arXiv:1701.00125v1 [math.GR] 31 Dec 2016

Irreducible representations of simple algebraic groups
in which a unipotent element is represented by a
matrix with single non-trivial Jordan block

Donna Testerman and A.E. Zalesski*

1 Introduction

The representation theory of algebraic groups is based on the study of weight
spaces, which are nothing other than the homogeneous components with respect
to a maximal torus. As every semisimple element belongs to a maximal torus,
the knowledge of weights and their multiplicities, in a given representation, yields
rich information on eigenspaces of the element under consideration.

It is much harder to obtain information on properties of unipotent elements,
for example, their fixed point space, their minimal polynomial, or in the best
case, their Jordan block structure in a given representation. The situation is
better for certain classes of elements, such as root elements, but in general,
problems of this kind can be difficult.

One such question was raised several years ago by the second author, specif-
ically:

Determine the irreducible representations ¢ of a simple algebraic group G
such that, for some unipotent element u, the Jordan normal form of ¢(u) has
exactly one block of size greater than 17

The main motivation for considering this question is to supply an additional
tool for the recognition of linear groups via properties of a single element. How-
ever, one can also view this question as a test of how well the general theory is
adapted for solving computational problems on unipotent elements.

The first contribution was made by I. Suprunenko in [I7, Theorem 1.9], who
solved the problem in the case where ¢(u) has exactly one Jordan block. Later
she obtained a solution to the above problem for classical groups [19, Theorem
3] (see [20] for the proof). The current manuscript grew out of our work on
overgroups of regular elements in simple algebraic groups (see [23| 24]). At
that time, Suprunenko had announced a result which can be used for solving
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the above question for elements of order p in the exceptional groups other than
G9; see Remark after Theorem for details. We have recently learned that
David Craven is working on similar questions for finite simple groups and their
automorphism groups.

Our main result answers the above question by considering all unipotent
elements in all simple algebraic groups of exceptional type.

Theorem 1.1. Let G be a simply connected simple linear algebraic group of
exceptional Lie type over an algebraically closed field F' of characteristic p >
0, and let v € G be a nonidentity unipotent element. Let ¢ be a non-trivial
irreducible representation of G. Then the Jordan normal form of ¢(u) contains
at most one non-trivial block if and only if G is of type Ga, u is a reqular
unipotent element and dim ¢ < 7.

Theorem [[I] remains true when replacing G by a finite quasi-simple group
of Lie type, as every irreducible F-representation of such a group lifts to a
representation of an appropriate simple algebraic group.

Our method is different from those used in [I7, [20] and in a sense is indirect.
We first consider the case where G is of type Aj, and for a representation p,
not necessarily irreducible, we prove that the condition that p(G) contains a
unipotent element with only one non-trivial Jordan block implies that all non-
zero weights of the representation are of multiplicity 1. Then we consider a
special case where p = 0 or |u| = p, and use a result of [22], 13] saying that, with
the exception of one class of elements in GG, when p = 3, u is contained in a
simple algebraic subgroup of GG of type A;. This implies that all non-zero weights
of ¢ are of multiplicity 1. The irreducible representations with this property are
determined in [24]; the list is very short for G of exceptional type. The Jordan
normal form of all classes of unipotent elements in these representations was
computed by Lawther [8]. This yields the result for p = 0 or |u| = p. If
|u| > p > 0 then there is a suitable parabolic subgroup P such that u ¢ R, (P),
the unipotent radical of P. So the projection u’ into a Levi subgroup L of P
is non-trivial. Then one can observe that Jor(7(u’)) has single non-trivial block
for every composition factor 7 of the restriction of ¢ to L. This allows us to use
induction on the rank of G.

Notation Throughout the paper p denotes a prime or 0, and F' an alge-
braically closed field of characteristic p. Unless otherwise stated, G is a simple
simply connected algebraic group over F. All representations of G and FG-
modules are rational. To say that a representation p of G or an F'G-module M
is irreducible, we write p € Irr G or M € Irr G. We let {ay,...,a,} be a base of
the root system of G. Our labelling of Dynkin diagrams is as in [3].

For an integer n > 0 we denote by J, the Jordan block of size n, that is, the
(n x n)-matrix with 1 at the positions (i,7) and (i,4 + 1) for ¢ = 1,...,n, and
0 elsewhere. The Jordan block J; is called trivial. For a matrix x we denote



by Jor(x) a Jordan normal form of z. If x is a linear transformation of a vector
space V' we write Jory(x) for a Jordan normal form of z, especially when we
need to specify V. A diagonal matrix with diagonal entries x1,...,x, is denoted
by diag(z1,...,2,). A similar notation is used for a block-diagonal matrix.

2 Preliminaries

In Lemma 211 below pgeg denotes the F'S-module afforded by the regular repre-
sentation of a finite group S.

Lemma 2.1. Let F be an algebraically closed field of characteristic p > 0,
let G be a finite group with Sylow p-subgroup S of order p, and let M be an
indecomposable FG-module. Suppose that N(S)/S is abelian. Then there is
an indecomposable F'S-module L such that M|s = % - ps? ® L and
dim L < p.

Proof. If the restriction M|g is a projective F'S-module then the statement is
obvious with L = 0. Suppose otherwise. Set N = Ng(S). By [1, §19, Theorem
1], M|y = L® P where P is projective, and L is indecomposable. As S is cyclic,
every projective F'S-module is free, so P|g = % -pg?. Recall that L is
uniserial ([5, Theorem VII.2.4]), that is, the submodule lattice of L is a chain.
Let S = (y), and set x = 1—y in the group algebra FN, Ly = L and L; = 2'L for
i=1,...,d assuming Ly =0, Lg_1 # 0. So d < p. Observe that L, is an FN-
module. (Indeed, for n € N we have nL; = (1 —nyn~')L = (1 — /)L for some
integer j > 0and 1—y/ = (1—y)+(1—y)y+---+(1—y)y’~1.) Therefore, L; is
an F'N-module for every i. As S acts trivially on every L;/L; 1, it is completely
reducible as F'N-module. Since L is uniserial, every L;/L; 1 is irreducible. Since
N/S is abelian, dim(L;/L;+1) = 1. So d = dim L. Here d < |S| as otherwise L|g
is free and hence so is M|g. This completes the proof. O

Lemma 2.2. Let J,, € GL,(F), J, € GL,(F), 1 <n <m be Jordan blocks of
size m,n respectively. Then the Jordan form of J, ® J, contains at least two
blocks of size greater than 1 unless m =n =2 and p # 2.

Proof. Let X be a cyclic p-group if F is a field of characteristic p > 0, otherwise
an infinite cyclic group. Let V,,,,V,, be indecomposable F'X-modules of dimen-
sions m,n, respectively. Let V; C V,,,, V; C V,;, be submodules of dimensions
i, 7, respectively. Then V; ® V; is a submodule of V;;, ® V,,. The number of inde-
composable summands of an F X-module M of dimension > k is not less than
that on any submodule of M. It follows that the result follows by induction as
soon as one verifies this for (m,n) = (2,2), (3,2).

If m =n =2 then Vo ® Vo = W) @ Ws, where the pair (dim Wy, dim W) is
(2,2) if p=2 and (3,1) if p # 2. (This is well known. If p # 2, see [5, Ch, VII,



Theorem 2.7]. If p = 2 then V5 is free, and hence so is V2 ® V5.) By induction,
the lemma is true for p = 2.

Let m = 3,n = 2. If p = 3 then V3 is free, and hence so is V3@ V5. If p #£ 2,3
then the lemma again follows by [5, Ch, VII, Theorem 2.7]. O

Corollary 2.3. Let G be an algebraic group and u € G unipotent. Let M be an
irreducible FG-module such that Jorpr(u) has a single non-trivial block. Then
either M is tensor-indecomposable or G = Ay and dim M = 4.

We will require the following generation result, due to Guralnick and Saxl.

Lemma 2.4. [6] Theorems 5.1 and 5.4] Let G be an exceptional finite group of
Lie type, of untwisted rank I, and x € (G \ Z(G)). Then G can be generated
by 1 + 3 conjugates of x, except, possibly, for the case G = Fy, q even, x> = 1,
where G can be generated by 8 conjugates of x.

Lemma 2.5. Let G be an irreducible subgroup of GL,(F) and g € G. For an
eigenvalue \ of g set d = dim(Id —\"1g)V. Suppose that G is generated by m
conjugates of g. Then n < dm.

In addition, if G is an exceptional group of Lie type, of untwisted rank 1, then
n < d(l+3), except, possibly, for G of type Fy, q even, % = 1, where n < 8d.

Proof. Let G = (g1,...,9m), where g; (1 <1i < m) is conjugate to g in G. Set
VI =3" (Id=A"1g;)V. Then dimV’ < md and GV’ = V', whence V = V/,
and the first statement follows.

If G is a finite exceptional group of Lie type then the additional statement
follows from Lemma 2.4

O

3 Some representations of groups SLy(p) and SLy(F)

Lemma 3.1. Let D = SL(2,p) C G = SL(2,F), uw € D a unipotent element and
let K be a tensor-decomposable irreducible FG-module. Suppose that Jor g (u)
contains a single non-trivial block. Then p > 2 and dim K = 4. In addition,
K|p has a composition factor of dimension 3, and u has a block of size 3.

Proof. Let K = K1 ® Ko, where K is a tensor-indecomposable F'G-module and
d :=dim K; > 1. By Lemma 2.2 Jorg, (u) and Jorg, (u) consist of blocks of size
at most 2. As K is irreducible and tensor-indecomposable, Jorg, (u) consists of
a single Jordan block. Therefore, dim K; = 2 and p # 2. Obviously, Jorg, (u)
cannot have more than one block. It follows that K» is tensor-indecomposable,
and again by Lemma [22] dim Ky = 2. As K;|p & Ks|p, K|p contains as a
direct summand the adjoint F'G-module, which is of dimension 3 for p > 2. O

The following result is well known (see e.g. Humphreys [7, 12.4)):



Lemma 3.2. Let E be an indecomposable rational module of composition length
2 for a simple algebraic group. Let p, ' be the highest weights of E/L, L, resp.,
where L is the mazimal submodule of E. Then either p < u' or u > 1, and in
the latter case E is of shape W, /M, where W, is the Weyl module of highest
weight p and M is a submodule of W,,.

Corollary 3.3. Let G = A1 and let V' be an FG-module. Suppose that W is
either a Weyl module or indecomposable of composition length at most 2. Then
all weights of W are of multiplicity 1.

Proof. If p = 0 then all weights of an irreducible F'G-module are well known to
be of multiplicity 1, and hence so are the weights of any Weyl module of G for
any p > 0. If W is an indecomposable of composition length 2 then, by Lemma
B2 either W or the dual of W is a quotient of a Weyl module, whence the
claim. O

Lemma 3.4. [2| Corollary 3.9] Let G = A1 and Vi, , Vi, be irreducible FG-
modules of highest weights awi,bwy, respectively. Let a = ) .-, a;p’ and b =
>0 bip be the p-adic expansions of a and b, respectively. Let ;p(a + 1) denote
the mazimum r such that p"la+ 1. Suppose that there exists an indecomposable
FG-module of composition length 2 with factors Vg, and Vi, .Then there exists
a natural number k > vy(a+1) such that a; = b; fori # k,k+1, and a, = p—by—2
and ap+1 = bgr1 £ 1. In particular, either a > p or b > p.

Corollary 3.5. Let p > 3 and let G,a,b be as in Lemma B4 Let E be an
FG-module with composition factors Vo, and Vi, . Suppose that a = p* + p’
and b= p" + p' where i < j, r <t. Then E is completely reducible.

Proof. Suppose the contrary. Note that a + 1 is coprime to p as p > 2. So
vp(a +1) = 0. We can assume (by swapping the modules) that ¢ < r. Suppose
that i < r. Then b; = 0 and a; = 1; by Lemma 34} a; = p — 2, which is false as
p > 3. Soi =r. Then j # ¢, and we can assume j < t. Then a; = 1,b; = 0,
and, by Lemma [3.4], 1 = a; = p — 2, a contradiction. ]

Remark.The assumption on a,b in Corollary is equivalent to saying that
Vaw, and Vy,, are tensor-decomposable and dim V,,,, = dim V,,,, = 4.

Lemma 3.6. Let D = SL(2,p) and let S be an indecomposable F D-module. Let
u € D, o(u) = p and suppose that Jorg(u) contains a single non-trivial block.
Then dim S < p+ 1, and one of the following holds (where 1 is the composition
length of S):

(1) I=1 and dim S < p;

(2)l=2,p>2anddimS € {p—1,p+1} orp=2 and dim S = 2;

(3) 1 =3,p>3,dimS = p+1 and the dimensions of the composition factors
of S are 2,p — 3,2;



(4) S has a composition factor of dimension p — 2 and all other factors are
trivial.

In addition, if dim S > p then Jorg(u) contains a block of size p.

Proof. The first claim is well known if S is irreducible. Suppose S is reducible,
and set U = (u). By Lemma 2] the Jordan form of u is (m - Jp, Jg) for some
d < p. By assumption, 0 < m < 1, and m = 1 implies d < 1. Therefore,
dim S < p + 1. The additional claim (after item (4)) is obvious.

Consider the options for {. If [ = 1 then the dimension of S is well known
to be at most p. Suppose that [ > 1 and p = 2. Then D = SL(2), and the
non-trivial composition factors of S are projective D-modules. So either S is
irreducible or trivial on the subgroup of D of order 3. Then dimS = 2. Let
p>2 Ifl=2then dimS =p—1orp+1,see [2 p. 49] or [7, p.111]. If [ >3
then (3) and (4) follow by applying (2) to the factors of S of composition length
2. Indeed, let T be an indecomposable submodule of S of composition length
2. By (2), dim7 =p=+1, and dim S < p + 1 by the above. So dimT =p — 1,
and m := dim S/T < 2. Let d, e be the dimensions of the composition factors
of T, where d + e =p — 1. As S is indecomposable, there is an indecomposable
quotient of S of dimension d+m or e +m. By (2), d+m or e +m equals p — 1.
We may assume that d+m = p—1 (by reordering d,e). If m =2 thend =p—3
and e =2 so (3) holds. Herep#3asd#0. fm=1thend=p—2ande=1,
that is (4) holds. O

The following fact is trivial but it is convenient to state it explicitly as this
is frequently used.

Lemma 3.7. Let M be an FG-module, and u € G unipotent. Suppose that
Jorys(u) contains a single non-trivial block. Then the Jordan form of u on any
submodule or quotient module of M contains at most one non-trivial block. The
same is true for every quotient Ms /My, where My C My are FG-submodules of
M.

Proof. Indeed, u has a single block of size kK > 1 on M if and only if the module
(u—1)M is uniserial as an F'(u)-module. This property is inherited by submod-
ules. Applying this to the dual of M, we get the result for quotient modules.
These also imply the result for My /M;. O

Lemma 3.8. Let G be of type A1, and let uw € G be a unipotent element. Let
M be an FG-module and My the maximal trivial submodule of M. Suppose
that Jorps(u) contains a single non-trivial block. Then the composition series of
M contains at most two non-trivial terms. More precisely, one of the following

holds:

(A) the composition series of M contains at most one non-trivial term; or



(B) p > 2, the composition length of M /My is 2 and p+ 1 < dim M /My <
p+2.

Moreover, in case (B), we have:

(C) If awy,bwy are the highest weights of the composition factors of M /My,
with a > b, then a > p.

Proof. For p = 0 the lemma is trivial. So we assume p > 0. Obviously, we may
assume that M is indecomposable. Let D denote the subgroup of G isomorphic
to SLy(p). Then M|p = S @ T, where T is a trivial D-module and S is an
indecomposable one. We first prove (A) and (B), in a sequence of steps (1) to

(11).
(1) Every submodule of M/M; is indecomposable. In particular, the socle of
M /My is irreducible.

Indeed, if L is a submodule of M /My and L = L1 @® Lo, where Ly, Ly are non-
zero F'G-modules, then one of them is trivial by Lemma [3.7] which contradicts
Lemma [3.4] and the definition of Mj.

(2) Let My C M3 be FG-submodules of M. Suppose that Jory, /a, (u) has a
block of size p. Then M; C My and M /Ms is a trivial FG-module.

Indeed, Ms/M; has an indecomposable F(u)-submodule X of dimension p.
Hence X is projective and injective, so M/Mi|y,y = X @Y, where Y is an F'(u)-
module. By Lemma 37 Y is a trivial F'(u)-module. As X C My/Mj, it follows
that w is trivial on M/Ms, and hence M /My is a trivial FG-module. Applying
this to the dual of M, we observe that u acts trivially on M;. So the claim
follows.

(3) Let K be a composition factor of M. If Jorg(u) has a block of size p then
statement (A) holds.

This follows from (2).
(4) If p = 2 then the statement (A) holds.

Indeed, in this case |u|] = 2 and M has a non-trivial composition factor K,
say. Then u must have a block of size 2 on K, so the result is true by (3).

From now on we assume p > 2.
(5) If M has a composition factor K of dimension p then (A) holds.

Since dim K = p, K is tensor-indecomposable, and hence K|p is irreducible.
Then it is a projective D-module and Jorg (u) consists of a single block of size
p. So the claim follows from (3).

(6) Let My C My C M3 be FG-submodules of M such that My /M is irreducible
and Ms/M; is indecomposable. If M3/M, is trivial then (A) holds.



Set K = My/M; and L = Ms/M;. Suppose the contrary. Then it suffices
to handle the case where dim(L/K) = 1. If dimK < p — 1 then dimL < p.
By [11, Theorem 2], L is completely reducible, contrary to the assumption.
So dim K > p by (5). Therefore, K is tensor-decomposable. By Lemma [B1],
dim K = 4 and p > 3 by Lemma B and (3). Then dimL =5 < p, so L is
decomposable by [11, Theorem 2]. This is a contradiction.

(7) Either statement (A) holds or all composition factors of M /M are non-trivial
and M /My is uniserial.

If M /My has a trivial composition factor then the claim follows from (6).
Otherwise, this follows from Lemma 37 and (1).

(8) Suppose that M has a tensor-decomposable composition factor K, say. Then
either (A) holds and dim K =4 or p > 3 and (B) holds.

By Lemmas B.7 and Bl dim K = 4, the composition factors of K|p are of
dimensions 1,3 and Jorg(u) has a block of size 3. Suppose that (A) is false.
Then p > 3 by (3). Furthermore, K can be included in a subquotient L, say, of
composition length 2. Let K’ be the second factor of L. By (7), K’ is non-trivial
and L is indecomposable.

Suppose first that K’ is tensor-decomposable. Then dim K’ = 4 and, by
Lemma [35] L is completely reducible, which is false.

So K’ is tensor indecomposable, and hence K'|p is irreducible. Set m =
dimK’, sodimL =4+ m. Then 1 < m < p, and m < p by (5). Then L|p has
composition factors of dimensions 3,1, m, and hence is decomposable (otherwise
contradicts Lemma B.6[3)). As Jory(u) has a single non-trivial block, it follows
that L|p contains an indecomposable submodule X, say, with composition fac-
tors of dimensions 3, m. By Lemma [3.6] we have 3+m =p—1 or p+ 1. In the
former case dim L = p, which is false in view of [11, Theorem 2]. So 3+m = p+1,
and hence dim L = p+2. Furthermore, by Lemma [3.6] Jorx(u) contains a block
of size p. Let L = My /M; for some FG-modules My C M. Then, by (2), M /M-
and M, are trivial FFG-modules. So we deduce that My = My and M = Mo, i.e.
L = M/Mjy, so (B) follows.

(9) If the restriction (M /My)|p has a trivial composition factor then (A) or (B)
holds.

Suppose the contrary. Then by (7), all composition factors of M /My are non-
trivial, and tensor-indecomposable factors remain irreducible upon restriction
to D. So one of the composition factors of M is tensor-decomposable, which
contradicts (8).

(10) Either (A) or (B) holds, or the restriction (M/Mp)|p is indecomposable
and has no trivial composition factor.

Suppose that neither (A) nor (B) holds. Then, by (9), (M/My)|p has no
trivial composition factor. By Lemma [3] every composition factor of M /M is



tensor-indecomposable, and hence irreducible for D. Then (M/My)|p is inde-
composable in view of Lemma 3.7

(11) Statement (A) or (B) holds.

Suppose the contrary. Then, by (8), the composition factors of M are tensor-
indecomposable and hence are irreducible for D. By (10), (M/My)|p is inde-
composable with no trivial composition factor. Then, by Lemma [3.6], p > 2 and
dim(M /M) < p+ 1. If dim(M/Mp) < p then M /My is completely reducible by
[11], which contradicts (1).

So we have p > 2 and dim(M/My) = p+ 1, and all composition factors are
irreducible for D. If case (3) of Lemma B.6 holds, then M /M, has composition
length 3 with tensor indecomposable factors of dimension 2, p — 3, 2, contradict-
ing Lemma 34l So Lemma B.6/(2) must hold and M /M has composition length
2 as in (B).

Finally, statement (C) follows from (B) and Lemma 3.4l O

Lemma 3.9. Let G = Ay and let M be an FG-module. Let u € G be a unipotent
element. Suppose that Jorps(u) contains a single non-trivial block. Then all non-

zero weights of M, with respect to a fixed maximal torus of G, are of multiplicity
1.

Proof. For p = 0 the lemma is trivial, for p > 0 this follows from Lemma 3.8
and Corollary B3] O

Lemma 3.10. Let G be a simple algebraic group and X = Ay a subgroup of
G. Let u € X be a unipotent element and M an FG-module. Suppose that
Jorpr(u) contains a single non-trivial block. Then all non-zero weights of M,
with respect to a fized maximal torus of G, are of multiplicity 1. Moreover M is
tensor-indecomposable, unless p # 2, G = A1 and dim M = 4.

Proof. Suppose the contrary, and fix a maximal torus T of GG, and a maximal
torus 77 of X with 77 C T. Let M), be a T-weight space of weight A # 0
such that dim M, > 1. Then dim M,,(y) > 1 for every w € W, where W is the
Weyl group of G. By Lemma [3.9] T} acts trivially on M, for every w € W.
Recall that the weights of G are elements of Hom(T', GL;(F')), which is a Z-
lattice of rank r equal to the rank of G. The Weyl group acts on T and hence on
Hom(T,GL1(F)), so W is realized as a subgroup of GL,(Z). Let R be the vector
space over the rational number field Q spanned by the weights, and this yields
an embedding of W into GL,(Q). It is well known that W is an irreducible
subgroup of GL,(Q). The subspace of R spanned by {w(\) : w € W} is W-
stable, and hence coincides with R. Therefore, every weight ;1 can be written
as Y e Gww(A) with a,, € Q. Let m be an integer such that ma, € Z for
every w € W. Then mu = >, oy (may,)w(X), where the coefficients ma,, are
integers. This implies that (mu)(T7) = 1, whence pu(77") = 1. Note that for



every t1 € T there is an element ¢t € 77 such that t™ = t;, in other words
T, = T7". Therefore, u(T1) = 1. This is true for every weight p of 7. This
implies that T acts trivially on M, which is a contradiction.

For the second assertion in the lemma see Corollary 2.3 U

Theorem 3.11. Let G be a simple algebraic group, u € G a unipotent element
and M an FG-module. Suppose that Jorys(u) contains a single non-trivial block.
If p >0 and uP =1, or if p =0, then all non-zero weights of M, with respect to
a fixed mazximal torus of G, are of multiplicity 1, unless possibly G = Ga,p = 3
and u lies in the class Ag‘g) as in [13].

Proof. By the main results of [22, 3], every element of order p in a simple
algebraic group in defining characteristic p is contained in a simple algebraic
subgroup of type A, with the exception of the class of elements labelled Ag‘g) in
G = G5 when p = 3. If p = 0, every unipotent element is well known to lie in a
subgroup of type Aj. So the statement follows from Lemma B0l O

4 Representations of groups of exceptional type

In view of Theorem B.11] it is useful to know which irreducible representations of
exceptional algebraic groups have all non-zero weights of multiplicity 1. More-
over, for our application to the question about the Jordan block structure of
unipotent elements in the representation space, Corollary 2.3 shows that we can
restrict our attention to tensor-indecomposable representations. We have the
following result taken from [24].

Lemma 4.1. Let G be a simple algebraic group of exceptional type and let M

be a tensor-indecomposable irreducible F'G-module with highest weight w # 0.
Suppose that all non-zero weights of M are of multiplicity one. Then (G,w) €
{(Eﬁ,p“wi),i = 1, 2, 6, (E7,p“¢dj),j = 1, 7, (Eg,p%dg), (F4,pawk), k= 1, 4, (Gg,pawl), [l =
1,2}, for some a > 0.

Theorem 4.2. Let G be a simple algebraic group of exceptional type and let
1 # u € G be a unipotent element of order p. Let M be an irreducible FG-
module. Then one of the following holds:

(a) Jorps(u) contains at least two non-trivial blocks;
(b) G = Gy, w =p%w1, p > 7, u is reqgular and Jorps(u) has precisely one block;
(¢c) G =Ga,p =23 and u lies in the class labelled Agg).

Proof. By Corollary 2.3 M is tensor indecomposable. As |u| = p, Theorem B.1T]
leaves us with inspection of the unipotent block structure for the cases listed
in Lemma [T} unless we are in the situation of (c¢) above. The Jordan block
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structure of all unipotent elements in the representations listed in Lemma 4.1]
has been computed by Lawther [§]. We see that either (a) or (b) holds. (Note
that the case |u| = 2 can be deduced from classification of irreducible linear
groups generated by transvections, see for instance [12].) O

Remark. Under the assumptions of Theorem and assuming in addition
that G # G2, a result of Suprunenko [18, Theorem 1] allows one to reduce the
problem under discussion to an analysis of modules M of dimension at most
4(1 + 3) and a small list of further exceptions, most of which can be handled
using the Tables of [§]. However, the proof of Suprunenko’s result announced in
2005 has not been yet published, so we prefer to avoid using it. In addition, the
method based on Theorem B.1T] can also lead to an alternative proof of a similar
theorem for classical algebraic groups.

We wish to extend Theorem .2l to the case |u| > p. For this we use induction.
From Lemma B.7 we get the following

Lemma 4.3. Let P be a parabolic subgroup in G with Levi factor L and unipotent
radical U. Let u € P be unipotent and let v’ denote the projection of u into L.
Let V be an irreducible FG-module and 0 = Vo c Vi c Vo C --- C Vi =V be
a socle series of V|p (that is, U acts trivially on the factors V;/V;_1). Suppose
that the Jordan form of uw on V has at most one block of size greater than 1.
Then the same holds for the Jordan form of u' on every factor V;/V;_;.

Lemma 4.4. Let G be a simple algebraic group in characteristic p > 0, P a
parabolic subgroup and U = R, (P) the unipotent radical of P. If U is abelian
then the exponent of U equals p. If U is nilpotent of class 2 then U is of exponent
p or 4.

Proof. 1t is well known that U is generated by root subgroups U, for some sets
of roots «, and each U, is an abelian group of exponent p. This implies the
statement if U is abelian. Otherwise, let U’ be the derived subgroup of U. Then
for every x € U the mapping u — [z,u] (u € U) yields a group homomorphism
U — U’'. Now U’ is of exponent p as so is U/U’. If p = 2 then U is of exponent
4. If p > 2 then (zu)? = xPuP[u, 2]PP~D/2 = gPyP as [u, 2]PP~1)/2 = 1. This
easily implies the lemma. O

Remark. Below we will apply Lemma 4] to groups G of type Fg or Fy, and
to the maximal parabolic subgroups P corresponding to nodes 1,6 for Eg and
1,4 for Fy. Then U is of nilpotency class 2. This follows from the description
of U in [4, 4.4] for node 1 of Eg, and for node 6 this follows too as the graph
automorphism of Fg permutes the nodes 1,6. For G = F} this similarly follows
from [4], 4.5] for node 1, and for node 4 from data at [4, p. 19]. (More precisely,
U is generated by the root subgroups U,, where « runs over positive roots whose
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expression in terms of simple roots contains a4, and U contains a normal sub-
group R generated by U, for « such that the root a4 occurs in such expressions
with coefficient 2. As no positive root of Fy has ay-coefficient greater than 2,
the claim follows from 4, 4.8(i)].)

Lemma 4.5. Let G be a simple exceptional algebraic group of rank [ in defining
characteristic p, and uw € G unipotent. Let M be an irreducible G-module such
that Jorps(u) contains a single non-trivial block. Let k > 0 be an integer such
that |upk| = p. Then dim M < (p — 1)p* (1 + 3), unless possibly G is of type Fy,
p =2, where dim M < 2F+3,

Proof. As Jorps(u) contains a single non-trivial block, it follows that Jor s (upk)
contains at most pF non-trivial blocks, each of size at most p. Therefore,
dim(Id —u?" )M < (p—1)pF. There is a finite group G; C G of Lie type such that
u € G1 and M is an irreducible F'G1-module. So the result follows by applying
Lemma to ut". O

Example. If |u| < 4 then dim M < 2(I + 3) or 16 for Fy. If |u| = 9 then
dim M < 6(1 + 3).

Lemma 4.6. Let G be of type Eg, E7, Eg or Fy, and let 1 # u € G be a unipotent
element. Let V' be an irreducible G-module such that dimV > 1. Then Jory (u)
has at least two non-trivial blocks.

Proof. By Lemma B.I] we can assume that V' = V|, is tensor-indecomposable,
and hence without loss of generality the highest weight w of V is p-restricted.
In view of Theorem [£.2] we can assume that |u| > p. If |u| = 4 then dim M < 22
(see Example following Lemma [£35]); however G is well known to have no non-
trivial irreducible representation of degree less than 25. So we can assume that
|u| > 2p. Suppose the contrary, that Jory (u) has a single non-trivial block.

Suppose first that G is of type Eg. Let P;, i = 1,6, be a maximal parabolic
of G corresponding to nodes 1, respectively 6, of the Dynkin diagram of G. Let
L; be a Levi subgroup of P; and L} the derived subgroup of L;. Then L} is a
simple group of type D5. By Lemma L4, u ¢ R, (P). Let v’ be the projection
of u into L;. Then 1 # «' € L. By Lemma [£3] the Jordan form of u' has at
most one non-trivial block on every composition factor of the restriction of V' to
L. Let X be the highest weight of a non-trivial composition factor.

Recall that L] is generated by the root subgroups Uy, with i € {2,3,4,5,6},
and LY is generated by the root subgroups Ui, with i € {1,2,3,4,5}. Let
w =Y a;w;, where wy,...,wqs are the fundamental weights of Eg and 0 < a; < p
fori =1,...,6. Let A1,..., A5 be the fundamental weights of D5. By Smith’s
theorem [I5], the restriction of V' to L) contains a composition factor of highest
weight Z?Zl a;\;, and the restriction of V' to L) has a composition factor of
highest weight agA1 +asAe +agh3+agAg +azAs. (The root ordering for L = Dj
is inverse of that in L).) By a result of Suprunenko [20, Theorem 3] for p > 2
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and [19, Theorem 3] for p = 2, A = p™w; for some integer m > 0. Applying this
to L}, we obtain a1 < 1, ag = -+ = a5 = 0, applying to L}, we get ag < 1. So
we are left to examine the cases where w € {w1,ws, w1 +wg}. By Lawther [8] p.
4136], Jory (u) has at least two non-trivial blocks for w = w; and ws.

Let w = w1 +wg. Then w— aq, respectively w — ag, affords the highest weight
of an F'L;-composition factor for ¢ = 1, resp. ¢« = 2, with highest weight A1 + A\4.
This again contradicts |20, Theorem 3| for p > 2 and [19, Theorem 3] for p = 2.

If G is of type E; then G has a parabolic subgroup P whose Levi factor
L' is of type Eg, and R, (P) is abelian ([4, 4.4]), and hence of exponent p. As
above we deduce that u ¢ R, (P). If w = wy, w affords an L’-composition factor
of highest weight w; for L’ = Eg, and if w = w7, the weight w — a7 affords
an L'-composition factor which is again one of the 27-dimensional irreducible
FEg-modules. But this contradicts the conclusion of the previous paragraph. In
an entirely similar way, and using [4, 4.4], the case G = Eg follows from that for
Er.

Let G = Fy, and let w = ) a;w;, where wy,...,wy are the fundamental
weights of Fy. Let P;, ¢ = 1,4, be a maximal parabolic of G corresponding to
nodes 1 or 4 of the Dynkin diagram of G. Let L; be a Levi subgroup of P; and
L’ the derived subgroup of L;. Then L is simple of type Bs, and L} is simple
of type Cs. Let A1, A2, A3 be the fundamental weights of L/, and pq, uo, us the
fundamental weights of L}. As above, by Smith’s theorem, the restriction of
V to L} contains a composition factor with highest weight a1 A1 + asXs + agAs,
and the restriction of V' to L)} has a composition factor with highest weight
agpy + aspe + asps. Applying [20, Theorem 3] to L), we get a1 = 1,a2 = az = 0;
applying to L) [20, Theorem 3] for p > 2 and [19, Theorem 3| for p = 2, we get
as < 1. So we have to examine the cases w € {w1,wys,w; + ws}. By Lawther [8]
p. 4134, 4135], Jory (u) has at least two non-trivial blocks for w = w; and wy.
If p =2 and w = wy + w4 then V is tensor-decomposable (see [16, Corollary of
Theorem 41]), so Jory (u) has at most two non-trivial blocks by Lemma 2.3

Let w = wy +wy and p > 2. By Liibeck [9], dimV,, = 1053. As |u| > p > 2,
we have |u| < 33,52,72,112 for p = 3,5,7, 11 respectively, see [§]. By Lemma
43 we have dim M < 7-10-11 = 770. This is a contradiction. ]

Now we consider the remaining cases for the group G = G5. So from now
on we assume G = (o, that is, the unipotent elements which are either of order
greater than p or the one class of elements of order 3 for p = 3 which do not
lie in any A;j-type subgroup [13l Theorem 5.1]. We fix a maximal torus T of G
and root subgroups with respect to 1. For all roots «, let x, : G4, — G be an
isomorphism whose image is the T-root subgroup U, corresponding to o. By
[8], for example, we are left to consider the following:

a) u is regular and hence conjugate to x_q, (1)z_qa,(1), p < 5, and u has order
2
p* or 8.
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b) w is in the class Ga(a1), p = 2, u is conjugate to T, (1)T30;+ay(1) and has
order 4.

c¢) u has order 3 and is conjugate to Tan,+as(1)Z3a;+2a,(1).

We note that the Jordan block structure of all unipotent elements acting
on the irreducible modules with highest weight wq, or wy for p # 3, is given in
Lawther [§]. We use this to show:

Lemma 4.7. Let 1 # u € G = G5 be unipotent and let V' be one of the two
irreducible FG-modules with highest weight wy or wy. Then Jory (u) has a single
non-trivial block if and only if one of the following holds:

(1) u is regular and w = w;.

(2) w is regular, p =3 and w = wa.

Proof. For the weight w = wo,p # 3 and w = w; the statement follows directly
from [8, Table 1]. So it remains to consider the case of the irreducible module
Ve(wa), when p = 3. We apply the exceptional graph automorphism of G
and see that any element acting with only one non-trivial Jordan block on V,,
must have image an element acting with only one non-trivial Jordan block on
V.- Then, by the above remarks, the image of the element under the graph
automorphism must be regular, which means the element itself is regular. The
result follows. O

Proposition 4.8. Let G = Gy and let uw € G be unipotent. Let V be an irre-
ducible G-module with highest weight w. Then Jory (u) has a single non-trivial
block if and only if w = pFwi or p =3 and w = pFwy for some integer k > 0.

Proof. Suppose the contrary. By Corollary 23] V is tensor-indecomposable,
so we may then assume that V is p-restricted. Note that u is conjugate to
a unipotent element of Ga(p), and the restriction of a p-restricted irreducible
representation to Ga(p) remains irreducible. So it suffices to deal with G =
Ga(p), which we assume in some cases below. By Lemma L7, we can assume
that w # wy,ws.

Let p = 2. Then |u| < 8. Let ug be a power of u such that |us] = 2. By
Lemma .5 we get dimV < 20. However, as w is 2-restricted and w # wi,ws,
we have w = w; + we. By [9], dim V' = 64 in this case, which is a contradiction.

For elements of order p for p = 3, as in ¢) above, we similarly obtain the
bound dim V' < 10, whereas the minimal dimension of an irreducible representa-
tion of G with highest weight w # 0,w;,ws exceeds 26 [10]. So we are left with
the case |u| =9 for p = 3 and |u| = 25 for p = 5. In these cases u is a regular
unipotent element of G, say u = z_4, (1)z_qa,(1).

Let P; < G be the parabolic subgroup with P; O B~, the Borel subgroup
generated by the maximal torus 7' and the root subgroups corresponding to
negative roots, and whose Levi factor L; satisfies L] = (Uy,,). Set Q; = Ry, (F;)
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and let 7; : P, — L; be the canonical projection. Set u; = m;(u) € L}. Asu € P;,
u stabilizes the commutator series V' O [V, Q;] D [[V,Q4],Qi] D - -, and acts on
the quotients, via the element u;. Then by Lemma B.7 the matrix of u in its
action on every subquotient has at most one non-trivial Jordan block and, by
Lemma [B.8(C), each of these subquotients can have at most one non-trivial p-
restricted irreducible constituent. Note that we will abuse notation and write w;
for the restriction of w; to TN L,. Setting [V, QY] =V, let [V, Q%] = [V, Q¢ 1]Qi]
for d > 1; we will use the following result from [14] 2.3]:

If p =3, assume w = rwy, for some r. Fix an integer d > 0. Then the quotient
[V, Q4/V, Q?H] is isomorphic to the direct sum of those weight spaces of V' of
the form w — doij — may;, for some m > 0 and where {i,j} = {1, 2}.

Case p = 3.

Note that V is tensor-indecomposable if and only if w = 2w; or 2w, (we
ignore the cases w = wy,ws by the above), see [16 Corollary of Theorem 41].

The class of regular elements is invariant under the graph automorphism of
G and so the Jordan block structure of a regular element on V,,,, is the same as
the Jordan block structure of this element on Vg,,. So it suffices to deal with
w = 2wi. Using the above quoted result [14] 2.3], we see that [V, Q1]/[V, Q?] has
three F'L)-composition factors, afforded by w — oy — a9 and w — 21 — g, (the
latter weight has multiplicity 2, see [10], and affords two composition factors)
with highest weights 3wy, respectively wy. This contradicts Lemma B8(G).

Case p = b.

Throughout, we will refer to [10] for weight multiplicities, without further
reference.

Consider first the modules V' = Vg, a = 2,3,4. Here the FL|-module
[V,Q1]/[V, Q3] has FLj-composition factors of highest weights (a + 1)w; and
(a —1)ws, afforded by w — a1 — ag, respectively wy; —2a;3 — ae. Then Lemma [3.§]
implies that a = 4. But in this case the second weight has multiplicity 2 and
affords a third non-trivial composition factor, contradicting Lemma B.8(C).

Now turn to the modules whose highest weight is of the form bwy. For Va,,,
the FL)-module [V, Q3]/[V, Q3] has composition factors of highest weights 3ws,
ws and wy, afforded by w—3a; — as, respectively w—3a; — 2as, the latter having
multiplicity 3 in V. This contradicts Lemma B.8[(C).

For V3,,, the FLy-module [V, Q3]/[V, Q3] has composition factors of highest
weights 4ws and 2ws, afforded by w — 3a; — ag, respectively w — 3a1 — 2aq,
contradicting Lemma B.8(C).

Finally, for the F'G-module Vj,,, we consider the action of the parabolic
subgroup P;. The FLj-module [V,Q3]/[V,Q}] has a composition factor R of
dimension 10 whose highest weight is 9wy (afforded by the weight w — 3aw).
Then R is a tensor product of modules of dimensions 2 and 5, which contradicts
Lemma
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We now turn to modules Vg, +pu,, where 0 < a,b < 5. By [21] 1.35], the
weight w — ag — g has multiplicity 2 in V' if and only if (3b+a+3) Z0 mod 5.
If w — a1 — ap has multiplicity 2, the F'L;-module [V, Q;]/[V, Q7] has composition
factors of highest weights a+3 and a+1, or b+1 and b—1, for i = 1, respectively 2,
afforded by w — o and w — a; — oy, where {7, j} = {1,2}. Now using repeatedly
Lemma B8 and Lemma [Z2] we deduce that w € {w; + 2w9,3w; + bws (b =
1,3,4),4w; +ws}. If b > 1, the weight w —2ay affords an F'Li-composition factor
of [V,Q?]/]V, Q3] which is tensor decomposable and contradicts Lemma If
w = awq +wo, for a = 3,4, then w—3a; and w—3aq — s afford F Lo-composition
factors of [V, Q3]/[V, Q3], of highest weights 4ws, respectively 2w, contradicting
Lemma 3.8(C). O

This completes the consideration of the remaining cases for the group G = Go
and together with Theorem completes the proof of Theorem [Tl
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