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ABSTRACT

In this paper, we consider the problem of jointly localizing a microphone array and identifying the direction of arrival of acoustic
events. Under the assumption that the sources are in the far field,
this problem can be formulated as a constrained low-rank matrix factorization with an unknown column offset. Our focus is on handling
missing entries, particularly when the measurement matrix does not
contain a single complete column. This case has not received attention in the literature and is not handled by existing algorithms, however it is prevalent in practice. We propose an iterative algorithm that
works with pairwise differences between the measurements eliminating the dependence on the unknown offset. We demonstrate state-ofthe-art performance both in terms of accuracy and versatility.
Index Terms— Low-rank matrix factorization, node localization,
sensor array self-calibration, far field, missing and uncertain data.

1. INTRODUCTION
Many problems in acoustics, computer vision, localization and signal processing rely on low-rank matrix factorization. A famous example in computer vision is structure from motion (SFM)—recovery
of scene geometries and camera motions from images—proposed by
Tomasi and Kanade [1]. A large number of improvements of the original method have been published: some of them propose to handle
missing entries [2, 3], and some focus on different camera matrices
or dynamic scenes consisting of multiple motions [4–7]. These methods rely on non-linear optimization or EM-like alternation to reach a
solution that is not necessarily optimal.
Thrun adapted the original SFM algorithm to the joint localization of microphones and acoustic events with unknown emission
times [8], which he calls structure from sound (SFS). This problem
has received considerable attention and many methods have been proposed, including both near-field [9–12] and far-field assumptions [13,
14]. The former leads to variants of multidimensional scaling (MDS).
The idea of the latter, which is also studied in this paper, is to factorize a low-rank measurement matrix into a product of a projection and
a coordinate matrix with problem-dependent constraints on the projection matrix.
A number of authors generalized Thrun’s initial work. A similar
setup appears in [13], with the goal of localizing passive nodes in a
communication network using ambient radio or sound signals. The
proposed ellipsoid time difference of arrival (TDOA) method gives a
closed form solution, but it requires a set of measurements with no
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missing values and exactly three receivers in the plane. The same
authors in [14] also address the problem with only two receivers. In
both approaches, the solution is sub-optimal if more receivers are
available. A thorough study of the far-field approximation for the calibration problem is given in [15]. The authors implement the original
SFS algorithm [8] in 3D and analyze its failure modes. In addition,
they propose two minimization strategies—an alternating optimization and a solution relying on the Levenberg–Marquardt algorithm—
and evaluate them with regard to accuracy and convergence rate.
The main shortcoming of [8] is the inability to handle missing
data. However, some SFS algorithms can be generalized to work with
a certain amount of missing entries [15], although they do not explicitly explore it. In practice, the measurements are also subject to
arbitrary delays that appear as unknown column shifts in the SFS formulation and that need to be estimated jointly with the projection and
coordinate matrices. Provided that the measurement matrix contains
a complete column, we can use it to recenter the data points and anchor the shifts; doing so brings us back to the factorization problem
with no shift, which can be solved with [15]. All the aforementioned
techniques fail without at least one complete column.
Our contributions are twofold. First, we propose an iterative algorithm that can factorize a noisy and incomplete data matrix in both
2D and 3D. Second, we demonstrate that our formulation not only
allows us to work in a regime where existing algorithms fail, but it
also outperforms existing algorithms in terms of accuracy. In addition, we recast SFS as the problem of sampling sinusoids at unknown
locations, a topic of interest in sampling theory [16].
2. PROBLEM STATEMENT
We formally define the SFS problem under the far-field assumption.
For simplicity, we first analyze the 2D case; the generalization to 3D
is straightforward and detailed in Section 3.1.
The idea of SFS is to localize a set of N microphones, together with a set of K acoustic events whose emission times are
unknown. The far-field assumption implies that the sound propagates
as a plane wave and the incident angle θk of a fixed acoustic signal
k = 1, . . . , K is the same for all microphones n = 1, . . . , N . Microphones register the absolute times of the events, denoted Dkn for
the kth event and nth microphone. These values are arranged in a
matrix D ∈ RK×N . By defining
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it is easy to see that
D = A> X + c1> ,

(1)

