if: 

1. There is no crack; 

2. The crack is stopped by an interface or a defect (Fig. 6.3-center); 

3. The crack system is too irregular, for examples because there is superposition of different 
crack types (Fig. 6.3-right). 

4.  

	 	 	
Fig. 6.3 – link) Valid test; center) propagation stopped at an interface; 
right) messy cracks system (lateral cracks) on various compositions. 

Many equations have been derived to analyze indentation cracks. For radial and half-penny cracks, 
we used the Niihara equations (Eq. 2.84), which have been reviewed by Schiffmann177 as the most 
accurate to calculate the toughness of hard materials via this method. Table 6.1 summarizes the 
equation and the parameters used for each type of cracks. 
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Table 6.1 – Equations and parameters used for radial and half-penny 
crack analysis. 

 Radial cracks Half-penny cracks 

 

 
 

Equation 𝐾" = 𝐴\
𝐸
𝐻]
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H 𝑃
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𝐴 constant: 

Berkovich 0.010 0.035 

Cube Corner 0.023 0.079 
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6.2 Toughness measurement results 

The fracture toughness was measured with two different methods: the chevron-notched 
microbeams and nanoindentation. The first method has the advantage to correlate the toughness 
with the crystalline orientation, but it necessitated a major amount of work to test all the different 
compositions by making fibbed beams. The second method is certainly more adapted to a large 
number of samples, but on the other hand, the results cannot be separated according to the 
orientation, and as is well known, indentation toughness needs to be interpreted with caution. 

 

6.2.1 Chevron-notched cantilever beam 

Using this method, we have tested three samples from the (Ti,W)C system: binary TiC and WC 
carbides, as well as an intermediate composition, Ti81W19C. For each composition, several beams 
were machined, probing, if possible, different crystal orientations. 

The critical dimensions required to analyze the fracture toughness of a chevron-notched 
cantilever beam are depicted in Fig. 6.4: 

	
Fig. 6.4 – Critical dimensions of a chevron-notched beam. 

 

The dimensions of tested beams are given in Table 6.2; the notch orientation corresponds to the 
crystal plane of the notch: 
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Table 6.2 – Chevron-notched beam dimensions and notch 
orientations. 

 Beam 
# 

Notch 
orientation 

𝑆 
(µm) 

𝑆J 
(µm) 

𝐵 
(µm) 

𝑊 
(µm) 

𝑎+ 
(µm) 

𝑎K 
(µm) 

𝑉 
(µm3) 

TiC 

1 (100) 12.1 3.8 4.8 3.3 0.8 1.8 125 

2 (100) 19.2 5.1 7.8 5.4 0.9 2.8 508 

3 (111) 10.0 2.7 5.6 4.6 0.7 2.6 163 

Ti81W19C 

1 (100) 10.5 1.8 4.0 3.7 0.7 1.6 92 

2 (100) 17.9 1.9 5.1 3.8 0.6 2.3 190 

3 (100) 11.1 1.1 2.5 1.8 0.4 1.0 27 

4 (110) 21.1 1.5 5.3 2.7 0.8 1.9 158 

5 (110) 10.9 1.4 3.2 2.3 0.4 1.1 45 

WC 
1 (1100) 6.0 2.8 2.4 1.8 0.6 1.3 19 

2 (1100) 11.5 1.6 3.9 3.2 0.6 2.3 83 

 

 

Since our samples are machined from particles embedded in a much softer metallic matrix, the 
compliance measured in the test might also include a contribution due to matrix deformation. We 
assume that the compliance 𝐶? due to matrix deformation is independent of the crack length 𝑎; 
the total compliance is then 𝐶(𝑎) 	= 	𝐶? 	+ 	𝐶I(𝑎), where 𝐶I is the compliance of the beam. The 
matrix compliance is then irrelevant since we only consider the derivative 𝑑𝐶(𝑎)/𝑑𝑎 . To 
determine the compliance of the beam, finite element modelling was used, giving 𝐶I. As the crack 
grows through the ligament of a chevron notch, the sample compliance continuously increases, so 
that, as should be, 𝑑𝐶/𝑑𝑎 is a monotonically increasing function of the crack length 𝑎. 

Given the lack of precision inherent to FIB milling, each beam was measured and modelled 
separately, with its own dimensions. The final result of the FE simulation is the 𝐶(𝑎) function. An 
example is given in Fig. 6.5. 

	 	
Fig. 6.5 – 𝐶(𝑎) and 𝑑𝐶(𝑎)/𝑑𝑎 functions obtained from FE simulation 

(Ti81W19C, beam n°4). 
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The fracture toughness is measured at the minimum and can be expressed in terms of 𝐺' or 𝐾' : 

𝐺' = 𝑃'/ · 𝑚𝑖𝑛[𝑌d(𝑎)]	
𝐾' = 𝑃'𝑚𝑖𝑛[𝑌@(𝑎)]

	

Eq. 6.5 

where 𝑃' is the critical load at failure and 𝑌d , 𝑌@ are two geometrical functions that depend on 
the crack length: 

𝑌d(𝑎) =
1
2𝑏
𝜕𝐶
𝜕𝑎

=
𝑊

2𝐵(𝑊 − 𝑎K)
𝑎K − 𝑎?
𝑎 − 𝑎?

𝜕𝐶
𝜕𝑎

𝑌@(𝑎) = l
𝑀 · 𝑊

2𝐵(𝑊 − 𝑎K)
𝑎K − 𝑎?
𝑎 − 𝑎?

𝜕𝐶
𝜕𝑎

	

Eq. 6.6 

And 𝑀 is the indentation modulus. Both 𝑌 functions reach a minimum at 𝑎 = 	𝑎' , when the 
cracked chevron-notched sample becomes unstable (Fig. 6.6). The well-known relationship 𝐾 =
√𝐺 · 𝑀 for plane strain is verified. 

The minimal values of 𝑌d  and 𝑌@ are obtained from the FE simulation; the peak load is directly 
determined on the loading curve. The results are given in Table 6.3. 
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Fig. 6.6 – 𝑌L(𝑎) and 𝑌A(𝑎) functions (Ti81W19C, beam n°4). 

 

Table 6.3 – Fracture toughness measurement for chevron-notched 
cantilever beams. 

 Beam 
# 

Notch 
orientation 

𝑃! 
(µN) 

𝑚𝑖𝑛(𝑌") 
(µm-1·mN-1) 

𝑚𝑖𝑛(𝑌#) 
(µm-3/2) 

𝐺! 
(J·m-2) 

𝐾! 
(MPa·m1/2) 

TiC 

1 (100) 139 0.51 15.27 9.8 2.12 

2 (100) 261 0.08 6.22 5.8 1.64 

3 (111) 374 0.09 6.26 11.9 2.34 

Ti81W19C 

1 (100) 127 0.50 16.53 8.1 2.10 

2 (100) 90 1.27 26.22 10.3 2.36 

3 (100) 26 13.46 85.38 9.1 2.22 

4 (110) 83 3.53 43.73 24.3 3.63 

5 (110) 110 2.20 34.55 26.6 3.80 

WC 
1 (1100) 37 46.21 185.68 63.26 6.87 

2 (1100) 131 5.07 61.53 87.08 8.06 
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6.2.2 Indentation fracture toughness 

Indents are performed with a 50 mN load on the different binary and ternary carbides. Some 
compositions have not been tested, because the size of the particles was not large enough to contain 
the cracks, which were then stopped at the interface, making the test invalid. For each tested 
composition, several indents are performed. Examples of SEM crack analysis and measurements 
are given in Fig. 6.7 for radial cracks and in Fig. 6.8 for half-penny cracks. 

 

 

	
Fig. 6.7 – Examples of Palmqvist crack analysis and measurements for 

indentation toughness; a) Ta13V87C; b) Ta39V61C; c) Ta69V31C; d) 
Ti4V96C; e) Ti22Ta78C; f) Ti73Nb27C; g) Ti90V10C; h) Ti90V10C. 
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Fig. 6.8 – Examples of half-penny crack analysis and measurements for 

indentation toughness; a) Ti10Ta90C; b) Ti69Ta31C; c) Ti76Nb24C; d) 
Ti76Nb24C; e) Ti81Ta19C; f) Ti93Nb7C. 

The indentation fracture toughness is then calculated with Niihara’s equations. The values 
corresponding to the indents presented in Fig. 6.7 & Fig. 6.8 are detailed in Table 6.4: 

Table 6.4 – Examples of measurement of indentation toughness 
based on crack analysis. CHANGED 

 Indent 
# 

Compositio
n 

𝐸 
(GPa) 

𝐻 
(GPa) 

𝑐 
(µm) 

𝑎 
(µm) 

𝑙 
(µm) 

𝐾. 
(MPa·m1/2) 

Radial 
cracks 

a Ta13V87C 423 31.6 - 1.38 1.40 2.0 

b Ta39V61C 457 31.6 - 1.09 1.69 2.4 

c Ta69V31C 471 32.7 - 1.17 1.60 2.3 

d Ti4V96C 422 29.3 - 1.47 2.01 1.6 

e Ti22Ta78C 502 33.4 - 1.21 1.06 2.7 

f Ti73Nb27C 470 32.1 - 1.11 0.48 4.4 

g Ti90V10C 483 31.2 - 0.92 1.46 3.1 

h Ti90V10C 483 31.2 - 0.94 1.53 3.0 

Half-
penny 
cracks 

a Ti10Ta90C 491 32.7 2.18 - - 3.6 

b Ti69Ta31C 472 29.2 2.16 - - 3.8 

c Ti76Nb24C 467 31.9 2.28 - - 3.4 

d Ti76Nb24C 467 31.9 2.18 - - 3.6 

e Ti81Ta19C 470 29.5 2.20 - - 3.7 

f Ti97Nb3C 446 30.8 2.14 - - 3.7 
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For the radial and half-penny cracks, we averaged 𝑎, 𝑙 or 𝑐 for each indent when there was more 
than one crack. The fracture toughness was determined for most of the binary and ternary 
compositions; graphic representations as a function of composition for ternary carbides are 
presented in Figs 6.9-13. 

	
Fig. 6.9 – 𝐾. and 𝐺. for the (Ti,W)C ternary system. CHANGED 
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Fig. 6.10 – 𝐾. and 𝐺. for the (Ti,V)C ternary system. CHANGED 
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Fig. 6.11 – 𝐾. and 𝐺. for the (Ti,Ta)C ternary system. CHANGED 
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Fig. 6.12 – 𝐾. and 𝐺. for the (Ti,Nb)C ternary system. CHANGED 
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Fig. 6.13 – 𝐾. and 𝐺. for the (Ta,V)C ternary system. CHANGED 
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6.3 Fracture toughness measurements: discussion 

In contrast to 𝐸 and 𝐻, which were properties relatively well defined and “easy” to measure in 
practice once procedures are established, the fracture toughness is a much more complex quantity 
to measure. It is also more difficult to interpret: the elastic modulus can be directly related to the 
elastic stretching of atomic bonds and the hardness to localized elastoplastic deformation, whereas 
the fracture toughness involves more erratic and complex mechanisms, namely the propagation of 
a crack, with the ensuing breaking of atomic bonds, creation of new free surfaces, with strong 
variations in the amount of yielding in front of the crack or in the stress state around the crack tip 
(plane stress/strain assumptions). 

Also, relatively few fracture toughness data are available in the literature for binary carbides of 
this work. We thus assess the accuracy of these two methods by comparing their results for the 
(Ti,W)C ternary system. The four other ternary systems are then presented in terms of results from 
nanoindentation toughness measurements (only) and effects of composition are briefly discussed 
in a third and last section. 

6.3.1 Experimental difficulties associated with micro-tests 

Most fracture toughness measurement methods are based on pre-cracked specimen geometries, 
both methods used here create the crack during the test. The reason for this is that producing a 
pre-crack is challenging in brittle materials, and even more so especially at the microscale. At the 
microscale, pre-cracked samples have been produced by machining: the machining of a pre-crack 
constitutes then a crucial step for the success of the test, and a first important source of error. For 
macro-samples, standards describe usually the sample geometry and a skilled operator can generally 
produce a notch that fulfils the requirements; for micro-samples on the other hand, FIB milling is 
generally the only tool available to machine the specimen, making it much more complicated (or 
impossible) to produce an acceptably sharp notch. We therefore opted to use methods by which a 
(real) crack is produced during the test. All data reported here thus give values of toughness 
measured, not at the initiation of crack propagation as is most usually done, but either on a 
propagating crack (the chevron-notched method), or at arrested cracks (indentation toughness). 

In micro-tests, furthermore, positioning the sample is a challenge. Indeed, due to the small 
dimensions of the sample, the load is often applied via an indenter tip, and approaching (or even 
scanning) the specimen can easily break it; moreover, precision in the location of the application 
point of the load is important. If the test is performed within a SEM, it is possible to visualize 
simultaneously the tip and the sample; however, the spatial representation is limited (because the 
picture is taken from a single perspective). Otherwise one can use Scanning Probe Microscopy 
(SPM), which consists in a scan of the sample by the indenter tip, in tapping mode at low load. 
Both methods have a maximal lateral precision of roughly 200 nm in the point of load application. 
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Finally, the dimensions of the sample are also important in the determination of the fracture 
toughness; here too the (relative) precision is less at the microscale than with macrosamples. 

Crack propagation is also an issue within monocrystalline samples. In anisotropic single crystals, 
the fracture toughness can be strongly dependent on the crack plane and on the crack propagation 
direction. Covalent materials are often characterized by cleavage planes, i.e. specific 
crystallographically defined planes that are preferably broken, towards which cracks have a 
tendency to deviate, making it difficult to force the crack to propagate in a given plane. 

 

Fracture toughness measurements based on nanoindentation differ from tests conducted on 
notched samples in that they do not require a special geometry and can be performed directly on 
a crack-free polished surface. The cracks are generated by the tensile components of the complex 
indentation stress field, and this can happen during either the loading or the unloading part of the 
indentation process. Stricto sensu, nanoindentation fracture toughness does not measure the onset 
of crack propagation, but rather a set of length and load conditions that the propagation of a crack 
to stop. Determining the fracture toughness requires then a complete analysis of the cracks formed 
during the indent, which is not necessary for pre-cracked samples. Most of the error comes from 
that analysis, because in practice the crack system associated with an indent can be very messy and 
different crack types can be simultaneously generated around a single indent. 

6.3.2 Chevron-notched test data 

The use of chevron-notched samples for the measurement of toughness at the microscale was 
pioneered in our group on nanocrystalline alumina fibers and fused quartz, two materials that can 
be considered as isotropic, to demonstrate the method and assess its accuracy178. The method 
proved to give accurate measurements of the fracture toughness of these materials; however, it 
requires care during each of its steps. In later work, its extension towards testing silicon was 
attempted, to find that it was more difficult to implement in this (covalently bonded) solid because 
crack initiation proved difficult. 

As described before, the method can be divided into four successive steps: (i) milling of the beam 
(rectangular or triangular), including the triangular notch; (ii) testing the notched beam in a 
nanoindentation apparatus; (iii) determining post-test required quantities (dimensions of the notch, 
point of application of the load) and finally (iv) FE simulation of the sample to determine its 
compliance versus crack length. Each step is important and can determine the success or the failure 
of the test. 

The milling part is obviously important, because it determines the dimensions of the beam, as 
well as the quality of the notch. We used only triangular beams, as these are more convenient to 
mill such beams along a flat sample surface. Because the ion beam is characterized by a Gaussian 
dispersion, especially for high currents, the milled faces of the sample are never strictly parallel to 
the beam. FIB-milling also produces a large quantity of redeposited material, obviously 
commensurate in volume to the amount of milled material. These two effects can modify the final 
shape of the sample in comparison with the aimed-for geometry. It is however possible to reduce 
such problems by milling with successively decreasing currents, in order to obtain a final 
morphology as precise as possible, coupled with lowered levels of ion implantation. The notch is 
always milled with the lowest current available, for precision, and also to produce a notch as thin 
as possible, as this is an important parameter in initiating the crack and guiding its propagation. 
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The test itself must be performed very carefully. Indeed, the required scanning procedure can 
easily break the beam if performed incorrectly. The source of the problem consists in the two pits 
on both sides of the beam; while scanning, the contact load is set to a low but constant value (2 
µN), and because of the large depth difference between the beam and the pit, the indenter tends, 
if it meets the pit, to dive into it, as it aims to keep the contact load. Because of the conical geometry 
of the indenter, a non-negligible force is then suddenly applied on the beam, which can be (or 
rather, has been) sufficient to break it. To avoid this, we developed a special scanning procedure: 

• We first scan the particle laterally, far from the beam, and we correct the alignment with 
a tilt stage; 

• We then scan the particle parallel to the beam, still far from it, and we correct the sample 
alignment with a second tilt stage; 

• Since the particle surface is flat, we scan the beam, the indenter moving always parallel 
to the beam axis. We never performed in tests reported here a lateral scan of the beam. 

The use of a cube corner indenter, with a smaller angle than a Berkovich tip, allows to reduce the 
load applied on the beam during the scanning, this being a significant advantage. 

Experimental error on the point of load application is the principal parameter that can influence 
the measurement. With this scanning procedure, the point of application is chosen from a SPM 
image. At the end of the FIB-milling process, we place linear marks that are visible during the 
scanning to help us. The precision of the apparatus is approximately a circle of 200 nm diameter 
in which the indent is performed. An example is given in Fig. 6.14. Two typical load-displacement 
curves are shown in Fig. 6.15: 

 

	
Fig. 6.14 – 10x10 µm SPM image of a chevron beam, with indication of 
the point of load application. The scan is performed from the bottom of 
the picture up to the top; the scan is stopped since the central groove is 
observed in order to start the test while the tip is properly situated over 

the beam. 

  

Central groove

Extremity groove

Load application point
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Fig. 6.15 – Load-displacement curve of a successful test (left) and for a 

failed test (right). 

A failed test is usually characterized by a fully linear curve, i.e. there is no stable crack propagation, 
which causes deviations from linearity in the load/displacement curve. In that case, the sample 
breaks instantaneously when peak load is reached. On the contrary, a successful test exhibits a pop-
in, indicating that the apex of the notch was broken, followed by a limited amount of stable crack 
propagation. Continued crack propagation necessitates an increase in load and generates a non-
linear signal, which stops when the crack becomes unstable, upon which fracture occurs followed 
by immediate unloading. The indenter tip can often slide at the beginning of the test; in that case, 
the very first part of the curve is not linear, an effect that is not important if this initially non-linear 
signal is followed by a linear loading curve (Fig. 6.16). 

	
Fig. 6.16 – Load-displacement curve illustrating tip sliding. 

The load-displacement curves are then used to determine the load at which the crack propagation 
becomes critical, and the corresponding stress intensity factor is deduced using finite element 
computations of the compliance calibration curve for the test sample in question. 
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It is only possible to measure the dimensions of the notch once the beam has been broken; at 
that time, it is also possible to determine more precisely the point of load application, because the 
indenter tip leaves a mark on the beam. In general, all the dimensions are important for finite 
element simulation and hence for the calculation of the fracture toughness. In this work, all relevant 
sample dimensions were measured by SEM analysis. In doing so, we can also determine whether 
the crack propagated in the notch plane or if cleavage deviated it into another plane. In conclusion, 
the biggest source of error for that method comes from the measurement of beam dimensions. 

The complete procedure has required a large number of tests to be optimized for the testing of 
carbides. We performed 35 tests on TiC particles, with unfortunately only four successful tests; 
(milling a single beam takes approximately 5 hours). By improving the method along the way, the 
success rate increased significantly for WC and the ternary (Ti,W)C carbide: for WC, 50% of the 
samples were successful, and 5 of 8 worked for the ternary carbide. 

Counterbalancing the difficulty in conducting and optimizing the test, advantages of the chevron-
notched beams are multiple. Data provide a correct measurement of fracture toughness (measured 
with a propagating sharp crack), contrary to data generated with a pre-notched sample, which is 
loaded until the crack propagates from a notch, the tip of which is blunt on the scale of the test; in 
that sense, the chevron-notched test remains more similar in going from macro- to micro-scale 
testing. Secondly, the method allows to measure the fracture toughness anisotropy in single crystals 
because it is possible to pre-determine the crystalline orientation of the notch-plane. In this work, 
we used an EBSD equipped microscope to determine the orientation of the surface, using in 
addition the faceted dendritic morphology of the particles as an aid in determining other orientation 
directions. Finally, the method is not affected by the gallium contamination that accompanies FIB-
milling. It is well known that gallium ions are implanted in a thin layer below the milled surface (to 
depths typically extending a few tens of nanometers); the presence of such ions can modify the 
fracture toughness and more generally the mechanical properties. Because of the initial stable crack 
propagation, in the chevron-notched fracture test the critical fracture toughness is measured below 
the apex of the notch, along a crack front extending mostly across a region where the material is 
not affected by FIB-milling. 

The principal drawback of the procedure consists in its operational complexity and, for some 
systems, in difficulty with crack nucleation. Indeed, as described above, the method involves a 
succession of different steps, which are not only complex, but also time consuming and expensive 
(as sample preparation involves usage of a FIB). The relatively low success rate in testing also 
requires that more samples be produced than will end up giving meaningful data. 

In summary, the method is elegant and accurate, and it allows to measure the fracture toughness 
of different crystalline orientations, but it is not appropriate to test a large number of different 
compositions, as is the aim for this thesis. We thus use it as a yardstick by means of which we 
establish the fact that, in carbides of this work and despite its limitations, the indentation toughness 
measurement method yields reasonable data, and can thus be used as an exploratory tool to 
measure variations in the toughness of MC carbides with their composition. 

6.3.3 Indentation toughness 

The alternative to chevron-notched beam testing that we used here is to generate cracks via 
indents. In contrast to the chevron-notched microbeams, indentations are easy to perform on a 
large number of samples. On the other hand, the analysis of the cracks results in a less accurate 
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determination of the fracture toughness. We thus examine the crack system generated by an 
indentation, aiming in particular to define the sources of error in the measurement of toughness 
by the indentation method, keeping in mind that this measurement differs from traditional fracture 
toughness measurements and has been the subject of criticism. 

There are three major practical concerns with indentation fracture: the complexity of the crack 
system that is generated by an indenter, the forces acting upon them and the use of an empirical 
calibration constant. Many equations have been proposed to determine the fracture toughness 
based on cracks produced after indentation; they have a common form: 

𝐾" = 𝜒 ·
𝑃

𝑐
(
/
	

Eq. 6.7 

where 𝜒 is an empirical function that depends both on the material properties and on the indenter 
geometry: 

𝜒 = 𝐴 · ~
𝐸
𝐻�

9

	
Eq. 6.8 

where 𝐴 is a constant describing the effect of the tip geometry. Materials properties influence the 
fracture toughness via the ratio 𝐸/𝐻; 𝑛 is an exponent that varies with the model. These empirical 
factors have been selected as the best way to match traditional fracture toughness measurements 
on ceramics and glass; they exhibit however a large degree of uncertainty. 𝐴 = 0.016 ± 0.04 in the 
case of Augier’s equation for a Berkovich indenter. The geometrical factor represents not only the 
tip geometry, but also the size and shape of the elastic-plastic zone around the indent; also, all 
brittle materials do not deform and fracture in a similar manner, as it is assumed by the model. 
That is one of the reasons explaining why so many models have been developed to treat this 
problem: they are only accurate for a single class of ceramic. A universal model suitable for the 
determination of the indentation-derived fracture toughness of all the brittle materials is apparently 
unrealistic. 

A strong assumption has been made on the crack geometry in the above expressions. As 
explained in Chapter 2, one can consider four principal types of crack: radial, median, lateral and 
half-penny; however, in practice the generated cracks deviate most of the time from these idealized 
geometries. The method is furthermore based on observation of the sample surface only, and hence 
on its intersection with the cracks. Lateral and median cracks, however, propagate only beneath 
the surface and are therefore generally not accounted for because they are not visible under such 
observation. In that sense, indentation fracture measurements tend to overestimate the material’s 
toughness by not considering the cracks that form below the surface. In practice, lateral cracks can 
deviate and propagate up to the surface, resulting in a very messy crack system (which is then 
considered as a failed test), and only the radial and half-penny cracks are analyzed. 

Measuring the surface crack length can also be a complicated step, because the cracks are often 
not straight and are often not exactly initiated at an indent corner. The use of an optical microscope 
for the first measurement in the 70s and 80s was the source of a very important error in this regard; 
however, the accuracy of the modern SEM allows to measure the crack length with far higher, and 
seemingly sufficient, precision for meaningful data generation. 
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From the work of Evans and Lawn, a number of improvements have been proposed, mainly in 
the definition of the geometrical factor 𝐴 and of the exponent 𝑛. Models have been developed for 
the two (radial and half-penny) surface-emerging crack geometries, for several different ceramics. 
Schiffmann177 wrote in 2011 an interesting review of the different available models that can be used 
to determine the indentation toughness. He performed several indents with a cube corner indenter 
on different bulk ceramics: (100) silicon, fused silica and (0001) sapphire; as well as thin films: ZnO, 
SnO2, DLC (diamond like carbon), amorphous carbon(a-C) and ITO (Indium Tin Oxide). The use 
of a cube corner indenter, with its smaller opening angle, reduces the fracture threshold. 
Schiffmann then evaluated the toughness with six different models (Fig. 6.17 & Fig. 6.18). 

	
Fig. 6.17 – Fracture toughness evaluated with different models and 

comparison with literature; reproduced from Ref [177]. 

	
Fig. 6.18 – RMS deviation between literature and measurements for all 
equations and tested materials in Fig. 6.17 ; reproduced from Ref [177]. 
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More details about the six compared models can be found in reference [177]; Eq(3) corresponds 
to the model of Jang and Pharr179, based on the Evans and Lawn equation, but including an 
analytical expression for the geometrical factor that depends on the indenter opening angle. Both 
Eq(4) and Eq(5) are based on the Niihara154,155 model; the first equation was modified for halfpenny 
cracks, the second for radial cracks. Eq(6) is an analysis developed by Laugier180 and Ouchterlony181, 
and Eq(7) is an adapted equation for thin films, proposed by Thurn and Cook182. The last equation, 
Eq(8), calculates the toughness by using energy-based considerations and was proposed by Li et 
al.183. 

The accuracy of these various methods is sensibly different. If we consider bulk sapphire, both 
Eq(3) and Eq(6) give completely unrealistic values for the fracture toughness; on the contrary, 
Eq(4-5) and Eq(8) are far more accurate if one compares results with literature values. For tin oxide 
SnO2 or DLC thin films, the opposite is observed. Equations (4-5), given by Niihara’s analysis, 
exhibit the smallest deviation from literature values and so we have consequently used those 
equations here for data analysis. Equation (8) could have been another option; however, the need 
for pop-in events to calculate the fracture toughness renders the method erratic in the present 
work. 

Measuring fracture toughness of particles embedded in a steel matrix complicates the test. Indeed, 
the generated cracks must be restricted to the particle, not only along the surface, but also 
underneath. The interfaces act as a stopper for crack propagation, which obviously biases the 
measurement. For that reason, it was not possible to test all the compositions, and only sufficiently 
large particles have been indented. 

In conclusion, the Niihara equations give, so far, the best agreement with literature values and are 
used here; however, the precision of the model can be as low as 40%, which is enough to determine 
the right magnitude of the result and compare different materials measured with the same method, 
but is insufficient to claim that one has measured with any precision the actual fracture toughness 
of a material. 

 

6.3.4 Comparison between chevron-notched sample and indentation data 

We now compare the measurements obtained with each of the two methods. Three materials 
were tested with the chevron-notched method: TiC, WC and Ti81W19C; for the two binary carbides, 
literature values are moreover available. The comparison is given in Fig. 6.19: 
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Fig. 6.19 – Comparison between indentation toughness and chevron-

notched beams. CHANGED 

As seen, for both TiC and Ti81W19C, the consistency between the chevron-notched beam data 
and the indentation-derived toughness values is very satisfactory. On Fig. 6.19, each point 
represents a single beam or a separate indent. 

The consistency is slightly poorer for WC, where indentation toughness values tend on average 
to reach higher values than chevron-notched beam measurements. For that binary carbide, only 
two beams were tested, however, in which the crack plane was similar. 

In some cases, the values of fracture toughness measured by nanoindentation can give meaningful 
results, while in other cases, the values can be significantly different from references. As discussed 
previously, the level of agreement depends mainly on the model and on the material behavior. The 
good consistency between the two methods for the three carbides of the (Ti,W)C system suggests 
that Niihara’s model allows to characterize with sufficient accuracy the toughness measured on 
covalently-bonded cubic ceramics. That method was thus used to measure the indentation fracture 
toughness of the other ternary systems, whenever the dimensions of the particles allowed such a 
measurement. 
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6.3.5 Binary carbides: comparison with the literature 

Comparatively few fracture toughness data are available for materials that are used mainly as 
reinforcements or as a coating, such as carbides. One main reason explaining such a lack of data is 
the difficulty that exists in the production of large samples, especially monocrystals, of sufficient 
quality to give meaningful measurements of the toughness via macro-mechanical tests (another is 
difficulty in precracking of test samples). Most of the data are thus measured using indentation-
generated cracks. 

TiC has been by far the most studied binary carbide. Maerky6 published a thorough investigation 
of the fracture toughness anisotropy of TiC0.96 in 1996 (see Chapter 2). Micro-indentation (2.94 N) 
measurements were performed, on three titanium carbide bulk single crystals with (001), (110) and 
(111) orientations. Both (001) and (110) crystals were indented with a Vickers pyramidal indenter, 
for symmetry reasons, while the (111) crystal was tested with a Berkovich triangular tip. Effects of 
anisotropy were not only investigated by indenting three different surfaces of different orientation, 
but also by rotating the indenter on the same surface. For the (001) crystal, angles from 0° to 90° 
were tested with increment of 15°; for the (110) crystal, angles from 0° to 180° with the same 15° 
increment; and for the (111) crystal, angles from 0° to 120° with 10° increments. The global 
measured fracture toughnesses range from 1.5 to 3.6 MPa·m0.5, the average error on each 
measurement being approximately ± 0.05. Another measurement series performed by A.J. Parry 
on polycrystalline TiC is reported by Maerky to give the same value of 3.6 MPa·m0.5, but without 
reference. 

The fracture toughness of VC monocrystals was measured by Govila8 in 1972, using fracture 
energy observations. The fracture energy was measured, based on Griffith’s analysis of pre-cracked 
bulk specimens, for three carbon-to-metal ratios: VC0.88, VC0.84 and VC0.76. The fracture energy only 
slightly exceeds the surface energy 𝛾 when almost no plastic deformation occurs at the crack front, 
which is the case for most of the covalent ceramics (slip steps are observed on WC). The fracture 
toughness can then be estimated as 𝐾' = �2𝛾𝐸 ; values for VC range thus from 1.3 to 1.9 
MPa·m0.5. To our knowledge, there is no other reference value for the fracture toughness of 
vanadium carbide. 

A reference value for TaC can be found in the paper of Nino10; sintered TaC bulk polycrystals 
were tested by indentation. The fracture toughness was estimated using the standard Evans 
equation, but few details are given in the paper about the methodology. The measured TaC fracture 
toughness values range from 3.5 to 4.5 MPa·m0.5, depending on the sintering temperature (and thus 
on the grain size). Other studies9,184 have measured fracture toughness values for TaC, but for more 
porous sintered samples, finding nevertheless a coherent range from 3.5 to 5.1 MPa·m0.5. To our 
knowledge, no measurements have been done on single crystals of TaC. 

The fracture toughness of sintered bulk NbC was measured by Kim et al.13,185. In these two papers, 
the authors compared sintered NbC made from powders that were milled from 0 to 10 hours; the 
relative density is 98%. They measured the indentation fracture toughness of their samples by 
performing Vickers indents, with a variation in data from 7.0 to 8.6 MPa·m0.5 depending on the 
milling time (smaller particles give a smaller toughness). 

Warren186 measured the fracture toughness of WC by Hertzian indentation, i.e. via the generation 
of conical cracks produced when indenting with a spherical indenter. The carbide was in the form 
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of sintered samples, with 1-4 µm grain size and negligible porosity. The fracture toughness was 
evaluated between 6.06 and 6.23 MPa·m0.5. The NIST database for structural ceramics (NISTIR 
6153) proposes, as a reference, measurements performed on pre-cracked sintered WC specimens 
(grain size = 6 µm, notched bend bars tested in flexion) by Chermant, Deschanvres and 
Osterstock15. The reported values for the fracture toughness range from 7.5 to 8.9 MPa·m0.5. 

 

Fig. 6.20 compares our measurements with these literature data. The data vary over a significant 
range; however, they are overall mutually consistent, showing that (i) our data make sense in the 
context of the literature and (ii) there are significant differences in the fracture toughness of these 
five binary carbides. 

 

	
Fig. 6.20 – Comparison between indentation toughness measured on 

binary carbides and literature data. CHANGED 

As a final note, it is important to consider these reference values carefully. Indeed, many data 
points are actually indentation toughness measurements, with the limitations discussed above. 
Many sample are also sintered materials, while our particle are dense single crystals. The values 
measured here can therefore be considered as good estimations of the fracture toughness but are 
not absolute values of that property. Many samples used in the literature were furthermore sintered 
materials, while our particle are dense single crystals. 

 

 

0

1

2

3

4

5

6

7

8

9

10

Fr
ac

tu
re

 T
ou

gh
ne

ss
 (M

Pa
·m

0.
5 )

u Chevron-notched beams
l Indentation toughness
n Literature

TiC VC WCTaC NbC



Lionel Michelet Thesis n°8615 July 2018 

222 

 

6.3.6 Evolution of the toughness for ternary compositions 

In contrast to hardness and elastic modulus, it is much harder to link the fracture toughness to 
the electronic structure of the crystals. Because fracture toughness is linked with crack propagation 
and thus the breaking of chemical bonds, parameters such as the bond strength and the bond 
density are obviously important and the change in composition should play a role; however, 
because of the anisotropy of fracture toughness and the often non-linear path of the crack, it is 
difficult to correlate that property with simplified interpretation schemes as were presented for E 
and H. 

On the five graphs presented in Figs. 6.9-13, data points from each indent are plotted separately 
for all the tested compositions. As seen, for many compositions, the range of values is important 
and the difference between the maximal and the minimal values can reach 2 MPa·m0.5 in several 
cases. This to be expected for monocrystalline ceramics characterized by anisotropic fracture and 
cleavage planes. For several compositions, for example Ti54W46C or Ti43Nb57C, the measured values 
seem to be separated into different sub-groups, suggesting indeed that differences between data 
points have an underlying physical cause, this being likely crystalline anisotropy. SEM observations 
have unfortunately not enable us to highlight a different orientation of the particles (based on their 
morphology or grey level) that would correlate with the measured indentation toughness data. For 
other compositions, however, e.g. Ti75V25C or Ta53V47C, all the values are distributed relatively 
uniformly between the minimum and the maximum, suggesting rather an effect of experimental 
uncertainty. It is however difficult, if not impossible, to distinguish the error of the indentation 
method from the anisotropy of the material. A solution would be to mill many differently oriented 
chevron-notched samples, because such samples can measure accurately the anisotropy of 
toughness with crack plane and crack path: if we consider Ti81W19C, the good agreement coupled 
with data clustering in both sets around two separate values, indicates indeed that the differences 
in the indentation values are due to the anisotropy (Fig. 6.19). 

In conclusion, the two methods used to measure the fracture toughness and discussed in this 
chapter present each their advantages and drawbacks. In terms of accuracy, only the chevron-
notched beams are able to produce precise results that can be claimed to be unambiguous 
measurements of a material property; moreover, the method can distinguish the fracture toughness 
resulting from the fracture of different crystalline planes. By contrast, indentation fracture 
toughness measurements can only provide an estimation of the fracture toughness of the material; 
resulting values should not be used as a characteristic value for a given material, but can be useful 
as a means to compare different materials, or to provide a first approximation of the fracture 
toughness when no other data are available. 

If we now turn to values measured across the spectrum of carbide systems explored here, one 
finds that this property varies quite differently than do the hardness and indentation modulus: 
alloying the carbides brings no visible improvement in this property (Table 6.3 and Figs. 6.9 to 
6.13). Clearly, the best results are obtained with the two binary carbides WC and NbC, and 
exception made perhaps for the (Ti,V)C system, alloying does not produce toughness values that 
exceed those of the tougher among the two terminal carbides of the relevant ternary system (we 
thus did not explore quaternary carbides).  
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Figures 6.9 to 6.13 give (on the right-hand ordinate) a rapid comparison of trends observed here 
with the simple yet often used Pugh criterion, which proposes that brittleness should decrease with 
decreasing ratio of shear to bulk modulus. This is done here in very approximate fashion by 
translating this criterion into the ratio of indentation modulus 𝑀 (a rough measure of variations in 
the bulk modulus) to the hardness 𝐻 (a rough measure of shear modulus), which is plotted on the 
graphs over measured indentation toughness data for the five ternary systems: as seen variations in 
this parameter do not mimic the data with great accuracy and do not suggest either that great 
improvements are to be expected from carbide alloying. Rather, what the data show is that in 
alloyed carbides, the toughness tends to be raised if one alloys a less tough carbide with one that 
has a higher fracture toughness; notably, alloying TiC or VC with tantalum pulls the fracture 
toughness up, towards values higher than the rather low values (around 2 MPa√m) characteristic 
of those two carbides. Alloying MC carbides to produce hard and stiff phases is thus, a priori, not 
expected to be deleterious to their fracture toughness. 
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CHAPTER 7: CONCLUSION 

CONCLUSION 

DESCRIPTION OF CORRECTIONS BROUGHT TO THE SUBMITTED THESIS 
VERSION: 
Part of this last chapter has been corrected because the conclusion, mostly based on 
both the high elastic modulus and high hardness that were (erroneously) reported for 
quaternary carbides, is now only partially valid, given that the corrected hardness 
measurements proved to be lower. 

I changed the hardness values according to the new measurements performed by Dr 
Léa Deillon; and I redrew the figures. 

 

In this chapter, a summary of the results presented for the elastic modulus, the hardness and the 
fracture toughness is firstly given. We propose then a main conclusion to this thesis, in regard with 
the objectives exposed in Chapter 1. In a last part, we discuss potential perspectives for future work 
in the field of mechanical properties of multimetalllic carbides, as well as for testing small second 
phases embedded in a soft matrix. 

7.1 Review of the results 

Although mixed MC carbides constitute a major material in coatings or alloys for the machining 
industry, little is actually known about their properties. Only binary carbides have been widely 
investigated since the 60’s and their mechanical properties have been measured by several authors, 
as well as by different methods. When reviewing carbides properties, a first obvious observation is 
that the mechanical properties are strongly dependent on many parameters, among which porosity 
and stoichiometry are the most important. Specifically, most of the measured carbide properties 
are gleaned on sintered samples, which can be produced to have macroscopic dimensions but can 
constitute poor approximations for monocrystalline carbide particles. 
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In this work, by generating small carbide particles in situ within steel and by using microtesting 
methods conducted on those particles, we were able to measure directly the mechanical properties, 
i.e. 𝐸, 𝐻 and fracture toughness, of individual single crystal MC carbides across a wide spectrum 
of compositions. We applied methods developed in the literature (Oliver & Pharr analysis and 
indentation fracture toughness) or methods of our own (ultra-low load elastic indentation and 
triangular chevron-notched cantilever beams) to achieve this goal. 

Overall, our data are consistent with literature data for binary carbides, for which the mechanical 
properties are known, particularly as concerns data gathered on single crystal carbides; this serves 
as a validation of the measurement methodologies that were used here. We have thus measured 
the mechanical properties of ternary compositions, with the aim of 1) characterizing the evolution 
of different mechanical properties with changes in the carbide composition and then filling gaps in 
mixed carbide knowledge, and 2) exploring whether there are optimal compositions for each 
system in terms of measured mechanical properties. 

It is found in the five ternary systems explored here that the evolution of elastic modulus exhibits 
no discernable systematic behavior. The hardness evolution is characterized by the presence of a 
maximum for ternary systems, save for (Nb,Ti)C where values remained roughly constant across 
intermediate compositions (with a sudden dip at one of the end compositions). The toughness also 
varies in no systematic fashion while staying between the two binary carbide values at either end 
of the ternary composition spectrum. Table 7.1 summarizes the evolution of 𝐸 from spherical 
indentation and 𝐻 from the Oliver & Pharr analysis for the five investigated ternary systems. 

 

Table 7.1 – Summary of 𝐸 and 𝐻 evolution with composition. 
CHANGED 

(M,M’)C : (Ti,W)C (Ti,Nb)C (Ti,V)C (Ti,Ta)C (Ta,V)C 

𝐸45, (GPa) 703 546 513 506 477 

𝐸8" (GPa) 445 445 445 445 454 

𝐸8M" (GPa) 703 546 419 454 419 

𝐻45, (GPa) 36.4 32.1 33.2 33.4 36.1 

𝐻8" (GPa) 30.9 30.9 30.9 30.9 31.6 

𝐻8M" (GPa) 31.1 25.7 30.4 31.6 30.4 

Changes in:      

Lattice parameter From fcc to hex +3.5 % -3.7 % +3.0 % -6.5 % 

Bonding strength +2.5 eV +0.4 eV -1.0 eV +1.4 eV -2.4 eV 

VEC 8-10 8-9 8-9 8-9 9 

 

 

We decided, at the end of the project, to investigate an additional quaternary system, with a goal 
to determine whether one can further improve the properties of MC carbides in terms of hardness 
and modulus. Data showed an increase in the elastic modulus but not in hardness. This is illustrated 
here by plotting the data on a Modulus-Hardness material selection chart for the systems that we 
investigated, including data for a few other reference materials11. 
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Fig. 7.1 – Hardness – Young’s modulus material selection chart for our 
samples.  Small circles denote values measured in this work CHANGED 

 

As seen, compared with the mechanical properties of binary MC carbides, the ternary and 
quaternary compositions exhibit a significant improvement for the elastic modulus, while the 
hardness remains at a correct level around 30 GPa.  

 

 

Fracture toughness measurements, performed both with chevron-notched cantilever beams and 
by nanoindentation, show that the fracture toughness of ternary compositions remains in the range 
defined by the values of the two binary carbides forming the bounds of a given system. 
Measurements vary significantly within the same carbide composition, however, betraying probably 
lack of precision of indentation toughness measurements, but also a strong influence of anisotropy 
on the resistance to cracking in those phases. From an engineering standpoint, it emerges that 
improvements in stiffness and hardness achieved by alloying in transition metal MC carbides do 
not come with a penalty as concerns their fracture toughness.  
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7.2 Thesis conclusions 

The thesis objectives, described in Chapter 1, were subdivided in three parts: 

1. The processing of binary, ternary and quaternary single crystal carbide particles in a steel 
matrix; 

2. The development of testing methodologies to measure the elastic modulus, the hardness 
and the fracture toughness of those individual particles; 

3. The use of those techniques to explore whether alloying of transition metal MC carbides 
has the potential to improve their mechanical properties. 

 

With respect to these objectives, we can formulate the following general conclusions: 

• Binary, ternary and quaternary carbide particles can be produced by reaction of Ti, Ta, 
V, Nb and/or W powders with cast iron in an arc-melting furnace; 

• Both particle composition and morphology can be tuned by applying subsequent heat 
treatment; 

• The Oliver & Pharr analysis for measurement of the elastic modulus derived from 
indentation is not valid for stiff particles embedded in a compliant matrix: added indenter 
displacement due to the matrix deformation leads to an underestimated value of the 
elastic modulus; 

• The correction proposed by King for measuring the elastic modulus of thin films 
deposited on a flat substrate can be extended to ceramic particles embedded in metallic 
matrix; however, this requires a determination of the local thickness of the particle by a 
time-consuming FIB process; 

• Spherical indentation at ultra-low load is an accurate modulus measurement method, as 
long as (i) the matrix is not too compliant, (ii) the particles are not too small, (iii) the 
contact area between the particle and the matrix is big and (iv) data treatment is 
conducted in a manner that derives appropriate constants over many measurements, so 
as to eliminate the influence of statistical sources of error; 

• The Oliver & Pharr analysis allows to measure accurately the hardness of ceramics, as 
well as that of ceramic particles embedded in a metallic matrix; 

• Chevron-notched triangular cantilever beams provide a novel micro-mechanical test by 
which one can measure the fracture toughness of brittle ceramic particles embedded in 
metal. Moreover, it is sensitive to the crystalline orientation of the crack plane and can 
thus be used to measure fracture toughness anisotropy (via a suitable choice of the notch 
plane and prior EBSD measurements); 

• Indentation fracture toughness provides, with the present MC carbide particles, 
measurements that are consistent with data gleaned using other methods. The method 
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is not able to distinguish the effect of the crystal orientation but can provide an interval 
constituting an acceptable first estimation of the fracture toughness of these phases; 

• Ternary carbide compositions explored here, namely (Ti,W)C, (Ti,Nb)C, (Ti,V)C, 
(Ti,Ta)C and (Ta,V)C show that alloying can bring significant improvements in their 
basic mechanical properties. Concerning the elastic (indentation and by extension 
Young’s) modulus, the evolution with alloying can be either linear, as found with (Ti,W)C 
and (Ti,Nb)C, or exhibit a maximum (observed in the remaining three systems); 

• With regard to the theory of Jhi et al., the present data show that other parameters than 
the valence electron concentration are equally important in governing the hardness and 
stiffness of carbides; 

• Finally, quaternary (Ti,Ta,V)C compositions were produced and tested, leading to 
identify an optimal composition, Ti53Ta34V13C, which exhibits a very high elastic modulus 
(637 GPa); the hardness of quaternary compositions is comparable to that of binary TiC, 
TaC or VC. 

7.3 Perspective for future work 

To conclude this thesis, we propose now a few perspectives for future work, in three distinct 
fields, namely processing, mechanical measurements and atomic bonding theory. 

 

The main processing challenge we had to overcome was a precise control of the carbide 
composition. Indeed, as explained before, an arc melter is very convenient furnace, able to reach 
the very high temperatures required to form carbides, but its high cooling rate tends to produce 
fine and rather metastable microstructures. That feature was an advantage with the (Ti,W)C system, 
because the metastable compositions produced exhibited interesting mechanical properties; 
however, if a precise carbide composition must be produced, the technique becomes less attractive. 
The issue was solved by means of additional post-solidification heat treatments, designed to 
promote phase transformation progression up to the equilibrium microstructure. Although this 
method proved to be successful, the maximal weight of the produced samples could not exceed 
about 2 grams. Although not an intrinsic limitation (bigger arc melter furnaces exist, producing 
quantities such as 400 t in industrial steel production) sample production methods could be 
improved towards the production of larger quantities of carbide containing alloys. 

The applications for such materials, mainly as cutting tools, suggest pieces with a rather small 
volume, such as drills or milling cutters, which are traditionally produced by powder metallurgy. In 
that sense, it could be an interesting challenge to apply new technologies, such as additive 
manufacturing processes, in particular SLM (selective laser melting), in order to develop alloys 
containing such carbide reinforcements. The high temperatures involved in the laser heating are 
sufficient to initiate the chemical reaction of carbide formation, and it could be possible to create 
such reinforcement in situ. 

Up to now, WC is by far the most used carbide in cutting tools, mostly in WC-Co cermets. It is 
made by sintering tungsten and carbon powders at 2000°C, producing WC polycrystals. WC is 
characterized by a very high elastic modulus, around 700 GPa, but a “poor” hardness of ~20 GPa, 
in comparison with other carbides. Because hardness is the most important property for cutting 
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and abrasive applications, it could be very interesting to replace WC by a harder reinforcement, 
exhibiting an almost equal stiffness. We have shown here that the quaternary (Ti,Ta,V)C carbide 
system is a good candidate, able to produce compositions with an elastic modulus higher than 600 
GPa and a hardness similar to WC. Moreover, the metallic elements involved, Ti, Ta and V are 
easier to work with, because of their lower melting point in comparison with W. The main 
limitation could come from the high price of Tantalum and Vanadium; however, given the small 
dimensions of cutting tools, and the impressive properties of quaternary carbides identified here, 
performance could by an attractive argument for the use of those carbides in producing extreme 
quality cutting tools. 

 

The methods that we used in order to measure the mechanical properties of carbide 
reinforcements allowed us to determine with an acceptable accuracy the elastic modulus, the 
hardness and, to a lesser degree, the toughness of those phases; however, all the methods have 
important disadvantages and could be improved. 

The nanoindentation method developed here for the measurement of indentation modulus 
proved to be accurate for MC carbides embedded in steel; however, the method has limitations 
and is not adapted to test all the combinations of reinforcements and matrices. In particular, it is 
not accurate for soft or compliant matrices (such as a polymer or even aluminium); in the first case, 
the matrix yield strength is not sufficient to avoid a plastic deformation of the matrix by the 
reinforcements (acting as an indenter), and in the second case the measurement error increases 
with the matrix compliance. Particle morphology plays also an important role; for example, we 
have never tested spherical reinforcements, which are characterized by a smaller interfacial area 
with the matrix, and then a higher stress for a given applied load. In summary, the method is not 
universal and would require improvement in order to measure Young’s modulus for a larger variety 
of particles. 

As discussed in Chapter 6, the two fracture toughness measurement methods used here, 
indentation toughness and chevron-notched beams, provide rather similar values, which are 
furthermore consistent with the literature. However, it had been proven that indentation toughness 
can provide erroneous values for several materials or material combinations, especially thin films. 
The chevron-notched bend beam method is, in that sense, a much better method, which 
furthermore is able to distinguish between different crystal orientations. The creation of a detailed 
fracture toughness database for ceramic materials, with data obtained by testing chevron-notched 
beam, would be a very useful endeavor. 

Concerning the quaternary (Ti,Ta,V)C system, we focused on the Ti-Ta rich side of the pseudo-
ternary TiC-TaC-VC phase diagram. Because VC has lower properties than TiC and TaC, it was 
an obvious choice also motivated by the data gleaned for the 3 ternary systems. However, it could 
be interesting to complete our measurements with V-rich quaternary compositions in order to have 
a better characterization of the evolution of properties. 

The goal of this thesis was to measure three mechanical properties, namely the elastic modulus, 
the hardness and the fracture toughness. However, we have not determined the strength of such 
particle reinforcements. It could be an interesting additional measurement, because the main 
limitation of a composite is due to the fracture of the reinforcements or decohesion with the matrix, 
limiting then the maximal load that a piece can support before rupture. A very interesting method 
has been developed for silicon particles by Dr. Martin G. Mueller, a former member of our team, 
based on the 3-point bending of a trapezoid beam165, or by breaking C-shape specimen178. He 
proved that silicon defect-free single crystal particles (as found in Al-Si alloys) can be very strong 
an support load as high as 12 GPa; he also identified which defects were responsible for the 
premature fracture of other particles. A similar approach would be very meaningful for carbide 
reinforcements. 
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The interpretation of both the hardness and the elastic modulus evolution with composition 
changes is a very interesting topic. On all our graphic representations, we used a polynomial fit as 
a visual guideline for the evolution with composition; however, it would be much more interesting 
to be able to predict such behavior. Several models have recently been developed to predict the 
hardness of covalent crystals11,14. For that reason, a more complete model, accounting for the d-
orbital structure of MC transition carbides and filling the empty states according to the crystal 
symmetry as the VEC increases would be able, in theory, to predict the hardness evolution of 
mixed carbides. Such a work represents however a complex task, because the replacement of an 
atom of the element M by another atom M’ changes simultaneously a large number of parameters, 
including the density of M-C, M’C, M-M, M’-M’ and M-M’ bonds, the crystal size and the d-orbital 
filling. Strong computational capabilities are then required in order to do all the calculations, and 
DFT could be useful in this situation. 

Systematic DFT simulations for all the ternary and quaternary systems, could provide an 
interesting comparison with the measured data. The few simulations that have been run during the 
project were in good agreement with the mechanical tests (in the Ti-W-C system). Moreover, in 
order to understand better the presence of a maximum for all the hardness curves and for several 
of the elastic modulus evolution with composition, it would be necessary to quantify the effect of 
VEC, changes in bond strength (identified as the width of the pseudogap in DOS plots) or in 
crystal sizes, and the occupancy of antibonding states. Again, DFT could be a useful numerical tool 
to help us investigating deeper that field. 
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APPENDIX A: THERMODYNAMICS DATA 

THERMODYNAMICS DATA 

In this appendix, we provide more detailed information about the thermodynamics of carbide 
formation reactions. 

Table A.1 – Electronegativity difference of the various carbide 
forming elements in comparison with carbon. 

 
𝜒 
[-] 

c - cC 
[-] 

 

C 2.55  

B 2.04 0.51 covalent 

Si 1.90 0.65 covalent 

Cr 1.66 0.89 intermediate 

Mn 1.55 1.00 intermediate 

Fe 1.83 0.72 intermediate 

Co 1.88 0.67 intermediate 

Ni 1.91 0.64 intermediate 

Ti 1.54 1.01 interstitial 

V 1.63 0.92 interstitial 

Zr 1.33 1.22 interstitial 

Nb 1.60 0.95 interstitial 

Mo 1.80 0.75 interstitial 

Hf 1.30 1.25 interstitial 

Ta 1.50 1.05 interstitial 

W 1.70 0.85 interstitial 

Al 1.61 0.94 salt-like 

Ca 1.00 1.55 salt-like 
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Table A.2– Gibbs free energy of carbide formationxxv. 

 Reaction ∆𝐺° 
[J·mol-1·K-1] 

𝑇° range 
[K] 

B4C 4𝐵 + 𝐶	 → 𝐵N𝐶 -56819 + 9.1T 298-1173 

SiC 𝑆𝑖 + 𝐶	 → 𝑆𝑖𝐶 -53430 + 7.0T 298-1683 

Cr23C6 23𝐶𝑟 + 6𝐶	 → 𝐶𝑟GI𝐶O -53666 – 12.7T 1100-1250 

Cr7C3 7𝐶𝑟 + 3𝐶	 → 𝐶𝑟P𝐶I -47976 – 12.7T 1100-1250 

Cr3C2 3𝐶𝑟 + 2𝐶	 → 𝐶𝑟I𝐶G -46430 – 9.7T 973-1173 

Mn7C3 7𝑀𝑛 + 3𝐶	 → 𝑀𝑛P𝐶I -11911 – 23.0T 893-990 

Fe3C 3𝐹𝑒 + 𝐶	 → 𝐹𝑒I𝐶 -28714 – 27.7T 298-1048 

TiC 𝑇𝑖 + 𝐶	 → 𝑇𝑖𝐶 -183050 + 10.0T 298-1683 

VC 𝑉 + 𝐶	 → 𝑉𝐶 -100834 + 6.3T 1150-1370 

V2C 2𝑉 + 𝐶	 → 𝑉G𝐶 -147273 + 4.2T 1150-1370 

NbC 𝑁𝑏 + 𝐶	 → 𝑁𝑏𝐶 -130122 + 1.7T 1180-1370 

Nb2C 2𝑁𝑏 + 𝐶	 → 𝑁𝑏G𝐶 -194138 + 4.2T 1180-1370 

TaC 𝑇𝑎 + 𝐶	 → 𝑇𝑎𝐶 -146022 + 2.1T 1250-1400 

Ta2C 2𝑇𝑎 + 𝐶	 → 𝑇𝑎G𝐶 -196648 + 8.8T 1740-1900 

WC 𝑊+𝐶	 → 𝑊𝐶 -37866 – 6.5T 878-1132 

W2C 2𝑊 + 𝐶	 → 𝑊G𝐶 -30500 – 2.3T 1575-1600 

 

Table A.3– Low temperature thermodynamical constants for 
transition carbidesxxvi. 

 
𝛾 

[mJ·mol-1·K-2] 
TD 
[K] 

TiC 0.75 614 

ZrC 0.75 491 

HfC 0.75 436 

VC 3.15 659 

NbC 2.64 464 

TaC 2.80 489 

WC 0.79 493 

 

  

 
xxv L. E. Toth, Transition Metal Carbides and Nitrides, 1971, Academic Press, New York 
xxvi V.I. Ivashchenko et al., Met. and Mat. Trans., 37A, 2006, 12 
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Table A.4 – Thermodynamic values at room temperature for 
transition carbidesxxvii. 

 
𝑆GQR° − 𝑆+°  

[J·mol-1·K-1] 
𝐻GQR° −𝐻+°  
[J·mol-1] 

𝑐E,GQR 
[J·mol-1·K-1] 

Cr23C6 26.63 4565.4 27.42 

Cr7C3 28.81 4930.8 29.99 

Cr3C2 28.60 5069.4 32.93 

TiC 24.32 4628.4 33.93 

ZrC 33.30 5854.8 37.88 

HfC 39.60 6396.6 37.63 

VC 27.76 4951.8 32.42 

NbC 35.53 5980.8 36.96 

TaC 42.42 6543.6 36.79 

 

Table A.5 – Enthalpies of formation for transition MC and M2C 
carbidesxxvii. 

 
−∆𝐻'° 

[kJ·mol-1] 

Cr3C2 23.10 

TiC 185.22 

ZrC 197.40 

HfC 210.33 

VC 102.90 

V2C 69.30 

NbC 141.12 

Nb2C 97.86 

TaC 143.22 

Ta2C 104.58 

WC 40.61 

W2C 26.46 

 

  

 
xxvii E.K. Storms, “The Refractory Carbides”, Academic Press, New York, 1967 
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Table A.6 – Thermodynamical data of titanium carbidexxviii. 

 𝑇 
[K] 

𝐻T° −𝐻GQR°  
[kJ·mol-1] 

𝑆T°  
[J·mol-1·K-1] 

𝑐E 
[J·mol-1·K-1] 

𝛥𝐺' 
[kJ·mol-1] 

SO
LI

D
 

295.15 0.000 24.230 33.818 -180.844 

400 3.802 35.150 40.685 -179.605 

500 8.116 44.757 45.168 -178.441 

600 12.769 53.234 47.645 -177.336 

700 17.609 60.692 49.033 -176.272 

800 22.559 67.300 49.905 -175.226 

900 27.583 73.217 50.570 -174.179 

1000 32.671 78.577 51.179 -173.115 

1100 37.819 83.484 51.795 -172.021 

1200 43.031 88.018 52.446 -170.773 

1300 48.310 92.243 53.145 -169.281 

1400 53.662 96.209 53.894 -167.788 

1500 59.091 99.954 54.690 -166.292 

1600 64.601 103.510 55.529 -164.793 

1700 70.197 106.903 56.405 -163.288 

1800 75.883 110.152 57.316 -161.779 

1900 81.662 113.276 58.255 -160.263 

2000 87.535 116.289 59.221 -158.295 

2100 93.507 119.202 60.209 -156.039 

2200 99.578 122.026 61.216 -153.782 

2300 105.750 124.770 62.241 -151.530 

2400 112.026 127.441 63.282 -149.286 

2500 118.407 130.045 64.336 -147.053 

2600 124.894 132.589 65.402 -144.835 

2700 131.488 135.078 66.478 -142.636 

2800 138.190 137.515 67.564 -140.458 

2900 145.001 139.905 68.659 -138.304 

3000 151.922 142.251 69.761 -136.178 

3100 158.953 144.557 70.869 -134.080 

3200 166.096 146.824 71.983 -132.015 

3290 172.619 148.835 72.989 -130.185 

LI
Q

U
ID

 3290 243.747 170.454 62.760 -130.185 

3400 250.651 172.518 62.760 -130.348 

3500 256.927 174.337 62.760 -130.501 

 

 
xxviii Ihsan Barin, Thermochemical data of pure substances, Part II, VCH, 1993, New York, p.1528 
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Table A.7 – Thermodynamical data of vanadium carbidexxix. 

 𝑇 
[K] 

𝐻T° −𝐻GQR°  
[kJ·mol-1] 

𝑆T°  
[J·mol-1·K-1] 

𝑐E 
[J·mol-1·K-1] 

𝛥𝐺' 
[kJ·mol-1] 

SO
LI

D
 

295.15 0.000 25.104 31.966 -99.030 

400 3.660 35.613 39.078 -98.138 

500 7.780 44.790 43.034 -97.317 

600 12.227 52.891 45.777 -96.558 

700 16.915 60.114 47.913 -95.857 

800 21.798 66.631 49.697 -95.207 

900 26.847 72.576 51.249 -94.601 

1000 32.042 78.049 52.635 -94.034 

1100 37.370 83.125 53.890 -93.498 

1200 42.817 87.864 55.037 -92.988 

1300 48.374 92.311 56.089 -92.498 

1400 54.032 96.504 57.055 -92.023 

1500 59.782 100.471 57.941 -91.556 

1600 65.617 104.237 58.751 -91.093 

1700 71.530 107.821 59.490 -90.629 

 

  

 
xxix Ihsan Barin, Thermochemical data of pure substances, Part II, VCH, 1993, New York, p.1620 
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Table A.8 – Thermodynamical data of tantalum carbidexxx. 

 𝑇 
[K] 

𝐻T° −𝐻GQR°  
[kJ·mol-1] 

𝑆T°  
[J·mol-1·K-1] 

𝑐E 
[J·mol-1·K-1] 

𝛥𝐺' 
[kJ·mol-1] 

SO
LI

D
 

295.15 0.000 42.384 36.789 -142.647 

400 4.018 53.943 41.665 -142.203 

500 8.339 63.572 44.529 -141.858 

600 12.893 71.870 46.449 -141.586 

700 17.613 79.143 47.888 -141.366 

800 22.462 85.617 49.075 -141.182 

900 27.423 91.458 50.105 -141.027 

1000 32.481 96.786 51.048 -140.896 

1100 37.630 101.694 51.939 -140.784 

1200 42.867 106.250 52.795 -140.691 

1300 48.189 110.509 53.627 -140.615 

1400 53.592 114.513 54.440 -140.555 

1500 59.076 118.296 55.240 -140.512 

1600 64.640 121.886 56.030 -140.485 

1700 70.282 125.307 56.812 -140.475 

1800 76.002 128.576 57.588 -140.482 

1900 81.799 131.710 58.359 -140.506 

2000 87.674 134.723 59.126 -140.548 

2100 93.624 137.626 59.890 -140.607 

2200 99.652 140.430 60.652 -140.683 

2300 105.755 143.143 61.411 -140.775 

2400 111.934 145.773 62.168 -140.883 

2500 118.188 148.326 62.924 -141.007 

2600 124.518 150.808 63.679 -141.145 

2700 130.924 153.226 64.432 -141.298 

2800 137.405 155.583 65.185 -141.463 

2900 143.961 157.883 65.936 -141.639 

3000 150.592 160.131 66.687 -141.823 

3100 157.298 162.330 67.438 -142.013 

3200 164.080 164.483 68.187 -142.205 

3300 170.936 166.593 68.937 -142.266 

3400 177.867 168.662 69.685 -141.488 

3500 184.873 170.693 70.434 -140.717 

 
xxx Ihsan Barin, Thermochemical data of pure substances, Part II, VCH, 1993, New York, p.1447 
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Table A.9 – Thermodynamical data of niobium carbidexxxi. 

 𝑇 
[K] 

𝐻T° −𝐻GQR°  
[kJ·mol-1] 

𝑆T°  
[J·mol-1·K-1] 

𝑐E 
[J·mol-1·K-1] 

𝛥𝐺' 
[kJ·mol-1] 

SO
LI

D
 

295.15 0.000 35.401 36.858 -136.890 

400 4.054 47.060 42.092 -136.269 

500 8.412 56.773 44.840 -135.777 

600 12.992 65.119 46.663 -135.371 

700 17.730 72.420 48.050 -135.024 

800 22.594 78.913 49.204 -134.718 

900 27.566 54.769 50.223 -134.440 

1000 32.636 90.109 51.158 -134.183 

1100 37.796 95.027 52.038 -133.943 

1200 43.042 99.591 52.880 -133.717 

1300 48.371 103.856 53.697 -133.502 

1400 53.781 107.865 54.494 -133.298 

1500 59.270 111.651 55.277 -133.103 

1600 64.836 115.243 56.049 -132.918 

1700 70.479 118.664 56.813 -132.743 

1800 76.198 121.933 57.570 -132.578 

 

  

 
xxxi Ihsan Barin, Thermochemical data of pure substances, Part II, VCH, 1993, New York, p.1017 
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Table A.10 – Thermodynamical data of tungsten carbidexxxii. 

 𝑇 
[K] 

𝐻T° −𝐻GQR°  
[kJ·mol-1] 

𝑆T°  
[J·mol-1·K-1] 

𝑐E 
[J·mol-1·K-1] 

𝛥𝐺' 
[kJ·mol-1] 

SO
LI

D
 

295.15 0.000 32.384 35.378 -38.372 

400 3.916 43.645 40.843 -37.810 

500 8.156 53.093 43.711 -37.355 

600 12.627 61.240 45.601 -36.975 

700 17.261 68.380 47.019 -36.644 

800 22.022 74.736 48.175 -36.346 

900 26.890 80.469 49.170 -36.068 

1000 31.852 85.696 50.059 -35.805 

1100 36.899 90.506 50.870 -35.551 

1200 42.024 94.965 51.621 -35.304 

1300 47.222 99.125 52.325 -35.060 

1400 52.488 103.027 52.989 -34.818 

1500 57.819 106.705 53.618 -34.578 

1600 63.211 110.184 54.215 -34.337 

1700 68.661 113.488 54.784 -34.096 

1800 74.167 116.635 55.325 -33.855 

1900 79.725 119.640 55.840 -33.612 

2000 85.334 122.517 56.331 -33.367 

2100 90.990 125.277 56.797 -33.120 

2200 96.692 127.929 57.241 -32.870 

2300 102.438 130.483 57.661 -32.616 

2400 108.224 132.946 58.059 -32.359 

2500 114.049 135.323 58.435 -32.098 

 

  

 
xxxii Ihsan Barin, Thermochemical data of pure substances, Part II, VCH, 1993, New York, p.1642 
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APPENDIX B: CONTACT MECHANICS 

CONTACT MECHANICS 

In this appendix, we give the equations for elastic indentation stress fields corresponding to 
various indenters. All the equations come from the book of A.C. Fischer-Cripps, “Contact 
Mechanics”, second edition, Springer, 2007, New York. 

B.1 Point contact 

The stresses within a solid material loaded by a point contact have been calculated initially by 
Boussinesq; in cylindrical coordinates, they can be written as: 

𝜎=(𝑟, 𝜃, 𝑧) =
𝑃
2𝜋 o

(1 − 2𝜈) o
1
𝑟/ −

𝑧

𝑟/(𝑟/ + 𝑧/)
K
/
t −

3𝑟/𝑧

(𝑟/ + 𝑧/)
8
/
t	

𝜎&(𝑟, 𝜃, 𝑧) =
𝑃
2𝜋
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𝑟/ −

𝑧

𝑟/(𝑟/ + 𝑧/)
K
/
+

𝑧
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𝜏=B(𝑟, 𝜃, 𝑧) = −
3𝑃
2𝜋

𝑟𝑧/

(𝑟/ + 𝑧/)
8
/
	

Eq. B.1 

The surface stresses (z = 0) are: 

𝜎=(𝑟, 𝜃, 𝑧 = 0) = (1 − 2𝜈)
𝑃

2𝜋𝑟/	

𝜎&(𝑟, 𝜃, 𝑧 = 0) = −(1 − 2𝜈)
𝑃

2𝜋𝑟/	

𝜎B(𝑟, 𝜃, 𝑧 = 0) = 0	

𝜏=B(𝑟, 𝜃, 𝑧 = 0) = 0	
Eq. B.2 

Stress trajectories and isostress lines for Boussinesq “point load” are given in Fig. B.1: 
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Fig. B.1 – Stress trajectories and iso-stress lines (in MPa) for Boussinesq 
“point load” configuration (P = 100 N and 𝜈 = 0.26); r and z in mm; a) 
𝜎1; b) 𝜎 2; c) 𝜎 3; d) 𝜏max; e) hydrostatic stress; f) 𝜎 1 and 𝜎 3 trajectories; g) 

𝜏max trajectories. 
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B.2 Spherical indenter 

The stresses within a solid material loaded by a spherical indenter are: 

𝜎=(𝑟, 𝜃, 𝑧)
𝑝:

=
3
2Ã
1 − 2𝜈
3

𝑎/

𝑟/ �1 − ~
𝑧
√𝑢
�
(
� + ~

𝑧
√𝑢
�
( 𝑎/𝑢
𝑢/ + 𝑎/𝑧/

+
𝑧
√𝑢

�𝑢
1 − 𝜈
𝑎/ + 𝑢 +

(1 + 𝜈)
√𝑢
𝑎 𝑎𝑟𝑐𝑡𝑎𝑛 ~

𝑎
√𝑢
� − 2�Ä	

𝜎&(𝑟, 𝜃, 𝑧)
𝑝:

= −
3
2Ã
1 − 2𝜈
3

𝑎/

𝑟/ �1 − ~
𝑧
√𝑢
�
(
�

+
𝑧
√𝑢

�2𝜈 + 𝑢
1 − 𝜈
𝑎/ + 𝑢 −

(1 + 𝜈)
√𝑢
𝑎 𝑎𝑟𝑐𝑡𝑎𝑛 ~

𝑎
√𝑢
��Ä	

𝜎B(𝑟, 𝜃, 𝑧)
𝑝:

= −
3
2~

𝑧
√𝑢
�
(
T

𝑎/𝑢
𝑢/ + 𝑎/𝑧/U	

𝜏=B(𝑟, 𝜃, 𝑧)
𝑝:

= −
3
2T

𝑟𝑧/

𝑢/ + 𝑎/𝑧/UT
𝑎/√𝑢
𝑎/ + 𝑢U	

𝑢 =
1
2 Å
(𝑟/ + 𝑧/ − 𝑎/) + �(𝑟/ + 𝑧/ − 𝑎/)/ + 4𝑎/𝑧/Æ	

Eq. B.3 

The surface stresses (z = 0) are: 

𝜎=(𝑟, 𝜃, 𝑧 = 0)
𝑝:

=
1 − 2𝜈
2

𝑎/

𝑟/ 	

𝜎&(𝑟, 𝜃, 𝑧 = 0)
𝑝:

= −
1 − 2𝜈
2

𝑎/

𝑟/ 	

𝜎B(𝑟, 𝜃, 𝑧 = 0)
𝑝:

= 0	
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𝜏=B(𝑟, 𝜃, 𝑧 = 0)
𝑝:

= 0	

𝑢BF? = 𝑟/ − 𝑎/	
Eq. B.4 

Stress trajectories and isostress lines for spherical indentation are given in Fig. B.2: 
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Fig. B.2 – Stress trajectories and iso-stress lines (in pm) for spherical 

indentation configuration 𝜈 = 0.26); r and z in mm; a) 𝜎1; b) 𝜎 2; c) 𝜎 3; 
d) 𝜏max; e) hydrostatic stress; f) 𝜎 1 and 𝜎 3 trajectories; g) 𝜏max trajectories. 

B.3 Flat punch indenter 

The stresses within a solid material loaded by a flat punch indenter are: 

𝜎=(𝑟, 𝜃, 𝑧)
𝑝:

= −
1
2 Å𝐽?K −

𝑧
𝑎 𝐽?/ −

(1 − 2𝜈)
𝑎
𝑟 𝐽K? +

𝑧
𝑟 𝐽KK	Æ	

𝜎&(𝑟, 𝜃, 𝑧)
𝑝:

= −
1
2 Å2𝜈𝐽?K +

(1 − 2𝜈)
𝑎
𝑟 𝐽K? −

𝑧
𝑟 𝐽KK	Æ	
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𝜎B(𝑟, 𝜃, 𝑧)
𝑝:

= −
1
2 Å𝐽?K +

𝑧
𝑎 𝐽?/	Æ	

𝜏=B(𝑟, 𝜃, 𝑧)
𝑝:

= −
1
2
𝑧
𝑎 𝐽K/	

𝐽%% =

⎝

⎜
⎜
⎛ 0 √𝑅 𝑠𝑖𝑛 ~

𝜙
2�

l1 +
𝑧/

𝑎/
𝑅C

(
/ 𝑠𝑖𝑛 ~

3𝜙
2
− 𝜃�

𝑎
𝑟 ~
1 − √𝑅 𝑠𝑖𝑛 ~

𝜙
2��

l1 +
𝑧/

𝑎/
𝑎
𝑟
𝑅C

K
/ 𝑠𝑖𝑛 ~𝜃 −

𝜙
2�

𝑟
𝑎
𝑅C

(
/ 𝑠𝑖𝑛 ~

3𝜙
2 � ⎠

⎟
⎟
⎞
	

𝑅 = l�
𝑟/

𝑎/ +
𝑧/

𝑎/ − 1�
/

+ 4
𝑧/

𝑎/	

𝑡𝑎𝑛 𝜙 = 2
𝑧
𝑎 �
𝑟/

𝑎/ +
𝑧/

𝑎/ − 1�
CK

	

𝑡𝑎𝑛 𝜃 =
𝑎
𝑧	

Eq. B.5 

The surface stresses (z = 0) are: 

𝜎=(𝑟, 𝜃, 𝑧 = 0)
𝑝:

= −
1
2 Å𝐽?K −

(1 − 2𝜈)
𝑎
𝑟 𝐽K?	Æ	

𝜎&(𝑟, 𝜃, 𝑧 = 0)
𝑝:

== −
1
2 Å2𝜈𝐽?K +

(1 − 2𝜈)
𝑎
𝑟 𝐽K?	Æ	

𝜎B(𝑟, 𝜃, 𝑧 = 0)
𝑝:

= −
1
2 𝐽?K	

𝜏=B(𝑟, 𝜃, 𝑧 = 0)
𝑝:

= 0	
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𝐽%%,BF? = È
0 √𝑅 𝑠𝑖𝑛 ~

𝜙
2� 𝑅C

(
/ 𝑠𝑖𝑛 ~

3𝜙
2 − 𝜃�

𝑎
𝑟 ~1 − √𝑅 𝑠𝑖𝑛 ~

𝜙
2��

𝑎
𝑟 𝑅

CK/ 𝑠𝑖𝑛 ~𝜃 −
𝜙
2�

𝑟
𝑎 𝑅

C(/ 𝑠𝑖𝑛 ~
3𝜙
2 �

É	

𝑅BF? =
𝑟/

𝑎/ − 1	
Eq. B.6 

Stress trajectories and isostress lines for flat punch indentation are given in Fig. B.3: 
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Fig. B.3 – Stress trajectories and iso-stress lines (in pm) for flat punch 

indentation configuration 𝜈 = 0.26); r and z in mm; a) 𝜎1; b) 𝜎 2; c) 𝜎 3; 
d) 𝜏max; e) hydrostatic stress; f) 𝜎 1 and 𝜎 3 trajectories; g) 𝜏max trajectories. 

B.4 Conical indenter 

The stresses within a solid material loaded by a conical indenter are: 

𝜎&(𝑟, 𝜃, 𝑧)
𝑝:

= −Å2𝜈𝐽?K + (1 − 2𝜈)
𝑎
𝑟 𝐽K? −

𝑧
𝑎 𝐽KK	Æ	

𝜎B(𝑟, 𝜃, 𝑧)
𝑝:

= −Å𝐽?K +
𝑧
𝑎 𝐽?/	Æ	
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𝜎=(𝑟, 𝜃, 𝑧)
𝑝:

= −2(1 + 𝜈)𝐽?K − ~
𝜎B
𝑝:

+
𝜎&
𝑝:
�	

𝜏=B(𝑟, 𝜃, 𝑧)
𝑝:

= −
𝑧
𝑎 𝐽K/	

𝐽?/ = T
𝑟/

𝑎/ +
𝑧/

𝑎/U
CK/
−
𝑐𝑜𝑠 𝜙
𝑅 	

𝐽KK =
𝑎
𝑟 y
l𝑟

/

𝑎/ +
𝑧/

𝑎/ − 𝑅 𝑐𝑜𝑠 𝜙z	

𝐽K/ =
𝑎
𝑟
⎣
⎢
⎢
⎡�1 + 𝑧/

𝑎/
𝑅 𝑐𝑜𝑠(𝜃 − 𝜙) −

𝑧
𝑎
l𝑟

/

𝑎/ +
𝑧/

𝑎/
⎦
⎥
⎥
⎤
	

𝐽?K =
1
2 𝑙𝑛 y𝑅

/ + 2𝑅l1 +
𝑧/

𝑎/ 𝑐𝑜𝑠
(𝜃 − 𝜙	) +1 +

𝑧/

𝑎/z	

𝐽K? =
1
2 Å
𝑟
𝑎 𝐽?K +

𝑎
𝑟
(1 − 𝑅 𝑠𝑖𝑛 𝜙) −

𝑧
𝑎 𝐽KKÆ	

𝑅 = l�
𝑟/

𝑎/ +
𝑧/

𝑎/ − 1�
/

+ 4
𝑧/

𝑎/
U

	

𝑡𝑎𝑛 2𝜙 = 2
𝑧
𝑎 �
𝑟/

𝑎/ +
𝑧/

𝑎/ − 1�
CK

	

𝑡𝑎𝑛 𝜃 =
𝑎
𝑧	

Eq. B.7 

The surface stresses (z = 0) are: 
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𝜎&(𝑟, 𝜃, 𝑧 = 0)
𝑝:

= −Å2𝜈𝐽?K + (1 − 2𝜈)
𝑎
𝑟 𝐽K?	Æ	

𝜎B(𝑟, 𝜃, 𝑧 = 0)
𝑝:

= −𝐽?K	

𝜎=(𝑟, 𝜃, 𝑧 = 0)
𝑝:

= −𝐽?K + (1 − 2𝜈)
𝑎
𝑟 𝐽K?	

𝜏=B(𝑟, 𝜃, 𝑧 = 0)
𝑝:

= 0	

𝐽?/,BF? =
𝑎
𝑟 −

𝑐𝑜𝑠 𝜙
𝑅 	

𝐽KK,BF? = 1 −
𝑎
𝑟 𝑅 𝑐𝑜𝑠 𝜙	

𝐽K/,BF? =
1
𝑅
𝑎
𝑟 𝑐𝑜𝑠

(𝜃 − 𝜙)	

𝐽?K,BF? =
1
2 𝑙𝑛

[𝑅/ + 2𝑅 𝑐𝑜𝑠(𝜃 − 𝜙	) +1]	

𝐽K?,BF? =
1
2 Å
𝑟
𝑎 𝐽?K +

𝑎
𝑟
(1 − 𝑅 𝑠𝑖𝑛 𝜙)Æ	

𝑅BF? = l𝑟
/

𝑎/ − 1	

Eq. B.8 

Stress trajectories and isostress lines for conical indentation are given in Fig. B.4: 
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Fig. B.4 – Stress trajectories and iso-stress lines (in pm) for conical 

indentation configuration 𝜈 = 0.26); r and z in mm; a) 𝜎1; b) 𝜎 2; c) 𝜎 3; 
d) 𝜏max; e) hydrostatic stress; f) 𝜎 1 and 𝜎 3 trajectories; g) 𝜏max trajectories. 
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APPENDIX C: EDX & XRD ANALYSES 

EDX & XRD ANALYSES 

In this appendix, we provide XRD and EDX spectra measured on binary and ternary carbide 
samples. 

C.1 Binary MC carbides 

	
Fig. C.1 – XRD analysis of WC, VC, NbC, TaC and TiC binary carbides. 
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C.2 (Ti,W)C ternary system 

	
Fig. C.2 – XRD analysis of different ternary carbide of the (Ti,W)C 

ternary system. 

	
Fig. C.3 – EDX analysis of different ternary carbide of the (Ti,W)C 

ternary system. 
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C.3 (Ti,V)C ternary system 

	
Fig. C.4 – XRD analysis of different ternary carbide of the (Ti,V)C 

ternary system. 

	
Fig. C.5 – EDX analysis of different ternary carbide of the (Ti,V)C 

ternary system. 
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C.4 (Ti,Ta)C ternary system 

	
Fig. C.6 – XRD analysis of different ternary carbide of the (Ti,Ta)C 

ternary system. 

	
Fig. C.7 – EDX analysis of different ternary carbide of the (Ti,Ta)C 

ternary system. 
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C.5 (Ti,Nb)C ternary system 

	
Fig. C.8 – XRD analysis of different ternary carbide of the (Ti,Nb)C 

ternary system. 

	
Fig. C.9 – EDX analysis of different ternary carbide of the (Ti,Nb)C 

ternary system. 
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C.6 (Ta,V)C ternary system 

	
Fig. C.10 – XRD analysis of different ternary carbide of the (Ta,V)C 

ternary system. 

	
Fig. C.11 – EDX analysis of different ternary carbide of the (Ta,V)C 

ternary system. 
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APPENDIX D: DOS & DFT 

DENSITY OF STATES GRAPHS & DFT 

In this last appendix section, we give the five DOS plots for the TiC, VC, TaC, NbC and WC 
binary carbides, as well as detail about DFT calculations performed on the (Ti,W)C system. 

D.1 DOS graphs 

	
Fig. D.1 – DOS plot for TiC binary carbide; picture reproduced from 

Ref [187]. 
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Fig. D.2 – DOS plot for VC binary carbide ; reproduced from Ref [188]. 

	
Fig. D.3 – DOS plot for TaC binary carbide ; reproduced from Ref 

[189]. 
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Fig. D.4 – DOS plot for NbC binary carbide ; figure reproduced from 

Ref [190]. 
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Fig. D.5 – DOS plot for WC binary carbide ; reproduced from Ref [191]. 

 

D.2 DFT calculations for the (Ti,W)C ternary system 

The elastic constants of the mixed transition metal carbides, Ti-W-C, were predicted by using the 
first principle calculations based on the density functional theory (DFT). To this end, all DFT 
calculation were done by using the ABINIT code192. In DFT calculations, the interactions between 
valence electrons and the core ions of Ti, W and C atoms of the Ti-W-C mixed carbides were 
considered via the optimized norm-conserving Vanderbilt pseudo-potentials193 (ONCVPSP v2) 
that were developed for the generalized gradient approximation (GGA) and Perdew-Burke-
Ernzerhof (PBE)194 exchange-correlation functional. The ONCVPSP v2 pseudo-potentials of Ti, 
W, and C atoms were obtained from the webpage of the ABINIT code. After performing the 
convergence studies for the rock-salt TiC and hexagonal close packed WC primitive unit cells, the 
self-consistent loop calculations for all mixed carbide structures were conducted with the plane 
wave kinetic energy cutoff set to 45 Ha, and the cold smearing with smearing parameter set to 0.02. 
Each considered structure of the mixed carbide in the rock-salt or hexagonal close packed lattice 
was first relaxed so that the inter-atomic forces in the structure do not exceed 1e-6 Ha / Bohr. The 
elastic constants of such relaxed structures were then calculated by exploiting the implementation 
of the density functional perturbation theory within the ABINIT code. The convergence of elastic 
constants with respect to the Brillouin zone sampling is checked by performing (repeating) 
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calculations using the discrete Monkhorst and Pack k-point sampling grids195 of increasing density, 
i.e. starting from grid 6x6x6 via 8x8x8 up to grid 10x10x10 or higher if needed. 

 

In order to search faster through the conformational space of possible ground state structures 
for mixed carbides of varying composition, we used the Alloy Theoretic Automated Toolkit 
(ATAT) code and therein implemented cluster expansion196,197. Based on the number of the exact 
total energies of different mixed carbide structures of different compositions obtained via the DFT 
calculations, the coefficients of the cluster expansion can be optimized so that the total energy of 
the new (any) mixed carbide structure is well approximated by evaluating its cluster expansion. By 
using such approach, we identified the mixed carbide structures at the bottom of the so called 
convex hull, i.e. the structures of the pseudo binary mixed carbide alloy at various compositions 
that have the lowest total energy. The computationally intensive DFT calculations ware then used 
to obtain the exact total energies and the elastic constant of in such a way predicted ground state 
mixed carbide structures. 
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