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Abstract: 3\
New scientific investigations of artificially structured materials.an eriments have exhibit wave

metamaterials have been on the

™

manipulation to the extreme. In particular, zero refractive ‘E\l
front line of wave physics research for their unique wav anipﬁ)lation properties and application
potentials. Remarkably, in such exotic materials th(:f;—haﬁyonic fields have infinite wavelength
and do not exhibit any spatial variations in t '% lc.l-i-stribution. This unique feature can be

achieved by forcing a Dirac cone to th%the Brillouin zone (I point), as previously
ed4n ti

predicted and experimentally demonstr -invariant metamaterials by means of accidental

degeneracy between three diffe ent\%)c@. n this article, we propose a different approach that
enables true conical dispersion at \itf?‘twofold degeneracy, and generates zero index properties.

We break time-reversa

m\etq and exploit a time-Floquet modulation scheme to demonstrate
a time-Floquet a?as 1 I‘ﬁetayla erial with zero refractive index. This behavior, predicted using

stroboscopic a

alxssm\conﬁrmed by fullwave finite elements simulations. Our results establish

e-Floquet metamaterials as a novel reconfigurable platform for wave control.
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Publishing A. Introduction:
Near-zero refractive index metamaterials have been of great interest for researchers over the past
few years 1. In electromagnetics, such materials force Maxwell’s equations to collapse to the
Laplace differential equation (a special case of the Helmholtz equatioz/in the frequency domain,
which effectively enforces a static wave profile to the time-h ajc eleetromagnetic field.
Analogously, the wave equation for acoustic pressure in a zero—il:aw also transforms into the
Laplace equation, and exhibits the same static wave behavio >1”S"t~herefore overt that waves in

_—

such artificial media experience infinite (or near infinite) ph%se velocity, hence they can be

manipulated in very unique ways. For instance, t ki‘g_int%ccount the conservation of frequency

| -
(from the linearity of the wave equation) andi\\

rvation of the parallel component of the
wave vector k at an interface, such t@riwn bend, steer and focus the direction of a
wavefront, ideally without any angular dsr‘l , as illustrated in Fig. 1. In addition, they exhibit
unique scattering and transmission%ép{t s when they are embedded in other kinds of media.

For instance, in photonics, a non-\nen’c (u =1) zero-epsilon (¢ =0) photonic structure doped

with a simple dielectric sg@(hibits effective magnetic scattering features’. Both in acoustics

and microwaves, a ze r{de>ynetamaterial (ZIM) can be engineered to function as a total reflector

or a total tran tew\gending on the parameters of the solid defect which is embedded within
Q%

the artificial structure®!!"!7. Such interesting properties were also recently introduced for electrons
£
in artifieial q tufn lattices'®.

Forisuch.a r)aterial to exist, the dispersion relation must support a solution with near zero

wa un)xer at a non-zero frequency. One possibility to achieve this is to use periodic structures

S P 18-27

d create a Dirac cone at the I' point of the Brillouin zone'®~’. Such phenomenon in

electromagnetics has been predicted and experimentally verified by forcing the periodic structure
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Publishitegan accidental degeneracy point!®2!23282% obtained by tuning some geometrical parameters in
the lattice. A recent article by M. Dubois, C. Shi et al*® has used this technique to experimentally
prove the existence of a Dirac cone at the center of the Brillouin zone of an acoustic metamaterial,
and demonstrate a double zero refractive acoustic index with reasonably/£ood impedance matching
with air. In these systems, the Dirac cone is never a two-fold dege ra@) which-would correspond
to an effective spin of %, but is instead a three-fold degeneracy (effectivesgpin 1), and the conical
dispersion is always accompanied by a third slow band with _3 'Qfe'nt.mode symmetry, consistent
with the fact that two-fold degeneracies at the I point must havé)parabolic dispersion in any time-
reversal invariant crystal®®. Nevertheless, these effcetivie B%sonic systems are very interesting as

| -
they lead to several exotic tunneling and statiStical properties inherent to spin 1 particles*!*2. In

the present article, we follow a complete% approach to achieve near zero response, and

demonstrate true linear (effective spin ‘Chﬁpe\rf n at the center of the Brillouin zone by breaking

time-reversal symmetry, turnin a&%\la ice into a time-Floquet crystal by applying a time-

Y

~

4 } The spatiotemporal periodic structure

Floquet modulation.

Initially introzcéd\ quantum systems and studied in condensed matter physics®*>3, time-

Floquet systemshave been recently translated to the classical realm of wave physics. Time-Floquet
£
1als.an

metamater d/time-Floquet crystals have been used to induce novel wave phenomena, such

3643 These structures

as«top gica protection, nonreciprocity and space-time boundaries
co spo&l to systems whose index of refraction is not only modulated periodically in space, like

wre?ular crystals, but also in time.


http://dx.doi.org/10.1063/1.5006542

! I P | This manuscript was accepted by J. Appl. Phys. Click here to see the version of record. |

Publishing us consider the metamaterial represented in Fig. 2. This Floquet acoustic crystal has already
been discussed in another context for its unique and exotic topological properties®®. It forms a
hexagonal lattice constructed by coupled acoustic trimers connected together along the hexagonal

bonds via small rectangular channels. The medium filling the acousti(/ crystal is silicone rubber

RTV-602, which is a low loss material with density p, =9 kg)wfz and compressibility

B,=9.824x107""Pa”" *. The surrounding medium could %

T—
steel, which imposes hard wall acoustic boundary cm‘diﬁbns the rubber (large impedance
ic

a denser material like

4 at low

mismatch), and the cavity diameter is 1 cm witthh' of 3 mm. Following
frequencies the trimer can be viewed as a lump elen&n) acoustic pressure network featuring

three parallel coupled L-C resonators, with a \hw acitance of C, = S,V , i.e. we operate the

modulate periodically in time the a

system way below the first dipolar resgnant frequency of the individual cavities (circa 60kHz). We
\{pacuance of each cavity as show in Fig. 2a at a angular

frequency o, =27 f, , with a%@on depth of 0C and a phase (o different for each

symmetric cavity i e Nown in Fig. 2a so that the modulation will convey an effective

spin to the trlmer efk t e-reversal symmetry.
The Static an ro coplc Analys1s In the case of 6C =0 the system does not vary in time.
The band ru of this case is shown in Fig. 3, where k& and J correspond to the internal and

external-eou /coefﬁ01ents of the structure (as indicated in Fig. 2a). From a standard tight

1h on the relative values of the internal and external coupling coefficients, as shown in the

binding model *°, it is straightforward to show that the distances of the bands at k =0 are directly
dge@

re. The next step of the approach is to consider the effect of nonzero time-Floquet modulation
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Publishi (8C = 0) . In order to do this, we calculate the stroboscopic (Floquet-effective) Hamiltonian of the

system:

H, = %log U(T), <\ 1)

where:

U(@)=T exp ]J.H@\ ()

and T is the time ordering operator. This effecti Ha Itonian has the ability to describe the

time evolution of the system at discrete tlmesﬁ ﬁy T, in a similar way as a stroboscopic

photography can sample the motion of a The dynamics of our system are actually
much simpler than the ones of a %ﬁk stroboscopic photographic shot: indeed, our

Hamiltonian is not only time- deper&w{{ also time periodic with a time period of 7, =27/ @,

. This information is crucial, I&\ implies that we can define a quasi band-structure that

repeats itself along the fi uenc axis (Floquet theorem®’) every @+ nw, (where n is an integer).

The repartition of t ({al e}e y among the various Floquet Harmonics describes the frequency
content of the £ oqu mode. Next, we show the effect of the modulation on the quasi-band
structure of the System.

To si p.l.i,fy ¢ démgn procedure, we start by isolating the upper two bands of the quasi band
structu rorb the bottom four, in the limit of vanishingly small modulation depth. We will then

onl on what happens to the bottom four bands when the modulation depth is increased. For

ws purpose, let us define the dimensionless parameters: Q) = a, /20, O, =a,/2k,

x, =00, /®, and x,, = 0,0, @, where @, is the resonant frequency of the cavities and J,k, @,
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Publishithg external coupling, the internal coupling and the modulation frequency, respectively. From the

136

tight binding model®, it is straightforward to show that the condition that guarantees that the two

upper bands remain isolated from the rest once folded along the frequency axis is:

€)

-

—
We also stress that the condition described in Eq. 3 only @ﬁ,} account the folding of the static
band structure of the static lattice into the first tempozal Briﬂouin zone, providing a starting point
for the design of a system with non-overlappingdipo aﬁﬁ monopolar bands at small modulation
depths, but does not guarantee absence ob\%&\‘ﬁ\mﬁpping when the modulation depth gets too

large. The physical meaning of the par ?lﬁ X, 1s to quantify the empty frequency space left (not

occupied) in the temporal BrIHQQ he bands. Values of x, larger than 2 mean that some

space is left in the temporal Brillouin,zone, and under this condition only it is possible to find

values of x,, that willsnot d the two upper bands on top of the four lower bands. This means
that x, >2 isa Q! essa u( not sufficient condition to obtain separated bands, and the value of
x,, alsohast }Justed In order to demonstrate the sway that the time-Floquet dynamics dictate
£ . :

to the syste we sgt our structure with the following parameters (as an example): @, =200MHz,
9Mﬁz J =2MHz, and k = 62.6MHz whichresultto O, =50, Q,, =1.6, x, =4.5, and
XMQ\ 8 (these values satisfy the condition set at Equation (3)) and we also define a
enswnless parameter that represents the depth of the time-modulation: y =Q,6w/@, (where

8C/C,=6w/@,). 1t is evident that when we do not apply any time modulation (y=0) the
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Publishistghboscopic analysis coincides with the static analysis (as shown in Fig. 4a, which illustrates the
same band structure as in Fig. 3, although folded along the frequency axis). As we increase the
modulation depth, the upper two bands are not affected by the activation of the Floquet dynamics,
due to the monopolar symmetry of the modes, which does not overlap with the dipolar modulation

scheme. However, the rest of the bands (see green arrows) are strongly affectedby the modulation,

and become very flat, opening large bandgaps (as shown in FigN & 2.12), a phenomenon

which has been utilized to create Floquet topological s ug_g ulators®. Yet, if we continue to

tune up the level of the modulation (for y =3.134), another intéesting phenomenon occurs. The

two bands highlighted with light green arrows in€ig. gf-alose to each other at the center of the

Brillouin zone and form a Dirac cone, turning t ﬁ insulator into a time-Floquet zero index

acoustic metamaterial at the Dirac frequeney. Fig.4d shows the 3D graphic representation of the

two bands of interest, demonstrating th hstence of genuine conical dispersion over almost the
N

Mt e dispersion of the massless Floquet Dirac phonons

entire Brillouin zone. It is rem ka\
remains linear over a very large area of the Brillouin zone.

C. The fullwave simulation
So far, our inv, s were only based on a toy model relying on the tight-binding stroboscopic
Hamiltonidn. We w turn to fullwave finite element simulations to corroborate the exact behavior

of K;/:t as a stroboscopic zero index structure. We set the parameters

)a) =9.745%, with a time-modulation frequency of f =1312.5Hz, and coupling

*a{)es 6840HZ and J ~209.38Hz. The tight binding model is an abstract mathematical tool,
N

which describes the coupling interactions of complex structures. Such systems can be normalized

over the maximum resonant frequency, or an arbitrary frequency value. Thus, what is important
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Publishifeg this kind of modeling is only the relative value of the coupling with respect to the resonance
frequencies. This gives us the flexibility to observe the relative similarities of our simulation and
our theoretical example in Section B, yet a different frequencies. It is verified that equation (3)
stands also for the simulation. The computational tool we use to 2f{ustrate the time-Floquet
dynamics of the system is the finite-element method with a truncati n?§ the Floquet expansion of

the acoustic wave equation to -1, 0 and +1 Floquet Harmonics* \

At first, we compute the dispersion relation of the structure. >e§u-1~ts shown in Fig. 5a show the
—

quasi-band structure obtained in the simulation for the four ba?)ds of interest and the two upper
bands are indeed isolated (not shown in Fig. 5 for brgxd_y ‘Tjje graph of the dispersion follows the

theoretical results of the band structure at Sés\ Remarkably, the results are in excellent

agreement with the analytical predictlo%hstratmg the expected conical dispersion for
WS

frequency f =21889Hz at k =0. Fig e three dominant Floquet Harmonics associated

.

with the two degenerate acoustic %M . The dominant frequency at which we have wave
propagation in this system is the 0 F uet Harmonic. This means that there is no significant energy

conversion to adJac@Harmomcs consistent with the relatively low value of the

modulation depth

Since we know “the band structure of our model, we can now simulate acoustic pressure

£

propagatien 1 m{te—size acoustic metamaterials, exciting the stroboscopic zero refractive index

beghawvio r)ne specific Dirac frequency f =21889Hz (Fig. 7 and 8). To excite finite sized

~s%st with plane waves, we used two rectangular domains (labeled I and II in Fig. 6, 7), filled

~
ith water and located outside the metamaterials. Both the simulations in Fig. 6, 7 depict the

scattering profile of the acoustic metamaterial for -1, 0 and +1 Floquet Harmonic acoustic pressure
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Publishifiglds. More specifically, in Fig. 6 the metamaterial forms a slab: the incident and reflected fields
are illustrated in domain I and the transmitted field is illustrated in the domain II. Fig. 7 shows a
similar simulation for which the metamaterial has the shape of a prism. For the simulation of Fig.
7 it is shown that the transmitted field is actually a steered plane wave 2&/ith transmitted wavefront
determined by the direction of the output interface, a result which e&)well ith the propagation
theory of zero-index materials as described in Fig. 1a. We stressw imulation in Fig. 7 is of
a hard wall waveguide (domain I) connected to another wa}_\-/\ %ﬁdomain 2) of different width
and geometry. Since the effective impedance of a waveguide de#nds on its cross-section, there is
a mismatch between the two domains that does t(xi,sts TI)F ig. 6, and cause the transmission to
the second domain in Fig. 7 to be slightly reﬂ\% ;-compared to Fig. 6. In either case, by
looking at the scale bar, it is clear that %ﬂt frequency of the system remains at the O

Floquet Harmonic, which corresponds Whﬁ frequency of the incident acoustic field.

/

Characterization of the materlal ow, move to a direct quantitative demonstration of zero

index properties using the fullwave mulations. The simulation of a finite-thickness slab depicted
in Fig. 6 can be used tract effectlve refractive index (V. ,f) for the metamaterial and an
effective acoustic 1mp n (Z,7). The computation of the model of Fig. 6 gives us the

transmission (S) and “reflection (S,,) of the field. With these simulation results, it is

straightforward to determine the characteristics of the material as a homogenous medium, by

—
applying the c)qu tions 23:48:49;
Q
Z, 1+5,)° -8,
S\ 7 = .ﬁ:i\/(+ 11) 21 (4)

' Zo (1_5’11)2 _S212 ’
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l_Sll _r -
Z +1

where d is the slab thickness. The length d has been selected to be / where / is the lattice

constant of the acoustic metamaterial, so that the extraction procedu iDalid. When this condition
is satisfied, a deviation of d does not change the outcome d&j effective index or the effective
T~

impedance, which confirms that N, ,Z, are meaningfoleffectiye parameters. These formulae

give an acoustic impedance of Z,; =(295.86+ 10 .1kPa*“s#m and an effective acoustic index
of N, =-0.0127+ j0.0056. It is evident th Méﬁ’[ 1s not completely matched, since the

effective impedance is different from the 44ne.\nuter (1500 kPa.s/m). This is due mainly to the

hard walls along the interface between eta aterial and the external space. As expected, the
real part of the relative acoustic 1nd&m\ close to zero. The non-zero imaginary part represents
losses from the viewpoint of the z der Floquet field: these losses are caused by the energy
leakage to its neighbor F %momcs which carries away a small albeit noticeable amount of

energy.

D. Conclusion
In this rk hédve presented an active acoustic metamaterial that exhibits near zero refractive
index. cont}ist with the existing literature, we derived this peculiarity by activating time-Floquet
d micsSand by tuning the time-modulation depth to a specific point that provides a quasi-band
}cmre featuring a Dirac cone at the I' point. Such structure possesses the advantage to be
reconfigurable and to provide a unique platform for observation of acoustic waves with pseudo-

spin Y4. Zero refractive index is achieved from just the dipolar modes in contrast with the existing
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Publishinirature. This is feasible due to the dynamics of the time-modulated system. Contrary to static
systems, here frequency is not conserved and the interactions between the dipolar mode of the zero
harmonic and its two nearest neighboring harmonics (which are also dipolar) result in a conical
dispersion at the center of the Brillouin zone. We also stress that Ar paper has focused on
longitudinal waves, however it would be interesting to extend the or@p%hear elastic waves.
We believe that this study enriches the pre-existing research, hig%ﬁg& the fascinating effects
that a time-Floquet modulation can impart to a given structur ‘?d"ﬂae\extraordinary properties of

—_—

waves in time-modulated acoustic, electromagnetic or chani@l metamaterials. This work was

supported by the Swiss National Science Foundatio 35) under Grant No. 172487.
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b)

Waveguide 1

a)\&

~e P
€ra,
Fig. 1: Graphical illustrations of the exotic properties of zero index materials. a) The
propagation of a ray in'a z X prism, b) a zero-index device that redirects a wave signal in
between two wa\&
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a)

C()=C,+5Ccos(w,1)
C,(t)=Cy+06Ccos(w,t —2r/3)
C;(1)=Cy+0Ccos(m,t +2r/3)

Fig. 2: The considered spat \a‘periodic structure. a) the unit cell of the periodic

structure with the time tion of the acoustic capacitance and the internal and external
coupling coefficients );ﬁlete periodic structure from a macroscopic point of view. The
grey domains arg/ led Wi

conditions. Q

s

)
)

Qx

l/silicone rubber. The external boundaries are hard wall boundary
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17

Frequency f
/L

2

B
= 2
K@ mber k_(r/ a,)

Fig. 3: The band structure of th tatic crystal. The bottom four bands are of dipolar nature,

whereas the top two ba ’\nonopolar nature.
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Fig. 4: The \ ructure of the time-Floquet system as the modulation depth

increases bands that eventually form a Dirac cone at I' are highlighted by the light green

arrows): a structure of the unmodulated system (y = 0) (same as in figure 3, but folded),
d st cture becomes flat as modulation increases (¥ =2.12), ¢) at a specific modulation
thbDlrac cone appears in the center of the Brillouin zone (y~3.134), d) a 3D graphical

r resentatlon of the Dirac cone, showing its large spatial extent in the Brillouin zone (black

hexagon).
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a) 224 % 19 b) -1 Floquet Harmonis quue rmonic +I Floquet Harmonic
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=) Mode 1:
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216+ Mode

2, T mvem e teta) 2 \ : ) Min
avenumber AT Ay
\\‘\
Fig. 5: FEM simulation of the infin hya.c\e ime crystal. a) Band structure of the fullwave
simulation for 6C/C, =dw/ w,= & nd f =1312.5Hz, and the formulation of the Dirac

cone at f =21889Hz, b) acmis%stsure of the modes at the Dirac frequency f =21889Hz

(frequency components ¢ ’%dmg to the -1, 0 and +1 Floquet Harmonics).
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_)

-1 Floquet Harmonic 0 Floquet Harmonic & '}TFloquet Harmonic

Incident Acoustic Wave

Color bar for incident, reflected and transmitted field
-2 Pa

- 1 Color bar for field inside the metamaterial
a

Fig. 6: Fullwave simulati ’b zero-index time-Floquet slab. Acoustic pressure field as it is

reflected and tran 1tte gﬁectangular metamaterial slab (domains I, IT are filled with water).


http://dx.doi.org/10.1063/1.5006542

! I P | This manuscript was accepted by J. Appl. Phys. Click here to see the version of record. |

Publishing

™

-1 Floquet Harmonic 0 Floquet Harm a& +1 Floquet Harmonic
Q Incident Acoustic O

-2 Pa

e Color bar for field inside the metamaterial
-5Pa

Fig. 7: Fullwave simulation of a zexo-index time-Floquet prism. Acoustic pressure field as it

is reflected and trans

it %netamaterial prism, demonstrating zero-index properties at the

fundamental harmjm !que?cy (domains I, II are filled with water).

o
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