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Abstract

In the present thesis, we delve into different extremal and algebraic problems arising

from combinatorial geometry. Specifically, we consider the following problems.

1. For any integer n> 3, we define e(n) to be the minimum positive integer such

that any set of e(n) points in general position in the plane, i.e. no three on a line,

contains n points in convex position. In 1935, Erdős and Szekeres proved that

e(n)6
(2n−4

n−2

)+1 and later in 1961, they obtained the lower bound 2n−2+16 e(n),

which they conjectured to be optimal. We prove that e(n)6
(2n−5

n−2

)− (2n−8
n−3

)+2 ≈
7

16

(2n−4
n−2

)
.

2. In a recent breakthrough, Suk proved that e(n)6 2n+O
(
n2/3 logn

)
. We strengthen

this result by extending it to convexity structures induced by pseudoline arrange-

ments and also improving the error term. Combining our results with a theorem

of Dobbins, Holmsen, and Hubard, we significantly improve the best known up-

per bounds on the following two functions, introduced by Bisztriczky and Fejes

Tóth and by Pach and Tóth, respectively. Let c(n) (and c ′(n)) denote the smallest

positive integer N such that any family of N pairwise disjoint convex bodies in

general position (resp., N convex bodies in general position, any pair of which

share at most two boundary points) has an n members in convex position. We

show that c(n)6 c ′(n)6 2
n+O

(p
n logn

)
.

3. Given a point set P in the plane, an ordinary circle for P is defined as a circle

containing exactly three points of P . We prove that any set of n points in the

plane, not all on a line or a circle, determines at least 1
4 n2−O(n) ordinary circles.

We determine the exact minimum number of ordinary circles for all sufficiently

large n, and characterize all point sets that come close to this minimum. We also

consider the orchard problem for circles, where we determine the maximum

number of circles containing four points of a given set and describe the extremal

configurations.
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4. A special case of the Schwartz-Zippel lemma states that given an algebraic

curve C ⊂ C2 of degree d and two finite sets A,B ⊂ C, we have |C ∩ (A ×B)| =
Od (|A|+ |B |). We establish a two-dimensional version of this result, and prove

upper bounds on the size of the intersection |X ∩ (P ×Q)| for a variety X ⊂C4

and finite sets P,Q ⊂ C2. A key ingredient in our proofs is a two-dimensional

version of a special case of Alon’s combinatorial Nullstellensatz. As corollaries,

we generalize the Szemerédi-Trotter point-line incidence theorem and several

known bounds on repeated and distinct Euclidean distances.

5. We use incidence geometry to prove some sum-product bounds over arbitrary

fields. First, we give an explicit exponent and improve a recent result of Bukh and

Tsimerman by proving that max{|A+ A|, | f (A, A)|} À|A|6/5 for any small set A ⊂
Fp and quadratic non-degenerate polynomial f (x, y) ∈ Fp [x, y]. This generalizes

the result of Roche-Newton, Rudnev, and Shkredov giving the best known lower

bound for the term max{|A+A|, |A ·A|}. Secondly, we improve and generalize the

sum-product results of Hegyvári and Hennecart on max{|A+B |, | f (B ,C )|}, for a

specific type of function f . Finally, we prove that the number of distinct cubic

distances generated by any small set A× A ⊂ F2
p isΩ(|A|8/7), which improves a

result of Yazici, Murphy, Rudnev, and Shkredov.

Key words: Erdős-Szekeres, convex sets, Ramsey theory, non-crossing bodies, Sylvester-

Gallai, ordinary circles, Schwartz-Zippel, algebraic curves, Erdős distance problems,

sum-product estimates, incidence geometry, finite fields.
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Résumé

Dans la présente thèse, on approfondit des différentes problèmes extrêmaux et algé-

briques découlant de la géométrie combinatoire. Plus précisément, on considére les

problèmes suivants.

1. Pour tout entier n> 3, on définit e(n) comme l’entier positif minimum tel que

tout ensemble de e(n) points en position générale dans le plan, c’est-à-dire pas

trois points sur la même ligne, contient n points en position convexe. En 1935,

Erdős and Szekeres ont prouvé que e(n)6
(2n−4

n−2

)+1, et plus tard en 1961, ils ont

obtenu la limite inférieure 2n−2 +16 e(n), qu’ils ont supposé à être optimale.

On prouve que e(n)6
(2n−5

n−2

)− (2n−8
n−3

)+2 ≈ 7
16

(2n−4
n−2

)
.

2. Dans une remarquable résultat récent, Suk a prouvé que e(n)6 2n+O
(
n2/3 logn

)
.

Nous renforçons ce résultat en l’étendant aux structures de convexité induites

par des arrangements de pseudolines, et nous améliorons le terme d’erreur. En

combinant nos résultats avec un théorème de Dobbins, Holmsen et Hubard,

nous améliorons significativement les meilleures bornes supérieures connues

pour les deux fonctions suivantes, introduites par Bisztriczky et Fejes Tóth et

par Pach et Tóth. Soit c(n) (et c ′(n)) le plus petit entier positif N , tel que toute

famille de N corps convexes et disjoints deux par deux, en position générale

(resp., N corps convexes dans position générale, tel que chaque paire partage au

plus deux points de frontière) contient n membres en position convexe. Nous

montrons que c(n)6 c ′(n)6 2
n+O

(p
n logn

)
.

3. Étant donné un ensemble fini P dans le plan, on définit un cercle ordinaire pour

P comme un cercle contenant exactement trois points de P . On prouve que

tout ensemble de n points dans le plan, pas tous sur une ligne ou un cercle,

détermine au moins 1
4 n2−O(n) cercles ordinaires. Nous déterminons le nombre

minimum exact de cercles ordinaires pour tous n suffisamment larges, et nous
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caractérisons tous les ensembles de points proches de ce minimum. Nous consi-

dérons également le problème de verger pour les cercles, où nous déterminons

le nombre maximum de cercles contenant quatre points d’un ensemble donné,

en décrivant les configurations extrêmales.

4. Un cas spécial du lemme de Schwartz et Zippel dit que, étant donné une courbe

algébrique C ⊂ C2, ayant degré d , et deux ensembles finis A,B ⊂ C, on a que

|C ∩ (A ×B)| = Od (|A| + |B |). Nous établissons une variante bidimensionnelle

de ce résultat et nous prouvons des limites supérieures sur la cardinalité de

l’intersection |X ∩ (P ×Q)|, pour une variété X ⊂ C4 et pour des ensembles fi-

nis P,Q ⊂C2. Un élément clé de nos preuves est une version bidimensionnelle

d’un cas spécial de Combinatorial Nullstellensatz d’Alon. En tant que corol-

laires, nous généralisons le théorème de incidence de Szemerédi et Trotter, ainsi

que differentes limites pour les distances répétées et distinctes dans le plan

Euclidean.

5. On utilise la géométrie des incidences pour prouver quelques limites de type

somme-produit pour des corps arbitraires. Tout d’abord, nous donnons un

exponent explicite, en améliorant un résultat récent de Bukh et Tsimerman,

prouvant que max{|A + A|, | f (A, A)|} À |A|6/5 pour tout ensemble petit A ⊂
Fp et pour tout polynôme quadratique non-dégénéré f (x, y) ∈ Fp [x, y]. Cela

généralise le résultat de Roche-Newton, Rudnev et Shkredov, en donnant la

meilleure limite inférieure connue pour le terme max{|A+A|, |A ·A|}. Aussi, nous

améliorons et nous généralisons les résultats de Hegyvári et Hennecart pour

max{|A+B |, | f (B ,C )|}, pour un type spécifique de function f . Enfin, nous prou-

vons que le nombre de distances cubiques distinctes générées par un ensemble

petit A × A ⊂ F2
p est Ω(|A|8/7), ce qui améliore le résultat de Yazici, Murphy,

Rudnev et Shkredov.

Mots clés : Erdős-Szekeres, ensembles convexes, théorie de Ramsey, corps non-croisés,

Sylvester-Gallai, cercles ordinaires, Schwartz-Zippel, courbes algébriques, problèmes

de distance d’Erdős, estimations du type somme-produit, géométrie d’incidence,

corps finis.
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1 Introduction

In this thesis, we delve into different types of problems in discrete geometry, and

study combinatorial properties of simple geometric objects. Most of these problems

are traced back to Erdős and can be seen as a first attempt to investigate the com-

binatorial structure of families of discrete geometric objects. They not only formed

the basis of discrete and combinatorial geometry, but also led to the birth of various

disciplines within combinatorics. Among these long-standing problems, we discuss

the Erdős-Szekeres convex polygon conjecture and Sylvester-Gallai type results on

ordinary objects determined by a given point set. We also consider various more

recent topics around incidence geometry. In particular, we consider the extensions

of the classical Schwartz-Zippel lemma over C, and discuss incidence results over

arbitrary fields with their applications to sum-product estimates. The tools needed

to study these problems come from different areas of mathematics including com-

binatorics, algebraic geometry, probability, and analysis. Besides close connections

to other areas of mathematics, these topics have recently drawn attention due to

numerous applications arising in theoretical computer science, computer graphics,

and image analysis. In what follows, we briefly present the original contributions of

this thesis, categorized in three parts: Erdős-Szekeres type problems, Sylvester-Gallai

type problems, and incidence geometry with applications.

1.1 Erdős-Szekeres type problems

One of the most famous problems about point sets in general position is the Erdős-

Szekeres conjecture. Klein observed that any set of five points in general position in the

plane (i.e., no three are on a line), contains four points forming a convex quadrilateral.

1



1. Introduction

She asked the more general question on the existence of the minimum positive integer

e(n) such that every set of e(n) points in general position in the plane contains n points

in convex position. (i.e., n points that form the vertex set of a convex n-gon) Erdős and

Szekeres [29] gave a positive answer in 1935, by first reducing the problem to a Ramsey

type question. Coloring all 4-tuples by two colors, based on being in convex position

or not, they proved that e(n)6R4(n,5), where R4(n,5) denotes the minimum positive

integer such that in any coloring of all 4-tuples of a set of R4(n,5) elements with red

and blue, we can either find n elements whose 4-tuples are all red, or 5 elements whose

4-tuples are all blue. This bound can be obtained by noticing that any set of n points

is in convex position provided that all its 4-tuples are in convex position. Although

Ramsey [69] published his fundamental theorem much before, Erdős and Szekeres

independently reproved it for this purpose. Moreover, they obtained the first good

quantitative version of the result. This is considered as one of the original discoveries

leading to the development of Ramsey theory in various areas of combinatorics.

This purely Ramsey theoretic approach gives a rather weak bound on e(n), therefore

Erdős and Szekeres also used a more geometric argument and proved the upper

bound e(n)6
(2n−4

n−2

)+1. Later in 1961, they [30] gave a construction showing that

2n−2+16 e(n). They conjectured this lower bound to be sharp, and Erdős offered $500

for a proof. The conjecture is known as the Erdős-Szekeres convex polygon conjecture

or as named by Erdős, the happy ending problem, since it led to the marriage of Klein

and Szekeres.

Over the years, several improvements have been made on the upper bound for e(n).

In 1998, Chung and Graham [19] improved the bound by 1. In the same year, Kleitman

and Pachter [49] proved that e(n)6
(2n−4

n−2

)−2n +7. Shortly after that, Tóth and Valtr

[90], [91] improved the bound roughly by a factor of 2 by showing that e(n)6
(2n−5

n−2

)+1.

We further improve it to the following bound.

Theorem 1.1.1 ([58]). For any positive integer n> 6, we have

e(n)6

(
2n −5

n −2

)
−

(
2n −8

n −3

)
+2 ≈ 7

16

(
2n −4

n −2

)
.

Using different techniques, Norin and Yuditsky [60] proved the same asymptotic

bound limsupn→∞
e(n)

(2n−4
n−2 )
6 7

16 , but the explicit bound they obtained is slightly weaker

than that of Theorem 1.1.1. In a recent breakthrough, for the first time, Suk [87]

improved the order of magnitude for large values of n.

2



1.1. Erdős-Szekeres type problems

Theorem 1.1.2 ([87]). For sufficiently large positive integer n, we have e(n)6 2n+6n2/3 logn .

Goodman and Pollack [37] proposed the generalization of the Erdős-Szekeres problem

to pseudo-configurations. A pseudo-configuration is a finite set of points P in the

Euclidean plane such that each pair of distinct points in P span a unique pseudoline,

which can be considered as a simple continuous curve in the Euclidean plane which

starts and ends "at infinity". Moreover, the set of pseudolines spanned by P forms an

arrangement of pseudolines. In other words, any two of the pseudolines meet in pre-

cisely one point which is a proper crossing. This underlying pseudoline arrangement

induces a convexity structure on the point configuration in a natural way, which is

fully addressed in Chapter 3. Goodman and Pollack proved the existence of a minimal

positive integer b(n) such that every pseudo-configuration of size at least b(n) has

n > 3 members in convex position. It can be shown that the original proof due to

Erdős and Szekeres [29] readily generalizes to pseudo-configurations, i.e. we have

b(n)6 4n for all n> 3.

As another generalization, Bisztriczky and Fejes Tóth [8] considered the analogous

problem for families of pairwise disjoint compact convex sets, where they defined

a family of sets to be in convex position if none of them is contained in the convex

hull of the union of the others. They proved that for any n> 3, there exists a smallest

integer c(n) such that any family consisting of at least c(n) pairwise disjoint convex

bodies in the plane with any three members in convex position, has n members in

convex position. Relaxing the hypothesis, Pach and Tóth [65] studied the more general

case of families of pairwise non-crossing convex sets, where any two members of the

family can share at most two boundary points. They proved the existence of a similar

minimal integer c ′(n) for families of pairwise non-crossing convex sets. Their result

was improved by Fox, Pach, Sudakov, and Suk [33] to c ′(n)6 2O(n2 logn).

Dobbins, Holmsen, and Hubard [25] showed that there is an intimate relationship

between the generalizations of the Erdős-Szekeres problem to non-crossing convex

bodies and to pseudo-configurations. In particular, they proved that c ′(n) = b(n) for

all n> 3. Therefore, we have the following chain of inequalities for any n> 3:

e(n)6 c(n)6 c ′(n) = b(n)6 4n . (1.1.1)

We strengthen Theorem 1.1.2 by generalizing it to pseudo-configurations and also

improving the error term. Thus, we get an improvement of the inequalities in (1.1.1).

3



1. Introduction

Theorem 1.1.3 ([43]). For any n> 3 we have

e(n)6 c(n)6 c ′(n) = b(n)6 2
n+O

(p
n logn

)
.

1.2 Sylvester-Gallai type problems

Unlike in the previous section where the point sets are in general position, in this

section, we allow the points to be collinear and study the structure of line arrange-

ments spanned by such a point set. One of the first problems in this context was a

question posed by Sylvester in 1893. He asked whether any finite non-collinear point

set in R2 spans an ordinary line, i.e. a line containing exactly two points of the point

set. Although simple to state, the question remained unsolved for decades until it

was rediscovered by Erdős forty years later. Gallai gave a short proof, and soon many

alternative proofs had been found.

A more sophisticated statement is the so-called Dirac-Motzkin conjecture, according

to which every non-collinear set of n > 13 points inR2 determines at least n/2 ordinary

lines. This conjecture was recently proved by Green and Tao [38] for all sufficiently

large n.

As one of the main variants, the same question has been considered for bounding

the number of ordinary circles, i.e. circles containing exactly three points of a give set.

Elliott [28] introduced this question in 1967, and proved that any set of n points in

the plane, not all on a line or a circle, determines at least 2
63 n2 −O(n) ordinary circles.

The most recent lower bound is 1
18 n2 −O(n) due to Zhang [102]. We improve this to

1
4 n2 −O(n), which is asymptotically tight, and we also determine the exact value of

the linear term O(n).

Theorem 1.2.1 ([52]).

1. If n is sufficiently large, the minimum number of ordinary circles determined by

n points in R2, not all on a line or a circle, equals

1
4 n2 − 3

2 n if n ≡ 0 (mod 4),
1
4 n2 − 3

4 n + 1
2 if n ≡ 1 (mod 4),

1
4 n2 −n if n ≡ 2 (mod 4),
1
4 n2 − 5

4 n + 3
2 if n ≡ 3 (mod 4).

4



1.3. Incidence geometry with applications

2. Let C be sufficiently large. If a set P of n points in R2 determines fewer than
1
2 n2 −C n ordinary circles, then P lies on the disjoint union of two circles, or the

disjoint union of a line and a circle.

In order to prove the previous theorem, we obtain a structural result characterizing

the point sets with few ordinary circles.

Theorem 1.2.2 ([52]). Let K > 0 and let n be sufficiently large depending on K . If a set

P of n points in R2 spans at most K n2 ordinary circles, then all but at most O(K ) points

of P lie on a bicircular quartic.

Green and Tao [38] also solved (for large n) the even older orchard problem, which asks

for the maximum number of lines passing through exactly three points of a set of n

points in the plane. The analogous orchard problem for circles asks for the maximum

number of 4-point circles, i.e. the circles containing exactly four points from a set of n

points. We determine the exact maximum and the extremal sets coming close to this

maximum.

Theorem 1.2.3 ([52]).

1. If n is sufficiently large, the maximum number of 4-point circles determined by a

set of n points in R2 is equal to

1
24 n3 − 1

4 n2 + 5
6 n −2 if n ≡ 0 (mod 8),

1
24 n3 − 1

4 n2 + 11
24 n − 1

4 if n ≡ 1,3,5,7 (mod 8),
1

24 n3 − 1
4 n2 + 7

12 n − 1
2 if n ≡ 2,6 (mod 8),

1
24 n3 − 1

4 n2 + 5
6 n −1 if n ≡ 4 (mod 8).

2. Let C be sufficiently large. If a set P of n points in R2 determines more than
1

24 n3 − 7
24 n2 +C n 4-point circles, then up to inversions, P lies on an ellipse or on

a smooth circular cubic.

1.3 Incidence geometry with applications

Along with the Sylvester-Gallai theorem focusing on ordinary lines, various problems

on the number of rich lines spanned by a given set have been considered. The orchard

5



1. Introduction

problem, mentioned in the previous section, belongs to this category. In a more

general setting, Erdős asked for the maximum number of k-rich lines spanned by any

set of n points in the plane, where a k-rich line is a line containing at least k > 2 points

of the point set. Szemerédi and Trotter [88] proved that the number of k-rich lines

is O( n2

k3 + n
k ). In order to obtain this result, they established a point-line incidence

theorem, according to which the number of incidences between m points and n lines

in the plane is O(m2/3n2/3+m+n). This is one of the first results within an active area

of discrete geometry, called incidence geometry, whose aim is to bound from above

the number of incidences between different geometric objects.

Incidence geometry has been widely used to settle problems arising from combi-

natorial geometry. One of the main problems in this regard is the Erdős’s distinct

distances problem. In 1946, Erdős [31] asked for the minimum number of distinct

distances determined by a set of n points. He proved that a
p

n ×p
n integer grid

determines Θ(n/
√

logn) distinct distances, and conjectured that this is indeed the

smallest possible order of magnitude of the number of distinct distances generated

by any n points in the plane. Elekes introduced a framework connecting distances in

R2 to incidences of lines in R3. Guth and Katz [39] used this reduction and developed

algebraic techniques to obtain the lower boundΩ
(
n/logn

)
, and thus almost proved

Erdős’s conjecture.

Another well-known incidence theorem is the classical Schwartz-Zippel lemma. A

special case of the lemma bounds the size of the intersection of an algebraic curve

with a Cartesian product in C2. More specifically, for an algebraic curve C ⊂ C2 of

degree d and two finite sets A,B ⊂C, we have |C ∩ (A×B)| =Od (|A|+ |B |). A related

statement is Alon’s combinatorial Nullstellensatz [1], which, in this case, says that

C contains all points of A×B if and only if it is defined by a polynomial of the form

g (x)h(x, y)+k(y)l (x, y), with g vanishing on A and k vanishing on B .

We study generalizations of these statements to Cartesian products of two-dimensional

sets. More precisely, given a variety X ⊂C4 and two finite sets P,Q ⊂C2, we prove up-

per bounds on the size of the intersection |X ∩(P ×Q)|. Unlike in the one-dimensional

case, we cannot always expect a better bound than the trivial |P ||Q|. We call a polyno-

mial F ∈ C[x, y, s, t ] Cartesian if it can be written as F (x, y, s, t) =G(x, y)H(x, y, s, t)+
K (s, t )L(x, y, s, t ), with G ∈C[x, y] \C and K ∈C[s, t ] \C. By taking the variety X as the

zero set of F , i.e. X = Z (F ), and taking P ⊂ Z (G) and Q ⊂ Z (K ), we have

|X ∩ (P ×Q)| = |P ||Q|. (1.3.1)
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1.3. Incidence geometry with applications

We show that all varieties satisfying (1.3.1) are defined in this way.

Theorem 1.3.1 ([57]). Let X ⊂C4 be a variety of degree d, not all of its defining polyno-

mials are Cartesian, and let P,Q ⊂C2 be finite sets. If dim X 6 2, we have |X ∩(P ×Q)| =
Od (|P |+ |Q|), and if dim X = 3, we have |X ∩ (P ×Q)| =Od ,ε(|P |2/3+ε|Q|2/3 +|P |+ |Q|).

The bounds in Theorem 1.3.1 are sharp in the sense that there exist varieties of any

degree for which certain constructions meet the bounds. Various incidence results can

be viewed as special instances of Theorem 1.3.1. Most notably, the Szemerédi-Trotter

theorem [88], which bounds the number of incidences between points and lines in R2,

can be rephrased as the case F = xs− y + t . More generally, Theorem 1.3.1 can be seen

as a variant of the Pach-Sharir theorem [62] on the number of point-curve incidences.

In order to prove Theorem 1.3.1, we use a two-dimensional version of the special case

of Alon’s Nullstellensatz, discussed earlier in this section.

Theorem 1.3.2 ([57]). A polynomial F ∈C[x, y, s, t ] of degree d is Cartesian if and only

if there are I , J ⊂C2 with |I |, |J | > d 2 such that I × J ⊂ Z (F ).

Along withR andC, variants of incidence theorems over arbitrary fields, and in particu-

lar finite fields, have been extensively considered. Besides natural applications arising

in theoretical computer science, incidence geometry over arbitrary fields provide

powerful tools to study various discrete problems. In this respect, one can mention

sum-product type problems where using incidence results plays a key role.

One of the first sum-product bounds over finite fields was given by Bourgain, Katz and

Tao [14]. For δ> 0 and A ⊂ Fp with |A| < p1−δ, they proved the existence of a positive

constant ε depending on δ such that max{|A+ A|, |A · A|} Àδ |A|1+ε. There has been

much progress on finding bounds giving an explicit dependence of ε on δ. According

to the most recent bound, due to Roche-Newton, Rudnev, and Shkredov [74], for any

A ⊂ Fp with |A|6 p5/8 we have

max{|A+ A|, |A · A|} À|A|6/5. (1.3.2)

Extending the result of Bourgain, Katz and Tao, Vu [96] studied the sum-product term

max{|A + A|, | f (A, A)|}, where f (x, y) ∈ Fp [x, y] is a non-degenerate polynomial, i.e.

a polynomial not of the form Q(L(x, y)) for the one-variable polynomial Q and the

linear form L. Bukh and Tsimerman [18] improved this result in the case of quadratic
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1. Introduction

polynomials. More precisely, they proved the existence of a constant ε> 0 such that for

A ⊂ Fp with |A|6p
p and for a quadratic non-degenerate polynomial f (x, y) ∈ Fp [x, y]

we have max{|A+A|, | f (A, A)|} À|A|1+ε. Using incidence geometry, we give an explicit

exponent of this bound and improve it to the same exponent 6/5 as in (1.3.2).

Theorem 1.3.3 ([51]). Let f (x, y) ∈ Fp [x, y] be a non-degenerate quadratic polynomial

and A a set in Fp with |A|6 p5/8. We have max{|A+ A|, | f (A, A)|} À|A|6/5.

In another direction, Hegyvári and Hennecart [41] considered a series of sum-product

problems for arbitrary functions. They obtained such a result for the function f (x, y) =
g (x)(h(x)+ y), where g ,h : F∗p → F∗p are arbitrary functions with F∗p = Fp \ {0}. More

precisely, for any sets A,B ,C ⊂ F∗p , they proved that

max
{| f (A,B)|, |B ·C |}À min

{
|A| 1

2 |B ||C | 1
2

p
1
2

, p
1
2 |B | 1

2

}
.

They also proved the same lower bound for the term max
{| f (A,B)|, |B +C |}. We

improve their results for small subsets, and generalize them to an arbitrary field F.

Theorem 1.3.4 ([56]). For the function f (x, y) = g (x)(h(x)+ y) defined by the arbitrary

functions g ,h : F∗ → F∗, and any subsets A,B ,C ⊂ F∗ with |A|, |B |, |C | 6 q5/8, where

q = char(F), we have

(i) max
{| f (A,B)|, |B ·C |}À min

{
|A| 1

5 |B | 4
5 |C | 1

5 , |B ||A| 1
2 , |B ||C | 1

2 , |B | 2
3 |A| 1

3 |C | 1
3

}
,

(ii) max
{| f (A,B)|, |B +C |}À min

{
|A| 1

5 |B | 4
5 |C | 1

5 , |B ||A| 1
2 , |B ||C | 1

2 , |B | 2
3 |A| 1

3 |C | 1
3

}
.

Hegyvári and Hennecart [41] also considered a different sum-product type problem.

Using the Plünnecke-Ruzsa inequality [77] and the Balog-Szemerédi-Gowers theorem

[89], they proved that

max{|A · A|, | f (A, A)|} À|A|1+ 1
800 ,

for f (x, y) = x y(x + y) and A ⊂ F∗p of small size. We give an improvement of this result

over arbitrary fields.

Theorem 1.3.5 ([56]). For the set A ⊂ F∗ with |A|6 p
11
17 , and the polynomial f (x, y) =

x y(x + y) ∈ F[x, y], we have max
{|A · A|, | f (A, A)|}À|A|1+ 1

22 .
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1.4. Notations

As discussed earlier, incidence geometry plays a key role in the Guth-Katz proof of the

Erdős’s distinct distances problem in R2. Similar promising results for distances over

finite fields were established by using incidence geometry, where for any two points

x,y ∈ F2
p , the distance is defined as (x1− y1)2+(x2− y2)2. As one of the earliest distance

results over finite fields, Bourgain, Katz, and Tao [14] considered a generalization

of the Erdős problem over Fp . For 0 < δ < 2 and for any set A ⊂ F2
p with |A|6 p2−δ,

they proved that the number of distinct distances generated by A is at least |A|1/2+ε,

for some ε> 0 depending on δ. Yazici et al. [100] considered a variant of this result

for cubic distances, where they showed that the number of distinct cubic distances

generated by any set A× A ⊂ F2
p of small size isΩ(|A|36/35). Using incidence geometry,

we give an improvement of this result.

Theorem 1.3.6 ([51]). Let A ⊂ Fp with |A|6 p7/12. Then we have |(A−A)3+(A−A)3|À
|A|8/7.

1.4 Notations

We use the following notations throughout the thesis. For any two functions f (n), g (n),

the notation f (n) = Od (g (n)), or equivalently f ¿ g , means that there is a positive

constant Cd , depending only on d , such that f (n) ≤ Cd · g (n) for all n. Similarly,

f (n) =Ωd (g (n)), or f À g , means that there is a Cd > 0 such that f (n) ≥Cd · g (n) for

all n. We say f (n) =Θd (g (n)) when f (n) =Od (g (n)) and f (n) =Ωd (g (n)). Moreover,

by f (n) = o(g (n)) we mean that limn→∞ f (n)/g (n) = 0.

1.5 Organization and contributions

The rest of this thesis is organized as follows. The central part of the thesis consists

of five chapters, each providing a detailed discussion on one of the aforementioned

results. In Chapter 2, we reproduce the results from [58] to obtain the bound on e(n),

formally stated as Theorem 1.1.1. In Chapter 3, we prove Theorem 1.1.3, originally

published in [43], which improves the error term in Theorem 1.1.2 and also extends it

to pseudo-configurations and to families of convex sets.

In Chapter 4, we establish the structural result of Theorem 1.2.2 on the sets defining

few ordinary circles and use it to obtain the exact minimum number of ordinary circles

stated in Theorem 1.2.1. We also settle the orchard problem for circles by proving

Theorem 1.2.3. This work was published in [52].

9



1. Introduction

Chapter 5 is based on [57] and is devoted to generalization of the Schwartz-Zippel

lemma. In particular, we extend the Schwartz-Zippel lemma to Cartesian products of

two-dimensional sets in C2, i.e., we obtain Theorem 1.3.1. To this end, we first prove

Theorem 1.3.2 in order to establish a two-dimensional version of Alon’s Combinatorial

Nullstellensatz.

In Chapter 6, we combine the results from [56] and [51], and prove some sum-product

bounds over arbitrary fields. First, we prove Theorem 1.3.3 and give an explicit ex-

ponent to a result of Bukh and Tsimerman. Secondly, we establish Theorems 1.3.4

and 1.3.5 which improve the results of Hegyvári and Hennecart, and generalize them

to arbitrary fields. Finally, we improve the bound on the number of distinct cubic

distances over finite fields in the form of Theorem 1.3.6. We conclude the thesis with

some open problems on the topics discussed.

For the sake of completeness, at the beginning of each section, we give a relevant

introduction including a brief literature review, related definitions, and preliminary

results. The papers forming the basis of this thesis are a result of several discussions

among the co-authors, each equally contributing to the content and development of

the papers.
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2 The Erdős-Szekeres convex polygon
conjecture

The content of this chapter is based on a joint work with Georgios Vlachos, published

under the title "An improved upper bound for the Erdős-Szekeres conjecture" in the

journal Discrete & Computational Geometry, volume 56, pages 165-180, 2016 [58].

This chapter is a postprint version of the article with some minor modifications in the

presentation.

In 1933, Esther Klein asked about the existence of the minimum positive integer e(n)

such that any set of e(n) points in general position in the plane, i.e., no three points

are on a line, contains n points in convex position, i.e., n points that form the vertex

set of a convex n-gon. Erdős and Szekeres [29] gave a positive answer in 1935, by

proving that e(n)6
(2n−4

n−2

)+1. In 1961, they gave a construction in [30] and proved

that 2n−2 +16 e(n). The lower bound is conjectured to be tight.

In 1998, Chung and Graham [19] improved the upper bound by 1. In the same year,

Kleitman and Pachter [49] proved that e(n)6
(2n−4

n−2

)−2n+7. Shortly after that, Tóth and

Valtr [90] improved the bound roughly by a factor of 2 by showing that e(n)6
(2n−5

n−2

)+2.

In [91], they combined the ideas from [90] and [19] to improve this bound by another 1.

We refer the reader to [16] for other questions and results related to the Erdős-Szekeres

theorem.

In his recent paper [95], Vlachos further reduced the bound to

e(n)6

(
2n −5

n −2

)
−

(
2n −8

n −3

)
+

(
2n −10

n −3

)
+2, (1)

11



2. The Erdős-Szekeres convex polygon conjecture

which implies

limsup
n→∞

e(n)(2n−5
n−2

) 6 29

32
. (2)

Using slightly different techniques, Norin and Yuditsky [60] showed that

limsup
n→∞

e(n)(2n−5
n−2

) 6 7

8
. (2′)

In the present work, we further improve the bound to get rid of the term
(2n−10

n−3

)
in (1).

Our main result is the following.

Theorem 2.0.1. Let e(n) be the minimum integer such that any set of e(n) points in

general position in the plane contains n points in convex position. For any integer

n> 6, we have

e(n)6

(
2n −5

n −2

)
−

(
2n −8

n −3

)
+2.

Note that this result is slightly stronger than that in [60], but it yields the same asymp-

totic upper bound (2′).

The rest of this chapter is structured as follows. In Section 2, a partitioning of any

point set, with some nice applications is introduced. We use this partitioning to

give an alternative proof of the first upper bound for e(n), which was obtained by

Erdős and Szekeres [29]. In Section 3, we introduce an auxiliary function called the

convexification function h(m, l ), and establish some of its most important properties.

Among them, Lemma 2.2.3 and Theorem 2.2.4 are taken from [95]. We prove another

property of h(m, l ) in Theorem 2.2.5. Combining this result with the other two will give

us an improved upper bound on the convexification function. By using this bound

and applying a projective transformation taken from [90], we prove Theorem 2.0.1 in

the last section, and deduce the asymptotic bound (2′) from it.

2.1 Preliminary results

First, we define a few properties of the point sets in the plane.

Definition 2.1.1. A set is said to be in general position, if it does not contain any three

12



2.1. Preliminary results

collinear points. A set is non-vertical, if any vertical line in the plane contains at most

one point of the set. In other words, no line spanned by the points of the set is vertical.

Unless otherwise stated, all sets we consider in this chapter (even when considering

the union of two sets) are assumed to be finite, non-vertical and in general position.

Definition 2.1.2 (Cups and Caps). Let m > 3 be an integer. We say that the points

(x1, y1), (x2, y2), . . . , (xm , ym) form an m-cup if they satisfy the following properties:

1. x1 < x2 < ·· · < xm ;

2. y2−y1
x2−x1

< y3−y2
x3−x2

< ·· · < ym−ym−1
xm−xm−1

.

In a similar way, they form an m-cap if we have

1. x1 < x2 < ·· · < xm ;

2. y2−y1
x2−x1

> y3−y2
x3−x2

> ·· · > ym−ym−1
xm−xm−1

.

Figure 2.1 – A 5-cup and a 5-cap.

The following definition introduces a partitioning of any point set in the plane with

some nice applications (Lemma 2.1.5). For any point p, let (px , py ) denote its coordi-

nates.

Definition 2.1.3 (Upper and Lower subsets). Consider the point set S in the plane.

Pick an arbitrary s = (sx , sy ) ∈ S and let

S−
s = {s′ ∈ S : s′x < sx}, S+

s = S \ (S−
s ∪ {s}).

For any s′ ∈ S \ {s}, define the angle between s and s′,∠(s, s′), in the following way.

13



2. The Erdős-Szekeres convex polygon conjecture

1. If s′ ∈ S−
s : ∠(s, s′) =∠(s′, s, (sx , sy +1));

2. If s′ ∈ S+
s : ∠(s, s′) =∠((sx , sy −1), s, s′).

Let ∠(s, ps) = min{∠(s, s′) : s′ ∈ S \ {s}}. Note that since S is in general position, ps is

the unique point of S \ {s} with that property. Now if ps ∈ S+
s , then we call s an upper

point for S; otherwise we call it a lower point. See Figure 2.2. We denote the upper

and lower subsets of S by US and LS , which consist of the upper and lower points of S,

respectively.

Figure 2.2 – Upper and lower points.

Lemma 2.1.4. For any point set S, {US ,LS} gives a nontrivial partition of S.

Proof. According to the Definition 2.1.3, it is easy to see that S =US ∪LS and US ∩LS =
;. So we know that at least one of US and LS is nonempty. Without loss of generality,

suppose there exists an s ∈US . Consider the point ps ∈ S \ {s} forming the minimum

angle with s. It is easy to check that ps ∈ LS , since otherwise we get∠(s, pps ) <∠(s, ps),

which is in contradiction with the choice of ps . Therefore, we also have LS 6= ;.

Lemma 2.1.5. Consider the disjoint point sets B ,S and let m, l > 3 be integers. The

following statements hold.

1. Any l -cap in B ∪S with the rightmost point in US and the second rightmost point

in S can be extended to an (l +1)-cap, by adding an appropriate point of LS to its

right.

2. Any m-cup in B ∪S with the leftmost point in LS and the second leftmost point in

S can be extended to an (m +1)-cup, by adding an appropriate point of US to its

left.
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Proof. We give the sketch of the proof for the first statement; the second one can be

proved in a similar way. Denote the l -cap by v1v2 . . . vl , where vl−1 ∈ S and vl ∈US . As

described in the Definition 2.1.3, consider the point pvl ∈ S\{vl } forming the minimum

angle with vl . By the proof of Lemma 2.1.4, we have pvl ∈ LS . All the points of S lying

to the left of vl are below the line vl pvl ; in particular vl−1 is below vl pvl . See Figure

2.3. So we get that v1v2 . . . vl−1vl pvl forms an (l +1)-cap.

Figure 2.3 – Extension of l-cap v1v2 . . . vl by pvl .

Now we state the first upper bound which was obtained by Erdős and Szekeres [29].

First note that in the definition of the function e(n) given in Theorem 2.0.1, we can

simply assume that the set is non-vertical, since by applying an appropriate rotation,

one can make the set non-vertical, by also preserving the convex subsets.

Definition 2.1.6 ((m, l )-Free set). For the integers m, l > 3, we call a set (m, l )-free if it

contains no m-cup and no l-cap.

For the following theorem, we give a modification of the original proof, by using the

upper and lower subsets.

Theorem 2.1.7 (Erdős and Szekeres [29]). Consider the positive integers m, l and let

f (m, l ) denote the maximum integer such that there exists an (m, l )-free set of f (m, l )

points in the plane. Then we have f (m, l ) = (m+l−4
l−2

)
.

Proof. We only prove f (m, l )6
(m+l−4

l−2

)
, since this is the part that we need for the rest

of the proof. For this, it is enough to prove f (m +1, l +1)6 f (m +1, l )+ f (m, l +1),

since if it holds for all m, l , one can apply induction to deduce f (m, l )6
(m+l−4

l−2

)
.
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2. The Erdős-Szekeres convex polygon conjecture

To prove this, we consider a set S with more than f (m +1, l )+ f (m, l +1) points in the

plane and prove that S must contain either an (m +1)-cup or an (l +1)-cap. Let US ,LS

be the associated upper and lower subsets of S, respectively. By Lemma 2.1.4, we have

|S| = |US |+ |LS | > f (m +1, l )+ f (m, l +1),

so we either have |US | > f (m +1, l ) or |LS | > f (m, l +1). Without loss of generality,

assume that |US | > f (m +1, l ). By the definition, US contains either an (m +1)-cup or

an l -cap. In the former case, we are done. In the latter one, by Lemma 2.1.5, we obtain

an (l +1)-cap in S. So we are done in both cases and the theorem is proved.

Corollary 2.1.8. We have e(n)6
(2n−4

n−2

)+1.

Proof. Since n-cups and n-caps are convex n-gons, we have e(n)6 f (n,n)+1. So the

result is deduced by Theorem 2.1.7.

Now we give a short motivation for the rest of the proof. Consider the point set S with

s ∈ S satisfying the following properties:

1. s is the right endpoint of an (n −2)-cup in S;

2. s is the left endpoint of an (n −2)-cap in S;

3. s is the left endpoint of an (n −1)-cup in S;

4. The right endpoint of the (n −1)-cup does not coincide with the second point,

from the left, of the (n −2)-cap.

Then it can be proven that S contains a convex n-gon or an (n −1)-cap.

So a set that contains no convex n-gon and no (n −1)-cap does not contain any point

with all the above 4 properties. Using this fact, for (n,n −1)-free sets that contain no

convex n-gon, we can improve the upper bound on e(n) which Corollary 2.1.8 gives.

As a result, for any given positive integer n, we show the following: Any sufficiently

large point set contains either a convex n-gon, or an (n −1)-cap or a point s with the

above 4 properties. We construct such a point s inductively for sets of large size. So

the cardinality of any (n,n −1)-free set that contains no convex n-gon must be small

enough that our inductive procedure does not produce such a point s. Therefore,
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we bound the size of all (n,n −1)-free sets that contain no convex n-gon. Next, we

combine this bound with a result of Tóth and Valtr [90] to get the improved bound for

e(n).

2.2 Properties of the convexification function

The aim of this section is to obtain an upper bound on the convexification function

(Definition 2.2.2). For this, we first prove some of its most important properties. We

start with the definitions of convexifying point and convexification function.

Definition 2.2.1 ((m, l )-Convexifying point). Let m, l > 3 be integers. Consider a set

of points S and a point s ∈ S which is the leftmost point of an (l −1)-cap in S. We call s

an (m, l )-convexifying point for S, if for arbitrary n> 4, the following holds. For any set

B with B ∩S =;, if B ∪S contains an (n −1)-cup whose left endpoint is s and whose

right endpoint is in B , then B ∪S must contain at least one of the followings:

1. An m-cup whose two leftmost points belong to S;

2. An l-cap whose two rightmost points belong to S;

3. A convex n-gon.

Definition 2.2.2 (Convexification function h(m, l )). For the integers m, l > 3, define

h(m, l ) to be the maximum number such that there exists an (m, l )-free set of h(m, l )

points in the plane with no (m, l )-convexifying points. The function h(m, l ) is called

the convexification function.

Lemma 2.2.3 (Subadditivity). The convexification function is subadditive. In other

words, for any integers m, l > 3, we have h(m +1, l +1)6 h(m +1, l )+h(m, l +1).

Proof. Consider the (m+1, l+1)-free set S containing more than h(m+1, l )+h(m, l+1)

points in the plane. We have to show that S has an (m +1, l +1)-convexifying point.

Let US ,LS be the upper and lower subsets of S, respectively. Since by Lemma 2.1.4 we

have

|S| = |US |+ |LS | > h(m +1, l )+h(m, l +1),

we get either |US | > h(m +1, l ) or |LS | > h(m, l +1).

Consider the former case. Note that by Lemma 2.1.5, US is an (m +1, l )-free set, since

S is (m +1, l +1)-free. So US has an (m +1, l )-convexifying point. Denote this point
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2. The Erdős-Szekeres convex polygon conjecture

by s. We show that s is also an (m +1, l +1)-convexifying point for S. For this, first

note that s is the leftmost point of an (l −1)-cap in US . This cap can be extended to an

l-cap in S from right, by Lemma 2.1.5, so s is the left endpoint of an l-cap in S. Now

let n> 4 be an arbitrary integer and consider the set B with B ∩S =;, such that B ∪S

contains an (n −1)-cup whose left endpoint is s and whose right endpoint is in B . Call

this (n −1)-cup C and construct the set B ′ as B ′ = (B ∪LS)∩C =C \US .

Clearly, B ′∩US =;, and B ′∪US contains the (n −1)-cup C , whose left endpoint is s

and whose right endpoint is in B ′. So by the Definition 2.2.1 and (m+1, l )-convexifying

property of s for US , B ′∪US must contain at least one of the following:

1. An (m +1)-cup whose two leftmost points belong to US ;

2. An l-cap whose two rightmost points belong to US ;

3. A convex n-gon.

Since B ′∪US ⊂ B ∪S and US ⊂ S, in the cases 1 and 3, we get a desired (m +1)-cup

and a convex n-gon in B ∪S, respectively, which makes s an (m+1, l +1)-convexifying

point for S. Now consider case 2 and call this l-cap C ′. Since two rightmost points of

C ′ belong to US , by Lemma 2.1.5, C ′ can be extended to an (l +1)-cap by adding an

appropriate point of LS to its right. This way, we get an (l +1)-cap in B ∪S whose two

rightmost points belong to S, which makes s an (m +1, l +1)-convexifying point for S.

So s is a convexifying point for S in all of these three cases and we are done. The proof

of the second case, where |L| > h(m, l +1), is exactly similar to this one.

Theorem 2.2.4. For any integer m> 4, we have h(m,4)6
(m−1

2

)+1.

Proof. The proof consists of two parts. First, we prove that for the (m,4)-free set

S, if it contains an (m −1)-cup with a point lying to the right of it, then the second

rightmost point of this cup is an (m,4)-convexifying point of S. Secondly, we prove

that if |S| > (m−1
2

)+1, then S contains such a cup.

Consider the first part and assume S contains the (m −1)-cup v1v2 . . . vm−1, which is

ordered in increasing order of x-coordinate, and consider r ∈ S lying to the right of

vm−1. Note that r must lie below the line spanned by vm−2vm−1, otherwise we get an

m-cup which is in contradiction with the (m,4)-free property of S. We show that vm−2

is an (m,4)-convexifying point for S. For this, note that vm−2vm−1r is a 3-cap, so vm−2
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is the leftmost point of a 3-cap in S. Now take an arbitrary integer n> 4 and consider

the set B with B ∩S =;, such that B ∪S contains the (n −1)-cup vm−2u2u3 . . .un−1,

again ordered in increasing order of x-coordinate, where un−1 ∈ B . So in particular

vm−1 6= un−1. We split the rest of the proof into the following cases:

Case a: un−1 is to the left of vm−1 and above the line vm−2vm−1: (Note that in this case

we have vm−1 ∉ {u2,u3, . . . ,un−2}.)

Subcase a1: un−2 is above the line vm−3vm−2:

v1v2 . . . vm−2un−2un−1 forms an m-cup with two leftmost points in S. This holds

since both vm−3vm−2un−2 and vm−2un−2un−1 form 3-cups.

Subcase a2: un−2 is below the line vm−3vm−2 and vm−1 is above the line un−3un−2:

vm−2u2u3 . . .un−2vm−1un−1 forms a convex n-gon. This holds since vm−2u2u3 . . .un−1

forms a convex (n−1)-gon and vm−1 is to the right of un−1, lies below vm−2un−1

and above un−3un−2.

Subcase a3: un−2 is below the line vm−3vm−2 and vm−1 is below the line un−3un−2:

un−3un−2vm−1r forms a 4-cap with two rightmost points in S. This holds since

un−2 is below vm−3vm−2, so because it is between vm−2 and vm−1, it is also below

vm−2vm−1. On the other hand, r is also below vm−2vm−1, by the assumption. So

un−2vm−1r forms a 3-cap. un−3un−2vm−1 also forms a 3-cap, as well.

Case b: un−1 is to the left of vm−1 and below the line vm−2vm−1:

Subcase b1: vm−1 is above the line un−2un−1:

vm−2u2u3 . . .un−1vm−1 forms an n-cup, and as a result, a convex n-gon.

Subcase b2: vm−1 is below the line un−2un−1:

un−2un−1vm−1r forms a 4-cap with two rightmost points in S. This holds since

both un−1 and r are below vm−2vm−1, un−1vm−1r forms a 3-cap. un−2un−1vm−1

also forms a 3-cap.

Case c: un−1 is to the right of vm−1 and above the line vm−2vm−1:

v1v2 . . . vm−2vm−1un−1 forms an m-cup with two leftmost points in S.

19



2. The Erdős-Szekeres convex polygon conjecture

Figure 2.4 – Case a in Theorem 2.2.4.

Case d: un−1 is to the right of vm−1 and below the line vm−2vm−1:

vm−2u2u3 . . .un−1vm−1 forms a convex n-gon. This holds by following the same reason-

ing as subcase a2. Just note that un−1 is below the line vm−2vm−1. Also, all the points

u2,u3, . . . ,un−2 are below the line vm−2un−1, so we have vm−1 ∉ {u2,u3, . . . ,un−2}.

So, according to the Definition 2.2.1, vm−2 is an (m,4)-convexifying point for S.

Now we prove the second part. Suppose S is an (m,4)-free set with more than
(m−1

2

)+1

points in the plane. Let r be the point of S with the largest x-coordinate. Consider

the set S \ {r }. We have |S \ {r }| > (m−1
2

) = f (m −1,4), so by the Theorem 2.1.7, S \ {r }

must contain either an (m −1)-cup or a 4-cap. The latter cannot happen since S is

(m,4)-free, so S \ {r } contains an (m −1)-cup. By the choice of r , it must lie to the right

of the rightmost point of this cup, so we are done. This completes the proof of the

theorem.
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2.2. Properties of the convexification function

Figure 2.5 – Case b in Theorem 2.2.4.

The following theorem gives an upper bound for h(4, l ).

Theorem 2.2.5. For any integer l > 4, we have h(4, l )6
(l−1

2

)+1.

Proof. We split the proof into two parts as in the proof of Theorem 2.2.4. First we prove

that for the (4, l )-free set S, if it contains an (l −1)-cap with a point lying to the left of

it, then the leftmost point of this cap is an (4, l )-convexifying point of S. Secondly, we

prove that if |S| > (l−1
2

)+1, then S contains such a cap.

We proceed with the first part. First note that we cannot deduce this part from The-

orem 2.2.4 by symmetry, since in both of them, we are dealing with (n − 1)-cups.

Assume S contains the (l −1)-cap v1v2 . . . vl−1, which is ordered in increasing order

of x-coordinate, and consider r ∈ S lying to the left of v1. Note that r must lie above

the line spanned by v1v2, otherwise we get an l-cap which is in contradiction with

the (4, l )-free property of S. We show that v1 is an (4, l )-convexifying point for S. Ev-

idently, v1 is the left endpoint of an (l −1)-cap in S. Now take an arbitrary integer

n> 4 and consider the set B with B ∩S =;, such that B ∪S contains the (n −1)-cup

v1u2u3 . . .un−1, again ordered in increasing order of x-coordinate, where un−1 ∈ B .

Note that if there exists 26 i 6 n−3 such that ui ∈ S, then v1ui un−2un−1 forms a 4-cup

with the two leftmost points belonging to S, which means v1 is an (4, l )-convexifying

point for S. On the other hand, if we have un−2 = v2, then r v1v2un−1 forms a 4-cup

with the required property.
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2. The Erdős-Szekeres convex polygon conjecture

Figure 2.6 – Cases c, d in Theorem 2.2.4.

So we can assume that ui ∈ B for all i = 2, . . . ,n −3, and un−2 6= v2. Now we split the

rest of the proof into the following cases:

Case a: un−1 is to the left of v2 and above the line v1v2:

Subcase a1: un−2 is above the line v1v2:

r v1un−2un−1 forms a 4-cup with two leftmost points in S. This holds since both

of r,un−2 lie above v1v2, so r v1un−2 forms a 3-cup. v1un−2un−1 also forms a

3-cup, by the assumption.

Subcase a2: un−2 is below the line v1v2 and v2 is above the line un−3un−2:

v1u2u3 . . .un−2v2un−1 forms a convex n-gon. This holds since v1u2u3 . . .un−1

forms a convex (n −1)-gon, and v2 is below both of v1un−1 and un−2un−1, and

above un−3un−2.

Subcase a3: un−2 is below the line v1v2 and v2 is below the line un−3un−2:

un−3un−2v2v3 . . . vl−1 forms an l-cap with two rightmost points in S. First note

that un−2 ∉ {v3, . . . , vl−1}, since xun−2 < xun−1 < xv2 < xvi , for all i > 3. It is enough

to show that un−3un−2v2 and un−2v2v3 form 3-caps. The first one is a 3-cap,

since v2 is below un−3un−2. For the second one, since both of un−2 and v3 are

below v1v2, we get a 3-cap, too.

Case b: un−1 is to the left of v2 and below the line v1v2:
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Figure 2.7 – Case a in Theorem 2.2.5.

Subcase b1: v2 is above the line un−2un−1:

v1u2u3 . . .un−1v2 forms an n-cup, and as a result, a convex n-gon.

Subcase b2: v2 is below the line un−2un−1:

un−2un−1v2v3 . . . vl−1 forms an l-cap with two rightmost points in S. First note

that with a similar reasoning as Subcase a3, we have un−2 ∉ {v3, . . . , vl−1}. So it

is enough to show that un−2un−1v2 and un−1v2v3 form 3-caps. The first one is

a 3-cap since v2 is below un−2un−1. For the second one, since un−1 and v3 are

both below v1v2, un−1v2v3 must form a 3-cap.

Case c: un−1 is to the right of v2 and above the line v1v2:

r v1v2un−1 forms a 4-cup with two leftmost points in S. This holds because r v1v2

forms a 3-cup, since r is above v1v2. un−1 is above v1v2, so v1v2un−1 also forms a

3-cup.
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2. The Erdős-Szekeres convex polygon conjecture

Figure 2.8 – Case b in Theorem 2.2.5.

Case d: un−1 is to the right of v2 and below the line v1v2:

v1u2u3 . . .un−1v2 forms a convex n-gon. This holds since v2 is to the right of v1, to the

left of un−1 and above v1un−1.

So, according to the Definition 2.2.1, v1 is an (4, l )-convexifying point for S.

The second part can be proved in the same way as the second part in the Theorem

2.2.4, either by following that proof or using that result with symmetry in order to

replace cups with caps.

Figure 2.9 – Cases c, d in Theorem 2.2.5.
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Now we combine Theorems 2.2.4, 2.2.5 with Lemma 2.2.3 in order to get the following

bound on the convexification function h(m, l ).

Theorem 2.2.6. For any integers m, l > 4, we have h(m, l )6
(m+l−4

l−2

)− (m+l−6
l−3

)
.

Proof. First define the function g (m, l ) as g (m, l ) = (m+l−4
l−2

)− (m+l−6
l−3

)
. So we need to

show that h(m, l )6 g (m, l ), for all m, l > 4. We apply double induction on m and l .

For the induction basis, suppose m = 4. Then according to Theorem 2.2.5 we have

h(4, l )6

(
l −1

2

)
+1 =

(
l

2

)
−

(
l −2

1

)
= g (4, l ).

Similarly, the other induction basis l = 4 can be proved by using Theorem 2.2.4. Now

suppose the inequality holds for (m +1, l ) and (m, l +1), we prove it for (m +1, l +1).

Note that based on the identity
(s

t

) = (s−1
t

)+ (s−1
t−1

)
, we can get that g (m + 1, l + 1) =

g (m +1, l )+ g (m, l +1). By Lemma 2.2.3 we have

h(m +1, l +1)6 h(m +1, l )+h(m, l +1)6 g (m +1, l )+ g (m, l +1) = g (m +1, l +1),

where the last inequality holds according to the induction hypothesis. This completes

the proof.

2.3 Deducing the main result

In this section, we prove the bound in Theorem 2.0.1. We start with the following

lemma which we need for Theorem 2.3.2.

Lemma 2.3.1 ([29]). If a point is the rightmost point of a cup (cap) and also the leftmost

point of a cap (cup), then the cup or the cap can be extended to a larger cup or cap,

respectively.

Proof. Denote the cup by v1v2 . . . vm and the cap by vmu2 . . .ul . We split the rest of the

proof into the following two cases. See Figure 2.10.

Case a: u2 lies above the line spanned by vm−1vm : v1v2 . . . vmu2 forms an (m +1)-cup.

Case b: u2 lies below the line spanned by vm−1vm : vm−1vmu2 . . .ul forms an (l +1)-cap.
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2. The Erdős-Szekeres convex polygon conjecture

Figure 2.10 – Case by case analysis in Lemma 2.3.1.

Theorem 2.3.2. Let n> 6 be an integer and consider the set S of f (n−1,n−1)+g (n,n−
2)+1 points in the plane, where the function g is defined in Theorem 2.2.6. Then S

contains an (n −1)-cap or a convex n-gon.

Proof. Consider the partition of S into the upper and lower subsets US ,LS as in the

Definition 2.1.3. If |LS | > f (n −1,n −1), then it either contains an (n −1)-cup or an

(n − 1)-cap. In the former case, we get an n-cup by the Lemma 2.1.5, and in the

latter case, we are immediately done. So we can assume that |LS |6 f (n −1,n −1).

On the other hand, we can assume that US is (n,n −2)-free, since otherwise we are

immediately done or again by Lemma 2.1.5. We have

|US | = |S|− |LS | = g (n,n −2)+ ( f (n −1,n −1)+1−|LS |),

where the last term is positive. So by applying Theorem 2.2.6 iteratively, we get

f (n −1,n −1)+1−|LS | (n,n −2)-convexifying points for US . Denote the set of these

convexifying points by G . Consider the set G∪LS . We have |G∪LS | = f (n−1,n−1)+1,

so it must contain either an (n −1)-cup or an (n −1)-cap. In the latter case, we are

done.

In the former case, denote this (n −1)-cup by v1v2 . . . vn−1. If v1 ∈ LS , by the Lemma

2.1.5 we get an n-cup in S, which means we are done. On the other hand, every

point of G is the leftmost point of an (n −3)-cap in US , which by Lemma 2.1.5, can be

extended to an (n −2)-cap in S by adding a point to the right of it. So if vn−1 ∈G , then

by Lemma 2.3.1, we either get an n-cup or an (n −1)-cap, which finishes the proof.

Thus, we can assume that v1 ∈G and vn−1 ∈ LS . Now by Definition 2.2.1, we conclude
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that S contains at least one of the followings:

1. An n-cup;

2. An (n −2)-cap whose two rightmost points belong to US ;

3. A convex n-gon.

In the cases 1, 3, we are done. In case 2, according to Lemma 2.1.5, we get an (n−1)-cap,

so we are also done in this case, which completes the proof.

The proof of the following theorem is completely based on and similar to the proof of

Theorem 5 in [91].

Theorem 2.3.3 ([90], [91]). Define p(n) to be the minimum positive integer such that

any set with at least p(n) points in the plane contains either an (n −1)-cap or a convex

n-gon. Then we have e(n)6 p(n)+1.

Proof. Let S be a set of p(n)+1 points in the plane. We have to show that S contains

n points in convex position. Let s be a vertex of the convex hull of S, conv(S), and

take the point s′ outside conv(S) such that none of the lines spanned by the points of

S \ {s} intersects the segment ss′. Also, take a line l through s′ which does not intersect

conv(S).

Now consider the projective transformation T taking the line l to the line at infinity

and also mapping the segment ss′ to the vertical half-line emanating downwards from

T (s). Since the line l avoided conv(S), T does not change convexity on the points of S,

i.e. P ⊂ S is in convex position if and only if T (P ) ⊂ T (S) is in convex position.

One can see that none of the lines spanned by the points of T (S) \ {T (s)} intersects

the vertical half-line emanating downwards from T (s). Furthermore, T (S) \ {T (s)} is

a non-vertical set. So given an integer l , any l-cap in T (S) \ {T (s)} can be extended

to a convex (l +1)-gon by adding the point T (s). Therefore, because |S| = p(n)+1,

we have |T (S) \ {T (s)}| = p(n), and by the definition of the function p(n), we get that

T (S) \ {T (s)} must contain either an (n −1)-cap or a convex n-gon. Based on what

was stated before, T (S) contains a convex n-gon, and as a result, S contains a convex

n-gon, as well. This completes the proof.

27
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Finally, we prove Theorem 2.0.1, and use it to obtain the asymptotic upper bound (2′).

Proof of Theorem 2.0.1. Recall the function p(n) from Theorem 2.3.3. By Theorem

2.3.2 we get

p(n)6 f (n −1,n −1)+ g (n,n −2)+1 =
(

2n −6

n −3

)
+

(
2n −6

n −2

)
−

(
2n −8

n −3

)
+1

=
(

2n −5

n −2

)
−

(
2n −8

n −3

)
+1.

Combining the above with e(n)6 p(n)+1 from Theorem 2.3.3, we get the desired

bound.

Corollary 2.3.4. We have

limsup
n→∞

e(n)(2n−5
n−2

) 6 7

8
.

Proof. By Theorem 2.0.1, it is enough to show that

limsup
n→∞

(2n−5
n−2

)− (2n−8
n−3

)+2(2n−5
n−2

) = 7

8
.

But we have

limsup
n→∞

(2n−5
n−2

)− (2n−8
n−3

)+2(2n−5
n−2

) = 1+ limsup
n→∞

−(2n−8
n−3

)(2n−5
n−2

) = 1− liminf
n→∞

(2n−8
n−3

)(2n−5
n−2

) = 1− 1

8
= 7

8
.
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3 Two extensions of the Erdős-Szekeres
problem

The content of this chapter is based on a joint work with Andreas Holmsen, János

Pach, and Gábor Tardos, entitled "Two extensions of the Erdős-Szekeres problem". It is

submitted to a journal for publication and appeared as a preprint on the arxiv [43].

We say that a set of n points in the plane is in convex position if the convex hull of no

n−1 of them contains the n-th point. If no three elements of the set are collinear (that

is, any three points are in convex position), then the set is said to be in general position.

According to a classical conjecture of Erdős and Szekeres [29], discussed in the previous

chapter, if P is a set of points in general position in the plane with |P |> 2n−2 +1, then

it has n elements in convex position. This bound, if true, cannot be improved [30]. In

a recent breakthrough, Suk [87] came close to proving the conjectured bound.

Theorem 3.0.1 (Suk, 2017). Given any integer n ≥ 3, let e(n) denote the smallest number

with the property that every family of at least e(n) points in general position in the

plane has n elements in convex position. Then we have

e(n) ≤ 2n+O(n2/3 logn).

A set of simple continuous curves in the Euclidean plane that start and end “at infinity”

is called an arrangement of pseudolines if any two of them meet in precisely one point:

at a proper crossing. A pseudo-configuration is a finite set of points P in the Euclidean

plane such that each pair of distinct points p and q in P span a unique pseudoline,

denoted by `(p, q) such that L(P ) = {`(p, q) : p, q ∈ P, p 6= q} form a pseudoline ar-

rangement and for any p, q ∈ P , p 6= q we have `(p, q) = `(q, p) and `(p, q)∩P = {p, q};

see [36].
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p

q

rs

`(p, q)

`(p, s)

`(q,r )

`(r, s)

`(p,r )

`(q, s)

`∞

Figure 3.1 – A pseudo-configuration of four points with the convex hull shaded.

This underlying pseudoline arrangement induces a convexity structure on the point

configuration in a natural way. For any pair of points p, q ∈ P , the bounded portion of

`(p, q) between p and q is called the pseudosegment connecting p and q . If we delete

from the plane all pseudosegments between the elements of P , the plane is divided

into a number of connected components, precisely one of which is unbounded. The

convex hull of the configuration is defined as the complement of the unbounded

region, and is denoted by convP . We say that a subset Q ⊆ P is in convex position if no

point p ∈Q is in the convex hull of Q \ {p}.1

It turns out that for four points there are only two combinatorially distinct pseudo-

configurations and both can be obtained from straight lines, but for five or more

points there exist pseudo-configurations that are not realizable by straight lines. Still,

the number of possible pseudo-configurations on five points is limited and we will

leave the verification of some simple statements about at most five points in a pseudo-

configuration to the reader.

Many basic theorems of convexity hold in this more general setting. For instance, a

set of points is in convex position if and only if every four of its elements are in convex

position [24]. This is Carathéodory’s theorem in the plane.

1Pseudo-configurations also have a purely combinatorial characterization. They can be defined by
several equivalent systems of axioms. Other names for pseudo-configurations that can be found in
the literature are generalized configurations [36], uniform rank 3 acyclic oriented matroids [10], and
CC-systems [50].
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Goodman and Pollack [37] proposed the generalization of the Erdős-Szekeres problem

to pseudo-configurations. The original “cup-cap” proof due to Erdős and Szekeres

[29] readily generalizes to this setting:

Theorem 3.0.2. Let P be a pseudo-configuration. If |P | ≥ 4n , then P contains an n-

element subset in convex position.

The purpose of this presentation is to show that Suk’s breakthrough result, Theo-

rem 3.0.1 carries over to pseudo-configurations. In the process we also improve on

the error term.

Theorem 3.0.3. Given any n ≥ 3, let b(n) denote the smallest number such that every

pseudo-configuration of size at least b(n) has n members in convex position. Then we

have

b(n) ≤ 2
n+O

(p
n logn

)
.

Clearly, b(n) > e(n) holds for all n, thus our results also bounds the function e(n)

defined for the original Erdős-Szekeres problem (cf. Theorem 3.0.1).

Bisztriczky and G. Fejes Tóth [8, 9] gave another (seemingly unrelated) generalization

of the Erdős-Szekeres problem in 1989 by replacing point sets with families of pairwise

disjoint convex bodies. They defined n convex bodies to be in convex position if the

convex hull of no n −1 of them contains the remaining one. If any three members

of a family of convex bodies are in convex position, then the family is in general

position. In their pioneering paper, Bisztriczky and Fejes Tóth proved that for any

n> 3, there exists a smallest integer c(n) with the following property. If F is a family

of pairwise disjoint convex bodies in general position in the plane with |F |> c(n),

then it has n members in convex position. They conjectured that c(n) = e(n). The

first singly-exponential upper bound on c(n) was established by Pach and Tóth [64].

They extended the statement to families of pairwise noncrossing convex bodies, that

is, to convex bodies that may intersect, but any pair can share at most two boundary

points [65]. This assumption is necessary.

Theorem 3.0.4 (Pach–Tóth, 2000). For any integer n ≥ 3, there exists a smallest number

c ′(n) with the following property. Any family of at least c ′(n) pairwise noncrossing

convex bodies in general position in the plane has n members in convex position.
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Clearly, we have c ′(n)> c(n)> e(n) for every n. The original upper bound on c ′(n) was

subsequently improved by Hubard, Montejano, Mora, and Suk [44] and by Fox, Pach,

Sudakov, and Suk [33] to 2O(n2 logn), and later by Dobbins, Holmsen, and Hubard [25]

to 4n . More importantly from our point of view, they showed that there is an in-

timate relationship between the generalizations of the Erdős-Szekeres problem to

non-crossing convex bodies and to pseudo-configurations. The following is the union

of Lemmas 2.4 and 2.7 in their paper.

Theorem 3.0.5 (Dobbins–Holmsen–Hubard, 2014). Let F be a family of pairwise

noncrossing convex bodies in general position in the plane. There exists a pseudo-

configuration P and a bijection ϕ : P →F such that for any subset S ⊆ P which is in

convex position, the subfamily ϕ(S) is also in convex position.

It follows from this result that c ′(n)6 b(n) for all n. (In fact, it was shown in [25] that

c ′(n) = b(n) for all n ≥ 3.) In view of this, Theorem 3.0.3 immediately implies the

following.

Theorem 3.0.6. Given any n ≥ 3, let c ′(n) denote the smallest number such that every

family of at least c ′(n) pairwise noncrossing convex bodies in general position in the

plane has n members in convex position. Then we have

c ′(n) ≤ 2
n+O

(p
n logn

)
.

The rest of this chapter is organized as follows. After highlighting two auxiliary results

in Section 3.1, we present the proof of Theorem 3.0.3 in Section 3.2.

3.1 Auxiliary results

To follow Suk’s line of argument, we recall two results needed for the proof: a combi-

natorial version of the “cup-cap” theorem (Theorem 3.1.1) and a variant of a positive

fraction Erdős–Szekeres theorem [5] (Theorem 3.1.4). For future reference, we also

collect some simple observations on pseudo-configurations in convex positions (Ob-

servations 3.1.2 and 3.1.3).

Transitive colorings. Let S be a finite set with a given linear ordering ≺, and suppose

the ordered triples si ≺ s j ≺ sk are partitioned into two parts T1 ∪T2. This partition is
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called a transitive coloring if every s1 ≺ s2 ≺ s3 ≺ s4 in S and i ∈ {1,2} satisfy

(s1, s2, s3), (s2, s3, s4) ∈ Ti ⇒ (s1, s2, s4), (s1, s3, s4) ∈ Ti .

Transitive colorings were introduced in [33] and [44]. The following statement can be

proved in precisely the same way as the “cup-cap” theorem; see [54] for an alternative

proof.

Theorem 3.1.1. [33, 44] Let S be a finite set with a given linear ordering and let T1∪T2

be a transitive coloring of the triples of S. If

|S| >
(

k + l −4

k −2

)
, (3.1.1)

then there exists a k-element subset S1 ⊆ S such that every triple of S1 is in T1, or an

l-element subset S2 ⊆ S such that every triple of S2 is in T2.

Convex hulls of pseudo-configurations. Below we collect a few simple observations

on the convexity structure of pseudo-configurations. These statements are trivial for

the usual notion of convexity, and easy to prove in this more general context.

Observation 3.1.2. Let P be a pseudo-configuration.

(i) The convex hull is a monotone operation. That is, for any X ⊆ Y ⊆ P, we have

convX ⊆ convY .

(ii) convX is a simply connected closed set, for any X ⊆ P.

(iii) If X ⊆ P is in convex position, then all points of X appear on the boundary of

convX .

(iv) Let k > 3, and assume that X = {x1, x2, . . . , xk } ⊆ P is in convex position, where

the points xi appear on the boundary of convX in this cyclic order. Then the

boundary of convX is the union of the pseudosegments conv{xi , xi+1} for 1 6
i 6 k. Furthermore, for each i , the pseudoline `(xi , xi+1) intersects convX in the

pseudosegment conv{xi , xi+1}, and (the rest of) convX lies entirely on one side of

`(xi , xi+1). (Indices are understood modulo k.)
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x1

x2

x3

x4

x5x6

S1

S2

S3

S4

S5

S6

Figure 3.2 – A pseudo-configuration in convex position where the spikes are shaded.

Convex clusterings. Consider the pseudo-configuration described in Observation 3.1.2(iv):

Let X = {x1, x2, . . . , xk } be a k-element subset of P in convex position, where k > 3,

and suppose that the points xi appear on the boundary of convX in this cyclic order.

We define the i -th spike of X , denoted by Si , to be the open region consisting of the

points of the plane separated from the interior of convX by the pseudoline `(xi , xi+1),

but not separated from convX by `(xi−1, xi ) and by `(xi+1, xi+2). This is a connected

region bounded by the pseudosegment conv{xi , xi+1} and by portions of the pseu-

dolines `(xi−1, xi ) and `(xi+1, xi+2). It is either a triangle-like bounded region or an

unbounded region of three sides; see Fig. 3.2.

Observation 3.1.3. Let 16 i 6 k.

(i) The line `(xi , xi+1) is disjoint from every spike and separates Si from all other

spikes Sj ( j 6= i ). In particular, the spikes are pairwise disjoint.

(ii) A point p ∈ P \ X belongs to the spike Si if and only if X ′ = X ∪ {p} is in convex

position and p appears on the boundary of convX ′ between xi and xi+1. In

particular, whether X ∪ {p} is in convex position is determined by which region p

belongs in the arrangement of pseudolines spanned by X .

For the usual notion of convexity in the Euclidean plane, the following statement

was proved by Pór and Valtr [68]. It is a slight strengthening of a result of Pach and
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Solymosi [63] that can be obtained by simple double counting. Since we will use this

statement for pseudo-configurations, to make our presentation self-contained, we

translate its proof into this setting.

Theorem 3.1.4. Let k ≥ 3 be an integer, and let P be a pseudo-configuration with

|P | = N ≥ 24k . Then there exists a subset X = {x1, x2, . . . , xk } ⊂ P in convex position such

that the sets Pi of all points of P lying in the i -th spike, i = 1, . . . ,k, satisfy the inequality

k∏
i=1

|Pi | ≥ N k

28k2 . (3.1.2)

Proof. Let P be a pseudo-configuration with |P | = N ≥ 24k . By Theorem 3.0.2, every

42k -element subset Q ⊆ P contains a 2k-element subset R ⊂ Q in convex position.

Therefore, by double-counting, P has at least( N
42k

)( N−2k
42k−2k

) = (N
2k

)
(42k

2k

) > (
N

42k

)2k

distinct 2k-element subsets in convex position.

Given a 2k-element subset Y in convex position, we say that a k-element subset X ⊂ Y

supports Y if the points of Y along the boundary of convY alternately belong to X and

Y \ X . Note that Y is supported by two subsets.

Since the number of k-element subsets of P in convex position is at most
(N

k

)
, there

exists a k-element subset X which supports at least(
N

42k

)2k

(N
k

) > N k

28k2

distinct 2k-element subsets in convex position. By Observation 3.1.3(ii), if X supports

Y , then the points of Y \ X belong to distinct spikes of X , which implies inequality

(3.1.2).

3.2 Proof of Theorem 3.0.3

Consider a sufficiently large fixed pseudo-configuration P , let k > 4 be an even integer,

and let X = {x1, x2, . . . , xk } ⊂ P be a k-element subset in convex position such that its

35



3. Two extensions of the Erdős-Szekeres problem

points appear on the boundary of convX in this cyclic order. Suppose that X meets

the requirements of Theorem 3.1.4. As before, let S1,S2, . . . ,Sk denote the spikes of X

and let Pi = P ∩Si . The indices are taken modulo k.

Vertical and horizontal orderings on Pi . Let p and q be distinct points in Pi . We

write

p ≺v
i q ⇐⇒ conv{xi−1, p, xi+2} ⊂ conv{xi−1, q, xi+2},

p ≺h
i q ⇐⇒ conv{xi−1, q}∩conv{xi+2, p} 6= ;,

where the superscripts v and h refer to the adjectives “vertical” and “horizontal”,

respectively.

Observation 3.2.1. Let 16 i 6 k.

(i) Both ≺v
i and ≺h

i are partial orders on Pi .

(ii) Any two distinct elements of Pi are comparable by either ≺v
i or ≺h

i , but not by

both.

Proof. The definition of ≺v
i clearly implies that it is a partial order. To see that the

same is true for ≺h
i , one has to show that if p ≺h

i q ≺h
i r for three points p, q,r ∈ Pi ,

then p ≺h
i r . This can be done by checking the few possible pseudo-configurations of

the five points xi−1, xi+2, p, q and r .

To prove (ii), it is sufficient to consider the pseudo-configurations consisting of only

four points: xi−1, xi+2, and two points p and q from Pi . Using the fact that p and q

lie on the same side of `(xi−1xi+2), one can show that out of the four relations p ≺v
i q ,

q ≺v
i p, p ≺h

i q , and q ≺h
i p, precisely one will hold. Consider the four open regions

into which the pseudolines `(pxi−1) and `(pxi+2) partition the plane. The region in

which q lies uniquely determines which of the above four relations will hold.

For 1 ≤ i ≤ k, let vi denote the length of the longest chain in Pi with respect to ≺v
i , and

let hi denote the length of the longest chain in Pi with respect to ≺h
i . By Observation

3.2.1 and by (the easy part of) Dilworth’s theorem, we have

|Pi | ≤ vi hi . (3.2.1)
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Further observations concerning points and spikes. As before, the following ob-

servations are trivial for the usual notion of convexity in the Euclidean plane. Here we

show that they also hold for pseudo-configurations.

Observation 3.2.2. For any pair of distinct points p, q ∈ P, the pseudoline `(p, q)

intersects at most two spikes of X .

Proof. Assume for contradiction that `(p, q) intersects three separate spikes Si , Sj ,

and Sl in this order. By Observation 3.1.3(i), this line should intersect `(x j , x j+1) twice,

a contradiction.

Observation 3.2.3. Let p and q be distinct points of Pi . If p ≺v
i q, then the pseudoline

`(p, q) separates spikes Si−1 and Si+1.

Proof. Since p ∈ conv{xi−1, q, xi+2}, the pseudoline `(p, q) intersects the pseudoseg-

ment conv{xi−1, xi+2}. This implies that `(p, q) has to intersect one of the spikes

Si+2,Si+3, . . . ,Si−2. By Observation 3.2.2, `(p, q) intersects at most two spikes, one of

which is Si . Thus, it cannot intersect Si−1 and Si+1, which implies that Si−1 and Si+1

must be separated by `(p, q).

Observation 3.2.4. Let p and q be distinct points of Pi . If p ≺h
i q, then all the spikes

Si+2,Si+3, . . . ,Si−2 must lie on the same side of the pseudoline `(p, q).

Proof. All spikes Sj with j ∉ {i − 1, i + 1} are on the same side of both pseudolines

`(xi−1, xi ) and `(xi+1, xi+2). The angular region determined by these two pseudolines

and containing the above spikes (and the interior of convX ) is cut into two parts by the

pseudosegment conv{xi−1, xi+2}, so that Si lies on one side and the spikes Sj with j ∉
{i −1, i , i +1} on the other. Our assumption p ≺h

i q implies that the pseudoline `(p, q)

does not intersect the pseudosegment conv{xi−1, xi+2}, so the part of the angular

region on the other side of this pseudosegment (including all relevant spikes) is on the

same side of `(p, q), as claimed.

Vertical convex chains Let C ⊆ Pi be a chain with respect to ≺v
i . If {xi−1}∪C is in

convex position, we call C a left convex chain in Pi . If {xi+2}∪C is in convex position,

we call C a right convex chain in Pi .
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xi−1

xi

xi+1

xi+2

p1

p2

p3

p4

Figure 3.3 – A left convex chain p1 ≺v
i p2 ≺v

i p3 ≺v
i p4 in Pi with

conv{p1, p2, p3, p4, xi−1} in darker shade.

Note that if |C | = 3, then C is either a left convex chain or a right convex chain, but

not both. This can be verified by checking the pseudo-configuration C ∪ {xi−1, xi+2}.

Moreover, if we have p1 ≺v
i p2 ≺v

i p3 ≺v
i p4 and both {p1, p2, p3} and {p2, p3, p4} are left

(right) convex chains, then {p1, p2, p3, p4} is also a left (right) convex chain. Therefore,

the same holds for both {p1, p2, p4} and {p1, p3, p4}. This can be verified by checking

the pseudo-configuration {p1, p2, p3, p4, xi−1, xi+2}. See Fig. 3.3.

Take a chain C ⊆ Pi of maximal size |C | = vi , totally ordered by ≺v
i . Partition the triples

of C into left and right convex chains. In this way, we obtain a transitive coloring.

Letting ai and bi denote the length of the longest left convex chain and the length of

the longest right convex chain in C , respectively, by Theorem 3.1.1, we have

vi ≤
(

ai +bi −2

ai −1

)
. (3.2.2)

Actually, Theorem 3.1.1 only guarantees the existence of large subsets C1,C2 ⊆C such

that all triples in C1 are left convex chains and all triples in C2 are right convex chains.

However, using the above observations and the generalization of Carathéodory’s

theorem to pseudo-configurations, it follows that C1 and C2 themselves must form a

left convex chain and a right convex chain, respectively.

Observation 3.2.5. If R is a right convex chain in Pi and L is a left convex chain in

Pi+1, then R ∪L is in convex position.
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xi+1

xi
xi+2

Si Si+1

Figure 3.4 – Joining a right convex chain R ⊆ Pi and a left convex chain L ⊆ Pi+1 to
form a subset in convex position (convex hull in darker shade).

Proof. First, note that for any pseudo-configuration P consisting of four points, if a

point p ∈ P lies in the convex hull of P \ {p}, then any pseudoline passing through p

and any other point of P crosses the pseudosegment determined by the other two

points of P .

To prove the observation, it is enough to show that any four points p, q,r, s ∈ R ∪L are

in convex position. If all of them lie in one of R or L, then we are clearly done. Assume

first that r, s ∈ R and p, q ∈ L. By Observation 3.2.3, the pseudolines `(p, q) and `(r, s)

do not intersect the pseudosegments conv{r, s} ⊂ Si and conv{p, q} ⊂ Si+1, respectively.

Therefore, by the discussion above, the points p, q,r, s are in convex position.

Now consider the case where p, q,r ∈ L and s ∈ R . Again by Observation 3.2.3, none of

the pseudolines `(p, q), `(p,r ), and `(q,r ) intersects the spike Si . Therefore, xi and s

lie in the same open region determined by the arrangement of these three pseudolines.

By the assumption, the set {p, q,r, xi } is in convex position, so by the last statement of

Observation 3.1.3(ii) {p, q,r, s} is in convex position, as well. The other case, p ∈ L and

q,r, s ∈ R, can be settled in a similar manner. See Fig. 3.4.
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Horizontal convex chains. Let C ⊆ Pi be a chain with respect to≺h
i . If {p, q,r, xi−1, xi+2}

is in convex position for any three distinct elements p, q,r of C , we call C an inner con-

vex chain. If {p, q,r, xi−1, xi+2} is not in convex position for any three distinct elements

p, q,r of C , we call C an outer convex chain.

Note that chains of at most two elements are both inner and outer convex chains by

this definition.

Observation 3.2.6. Let 1 ≤ i ≤ k.

(i) The partitioning of the triples in a horizontal chain C (ordered by ≺h
i ) into inner

and outer convex chains is a transitive coloring.

(ii) The inner and outer convex chains in Pi are in convex position.

Proof. Consider a horizontal chain p ≺h
i q ≺h

i r in Pi . By checking the pseudo-

configuration {p, q,r, xi−1, xi+2} we can verify that the following are equivalent:

(p, q,r ) is an outer (inner) convex chain.

conv{xi−1, xi+2} and r are separated by (lie on the same side of) `(p, q).

conv{xi−1, xi+2} and p are separated by (lie on the same side of) `(q,r ).

conv{xi−1, xi+2} and q lie on the same side of (are separated by) `(p,r ).

Now consider a horizontal chain p1 ≺h
i p2 ≺h

i p3 ≺h
i p4. The pseudolines `(xi−1, p4)

and `(xi+2, p1) divide the plane into four quadrants, each containing one of the

pseudosegments conv{p1, p4}, conv{p4, xi+2}, conv{xi+2, xi−1}, conv{xi−1, p1}, in this

cyclic order. By the ordering ≺h
i , p2 and p3 are contained in the quadrant containing

conv{p1, p4}. Furthermore, the pseudoline `(p2, p3) must cross this quadrant, enter-

ing the boundary ray containing p1, then meeting p2 before p3 and finally exiting the

boundary ray containing p4. If both (p1, p2, p3) and (p2, p3, p4) are outer (inner) con-

vex chains, it follows by the observations above that conv{p1, p4} and conv{xi−1, xi+2}

are separated by (lie on the same side of) `(p2, p3). This implies that conv{xi−1, xi+2}

and p4 are separated by (lie on the same side of) `(p1, p2) and `(p1, p3). Hence,

(p1, p2, p4) and (p1, p3, p4) are both outer (inner) convex chains, which proves part

(i). By Carathéodory’s theorem, it suffices to check part (ii) for inner and outer con-

vex chains p1 ≺h
i p2 ≺h

i p3 ≺h
i p4. However, it follows from the discussion above
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xi−1

xi

xi+1

xi+2

p1

p2
p3

p4

Figure 3.5 – An outer convex chain p1 ≺h
i p2 ≺h

i p3 ≺h
i p4 in Pi with the

conv{p1, p2, p3, p4} in darker shade.

that `(p1, p4) does not intersect conv{p2, p3} and that `(p2, p3) does not intersect

conv{p1, p4}. As in the proof of Observation 3.2.5, we obtain that {p1, p2, p3, p4} is in

convex position. See Fig. 3.5.

Letting ci and di denote the length of the longest inner convex chain and the length

of the longest outer convex chain in Pi , respectively, applying Theorem 3.1.1 to the

longest horizontal chain in Pi and using Observation 3.2.6, we obtain

hi ≤
(

ci +di −2

ci −1

)
. (3.2.3)

Observation 3.2.7. Suppose that k > 4 is even, and let A1 ⊆ P1, A2 ⊆ P2, . . . , Ak ⊆ Pk .

If each Ai is an inner convex chain, then A1 ∪ A3 ∪·· ·∪ Ak−1 is in convex position, and

so is A2 ∪ A4 ∪·· ·∪ Ak .

Proof. The proof follows in the same way as Observation 3.2.5, and we repeatedly

use the fact mentioned at the beginning of that proof. It suffices to prove that

any four points p1, p2, p3, p4 ∈ A1 ∪ A3 ∪ ·· ·∪ Ak−1 are in convex position. If all the

points lie in one chain, we are done. Consider the case where three points belong

to the same chain, say p1, p2, p3 ∈ Ai1 and p4 ∈ Ai2 with i1 6= i2. By Observation

3.2.4, xi1−1 and p4 belong to the same open region determined by the pseudolines

`(p1, p2),`(p1, p3),`(p2, p3). Therefore, by the last statement of Observation 3.1.3(ii),
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x1
x2

x3

x4x5

x6

Figure 3.6 – Joining inner convex chains A1 ⊆ P1, A3 ⊆ P3, and A5 ⊆ P5 to form a subset
in convex position (convex hull in darker shade).

the convexity of {p1, p2, p3, xi1−1} implies that {p1, p2, p3, p4} is in convex position.

If one of the chains contains exactly two of our points, say p1, p2 ∈ Ai , then neither p1

nor p2 can be in the convex hull of the other three points, as Observation 3.2.4 implies

that the pseudoline `(p1, p2) does not intersect the pseudosegment conv{p3, p4}.

To finish the proof, we need to verify that if one of the chains contains exactly one of

our points, say p1 ∈ Ai , then p1 is not in the convex hull of the other three points. This

follows from the fact that `(xi , xi+1) separates p1 from p2, p3 and p4. See Fig. 3.6.

Proof of Theorem 3.0.3. Let P be a pseudo-configuration, and suppose that P does

not contain n points in convex position. Let k be an even integer to be specified

later, and let X = {x1, x2, . . . , xk } ⊆ P be a subset in convex position whose existence is

guaranteed by Theorem 3.1.4. Define Pi , vi , hi , ai ,bi ,ci ,di , as above.
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By Observation 3.2.6(ii), we have di < n. By Observation 3.2.5, we have

bi +ai+1 < n (3.2.4)

for all i , and, by Observation 3.2.7,

c1 + c2 +·· ·+ck < 2n. (3.2.5)

Combining these with inequalities (3.1.2)–(3.2.3), we obtain

N k

28k2 ≤
k∏

i=1
|Pi |

≤
k∏

i=1
vi hi

≤
k∏

i=1

(
ai +bi −2

ai −1

)(
ci +di −2

di −1

)

≤
k∏

i=1
2ai+bi d ci

i < 2kn+2n logn ,

which gives us

N < 2n+ 2n logn
k +8k .

Setting k to be the smallest even integer greater than or equal to
√

n logn/2, gives the

estimate

N =O
(
2n+8

p
n logn

)
.

Remark 3.2.8. With a less wasteful computation, in particular by using the estimate

above in place of Theorem 3.0.2 in the proof of Theorem 3.1.4, the constant 8 in the

exponent can be replaced by 4
p

2+ε.
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4 On sets defining few ordinary circles

The content of this chapter is based on the paper "On sets defining few ordinary circles",

which will be published in Discrete & Computational Geometry, 2017 [52]. It is a joint

work with Aaron Lin, Mehdi Makhul, Josef Schicho, Konrad Swanepoel, and Frank de

Zeeuw. The following presentation is a postprint version of the paper including some

minor changes in the exposition.

4.0.1 Background

The classical Sylvester-Gallai theorem states that any finite non-collinear point set

in R2 spans at least one ordinary line (a line containing exactly two of the points). A

more sophisticated statement is the so-called Dirac-Motzkin conjecture, according to

which every non-collinear set of n > 13 points in R2 determines at least n/2 ordinary

lines. This conjecture was proved by Green and Tao [38] for all sufficiently large n.

Their proof was based on a structure theorem, which roughly states that any point set

with a linear number of ordinary lines must lie mostly on a cubic curve (see Theorem

4.4.1 for a precise statement).

It is natural to ask the corresponding question for ordinary circles (circles that contain

exactly three of the given points); see for instance [16, Section 7.2] or [48, Chapter 6].

Elliott [28] introduced this question in 1967, and proved that any n points, not all

on a line or a circle, determine at least 2
63 n2 −O(n) ordinary circles. (According to

the earlier definition given in the introduction chapter, −O(n) is a function g (n)

satisfying −C n6 g (n)6 0 for sufficiently large n.) He suggested, cautiously, that the

optimal bound is 1
6 n2 −O(n). Elliott’s result was improved by Bálintová and Bálint
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[2, Remark, p. 288] to 11
247 n2 −O(n), and Zhang [102] obtained 1

18 n2 −O(n). Zhang also

gave constructions of point sets on two concentric circles with 1
4 n2 −O(n) ordinary

circles.

We will use the results of Green and Tao to prove that 1
4 n2 −O(n) is asymptotically the

right answer, thus disproving the bound suggested by Elliott [28]. This bound was

proved by Nassajian Mojarrad and de Zeeuw in an earlier preprint [59]. We will find

the exact minimum number of ordinary circles, for sufficiently large n, and we will

determine which configurations attain or come close to that minimum. We make

no attempt to specify the threshold implicit in the phrase ‘for sufficiently large n’;

any improvement would depend on an improvement of the threshold in the result of

Green and Tao [38]. For small n, the bound 1
9

(n
2

)
due to Zhang [102] remains the best

known lower bound on the number of ordinary circles.

Green and Tao [38] also solved (for large n) the even older orchard problem, which

asks for the exact maximum number of lines passing through exactly three points of

a set of n points in the plane. We refer to [38] for the history of this problem. The

upper bound 1
3

(n
2

)
is easily proved by double counting, but it is not the exact maximum.

Using group laws on certain cubic curves, one can construct n non-collinear points

with b1
6 n(n −3)+1c 3-point lines, and Green and Tao [38] proved (for large n) that this

is optimal. This does not follow directly from the Dirac-Motzkin conjecture, but it

does follow from the above-mentioned structure theorem of Green and Tao for sets

with few ordinary lines (Theorem 4.4.1).

The analogous orchard problem for circles asks for the maximum number of circles

passing through exactly four points from a set of n points. As far as we know, this

question has not been asked before. We determine the exact maximum and the

extremal sets for all sufficiently large n.

Although we do not consider other related problems, we remark that similar questions

have been asked for ordinary conics [15, 22, 99], ordinary planes [3], and ordinary

hyperplanes [4].

4.0.2 Results

Our first main result concerns the minimum number of ordinary circles spanned by

a set of n points, not all lying on a line or a circle, and the structure of sets of points

that come close to the minimum. The first part of the theorem solves Problem 6 in
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[16, Section 7.2].

Theorem 4.0.1 (Ordinary circles).

(i ) If n is sufficiently large, the minimum number of ordinary circles determined by

n points in R2, not all on a line or a circle, equals

1
4 n2 − 3

2 n if n ≡ 0 (mod 4),
1
4 n2 − 3

4 n + 1
2 if n ≡ 1 (mod 4),

1
4 n2 −n if n ≡ 2 (mod 4),
1
4 n2 − 5

4 n + 3
2 if n ≡ 3 (mod 4).

(ii ) Let C be sufficiently large. If a set P of n points in R2 determines fewer than
1
2 n2 −C n ordinary circles, then P lies on the disjoint union of two circles, or the

disjoint union of a line and a circle.

In Section 4.3, we will describe constructions that meet the lower bound in part (i ) of

Theorem 4.0.1. For even n, the bound in part (i ) is attained by certain constructions

on the disjoint union of two circles, while for odd n, the bound is attained by construc-

tions on the disjoint union of a line and a circle. The main tools in our proof are circle

inversion and the structure theorem of Green and Tao [38] for sets with few ordinary

lines, together with some classical results about algebraic curves and their interaction

with inversion.

Let us define a generalised circle to be either a circle or a line. Because inversion maps

circles and lines to circles and lines, it turns out that in our proof it is more natural

to work with generalised circles. Alternatively, we could phrase our results in terms

of the inversive plane (or Riemann sphere) R2 ∪ {∞}, where ∞ is a single point that

lies on all lines, which can then also be considered as circles. Yet another equivalent

view would be to identify the inversive plane with the sphere S2 via stereographic

projection, and consider circles on S2, which are in bijection with generalised circles.

All our statements about generalised circles in R2 could thus be formulated in terms

of circles in R2 ∪ {∞} or on S2.

We define an ordinary generalised circle to be one that contains three points from a

given set. Our proof of Theorem 4.0.1 proceeds via an analogous theorem for ordinary

generalised circles, which turns out to be somewhat easier to obtain.
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4. On sets defining few ordinary circles

Theorem 4.0.2 (Ordinary generalised circles).

(i ) If n is sufficiently large, the minimum number of ordinary generalised circles

determined by n points in R2, not all on a generalised circle, equals

1
4 n2 −n if n ≡ 0 (mod 4),
3
8 n2 −n + 5

8 if n ≡ 1 (mod 4),
1
4 n2 − 1

2 n if n ≡ 2 (mod 4),
3
8 n2 − 3

2 n + 17
8 if n ≡ 3 (mod 4).

(ii ) Let C be sufficiently large. If a set P of n points in R2 determines fewer than
1
2 n2 −C n ordinary generalised circles, then P lies on two disjoint generalised

circles.

We also solve the analogue of the orchard problem for circles (for sufficiently large n).

We define a 4-point (generalised) circle to be a (generalised) circle that passes through

exactly four points of a given set of n points. The ‘circular cubics’ in part (ii ) will be

defined in Section 4.1.

Theorem 4.0.3 (4-point generalised circles).

(i ) If n is sufficiently large, the maximum number of 4-point generalised circles

determined by a set of n points in R2 is equal to

1
24 n3 − 1

4 n2 + 5
6 n −2 if n ≡ 0 (mod 8),

1
24 n3 − 1

4 n2 + 11
24 n − 1

4 if n ≡ 1,3,5,7 (mod 8),
1

24 n3 − 1
4 n2 + 7

12 n − 1
2 if n ≡ 2,6 (mod 8),

1
24 n3 − 1

4 n2 + 5
6 n −1 if n ≡ 4 (mod 8).

(ii ) Let C be sufficiently large. If a set P of n points in R2 determines more than
1

24 n3 − 7
24 n2 +C n 4-point generalised circles, then up to inversions, P lies on an

ellipse or a smooth circular cubic.

Theorem 4.0.3 remains true if we replace ‘generalised circles’ by ‘circles’. This is

because we can apply an inversion to any set of n points with a maximum number
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of generalised circles in such a way that all straight-line generalised circles become

circles. Therefore, the maximum is also attained by circles only.

The proofs of the above theorems are based on the following structure theorems in

the style of Green and Tao [38]. The first gives a rough picture, by stating that a point

set with relatively few ordinary generalised circles must lie on a bicircular quartic, a

specific type of algebraic curve of degree four that we introduce in Section 4.1.

Theorem 4.0.4 (Weak structure theorem). Let K > 0 and let n be sufficiently large

depending on K . If a set P of n points in R2 spans at most K n2 ordinary generalised

circles, then all but at most O(K ) points of P lie on a bicircular quartic.

Ball [3] concurrently obtained a similar result as a consequence of a structure theorem

for ordinary planes in R3. He shows that n points with O(n2+ 1
6 ) ordinary circles must

lie mostly on a quartic curve.

We define bicircular quartics in Section 4.1; they can be reducible, so in Theorem 4.0.4

the set P may also lie mostly on a lower-degree curve contained in a bicircular quartic.

Our proof actually gives a more precise list of possibilities. The curve that P mostly

lies on can be: a line; a circle; an ellipse; a line and a disjoint circle; two disjoint circles;

a circular cubic that is acnodal or smooth; or a bicircular quartic that is an inverse of

an acnodal or smooth circular cubic.

A more precise characterisation of the possible configurations with few ordinary

generalised circles is given in the following theorem. The group structures referred

to in the theorem are defined in Section 4.2; the circular points at infinity (α and β)

referred to in Case (iii ) are introduced in Section 4.1; and the ‘aligned’ and ‘offset’

double polygons are defined in Section 4.3.

Theorem 4.0.5 (Strong structure theorem). Let K > 0 and let n be sufficiently large

depending on K . If a set P of n points in R2 spans at most K n2 ordinary generalised

circles, then up to inversions and similarities, P differs in at most O(K ) points from a

configuration of one of the following types:

(i ) A subset of a line;

(ii ) A subgroup of an ellipse;

(iii ) A coset H ⊕ x of a subgroup H of a smooth circular cubic, for some x such that

4x ∈ H ⊕α⊕β, where α and β are the two circular points at infinity;
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4. On sets defining few ordinary circles

(iv ) A double polygon that is ‘aligned’ or ‘offset’.

Conversely, every set of these types defines at most O(K n2) ordinary generalised circles.

In Section 4.1, we carefully introduce circular cubics and bicircular quartics, and show

their connection to inversion. In Section 4.2, we define group laws on these curves,

which help us construct point sets with few ordinary (generalised) circles in Section

4.3. In Section 4.4, which forms the core of our proof, we derive Theorems 4.0.4 and

4.0.5 from the structure theorem of Green and Tao [38]. In Section 4.5, we combine the

structure theorems with our analysis of the constructions from Section 4.3 to establish

the precise statements in Theorems 4.0.1, 4.0.2, and 4.0.3.

4.1 Circular curves and inversion

The key tool in our proof is circle inversion, as it was in the earlier papers [2, 28, 102]

on the ordinary circles problem; the first to use circle inversion in Sylvester-Gallai

problems was Motzkin [55]. The simple reason for the relevance of circle inversion

is that if we invert in a point of the given set, an ordinary circle through that point is

turned into an ordinary line. Thus we can use results on ordinary lines, like those of

Green and Tao [38], to deduce results about ordinary circles. To do this successfully,

we need a thorough understanding of the effect of inversion on algebraic curves, and

in particular we need to introduce the special class of circular curves.

4.1.1 Circular curves and circular degree

In this subsection, we work in the real projective plane RP2, and partly in the complex

projective planeCP2. See for instance [83, Appendix A] for an appropriate introduction

to projective geometry. We use the homogeneous coordinates [x : y : z] for points in

RP2 orCP2, and we think of the line with equation z = 0 as the line at infinity. An affine

algebraic curve in R2, defined by a polynomial f ∈R[x, y], can be naturally extended

to a projective algebraic curve, by taking the zero set of the homogenisation of f . This

curve in RP2 then extends to CP2, by taking the complex zero set of the homogenised

polynomial.

We define the circular points to be the points α= [i : 1 : 0],β= [−i : 1 : 0] on the line at

infinity in CP2. The circular points play a key role in our proofs, due to the fact that
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4.1. Circular curves and inversion

every circle contains both circular points. Moreover, any real conic containing α and

β is either a circle, or a union of a line with the line at infinity. We could thus consider

a generalised circle to be a conic that contains both circular points.

Definition 4.1.1. An algebraic curve in RP2 is circular if it contains α and β. For k > 2,

an algebraic curve in RP2 is k-circular if it has singularities of multiplicity at least k at

both α and β.

A classical reference for circular curves is Johnson [47], while a more modern one is

Werner [98]. Let us make the definition more explicit in three concrete cases.

A generalised circle is an algebraic curve of degree two that contains α and β; equiva-

lently, it is a curve in RP2 defined by a homogeneous polynomial of the form

t (x2 + y2)+`(x, y, z)z,

where t ∈R, and ` ∈R[x, y, z] is a non-trivial linear form. If t 6= 0, then the curve is a

circle, while if t = 0, the curve is the union of a line with the line at infinity.

A circular cubic is an algebraic curve of degree three that containsα andβ; equivalently,

it is any curve in RP2 defined by a homogeneous polynomial of the form

(ux + v y)(x2 + y2)+q(x, y, z)z, (4.1.1)

where u, v ∈R, and q ∈R[x, y, z] is a non-trivial quadratic homogeneous polynomial.

Note that we do not require a circular cubic to be irreducible or smooth. For instance,

the union of a line and a circle is a circular cubic, and so is the union of any conic with

the line at infinity (take u = v = 0 in (4.1.1)).

A bicircular quartic is an algebraic curve of degree four that is 2-circular; equivalently,

it is any curve in RP2 defined by a homogeneous polynomial of the form

t (x2 + y2)2 + (ux + v y)(x2 + y2)z +q(x, y, z)z2, (4.1.2)

where t ,u, v ∈R, and q ∈R[x, y, z] is a non-trivial homogeneous quadratic polynomial

(see [98, Section 8.2] for a proof that a quartic is 2-circular if and only if its equation

has the form (4.1.2)). A noteworthy example of a bicircular quartic is a union of two

circles, for which it is easy to see that the curve has double points at α and β, since

both circles contain those points.
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4. On sets defining few ordinary circles

Every circular cubic is contained in a bicircular quartic, since for t = 0 in (4.1.2) we

get a union of a circular cubic and the line at infinity. A non-circular conic is also

contained in a bicircular quartic, since for t = u = v = 0 in (4.1.2) we get a union of a

conic and z2 = 0, which is a double line at infinity.

Definition 4.1.2. The circular degree of an algebraic curve γ in RP2 is the smallest k

such that γ is contained in a k-circular curve of degree 2k.

The circular degree is well-defined, since given any curve γ of degree k, we can add k

copies of the line at infinity, to get a k-circular curve of degree 2k.

For example, a line has circular degree one, since its union with the line at infinity is

a 1-circular curve of degree two. A conic that is not a circle has circular degree two,

since its union with two copies of the line at infinity is a 2-circular curve of degree

four. Similarly, a circular cubic has circular degree two, since its union with the line at

infinity is a 2-circular curve of degree four. We can thus classify curves of low circular

degree as follows:

Circular degree one: lines and circles (that is, generalised circles);

Circular degree two: non-circular conics, circular cubics, and bicircular quartics;

Circular degree three: non-circular cubics, circular quartics, 2-circular quintics,

and 3-circular sextics.

This classification is important to us, because we will see that circular degree is invari-

ant under inversion.

We have defined circular curves and circular degrees in the projective plane, because

that is their most natural setting. In the rest of this chapter, to avoid confusion between

the projective and inversive planes, we will use these notions for curves in R2, with the

understanding that to inspect the definitions we should consider RP2 and CP2.

4.1.2 Inversion

Circular curves are intimately related to circle inversion, which we now introduce. A

general reference is [11].
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4.1. Circular curves and inversion

Definition 4.1.3. Let C (p,r ) be the circle with centre p = (xp , yp ) ∈R2 and radius r > 0.

The circle inversion with respect to C (p,r ) is the mapping Ip,r : R2 \ {p} → R2 \ {p}

defined by

Ip,r (x, y) =
(

r 2(x −xp )

(x −xp )2 + (y − yp )2
+xp ,

r 2(y − yp )

(x −xp )2 + (y − yp )2
+ yp

)

for (x, y) 6= p. We write Ip for Ip,1. We call p the centre of the inversion Ip,r .

In the inversive planeR2∪{∞}, the inversion map can be completed by setting Ip,r (p) =
∞ and Ip,r (∞) = p, so that inversions take generalised circles to generalised circles.

The group of transformations of the inversive plane generated by the inversions and

the similarities is called the inversive group. It is known that a bijection of the inversive

plane that takes generalised circles to generalised circles has to be an element of this

group, and that any element of this group is either a similarity or an inversion followed

by an isometry [21, Theorem 6.71].

The image of an algebraic curve in R2 under an inversion is also an algebraic curve, in

the following sense.

Definition 4.1.4. For any algebraic curve γ there is an algebraic curve γ′ such that

Ip,r (γ\ {p}) = γ′ \ {p}.

We refer to γ′ as the inverse of γ with respect to the circle C (p,r ), and abuse notation

slightly by writing γ′ = Ip,r (γ). Also, since for different choices of radius r , Ip,r (γ)

differs only by a dilatation in p, we will often only consider the inverse Ip (γ) = Ip,1(γ)

and refer to it as the inverse of γ in the point p.

If a curve has degree d , then its inverse has degree at most 2d [98, Theorem 4.14]. If

γ is irreducible, then its inverse is also irreducible. Note that inverses of algebraic

curves can behave somewhat unintuitively; for instance, Proposition 4.1.6 states that

the inverse of an ellipse has an isolated point, which is surprising if one thinks of an

ellipse as just a closed continuous curve.

It is well known that the inverses of generalised circles are again generalised circles. It

turns out that, more generally, circular degree is preserved under inversion. We now

make precise what this means for curves of low circular degree. A proof can be found

in the classical paper [47]; for a more modern reference, see [98, Section 9.2].
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4. On sets defining few ordinary circles

Lemma 4.1.5 (Inversion and circular degree). Let Ck be a curve of circular degree k.

Then:

(i ) The inverse of C1 in a point on C1 is a line; the inverse of C1 in a point not on C1

is a circle.

(ii ) The inverse of C2 in a singular point on C2 is a non-circular conic; the inverse of

C2 in a regular point on C2 is a circular cubic; the inverse of C2 in a point not on

C2 is a bicircular quartic.

(iii ) The inverse of C3 in a singularity of multiplicity three is a non-circular cubic; the

inverse of C3 in a singularity of multiplicity two is a circular quartic; the inverse

of C3 in a regular point on C3 is a 2-circular quintic; the inverse of C3 in a point

not on C3 is a 3-circular sextic.

One particular subcase of Case (ii ) will play an important role in our proof, and we

state it separately in Proposition 4.1.6. A proof can be found in [42, p. 202]. Let us recall

that an acnodal cubic is a singular cubic with a singularity that is an isolated point; for

example, (2x −1)(x2 + y2)− y2 = 0 is an acnodal circular cubic with a singularity at the

origin.

Proposition 4.1.6. The inverse of an ellipse in a point on the ellipse is an acnodal

circular cubic with the centre of inversion as its singularity; the inverse of an acnodal

circular cubic in its singularity is an ellipse through the singularity.

For example, the inverse of the cubic (2x −1)(x2 + y2)− y2 = 0 in its singularity at the

origin is the ellipse (x −1)2 +2y2 = 1.

4.2 Groups on circular curves

4.2.1 Groups on irreducible circular cubics

The extremal configurations in our main theorems are all based on group laws on

certain circular curves. It is well-known that irreducible smooth cubics (elliptic curves)

have a group law (see for instance [83]). These groups play a crucial role in the work

of Green and Tao [38]. The reason that these groups are relevant to ordinary lines is

the following collinearity property of this group (when defined in the standard way).
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b

b b b

b

b

b

o

a b a ∗b

a ⊕b

ω

ªa

Figure 4.1 – Group law on a smooth circular cubic curve

Three points on the curve are collinear if and only if in the group they sum to the

identity element. For this property to hold, the identity element must be an inflection

point. Here we will define a group in a slightly different way (described for instance in

[83, Section 1.2]), in which the identity element is not necessarily an inflection point,

and the same collinearity property does not hold. However, for circular cubics, we

show that we can choose the identity element so that we get a similar property for

concyclicity.

First let γ be any irreducible cubic, write γ∗ for its set of regular points, and pick an

arbitrary point o ∈ γ∗. We describe an additive group operation ⊕ on the set γ∗ for

which o is the identity element. The construction is depicted in Figure 4.1. Given

a,b ∈ γ∗, let a ∗b be the third intersection point of γ and the line ab, and define a ⊕b

to be (a ∗b)∗o, the third intersection point of γ and the line through a ∗b and o.

When a = b, the line ab should be interpreted as the tangent line at a; when a ∗b = o,

the line through a ∗b and o should be interpreted as the tangent line to γ at o. We

refer to [83] for a more careful definition and a proof that this operation really does

give a group.

Now consider a circular cubic γ. Since the circular points α and β lying on it are

conjugate, γ has a unique real point on the line at infinity, which we choose as our
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4. On sets defining few ordinary circles

identity element o. We define the point ω to be the third intersection point of the

tangent line to γ at o (if there is no third intersection point, then o is an inflection

point, and we consider o itself to be the third point). Throughout this chapter we will

use ω to denote this special point on a circular cubic; note that ω is not fixed like α

and β, but depends on γ. Also note that ω is real, since it corresponds to the third

root of a real cubic polynomial whose other two roots correspond to the real point o.

Observe that ω=α⊕β, since α∗β= o, and by definition o ∗o =ω.

With this group law, we no longer have the property that three points are collinear if

and only if they sum to o (unless o happens to be an inflection point). Nevertheless,

one can check that three points a,b,c ∈ γ∗ are collinear if and only if a ⊕b ⊕ c = ω.

More important for us, four points of γ∗ lie on a generalised circle if and only if

they sum to ω. This amounts to a classical fact (see [6, Article 225] for an equivalent

statement), but we include a proof for completeness. We use the following version of

the Cayley-Bacharach Theorem, due to Chasles (see [26]).

Theorem 4.2.1 (Chasles). Suppose two cubic curves in CP2 with no common com-

ponent intersect in nine points, counting multiplicities. If γ is another cubic curve

containing eight of these intersection points, counting multiplicities, then γ also con-

tains the ninth.

Recall from Section 4.1 that a generalised circle, viewed projectively, is either a circle,

or the union a line with the line at infinity.

Proposition 4.2.2. Let γ be an irreducible circular cubic in RP2, and let a,b,c,d ∈ γ∗
be points that are not necessarily distinct. A generalised circle intersects γ in the points

a,b,c,d (taking into account multiplicity) if and only if a ⊕b ⊕ c ⊕d =ω.

Proof. We consider the cubic γ extended to CP2. We first show the forward direction.

All statements in the proof should be considered with multiplicity.

If the generalised circle is the union of a line ` and the line at infinity `∞, then `∪`∞
intersects γ in a,b,c,d ,α,β. Since ` intersects γ in at most three points, one of the

points a,b,c,d must equal o, say d = o. Since `∞ also intersects γ in at most three

points, we must have a,b,c ∈ `. Thus a,b,c are collinear, and we have a⊕b⊕c =ω, by

the definition of the group law. It then follows from d = o that a ⊕b ⊕ c ⊕d =ω.

Suppose next that the generalised circle is a circle σ, and intersects γ in a,b,c,d ,α,β.

The construction that follows is depicted in Figure 4.2. Let `1 be the line through o and
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σ

`2

a ∗b

`1

a ⊕b

`3

d ′ = d

Figure 4.2 – Concyclicity of four regular points on a circular cubic

a ∗b (and thus through a ⊕b), `2 the line through a and b (and thus through a ∗b),

and `3 the line through c and a ⊕b. Note that σ and `∞ intersect in α and β. Then

γ1 =σ∪`1 and γ2 = `2 ∪`3 ∪`∞ are two cubic curves that intersect in nine points, of

which the eight points a, b, c , a ∗b, a ⊕b, o, α, and β certainly lie on γ; the remaining

point is the third intersection point of γ1 and `3 beside c and a ⊕b, which we denote

by d ′. By Theorem 4.2.1, γ contains d ′. By the group law on γ, we have d ′ = (a ⊕b)∗ c .

Moreover, d ′ must be the sixth intersection point of γ andσ beside a,b,c,α,β, which is

d , so d = d ′ = (a⊕b)∗c . By the definition of the group law, this implies a⊕b⊕c = o∗d ,

so (a ⊕b ⊕ c)∗d = (o ∗d)∗d = o, and finally a ⊕b ⊕ c ⊕d = o ∗o =ω.

For the converse, suppose that a ⊕b ⊕c ⊕d =ω, and let d ′ be the fourth point where

the generalised circle σ through a,b,c intersects γ. Then, by what we have just shown,

a ⊕b ⊕ c ⊕d ′ =ω, and it follows that d = d ′, and a,b,c,d lie on σ.

This proposition is a consequence of the more general fact that six points on a circular

cubic lie on a conic if and only if they sum to 2ω. (In the standard group structure on a

cubic, where the identity o is chosen as an inflection point, they would sum to o; see

[97, Theorem 9.2].) Since a generalised circle in RP2 is a conic containing α and β, and
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α⊕β=ω, it follows that four points a,b,c,d (possibly including o) lie on a generalised

circle if and only if they sum to ω.

4.2.2 Groups on other circular curves

We now define group laws on two other types of curves of circular degree two, and

observe that they satisfy similar concyclicity properties. Let us note at this point that

most bicircular quartics can also be given a group structure (if an irreducible bicircular

quartic has no singularities besides α and β, then it is a curve of genus one, and thus

has a group law by [82, Section III.3]). However, in our proofs we will handle bicircular

quartics by inverting in a point on the curve, which by Lemma 4.1.5 transforms a

bicircular quartic into a circular cubic. For that reason, we do not need to study the

group law on bicircular quartics separately.

Ellipses. We discuss a group law on ellipses, although we do not actually need it

in our proof, because inversion lets us transform an ellipse into an acnodal cubic

(Proposition 4.1.6), which we have already given a group structure in the previous

section. Nevertheless, we treat the group law on ellipses here because it is especially

elementary, and it would be strange not to mention it.

Consider the ellipse σ given by the equation x2+(y/s)2 = 1, with s 6= 0,1. For any point

a ∈ σ, we project a vertically to the point a′ on the unit circle around the origin, as

in Figure 4.3, and call the angle θa the eccentric angle of a. We define the sum of two

points a,b ∈ σ to be the point c = a ⊕b whose eccentric angle is θc = θa +θb . This

gives σ a group structure isomorphic to R/Z. The identity element is o = (1,0), and

the inverse of a point is its reflection in the x-axis. We have the following classical

fact that describes when four points on an ellipse are concyclic (see [46] for the oldest

reference we could find, and [7, Problem 17.2] for two detailed proofs).

Proposition 4.2.3. Four points a,b,c,d ∈σ are concyclic if and only if a⊕b⊕c ⊕d = o.

We may allow two of the points to be equal, in which case the circle through the three

distinct points is tangent to the ellipse at the repeated point.

Another way to look at this group law is that we are parametrising the ellipse using

lines through o = (1,0) (see for instance [83, Section 1.1]). More precisely, each point

a ∈σ corresponds to the line oa; oa makes an angle π−θa/2 with the x-axis, and the

set of lines through o thus has a group structure equivalent to the one above. This view

58



4.2. Groups on circular curves

a

a′

θa

Figure 4.3 – Eccentric angle of a point on an ellipse

lets us relate the group on the ellipse to the group on the acnodal cubic. By Proposition

4.1.6, inverting in o maps the ellipse to an acnodal circular cubic γ, with o becoming

the isolated point of the cubic. The lines through o now parametrise the cubic, and

this parametrisation gives the same group on γ as the line construction that we gave

in Section 4.2.1 (see [83, Section 3.7]).

Concentric circles. We now define a group on the union of two disjoint circles. For

notational convenience, we identify R2 with C. After an appropriate inversion, we can

assume the circles to be

σ1 = {e2πi t : t ∈ [0,1)}, σ2 = {r e−2πi t : t ∈ [0,1)},

with r > 1, and we represent each element of σ1 ∪σ2 as r εe2πi t with ε ∈Z2 (with the

obvious convention r 0 = 1 and r 1 = r ). We define a group operation on σ1 ∪σ2 by

r ε1 e2πi t1 ⊕ r ε2 e2πi t2 = r (ε1+ε2) mod 2e2πi (t1+t2),

which turns σ1 ∪σ2 into a group isomorphic to R/Z×Z2, with identity element o =
1 = r 0e2πi ·0. We again have the following concyclicity property, which is easily seen

using symmetry.

Proposition 4.2.4. Points a,b ∈σ1 and c,d ∈σ2 lie on a generalised circle if and only

if a ⊕b ⊕ c ⊕d = o. If a = b or c = d, then the generalised circle is tangent at that point.
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4.3 Constructions

4.3.1 Ellipse

Let σ be the ellipse defined by x2 + (y/s)2 = 1, with the group structure introduced in

Section 4.2.2. Let n> 5. We have a finite subgroup of size n given by

S =
{(

cos

(
2πk

n

)
, s sin

(
2πk

n

)) ∣∣∣∣ k = 0, . . . ,n −1

}
⊂σ.

By Proposition 4.2.3, the circle through any three points a,b,c ∈ S passes through the

point d =ªa ªb ª c ∈ S. Therefore, the only way S spans an ordinary circle is when

d coincides with one of the points a,b,c (which occurs if the circle is tangent to σ at

that point). It follows that the number of ordinary circles is equal to

1

2

∣∣{(k1,k2,k3) ∈Z3
n

∣∣ 2k1 +k2 +k3 ≡ 0 (mod n), k1,k2,k3 distinct
}∣∣ ,

which is 1
2 n2 −O(n).

Similarly, the number of 4-point circles is equal to

1

4!

∣∣{(k1,k2,k3,k4) ∈Z4
n

∣∣ k1 +k2 +k3 +k4 ≡ 0 (mod n), k1,k2,k3,k4 distinct
}∣∣ ,

which is, by inclusion-exclusion, equal to 1
24 (n3 −6n2 + (8+3δn)n −6εn), where δn is

the number of solutions inZn to the equation 2k = 0 and εn is the number of solutions

in Zn to the equation 4k = 0. This works out to
1

24 n3 − 1
4 n2 + 7

12 n −1 if n ≡ 0 (mod 4),
1

24 n3 − 1
4 n2 + 11

24 n − 1
4 if n ≡ 1,3 (mod 4),

1
24 n3 − 1

4 n2 + 7
12 n − 1

2 if n ≡ 2 (mod 4).

4.3.2 Circular cubic curve

Let γ be an irreducible circular cubic, and let ⊕ be the group operation defined in

Section 4.2.1. It is well known (see for instance [38]) that the group (γ∗,⊕) is isomorphic

to the circle R/Z if γ is acnodal or if γ is smooth and has one connected component,

and is isomorphic to R/Z×Z2 if γ is smooth and has two connected components. Let
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4.3. Constructions

Hn be a subgroup of order n of γ∗, and let x ∈ γ∗ be such that 4x = ωªh for some

h ∈ Hn . By Proposition 4.2.2, the number of ordinary generalised circles in the coset

S = Hn ⊕x equals

1

2

∣∣{(a,b,c) ∈ H 3
n

∣∣ 2a ⊕b ⊕ c = h, a,b,c distinct
}∣∣ ,

which is easily seen to equal 1
2 n2 −O(n). Similarly, the number of ordinary circles in

S = Hn ⊕x equals

1

2

∣∣{(a,b,c) ∈ H 3
n

∣∣ 2a ⊕b ⊕ c = h, a,b,c 6= ªx and distinct
}∣∣ ,

which also equals 1
2 n2 −O(n).

As in the previous construction, if o ∉ S (equivalently, x ∉ Hn) then the number of

4-point circles is equal to 1
24 (n3 −6n2 + (8+3δn)n −6εn), where δn is the number of

solutions in Hn to the equation 2k = h and εn is the number of solutions in Hn to the

equation 4k = h. If Hn is cyclic, then we get the same numbers as in the previous

construction. Otherwise, n = 0 (mod 4), Hn
∼=Zn/2 ×Z2, and the number of 4-point

circles equals 1
24 n3 − 1

4 n2 + 5
6 n −2 if n ≡ 0 (mod 8),

1
24 n3 − 1

4 n2 + 5
6 n −1 if n ≡ 4 (mod 8),

which is greater than the corresponding number in the previous construction.

4.3.3 ‘Aligned’ double polygons

Let n > 6 be even and set m = n/2. We identify R2 with C. Let σ1 be the circle with

centre the origin and radius one, and σ2 the circle with centre the origin and radius

r > 1. Let S1 =
{
e2πi k/m

∣∣ k = 0, . . . ,m −1
} ⊂σ1 and S2 =

{
r e2πi k/m

∣∣ k = 0, . . . ,m −1
} ⊂

σ2. Thus, S1 and S2 are the vertex sets of regular m-gons onσ1 andσ2 that are ‘aligned’

in the sense that their points lie at the same set of angles from the common centre

(see Figure 4.4).

Let S = S1 ∪S2. By Proposition 4.2.4, the points a,b ∈ σ1, c,d ∈ σ2 are collinear or

concyclic if and only if a ⊕b ⊕ c ⊕d = o. In particular, if a = b, then the generalised

circle through the three points is tangent to σ1. It follows that if n> 8, the ordinary
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4. On sets defining few ordinary circles

generalised circles of S are exactly those through e2πi k1/m ,r e−2πi k2/m ,r e−2πi k3/m or

through r e−2πi k1/m ,e2πi k2/m ,e2πi k3/m where 2k1 +k2 +k3 ≡ 0 (mod m), with k2 6≡ k3

(mod m).

For generic r > 1, we then obtain that the number of ordinary generalised circles

equals∣∣{(k1,k2,k3) ∈Z3
m

∣∣ 2k1 +k2 +k3 ≡ 0 (mod m), k2,k3 distinct
}∣∣

(although k2 and k3 are not ordered, we either have two points on σ1 or two points on

σ2). This equals m(m −2) if m is even and m(m −1) if m is odd. That is, for generic r ,

we obtain 1
4 n2 −n ordinary generalised circles if n ≡ 0 (mod 4) and 1

4 n2 − 1
2 n ordinary

generalised circles if n ≡ 2 (mod 4).

If we choose r = (cos(2πk/m))−1 (there are bm/4c choices for r ), then the tangent lines

at points of S1 pass through two points of S2, so are ordinary generalised circles. Thus,

for these choices of r we lose m ordinary circles, and obtain 1
4 n2 − 3

2 n ordinary circles

if n ≡ 0 (mod 4) and 1
4 n2 −n ordinary circles if n ≡ 2 (mod 4). Note that this is much

less than the number of ordinary circles given by Constructions 4.3.1 and 4.3.2.

Similarly, the number of 4-point generalised circles spanned by S equals

1

4

∣∣{(k1,k2,k3,k4) ∈Z4
m

∣∣ k1 +k2 +k3 +k4 ≡ 0 (mod m), k1 6= k2 and k3 6= k4
}∣∣ ,

which is 1
4 m3 −O(m2) = 1

32 n3 −O(n2), also much less than the number in Construc-

tions 4.3.1 and 4.3.2.

4.3.4 ‘Offset’ double polygons

We modify the previous construction by rotating S2 around the origin by an angle of

πk/m. This results in S′
2 = {

r e−iπ(2k−1)/m
∣∣ k = 0, . . . ,m −1

}
and S′ = S1 ∪S′

2 (see Fig-

ure 4.5). As before, if n> 8, the ordinary circles (including straight lines through exactly

three points) of S′ are exactly those through e2πi k1/m ,r e−iπ(2k2−1)/m ,r e−iπ(2k3−1)/m or

through r e−iπ(2k1−1)/m ,e2πi k2/m ,e2πi k3/m , where 2k1+k2+k3 ≡ 1 (mod m) with k2 6≡ k3

(mod m).
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σ1
σ2

Figure 4.4 – ‘Aligned’ double
hexagon

σ1

σ2

Figure 4.5 – ‘Offset’ double
hexagon

For generic r > 1, we now have to count the number of ordered triples in the set{
(k1,k2,k3) ∈Z3

m

∣∣ 2k1 +k2 +k3 ≡ 1 (mod m), k2,k3 distinct
}

.

This equals m2 if m is even and m(m −1) if m is odd. That is, for generic r , we obtain
1
4 n2 ordinary generalised circles if n ≡ 0 (mod 4), worse than Construction 4.3.3,

and 1
4 n2 − 1

2 n ordinary generalised circles if n ≡ 2 (mod 4), the same number as in

Construction 4.3.3.

Again, if we choose r = (cos(2πk/m))−1 (there are bm/4c choices for r ), we lose m

ordinary circles. Thus, we obtain 1
4 n2 −n ordinary circles if n ≡ 2 (mod 4), the same

number as in Construction 4.3.3.

As in Construction 4.3.3, we get 1
32 n3 −O(n2) 4-point circles.

4.3.5 Punctured double polygons

Let n = 2m−1> 11 be odd. Take Construction 4.3.3 with n+1 = 2m points and remove

an arbitrary point p ∈ S1.

First assume that m is odd. Before we remove p, there are m(m −1) ordinary gener-

alised circles. Of these, there are (m −1)/2 tangent at p. There are also m −1 ordinary

generalised circles through p tangent at some point of S2. Thus, by removing p, we

destroy 3(m −1)/2 ordinary generalised circles and create
(m

2

)− (m −1)/2 new ones.
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4. On sets defining few ordinary circles

Therefore, S \ {p} has

m(m −1)− 3

2
(m −1)+

(
m

2

)
− 1

2
(m −1) = 3

2
m2 − 7

2
m +2

ordinary generalised circles. That is, there are 3
8 n2 −n + 5

8 ordinary generalised circles

if n ≡ 1 (mod 4).

Next assume that m is even. Before we remove p, there are m(m −2) ordinary gener-

alised circles, of which there are (m −2)/2 through two different points of S2 tangent

at p, and there are also m−2 ordinary generalised circles through p tangent at a point

of S2. As before, we obtain

m(m −2)− 3

2
(m −2)+

(
m

2

)
− 1

2
(m −2) = 3

2
m2 − 9

2
m +4

ordinary generalised circles. Thus, we obtain 3
8 n2− 3

2 n+ 17
8 ordinary generalised circles

if n ≡ 3 (mod 4).

Instead of starting with Construction 4.3.3, we can take the ‘offset’ Construction 4.3.4

and remove a point. It is easy to see that when n ≡ 1 (mod 4) we obtain the same

number of ordinary generalised circles, while if n ≡ 3 (mod 4) we obtain more.

Since there are no 5-point circles in Constructions 4.3.3 and 4.3.4 when m > 6, re-

moving a point does not add any 4-point circle, but destroys O(n2) of them. We thus

get 1
32 n3 −O(n2) 4-point generalised circles, which is asymptotically the same as in

Constructions 4.3.3 and 4.3.4.

4.3.6 Inverted double polygons

We can use inversion to make new constructions out of old ones.

Invert Construction 4.3.5 in the removed point p. The resulting point set has m points

on a circle and m −1 points on a line disjoint from the circle. Every ordinary circle

after the inversion corresponds to an ordinary generalised circle not passing through

p before the inversion. If m is odd, there are (m −1)/2 ordinary generalised circles

tangent at p and a further m −1 ordinary generalised circles through p tangent to σ2,

so we obtain m(m −1)−3(m −1)/2 = 1
2 (m −1)(2m −3) ordinary circles. For even m

we similarly obtain m(m −2)−3(m −2)/2 = 1
2 (m −2)(2m −3) ordinary circles. That

64



4.4. The structure theorems

is, we have 1
4 (n −1)(n −2) = 1

4 n2 − 3
4 n + 1

2 ordinary circles when n ≡ 1 (mod 4) and
1
4 (n −3)(n −2) = 1

4 n2 − 5
4 n + 3

2 ordinary circles when n ≡ 3 (mod 4).

If we remove another point from this inverted construction, we obtain a set of n points

where n is even, with 3
8 n2 −O(n) ordinary circles.

4.3.7 Other inverted examples

If we invert Construction 4.3.1 in a point on the ellipse that is not in the set S, then by

Proposition 4.1.6, we obtain points on an acnodal circular cubic (without its acnode)

as in Construction 4.3.2, with the same number of ordinary and 4-point generalised

circles.

If we invert a circular cubic in a point not on the curve, then we obtain a bicircular

quartic by Lemma 4.1.5. There will again be 1
2 n2 −O(n) ordinary circles (or ordinary

generalised circles) and 1
24 n3 −O(n2) 4-point circles among the inverted points.

4.4 The structure theorems

4.4.1 Proof of the weak structure theorem

The proofs of our structure theorems for sets with few ordinary circles crucially rely

on the following structure theorem for sets with few ordinary lines due to Green and

Tao [38]. Recall that an ordinary line is a line containing exactly two points of the given

point set.

Theorem 4.4.1 (Green–Tao). Let K > 0 and let n be sufficiently large depending on K .

If a set P of n points in R2 spans at most K n ordinary lines, then P differs in at most

O(K ) points from an example of one of the following types:

(i ) n −O(K ) points on a line;

(ii ) m points each on a line and a disjoint conic, for some m = n/2±O(K );

(iii ) n ±O(K ) points on an acnodal or smooth cubic.

We commence the proof of Theorem 4.0.4. Let P be a set of n points spanning at most
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4. On sets defining few ordinary circles

K n2 ordinary generalised circles. We wish to show that P lies mostly on a bicircular

quartic (we will repeatedly use ‘mostly’ to mean ‘for all but O(K ) points’).

Note that for at least 2n/3 points p of P , there are at most 9K n ordinary circles through

p, hence the set Ip (P \ {p}) spans at most 9K n ordinary lines. Let P ′ be the set of such

points. For n sufficiently large depending on K , applying Theorem 4.4.1 to Ip (P \ {p})

for any p ∈ P ′ gives that Ip (P \ {p}) lies mostly on a line, a line and a conic, an acnodal

cubic, or a smooth cubic.

If there exists p ∈ P ′ such that Ip (P \ {p}) lies mostly on a line, then inverting again in

p, we see that P must lie mostly on a line or a circle.

If there exists p ∈ P ′ such that Ip (P \ {p}) lies mostly on a line ` and a disjoint conic σ,

we have two cases, depending on whether p lies on ` or not.

If p ∈ `, we invert again in p to find that P lies mostly on the union of ` and Ip (σ). By

Lemma 4.1.5, Ip (σ) is either a circle (if σ is a circle) or an irreducible bicircular quartic

(if σ is a non-circular conic). Furthermore, p is the only point that could possibly lie

on both ` and Ip (σ). Since roughly n/2 points of P lie on `, there must be another

point q ∈ `∩P ′ that does not lie on Ip (σ). In Iq (P \ {q}), the line ` remains a line, and

by definition of P ′ the set Iq (P \{q}) spans few ordinary lines, so Theorem 4.4.1 tells us

Iq (Ip (σ)) is a conic. It follows from Lemma 4.1.5 that Ip (σ) cannot be a quartic, since

we inverted in the point q outside Ip (σ) and did not obtain a quartic. That means

Ip (σ) has to be a circle, and it is disjoint from `. Thus, P lies mostly on the union of a

line and a disjoint circle.

If p ∉ `, we invert in p to see that P lies mostly on the union of the circle Ip (`) and the

curve Ip (σ), which is either a circle or a quartic. Again p is the only point that can lie

on both curves. Inverting in another point q ∈ Ip (`)∩P ′, Iq (Ip (`)) becomes a line, so

Theorem 4.4.1 tells us that Iq (Ip (σ)) is a conic, so that Ip (σ) must be a circle disjoint

from Ip (`) as before. Thus, P lies mostly on the union of two disjoint circles.

The case that remains is when for all p ∈ P ′, the set Ip (P \{p}) lies mostly on an acnodal

or smooth cubic γ. Fix such a p, and consider Ip (γ), which mostly contains P . If γ

is not a circular cubic, then by the classification in Section 4.1 it has circular degree

three, so Ip (γ) has circular degree three as well. For any q ∈ Ip (γ)∩P ′ other than p,

the curve Iq (Ip (γ)) is also a cubic curve, by the definition of P ′ and Theorem 4.4.1.

By Case (iii ) of Lemma 4.1.5, this can only happen if q is a singularity of Ip (γ). But

Ip (γ) is an irreducible curve of degree at most six, and so has at most 10 singularities
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by [97, Theorem 4.4], which is a contradiction. So γ must be a circular cubic that is

acnodal or smooth. If γ is acnodal, then Ip (γ) is either a bicircular quartic (if p 6∈ γ),

an acnodal circular cubic (if p is a regular point of γ), or a non-circular conic (if p is

the singularity of γ). In the last case, the conic is an ellipse by Proposition 4.1.6. If γ is

smooth, then Ip (γ) is either a bicircular quartic or a smooth circular cubic.

We have encountered the following curves that P could mostly lie on: a line, a circle,

an ellipse, a disjoint union of a line and a circle, a disjoint union of two circles, a

circular cubic, or a bicircular quartic. All of these are subsets of bicircular quartics,

which proves the statement of Theorem 4.0.4. �

4.4.2 Proof of the strong structure theorem

We now prove Theorem 4.0.5. First of all, as explained in Section 4.3, a subgroup of an

ellipse and an appropriate coset of a subgroup of a smooth circular cubic both have at

most 1
2 n2 ordinary generalised circles, and a double polygon has at most 1

4 n2 ordinary

generalised circles. It follows from Lemma 4.4.2 below that if we add and/or remove

O(K ) points, then there will be at most O(K n2) ordinary generalised circles.

Lemma 4.4.2. Let S be a set of n points in R2 with s ordinary generalised circles. Let

T be a set that differs from S in at most K points: |S 4T |6 K . Then T has at most

s +O(K n2 +K 2n +K 3) ordinary generalised circles.

Proof. First note that if we add a point to any set of n points, we create at most
(n

2

)
ordinary generalised circles. Secondly, since two circles intersect in at most two points,

the number of 4-point circles through a fixed point in a set of n points is at most
1
3

(n−1
2

)
, so by removing a point we create at most 1

3

(n−1
2

) < (n
2

)
ordinary generalised

circles. It follows that by adding and removing O(K ) points, we create at most(
n

2

)
+

(
n +1

2

)
+·· ·+

(
n +K −1

2

)
=O(K n2 +K 2n +K 3)

ordinary generalised circles.

Next, let P be a set of n points with at most K n2 ordinary generalised circles. From the

proof of Theorem 4.0.4 above, we see that P differs in at most O(K ) points from a line,

a circle, an ellipse, a disjoint union of a line and a circle, a disjoint union of two circles,
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a circular cubic, or a bicircular quartic. Moreover, in the proof we saw that the circular

cubic must be acnodal or smooth, and that the bicircular quartic has the property that

if we invert in a point on the curve, the resulting circular cubic is acnodal or smooth.

Using inversions, we can reduce the number of types of curves that we need to analyse

further.

If P lies mostly on a line, then we are in Case (i ) of Theorem 4.0.5, so we are

done.

If P lies mostly on a circle, then inverting in a point on the circle puts us in

Case (i ) again.

If P lies mostly on an ellipse, then inverting in a point of the ellipse places P

mostly on an acnodal circular cubic.

If P lies mostly on a bicircular quartic, then inverting in any regular point on

the curve gives us a circular cubic. As mentioned above, this cubic is acnodal or

smooth.

If P lies mostly on a line and a disjoint circle, then an inversion in a point not on

the line or circle places P mostly on two disjoint circles.

If P lies mostly on the disjoint union of two circles, we can apply an inversion

that maps the two disjoint circles to two concentric circles [11, Theorem 1.7].

So, up to inversions, we need only consider the cases when P lies mostly on an acnodal

or smooth circular cubic, or on two concentric circles. We do this in Lemmas 4.4.5

and 4.4.6 below, which will complete the proof of Theorem 4.0.5.

To determine the structure of P , we use a variant of a lemma from additive combina-

torics that was used by Green and Tao [38]. It captures the principle that if a finite

subset of a group is almost closed under addition, then it is close to a subgroup. The

following statement is Proposition A.5 in [38].

Proposition 4.4.3. Let K > 0 and let n be sufficiently large depending on K . Let A, B, C

be three subsets of some abelian group (G ,⊕), all of cardinality within K of n. Suppose

there are at most K n pairs (a,b) ∈ A×B for which a ⊕b ∉C . Then there is a subgroup

H 6G and cosets H ⊕x, H ⊕ y such that

|A4 (H ⊕x)|, |B 4 (H ⊕ y)|, |C 4 (H ⊕x ⊕ y)| =O(K ).
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The variant that we need is a simple corollary of Proposition 4.4.3.

Corollary 4.4.4. Let K > 0 and let n be sufficiently large depending on K . Let A, B, C ,

D be four subsets of some abelian group (G ,⊕), all of cardinality within K of n. Suppose

there are at most K n2 triples (a,b,c) ∈ A×B ×C for which a ⊕b ⊕c ∉ D. Then there is a

subgroup H 6G and cosets H ⊕x, H ⊕ y, H ⊕ z such that

|A4 (H ⊕x)|, |B 4 (H ⊕ y)|, |C 4 (H ⊕ z)|, |D 4 (H ⊕x ⊕ y ⊕ z)| =O(K ).

Proof. By the pigeonhole principle, there exists an a0 ∈ A such that there are at most

K ′n (where K ′ = O(K )) pairs (b,c) ∈ B ×C for which a0 ⊕b ⊕ c ∉ D, or equivalently

b⊕c ∉ Dªa0. Applying Proposition 4.4.3, we have a subgroup H 6G and cosets H ⊕ y ,

H ⊕ z such that

|B 4 (H ⊕ y)|, |C 4 (H ⊕ z)|, |(D ªa0)4 (H ⊕ y ⊕ z)| =O(K ).

Since |B ∩ (H ⊕ y)|> n −O(K ), we repeat the argument above to obtain b0 ∈ B ∩ (H ⊕
y) such that there are at most O(K n) pairs (a,c) ∈ A ×C with a ⊕ b0 ⊕ c ∉ D, and

Proposition 4.4.3 gives a subgroup H ′6G and cosets H ′⊕x, H ′⊕ z ′ such that

|A4 (H ′⊕x)|, |C 4 (H ′⊕ z ′)|, |(D ªb0)4 (H ′⊕x ⊕ z ′)| =O(K ).

From this, it follows that |(H⊕z)4(H ′⊕z ′)| =O(K ), hence |(H⊕z)∩(H ′⊕z ′)|> n−O(K ).

Since (H ⊕ z)∩ (H ′⊕ z ′) is not empty, it has to be a coset of H ′∩H . If H ′ 6= H , then

|H ′∩ H |6 n/2+O(K ), a contradiction. Therefore, H = H ′ and H ⊕ z = H ′⊕ z ′. So

we have |A4 (H ⊕ x)|, |B 4 (H ⊕ y)|, |C 4 (H ⊕ z)|, |D 4 (H ⊕ x ⊕b0 ⊕ z)| =O(K ). Since

b0 ∈ H ⊕ y , we obtain |D 4 (H ⊕x ⊕ y ⊕ z)| =O(K ) as well.

Lemma 4.4.5 (Circular cubic). Let K > 0 and let n be sufficiently large depending on

K . Suppose P is a set of n points in R2 spanning at most K n2 ordinary generalised

circles, and all but at most K points of P lie on an acnodal or smooth circular cubic

γ. Then there is a coset H ⊕ x of a subgroup H 6 γ∗, with 4x ∈ H ⊕ω, such that

|P 4 (H ⊕x)| =O(K ).

Proof. Let P ′ = P ∩γ∗. Then |P 4P ′| =O(K ), and by Lemma 4.4.2, P ′ spans at most

O(K n2) ordinary circles. If a, b, c ∈ γ are distinct, then by Proposition 4.2.2, the

generalised circle through a, b, c meets γ again in the unique point d =ωª (a ⊕b ⊕c).
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This implies that d ∈ P ′ for all but at most O(K n2) triples a, b, c ∈ P ′, or equivalently

a⊕b⊕c ∈ωªP ′. Applying Corollary 4.4.4 with A = B =C = P ′ and D =ωªP ′, we obtain

H 6 γ∗ and a coset H⊕x such that |P4(H⊕x)| =O(K ) and |(ωªP ′)4(H⊕3x)| =O(K ),

which is equivalent to |P4(Hª3x⊕ω)| =O(K ). Thus we have |(H⊕x)4(Hª3x⊕ω)| =
O(K ), which implies 4x ∈ H ⊕ω.

Lemma 4.4.6 (Concentric circles). Let K > 0 and let n be sufficiently large depending

on K . Suppose P is a set of n points in R2 spanning at most K n2 ordinary generalised

circles. Suppose all but at most K of the points of P lie on two concentric circles, and

that P has n/2±O(K ) points on each. Then, up to similarity, P differs in at most O(K )

points from an ‘aligned’ or ‘offset’ double polygon.

Proof. By scaling and rotating, we can assume that P lies mostly on the two concentric

circles σ1 = {e2πi t : t ∈ [0,1)} and σ2 = {r e−2πi t : t ∈ [0,1)}, r > 1, which we gave a group

structure in Section 4.2.2.

Let P1 = P ∩σ1 and P2 = P ∩σ2. Then |P 4 (P1 ∪P2)| = O(K ), and by Lemma 4.4.2,

P1∪P2 spans at most O(K n2) ordinary circles. If a,b ∈σ1 and c ∈σ2 with a 6= b, then by

Lemma 4.2.4, the generalised circle through a, b, c meets σ1 ∪σ2 again in the unique

point d =ª(a⊕b⊕c). This implies d ∈ P2 for all but at most O(K n2) triples (a,b,c) with

a,b ∈ P1 and c ∈ P2. Applying Corollary 4.4.4 with A = B = P1, C = P2 and D =ªP2, we

get cosets H ⊕x and H ⊕ y of σ1∪σ2 such that |P14(H ⊕x)|, |P24(H ⊕ y)| =O(K ) and

2x ⊕2y ∈ H , where x ∈σ1 and y ∈σ2. It follows that H 6σ1, hence H is a cyclic group

of order m = n/2±O(K ), and H ⊕ x and H ⊕ y are the vertex sets of regular m-gons

inscribed in σ1 and σ2, respectively, either ‘aligned’ or ‘offset’ depending on whether

x ⊕ y ∈ H or not.

Together these lemmas prove Theorem 4.0.5. It just remains to remark that if P differs

in O(K ) points from a coset on an acnodal circular cubic, then we apply inversion

in its singularity. By Proposition 4.1.6, we obtain that P differs in O(K ) points from

a coset H ⊕x of a finite subgroup H of an ellipse, where 4x = o. Thus, x is a point of

the ellipse with eccentric angle a multiple of π/2. After a rotation, we can assume that

x = o, which is Case (ii ) of Theorem 4.0.5. �
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4.5. Extremal configurations

4.5 Extremal configurations

In this section we prove Theorems 4.0.1, 4.0.2, and 4.0.3. We first consider generalised

circles.

4.5.1 Ordinary generalised circles

Suppose P is an n-point set inR2 spanning fewer than 1
2 n2 ordinary generalised circles,

and that P is not contained in a generalised circle. Applying Theorem 4.0.5, we can

conclude that, up to inversions, P differs in O(1) points from one of the following

examples: points on a line, a coset of a subgroup of an acnodal or smooth circular

cubic, or a double polygon.

The first type of set is very easy to handle. Note that the lower bound is on the number

of ordinary circles, not counting 3-point lines.

Lemma 4.5.1. Let K > 1 and n > 2K +4. If all except K points of a set P ⊂ R2 of n

points lie on a line, then P spans at least
(n−1

2

)
ordinary circles.

Proof. Let ` be a line such that |P ∩`| = n−K . For any p ∈ P ∩` and q ∈ P \` there are

at most K −1 non-ordinary circles through p, q , another point on P ∩`, and another

point in P \`. Therefore, there are at least K (n −2K ) ordinary circles through p. This

holds for any of the n −K points p ∈ P ∩`, and we obtain at least 1
2 K (n −2K )(n −K )

ordinary circles. It is easy to see that when 16 K 6 (n −4)/2, 1
2 K (n −2K )(n −K ) is

minimised when K = 1.

Cosets on cubics are also relatively easy to handle. We again obtain a lower bound on

the number of ordinary circles, not including 3-point lines.

Lemma 4.5.2. Suppose P ⊂R2 differs in K points from a coset H ⊕x of an acnodal or

smooth circular cubic, where |H | = n ±O(K ) and 4x ªω ∈ H. Then P spans at least
1
2 n2 −O(K n) ordinary circles.

Proof. Suppose that P differs in K points from H⊕x. We know from Construction 4.3.2

that H ⊕ x spans 1
2 n2 −O(n) ordinary circles, all of which are tangent to γ. We show

that adding or removing K points destroys no more than O(K n) of these ordinary

circles, so that the resulting set P still spans at least 1
2 n2 −O(K n) ordinary circles.
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4. On sets defining few ordinary circles

Suppose we add a point q ∉ H ⊕x. For p ∈ H ⊕x, at most one circle tangent to γ at p

can pass through q . Thus, adding q destroys at most n ordinary circles. Now suppose

we remove a point p ∈ H ⊕x. Since ordinary circles of H ⊕x correspond to solutions

of 2p ⊕q ⊕ r =ω or p ⊕2q ⊕ r =ω, there are at most O(n) solutions for a fixed p. Thus

removing p destroys at most O(n) ordinary circles.

Repeating K times, we see that adding or removing K points to or from H ⊕x destroys

at most O(K n) ordinary generalised circles out of the 1
2 n2 −O(n) spanned by H ⊕ x.

This proves that P spans at least 1
2 n2 −O(K n) ordinary circles.

From the two lemmas above we know that there is an absolute constant C such that

a set of n points, not all collinear or concyclic, spanning at most 1
2 n2 −C n ordinary

generalised circles, differs in O(1) points from Case (iv ) in Theorem 4.0.5. This case,

where P is close to the vertex set of a double polygon, requires a more careful analysis

of the effect of adding or removing points.

We use the following special case of a result due to Raz, Sharir, and de Zeeuw [70].

Proposition 4.5.3. If P ⊂ R2 is a set of n points contained in two circles, then the

number of lines with at least three points of P is at most O(n11/6).

Proof. Denote the two circles byσ1 andσ2. We use [70, Theorem 6.1], which states that

for (not necessarily distinct) algebraic curves C1,C2,C3 of constant degree, and finite

sets Si ⊂Ci , the number of collinear triples (p1, p2, p3) ∈ S1 ×S2 ×S3, with p1, p2, p3

distinct, is bounded by O(|S1|1/2|S2|2/3|S3|2/3 + |S1| + |S1|1/2|S2| + |S1|1/2|S3|), unless

C1 ∪C2 ∪C3 is a line or a cubic. Let C1 = σ1 and C2 = C3 = σ2. Set Si = P ∩Ci for

i = 1,2,3. Every line with at least one point of S1 and two points of S2 = S3 corresponds

to a collinear triple in S1×S2×S3. Since the union of two circles is not a line or a cubic,

we can apply the theorem to get the bound O(n11/6) for the number of collinear triples

in P with one point in σ1 and two points in σ2. Similarly, the number of collinear

triples in P with one point in σ2 and two points in σ1 is also O(n11/6). Since a line

intersects σ1 ∪σ2 in at most four points, we also obtain the bound O(n11/6) for the

number of lines with at least three points.

Lemma 4.5.4. Let S be a double polygon with m points on each circle. Let P = (S \ A)∪B

be a set of n points, where A is a subset of S with a =O(1) points and B is a set disjoint

from S with b =O(1) points. Then P spans at least 1
8 (2+a +4b)n2 −O(n11/6) ordinary

generalised circles.
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Proof. We know from Constructions 4.3.3 and 4.3.4 that S spans 1
4 n2 −O(n) ordinary

generalised circles.

Consider first the number of ordinary generalised circles spanned by S\A. As we saw in

Construction 4.3.5, removing a point p ∈ S destroys at most 3m/2 ordinary generalised

circles spanned by S, and adds 1
2 m2 −O(m) = 1

8 n2 −O(n) ordinary generalised circles.

Noting that there are at most m 4-point generalised circles spanned by S that go

through any two given points of A, we thus have by inclusion-exclusion that S \ A

determines at least ( 1
4 + a

8 )n2 −O(n) ordinary generalised circles.

Now consider adding q ∈ B to S. For any pair of points from S \ A, adding q ∈ B

creates a new ordinary generalised circle, unless the generalised circle through the

pair and q contains three or four points of S \ A. We already saw that the number of

ordinary generalised circles hitting a fixed point is O(n), so it remains to bound the

number of 4-point generalised circles of S that hit q . If q lies on one of the concentric

circles, then no 4-point generalised circles hit q , so we can assume that q does not.

Applying inversion in q reduces the problem to bounding the number of 4-point lines

determined by a subset of two circles. By Proposition 4.5.3, this number is bounded

by O(n11/6), so p lies on at most O(n11/6) of the 4-point generalised circles spanned by

S. Adding q to S thus creates at least
(n

2

)−O(n11/6) ordinary generalised circles. Note

that each p ∈ A that was removed destroys at most n of these circles.

Adding q to S \ A also destroys at most O(n) ordinary circles, since for each p ∈ S there

is only one circle tangent at p and going through q , and for each p ∈ A, at most m

ordinary circles spanned by S \ A go through p. Finally, since there are at most 2m

circles through two points of B that also go through two points of S \ A, P = (S \ A)∪B

spans at least ( 1
4 + a

8 + b
2 )n2 −O(n11/6) ordinary generalised circles.

Theorem 4.0.2 then follows easily from the lemmas above.

Proof of Theorem 4.0.2. Suppose that P is a set of n points in R2 with fewer than 1
2 n2−

C n ordinary generalised circles, where C is sufficiently large. Without loss of generality,

n is also sufficiently large. By Lemmas 4.5.1 and 4.5.2, we need only consider the case

where P differs by O(1) points from a double polygon. In the notation of Lemma 4.5.4,

we have P = (S \ A)∪B and 1
8 (2+a +4b) < 1

2 , which implies that a6 1 and b = 0. So P

is either equal to S, or is obtained from S by removing one point, which are exactly

the cases in Constructions 4.3.3, 4.3.4, and 4.3.5. In particular, the minimum number

of ordinary generalised circles occurs in Construction 4.3.3 when n ≡ 0 (mod 4), in
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4. On sets defining few ordinary circles

Construction 4.3.5 when n ≡ 1,3 (mod 4), and in Constructions 4.3.3 and 4.3.4 when

n ≡ 2 (mod 4). �

4.5.2 Ordinary circles

We now consider what happens if we do not count generalised circles that are lines,

and prove Theorem 4.0.1.

Proof of Theorem 4.0.1. Let P be a set of n points not all on a line or a circle, with

at most 1
2 n2 −C n ordinary circles, for a sufficiently large C . By a simple double

counting argument, there are at most 1
6 n2 3-point lines, so there are at most 2

3 n2−O(n)

ordinary generalised circles. By Theorem 4.0.5, up to inversions and up to O(1) points,

P lies on a line, an ellipse, a smooth circular cubic, or two concentric circles. By

Lemmas 4.5.1 and 4.5.2, the first three cases give us at least 1
2 n2−O(n) ordinary circles,

contrary to assumption. Therefore, we only need to consider the case where, when

P is transformed by an inversion to P ′, we have P ′ = (S \ A)∪B , where S is a double

polygon (‘aligned’ or ‘offset’), and |A| = a, |B | = b.

By Lemma 4.5.4, P ′ has at least 1
8 (2+a +4b)n2 −O(n11/6) ordinary generalised circles,

which gives us the inequality 1
8 (2+a +4b) < 2

3 , which in turn gives us a6 3 and b = 0.

Therefore, P ′ lies on two concentric circles, and P lies on the disjoint union of two

circles or the disjoint union of a line and a circle.

Suppose that a = 3 (and b = 0). Then P ′ has 5
8 n2 −O(n) ordinary generalised circles.

Those passing through the centre of the inversion that transforms P to P ′, are inverted

back to straight lines passing through three points of P . As in the proof of Lemma 4.5.4,

there are 1
8 n2 −O(n) ordinary generalised circles that pass through any point of A.

Also, we can use Lemma 4.5.5 below to show that there are at most O(n) ordinary

generalised circles spanned by S \ A that intersect in the same point not in S. Indeed,

by Lemma 4.5.5, there are at most n/2 ordinary generalised circles of S that intersect

in the same point p ∉ S. Furthermore, for each point q ∈ A there are O(n) generalised

circles through p, q , and two more points of S. It follows that there are O(n) ordinary

generalised circles spanned by S \ A through p.

Thus, if the centre of inversion is in A, P has 1
2 n2 −O(n) ordinary circles, which is a

contradiction if C is chosen large enough. On the other hand, if the centre of inversion

is not in A, then P has 5
8 n2 −O(n) ordinary circles, also a contradiction.
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Therefore, we have a 6 2, which means that P ′ is a set of n points as in Construc-

tions 4.3.3, 4.3.4, 4.3.5, or 4.3.6.

Next, suppose that n is even. If a = 2, then there are 1
2 n2 −O(n) ordinary generalised

circles and through both points of A there are 1
8 n2 −O(n) ordinary generalised circles.

If we invert in one of these points in A, we obtain a set with 3
8 n2 −O(n) ordinary

circles (as in Construction 4.3.6), which is not extremal. Otherwise, a = 0, P ′ is as in

Constructions 4.3.3 or 4.3.4, and there are at least 1
4 n2 −n ordinary generalised circles

if n ≡ 0 (mod 4) and 1
4 n2 − 1

2 n if n ≡ 2 (mod 4). Let p be the centre of the inversion

that transforms P to P ′. Then all the 3-point lines of P are inverted to ordinary circles

in the double polygon P ′, all passing through p. By Lemma 4.5.5 below, there are

at most n/2 ordinary circles that intersect in the same point not in P ′. Thus, in P

there at most n/2 3-point lines, and the number of ordinary circles (not including

lines) is at least 1
4 n2 − 3

2 n if n ≡ 0 (mod 4) and 1
4 n2 −n if n ≡ 2 (mod 4), which match

Construction 4.3.3 (and Construction 4.3.4 if n ≡ 2 (mod 4)), if the radii are chosen

so that each vertex of the inner polygon has an ordinary generalised circle that is a

straight line tangent to it.

Finally, suppose that n is odd. Then a = 1 and P ′ is as in Construction 4.3.5, with 3
8 n2−

O(n) ordinary generalised circles. It follows that P must be as in Construction 4.3.6,

with 1
4 n2 − 3

4 n + 1
2 ordinary circles if n ≡ 1 (mod 4) and 1

4 n2 − 5
4 n + 3

2 ordinary circles if

n ≡ 3 (mod 4). This finishes the proof. �

Lemma 4.5.5. Let S be a double polygon (‘aligned’ or ‘offset’) with m points on each

circle. Then a point q ∉ S lies on at most m ordinary generalised circles spanned by S.

Proof. Denote the inner circle by σ1 and the outer circle by σ2, both with centre o. We

proceed by case analysis on the position of q with respect to σ1 and σ2. Note that for

each point p ∈ S, at most one of the ordinary generalised circles tangent at p can go

through q .

If q lies on either σ1 or σ2, then q does not lie on any ordinary generalised circle

spanned by S.

If q lies inside σ1, then q lies on at most m ordinary generalised circles spanned by

S, since ordinary generalised circles tangent to σ1 cannot pass through q . Similarly,

if q lies outside σ2, it lies on at most m ordinary generalised circles, since ordinary

generalised circles tangent to σ2 lie inside σ2.
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o q
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Figure 4.6 – Bitangent circles through q

The remaining case to consider is when q lies in the annulus bounded by σ1 and σ2.

Consider the subset S′ ⊂ S of points p such that there exists an ordinary generalised

circle tangent at p going through q . Consider the four circles passing through q and

tangent to both σ1 and σ2. They touch σ1 at a1,b1,c1,d1 and σ2 at a2,b2,c2,d2 as in

Figure 4.6. Any circle through q tangent to σ1 and intersecting σ2 in two points, must

touch σ1 on one of the open arcs a1b1 or c1d1. Similarly, any circle through q tangent

to σ2 and intersecting σ1 in two points, must touch σ2 on one of the open arcs a2c2 or

b2d2. It follows that S′ must be contained in the relative interiors of one of these four

arcs. Since S consists of m equally spaced points on each of σ1 and σ2,

|S′| <
⌈

2m(∠a1ob1 +∠c1od1 +∠b2od2 +∠a2oc2)

4π

⌉
=

⌈
m(θ+ϕ)

π

⌉
,

where θ and ϕ are as indicated in Figure 4.6. In order to show that |S′|6m, it suffices

to show that the angle sum θ+ϕ is strictly less than π. This is clear from Figure 4.6

(note that a1,o, a2 are collinear with a1 and a2 on opposite sides of o).
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4.5.3 Four-point circles

Proof of Theorem 4.0.3. Let P be a set of n points in R2 with at least 1
24 n3− 7

24 n2+O(n)

4-point generalised circles. Let ti denote the number of i -point lines (i > 2) and si

the number of i -point circles (i > 3) in P . By counting unordered triples of points, we

have (
n

3

)
= ∑

i>3

(
i

3

)
(ti + si )> t3 + s3 +4(t4 + s4),

hence

1

6
n3 −O(n2)> t3 + s3 +4

(
1

24
n3 −O(n2)

)
and t3+ s3 =O(n2), so we can apply Theorem 4.0.5. We next consider each of the cases

of that theorem in turn.

If all except O(1) points of P lie on a straight line, it is easy to see that P determines

only O(n2) generalised circles, contrary to assumption.

If all except O(1) are vertices of two regular m-gons on concentric circles where m =
n/2±O(1), then we know from Constructions 4.3.3, 4.3.4, and 4.3.5 that P determines

at most 1
32 n3 +O(n2) 4-point generalised circles, again contrary to assumption.

Suppose next that P = ((H ⊕ x) \ A)∪B , where H is a finite subgroup of order m =
n ±O(1) of a smooth circular cubic, A is a subset of H ⊕ x with a =O(1) points, and

B is a set disjoint from H ⊕ x with b =O(1) points. Then n = m −a +b. The number

of 4-point generalised circles in H ⊕ x is 1
24 m3 − 1

4 m2 +O(m). We next determine an

upper bound for the number of 4-point generalised circles in P .

For each p ∈ A, let Cp be the set of 4-point generalised circles of H ⊕ x that pass

through p. Then |Cp | = 1
6 m2 −O(m) and |Cp ∩Cq | = O(m) for distinct p, q ∈ A. By

inclusion-exclusion, we destroy at least |⋃p∈A Cp |> 1
6 am2−O(m) 4-point generalised

circles by removing A, and we still have at most 1
24 m3 − 1

4 m2 − 1
6 am2 +O(m) 4-point

generalised circles in (H ⊕x) \ A.

For each p ∈ B , the number of ordinary generalised circles spanned by H ⊕x passing

through p is at most O(m). This is because each such generalised circle is tangent to

the cubic at one of the points of H ⊕x, and there is only one generalised circle through
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p and tangent at a given point of H ⊕ x. Also, for each pair of distinct p, q ∈ B , there

are at most O(m) generalised circles through p and q and two points of H ⊕x; and for

any three p, q,r ∈ B there are at most O(1) generalised circles through p, q,r and one

point of H ⊕x. Therefore, again by inclusion-exclusion, by adding B we gain at most

O(m) 4-point generalised circles.

It follows that the number of 4-point generalised circles determined by P is

t4 + s46
1

24
m3 − 1

4
m2 − 1

6
am2 +O(m) = n3 − (a +3b +6)n2 +O(n)

24
.

Since we assumed that

t4 + s4>
n3 −7n2 +O(n)

24
,

we obtain a +3b < 1. Therefore, a = b = 0 and P = H ⊕ x. The maximum number of

4-point circles in a coset has been determined in Constructions 4.3.1 and 4.3.2.

The final case, when all but O(1) points of P lie on an ellipse, can be reduced to the

previous case. Indeed, by Lemma 4.1.6, if we invert the ellipse in a point on the ellipse,

we obtain an acnodal circular cubic, and then the above analysis holds verbatim for

the group of regular points on this cubic. �
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5 Schwartz-Zippel bounds for two-
dimensional products

This chapter is based on the paper "Schwartz-Zippel bounds for two-dimensional

products", with some small changes in the exposition. The paper is a joint work with

Thang Pham, Claudiu Valculescu, and Frank de Zeeuw. It was accepted for publication

by Discrete Analysis Journal and appeared as a preprint on the arxiv [57].

Throughout this chapter, we only deal with affine varieties over C, defined as Z (I ) =
{(x1, . . . , xm) ∈Cm : F (x1, . . . , xm) = 0 ∀F ∈ I } for some I ⊂C[x1, . . . , xm]; we write I (X ) =
{F ∈ C[x1, . . . , xm] : F (x1, . . . , xm) = 0 ∀(x1, . . . , xm) ∈ X } for the ideal of polynomials

defining X . Note that a variety can be a union of components of different dimensions;

then its dimension is the maximum of the dimensions of the components. See [20, 78]

for definitions of varieties and their dimension and degree.

A special case of the well-known Schwartz-Zippel1 lemma states that for an algebraic

curve C ⊂C2 of degree d and two finite sets A,B ⊂C, we have

|C ∩ (A×B)| =Od (|A|+ |B |). (5.0.1)

In other words, it bounds the size of the intersection of an algebraic curve with a

Cartesian product of “one-dimensional” sets (let us informally call a finite set k-

dimensional if it is given as a subset ofCk ). The full Schwartz-Zippel lemma generalizes

this statement to polynomials over any field in any number of variables. A related

statement is Alon’s combinatorial Nullstellensatz [1], which (in this case) says that C

contains all of A×B if and only if it is defined by a polynomial of the form g (x)h(x, y)+
1See [53] for the curious history of this lemma. We use the name that has become standard in

combinatorics, even though others published versions of this statement earlier, and many a nineteenth-
century geometer could have proved the statement that we are referring to.
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k(y)l (x, y), with g vanishing on A and k vanishing on B .

In this work we study generalizations of these statements to Cartesian products of two-

dimensional sets. More precisely, given a variety X ⊂C4 and two finite sets P,Q ⊂C2,

we prove upper bounds on the size of the intersection

|X ∩ (P ×Q)|, (5.0.2)

and we determine which X can contain a whole product P ×Q. Unlike in the one-

dimensional case, we cannot expect a good bound on (5.0.2) for all varieties. Take

for instance X = Z (F ) with F (x, y, s, t) = xs + y t ; if we take P on the y-axis and Q on

the s-axis, then X contains all of P ×Q. This example is generalized in the following

definition, which appears to be new. Note the similarity with the special form in the

version of Alon’s Nullstellensatz mentioned above.

Definition 5.0.1. Given G ∈C[x, y]\C and K ∈C[s, t ]\C, a polynomial F ∈C[x, y, s, t ] is

(G ,K )-Cartesian if it can be written as

F (x, y, s, t ) =G(x, y)H(x, y, s, t )+K (s, t )L(x, y, s, t ), (5.0.3)

with H ,L ∈ C[x, y, s, t ]; F is Cartesian if there are non-constant G ,K such that F is

(G ,K )-Cartesian.

Let X be a variety in C4 and let I (X ) be its defining ideal. Then X is Cartesian if there

are G ∈C[x, y]\C, K ∈C[s, t ]\C such that every F ∈ I (X ) is (G ,K )-Cartesian. Note that

a reducible variety is Cartesian if one of its components is Cartesian, since the ideal of

a union of varieties is the intersection of the ideals of the components.

If X is Cartesian, then we cannot give a better bound on (5.0.2) than the trivial |P ||Q|.
Indeed, given G and K , we can arbitrarily choose finite subsets P ⊂ Z (G) ⊂ C2 and

Q ⊂ Z (K ) ⊂C2. Then for any polynomial F of the form (5.0.3) we have F (p, q) = 0 for

all (p, q) ∈ P ×Q, which means that |X ∩ (P ×Q)| = |P ||Q|.

Our two main theorems show that, as long as X is not Cartesian, much better bounds

hold. Moreover, it turns out that there is a dichotomy between varieties of dimension

three and varieties of dimension less than three2. When X has dimension one or two,

our first main theorem gives a linear bound, which perhaps makes this statement the

2We will ignore the trivial cases of dimension four, for which the intersection size is always |P ||Q|,
and dimension zero, for which Bézout’s inequality immediately gives the bound Od (1).
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most natural generalization of the one-dimensional Schwartz-Zippel bound (5.0.1).

Theorem 5.0.2. Let X be a variety in C4 of degree d and dimension one or two, and let

P,Q ⊂C2 be finite sets. Then

|X ∩ (P ×Q)| =Od (|P |+ |Q|),

unless X is Cartesian.

Our second main theorem concerns varieties of dimension three, where we observe a

very different bound.

Theorem 5.0.3. Let X be a variety in C4 of degree d and dimension three, and let

P,Q ⊂C2 be finite sets. Then3

|X ∩ (P ×Q)| =Od ,ε
(|P |2/3+ε|Q|2/3 +|P |+ |Q|) ,

unless X is Cartesian. When P,Q ⊂R2, the ε can be omitted.

The ε in Theorem 5.0.3 could of course just as well be placed in the exponent of |Q|. It

comes from the incidence bound of Sheffer and Zahl [80] that we use. We expect that

this ε can be removed in general, but current techniques do not quite allow for this;

see the discussion in Section 5.5. The statement holds for P,Q ⊂R2 without the ε, but

it should be understood that the variety is still considered as a complex variety, and

in particular we should take its complex dimension (which may differ from the real

dimension of the corresponding real variety). Similarly, our definition of a polynomial

F being Cartesian is only formulated over C, i.e., the polynomials G , H ,K ,L could be

complex polynomials even when F is real. With a little more work we could obtain a

fully real statement, but we currently do not see much benefit to that.

We note that many instances of Theorem 5.0.3 have long been known. Most notably,

the Szemerédi-Trotter theorem [88], which bounds the number of incidences between

points and lines in R2, can be rephrased as the case F = xs − y + t of Theorem 5.0.3;

indeed, the point (a,b) lies on the line y = cx+d if and only if F (a,b,c,d) = 0. Another

familiar example is the polynomial F = (x − s)2 + (y − t)2 − 1, which we discuss in

Section 5.4.1. More generally, Theorem 5.0.3 can be seen as a variant of the Pach-Sharir

3Throughout this chapter, when we state a bound involving an ε, we mean that this bound holds for
every positive ε ∈R, with the multiplicative constant of the O-notation depending on ε.
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theorem [62], and that theorem plays a crucial role in the proof; see the discussion in

Section 5.5.

Our proofs of Theorems 5.0.2 and 5.0.3 rely on two-dimensional versions of the spe-

cial case of Alon’s Nullstellensatz mentioned at the start of this section. Specifically,

instead of asking when a two-variable polynomial vanishes on an entire product

A ×B ⊂ C×C, we ask when a four-variable polynomial vanishes on an entire prod-

uct P ×Q ⊂C2 ×C2. These two-dimensional versions come in several forms, and to

avoid overloading this section we state them as we prove them in Section 5.1. Alon’s

Nullstellensatz has many applications in combinatorics, but it is not yet clear if our

two-dimensional generalizations have similar applications, other than the theorems

in this presentation.

We will give some applications of Theorems 5.0.2 and 5.0.3 concerning repeated

and distinct values of polynomials and polynomial maps. We generalize well-known

bounds on the squared Euclidean distance function (x − s)2 + (y − t)2 to arbitrary

polynomials F (x, y, s, t ), with exceptions related to the Cartesian form. Again to avoid

overloading this section, we present these applications and their background in Sec-

tion 5.4.

Constructions. Theorems 5.0.2 and 5.0.3 are best possible for statements of this

generality (except for the ε in the complex case of Theorem 5.0.3). Let us make clear

what we mean by this.

First we consider Theorem 5.0.2. Let X be any variety in C4 of dimension one or two.

Define projections by π1(x, y, s, t) = (x, y) and π2(x, y, s, t) = (s, t). For any n, we can

choose a generic subset R ⊂ X of size n such that |π1(R)| = n and |π2(R)| = n. Then

setting P = π1(R) and Q = π2(R) gives |X ∩ (P ×Q)| ≥ |R| = n. This shows that the

bound of Theorem 5.0.2 is tight, in the sense that the exponents cannot be improved,

at least when |P | = |Q|. When |P | and |Q| are far apart, this construction gives the

lower bound min{|P |, |Q|}, whereas the upper bound in Theorem 5.0.2 is max{|P |, |Q|}.

Theorem 5.0.3 is only tight in the following weaker sense: There exist polynomials F

of any degree and point sets P,Q for which the bound is tight (aside from the ε). This

follows from a construction of Elekes [27] (based on an earlier construction of Erdős)

that shows the Szemerédi-Trotter bound to be tight. Consider F = xs − y + t (it is not
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5.1. Nullstellensätze for two-dimensional products

hard to verify that this polynomial is not Cartesian). For parameters λ,µ, set

P = {(i , j ) : 1 ≤ i ≤λ, 1 ≤ j ≤λµ}, Q = {(i , j ) : 1 ≤ i ≤µ, 1 ≤ j ≤λµ}.

Then |P | =λ2µ and |Q| =λµ2, and all sizes |P |, |Q| can be approximately obtained in

this way. Moreover, forΩ(λ2µ) of the points (x, y) ∈ P there areΩ(µ) points (s, t) ∈Q

such that xs − y + t = 0, so we have |Z (F )∩ (P ×Q)| =Ω(λ2µ2) =Ω(|P |2/3|Q|2/3).

This construction is easily extended to polynomials of any degree; for instance, take

the polynomial F = xs + yd − t d and points of the form (i , j 1/d ). Another example of a

tight construction is given by Valtr [93], for the polynomial F = (x − s)2 + y − t .

On the other hand, it is conjectured that for F = (x − s)2 + (y − t )2 −1 (see also Section

5.4), the bound |Z (F )∩ (P ×P )| = O(|P |4/3) is not tight. Erdős [31] conjectured the

bound Oε(|P |1+ε), but no better bound than O(|P |4/3) is known for this or any other

polynomial. It would be interesting to know what the distinction is between the

polynomials for which the bound is tight, and those for which the bound is not tight.

Outline. In Section 5.1, we prove our variants of Alon’s Nullstellensatz for two-

dimensional products, which are key tools in our later proofs. In Section 5.2 we

prove Theorem 5.0.2 and in Section 5.3 we prove Theorem 5.0.3. The applications to

repeated and distinct values of polynomials and polynomial maps follow in Section

5.4. Finally, in Section 5.5, we discuss some related results and possible extensions.

5.1 Nullstellensätze for two-dimensional products

5.1.1 First Nullstellensatz for two-dimensional products

Here is the form of Alon’s combinatorial Nullstellensatz that we will prove a variant of.

We say that a polynomial is squarefree if it has no repeated factors.

Theorem 5.1.1. Let f ∈ C[x, y], and let g ∈ C[x],k ∈ C[y] be squarefree. Then Z (g )×
Z (k) ⊂ Z ( f ) if and only if there are h, l ∈C[x, y] such that f = g (x)h(x, y)+k(y)l (x, y).

This statement is a special (but crucial) case of [1, Theorem 1.1]; the general theorem

applies to any field and any number of variables, and comes with bounds on the

degrees of h and l . Most applications of the combinatorial Nullstellensatz use [1,
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5. Schwartz-Zippel bounds for two-dimensional products

Theorem 1.2], which is a consequence of [1, Theorem 1.1]; the key observation behind

this consequence is that one can tell from a single coefficient of f that f does not have

the special form.

The combinatorial Nullstellensatz is of course named after Hilbert’s Nullstellensatz

(see for instance [78]), which states that if a polynomial f vanishes on the zero set Z (I )

of an ideal I , then some power of f lies in I . In other words, if I = (g1, . . . , g`), then

Z (I ) ⊂ Z ( f ) implies f m = ∑
gi hi for some integer m and polynomials hi . Theorem

5.1.1 thus gives the slightly more precise information that we can take m = 1 in the

case where I = (g ,k) and g ,k are univariate polynomials in different variables.

Our first Nullstellensatz is an analogue of Theorem 5.1.1 for two-dimensional products.

Theorem 5.1.2. Let F ∈ C[x, y, s, t ], and let G ∈ C[x, y]\C,K ∈ C[s, t ]\C be squarefree.

Then Z (G)×Z (K ) ⊂ Z (F ) if and only if F is (G ,K )-Cartesian.

Proof. One direction is obvious: If F is (G ,K )-Cartesian, then Z (G)×Z (K ) ⊂ Z (F ). For

the other direction, we do the following, using terminology from [20, Chapter 2]. Fix

an arbitrary monomial ordering on the variables x, y, s, t , and apply the multivariate

division algorithm ([20, Theorem 2.3.3]) to the polynomials F (x, y, s, t) and G(x, y).

The division algorithm tells us that there exist polynomials H(x, y, s, t ) and R(x, y, s, t )

such that

F (x, y, s, t ) =G(x, y) ·H(x, y, s, t )+R(x, y, s, t ), (5.1.1)

and no monomial of R(x, y, s, t ) is divisible by the leading monomial of G(x, y).

For a fixed q = (sq , tq ) ∈ Z (K ), the fact that Z (G)× Z (K ) ⊂ Z (F ) implies that Z (G)

is contained in the zero set of F (x, y, sq , tq ). Because G is squarefree, it follows that

G(x, y) divides F (x, y, sq , tq ), so by (5.1.1) it also divides R(x, y, sq , tq ). Suppose that

R(x, y, sq , tq ) 6≡ 0; then the leading monomial of G(x, y) divides some monomial of

R(x, y, sq , tq ). But a monomial of R(x, y, sq , tq ) necessarily divides some monomial of

R(x, y, s, t ), so we would have the leading monomial of G(x, y) dividing a monomial of

R(x, y, s, t ), contradicting the stated property of R. Thus we have R(x, y, sq , tq ) ≡ 0 for

every q ∈ Z (K ).

If we expand R(x, y, s, t ) as

R(x, y, s, t ) =∑
i , j

Ri j (s, t )xi y j ,
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5.1. Nullstellensätze for two-dimensional products

then R(x, y, sq , tq ) ≡ 0 implies that Ri j (sq , tq ) = 0 for all i , j . Hence we have Z (K ) ⊂
Z (Ri j ) for all i , j . Since K is squarefree, it follows that K divides Ri j , so for each pair

i , j there exists Li j ∈C[s, t ] such that Ri j (s, t ) = K (s, t )Li j (s, t ). Then we can write

F (x, y, s, t ) =G(x, y) ·H(x, y, s, t )+K (s, t ) ·
(∑

i , j
Li j (s, t )xi y j

)
,

so setting L =∑
Li j (s, t )xi y j , we see that F is (G ,K )-Cartesian.

Although Theorem 5.1.2 is a direct generalization of Theorem 5.1.1, there is one

essential difference. The zero sets Z (g ) and Z (k) in Theorem 5.1.1 are finite sets, while

Z (G) and Z (K ) in Theorem 5.1.2 are algebraic curves. Our second Nullstellensatz

(Theorem 5.1.5 below) concerns finite subsets of C2, and is thus perhaps closer in

spirit to Theorem 5.1.1.

5.1.2 Curves and dual curves

We require the following terminology of curves4 and dual curves, which we will also

use in later proofs. Given F ∈ C[x, y, s, t ] and a point q = (sq , tq ) ∈ C2, we define an

algebraic curve in C2 by

Cq = {(x, y) ∈C2 : F (x, y, sq , tq ) = 0}.

Note that it is possible that Cq is not a curve but equal to C2; take for instance F =
xs + y t and (sq , tq ) = (0,0). Fortunately, this cannot happen often if F is not Cartesian,

as we show in Lemma 5.1.4 below. We will abuse terminology somewhat and always

refer to Cq as a “curve”, although of course we will be careful about this during our

proofs.

To help us analyze the curves Cq , we define a “dual” curve for each p = (xp , yp ) ∈C2 by

C∗
p = {(s, t ) ∈C2 : F (xp , yp , s, t ) = 0}.

4We define a curve in C2 to be the zero set of any polynomial in C[x, y]\C. Note that a one-
dimensional variety need not be a curve, because it may have zero-dimensional components, which
cannot be described as the zero set of a single polynomial. The degree of a curve is the minimum degree
of a defining polynomial; a curve of degree d is a union of at most d irreducible curves (its irreducible
components).
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5. Schwartz-Zippel bounds for two-dimensional products

The curves are dual in the sense that p ∈Cq if and only if q ∈C∗
p (and this is still true if

one of the sets equals C2).

To study these curves we need the following slight generalization of Bézout’s inequality.

The difference with the usual Bézout’s inequality is that this statement applies to

arbitrary collections of curves, and that it gives a lower bound on |C0 ∩ I |.

Lemma 5.1.3. Let S be a (possibly infinite) set of curves in C2 of degree at most d, and

suppose that their intersection ∩C∈S C contains a set I of size |I | > d 2. Then there is a

curve C0 such that C0 ⊂∩C∈S C and |C0 ∩ I | ≥ |I |− (d −1)2.

Proof. The fact that there is a curve contained in ∩C∈S C is proved in [70, Lemma

3.10]. It remains to be proved that there is such a curve C0 with |C0 ∩ I | ≥ |I |− (d −1)2.

We can choose C0 to be the union of all curves contained in ∩C∈S C . For each C ∈S ,

we let C ′ be the curve that remains after removal of C0; in other words, it is the Zariski

closure of C \C0 (which could be empty, but that would imply I ⊂C0 and we would be

done). Let S ′ be the set of all such curves C ′. Each curve C ′ ∈S ′ has degree at most

d −1, since we removed a curve of degree at least one. Applying the first part of the

lemma to S ′, we get that |∩C ′∈S ′C ′| ≤ (d−1)2, which implies |C0∩I | ≥ |I |−(d−1)2.

With this lemma, we can prove that there are not many points for which Cq is not a

curve, unless F is Cartesian. A very similar fact is proved in [71].

Lemma 5.1.4. Let F ∈C[x, y, s, t ] be a polynomial that is not Cartesian. Then there are

at most d 2 points q ∈C2 for which Cq =C2.

Proof. We can expand F as
∑

Fi j (s, t)xi y j . If for q = (sq , tq ) we have Cq = C2, then

we must have Fi j (sq , tq ) = 0 for all i , j . If we set I = {q ∈ C2 : Cq = C2}, then we have

I ⊂ ∩i , j Z (Fi j ). By Lemma 5.1.3, either we have |I | ≤ d 2, or the curves Z (Fi j ) have

a common curve, which means that the polynomials Fi j (sq , tq ) have a nontrivial

common factor K (s, t). In the second case, F would be Cartesian. To be precise, it

would have the form K (s, t)L(x, y, s, t), so it would be (G ,K )-Cartesian for any G , by

choosing H = 0.
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5.1. Nullstellensätze for two-dimensional products

5.1.3 Second Nullstellensatz for two-dimensional products

We can now improve on Theorem 5.1.2 by using the duality between the curves Cq

and the curves C∗
p to show that F being Cartesian is equivalent to Z (F ) containing

a sufficiently large finite product I × J . This statement will play a crucial role in the

proofs of our main theorems. The proof is similar to that of [70, Lemma 3.11].

Theorem 5.1.5. A polynomial F ∈C[x, y, s, t ] of degree d is Cartesian if and only if there

are I , J ⊂C2 with |I |, |J | > d 2 such that I × J ⊂ Z (F ).

Proof. If F is (G ,K )-Cartesian, then for any I ⊂ Z (G) and J ⊂ Z (K ) we have I×J ⊂ Z (F ).

Suppose that F is not Cartesian, and that I × J ⊂ Z (F ) and |I |, |J | > d 2. Then for all

p ∈ I and q ∈ J we have F (p, q) = 0, or in other words p ∈Cq . So I ⊂Cq for all q ∈ J .

Let J1 be the set of q ∈ J for which Cq is a curve, and let J2 be the set of q ∈ J for which

Cq = C2. By Lemma 5.1.4, the assumption that F is not Cartesian, and the fact that

|J | > d 2, the set J1 is not empty. The curves Cq for q ∈ J1 have degree at most d and we

have |I | > d 2, so by Lemma 5.1.3, there is a curve C such that C ⊂Cq for all q ∈ J1. We

trivially have C ⊂Cq for all q ∈ J2, so we can say that C ⊂Cq for all q ∈ J .

For p ∈ C and q ∈ J we have p ∈ Cq , so by duality q ∈ C∗
p ; in other words, we have

J ⊂C∗
p for all p ∈C . Again by Lemma 5.1.3 and Lemma 5.1.4, it follows that there is

a curve C∗ such that C∗ ⊂C∗
p for all p ∈C . Thus for all p ∈C and all q ∈C∗ we have

q ∈C∗
p , i.e., F (p, q) = 0. Therefore C ×C∗ ⊂ Z (F ), which by Theorem 5.1.2 is equivalent

to F being Cartesian.

As we said, Theorem 5.1.5 is closer to Theorem 5.1.1 than Theorem 5.1.2 is, because

it concerns finite sets. However, it differs in another way: The connection between

the Cartesian product I × J and the G ,K in the Cartesian form is less clear. It is not

necessarily the case that if I × J ⊂ Z (F ), then F is (G ,K )-Cartesian with I ⊂ Z (G) and

J ⊂ Z (K ). The best we can say is the following refinement of Theorem 5.1.5, which

follows directly by using the last claim of Lemma 5.1.3 in the proof of Theorem 5.1.5.

Corollary 5.1.6. Let F ∈ C[x, y, s, t ] have degree d. If I × J ⊂ Z (F ) for I , J ⊂ C2 with

|I |, |J | > d 2, then there are G ∈C[x, y]\C,K ∈C[s, t ]\C of degree at most d such that F is

(G ,K )-Cartesian, and moreover

|I ∩Z (G)| ≥ |I |− (d −1)2 and |J ∩Z (K )| ≥ |J |− (d −1)2.
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Let us discuss a bit further how Theorem 5.1.2 differs from Alon’s Nullstellensatz.

As remarked at the start of this section, most applications of Theorem 5.1.1 use the

fact that one can see from a single coefficient of f that f does not have the special

form g (x)h(x, y)+k(y)l (x, y). This requires the more detailed information, given in

[1, Theorem 1.1], that deg(h) ≤ deg( f )−deg(g ) and deg(l ) ≤ deg( f )−deg(k). This

implies that any leading terms of g (x)h(x, y)+k(y)l (x, y) are divisible by xdeg(g ) or by

ydeg(k). If f has a leading term xdeg(g )−1 ydeg(k)−1 (say) with a nonzero coefficient, then

f cannot have the special form.

In the proof of Theorem 5.1.2, we could also obtain information on the degrees of H

and L. In fact, in whatever monomial ordering we do the multivariate division (5.1.1),

the multidegree (see [20, Chapter 2]) of H is at most the multidegree of F minus that

of G . If we choose an ordering that respects the total degree of the polynomials, then

we get deg(H) ≤ deg(F )−deg(G), and similarly deg(L) ≤ deg(F )−deg(K ).

However, unlike in the one-dimensional case, we cannot say much about the degree

of G or K , which may be as small as one. Indeed, we could have I × J ⊂ Z (F ) with I and

J each contained in a line, so that G and K are linear polynomials. Then it seems hard

to deduce anything about the coefficients of G(x, y)H(x, y, s, t )+K (s, t )L(x, y, s, t ).

5.2 Varieties of dimension one and two

Before proving Theorem 5.0.2, we establish the following intermediate version, which

is a Schwartz-Zippel bound for a Cartesian product of one-dimensional sets similar to

that in (5.0.1), but now the one-dimensional sets are finite subsets of algebraic curves.

Lemma 5.2.1. Let G ∈C[x, y]\C,K ∈C[s, t ]\C be irreducible polynomials of degree at

most δ, let F ∈C[x, y, s, t ]\{0} be a polynomial of degree d, and let P ⊂ Z (G),Q ⊂ Z (K )

be finite sets. Then

|Z (F )∩ (P ×Q)| =Od ,δ(|P |+ |Q|),

unless F is (G ,K )-Cartesian.

Proof. Recall that Cq = {p ∈C2 : F (p, q) = 0}. We have

|Z (F )∩ (P ×Q)|6 ∑
q∈Q

|Cq ∩P |,
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so it suffices to bound |Cq ∩P | for each q ∈ Q. We set Q1 = {q ∈ Q : Z (G) ⊂ Cq } and

Q2 =Q\Q1. Note that if Cq =C2, then q ∈Q1, and this will not be a problem. For q ∈Q2

we have |Cq ∩P | ≤ |Cq ∩Z (G)| ≤ d ·δ by Bézout’s inequality (see for instance Lemma

5.1.3) and the fact that G is irreducible. As a result we have∑
q∈Q2

|Cq ∩P |6 ∑
q∈Q2

|Cq ∩Z (G)|6 d ·δ · |Q2| =Od ,δ(|Q|).

If |Q1| ≤ 2d 2, then we can use the trivial bound |Cq ∩P | ≤ |P | to get∑
q∈Q1

|Cq ∩P |6 2d 2 · |P | =Od (|P |).

Otherwise, we can set J =Q1 ⊂ Z (K ) and let I be any subset of Z (G) with 2d 2 elements.

Then we have I × J ⊂ Z (F ) and |I |, |J | > d 2, so Corollary 5.1.6 tells us that F is (G ′,K ′)-

Cartesian for some G ′,K ′ of degree at most d , and moreover we have |I ∩ Z (G ′)|>
|I |− (d −1)2 > d 2 and |J ∩Z (K ′)|> |I |− (d −1)2 > d 2. Thus |Z (G)∩Z (G ′)| > d 2, so by

Bézout’s inequality and the fact that G is irreducible, G divides G ′, and similarly K

divides K ′. Hence F is (G ,K )-Cartesian.

As an aside, we obtain a bound on the number of repeated values of a polynomial on

an algebraic curve. This is a one-dimensional version of the question that we consider

in Section 5.4.1. See [92] for a discussion of the related question on the number of

distinct values on curves.

Corollary 5.2.2 (Repeated values of polynomials on curves). Let C ⊂C2 be an algebraic

curve of degree δ and let F ∈C[x, y, s, t ]\{0} be a polynomial of degree d. Then for any

a ∈C and finite set P ⊂C , the number of times F takes the value a on P satisfies∣∣{(x, y, s, t ) ∈ P ×P : F (x, y, s, t ) = a}
∣∣=Oδ,d (|P |),

unless F −a is (G ,G)-Cartesian for a polynomial G ∈C[u, v] such that C = Z (G).

Before we get back to varieties in C4 of dimension at most two, we need the following

technical lemma from algebraic geometry. A qualitative version of the lemma can

be found for instance in [78, Theorem I.6.3.7] (where it is called “The theorem on

the dimension of the fibers”). However, we need a quantitative version where the

dependence on the degree of the variety is specified. Such a statement is proved in
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[17, Lemma 3.7], although the argument there is very general and the dependence on

d is not given explicitly. In this particular case, it would not be hard to show by a direct

argument that W has degree O(d 2).

Lemma 5.2.3. Letπ :C4 →C2 be the projection defined byπ(x, y, s, t ) = (s, t ). Let X ⊂C4

be a variety of degree d and dimension at most two. Then there is a curve W ⊂ C2 of

degree Od (1) such that, for every (s, t ) 6∈W , π−1(s, t )∩X is a finite set of size at most d.

We are now ready to bound |X ∩ (P ×Q)| when X has dimension at most two.

Proof of Theorem 5.0.2. Let π1,π2 be the projections defined by π1(x, y, s, t) = (x, y)

and π2(x, y, s, t ) = (s, t ). By Lemma 5.2.3, there is a curve W ⊂C2 of degree Od (1) such

that for any q ∉W we have |π−1
2 (q)∩X | ≤ d . Similarly, there is a curve V ⊂C2 of degree

Od (1) such that for any p ∉V we have |π−1
1 (p)∩X | ≤ d .

Let P1 = P\V and P2 = P ∩V , and similarly Q1 =Q\W and Q2 =Q ∩W . Then

|X ∩ (P1 ×Q)| ≤ ∑
p∈P1

|π−1
1 (p)∩X | ≤ d · |P1| =Od (|P |), (5.2.1)

and similarly |X ∩ (P ×Q1)| =Od (|Q|).

It remains to bound |X ∩(P2×Q2)|. Let Z (G1), . . . , Z (Gv ) be the irreducible components

of V , and let Z (K1), . . . , Z (Kw ) be the irreducible components of W . Note that v, w =
Od (1). We have

|X ∩ (P2 ×Q2)| ≤∑
i , j

|X ∩ ((P2 ∩Z (Gi ))× (Q2 ∩Z (K j ))|. (5.2.2)

Consider any pair Gi ,K j . By Lemma 5.2.1, for each F ∈ I (X ) we have

|Z (F )∩ ((P2 ∩Z (Gi ))× (Q2 ∩Z (K j ))| =Od (|P |+ |Q|), (5.2.3)

unless F is (Gi ,K j )-Cartesian. In other words, if some F ∈ I (X ) is not (Gi ,K j )-Cartesian,

then we have this bound, or else all F ∈ I (X ) are (Gi ,K j )-Cartesian, which implies

that X is Cartesian. Thus, if X is not Cartesian, then for every pair i , j we have the

bound (5.2.3). Summing the bound in (5.2.3) over the Od (1) pairs i , j as in (5.2.2), and

combining with (5.2.1), we obtain the stated bound.
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We note that in Theorem 5.0.2, the dependence of the bound on d could be determined

from our proof, if one makes the degree Od (1) of W in Lemma 5.2.3 explicit. For

Theorem 5.0.3 this would be more difficult, because its proof relies on Theorem 5.3.1

below, in which the degree dependence is not made explicit.

5.3 Varieties of dimension three

We now consider three-dimensional varieties X ⊂ C4. We reduce our problem of

bounding |X ∩ (P ×Q)| to the problem of bounding incidences between points and

curves, and then apply a well-known incidence bound. To show that the conditions

of this bound are met, we again use the curve duality introduced in Section 5.1. This

duality was similarly used in combination with incidence bounds in a number of

recent papers, including [61, 70, 79]. The challenge in our situation is to convert the

combinatorial condition of the incidence bound to an algebraic condition on the

polynomials defining X .

Our main tool is the following incidence bound. The statement was proved by Pach

and Sharir [62] in R2, and this was generalized to C2 by Sheffer and Zahl [80], at the

cost of an ε. The incidence graph defined by a set P of points and a set C of curves

is the bipartite graph with vertex sets P and C , with an edge between p ∈ P and

C ∈ C if p ∈ C . We denote the number of edges in this graph by I (P ,C ); in other

words, I (P ,C ) is the number of incidences between P and C . We denote by Ks,t the

complete bipartite graph on s and t vertices.

Theorem 5.3.1. Let P ⊂C2 and let C be a set of algebraic curves of degree at most d. If

the incidence graph of P and C contains no K2,M or KM ,2, then

I (P ,C ) =Od ,M ,ε
(|P |2/3+ε|C |2/3 +|P |+ |C |) .

If P ⊂R2, then the ε can be omitted.

In Theorem 5.0.3 we are given a polynomial F ∈ C[x, y, s, t ] and finite sets P,Q ⊂ C2.

Recall from Section 5.1 that for each q = (sq , tq ) ∈Q we define a curve

Cq = {(x, y) ∈C2 : F (x, y, sq , tq ) = 0},
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and for each p = (xp , yp ) ∈ P we define a dual curve

C∗
p = {(s, t ) ∈C2 : F (xp , yp , s, t ) = 0}.

Let CQ = {Cq : q ∈Q} be the multiset of curves defined by Q.

Note that we have to be careful when we pass from the point set Q to the curves Cq ,

because two different points q, q ′ ∈ Q may define the same curve Cq = Cq ′ (viewed

as sets). For this reason we deal with CQ as a multiset, and we extend the notion of

incidence graph to multisets in the obvious way (distinct q, q ′ give distinct vertices,

even if Cq = Cq ′). Although Theorem 5.3.1 is not stated for multisets of curves, our

Corollary 5.3.2 below is.

We now show that for points and curves defined in this way, we can use the duality to

obtain a stronger version of Theorem 5.3.1 for our situation. Specifically, the condition

on the excluded complete bipartite graph is much weaker. A similar argument was

used in [61, Lemma 3.4]. A comparable statement was proved in a very different way

by Fox et al. [32]; see also the discussion in Section 5.5.

Corollary 5.3.2. Let P,Q ⊂ C2 and let F ∈ C[x, y, s, t ] have degree d. Let CQ be the

multiset of curves defined by Q and F . If the incidence graph of P and CQ contains no

KM ,M , then

I (P,CQ ) =Od ,M ,ε
(|P |2/3+ε|Q|2/3 +|P |+ |Q|) .

If P,Q ⊂R2, then the ε can be omitted.

Proof. First note that we can assume that M > d 2, since if M ≤ d 2 and the incidence

graph contains no KM ,M , then it also contains no Kd 2+1,d 2+1, so we can replace M by

d 2 +1.

We claim that we can partition P into Od ,M (1) subsets Pi , and Q into Od ,M (1) subsets

Q j , so that the following holds. Each CQ j is a set, and for each pair i , j , the incidence

graph of Pi and CQ j contains no K2,2d M or K2d M ,2. Given this claim, we can apply

Theorem 5.3.1 to the points Pi and the curves CQ j to get

I (Pi ,CQ j ) =Od ,M ,ε
(|Pi |2/3+ε|Q j |2/3 +|Pi |+ |Q j |

)
.

Summing up these bounds for the Od ,M (1) pairs i , j proves the corollary.
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The rest of the proof concerns the claim that such a partition exists. Construct a graph

G with vertex set P and an edge between two points p, p ′ ∈ P if there are at least 2d M

points q ∈Q such that p, p ′ ∈Cq . By duality, if G has an edge between p and p ′, then

the intersection of the curves C∗
p and C∗

p ′ contains a set I of at least 2d M points of Q.

Since 2d M > d 2, Lemma 5.1.3 implies that C∗
p and C∗

p ′ contain a common curve C0,

and moreover |C0 ∩ I | ≥ |I |− (d −1)2 > d M . This curve has degree at most d and thus

at most d irreducible components, one of which contains at least M points of Q. To

summarize, an edge between p and p ′ implies the existence of a common irreducible

component of C∗
p and C∗

p ′ that contains at least M points of Q.

We can use this observation to bound the maximum degree of a vertex of G by d M .

Suppose that a vertex p ∈ P has degree greater than d M . Since C∗
p has at most d irre-

ducible components, there must be an irreducible component C1 of C∗
p that contains

at least M points of Q, and that is shared with the curve C∗
p ′ for at least M neighbors

p ′ of p. Then there would be a KM ,M in the incidence graph of P and CQ , with on

one side these M neighbors p ′, and on the other side any M points of Q on C1. This

contradicts the assumption, so the degree of a vertex of G is at most d M .

By basic graph theory5, we can color G with d M +1 colors, or in other words, we can

partition P into d M +1 = Od ,M (1) subsets Pi such that no two vertices in the same

subset are adjacent in G . Since an edge in G corresponds to a K2,2d M in the incidence

graph, this means that the incidence graph of Pi and CQ contains no K2,2d M .

Let Q0 be the subset of q ∈Q for which Cq contains fewer than 2d M points of P . The

curves in CQ0 together give Od ,M (|Q|) incidences with P . Using the dual of the proce-

dure above, we can partition Q\Q0 into Od ,M (1) subsets Q j such that the incidence

graph of P with each multiset CQ j contains no K2d M ,2. It follows that each CQ j is a set,

because if Cq =Cq ′ for two q, q ′ ∈Q j , then the fact that q, q ′ 6∈Q0 implies that Cq =Cq ′

contains at least 2d M points of P , which would give a K2d M ,2 in the incidence graph

of P and CQ j . Hence, each Q j is a set, and each of the Od ,M (1) pairs Pi ,CQ j defines an

incidence graph without K2,2d M or K2d M ,2. This proves the existence of the claimed

partition.

We now have all the pieces in place to prove Theorem 5.0.3.

Proof of Theorem 5.0.3. If X has components of dimension less than three, we apply

5See for instance [13, Chapter 14]; the simple proof is based on a greedy algorithm.
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Theorem 5.0.2 to them, which gives a bound better than that in Theorem 5.0.3, unless

one of these components is Cartesian. As noted in Definition 5.0.1, if any component

of X is Cartesian, then so is X .

Therefore, we can assume that every component of X is three-dimensional, so that we

can write X = Z (F ) (see for instance [78, Theorem 1.21] for the fact that any variety

of codimension one is the zero set of a single polynomial). If F is chosen to have

the minimum degree with this property, then it follows that deg(F ) ≤ d . If F is not

Cartesian, then by Theorem 5.1.5, there are no I , J ⊂ C2 with |I |, |J | > d 2 such that

I × J ⊂ Z (F ). Setting M = d 2 + 1, it follows that the incidence graph of P and CQ

contains no KM ,M . Corollary 5.3.2 then gives the bound in Theorem 5.0.3.

5.4 Repeated and distinct values of polynomial maps

We now give our applications of Theorems 5.0.2 and 5.0.3 to value sets of polynomial

maps. We first consider polynomial maps C4 → C defined by one polynomial, and

then polynomial maps C4 →C2 defined by two polynomials. We could also consider

maps defined by more polynomials, but this seems less interesting.

5.4.1 Repeated values of polynomials

Erdős [31] asked for the maximum number of unit distances that can occur between

the points in a finite set P ⊂ R2. The best known upper bound is O(|P |4/3), due to

Spencer, Szemerédi, and Trotter [84]. We can rephrase this statement as follows. Let

F (x, y, s, t ) = (x − s)2 + (y − t )2,

so that F (x, y, s, t) equals the squared Euclidean distance between (x, y) and (s, t).

Then the number of pairs in P×P ⊂R2×R2 on which F can take the value 1 is O(|P |4/3).

Of course, the same statement holds for any value other than 1.

Theorem 5.0.3 tells us to which other polynomials this bound can be generalized.

Compare this statement with Corollary 5.2.2, where a sharper bound is proved for a

point set contained in an algebraic curve of bounded degree.

Corollary 5.4.1. Let F ∈ C[x, y, s, t ], let P ⊂ C2 be a finite set, and let a ∈ C. Then the
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number of times F takes the value a on P satisfies

|{(x, y, s, t ) ∈ P ×P : F (x, y, s, t ) = a}| =Od ,ε(|P |4/3+ε),

unless the polynomial F −a is Cartesian. Over R, the ε can be omitted.

The condition that F −a is not Cartesian is necessary, since if F −a is (G ,K )-Cartesian,

then we can take half of the points of P in Z (G) and the other half in Z (K ), to getΩ(|P |2)

repeated values. As in Theorem 5.0.3, the bound is best possible in general. That the

bound is best possible for certain “distances” was already observed by Valtr [93],

who constructed a strictly convex norm, based on the polynomial F = (x − s)2 + y − t ,

for which the upper bound O(|P |4/3) is tight. On the other hand, it is a major open

problem in discrete geometry to show that for the Euclidean distance, this bound is

not tight.

5.4.2 Distinct values of polynomials

Erdős [31] also asked for the minimum number of distinct distances determined by a

finite set P ⊂R2. Guth and Katz [39] proved an almost tight boundΩ(|P |/log |P |). It

is natural to ask the same question for other functions of pairs of points in the plane.

Roche-Newton and Rudnev [73] proved the same lower bound for the “Minkowski

distance” (x − s)2 − (y − t )2, and Rudnev and Selig [76] extended it to other quadratic

distances. Garibaldi, Iosevich, and Senger [35, Chapter 9] considered the dot product

xs + y t , but only proved the boundΩ(|P |2/3) for the number of distinct dot products

determined by P ; improving this bound is an interesting open problem. Iosevich,

Roche-Newton, and Rudnev [45] proved the slightly better boundΩ(|P |9/13) for the

number of distinct values of xt − y s. We are not aware of other such polynomials for

which any bound has been proved.

As a corollary of Corollary 5.4.1, we obtain a bound on the number of distinct values

of a polynomial, for any polynomial for which it could hold. The bound is basically

Ω(|P |2/3), so relatively weak, but we do not know any more elementary proof of such

a bound for general polynomials. Any such proof would have to deal with the fact

that there are exceptional polynomials that are related to the Cartesian property, so

techniques like ours seem to be necessary.

Corollary 5.4.2. Let F ∈C[x, y, s, t ] and let P ⊂C2 be a finite set. Then the number of
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distinct values of F on P satisfies

|F (P ×P )| =Ωd ,ε(|P |2/3−ε),

unless there exists an a ∈C such that F −a is Cartesian. Over R, the ε can be omitted.

Proof. If every value of F is repeated at most T times, then the |P |2 pairs in P ×P

must give at least |P |2/T distinct values. For every a ∈ F (P ×P ), the fact that F − a

is not Cartesian lets us apply Corollary 5.4.1 to conclude that F has the value a for

Od ,ε(|P |4/3+ε) pairs in P ×P . The stated bound follows.

Note that if F −a is (G ,G)-Cartesian for a ∈C, then P ⊂ Z (G) gives F (P ×P ) = {a}, so

there cannot be a good lower bound on the number of distinct values of F . However,

if F −a is (G ,K )-Cartesian with G 6= K , this construction does not work. Thus the right

exception in Corollary 5.4.2 would probably be “unless there exist a ∈C and G ∈C[x, y]

such that F −a is (G ,G)-Cartesian”; unfortunately, this does not quite seem to follow

from our proof. The proof of Corollary 5.4.2 gives a somewhat stronger statement:

There exists p ∈ P such that |F (p ×P )| =Ωd ,ε(|P |2/3−ε), unless some F −a is Cartesian.

5.4.3 Repeated values of polynomial maps

Just as Theorem 5.0.3 gives us bounds on the number of repeated and distinct values

of a single polynomial, Theorem 5.0.2 can give us such bounds for polynomial maps

defined by two polynomials. We focus on the case of polynomial maps F :C4 →C2 of

the form

F (x, y, s, t ) = (F1(x, y, s, t ),F2(x, y, s, t ))

with F1,F2 ∈C[x, y, s, t ]. Note that for a finite set P ⊂C2 and a point (a,b) ∈C2,

Z (F1 −a,F2 −b)∩ (P ×P )

is the set of pairs (x, y), (s, t ) ∈ P for which F (x, y, s, t ) = (a,b).

Corollary 5.4.3. Let F1,F2 ∈C[x, y, s, t ] be two polynomials of degree at most d, and let

F :C4 →C2 be the polynomial map defined by F (x, y, s, t ) = (F1(x, y, s, t ),F2(x, y, s, t )).
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For P ⊂C2 and (a,b) ∈C2, we have

|{(x, y, s, t ) ∈ P ×P : F (x, y, s, t ) = (a,b)}| =Od (|P |),

unless F1 −a and F2 −b have a common factor, or there are G ∈C[x, y]\C,K ∈C[s, t ]\C

such that F1 −a and F2 −b are both (G ,K )-Cartesian.

Proof. If F1 − a and F2 −b do not have a common factor, then Z (F1 − a,F2 −b) has

dimension two, so that we can apply Theorem 5.0.2 to X = Z (F1 −a,F2 −b).

Both exceptions are necessary. As before, if F1−a and F2−b are both (G ,K )-Cartesian,

then we can get |Z (F1−a,F2−b)∩(P×P )| =Ω(|P |2). If F1−a and F2−b have a common

factor F3, then |Z (F1 −a,F2 −b)∩ (P ×P )| ≥ |Z (F3)∩ (P ×P )|, and we know from the

constructions given at the beginning of this chapter, that there are polynomials F3

for which we have |Z (F3)∩ (P ×P )| =Ω(|P |4/3). Of course, Theorem 5.0.3 could in this

case be used to get the upper bound Od ,ε(|P |4/3+ε).

5.4.4 Distinct values of polynomial maps

Finally, we consider distinct values of polynomial maps C4 → C2. We say that F1

and F2 are inner equivalent if there exist ϕ1,ϕ2 ∈ C[z] and ψ ∈ C[x, y, s, t ] such that

F1 =ϕ1 ◦ψ and F2 =ϕ2 ◦ψ. Note that if F1 and F2 are inner equivalent, then the map

F = (F1,F2) : C4 → C2 factors into ψ : C4 → C and (ϕ1,ϕ2) : C→ C2. In this case, the

number of distinct values of F is essentially the same as that of ψ, and thus Corollary

5.4.2 is the relevant statement.

Corollary 5.4.4. Let F1,F2 ∈C[x, y, s, t ] be two polynomials of degree at most d, and let

F :C4 →C2 be the polynomial map defined by F (x, y, s, t ) = (F1(x, y, s, t ),F2(x, y, s, t )).

For P ⊂ C2, we have |F (P ×P )| =Ωd (|P |), unless F1 and F2 are inner equivalent, or

there is an (a,b) ∈C2 such that F1 −a and F2 −b are both (G ,K )-Cartesian.

Proof. We use a generalization of Stein’s theorem [85] to more variables, a proof of

which can be found for instance in [12]. It states that for a non-composite polynomial

F over C in any number of variables, the number of λ ∈C for which the polynomial

F −λ is reducible is at most 2deg(F )2 (a polynomial is composite if there is a nonlinear

univariate polynomial ϕ and a polynomial ψ such that F =ϕ◦ψ).
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We can assume that F1,F2 are non-composite, because if F1 = ϕ ◦ψ, then we have

|F1(P ×P )| ≥ 1
d |ψ(P ×P )|, and similarly for F2, so the number of distinct values of F

is asymptotically unchanged by removing the outside functions. Thus there are sets

S1,S2 ⊂C of size at most 2d 2, such that for a 6∈ S1, F1 −a is irreducible, and for b 6∈ S2,

F2 −b is irreducible.

Consider (a,b) ∈ S1 ×S2. Let F3 be the greatest common divisor of F1 −a and F2 −b,

and set F̃1 = (F1−a)/F3 and F̃2 = (F2−b)/F3. By Corollary 5.4.1, there are Od ,ε(|P |4/3+ε)

pairs (p, q) ∈ P ×P for which F3(p, q) = 0. If one of F̃1 and F̃2 is constant, then the

variety Z (F̃1, F̃2) is empty. Otherwise, F̃1 and F̃2 are coprime and Z (F̃1, F̃2) has dimen-

sion at most two, so by Corollary 5.4.3 there are Od (|P |) pairs (p, q) ∈ P ×P for which

F̃1(p, q) = 0 and F̃2(p, q) = 0. Altogether, there are fewer than 1
8d 4 |P |2 pairs (p, q) ∈ P×P

for which F (p, q) = (a,b), and fewer than 1
2 |P |2 pairs for which F (p, q) ∈ S1×S2. Con-

sequently, there are at least 1
2 |P |2 pairs (p, q) ∈ P ×P for which F (p, q) 6∈ S1 ×S2.

Now consider (a,b) 6∈ S1×S2. We have F1−a and F2−b both irreducible, which implies

that they do not have a common factor, unless F1 =αF2+β for some α,β ∈C. But that

would mean that F1 and F2 are inner equivalent (moreover, they were inner equivalent

before we removed any outside functions). Thus F1 − a and F2 − b do not have a

common factor, and Z (F1 −a,F2 −b) has dimension two. By Corollary 5.4.3, there are

Od (|P |) pairs (p, q) ∈ P ×P such that F (p, q) = (a,b), unless F1−a and F2−b are both

(G ,K )-Cartesian for some G ,K . Since there are at least 1
2 |P |2 pairs (p, q) ∈ P ×P for

which F (p, q) 6∈ S1 ×S2, there must beΩd (|P |) distinct (a,b) ∈F (P ×P ).

There are maps for which the bound in Corollary 5.4.4 is tight. Consider the vector

addition map F (p, q) = p+q = (x+ s, y + t ). Clearly, if P is a set of points in arithmetic

progression (and thus on a line), then |F (P ×P )| =O(|P |). The polynomials F1 = x + s

and F2 = y + t are not inner equivalent, and F1 −a and F2 −b are never both (G ,K )-

Cartesian (both are Cartesian, but with different G ,K ).

5.5 Discussion

Tightness. The main open question regarding Theorem 5.0.3 is for which varieties

the bound is tight, and for which it can be improved. As mentioned in the begin-

ning, the bound is tight for various varieties, while for others it is conjectured that

improvement is possible.
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Question 5.5.1. For which non-Cartesian polynomials F ∈C[x, y, s, t ] and sets P,Q of

size n is the bound |Z (F )∩ (P ×Q)| =O(n4/3) tight, and for which is it not?

Of course, this is just a generalization of the well-known unit distance problem, but

this view does raise some new possibilities. It may be possible to find a polynomial

for which the bound can be improved more easily than for the Euclidean distance

polynomial. It would also be interesting to find and classify more polynomials for

which the bound is tight.

About the ε. Note that Theorem 5.3.1 is conjectured to hold without the ε, which

would imply the same for our main theorem. Zahl [101] did prove such a bound

without ε, but with more restrictive conditions. Specifically, his theorem requires that

the incidences occur at transversal intersection points of the curves, and that the

curves are smooth.

We believe we can handle the first condition in our situation, because for our curves

common tangent lines should be relatively rare. We could handle the second condition

if we assume Z (F ) to be nonsingular, because then only a relatively small subset of

our curves could be singular. However, if Z (F ) is singular, then it could be that all our

curves are singular, in which case we do not see a way to apply Zahl’s theorem.

About the Cartesian form. We currently do not have a good method or algorithm

for proving that a polynomial is not Cartesian, and we do not know any instance

where our algebraic condition (that F is not Cartesian) is easier to establish than the

combinatorial condition of Theorem 5.3.1 (that the incidence graph does not contain

certain complete bipartite subgraphs).

Question 5.5.2. Is there an algorithm that determines if a polynomial F ∈C[x, y, s, t ] is

Cartesian, i.e., if it can be written as F (x, y, s, t ) =G(x, y)H (x, y, s, t )+K (s, t )L(x, y, s, t )?

Related results. Theorem 5.0.3 can be thought of as a variant of the Pach-Sharir

incidence bound, where a combinatorial condition is replaced by an algebraic one.

Specifically, Theorem 5.3.1 gives a bound on I (P ,C ) if the incidence graph of P and C

does not contain a K2,M or KM ,2. In most algebraic applications of this theorem, there

is a polynomial F ∈R[x, y, s, t ] such that the curves in C are of the form {p : F (p, qi ) = 0}

for fixed qi in some finite set Q; see for instance [72, 79, 81]. In such applications, our
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theorem replaces the combinatorial condition on the incidence graph by the purely

algebraic condition that F is not Cartesian.

Yet another way to view Theorem 5.0.3 is as follows. An algebraic graph on R2 ×R2

is a bipartite graph whose two parts are finite sets P,Q ⊂R2, with edges defined by a

polynomial F ∈R[x, y, s, t ], i.e., there is an edge between p ∈ P and q ∈Q if and only

if F (p, q) = 0. Fox et al. [32] proved that if an algebraic graph on R2 ×R2 contains no

Kt ,t , then the number of edges is bounded by Ot (|P |2/3|Q|2/3 +|P |+ |Q|) (in fact, they

proved much more general statements for semialgebraic graphs with vertex sets in

Rd ). Again, Theorem 5.0.3 states the same bound, but replaces the combinatorial

condition by an algebraic condition.

Possible extensions. In this chapter, we have intentionally not looked beyond C4,

but there are natural questions to ask for other Cartesian products. We mention a few,

without going into too much detail.

We can consider varieties X ⊂CD ×CE and try to bound the intersection |X ∩ (P ×Q)|
for P ⊂CD ,Q ⊂CE . There will be exceptions for X defined by “Cartesian” polynomials

of the form G H +K L, with G a polynomial in the first D variables and K a polyno-

mial in the last E variables. In analogy with Theorem 5.0.2, we would expect that

in the case D = E = dim(X ) the bound will be O(|P | + |Q|). For X of intermediate

dimension, we would expect intermediate exponents, probably related to those in

higher-dimensional incidence theorems.

In another direction, we can take X ⊂ (C2)k and consider |X ∩∏k
i=1 Pi | for Pi ⊂ C2.

There will be exceptional varieties X defined by polynomials of the form
∑k

i=1 Gi Hi ,

with each Gi a function of the i -th pair of variables. In analogy with the general

Schwartz-Zippel lemma, we expect that if dim(X ) = 2`, then the bound will be O(|P |`).

Of course one can combine these two directions and look at arbitrary products
∏
CDi .

All such results would come with corresponding corollaries for value sets of polynomial

maps.

Another direction to proceed in is to ask the same questions for other fields, in particu-

lar finite fields. Our proof of Theorem 5.0.2 seems to carry through for arbitrary fields,

but we have restricted ourselves to C for simplicity. Theorem 5.0.3, however, relies on

the incidence bound in Theorem 5.3.1, which does not yet have any analogue over

finite fields (at least not with the same algebraic flexibility).
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6 Sum-product estimates over arbitrary
fields

In this chapter, we use incidence geometry to prove sum-product bounds over arbi-

trary fields. The content of this chapter is based on a combination of the following

two papers. The first paper is a joint work with Thang Pham, which was accepted

for publication by Journal of Number Theory under the title "Conditional expanding

bounds for two-variable functions over arbitrary fields" [56]. The second paper is enti-

tled "Four-variable expanders over the prime fields", which is submitted to a journal for

publication and appeared as a preprint on the arxiv [51]. It is a joint work with Doowon

Koh, Thang Pham, and Claudiu Valculescu. The following presentation combines the

aforementioned articles, where the content is partly taken from a postprint version of

the first one and a preprint version of the second one, and has undergone necessary

modifications to fit in the context.

Throughout this chapter, unless otherwise stated, by Fwe refer to any arbitrary field,

while by Fp , we only refer to the fields of prime order p. We denote the set of non-zero

elements by F∗ and F∗p , respectively. Furthermore, we use the following convention:

if the characteristic of F is positive, then we denote its characteristic by p; if the

characteristic of F is zero, then we set p =∞. So a term like N < p5/8 is restrictive in

positive characteristic, but vacuous for zero characteristic.

For A ⊂ F, the sum and product sets are defined as follows

A+ A = {a +a′ : a, a′ ∈ A}, A · A = {a ·a′ : a, a′ ∈ A}.

For A ⊂ Fp and δ> 0, Bourgain, Katz and Tao [14] proved that there exists a positive
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constant ε= ε(δ) > 0 such that if pδ < |A| < p1−δ, then we have

max{|A+ A|, |A · A|} À|A|1+ε. (6.0.1)

A generalization of (6.0.1) to polynomials was established by Vu [96]. Before presenting

his result, we need the following definition.

Definition 6.0.1. A polynomial f (x, y) ∈ Fp [x, y] is called degenerate if it is of the form

Q(L(x, y)), where Q is a polynomial in one-variable and L is a linear form in x and y .

Vu [96] proved the following theorem.

Theorem 6.0.2 (Vu). Let f (x, y) be a non-degenerate polynomial of degree d in Fp [x, y].

Then for any A ⊂ Fp , we have

max
{|A+ A|, | f (A, A)|}À min

{ |A|3/2

d p1/4
,

p1/3|A|2/3

d 1/3

}
.

Theorem 6.0.2 is non-trivial only in the case |A|À p1/2, and it also holds over arbitrary

finite fields Fq , where q is a prime power. A version of Theorem 6.0.2 over real numbers

can be found in [81]. When |A| 6 p
p and f (x, y) is a non-degenerate quadratic

polynomial, Bukh and Tsimerman [18] obtained the following improvement.

Theorem 6.0.3 (Bukh-Tsimerman). Let f (x, y) ∈ Fp [x, y] be a non-degenerate quadratic

polynomial. There exists a constant ε> 0 such that for any A ⊂ Fp with |A|6p
p, we

have max{|A+ A|, | f (A, A)|} À|A|1+ε.

Over recent years, several progresses on finding explicit exponents of inequality (6.0.1)

have been made. One can mention the results of Hart, Iosevich, and Solymosi [40],

Vinh [94], and Garaev [34]. Recently, Roche-Newton, Rudnev, and Shkredov [74]

established the best known lower bound. More precisely, for A ⊂ Fp with |A|6 p5/8,

they showed that

max{|A+ A|, |A · A|} À|A|6/5. (6.0.2)

As our first result, we give an explicit exponent of Theorem 6.0.3 and improve it to the

same exponent 6/5 as in (6.0.2).
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Theorem 6.0.4. Let f (x, y) ∈ Fp [x, y] be a non-degenerate quadratic polynomial and

let A be a set in Fp with |A|6 p5/8. We have

max{|A+ A|, | f (A, A)|} À|A|6/5.

In another direction, Hegyvári and Hennecart [41] considered a series of sum-product

problems for arbitrary functions. For an arbitrary function g : G → F∗, where G is a

subgroup of F∗, µ(g ) is defined as

µ(g ) = max
t∈F∗

∣∣{x ∈G : g (x) = t
}∣∣ .

For A,B ⊂ Fp and a related pair of two-variable functions f (x, y) and g (x, y) in Fp [x, y],

Hegyvári and Hennecart, using graph theoretic techniques, proved that if |A| = |B | =
pα, then max

{| f (A,B)|, |g (A,B)|}À|A|1+∆(α), for some ∆(α) > 0. More precisely, they

established the following results.

Theorem 6.0.5 (Hegyvári-Hennecart). Let G be a subgroup of F∗p . Consider the function

f (x, y) = g (x)(h(x)+ y) on G ×F∗p , where g ,h : G → F∗p are arbitrary functions. We have

the following for any subsets A ⊂G and B ,C ⊂ F∗p .

(i ) For m =µ(g ·h)

∣∣ f (A,B)
∣∣ |B ·C |À min

{ |A||B |2|C |
pm2

,
p|B |

m

}
.

(ii ) For m =µ(g )

∣∣ f (A,B)
∣∣ |B +C |À min

{ |A||B |2|C |
pm2

,
p|B |

m

}
.

It is worth noting that Theorem 6 established by Bukh and Tsimerman [18] does not

cover such a function defined in Theorem 6.0.5 (ii). Suppose f (x, y) = g (x)(h(x)+ y)

with µ(g ),µ(h) =O(1) and A = B =C . Then, it follows from Theorem 6.0.5 that

1. If |A|À p2/3, then we have

| f (A, A)||A · A|, | f (A, A)||A+ A|À p|A|.
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6. Sum-product estimates over arbitrary fields

2. If |A|¿ p2/3, then we have

| f (A, A)||A · A|, | f (A, A)||A+ A|À |A|4/p.

In our second main result, we improve and generalize Theorem 6.0.5 to arbitrary fields

for small sets.

Theorem 6.0.6. Let f (x, y) = g (x)(h(x)+ y) be a function defined on F∗×F∗, where

g ,h : F∗ → F∗ are arbitrary functions. We have the following for any subsets A,B ,C ⊂ F∗
with |A|, |B |, |C |6 p5/8.

(i ) For m =µ(g ·h)

max
{| f (A,B)|, |B ·C |}À min

{
|A| 1

5 |B | 4
5 |C | 1

5

m
4
5

,
|B ||C | 1

2

m
,
|B ||A| 1

2

m
,
|B | 2

3 |C | 1
3 |A| 1

3

m
2
3

}
.

(ii ) For m =µ(g )

max
{| f (A,B)|, |B +C |}À min

{
|A| 1

5 |B | 4
5 |C | 1

5

m
4
5

,
|B ||C | 1

2

m
,
|B ||A| 1

2

m
,
|B | 2

3 |C | 1
3 |A| 1

3

m
2
3

}
.

The following are consequences of Theorem 6.0.6 part (i).

Corollary 6.0.7. Let f (x, y) = g (x)(h(x)+ y) be a function defined on F∗×F∗, where

g ,h : F∗ → F∗ are arbitrary functions with µ(g ·h) =O(1). For any subset A ⊂ F∗ with

|A|6 p5/8, we have max
{| f (A, A)|, |A · A|}À|A| 6

5 .

Corollary 6.0.8. Consider the sets A ⊂ F∗, and B ,C ⊂ Fwith |A|, |B |, |C |6 p5/8.

(i ) By fixing g (x) = 1 and h(x) = x−1, we get

max
{|A−1 +B |, |B ·C |}À min

{
|A| 1

5 |B | 4
5 |C | 1

5 , |B ||C | 1
2 , |B ||A| 1

2 , |B | 2
3 |C | 1

3 |A| 1
3

}
.

(ii ) By fixing g (x) = x and h(x) = 1, we have

max{|A(B +1)|, |B ·C |} À min
{
|A| 1

5 |B | 4
5 |C | 1

5 , |B ||C | 1
2 , |B ||A| 1

2 , |B | 2
3 |C | 1

3 |A| 1
3

}
.
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It follows from Corollary 6.0.8 part (ii) that if B = A and C = A + 1 then we have

|A(A+1)|À |A|6/5, which recovers the result of Stevens and de Zeeuw [86]. Corollary

6.0.8 (ii) also gives an improvement of Theorem 1 in [103].

We have the following corollaries for the additive version of Theorem 6.0.6, i.e. part

(ii).

Corollary 6.0.9. Let f (x, y) = g (x)(h(x)+ y) be a function defined on F∗×F∗, where

g ,h : F∗ → F∗ are arbitrary functions with µ(g ) = O(1). For any set A ⊂ F∗ with |A|6
p5/8, we have max

{| f (A, A)|, |A+ A|}À|A| 6
5 .

Setting g (x) = x and h(x) = 1, we get the following result.

Corollary 6.0.10. For A,B ,C ⊂ Fwith |A|, |B |, |C |6 p5/8, we have

max{|A(B +1)|, |B +C |} À min
{
|A| 1

5 |B | 4
5 |C | 1

5 , |B ||C | 1
2 , |B ||A| 1

2 , |B | 2
3 |C | 1

3 |A| 1
3

}
.

By fixing g (x) = x and h(x) = 0, we have the following corollary which, in the case A =
B =C , recovers the result due to Roche-Newton, Rudnev, and Shkredov on inequality

(6.0.2).

Corollary 6.0.11. For A,B ,C ⊂ Fwith |A|, |B |, |C |¿ p5/8, we have

max{|A ·B |, |B +C |} À min
{
|A| 1

5 |B | 4
5 |C | 1

5 , |B ||C | 1
2 , |B ||A| 1

2 , |B | 2
3 |C | 1

3 |A| 1
3

}
.

It has been shown in [86] that if f (x, y) = x(x + y), then | f (A, A)| À |A|5/4 under the

condtion |A|6 p2/3. In the following theorem, we show that if either |A+ A| or |A · A|
is sufficiently small, then the exponent 5/4 can be improved for a larger family of

functions over F∗×F∗.

Theorem 6.0.12. Let f (x, y) = g (x)(h(x)+ y) be a function defined on F∗×F∗, where

g ,h : F∗ → F∗ are arbitrary functions with µ( f ),µ(g ) = O(1). Consider the set A ⊂ F∗
with |A|6 p5/8, satisfying min{|A+ A|, |A · A|}6 |A| 9

8−ε, for some ε> 0. Then, we have

| f (A, A)|À |A| 5
4+ 2ε

3 .

Consider f (x, y) = x y(x+y) and the set A ⊂ F∗p with |A|6 p
1
2− 1

500 . Using the Plünnecke-

Ruzsa inequality [77] and the Balog-Szemerédi-Gowers theorem [89], Hegyvári and
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6. Sum-product estimates over arbitrary fields

Hennecart [41] proved that

max
{| f (A, A)|, |A · A|}À|A|1+ 1

800 .

We use a recent point-line incidence bound due to Stevens and de Zeeuw [86] to give

an improvement of this result over arbitrary fields.

Theorem 6.0.13. Consider the set A ⊂ F∗ with |A|6 p
11
17 . For the polynomial f (x, y) =

x y(x + y) ∈ F[x, y] we have

max
{| f (A, A)|, |A · A|}À|A|1+ 1

22 .

As our last result, we consider the cubic distance problem. Bourgain, Katz, and Tao

[14] studied a generalization of the Erdős distinct distances problem over Fp , where for

any two points x,y ∈ F2
p , the distance is defined as (x1 − y1)2 + (x2 − y2)2. For 0 < δ< 2

and any set A ⊂ F2
p with |A|6 p2−δ, they proved that the number of distinct distances

generated by A is at least |A|1/2+ε, for some ε> 0 depending on δ. Yazici et al. [100]

considered a variant of this result for cubic distances, where they showed that if A ⊂ Fp

with |A|6 p7/12, then the number of distinct cubic distances isΩ(|A|36/35). We give an

improvement of this result.

Theorem 6.0.14. Let A ⊂ Fp with |A|6 p7/12. Then we have

|(A− A)3 + (A− A)3|À |A|8/7.

The rest of this chapter is organized as follows. In Section 6.1, we mention main tools

in our proofs. In Section 6.2, we give a proof of Theorem 6.0.4 and a discussion on an

improvement of Theorem 6.0.2 for large sets. Section 6.3 is devoted to sum-product

theorems for arbitrary functions where the proofs of Theorems 6.0.6, 6.0.12, and 6.0.13

are presented. Finally, we prove Theorem 6.0.14 on the number of distinct cubic

distances in Section 6.4.

6.1 Tools

The main tool in our proofs is a point-plane incidence bound due to Rudnev [75]. Let

us first recall that if R is a set of points in F3 and S is a set of planes in F3, then the

number of incidences between R and S , denoted by I (R,S ), is the cardinality of

106



6.2. Sum-product bounds for polynomials

the set {(r, s) ∈R×S : r ∈ s}.

Theorem 6.1.1 (Rudnev). Let R be a set of points in F3 and S a set of planes in F3, with

|R|¿ |S | and |R|¿ p2. Assume that there is no line containing k points of R. Then

I (R,S ) ¿|R|1/2|S |+k|S |.

To prove Theorem 6.0.13, we use the following point-line incidence bound due to

Stevens and de Zeeuw [86].

Theorem 6.1.2 (Stevens-de Zeeuw). Let P be a set of m points in F2 and L a set of n

lines in F2, with m7/8 < n < m8/7. If m−2n13 ¿ p15, then

I (P ,L ) ¿ m11/15n11/15.

The following lemma is known as the Plünnecke-Ruzsa inequality. A simple and

elegant proof can be found in [66].

Lemma 6.1.3 (Plünnecke-Ruzsa). Let A,B be finite subsets of an abelian group such

that |A+B |6K |A|. Then, for an arbitrary 0 < δ< 1, there is a nonempty set X ⊂ A such

that |X |> (1−δ)|A| and for any integer k we have

|X +kB |6
(

K

δ

)k

|X |.

6.2 Sum-product bounds for polynomials

We prove Theorem 6.0.4 in this section. To this end, we use the following lemma,

which follows directly from Lemmas 2.2 and 2.3 in [67]. We refer the reader to [67] for

a detailed proof.

Lemma 6.2.1. Let f (x, y, z) ∈ Fp [x, y, z] be a quadratic polynomial that depends on

each variable and is not of the form g (h(x)+k(y)+ l (z)). Let A,B ,C ⊂ Fp with |A| =
|B |6 |C | and |A||B ||C |¿ p2. Then we have∣∣{(x, y, z, x ′, y ′, z ′) ∈ (A×B ×C )2 : f (x, y, z) = f (x ′, y ′, z ′)

}∣∣6 (|A||B ||C |)3/2+|A||B ||C |2.

Proof of Theorem 6.0.4. Without loss of generality, we assume that f (x, y) = ax2 +
by2 + cx y +d x + e y with a 6= 0. Let f ′(x, y, z) := f (z − x, y). Consider the following
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6. Sum-product estimates over arbitrary fields

equation

f ′(x, y, z) = t , (6.2.1)

with x ∈ A, y ∈ A, z ∈ A+ A, t ∈ f (A, A), where f (A, A) = { f (a, a′) : a, a′ ∈ A}.

Note that for any u, v, w ∈ A, a solution of (6.2.1) is given by x = u ∈ A, y = v ∈ A,

z = u +w ∈ A+ A, and t = f (w, v) ∈ f (A, A). Thus, we have

|A|3 ¿ ∣∣{(x, y, z, t ) ∈ A× A× (A+ A)× f (A, A) : f ′(x, y, z) = t
}∣∣ . (6.2.2)

Define E as the cardinality of the following set{
(x, y, z, x ′, y ′, z ′) ∈ (A× A× (A+ A))2 : f ′(x, y, z) = f ′(x ′, y ′, z ′)

}
.

Then (6.2.2) and the Cauchy-Schwarz inequality give

|A|6
| f (A, A)| ¿ E . (6.2.3)

Before applying Lemma 6.2.1, we need to show that f ′(x, y, z) is not of the form

g (h(x)+k(y)+ l (z)). By contradiction, suppose that f ′(x, y, z) = g (h(x)+k(y)+ l (z)),

for some appropriate g ,h,k, l . Then g is a polynomial of degree 2 since a 6= 0. Thus, h,

k, and l are linear polynomials. So we can write f ′(x, y, z) as

f ′(x, y, z) = g (λ1x +λ2 y +λ3z +λ4),

for some λ1,λ2,λ3,λ4 ∈ Fp . Since g is a quadratic polynomial, without loss of gen-

erality, we assume that g (x) = x2 +λ5x +λ6 for some λ5,λ6 ∈ Fp . It follows from the

definition of f ′ that

λ2
1 =λ2

3 = a, 2λ1 ·λ3 =−2a,

which impliesλ1 =−λ3. Hence, f ′ can be written as f ′(x, y, z) = g (λ3(z−x)+λ2 y+λ4).

From here, we can rearrange the coefficients of g such that g (λ3(z −x)+λ2 y +λ4) =
r (λ3(z −x)+λ2 y) for some r ∈ Fp [x]. This leads to

f (z −x, y) = r (λ3(z −x)+λ2 y),

which contradicts the assumption of the theorem. Therefore, f ′(x, y, z) is not of the
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6.3. Sum-product bounds for other functions

form g (h(x)+k(y)+ l (z)).

If |A|2|A + A| À p2, then we have |A + A| À |A|6/5 since |A|6 p5/8, and we are done.

Thus, we can assume that |A|2|A + A| ¿ p2. Lemma 6.2.1 with B = A and C = A + A

implies that

E 6 |A|3|A+ A|3/2 +|A|2|A+ A|2.

Therefore, the proof follows from inequality (6.2.3).

We note that if in the proofs of Lemmas 2.2 and 2.3 in [67], we use the point-plane

incidence bound due to Vinh [94], then we are able to obtain the following version of

Lemma 6.2.1 for large sets.

Lemma 6.2.2. Let Fq be an arbitrary finite field, and f (x, y, z) ∈ Fq [x, y, z] a quadratic

polynomial that depends on each variable and is not of the form g (h(x)+k(y)+ l (z)).

For any A,B ,C ⊂ Fq , we have

∣∣{(x, y, z, x ′, y ′, z ′) ∈ (A×B ×C )2 : f (x, y, z) = f (x ′, y ′, z ′)
}∣∣6 (|A||B ||C |)2

q
+q|A||B ||C |.

One can identically follow the proof of Theorem 6.0.4, with Lemma 6.2.1 replaced by

Lemma 6.2.2, in order to obtain the following improvement of Vu’s result for quadratic

polynomials, i.e. Theorem 6.0.2. We leave the detailed proof to the reader.

Theorem 6.2.3. Let Fq be an arbitrary finite field and f (x, y) ∈ Fq [x, y] a non-degenerate

quadratic polynomial. For any A ⊂ Fq , we have

max{|A+ A|, | f (A, A)|} À min

{ |A|2
q1/2

, q1/3|A|2/3
}

.

6.3 Sum-product bounds for other functions

In this section, we prove some sum-product bounds on specific type of functions. In

particular, we prove Theorems 6.0.6, 6.0.12 and 6.0.13.

Proof of Theorem 6.0.6. We only prove part (i). The proof of part (ii) goes in the

same direction and can be found in full details in [51]. Define f (A,B) = { f (a,b) : a ∈
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6. Sum-product estimates over arbitrary fields

A,b ∈ B}, g (A) = {g (a) : a ∈ A}, h(A) = {h(a) : a ∈ A}. For λ ∈ B ·C , let

Eλ =
∣∣{( f (a,b),c · g (a)−1,c ·h(a)

)
: (a,b,c) ∈ A×B ×C , f (a,b) · c · g (a)−1 − c ·h(a) =λ}∣∣ ,

where by g (a)−1 we refer to the multiplicative inverse of g (a) in F∗. For a given triple

(x, y, z) ∈ (F∗)3, we determine the number of solutions (a,b,c) ∈ A×B×C to the system

g (a)(h(a)+b) = x, c · g (a)−1 = y, c ·h(a) = z.

This implies that g (a)h(a) = z y−1. Since µ(g ·h) = m, there are at most m different

values for a satisfying the equation g (a)h(a) = z y−1, and b,c are uniquely determined

in term of a by the first and second equations of the system. This implies that

|A||B ||C |/m6
∑

λ∈B ·C
Eλ.

By the Cauchy-Schwarz inequality, we get

(|A||B ||C |/m)26

( ∑
λ∈B ·C

Eλ

)2

6 E · |B ·C |, (6.3.1)

where E =∑
λ∈B ·C E 2

λ
.

Define the point set R as

R = {(
c · g (a)−1,c ·h(a), g (a′)(h(a′)+b′)

)
: a, a′ ∈ A,b′ ∈ B ,c ∈C

}
,

and the set of planes S as

S = {
g (a)(h(a)+b)X −Y − c ′g (a′)−1Z =−c ′ ·h(a′) : a, a′ ∈ A,b ∈ B ,c ′ ∈C

}
.

We have E 6 I (R,S ), and |R| = |S |6 | f (A,B)||A||C |. To apply Theorem 6.1.1, we

need to obtain an upper bound on k which is the maximum number of collinear points

in R. The projection of R onto the first two coordinates is the set T = {(c · g (a)−1,c ·
h(a)) : a ∈ A,c ∈C }. The set T can be covered by the lines of the form y = g (a)h(a)x

with a ∈ A. This implies that T can be covered by at most |A| lines passing through

the origin, with each line containing |C | points of T . Therefore, a line in F3 contains

at most max{|A|, |C |} points of R, unless it is vertical, in which case it contains at most
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6.3. Sum-product bounds for other functions

| f (A,B)| points. In other words, we get

k 6max{|A|, |C |, | f (A,B)|}.

If |R|À p2, then we get | f (A,B)||A||C |À p2. Since |A|, |C |6 p5/8, we get | f (A,B)|À
p3/4 À|A| 1

5 |B | 4
5 |C | 1

5 , and we are done in this case. Thus, we can assume that |R|¿ p2.

Applying Theorem 6.1.1, we obtain

I (R,S )6 | f (A,B)|3/2|A|3/2|C |3/2 +k| f (A,B)|A||C |. (6.3.2)

Putting (6.3.1) and (6.3.2) together gives us

max
{| f (A,B)|, |B ·C |}À min

{
|A| 1

5 |B | 4
5 |C | 1

5

m
4
5

,
|B ||C | 1

2

m
,
|B ||A| 1

2

m
,
|B | 2

3 |C | 1
3 |A| 1

3

m
2
3

}
.

This completes the proof of the theorem.

Proof of Theorem 6.0.12. One can assume that | f (A, A)|6 |A|2, since otherwise we

are done. Now by the proof of Theorem 6.0.6 for A ⊂ F∗ with |A|6 p5/8, we have

| f (A, A)|3/2|A · A|À |A|3, | f (A, A)|3/2|A+ A|À |A|3.

Since min{|A+ A|, |A · A|}6 |A| 9
8−ε, we get | f (A, A)|3/2 À |A|3− 9

8+ε, which concludes

the proof of the theorem.

Proof of Theorem 6.0.13. Let P be a set of points in F2 defined as

P =
{(

c2

a
,ca

)
: a,c ∈ A

}
,

and L a set of lines in F2 defined as

L =
{

y = f (a,b)

bc
x −bc : a,b,c ∈ A

}
.

We have m := |P | =Θ(|A|2). Indeed, for each point (u, v) ∈ P , the number of pairs

(a,c) ∈ A × A such that ca = v,c2/a = u is at most three, since we have c3 = uv im-

plying that there are at most three possible solutions for c. Moreover, a is uniquely

determined in terms of c and v . So we get m> |A|2/3. The upper bound m6 |A|2 is
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6. Sum-product estimates over arbitrary fields

trivial. Similarly, we have |A|2 ¿ n := |L |6 | f (A, A)| · |A · A|.

Given a quadruple (u, v, w, t ) ∈ (F∗)4, we determine the number of solutions (a,b,c) to

the system

ab(a +b)

bc
= u, bc = v,

c2

a
= t , ca = w.

This implies that a3 = w 2/t . Since there are at most three values for a satisfying the

equation a3 = w 2/t , and b,c are uniquely determined in term of a by the second and

fourth equations, we get |A|3 ¿I (P ,L ).

To apply Theorem 6.1.2, we need to check the conditions. The condition m7/8 < n is

satisfied. If | f (A, A)||A · A| > (|A|2)8/7, then we have

max
{| f (A, A)|, |A · A|}À|A|1+ 1

7 ,

and we are done. So we can assume that n6 | f (A, A)||A · A| < (|A|2)8/7.

If
(| f (A, A)||A · A|)13 À p15m2 À p15|A|4, then we have

max
{| f (A, A)|, |A · A|}À|A|1+ 1

22 ,

under the condition |A|6 p
11
17 , and we are done. Thus, we can assume that

(| f (A, A)||A · A|)13 ¿
p15m2, which implies that the condition m−2n13 ¿ p15 is satisfied. It follows from

Theorem 6.1.2 that

|A|3 ¿ I (P ,L ) ¿|A|22/15 (| f (A, A)| · |A · A|)11/15 ,

implying

max
{| f (A, A)|, |A · A|}À|A|1+ 1

22 ,

which concludes the proof.

6.4 Cubic distance problem

In this section, we prove Theorem 6.0.14 on the number of distinct cubic distances.

First, we need the following result.
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6.4. Cubic distance problem

Lemma 6.4.1. Let A, X ⊂ Fp with |A− A|2|X |6 p2. Then

|{(b −a)3 +a3 +x : a,b ∈ A, x ∈ X
} |À min

{ |X |1/2|A|4
|A− A|3 ,

|X ||A|5
|A− A|4

}
.

Proof. First note that

(b −a)3 +a3 = 3b
(
(a −b/2)2 +b2/12

)= 3b(t 2 +b2/12),

where t = a −b/2. Define T = {a −b/2: a,b ∈ A}, and let E be the number of solutions

to the equation

(b −a)3 +a3 +x = (b′−a′)3 +a′3 +x ′, a, a′,b,b′ ∈ A, x, x ′ ∈ X .

To bound E , we first define a set of points R and a set of planes S as follows:

R = {(t 2,b′,−b′3/4+x) : t ∈ T,b′ ∈ A, x ∈ X },

S = {3bX −3t ′2Y +Z =−b3/4+x ′ : t ′ ∈ T, x ′ ∈ X ,b ∈ A}.

It is clear that |R| = |S |¿ |T ||A||X |, and |T |6 |A+ A− A|.

Lemma 6.1.3 implies that for any 0 < δ< 1, there exists a nonempty set A′ ⊂ A with

|A′| > (1− δ)|A| satisfying |A + A − A′| ¿ |A−A|2
|A| . Since we can choose δ such that

|A′| =Θ(|A|), we can assume that |T |¿ |A−A|2
|A| . This implies that

|R|, |S |¿ |A− A|2|X |.

Now we use a strengthened version of Theorem 6.1.1, proved by de Zeeuw [23]. In this

version, we have the similar bound as in Theorem 6.1.1 provided that there is no line

which contains k points of R and is contained in k planes of S . By the assumption, we

have |R|¿ p2. So in order to apply this point-plane incidence theorem, we only need

to obtain an upper bound on k. The projection of R onto the first two coordinates

is {t 2 : t ∈ T }× A, so each line contains at most max{|A|, |T |} points of R, unless it is

vertical, in which case it could contain |X | points of R. However, the planes in S

contain no vertical lines, so in this case the hypothesis of theorem is satisfied with

k = max{|A|, |T |} ¿|A− A|2/|A|.
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6. Sum-product estimates over arbitrary fields

Therefore, we have

E ¿|X |3/2|A− A|3 +|X ||A− A|4/|A|.

By the Cauchy-Schwarz inequality, we get

|{(b −a)3 +a3 +x : a,b ∈ A, x ∈ X }|À |A|4|X |2
E

À min

{ |X |1/2|A|4
|A− A|3 ,

|X ||A|5
|A− A|4

}
.

This completes the proof of the lemma.

Proof of Theorem 6.0.14. Since the cubic distance function is invariant under trans-

lations, we assume that 0 ∈ A. It follows from the Plünnecke-Ruzsa inequality, Lemma

6.1.3, that there exists a set X ⊂ (A− A)3 with |X | =Θ(|A− A|) such that

|X + (A− A)3 + (A− A)3| = |X +2(A− A)3|¿ |(A− A)3 + (A− A)3|2
|(A− A)3|2 |A− A|.

This implies that

|(A− A)3 + (A− A)3|2 À|A− A| · |X + (A− A)3 + (A− A)3|.

On the other hand, if |A− A|2|X | > p2, then we have |A− A|À p2/3. This implies that

|A−A|À |A|8/7 since |A|6 p7/12, and we are done. Thus, we may assume |A−A|2|X |6
p2, and it follows from Lemma 6.4.1 that

|X + (A− A)3 + (A− A)3|À |A|4
|A− A|5/2

.

Therefore, we obtain

|(A− A)3 + (A− A)3|2 À |A|4
|A− A|3/2

,

which leads to

max
{|(A− A)3 + (A− A)3|, |A− A|}À|A|8/7.

This concludes the proof.
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7 Open problems

We conclude the thesis with some open problems related to the results presented. In

Chapters 2 and 3, we discussed the Erdős-Szekeres conjecture for point sets and its

generalizations to pseudo-configurations and to families of convex sets. As mentioned

earlier, Bisztriczky and Fejes Tóth [8], [9] considered the problem for pairwise disjoint

convex sets, and proved the existence of a minimal positive integer c(n) such that

any family of c(n) pairwise disjoint convex sets in the plane with any three members

in convex position, has n members in convex position. They also conjectured that

c(n) = e(n). Pach and Tóth [65] studied the more general case of families of pairwise

non-crossing convex sets and obtained a similar minimal integer c ′(n).

On the other hand, Goodman and Pollack [37] considered the problem for pseudo-

configurations and conjectured that this problem is equivalent to the case of point

sets. According to the result of Dobbins, Holmsen, and Hubard [25], this conjecture

can be rephrased as c ′(n) = e(n). We put these conjectures in the following form. Note

that by a containment argument, we have e(n)6 c(n)6 c ′(n).

Problem 7.0.1. Is it true that e(n) = c(n) = c ′(n) for any n> 7?

In Chapter 4, we discussed the Sylvester-Gallai type problem for ordinary circles. This

result can be viewed as a higher-degree extension of the Green-Tao theorem on the

number of ordinary lines. In a similar way, one can consider the Sylvester-Gallai

problem for algebraic curves of higher degrees. Given a point set P ⊂R2, an algebraic

curve C with degC = d is called ordinary for P if C is determined by 1
2 d(d +3) points

of P and contains no other points. Boys et al. [15] studied the minimum number of

ordinary conics determined by any point set, which corresponds to the case d = 2, but

the problem for higher-degree algebraic curves is open.
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7. Open problems

Problem 7.0.2. Determine the minimum number of ordinary algebraic curves of

degree d , where d > 3, spanned by any non-degenerate set of n points in the plane.

Several problems on possible extensions of the Schwartz-Zippel lemma are already

stated in Chapter 5, but we mention the most important ones here in a grouped

way. Following the constructions given, the bound we obtained on |X ∩ (P ×Q)| for a

three-dimensional variety X is tight, but it remains an open question to determine

the varieties for which certain constructions meet the bound.

Problem 7.0.3. For which non-Cartesian polynomials F ∈C[x, y, s, t ] and sets P,Q of

size n is the bound |Z (F )∩ (P ×Q)| =O(n4/3) tight, and for which is it not?

Another direction to proceed in is to try to bound the intersection |X ∩ (P ×Q)| for

varieties X ⊂CD ×CE and finite point sets P ⊂CD ,Q ⊂CE . There will be exceptions for

X defined by Cartesian polynomials of the form G H +K L, with G a polynomial in the

first D variables and K a polynomial in the last E variables. In accordance with our

former results, we would expect the bound O(|P |+|Q|) in the case D = E = dim(X ), and

for the varieties of intermediate dimensions, the bounds expected would be relevant

to the bounds in higher-dimensional incidence theorems.

Problem 7.0.4. For the variety X ⊂CD ×CE and finite point sets P ⊂CD ,Q ⊂CE , give

upper bounds on the size of the intersection |X ∩ (P ×Q)|.

Another possibility is to consider Cartesian products with more products. More pre-

cisely, we can take X ⊂ (C2)k and consider |X ∩∏k
i=1 Pi | for Pi ⊂C2. The polynomials

defining the exceptional varieties will have the special form
∑k

i=1 Gi Hi , with each Gi

a function of the i -th pair of variables. In analogy with the general Schwartz-Zippel

lemma, we expect that if dim(X ) = 2`, then the bound will be O(|P |`).

Problem 7.0.5. Give upper bounds on the size of the intersection |X ∩∏k
i=1 Pi |, where

X is a variety in (C2)k and Pi ⊂C2 is a finite set for 16 i 6 k.

In Chapter 6, we established some sum-product estimates, among which we improved

the lower bound on the number of distinct cubic distances determined by any set

A× A ⊂ F2
p of small size. It remains an open problem to further improve this bound.

Problem 7.0.6. Improve the lower boundΩ(|A|8/7) for the number of distinct cubic

distances generated by any set A× A ⊂ F2
p with |A|6 p7/12.
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• R. Fulek, H. Nassajian Mojarrad, M. Naszódi, J. Solymosi, S. U. Stich, and M. Szedlák. On the existence of
ordinary triangles. Computational Geometry: Theory and Applications, volume 66, pages 28-31, (2017).

• A. Holmsen, H. Nassajian Mojarrad, J. Pach, and G. Tardos. Two extensions of the Erdős-Szekeres problem.
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June 2016.
• 14th Gremo’s Workshop on Open Problems - St. Niklausen, Switzerland, June 2016.
• Borel Seminar 2016 on Matroids in Algebra, Representation theory and Topology - Les Diablerets,

Switzerland, January 2016.
• CUSO Conference on Groups, Graphs and Action - Neuchâtel, Switzerland, October 2015.
• 25th British Combinatorial Conference - University of Warwick, Warwick, UK, July 2015.
• Ascension of Combinatorics Conference - EPFL, Lausanne, Switzerland, May 2015.
• Borel Seminar 2015 on High-Dimensional Expanders - Les Diablerets, Switzerland, March 2015.
• CUSO PhD program in Operations Research - Zinal, Switzerland, January 2015.
• Expanders Everywhere meeting - Neuchâtel, Switzerland, December 2014.
• Two-Day Workshop on Combinatorics - EPFL, Lausanne, Switzerland, February 2014.
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