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Abstract

In this thesis, we study various aspects of stochastic partial differential equations driven by
Lévy white noise. This driving noise, which is a generalization of Gaussian white noise, can
be viewed either as a generalized random process or as an independently scattered random
measure. After unifying these approaches and establishing appropriate stochastic integral
representations, we show that a necessary and sufficient condition for a Lévy white noise to
have values in .%’ (IRd), the space of tempered Schwartz distributions, is that the underlying
Lévy measure have a positive absolute moment.

In the case of a linear stochastic partial differential equation with a general differential operator
and driven by a symmetric pure jump Lévy white noise, we show that when the mild solution
is locally Lebesgue integrable, then it is equal to the generalized solution, and that a random
field representation exists for the generalized solution if and only if the fundamental solution
of the operator has certain integrability properties. In that case, we show that the random
field representation is equal to the mild solution. For this purpose, a new stochastic Fubini
theorem is proved. These results are applied to the linear stochastic heat and wave equations
driven by a symmetric a-stable noise.

We then study the non-linear stochastic heat equation driven by a general type of Lévy white
noise, possibly with heavy tails and non-summable small jumps. Our framework includes
in particular the a-stable noise. In the case of the equation on the whole space R%, we show
that the law of the solution that we construct does not depend on the space variable. Then we
show in various domains D c R? that the solution u to the stochastic heat equation is such
that t — u(t,-) has a cadlag version in a fractional Sobolev space of order r < — %. Finally, we
show that x — u(t, x) (respectively t — u(t,x)) at a fixed time (respectively fixed space-point)
has a continuous version under some optimal moment conditions. In the a-stable case, we
show that for the choices of a for which this moment condition is not satisfied, the sample
paths of x — u(t, x) (respectively t — u(t, x)) are unbounded on any non-empty open subset.

Key words: Stochastic partial differential equation, stochastic heat equation, Lévy white noise,
tempered distribution, generalized random process, a-stable noise, fractional Sobolev space,
regularity.
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Résumé

Dans cette these, nous étudions différents aspects des équations aux dérivées partielles sto-
chastiques avec bruit blanc de Lévy. Ces bruits blancs de Lévy, qui sont des généralisations du
bruit blanc gaussien, peuvent étre vus soit comme un processus généralisé, soit comme une
mesure aléatoire indépendamment répartie. Aprés avoir unifié ces deux points de vue et établi
des représentations sous forme d’intégrales stochastiques appropriées, nous montrons qu'une
condition nécessaire et suffisante pour qu'un bruit blanc de Lévy soit a valeur dans %’ (RY),
I'espace des distributions tempérées de Schwartz, est que la mesure de Lévy sous-jacente ait
un moment absolu d’ordre strictement positif.

Dans le cas d'une équation aux dérivées partielles stochastique linéaire avec un opérateur
différentiel général et un bruit blanc de Lévy symétrique et de saut pur, nous démontrons
que lorsque la solution mild est localement Lebesgue intégrable, alors elle est égale a la
solution généralisée, et que la solution généralisée a une représentation sous forme de champ
aléatoire si et seulement si la solution fondamentale de I'opérateur différentiel vérifie certaines
conditions d’'intégrabilité. Dans ce cas, nous démontrons que cette représentation sous forme
de champ aléatoire est égale a la solution mild. Nous aurons besoin dans ces démonstrations
d’'un nouveau théoreme de Fubini stochastique que nous démontrons. Ces résultats sont
ensuite appliqués au cas de I'équation de la chaleur et des ondes stochastique avec un bruit
a-stable symétrique.

Ensuite, nous étudions I'équation de la chaleur non linéaire avec un bruit blanc de Lévy général
qui peut avoir des queues de distribution épaisses, et des petits sauts non sommables. Notre
cadre d’étude inclus en particulier le bruit a-stable. Dans le cas de I’équation sur I'espace
R? tout entier, nous démontrons que la loi de la solution construite ne dépend pas de la
variable d’espace. Puis nous démontrons dans différents domaines D c R? que la solution u
de I'’équation de la chaleur stochastique est telle que ¢ — u(t,-) a une version cadlag dans un
espace de Sobolev fractionnaire d’ordre r < —%. Finalement, nous démontrons que x — u(t, x)
(respectivement ¢ — u(t,x)) a un instant donné (respectivement a une position d’espace
donnée) a une version continue sous une certaine condition de moment optimale. Dans le cas
a-stable, nous démontrons que pour les choix de a pour lesquels cette condition de moment
n’est pas vérifiée, les trajectoires de x — u(t, x) (respectivement ¢t — u(t, x)) sont non bornées
sur tout ouvert non vide.

Mots clefs : Equation aux dérivées partielles stochastiques, équation de la chaleur stochastique,
bruit blanc de Lévy, distribution tempérée, processus stochastique généralisé, bruit a-stable,
espace de Sobolev fractionnaire, régularité.
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Introduction

Stochastic differential equations and stochastic partial differential equations (SPDEs) have
been an object of interest for mathematicians for several decades (see for example the seminal
work of [69]), and have found applications in many different fields, such as finance (see
(54, 46]), population dynamics or turbulence (see [2, 8, 9]). A stochastic partial differential
equation is a mathematical model that represents the evolution of a system depending on
several variables (often time and space in the case of a physical system) and perturbed by
a random noise. For example, the stochastic heat equation models the evolution of the
temperature in a body subject to random perturbations:

%(t,x) :Au(t,x)+a(u(t,x))L(t,x), (0.0.1)

where o is a function that models the non-linear reactions of the system to the perturbations
induced by the noise L. This equation is also known as a diffusion equation, an can be used
for example to represent the diffusion of a chemical agent in a solvent. It can also be used in
mathematical finance to model the formation of prices via the evolution of the limit order
book ([46]). Another example is the stochastic wave equation:

0%u ;
W(t,x):Au(t,x)+U(u(t,x))L(t,x). (0.0.2)

This equation describes the motion of a vibrating body, driven by the random noise L. Again,
the function o models the non-linear response of the body to the random perturbations. A
famous example in the SPDEs world was provided in [69]: consider a guitar left outdoors in
a sandstorm. The vibrations of the guitar strings are mathematically modeled by the wave
equation in dimension one (the guitar string is ideally represented by a segment of fixed length
without any thickness). It would be too complex to mathematically keep track of every sand
particle in the sandstorm, and they are instead modeled by a random noise L. Another more
realistic example is the case of the motion of a strand of DNA in a fluid, perturbed by collisions
with molecules (see [21, p. 39]).

There exist several approaches to solve and study these equations, and arguably the two most
frequent are the Da Prato and Zabczyk approach (see [20]) and the random field approach,
initiated by [69]. The first one considers the solutions to those SPDEs as stochastic processes



Introduction

with values in an infinite dimensional Hilbert space. The second one considers solutions as
real-valued random fields. Those two approaches are in fact closely related in many cases (see
[25]), and each point of view emphasizes different characteristics of the solution. In this thesis,
we will mostly consider the random field approach.

The equations (0.0.1) and (0.0.2) have already been extensively studied in the context of
Gaussian noise, usually white in time (i.e. with independent values at different times), and
possibly colored in space (i.e. with possible space correlations). For specific examples, the
interested reader can consult introductions to the subject in [69, 21, 48]. The random field
approach allows to consider sample paths regularity of the solutions, see for example [11, 22,
19, 21] for the stochastic heat and wave equations in various settings.

Lévy noises are a natural generalization of Gaussian noises that allow also for random impulses,
but SPDEs in the context of Lévy noises have only recently been studied, especially with a
random field approach (see [71] for the infinite dimensional approach). In [4], R. Balan has
studied the existence of a solution to various types of SPDEs driven by an a-stable white noise
on a bounded domain, and in [13, 14], C. Chong proved existence results for the stochastic
heat equation with a more general type of noise. The case of a Lévy colored noise has been
investigated in [5].

The main goal of this thesis is to study regularity properties of SPDEs driven by a Lévy white
noise. As one expects, the presence of impulses in the noise creates very different behaviors
for the solution to an SPDE compared to the Gaussian case. For instance, in the case of the
stochastic heat or wave equation with a Gaussian noise, the solution is known to be jointly
Hoélder continuous in the space and time variable. With a Lévy noise with impulses, the
solutions have jumps and cannot be jointly continuous. Also, the Gaussian noise allows L?-
integrability conditions, compared to the Lévy case which imposes in general L”-integrability
conditions, where possibly 0 < p < 2.

In Chapter 1, we introduce the main notations and definitions that will be used throughout
this thesis.

Then, in Chapter 2, we study two definitions of Lévy white noises. The first one uses the notion
of generalized random processes developed in [36], that is, a probability measure on a space
of distributions. For example, the derivative of a well chosen order of a Lévy field is shown to
be a Lévy white noise in that sense. The second definition is as an independently scattered
random measure, and is defined as a random process indexed by a family of sets (see [58]). It
uses a decomposition of the noise related to the Lévy-Itdo decomposition for Lévy fields. In
Section 2.3, we show that we can extend a Lévy noise defined as a generalized random process
to an independently scattered random measure (see Theorem 2.3.5). This extension allows us
to use [58] to determine the largest class of deterministic functions that are integrable with
respect to the noise (see Proposition 2.3.7), and in the case of the derivative of a Lévy field, we
establish a stochastic integral representation valid for this class of function. It is interesting to
note that this representation does not exactly correspond to the usual Lévy-It6 decomposition,
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but uses a truncation level for the jumps that depends on the integrand.

In Chapter 3, we study a question that was brought to our attention by M. Unser and J. Fageot
in the Biomedical Imaging Group at EPFL. A Lévy white noise can usually be defined as a
random element in the space of distributions 2’ (R%), and in the particular case of Gaussian
white noise, it is easy to show that this random element takes values in .’ (RY), the space
of tempered Schwartz distributions. The question of interest is whether or not the same is
true for any Lévy white noise. We show that this is not the case. Indeed, the positive absolute
moment condition (PAM) was shown to be a sufficient condition in [34], and we prove in
Theorems 3.1.5 and 3.2.7 that this condition is also necessary.

In Chapter 4, we restrict to the case of a linear SPDE, but with a general differential operator
and driven by a Lévy white noise. The equation we study can be written as

where L is some partial differential operator and X is a Lévy white noise. We study two
different notions of solution. The first notion is defined as a generalized stochastic process,
that is, a random distribution. The second notion is the mild solution, which is a random field
defined as a stochastic integral with respect to the noise. We show in Theorems 4.2.1 and 4.2.5
that when the mild solution is locally Lebesgue integrable, then it is equal to the generalized
solution. Also, in Theorems 4.3.1 and 4.3.4, we show that if the generalized solution has a
random field representation, then this representation must be equal to the mild solution,
and in particular the fundamental solution for the operator L must have some integrability
properties. An important ingredient in the proofs of these results is a new stochastic Fubini
theorem in Theorem 4.2.3. This theorem is only valid for deterministic integrands, but it only
needs a pathwise standard L' condition (for w fixed), compared to Theorem A.0.2, where the
conditions also requires to take second moments of the integrand. We then apply these results
to the stochastic heat and wave equations driven by a symmetric a-stable noise in various
dimensions. In particular, we show that the linear stochastic heat equation has a random field
solution ifand onlyif @ < 1+ %, where d is the dimension (see Theorem 4.4.5), and that the
linear stochastic wave equation has a random field solution if and only if the dimension d is
no greater than 2.

In Chapter 5, we consider the non-linear stochastic heat equation on bounded domains
D c R or on the whole space R?, driven by Lévy white noises with possibly poor moments
properties. We suppose in particular that the Lévy measure v of the noise satisfies

/ |z|Pv(dz) < +c0  and f |z|9v(dz) < +00, (0.0.3)
|z|<1

|z|>1

for some p, g suchthat0 < p < 1+% and 1+(1—p) < g < p. The condition for | z| < 1 concerns

+2-p
the summability of the small jumps, and is fielated to the variation of the underlying Lévy

process, and the condition for |z| > 1 concerns the moments of the large jumps. In particular,



Introduction

this includes any a-stable noise with a € (0,2). In the presence of jumps, contrary to the
Gaussian case (see [21, 11]), the sample paths of the solution cannot be Hélder continuous
in both variables, due to the discontinuity of the heat kernel at the origin. Instead, we study
the regularity of ¢ — u(t,-) in a fractional Sobolev space of order r < —%’. In Theorems 5.2.7,
5.3.12 and 5.4.6, we prove that t — u(t,-) has a cadlag version in a fractional Sobolev space of
order r < —%. The threshold r < —%
a fractional Sobolev space of order r > —g. In the case of Lévy white noise, it is interesting to

is optimal, since the solution will not even take values in

note that since the law of the location of the jumps is absolutely continuous with respect to
the Lebesgue measure, under some moment conditions, the solution u(t,-) € Lﬁ) C(IRd) at any
fixed time t. We also study the regularity of ¢ — u(t, x) at fixed x € D, and x — u(t, x) at fixed
t €10, T]. Depending on the dimension and the moment properties of the noise, we show that
the behavior of these partial functions can differ widely. In particular, for a fixed time ¢ € [0, T,
if p< % and p < 2in (0.0.3), then the mapping x — u(¢, x) has a continuous modification (see
Propositions 5.2.10, 5.3.13 and 5.4.7). The case of a symmetric a-stable noise shows that this
bound is optimal: if a > %, then x — u(t, x) is unbounded on any non-empty open subset of
D (see Propositions 5.3.15 and 5.4.8). For a fixed space-point x € D, if p <1 in (0.0.3), then the
mapping ¢ — u(t, x) has a continuous modification (see Propositions 5.2.12, 5.3.17 and 5.4.9).
Again, the bound p < 1 is optimal since in the case of an a-stable symmetric noise, if a > 1,
then the mapping ¢ — u(t, x) is unbounded on any non-empty open interval (see Propositions
5.2.14, 5.3.19 and 5.4.11). In the case of the equation on the whole space, we also prove in
Theorem 5.3.6 that the law of the solution does not depend on the space variable.



|§ Notations and main definitions

In this chapter, we introduce the main notations and definitions that will be needed through-
out this manuscript. In a series of inequalities, the letter C or C’ will denote a generic constant
whose value may vary from one line to the other. For any integer d > 1, and any Borel mea-
surable subset A < R?, we denote by Leby (A) its Lebesgue measure. We denote N the set of
positive integers including 0. Also, we will use the notation Rf = {x eRY: x;>0,1<i< d},
and R} := {x € R: x > 0}. For any metric space (E, m), any r > 0, and any x € E, we denote by
B (r) the open ball of radius r in E centered at x, relative to the metric m. In the following,
S will always denote a measurable subset of R. In some particular cases, we will restrict to
the case where S is a disjoint union of orthants of R%. For any real-valued function g, we
denote g = max(g,0). We say a function f: R — E is cadlag if for any 1) € R, lim;—; f ()
exists, and if lim,_. .+ f(z) = f () (cadlag stands for the French continue a droite, avec limite
a gauche). For any cadlag function f, and any fy € R, we write f(#—) :=lim,_. 5 f(t), and
Ay, f = f(t) — f(%—). A generalization of the cadlag property for multiparameter functions
will be introduced later in Definition 1.0.7. For any function f : R4 — R, and any set A c R%,
we denote by f|4 the restriction of f to the set A.

For any function ¢ : RY >R sufficiently smooth, and any multi-index a = (ay,...,a4) € N%, we

g d po._ ,m ag
xixlmaxad(x).Also,foranyxelR y xti=x e x

d

write || := Zd

©_,a; and (p(“)(x) =3

We denote by (2, #,P) a complete probability space. The space of random variables with finite
p-th moment is denoted Llp (Q). For p > 1, these spaces are Banach spaces equipped with the
norm || - lzrq) := (E[|-|P])». For 0 < p < 1, we equip these spaces with the metric dy(X,Y):=
E[IX — Y|P], and the resulting metric space is complete. In this case, || - [|zr(q) := E[| - |1P]. When
p =0, this space is the space of all random variables, equipped with the metric of convergence
in probability, and we write || - | o(q) := E[|-| A 1]. For a random variable X and a probability
measure y, we write X ~ u to express the fact that under P, the random variable X has law p.
A stochastic process is a family of random variables (X;) ;cg, indexed by time. A random field
is the multiparameter generalization of a stochastic process: it is a family of random variables
(X7)ter indexed by T c R4, where d > 1. A generalized stochastic process (or generalized
random field) X is a linear map from a space of test functions & (@ (R%) or #(R?) in this thesis,
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see Section 2.1.1 and Section 2.1.2) to L°(Q). If, in addition, this map is continuous, then by [69,
Corollary 4.2], it has a version X (i.e. forany p € &, (X, ) = (X, ¢) a.s.) such that for almost
all w € Q, for any sequence ¢, — ¢ in & as n — +oo, (X, ¢, ) (W) — (X, ) (w). Then, X defines
a random element in 2'(R?) or .%#'(R%). In this case, X is called a continuous generalized
stochastic process, or a random distribution.

Remark 1.0.1. There exists several modes of convergence for a sequence of random variables.
Let (X,,) be a sequence of random variables.

(i) We say X, converges almost surely (a.s.) to X as n — +oo if there is a set A€ & such that
P(A) =1andforallwe A, X, (w) — X(w) as n — +oo.

(ii) We say X, converges in probability to X as n — +oo if foranye >0,P (|1 X, - X| > €) —0
as n— +oo.

(iii) We say X,, converges in law to X as n — +oo if for any bounded and continuous function
g:R—-R E[g(X,)] —E[g(X)] asn— +oo.

It is well known that the almost sure convergence implies the convergence in probability, and
the convergence in probability implies convergence in law. If the limit X is a deterministic
constant, then the convergence in law is equivalent to the convergence in probability (see
(31D).

Remark 1.0.2. We say (X,,),>1 is a Cauchy sequence in law if X;, — X, converges in law to 0
as n,m — +oo. More precisely, (X,)n>1 is a Cauchy sequence in law if for any bounded and
continuous function g, for any € > 0, there is an integer N € N such that for any n,m > N,
IE[g(X,, — Xm)] — 8(0)| < &. The term Cauchy sequence here is an extension of the usual sense,
since the convergence in law is not metrizable. Then, for any € > 0, there is a function g
bounded and continuous such that 1|y>: < g:(x) (see Figure 1.1), and g.(0) = 0. Therefore,
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Figure 1.1 — The function g,.

P(Xn~ Xml > &) <E[ge(Xn—Xm)] .



We deduce that P(| X,, — Xl 2 €) — 0 as n, m — +o0, and X, is also a Cauchy sequence in prob-
ability (which is here the usual notion of Cauchy sequence, since the convergence in probability
is metrizable).

The common theme of all the following chapters concerns Lévy processes and Lévy fields. For
the convenience of the reader, we recall their definition, and introduce some of their basic
properties. First, we will need the notion of Poisson random measures.

Definition 1.0.3. Let (G,%, 1) be a measure space, where y is o -finite. A Poisson random
measure M on G with intensity measure u is a family of random variables (M(A)) ae Such that:

(i) Forany A€ ¥, M(A) is a Poisson random variable with parameter y(A) (with the con-
vention that if £(A) = +oo, then M(A) = +00).

(ii) Forany As,..., A, disjoint subsets of G, the random variables M(Ay),..., M(A,) are inde-
pendent.

(iii) For any w € Q, the set function M(-,w) : A€ 94 — M(A)(w) is a measure.

For a Poisson random measure M with intensity measure u, we denote by M := M — y its
compensated Poisson random measure.

It is then possible to construct an integral with respect to a Poisson random measure and
with respect to a compensated Poisson random measure. For the integral of a deterministic
function, we refer to the remarkably clear and detailed constructions in the lecture notes of T.
Kurtz (see [49, Chapter 9]).

We can now introduce Lévy processes. They are a widely studied class of processes, and
are used in many models. A Lévy measure v is a measure on R such that v ({0}) = 0 and
Ja (LA 1x[?) v(dx) < +oo.

Definition 1.0.4. A Lévy process (X;)ter, is a real valued stochastic process such that Xo =0
almost surely, X has stationary and independent increments and X is stochastically continuous
(that is, for any s > 0, | X; — Xs| — 0 in probability as t — s).

It turns out that any Lévy process has a cadlag modification.

Proposition 1.0.5. Let X be a Lévy process. Then X has a cadlag version.
Proof. See [63, Theorem 11.5]. O

In the following, whenever we introduce a Lévy process, we will always implicitly use this
cadlag version. For any cadlag process X, we introduce the jump measure Jx by

Jx(A) :=4{t > 0:AX;#0,and (t,AX;) € A}.



Chapter 1. Notations and main definitions

Arguably the most important property of Lévy processes is the Lévy-I1td decomposition, and
the Lévy-Khintchine that results therefrom. It gives a general result about the structure of a
Lévy process, and is often the key to studying sample paths properties. In particular, it allows
us to characterize the law of any Lévy process by only three parameters: a drift, a volatility and
a Lévy measure. More precisely we have the following result.

Theorem 1.0.6. Let X be a Lévy process. Then there exists a triplet (y,o,v) (that we call the
characteristic triplet), wherey € R, o0 € Ry and v is a measure on R that does not charge {0}, such
that:

(i) For any measurable B < R, v(B) = E[Jx ([0,1] x B)], and [ (1Alzl*)v(dz) < +oo (in
particular, v is a Lévy measure).

(ii) Jx is a Poisson random measure on Ry x R with intensity measure Leb; x v.

(iii) For any t > 0, the following decomposition holds almost surely:

t t
Xt:yt+aW[+[ f zJx(ds, dz)+f f zJx(ds, dz),
0 Jiz|I<1 0 Jiz|>1

where W is a standard Brownian motion, J x :=Jx — Lebg x v is the compensated jump
measure, and the integrals with respect to Jx and Jx are Poisson and compensated Poisson
integrals as defined in [44, Lemma 12.13]. In addition, the terms of the decomposition are
independent stochastic processes.

We will also need a generalization of Lévy processes to a multiparameter framework. Es-
sentially, we will use Lévy processes as basic mathematical objects from which to define a
noise, formally defined as the distributional derivative of such a process (see Definition 2.2.7).
Formally, the derivative of a sufficiently regular process defines a measure (in the case of
a Lévy process, the associated noise is not quite a measure, but behaves like one in many
ways). When the parameter space is one dimensional (R, in the case of Lévy processes), this
noise acts on a one dimensional space. Since our study includes stochastic partial differential
equations (and therefore a multiparameter setting), we need to define a multiparameter Lévy
field. A general presentation of this theory of multiparameter Lévy fields can be found in [1];
see also [26].

In the following, for any k € N, 1 (respectively 0, 2;) denotes the k-dimensional vector
with coordinates all equal to 1 (respectively to 0, 2). We recall that (Q, %,P) is a complete
probability space. Let (X;) rerd be a d-parameter random field. For s, ¢ € [Rif with s = (s1,...,54),
t=(t1,...,t3), wesaythat s< tif s; < f; forall 1 <i<d,and s< trifs; < t; forall 1 <i<d.
Fora<be [R{f, we define the box]a, b] = {t € Rf ra<t< b}, and the increment AZX of X over
the box ]a, b] by

AZX= > (_1)‘£|Xcg(a,b)v (1.0.1)
£€{0,1}4



where for any € € {0, 134, we write |¢| = Z?zlsi and c.(a,b) € Rf is defined by c.(a,b); =
aili,=1y + bil,—q, forall 1 <i < d. We can check that when d = 1, then AZX =Xp—X4z. In
fact, foralld > 1, f[ abl (p“d) (pdt = AZ(p. The next definition is a generalization of the cadlag
property to processes indexed by [Rf. We define the relations Z = (%, ..., Z4), where Z; is
either < or>,and aZ b ifand only if a; Z;b; forall 1 <i < d.

Definition 1.0.7. Using the terminology in [1] and [66], we say that X islamp (for limit along

monotone paths) if we have the following:

(i) Forall2? relations ®, lim X, exists.
u—t, tRu

() If 2 =(<,...<) then Xy = lim X,
u—t,tRu

(iii) X;=0ift; =0 forsomel <i<d.

We are now ready to give the definition of a Lévy field in RY.

Definition 1.0.8. X = (X)) rer? 15 @ d-parameter Lévy field if it has the following properties:

(i) X is continuous in probability.
(i) X is lamp almost surely.

(iii) For any sequence of disjoint boxes lay, br], 1 < k < n, the random variables AgiX are
independent.

(iv) Given two boxes la, b] and ]c,d] in [Rf such thatla, bl + t =]c,d] for some t € R4, the
increments AL X and A? X are identically distributed.

The jump A X of X at time t is defined by A; X = litm<tA[uX.
u—t,u

This definition coincides with the notion of Lévy process when d = 1. In addition, for all
t=(t1,...tg) € Rf, and for all 1 < i < d, the process Xbt = Xty otios, - tie1,onta) 18 @ LEVY process
(the notation here means that it is the process in one parameter obtained by fixing all the
coordinates of ¢ except the i-th).

The Brownian sheet is an example of such a d-parameter Lévy field. It is the analog in this
framework of Brownian motion and further properties of this field are detailed in [23], [27],
[47] or [69].

Forall t € RY, X, is an infinitely divisible random variable, and by the Lévy-Khintchine formula
[63, Chapter 2, Theorem 8.1], there exists real numbers y;, o; and a Lévy measure v, such that

[E(ei”X’) =exp

1 .
R

. (1.0.2)
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The triplet (y;,0,Vv;) is called the characteristic triplet of X;. Since forall 1 < i < d and t € RY,
the process X it defined above is a Lévy process, we deduce that there exists a triplet (y, o, v)
where y,0 € R and v is a Lévy measure such that (y;,0v;) = (y,0,v)Lebg([0, f]). We call
(y,o,v) the characteristic triplet of the Lévy field X. We can now state the multidimensional
analog of the Lévy-It6 decomposition, taken from [1, Theorem 4.6] particularized to the case

of stationary increments (see also [26]).

Theorem 1.0.9. Let X be a d-parameter Lévy field with characteristic triplet (y,o,v). The
following holds:

(i) Thejump measure Jx defined by Jx(B) = #{(t,A;X) € B}, for B in the Borel o -algebra of
IRf x (R\{0}), is a Poisson random measure with intensity Lebg x v.

(ii) Forallte IRﬁZ, we have the decomposition

zJx(ds, dz)+f
[

0,1]

Xt:]/Lebd([O,t])+UWt+ff f zJx(ds, dz),
[0,21J] lzI<1

z|>1

where W is a Brownian sheet, Jx = Jx — Lebg x v is the compensated jump measure,
and the equality holds almost surely. In addition, the terms of the decomposition are

independent random fields.
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¥4 Definitions and extensions of Lévy
white noises

A noise is a mathematical object that is used in an ordinary differential equation or a partial
differential equation as a source term to model some perturbations of a system. We are
interested here in random perturbations of a system, that are white (in space and time when
we consider an equation with a temporal component). Informally, this means that a white
noise is a stochastic process with independent values at every space-time point. If it is defined,
the integral process of such a noise then has to have independent increments and some
regularity properties. Therefore, it makes sense to study Lévy white noises, and as we will see
in Lemma 2.2.9, they can be defined as the derivatives of Lévy processes and multiparameter
Lévy fields introduced respectively in Definition 1.0.4 and 1.0.8. In addition to the practical
interest of such random perturbations in a context of mathematical modeling, white noises
are rich mathematical objects worthy of study in their own right.

In this chapter, we introduce several pre-existing definitions of Lévy white noises, first as
a probability measure on a space of distributions, and then as an independently scattered
random measure, and we show that they are essentially equivalent. To that end, we present for
convenience a few definitions and useful results about distribution spaces in Section 2.1, and
we introduce Lévy white noises in Section 2.2. In Section 2.3, we prove that the two apparently
different definitions of Lévy white noise are in fact closely related (see Theorem 2.3.5), and we
prove a stochastic integral representation formula in Theorem 2.3.10.

2.1 Spaces of distributions

We will need some classical results and definitions from Laurent Schwartz’s theory of distri-
butions. For a complete presentation of this theory, we refer the reader to [64]. Distributions
in the context of probability theory are also sometimes called generalized functions (see for
example [36]).

11



Chapter 2. Definitions and extensions of Lévy white noises

2.1.1 The spaces 2(R%) and 2'(R?)

In the following, we denote by 2(R?) the space of C* and compactly supported functions.
A sequence (¢;) >0 of functions in 2(R%) converges to 0 in 2(R%) if there is a compact set
K < R4 such that for all € N, supp ¢, c K, and for any multi-index a € N9,

supI(pgl“)(x)l -0, asn— +oo.
xeK

We can then define the topological dual of 2(R%), denoted 2’ (R?), that is the space of contin-
uous linear functionals on 2(R%). We call it the space of distributions. In particular, a linear
functional T is a distribution if and only if for each compact set K c R%, there exists a constant
C and an integer p such that for any ¢ € 2(R%) with suppg c K,

T, 0)| < @x)].
(T, )] Clg}gigglw (2]

In particular, it is easy to check that any locally integrable function f : R — R defines a
distribution via the classical L?(R?) inner product:

(f,(p)::fdf(x)(p(x)dx, for all g € 2[R%).
R

We can then define €, the cylinder o-algebra on this space, that is the o-algebra generated by
sets of the form
C={Te2' R :(T,p:)e B, 1<i<n}, 2.1.1)

where 7 is a positive integer, (¢;)1<i<n is a family of test functions in 2(R%), and (B;) 1<i<n 1S
a collection of Borel subsets of R. We say a sequence of distributions (T%) x>0 converges to T in
2'RY) if for any ¢ € ZRY), ( Ty, ) — (T, ¢) as k — +oo. In other terms, we equip 2'(R?) with
the weak- * topology. It is then possible to define successive derivatives of a distribution by
duality, and the derivative of any order of a distribution is also a distribution.

Definition 2.1.1. Let T € 2'(RY), and k € N?. Then the functional T® defined by
<T(k),(p> = (—1)|k|<T,(p(k)>, fOI‘Llll(pE@([Rd),

is a distribution called the derivative of order k of T

2.1.2 The spaces.¥ (R%) and .#'(RY)

The space of Schwartz’s functions, also called rapidly decaying smooth functions, is denoted
by #(R%). It is the space of smooth functions such that for any multi-indices a, 8 € N,

sup [x%pP (x)‘ < +oo0.

xeR4

12



2.1. Spaces of distributions

This explains the term "rapidly decaying”, since functions in . (R%) and all their derivatives
go to zero at infinity faster than any polynomial. We can define a family of semi-norms .4, on
Z(R%), where for peN:

Np(@):= ). sup x%p#) (x)| , for any ¢ € #([RY). (2.1.2)

lal,| BI< p xeRY

This family of semi-norms defines a topology on . (R%), and a basis of neighborhoods of the
origin for this topology is given by the family
({res®): ) <} :
peN, >0
since such a basis is usually given by finite intersections of sets of this form, and for all
peN, pe FL(RY), Np (@) < Ap11(). Then, a sequence (¢,), converges to zero in S (R?) if for
all peN, Ay, (@n) — 0as n— +oo. Similar to the definition of distributions in Section 2.1.1, we
can define the topological dual of #(R%), denoted by .#’(R%) and called the space of tempered
distributions. In other terms, a tempered distribution is a continuous linear functional on
S ([R%). Equivalently, a linear functional T on .#(R%) is a tempered distribution of and only if
there exists C € R, and p € N such that for any ¢ € . ([Rd),

(T 9)| < CHp().

The topology on the space of tempered distribution is the weak-* topology (that is the smallest
topology for which the evaluation maps Ep:T— (T, (p) are continuous for any ¢ € . (Rd)),
and a basis for this topology is given by cylinder sets of the form

n
0= ﬂ{uey’(le):(u,(pi)eAi},
i=1

where, for all i < n, ¢; is an element of #(R%), n is an integer and A; is an open set in R. As in
the case of classical distributions, we can take derivatives of any order of a tempered distribu-
tion (see Definition 2.1.1), and it is easily shown that %’ (R%) is stable under differentiation.

Remark 2.1.2. We say that a Borel function f : R? — R is slowly growing if sup,;cga | f(£)|(1 +
[t])™% < oo for some a > 0. In this case, [ defines a tempered distribution by the formula
(f,0) = Jaa fD (D) AL, for all p € FRY).

The previous remark states that a sufficient condition for a function to define a tempered
distribution is that it is slowly growing. However, as tempting as it may sound, this condition
is not necessary. For example, the function x € R — e* cos(e*) is not slowly growing, and since
it is the derivative of the bounded function x — sin(e”), it defines a tempered distribution.

Furthermore, we have the continuous embedding 2[R c £ (RY), and therefore also the
continuous embedding .’ (R c 9'(RY).

The space . (R%) is particularly convenient for Fourier analysis. We recall the definition of the

13



Chapter 2. Definitions and extensions of Lévy white noises

Fourier transform of a function:

Definition 2.1.3. Let ¢ € #(R?). The Fourier transform % (¢) of @ is defined by:

F () (&) := fRd e ¥p(x)dx,  forallE eR?.

It turns out that the Fourier transform is a homeomorphism of the space .% (R%). By duality, it
is then possible to define the Fourier transform of a tempered distribution.

Definition 2.1.4. Let T € .%'(R?). The Fourier transform & (T) of T is defined by:

(F(D),0):=(T,F(p)), forallpe SR,

2.2 Definitions of Lévy white woise

In the theory of stochastic partial differential equations, the Gaussian white noise on R?,
usually denoted W, plays a fundamental role. It has the advantage of being very well under-
stood, and relatively easy to work with (in general in probability theory, the Gaussian world
is much nicer than its non-Gaussian counterpart). It has several equivalent definitions, but
arguably the most common one is that of a centered Gaussian process indexed by L2(RY) (see
for example [59, Chapter I, Definition 1.4]), with covariance given by

cov(W(H),W(g) = (f,g)Lz(Rd) forall f, g € L>(RY).

It is easy to check that this is indeed a covariance function. This process is a special case of the
more general class of isonormal processes on a Hilbert space (see [44, p. 251]). Also, it satisfy
the following identity:

E [(W(f))z] = fllza)  forall fe L2®RY). 2.2.1)

Since 2(R%) is a subset of L2(R%), we can consider the stochastic process (W((p); Qe @([Rd)).
This process is almost surely linear: let L e R, and ¢, v € 2 (R%),

Wp+Ay)=W(p)+AW(y)  as.

Then, let ((p ,,) be a sequence of functions in & (R%) such that ¢n—0asn— +ooin P(R%). Then,
by (2.2.1), and since 2 (RY) is continuously embedded in L2(RY), we deduce that W((p ) — 0in
I[2(Q), and therefore in probability. We deduce that W is a random linear functional on 2(R%)
(see [69, p. 332]), so W defines a generalized stochastic process. This generalized stochastic
process is continuous in probability, and the space 2(R%) is nuclear (see [42, §1.5]). Therefore,
we can use [69, Corollary 4.2] to deduce that there is a measurable map also denoted W :
(Q,F) — (2'RY),€) and for any ¢ € 2(RY), and almost every v € Q, (W (w),¢) = W () (w).
This map is then a random variable with values in 2’ (R%), and the law of this random variable

14



2.2. Definitions of Lévy white woise

(which is then a probability measure on 2’ (R%)) will be called a Gaussian white noise. With
this simple example in mind, we can proceed to define more general Lévy white noises.

2.2.1 Asa probability measure on 2'(R%)

A first definition of Lévy white noise comes from the theory of generalized stochastic pro-
cesses. These processes are in fact random Schwartz distributions, i.e. continuous generalized
stochastic processes. In [36], the authors define a Lévy white noise as a probability measure
on (@’ (R%), <€), where d > 1, 2’ ([R?) is the space of distributions defined in Section 2.1.1, and
% is the cylinder o-algebra on this space (see (2.1.1)). The construction of such a measure is
based on an infinite dimensional version of the famous Bochner’s Theorem. We remind the
reader that this theorem states that if a function f:R — C is continuous, positive definite and
such that f(0) = 1, then it is the Fourier transform of a probability measure on (R, 8(R)). To
introduce the generalization of this theorem, we will need the notion of nuclear spaces. We do
not develop this notion here, but we refer to [67, Definition 50.1] for the interested reader. In
this thesis, we will only need the following remark:

Remark 2.2.1. The test function spaces P (RY) and & (RY) are nuclear spaces (see [67, p. 510]).

Definition 2.2.2. Let E be a topological vector space. A continuous function f : E — C is said to
be positive definite if for any n > 1, and any choice of ey, ...,e, € E and ¢y, ..., €C,

Y. flei—ejéié;=>0.

1<i,j<n

Using this definition, we introduce the infinite dimensional version of Bochner’s Theorem due
to Minlos (see [36, Theorem 2 p.350]).

Theorem 2.2.3 (Minlos-Bochner). Let & be a nuclear space. If i : &/ — C is continuous,
positive-definite, and 1(0) = 1, then there is a unique probability measure y on (N', € (AN")),
the topological dual of NV equipped with its cylinder o -algebra, such that

ﬂ(w)=f T udT),  forallpe N .
WI

Using this powerful theorem, we can then proceed to build a general Lévy white noise, simply
by specifying its characteristic function. In the Gaussian case, one easily shows that for any
Qe 2(R%), the Fourier transform of the law of W is given by

o “Ljp|?
[E[el<w’(p>] = 2Mlepay  for all p € 2(RY),

and this Fourier transform is easily shown to satisfy the hypothesis of the Minlos-Bochner
theorem. For a reader familiar with the Lévy-Khinchine representation of the law of Lévy
processes (see (1.0.2)), it is therefore natural to define a Lévy white noise as a random variable

15
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X with values in 2’ (R?) and characteristic function

[E[ei<X"P>] = exp /d‘I’((p(t))dt ,  forallpe 2RY),
R
where for some o, y € R and some Lévy measure v,
1 .
V() =iyu-— 502u2+f (e’z"— 1- izu]l|z|<1)v(dz). (2.2.2)
R

We only need to prove that this characteristic function satisfies the hypothesis of Theorem
2.2.3. This leads to the following definition:

Definition 2.2.4. Let (Q,%,P) be a probability space. A Lévy white noise on S with charac-
teristic triplet (y,o,v) is a measurable mapping X : (Q, &) — (@’(Rd),%) such that for any
P EDRY),

[E[ei<X"">] = exp

fs‘l’((p(t))dt] )

where VY is the Lévy exponent associated to the characteristic triplet (y, o, v) asin(2.2.2).

To prove the existence of Lévy white noise, we need the following result,

Theorem 2.2.5 ( Chapter III, Theorem 5 in [36] ). For any characteristic triplet (y, g, v), where
y, 0 € R and v is a Lévy measure, there exists a unique probability measure u 3 on (2’ R, € )
such that for any ¢ € 2(R%),

f T 14 (dT) = exp f‘}’((p(l‘))dt],

2'RY) S

where Y was defined in (2.2.2). Then, (Q,%,P) := (@’([Rid),cé,,ux) is a probability space, and
we can define the Lévy white noise X on S with characteristic triplet (y,o,v) via the formula

(X(w), ) ={w,¢), forallwe Q andp e D(RY).

This construction of Lévy white noise is rather abstract. We only use the fact that a well chosen
probability measure exists on a space of distributions. In the next section, we will construct a
Lévy white noise directly from objects more familiar to probabilists that were introduced in
Definitions 1.0.4 and 1.0.8, namely Lévy processes and Lévy fields.

Derivative of a Lévy field

We recall that a Lévy process (X;) R, is a real valued stochastic process such that Xy = 0 almost
surely, X has stationary and independent increments and X is stochastically continuous. Every
Lévy process has a cadlag (right continuous with left limits) modification by Proposition 1.0.5,
and we will always consider such a modification in the following. An important feature of
Lévy processes is the Lévy-Itd6 decomposition (Theorem 1.0.6): for a Lévy process X there
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2.2. Definitions of Lévy white woise

exists a unique triplet (y,o,v), where 0 > 0, y € R, and v is a Lévy measure (in particular, v
is nonnegative and fR\ 0} (1 A |z|2) v(dz) < +00), such that the jump measure of X (denoted
by Jx) is a Poisson random measure on R, x R\{0} with intensity d¢v(dz) and X has the
decomposition X; =yt + oW, + X' + XM In this decomposition, W is a standard Brownian
motion,

Xf =/ zJx(ds, dz)
s€l0,t],]|z|>1

is a compound Poisson process (the term containing the large jumps of X), and

XM= z(Jx(ds, dz) — dsv(dz))
s€f0,t],]z|<1

is a square integrable martingale (the term containing the small jumps of X). Since a Lévy
process is cadlag, it is locally Lebesgue integrable, and defines almost surely an element of
2'(R) via the L?-inner product

<X’(P>=f Xrp(n)de, for all p € 2(R).
R,

In particular, its derivative in the sense of distributions makes sense,

Definition 2.2.6. Let X be a Lévy process with characteristic triplet (y,o,v). The derivative of X
is denoted X' and is defined by

(X' (), ) :=—(X(),¢"):= —fR X (w)¢' (1) dt,
forallweQ and p € 2(R).

The reader might wonder what the derivative in the sense of distribution of a Lévy process
might have to do with Lévy noise. The answer to this question will be provided in Lemma
2.2.9 for any Lévy process, but we can first study the example of Brownian motion. Let W be a
standard Brownian motion. Then, by definition, for any ¢ € 2(R),

+00
(W) =—(W,¢")= —fo W' ()dt.

However, by Itd’s formula,

t t
Wt(p(t):fo Ws(p'(s)ds+f0 (s)dWs.

Passing to the limit as ¢ — +oo (the stochastic integral is a martingale bounded in L2(Q)), since
¢ has compact support, we get:

P(s)dW; = —f Wi/ (s)ds.
Ry Ry

By well known results on stochastic integrals with respect to Brownian motion, the left-hand
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Chapter 2. Definitions and extensions of Lévy white noises

side of the previous equation is a Gaussian random variable with zero mean and variance

llp IIi2 ®) Therefore, the derivative of Brownian motion is in fact a Gaussian white noise on
N

R.. More generally, we will see below that X’ defines a Lévy white noise on R, (see Lemma

2.2.9).

To extend this definition to any finite dimension, we use the generalization of the notion
of Lévy process introduced in Definition 1.0.8, where the “time” parameter is in Rﬂ, with
d > 1. If X is a d-parameter Lévy field, by the lamp property of its sample paths, it is locally
integrable and defines almost surely an element of 2’ (R?) via the L?-inner product. Similar to
the one-dimensional case (see Definition 2.2.6), we can define the derivatives in the sense of
distributions of this random field.

Definition 2.2.7. Let X be a d-parameter Lévy field with characteristic triplet (y,o,v). The d™
cross-derivative of X is denoted X4 and is defined by

(X1, ) () := ()X, ") (@) := (-1)? f Xiwe 0 dt,
R+

forw e Q and ¢ € D([R?), where we recall that ¢ = %(p.

Remark 2.2.8. Given a d-parameter Lévy field X with characteristic triplet (y,o,v) and jump
measure Jx, for a suitable class of functions ¢ : R? — R, we can define the stochastic integral

f(p(s)dXS::yf (p(s)ds+af @(s)dW;
RY RY R?

+f f zp(s)Jx(ds, dz)
R? Jiz|>1 (2.2.3)

+ f f z@(s)Jx(ds, dz)
RY JIzI<1

=YA1(p) +0Ax(p) + A3() + As(@),

where the first integral is a Lebesgue integral, the second integral is a Wiener integral (see [48,
Chapter 2]) and the last two integrals are Poisson integrals (see [44, Lemma 12.13]) with the
space E = IRf x (R\{0O}).

The next lemma relates the definition of the derivative of a d-paramteter Lévy field with the
mapping ¢ — fRi ¢(s)dX;. It proves in particular that X1 is in fact a Lévy white noise on RY,
as defined in Definition 2.2.4

Lemma 2.2.9. Let X be a d-parameter Lévy field with characteristic triplet (y,o,v) and jump
measure Jx. Then, for all € 2(R%),

<X(1d),(p>=fd(p(s)dXs,
R+
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2.2. Definitions of Lévy white woise

Also,
E [ei<X“d)r<P>] = exp

f ‘P((P(t))dt] )
R

where VWV is the Lévy exponent associated to the characteristic triplet ()/, o, v) asin (2.2.2), and
X149 is a Lévy white noise on RY.

Proof. Generically, if i is a measure on [Rff and if x(¢) := u([0, t]), then %x =pin 2'([RY).
Indeed, by (1.0.1), for any ¢ € DR,

f(p(S)u(dS)z(—l)df y(ds)f dt (1>
RY RY R¢
=(-1? fR Ldret @) fR AL (2.2.4)
=(—1)df e (nx(ndt,
RY

where the second equality requires a Fubini-type theorem.

Notice that for bounded Borel sets, the set function
B— X(B):= f 15(s)dX;
R¢

defines an L°(Q, %, P)-valued measure (see e.g. [26, Theorem 2.6]), and X; = X([0, £]) a.s.
We shall apply the argument in (2.2.4) separately to the four integrals in (2.2.3). For the first
integral, the standard Fubini’s theorem applies. For the second integral, since ¢ € L2(RY), itis
well defined, and since it has compact support, we use the stochastic Fubini’s theorem [69,
Theorem 2.6]. For the third integral, let Jxr (ds, dz) = 1,;>1/x(ds, dz) be the jump measure of
the compound Poisson part X? of the Lévy-Ité6 decomposition of X. Then Jyr = Yi>10:,027,
where (7}, Z;) are random elements of R? x (R\{0}), and Az (¢) = Yi>1Zip(T;). For afixed ¢
with compact support, this is a finite sum, so Fubini’s theorem applies trivially. For the term
A4 (), the integral is a compensated Poisson integral, and we know that it exists (see [44,
Lemma 12.13]) if and only if

fRdlel(lmp(s)lz/\IZ(p(s)l) dsv(dz) < +oo.

+ Y1zl

Since ¢ € I2 (IRd),
f f (Iz0(3)1* Alzp(s)]) dsv(dz)gnq)uizf z?v(dz) < +00.
R? J)zI<1 l2I<1

For n e N, define

Agp(@) = fwfl z@(0) Jx(dt, dz)

1
+ Y o+l <|Z|<27
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Chapter 2. Definitions and extensions of Lévy white noises

=/ f zg(1) Jx(dt, dz)
R J Lo <zI<5h

on+l 21
—f f zp(t)dtv(dz).
R J L <lzl< G

+ % on+l

Then As ,(¢) is a sequence of centered independent random variables (the compensated
Poisson integrals are over disjoint sets) in L2(Q), and we know that

[E((Ai,nﬁp))):fww(t)zdtfl Zv(da).

Eﬁ:f£§|z|<1§ﬁ

Since v is a Lévy measure, we see that )", E ((Ai n((p))) < oo and by Kolmogorov’s convergence
criterion (see [31, Theorem 2.5.3]) we deduce that as n — +oo,

> A4,k((p)—>fRdf<1Z(p(t)jX(dt, dz) = As(@)  ass. (2.2.5)

0<k<n

For each n € N, since the Lévy measure v is finite on compact subsets of IRf X [2,,%1, zin],
Fubini’s theorem applies to the set function B — A4 , (1) in the same way it did for A3 and A;.
Therefore, letting

X;‘“’ = fR ) f# zl,>5Jx(ds, d2),

<lzl<

+ % on+l 2n

the argument in (2.2.4) implies that

Agn(p) = (—l)dedw(ld)(t)Xy’"dﬁ

By [1, Theorem 4.6] (see also [26, Theorem 2.3]), > o<k<n Xiw’k — Xiw, where XM is the small
jumps part of X, and the convergence is a.s., uniformly on compact subsets of R%. Since ¢ has
compact support, (2.2.5) implies that

As(g) = (—1)dfd @10 x}dt,
IR+
which concludes the proof. O

We note that the law of a Lévy white noise is entirely characterized by the triplet (y, o, v) (given
that we use the truncation function 1y <; in the Lévy-Ité decomposition). Also, X1@) has
support in R It is then easy to define a Lévy white noise on S, where S is a disjoint union of
orthants by gluing independent copies of X!@) on each orthant. More precisely, we have the
following result,

Definition 2.2.10. Let S = Ule 0; < R? be a disjoint union of orthants of R%. For every
1 < i < k, there is an isomorphism f; : O; — R? (that only changes the sign of some coordinates).
Then let (X')1<;<k be a collection of independent d-parameter Lévy fields on RS with the
same characteristic triplet (y,o,v). Let X :t€ S — Zle X ]li ( t)]]‘teoi' This Lévy field defines
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2.2. Definitions of Lévy white woise

a distribution (by the lamp property), its d'"* cross-derivative X9 in the sense of Schwartz
distributions is a Lévy white noise on S.

Remark 2.2.11. By Lemma 2.2.9, X' is a Lévy white noise on S. The Lévy white noise X' on
S is almost surely a distribution on R with support in S. Each Lévy field X' has a decomposition
in the form of Theorem 1.0.9 (ii), and we can define a Brownian sheet W on S by W : t €
S— W, = Z;‘Zl W}i(t)]lteoi and a Poisson random measure Jx on S x (R\{0}) by Jx(A x B) =
Zile Jxi(fi(An O;) x B). Its intensity measure is dsv(dx), whereds denotes the d-dimensional
Lebesgue measure.

2.2.2 Asanindependently scattered random measure

A random measure is in general a stochastic process indexed by a family of sets, with some
additivity property. In the following, we introduce the notion of independently scattered
random measure, taken from [58, p.455].

Definition 2.2.12. Let S be a Borel-measurable subset of R?. An independently scattered
random measure on S is a stochastic process (M(A)) ac ¢ (s) indexed by the set £(S) of Borel-
measurable subsets of R? such that Leby (AN S) < +oo, such that for any sequence (A;)ien Of
disjoint sets in £(S), the random variables M(A;), i > 0 are mutually independent, and if in
addition UjenA; € L(S), then

MUjenA) =Y M(4)  as,
ieN

where the sum converges almost surely.

Specific independently scattered random measures can be built by choosing the distribution
of this stochastic process. Given the title of this thesis, it is therefore natural to expect that
an indefinitely divisible law (closely related to Lévy processes) is a good candidate. This was
indeed done in [58, Proposition 2.1]. More precisely, we have the following result:

Proposition 2.2.13. Let S be a Borel-measurable subset of R%. For any characteristic triplet
(y,0,v), wherey, o € R and v is a Lévy measure, there is an independently scattered random
measure M such that for any Ae £(S),

E|e™M “‘)] =exp[Leby (AN )P ()], (2.2.6)
where
2,2 _
WY(u) =iyu— +f (el”Z—l—iuz]I|Z|<1)v(dz).
R
Proof. See [58, Proposition 2.1, (a) and (b)] O
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Chapter 2. Definitions and extensions of Lévy white noises

2.3 Unification of these definitions and stochastic integral repre-
sentations

The results of this section where obtained in collaboration with Julien Fageot, and most of the
material is taken from [33].

2.3.1 Extension of Lévy white noise to an independently scattered random mea-
sure

Let S be a Borel measurable subset of R?. In the previous sections, we defined three closely
related objects: Lévy white noise, which is a probability measure on a space of distributions,
the derivative of a Lévy field, and independently scattered random measures (see respectively
Definition 2.2.4, Definition 2.2.7 and Definition 2.2.12). We have already seen in Lemma 2.2.9
that the derivative of a Lévy field X' on S is in fact a particular example of a Lévy white
noise on S. In the following, we show that a Lévy white noise can be extended to define
an independently scattered random measure M on S such that (2.2.6) holds. To make this
extension, we basically need to prove that we can give meaning to the expression (X, 1 4),
where A € Z(S). This extension will be done in several steps, using regularizations of the
indicator functions. Then, we show that when the Lévy white noise X is obtained from a Lévy
field (that is, X = X(14)), then it has a stochastic integral representation (see Theorem 2.3.10
(iii)).

In the following, let Xbea general Lévy white noise on S, with characteristic triplet (y,o,v).

Definition 2.3.1. Let0 € D(R?), 0 > 0 and [pa0(t)dt = 1. ForneN, and t e R%, let 0,(1) =
ndH(n t). Then, forallp € QZ([Rd) and all Borel measurable sets A c Rd, we define

<X»(P]lA> = nlll_}loo<X’(p (Hn * ]]-A)> ’
where the limit is in probability.

Proposition 2.3.2. Definition 2.3.1 is well posed. In particular the limit exists and does not
depend on the choice of the mollifier 0. In addition, the characteristic function of the random
variable (X, 1 4) is given by

D p1,) &) =E [exp (i€ (X, p14))] =exp (fA S‘P(f(p(t))dt) , forallé e,
n
where ¥ is the Lévy exponent of X as in (2.2.2). Also, for any disjoint Borel measurable sets

ABcRY (X, 0l au) = (X, 91 4) +(X,@1g) almost surely, and (X, 1 4) and (X,p1p) are
independent.

Proof. We first remark that for all z € N, the function ¢ - (6, * 1 4) is in 2([RY), therefore the
random variables Y;, = (X ,@- (0, «1 A)) are well defined. It suffices to show that the sequence
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2.3. Unification of these definitions and stochastic integral representations

(Y) nen is Cauchy in probability. Since the convergence in law to a constant is equivalent to
the convergence in probability to that constant, it suffices to show that Y;, — Y, converges
to zero in law as n, m — +oo. Since X is almost surely linear, forany n,meN, Y, - Y, =
(X,¢-((6,-0) *14)), and by definition, we know that for any ¢ € R,

E[exp (i€ (X, ((0n—0m) x14)))] =exp Us‘l’(&p(t) ((0n—0m) * 1) (1)) dt) :

where

22
V(&) =iyé - o’ +f (eifz—l—icfz)v(dz)+f (eifz—l)v(dz).
lzl<1

2 lzl>1

We treat each of the four terms of the Lévy exponent separately. Since ¢ € 2(R%), there is a
compact set K such that supp ¢ =: K. Then,

‘L lYf(P(l‘) (Bn—=0m) 1 4) (1) dt‘ < |'}/'f|||(,0||oo 10, —0.)* ]lA”Ll(K) .

It is well known that for p > 1 and f € L?(K), (0, —60) * f — 0in LP(K) as n,m — +oo (see
(38, Théoréme 1.3.14]). Therefore, since 1 4 € L' (K), || (8,, — 6,,,) * Lallp k) — 0as n,m— +oo.

Similarly,

f a?E2(1)? On —Om) * 1 a(1)? dr
S 2

1
’ <12 QIG N @ = Om) * Tall o - (2.3.1)

Since 1 4 € L2(K), || (8,,— 0,,) * ]lAIIiz(K) —0asn,m— +oo.

For the third term, by [44, Lemma 5.14],
ilz . 1 2
e —1-iéz <E|€Z| )
and

6PN =0m T2 _ _ j£(£) (0 —Op) * 1) (t)z) v(dz)dr

1
< —|52|||<p||§o(f
2 lz|<1

X

Jha

zzv(dz)) 100 —0m) * L all?, 4, dt,

and we conclude as for (2.3.1). The last term corresponds to the compound Poisson part of the
Lévy-I1td decomposition of the Lévy noise. It is the characteristic function of the random vari-
able My, := [Jpa Jp 2 (1) (05, —0p) % 1 4) (1) N(dt, dz) where N is a Poisson random measure
on S x R with intensity measure d¢1,;>1v(dz), and we know that

Mum=Y_ Zip(T}) (0n—0m) * 1) (T}),

i1

for some random jump points (T;, Z;);>1, and the sum above has finitely many terms (inde-
pendently of m, n) almost surely due to the compactness of the support of ¢. Indeed, with
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Chapter 2. Definitions and extensions of Lévy white noises

K =supp ¢, we have

E[DJ(KS<R)]:£[

dtl;>1v(dz) < Leby (K) v(dz) < +o00,
KnNSxR

|z|>1

since v is a Lévy measure, and N (K x R) is the random variables that counts the number of
points T; that fall in the support of ¢. By Lebesgue’s differentiation theorem (see [70, Chapter
7, Exercise 21), (0, —0,,,) * 1 4(t) — 0 as n, m — +oo for all ¢t € K\ H, where H is a subset of R?
such that Leb, (H) = 0. The random times T; have an absolutely continuous law. Indeed, for
any Borel set B c R%,

P(T; € B)<P(N(BxR) >1)<Lebys(BnS) . 1v(dz). (2.3.2)
z|>
Therefore, forall i > 1, P(T; € H) =0 and M,, ,, — 0 as n, m — +oo almost surely, hence also in
law. Therefore (Y;) ,en is @ Cauchy sequence in law, hence in probability (see Remark 1.0.2),
and there exists a random variable Y such that Y;, — Y in probability as n — +oco. By checking
the convergence of each term of the decomposition of the Lévy exponent, it is easy to see
using the same estimates as above that for all { € R,

fs W (Ep(00, * 1a(1) di — [S W (Ep(D)1 ge) di = f

AN

VY (Ep(n) dt, as n— +oo,
S

hence

E [eify] = exp (fAnS‘P(cf(p(t)) dt) i

If 6 is an other mollifier, and (Y,) nen and Y are the associated sequence and limit, it is easy
to see by linearity of X that Y, — ¥, — 0 in probability as n — +oo. If A and B are disjoint
Borel measurable sets of R?, we observe that 6,, * 1 4up =0y * 1 4+ 0, 15, which proves the
decomposition (X, g1 4up) = (X, 1) +(X,¢1p) at the limit when 1 — +oo. Independence
comes from the factorisation of the characteristic function of these random variables. O

From the previous definition, it is straightforward to define the random variables (X 1 A)
for any bounded Borel set A. Indeed, it suffices to choose any ¢ € 2(R?) such that ¢|4 = 1
and set (X,14) := (X,¢14). This definition does not depend on the choice of ¢. Indeed,
if ¢ and y are two such functions, by linearity of the noise and from the expression of the
characteristic function we get that (X, 1 o) —(X,y14) = (X, (p —¥) 1 4) = 0, almost surely. In
this particular case, we observe that the characteristic function of the noise takes the particular
form

Elexp(i€{X,14))] = exp(Leby (AN S)¥(E)) . (2.3.3)

We now extend the definition to a Borel set with finite measure (but not necessarily bounded).

Definition 2.3.3. Let A c R? be a Borel measurable set such that Leb; (AN S) < +oo. Forn e N*,
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2.3. Unification of these definitions and stochastic integral representations

let A, = An[—n,nl%. Then we define
(X,14):= ngrlloo<X,ﬂA,,> )
where the limit is in probability.

Proposition 2.3.4. Definition 2.3.3 is well posed, in particular the limit exists in probability. In
addition, the characteristic function of the random variable (X, 1 ») is given by

Elexp(i€(X,14))] =exp(Lebg (ANS)W()), foralléeR, (2.3.4)

wherey is the Levy exponent of X. Also, for any disjoint Borel measurable sets A, B c R%, such
that Leby (A), Leby (B) < +o0o, (X, 1aup) = (X, 14) + (X, 1) almost surely and (X, 1 4) and
(X, 1) are independent.

Proof. From the expression of the characteristic function in (2.3.3) and the fact that A, is
a bounded Borel set, it is easy to see that the sequence ((X a4, )) neN is Cauchy in law (see
Remark 1.0.2), and therefore converges in probability. The expression of the characteristic
function follows from the fact that Leb; (AN S) < +oo and an application of the dominated
convergence theorem. The last statement comes directly from an application of Proposition
2.3.2 and the expression of the characteristic functions. O

Theorem 2.3.5. The extension of the Lévy white noise X is an independently scattered random
measure in the sense of Definition 2.2.12.

Proof. Let (An)nen be a sequence of disjoint sets in £(S), the set of Borel sets with finite
Lebesgue measure. Let k € N and i} < :-- < i € N. We show that the random variables
<X Nl Ay >, 1 < j < k are independent. By linearity of the noise in Proposition 2.3.4, this
fact is an immediate consequence of (2.3.4) and the additivity of Lebesgue measure. This
proves that (X,14,), n € N is a sequence of independent random variables. If in addition
Y nenLebg (AN S) < +o0, Upen An € Z(S) and we need to show that

(X, My,ea,0 =2 (X 14,),

neN

where the series converges almost surely. By the second statement of Proposition 2.3.4, it is
easy to see that for any k e N,

k
<X’]1U1§=1 An> = n;l <X’]1An> . (235)

By the expression of the characteristic function of the left-hand side of (2.3.5), we see that
<X, e An> — (X, 1y, ,) inlaw as k — +oo. By linearity of the noise in Proposition 2.3.4,
it also converges in probability as k — +oo. Therefore the right-hand side of (2.3.5) is a sum of
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Chapter 2. Definitions and extensions of Lévy white noises

independent random variables that converges in probability. By [17, Theorem 5.3.4], the sum
converges almost surely, which concludes the proof. O

2.3.2 Stochastic integral representations
Integrals with respect to independently scattered random measures

Let X be a Lévy white noise on S extended to an independently scattered random measure.
The notion of independently scattered random measure calls for the definition of an integral.
The natural way to define such an integral is to define it first for a class of simple functions
(which are linear combinations of indicator functions of sets in .Z(S)), and then to extend it
to a class of function as large as possible using a limiting argument. In [58], B. S. Rajput and
J. Rosinski have done this work and entirely characterized the set of deterministic functions
f that are integrable with respect to an independently scattered random measure. In the
following, we recall the definition of this integral and the mentioned characterization. Let
f=Yi<nfila, wherefori<n, A; € £(S), and let A€ BR?). Then we define

(X, f1a):=) filX,Dana).
i<n
The following definition was introduced in [58, p. 460].

Definition 2.3.6. A Borel-measurable function f :R% — R is said to be X -integrable if there is
a sequence (f,) n>1 of simple functions such that f,, — f almost everywhere as n — +oo, and
such that for any A€ B[R%), the sequence ({X, fn1a)),>, converges in probability as n — +oo.
Then, for any A€ B[R,

(X, fla):= lim (X, fnla).

The set of X -integrable functions is denoted L(X, S).

It turns out that Definition 2.3.6 is well-posed (and in particular, the limit does not depend
on the choice of the approximating sequence, see [58, p. 460]). There is in fact a simple
characterization of X-integrable functions that we recall in the next proposition.

Proposition 2.3.7 (Theorem 2.7 in [58]). Let f : S — R be a Borel measurable function. Then f
is X -integrable if and only if the following conditions hold:

@) [s|lyf®O+ Jgzf @ (Lizpmi<i = Ljz<) vidz)| de < +oo,
i) [s|lof@| dr < +oo,

(iii) fy.n (|20 A1) dev(da) < +oo.

In addition, the law of (X, f) is characterized by

[E[ei<X'f>] =exp (f‘l’(f(l‘))dt)»
S

26



2.3. Unification of these definitions and stochastic integral representations

where ¥ is the Lévy exponent of X as defined in (2.2.2).

By Lemma 2.2.9, we know that a Lévy white noise derived from a Lévy field has a stochastic
integral representation. In the next section, we show that the extension of such a noise to an
independently scattered random measure also has such a stochastic integral representation.

Stochastic integral representations of the Lévy white noise

For the remainder of this section we suppose that S is a union of orthants. Let X be a d-
parameter Lévy field on S, with characteristic triplet (y, o, v), jump measure Jx, and Lévy-Itd
decomposition as in Theorem 1.0.9. We know by Lemma 2.2.9 that the d-th cross-derivative
of X in the sense of distributions defines a Lévy white noise on S. This Lévy white noise is
denoted by X, and it can be in turn extended to an independently scattered random measure
that we still denote X (see Theorem 2.3.5). This extension allows us to use the general theory
of independently scattered random measures developed in [58], and define the set of X-
integrable functions in Definition 2.3.6. For the reader familiar with stochastic integrals with
respect to Poisson random measures, condition (iii) of Proposition 2.3.7 should look familiar
(see for example [44, Lemma 12.13]). It turns out that the class of X integrable functions f is
exactly the class of functions for which a specific stochastic integral decomposition exists for
(X, f). We also study in the following a stochastic integral representation of (X, f) related
to the Lévy-1td decomposition of the underlying Lévy field X. In the next definition, all the
integrals with respect to W are Wiener integrals, the integrals with respect to Jx and Jx are
Poisson integrals and compensated Poisson integrals as defined in [44, Lemma 12.13].

Definition 2.3.8. (i) A Borel measurable function f : S — R is said to be It6 X -integrable if
the following exists:

I(f)::fyf(t)dt+faf(t)th+ff zf(t)fx(dt, dz)+ff zf () Jx(dt, dz).
S S sdlzI<1 SJlz|>1

The set of Ité X -integrable functions is denoted by L(I, S).

(ii) A Borel measurable function f : S — R is said to be Poisson X -integrable if the following
exists:

f(f)::fs(yf(t)+fsz(t) (]1|me|<1—]1|z<1)v(dz))dt+fsaf(t)dwt

+ff zf()Tx(dt, dz)+ff zf(t)]x(dt, dz).
SJlzf(D)I<1 SJlzf(r)|>1

The set of Poisson X -integrable functions is denoted by L (I, S).

(2.3.6)

Remark 2.3.9. The set L(I,S) is exactly the class of suitable functions mentioned in Remark
2.2.8, and the decomposition given by the operator I is coincides with the stochastic integral
introduced in (2.2.3).
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Chapter 2. Definitions and extensions of Lévy white noises

We can in fact characterize the domains of the operators I and I. The following result can be
found in [33, Proposition 4.7].

Theorem 2.3.10. The following holds:

G) feLd,S) ifandonlyif yfeL\(S),of € L*(S), and

ff (1zf(DIA1) dtv(dz)+ff (1Zf(OF Alzf(1)]) dtv(dz) < +oo.  (2.3.7)
|Z|>1 Zl\

(ii) L(I,S) < L(,S), and forall f € L(1,S), I(f) = I(f) almost surely.

i) L(I,S) = L(X,S) and forall f € L(I,S), I(f) = (X, f) almost surely.

Remark 2.3.11. Ify =0, then the conditiony f € L' (S) is vacuous. Similarly, ifo = 0, then the
condition o f € L?(S) is vacuous.

Proof of Theorem 2.3.10. We first prove (i). The deterministic and Wiener integral exist under
the well known conditions y f € L}(S), o f € L?(S). By [44, Lemma 12.13], the compensated
Poisson and Poisson integrals exist if and only if (2.3.7) is satisfied. To verify the equality
L(X,S)=L(I,S) in (iii), we can use the existence criteria of the different terms in (2.3.6) (see
[44, Lemma 12.13] for the Poisson and compensated Poisson integrals) to see that a function
fis X integrable if and only if it is Poisson X -integrable. Then, let f € L(I,S). Condition (ii) of
Proposition 2.3.7 is satisfied. Moreover, we can see that

ff (Izf (D1 A1) dtv(dz)+ff (Izf (O Alzf()]) dev(da)
|Z|>l |Z\
>f (Izf (01> A1) dsv(dz),
SxR

therefore condition (iii) of Proposition 2.3.7 is satisfied. Then,

‘[SL |Zf(t)| |]l|zf(t)|<1 —]l|z|<1| drv(dz)
:f[l 1|Zf(t)|]1|zf(t)|<1dtV(dZ)+ff |Zf(l‘)|]l‘zf(t)|>1dtv(dz) (2.3.8)
z|>

ff (lzf (D) A1) dtv(dz)+ff (Izf (1)1 Alzf (1)) dEv(dz) < +oo,
|z|>1

therefore (i) of Proposition 2.3.7 is satisfied, and the inclusion L(/,S) c L(X,S)=L{,S) is
satisfied. We then show that I(f) = I( f). We can assume without loss of generality that
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Y =0 =0. Then,

1= [ aroixdndas [ [ zfoxdnda
szt sJizi>1
fo 2f (01 p<1 x(dt, dz)+ff z2f (01 2p>1)x (dt, dz) (2.3.9)
SJ|z|<1 S§J|zI<1
+ff Zf(t)1|zf(t)|<1]x(dt,dZ)+ff z2f (D12 rn)>1/x(dt, dz).
sdizi>1 sJzi>1

By (2.3.8), we can write

ff Zf([)]l|zf(t)\>1]X(dt»dZ)=f/ z2f (O fn)>1/x(dt, dz)
SJ|z|<1 SJ|zI<1

(2.3.10)
—ff zf(t)]l\zf(t)bldtv(dz),
SJzI<1

and
ff Zf(t)1|zf(t)|<1]X(dt,dZ)fo 2f (D1 zp<1/x(dt, dz2)
SJz>1 SJ|z|>1

(2.3.11)
+ff zf(t)]l|zf(t)|<1dtv(dz).
SJz|>1

Recombining (2.3.10) and (2.3.11) in (2.3.9), we get

I(f)=LLZf(t)1|zf(t)|<le(dty dZ)+£sz(t)1|zf(t)|>1fx(dt, dz)

+fS[RZf(t)(]l|zf(m<1—]l\z\<1) dtV(dZ)=T(f).

We finally show that for f € L(I,S), (X, f) = I(f). For f € 2(R%), we can use Lemma 2.2.9 to
deduce that (X, f) = I(f), and since 2[®R%) c L(I), we get (X,f)=1(f). Thenlet Ac R% be a
Borel set such that Leb,; (AN S) < +o0. Let (8,) ,>1 be a sequence of mollifiers as in Definition
2.3.1. Since forany n € N, (X, f+(@n* 1)) = I(f - (0, * 1 4)), and since (X, f- (@, x 1 4)) —
(X, f14) in probability as n — +oo, it suffices to show that I(f - (8, = 1 4)) — I(f1 4) in prob-
ability as n — +oc0. In fact, one easily checks that f- (0, % 14) and f1 4 € L(I,S). Therefore
it is enough to show that I(f - (0, * 1 4)) — I(f1,) in probability as n — +oo, and this is ob-
tained using the linearity of I and the convergence in law of each part of the decomposition
of the Lévy exponent as in the proof of Proposition 2.3.2. The same reasoning works to show
(X Nl A) = I(1 4). To extend the result to simple functions, the problem we have is that each
term of the decomposition of T is not linear (although we will see that T is linear). Let a > 0.
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Chapter 2. Definitions and extensions of Lévy white noises

Then,
zlienliz<1Tx(dt, dz) + f . zZL e al|z>1)x(dE, dz)

Sx

SxR

:fs Rz]lteA]l|z|<ajx(dt, dZ)+f RzﬂteA]1|z|>a]X(dt, dz)

Sx
+[S Rz]lteA (]llzlga - ]l|z|<1) dtv(dz)
:= I%(A) + I%(A) + DY(A).

Let f = Z?:l ¥i1 4, be a simple function, where for all 1 < i < n, Lebg (A;) < +oo and |y;| > 0.
Then,

n

(X, f)= Z (X, 14,)

n
=Yy UA Sydt+fU]lAi(t)th+I}w(Ai)+I},(A,-))
n

i=1

:f’yf(t)dt+f(7f(t)th+ ZJ’i (Ijl\)/;il_l(Ai) +I|I_)Vi|_1 (A) +D‘y[h(Ai)) .
S S

i=1

Then,

1= (Yf(t)+ | zr (11|zfm|<1—11|z|<1)v<dz>) dt
n

pawis o[

+fsof() t+i_Zlyl(A

Z]l|ZJ’i|<1jX(dl', dz) +/
(A;NS) xR

212y, 51 x (dt, dz))
(A;inS) xR

n -1 -1 1
:LYf(t)dt+j;Uf(t)th+Zyl ([]l\J/;ll (Al)+IL)yl| (Al)+D|J’z| (Al))
i=1
=(X,f).

Let f € L(X,S). By definition, there is a sequence of simple functions f,, such that f, — f
almost everywhere as n — +oo, and (X, f,,) — (X, f) in probability as n — +oo. The proof
of [58, Theorem 2.7] shows that the sequence (f;),>1 can be chosen such that forany neN,
| f»] <|f]. We only need to show that I(f,,) — I(f) in probability as n — +oco. We show the
convergence in probability of each part of the decomposition of the stochastic integral. First
we deal with the Gaussian part. By classical properties of Wiener stochastic integration, we get

2
E (f Ufn(t)dW[—faf(t)dW[) ]=f02 (fn(t)—f(t))zdt—>0 as n — +oo,
S S S
by the dominated convergence theorem. We deduce that | sOfu(®)dW; — J sof(H)dW; in

L%(Q) as n — +oo, which implies the convergence in probability. Then, we show the conver-
gence of the compensated Poisson term.

L ::fs R.an(t)]hzfn([”gljx(dt, dz)—fs RZf(t)]1|zf(r)|<1fx(dt, dz)
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2.3. Unification of these definitions and stochastic integral representations

=fs Rz(fn(t)—f(r))11|zfm|<1ix(dr,dz)+fs Ran(f)]llzfn(t)\gl,|zf(t)\>1jX(dtydZ)-

Each of these two integrals exist since

fs R |2(fa(0) = FO) Lizpmica |* Az (Fu(d = F(O) Lizpoi<a| devida)
<4fs R|Zf(t)]llzf(r)|<1|2dtv(dz),
and

fs R|an(f)]1|zfn(z)|<1,|zfm|>1|2/\|an(t)]1|zfn<m<1.|zf<m>1|dfv(dz)

SL R|an(t)]1|zﬁl(t)|<1’2d“’(dz%

and
L v |an(t)]1|zfn(t)|<1|2 dtv(dz) < +o0,

by (iii) in Proposition 2.3.7. Furthermore, since these two integrals are compensated Poisson
integrals over disjoint subsets of S x R, they are independent and their mean is zero. Then,

[E(I%) :f |z(fn (1) —f(t)|2]1|zf(m<1 drv(dz)
- (2.3.12)
+fs R|an(t)|2]l\2fn(t)|<1.IZf(t)|>1de(dZ)-

Observe that |z(f,(£) = f(D)1*12£(n<1 < 4lzf (1212 f(5<1, and by Proposition 2.3.7 (iii),

fS . |Zf(l‘)|2]1|zf(r)<1dtv(dz) < +00.

Therefore, by the dominated convergence theorem, we get the convergence to zero of the first
integral on the right-hand side of (2.3.12). Similarly,

2
12O L 1zp,m1<0 1270151 < Lizps1

so again by dominated convergence, the second integral on the right-hand side of (2.3.12)
converges to zero. We deduce that

fsszn(t)]hzfn(tngljx(dt,dZ)—’j; RZf(t)]hzf(tngJX(dt,dZ),

in L2(Q) as n — +oo, which implies the convergence in probability. The treatment of the
compound Poisson term goes as follows: let (T}, Z;) € S x R be the random jump points of the
random measure Jx. Then,

fs szn(t)]llzfn(t)bl]X(dt» d2) =Y Zi (T 7, 1151

i1
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Chapter 2. Definitions and extensions of Lévy white noises

where the sum is finite almost surely. Indeed, 1;¢,(n>1 < 1)zf(n)>1, therefore Jx({lz f,(£)| >
1}) < Jx({lzf ()| > 1}) =: N, and N is an almost surely finite random variable, and does not de-
pends on n: indeed, E[N] = f5xR Lizfs)>1 dsv(dz) < +oosince fe L (X, S) and using Proposi-
tion 2.3.7 (iii). Therefore, since f;, — f almost everywhere, and since the law of T; is absolutely
continuous with respect to Lebesgue measure (see (2.3.2)), we deduce that

Y ZifaTDL z pmyi>1 = 2 Zif(TDL 7, p(1y151 :f z2f (O zpn>1/x(dt, dz),
i1 i>1 SxR
almost surely as n — +oo, which implies the convergence in probability. We then have the
following:

(X, fu) = 1) = U + Tw () + In(f) + Ip(f)  as.

Also, we proved that Iy (f,,) + Iy (f) + Ip (f) — Iw (f) + In(f) + Ip(f) in probability as 7 — +oo.
Also, {X, f,,) converges in probability to (X, f) as n — +oo, hence also in law. From these facts,
we deduce that the deterministic part of the decomposition U(f;;) converges as n — +oo, and
from the expression of the characteristic function,

U(fu) = U ::fs(yf(t)+(fmzf(t) (11|me|<1—11|Z|<1)v(dz)))dt as n— +oo.

This concludes the proof. O

In general the inclusion L(1,S) c L(X,S) is strict. For example, we can consider the case of an
a-stable white noise W on R?, a € (0,2), that is a Lévy white noise on R4 with characteristic
triplet (0,0, v4(dx)), where v, (dz) = Izcll%‘ By Theorem 2.3.10, a function f : R4 — R is ItO
X-integrable if and only if (2.3.7) holds. Then, if a # 1,

+o00o dZ
~[|Z|>1 (|Zf(t)| N 1) V(dZ) = 2[0 |Zf(t)|]11<2<|f(t)|’l]llf(t)|<1 S,

+00 dZ
+2f0 ]lz>|f(t)|’1]l|f(l)\<lza+1

+00 dz
+2f0 ]11<z11|f(r)\>1—za+1

2(|f(t)|—|f(t)|“)+2

=1 —(1 H*+1 .
Fol<1 p— = (Lpaal A1+ 1 1)
Similarly,
2 +00 9 dZ
(Izf ()17 Alzf(8)]) v(dz) =2 lzf (DI Lzl <1 =57
lzI<1 0 z
+00 dZ
+2f0 l2f O <z bipoiz1 2o

+00 2 dZ
+2f0 lzf () Learorliroe oz

2 2
= ﬂ|f(t)|zﬂ|ﬂm<1 + —— (IF@I = 1f @D i1
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2.3. Unification of these definitions and stochastic integral representations

2
+——If ("1
2_alf()l If(01>1

Summing those two terms which are always positive, and since a € (0,2), we get that f €
L(I,RY) if and only if

fwllf(t)l"‘—lf(t)ll dt+fRd|f(t)|“dt+Lebd ({r:1f (01> 1}) < +o0.

a

Also, by using Markov’s inequality on the last term, we get that Leb, ({¢: | f (1) > 1}) < II f1l La@®d)"

When a = 1, we obtain
f| - (Izf (DI A1) v(d2) = =1 < | FOIN (I FO1) + 2 (1) pp<1 L FOT+ L 1) -
zZ|>

and
2 2 2
/||<1(|Zf(t)| /\IZf(t)I)V(dZ)Zﬂlf(t)l ]1|f(t)|<1+|f(t)|1n(|f(l‘)|)]1|f(t)|>1
zI< -
+21f (O =1
Finally, when we obtain that f € L(I, R%) if and only if

f||f(t)|“—|f(t)||dt+f If(D]*dt<+0c0  whena#1,
R4 R4

and
fd |f@OIn(If@1)] dt+fd|f(t)|“dt< +oo  whena=1,
R R

By Theorem 2.3.10 and Proposition 2.3.7, a function f : R — R is Poisson X-integrable if and

only if
f f(lzf(t)lz/\l) dtv(dz) < +oo.
R JR
Then,
+00 dZ +00 dZ
\[R“Zf(t”z A 1) v(dz) = 2]; |Zf(t)|2]12<|f(t)|’1ﬁ +2£) ]1|f(t)|—l<zw

_ 2 a E a
= s IfOIT+ 101,

Therefore, we have that L(W®,R%) = L%(R%). Then, if we consider for example a € (0,1) and
fit— %]1 te(0.1), then f is Poisson X-integrable but f is not Itd X-integrable.
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8] Lévy white noise as a tempered distri-
bution

We have studied in the previous chapter several definitions of Lévy white noise. One of the
points of view that we developed is that of a probability measure on a space of distributions,
or equivalently a random element in 2'(R%). In the context of SPDEs, one would like to apply
various operators to this noise, for example a fractional laplacian (whose definition uses
Fourier transforms). However, this space of generalized functions is too large, and some of
its elements behave too wildly for Fourier analysis. In the case of Gaussian white noise, it is
already known that it belongs to the nicer space of tempered distributions %’ (RY) (see [36, 69]).
The question that is of interest then is whether the same is true for all Lévy white noises. This
question was brought to our attention by J. Fageot and M. Unser from the Biomedical Imaging
Group at EPFL, and was partially answered in [34]. In this article, the authors gave a sufficient
condition for a Lévy white noise to belong to .’ (R%), and we show in Theorems 3.1.5 and 3.2.7
that this condition is also necessary. The results exposed in this chapter have been published
in [24] and this chapter is based on this article.

This chapter is organized as follows: In Section 3.1, we treat the one dimensional case by
dealing with each term of the Lévy-Itd6 decomposition of the noise separately. In particular,
we show that only the compound Poisson part is susceptible not to belong to .%'(R%). The
generalization to higher dimensions d > 1 is treated in Section 3.2, and the main result is
stated in Theorem 3.2.7.

3.1 Lévy processes and Lévy white noise in .’ (R)

In this section, we restrict to the one dimensional case, because it is conceptually simpler,
and the notations are lighter. The multidimensional case treated in the next section is not
fundamentally different, but some new ideas have to be introduced. Lévy processes have been
introduced in Definition 1.0.4. We want to study if a Lévy process (and the noise derived from
it) define a tempered distribution. Since every Lévy process has a cadlag (right continuous with
left limits) modification by Proposition 1.0.5, and we will always consider such a modification
in the following, these processes define a class of locally Lebesgue integrable processes, and
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Chapter 3. Lévy white noise as a tempered distribution

therefore define a classical distribution, that is, for any Lévy process X, the linear functional
defined by the L?-inner product

(p-—»(X,(p):sz Xp(n)dr, peD2R),

is an element of 2’ (R) (see the discussion before Definition 2.2.6). A tempered distribution
is a distribution with somewhat nicer integrability properties. They are sometimes viewed
as distributions with sub-exponential growth, but this view is not quite accurate. Indeed, we
have already seen that the function x — e* cos (e*) defines a tempered distribution, and has
exponential growth at infinity, as it was explained after Remark 2.1.2. However, it is the very
fast oscillatory behavior of this function at infinity that compensates for the growth at infinity.

For instance, the function x — e* also exhibits exponential growth at infinity, but does not
define a tempered distribution. The proof of this fact is quite simple, but the idea behind
it will be key to the study of Lévy processes as tempered distributions. Suppose that the
function x — e* defines a tempered distribution. By definition, there exists an integer p and a
constant C such that for any ¢ € #(R), |<exp(-), (p)| < CJVp (¢) (the definition of the family of
semi-norms .4, was given in (2.1.2)). Then, let 0 €e 2(R), 0 > 0, and forany n €N, and x € R,
we define 0, (x) := 6(x — n). We can easily estimate that for any p € N, A},(6,) < C'n” for some
C’ > 0. Also, we have

|(exp(-),0,)| = ’fRean(x) dx

= U e*0(x—n)dx
R

= e”/ReyQ(y) dy.

Therefore, if x — e* is a tempered distribution, we must have that e” < CnP, for some C >
0 and p € N, which is absurd, and therefore the exponential function is not a tempered
distribution.

An important feature of Lévy processes is the Lévy-It6 decomposition of Theorem 1.0.6. We will
use this decomposition to treat separately each term, and we will see that the only potential
obstacle for X to define a tempered distribution is in its compound Poisson part X”. We
will also see that the growth at infinity of a Lévy process is closely related to the existence of
absolute moments.

For any cadlag process L, we define the following subset of Q:
Q={weQ:Lw) e R}, 3.1.1)

with the understanding that when L(w) € %' (R), the continuous linear functional associated
with L(w) is given by (L(w), ¢) = [, L(w)¢p(#)dt, for all ¢ € #(R). Similarly, we can introduce
the set

Qp={weQ: L' e ®}, (3.1.2)

where L’ is the derivative in the sense of distributions of L. Since the derivative of a tempered
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3.1. Lévy processes and Lévy white noise in . "R)

distribution is also a tempered distribution, we obviously have Q; < Q. The converse
inclusion is also true as we will see in Theorem 3.1.5. We can therefore use the properties of
Lévy processes to study whether or not Lévy white noises are tempered distributions.

3.1.1 The case of a Lévy process with integer moments

Three terms in the Lévy-1td6 decomposition have absolute moments of any order, and this
leads to the following proposition. We recall the notion of slowly growing function introduced
in Remark 2.1.2.

Proposition 3.1.1. Let X be a Lévy process with characteristic triplet (y,o,v) and Lévy-It6
decomposition X, =yt +oW;+ XP + XM, Let Yy =yt + oW, + XM. Then Y is slowly growing
a.s., and the set Qy defined as in (3.1.1) (with L there replaced by Y ) has probability one.

Proof. The process Y is a sum of a linear deterministic function, and of two independent
square integrable Lévy processes. In particular, E(|Y;]) < +oco. By the strong law of large
numbers for Lévy processes in [63, Theorem 36.5], Y, - E(Yy) = v almost surely as t — +oo.
It follows that Y is sublinear and locally bounded (by the cadlag property) almost surely, so
it is slowly growing. We deduce that Y is a tempered distribution almost surely by Remark
2.1.2. O

Proposition 3.1.1 tells us that the only obstacle to X defining a tempered distribution is in
the compound Poisson part of the Lévy-Itdo decomposition. In the next section, we study the
growth at infinity of a compound Poisson process.

3.1.2 Growth of a compound Poisson process

In view of Corollary 3.1.1, it remains to determine when a compound Poisson process belongs
to %' (R). We begin with two key results on the growth of a compound Poisson process. Let
X = Zﬁ.\gl Z; be a compound Poisson process, where N is a Poisson process with parameter 1
that is independent of the sequence (Z;);>; ofi.i.d. random variables. Let Sop = 0 and (Sy) 1
be the sequence of jump times of X and let T}, = S;, — S;,—1. Also, let ¥, = X, = 2?21 Z;. We
first show that on the set Qx, the compound Poisson process is slowly growing.

Proposition 3.1.2. Let X be the compound Poisson process defined above and Q x the set defined
in (3.1.1). There is a set A of probability one such that for allw € Qx N A, the function t — X;(w)
is slowly growing.

Remark 3.1.3. We point out that this result relies on more than the piecewise constancy of a
compound Poisson process. Indeed, there exist cadlag piecewise constant functions in %' (R)
which are not slowly growing. For example consider the function f that is equal to zero except
on intervals of the form [n,n +2~"[ where it is constant equal to 2% for alln € N. Then f €
LY(R) c ' (R), but f is clearly not slowly growing.
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Chapter 3. Lévy white noise as a tempered distribution

Proof of Proposition 3.1.2. The main idea is the following. Since X is constant on the interval
[Sn, Sn+1[ and the jump times are rarely close together, we can build a sequence of random
test functions ¢, supported just to the right of S, with a shrinking support, and such that
(X,¢n) = Xs, for large enough n. The control of |{ X, ¢, )| by a norm .4}, (¢,) leads to abound
on Xs, , and then on X, since X is piecewise constant.

For n > 1, the jump time S, has Gamma distribution with parameters n and A. For k > 1 to be
chosen later, and ¢ € 2(R) with supportin [0,1], ¢ > 0 and ere ¢ =1, we consider the sequence
¢y defined by

0n(0) =Sk (=S k), (3.1.3)

(see the illustration in Figure 3.1). Then

) (3.1.4)

1
supp (¢n) [Sn, Sn+ Sk

n

and [p ¢, = 1. Furthermore, for any nonnegative integers p and a, § < p,

t“(psf)(t)| = sup

te[sn,s,,+sik
n

“oi (1)

sup " ¢n

teR

1 a
< (Sn N _k) KA Gy )(p(ﬁ)m| y
S reR

n
hence,
Ny (@n) 1,51 < CHp(@) S VP15 o1, (3.1.5)

where C € R is deterministic, nonnegative, and depends only on p. We define the events

1
A= {X does not jump in the interval |S,, S, + E [ } . (3.1.6)
n

Using the fact that 7,4+ has exponential distribution with parameter A and that T},4; and S,
are independent, we have

P(AG ) = |P){Nsnwk —Ns, 2 1}
S

1 l p)
=P{Tp<—(=E[l-e % |<E[—]|.
Sh Sh

The Laplace transform of S, is E (e_tS") =A"(t+A)~", for t > 0. For n > 3, integrating twice

[5)-o
E|l|=————, n>3. 3.1.7)
S$2) (n-1)(n-2)

from ¢ to +oo, we obtain

We deduce that ¥ ,E(S;,?) < +oco. Therefore, ¥,,P (A,C%Z) < +o0o and by the Borel-Cantelli
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Figure 3.1 — Example of the function ¢,

Lemma,
P (limsup A,C%z) =0,

n—+oo
and the set A =liminf,_. . A2 has probability one. Let w € AnQy, and N(w) be such that
forall n > N(w), w € Ay,2. Then for n > N(w), because of (3.1.4) and (3.1.6),

(X, 0n) (@) = X, (@)L, (@) +{X,¢n) @14, (@) = Xs,(@). (3.1.8)

Since X (w) is a tempered distribution by definition of Qx, there is p(w) € N and C(w) € R such
that
C@)Npw) (Pn) s, @21

(X, 0) ()| Ls,@)>1 <
< C/(w)sialp(wnz

(3.1.9)
()15, w>1,

by (3.1.5) with k = 2. Because S, — +oo a.s., we can choose N(w) such that Sj(w) > 1 for
all integers n > N(w) (replacing A by another almost sure set). From (3.1.8) and (3.1.9), we
deduce thatforallw € AnQy,

| Xs, (@)]

——2n 7 < Clw) < +oo, forall n> N(w).
SO () h g
Let n > N(w) and let t > S, (w). There is an integer j > n such that t € [Sj(w),SjH(w) [ Then

1X:(@)] = 1X5; (@) < C'@)8" (@) < C'@) PP+,

We deduce that
i | Xt (w)] <Clw) <+
imsup 1= ares < C'0) < +o0
on the set AN Q. This completes the proof. O
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Chapter 3. Lévy white noise as a tempered distribution

The next proposition recalls properties of the long term behavior of a compound Poisson
process.

Proposition 3.1.4. Let X be the compound Poisson process with jump heights (Z;);>1 defined

at the beginning of this section.

(i) Suppose that there is a real number p > 0 such that E(|Z,|P) < +oco. Then thereisa >0
such that

. Xl
limsup < +00 a.s.

f—+co 1+t

(ii)) Suppose thatE(|Z;|P) = +oo for every p > 0. Then for any a > 0,

. | Xl
limsup = +00 a.s.

f—+co 1+

Proof. We use the notations introduced at the beginning of Section 3.1.2. To prove (i), let
p > 0 be such that E(|Z;|P) < +oo. If p < 1, then by the law of large numbers of Kolmogorov,
Marcinkiewicz and Zygmund (see [44, Theorem 4.23]), we have n=%Y,, — 0 a.s., with a = p~!,
sosup, > n~ Yyl < +ooa.s. If p > 1, then by the strong law of large numbers, sup,,~; nly, <
+oo. Finally, for p > 0, we combine both cases by setting @ = max(p~,1), so that

5 < too a.s. (3.1.10)

Let t € R,. There is an integer k such that ¢ € [Sg, Sg+11[, so that X; = X5, = Y and

Xl _ 1Yl Yl 14k

< = . 3.1.11
1+1t@ 1+SZ 1+k“1+8z ( )

Since Sy is the sum of k i.i.d. exponential random variables with parameter A > 0, the law of
large numbers tells us that k1S — % a.s. We deduce from (3.1.11) and (3.1.10) that

. | X¢|
limsup

< +00 a.s.,
[—+o00 1+ ta

and (i) is proved.

To prove (ii), suppose that for any p > 0, we have E(|Z;|”) = +oco. Then according to the
theorem in [44] mentioned above, for any p €]0, 1], n~Yry, does not converge on a set
of positive probability. Since (Y}),>; is a sum of i.i.d. random variables, the existence of
a limit at infinity is a tail event. From Kolmogorov’s zero-one law, we deduce that for any
p€l0,1[, n"VPYy, does not converge almost surely, and, in particular,

Yyl

limsup l— >0 a.s.. (3.1.12)
n—+oo nlt/p
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Fix a >0 and let p; = —15 €]0,1[. By (3.1.12),

| Yl

limsup 7y
1

n—+oco N

>0 a.s. (3.1.13)

For t € Ry, there is an integer k such that ¢ € [Sg, Sk+1[, s0 X; = X5, = Y and

(Xl o IVl _ 1Ykl 1+ kP

= a 1/ a .
1+ 1@ 1+Sk+1 1+k P11+Sk+1

(3.1.14)

1

By the strong law of large numbers and the fact that p; ™" = @ + 1 > @, we have that

1+ kP
lim ——— = +oo0.
k—o0 1+Sk+1

Taking the limsup on both sides of (3.1.14) (in fact taking the limit along some subsequence),
we deduce from (3.1.13) that

. Xl
limsup = +00 a.s.

f—+o0 1+1%

3.1.3 Lévy white noise: the general case

Let X be a Lévy process. We have already defined its distributional derivative in Definition
2.2.6, and proved that it is indeed a Lévy white noise in the sense of Definition 2.2.4. Notice
that the law of the Lévy white noise Xis entirely characterized by the triplet (y,o,v) (given
that we use the truncation function 1, <; in the Lévy-It6 decomposition).

We now turn to the question of whether or not a Lévy white noise is a tempered distribution.
Similar to (3.1.2), for any Lévy noise X, we define the set

Qi ={weQ: X e R}, (3.1.15)
and we have the following characterization.

Theorem 3.1.5. Let X be a Lévy process with characteristic triplet (y,o,v), and X the associated
Lévy white noise. Then Qx = Qy (defined respectively in (3.1.1) and (3.1.15)), and the following
holds:

(i) Ifthere existsn > 0 such thatE (1 X;|7) < +oo, thenP (Qx) =P (Qy) = 1.

(i) IfE(1X1]") = +oo foralln >0, thenP (Qx) =P (Qx) =0.

Remark 3.1.6. IfE(|X;|") < +o0o for some n > 0, then we say that X has a positive absolute
moment (PAM). Recall that forn > 0, E(| X1|") < +oo if and only iff|X|>1 |z|Tv(dz) < +oo (see [63,
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Chapter 3. Lévy white noise as a tempered distribution

Theorem 25.3]). Hence the condition PAM can be equivalently expressed in terms of the Lévy
measurev.

Proof. Differentiation maps %’ (R) to itself, hence on Qy, the Lévy noise Xisa tempered
distribution: Qx < Q. We now show that Qy c Qx. Let w € Q. Two solutions in 2'(R) of
the equation u' = X(w) differ by a constant (see [64, Théoreme I, chapter II, §4 p.51]) and
X (w) is obviously one of them. Therefore, if there is a solution to this equation in %’ (R), then
w € Qx. To show that such a solution u exists, recall that a distribution is an element of .#'(R)
if and only if it is the derivative of some order of a slowly growing continuous function (see
[64, Théoréme VI, chapter VII, §4 p.239]): X(w) = g""” for some continuous slowly growing
function g and some integer n. If n > 1, then u = g(”‘” is a solution in &' (R) of v’ = X(w). If
n =0, then u(t) = fot g(s)ds is a slowly growing solution, therefore u € %' (R).

To prove (i), it suffices to show that P(Qx) = 1. Let X; = yt+oW; + XfV[ + Xf be the Lévy-It6
2151 |z|Tv(dz) < +o0o (see Remark 3.1.6).
The jump heights (Z;);>1 of the compound Poisson part XP areii.d., with law )L‘l]l|x|>1v(dx)

decomposition of X. Since E (| X;|") < +00, we have ﬁ

(where A is a normalizing constant), therefore E (| Z;]7) < +oco. Then we can use Proposition
3.1.1 for the continuous and small jumps terms of the Lévy-It6 decomposition of X, and
Proposition 3.1.4 (i) for the large jumps term, to deduce that X is slowly growing. By the cadlag
property of X and Remark 2.1.2 we conclude that P (Qx) = 1.

To prove (ii), it suffices to show that P(Qx) = 0. By Proposition 3.1.1, Qx = Qxr. Also, since

w:t— Xf (w) is slowly growing}

N{w:Va>0, limsup(l +t*) [ XF| = +oo} = @,
t—+00

and under (ii) the second set has probability one by Proposition 3.1.4(ii), we deduce from
Proposition 3.1.2 that P (Qx» N A) = 0, where A is the almost-sure set defined in Proposition
3.1.2. Therefore, P (Qyr) =P (Qx) =0. O

Corollary 3.1.7. Let X be a Lévy process with characteristic triplet (y,o,v), let X be the associ-
ated Lévy noise and suppose it has a PAM. Then there is a random tempered distribution S, that
is, a measurable map from (Q, F) to (y’ (R), gB), where 98 is the Borel o -field for the weak-+
topology, such that almost surely, for all p € ¥ (R),

<S,<p>=<X,<p>=—fR+ Xig'(Ddt.
In addition, the maps C: w — C(w) and p : w — p(w) such that for all p € # [R),
(S o) <CH@)  as.
can be chosen to be & -measurable.
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3.2. Lévy fields and Lévy noise in .’ (RY)

Proof. See Corollary 3.2.9 O

Remark 3.1.8. An alternate proof of the fact that Qx > Qx is as follows. We can restrict to the
case where X is a compound Poisson process. We construct here a solution to the equation
u' () = X () such that u(w) € #'[R). Let 6 € D(R) be such that0 >0, [,0 =1 and suppf <
[0,1]. Then let p € # (R). There exists a function ® € & (R) such that ¢ = ®' ifand only if [ =0
(consider ®(x) = [ * @(t)dt for the if part, the other direction is obvious). Then consider the

—o0

linear functional A on ¥ (R) defined by

t
A(p(t):f ((p(s)—B(s)/R(p) ds.

This functional defines an antiderivative on & [R): for any ¢ € #R), A(¢') = ¢. Also, the reader
can easily check that for all p e N,

sup[t1P|Ap (D) < CpANpi2(@),
teR
Jfor some constant C,, depending only on p, and therefore, I is a continuous linear functional
with values in & (R). This implies that for v € Q , we can define a tempered distribution u(w)
by
(u),p)=—(X(w),Ap), forallpe S[R).

This tempered distribution clearly satisfies u' (w) = X (w). By definition of X, u and X only differ
by a (random) constant, and so X (w) € &' (R). Therefore Q)3 < Qx.

3.2 Lévy fields and Lévy noise in .#'(R%)

In this section, we consider the same questions as in Section 3.1, but for a generalization of
the notion of Lévy process which was defined in Definition 1.0.8, where the “time” parameter
is in R%, with d > 1. A general presentation of this theory of multiparameter Lévy fields can be
found in [1]; see also [26].

Let X be a d parameter Lévy field with characteristic triplet (y, o, v), and let X be the d-th cross
derivative of X in the sense of distributions, as defined in Definition 2.2.7. As in Section 3.1.3,
note that the law of the multidimensional Lévy white noise X is entirely characterized by the
triplet (y, g, v) (given that we use the truncation function 1< in the Lévy-Ité6 decomposition).
We have seen in Lemma 2.2.9 that this definition is equivalent to the definition of Lévy white
noise in Definition 2.2.4.

3.2.1 The case of a p-integrable martingale (p > 1)

We say that a random field M is a multiparameter martingale with respect to a filtration
IF= (gt)tER‘f (see [47, Chapter 7, Section 2 p.233]) if M is [F-adapted, integrable, and for all
s<te [R{f, then E(M;|%) = M;. We will also need the notion of commuting filtration (see
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Chapter 3. Lévy white noise as a tempered distribution

[47, Chapter 7, Section 2, Definition p.233] ). A Filtration IF is said to be commuting if for any
s, te [Rf, and any bounded %; measurable random variable Y,

E[Y|Fs] =E[YIFsael,

where (s A t); = s; A t;. By [47, Theorem 2.1.1 in chapter 7], to show that I is commuting, it
suffices to show that for any s, t € [R{f, Z,s and &, are conditionally independent given F;,;.
In particular, if X is a d-parameter Lévy field and %; is the o-algebra generated by the family
(Xs)s<r, then IF is commuting by the independence of the increments of X (see more details
in the proof of Proposition 3.2.1).

For any lamp random field L, we consider, similarly to (3.1.1), the event
QL:{wEQ:L(w)ey"(IRd)}, 3.2.1)

with the understanding that when L(w) € &’ (R%), the continuous linear functional associated
with L(w) is (L(w), @) = fRi‘ Li(w)p(t)dt, for all p € #(RY).

Proposition 3.2.1. Fix p > 1 and let (My) rerd be a multiparameter martingale with respect to
a commuting filtration (%) rerds such that forall t € [Rf,

E(IM;1P) < (cLebg ([0, 11)) 2

for some constant c. Then the set Qs defined as in (3.2.1) has probability one.

Proof. Similar to the one dimensional case, we control the supremum of | £|~%*| M| as | | — +oo,
that the limit in probability of this supremum, as all the coordinates of ¢ go to +oo, is zero.
The proof uses the multidimensional analog of Doob’s L? inequality: Cairoli’s Strong (p, p)
inequality (see [47, Chapter 7, Theorem 2.3.2]). The conditions for this Theorem are stronger
than those required for Doob’s L inequality, in particular we need the natural filtration
of M (denoted by (QIM )t>0) to be commuting (see [47, Chapter 7, Definition p. 233]). By
[47, Chapter 7, Theorem 2.1.1], it suffices to show that for any s, € Rﬁf, QSM and gtM are
conditionally independent given M where (s A 1); = s; A £;. We will use the independence of
the increments of M to prove this result. Indeed, we can write [0, t]U[0, s] = [0,s A t]UE1UE>
where this union is disjoint and E; (resp. E») is a finite union of disjoint d-dimensional
boxes in [0, 7] (resp. [0,s]). We then define &' = o (ALM: [a, b] < E;) that is the o-algebra
generated by the random variables of the form AZM where [a, b] c E;. Similarly we define
Fo=0 (AZM ‘[a,b] c Eg). Because of the independence of the increments, & 1 2 and FM

SAL
are independent (see illustration in Figure 3.2) and we have:

gM=gM vF! and FgM=gM vF°.
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3.2. Lévy fields and Lévy noise in .’ (RY)

Figure 3.2 — Illustration of the commuting property when d = 2.

Then we deduce that for A € gtM ,and B € 95M :

P(AnBIFM,) =E(14151FY,)
E(LAE(LplFM)1Z )
E

(LaAE(LsIF50) 1F60,) = P(AIFSN) P (BIFSR,) -

So FM and #M are conditionally independent given #M and the filtration is commuting.
For all i € N\{0}, let x; = 2~! and xy = 0. For k = (k, ..., kg) € N4, let ai = (Xg,,..., Xk,), and let
by = @k, ... 2kiy We fix k € N4, k # (0,...,0). By using successively Jensen’s inequality and
Cairoli’s inequality, for any a > 0, we have

| M| 1 G
E[ sup < E | sup | M;|”
s€lak, byl |s|a |ak|a s<by

< Cp 1
p
\Iakl E(IMp,IP)? <

cLebg([0, bi])
lag|®

’

for some constant ¢, depending only on p and the dimension d, where |ai| and |s| denote
here the Euclidian norm. Since k; v --- v kg > 1, we have |ay| > 2K1VVka=1 hence

I (ﬂ_l)gk_
[E( sup )\p\/_Zzl g—alk v de1)<c\/—22 a~2) LK

s€lay, by |s|®

We choose a = L%J +1. Lette [Rﬁf be far enough from the origin (we will consider the limit
as all the coordinates of ¢ go to +00), and for all 1 < i < d, let n; be the largest integer such
that 2" < t; and let n = (ny, ..., ng). We can suppose that n; > 2 for all 1 < i < n. We write
Z for the set of all relations % of the form (ry,...,r;), where for all i € {1,.. d}, r; € {<, >}
and Z # (<,...,<). Then [0, t,,] < [0, t], where t;,, = (2™, ...,2"). The complement of the box
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Chapter 3. Lévy white noise as a tempered distribution

[0, t,] in Rf is covered by boxes of the form [ayg, by], where k € N% and k%n for some % € =.
Therefore,

| M| | M|
P| sup —=>¢e|<P| sup s
s¢f0,1] 151 5¢[0,t,] IS

<y ZIP( sup IMSI>£)

REZ keNd  \SE€lak, by sl
k%Zn
d
cpy/c2% (&-1) 3 K
< y ¥y 2 G2)zk 0,

£ FREE keNd t—»+00

k%Zn
where t — +oo means that 11 A ... A t; — +00. To check that the limit is indeed zero, one has
that for any fixed Z € Z, at least one of the inequalities in £ is =. By symmetry, we can suppose
that it is the first inequality. Then

d
E l

IC a_1
Y 2 (G-2) P <Caa Y. o-(G-3)k .
keNd k1>l’ll ny—+oo
k%Zn
The result follows since = is a finite set. Then sup (g 4 |s|~%| M| — 0 in probability as ¢ — +oo.
Then,

T R TN

a (f—
[£]% [tl—+o0 nzlkeN  teQd

hv..Vtg=k
M 1
svn=L,PlJ ) {' t'g—} =1
keN  reqd [£]@ n
Hhv..Vtg=k

M 1
svn>1, lim 1P| {' "g—} =1
n

. a
k—+oc0 tE@d |t|
HhV..Vitg=k

M| 1)
oVn>1, lim |P sup 7> =0,
k—+oo "\ rg(0,(k,...01 [T1T 1
therefore |¢|~%|M;| — 0 a.s as || — +oo. By the lamp property of M we deduce that M is slowly
growing, and by Remark 2.1.2 we deduce that P(Qp) = 1. O

Corollary 3.2.2. Let X be a d-parameter Lévy field with characteristic triplet (y,o,v) and Lévy-
1t6 decomposition X; =yLeby (10, t]) + oW, + XP + XM where X* is the large jump part of the
decomposition and XM is the compensated small jumps part. Let Y; = yLebg ([0, t]) +o W, + X f"’
Then the set Qy defined in (3.2.1) has probability one.
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3.2. Lévy fields and Lévy noise in .’ (RY)

Proof. The random field ¥ = oW + XM is a sum of two independent square integrable martin-
gales and by a classical result on compensated Poisson integrals and Brownian sheets (see [63,
Propostion 19.5] and [21]),

E(72) = (02+f

zI<1

ZZV(dZ)) Lebd ([0» t]) »

where the multiplicative constant is finite since v is a Lévy measure. Hence Y verifies the
hypothesis of the Proposition 3.2.1 with p = 2, therefore it defines a tempered distribution a.s.
Since Y and Y differ by a slowly growing function, we deduce that Y is a tempered distribution
almost surely. O

3.2.2 The compound Poisson sheet

Let X be a d-parameter Lévy field, and define ¥ = (Y;) g« as in Corollary 3.2.2. By Corollary
3.2.2, for any d-parameter Lévy field X, we have Qx N Qy = Qxr N Qy. We shall prove that
Qxr has probability 0 or 1. In the one dimensional setting, we used the fact that a compound
Poisson process with a PAM is slowly growing a.s (see Proposition 3.1.4(i)). As mentioned in
the Introduction, the same results in a d-dimensional setting are to the best of our knowledge
unavailable, which leads us to find another approach. In the multiparameter case, we will
use properties of stochastic integrals with respect to a Poisson random measure to show that
under a moment condition, a compound Poisson sheet and its associated white noise define
tempered distributions. While this is in principle a special case of [34, Theorem 3], in view of
Corollary 3.2.2, the two statements are in fact equivalent.

Lemma 3.2.3. Letv be a Lévy measure and M be a Poisson random measure on (R\{0}) x [R{f
with intensity measure 1,z >, v(dz) dt, wheren > 0. Suppose thm‘flle7 |x|*v(dz) < +oo for some
a >0 (PAM ) and consider the compound Poisson sheet Py = f[o,t] f|z|>n xM(ds, dz). Then

(i) M almost surely defines a tempered distribution via the formula
(M, @)= f M(ds, d2)p(s)z, e FRY). (3.2.2)
[Rif |z|>n
(i) P(Qp) =1 and for all p € & (RY),
(P o) ::f Psp(s)ds :f f M(dt, dz)f dsp(s)z, (3.2.3)
R4 RE J|z|>n [£,+00[

(iii) M = P jn #'(R?), where we recall that PA@ = 6t1(-‘j~i3td p.

Proof. We can suppose without loss of generality that n = 1. Since M is a Poisson random
measure on Rﬂ x (R\ {0}) with jumps of size larger than 1, there are (random) points (7;, Z;);>1 €
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Chapter 3. Lévy white noise as a tempered distribution

RY x (R\[-1,1]) such that M = >i>107,0 7. To prove (i), we first need to check that the integral
in (3.2.2) is well defined. Let ¢ € y(Rd ). The stochastic integral is a Poisson integral, and it is
well defined (as the limit in probability of Poisson integrals of elementary functions) if and
only if (see [44, Lemma 12.13])

fu lfRd(|Z(p(t)|/\1) dtv(dz) < +oo. (3.2.4)
z|> ¢

Let r € N. There is a constant C > 1 such that sup, e (1 +21")|¢(#)] < C < +oo. Then |z¢(£)] A

1< IE‘Ijl‘r A 1. We write V for the volume of the d-dimensional unit sphere. Then, for |z] > 1,

Clz| )

<
jl;{i(|2(p(t)|/\l) dt\fm(lﬂtlr/\l det

C
<dVdf ( 12l /\l)ud_ldu
r, \1+

ur

1
(Clz|-1T +00 ud—l
f ud_ldu+Clz| du)
0

<dVy
= Clzl-n7 1+u”

d +00 ud—l
<Vi(Clzl-1 " +dV,Clz|

(Clzl—l)% 1+u”

The last integral has to be well defined so we take r > d, and then

+oo ud_l +oo 1 —r
f dugf u ™ du= —— (Clz| - DT
( ( r—d

Clzl-n7 1+u” Clzl-1)7
%0 dv,;C|z|
f (Jzp(d| A1) dt < V4 (Clzl - DT + =42 (Clzl - )
R¢ r—d
We deduce that there exists a constant C’ such that for |z| > 1,
fd (|zp()| A1) de < C'lz" . (3.2.5)
IR+

We then choose r large enough so that ‘—ri <aA %, in which case the moment condition

on v gives us (3.2.4), and therefore the Poisson integral is well defined and a.s. finite. Set

g ()= 1+|z|r' t € R%. Then for r sufficiently large,

[L.].. Mt dg o
z|>

is well-defined, since by (3.2.5) and PAM ,

f f(|zg,(z)|/\1)dtv(dz)<+oo.
|z|>1 JRY
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3.2. Lévy fields and Lévy noise in .’ (RY)

Since M=} ;0,0z,
(M, p)=3_ Zigp(ry).

Now suppose ¢, — 0 in % (R?). Then for large n, |¢,| < g, and
(M, pn) | =1 @n(Ti) Zil
i

<Y1 Zlg @) :fm M(dr, d2)g, (el < +oo  as.
i +

|z|>1

For almost all fixed w € Q,

@n(Ti(w)) —0asn— +oo, lpn(Ti ()| < g (Ti(w)) and Zgr(ri(w))lZi (w)| < +oo.

By the dominated convergence theorem,

(M), ¢,) = Zq)n(r,—(w))z,- (@) —0  asn— +oo.

Therefore, the linear functional ¢, — (M(w), ¢, ) is continuous on .#(R%), and so M(w) €
F'(R%) fora.a. w € Q.

To prove (ii), we first prove that the Poisson integral on the right hand side of (3.2.3) is well
defined, and we will need the PAM condition. Let ¢ € & (RY) and let ®(t) = f[t, +oo[ P(S) ds.
Then (3.2.3) is well defined if

f f(lzd)(t)l/\l)dtv(dz)<+oo. (3.2.6)
lzI>1 JRY

Using (3.2.8) in Lemma 3.2.4 below, property (3.2.6) is established in the same way as (3.2.4)
and, as above, the right-hand side of (3.2.3) defines almost surely a tempered distribution. Let
¢ € L(RY). Then

fwfn 1M(dt, dz) : [dS(p(s)z: > Zilzepq9(s)ds. (3.2.7)
+J1z|> t,+00

i>1JRE

Following the argument in (2.2.4), we want to be able to use Fubini’s theorem to exchange the
sum and the integral in the last expression. For any « € N, by the same argument as in the
proof of Lemma 3.2.4 below with § =0,

sup(1+|t|“)f lp($)|ds < CH 24 ().
[t,+00]

teR?

As in the proof of (3.2.4), we deduce that

Lo L e
|z|>1JR? [£,+00[

A 1) drv(dz) < +oo.
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Then } ;> fRf | Zi|17,e10,51p(s)] ds < +o00, and by (3.2.7) and Fubini’s Theorem,

f f M(dt, dz)f dsp($)z=| Y Zilrep,g@(s)ds
R4 J|z|>1 [£,+00] R¢

+i>1

= jﬂ;d Psp(s)ds.

+

This establishes (3.2.3). Property (iii) now follows by replacing ¢ by ¢14) in (3.2.3). O

Lemma3.2.4. Forge L (RY), let ® be the function defined by ®(t) = f[Hoo) @(s)ds. LetpeN,
a,pe N%, such that ||, |8l < p. Then forallae R4, thereis C = C(p,d, a) < +oo, such that, for
allp e S [RY),

sup
t=>a

1+ |t“|)<1>(ﬁ)(t)‘ < C' Hpi2a(@). (3.2.8)

Proof. Let t € R?. Then ®(¢) = fRf @(s+1)ds, so

qD(ﬁ)(t):f (p(ﬁ)(s+ f)ds.
R¢
Therefore,

(1+|t“|)c1>(ﬁ)(t)|<(1+|t“|)[ |<p(ﬁ)(s+t)|ds

(ﬁ 1 0{+2d
" Df lpP (s+0)|(1+]|+9) Dds
L+ (2 + 5)%+24|

<, 1+]6% f — s
praa @A+ |

< CHpaza(p)

for £ > a, where C is a constant depending only on p, d and a. O

3.2.3 Multidimensional Lévy white noise: the general case
The following lemma extends to d-parameter Lévy fields the property recalled in Remark 3.1.6.

Lemma 3.2.5. Let X be a d-parameter Lévy field with characteristic triplet (y,o,v) and let
a > 0. The following are equivalent:

() VieRY, E(1X,|%) < +oo; (i) Ire ®R\ON?:E(1X,1%) < +o0; (iii) 1z1%v(dz) < +00.

|z|>1

Proof. Clearly, (i) implies (ii). Suppose that (ii) is true for some ¢ in (R, \{0})¢. As discussed
just after Definition 1.0.8, the process X! obtained by fixing all coordinates of the parameter
t except the i-th is again a Lévy process with characteristic triplet (y, o, v)[1; ;. By an appli-
cation of [63, Theorem 25.3] we deduce that (H#i t;) f|z|>1 |z|%v(dz) < +oo and then (iii) is ver-
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3.2. Lévy fields and Lévy noise in .’ (RY)

ified. Suppose now that (iii) is true. Let t € R%, and 1 < i < d. Since ([jzi 1) J 51 121%v(d2) <
400, another application [63, Theorem 25.3] gives us [E(IXsl'tI“) < +ooforall se R,. Since i and
t are taken arbitrarily, we deduce (). O

We need a technical lemma that essentially states that for a compound Poisson sheet X P there
is a well-chosen sequence (¢;,) n>1 Of test-functions with suitably decreasing compact support
such that X is constant on supp (¢,) for n large enough (this was established in dimension
one during the proof of Proposition 3.1.2).

Lemma 3.2.6. Let X” be a d-parameter Lévy field with jump measure Jx and characteristic
triplet (0,0,15>1v), where A := flzl>1 v(dz) < +o0. Let L be the compound Poisson process
defined by L; = X(Il)d,l,t)’ and let (S,) n>1 denote its sequence of jump times. Then forallp e N,
there exists a finite non random constant Cy, with the following property: for all w € Q, there
exists a sequence (¢y,) n>1 Of functions (depending on w) in % (RY) such that

(@) Ts,51 < CpSat P 15,51, (3.2.9)

nz=

and there exists an event Q' such thatP(Q') = 1 and for all w € Q, there exists an integer N(w)
such that, for alln > N(w), X" is constant on the support of ¢,, and

(XP,n) (@) = Ls, (@). (3.2.10)

Proof. As in the proof of Proposition 3.1.2, we will construct a sequence (¢;,) n>1 of functions
with suitably decreasing compact support, and then use a Borel-Cantelli argument to show
that X is constant on this support. Let ¢ € Q(Rd) with supp¢ < [0,14] and fRd ¢ = 1. Similar
to (3.1.3), the sequence (¢,) q>1 is defined by

ou(0) =S (1 =1SY,..os (tam1 — DS, (1g = S0)S3,), 1€RY,
so that supp ¢, © [(1d,1,s,,),(1 + Sii,...,l+ SL:Z’S”—’_ SLZ)] and fRd ¢n=1.Let peN. Then

Mppn)ls,>1= ). sup f“w(f)(f)‘]lsn%

lal,| BI<p teR?

ta'

= ) sup w%ﬁ)(f)|]lsn>1

lal,| 1< p t€(0,(2,...,2,5,+1)]

< Y 2ZHai(g, + )% sup

(P(nﬁ)(t)|]lsn>1

lal1BI<p teR?

-1, 3(d+y%, B
< Y 2mEw s, e s TP g o)
lalIBI<p

d
<Cp @8, P lg, 2,
for some finite non random constant C”g. Therefore (3.2.9) holds and C), := C;)JV,, (¢) depends
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Chapter 3. Lévy white noise as a tempered distribution

only on ¢ and p. Let

1 1 1
In,k =|g-1, Sn)’(l + S_]rcly---»l + S_]’,Cl’ Sn+ S_Ircl [ ’

and let A, x be the event “X? is constant in the box I nk - Clearly, (3.2.10) holds on A, ¢.

Observe that

I]J’(Afl,k) =P {XP has at least one jump time in the set J,, }
=P{Jxr (R\[-1,1]) x Jp i) > 1},

where J,, . is defined as the following set:

]n,k=

1 1 1 1 2
04, (1 + PT 1+ E,s,, + S_ﬁ) [ \[0g, Ag—1, S =T, U T g

n n

where ]’11 . and ]fl . are disjoint sets defined by (see illustration in Figure 3.3)

1
]}lkz{xe[R’f:Vlgigd—l,xi<l+g, xa < Sp,
n

and Jip € {1,...,d -1} s.t. x;, > 1} ,

2 _
]n,k_

1 1 1
(0g4-1,8n), 1‘*‘?,...,14—§,8n+E .

n n n

| N

Soeg ,% / ------------------

T e Z

Figure 3.3 — Representation of I, i, ]rll k and ]fl k when d = 2.
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3.2. Lévy fields and Lévy noise in .’ (RY)

Therefore we can write

PAS, ) =P {Jxr (RA-1,1) % I}, )
I (®RU-1,1) % 2 ) > 1}
<P{xr (R\-1,1) % T ) >1
P (RU-1,1) % 2 ) > 1)

Let Fa,.,,n = 0(Xs, s€[04,(14-1,D]) and F1,_ ,,00) = Vier, F1,.,,n- We also write H; =
{xeR%:x;<1,..,x4-1 <1}. Then, due to the independence of the increments of X”, the

(3.2.11)

collection of random variables ( Jxr (R\[-1,1]) x A)) AcRI\Hy isindependent of %1, | o). Since
Sn is F1,_,,00)-measurable, we deduce that conditionally on S, the random variable

Ty (([R\[—l,l]) x ]}l,k)

has a Poisson law with parameter ALeb,(J ,11 ), where A:= [, v(dz). Further, on the event
{Sn=1},

Lebd( ) X; ( ) (i)] (1 + Si]ﬁ)d_l_j < Bd_lS;(k_l).

Sk

Indeed, the Lebesgue measure of a subset of J ,11 .. of vectors with exactly j components strictly

L d_l) such subsets. We deduce that

) i d-1-j
greater than oneis S, (Slk) (1 + F) , and there are ( i
n n

P{xr (R\-1,1D) % T} ) > 1}
<P(S, <1} +E (]15”>1 (1 - e‘“ebd(]ivk))) (3.2.12)

<P{S, <1} +/13d‘1[E(s;”C‘“) .

7 _ yP
We also define a process L; = X, 0

Zd‘1]1| xI>1v(dx). Since X" is piecewise constant, L is a piecewise constant Lévy process,

It is a Lévy process with Lévy measure p(dx) =

therefore a compound Poisson process (see [63, Theorem 21.2]). On the event {S, > 1}, we
have
J2 1 S 104-1,8n), (2a-1,Sn + S, ).

Therefore, if X has a jump point in ]fz,k’ then L has a jump in ]Sn,Sn + S;k[. Let ¢4; =
0(Xy:uel0,(24-1,t]). Then, S, is a ¢¥-stopping time and L is a Lévy process adapted to
the filtration ¢, so by the strong Markov property, the number of jumps of the process L. =
L.s, - Ls, is independent of S,, and has Poisson distribution of parameter 2¢~! A¢. Therefore
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Chapter 3. Lévy white noise as a tempered distribution

we can write
P{xr (®\-1,1D) % 12, ) > 1}
<P{S, <1} +|P>({]XP ((R\[—l, 1) x ffz,k) > 1} N{Sn > 1})

7 1
<P{S, < 1}+|P{Lhas ajump in (Sn,Sn+§)}
n

A 1
=P{S, < 1}+|P«{Lhas ajump in (O,E)} (3.2.13)
n

2d-1)
o

n

:P{Sn<1}+[E(1—exp

2d-1)
<P{S, <1 +E -

n

Using the density of the Gamma distribution, we see that

Loar Ax n—1 A"
P{S, <1} = —e Tdx < . 3.2.14
Bns i fo n-n¢ Y S mon (8:2.14)
Integrating the Laplace transform of S, as in (3.1.7), for n > 4, we see that
A3 A2
E(S7%) = d E(S7%)= ——— . 3.2.15
)= e Dnpmy ™ 50)= ez (5219

Then we get from (3.2.11),(3.2.12), (3.2.13) with k =3, (3.2.14) and (3.2.15), that for n > 4,

20" 1 1
P(AS,) < +)L3d_1[E(—)+)LZd_1ﬂE(—)
3= (-1 s2 S3

2/111 12361—1” A32d—1
- (n—1) * (n-1)(n-2) * n-1Nn-2)(n-3)’

and we deduce that }_,,>, P (szs) < oco. By the Borel-Cantelli Lemma,

P (limsupAzﬁ) =0,

n—+oo

and the set Q' = lrilr_l} El&fAn_g has probability one. This completes the proof. O
We now return to the question of whether or not a Lévy white noise is a tempered distribution.
Similar to (3.1.15), for any d-dimensional Lévy noise X, we define the set Q by

Qg ={wea: Xwes' ®R}, (3.2.16)
and we have the following characterization.
Theorem 3.2.7. Let X be a d-parameter Lévy field with jump measure Jx and characteristic
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3.2. Lévy fields and Lévy noise in .’ (RY)

triplet (y,0,v) and X the associated Lévy white noise. Then the following holds for the set Q
defined in (3.2.16) and the set Qx defined as in (3.2.1):

(i) Ifthere existsn > 0 such thatE(|Xy,1") < +oo, thenP (Qx) =P (Qx) = 1.
(ii) Ifforalln>0, E(1Xy,|") = +oo, then P (Qx) =P (Qy) =0.

Remark 3.2.8. By Lemma 3.2.5, the equivalent condition mentioned in Remark 3.1.6 remains
valid in the d-parameter case.

As mentioned in the introduction to this section, the first assertion of Theorem 3.2.7 was
established in [34, Theorem 3] using a different definition of Lévy white noise. In Lemma 2.2.9
earlier, we have shown that the two definitions are equivalent.

Proof of Theorem 3.2.7. To prove (i), by the Lévy-Itd decomposition (Theorem 1.0.9), Corollary
3.2.2 and Lemma 3.2.3(ii), we have P (Qx) = 1. Since derivation maps .’ RY) to itself, we
deduce that P (Qy) = 1.

To prove (ii), suppose that X does not have a PAM. We can use Theorem 1.0.9 to decompose X
into the sum of a continuous part C, a small jumps part X™ and a compound Poisson part X”.
By Corollary 3.2.2, P(Q¢, yv) = 1. Then we deduce that for all w € Q3 N Q¢ x,
XP () = X() - Cw) - XM (@) = X() - (Cl) + XM ()"

belongs to .#'(R%). The general strategy of the proof is to construct, from the compound
Poisson sheet X”, a compound Poisson process that has the same moment properties, and
show that when X* € &/ ([Rd ), this process has polynomial growth at infinity, and this occurs
with probability zero by Proposition 3.1.4 (ii).

We first examine the noise X” associated with the compound Poisson part. The jump measure
Jxr(ds, dz) =1 551 /x(ds, dz) of X7 is a Poisson random measure on [R{f x (R\{0}) and Jxr =
>i>10:,07,wheret; € IRf and |Z;| > 1. By Lemma 2.2.9, for all ¢ € 2[RD),

(XP,¢) =f f zp(0)Jx(dt,dz) = Y Zip(;) .
R? Jiz|>1 i>1
By Lemma 3.2.6, for all w € Q, there exists a sequence (¢,),>1(w) of smooth compactly
supported functions such that (3.2.9) holds. Furthermore, there is an event Q' < Q with
probability one such that there is an integer N(w) with the property that for all n > N(w), X* is
constant on the support of ¢, (w), and (3.2.10) holds. Let L be the compound Poisson process
defined in Lemma 3.2.6 by L; = X(};m,t)' We restrict ourselves to w € Q3 N Qe xn NQ, but
we drop the dependence on w in the following for simplicity of notation. We write ®,(f) =
Jit 100 Pn(9)ds. Let 6 € C*(R%) be such that 6 = 0 on the set {te RE: 1A Aty < -1} and

6 =1ontheset{te RE:HAALy> —%} and such that all its derivatives are bounded. We give
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Chapter 3. Lévy white noise as a tempered distribution

here an example of a construction of such a function (taken from [38]): Let E : R — R defined

by E(x) = e~¥ if x > 0 and E(x) = 0 otherwise. Then the function F(x) = E(1 + XE(-x— %)

belongs to 2 (R) with supportin] —1; —% [. We can then set

S Fnde

I(x) = .
e JrF(n)dt

I is a smooth function such that I(x) =0if x < -1,and I(x) =1 if x > —%. Finally we can
choose
0=I®..®1.
——

d times

Then for all n > 1,0®, € 2(R?) c #(R?). So, in particular, for all n > 1, since 6 is constant on
R4,

(XP,00,) = (-1DU(XT, OD,) 1)
= (-DUXP, @)Y = (X, 9,) = Ls,,

by (3.2.10), and since Q3 N Q¢ xm < Qxr, we deduce that
|Ls,| < CAp(0), (3.2.17)

for some real number C and integer p (both depending on w). For a, € N?, with |a|, 1Bl < p,
we estimate sup ,cpa |14 (Gd)n)(ﬁ) |. Since all the derivatives of 0 are bounded,

sup ¢ (9d>n)(ﬁ)(t)(= sup |1* (9®n)(ﬁ)(t)|
teRd 12-1q4
= sup [1* ) h o (0P (1)
i2-1a| y<p\¥
<a ¥ swp [l ),
y<pt>-la

for some constant C; depending only on p and 6. By (3.2.8), for some constant Cy,

sup t“q)g)(t)‘ Ls,>1 < CeNpr2a(@n)ls,>1 < C3SZ]lSn>1r

t=>-1q4

by (3.2.9), for some constant C; and p independent of n. Therefore, for any integer p, there is
an integer p and a constant C depending only p and d, such that

Ny @) 1g, 1 < CShLg,>1. (3.2.18)
We deduce from (3.2.17) and (3.2.18) that

Ls

Sf;l ]18,,21 < CﬂS,,}l < +00.
n
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3.2. Lévy fields and Lévy noise in .’ (RY)

As in the proof of Proposition 3.1.2, we deduce that for all w € Q4 N Q¢ xm N, there exists
p(w) €N and C(w) € R; such that

. |L¢l(w)
limsu -
t—+o0 1 + tp(w)

< C(w) < +00.

Since L is a compound Poisson process with no absolute moment of any positive order
(it has the same Lévy measure as XP) we can now conclude by Proposition 3.1.4(ii) that
Q5 NQe,xmNQ' is contained in a set of probability zero. Since P (Qc, xn N Q') = 1, we deduce
that P (Qg) =0.

By the fact that the derivative of a tempered distribution is a tempered distribution, Qx < Q.
Therefore, P(QQx) = 0. O

Corollary 3.2.9. Let X be a d-parameter Lévy field with characteristic triplet (y,o,v), let X
be the associated Lévy noise and suppose it has a PAM. Then there is a random tempered
distribution S, that is, a measurable map from (Q, %) to (5”’ ([Rid),,%’), where B is the Borel
o -field for the weak-* topology, such that almost surely, for all ¢ € & (RY),

(S9)=(X,p)= (-1)ded X' (1) dt

In addition, the maps C: w — C(w) and p : w — p(w) such that for all ¢ € FRD),

(S, )| <CHp(p)  as.

can be chosen to be & -measurable.

Proof. We already know from Theorem 3.2.7 that P (Qy) = 1. We define S to be equal to X (in
' (R) on Q % and zero elsewhere. We want to be able to consider S as a measurable map
with values in .’ (R%). We recall that a basis for the weak-* topology on &’ (RY) is given by
cylinder sets of the form

O={ue L' ® :{u¢p;)e A}, (3.2.19)
i=1

where, for all i < n, ¢; is an element of Z(R?Y), nis an integer and A; is an open set in R. The
o-field generated by all cylinder sets is called the cylinder o-algebra and is denoted by €. We
first show that S: (Q, %) — (5”’ (Rd),‘g) is measurable. For this, clearly, it suffices to show
that for all cylinder sets O as above, the set S™! (0) = {w € Q: S(w) € O} belongs to %. Clearly,

n
SO =N {weQ:(Sw),p;)e A;}.
i=1
The map (¢, w) — X;(w) is jointly measurable so, by Fubini’s Theorem, the map (S, ¢;): Q — R
is & -measurable and therefore S™! (0) € &. The Borel o-field & contains € since every
cylinder set is an open set. The converse inclusion is not immediate: see [29, Proposition
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Chapter 3. Lévy white noise as a tempered distribution

2.1] for a proof of the equality 28 = €. This fact is also mentioned in [35, p. 41]. For the
convenience of the reader, we also include a more detailed proof that follows the argument in
[29, Proposition 2.1]. We will first prove what seems to be a well-known fact (but is surprisingly
difficult to find in the literature if one wants to avoid advanced notions of topology on locally
convex vector spaces) that %’ (R%) is a separable space. We know that .%# (R%) is separable for
the topology described in Section 2.1.2 (see [56, 10.3.4 p. 176]), that is, there is a countable
dense subset A c #(R4). It is also well known that .#(R?) c ./ (R?) is dense for the weak-
* topology (that is, for any u € .%'(R%), there is a sequence u, € .%#(R%) such that for all
pe L RY, (un, ) — (u,p) as n — oo, see for example [41, Theorem 11.23]). Let u € F(RY).
There is a sequence (¢,) >0 of functions of Z(R%) such that ¢n— uin F' (R as n — +oo.
Then, for each n > 0, there is a sequence (¥ ,,,) m>0 of functions of A such that for any
PEN, Ny(@n—Ynm) —0asn— +oo. Lete >0and 0 € FRD).

[€,0) = (Wnm, O)| < [(u= 0, 0)] + {9~ wn,m, 0)]

We can choose n large enough so that |(u - (pn,0)| < €. Then, since Yy, ,; — @, in FRY,
the convergence is also in L2(RY) and for m large enough, |((pn - wn,m,8)| < €. We deduce
that there is a sequence of functions ¥, in A such that (u—1,,0) — 0 as n — +oo for any
0 € #(RY). Therefore, A is dense in %' (R?) for the weak- * topology, and .%' (R?) is separable.

Following the lines of the proof of [29, Proposition 2.1], we define

u,
Mj:{uey’(mad): sup A\ (p>|<j}.
permy Vi)

Then %' (R9) = U}r:"g M;. Indeed, the first inclusion %’ (R%) > U;Fg‘(’) M is obvious. For the other
inclusion, let u € &' (R%). By definition, thereis a p e N and C € R, such that for any ¢ € F([RY),

[(w,@)| < CAp ().

Since the family of semi norms (JV,,) - 18 increasing, we deduce that for all ¢ € ¥ (R,

p=0

u,
M < p \Vi |'C'| ,
pesr®h) Npvic1 (@)

thatis u e Mpv[C] .

Let k € N. We claim that for any 1 € My, the countable family of cylinder sets of the form

n
EF(uo, @1, 0n) = (N {ue My: [{w, ;) — (uo, ¢:)| < €},
i=1
where e € Q., ne€Nand ¢; € A, is a basis of neighborhoods of 1 for the restriction of the weak-
* topology to M, that is, for any neighborhood V of ug in My, there is a set Ef(uo, ®1,.-,Pn) C

V for some € € Q; and some ¢y,...,¢, € A. Let V be a neighborhood of 1. By definition
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3.2. Lévy fields and Lévy noise in .’ (RY)

there is an open set U c V such that ug € U. The set U can be written as a union (not
necessarily countable) of sets of the form (3.2.19). Therefore, there is an integer n, functions
P1,--,Pn € (R and open sets Ay,..., A, < R such that

n
ue0={ue s ®:{up;)eA}cv.
i=1

Since A; is an open set, there exists a; > 0 such that B(( Up, (pi) ,a;) < A;, where B(x, r) denotes
the open ball centered at x of radius r. Let @ = min;<, @;. Lete € Q} and @,...,P, € A. Let
ue EX(uo, @1,...,¢n).

|<u;§0i>_<uy¢i>|+|<u;‘pi>_<u0;¢i>|+|<u0»¢i>_<u0;(ﬂi>|
kJVk((pi —(ﬁ,‘) + &+ kJVk((pi —(ﬁ,‘).

[, i) = (uo, )| <
<

We choose @; € A such that max;<, Ak (¢; — @;) < g and choose € < 7. Then,

a
[(w, i) = (uo, pi)| < 5 <a

Therefore, for all i < n, (u, ;) € A;, that is, u € O and we deduce that E¥(ug, @1,...,@,) < O,
which proves the claim.

Now, let U be an open set for the weak-# topology on %' (R%). Let

+00

o= U UUUU U Efu,@,...,0,). (3.2.20)

uenAnU p=1eeQ; neNOeA" £V (1,0,,..,0,)cU

We claim that U = U. Only the inclusion U c U is not obvious. Let 1y € U. Thereisa k€ N
such that uy € M. Since U is open, it is a neighborhood of uy, and as such, there is an integer
n, functions ¢, ..., @, € SR and open sets Ay, ..., A, < R such that

Uy e 0= ﬁ{uey’(R):(u,w,)eAi}cU.
i=1
Then there is € € Q} such that forall i < n, B((uo,(pi>,£) c A;. The set Ais dense in F'(RY,
therefore there is a function it € An U such that forall i < n, | (uo - ﬁ,(p,) | < %. Then i1 € My
for some k € N. Since the semi-norms ) are increasing, we have that M, c M, for all
peN. Letp=kv k. Then i, ugp € M. Since A is dense in y(le), we can find ® € A” such
that p A, (@; —®;) < f—g, forall i < n. Then ug € Eg(ﬁ,fbl,...,(l)n) c Oc U and then uy € U and
Uu=U.

Since all the unions in (3.2.20) are countable, we deduce that any open set can be written as a
countable union of cylinder sets, therefore %8 c €. Since we have already pointed out that the
converse inclusion holds, it follows that, € = 2.

Therefore, themap S: (Q, %) — (5” "(R%), %’) is measurable, and S defines a random tempered
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Chapter 3. Lévy white noise as a tempered distribution

distribution.

Furthermore, since the space . (R%) is separable (see [56, 10.3.4 p.176]), we let A be a countable
dense subset. Then the measurability of the maps C and p comes from the fact that we can
choose

p(w) = min peN:supM(w)<+oo ,
PeA c/Vp((P)
" (.0
S,
Clw)=sup ———(w).
<pe§ JVp(w)((P)

O

Remark 3.2.10. In dimension one, we used the map A in Remark 3.1.8 to give an alternate
proof of the inclusion Q5 < Qx. The analog of this map A in higher dimensions also exists.
Let0 € 2(R) such thatf > 0, supp6 < [0,1] andeH =1. Wewrite0=0®---®0 the d™-order
tensor product of ® with itself: 0(sy,...,sq) =0(s1)---0(sq). Let p € L (R?). Define

Agp(1) :f ds[ driAs(e,0),
(—00,t] R4

where

A(9.0)= Y (D gce(r,0(c1-¢(r,5)),
£€{0,1}4

and c.(r,s) was defined just after (1.0.1). It is easy to see that if ¢ = @1 ® - ® @4, Where
@1, 0q € L (R), then Agp = (A11) ® -+~ ® (A194), where Ay coincides with the map A of
Remark 3.1.8. Then, since A was built as an antiderivative, for such ¢,

ad
Y P 3.2.21)
o1, 01,

We have already shown that Ay maps continuously & R) to itself. We equip SR)® - ®
& (R) with the topology  generated by the family of semi-norms Ny, . ,,(@1® - ® @) =
H?:l Np:(@i). Then Ag: R)®--- 8 L ([R) — L (R) ®---® F(R) is continuous (and then uni-
formly continuous by linearity). We denote & (R)®; - -- &, (R) the completion of #([R) ® --- ®
F(R). By [67, Theorem 51.6], ¥ (R)®y -+ ®,.F (R) = F(RY, therefore A, extends (by uniform
continuity) to a continuous linear map from LR to itself. Formula (3.2.21) is true by lin-
earity forp e FR) - @ FS(R). Letp € FRY). Thereisa sequence (¢,)n>1 of elements of
FSR)®---® L (R) such that ¢, — ¢ in L RY). Since derivation is a continuous map from
SR to itself, we deduce that (3.2.21) holds for any ¢ € & ([R%).
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Random field solutions to a linear
SPDE driven by Lévy white noise

In this chapter, we study two different notions of solutions to a linear stochastic partial
differential equation driven by Lévy white noise. On the one hand, from the random field
approach to SPDEs, we have the concept of mild solution, which is a random field solution
defined as the convolution of a Green’s function of the differential operator with the noise.
The mild solution is therefore defined as a stochastic integral, and some conditions are
needed for its existence. For example, the simple case of Gaussian white noise requires the
Green’s function to be square integrable. The theory of stochastic integration of deterministic
functions with respect to Lévy white noise has been detailed in Chapter 2. In particular, we
recalled that in [58], Rajput and Rosinski determined the space of integrable deterministic
functions with respect to an independently scattered random measure, and our unification
of these random measures with Lévy white noises (see Section 2.3.1) allows us to use the
integrability criterions of Proposition 2.3.7. On the other hand, from the general theory on
(deterministic) partial differential equations, we have the notion of weak solutions, or solutions
in the sense of distributions. The terms "weak" and "distribution" in the context of probability
theory and stochastic analysis can be confusing, since they are usually used for other notions.
We will instead use the terms generalized solutions and generalized stochastic processes or
random fields, in the spirit of the book [36].

Existence conditions for those two types of solutions are easy to derive, and in this chapter
we are interested in the link between a mild solution and a generalized solution to a linear
stochastic partial differential equation. The questions we study are the following:

(1) When it can be defined, is a mild solution also a generalized solution?

(2) When a generalized solution exists, can it be a mild solution, and under what conditions?

(3) What can be said in the case of the stochastic heat equation, or the stochastic wave

equation, driven by an a-stable noise?

To answer these questions, we first introduce two different notions of solution to a linear SPDE
in Section 4.1. Then, in Section 4.2, we provide an answer to question (1), first in the a-stable
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Chapter 4. Random field solutions to a linear SPDE driven by Lévy white noise

case in Theorem 4.2.1, and then in a more general case in Theorem 4.2.5. To prove these
results, we also establish a new stochastic Fubini theorem in Theorem 4.2.3 that is interesting
in its own right. Then, Section 4.3 deals with question (2), and a necessary condition for the
generalized solution to have a random field representation is given in Theorem 4.3.1 for the
a-stable case, and in Theorem 4.3.4 for a more general case. Finally, Section 4.4 deals with
question (3), where we study applications of these results to the case of the stochastic heat
equation and the stochastic wave equation in various dimensions. The main results can be
found in Theorem 4.4.5 and Theorem 4.4.10.

Let X be a symmetric pure jump Lévy white noise on S, where S is a Borel measurable subset
of R%, with characteristic triplet (0,0, v). We consider the extension of X (still denoted by X) to
an independently scattered random measure (see Section 2.3.1), and we use the integration
theory of deterministic functions with respect to X (see Definition 2.3.6). The characteristic
triplet is always relative to a truncation function, and as we do throughout all this thesis, we
will use the truncation function z — 1,,<;. More precisely, v is a symmetric Lévy measure,
and for any measurable set A c S with finite Lebesgue measure,

[E(ei“X(A)) =exp , ueR.

Leb, (A)f (e”‘z -1- iuz]l|z|<1) v(dz)
R

We recall that from Definition 2.3.6, the set of functions that are integrable with respect to Xis
denoted L(X, S). We consider the stochastic partial differential equation

Lu=X, (4.0.1)

where L is a partial differential operator with adjoint L* (think of L as the heat or wave operator
typically). Let us consider a fundamental solution p € 2’ (R%) to this equation, that is a solution
toLp =69 in 2’ (R%). We recall the definition of the convolution between a distribution p and
a smooth function with compact support ¢.

pxp0):=(p,p(t—1)).

Note that in general, this convolution is a C* function. Also, for ¢ € 2 ([R%), we define < 5, (,0) —
{(p,p), where for all t € R, ¢(1) := p(~1).

4.1 Notions of solution to a linear SPDE

We introduce two different notions of solutions to the linear SPDE (4.0.1) with associated
fundamental solution p. Notice that in this framework, we are only considering the case where
the Green'’s function of the operator L is given by a shift of a fundamental solution.
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4.1. Notions of solution to a linear SPDE

4.1.1 Generalized solution
In the following we will need a hypothesis on the fundamental solution p of the differential
operator L.

(H1) pissuchthatforany¢e 2([RY), the convolution @ *pisin L(X,S).

The case where the noise is a symmetric a-stable noise for some a € (0, 2) is already quite rich,
and provides some insights into the general theory. In this framework, by the example at the
end of Chapter 2, (H1) becomes

(HY’) pissuchthatforany ¢ € 2([RY), the convolution @ = pisin LY(S).

We can then define a generalized solution to (4.0.1).

Definition 4.1.1. Assume (H1). The generalized solution to the stochastic partial differential
equation (4.0.1) is the linear functional uge, on P(RY) such that for all p € 2([R%),

(Ugen, @) :=(X,p*p). 4.1.1)

Remark 4.1.2. The generalized solution is in general not a distribution, since it may not define
a continuous linear functional on 2(R?). We may require additional properties on p to have
this property.

Remark 4.1.3. The functional ugep, is a solution to (4.0.1) in the weak sense: for ¢ € 2 R4,
(Lugen, @) = (ugen, L" @) = (X, (L") % p) .
Also,
(L*p) % p(0) = (B, L p(t =) = (p, L"p(t +7)) = (B0, p(t +)) = (1),
Therefore, for all ¢ € 2(R%),

(Lugen, p) = (X, ) .

A generalized solution cannot in general be evaluated pointwise. However, a generalized
function (i.e. a distribution in the sense of Schwartz) can sometimes be represented as a true
function. This is the motivation for the following definition.

Definition 4.1.4. We say a generalized stochastic process u has a random field representation
if there exists a jointly measurable random field (Y;) ;cga Such thatY has almost surely locally
integrable sample paths, and for any ¢ € 2(R%),

(u, ) :fRd Yy () dt a.s. (4.1.2)
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Chapter 4. Random field solutions to a linear SPDE driven by Lévy white noise

The generalized stochastic processes that have a random field representation are exactly those
which can be evaluated pointwise. For example, the Dirac distribution §y does not have a
random field representation.

4.1.2 Mild solution

Generalized solutions are a useful generalization of classical solutions to a partial differential
equation. However, non-linear operations on generalized functions are in general hard to
define, and we are often interested in finding solutions that can be evaluated pointwise.
One particularly popular type of solution from the SPDE literature is the notion of mild
solution. Essentially, it consists in writing the equation in an integral form, making use of
the fundamental solution. A mild solution is then defined as a fixed point of this integral
formulation of our SPDE. Consequently, this fixed point formulation also gives us a way to
prove the existence of a solution via a Picard iteration scheme. In order to be able to define a
mild solution to (4.0.1), we will need another hypothesis on the fundamental solution p.

(H2) Forany teR?, p(t—-) € L(X,S).

Again, in the case where the noise is a symmetric a-stable noise for some «a € (0,2) (H2)
becomes

(H2)) Forany teR?, p(t—-) € L¥(S).
Definition 4.1.5. Under hypothesis (H2), we define the mild solution of (4.0.1) via the formula

Umila() := (X, p(t—")) . (4.1.3)

Remark 4.1.6. When it exists, the mild solution is always a random field, while the generalized
solution is defined as a distribution. It might turn out that the generalized solution has a
random field representation, and we can then wonder if this representation is the mild solution.
This question is investigated in the sequel.

The random field uy,;q defined in (4.1.3) has a jointly measurable version. This is a conse-
quence of the following proposition.

Proposition 4.1.7. Let f :R" x R% — R be a Borel measurable function such that for any t € R",
f(t,)eL(X,S). ForanyteR", let

u(®) =(X, f(t,").

Then the random field u has a jointly measurable version.

Proof. Here, we prove this result for a general Lévy white noise, in particular we do not assume
symmetry nor the fact that ¢ = y = 0. The proof of this result can be found in [7, p. 926],
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4.2. When a mild solution is also a generalized solution

but we reproduce it for the convenience of the reader. By [18, Theorem 3] and by the remark
that follows in [18], the existence of a jointly measurable version of s is equivalent to the
measurability of the map t e R” — u(f) € L9(Q), where the topology on LOQ) is generated by
the metric of convergence in probability. This map can be factorized as the composition of
Y1:teR"— f(t,) e L(X,S) withy,:pe L(X,S) — (X,¢) € L°(Q). By [58, Theorem 3.3], the
mapping v, is continuous. Since L (X, S) is a separable vector space (see [45, Theorem 2.12]),
it suffices to show that for any g € L(X,S) and r € R*, the set {t e R": || f(£,) — gl x <1}
is a Borel set, where by definition, || f(¢,") — gl x = inf{c >0: fRd ) (M) ds < c} eR,
and ®(r) = |yr + Jpzr (Lizr<—Liz<1) v(dz)| +02r? + [p(rzl> A1)v(dz). The function @ is
continuous (see [58, Lemma 3.1]), therefore by the joint measurability of f, we can deduce
that a(f) = I f(t,-) — g()ll % is the hitting time of a closed set by a continuous (adapted to
the trivial filtration) process (here t plays the role of w and c the role of time), therefore it is
measurable. O

In particular, we deduce from Proposition 4.1.7 that the mild solution has a jointly measurable
version.

4.2 When a mild solution is also a generalized solution

The two notions of solutions can be related, but are in general not equivalent. The notion of
generalized solution seems more general, but in order to compare the two, we at least need
that the mild solution has locally integrable sample paths since we want to integrate it against
any test function ¢ € 2(R?). We first point out that the generalized and mild solutions depend
on the choice of the fundamental solution p. Therefore, once the choice of the fundamental
solution has been made, it makes sense to study the mild solution and the generalized solution.
For the remainder of this section, we fix the choice of a fundamental solution to the operator
L. We recall that the generalized solutions ugen and the mild solution uy,jq (under (H1) and
(H2)) are defined by:

<ugen;(l)>:: <X,(P*ﬁ>, fOI&ll(pE@(Rd).

and
Umila () := (X, p(t 1)), forall te RY .

Therefore, in general, if umjq has locally integrable sample paths, then for any ¢ € 2(R%),

<umild,<l’>5=f umild(t)(P(t)df:f (X,p(t="))p)dt.
Rd Rd

We see in particular, that if we can exchange the stochastic integral and the Lebesgue integral,
then we get

(i ) = (X, [ pt=p(01d ) = (o) = Ctgen. )
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Chapter 4. Random field solutions to a linear SPDE driven by Lévy white noise

Therefore, conditional on the validity of the exchange of the order of integration, umiq = Ugen
in the sense of generalized stochastic processes, and in order to answer the question of when
the mild solution is also the generalized solution, we need a stochastic Fubini theorem.

4.2.1 When a mild solution is also a generalized solution: the a-stable case

We first deal with this question in the case of an a-stable symmetric noise, where many results
are known. Let W be an a-stable symmetric Lévy white noise on S, where S is a Borel

measurable subset of R?, with characteristic triplet (0,0, v,), where v4(dx) = W dx. The

characteristic function of W is given by
E(e™" ™) = exp[-Lebg (A)ul?],  ucR,

for any measurable set A c S with finite Lebesgue measure. This notion coincides with that of
a symmetric a-stable random measure developed in [62, §3.3]. Since the skewness parameter
B vanishes, it is well known that a function f : R? — R is W ®-integrable if and only if f € L%(S)
(see [62, §3.2] and the example after the proof of Theorem 2.3.10 in Chapter 2).

Theorem 4.2.1. Assume (H2’). Let u,,;4 be a jointly measurable version of the mild solution to
(4.0.1) defined in (4.1.3). For any ¢ € P(RY), let uy(de) = |p(0)|dt.

(i) Ifa> 1, and for any ¢ € 2([R%),

/{Rd (fs|p(t—s)|“ ds)a,u(p(dt)<+oo, (4.2.1)

then u,ji4 is the generalized solution to (4.0.1).

(ii) Ifa =1, and p is such that for any ¢ € D[R,

r— d d -
fﬂw(dn[dsm(t—sn 1+log, P =9 fa g (dr) Js dvlp(r = V) <+oo. (4.2.2)
R s (fslo(t=v)dv) (fpa lo(r = $)le(dr))
then uy,j1q is the generalized solution to (4.0.1).
(iii) Ifa <1, and p is such that for any ¢ € PRD),
a
/(/ Ip(t—s)l,u(p(dt)) ds < +o0, (4.2.3)
s \Jrd

then uy,iq is the generalized solution to (4.0.1).

Remark 4.2.2. We also have the following:

(1) Condition (4.2.1) is equivalent to:

66



4.2. When a mild solution is also a generalized solution

t—llp(t—")llzaes € LL ®RY).

loc

(@ IfS= IRff, andp(t)=0 forallte R\ IRff, then (4.2.1) is equivalent to p € L% (IRﬁf).

loc

M) IfS=R, xR andp(t,x) =0 ift <0, then (4.2.1) is equivalent to

t
Vt>0,ff lo(s, MI¥“dsdy < +oo.
0 Rd-1

(2) Similarly, condition (4.2.3) is equvivalent to:

a
for any compact K c Rd,f (f Ip(t—s)ldt) ds < +o0.
s\Uk
(@ IfS= IRff, andp(t)=0 forallte R4\ IRff, then (4.2.3) is equivalent top € L}OC(Rf).

Proof of Theorem 4.2.1. We begin with (i). As mentioned above, we need a stochastic Fubini
theorem to exchange the Lebesgue integral and the stochastic integral. In the context of
a-stable random measures, much more is known than in the case of a general Lévy noise.
For instance, the book [62] studies a-stable process in general, and everything that we need
about a-stable random measures is detailed in this book with much clarity. More precisely,
[62, Theorem 11.3.2] gives necessary and sufficient conditions for uyjq to have almost surely
locally integrable sample paths, and [62, Theorem 11.4.1] provides a stochastic Fubini theorem
when those conditions are met. Indeed, since ¢ € 2(R%), the measure e is finite. By (4.2.1)
and [62, Theorem 11.3.2], fRd |Umild (1) 1y (A1) < +o0 a.s (that is, the sample paths of w4 are
almost surely locally integrable, and up,;q defines a generalized random process). By the
stochastic Fubini Theorem in [62, Theorem 11.4.1],

f Mmﬂd(t)w(t)dt=f (f p(t—s)w(t)dt) W*(ds) = (W, @ * ) .
R4 s \JRd
Therefore, for any ¢ € D(RY),
(Umild, ) = (Wa, @ % p) = (Ugen, ),
and therefore umjiq = Ugen.

The proof of (ii) and (iii) follows the same steps, with the difference that the conditions (4.2.2)
and (4.2.3) are necessary to apply [62, Theorem 11.3.2] when a =1 or a > 1. O

The careful reader may wonder if (H1’) is satisfied in these cases, since it is a necessary
condition for the existence of the generalized solution. In fact, (4.2.2) and (4.2.3) immediately
imply Hyposthesis (H1’) when a < 1, and by [65, A.1], (4.2.1) also implies (H1’) when a > 1.
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Chapter 4. Random field solutions to a linear SPDE driven by Lévy white noise

4.2.2 A Stochastic Fubini Theorem

In this section, we suppose that the driving noise X is a pure jump symmetric Lévy white noise,
that is, a Lévy white noise with characteristic triplet (0,0, v), where v is a symmetric Lévy mea-
sure. We can no longer rely on the pre-existing work on a-stable random measures exposed in
[62], and we need another version of a stochastic Fubini theorem. For convenience, we provide
here a Fubini’s theorem for integrals with respect to this Lévy noise. Such stochastic Fubini
theorems for L°-valued random measures already exist in the literature. For instance, [50,
Corollary 1] is more general (it deals with stochastic integrands), but its assumptions are hard
to check (it relies on a localizing sequence). Furthermore, integration of non-deterministic
processes with respect to Lévy white noises usually relies on a space-time framework, where
the time component is critical for the definition of predictable processes.

Theorem 4.2.3. Let X be a symmetric pure jump Lévy white noise on S < R%, with characteristic
triplet (0,0,v) and jump measure J. Let f : S x R — R such that for any t e R", f(-,t) € L(X, S),
and let u be a finite measure on R". Suppose that

fw X, fC0)| ud) <+o00,  as. (4.2.4)

Then, for almostalls€ S, f(s,") € L' (), and the function u® f : s — [gu f (s, Du(do) isin L(X, S),
and
fRn<X,f(-,t)>y(dt) =(X,u®f) as. (4.2.5)

Remark 4.2.4. We emphasize that the ® operation is not commutative. In particular, it involves
a measure and a measurable function whose roles are not interchangeable.

Proof of Theorem 4.2.3. The main probability space is (2, %, [P). Since p is a finite measure,
we can suppose without loss of generality that it is a probability measure on R". Let (Q/, %', ')
be a probability space, and (T;);>) be a sequence of i.i.d. random variables on this space
with law . We write E’ for the expectation with respect to the probability measure P'. In this
framework, (4.2.4) is equivalent to

[E,(KX’JC('» T1)>|)<+oo P-a.s.
More precisely, there is a set 1 < Q such that P(2;) =1, and for any w € Q,
E'(|(X, ¢, 1)) W)]) < +o0.

By the strong law of large numbers, for any w € Q,, there is a set Q’l (w) < Q' such that
P’ (] (w)) =1 and for any o' € O (w),

1 A . .
- Y AX FCTi@)) @) —E (X, £, T)) @) asn— +oo. (4.2.6)
i=1
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4.2. When a mild solution is also a generalized solution

We define
A={(w,0")eQxQ :(4.2.6) happens} .

Then, for w € Q, let
Ap={0'€Q: (v,0) € A}.

By the previous argument, for any w € Q1, P’ (A,) = 1, and we deduce that P x P’(A) = 1.

Forany neN,se Sand w' € Q', we set f(s,0') = %Zf LfGs, T;("). Then, f,,(-,0") € L(X,S)

by linearity of this space. For any o’ € (', there is a set Q, (w') = Q such that P (Q, (o’ )) =1and
for any w € Q, (0),

1A . .
- Y AX G Ti@)) (@) = (X, ful,0)) (). 4.2.7)
i=1

For any o' € (', the set Qg (0') = N} Qp(w') is such that P (Qu (@) = 1 and for any w €
Qoo(w"), (4.2.7) holds for all n € N. We define

B={(w,0")eQxQ':(4.2.7) happens for all n € N} .

Then, for w’ € Q’, let
BY = {weQ: (w,0)eB}.

By the previous argument, for any o’ € Q', P ( B“") =1, and we deduce that
f P (B“") P'(do’) = 1.

By Fubini’s theorem, we deduce that

f (f Tw,w)eans P(dw)) P'(dw) :f (f Tw,w)eans P'(dw) |P(dw) =1.
Q'\JQ Q\JQ'

Let w' € Q. We define
(AnB)” ={weQ: (w,0) e AnB}.

Then, by Fubini’s theorem,
0= / [F”(dw’)[ P(dw)(1 -1 w,w)eans)
Q Q

_ fQ P(dw) fQ P) 1~ 1, 5 )

= | Pldo)(1-P(anB)®)),
[ (1-p(ann))
and for P’-almost all ' € Q/, P ((A N B)“”) = 1. In other words, for P’-almost all w’ € Q/,

14 . . .
— Y AX O Ti0N) @) = (X, fal,00) @) — E ((X,£(,T)) @) asn—+oo,

i=1
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for P-almost all w € Q. In particular, for P'-almost all ' € Q, the sequence of random variables
((X,fn(-,w’)>)n>1 on (Q,%,P) is a Cauchy sequence in probability. By P-a.s. linearity of
X and the isomorphism property in [58, Theorem 3.4], we deduce that ( fn(-,w’))@1 is a
Cauchy sequence in L(X,S). By completeness, for P’-almost all w’ € (', there is a function
f(,w") € L(X,S) such that f,(-,0') — f(-,w’) as n — +oo in L(X, S) (see [58] for the definition
of that convergence, in particular, it implies the convergence in measure on compact subsets
of S). By (4.2.4) and [60, Theorem 6], for almost every s € S, fRd [f(s, t)lu(dt) < +oo, that is
E'(1£(s, T1)]) < +oco. By the strong law of large numbers, we deduce that for almost all s€ S,

there is a set Q such that P'(Q}) = 1 and for any v’ € Qf,
fu(s,0) —E (f(s,T1)) as n — +oo. (4.2.8)

Let C = {(s,0") € SxQ': (4.2.8) holds}, for s € S, Cs = {0’ € Q' : (s,0') € C}, and for o’ € O,
cY = {s €S:(s,0) e C} . Since for almostall se S, P’ (Cs) =1, by Fubini’s theorem, we have

0= f ds f P(de’) (1 -1 sw)ec) = f P'(d)Lebg (C)').
s / o

We deduce that for almost all ' € Q', (4.2.8) holds for almost every s € S. We can then drop
the dependence in &/, so that there is a sequence (¢;);>; of deterministic times (for ) in R”
such that

1 n
- Y fls ) —u®f(s) ae insasn— +oo, (4.2.9)
i=1

1 & . 1 .
- Y AX fCt) = <X,; Y fe, t,-)> ~fRd(X,f(-,r)>y(dt) P-a.s., (4.2.10)
i=1 j

i=1
as n — +oo, and

n
% Y fet)—f()  inL(X,S) asn— +oo. (4.2.11)
i=1

Since convergence in L (X, S) implies convergence almost everywhere along a subsequence
(see [58, p. 466]), by uniqueness of the limit we get from (4.2.9) and (4.2.11) that u® f = f
almost everywhere (and hence f does not depend on w'), and % Yo fG )= u® fin L(X,S).
Therefore,

n
<X, % Y fe, t,~)> —(X,u®f) asn— +oo, (4.2.12)
i=1

in P-probability. By uniqueness of the limit, gathering (4.2.10) and (4.2.12), we deduce that
P-almost surely, (4.2.5) holds. O

4.2.3 When a mild solution is also a generalized solution: the general case

In this section, we suppose again that the driving noise X is a pure jump symmetric Lévy white
noise, that is, a Lévy white noise with characteristic triplet (0,0, v), where v is a symmetric
Lévy measure. We can now apply Theorem 4.2.3 to our problem.
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Theorem 4.2.5. Assume (H2). Let u,,;;; be a measurable version of the mild solution to (4.0.1)
defined in (4.1.3). Suppose that the sample paths of un;z are almost surely locally integrable
with respect to Lebesgue measure. Then u,jjq = Ugey, in the sense of generalized stochastic
processes.

Proof. By definition, we have the formula
umild (1) = (X, p(£ ")) .

Let ¢ € 2(RY), and let /.t:;,(dt) =@ (0)dt and p,,(d1) := ¢_(1)dz, where ¢, = max(¢p,0) and
@- = max(—¢,0) are, respectively, the positive and negative parts of ¢. These two measures
are finite, and are the positive and negative part of the signed measure u(p(d ) :=@(t)dt. Since
Umild has almost surely locally integrable sample paths,

fRd|umnd(t)|,u$(dt)<+oo,

Therefore, we can apply Theorem 4.2.3 separately with the positive and negative part of i,
and recombining them together yields:

<umild»‘P>1:/Rd umnd(t)w(t)dtsz(X,p(t—o)u(,,(dt) =(X, @ *p) = (Ugen, p) ,

which proves the claim. O

Remark 4.2.6. In the a-stable case, we had a necessary and sufficient condition for the sample
paths of the mild solution to be locally integrable. In the general case, we do not have such
precise statement, we only have the necessary condition of [60, Theorem 6].

Again, one might wonder if Hyposthesis (H1) is satisfied, and it turns out that ¢ * § = , ® f,
where f(s, 1) := p(¢ - 5), and by Theorem 4.2.3, u, ® f is X—integrable, so (H1) is satisfied and
the generalized solution is well defined.

Having almost surely locally integrable sample paths is the minimum requirement for a
stochastic process to be considered as a generalized stochastic process, since we need to be
able to integrate it against any test function. Essentially, Theorem 4.2.5 states that if the mild
solution can be considered as a generalized stochastic process, then it must be equal to the
generalized solution.

4.3 Necessary condition for the existence of a random field solution

We have seen in the previous section, that under the minimum requirement that the mild
solution has locally integrable sample paths (and therefore can be considered as a generalized
stochastic process), it is equal (in the sense of generalized stochastic processes) to the gener-
alized solution. To further investigate the link between these two notions of solutions, one
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can try to answer the following question: when it exists, is the generalized solution "equal" to
the mild solution. Of course, stated that way, this question is ill-posed, since we are trying to
compare two mathematical objects living in different spaces: on the one hand, the generalized
solution is a random linear functional on the space of compactly supported smooth functions,
and on the other hand, the mild solution is a random field. Furthermore, we need hypothesis
(H2) to hold in order to be able to define the mild solution. At the beginning of this chapter,
we introduced in Definition 4.1.4 the notion of a random field representation of a generalized
stochastic process. Then, stated more precisely, the question we answer in this section is the
following:

"Suppose that (H1) is satisfied. Then, the generalized solution can be defined as in Definition
4.1.1. Suppose also that the generalized solution has a random field representation Y. Then, is
(H2) satisfied, and if so, is Y the mild solution?"

In the case of a Gaussian noise, that can be spatially correlated, this question has already
been investigated under slightly different assumptions in [22, Theorem 11]. Transposed to our
framework, this theorem in particular implies that in the case of an SPDE driven by Gaussian
white noise (in space and time), if the generalized solution has a random field representation,
then the fundamental solution of this SPDE is necessarily square integrable. We extend this
kind of statement to the more general setting of symmetric Lévy white noises.

4.3.1 Necessary condition for the existence of a random field solution: a-stable
case

Again, we first restrict to the case of a symmetric a-stable noise, for some «a € (0,2), where the
existing theory is more developed.

Theorem 4.3.1. Assume (HI’). Let ug,, be the generalized solution to (4.0.1) defined by (4.1.1).
Suppose that uge, has a random field representation X in the sense of Definition 4.1.2, that is
there exists a jointly measurable random field (X;) ,cpa Such that X has almost surely locally
integrable sample paths, and for any ¢ € 2(R%),

(ugen, @) = fRd Xp(t)dr  as. (4.3.1)
Then, for almostall t € R4, p(t—-) € L¥(S) (i.e. (H2’) is satisfied almost everywhere), and
X =(W%p(t=")) = umia(t)  as. ae. (4.3.2)
Furthermore, for anyy € 2 (R%),

() Ifa>1,

fRd (fs|p(t—s)|“ds)a|u/(r)|dt<+oo. (4.3.3)
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i) Ifa=1,
f dtfdsl (t— w0 |1+]o ( Pt =9l Jpa Jslolr = V)| dvly (1 dr )]<+oo (4.3.4)
ma ' Js P 8+ (fslp(t=v)1dv) (Jpa lp(r — 9w (r)ldr) o
i) Ifa<1,
a
f([ |p(t—s)1//(t)|dt) ds < +o0. (4.3.5)
S \JRd

Remark 4.3.2. Equivalently, under the hypothesis of Theorem 4.3.1, we get instead of (4.3.3)
and (4.3.5) respectively,
t—llp(t=") e € LR, (4.3.6)

and
a
for any compact K c Rd,f (f lp(t— s)Idt) ds < +oo0. (4.3.7)
s\Uk

In particular, if S = R%, lo(t —)re(s) does not depend on t, and (4.3.6) is verified for any
p € L%(S). From (4.3.7), we get that p € L}OC(R”’). The case of S = R, x R?~! and the heat
equation is studied in Section 4.4.

Proof of Theorem 4.3.1. There exists a set Q < Q of probability one such that for all w € Q, the
function ¢ — X, (w) is locally integrable. Without loss of generality, we can suppose that Q = Q.
Letpe 2(RY) be such that ¢ = 0,suppe < B(0,1) and fRd ¢@=1.Foreachte R and n e N, we
define ¢’ (-) = n%p(n(-— 1)). Let Y": (t,0) — (X(w), k). Then,

Yt”(w):fw Xs(w)ndq)(n(s—t))ds:fw Xrsr@)npnr)dr. (4.3.8)

Consider f : (t,s,w) — (t + s,w). The function f is measurable as a map from (R x R4 x
Q, BR%) ® B[RY) © Z) to (R? x Q, BRY) ® %), and X, ;(w) = X o f(r, t,w). Since X is a jointly
measurable process, and by Fubini’s theorem, we deduce from the second equality in (4.3.8)
that Y" is a jointly measurable process. We define the set

A={(t,w) : (X(),p}) — X;() as n — +oo} .

We can write

1
A= ﬂ U ﬂ {(t,w):’Ytk(w)—Xt(w)‘gz},

neN* NeNk>N

and since Y"” and X are both jointly measurable processes, A € B(R%) ® %. By Lebesgue’s
differentiation theorem (see [70, Chapter 7, Exercise 2]), for any w € Q, fpa L(z,w)eacdt = 0.
Then, by Fubini’s theorem,

0=[E(f n(t,w)eAcdt):f P({w: (t,w) € A%}) dr.
R4 R4
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Therefore, there is a non random set A < R? such that Leb, (A) = 0 and for all £ ¢ 4,
P{w:(r,w) € A°} =0,
thatis, P{(X,¢},) — X; as n — +oo} = 1.

By well known properties of a symmetric a-stable noise, for any f € L%(S) (see for instance
[62, Proposition 3.4.1]), .
E (ei<W“,f>) — e_”f”ga(S) , (4.3.9)

where ”f”%“(S) = [5|f(x)|*dx. Therefore,

[E(ei<”ge“"p>) = e l9*pllia — [E(exp (zf Xs(s) ds)) . (4.3.10)
Rd

Let #y € A°. Then (X, L) — X;, almost surely as 1 — +oco. We define p)? = ¢1? * 5 € L%(S) by
(H1). By (4.3.10), for n,meN,

e—||p;°—pf2||‘ga = [E(exp(ijl;{d X, ((pf?(s) —(pf‘,’,(s)) ds)) -1 as n,m— +oo. (4.3.11)

We deduce that (p[) n>1 is a Cauchy sequence in L*(S). By completeness of this space, there is
a function g% € L¥(S) such that

plo— gl inL%S)asn— +oo. 4.3.12)

Furthermore, we know from the theory of generalized functions that ¢ — & in92' (R%) as
n — +oo. Therefore,
P —5,%p, N2’ R asn— +oo. (4.3.13)

From (4.3.12) and (4.3.13), we would like to deduce that &, * p = g" in some sense. The
left-hand side of this equality is a generalized function, and the right-hand side is defined as
an element of L*(S) « D'(S). Therefore, the right space to show this equality is 2 (S). If this
equality is true, it means that s — p(fy — s) can be considered as a function in L*(S). To prove
this equality, we need to show that for any 6 € 2(S), (5, * p,0) = (g",0). In the case a > 1, by
Holder’s inequality,

1{g"—pp,0)| < [S 8"°(5) =P ()]10()1ds < 18" — o lles 101 2, g, -
Passing to the limit as n — +oo, we get that for all z, € A°, S xp=g"eL¥S)in2'(S). Then, in
the sense of distributions, g =6_, * 6, * 0 =0_, * g'. Therefore, in the sense of distributions,
p is equal to the function ¢ € R? — g% (ty — t), which therefore does not depend on fy, and is

such that for almost all £ € R, §, % p = p(t —-) € L%(S). Also, for any ¢ € A°,

(X, p) = (ugen, 9p) = (W%, @y % p) = (W%, p,)
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and (X, ¢’,) — X; almost surely as n — +oo, and
pp—8g =8;xp, inL%Y)asn— +oo. (4.3.14)

Then, (W, pl) — (W%, p(t - -)) in probability as n — +oo. Therefore (4.3.2) holds. Since we
used Holder’s inequality, this method does not work in the case a < 1, and does not imply
(4.3.3), (4.3.4) or (4.3.5). We therefore develop a different proof that works for any a € (0, 2).

If @ € (0,2) is arbitrary, we deduce from (4.3.9) and (4.3.11) that (W®,p% — g) — 0 in law
as n — +oo, and by [44, Lemma 4.7], the convergence is also in probability. By almost sure
linearity, we deduce that {W%,p[) — (W, g’} in probability as n — +oco. By uniqueness of
the limit, and since (W, o) = (tgen, @10 ) = (X, 1% ),

Xy, =(W%g"),  as. forany e A°.

For any (t,s) € R? x S, let
g(t,s) =limsup pfl(s). (4.3.15)

n—+oo
Then (¢, s) — g(t, s) is measurable, and for ¢ € AS, g(t,-) = g'(-) almost everywhere. Therefore

X, =(W?% g(t,)), as.foranyfye A°.

letye9 (R%). Then, Ky (d?) := y(2)dt is a finite signed measure, that we can decompose into
positive and negative parts u:;, and . Since X is almost surely locally integrable,

fw! IXtI,u;,(dt) < +00, and fRd Ithy;,(dt) < +00 a.s.

By [62, Theorem 11.3.2], if & > 1, we get

f (f|g(t,s)|ads)a|1//(t)|dt<+oo, (4.3.16)
R \JS
ifa=1, we get
1g(t, )| fpa [518(r, )Idvlw(r)|dr
dtfds (t, 9w |1+lo ( )]<+ , (4.3.17)
fw S OI8O T+ o8. { T ) o) (g 9w ian) )] < 7°

and if @ < 1, we get
a
fs(fw|g(t,s)w(t)|dt) ds < +oo. (4.3.18)

By the generalized Minkowsky inequality (see [65, A.1]) and by (4.3.16), when a > 1,

i)

In particular, we see that for almost all s € S, t — g(t, s) is locally integrable (and therefore

a é i
ds) <f (f|g(t,s)|“ds) ly(8)|dt < +o0.
R4 \JS

f lg(t, 9y ()| dt
R4
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defines a distribution). By [62, Theorem 11.4.1], we can exchange the stochastic integral with
the Lebesgue integral in (4.3.1):

thuw(dt):f <W“,g(t,-))1//(t)dt:<W“,f w(t)g(t,-)dt> a.s. (4.3.19)
Rd Rd Rd

We define [paw(2)g(t,s)dt =:y¢ ® g(s) (this operation on ¥ and g is not commutative). From
(4.3.1) and (4.3.19), we get

(Whyag)—(Whyxp)=(Wy@g—y=p)=(X,¥)— (Ugen,¥) =0as.,  (4.3.20)

and by (4.3.9), we deduce that [ ® g — v * p| %{, =0. Then, for any y € P[RY), there is a set By
such that Leb, (By,) = 0 and for any s € S\ By, ¥ ® g(s) = ¢ * §(s). Since 2(R?) is separable,
there is a countable dense subset D c Z(R%). Let

B=|J By, Leby(B)=0.
yeD

Then, forall se S\ B, forally € D,

(8G9 y)=y®g(s) =y =*p(s)=(p,w(s+))=(6s*p,¥).

Since two distributions equal on a dense set are equal everywhere by continuity, we get that
forall s€ S\ B, g(-,s) =85 % p in 2'(RY). Then, p =5_; * g(-,s) in 2'(S), and p is a function
depending only on the ¢ € R? variable, more precisely for almost all £ € R?, p(t) = g(t +3s, s)
which does not depend on s. Then, for almost all (¢, s) € R4 x S, g(t,s) = p(t—s). By definition
of g in (4.3.15) and by (4.3.14), we deduce that p is a function such that for almost all ¢ € R4,
p(t—+) € L¥(S). Also, from (4.3.16), (4.3.17) and (4.3.18), we get (4.3.3), (4.3.4) and (4.3.5). O

Remark 4.3.3. The proof of the result in the case &« > 1 proves that the result is still valid in the
case of Gaussian white noise: it is essentially equivalent to taking a = 2.

4.3.2 Necessary condition for the existence of arandom field solution: symmetric
pure jump Lévy noise.

We now consider the more general case of a symmetric pure jump Lévy noise X. Similarly
to the a-stable case, we can obtain a necessary condition for the existence of a random field
solution.

Theorem 4.3.4. Assume (H1). Let ugey, be the generalized solution to (4.0.1) defined by (4.1.1).
Suppose that ug, has a random field representation 'Y in the sense of Definition 4.1.2, that is
there exists a jointly measurable random field (Y;) ;cga such that Y has almost surely locally
integrable sample paths, and for any ¢ € 2(R%),

<ugen:(p> = ﬁ@d Yip(t)dt a.s.
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Then, for almost all t e R, p(t —-) € L(X, S) (i.e. (H2) is satisfied almost everywhere), and

YVi={X,p(t=")) = umia(t)  as. ae

Proof. We use the same notations as in the proof of Theorem 4.3.1. By the same reasoning as
in the proof of Theorem 4.3.1, there is a non random set A c R? such that Leby (A) =0and
forall t¢ A, P{(Y,@!) — Y; as n — +oo} = 1. Then, as before we define ol =l s peL(X,S).
Forn,meN,

v 1o . 0, 1
ﬂi(e’<X’p" ”'">) = [E(e’fﬂ@d %o ‘p'"(s))ds) —1  asn,m-— +oo.

We deduce that (X, ph— pﬁ?,} converges to zero in probability. Since X is symmetric, the linear
mapping f € L(X,S) — (X, f) € L°(Q) is an isomorphism (see [58, Theorem 3.4]). In particular
the inverse map is continuous, therefore the sequence (pf?)neN is Cauchy in L(X,S). This
space is complete, therefore there is a function g% such that p? — g% in L(X,S). For any
(t,5) eRY x S, let

g(t,s) =limsup p’(s).

n—+oo

Then (¢, s) — g(t, s) is measurable, and for ¢ € AS, g(t,-) = g'(-) almost everywhere. Also we get
that for almost all £, € RY, Y, = (X, g") almost surely. Also, since Y has almost surely locally
integrable sample paths, for any v € 2(R%),

fRd|<X»gt>|ﬂu/(dl)<+oo a.s.,

where uy (df) = |y()|dt. By Theorem 4.2.3,

fRd (X, ghvmdr=(X,y®g) a.s.

Therefore, for any v € 2(R%),

(X,w®g>=jl;d <ngt>w(t)dt:fRd Yop(de=(X,pxy)  as,

where the last equality is by Definition 4.1.1. Therefore, for almost every s € S, ¢ ® g(s) =
¥ * P(s). We can then conclude as in the proof of Theorem 4.3.1 after (4.3.20). O

4.4 Examples

In this section, we give some examples of application of Theorems 4.2.1 and 4.3.1. We focus
on two well known stochastic partial differential equations: the linear heat equation and the
linear wave equation, in various dimensions. We restrict to the case of a symmetric a-stable
noise, as the choice of the parameter a € (0, 2) will be enough to capture the different cases.
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Chapter 4. Random field solutions to a linear SPDE driven by Lévy white noise

4.4.1 The stochastic heat equation

Let W be an a-stable symmetric noise on R, x R%. The heat operator H in dimension d is a
constant coefficient partial differential operator given by

A fundamental solution p; for this operator is given by the formula

2

1 X
pu(t,x)= — exp (—L)]lbo. (4.4.1)
Ant)? 4t

We consider the following Cauchy problem

(4.4.2)

Hu=W¢
u(0,)=0

Existence of the generalized solution

We wish to define the generalized solution of this equation associated with the fundamental
solution pg.

Proposition 4.4.1. For any choice of a € (0,2) and d > 1, the generalized solution to the linear
stochastic heat equation driven by a symmetric a-stable noise is well defined.
Proof. We have to check for which combination of @ and d the convolution ¢ * gy is in

LYR,; x R?) for any ¢ € Z(R%*1) (see (HI’)). We have that for ¢ € Z2(R%*!) and (¢, x) € R x R?,

ly — xI?

+00
@ * pp(t,x) :/ ds | dy )cp(s,y).
t R4

Xp (—

(4n(s— 1) 4s—1)
Since ¢ has compact support, we see from this formula that there is a T € R; such that for any
t> T and x € R, ¢ * (¢, x) = 0. Therefore, we need to check that ¢ * g is in L¥([0, T] x R%)
for any T € R, and ¢ € 2(R%*"). The function ¢ * ¢y is smooth, so we only need to check
integrability for x in neighborhood of infinity. Then, for some compact K c R, for x large
enough,

)
B R
(n(s— D)2 As—1)

)I(p(s,y)I

T 1 |y_x|2
<Ticrlol fds[d—ex (— )
(< TlPleo |, K y(4n(T_t))? Plrar—o

where the second inequality comes from the fact that for |x| large enough, the function

T
(% Bra(t, )] < Il % pra(t,2) = nrgf dstdy
t

2
selt,T]— % exp (— Z Sflt)) is non-decreasing and realizes its maximum at s = T. Then,
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using the inequality

1
ly— x> > §|x|2—|y|2, (4.4.3)
we get
§ lolloo _diq ly — x|?
lp*pp(t, ) <<t —(T—1)">2 dyexp|—
(4m) 2 K 4T-1)

[ —— ( Bk ) [ ( Iy )
<1 T—-1) > - - d
<t g P07 e | g | | e =gy | 4

We evaluate the integral and deduce that

3 |x]?
g * PR (2, X)] <]1t§T||(P”ooTeXp(—ﬁ). (4.4.4)
From (4.4.4) we deduce that ¢ * 0 has compact support in the time variable (uniformly
with respect to the space variable), and has rapid decay in the space variable. Therefore
@*pp € L0, T] x R%) for any a € R;. We deduce that the stochastic linear heat equation
driven by symmetric a-stable noise always has a generalized solution uge,, defined by

(Ugen, @) = (W @ xpy), forallpea®R™M). (4.4.5)

Furthermore, from (4.4.4), we get that

lp * P rll a0, 7 xRa) < CllPlloo,

for some constant C that depends on the support of ¢. Therefore, if ¢, is a sequence of test
functions in 2 (R4*!) such that ¢, —0in 2R, then

a

. _1Ee 5
E [elé(uge‘l'(p")] —e €] ”(p"*pH”L“([o.T]de) 1, as 11— +00.

Therefore, (ugen,q)n> — 0 in law as n — 400, and since convergence in law to a constant is
equivalent to the convergence in probability to this constant, we deduce that (ugen, 9,,) — 0
in probability as n — +oo. Therefore, uge, defines a linear functional on PR that is
continuous in probability. The space 2R 1) is nuclear (see Remark 2.2.1), so by [69, Corollary
4.2] ugen has an almost surely continuous version (and therefore ugen defines a continuous
generalized stochastic process). O

Remark 4.4.2. The previous proofis still valid if we formally replace a by 2, and therefore the
same result is true in the Gaussian case.
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Existence of the mild solution

The criterion for the existence of the mild solution to the linear stochastic heat equation (4.4.2)
is already known (see [4]).

Proposition 4.4.3. The mild solution to the linear stochastic heat equation driven by a sym-
metric a-stable noise exists if and only if

2
1+—. 4.4.6
a< p ( )

In this case,
Umita(t, %) == (W, pp(t—-x—)). 4.4.7)

Proof. The mild solution of (4.4.2) associated with p f is well defined if and only if the following
integral is finite for any (¢, x) € R, x R4 (see (H2)):

t 1 alyl?
dsf d (t—s,x— )“:/ ds—— | dyex (— )
fm L dven = J Ao e e

t 1
:f ds————,
0 (4rs)z@ g3

and the last integral is finite if and only if
<l+ 2
a —=.
d
Then, by Definition 4.1.5,

Umild (2, %) := (W, ppg(t—+,x—)).

Existence of a random field solution

We have seen in the previous section that for any a and d, it is possible to define the mild
solution ugen, and that the mild solution ;g exists if and only if @ <1+ %. We now apply the
results of Theorem 4.2.1 and Theorem 4.3.1 to learn more about the relations between those
two notions of solution.

Proposition 4.4.4. The generalized solution ugen, to the linear stochastic heat equation driven by
a symmetric a-stable noise has a random field representation X if and only if (4.4.6) is satisfied,
and in that case, this random field representation X is equal to u,;;; almost everywhere almost
surely.

Proof. lfa e (1, 1+ %), then from Theorem 4.2.1 (i), we deduce that u,;14 is almost surely equal
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to Ugen (the condition is immediately verified since y,, is a finite measure with support in a
compact set). Similarly, for any ¢ € @(Rd“), ifa <1,by (4.4.4), |pgl *|pl € L* (R4 x Rd), hence
by Theorem 4.2.1(iii), the mild solution of the stochastic heat equation u 4 is equal to the
generalized solution ugen. The case a = 1 is slightly more involved, since we need to check
condition (4.2.2). Let p € P2 (R*1), First, we have

fR deH(t—s,x— v)dv =l s,

and for any x € R, log, (x) < |log(x)|, therefore, for £ >0

log pu(t=38,X=Y) [gan Jg, xpa oW =, 7 —w)|dvdw py(du,dr)
+ (IR+XdeH(t—v,x—w)dvdw)(fRd+1pH(u—s,r—y)u(p(du,dr))

< |log(pH(t—s,x—y))|+ +|log(t)|

log ([[Rd*l u,uq,(du,dr))
+|log(pr * ll(s, 1) -
Hence, to have (4.2.2), we need to check the finiteness of the following integrals:
Iz:=f (Bu *1@l) (s, y)dsdy,
R, xR4
Iz:=fR Rd(ﬁHllog(ﬁH)I)*Iq)l(s,y)dsdy,

Ig:=f ( pu(t—s,x—y)llog(H)e(t,x)|dtdx|dsdy,
R+XRCI R4+1

L;::[R » [log (01 * 1ol (s, )| (B * lp]) (s, ) dsdy.

The case of I; has already been treated after (4.4.4), and for I3, we can simply permute the
integrals and get

Ig:fd [t1s0log(t)e(t, x)|dtdx < +oo.
RA+1

For I, and I, by the same considerations as for the case a # 1, we need to check that for any
pe @(Rd+1),

(t,x) Ry xR — |5 rlog(p )] * lol (2, %),
and (£,x) € Ry xR — (5 *1pl) (£, ) [log(p s * |l (£, ))| ,

arein L' ([0, T] xRY) for any T € R, By (4.4.4), we get that (9 * ) [log (0 * lep)| € L1 ([0, T
R%). Then,

|prlog(pr)| * 1ol (2, %) = 1< desf dy Xp(_ly—xlz)
H H ) t<T t K (471'(5—['))% 4(s—t)
d ly — xI?
x| =5 logWn(s— 1)~ Z=r|lp(s.y)l.
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We use the triangular inequality and treat each term separately. Again, by continuity (since |¢|
is continuous and has compact support), we are only concerned about integrability near a
neighborhood of infinity. By Lemma A.0.5, for | x| large enough,

_mly=x" |y — xI?
Ji:=1 <Tf d8fd eXp( )I(p( ;NI
‘ n(s— )5+ 4(s—

nly - x|? ( Iy—xlz)
P ex — .
@n(T - 1)?2 4T-09

< ]lt<T||(P||oo[ dy
K

Then, using (4.4.3), and letting 8 = SUP ek [yl

2
7 (B+]x| |x|2 lyl?
]1<]lrgrlltplloo('6—)dexp(——)/](exp( Y )dy

@ (T-1)? 8(T-1) 4T-1

|x|?

< Loerlplloom (B+1x]) exp(_S_T)

We deduce that J; has rapid decay in the space variable as |x| — +0o and compact support in

2
time. Also, since for large x the function s€ [¢, T] — 1 — exp (— Zsflt) ) is non-decreasing
(4m(s—1)) 2

and realizes its maximum at s = T, and using (4.4.3),

T 1 |y_ |2
Jo:= 11t<Tf dsf dy—— exp(— )— |log (47(s— 1) |1(s, )l
@n(s—0)? Als—

<M Lgploo tam(T - 1)~ (f exp|- |y_x|2)d )(/T_tuo (4ns)|ds)
<75 1Plloo M p A(T-1 y A g

2
<liers ||cp||ooexp(—l)f llog (475)| ds.
T)Jo

We deduce that /> has rapid decay in the space variable as | x| — +o00 and compact support in
time. Therefore, | ¢ 1og(Fr)| * Il € L (0, T] x RY) for any T € R,. Hence by Theorem 4.2.1(ii),
the mild solution uy,q of the stochastic heat equation in the case a =1 is also equal to ugen.

Furthermore, if ugen has a random field representation Y in the sense of Definition 4.1.2, then,
by Theorem 4.3.1, necessarily pg € L¥([0, T] x R%) for any T > 0, which is equivalent to (4.4.6),
and the random field representation Y is equal to the mild solution u,jq almost everywhere
a.s. Therefore, a necessary and sufficient condition for the existence of a random field solution
to the stochastic heat equation (4.4.2) isthata <1 + %. O

We therefore have the following theorem:

Theorem 4.4.5. The generalized solution uge, to the stochastic heat equation (4.4.2) defined by
(4.4.5) always exists. The mild solution u,,;; defined by (4.4.7) exists if and only if

2
a<l+-—, 4.4.8
p ( )
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Furthermore, a random field representation X of the generalized solution exists if and only if
(4.4.8) is satisfied and in this case, for almost all (t,x) € Ry x Rd,

Xix = <Wa,PH(t— HX— ')) = Umila(t, x) as. a.e.

4.4.2 The stochastic wave equation

We now consider the stochastic wave equation. This is an equation of hyperbolic type, there-
fore we expect different conclusions from the case of the stochastic heat equation in the
previous section. For an overview of this SPDE, see [21]. Let W be an a-stable symmet-
ric noise on R, x R%. The wave operator O in dimension d is a constant coefficient partial

differential operator given by
62 i 62
T 32 L3,2c
0t° = 0x;
The fundamental solution of this operator is a function only in dimension one and two. In
dimension one it is given by

1
p?(t,x):§]1|x|<t for all (x, ) € R?,
and in dimension two by

1 1
pg(t,x):z— forall (¢, x) € R x R?.

—]llx|<t
T\ /12— |x|2

In dimension d > 3, the fundamental solution is a distribution that can be characterized by its
Fourier transform in the space variable x.

We consider the following Cauchy problem

Ou=W¢e,

u(0,-) =0, (4.4.9)
a _

%u(0,) = 0.

When it exists (i.e. under (H1’)), we recall that the generalized solution ugey, is given by

(Ugen, @) = (W“,(p*ﬁ?), for all ¢ € 2R ). (4.4.10)

Existence of the generalized solution
We first study the existence of the generalized solution in various dimensions d > 1.
Proposition 4.4.6. In any dimensiond > 1, the generalized solution ugep, to the linear stochastic

wave equation driven by a symmetric a-stable noise always exists.
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Proof. We need to check wether (HY’) is satisfied.

d = 1: We need to check that for any ¢ € 2(R?), the convolution ¢ * ,6? isin L*(R,; x R). We get

+00 N
(P*ﬁlo(l‘,x)=f ds| dye(s+t,y+x),
0 -S

and we can see from this expression that it is a smooth function with compact support, hence
in L*(R, xR).

d = 2: Let ¢ € 2(R3). We check wether or not for some a € (0,2), the function ¢ * ,657 € L*(Ry x
R%). By standard properties of the convolution, ¢ * ﬁg is a smooth function. Let (¢, x) € Ry x R?.
Then,

(p*ﬁg(t,x)=f"_\edsfwdypg(s—t,y—x)(p(s,y).

Since ¢ has compact support and pzo has support in the set {(¢, x) € R, x R?:|x| < t}, we can
write

T
#’*f’g(t,x):ﬂtgrf dsf dypg)(s—t,y—x)(p(s,y),
t B (T-1)

forsome T € R, where By (r) is the open ball of radius r centered at x. We see in this expression
that the convolution has compact support in space and time, since if x is far enough from the
support of ¢, the integrand is zero. We deduce that for any « € (0,2), ¢ * ﬁg € L*(R, x RY), and
the generalized solution to the stochastic linear wave equation in dimension 2 always exists.

d > 3:Forany ¢ € 2R x RY), the function ¢ * [)3 is smooth. Furthermore, for physical reasons,
it is usually more sensible to consider a fundamental solution with support in the light cone,
that is the set {(f,x) € Ry x R4 : |x| < t}. Such fundamental solutions always exist in any
dimension (see [38, Proposition 11.3.1]). By the same type of considerations on the support of
the convolution ¢ * ,52 as in dimension one and two, we see that this function has compact
support, therefore ¢ * 152 € LR, x RY) for any «a € (0,2). We deduce that the generalized
solution always exists. O

Existence of the mild solution
Proposition 4.4.7. The mild solution to the stochastic wave equation driven by a symmetric

a-stable noise exists only in dimensions one and two regardless of the parameter a € (0, 2).

Proof. d =1:There is a mild solution to the wave equation driven by a-stable noise if and only
if for any (¢,x) € R* xR, p?(t —+x—-) € L*R; xR) (see (H2")). Therefore, for any T > 0, we
need to check the finiteness of the integral

T 0 » T 1 T2
de| d t, = dt | dx—1 =—, 4.4.11
fo /R xpy (£, x) fo fR xza <t = og ( )

We deduce that the mild solution exists for any choice of a € (0, 2).
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d = 2: The mild solution exists if and only if p; O(t—-,x—-) € L*[R, x R) for any (f,x) € Ry x R2
(see (H2’)). We have

! 1
IpQ (- x =L oo :f ds | dy _
L ([R4 xR?) 0 R2 (zn)a((t_s)z_lx_ylz)f

(271)“[ f|u|<s |u|2)2

Using a polar coordinates change of variables, we get

0] 1
||p2 (t_ )”Z‘:/RJrXRZ) (27‘[)“ 1]’ j’ S_r) (S+r)2 .

This integral is finite if and only if § < 1, that is a < 2. We can further evaluate this integral and
we get

sdr 27'

0 avl

||p2 (t_"x_')”L“(R+><R2) @2n )OL 1[ f 2 (32 7‘2)2
t

t3—a
(27:)“—1 [0 dsz “a 2 2-aG-a)

(4.4.12)

Therefore, in dimension 2, there is always a mild solution to the linear stochastic wave equation
with a-stable noise.

d > 3: Since fundamental solutions of the wave equation in dimension d > 3 are not functions,
there is no mild solution. O

Remark 4.4.8. From this proof, we can deduce the already known result in the Gaussian case
(see [21, p. 46]) that a solution to the linear stochastic wave equation only exists in dimension
one.

Existence of a random field solution

Proposition 4.4.9. The generalized solution ug., to the linear stochastic wave equation driven
by a symmetric a-stable noise has a random field representation if and only if d < 2, and in that
case, this random field representation is equal to u,,;; almost everywhere almost surely.

Proof. d =1: We check if the mild solution is equal to the generalized solution solution us-
ing Theorem 4.2.1 and the Remark 4.2.2. If a > 1, it suffices to check that {II,OIO(t - X—
Mrem, xr), (£, %) ERy xR} € Llloc([R+ x R), which is the case by (4.4.11). In the case a < 1, we
can check that for any compact K R2,

a
f dsdy( dtdxlp?(t—s,x—y)l < +00.
R, xR K
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Chapter 4. Random field solutions to a linear SPDE driven by Lévy white noise

It is easy to see that the function (s, y) — [ dtdxlp?(t — 5, x — y)| has compact support, which
suffices to prove the claim. In the case a = 1 we check that for any compact set K c R?,

fdtdxf dsdylp?(t—s,x—y)l 1+
K R, xR

(4.4.13)
" Ip?(t—s,x—y)IfK dudrfRMRdvdwlp?(u— v, r—w)| o
B (f dvdwlpo(t—vx—w)l)(f 1p%u—s r—yldudr) .
R, xR 1 ) K107 .

Indeed, fme dvdwlp?(t— v, x—w)l = %2, and [ dudrfme dvdwlp?(u— v, r—w)| =C for
some constant C depending on K. Therefore, (4.4.13) is bounded by

1pQ(t—s,x-y)C )]
t?z (fK'Plo(u—S»r_J/Ndudr) '

fdtdxf dsdylp?(t—s,x—y)l 1+log+(
K R, xR

We have mentionned before that for any x > 0, log, (x) < |log(x)|. Therefore, we need to check
that the following integrals are finite:

i ::detdfo Rdsdylp?(t—s,x—y)l|log(p?(t—s,x—y))|,

t2
1 i
Og(z)

log(f Ip?(u—s,r—y)ldudr)
K

)

K +xR

13‘:f dtdxf dsdylp¥(t—s,x- )l
K R, xR

By (4.4.11) and integrability of the logarithm near the origin, J» < +co. Also, p? is bounded,
and the integration domain is bounded, so J; < +o0o and J3 < +oc. Therefore, for any a € (0,2),
the mild solution is equal to the generalized solution.

d = 2: In the case where a > 1, by (4.4.12), (¢, x) € Ry x R? — ||p20(t =X =)l Lew, xg2) does not
depend on x and is continuous in the ¢ variable, therefore (4.2.1) is verified, and the mild
solution is equal to the generalized solution.

In the case where a < 1, we know from previous considerations that for any test function ¢,
| ﬁg’ | * ¢ is smooth with compact support, therefore (4.2.3) is verified, and the mild solution is
equal to the generalized solution.

The case a = 1is again more involved, since we need to check the unfriendly expression (4.2.2).
We check that for any compact set K <R3,

1+

fdtdxf dsdylpg(t—s,x—y)l
K R, xR
(4.4.14)

< +o00.

1 105 (= 5,2 = Y| [ dudr [ g dvdwlp? (u—v,r - w)
08
(fR+sz dvdwlpf (- v,x~ W)I) (JxlpQu—s,r—y)dudr)
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Indeed, by (4.4.12), [ g dvdwlp?(t—v,x—w)| = C1¢*, and [ dudr fp, g dvdwlpd (u-
v, r — w)| = C, for some constants Cy, C»> depending on K. Therefore, (4.4.14) is bounded by

fdtdxf dsdylpg(t—s,x—y)l
K R, xR2

1p2(1—5,x—y)IC
C122 ([ lpQ(u—s,r—y)ldudr)

1+log+(

We have mentionned before that for any x > 0, log, (x) < |log(x)|. Therefore, we need to check
that the following integrals are finite:

i ::f dtdxf dsdylpg(t—s,x—y)l|log(p§)(t—s,x—y))|,
K R, xR2

Jo ::f dtdxf dsdylpg(t—s,x—y)l |log(C t2)| )
K R, xR2

jgizf dtdxf dsdylpg(t—s,x—y)l log(f Ipzo(u—s,r—y)ldudr)
K R, xR2 K

By, (4.4.12) and integrability of the logarithm around the origin, jg < +o00. Then,

< +00.

lo ( !
Sy

- 1
]:fdtdxf dsdy 1yl
Yk [0, £]xR2 Y iiss 81/ —|yl?

Changing to polar coordinates, we get

- S r
]=[ dtdxf dsf dr | ——— log(s? = r?)| < +oo0,
! K [0,1] 0 |4\/52—r2| 8 )| >

since x — |log(x)| x|z is integrable on a neighborhood of the origin.

Finally, by Fubini’s theorem,

fng dsdyf dtdxlp;?(t—s,x—y)l log(f ng(u—s,r—y)ldudr)
R, xR2 K K

Using the inequality |xlog(x)| < | x| %, we get

3
I3 gf dsdy(f dzfdxl,ozo(t—s,x—y)l)2
R, xR2 K

< (Lebs (K))%f dsdyf dedx|pQ(t—s,x— )2
R2 K

=(Leb3(K))%f dtdxf dsdylpg(t—s,x—y)lg
K R, xR2

3
4t2
5v2nm

where we have used Holder’s inequality in the second line, and (4.4.12) in the last line. There-

=(Leb3(1<))%f drdx < 400,
K

fore, for any «a € (0,2), the mild solution is equal to the generalized solution.
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Chapter 4. Random field solutions to a linear SPDE driven by Lévy white noise

d > 3: By Theorem 4.3.1, there cannot be any random field representation of the generalized
solution, since pg ¢ L*([0, T] x Rd). O
We summarize these results in the following theorem:

Theorem 4.4.10. The generalized solution ug., to the stochastic wave equation (4.4.9) defined
by (4.4.10) always exists. The mild solution u,y,;;; defined by (4.4.7) exists if and only if d < 2.
Furthermore, a random field representation X of the generalized solution exists if and only if
d < 2, and in this case, for almost all (t,x) € Ry x R4,

Xty = (W"‘,pg(r— S X =) = Upia(t, X) a.s. a.e.
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Some properties of the solution to
the stochastic heat equation driven by
heavy-tailed noise

In the case of the stochastic heat equation with Gaussian noise, the Holder joint regularity
of the mild solution has been proved in many cases (see [21] for the white noise case, or
[48, 11, 40] for more general cases). In the presence of jumps, already in the linear case,
this type of regularity is not relevant for the study of the mild solution to the stochastic heat
equation. Indeed, due to the singularity of the Gaussian kernel at the origin, each jump of the
noise creates a Dirac mass for the solution. In other terms, the mild solution of this equation
in the linear case is a Dirac mass at each space-time jump point of the noise. Furthermore,
these space-time jump points can form a dense subset of [0, T'] x R4. Therefore, we study two
other types of regularity of the mild solution (u(t, x); (¢,x) € [0, T] x [de). The first one is the
regularity of ¢t — u(t, ) viewed as a mapping to a fractional Sobolev space (see Sections 5.2.1,
5.3.2 and 5.4.1), and the second is the regularity of the partial process obtained from u when
fixing either the time or space coordinate.

The results detailed in this chapter will be published in [15].

This chapter is organized as follows: we first briefly introduce in Section 5.1 the stochastic
integral with respect to Lévy white noise for integrands that are no longer deterministic. Then,
Section 5.2 deals with the regularity properties of the mild solution to the stochastic heat
equation on a bounded space interval in dimension one (see Theorem 5.2.7 and Propositions
5.2.10 and 5.2.12). Section 5.3 extends this study to the case of the equation on the whole
space (see Theorem 5.3.12 and Propositions 5.3.13 and 5.3.17), and we prove a result on the
stationarity in the space variable of the mild solution in Theorem 5.3.6. Finally, Section 5.4
studies regularity properties of the solution to the equation on a smooth and bounded domain
in dimensions d > 2 (see Theorem 5.4.6 and Propositions 5.4.7 and 5.4.9).
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Chapter 5. Some properties of the solution to the stochastic heat equation driven by
heavy-tailed noise

5.1 Stochastic integration with respect to Lévy white noises

In Chapter 2, we introduced the notion of Lévy white noise, and using the related notion of
independently scattered random measures (see Theorem 2.3.5), we recalled the construction
of Wiener-type integrals, that is integrals of deterministic functions with respect to these
noises (see Definition 2.3.6). Then, we used those integrals to discuss various questions about
stochastic partial differential equations in linear cases. Indeed, the mild solution of a linear
SPDE is defined as a stochastic convolution of the fundamental solution of the equation
(which is a deterministic function) with the driving Lévy white noise. When there is a temporal
component, in the non-linear case with a multiplicative noise, the mild solutions is defined
via the formula

t
u(t,x):f fdG(t—s,x—y)o(u(s,y))L(ds, dy),
0 JR

where I is a Lévy white noise, ¢ is a measurable function that encodes the non-linearity, and
G is the fundamental solution of the equation. Here the term o (u(s, y)) is stochastic, and
we therefore cannot use the Wiener-type integrals. A theory of such stochastic integrals has
been widely studied, first in the purely temporal case with the seminal work of It6 (see [57]
for a modern exposition of this theory). The extension to a spatio-temporal framework is
handled via the notion of LP-valued random measure, and the integration theory with respect
to such measure is developed in [10]. We introduce here some key features of this integration
theory, and we heavily rely on [12, Chapter 1] for this introduction. We recall that (Q, %,P) is
a complete probability space. The predictable o-field 22 on Q x R, is the o-field generated
by the continuous processes (viewed as mappings from Q x R, ). Using the notations of [43,
Chapter I1], we define 2 := 2 ® B(R%), where %(R?) is the Borel o-field on R?. A random field
u:Q xRy x RY — R is said to be predictable if it is Z?-measurable. Let I be a Lévy white noise,
with characteristic triplet (b, p,v), and underlying jump measure J. Stochastic integration of
predictable random fields with respect to Gaussian white noise is well known (see for example
[21]), so we can suppose that b = p = 0. Then, for any set A € B (R4 x R4) with finite Lebesgue
measure, by Theorem 2.3.10, we can assume that

L(A) = f f zl(s,eal(ds, dy, dz) +
R, xR4 J|z|<1

= 1YNA) + %A,

f zl(5,eat(ds, dy, dz)
|z|>1

R, xR4

In this representation, the set A is not random, and we would like to extend this definition
to any predictable set A € 9. We suppose additionally that A< Q x [0, k] x [k, k14 for some
k € N. Then, if we denote by (T3, Y;, Z;) the atoms of the Poisson random measure J, since Ais
almost surely bounded, we can define the following finite sum:

L*(A) @)=Y Zi) 1051 o 1)y @eir  foralweQ.
i1

Now, we would like to define .1 (A). More generally, in [43, Chapter II], a theory of integration
of a suitable class of stochastic processes with respect to a compensated Poisson random
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5.1. Stochastic integration with respect to Lévy white noises

measure is exposed. Let (Hy,x) ; yer, xpe D€ @ predictable random field. For w € Q, we define

Hi(@) = ) Zi()1zw)<1 L 150)=0H ), Vi) (@) (5.1.1)
i1

Then, adapting from [43, Chapter II, Definition 1.27], we say that H is in Gloc(LY) if there exists
a sequence of stopping times T}, T,, — +oo a.s. as n — +o0, such that for any ¢ > 0,

1
2
SSUINT,

Then, for any H in Gjoc(L'), using [43, Chapter I, Theorem 4.56], there exists a purely discon-

< +o00. (5.1.2)

tinuous martingale X such that AX (the jump process of X) is indistinguishable from H. Then,
following [43, Chapter I, Definition 1.27], we define

t t
[ f Hy,yL'(ds, dy) = f f f zHg, J(ds, dy, dz) == X;. (5.1.3)
0 JR4 0 JR?J|zI<1

For A€ 22 with A< Qx [0, k] x [—k, k]% for some k € N, consider the random field W : (w, t, x) —
Wit (@) = ]l(w’t' e This random field is predictable and we see that W € Gioc(LY). Indeed,
by (5.1.1)

Wilw) = Z 1 Ti(w):fll(w,Ti(w),lfi(w))EAZi 1z w)<1-
i>1

Also,

72 2
YW= Y LwnwvieeaZ; @1 zjws<-
s<t i: T ()<t

Then, we only need to check (5.1.2).

N
=
g
=]
i
N —
I

E (Z Wf(-))
s<t

);

2
> Lo vmenkxi-kaeZi Olizio<
BT,O<t

2
<|El X TonovmeiZi Olizio<
iT; ()<t

L

N
=

. 1
L

)2
1
2
< (f (f zzv(dz)) dsdy) < +00.
[0,k]x [~ k, k14 \J]zI<1

Therefore, the integral of W with respect to L! can be defined as in (5.1.3). Then,

i'(4) :=f f ZW(s,y)J(ds, dy, dz),
+xR4J|zI<1

and L(A):= L' (A) + L2 (A).
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Then, by [12, Remark 1.4.4], this extension of L is a Lévy basis, and one can proceed with the
construction of a stochastic integral of predictable processes using the Daniell mean as in [12,
Chapter 1, Section 2]. We briefly give the construction of this stochastic integral with respect
to L. The space .#;, of simple predictable random fields is the set of random fields S that can
be written

n
S, t,x) =) aily,,
i=1

where n €N, a; € Rand A; is a predictable set such that A; ¢ Q x [0, k;] x [—k;, ki]d for some

k; € N. For such a simple predictable random field, we define
n .
f S(s,y)L(ds,dy):= ) a;L(A;).

R, xR? i=1

Then, for a random field H: Q x R, x R — R and p =0, the Daniell mean || HII?L is defined by

’

LP(Q)

||H|I3L = inf sup

f S(s,y)L(ds, dy)
Ke] | HIKK Se#;,1SI<K IR, xRY

where 5’2 is the set of positive random fields K : Q x R, x R¢ — R which are the pointwise
supremum of simple predictable random fields. Then, a random fields H: Q x R, x R? — R is
LP-integrable with respect to L if there is a sequence (S,,),>1 of simple predictable random
fields such that ||S;, — H |I£ ; — 0as n— +oo. Then, the stochastic integral of H with respect to
L is defined by

f H(s,y)L(ds,dy):= lim Sn(s,y)L(ds, dy),
R, x R4 n—+oo R4

Ry x
where the limit is in LP (Q2) and does not depend on the choice of the sequence S;,. Interest-
ingly, in [16], the authors obtained an explicit characterization of the random fields that are
integrable with respect to a Lévy basis.

Theorem 5.1.1 (Theorem 4.1 and Remark 4.4 in [16]). LetL bea Lévy basis with characteristic
triplet (b, p,v). A predictable random field H : (w, t, x) — H; x(w) is Lo-integmble with respect to
L if and only if w-almost surely, H(w) satisfies the conditions (i)-(iii) of Proposition 2.3.7.

5.2 The SHE driven by heavy-tailed noise: equation on [0, T'] x [0, ]

Fix T>0. We consider the stochastic heat equation driven by a Lévy white noise in [0, T] x [0, 7]
with Dirichlet boundary conditions:

% (1, x) = gZTZ(t, X) +out, )Lt x), (6x)€©,T)x0,7),
u(t,0) = u(t,m) =0, forall €10, T1, (5.2.1)
u(0,x) =0, forall x € [0, 7],
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5.2. The SHE driven by heavy-tailed noise: equation on [0, T'] x [0, 7]

where 0 : R — R is a Lipschitz function and L is a pure jump Lévy white noise. More precisely,
we suppose that

L(dt, dx)=bdtdx+f zj(dt, dx, dz)+f zJ(dt, dx, dz)
lzI<1 lz]>1 (5.2.2)
=:L8(dt, dx) + LM(d¢, dx) + LP (dr, dx),

where b € R, ] is a Poisson random measure on [0,00) x [0, 7] x R with intensity dtdxv(dz),
and J is the compensated version of J. The measure v is a Lévy measure, that is, v({0}) = 0 and
Ja (22 A1) v(da) < +o0.

The Green’s function of the heat operator on the bounded domain [0, T'] x [0, 7] is given by
2 Tt 2
G(t;x,y):==)_ sin(kx) sin(ky)e 1 £0- (5.2.3)
=1

By definition, a mild solution to (5.2.1) is a predictable random field
u=(u(t,x), (t,x)€[0,T] x[0,7]),

such that for all (¢, x) € [0, T] x [0, 7],

u(t, x) :fotj: G(t—-sx,y)o(u(s, y))L(ds,dy). (5.2.4)
Similarly to [14], we then define the random times
Ty =inf{r>0:J([0, ] x [0, 7] x [-N, N1¢) #0} .
Also,
E[J ([0, 7] x [0,7] x [-N, N1¢)] :fotfoﬂfw]hzwdsdyv(dz) < +00. (5.2.5)

Therefore, (ty) n>1 is an increasing sequence of stopping times such that 7y > 0 and 7y — +oo
almost surely as N — +oo. In fact, we have that for almost all w € Q, there exists an integer
R(w) such that for any N > R(w), Tn(w) > T. We use these stopping times to truncate the
noise, and we can define Ly := L1;¢;,. Then,

Ly(dt,dx) = by dt dx+f zJ(dt, dx, dz), (5.2.6)
|zI<N

where by :=b~ [}, <y 2v(d2).

Proposition 5.2.1. Leto :R — R be a Lipschitz function and let L be a pure jump Lévy white
noise as in (5.2.2). Then there exists, up to modifications, a unique predictable random field
u=(u(t,x), (t,x) €0, T] x [0,7]) such that foranyp <3 and N €N,

sup E[lu(t, x)|P1i<ry] < +o0,
(t,x)€[0,T]x[0,7]
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and for any (t,x) € [0, T] x [0, 7],

t pw
u(t, x) :f f G(t—s;x,y)o(u(s, y))L(ds, dy) a.s. (5.2.7)
o Jo

Remark 5.2.2. Let un(t,x) = u(t,x)1 ;<. Then, uy is clearly a mild solution to the truncated
equation:

t A
un(t,x) :f f G(t—s;x, )0 (un(s,y)) Ly(ds, dy) a.s. (5.2.8)
0 Jo

Proof of Proposition 5.2.1. By [6, (B.5)], we know that G(t; x, y) < Cpg(t,x—y) forany (t,x,y) €
[0, T] x [0, 71]%, where pn is the Gaussian density function p g (t, x) = ﬁe‘% asin (4.4.1) with
d = 1. Also, since [0, 7] is a bounded interval, v ([0, T] x [0, 7] x (—1,1)€) < 400 and a.s., there
is only a finite number of jumps larger than 1 in [0, T] x [0, 71]. Consequently, (1) to (4) of
Assumption B of [13] are satisfied, and we can apply [13, Theorem 3.5] to obtain the existence

of a unique predictable random field u satisfying (5.2.7) and

sup  E[lu(t, )*1,<r,] < +oo, (5.2.9)
(t,x)€[0,T]x[0,7]

for any N € N. Since fOT Jr pZ(t, x)dt dx < +oo for all p < 3 and the Lévy measure v satisfies
leléN |z|Pv(dz) < +oo for any p € [2,3), we can use Theorem A.0.1 to further improve (5.2.9) to

sup Eflu(t, x)|P1i<ry] < +o0
(¢,x)€[0,T]x[0,7]
for every p < 3. More precisely, the only step in the proof of [13, Theorem 3.5] where p < 2
is assumed is the moment estimate given in [13, Lemma 6.1(2)]. We now elaborate how this
estimate can be extended to exponents 2 < p < 3. Because of the stopping time 7y, it suffices
to consider the noise Ly introduced in (5.2.6). Then, for any predictable processes ¢, and ¢,

|

topm p
fo fo G(t-$x,¥) (0P1(5,1) — 0 (¢2(s,¥)) Ln(ds, dy)

p

t b4
<C[E[f0f0 G(t-sx,Y) (0105, 1) —0(P2(s,¥))) ds dy

p
+C[E[

t T
f f f G(t-sx,¥) (0(P1(s,1) — 0 (a(s, ) 2 (ds, dy, dz)
0 Jo JzIKN

We consider the measure G(f — s; x, y) dsdy in the first integral, and we use Holder’s inequality
and Theorem A.0.1(iii) for the second to get the upper bound

t pm p-1 nt pn
C(fofo IG(t—s;x,y)Idsdy) fofo |G(t = s;x, VIEllP1(s, ¥) — da(s, YIP1ds dy

+ CE

ropew 4
(f f f Gt =555, ) P11 (5, ) — bals, 121212 ds dyv(dz))
0 JO |z|<N
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t pm
+C[EU[ f 1G(t =5, 0P 11(5, ) — p2(s, )17 |z1P ds dyv(da) | .
0 JOo JIzIKN

Similarly, we consider the measure |G(f - s; x, ¥)|> dsdy to apply again Holder’s inequality to
the second term of the sum above, and we get the upper bound

t pm p-1 nt pn
C(fofo IG(t—s;x,y)Idsdy) foj; |G(t = s;x, )IEllp1(s,y) — Pa(s, »IP1ds dy

p
t rm -1 nt pm
+C(ff IG(t—s;x,y)Izdsdy) ff IG(t— 5, x, Y)PEllp1 (s, y) — pa(s, y)IP1ds dy
0 Jo o Jo
t pm
+Cff IG(t =53, YIPEllh1(s, y) = 2(s,1)1P1ds dy,
0 Jo
where the constants above do not depend on ¢; and ¢, and we used the fact that

f |z|Pv(dz) < +00.
|z|<N

Then, since G(t; x, ) < Cpy(t,x—y) for any (t,x, y) € [0, T] x [0,7]?, and fonRpZ(t, x)dtdx <
+ooforall p <3 and T > 0, this upper bound becomes

t pm p=1 nt pm
C(fofo pH(t—s,x—y)dsdy) fofo IG(t = s;x, Y)IEllp1(s,y) — dpa(s, MIP1ds dy

t pm 2-1 ot pom
+Cf0f0 pi(t—s,x—y)dsdy) fofo IG(t = 83, ) IPEll1 (5, ) — 2 (s, Y)IP1ds dy

t pm
+Cf0fo IG(t— 53, NIPE[P1(s,¥) — P2(s, IP1ds dy.

Since |x|? < |x| + |x|” for all p > 2, we finally get the upper bound

p
E

t T
fo fo G(t—s8;%,9) (0(1(s, 1) — 0 (P2(s,¥)) Ly(ds, dy)

t o (5.2.10)
<Cf0f0(IG(t—s;x,y)I+IG(t—s;x,y)I”)[E[Itm(s,y)—</>2(s,y)|p]dsdy,

which is exactly the needed extension of [13, Lemma 6.1(2)] to complete the proof.

Our setting is much less general than the one of [13, Theorem 3.5], and the proof of this result
simplifies considerably. We provide here a version of this simplified proof for the convenience
of the reader. We will use a classical Picard iteration scheme to prove the existence of a solution
to the truncated equation (5.2.8) and to prove the moment bound (5.2.9). Let u?\, :=0, and for
any n >0,

t e
u]'\’,“(t,x)::fofo G(t—s;x,y)0 (u(s,)) Ly(ds, dy).
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Then, we define Y := ul*! — ull,, and by (5.2.10), we have

t pm
Y0 q < Cfo fo (IG(t = 5.2, 1) +1G(t = 52, NIV [ YR (5,90 Py ds Ay

Therefore, we can apply [13, Lemma 6.4, (1)] to the sequence v, (t, x) := || Y2(z, x) ”LP(Q)’ and
we get that

+00
sup | Yz, %) ||L,,(Q) < 400.
n=1(t,x)€[0,T]x[0,7]
Therefore, 1}, converges to some limit uy in L” (Q), uniformly in space and time. Applying
(5.2.10) to ¢, = un and ¢, = u}; ', we get that

sup
(t,x)€[0,T]%[0,7]

-0, as n— +oo,
LP(Q)

t pm
uf\‘,(t,x)—fofo G(t—-s;x,y)o(un(s,y))Ly(ds, dy)

which implies that

t b4
up(t,x) =f f G(t-sx,y)o(un(s,y)Ln(ds, dy), a.s.
0 JO
Therefore, uy is a mild solution to (5.2.8), and

sup E[lun(t,)IP] <+oco  forall p<3.
(t,x)€[0,T]x[0,r]
The uniqueness statement is an application of (5.2.10) and [13, Lemma 6.4, (3)]. Then, as in the
proof of [13, Theorem 3.5], u:= u1 Ly 7,3 + ZX,O:OZ unlj;,_, ¢y is amild solution to (5.2.7). O

The properties that we consider in the following concern sample path regularity properties
of the mild solution of the stochastic heat equation, and, by stationary convergence of uy
(defined on [0, T x [0, ] by (5.2.8)) to u, these properties are identical to those of uy in the
previous proposition for N sufficiently large. The value of the parameter N has no importance
in our study, so we can suppose that N = 1 and drop the dependency in N. Therefore, in the
following, we will always consider the solution to the integral equation

t b4
u(t,x):bff G(t—s;x,y)0(u(s,y)) dsdy
070 (5.2.11)

t b 4
+ff G(t - s;x, )0 (u(s, y) LM (ds, dy),
0 JO

where LM is the martingale part of the noise as defined in (5.2.2), and the solution to (5.2.4)
will have the same sample path regularity properties as the solution of (5.2.11). Also, for any
p < 3, the solution to (5.2.11) has uniformly bounded moments of order p.
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5.2.1 The fractional Sobolev spaces H, ([0, r])

For any function f € L2 ([0, 7r]), we can define its Fourier sine coefficients
2 /8
an(f) = —f f(x)sin(nx)dx, neN. (5.2.12)
T Jo

Then, by Parseval’s identity,
2
;nfniz =Y an(f).

n=1

For any r > 0, we define H, ([0, ]) as the subspace of L2 ([0, 7]) such that

1£13;, := Y (1+7%) an(f)? < +oo.

n=1

It is a Hilbert space for the inner product given by

(,8)y, = 2 (1+n) an(Nan(®).

n=1

For r > 0, we define H_, ([0, ]) as the dual space of H, ([0, z]), that is, the space of continuous
linear functionals on H; ([0, 7]). Then, for any r >0, H_, ([0, n]) is isomorphic to the space of
sequences b = (b,);>1 such that

112, =Y (1+n?) " b2 < +oo.
n=1

More precisely, for r > 0 and f € H_, ([0, x]), the coefficients b,, are given by b, = f(sin(n-)).
Then, || fllz_, = bl g, and the duality between H_, ([0, 7]) and H; ([0, ]) is given by

(b,g)=Y bpan(@ <Iblu, gl

n=1

For example, it is easy to check that 6, € H; ([0,7]) for any x € (0,7) and r < —%. Indeed,

b x(sin(n-)) = sin(nx), and for any r < —%,

1812 =Y (1+n%) sin®(nx) < Y. (1+n?) <+oo.
S| n>1
5.2.2 Existence of a cadlag solution in H, ([0, ])

In order to motivate why we consider the fractional Sobolev space H, ([0, ]), we start with a
special case. Suppose that b = 0 and that v is a symmetric measure with v(R) < +oo. Then we
canrewrite L=3 ;> Z;6 (1, x,), and

u(t,x) =y G(t—Ti;x, X)) Zio u(Ti, X)),

i>1
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where the sum is finite. In this case, it suffices to check whether for fixed i > 1, t — G(t—Tj;-, X;)
is cadlag in H, ([0, ]). Using the series representation

2 +00
Gt~ T, X) =~ 3 sin(kx) sin(kXp)e F T o
k=1
we immediately see that the function x — G(¢ — T;; x, X;) belongs to H, ([0, ]) if and only if

+00
Y (1 + k) sin(kX)2e 2K T s g < 4oo.
k=1

This is the case for any r € Rif ¢ # T;. However, for ¢ = T;, we have to restrict to r < —%. For the
cadlag property, the only point where a problem might appear is at ¢ = T;. At this point, the
existence of a left limit is obvious since G(t — Tj; -, X;) = 0 for any ¢ < T;. For right-continuity,

we use the fact that (1 — e‘kzh)2 < k*hfforany0<e < —% —7,80

+00 2
IG s, X)) = GO Xl = Y. (L+ K sin(kXp? (1- &)
k=1
+00
<Y 1+K) k*h*<Ch* -0 ash—0.
k=1

Therefore, t — u(t,-) is cadlag in H, ([0, ]). For the general case, we first treat the drift term in
the following proposition.

Lemma 5.2.3. Assume that L is pure jump Lévy noise as in (5.2.2) and u be the unique solution
t0(5.2.11). Then,

t b4
F(t,x) :f f G(t—-sx,y)0(u(s y)dsdy
0 Jo

is jointly continuous in (t, x) € [0, T x [0, 7r]. In particular, for every r <0, the process
t— F(t,"),

is continuous in H, ([0, ]).

Proof. By the series representation of the Green’s function (5.2.3),
2 +00 t b4 5
F(t,0 =~ Y sin(kx)f f e FU=Isin(ky)o(uls, ) ds dy.
k=1 0 JO

We see that each term of the sum of F is jointly continuous in (t, x). Hence, to give a direct
proof of the continuity of F (which follows from abstract regularity results on the solution of
the heat equation), it suffices to show the uniform convergence of the series. Using Holder’s
inequality and the fact that u has uniformly bounded moments of any order p < 3, we obtain

98
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this from
+00 t pid )
E sup sin(kx)f f e K (t=9) sin(ky)o(u(s,y))ds dy‘
k=1 (t,x)€[0,T]x[0,7] 0o Jo

+00
<CYE
k=1

+00 T 52 3/5 T prn S
SCZ(f e 3k sds) (f f [E[la(u(s,y))lzldsdy)
k=1\J0 0o Jo

+00 1
<CZ—6<+OO.
k=1 ks

t 51 3/5 t P 5 2/5
sup (f e 3k =9 ds) (f f lo(u(s, )2 ds dy)
(t,x)€[0,T1x[0,7] \Jo o Jo

2/5

Then, to prove the continuity of ¢t — F(¢,-) in H, ([0, r]), it suffices to show the continuity in
L2([0,7]). Indeed, L?([0,7]) € H,([0,7]), and the embedding is continuous. The continuity
in L2([0,7]) follows from the fact that since [0, T] x [0, 7] is compact, F is in fact uniformly
continuous on this domain. O

Case where o is bounded

We are assuming in this section that o is bounded. We consider the solution u to (5.2.11) with
b = 0. In order to study the fractional Sobolev regularity of ¢ — u(t,-), we need to calculate
the sine Fourier coefficients ay (u(t,-)) defined in (5.2.12). To lighten the notations, in what
follows, we will denote these coefficients ai(¢). Then, by definition, for k > 1,

ap(t):= Ef u(t, x)sin(kx)dx
wJo
2 /4 t pm ~
:—f (fff sin(kx)zG(t—s;x,y)a(u(s,y))](ds,dy,dz))dx.
nJo \Jo Jo Jiza

We want to apply Theorem A.0.2 to be able to exchange the stochastic integral and the Lebesgue
integral. The condition we need to check is the following:

/A t /A
f dxf dsf dy v(dz)[E[|zG(t—s;x,y)a(u(s,y))sin(kx)|2] < +00. (5.2.13)
0 0 0 lzI<1
Since o is bounded, and since v is a Lévy measure, this condition is equivalent to

/4 t /4 2
f dxf ds[ dy|G(s;x,y)| < +o00.
0 0 0

Using again [6, (B.5)], we know that G(¢;x,y) < Coy(t,x—y) for any (¢,x,y) € [0, T] x (0,73,
and since the heat kernel is in L” ([0, T] x R) for any p < 3 (see (4.4.6) and above), we deduce
that (5.2.13) holds. Therefore,

t /A /4
a(t) :f f f za(u(s,y))g (f sin(kx)G(t - s;x,y)dx| J(ds, dy, dz).
o Jo Jizia 7w \Jo

99



Chapter 5. Some properties of the solution to the stochastic heat equation driven by
heavy-tailed noise

From the series representation of G in (5.2.3) and the fact that this series representation
converges uniformly in the x variable, we have that

2 T
—f sin(kx)G(t - 5;x,y) dx = sin(ky)e ¥ =9,
nJo

Therefore,

t pm
a(t) = %e_kztf / o (u(s,y) sin(ky)eXSLM(ds, dy). (5.2.14)
0 Jo

Remark 5.2.4. The calculation of the Fourier sine coefficients above is in fact valid in a more
general case: if o is no longer bounded, but has at most linear growth, then we know by
Proposition 5.2.1 that u has uniformly bounded moments of order 2, and the same reasoning
applies.

In the following, we define

b pn )
Ig(k)::f f sin(ky)ek Sa(u(s,y))LM(ds,dy)
a Jo (5.2.15)

b pm
:f f f zsin(ky)e* o (u(s, y)) (J(ds, dy, dz) - ds dyv(dz)).
a Jo Jizica

By the Bichteler-Jacod inequalities for compensated Poisson random measures (see Theorem
A.0.1(iii)) and by the boundedness of o, we can estimate the second and fourth moments of
these stochastic integrals:

b pn ) 9
[E[Ig(k)z] < Cf / sinz(ky)ezlC s[E[|U(u(s,y))| ] dsdy
@ (5.2.16)
<C“/ f sin?(ky)e?**Sds dy,
a JO

and

[E[Ig(k)“] < C([E

b pm & 2 2
(f f sin®(ky)e** * |o (u(s, y)|" ds dy)
a JO

b pm )
+f f sin® (ky)e** SE [|J(u(s,y))|4] ds dy) (5.2.17)
a JO

B b prn ) 2 b prn )
<C ([ f sinz(ky)eZk Sds dy) +f f sin“(ky)e‘”C Sdsdy]|,
a JO a JO

where the constant C also accounts for Sia<1 z2v(dz) and St z*v(dz). Since v is a Lévy
measure, these integrals are finite.
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Also, for0< a<b<c<d<T,since o is bounded,

d pn - 2
[E[(Ifl’(k)lf(j))z] =E (f fo Ig(k)sin(jy)e] Sa(u(s,y))LM(ds, dy)) ]

d rn 5
< Cf f E Ig(k)za(u(s,y))z] sin®(jy)e? *dsdy
c Jo (5.2.18)

b prn ) d pm -
< C(f f sin®(ky)e?* Sdsdy) (f f sin?(jy)e*/ Sdsdy)
a JO c JO

_ Cezkzb _ ezk2a erzd _ e2jzc
= 2k2 2j2

where we used the fact that I2(k) is & -measurable, and (5.2.16) in the second inequality. In
the case where o is constant, this inequality can be obtained more simply using the indepen-
dence of Ig(k) and If(j).

Proposition 5.2.5. Let L be a pure jump Lévy white noise, and let o be a bounded and Lipschitz
function. Let u be the mild solution to the stochastic heat equation (5.2.1). Then, foranyr < — %,
the stochastic process (u(t,-)) >0 has a cadlag version in H, ([0, ]).

Proof. By the argument just before Section 5.2.1, we can suppose that u is the solution to
(5.2.11). Furthermore, by Lemma 5.2.3, we may further assume that L = L; = LM, Then, by
(5.2.14), we have the Fourier sine coefficients of ¢ — u(t,-)

2 t T 2
ai(t) == %e‘k ff f sin(ky)e’ o (u(s,y)) LM (ds, dy). (5.2.19)
0 JO

We will use Theorem A.0.3 to show the existence of a cadlag version of t — u(t,-). By Lemma
A.0.4, u has a separable version that is jointly continuous in probability, and therefore ¢ —
u(t,-) has a version that is continuous in probability as a process with values in L2([0, 7))
(and therefore in H, ([0, 7]) since r < —%). Then, it suffices to show that for any ¢ € [0, T],
u(t,-) € H-([0,7]), and that for some 6 > 0,

B[t + )= e, ) e = ) = ute, )13, | < G2,

for any h € (0,1). We first need to check that

+00
Y 1+ ai () <+oo,  as. (5.2.20)
k=1
By (5.2.16),
t pm
[E[ai(t)]gcff sin?(ky)e 2K =9 dsdy < CT,
0 Jo
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where C is a constant independent of k. Since r < —%, we deduce (5.2.20). Then,
+00
lu(e+h,) = ut, )G = Y A+ (@t +h) - ap(0)*,
k=1
and

+00
lutt=h,) = u(t, )% = Y A+ (a;(t—h) - a;(1)°.
j=1

Using (5.2.15) and (5.2.19),
ar(t+h) - ap(t) = —%e"“zf R VR RG]
aj(t—h—a;(n= —%e‘fz“"” [ - DEh G+ e )]
Therefore, using the classical inequality (a + b)? <2(a® +1b?),

lae(e+ hy ) = u(e, G (e = h,) = u(s, )1,

16 . . . . .
< Y A+ KA A+ ) (141G, )+ A2, k) + A3, )] + 1A, K1)
k,j>1

<C Y A+E W+ (A1G, 0%+ A (j, k) + A3 (7, )% + Ag(j, K)?)
kj>1

for some constant C, where
IR e B (G E HT )
As(j k)= e K e N (1 _ oy PRIt I (),
A3, k) = e—kzte—jz(t—h) e—k2h(e—j2h _ 1)I;+h(k)15—h(j)’

. C12s _20e 1y 727 _ i2 .
Ag(j, k) :=e Kt o= (t=h) p=k"h g=j hIt”h(k)If_h(]).

(5.2.21)

We treat each of the four terms separately. Intuitively, the last two terms will be the easiest to

deal with. Indeed, we can use (5.2.18), which gives an order h from E

(I o 15" ()?] and

an order / from (e”/ *h_ 1) for the term As. Also, (5.2.18) gives an order h? from the term Ay.
This suggests an order h? for these two terms. We will see in the following that this is indeed

the case.

A1(jf, k):

. . 2
E[AL(j, K)?] = e 2612 2 (1 — g=kIy2 ("1 )2 [(Ié(k)lé"’(j)) ]
< Ce—Zkzte—ij(t—h)(l _ e—kzh)z(e—jzh _ 1)2

x E (Ig‘h(k)lé‘h(j))2 + (If_h(k)fé_h(j))z

= A1(j, k) + A2(j, k).
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5.2. The SHE driven by heavy-tailed noise: equation on [0, T'] x [0, 7]

By (5.2.18), we can write

=2 2 2
Q2I2=) _ | g2K*t _ 2K (1—h)

2
[E[(I;_h(k)lg‘h(j)) ] <C

22 2k2
2 2
< p21*(t=h) 12/l Cce2kt 1-e 2K
22 2k?
eZthesz(r—h)
<C—————h,
2j2

where we used 1 — e 2" < 2k2h and 1 — e~2° "M < 1 in the last inequality. Finally, since
(l-—e M2 <1and (1 -e M2 < j?h, we deduce that

As(j, k) < Ch?. (5.2.22)

Also, by the Cauchy-Schwarz inequality,

E (Iéfh(k)féfh(j))z <[E[Ié’h(k)“]%rE[lé’h(j)“]%. (5.2.23)

By (5.2.17) and subadditivity of the square root,

1
2

% t—h pn ) 2 t—-h pn )
[E[Ig_h(k)‘l] <C ([ f sinz(ky)eZ]C Sdsdy) +f f sin4(ky)e4k Sdsdy
0 0 0 0

6 eZkz(t—h)_1+ AR _q 3
= 2k2 452

(5.2.24)
1
—2k?h _ ,—-2k*t —4k*h _ ,—4k*t\2
< C62k2t e e N e e
2k? 4fc?
: 1 1
<C 2kl‘(—+—).
ST o Tk
Let0<d < %, to be chosen later. Then, multiplying each term by (1 - e‘kzh)2 and using
1- e‘kzh)2 < k% h for the first term of the sum, and
1- e—kzh)z =(1- e—kzh)%+6(1 _ e—kzh)%—zS < 1205+
- N
for the second term of the sum, we get
1
(- e M2E 1§00t |* < ce?! (h+ k2 ni?). (5.2.25)
A similar calculation yields
_ o—ithy2p [ ri=hy 14 2 2j2(t—h) 26 1 2+6 (5.2.26)
1-e E|L, () < Ce h+ j<“hz . L
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Then, we combine (5.2.23), (5.2.25) and (5.2.26) to obtain
A R <C(n?+ PR pt ). (5.2.27)
Therefore, (5.2.22) and (5.2.27) give

E[A1(j, k)?] < C(h2 +j25k25h1+25) .

Az(j, k): We treat this term in a similar way to A, (j, k):
[E[Ag(j,k)z] _ e—2k2te—2j2(t—h)(1 _e—kzh)ze—szh[E [(Ié(k)ltt—h(j))z]

< Ce kit n2 (g — o=k 2 =21 [(Ig—h(k) 1)+ IR, )

=:B1(J, k) + B2(j, k).
In the same way as for the term A( j, k), we get

B1(j, k) < Ch?. (5.2.28)
We use the Cauchy-Schwarz inequality to deal with the term By (j, k):
Bo(j, k) < Ce 2K 1 21 =) (1 _ g=Koy2 2P (1", (0] ‘E [Itr_h(j)ﬂ% _

We can deal with the second expectation as in (5.2.24), and we get

1
1 o [ 1= e 2i%h 1— e 4i*h\2
E[1;_, (D] < Ce#t( 22 +( 42

< ce?l’t (h + \/ﬁ) .
Similarly,
E[1!_, (0" < Ce¥ (h+ V).
Also, for0< 6 < 1, since (1 — e‘kzh)2 < k2Kl we get
By(j, k) < Ck*O o (h + \/Ejz < CKP R0, (5.2.29)

By (5.2.28) and (5.2.29),
E[A2(j, k)?] < CK*OR'*0.

104
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As(j, k): By (5.2.18),

. . 2
[E[A3(j,k)2] = o 2kt g2 (t=h) =2k h (= PR _ )2 (Itt+h(k)l(§—h(j))

erz(tfh) 1 ezkz(mh) _ eZth

— 2 _932(4_ _9712 _ 32

22 2k2
” 1— e—2j2(t—h) 1— e—2k2h
<Ce i h-1)?
sl ) 2j2 2k?
cc (eszh _ 1)2 1— e*2k2h
h 2j2 2Kz

Then, since (1—e~/"")2 < j?hand1- e 2Kh <212 we get

E[A3(f, k%] < Ch.

Aq(j, k): Again, by (5.2.18),

E[As(j, k)z] = 72Kt gm2/° (=) p=2k*h p=2/*h

2
(Itt+h(k)ltt_h(j)) ]
t_ erz(tfh) ezkzmh) _ e2k2t

2%
2kt —2i2(f— _912) _9i2p €
2j 2k

1-— e—2j2h 1-— €_2k2h

<C -
2j? 2k?

Therefore, as for the previous term we get
E[A4(j, k)?] < ChH?.
Then, for every r < —%, we can pick0 < < 1suchthatr+6 < —%. Then,
E|lu(z+ h,) = u(t, )3, lult—h,) = u(t, )%, | < Ch'™O.

By Theorem A.0.3, we deduce that (u(¢,));>0 has a cadlag version in H,([0,7]) for any r <
1

—=. O
2

Remark 5.2.6. The result of Proposition 5.2.5 is in fact valid for any random field u whose sine
Fourier coeficients can be written in the form

2 ! T 2
ar(u(t,)) = Ce™* ff f sin(ky)e* *Z(s, y)L(ds, dy),
0 Jo
where Z is a predictable and bounded random field.
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General case
If o is not bounded, we show that the conclusion of Proposition 5.2.5 is still valid.

Theorem 5.2.7. Leto :R — R be a Lipschitz continuous function, and let L be a pure jump Lévy
white noise. Let u be the mild solution to the stochastic heat equation (5.2.1) constructed in
Proposition 5.2.1. Then, for anyr < — %, the stochastic process (u(t,-)) ;>0 has a cadlag version
in H, ([0, ]).

Remark 5.2.8. Let D be a bounded and smooth domain D c R?, or D = R%. In the case of a very
simple noise with only one deterministic jump of size one at position (s, y), the solution u to the
stochastic heat equation on D with this simple noise can be written as

u(t,x)=Gp(t—s;x,5), (t,x)€[0,T]xD

where Gp is the Green’s function for the heat operator on the domain D with Dirichlet boundary
conditions. Then, at t = s, we can formally write u(s,-) = Cé, where 6 is the Dirac distribution
aty. Then, it is easy to show that 6 does not belong to any fractional Sobolev space of order

r> —%. Therefore, the constraint r < —% in Theorem 5.2.7 is optimal, and the constraints

r< —% in Theorems 5.3.12 and 5.4.6 are also optimal.

Proof of Theorem 5.2.7. By the argument just before Section 5.2.1 and by Lemma 5.2.3, we can
suppose that u is the solution to (5.2.11) with L = LM, Let on(w) =o(Wly <. We define

t 1
Un(t,x) =f f G(t— 8%, )0, (u(s, y) LM (ds, dy).
0 JO

By Remark 5.2.4, the Fourier sine coefficients of t — u(¢,-) — u,(t,-) are given by

t b4 5
ak,n(t)=% f f sin(ky)e ™ 79 (g (u(s, y)) — on(uls, ) LM (ds, dy).
0 JO

Therefore, for any ¢ € [0, T1,

+00
e, ) = un (6,15, = kz (L+ k) ag ,(0). (5.2.30)
=1
For conciseness of the notation, we write o (u(s, y)) — 0, (u(s, ¥)) = 0 (s, y). Then, we use the
following identity to rewrite the coefficient ay, ,(f) as a semimartingale:

—k*(t-s) ! 2 —k*(t-r1)
e =1—-| ke dr.
S
Using Theorem A.0.2, we get
2 t pm M
ak,n(t):;(j(; fo sin(ky)om (s, )L™ (ds, dy)
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5.2. The SHE driven by heavy-tailed noise: equation on [0, T'] x [0, 7]

t b4 t
—f f sin(ky) (f kze_kz(t_” dr) O (s, y)LM(ds, dy))
0 JO N

t b4
= E (f f sin(ky)o (s, y)LM(ds, dy)
o Jo

t r T 2
—f (f f sin(ky)k?e * g (s, ) LM (ds dy)) dr)
o Jo

Therefore,

t 4
f f sin(ky)o o (s, y) LM (ds, dy)
0 JO
dr

2 t 2 r opn
—f ke k(=D f f sin(ky)om
1 Jo 0 Jo

CREN

|ak,n(t)| <
(s, LM (ds, dy)

+

21 rt e
g; ff sin(ky)o( (s, y) L™ (ds, dy)
+— Sllp f / Sll’l(ky)O'(n)(S, )L (ds’ dy)‘(f k2 —K? (t-1) dr)
T refo,t]

f f sin(ky)o ) (s, y) LM (ds, dy)‘,
0

< C sup

rel0,¢]
where C does not depend on k. Then, using Theorem A.0.1 (i), we deduce that

T prn
C f f sin®(ky)E [07,, (s, )] ds dy, (5.2.31)
0 0

sup ak (1)
te[0,T]

where the constant C includes f| <1 z?v(dz). Since v is a Lévy measure, this integral is finite

Furthermore, by Holder’s inequality and Markov’s inequality,

E [cr(zn) (s,)] =E [0’ (us, y))2 Ljus,p)>n

g[E[a(u(s,y))%]% [P (luts, )| > n)]*
5 [E[|u(s Wk ] (5.2.32)
(l+[E[|u(s y)| ]) T
C
E(1+E[|u(8 y)| ])

By Proposition 5.2.1, the solution u has uniformly bounded moments in space and time of
(5.2.33)

any order p < 3, we deduce that

E‘NI 9!

[E[O(n (S y)]

for some constant C. By (5.2.31) and (5.2.33), we obtain

E‘NI 9)

sup akn(t)
te[0,T]
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By (5.2.30), we deduce that for any r < -1,

+00
E| sup llu(t,)—un(t,)l7 | <Y A+k*E| sup ainm]
te[0,T] k=1 te[0, 7]
C
<—g—»0 as n — +oo.
ns

Therefore, sup ¢ (o 7 lu(t,-) — un(t,)llg, — 0in I[%(Q) as n — +oo, and there is a subsequence
(nx) k=0 such that sup ¢ (o 7y lu(t,-) — up, (¢,)lg, — 0 almost surely as k — +oo. This means
that u,, (¢,-) converges to u(t,-) in H,([0,x]) uniformly in time for any r < —%. Since g, is
bounded, t — uy, (¢,-) has by Proposition 5.2.5 and Remark 5.2.6 a cadlag version in H, ([0, ]).
Therefore, ¢ — u(t,-) has a cadlag version in H, ([0, z]) for any r < —%. O

Remark 5.2.9. The result of Theorem 5.2.7 is in fact valid for any random field u that can be
written in the form

t pm
u(t,x)=Cf f G(t-sx,)Z(s,y)L(ds, dy),
0 JO

where Z is a predictable random field such that for some p > 2,

sup [E[|Z(t;x)|p]1t<TN] <oo
(t,x)€[0,T) xR

for every N e N. Indeed, as before it is enough to show the result for

t T
uN(t,x)=Cf f G(t-sx,9)Z(s,y)Lny(ds, dy),
0 JO

and then restrict to N =1 and b = 0 using Lemma 5.2.3. Replacing o,y by Zny := Z1 7>y in
the proof of Theorem 5.2.7, we can use Holder’s inequality as in (5.2.32) to get

2 p=2
[E[Z(Zn)(s»y)]ls<rl] S(E[ZP (s, <, )7 [P(Z(s, <o, > 1) 7
E[ZP (s, y)1s<r, |
<
np—2
SUP xyefo,TIxR E [1Z (6, 0P 1 1<, |
np-2 '

<

This bound replaces (5.2.33) and the remainder of the proof carries through.

5.2.3 Continuity in space at a fixed time

We have studied the sample path regularity of the mild solution u constructed in Proposition
5.2.1, with o globally Lipschitz, viewed as a stochastic process with values in a space of
distributions. However, because of the absolute continuity of the law of the jump locations
of the noise, if we fix a time ¢ and look at the sample path regularity of the solution in space,
then, with probability one, we do not meet any of these jumps. In fact, we will prove in this
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section that for any fixed time ¢ € [0, T'], the paths of the process x — u(t, x) are almost surely
continuous.

Proposition 5.2.10. Let L be a pure jump Lévy white noise with Lévy measure v, and suppose
that for some0 < p <2, flz|<1 |z|Pv(dz) < oo. Let t € [0, T] be fixed. Then the process x — u(t, x)

has a locallyy -Hélder continuous modification for anyy < (2- (3 v p)) (3 v p)_l.

Proof. By the argument just before Section 5.2.1, we can suppose that u is the solution to
(5.2.11). By Holder’s inequality for the drift term, and the Bichteler-Jacod inequality in Theo-
rem A.0.1(ii) for the martingale term, we have for any g € (% Vv p,2),

E[|ut,x) - utt, »)|]

t A
<Cf f IG(t = s;x, w) — G(t — 8; 7, W TE [lo (u(s, w))|9] ds dw
o Jo

t T
+Cf f f 1217 |G(t - s x, w) - G(t—s; y, w)|q[E[|0(u(s, w))|9] ds dwv(dz).
0 Jo Jizi1

Since g > p and since f|z|<1 |z|Pv(dz) < oo, we deduce that f|z|<1 |z|9v(dz) < co. Also, by
Proposition 5.2.1, the mild solution u# has a second moment that is uniformly bounded in
space and time. Therefore, since |o(x)|9 < C (1 + leq), we get

t pm
E[|utt,x) - ult, )]7] < cf f |Gt - s;x,w) - G(t—5;y,w)|? ds dw.
0 JO

By [6, Lemma B.1, (B.8)], which applies since q > 3 we get
E[|utt,x)—u(t, )] < Clx—y*9.
By Kolmogorov’s continuity criterion (see [44, Theorem 3.23]), we get the result. O

Remark 5.2.11. In particular, any a-stable noise with a € (0,2) satisfies the hypothesis of
Proposition 5.2.10 with any p € («, 2).

5.2.4 Continuity in time at a fixed space point
We now look at the regularity of the mild solution in time at a fixed space point.

Proposition 5.2.12. Let L be a pure jump Lévy white noise with Lévy measurev. Suppose that
forsomeO<p<1, f\z|<1 |z|Pv(dz) < oco. Let x € [0, 7] be fixed. Then the process t — u(t, x) has
a continuous modification.

Proof. By the argument just before Section 5.2.1, we can suppose that u is the solution to
(5.2.11). By Lemma 5.2.3, (t,x) — F(t,x) = fot fé’ G(t-s;x,y)0(u(s, y)) ds dy is jointly contin-
uous in (¢, x) € [0, T] x [0, n]. Then, regarding the stochastic integral with respect to LM we
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observe that the jumps of the noise are summable, hence, upon changing the value of b, it is
sufficient to consider the uncompensated process

fotfonfRZG(t—s; x, y)o(u(s, y)J(ds,dy, dz) = Z ZiG(t—-Ty;x, Y)o(T;, Yy), (5.2.34)
i>1

where (T;,Y;, Z;) are the jump points of the underlying Poisson random measure J. For any

fixed (x, y) € [0, 72, x # ¥, we have by [6, (B.7)] that t — G(t; x, y) is a continuous function on

R. We show that the sum in (5.2.34) converges uniformly in ¢ € [0, T]. To do this we can split

the sum depending on the distance of the jump ¥; to x. Indeed, for |x — y| < V2T, by Lemma

A.0.5, we have

G(t ) < C _(xfy)Z C/
sup 3 X%,)) < sup —e = ,
te[0, T tei0,71 V't [x—yl
for some constant C'. Also, if |x— y| > V2T, then
G(t ) < (x—y)2 C _ (x—y)2
sup ;X)) sup —e 4 = ——e 4T
t€[0,T] te0,7) V't VT

Since0< p <1,

p
E (Z sup |Zl~G(r—T,-;x,ma(u(Tl-,mn)
i>11€l0,T]
<E| Y 1ZilPlo(T;, Yi)IP sup |G(t—Ti;x, Yi)|P
i1 tel0,T]
p T pn p 1
<C su E|lo(u(s,y) (fff z|lf ——1,._ — dsdyv(dz
(s,y)e[oﬁx[o,m o (uts: )] o Jo |z|<1I | x—y|p r<vaT=s) Y (d2)

T pn
+f f f 2P pu(T =5, x =P _ys pr=y dsdyv(dz))<+oo,
o Jo Jizi

where we used the fact that pg € LP([0, T] x R) since p < 3 (see (4.4.6) and above), and the fact
that [, <, 1z1Pv(dz) < +oo. This concludes the proof. O

Remark 5.2.13. In particular, any a-stable noise with a € (0,1) satisfies the hypothesis of
Proposition 5.2.12. The next section shows that for a > 1, the situation is completely different.

The case of an a-stable noise with 1 < a <2

In this section, we consider the stochastic heat equation on [0, T] x [0, 7] with Dirichlet bound-
ary conditions, with additive a-stable noise L, on [0, T'] x [0, 7]. More precisely, Ly is a Lévy
white noise with characteristic triplet (0,0,v), where v4(dz) := (c+ 1250 + -1 ;<0) IZI% This
noise then coincides with the notion of a-stable random measure studied in [62].

Proposition 5.2.14. Let a € [1,2), and let u be the mild solution of the stochastic heat equation
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with additive a -stable noise:
t b4
u(t, x) :f f G(t—s;x,y)Lq(ds, dy).
0o Jo

Then for any x € (0,7), there is a set Ny < Q of probability one such that for any w € Ny,
t— u(t, x)(w) is unbounded on any non-empty open interval.

Proof. Fix x € (0,7). Observe that the process (X (?), t € [0, T]) defined by

t 1
X(8) = u(t,x) =f f G(t—s;x,y)La(ds, dy)
0 JO

is an a-stable process given in the "standard form" of [62, (10.1.1)] with the measurable space
E =10,T] x [0, 7], and the control measure dsdy. Let T* = [#1, ], with0 < ) < £, < T. We
shall check that the necessary condition [62, (10.2.14)] for sample path boundedness in [62,
Theorem 10.2.3] is not satisfied, in particular, that

T prn a
f f (sup G(t-s;x, y)) dsdy = +oo. (5.2.35)
0 Jo

teT*

Indeed, observe that the integral is bounded below by

L rm -t pw
f f sup G(t—s;x,y)“dsdy=f f sup G(t—1t;—r;x,y)*drdy
n Jo 0 0

telty, ] te(ty, 1]

h—1h T
:f f sup G(u-r;x,y)*drdy
0 0

uel0,6,— 4]

h—1h X+€
}f f sup G(u-r;x,y)*drdy
0 X

—€ uel0,t—1]

h—1h X+E
:f f sup  G(v;x,)%drdy
0 X—

€ vel0,L—t—r]

h—1h X+E
=f [ sup G(v;x,y)%dsdy,
0 X—

£ vel0,s]

for any fixed € > 0 such that [x — €, x + €] < (0, 7). We now use the representation of the Green’s
function

) 1 _(y—x—an)z)_ (_(y+x—2kﬂ)2))
G(t;x,y) = 4ﬂt1§z(exp( e —

;

given in [6, (B.2)] to see that
G x,y)=put,x-y)+ H(t;x,y),

where (¢,y) — H(¢;x,y) is smooth and bounded on [0, T] x [x — &,x + €] (cf. the proof of
(69, Corollary 3.4]). In particular, for y € [x — &, x + €], G(v; X, ¥) = pg(v, x — y) — Cp with some
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constant Cy. In view of the study of the maximum of ¢ — pg(t, x—y) in the proof of Proposition
5.2.12, we have

T prn a Lh—h C @
[ f (Squ(t—s;x,y)) dsdy>f f ( —Cg) dsdy = +oo,
0 Jo \teT* 0 Ixfylgel\%/\\/fs |x_)’|

and (5.2.35) is proved. O

Remark 5.2.15. The sample path behaviour in the a-stable case is due to the singularity of the
Lévy measure at the origin. Indeed, we can write

Ly (ds, dy) :f zJ(ds, dy, dz)+[ zJ(ds, dy, dz)

lzI<1 |z|>1

=Ll (ds,dy) + L%(ds, dy).

Since L% satisfies the hypothesis of Proposition 5.2.12 (there are no small jumps), the solution
v to the SHE driven by this noise is such that for any x € [0,7], the process t — v(t,x) has
a continuous modification. Let w be solution to the SHE driven by L.,. Since Proposition
5.2.14 applies to v+ w, for any x € [0, 7], the process t — w(t,x) is unbounded on any open
interval almost surely. Then, we can extend the result of Proposition 5.2.14 to any noise with a
small jump density comparable to the a-stable case. More precisely, suppose that L is a pure
jump Lévy noise with Lévy measure v and jump measure J, such that there is 6 > 0 such that
v(dz) = f(i)l dz on [-6,0], and such that f(0) # 0. Suppose also that for some0 < g < 1,

Izl

1 -
f @ = JO, 144z < +oo. (5.2.36)

-5 |Z|(X+l

This condition forces f to be continuous at 0 with a certain regularity at the origin. Then, we
can write

(@) - f(0) f(0)

v(dz) = |Z|“+1 z€[-6,6] dz+ WHZE[*&N dz+ ]lze[,(w]cv(dz) .

Therefore, we can write

(f(@-f0)_ (f(2-fO)
v(dz) + MT]IZE[_&(S] dz= Wﬂzg[_5y5] dz
::v:?dz) ::v;r(dz)
(0)
liclm]lze[—(s,a] dz+ 1 z¢(-5,60v(d2).

::v;r(dz) :=v4(dz)

For1 < i<4,let]; bea Poisson random measure with intensity measurev;. We assume that the
Ji areindependent. Let L; be the pure jump Lévy noise associated with J;. We consider the mild
solution u; to the linear SHE with driving noise L;. Then u; + u has the same law as uy + uz + uy.
By (5.2.36) and Proposition 5.2.12, for any fixed x € [0,7], t — u; (¢, x) and t — uy(t,x) have
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a continuous modification. By the same Proposition 5.2.12, since L4 does not have any small
jumps, for any fixed x € [0, 7], t — u4(t, x) has a continuous modification. Then, by the same
argument as above for the regularity of t — w(t, x), we deduce that for any x € [0, 7], t — u3(t, x)
is unbounded on any open interval. Therefore, for any x € [0, 7], t — u(¢, x) is unbounded on
any non-empty open interval. For example, this extension includes tempered stable Lévy noise,
i.e. pure jump Lévy noise with Lévy measurev(dz) = %, acll,2).

5.3 The SHE driven by heavy-tailed noise: equation on [0, 7] x R4

In [14], C. Chong proved the existence of a solution to the following stochastic heat equation
(SHE) under some fairly general assumptions on the driving noise. In particular, his results
include the cases of a-stable noises.

(5.3.1)

%(t,x) = Au(t,x) +o(u(t,x)L(t,x), (,x)€0,T]xRY,
u,x)=0, forall x e IRd,

where Lisa Lévy white noise with characteristic triplet (b,0, v). More precisely, we suppose
that

L(dr, dx):bdtdx+f zj(dt, dx, dz)+f zJ(dt, dx, dz)
lzI<1 |z|>1 (5.3.2)

= LB(dt, dx) + LM (dt, dx) + LP(dt, dx),

where b € R, J is a Poisson random measure on [0,00) x R? x R with intensity d¢ dxv(dz), and
J is the compensated version of J. The measure v is a Lévy measure, that is, v({0}) = 0 and
Jr (2% A1) v(dz) < +o0o. We suppose that the following hypothesis hold:

(H3) The function o : R — R is globally Lipschitz.

i 2 __pr_
(H4) There exists 0 < p <1+ 5 and T 27) < g < p such that

f Izlpv(dz)+f lz|7v(dz) < +00.
|zI<1

|z|>1

If p <1, we assume that
by:=b- zv(dz) =0.
lz|<1
The heat kernel for the stochastic heat equation (5.3.1) on this domain is given by the usual

Gaussian density function
1 -y

I e 4t
(Amt)2

By definition, a mild solution of (5.3.1) is a predictable random field u such that for any
(t,x) € [0, T] xR,

put,x—y) =

t
u(t,x):ff pH(t—s,x—y)a(u(s,y))L(ds,dy) a.s. (5.3.3)
0 JR4
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In [14], C. Chong introduced a sequence of stopping times to truncate the large jumps of the
noise in a suitable manner. This particular truncation does not delete all the large jumps,
provided they are far enough away from the origin in space. More precisely, let /1 : R — R be
defined by

hix—1+|x|" VxeR?, (5.3.4)

for some 7 to be chosen later. Then, for any N € N,
Ty =inf{r >0:J([0, ] x {(x,2) : |z]| > Nh(x)}) > 0}, (5.3.5)

where 71 has to be chosen. We can then define a truncated noise from (5.3.2), for N > 1,

Ly(dt,dx) =bdt dx+f

lz|<1

zJ(dt, dx, dz) + f zJ(dt, dx, dz) (5.3.6)
1<|z|<Nh(x)

By definition, a mild solution to the truncated equation (5.3.1) where L is replaced by Ly, is a

predictable random field uy such that for any (¢, x) € [0, T] x R4,

t
un(t, x) :fo Ad pH(t—s,x—y)a(uN(s,y))LN(ds, dy) a.s. (5.3.7)

Proposition 5.3.1. Let L be a Lévy white noise with characteristic triplet (b,0,v) as in (5.3.2),
0:R—R, and p, q € R; such that (H3) and (H4) are satisfied. Letn > % in (5.3.4). Then for any
N2>21,ty>0andty — +oo a.s. as N — +oo. Also, for any N > 1, there is a solution uy to
(5.3.7) such that forany N > 1 and R > 0,

sup E[lun(t, x)|”] < +o0. (5.3.8)
(t,x)€[0,T]x[~R,R]4

Then, the random field u defined by u(t,x)1,<;, = un(t,x), is a mild solution to (5.3.1).

Proof of Proposition 5.3.1. The existence of the mild solution u is a direct application of [14,
Theorem 3.1]. The moment property (5.3.8) can be deduced from [14, Theorem 3.1] if d > 2,
since in that case, p <1+ % < 2. Inthe case of d =1 and 2 < p < 3, we need an extension of
[14, Lemma 3.3(2)]. Up to the stopping time 7y, the noise L coincides with Ly as defined in
(5.3.6). For this noise, combining the arguments given in the proof of [14, Lemma 3.3(2)] and
the proof of Proposition 5.2.1, one obtains

p
E

t
Uo prH(t—s,x—y) (0(P1(s,y)) — 0 (¢2(s, ) Ln(ds, dy)
t
scfo fR(PH(t—s,x—y)+pZ(t—s,x—y))[E[|(p1(s,y)_(pz(s,y”p]h(y)p—qudy,

for all predictable processes ¢; and ¢, and some constant C > 0 independent thereof. The
remainder of the proof is now identical to that of [14, Theorem 3.1]. O
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5.3.1 Stationarity of the solution

We recall that the function & : R? — R was defined by h(x) =1+|x|" for x € R%. We assume that
d d . . .
n>y For any a € R* and N € N, we define the family of stopping times 7, by

% :=1inf{t > 0:J ([0, 1] x {(x,2) : |zl > Nh(x — a)}) > 0} .

In particular, T‘])V is the same as 7y defined in (5.3.5). Since the intensity measure of the Poisson
random measure J is invariant under translation in the space variable, ¢, has the same law
as 7, and the conclusions of [14, Lemma 3.2] are valid for Tj‘(,. In particular, for any N > 1,
almost surely TK] >0, and Tj’V /" +ooas N / +oco. Furthermore, by definition, on the event
{r <74}, L(dt, dx) = L§,(dt, dx), where

L%,(dt, dx) := bdtdx+ pW (dt, dx) +f

lz|<1

zj(dt, dx, dz)+f zJ(dt,dx, dz).

1<|zI<Nh(x—a)

For N € N, and a € R, we now consider the truncated stochastic heat equation

{ B8 (£, %) = Au (2, %) + 0 (W (6, ) L4 (5, %), (5,) € [0, T] xR, (5.3.9)

uf{,(O, x)=0 for all x e R4,

More precisely, we say that ”Xr is a mild solution to (5.3.9) if for any (¢, x) € [0, T] x RY,

t
ul(t,x) :fo fdeH(t—s,x—y)a(u]‘f,(s,y))Lj‘{,(ds, dy), as.

Proposition 5.3.2. Let L be a Lévy white noise with characteristic triplet (b,0,v) as in (5.3.2),
0:R— R, and p,q € R, such that (H3) and (H4) are satisfied. Then for any N € N and a € R?,
there is a unique mild solution u]‘i, to the truncated SHE (5.3.9) such that for any R € Ry,

sup E[|u%(t,%)|P] < +o0.
(£,)€[0, T x [~ R, R

Proof. This results comes from a simple adaptation to the proof of [14, Theorem 3.1]. Indeed,
the only difference is the shift by a of the truncation function k. The result on the moments is
a direct consequence of [14, Theorem 3.1] if p < 2, and can be extended to p <1 + % similarly
to the proof of Proposition 5.3.1. O

Lemma5.3.3. Leta,beR?, and N € N. Then, forany (t,x) €0, T] x R4,

U (DL cgapgp = UNED L o prn s @S, (5.3.10)

Proof. First of all, it is clear that on the event {f < T]“V A Tﬁ,}, we have the equality Lf’v = Lﬁ,.
Then, we use the construction of the solutions u]‘{] and u]l(, via a Picard iteration scheme. We
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will in fact show a stronger result, namely that at each step of the scheme,
" (60 o = U (6D e n, s, (5.3.11)

We prove this result by induction. For the initialization step, we obviously have ul‘i;o(t X) =
ui}o(t, x) = 0 almost surely. Then, suppose that for some n > 0, (5.3.11) holds. Then, by
definition,

an+1(t x)]1t<T ant? _]1t<TNATNf f pu(t—s,x-y)o(uy"(s,y) LY (ds, dy)
]lt<TN/\TNf f pH(t— $X = y)O'(uZn(S, J/)) ]ngf?v/\Tl;/L?V(dS’ dy)
=1, MNf f ou(t—s,x— y)a(u '”(s,y))]lsgrwr?va’V(ds, dy)

_]lt<rlavm§7vf fde(t—s,x—y)a u 'n(S,y) L%(ds, dy)

=Uy 1<t ATY,

Then, since u Mt x) — u N (6X) and u Mt x) — ub v(t,x)asn— +oo in LP(Q), we deduce that
for any (¢, x) € [0, T x le, (5.3.10) holds. O

In [22, Definition 5.1], R. Dalang introduced the property (S) for a stochastic process and a
martingale measure, which is a sort of stationarity property in the space variable. In our case,
the noise in not necessarily a martingale measure, but we can use a similar definition:

Definition 5.3.4. We say the family of random fields u$, has property (S) if the law of the process
((wh(t,a+ ), (2, € 10,71 xR) 5 (LG, (10, 1) x (a + BY) , (¢, B) € [0, T) x By R,
does not depend on a.

Lemma 5.3.5. The family of random fields uf; has property (S).

Proof. Similarly to the proof of Lemma 5.3.3, we prove by induction using the Picard iteration
scheme that forany n e N, u " has the property (S) introduced in Definition 5.3.4, where

u]'flo(t x):=0, for all (¢, x) € [0, T] x R4
u® "H(t X) —fo JrapE(E=5,x— )0 (uy"(s,1)) LS (ds, dy), forall (z,x)€[0,T] x R4
(5.3.12)

In the following, to lighten the notations, we drop the subscript N and assume without loss of
generality that N = 1. For the initialization step, we obviously have u®°(t, x + a) = 0 = u®°(t, x).
Then, we assume that #*" has the property (S). Since u®"*! is defined via a stochastic integral
in (5.3.12), we can use the same argument as in [22, Lemma 18], since the proof only relies on
the fact that the noise has a law that is invariant under translation in the space variable. O
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Theorem 5.3.6. For any a € R?, the random field (u(t, a+ x); (t,x) € [0, T] x R%) has the same
law as the random field (u(t, x); (t,x) € [0, T] x IRd).

Proof. By (5.3.10) in Lemma 5.3.3, uy,(f,a+ x)1 r<TOATY, = u(t,a+x)1 1<TOATY, almost surely.
Taking the stationary limit as N — +oo, we get that u%(t, x) = u(t, x) almost surely for any
(t,x) € [0, T] x R%. Also, by the property (S) of the family of random fields (u]‘i]) acpd (s€ee
Lemma 5.3.5), the random field (u]‘f,(t, a+ x);(t,x) € [0, T] x R?) has the same law as the
random field (u?v(t, x); (t,x) € [0, T] x R%). Again, taking the stationary limit as N — +oo, we
get that the random field (u“(t, a + x); (¢, x) € [0, T x R%) has the same law as the random field
w®(t, x); (£, x) € [0, T] x R%). Therefore, the random field (1°(¢, a + x); (£, x) € [0, T] x R%) has
the same law as the random field (1°(z, x); (¢, x) € [0, T] x R%). O

5.3.2 Existence of a cadlag solution in H, ;,. (RY)

In the following, we are interested in the sample path regularity of the solution to (5.3.1). The
mild solution uy to the truncated equation (5.3.7) converges to the mild solution u to the
stochastic heat equation (5.3.3), and the convergence is stationary. In fact, u(t, x) = un(¢, x)
on the event {r < 7}. Therefore, the sample path properties of u and uy are the same, and we
can and we will restrict to the study of the regularity of the sample paths of uy. Furthermore,
we can without loss of generality assume that N = 1. Therefore, we suppose that

t
u(t,x)zj(; fdeH(t—s,x—y)a(u(s,y))Ll (ds, dy),

where L, is the truncated noise from (5.3.6) with IV = 1. Since we are in the context of a noise
with jumps, the local properties of the heat kernel forces the solution to be essentially equal to
a Dirac mass at each jump point. Even in the linear case, under some moment assumptions
on the jumps, the mild solution is a well defined random field, but has infinite value at every
jump point. The situation gets even stranger in the case of an a-stable noise, where the
jumps of the noise are known to form a dense subset of [0, T'] x R%. Therefore, the classical
pathwise regularity properties that one gets in the case of a Gaussian noise (see for example
[69] and [21]) are not relevant here. Instead, we consider the mild solution u: t — u(t,) asa
distribution-valued process in a local fractional Sobolev space, and prove that it has a cadlag
version in this space.

Definition 5.3.7. The fractional Sobolev space of order r € R is denoted H,(R?) and defined by
H,(RY) := {f e RY:E— (1+1EP)2F (O € Lz(le)} .

This space is equipped with the norm | f|| ;; ga, := ” A+1-P:F ()

12RY)

We also define the local Sobolev space H;, loc(RD):
Hy ocR?) := {f e RY): (ve cP®RY):0f € H, (Rd))} :
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Then, we say that a sequence (f,) n>1 Of elements of Hy, 10c(R%) converges to f in this space if for
any e P2[RY), 0f,—0fin H,([Rd) as n — +oo.

The Fourier transform of a tempered distribution was introduced in Definition 2.1.4. In other
words, the fractional Sobolev space H; ([Rd) is the space of tempered distributions whose
Fourier transform is a function with sufficient polynomial decay at infinity. Heuristically, we
know that the Fourier transform exchanges regularity with decay at infinity, so the fractional
Sobolev spaces can be understood as a space of function with some regularity properties.

The study of the regularity of u: t — u(t,-) in Hr,loc([Rd) follows the same path as for the case of
abounded interval in dimension one: we first study the case where ¢ is a bounded function,
then we extend to a more general class of functions.

The case where o is bounded

We first state a Lemma that allows us to deal with the drift term of u.

Lemma 5.3.8. Let Z be a bounded random field. Let

t
F(t,x)::ff pa(t—s5,x—y)Z(s,y)dsdy.
0 JrA

d

Then the process t — F(t,-) is continuous in Hr,loc(le) foranyr<-3.

Proof. Letu<te[0,T],andlet x,z € R4, By boundedness of Z, and using [61, Lemma A.2]
and [61, Lemma A.3]

u
|F(t,x) — F(u,2)| < C(fo fu&d lou(t—s,x=y)—pu(u-sz-y)| dsdy

t
+ff lom(t—s,x—y)| dsdy
u JR4
u
SC(fO /Rd|PH(t—s,x—y)—pH(u—s,x—y)|dsdy
u
+f0 j,;{d|pH(”_S’x_y)_pH(”_S,Z—y)idsdy+(t—u)
<C(|t—uIlog(It—u|)+|x_z|+|t_u|)‘

The case t < u is similar, and we deduce that F has continuous sample paths. Therefore,
t — F(t,+) is continuous in Hy oc (R = leoc([R{d). We deduce in particular that the process
t— F(t,-) is continuous in H,JOC([R”Z) foranyr < —%. O

Proposition 5.3.9. Let L be a pure jump Lévy white noise with Lévy measure v and jump
measure ] such that (H4) is satisfied for some p,q € R. Let 0 be a bounded and Lipschitz
function. Let u be the mild solution to the stochastic heat equation (5.3.1) constructed in
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Proposition 5.3.1. Then, forany r < —%, the stochastic process (u(t,-)) >0 has a cadlag version
in Hy joc(RY).

Proof. Asrecalled in the beginning of Section 5.3.2, u is the stationary limit of the solutions to
the truncated equation uy. Therefore, u and uy have the same sample path properties, and
we can suppose without loss of generality that

t
u(t, x) :fo jﬂ;de(t—s,x—y)a(u(s,y))LN(ds, dy) a.s.,
where

Ly(dt, dx) = bdtdx+f zj(dt, dx, dz)+f zJ(dt, dx, dz)

|z|<1 1<|z|<N(1+|x|")

=:bdtdx+LM(dt, dx) + LK (dt, dx).

To make the notations lighter, we suppose also in the following that N = 1. The drift term
has already been dealt with in Lemma 5.3.8, and we can suppose that b = 0. In the following,
we also define Z(s,y) = o (u(s, y)). By boundedness of o, Z is a bounded random field. We
separate the random field u into three parts, that are each treated separately. Let A > 0.

t
u(t, x) :fo .[[Rd pu(t=5,x=YZ($, N1 ye2a24¢L1(ds, dy)
t
"‘fo fRdPH(t—s,x—y)Z(s,y)]lyg[_ZAle]dLM(ds, dy)
t
+f0 [deH(t_s’x_y)Z(s'y)]lye[—ZA,zA]dLlf(dS,dy)

= ul(t,x) + uz(t, X) + u3(t,x).

u! (¢, x): Since we are only integrating over a compact set in space, we can use again a stopping
argument and assume that there is no jump larger than 1. Then we rewrite

t
' (1,%) :fo fRdepH(t_S’x_y)Z(S’y)Z]l\Z\él]lye[—zA,zA]dj(dS, dy, dz).
Let ¢ € #(RY). Then,
<9(u1(t,.)),(p>:(ul(t,.),g?((p)):fw 260 F () (0 dx
¢
:f (f f fpH(t—S;x_y)Z(S;y)Z]l|z|<1]1y€[_2A’2A]dj(ds’dy, dZ) g((p)(x)dx
rd \Jo Jrd JR

We would like to permute the stochastic integral and the Lebesgue integral. We proceed using
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alimiting argument. Forany 0 < ¢ <1, let

t
u;(t,x):z‘[.‘ fwprH(t—s,x—y)Z(s,y)z]lg<|z|<1]lye[_ZAyzA]d](ds, dy, dz)
t
=f0 foRpH(t—s,x—y)Z(s,y)z]lg<|z|<1ﬂye[_gA,ZA]d](ds, dy, dz)
t
_j; fRdepH(t—s,x—y)Z(s,y)z]lg<|z|<1]lye[_2A,2A]ddsdyv(dz).

Because the integration variable y is in a compact set, and because the jump sizes are bounded
below by ¢ > 0, the stochastic integral is a sum of an a.s. finite number of elements. Then,

f ul (¢, x)F () (x) dx
Rd
t
:f (/f f9((p)(x)pH(t—s,x—y)Z(s,y)z]l,;<|z|<1]lye[_ZA,ZA]d](ds,dy,dz))dx
R4 \Jo Jrd JR
t
_/ (ff fg((p)(x)pH(t—s,x—y)Z(s,y)z]lE<|Zglllye[_ZA,ZA]ddsdyv(dz))dx
R4 \Jo Jrd JR
t
:ff f(f g((p)(x)pH(t—s,x—y)dx)Z(s,y)z]l€<|z|<1]lye[_ZAyZA]d](ds,dy,dz)
0 Jrd JR \JRrd
t
_ff f(f g((p)(x)pH(t—s,x—y)dx)Z(s,y)z]l€<|z|<1]ly€[_2Ay2A]ddsdyv(dz),
0 Jrd Jr \JRrd

where we used a Fubini theorem on the deterministic integral. Then,

[ F@wput=sx-pax= [ eI,

Therefore,
fR ) ul(t, x)F (@)(x)dx = fR | a4 (t, &) @) d¢, (5.3.13)
where
1 t . 2 ~
2(1,8) = fo fR ) fR e VI Z(s el eqacilyer2azae](ds, dy ). (5.3.14)

Let S [pVv1,(1+3)A2). Then, using Hélder's inequality,

B
E

UW (ug(t,x)— u'(t,x)) F(p)(x)dx

<E

p
(fw lug(t, ) — u' (£, )] |Z (@) ()| dx)

(5.3.15)

-1
<E fRd lul(t, 0 - u'(t,0]° | F @) (0| dx (fw |Z () ()] dx)

[C——

< chdrE[|u;(t,x)—u1(t,x)|’3] |Z () ()] dx.
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Then, by Theorem A.0.1(ii), and by the boundedness of Z

sup[E[|ué(t,x)—u1(t,x)|ﬁ]
xeRd
B

t
=supkE ff fpH(t—s,x—y)Z(s,y)z]IZggllye[_ZA‘ZA]d](ds,dy,dz)’
xeR4 0 JR?JR

t
<Csupf f [[E
xeRdJ0 JRIJR
t
gc(f f pH(s,y)ﬁdsdy) ([ Izlﬁv(dz)).
0 JRY lzl<e

Since f< 1+ 3, o Jua pr(s,y)Pdsdy < +oo, and since > p, Jizi<e |zIPv(dz) — 0 as € — 0. We
deduce that

(5.3.16)

B
|pH(t—s,x—y)Z(s,y)z]l|z|<e]ly€[_2A'2A]d ] dsdyv(dz)

sup[E[|ui(t,x)—u1(t,x)|ﬁ] -0, ase—0. (5.3.17)
xeR4
Using (5.3.17) in (5.3.15), we deduce that for any ¢ € [0, T,
[d ul(t, x)F () (x)dx — fd ul(t, ) F(@)(x)dx, ase—0, in LP(Q). (5.3.18)
R R

Similar to (5.3.14), we define

t . ~
a'(t, ) ;:f fRdfRe_’f'y_(t_s)lflzZ(s,y)z]l|z|<1]lye[_ZA,ZA]d](ds, dy, dz).
0

Replacing p(f — s, x — y) by e~ V=0=91 in (5 3.16), we get similarly

supE [|12§(t,€) - ﬂl([,§)|ﬁ]
EeRd

t
<Csupff fﬂi
EeRdJO R4 JR
t
<C([ f ]lye[_zAle]ddey) (f Izlﬁv(dz)).
0 JRrd lzI<e

We deduce that, as for (5.3.18),

e B
|e i&y—(t S)WZ(S,y)z]l|z|<g]1y€[_zA,2A]d ]dsdyv(dz)

fd 2 (1,69 (&) dx—»fdaé(t,é)w(f) d¢, ase—0,inLP(Q. (5.3.19)
R R

Using (5.3.13), (5.3.18) and (5.3.19), and by uniqueness of the limit, we deduce that for any
t €10, T1, almost surely,

ful(t,x)y(q))(x)dx:f a' (1, &) dé.
R4 R4
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In particular,

t
F (u'(t,") ():e*'f‘”f f fe*if'yeslf'ZZ(s, )72 TP J(ds, dy, dz)
( ) o JraJw V)zlizi<1yer-24,2414 y (5.3.20)

=rag(1),

Remark 5.3.10. This calculation for the Fourier transform of x — ul (¢, x) is still valid if Z is not
necessarily bounded, but has locally uniformly bounded moments in space and time of order .

We can then define, for 0 < a < b < T and ¢ € R?,

b , 3
Ifj({)::[ foRe‘“f'yes"f'ZZ(s,y)z]1|z\<1]1ye[—2A,2A1d](dS» dy, dz).
a

In particular,
' e+ h,)—ul(2,) ||i,r(w) = fw(l +1E) ag(t+ h) - ag (0] d¢,

and
|t =R,y = (6, |3y oy = fw(l +1ED" |ag(t = h) - ag (0] dé.

The function ¢t — e"azt is continuous, and the stochastic integral in a¢(f) exists in 2(Q).
Therefore, ¢ — a¢(f) is continuous in L%(Q). Furthermore,

1 — 2Pt

[E[|af(t)|2] <C—r—

<C,

for some constant C that does not depend on £. Therefore, by the dominated convergence
theorem,
E[u' ¢+ - w3y )| ~ 0, ash—o,

and the process ¢ — u(t,-) is continuous in L?(Q) (and therefore in probability) as a process
with values in H, ([Rd).

We now realize that the situation is very similar to the case of the equation on the bounded
interval [0,7]. In fact, we can do the same estimates that are carried out in the proof of
Proposition 5.2.5 for the case of the equation on a bounded interval in dimension 1, using the
following replacements:

[0,7] — [-2A,2A]¢,
k¢,
sin(ky) < e iy,

By following exactly the proof of the case of a bounded interval in space as in (5.2.21), we

122
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deduce that

lu' (c+ k) = (2,91 lu'(t=h,-) —u' (8,913

H, (RY) H,(RY)

écfw dglﬁw dés ( 1+|51|2)r(1+|52|2) (A1(&1,E)% + A (&, E2)*
+A3(E1,62)% + Ag(é1,60)%),
for some constant C, and where
A1(E1,82) 1= e 52U (1 =By (=8 — 1) [ () 1€ ),
Ap(E1,E9) 1= e e (o=l e~ LN T (&),
A3(&1,82) 1= @2 UM g8l o= Sth ) pivh ) 1Ry,
Ag(E1,&9) 1= @S5t e oG8R it h ey 1t ().

By the same arguments, we deduce that

E[|A1(51,§2)|] C(h2 625€§5h1+25)
E[142(1,62)1]) < CE2 R,
E[IA3(&1,E) %) < Ch?,
E[l1A4(&1,E) %) < CR?,

where § > 0 can be chosen in the range (0, ) Then, choosing 4 > 0 such that 6 +r < —g

(which is possible since r < ——), we deduce that

E{lu! (t+h,) = u (4,915, ga It (6= h) = u (6,913, gay| < Ch'™0.

(RY) (RY)

By Theorem A.0.3, we deduce that (ul(t,) >0 has a cadlag version in H, (R%) for any r < —%.

u?(t,x): Let x € [- A, A]. Since vé [-2A,2A]%, the heat kernel is smooth. Let f: RY -~ Rbea
smooth function. Then, for any a, b € R? such that a; < b; forall 1 < i < d,

f(bl»-n)bd) :f(alvn')ad)
d by, by, (5.3.21)
+y > drkl...f dry, 0z, ---Ox, f (k@ 1)),
i=1 1<k, <<k;<d Y O Ak;
where for any k = (k, ..., k;), with k; <--- < k;, we define (cx(a, 1)) := aill jex + ;1 jex, where
1 < j < d. This formula is easily proved by induction on the dimension. Then, using this
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formula (5.3.21) with a = (s,—A4,...,—A) and b = (¢, x), we get

PH(t—8,x—-Yy)=
d+1 bkl bki
0+ ) > drkl...f dry, 0z, -0, P (c(@ 1) = (5,))
i=1 1<k <<k;<d+1 Y aky ag;

d t Xiy Xk;
> f duf dry, f dri, Oz, -0 Ocpr (u—s,c(-A 1)~ y),
i=1 1<k <<k;<d VS -A -A
(5.3.22)
where A:= (4,..., A). Using (5.3.22), we have

t
uz(l‘,x)Zf0 fRdpH(t—s,x—y)Z(s,y)]lyﬂ_zA'zA]dLM(ds, dy)

d t Xy Xk;
=) Y f du[ dry, [ dry,
i=1 1<k <<k;<d Y0 —-A -A

u
(fo fRd 0, ...OxkiatpH(u—s,ck(—A, r) —y)Z(s,y)]lye:[_zA,zA]dLM(ds, dy |,

where we have used Theorem A.0.2, since Z is bounded, fl 21<1 |zI2v(dz) < +oo, and since
the heat kernel is smooth for |x — y| > A. We see from this expression that u? is jointly

continuous in (z, x). By the argument at the end of the proof of Lemma 5.3.8, we deduce that
t— u?(t, )1 (_4 4 is continuous in Hr(IRd) for every r <0.

u3(t, x) : This process takes into account only the jumps that are far away from x, but that can
be arbitrarily large. We can write 1 as a sum:

t
u?’(t,x):/0 fwpH(t—s,x—y)Z(s,y)]lye[_ZAYZA]de(ds, dy)

= Z pu(t— Ti’x_Xi)Z(Ti’Xi)Zi]lXie[—ZA,ZA]d,1<|Zi|<1+|Xi|'7,Tigt'
i>1

We first realize that each term of this sum is jointly continuous in (z, x) € [0, T] x [- A, A] 4 We

show that this sum converges uniformly in (¢, x) € [0, T] x [- A4, A]4. We choose A such that

T< %. Then, by Lemma A.0.5, the maximum of the function ¢ — pg(¢, x — X;) is attained at
t=T,since |x — X;| > A.

C _-xP
sup p(t—-T;,x-X;) < sup —e 1T
t<T,xe[—A,Al4 xe[-AA4 T2
C  _Ipaxp-x;
<—e 4T

)

d
T>2
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where p is the projection on the convex set [~ A, A]4. Then, let f =1 A g. We have

i
E (Z sup |pH(t_Tiyx_Xi)Z(TirXi)Zi]lXi¢[—2A,2A]dy1<|Zi<1+|Xi|",Ti<f|)
i>1t<T,xe[-A,Al4

C _IpaXp-X;l? P
<—Tﬁd[E Y le T Zilxgaanai 1<z, T<T

7 i>1

C _IpaXp-X;1? p
< Tﬁ[E ; e T Zil x ¢ -2A2419 1< 2,1, T,<T

2 1=

T 1P Ay
<Cf f f Izlﬁe_ﬁ 1T dsdyv(dz) < +oo.
0 Jye[-24,2419 J|z|>1

Therefore, the sum defining ul converges uniformly in (¢,x) € [0, T] x [ A, Al4, and u3 is
jointly continuous. By the argument at the end of the proof of Lemma 5.3.8, we deduce that
t— u3(t,-) is continuous in H,,loC(IR{d) for every r <0.

Finally since the choice of A was arbitrary, we conclude that ¢ — u(t,-) = ul(t,) + u?(t,) +

u3(¢,-) has a cadlag version in H;oc (R?) for every r < —%. O

The case where ¢ is unbounded

We can extend Proposition 5.3.9 to the case where ¢ is unbounded but satisfies some additional
assumptions. We start with a result similar to Lemma 5.3.8 to deal with the drift part of the
solution u.

Lemma5.3.11. Let Z be a random field such that for some € > 0,

sup  E[1Z(t,0)*] < +oo.
(£,%)€[0, T] x R4

Let ;
F(t,x)::/ fde(t—s,x—y)Z(s,y)dsdy.
0 JR

d

Then the process t — F(t,-) is continuous in Hr,loc(le) foranyr<-3.

Proof. Let A>0. We can write

t
F(r,‘,x):f0 fRdpH(t—s,x—y)Z(s,y)]lye[_zA'zA]ddsdy

t
+f f';dpH(t—S,x—y)Z(s,y)]lyﬂ_szzA]ddey
0

=F1(t,x)+ F(t, x).
We deal with each term separately.
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Fy(t,x): For £ e R?,

) t
F (F1(t,)(E) :fRd e e (fo fRdPH(t—S,x—J’)Z(S»y)]lye[—ZA,zA]ddeJ’ dx

¢ ) )
:L ,[I»Qd e_lé.y_lél (t_S)Z(Svy)]lye[_szzA]d dey

Then, we define
t
Fy p(t,x) :f f PH(=$X= Y e_oa2414Zn(s,y)dsdy,
0 Jye[-24,24)4

where Z,(s,y) = Z(s, y)]l|Z(s,y)|<n. Then, for (¢, x) € [0, T] x [Rd,

t
Fl([;x)_Fl,n(t»x)=ff pu(t—s,x—-y)(Z(s,y) - Zu(s,y)) dsdy,
0 Jye-24,2414
and
1Py (5, = Fya(t, )13, =fw(1+ )| (Fu(t,) = Fun(t,9) ©2 dé.

Then,
t .
F (Fi(t,) = Fin(t,9) (O = fo fy v e 18V =9 7 (5, y)dsdy,

where Z) := Z1,7>,. Then,
—I¢P(t-9) " o2 gle D)
e~ Ie17t=s :1—[ IE%e Ndr, (5.3.23)
N
and by Theorem A.0.2, we get

t .
F(Fi(t,) = Fun(t,)) © = f f Yz (5, dsdy
0 Jye[-24,2A]4

! . t
_f f e iy (f |§|2e—lf\2(t—r) dr) Zm(s,y)dsdy
0 Jye[-24,2A)4 s
t g
i fo ny[—zA 241 e Z (s, y)dsdy

t r .
_j(; (fo .[e[ 2A2A14 e_lf.ymze_léZ(t_r)Z(n)(s,J’)dey) dr.
yel=24,

Therefore,

E[|F (Fi(,) = FLa(1,9) (©)]] <E

t .
fo */;’E[—ZA 24]4 e_lf.yZ(n) (s, ) dsdy‘

t r 3
0 0 Jye(-24,241

s
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<[E[

t .
‘[0 fye[—ZA 2A]4 e_lf.yz(n) (s, dsdy‘ ]
sup

r .
f f eV Zin (5, 9) dsdy”
refo,¢1 1Jo Jyer-24,241

t
y (f |.5|2e"‘f'2“‘”dr)
0

<C sup [E[Z(Zn)(s,y)].
(5,)€[0,T)x[-2A,2A)4

+E

Furthermore, by Holder’s inequality and Markov’s inequality,

E[Z2, (s )] =E[Z(5, )12, pi5n]

<E [|Z(s,y)|2+£ P12, 9| > n)] 7

& E[|Zs,p)]]7

<E[|ZG [ P4
n2+e
We deduce that C
sup E[Z0(s0)] < —, (5.3.24)
(s,y)€l0, TIx[-2A,2A14 nz+e

for some constant C. By (5.3.24), we deduce that

E <

T .

1 2+e

sup | (Fi(t,) = Fin(t,9) O
t€l0,T]

We deduce that for any r < —‘Ei,

E <——0 as n — +oo.

n2+e

sup Iy (t,) = Fun(t, )13,
t€l0,T]

Since Z,, is bounded, we can apply Lemma 5.3.8 to F} ,, and we deduce that t — F; ,(,-) is con-
tinuous in Hr,loc([Rd) foranyr < —%. Then, supepo, 1) 1F1 (2, ") = F1,n (6, ) g, gey — 0 in [2(Q) as
n — +oo, and there is a subsequence (7 x>0 such that supepo, 1) 11 (2, ) = F1,n, (8, ) i, may — 0
almost surely as k — +oo. This means that F; ,, (¢,-) converges to F;(f,-) in H, R uniformly

in time for any r < —%. Therefore, t — F;(t,-) is continuous in Hr,loc(le) forany r < —‘El.

F>(t, x): We prove that the function (¢, x) — F» (¢, x) is jointly continuous on [0, T] x [- A, Al4.
Indeed, since x € [- A, A]% and Ve [-2A,2A]%, the heat kernel is smooth on the domain of
integration. By (5.3.22),

put—sx-y)=
d t Xky Xk;
= > dqu drkl---fA dry,0x, - 0x, 0rpm (u—s,c(-A,1) - y),
=1 - -

1<k <<ki<d VS

1
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where A:= (4,..., A). Therefore, we have

t
F>(t,x) :fo f[r\ed pH(t—s,x—y)Z(s,y)]lyﬂ_ZAYZA]d dsdy

t Xy Xk;
= > f du/ dry, f dry,
i=1 1<k <<k;<d V0 —-A -A

u
(fo fRd Oy, ...axkiatpH(u—s,ck(—A, r) —y)Z(s,y)]lye[_zAle]d dsdy|,

where we have used a Fubini theorem, since Z has uniformly bounded moments of order 2,
and py and all its derivatives are smooth and have exponential decay at infinity. Therefore,
(t,x) — F»(t, x) is jointly continuous on [0, T] x [- A, Al By the argument at the end of Lemma
5.3.8, we conclude that t — F;(t,-) is continuous in Hr,loc(Rd)~

O

Theorem 5.3.12. Let L be a pure jump Lévy white noise with Lévy measure v and jump measure
J such that (H4) is satisfied for some p, q € R. Let 0 be a Lipschitz continuous function. Assume
also that there is’y > 0 with 2y < g such that|o(x)| < C(1 + |x|"), for all x € R. Let u be the mild
solution to the stochastic heat equation (5.3.1) inR? constructed in Proposition 5.3.1. Then, for
anyr < —%, the stochastic process (u(t,-)) ;>0 has a cadlag version in H;, loc(R%).

Proof. Again, by the stopping time argument just after the proof Proposition 5.3.1, we can
suppose that u is the solution to (5.3.7) with N = 1. By [14, Theorem 3.8], and since |o (x)| <
C(1+|x|"), for some € > 0 with (2+¢)y < g,

sup  E[lo(u(t,x)**] < C(1+E[lult, x)|®*¥7]) < C(1+E[lu(t, x)|7]) < +oo. (5.3.25)
te[0,T],xeR4

The drift part has already been taken care of in Lemma 5.3.11, so we can suppose that b =0.
Then, looking at the proof of the joint continuity of ? and u® in the proof of Proposition
5.3.9, we realize that we only need that Z(t, x) = o (u(¢, x)) have uniformly bounded moments
of order 2. Indeed, this condition is needed to apply the stochastic Fubini Theorem A.0.2.
Therefore, we can restrict to studying the regularity of the processes u!, where we recall that

t
ul(t,x)zfo jl;{depH(t—s,x—y)a(u(s,y))z]1|z|<1]1y€[,2A,2A]d](ds, dy,dz).
Let o, (w) = oW1, <, We define
1 d M
un(t,x)zf f pu(t—s,x—=y)o,(u(s,y) L™ (ds,dy).
0 Jyel-24,2A)
Then, for (¢, x) € [0, T] x R,
t
ul(t,x)—uil(t,x)zf f pu(t—sx-y) (osy) —on(uls,y)) LM(ds, dy),
0 y(—:[—2A,2A]d
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and
lut (2,) = (8, )1, oy = fRd(l +IER) | (1 (1, - ub(2,9) O] dé. (5.3.26)

For conciseness of the notation, we write o (u(s, y)) — o, (u(s, ¥)) = 0 (5 (s, y). By Remark 5.3.10,
similarly to (5.3.20),

t . ~
F (W ()~ uh(1,) () = f f f e e =M g (5, y) 2l <1 T (ds, dy, d2)
0 Jyel-242419 Jr
Then, using (5.3.23), and Theorem A.0.2, we get
t .
g(ul(t,.)_u}l(t,.))(f):f f e Y (5, LM (ds, dy)
0 Jyel-24,24)4
t . t
_f f e—zf~yU 2D dr | 6 (5, ) M (ds, dy)
0 Jye[-24,24)4 s
t .
=ff e“'ya(n)(s,y)LM(ds, dy)
0 Jyel-2424)4

t r . . _
—fo (fo fE[ paid e‘l‘t'ylvflze_'“'z“ "o (s, ) LM (ds, dy)) dr.
ye[-24,

Therefore,

|Z (u'(1,) — up(£,9) (©)] <

t .
ff e_"f'ya(n)(s,y)LM(ds,dy)‘
0 Jye[-24,24)4
t r _
+ f |27 =n f f e Yo (s, ) LM (ds, dy)
0 0 Jye[-2A,2A]4
t 5
ff e""ya(n)(s,y)LM(ds,dy)‘
0 Jye[-24,24)4
r .
+ sup f f e_"('yo(n)(s,y)LM(ds, dy)‘
refo,f11Jo Jyer—24,2414
x (/t|§|26—|§|2(t—r)dr)
0

r o
f f e Vg (s, y) LM (ds, dy)‘ :
0 Jyel-2a,2414

where C does not depend on £. Then, using Theorem A.0.1 (i7), we deduce that

dr

<

< C sup
re(0,t]

E| sup |9(u1(t,-)—u,11(t,'))(f)|2
t€[0,T)

T
<C f f Elof,(s,0]dsdy,  (5.3.27)
0 Jye[-24,24)4

where the constant C includes fl <1 z?v(dz). Since vis a Lévy measure, this integral is finite.

129



Chapter 5. Some properties of the solution to the stochastic heat equation driven by
heavy-tailed noise

Furthermore, by Holder’s inequality and Markov’s inequality, for € > 0,

Elof, (s, 0] =E [U(u(s,y))211|u(s,y)|>n]

2 e
<E o (us ») ) [P (1uts )1 > n)] 2

2 E[Juts, »]*) >
q¢ .

n2+e

<Elor(uts, )|

Asin (5.3.25), the solution u (which is the solution to the truncated equation due to a stopping
time argument) has uniformly bounded moments in space and time order ¢, and by (5.3.25),
we deduce that c
sup E [O'%n) (s,)] < — (5.3.28)
(5,9)€[0,T1x[-2A,2A]4 n+e

for some constant C. By (5.3.27) and (5.3.28), we obtain

C

q¢ °
M 2+e

E| sup |9(u1(t, )= up(t,") (f)|2

t€[0,T]

<

By (5.3.26), we deduce that for any r < —g,

E| sup llu'(s,-)—uh(t, )

<—F——0 as n — +oo
H.(R4 ~ qe N
tel0,T] r(RD

Nn2ve

Therefore, SUPe(o, 7] lulce,) - u}l(t, 2 ”Hr(Rd) — 0in L%(Q) as n — +o0, and there is a subse-
quence (ng)x>o such that Supepo. | ul(e,) - u}lk([,')“Hr([Rd) — 0 almost surely as k — +oo.
This means that u,llk(t, -) converges to u'(t,) in H, (R%) uniformly in time for any r < —g.
Since 0, is bounded, ¢ — u}lk (¢,-) has by Proposition 5.3.9 a cadlag version in H, r,loc(le); and
t — ul(t,-) has a cadlag version in Hr,k,c(le). Therefore, t — u(t,-) has a cadlag version in

Hr,loc(le) forany r < —%. O

5.3.3 Continuity in space at fixed time

Proposition 5.3.13. Let L be a pure jump Lévy white noise with Lévy measure v and jump
measure J. Suppose there exists p, q € R, such that (H4) is satisfied. Suppose also that p < %
and p < 2. Furthermore, let o be a Lipschitz continuous function satisfying

lox)|<CA+|x"), xeR, (5.3.29)

forsome C >0 andy € [0, q/pl, and let u be the mild solution of (5.3.1) constructed in Proposi-
tion 5.3.1. Then, for any t € [0, T1, the process x — u(t, x) has a continuous modification.

Proof. By Proposition 5.3.1, there is stationary convergence of the mild solution uy to the
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truncated equation defined in (5.3.7). We recall that

t
Ltz\f(t,x)=fO /deH(t_S;x_J/)U(uN(S;}’))LN(dS; dy),
and

Ly(ds,dy) = bdsdy+f

lzI<1

zJ(ds, dy, dz) +f z1jz<na+ymJ(ds, dy, dz).

|z|>1

Therefore, we can suppose that u = uy for some N > 1, and for conciseness of the notation,
we can suppose without loss of generality that N = 1. As shown in [14, Theorem 3.8],

sup  Eflo(u(t,x)P]<C
(£,x)€[0, TTx R4

1+ sup E[lu(t,x)9]]<oo. (5.3.30)
(¢,x)€[0,TTxR

We prove the claim using different approaches that depend on the value of p.

l<p<2:Bythep< % hypothesis, this can only happen when d = 1, and we write
u(t,x)=A+8B,
where
t
A= bf f pu(t—s,x—yo(u(sy)dsdy
0 Jr
t
+f ff zpu(t—s,x—y)o(uls,y)J(ds,dy, dz), (5.3.31)
0 JrRJIzI<1

t
Bz:f ff 2pu(t=$,x= P Ljz<rsyno (uls, ) J(ds, dy, dz).
0 JRJ|z|>1

Also, by (5.3.30), we can use a Kolmogorov continuity-type argument similar to [61, Théoréme
2.4.1] to deduce the existence of a continuous modification of A in the space variable x. More
precisely, for x,z € R4,

E

t
‘bfo fR(PH(t—s,x—J’)—pH(t—s,z—y))a(u(s,y)) dsdy
p

t
+f0 jﬂ;fl|<1z(pH(t—s,x—y)—pH(t—s,z—y))a(u(s,y))f(ds,dy,dz)

|

+E

p
<C

t
bfo fR(pH(t— s, x=y)—pult—s,z-y))o(u(s,y)dsdy

o

t
fo frﬂa[|<1Z(pH(t_S'x_y)_pH(t_S’Z_y))a(u(s,y))j(d&dy,dz)
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Then, using Hélder’s inequality, and (5.3.30),

p

t
E Hbfo fR(PH(t—s,x—y) —pult—s,z-y)o(u(s,y)dsdy

t
<(f0fR|PH(t—s,x—y)—PH(t—s,z—y)|[E[|g(u(s,y))|p] dsdy)
t o1

X(fo fR|PH(t—s,x—y)—pH(t—s,z—y)|dsdy)
' p
<C(f0 fR|PH(t—s,x—y)—PH(t—s,z—y)|dsdy) )

By [61, Lemme A2], we deduce that

p

E <Clx—z|”. (5.3.32)

t
’b/o L(PH(t—s,x—y)—PH(t—s,z—y))a(u(s,y)) dsdy

Then, using Theorem A.0.1(ii) and (5.3.30),

|

p

t
/0 fm&[<1Z(pH(t_S’x_y)_pH(t_S’Z_y))a(u(sry))j(d&dy, dz)

¢
SC[O fRfl|<1|z|p|pH(t—s,x—y)—pH(t—s,z—y)|p[E[|U(u(s,y))|p] dsdyv(dz)
zl<
t
ng fR|pH(t—s,x—y)—pH(t—s,z—y)|pdsdy.
0
By [61, Lemme A2], we deduce that

|

p

t
f[f z(pn(t—s,x—y)—put—s,z-y)) o (uls,y)J(ds, dy, dz)
0 JRJ|ZIK1

Clx—zl?, ifp<3, (5.3.33)
<! Clx-zlzlog(lx—z|) ifp= 3,
3
2

Clx—z3P if p >

By (5.3.32) and (5.3.33), and the Kolmogorov continuity criterion, we deduce the existence of
a continuous modification of A in the space variable x.

The term B in (5.3.31) is a sum of a possibly infinite number of terms. Each term is continuous
in x. Let B < g A 1. Then, by (5.3.30), and using (H4), we get for any xj € R,

B
E sup

xX:|x—xg|<1

t
<fff 1zIP sup pH(t—s,x—y)ﬁ]l|z|<1+|y|n[E[|0(u(s,y))|ﬁ] dsdyv(dz)
0 JrJ|z>1

x:|x—xp|<1

t
fff z2pp(t—8,x— Y1 jz<14ypo (uls, ) J(ds, dy, dz)
0 JRJ|z|>1
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t
ngf sup pH(t—s,x—y)ﬁdsdy
0 JR

x| x—xp|<1
(e,0)

t t
gC(f f pH(t—s,O)ﬁdsdy+2f pH(t—s,xo+1—y)ﬁdsdy < +00.
0 Jy:ly—xol=s1 0 Jxp+1
We deduce that the convergence of the sum defining B(¢, x) is uniform in x in a ball around x,
which proves the claim for 1 < p < 2.

p <1 : Then, we write (recall that u is set to uy with N =1)

u(t,x)=A(t,x)+B(t,x)+ C(t,x),

where
t
A(t, x) :=f f f zpu(t—s,x—yo(uls,y)J(ds, dy dz), and
0 JRJ|zI<1
t
B(t, x) ::f f f z2pu(t—$,x= YL z<caymo (uls, ) J(ds, dy, dz), and
0 JR?J|z|>1
t
C(t,x):= bo]lpzlfo fRd pu(t—s,x—yo(u(sy)dsdy,
where by was defined in (H4), and by =0 if p < 1, since p < %. The process C is non-zero only
in the case where d = 1 and p = 1. Then, we can apply [61, Théoréme 2.3.2] to conclude that
for any fixed time ¢, the process x — C(¢, x) has a continuous modification. The term A is a

sum of a possibly infinite number of terms. Each term is continuous in x because a.s., no
jump time occurs at time ¢. Then, again by (5.3.30), and using (H4), we get for any xp € R,

E

! p
(f() \[Rd.[ sup |Z,0H(t—S,x—y)a'(u(s’y)”](ds, dy, dz))

<1 x:]x—xp|<1

t
<fff 1217 sup pu(t—s,x-y)PE[|o(u(s,»)|"] dsdyv(dz)
0 JR4J|zI<1

xX:lx—xp|<1

t
gcff sup pg(t—s,x—y)Pdsdy
0 Jrd

x:|x—xp|<1

pd(y,Bxy (1)2

! r
SC([ f PH(t—s,O)Pdsdy+f f (4n(t—s))—p7d PR = dsdy)
0 Jy:ly—xol<1 0 Jyly—xol>1
plyl-1?

t t
gc(f f pH(t—s,O)pdsderf f (4n(t—s))_"7d e 4y dsdy)<+oo,
0 Jy:ly—xl=1 0 Jyl>1

since p < %, where d(y, By, (1)) is the distance from y to the ball of radius 1 centered at xy. We
deduce that the convergence of the sum defining A(t, x) is uniform in x in a ball around xy,
which proves the continuity of the process x — A(t, x). The continuity of x — B(t, x) for fixed ¢
was proved after (5.3.33) above. O

Remark 5.3.14. For example, in dimension d =1, if L is an a-stable noise for some a € (0,2)

(with no drift when a < 1), we can choose any p € (a, ﬁ—“a A 2) and q € (%, a), so the previous
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proposition asserts that the sample paths of the mild solution for a fixed time t are always
almost surely continuous in x (when o satisfies (5.3.29)). Indeed, since p > @ and q < a,

f|z|<1 |z|Pv(dz) < 400, and flz|>1 |z|9v(dz) < +oo. Furthermore, the interval (ﬁ,a) is non-

p

empty if and only if p < ﬁ—“a. Note that the condition I
d

< q in (H4) becomes ﬁ <q
sinced =1 here.

The case of an a-stable noise, % <a<?2

In this section, we suppose that the noise is an a-stable noise L, on [0, T] x R?, for some
o€ [%,2).

Proposition 5.3.15. Let u be the mild solution of the stochastic heat equation with additive
a-stable noise for some a € [%,2):

t
u(t,x):/f pH(t—5s,x—y)Lq(ds, dy).
0 JRrd

Forany t €10, T, there is a set N; < Q of probability one such that for any o € Ny, x — u(t, x)(w)
is unbounded on any non-empty open interval.

Proof. Fix t €0, T]. Observe that the process (Y (x),x € RY) defined by

t
Y (%) = u(t, x) =f0 fdeH(t—s,x—y)La(ds, dy)

is an a-stable process given in the "standard form" of [62, (10.1.1)] with the measurable space
E = [0, T] xR%, and the control measure ds d y. We shall check that the necessary condition [62,
(10.2.14)] for sample path boundedness in [62, Theorem 10.2.3] is not satisfied, in particular
that for any x; < xp, and X* =[x, 114,

t a
f fl(sup pH(t—s,x—y)) dsdy=+oco. (5.3.34)
0 JRA

xeX*

This integral is bounded below by

t t 1
f f SUPPH(t—S,x—y)“dey>f f ——dsdy=+oo,
0 * xeX* 0 *Ar(t—29))2

and (5.3.34) is proved. O

Remark 5.3.16. Let u be as in Proposition 5.3.15 with d = 1. Then the interval [%,2) is empty
and by Remark 5.3.14, x — u(t, x) is continuous (as for the SHE on a bounded interval (see
Remark 5.2.11)).
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5.3.4 Continuity in time at a fixed space point

Proposition 5.3.17. Let L be a pure jump Lévy white noise with Lévy measure v and jump
measure J. Suppose there exists p,q € Ry such that (H4) is satisfied, and such that p < 1.
Furthermore, let o be a Lipschitz continuous function satisfying (5.3.29), and let u be the mild
solution to (5.3.1) constructed in Proposition 5.3.1. Then, for any x € R4, the process t — u(t, x)
has a continuous modification.

Proof. Again, by a stopping time argument, it suffices to show the regularity of uy for any
N > 1. Without loss of generality, we can therefore suppose that u solves

t
u(t,x)zf0 fdeH(t—s,x—y)a(u(s,y))Ll(ds, dy),

where

Ly(ds,dy)=bdt dx+f

lzI<1

zj(ds, dy, dz) +f z1 z1<141ypJ (ds, dy, dz).

|z|>1

By (H4), and since p < 1, by = b‘f|z|<1 zv(dz) = 0. Then,

t
u(t,x)zf0 prH(t—s,x—y)a(u(s,y))Ll(ds, dy)
t
:f f f zpu(t—s,x—y)o(u(s,y)J(ds, dy, dz)
0 JRYJ|zI<1

t
+fff z2pu(t—8,x—= Y1 z<14yp0 (uls, ) J(ds, dy, dz)
0 JR4J|z|>1

=: A(t,x) + B(t,x).

For the continuity of the term A, we can use that E[|o (u(t, x))|”] is uniformly bounded for
(t,x) € [0, T] x R? by (5.3.30), together with [61, Théoréme 2.2.2]: hypotheses (H,) and (Hs)
there are satisfied, and

f |zlv(dz) < +o0 and f |zl [log(lz])| v(dz) < +o0,
lz|<1 lzI<1

which proves (H;)(1) and (Hs)(1) there. The term B is a sum of a possibly infinite number

of terms, each of which is a continuous function of . Let f < g A 1. The maximum of the
2

function ¢ — pgy(t, x) is attained at ¢ = % and is equal to ﬁ for some constant C. Then,

again using (5.3.30), we obtain

B

T

E [([ f f sup |]ls<rsz(r—s,x—y)]l\z|<1+|y|n0(u(s,y))|](ds, dy, dz))
0 JRYJ|z|>1re[0,T]

T
<[ f / 1z sup ]lsgrpH(r—s,x—y)ﬁ]l|z|<1+|y|n[E[|a(u(s,y))|ﬁ] dsdyv(dz)
0 JRJ|z|>1 r€l0,T]
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T
gcff sup llsgrpH(r—s,x—y)ﬁdsdy
0 JRYreo,T]

o

T
——dsd
fo f|x—y|<\/2d(T—s) -y Y

|

T
+ (T—s,x— )ﬁdsd < +00.
~[0 [x—y|>\/2d(T—s)pH ¥ y

We deduce that the convergence of the sum defining B(t, x) is uniform in ¢ € [0, T']. This proves
the continuity statement. O

Remark 5.3.18. In particular, any a-stable noise with a € (0,1) satisfies the hypothesis of
Proposition 5.3.17. Indeed, since we must have p > «, the condition p < 1 imposes a < 1.
Conversely, it is immediate to see that for a < 1, one can choose p, q such that (H4) is satisfied.
The next section shows that for a > 1, the situation is completely different.

The case of an a-stable noise, 1 < a <2

In this section, we suppose that the noise is an a-stable noise L, on [0, T] x R%, for some
ae(l,2).

Proposition 5.3.19. Let u be the mild solution constructed in Proposition 5.3.1 of the stochastic
heat equation with additive a-stable noise for some a € [1,2):

t
u(t,x):/f pH(t—s;x—y)Lo(ds, dy).
0 Jrd

Forany x € [Rd, there is a set N, c Q of probability one such that for any o € Ny, t — u(t, x)(w)
is unbounded on any non-empty open interval.

Proof. Fix x € R%. Observe that the process (Y (1), t € [0, T]) defined by

t
Y(t)=u(t,x)=ff pH(t—5,x—y)La(ds,dy)
0 JR4

is an a-stable process given in the "standard form" of [62, (10.1.1)] with the measurable space
E =0, T]xR%, and the control measure ds dy. We shall check that the necessary condition [62,
(10.2.14)] for sample path boundedness in [62, Theorem 10.2.3] is not satisfied, in particular
thatforany0< 1 < o < T,and T* = [£, 2],

teT*

t a
f fd(suppH(t—s,x—y)) dsdy = +oo. (5.3.35)
51 R

Indeed, observe that the integral is bounded below by

b =0
f f sup pﬂt—s,x—y)“dsdy}/ f sup py(v,x—y)*dsdy.
n JR 0 R4

4 te[t, 1] vel0,s]
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5.4. The SHE driven by heavy-tailed noise: equation on a smooth and bounded domain D
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In view of the study of the maximum of ¢t — p (¢, x — y) in the proof of Proposition 5.3.17, we
have

t a h—h C
su (t—s,x— )) dsd 2[ f ———dsdy = +o0,
fn fRd (teTp*pH ¥ Y 0 lx—yl<v2ds Ix—yld"‘ Y

and (5.3.35) is proved. O

5.4 The SHE driven by heavy-tailed noise: equation on a smooth
and bounded domain D in dimension d > 2

Let D be a smooth and bounded domain in R%, where d > 2. We consider the stochastic heat
equation driven by a Lévy white noise in [0, T'] x D with Dirichlet boundary conditions:

941, x) = Au(t, x) + o (u(t, ))L(1,x), (5,x)€[0,T]x D,
u(t,x) =0, forall (¢,x)€[0,T] x0D, (5.4.1)
u(0,x) =0, forall xe D,

where o is a Lipschitz function and L is a pure jump Lévy white noise. More precisely, we
suppose that

L(dt, dx):bdtdx+f zJj(dt, dx, dz)+[ zJ(dt, dx, dz)
lzI<1 lz]>1 (5.4.2)
=:LB(dt, dx) + LM(d¢, dx) + LP (dt, dx),

where b € R, J is a Poisson random measure on [0,00) x D x R with intensity d¢ dxv(dz), and
J is the compensated version of /. The measure v is a Lévy measure, that is, v({0}) = 0 and
Ja (22 A1) v(da) < +o0.

(H5) Thereexists0<p <1+ % such that

f |z|Pv(dz) < +o0.
|z|<1

If p <1, we assume that
by:=b- zv(dz) =0. (5.4.3)

lzI<1

The Green’s function of the heat operator on the bounded domain [0, T] x D is denoted by
Gp(t;x,y), forall (¢,x,y) € [0, T] x Dx D. By definition, a mild solution to (5.4.1) is a predictable
random field u = (u(t, x), (¢, x) € [0, T] x D) such that for all (¢,x) € [0, T] x D,

t
u(t,x):f f Gp(t—s;x,y)o(u(s,y))L(ds, dy). (5.4.4)
o JD

Similar to [14], we define the stopping times 7y = inf{t > 0: J ([0, ] x D x [-N, N]°) # 0}. By
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the same calculation as in (5.2.5), (T ;) ny>1 is an increasing sequence of stopping times such
that 7y > 0 and 7y — +oo almost surely as N — +oo. In fact, we have that for almost all w € Q,
there exists an integer R(w) such that for any N > R(w), Ty(w) > T. We use these stopping
times to truncate the noise, and we can define Ly := L1 <, . Then,

Ly(dt, dx) = by dtdx+f zJ(dt, dx, dz), (5.4.5)

lzZI<N
where by := b‘f1<|z|<NZV(dZ)-

Proposition 5.4.1. Leto : R — R be a Lipschitz function and let L be a pure jump Lévy white
noise as in (5.4.2) such that (H5) is satisfied for some p € R. Then there exists, up to modifications,
a unique predictable random field u such that

sup  E[lu(t,x)1PLi<ry] < 400,
(£,%)€[0,T]xD
and for any (t,x) € [0,T] x D,

t
u(t,x):f f Gp(t—s;x,y)o(u(s,y))L(ds, dy) a.s. (5.4.6)
o JD

Proof. By [28, Corollary 3.2.8],

C 1y

Gp(t;x,y) < —e o . (5.4.7)
2

~

Also, since D is a bounded domain, v ([0, T] x D x (—=1,1)€) < +oo and a.s., there is only a finite
number of jumps larger than 1 in [0, T] x D. Consequently, (1) to (4) of Assumption B of [13] are
satisfied, and we can apply [13, Theorem 3.5] to obtain the existence of a unique predictable
random field u satisfying (5.4.6) and

sup  E[lu(t,x)1P1i<ry] < +o00.
(t,0€[0, T]x D

O

Remark 5.4.2. Let un(t,x) = u(t,x)1;<¢,. Then uy is clearly a mild solution to the truncated
equation

t
un(t,x) = f f Gp(t—s;x, )0 (un(s,y)) Ln(ds, dy) a.s.
0 JD
Furthermore, uy — u as N — +oo almost surely, and the convergence is stationary.
The problems we consider in the following are about sample path regularity properties of the
mild solution of the stochastic heat equation, and, by stationary convergence of uy to u, these

properties are identical to those of uy defined in Remark 5.4.2 for N sufficiently large. The
value of the parameter N has no importance in our study, so we can suppose that N =1 and
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drop the dependency in N. Therefore, in the following, we will always consider the solution to
the integral equation

t
u(t,x):bf f Gp(t—s;x,y)o(u(s,y)) dsdy
07D (5.4.8)

t
+f f Gp(t—s;x,y)o(u(s, y) LM (ds, dy),
0 JD

and the solution to (5.4.4) will have the same sample path regularity properties.

Remark 5.4.3. Since thereexistsp <1+ % such thatf|2|g1 |z|Pv(dz) < +oo, forany B e [p, 1+ %),
fl <1 1zIPv(dz) < +00. Therefore, we can apply Proposition 5.4.1 with p = p and we obtain that
the solution u to (5.4.8) has uniformly bounded moments of order § forany <1+ %:

2
sup E||u(t, x)lﬁ]ltgm] < +00, forany <1+ —. (5.4.9)
(t,x)€[0,T) x D d

5.4.1 The fractional Sobolev spaces H, (D)

Let D c R? be a bounded domain with a smooth boundary in the sense of [51, (7.10) p. 38].
The operator (—A) on D with vanishing Dirichlet boundary conditions admits a complete

orthonormal system in L?(D) of smooth eigenfunctions (®;) .. ,, with eigenvalues (4;)

j>r j=1
Then we have the following properties (see for example [69, Chapter V, p. 343]:
; d
Y (1+1,) <+oc0, foranyr<-—, (5.4.10)
=1 2
and
a d
[®j] . <ca+apz, forany a> = (5.4.11)
The Green’s function of the heat operator on D has the representation:
Gp(t;x,y) = Zd)j(x)fbj(y)e_’lft, forallx,yeD.
j>1
For any function f € L?(D),
f=) aj(H®jx), forallxeD, (5.4.12)
j>1

where a;(f) = (f, (Dj>L2(D)‘ For any r > 0, we define H, (D) as the set of functions f € I%(D)
such that
IF15 =Y (1+4;) a;(f)? < +oo.

izl
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This is a Hilbert space for the inner product given by

(£.8)n, =2 (1+14)) aj(NHa;(g).

j>1
For r > 0, we define H_; (D) as the dual space of H, (D), that is, the space of continuous linear
functionals on H, (D). Then, for any r > 0, H_, (D) is isomorphic to the space of sequences
b = (b,) n>1 such that

Ibl3, = Z (1+1;)" b? < +00.

jz1
More precisely, for r >0 and f € H_, (D), the coefficients b; are given by b; = f(®;). Then
I fllz_, = Ibllg_, and the duality between H_, (D) and H, (D) is given by

(b,g)=Y bjaj(g <Iblu,lglm,.

j>1

5.4.2 Existence of a cadlag solution in H, (D)

We start with a key proposition, which tells us that the Green’s function of the heat operator
on a bounded domain D essentially has the same singularities as the heat kernel. This result is
taken from [32, Theorem 1].

Proposition 5.4.4. Let py; be the heat kernel inR%. Then
Gp(t;x,y)=pu(t,x=y)+ H(t;x,)), (5.4.13)

where H is a function such that for any € > 0, (t,x,y) — H(¢t;x,y) is smooth on [0, T] x D x
BZ(0D), where B¢ (0D) is the €-neighborhood of the boundary of D:

B:@D)= |J (B(y,&)nD),
yeoD

and the complement is taken in D.

Proof. We will use [32, Theorem 1]. This theorem states that Gp can be decomposed into
the sum of the fundamental solution of the heat operator (that is, the heat kernel py here)
and a function H. Furthermore, the function H satisfies the estimates (6.1) of [32, Theorem
1] with |x —¢]| replaced by |x — ¢| + d(¢,0D). Translated to our setting, replacing ¢ by y, since
y is at distance at least € from the boundary of D, we deduce from (6.1) the smoothness of
(t,x,y)— H(t;x,y) on [0, T] x D x BS(AD). O

Remark 5.4.5. Our definition of fractional Sobolev spaces is based on the spectral powers of
the Dirichlet Laplacian. More precisely, for any r >0, H, (D) is the domain of (-A)z. We define
several other Sobolev spaces: formeN, as in [51, (1.3) p.3],

H™D)={u : u' e [*(D), forall|a| < m}.
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Then, by [51, Définition 9.1 p. 45], for s > 0 and letting m be the smallest even integer such that
m>=r,
H'(D):= [H™(D),L*(D)],_ ,

where the right-hand side is the notation of [51, Definition 2.1 p.12] for interpolation spaces
(and notice that s is an upper (not lower) index). Then as in [51, (11.1) p.60], forr >0, Hg (D) is
defined as the closure of 2(D) (the set of C* functions with compact support included in D) in
H'" (D). Following [39, Definition 8.1], forr > % we define Hy (D) to be the closed subspace of
H' (D) such that its elements are equal to zero on the boundary 0D. Finally, we point out that
H,(R%) defined in Definition 5.3.7 coincides with the definition of H (R%) in [51, (7.1) p. 35].
Then, for meN, by [51, Definition 2.1 p.12], for 0 € [0,1],

[Hy' (D), (D)), = dom (A7),

for some self-adjoint positive operator A in L%(D) with domain H g’(D) (see also [51, Remarque
2.3 p.13]). The power in this case is to be understood as the spectral power of the operator. In
particular, we can choose A = (—A) %, where A is the Dirichlet Laplacian, and the power % isto
be understood as the composition of partial differential operators (note that the power 3 is an
integer since m was chosen even). Then, by [39, Théoreme 8.1],

[HP (D), I*(D)], = H" P (D).
Choosing = 1— -, we deduce that
Hy (D) = dom (A7)
Let f € L*(D) as in (5.4.12). Then,

Amf=Y ura;(f)®;,

j>1

where pj = /1].7 is the j'" eigenvalue of A. The previous sum has a meaning in L*(D) if and only
if
2 AL la; (O] < +oo.
j>1
We deduce that
HY(D) = dom(A#) - H, (D).

Therefore, by [39, Théoreme 8.1] and the discussion that follows, H,(D) c H" (D), and the
embedding is continuous. In the case wherer < %, we have by [55, p. 740]

’

H'(D) ifr<

Hr(D) :{ 1 X
H}(D) ifr=

’

1
2
1
2
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1
where H (D) is the Lions-Magenes space (see [51, Théoreme 11.7]). Also, by [51, Chapitre I,
Théoreme 11.7], X X
Hg,(D) < Hj (D),

where the inclusion is continuous. In addition, for any r > 0, Hj (D) < H' (D), where the
inclusion is continuous. Therefore, for any r > 0, H,(D) c H' (D), where the inclusion is contin-
uous. Then, by [51, Théoreme 9.1], any function u € H" (D) is the restriction to D of a function
i€ H (R = H, (R%) such that by the proof of [51, Théoréme 9.2], there is a constant C that
does not depend on u such that || il g ®ry < Cllull g (py. Therefore the embedding is continuous.
Finally, for any r > 0, H.(D) € H" (D) c H, (R?), where the embeddings are continuous. By
duality, for any r <0, H,(R%) c H"(D) c H,(D), where the embeddings are continuous.

In conclusion, foranyr <0, if t — u(t,-) is cadlag in H, ,ZOC(IRd), then for any 0 € 2(R%), t —
0()u(t,) is cadlag in H, (R?), hence t — u(t, Jlp is cadlag in H, (D).

Theorem 5.4.6. Let o : R — R be a Lipschitz continuous function, and let L be a Lévy white
noise as in (5.4.2) such that (H5) is satisfied for some p > 0. Suppose also that|o (x)| < C(1+]|x|")
for somey < % + %. Then the solution to the (SHE) defined in Proposition 5.4.1 has a cadlag
solution in H, (D) for anyr < —%.

Proof. By the stopping time argument exposed after the proof of Proposition 5.4.1, we can
suppose that u satisfies (5.4.8). In the following, we therefore suppose that L = L; as in (5.4.5).
Also, since y < % + é, we deduce that 2y <1+ %, and for § small enough, 2y +2y6 <1+ %.
Therefore, by (5.4.9),

sup  E|o(t,x)*0| < sup C(l +E [Iu(t, x)|27’+27’5]) < 400. (5.4.14)

(t,x)€[0,T]1xD (¢,x)€[0,TIxD

Step 1: Let € > 0, and

t
ue(t,x)=f fDGD(t—s;x,y)a(u(s,y))]lyeBg(aD)L(ds,dy).
0

Then, by (5.4.13), we can write

t
us(t,x)=f0 poH(t—s;x—y)a(u(s,y))ﬂyeBg(aD)L(ds,dy)

t
+f0 fDH(t—s;x,y)a(u(s,y))]lyegg(aD)L(ds, dy)

=: ug(t,x)+u§(t,x).

For u!, by (5.4.14), we can follow the proof of the cadlag property of u! in the proofs of
Propositions 5.3.9 and 5.3.12 to get that ¢ — ué (¢,-) has a cadlag version in H,yloc([Rd) for any
r< —g, and by Remark 5.4.5, it has a cadlag version in H, (D) for any r < —%. Then, since
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(t,x,y)— H(t; x,y) is smooth on [0, T] x D x BS (D) by Proposition 5.4.4, we can mimic the
proof of the joint continuity of 2 in the proofs of Propositions 5.3.9 and 5.3.12 to get that
(t,x) — ug(t, x) is jointly continuous. Since D is bounded, we deduce that ug is uniformly
continuous, and then that ¢ — ug(t, -) is continuous in H, (D) for any r < 0. Therefore, ¢ —

us(t,-) has a cadlag version in H, (D) for any r < —%.

Step 2: By definition,

t
ul(t,x) = u(t,x)—ug(t,x)zf0 LGDU—S;x,J/)U(u(S;y))]]-yeBg(aD)L(dsydJ/)-

Then,
ludc, )”H(D) Z(l’L/lk) (“k(t))
where
ai(t):= CDk(x) ul(t,x)) dx

:f U f Gp(t= 5%, y)0 (s, 1)) 1 yep.0m L(ds, dy)) dx
f q)k(X)( f LGD(t—s;x,y)a(u(s,y))llyEBe(aD) dsdy) dx
t
[ oo ([ [ [ Got=sxo(uts )t enands dy o) ax.
D 0 JDJzIK1
A simple Fubini theorem on the Lebesgue integral allows us to change the order of integration.

For the stochastic integral, we can use a limiting argument similar to the one exposed in the
proofof (5.3.20), withpv1< <1+ %. Therefore,

t
as(t) = f fD e M0 ()0 (u(s, 1)) 1 yep. @y Lds, dy).
0
We use the identity e (=9 = 1 —fs[/lke"lk(t_’) dr, and Theorem A.0.2:
t
ai(t)zf L®k(Y)U(u(3,Y))ﬂy(—:BE(aD)L(dSy dy)
0
¢ ¢
—fo thbk(y) (f )Lke_/l"(t_r)dr)U(u(s,y))]lyeBE(aD)L(ds, dy)
S
t
=f0 fD(I)k(y)U(u(svy))]lyEBg(OD)L(dsr dy)

t r
- fo ( fo fD (A a (u(s, 1) Lyep,op L(ds, dy) | dr
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Therefore,

t t
f f ()0 (uls, 1)) 1yep, op)L(ds, dy)’(1+f )Lke—lk(t—r)dr)
o Jp 0

|a;(t)| < sup
t€[0,T]

< C sup
t€[0,T)

t
f /I;ch(y)a (u(sv y)) ]lyeBs(aD)L(dS» dy)' .
0
Also, using the fact that L(ds, dy) = bdsdy + LM(ds, dy), we have

E| sup

2
te(0,T]

T
<Cf0 fDq)k(J/)Z[E[|U(u(s,y))|2]llyeBE(aD)dsdy,

t
fo fD P (y)o (uls, y) Lyep,op)L(ds, dy)

Using (5.4.14) and Hélder’s inequality, we deduce that for some 6 > 0 small enough,

E| sup |a,‘€€(t)|2

T
gcf fCIDk(y)Z[E“a(u(s,y)Nz]ﬂyeBg(aD)dey
te[0,T] 0 JD

< c( f D ()2 dy) " (Leby (B,(0D)) 7
D

4 26 e
< CIOEIZT, 194135 (Lebg (Be(OD)) 5

We can now use (5.4.11) with a = d and the fact that | @l ;2(p) = 1 to get

E| sup |ai(t)|2 <CQ +}Lk)sz65 (Leby (BE(OD)))z% )
t€[0,T]
By (5.4.10), and since r < —%, we can choose 6 small enough such that } ;> (1+7Lk)’+% < +00.
Then,
E| sup w20t o | < Clleba (B.OD)F5 —0  ase—o.
t€[0,T] r

We deduce that uf;(t, ) = 0in H, (D) uniformlyin ¢ € [0, T].

Step 3: We have
u(t,x) = ué(t, Xx) + u?(t,x) + ug(t, X),

where by Step 1, t— ul(t,-) has a cadlag version in H,oc (R%) for any r < —%, and by Remark

5.4.5, it has a cadlag version in H, (D) for any r < —%. Also, t — u2(t,-) is continuous in H; (D)
for any r < 0. By Step 2, ug(t, ) = 0in H; (D) uniformly in ¢ € [0, T], therefore, ¢ — u(t,-) hasa
cadlag version in H, (D). O
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5.4.3 Continuity in space at fixed time

Proposition 5.4.7. Let L be a pure jump Lévy white noise as in (5.4.2) with Lévy measure
v. Suppose that for some 0 < p < %, flzl<1 |z|Pv(dz) < co. Assume as in (5.4.3) that by =
b-— fl <1 zv(dz) =0. Let t € [0, T be fixed. Then the process x — u(t, x) defined in Proposition
5.4.1 is continuous.

Proof. By the stopping time argument developed after the proof of Proposition 5.4.1, we can
suppose that u is solution to (5.4.8). Since d > 2 and p < %, the jumps are summable and we
can write:
u(t,x) = ) ZiGp(t—Ti; x, X))o (u(T;, X;)) .
i1

Since a.s., no jumps occurs at time ¢, each term of this sum is continuous in x, and we now
prove that the convergence is uniform in x on compact sets. Also, by (5.4.7), we can use the
same estimates as in the proof of Proposition 5.3.13 (case p < 1) for the uniform convergence
of the sum defining the term A, so we deduce that x — u(t, x) is continuous. O

Case of an «a-stable noise, % <a<?2.

In this section, we suppose that the noise is an a-stable noise Ly on [0, T] x D, for some
ac[3,2).

Proposition 5.4.8. Let u be the mild solution of the stochastic heat equation with additive
a-stable noise, as defined in Proposition 5.4.1:

t
u(t,x)=f f Gp(t—s;x,¥)Ly(ds, dy).
0 JD

Forany t €10, T], thereis a set N; < Q of probability one such that for any o € Ny, x — u(t, x)(w)
is unbounded on any non-empty open subset of D.

Proof. Fix t €0, T]. Observe that the process (Y (x), x € D) defined by

t
Y(x)=u(t,x):f [ Gp(t—s;x,y)Ly(ds, dy)
o JD

is an a-stable process given in the "standard form" of [62, (10.1.1)] with the measurable space
E =10,T] x D, and the control measure ds dy. We shall check that the necessary condition [62,
(10.2.14)] for sample path boundedness in [62, Theorem 10.2.3] is not satisfied, in particular
that for any xg € D, and 6 such that X* := By, () c D,

t a
f f (sup Gp(t—s,x,y)| dsdy=+o0. (5.4.15)
0o JD

xeX*
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By [68, Theorem 2 and Lemma 9], for any x, y € X*,

_ -yl
Gp(t—s,x,y) > C—— (5.4.16)

(4mt)2

(instead of this sophisticated estimate, we could use (5.4.13)). Therefore,
t t
f f sup Gp(t—s;x,)%dsdy > f f sup Gp(t—s;x,)%dsdy
0 JD xex* 0 * xeX*
¢ 1
>Cff —————dsdy=+oo,
0 JX* (4n(t—9)) 2

and (5.4.15) is proved. O

5.4.4 Continuity in time at a fixed space point
The next result is similar to Propositions 5.2.12 and 5.3.17.

Proposition 5.4.9. Let L be a pure jump Lévy white noise with Lévy measure v. Suppose that
forsome0< p<1, f|z|<1 |z|Pv(dz) < co. Assume as in (5.4.3) that bo = b — f|z|<1 zv(dz) =0. Let
x € D be fixed. Then the process t — u(t, x) has a continuous modification.

Proof. Regarding the stochastic integral with respect to L™, we observe that the jumps of
the noise are summable, hence, since by = 0, it is sufficient to consider the uncompensated
process

t

fo foRzGD(t— s;x, 0o (uls, y))J(ds, dy, dz) = i>Z12iGD(t_ Ti;x, Yo (u(T;, Y:)), (5.4.17)
where (T3, Y;, Z;) are the jump points of the underlying Poisson random measure J. For any
fixed (x,y) € D?, x # ¥, we have by (5.4.13) that t — Gp(t; x, y) is a continuous function on R.
We show that the sum in (5.4.17) converges uniformly in ¢ € [0, T]. To do this we can split the
sum depending on the distance of the jump Y; to x. Indeed, by (5.4.7), for |x — y| < V3dT, we
have

(X—y)2 C,

Cc _
sup Gp(t;x,y) < sup —e & =—
te[0,T] tel0,T) t2 lx—yl

for some constant C'. Also, if |x — y| > v3d T, then

C _up? C _wp?
sup Gp(t;x,y) < sup —e o =—e o .
tel0,T] t€[0,T) t2 TS

Since0< p <1,

E

p
(Z sup |ZiGD(l‘—Ti;x,Yi)U(u(Ti,Yi))l) ]
i>11€[0,T]
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<E| ) 1ZilPlow(T;, Yi)I? sup |G(¢—Ti;x, Y|P
i>1 tel0,T]
p T p 1
<C(Sy)gltolr;]xD[E[la(u(syy))| ](fo fl)fz@lZ' —|x_y|pd]l\X—yI<\/73d(T—s) dsdyv(dz)

T 1 pl-y)?
+ |z|P ———e 579 1, _ — dsdyv(dz)| < +o0,
fo fDLQ (T—s)dg |x—y|>v3d(T—s) y )
which concludes the proof. O

Remark 5.4.10. In particular, any a-stable noise with a € (0,1) satisfies the hypothesis of
Proposition 5.4.9, as occurred in Remarks 5.2.13 and 5.3.18. The next section shows that for
a > 1, the situation is completely different.

The case of an a-stable noise, 1 < a <2

In this section, we consider the stochastic heat equation on [0, T] x D with Dirichlet bound-
ary conditions, with additive a-stable noise L, on [0, T] x D. We establish the analog of
Propositions 5.2.14 and 5.3.19

Proposition 5.4.11. Let u be the mild solution of the stochastic heat equation with additive
a-stable noise, 1 < a <2:

t
u(t,x)zf f Gp(t—s;x,¥)Ly(ds, dy).
0 JD

Then for any x € D, there is a set Ny c Q of probability one such that for any v € Ny, t —
u(t, x)(w) is unbounded on any non-empty open interval.

Proof. Fix x € D. Observe that the process (X(?), t € [0, T]) defined by

t
X(t)zu(t,x)=f f Gp(t—s;x,y)Lo(ds, dy)
0 JD

is an a-stable process given in the "standard form" of [62, (10.1.1)] with the measurable space
E =10,T] x D, and the control measure dsdy. Let T* = [f;, ], with 0 < £ < tp < T. We
shall check that the necessary condition [62, (10.2.14)] for sample path boundedness in [62,
Theorem 10.2.3] is not satisfied, in particular, that

T a
[ f (sup GD(t—s;x,y)) dsdy = +oo. (5.4.18)
o Jp

teT™

Indeed, observe that the integral is bounded below by

t =1
f f sup Gp(t—s;x,y)%dsdy = f sup Gp(t—t;—r;x,y)*drdy
t JD 0 D

telty, ] telty, 1]
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h—t
:f f sup Gp(u-r;x,y)*drdy
0 D

uel0,n—t]

h—1
2[ f sup Gpu-r;x,y)%drdy
0 5 (

€) ue(0,t,— 1]

h—t
= f f sup  Gp(v;x,y)*drdy
0 By(

€) vel0,—t —r]

h—1h
:f f sup Gp(v;x,y)*dsdy,
0 5 (

€) vel0,s]

for any fixed € > 0 such that By (¢) € D. We now use (5.4.16), and the study of the maximum of
t— Gp(t,x—y) in the proof of Proposition 5.4.9, to get

T a h—h C
sup Gp(t - s;x, )) dsd 2[ / ———dsdy=+o0,
/0 fD(reTIZ b ¥ Y 0 |x—yl<eAvV2ds |x—J/|ad Y

and (5.4.18) is proved. O
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.\ Appendix

In this appendix, we state some useful theorems using the notations of this thesis. Most of the
time, these theorems will not be stated in their full generality, but will be instead adapted to
our framework.

The first theorem is a result from [52, Theorem 1], and is a series of inequalities for mo-
ments of stochastic integrals with respect to compensated Poisson random measures. These
inequalities are sometimes called Bichteler-Jacod inequalities.

Theorem A.0.1. Let J be a Poisson random measure on R, x R xR, d > 1, with intensity
measure dtdxv(dz). Let J be the associated compensated Poisson random measure. Let
H:R, xR% — R be predictable random field. Assume that

j[’o |xRIxR (|H(s, y)z|2 A |H(s,y)z|) dsdyv(dz) < +oo.
RARS X

Then, I;(H) := fot Jrd Jr2H(s, )] (ds, dy, dz) is well defined and we have the following esti-
mates:

(i) Ifpe(0,2], then

E | sup |Is(H)I”

s€(0,1]

< CHE

r 2
(f f leH(S,y)Izdsdyv(dz))
0 JreJr

(ii) Ifpell,2], then

E

sup |I;(H)IP
se(0,1]

< CHE

t
(f[ leH(s,y)lpdsdyv(dz))
0 JR?JR
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(iii) If p 2 2, then

E| sup |I;(H)IP

s€[0,1]

< CHE

14
t 2
(ffleH(S,y)lzdsdyv(dz))
0 JRrAJR
t
(ff fle(s,y)I”dsdyv(dz))
0 JriJr

The next result is a stochastic Fubini theorem taken from [3, Theorem 5] for stochastic integrals
with respect to compensated Poisson random measures.

+ CyE

Theorem A.0.2. Let J be a Poisson random measure on R, x RY xR, d > 1, with intensity
measure dtdxv(dz). Let J be the associated compensated Poisson random measure. Let
H:[0,T] xRY xR - R be predictable random field. Let u be a finite measure on R4, and

assume that r
f ,u(dx)f dsf dyf v(dz)[E[|zH(s,x,y)|2] < +o00.
R4 0 Rd R

Then, forany0< t< T,

t t
f ( f f zH(s,x,y)f(ds,dy,dZ))u(dx)= f f ( f zH(s,x,y)u(dx))f(ds,dy,dZ),
R4 \Jo JRIxR 0 JRIxR \JR4

almost surely.

In Chapter 5, we use extensively a sufficient condition for the existence of a cadlag version of a
stochastic process with values in a Hilbert space. This result can be found in [37, §4, Theorem
1, p.179], which gives a sufficient condition for the absence of discontinuities of the second
kind for a stochastic process with values in a complete metric space. In the case of a Hilbert
space, their result particularizes as follows.

Theorem A.0.3. Let H be an Hilbert space equipped with the norm || - llz. Let (X¢)r>0 be a
H-valued separable stochastic process that is continuous in probability. Suppose that for any
t20andany0< h<t,

E[IXsn = Xel3 11X, = Xoopl3] < CRMT,

for some r > 0. Then the process X has a cadlag version.

Theorem A.0.3 will be useful to obtain the existence of a cadlag version of t — u(t,-) in a
fractional Sobolev space, where u is the mild solution to the stochastic heat equation under
some additional assumptions. We provide the following technical lemma to prove that a
certain type of stochastic integral with respect to a Poisson random measure is continuous in
probability.

Lemma A.0.4. Let D be either [0, 1], R4 or a bounded and smooth domain inR%. Let J bea
Poisson random measure on Ry x D x R, with intensity measure dt dxv(dz), wherev is a Lévy
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measure and flzl<1 1zIPv(dz) < +o0 for somel < B <1+ %. Let Z be a random field such that

sup [E[|Z(s,y)|ﬁ]<+oo.
(¢,%)€[0,T]1xD

Then, the random field (¢, x) — u(t, x) defined by

t
u(t,x)szf zGp(t—s;x,y)Z(s,y)](ds, dy, dz),
0 JDJ|zIK1

has a separable version that is continuous in probability, where Gp is the Green'’s function of the
heat operator on the domain D.

Proof. Using [37, Theorem 1], we deduce that u has a separable version, that we will still
denote by u. Let (¢,x),(r,2) € [0, T] x D. We suppose that ¢ > r. Then,

u(t,x)—u(r,z) = u(t,x) —u(r,x) + u(r,x) — u(r, z)
r
=f ff z(Gp(t—s5;x,5) - Gp(r—s;x,¥)) Z(s, )] (ds, dy, d2)
0 JDJ|zIK]1
t
+fff zGp(t—s;x,9)Z(s,y)J(ds, dy, dz)
r JDJ|z|<1

+f [f z(Gp(r—s;x,y)—Gp(r—s;2,) Z(s,y)J(ds, dy, dz).
o JoJizi1

Therefore,
E[lutt, 0 - un 2P| <Ch+ L+ 1),
where

B

)

[ r
L=E fff z(Gp(t=sx,9) = Gp(r—s;x, ) Z(s, )] (ds, dy, dz)
0 JDJ|zIK1

’

[ rt B
L=E f f f z2Gp(t—s;x, 1) Z(s,y)](ds, dy, dz)
r JDJ|z|<1

B

[ r
I3=E fff z(Gp(r—s;x,9) —Gp(r—s;2,) Z(s,y)J(ds, dy, dz)
0 JDJ|zIK1
Using Theorem A.0.1(ii), we get
r
I1<Cf f |Gp(t—5;%,9) - Gp(r - s;x, )P dsdy,
0 JD
t
Izgcf f Gp(t— 5%, )P dsdy,
r JD

.
13<Cf f |GD(T—S;x,y)—GD(r—s;z,y)|ﬁdsdy.
o Jp
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Since f <1+ 3, (s,y) — Gp(t — s;x, ) € LP((0, T] x D). Therefore,
L, -0, asr—t.

We can rewrite I} as
! p
H<C [ 16D -six9 = Gplr = six My, ds.
0

Since 8 > 1, we can use the fact that simple functions are dense in L (R, L (D)) (see [30,
Chapter III, Corollary 3.8 p. 125]), the proof of [53, Chapter XIII, Corollary 1.2] applies (see also
[19, Proposition 4.1]), and we deduce that

L—0 asr— .

Also, from Proposition 5.4.4 we can decompose Gp(r — 8;x,y) =pu(r—=s;x—y)+ Hir—s;x,y),
where since x € D is fixed, (s, y) — H(r — s; x, y) is smooth on [0, T'] x D. Therefore,

T
IgéC(f jl‘w|pH(r—s;x—y)—pH(r—s;z—y)|ﬁdsdy
0
T
+f f|H(r—s;x,y)—H(r—s;z,y)|ﬁdsdy .
o Jp

Then,

T
fo fw|PH(r—s;x—y)—pH(r—s;z—y)Iﬁdsdy

:\[';d ”pH(r—,X—y)—PH(r—';Z_y)”zs([OyT]) dy’

and we can conclude as for I; that

.
fo fRd|pH(r—s;x—y)—pH(r—s;z—y)|ﬁdsdy—»O, asz— Xx.

The function H is non-zero if and only if D is a bounded domain, and by smoothness of H
and the dominated convergence theorem,

.
ff|H(r—s;x,y)—H(r—s;z,y)|ﬂdsdy—»O, asz— x.
o Jp

Therefore,
I3 —0 asz— X.

We conclude that u(r, z) — u(t, x) as (r, z) — (f, x) in LP(Q), and therefore u is continuous in
probability. O
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The next result is a technical lemma that we use many times in this thesis: it concerns the
maximum in time of the heat kernel.

LemmaA.0.5. Ford > 1, recall that

C _u?
pult,x)=—e i,
t2

for some constant C that we do not need to specify here. Then,

(@) IfT <2 then

xf2
sup pg(t,x)=—e 1T .
t€[0,T] T2
.. |x|?
@) IfT > S then
!
sup pg(f,x) = —,
te(0,T] [ x|

for some constant C'.

Proof. We study the maximum of the function ¢ — pg(¢, x). The derivative of this function is
given by

2
This derivatives cancels if and only if ¢ = ‘;—['i, and is positive for values of ¢ smaller than this

threshold, and negative otherwise. This point is therefore a maximum, and plugging this value
of t in the expression of pp yields the result. O
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