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This work shows how one can probe the micromechanical strength of ceramic reinforcements used 
in metal matrix composites, which greatly influences the mechanical performance of the composite 
material yet has seldom been quantified with precision. More specifically, this study presents two 
methods by means of which one can measure the statistical strength distribution of microscopic, low-
aspect-ratio, ceramic particles. Additionally, the study reveals the nature of specific defects that 
weaken such ceramic reinforcements and shows that, when those defects are absent, one can produce 
particles of near-theoretical strength, which have the potential to produce remarkably strong and 
tough metal matrix composites. 

In one developed method called here the Meridian Crack Test, individual spherical particles are com-
pressed uniaxially between a pair of parallel elasto-plastic platens. It is shown that, by tailoring the 
platen hardness one can control the relative area of particle-to-platen contact during the test, thereby 
eliminating the initiation of contact microcracks that are often found to influence particle fracture 
when hard platens are used. It is shown how this method, coupled with the mathematics of statistical 
survival-analysis, can give unambiguous access to the particle statistical tensile strength as governed 
by surface flaws.  

The method is first demonstrated using microscopic fused quartz spheres 40±20µm in diameter and 
is then used to measure the strength controlled by surface and subsurface flaws in plasma-sprayed 
spherical amorphous and nanocrystalline near-eutectic "Eucor" alumina-zirconia-silica ceramic par-
ticles of diameter near 30 µm. Results show that nanocrystalline Eucor particles exhibit a character-
istic Weibull strength of 1490 MPa, which is approximately 30% higher than in corresponding amor-
phous particles. 

The second developed method, called here the C-shaped sample test, combines focused ion beam 
milling, loading using a nanoindentation device, and bespoke finite element simulations to measure 
the local strength of ceramic reinforcements free of artifacts commonly present in micromachined 
specimens. The method is first demonstrated on Nextel 610TM nanocrystalline alumina fibres embed-
ded in aluminium. Results reveal a size effect that does not follow, across size scales, the Weibull 
statistical strength distribution that is measured by tensile testing macroscopic samples of the fibres. 
This indicates that, in micromechanical analysis of multiphase materials, highly localized events such 
as the propagation of internal damage require input data that are measured at the same, local, micro- 
scale as the event. 

Finally, we implement the C-shaped sample test method with additional micro-cantilever beam test-
ing to measure the local strength of vapour-grown α-alumina Sumicorundum® particles 15 to 30 µm 
in diameter, known to be attractive reinforcing particles for aluminium. Results show that, provided 
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the particle surface is free of readily observable defects such as pores, twins or grain boundary 
grooves, the particles can achieve local strength values that approach those of high-perfection single-
crystal alumina whiskers, on the order of 10 GPa. It is also shown that by far the most harmful defects 
are grain boundaries, leading to the general conclusion that alumina particles must be single-crystal-
line or alternatively nanocrystalline to fully develop their potential as a strong reinforcing phase in 
composite materials. 

Micromechanical testing, local strength, uniaxial compression, survival-analysis, ceramic particles, 
alumina, focused ion beam (FIB), nanoindentation, micro-cantilever, nano-ceramic, glass-ceramic, 
Weibull statistics, alumina-zirconia-silica. 
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Ce travail présente deux nouvelles méthodes d'essai de la résistance mécanique de renforts céramique 
utilisés dans les composites à matrice métallique. En outre, l'étude révèle quels sont les défauts qui 
limitent la résistance de tels renforts et contribue à notre compréhension de la façon dont on peut 
produire des particules plus résistantes pouvant mener à des composites à matrice métallique remar-
quablement résistants et isotropes. 

Dans la première des méthodes développées ici, appelée le « Meridian Crack Test », les particules 
sont comprimées individuellement entre deux plateaux élasto-plastiques parallèles. En adaptant la 
dureté des plateaux on peut contrôler la surface relative de contact particule-plateau pendant l'essai. 
Ceci élimine le développement de microfissures créées par l'essai et généralement responsables de la 
fracture des particules lorsque des plateaux rigides sont utilisés. Nous montrons comment cette mod-
ification de la méthode donne accès à la résistance mécanique des particules telle qu'elle est contrôlée 
par les défauts de surface et mettons en œuvre la méthode avec des sphères en verre de diamètre 40 
± 20 μm. 

La méthode est utilisée pour mesurer la résistance mécanique de particules amorphes et nanocristal-
lines sphériques ayant une composition proche de l'eutectique alumine-zircone-silice, préparées par 
pulvérisation thermique avec une torche à plasma. Les résultats montrent que les particules nanocris-
tallines sont environ 30% plus résistantes que les particules amorphes, avec une résistance caracté-
ristique de Weibull égale à 1490 MPa.  

La deuxième méthode développée ici, baptisée le « C-shape sample test », est basée sur la mise en 
œuvre de la sonde ionique focalisée (FIB), d'un appareil de nanoindentation et de l'analyse par élé-
ments finis et mesure la résistance locale de renforts en céramique sans les artefacts habituellement 
présents dans des échantillons micro-usinés. La méthode est d’abord démontrée en mesurant la résis-
tance locale des fibres nanocristallines Nextel 610TM intégrées dans une matrice d’aluminium. Les 
résultats mettent en lumière un effet de taille: la statistique de rupture ne suit pas, à échelle micro-
métrique, la loi de Weibull mesurée par le biais d'essais de traction menés sur les fibres. Ceci implique 
que, dans la micromécanique de matériaux biphasés, l'analyse de phénomènes fortement localisés tels 
que la propagation localisée de l'endommagement nécessitent des données d'entrée qui doivent être 
mesurées à la même échelle, locale, à laquelle l'événement se déroule. 

Finalement, cette méthode est utilisée pour mesurer la résistance locale de particules d’alumine Su-
micorundum® ayant un diamètre de 15 – 30 µm, connues pour être les particules de renforcement 
attrayantes pour l’aluminium. Les résultats montrent que, si la surface des particules ne contient pas 
des imperfections tels que les pores, macles, ou les rainures formées à l'intersection de joints de grain 
avec la surface libre de la céramique, les particules peuvent atteindre une résistance locale de l'ordre 
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de ce qui est habituellement mesuré pour les trichites d’alumine, proche de 10 GPa. Il est aussi montré 
que les défauts de loin plus délétères sont les joints de grains, menant à conclure que les particules 
d’alumine doivent être monocristallines ou alternativement nanocristallines pour développer pleine-
ment le potentiel de cette céramique en tant que phase de renfort de matériaux composites. 

Essais micromécaniques, résistance locale, compression uniaxiale, analyse de survie, particules 
céramique, alumine, sonde ionique focalisée (FIB), nanoindentation, poutre en porte-à-faux mi-
croscopique, nanocéramique, vitrocéramique, statistique de Weibull, alumine-zircone-silice. 
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Figure 5.1 – Schematic representation of a C-shaped particle test. (a) A polyhedral 
Sumicorundum particle partially embedded in a polymer matrix is (b) FIB 
machined into a C-shape configuration, and then tested in compression to bend a 
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boundary within its ligament after FIB machining. Compared to the other two 
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 The emergence of advanced engineering fibres with extremely high strength and modulus of 
elasticity such as boron, carbon, silicon carbide, and alumina fibres was the answer of materials sci-
entists and engineers to the great demand for stronger, stiffer and yet lighter materials in fields such 
as aerospace, energy, and civil engineering. Composites reinforced with such strong fibres and with 
a metallic, ceramic or polymer matrix have since become omnipresent. Most composites nowadays 
have a polymeric matrix; however, metals are attractive as a matrix material in composites because 
they combine high strength with high toughness and can maintain these properties well above room-
temperature.  

In all such composites, the strength of the composite reinforcement is crucial as the stiff hard second 
phase carries a higher proportion of the applied load and as damage accumulation by reinforcement 
fracture is generally the critical composite failure mechanism. Advanced engineering fibres are made 
strong by controlling their microstructure and keeping their size only a few tens of micrometres in 
diameter, which significantly decreases the chance of finding a gross defect along the fibre. Advanced 
composite fibres therefore provide one of the clearest manifestations of the smaller is stronger phe-
nomenon. 

While the strength of the reinforcing fibres used in composites has been the subject of intensive re-
search without which the emergence of strong fibres and advanced composites would not have been 
possible, the strength of their particulate counterparts, also of microscopic size and used in composites 
but also found as coarse precipitates in alloys, have received far less attention. In general, comminuted 
ceramic powder particles (Al2O3, SiC), originally produced for use as abrasives and typically con-
taining a high density of large defects, have commonly been used in the development, realization, use 
and study of particle-reinforced metal matrix composites (PRMMCs). As a consequence, the proper-
ties of today’s PRMMCs remain well below those of fibre-reinforced metals or advanced metallic 
materials. The composite becomes in general more brittle with higher volume fraction of ceramic 
particles while rather high ceramic contents are necessary for an effective increase of the composite 
stiffness. The importance of the particulate reinforcement intrinsic strength on the overall composite 
mechanical performance can be illustrated using today’s attractive class of composites inspired by 
nature – brick-and-mortar “nacre-like” composites. The substitution of relatively weak and fragile 
polycrystalline aragonite (CaCO3) reinforcing platelets present in naturally occurring nacre, with in-
herently stronger synthetic alumina platelets, leads to a substantial increase of both strength and frac-
ture toughness of the composite [1–4].  
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Particulate reinforcements compared to their fibrous counterparts are attractive as a reinforcement for 
metals because they offer in general (i) potentially lower cost of the reinforcement production, (ii) 
simpler and thus lower cost composite production processes, (iii) isotropic composite properties, (iv) 
in certain conditions compatibility with conventional metalworking (machining, welding etc.), and 
(v) in certain conditions superior ductility [5]. In prior research within the Laboratory of Mechanical 
Metallurgy at EPFL it has been shown that (i) the particle intrinsic strength has pronounced effects 
on tensile properties of MMCs [6], (ii) even high-volume fraction (≈50%) PRMMCs may exhibit 
toughness comparable to engineering aluminium alloys [7], and (iii) if particles with strengths of 
advanced engineering fibres were produced and used as reinforcement, remarkably strong and tough 
PRMMCs should result [8].  

One of the main reasons why the strength of microscopic reinforcing particles has received little 
attention in research is that it is difficult to measure. There are several reasons for this. The most 
obvious is that any near-spherical object is difficult to grip, making the application of tensile stress a 
challenge. Another reason is that particles typically used in composites are both irregularly shaped 
and small. Detecting the fracture of such second phases and estimating their strength is therefore 
generally conducted using indirect methods, based on more or less elaborate and realistic microme-
chanical models of two-phase composite material behaviour. Such models generally assume second 
phase particles of strongly simplified shape (e.g. spherical) and lead to little if any knowledge of the 
flaws that determine the particle strength.  

One aim of this work is thus to develop new methods by which one can probe the local strength of 
individual microscopic hard and brittle particles, and at the same time to identify the strength-limiting 
defects within such particles. Novel methods of probing the strength of particles at the microscopic 
scale can furthermore be transferred and have significant impact also in other fields; notably for test-
ing hard and brittle precipitates in alloys, fillers, or reinforcing particles in ceramic matrix composites, 
or as another example, to test microscopic particles used in the pharmaceutical industry. The second 
goal of the thesis is to implement these methods towards testing specific microscopic ceramic parti-
cles of potential interest for metal matrix composites, and finding what limits their strength, aiming 
to understand how one could produce stronger ceramic particles, this being a pathway towards strong, 
tough and lightweight isotropic metal matrix composites. We focus our work on alumina and alumina-
based particles because (i) alumina itself is stiff, relatively lightweight and can be potentially very 
strong as was long ago demonstrated on microscopic alumina whiskers, (ii) it is an abundant (≈ 8% 
of the earth's crust) compound that can economically be produced in large quantities and by different 
methods, and (iii) it is also very often used as a model reinforcement material in the development of 
metal matrix composites. 

This thesis starts with a comprehensive literature review (Chapter 1) and is then followed by four 
Chapters, each based on a published and/or submitted scientific article. Two of these chapters deal 
with the development of new tensile strength measurement strategies at the microscopic scale. One 
is based on the uniaxial compression of individual particles between a pair of platens; this is presented 
in Chapter 2. This approach, developed using spherical fused quartz particles as a testbench material, 
introduces a departure from usual practice in that, instead of using hard (generally diamond) platens, 
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we implement softer elasto-plastic platens that plastically deform when in contact with the compara-
tively hard particles, leaving a deep indent in the platens. This significantly reduces the stress con-
centration along and around the platen-particle contact, which with hard platens often leads to the 
nucleation of extraneous cracks, which strongly reduce the validity of data. We confirm, as was 
shown by Shipway and Hutchings [9,10] that with softer platens one sees the emergence of a domain 
of particle loading where it is unambiguously known that, if a particle fails abruptly, it does so because 
of a surface flaw forming a meridional crack – hence the name given to the test: the Meridian Crack 
Test. The method is then implemented to measure the strength of amorphous and nanocrystalline 
alumina-zirconia-silica based spherical particles prepared using a plasma spraying technique in col-
laboration with the Institute of Plasma Physics of the Czech Academy of Sciences; this is presented 
in Chapter 3.  

The second strategy developed here to measure the strength of microscopic particles is presented in 
Chapter 4. This method combines focused ion beam (FIB) micromilling, nanotesting, and bespoke 
finite element (FE) simulations in a way that yields local strength data free of artefacts brought by 
ion-beam damage; this method is baptised the C-shape test. The main idea behind the method is to 
create a deep and wide notch within the particle, which then makes it possible to create states of high 
tensile stress along an external surface of the particle that is not affected by ion milling, when applying 
a compressive load normal to the plane of the notch. This strategy was developed using nanocrystal-
line NextelTM 610 alumina fibres of known strength distribution as the testbench material. Then, in 
Chapter 5, we implement the C-shape test to measure the local strength of irregularly shaped vapour-
grown alumina particles that were shown in earlier work to be highly performant as a particulate 
reinforcement in PRMMCs. We show that single-crystalline vapour-grown alumina particles can ex-
hibit strength values comparable to those of high-perfection alumina whiskers; however, their 
strength is significantly reduced due to presence of pores, shape irregularities, and most critically 
grain boundaries along with their associated grain boundary grooves. 
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 A metal matrix composite (MMC) is a material that intimately combines a continuous metallic 
matrix with a second phase generally called the reinforcement, with a goal to create a new material 
with properties unavailable using either of the individual constituents. The composite physical and 
mechanical properties can be tailored by the appropriate choice of the matrix/reinforcement combi-
nation and the geometry and volume fraction of phases present within the composite. Metals that are 
commonly used as the matrix are aluminium, copper, or magnesium, as these cannot be reinforced 
with a significant amount of hard ceramic particles by conventional metallurgical alloying. Iron, tita-
nium and nickel are sometimes also used as they can provide a very strong matrix; however, their 
high density and the fact that carbides and oxides are easily produced in iron makes them somewhat 
less interesting.  

As illustrated in Figure 1.1 the reinforcement phase comes typically in three different forms: (i) par-
ticles, (ii) whiskers and short fibres, and (iii) continuous fibres. It can be made of various materials 
that include but are not limited to oxides, borides, carbides, nitrides, carbon or boron. The volume 
fraction of the reinforcement in MMCs can vary based on the processing method, from a few percent 
up to roughly 64 %. In some specific cases reinforcement volume fractions above 80vol.% can be 
achieved, as in the case of aligned platelets [2].  

There are many MMC processing routes; these can be divided into two main classes: (i) solid-state 
processes and (ii) liquid state processes. In each of these classes there are several subcategories 
[5,11,12]. Powder metallurgy is a well-established solid-state processing route, which is relatively 
cost-effective and provides freedom in selection of metal and reinforcement. The reinforcement can 
be of almost any shape, size or volume fraction provided this last parameter is on the low side (≈ 40 
% for particles; more for fibres). The metal and reinforcement are first blended to obtain a homoge-
neous reinforcement distribution, then the mixture is cold pressed and consolidated at high tempera-
ture using hot isotactic processing (HIP) or the field assisted sintering technique (FAST). The final 
product is generally nearly fully dense if produced competently, and can be further processed by 
extrusion or forging if the reinforcement volume fraction is sufficiently low. One of the main draw-
backs of the powder metallurgy method is that bonding between metallic and ceramic powder parti-
cles can be weak, the reason being that many metallic powder particles are often covered with an 
oxide skin along their surface [13,14].  
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One way to produce fully dense bulk MMCs with a strong matrix-reinforcement interface is via liquid 
metal processing routes such as infiltration or stir-casting. Liquid metal infiltration consists of the 
injection of molten metal into a porous preform of the reinforcement. Typically this is conducted 
under vacuum or is assisted with a high pressure to overcome (generally adverse) capillary forces and 
fill with metal the narrow space between individual reinforcing particles or fibres. In stir-casting the 
reinforcement is mechanically stirred into the molten metal, often under vacuum to avoid metal oxi-
dation. In both cases a strong metallurgical bond between the matrix and reinforcement can be 
achieved; however, liquid metal routes are in general not suitable for matrix-reinforcement combina-
tions that react chemically at temperatures of the molten matrix. A typical example is the reaction 
between carbon based reinforcements with molten aluminium forming aluminium carbide, Al4C3 at 
the interface; this has documented detrimental effects on the mechanical and corrosion properties of 
resulting composites [5]. 

 
Figure 1.1 – Illustration of three types of MMCs with (grey) different form of reinforcement: (a) parti-
cles, (b) whiskers and short fibres, and (c) continuous fibres. Figure reproduced from Ref. [15] with 
permission of Cambridge University Press. 

One of the characteristic features of MMCs is that the reinforcement bears a significant fraction of 
the applied load; this is a difference with dispersion-strengthened alloys where the secondary « rein-
forcing » phase, present at the nanometre scale but at very low volume fractions, mostly act as an 
obstacle to dislocation motion. Metal matrix composites can thus offer enhancements in strength and 
stiffness simultaneously, while retaining relatively high toughness and maintaining these properties 
at elevated temperatures. Combination of light metals such as aluminium, magnesium or titanium 
with stiff and potentially strong ceramics was one of the main driving forces in the development of 
MMCs [5,11]. Figure 1.2 shows that today's MMCs (cyan boxes) push the envelope of available 
specific properties for both metals and ceramics, providing attractive materials for applications where 
strong, stiff and lightweight materials are needed. Fibre reinforced metal matrix composites 
(FRMMCs) exhibit comparable specific properties to those of carbon fibre reinforced plastics (CFRP) 
while offering advantages typical for metals (e.g. higher service temperatures, electrical and thermal 
conductivity, no moisture absorption, etc.). Particle reinforced metal matrix composites (PRMMCs) 
with slightly lower specific properties, provide on the other hand isotropic behaviour. Estimations 
based on micromechanical modelling by Hauert et al. [16] show that PRMMCs with specific proper-
ties approaching those of fibre-reinforced metals could be achieved provided that strongly bonded 
particles with strength characteristics of today's high-strength engineering ceramic fibres are used as 
reinforcement (red box in Figure 1.2). 
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Figure 1.2 – Specific modulus E/ρ vs. specific strength σf/ρ of different classes of materials according to 
[17]. The typical specific properties of fibre reinforced metal matrix composites (FRMMCs) in the lon-
gitudinal (fibre) direction and that of particle reinforced metal matrix composites (PRMMCs) are indi-
cated with cyan boxes. A theoretical estimate of what can be achieved in PRMMCs provided that ce-
ramic particles as strong as today engineering fibres are used as reinforcement is shown in red box. 
Figure reproduced from Ref. [17] with permission of Elsevier.  Overlaid data from [5,16,18–21]. 

Reinforcing metals, particularly aluminium and its alloys, with alumina has demonstrated that com-
posites with attractive specific mechanical properties can be produced. Alumina is furthermore often 
used as a model material for the reinforcement in experimental explorations of this class of composite 
materials. The reason why alumina has received much attention as a reinforcement material in MMCs 
is that it is relatively lightweight, stiff and it can be potentially very strong especially in form of 
microscopic fibres or particles. It does not react with aluminium at elevated temperatures and can 
form a strong interface with aluminium. Moreover, it is an abundant compound that can be produced 
in large quantities and by different methods. The following paragraphs summarize different types of 
alumina reinforcements used in MMCs and their properties with particular emphasis on their strength 
(in both theory and practice). 

Given the widespread utilization and its frequent use as a typical representative of the group of struc-
tural ceramics, strength and fracture mechanisms have been extensively studied, in both single- and 
poly-crystalline forms of alumina. Its stable crystalline form at room temperature is α (alpha) phase, 
also called corundum or, in its single-crystalline form, sapphire [22]. For simplicity the term alumina 
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will hereafter refer to its polymorphic phase α-Al2O3. The mechanical properties of alumina with all 
its details is an interesting topic by itself; below is given a brief review of its properties relevant to 
the testing of alumina reinforcements. 

The crystallographic structure of alumina consists of close packed planes of oxygen anions and alu-
minium cations forming a hexagonal unit cell. The description of the elastic properties of alumina 
needs therefore a total of six elastic constants. These constants were determined by Watchman et al. 
using a resonance technique [23]. The extreme values of Young’s modulus E are 461 GPa and 336 
GPa determined for <0001> and <1011> directions, respectively. For polycrystalline alumina, the 
orientation-dependent variations of the elastic constants balance each-other resulting (for a texture-
free material) in an isotropic behaviour on the macroscopic scale with an average Young’s modulus 
403 GPa and Shear modulus 163 GPa [23]. The theoretical strength of alumina was estimated by 
Wiederhorn et al. [24]. Using elastic properties of the {1010} plane and formulae derived from the 
Born potential the theoretical strength limit of sapphire is 31 GPa. In MacMillan’s approach [25] the 
theoretical strength increases with increasing Young’s modulus and surface energy, giving a theoret-
ical strength estimate for alumina equal to 46 GPa. Engineering alumina, however, contains flaws 
that act as stress concentrators. Due to the lack of plastic deformation, furthermore, stresses often 
cannot relax and in the vicinity of the most severe flaws stresses may reach the theoretical cohesive 
strength causing premature failure and diminishing the load-bearing capacity of the material.   

The strength of alumina, and more broadly of brittle materials, can be understood in the light of 
fracture mechanics [26]. The strength, , of a brittle body containing a sharp flaw of size, c, is equal 
to  

  (1.1) 

where E is Young’s modulus, Y a geometric factor and  is the fracture surface energy, which repre-
sents the brittle material's resistance to unstable crack growth; this is related to the fracture toughness 
via , where KIC is the (mode I) fracture toughness of the (perfectly brittle) material. 

A first evaluation of the fracture energy of single crystal alumina, γSC, was done by Wiederhorn [24], 
who reported γSC values (KIC equivalents in brackets) at room temperature in a dry gaseous nitrogen 
atmosphere equal to 6 J/m2 (2.15 MPa.m1/2), 7.3 J/m2 (2.4 MPa.m1/2) and > 40 J/m2 (> 5.6 MPa.m1/2) 
for the rhombohedral plane {1012}, the prismatic plane {1010} and the basal plane {0001}, respec-
tively. In polycrystalline alumina the fracture mode can be transgranular or intergranular. For trans-
granular fracture, it may be expected that the fracture process is controlled by γSC, while in the latter 
case the fracture is likely to be controlled by the grain-boundary fracture energy, γGB. Very little is 
known about the experimental value of γGB. It has been repeatedly assumed to be ≈½ of the surface 
energy of single crystalline alumina [27,28]. So far the best estimation of the grain boundary fracture 
toughness was provided in the work of Chantikul et al. [29]. In that work, extrapolation of a model 
for the fracture toughness dependence on grain size and crack length considering the grain-bridging 
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effect, yields a grain-boundary fracture toughness of 2.75 MPa.m1/2. The fracture of a polycrystalline 
body is, however, a complicated process and most experimental values of fracture energy of alumina 
polycrystals, γPC exceed γSC characteristic of single crystals, by a factor of 3 to 10 [27,30–36]. Trans-
lated into fracture toughness, values vary from 3 MPa.m1/2 to 6.5 MPa.m1/2. This relatively high scat-
ter in polycrystal toughness values is caused by several factors. Among those reported, main param-
eters are the manufacturing process and treatment, purity and grain size of the alumina sample. 

Various inherent mechanisms explaining the relatively high fracture toughness of polycrystalline alu-
mina, and ceramics in general, compared to their single crystal values, have been suggested [29,37–
40]. A central consideration of each mechanism is the micro-scale heterogeneity of the polycrystal. 
Crack deflection could be considered as one of the toughening mechanisms as the fracture surface of 
a polycrystal is larger than the projected surface used in calculating the fracture energy per unit area. 
Microcracking ahead of the crack front as a possible toughening mechanism was proposed by Rice 
and Freiman [39] after extensive study of the grain-size dependence of steady-state fracture toughness 
in non-cubic ceramics. The idea behind the mechanism of micro-crack toughening is that stable grain 
boundary micro-cracks are nucleated in the vicinity of the macroscopic crack tip. These micro-cracks 
then lower the stress experienced by the crack tip. The model has not been supported by direct obser-
vations or by ultrasound investigation [40,41] and has been abandoned mostly due to the experimental 
evidence of grain bridging and crack wake effects as more important toughening mechanisms. Mac-
rocrack bridging appears as the toughening mechanism with clear experimental evidence in single-
phase alumina in Refs. [40,42]. The operating mode of this mechanism was identified as frictional 
interlocking of grain-scale bridging ligaments across the newly formed crack surfaces, stretching as 
far as several tens of grain diameters behind the crack tip, in turn producing R-curve behaviour. It 
was shown by Vekinis et al. [42] as well as Chantikul et al. [29] that the bridging mechanism is more 
effective for coarser-grained alumina resulting in a rising R-curve (fracture resistance) behaviour as 
opposed to a flat R-curve for 2.5 m fine-grained alumina. Improvements in the fracture toughness 
of alumina can be achieved by reinforcing with second phase particles. The most commonly and 
widely used particulate reinforcement in alumina is tetragonal zirconia. The effect of zirconia parti-
cles on fracture toughness is two-fold. First, second-phase zirconia particles act as obstacle to the 
propagating crack and secondly transformation of the tetragonal zirconia to its monoclinic phase ac-
companied with ≈4% expansion in volume can be induced in the highly stressed region in front of 
the crack, thus effectively shielding the crack from experiencing stress that would otherwise lead to 
failure [43]. 

The strength of alumina is also controlled by the size of flaws that it contains and by its environment. 
It is a well-documented phenomenon that environments such as water or moist air promote subcritical 
growth of sharp flaws initially present in the microstructure of both single and polycrystalline alumina 
[44–52]. As a consequence, original flaws increase in size over time when under load. Slower loading 
rates and longer time under loading conditions allow for an increase in flaw size by subcritical crack 
growth and hence lower the strength of alumina. This phenomenon is also often referred to as slow-
crack-growth (SCG) and takes place at stress intensity factor values well below those causing failure. 
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SCG is typical of many ceramics and has its parallel in the stress corrosion cracking of metals. For 
engineering purposes SCG kinetics are typically described by a power law [48] 

  (1.2) 

where v is the velocity of the propagating crack, K is the stress intensity factor, and A and r are 
experimentally determined crack growth parameters. The v – K relation typically consists of three 
regions, I, II and III, and therefore can be described with three sets of parameters A and r [46,53,54]. 
During loading a flaw subject to slow crack growth typically spends most of its time in Region I, 
which is the region most often investigated in the literature. Typical values of the crack growth ex-
ponent, r for polycrystalline alumina in Region I have been reported to be in the range 16-110. Often 
a negative dependence of r on grain size for conventional commercial purities of alumina is reported 
[28,46,51,55]. Ebrahimi et al. [56] have shown that, when in given purity alumina the grain bridging 
toughening mechanism is taken into account, SCG of alumina of three different grain sizes 1.9 m, 
4.8 m and 12.7 m is characterized by a single value of r equal to 75. Values of the parameter A are 
rarely presented in the literature. Theoretically, A depends on the concentration of active species in 
the environment [28]. Evaluating published v – K relations in the literature [46,52,56,57], values of 
A for moist air of approximately 50% relative humidity in Region I vary considerably, from 2x10-22 
to 6x10-41 (in SI units) depending mainly on the purity of the alumina grade investigated. 

SCG in alumina is almost exclusively associated with intergranular crack growth followed by cata-
strophic failure in the transgranular regime [28,29,48,52,58]. Although Kirchner and Gruver at-
tributed cleavage regions on fracture surfaces surrounding original flaws in hot-pressed and 96% 
alumina to SCG [44,49], Rice later pointed out [59] that Kirchner’s observations are consistent with 
cleavage regions showing an “inner mirror” analogous to glass fracture surface characteristic [48,60]. 
The micromechanism underlying SCG was investigated by Michalske and Freiman [61]. Their study 
led to conclude that the dominant mechanism at low and intermediate temperatures is the breaking of 
chemical bonds at the crack tip as a result of stress-assisted reaction with polar molecules present in 
the environment. In a study of high-purity alumina grades Krell et al. [52] suggested that water pro-
motes SCG preferentially in microstructural regions with segregated impurities along grain bounda-
ries thus promoting intergranular fracture. Rice supports this statement in a review where he claims 
that SCG often occurs due to boundary phases that are particularly susceptible to the environment 
[28].  

Kirchner and Gruver reported that delayed fracture in polycrystalline alumina can also originate from 
pores that do not appear to be directly connected to the atmosphere [49]. Wiederhorn et al. observed 
in a study of crack propagation in single crystal alumina that metastable slow crack growth can occur 
at low homologous temperatures in vacuum [62]. While at high temperatures (> 400°C) alumina ex-
hibits twinning and plastic flow, TEM observations did not suggest the occurrence of plastic flow at 
lower temperatures [63–65]. Wiederhorn et al. also reported a temperature dependence of fracture. 
The observation of slow crack growth in vacuum and a strong temperature dependence of strength 
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and fracture toughness contradict the classical theory of brittle fracture, which assumes that the sur-
face free energy is the main barrier for fracture (if this simple theory were true, it would follow that 
fracture would be a nearly temperature-independent process and slow crack growth would not occur 
[62]). Several theories have been developed to describe brittle fracture as a thermally activated pro-
cess considering fracture as a diffusion process [66,67] or based on atomic bond fluctuations at the 
crack tip [68–70].  

In contrast to TEM observations, Lankford and co-workers [71–74] identified microplastic flow and 
twinning as active mechanisms in coarse-grained alumina at low homologous temperatures including 
room temperature, in both compression and tension. Their acoustic emission experiments indicate 
that twinning starts at stresses as low as 130 MPa in tension. They attributed the temperature-depend-
ent strength of alumina to deformation twinning as a microcrack initiation mechanism. Stresses asso-
ciated with dislocation pileups blocked by grain boundaries may also relax by the nucleation of micro 
or intergranular cracks. Deformation twins may serve as active flaws, causing microcrack initiation 
and extension. Plasticity in single crystalline alumina at room temperature has been reported by Mon-
tagne et al. [75] using FIB milled micropillar compression tests, with plasticity occurring above 11 
GPa in uniaxial compression stress, and critical resolved shear stress values between 4 and 11 GPa 
depending on the crystal orientation. Therefore it would seem possible that, for high purity single 
crystal or polycrystalline alumina with strong grain boundaries and sufficiently free of pre-existing 
flaws, plastic yielding and associated phenomena might control the ultimate attainable strength of 
alumina even at room temperature. 

As exposed earlier a perfect, defect-free alumina crystal can theoretically achieve strengths on the 
order of 30-40 GPa. First attempts to produce high-perfection and thus strong alumina crystals in the 
form of whiskers date back to 1950s. Methods developed to produce alumina whiskers include a 
vapour-phase growth technique in which a stream of moist hydrogen is passed over aluminium pow-
der at high temperature [76], the Edge-defined, Film-fed growth method developed by LaBelle [77], 
the laser-heated pedestal-growth (LHPG) method [78] or vapor-liquid-solid (VLS) deposition 
[79,80]. 

A pioneer of the mechanical characterization of alumina whiskers, and whiskers in general, was Bren-
ner [81]. Brenner reported maximum elastic strains achieved in single-crystal alumina whiskers of up 
to 3 %; this translates to strength value on the order of 12 GPa. Other authors reported similar values: 
for whiskers and needles a few micrometres in diameter measured strength values typically lie be-
tween 7 to 14 GPa [82–86]. Reported alumina strength values are strongly dependent on the size of 
the whiskers (see Figure 1.3), with whiskers 50 µm in diameter having reported strength values as 
low as 1 GPa [82]. No prominent dependence of the alumina microcrystal strength on crystal orien-
tation has been reported in the literature [87], although in one study somewhat higher strength values 
for A-type (<hk.0>) whiskers were reported compared to C-type (<0001>) whiskers [85]. Experi-
mental data on alumina whiskers with strength values consistent with the theoretical strength of alu-
mina were achieved testing nanoscale alumina whiskers [65]. 
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The high strength of alumina whisker crystals is linked to the absence of gross imperfections. The 
evidence shows very clearly that flaws along the crystal surface control its strength. Polishing of 
alumina whiskers surface in hot orthophosphoric acid improved the strength of larger less strong 
whiskers (<8 GPa of strength) [84,88] (see Figure 1.3). Similarly, flame-polishing of millimetre-scale 
high-perfection alumina crystals led to improvement of the strength [87]. Bayer et al. in [88], based 
on the observation that whiskers with chemically polished and unpolished surface behave in qualita-
tively similar manner when their fracture stress exceeds 8-10 GPa, suggested that such strong crystals 
may fail by crack nucleation induced by dislocation motion (pile-up or dislocation interaction) re-
gardless of the whisker orientation. Observations consistent with those of Bayer et al. were reported 
by Grenier and Kelly [84] (see Figure 1.3). 

 
Figure 1.3 – Alumina whisker strength as a function of its diameter and effect of chemical polishing with 
hot orthophosphoric acid on the whisker strength. Data from [84]. 

It has been demonstrated that the reinforcement of materials with strong whiskers has potential from 
the perspective of materials properties (but is restricted by the high price of whiskers) [89,90]. At 
room temperature peak fracture strengths of 1.6 GPa were reported for a silver matrix composite 
reinforced with alumina whiskers of 7.7 GPa average strength. The use of such composites at elevated 
temperatures (> 1000 °C) was found to be limited due to the disruption of whisker-matrix bonds 
observed for a nickel matrix composite [91]. Additionally, high strength whiskers as reported above 
are achieved only when great care is taken during their production and selection. In the case of whisk-
ers and single crystalline fibres produced on an industrial scale, individual whisker/fibre strengths 
seldom reach values above ≈ 6 GPa [91–93]. 

Long (up to 250 mm) monocrystalline alumina fibres can be produced via the internal crystallization 
method (ICM) developed by Mileiko et al. [94–98]. The method is essentially based on crystallization 
of an oxide fibre from the melt in the channels of a molybdenum preform formed by alternating layers 
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of foils and wires made of molybdenum. The channels are filled with the oxide melt by capillary 
forces and fibres are crystallized by cooling down the preform, directionally by pulling it out from 
the melt. Resulting fibres exhibit non-circular cross-sections with a characteristic transverse width in 
the range 50-500 µm. The main advantage of the method is its relative simplicity and (comparative) 
low cost, since fibres are produced from the melt. The effective strength of alumina fibres prepared 
by the ICM method was reported to be near 2 GPa for 1 mm long fibre and few hundred MPa for 
fibre lengths between 10-20 mm. The fibre strength was significantly improved by coating their sur-
face with silicon oxy-carbide using a CVD process; strength values near 7 GPa for 1 mm fibre length 
and approximately 1 GPa for 20 mm fibre lengths are then reported, suggesting that the fibre strength 
is mainly limited by surface defects (although fractography revealed that pores were often the 
strength-limiting defects) [98]. 

Continuous polycrystalline alumina fibres can also achieve relatively high strengths (>3 GPa) when 
they are defect-free and nanocrystalline [99,100]. Polycrystalline alumina fibres can be produced via 
a sol-gel method, in which a viscous aqueous solution of aluminium salts (sol) is spun to produce a 
gel fibre that is subsequently thermally treated [11]. Table 1.1 summarizes properties of some of the 
available polycrystalline alumina and alumina based fibres used as reinforcements. Aluminium and 
aluminium alloys reinforced with NextelTM fibres reach tensile strengths of nearly 1600 MPa and a 
modulus of elasticity around 240 GPa along the fibre direction; these represent a showcase MMC 
material. The strength-limiting defects of polycrystalline alumina fibres are typically larger pores, 
surface defects (e.g. blisters, cracks, weld-lines) [99], grain boundary grooves [101], and abnormally 
large grains [102]. 

Table 1.1 – Properties of selected alumina and alumina-based polycrystalline fibres. 

Fibre Composition (wt%) 
Diameter 

(µm) 
Density 
(g.cm-3) 

Young’s 
modulus 

(GPa) 

Average ten-
sile strength 

(GPa) 
NextelTM 610 

[100] 
>99Al2O3 10-12 3.9 373 3.3a 

NextelTM 650 
[100] 

89Al2O3, 10ZrO2, 
1Y2O3 

10-10 4.1 358 2.5a 

NextelTM 720 
[100] 

85Al2O3, 15SiO2 10-12 3.4 260 2.1a 

Altex 
[103] 

85Al2O3, 15SiO2 17 3.2 210 1.8b 

Almax 
[103,104] 

>99Al2O3 10 3.6 340 1.3b 

Saffil  
[11] 

96Al2O3, 4SiO2 3 2.3 100 1.5c 

a 25mm gauge length, b 10mm gauge length, c manufacturer’s data 
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Most of the alumina powder produced commercially is obtained from bauxite ore via the calcination 
of aluminium hydroxides – a step in the so-called Bayer process. Alternatively it is produced from 
transition aluminas and calcium salts. There exist several different grades of alumina powder origi-
nating from the Bayer process, of different purity, shape and properties. For example, white fused 
grade alumina, which is probably the most widely used type of alumina particles in producing 
PRMMCs, is made by melting calcined alumina, which is an agglomerate of microscopic alumina 
grains from the Bayer process, in electric arc furnaces by passing an electrical current between carbon 
electrodes. Resulting fused bulk alumina is typically very pure except that it contains residual sodium 
oxide, which volatilizes during melting giving rise to relatively large internal pores [105]. Brown 
fused alumina is another kind of fused alumina, which has roughly 96 wt% of Al2O3 and contains 
residual titanium dioxide. It is in general considered stronger than white fused alumina, the latter also 
having a higher friability [105,106]. Fused alumina can be additionally modified by small amounts 
of alloying elements such as chromium or vanadium oxide [105]. Calcined alumina from the Bayer 
process can also be sintered. This typically results in alumina with fine grains, a few micrometres in 
diameter, and containing a finite fraction of regular microporosity [107]. Sintered alumina is some-
times also called tabular alumina owing to its microstructure, which is often made of small plate-like 
“tabular” grains [108]. Either fused or sintered, the bulk alumina is then crushed and sieved in order 
to obtain fine powder. Because fused or sintered alumina powders are typically comminuted, they 
tend to contain a high density of microcracks, which weakens them. This is something that is not 
necessarily unwanted in an abrasive powder (the main use of this type of powder) as high friability 
and the ability for particle self-sharpening are sought [105]. Other methods of alumina powder pro-
duction exist and to list all of them is far beyond the scope of this thesis. Comprehensive surveys on 
the topic of alumina powder production are provided in [22,108,109].   

Methods that do not require size reduction (e.g., comminution) processes are attractive if one wishes 
to avoid the formation of strength-limiting microcracks typical of comminuted powder. At Sumitomo, 
an in-situ vapour-phase transition method is used to produce nearly-monodispersed high-purity pol-
yhedral alumina particles [110]. Atomization of comminuted powder by a thermal spraying technique 
can alternatively be used to prepare amorphous and/or nanocrystalline powder particles in which 
original comminution defects are eliminated [111,112]. A proprietary mechanochemical crystal 
growth process from an aqueous solution has also been used to produce microscopic alumina platelets 
[113,114].  

Figure 1.4 shows alumina particles prepared by four different methods, namely (a) comminuted fused 
alumina, (b) in-situ vapour-phase formation, (c) atomization using a thermal spraying technique and 
(d) mechanochemical crystal growth, all of which have been successfully used as reinforcement in a 
metallic matrix [2,115,116]. All four types of alumina particle shown in Figure 1.4 contain defects, 
however; namely: microcracks, grain boundaries and grain-boundary grooves, micropores, and irreg-
ular surface forming local stress concentrators. These defects are expected to have a detrimental effect 
on individual particle strength. Yet, not much is known about the strength of these particles or the 
quantitative effect of these observed defects on the particle strength and its distribution. There are 
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only few studies in which the authors attempted to measure the strength of ceramic particles similar 
to those used in composites; these are reviewed together with the used testing methods in Subchapters 
1.5.1 and 1.6.5. The particle intrinsic strength, however, has pronounced effects on the composite 
mechanical properties such as strength, ductility, and fracture toughness, as will be explained in the 
next section. 

 
Figure 1.4 – Selection of four different types of microscopic alumina particles produced by different 
methods, which have been used to produce PRMMCs. (a) Comminuted fused alumina containing visible 
cracks (reproduced from Ref. [116] with permission of Elsevier). (b) Vapour-grown Sumicorundum® 
alumina showing facets and grain-boundary grooves (reproduced from Ref. [116] with permission of 
Elsevier). (c) Atomized alumina prepared by a thermal spray technique with dendritic microstructure 
forming grain-boundary grooves and micropores (reproduced from Ref.  [111] with permission of 
Springer). (d) Alumina platelets prepared by a proprietary mechanochemical process with notch-like 
asperities (image source: Merck KGaA (CC-by-ca 3.0)). 

As particle reinforced metal matrix composites deform, the matrix undergoes plastic deformation 
while the much stiffer ceramic particles remain elastic and take up a disproportionate portion of the 
applied stress. A three-dimensional finite element simulation of a representative volume element 
(RVE) of stiff spherical ceramic particles occupying 40 vol % embedded in aluminium matrix from 
the work of Segurado and LLorca [117] shown in Figure 1.5 demonstrates that particles carry high 
tensile stress oriented along the loading axis, particularly when they are close to each other. The peak 
stress found in particles can be several times higher than the yield stress of the matrix and, as can be 
observed from the figure, the stress distribution within each particle can be very inhomogeneous. 
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Figure 1.5 – 3D finite element simulation of a representative volume (RV) element of aluminium metal 
matrix composite reinforced with stiff (400 GPa) ceramic particles occupying 40 vol%. The RV element 
is deformed in the direction of the arrow (top right corner) with the applied strain 5%. Particles exhibit 
high tensile stresses in the direction of the applied strain with the peak value several times higher than 
the yield strength of the aluminium matrix. Figure reproduced from Ref. [117] with permission of Else-
vier. 

It is well documented that the high stresses that particles are subjected to during deformation of the 
composite under external loading lead to stochastic particle fracture [116,118–133]. Hard equiaxed 
particles in metal have been found to fracture normal to the direction of applied uniaxial stress when 
it is tensile [118,122,134–136] or parallel to it when it is compressive [137]. The fracture of particles 
within two-phase materials has been probed by various means, including microscopic examination of 
surfaces during in-situ testing [130], ex-situ metallography of strained or fractured samples [123,131] 
or serial sectioning [138], acoustic emission [139], neutron diffraction [128,140], and 3D synchrotron 
X-ray tomography [118,134,141,142]. 
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Figure 1.6 – An example of damage accumulation by particle fracture in an aluminium metal matrix 
composite reinforced with spherical ceramic particles investigated by 3D synchrotron X-ray tomogra-
phy. Cracks in particles appear perpendicular to the applied tensile stress. Reproduced and adapted 
from Ref. [118] with permission of Elsevier. 
 

Fracture of the particles causes the two-phase material to accumulate damage over the course of de-
formation, reducing in turn its load-bearing capacity and also its rate of work hardening. Studies have 
clearly shown that the proportion of broken particles is directly linked to the applied tensile stress
and/or tensile strain [123,125,143–146]. Figure 1.6 displays a demonstration of this phenomenon re-
vealed by three-dimensional in-situ synchrotron X-ray microtomography experiments performed by 
Maire et al. [118,141]. It has been repeatedly observed that the propensity for particle failure is higher 
for larger particles and increases with increasing volume fraction of the reinforcement 
[119,123,130,146–149]. A direct link of the particle shape with the propensity for particle fracture is 
on the other hand less clear. While some studies found that particles with prominent angularity are 
more prone to fracture [150,151], Li et al. reported only an insignificant effect [147]. Indeed, sharp 
angles in particles can act as stress concentrators either as geometric irregularity sites within individ-
ual particles [152,153] or in case of high-volume fraction particle-reinforced composites at particle-
particle contact points [123].  

The flaw-controlled intrinsic strength of particles was found to be the key parameter controlling the 
rate of damage accumulation in PRMMCs [116,154–157]. The effect of particle size on the propensity 
for particle fracture can be explained by the fact that bigger particles are more likely to contain large 
defects and thus are weaker, as is characteristic for any brittle ceramic [89]. It is often reasoned that 
particle strength distributions should follow the Weibull distribution, which is hence often used to 
describe the failure probability of ceramics, including particles in composites [125,158,159]. The 
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probability of fracture, Pf, of a particle of volume, V, following the two-parametric Weibull distribu-
tion is given by: 

  (1.3) 

where V0 is the reference volume,  is the stress experienced by the particle,  is the Weibull scale 
parameter, itself related to the particle characteristic strength for which the probability of particle 
failure equals 63.2 %. The exponent m is the Weibull shape parameter, also called Weibull modulus, 
and describes the dispersion of the particles’ strength. 

The accumulation of damage during loading by particle fracture has pronounced effects on the com-
posite physical and mechanical properties. In the next two sections we focus on the effect of particle 
fracture on tensile and fracture properties of the composite, respectively. 

One of the effects of particle fracture and thus of the particle strength on the tensile properties of a 
particle-reinforced metal matrix composite is a degradation of the composite Young’s modulus under 
increasing applied load and/or strain [116,123,125,146,158,160–167]. As soon as the composite yield 
stress is reached, a noticeable decrease in elastic modulus is typically measured. The rate of particle 
fracture and thus the rate of the ensuing Young’s modulus degradation depends on the particle statis-
tical strength distribution. The decrease of the elastic modulus can reach more than 20% compared to 
the initial value; clear experimental evidence for this can be found in Kouzeli et al. [116], results of 
which are here summarized in Figure 1.7. In this study the Young’s modulus evolution of high-vol-
ume fraction (>40%) pure aluminium reinforced with two different types of alumina particles of dif-
ferent sizes was monitored by a series of load-unload cycles over the course of a tensile test. The 
results show that, if all else is equal, a composite with larger and thus weaker particles loses stiffness 
at a higher rate relative to strain (Figure 1.7a). The observed trend cannot be explained by other 
damage accumulation mechanism such as matrix voiding: if matrix voiding were stress controlled, 
composites with smaller particles would accumulate damage at a higher rate since the matrix stress 
is higher in the case of smaller particles. For strain-controlled matrix voiding, no size dependence is 
expected. A different damage accumulation rate was also observed when two composites were rein-
forced with particles of the same size but of different quality. The observed rate of damage accumu-
lation was higher for composite reinforced with comminuted powder compared to composite rein-
forced with high-quality and intrinsically stronger vapour-grown particles (Figure 1.7b). Similar ob-
servations were made in copper alloy matrix composites reinforced with comminuted and high-qual-
ity vapour-grown alumina powders [154].  
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Figure 1.7 – The effect of particle fracture on tensile properties of high-volume fraction (>40%) alumina 
particle reinforced aluminium MMC. (a) Larger reinforcement particles lead to a higher rate of damage 
accumulation by particle fracture, which in turn leads to higher loss of composite stiffness. (b) Compo-
site reinforced with high quality vapour-grown alumina particles has a lower rate of damage accumu-
lation by particle fracture than a composite produced with comminuted alumina particles, which (c) 
leads to enhanced tensile ductility in comparison with composite reinforced with comminuted alumina 
powder exhibiting a high density of surface cracks. Plots in panels (a) and (b) and particle pictures are 
reproduced and adapted from Ref. [116] with permission of Elsevier. Data in panel (c) is replotted from 
Ref. [116]. 

The particle intrinsic strength and the related rate of damage accumulation by particle fracture have 
a significant effect on the composite flow curve as well, as shown in Figure 1.7c from [116]. As 
particles break the “effective” load-bearing average cross-sectional area of the composite decreases; 
the differences in the flow curve can be explained with the principles of Continuum Damage Me-
chanics making the hypothesis of strain equivalence [168]. Assuming that the contribution to the 
composite strain due to strain hardening of the matrix is unchanged by particle fracture, the stress of 
the undamaged composite follows  and that of damaged composite, , where E0 and E 
are the initial and actual elastic modulus of the composite, respectively. One can back-calculate the 
flow curve of the tested composite reinforced with hypothetical ideally strong particles (in the absence 
of other internal damage mechanisms) as 

  (1.4) 

Thus in this simple (approximate) analysis scheme, a 20% decrease of the Young’s modulus due to 
particle fracture decreases the flow stress of the composite by 20%. Equation (1.4) was found to be 
adequate in [116] giving the same “effective” composite flow curve in case of two microstructurally 
identical composites reinforced with qualitatively different particles and exhibiting different rates of 
damage accumulation by particle fracture. 

Another rather important property that is significantly influenced by the particle intrinsic strength is 
the tensile ductility, as depicted in Figure 1.7c. Specifically, the rate of particle fracture was reported 
to significantly affect the composite failure strain [116,122,150,166,169,170]. In MMCs failing due 
to the onset of tensile instability, combining the Considere criterion with the expression for the effec-
tive stress Eq. (1.4) with a constitutive law for the undamaged material and neglecting the change in 
volume in the composite due to particle fracture, Kouzeli et al. [116] derived a simple expression for 
the failure strain, which reads 
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  (1.5) 

with  being the strain-hardening exponent of the undamaged effective composite flow curve, and 
predicts that a higher rate of stiffness loss due to particle fracture hastens tensile instability. The ex-
pression (1.5) was found to be in good agreement with experimental data of various MMCs 
[116,162,171]. 

In the previous paragraphs we discussed the role of the particle strength on the tensile properties of 
particle-reinforced composites that fail progressively, by essentially ductile failure. Additionally, 
PRMMCs often break in brittle manner, suddenly and well before the onset of tensile instability 
[7,172,173]. Tekoglu and Pardoen [174] developed an “Integrated Mori-Tanaka-Damage” model 
which predicts that, if the reinforcing particle (and matrix-particle interface) strength is several times 
higher than the yield stress of the matrix, then the ductility and ultimate tensile strength improve. The 
composite ultimate tensile strength is predicted to be up to 4 times higher than the yield stress of the 
matrix when the critical stress for particle fracture is more than 12 times the matrix yield stress. 

To address the observed ductile-to-brittle transition in the composite failure mode and to assess the 
role of the particle strength quantitatively, Hauert et al. [16] developed a mean-field analytical mi-
cromechanical model that integrates both failure modes, namely ductile and brittle. The model com-
bines tensile flow curve prediction via the Torquato Identical Hard Spheres model and the simplified 
variational estimate of Ref. [175] with the effect of damage accumulation by particle fracture follow-
ing the Weibull distribution (Eq. (1.3)). The latter is governed by a local load sharing rule, which 
assumes that only the nearest neighbouring particles take part in local stress redistribution after par-
ticle failure. This forms clusters of several neighbouring broken particles, which can reach a critical 
size that causes sudden, brittle failure of the entire composite. This abrupt brittle failure mode is 
modelled using an adaptation of Batdorf’s local load-sharing model for fibre-reinforced composites 
[176] giving the stress at which an avalanche-like propagation of damage via the creation and unstable 
growth of ever bigger clusters of broken particles commences. Figure 1.8 illustrates stress strain 
curves predicted using this model for a composite reinforced with particles with different realistic 
statistical strength distribution. The model predicts that an increase in characteristic particle strength, 

 at fixed Weibull modulus leads to an increase in the composite tensile strength and ductility (Fig-
ure 1.8a). For the strongest modelled particles, composite failure occurs instead by the onset of tensile 
instability. The model also shows that the effect of the Weibull modulus of the particles’ statistical 
strength distribution is almost as important as their characteristic strength; this is a manifestation of 
the important role played by the weakest particles in composite failure (Figure 1.8b). Hauert et al. 
went further in their estimates by answering the question of what could be achieved if particles having 
the statistical strength of today’s engineering ceramic fibres (see Table 1.1) were used as reinforce-
ment of a strong metallic matrix. Although there are several limitations in the model, one of which is 
the assumption that only particle fracture contributes to damage accumulation, this approach provides 
a theoretical limit for what could be achieved in PRMMCs. Its predictions were already presented in 
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Figure 1.2, showing that isotropic PRMMCs with specific properties approaching those of fibre-re-
inforced composites along the fibre direction are achievable in particulate reinforced metals. 

 
Figure 1.8 – Stress-strain curves of a ceramic particle reinforced metal matrix composite predicted using 
the local load sharing model of [16] with matrix hardening following the classical power law, , 
with the strength coefficient c = 300 MPa, hardening coefficient nh = 0.2, and 107 ceramic particles oc-
cupying 50 vol% of the composite volume. (a) The role of the characteristic strength, σ0, of ceramic 
particles on the resulting composite strength with particles’ Weibull modulus fixed (m = 3). (b) The role 
of the particles’ Weibull modulus on the resulting composite strength with particles’ characteristic 
strength fixed (σ0 = 700 MPa). Plots in the figure are reproduced from Ref. [16] with permission of 
Elsevier. 

Although crack growth in PRMMCs is in general a complex problem, which depends on the interplay 
of a multitude of factors including the particle size and volume fraction, the interface strength or the 
matrix strength, particle fracture and thus the particle intrinsic strength is one of the most important 
among parameters controlling the composite crack growth resistance [7,19,127,155,163,177–182]. 
This appears as intuitively evident (obviously weaker particles will ease crack growth); however, 
there is only scant experimental data documenting quantitatively the influence of the particle strength
on composite fracture toughness, for the obvious reason that particle strength has seldom been stud-
ied. Additionally, complicating factors exist that obscure trends; for example, increasing the particle 
size and in proportion (at fixed particle volume fraction) the interparticle distance has mixed influ-
ences, in that increasing the microstructural scale increases per se the composite toughness, while it 
also tends to decrease the intrinsic strength of brittle particles [180,183,184].  

It has been shown using FEM and other methods of micromechanical modelling that broken particles 
and also particles with a flaw both tend to attract a crack, leading to a substantial increase in the crack 
driving force, while simultaneously easing crack propagation and embrittlening the composite 
[177,181,185–187]. Figure 1.9 summarizes the qualitative effect on the stress state ahead of the crack 
tip and the crack path in the case when particles do not fracture (the case of ideally strong particles) 
and when particle fracture occurs at a critical particle stress of 1 GPa obtained via two-dimensional 
FE simulations by Ayyar and Chawla [160]. Simulations show that particles bear a significant portion 
of the load even far away from the crack-tip, which leads to their failure and formation of microcracks 
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ahead of the crack tip (Figure 1.9a). Although the model could not capture the formation and growth 
of multiple cracks, this would lead to crack coalescence ahead of the primary crack. Simulation of 
the crack path (Figure 1.9b) showed that when particles fracture ahead of the crack tip their crack 
shielding capacity is significantly weakened, attracting the crack and reducing the level of crack de-
flection. 

 
Figure 1.9 – 2D finite element simulation of a single-edge notched aluminium metal matrix composite 
reinforced with 15 vol% SiC particles specimen containing a crack. (a) The effect of particle fracture on 
the Von Mises stress distribution. Notice that when particle fracture is operational particles fracture 
relatively far away from the crack tip which would lead to crack coalescence by particle fracture ahead 
of the primary crack. (b) Particle fracture reduces the degree of shielding from the particles, attracting 
the crack and decreasing the crack deflection. Figure reproduced from Ref. [188] with permission of 
Annual Reviews. 

Clear experimental evidence of the importance of the particle intrinsic strength on the composite 
fracture toughness was provided by Miserez et al. [19,155–157]. In their experiments, microstructur-
ally simple aluminium and aluminium-copper alloy matrix composites reinforced with ≈50vol% alu-
mina particles of different quality and intrinsic strength were studied with other parameters such as 
the particle size and volume fraction, matrix-particle interface quality and matrix strength kept at a 
fixed value. Experimental results summarized in Figure 1.10 show that the composite fracture tough-
ness is almost two times higher when reinforced with high-quality vapour grown alumina particles 
compared to the composite reinforced with comminuted particles containing high density of surface 
defects (Figure 1.10a). Investigation of the crack profiles from arrested chevron-notched specimens 
showed that, with all else equal, the composite reinforced with comminuted powder exhibited a higher 
portion of broken particles along the crack path compared to the composite with vapour-grown par-
ticles (Figure 1.10b). The level of crack-deflection for the composite reinforced with high-quality 
vapour-grown particles was also more pronounced, consistent with the afore mentioned FE simula-
tions (Figure 1.9b).  
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Figure 1.10 – The influence of the alumina particle intrinsic strength on fracture toughness of an alu-
minium alloy metal matrix composite. (a) The fracture toughness of the composite can be almost two 
times higher when the matrix is reinforced with higher quality vapour grown particles and comparable 
with aerospace grade engineering aluminium alloys. (b) The proportion of the cracked particles along 
the crack path is higher when low quality comminuted alumina particles are used. Plots in panels (a) 
and (b) reproduced from Ref. [19] with permission of Elsevier. Particle pictures reproduced from Ref. 
[116] with permission of Elsevier. 

To date, the strength distribution of particulate reinforcements has mainly been estimated indirectly, 
by employing more or less elaborate micromechanical models of two-phase composite material be-
haviour to estimate the stress borne by particles from measured composite stress and strain states, 
coupled with direct or indirect observations of particle fracture and Weibull statistics. Wallin et al. 
[189] were among the first to estimate the statistical strength of reinforcing particles by adopting a 
simple fibre loading model  in which the stress in particles is proportional to the matrix flow stress. 
Some researchers estimated the average stress in particles considering dispersion hardening models 
[190]. Most other works rely on adaptations of models derived by Eshelby and/or Mori and Tanaka 
to estimate the stresses borne by particles . In his work Eshelby [192] derived a tensor 
that links the far-field strain of a linear elastic matrix with the strain in the isolated elastic inclusion. 
In the Mori and Tanaka approach [193] the authors take into account the interaction among inclusions 
by also considering an isolated inclusion but subject to an effective strain field equal to the average 
matrix internal strain.  

Mochida et al. [164] considered that the stress induced in particles is a sum of the thermal residual 
stress due to CTE mismatch strain and the stress induced by the matrix plastic strain during tensile 
loading. The residual stress was estimated using a model based on dislocation punching by Taya et 
al. [194]. The stress in particles due to the matrix plastic strain was analysed using the Eshelby model 
[192] considering that the matrix contains unbroken as well as broken particles with the latter assim-
ilated to voids. This approach led to predict that the particle stress scales linearly with the plastic 
strain, with the scale parameter a function of elastic constants of the matrix and the particle, and of 
the volume fraction of particles and voids. Hauert et al. used their model [16], already mentioned 
earlier in Subchapter 1.3.2 and developed to model the tensile properties of a PRMMC considering 



Literature review 

 

52 

the local load-sharing and gradual growth of clusters of broken particles, to back-calculate the 
strength distribution of comminuted alumina reinforcement particles [135]. 

Numerical modelling using finite element analysis was also employed to calculate the stress borne 
by particles during composite loading. Llorca et al. [125] modelled the composite as an array of unit 
cells with a particle represented as a cylinder of length equal to the size of the particle embedded in 
a matrix. A similar approach was adopted by Babout et al. [118] who assumed a spherical particle to 
reinforce the unit cell. Majumdar and Pandey [127] used the results of Llorca et al. [125] to estimate 
average stresses in SiC particle reinforcements. In their simplified procedure the stress in the compo-
site is shared between particles and matrix with the constraint factor increasing the portion of the load 
borne by particles. FE calculations were also used in the development of micromechanical models 
and estimations of particle stress by Zok et al. [122,172,195]. These authors expressed the particle 
stress as the matrix flow stress scaled with a stress amplification factor that arises from elastic/plastic 
mismatch between the particles and matrix obtained from FE simulation. 

It is difficult to compare results of the “back-calculated” particle strengths from the literature because 
results depend strongly on the model used, and because basic parameters such as the particle size and 
type (comminuted, sintered, atomized, etc.) are seldom reported in the description of experimental 
procedures. Hauert et al. [135] studied the strength distribution of ≈50vol% comminuted white fused 
alumina ≈33 µm in diameter reinforcing an aluminum-copper alloy, reporting back-calculated 
Weibull characteristic strength σ0 = 850 MPa and Weibull modulus m = 3 (Figure 1.11a). These au-
thors also inferred the strength of the same particles when embedded in a softer pure aluminium 
matrix. In that case the inferred strength of particles was significantly different (σ0 = 445 MPa, m = 
3.5), the reason invoked being extensive particle-particle interaction due to significantly higher 
achieved strains during composite loading compared to stronger alloyed matrix composites, which 
do not deform as extensively. As a comparison, Mochida et al. reported estimated particles strengths 
of 15vol% alumina particles ≈25 µm in diameter of (presumably) similar type reinforcing a 6061 
aluminium alloy (Figure 1.11b). Using their approach, the reported particle strength distribution had 
the characteristic strength σ0 = 1990 MPa and Weibull modulus m = 1.43. Extrapolating the two 
distributions from one particle size to the other shows a marked difference between the two estima-
tions (Figure 1.11c). 

 
Figure 1.11 – Weibull strength distribution of (a) comminuted white fused alumina from Hauert et al. 
[135] (reproduced with permission of Elsevier) and (b) presumably comminuted white fused alumina 
from Mochida et al. [164] (reproduced with permission of the Japan Institute of Metals and Materials) 
inferred from macroscopic composite testing using two different micromechanical models. (c) Compar-
ison of the two strength distributions shows considerable difference in the predicted strength.   
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A common feature of studies described above is that they focus on the average stress exerted on the 
particles during the (measured) deformation history of the composite, which may differ strongly from 
the stress at which a given individual particle fractures. The approach also provides little information 
on the relation between the structure and the properties of the particles themselves. All micromechan-
ical models furthermore rest on strong simplifications; for example, particles are often considered to 
be monodispersed spheres subject to an average stress homogeneously distributed in their volume 
perfectly bonded to the matrix and with no physical interaction between particles. Analytical models 
used are furthermore often ad-hoc adaptations of linear elastic models, the legitimacy of which is 
often open to question. The stress redistribution after particle failure is also a complex problem that 
is difficult to model [135]. Lewis and Withers in Ref. [158] reanalysed data from Llorca et al. [125] 
using four different micromechanical composite models to derive the average particle stress evolution 
including (i) a simple relationship of the particle stress being proportional to the particle aspect ratio, 
(ii) an elastic Eshelby inclusion based model, (iii) the Eshelby model including the effect of matrix-
particle plastic deformation modelled as a misfit strain, and (iv) the previous approach (iii) adding 
the effect of plastic relaxation. The authors’ analysis shows that the choice of the model has a con-
siderable effect on the resulting particle strength Weibull distribution. In addition, the distribution 
parameters appeared to depend on the strain at which the data were measured and analysed, regardless 
of the model used. The authors admit that this can be a manifestation of the incapacity of the models 
to accurately predict the evolution of the particle stress in the deforming composite. 

Quantification of particle fracture is also commonly assessed indirectly. Most such work relies on 
various measurements of the fraction of broken particles using quantitative metallography. This has 
limitations as some broken particles may go unnoticed [196] when only 2D surfaces are studied [197] 
or when damage close to, or along, a free-surface is evaluated [198]. Also, great care must be taken 
when preparing samples in order not to introduce artefacts such as particles broken in grinding or 
polishing. Monitoring of a damage parameter, such as Young’s modulus, to assess the fraction of 
broken particles rests on idealizations, notably as concerns the particle stress estimation [135]. Alt-
hough the use of modern tomographic methods (X-ray or neutron) enables the in-situ tracking, within 
the material while it is strained, of the progression of particle fracture in two-phase materials, these 
do not in general make it possible to detect the underlying cause for their failure. 

In short, the collective behaviour of a large number of hard brittle second phase particles within an 
elasto-plastic matrix, the in-situ behaviour of which is furthermore not know a priori (being poten-
tially influenced by the particles and the plasticity size effect), remains a sufficiently complex prob-
lem. This makes the back-calculation of particle strength from that of a composite subject to question, 
such that this approach has seldom given access to a clear quantification of the local in-situ fracture 
stress of the particles themselves. 

If one broadens the scope of a literature search to go beyond the micromechanics of metal matrix 
composites, one finds that the mechanical testing of particles and grains of various materials in gen-
eral is a relatively wide and self-standing area of research, the topic having relevance in many 
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branches of engineering besides metallurgy. The strength of rock and mineral particles dictates the 
energy consumed in mining processes [199]. Particle strength also governs the mechanical behaviour 
of many soils [200–202] and is an important parameter in processes of powder granulation and com-
paction, which are present across a wide range of industries (including for example food and phar-
maceutical industries) [203–207]. In materials processing the strength of particles governs grinding 
[208] and comminution processes, and also the processing of ceramics [209]. Testing for strength is 
of interest in various oxide, nitride or carbide microspheres with a potential use as nuclear fuels [210] 
or in pebble beds of nuclear fusion reactors [211]. This has motivated a sustained level of research, 
spanning decades, into the behaviour of small particles, and also of macroscopic grains and coupons 
of rocks and minerals. Typically, these are tested by compression between a pair of platens – the so-
called uniaxial compression test, which is reviewed in what follows. A recent and elegant approach 
demonstrated on small millimetre-scale ceramic ball-bearings, which involves introducing a wide 
straight-through notch into the particle, which results in a state of elevated hoop tensile stress along 
the surface opposite to the notch root when the particle is compressed normal to the notch plane, is 
then reviewed in turn. 

 Introduction 

Compressing a spherical or irregular test piece, recording the load at which it breaks to measure its 
strength, has a long tradition. An important contribution to the question dates back to the mid-1960s, 
when Hiramatsu and Oka [212] analysed the stress state within an isotropic linear elastic sphere of 
radius R compressed by a pair of uniformly distributed radial loads acting symmetrically over two 
equal spherical caps centred along the compression axis and of outer circle defining the contact ra-
dius, a (see Figure 1.12). These authors showed that when a sphere is compressed over such a small 
spherical cap of relative contact radius (a/R) lower than ≈ 0.1, a state of high tensile stress is present 
within the compressed sphere with its peak uniformly distributed along the compression axis stretch-
ing from the sphere centre towards the two opposite ends just below the stress application points. This 
peak stress is roughly equal to ~0.7 times the nominal stress, defined as F/πR2, where F is the load 
acting on each spherical cap (see Figure 1.12). Using the frozen-stress photoelastic technique on an 
irregular test coupon made of epoxy resin, these authors also showed that the stress state in the centre 
of a similar irregular test piece under compression with concentrated loads does not differ signifi-
cantly from that of a spherical test piece, suggesting that the strength formula derived for sphere 
compression can be in principle used for any irregular test piece. 

The approach consisting in computing the particle strength as 0.7 times the nominal stress has, how-
ever, been debated, notably because, depending on the precise value of a/R, the peak value of the 
tensile stress along the compression axis can deviate significantly from 0.7 [213–216]. Following 
Hiramatsu and Oka’s analysis, the “tensile strength” of particles tested in uniaxial compression is 
therefore often computed as: 
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  (1.6) 

where Ff is the peak (failure) load and  is a constant near unity. Experimental data of Jaeger [217] 
and analyses by several authors suggest that 0.7 ≤  ≤ 1.4. Many experimental studies have used this 
expression to evaluate the strength of spherical or irregular particles tested in uniaxial compression 
[201,202,206,207,211,218–226] and its analogue can be found in the standardized Brazilian disc test 
[227]. 

 
Figure 1.12 – Schematic representation of a sphere of radius R in uniaxial compression with the geom-
etry definition. When the particle is compressed uniaxially by a pair of uniformly distributed loads F 
over a spherical cap represented by the contact radius a < (0.1×R), a region of high tensile stress develops 
in the central portion of the particle with its peak located along the compression axis according to 
Hiramatsu and Oka [212]. The images in the figure are reproduced and adapted from Ref. [212] with 
permission of Elsevier. 

 Review of the uniaxial compression of alumina particles: from millimetres to nanometres  

Methods of uniaxial compression were used to investigate the strength of individual ceramic particles, 
some of them being very similar to those that are used as the reinforcement in metal matrix compo-
sites. Alumina abrasive grains several tens to several hundred micrometres in size produced by dif-
ferent methods followed by comminution were tested in compression between two hard (relative to 
the particle strength) surfaces, resulting in small particle-platen contacts, and evaluated according to 
Eq. (1.6) and then statistically analysed using the Weibull distribution [106,226,228–233]. In general, 
a strong strength size-effect has been reported, with smaller particles giving higher strengths, in line 
with flaw statistics mentioned earlier (Eq. (1.3)). Very low Weibull moduli, in the range 1-4, of the 
crushing strengths were reported, and strength varied significantly depending on the particle type and 
processing, ranging from a few hundred to a few thousand MPa (see Figure 1.13).  

Interestingly, in all of the cited studies, a weak dependence of the Weibull modulus on the size of the 
tested particles was reported. With smaller particles higher Weibull modulus values tend to be ob-
served, suggesting that the flaw distribution is more uniform in smaller particles [107]. In two studies 
[228,231] it was also reported that a critical particle size exists past which an increase in the particle 
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size has a negligible effect on the particle strength. It was speculated in [228] that there is a ductile to 
brittle transition for alumina particles of size around 0.7 mm which, however, does not have support 
in the literature. A ductile-to-brittle transition is expected in particles at most below a few microme-
tres in size; this was experimentally observed in particles below 100 nm in size [234,235]. 

Comparing results for silicon carbide and alumina, comminuted black silicon carbide (97-99% purity) 
particles were reported to have roughly 25% higher crushing strengths than unspecified « regu-
lar » comminuted alumina particles [231]. The strongest silicon carbide particles from the study ex-
hibited average crushing strength ≈2 GPa for 125 µm average particle size tested in ambient condi-
tions. The strength was even higher when tested in dry (0% relative humidity) conditions ≈2.5GPa. 
In an earlier study, Becker [228] reported black silicon carbide particles crushing strength values to 
be somewhat lower than for « regular » alumina particles, while the higher purity green silicon carbide 
was almost two times weaker than black silicon carbide particles, consistent with another study in 
which green silicon carbide was found to be weaker than alumina [106]. 

The strengths of several different types of alumina particles were reported in the literature. For in-
stance, the crushing strength of brown fused alumina, which is processed in the same way as white 
fused alumina except for the presence of a larger amount of impurities including notably TiO2, ex-
hibited somewhat higher strength values than did white fused alumina [106,107]. The strongest tested 
brown alumina particles exhibited average crushing strength ≈200 MPa for an average particle size 
780 µm. The estimated characteristic strength for strong brown fused alumina was 140 MPa/mm3 
with a Weibull modulus m = 5 [106,230]. This would translate to characteristic particle strength near 
2000 MPa for particles around 30 µm in diameter. It was observed from SEM micrographs that the 
white fused alumina particles exhibited a “weaker”, less dense, microstructure containing a higher 
density of microcracks compared to the brown alumina. Sintered tabular-type alumina particles were 
repeatedly reported to exhibit superior strengths and Weibull modulus to that of fused aluminas 
[106,107,228]. Here again the microstructural differences were reported to be the main source of the 
strength difference. While fused alumina contained fewer but larger voids, sintered alumina exhibited 
finer uniformly distributed pores and less sharp corners than fused alumina, of more angular shape 
[106,107]. The sintered alumina also consisted of comparably smaller crystallites than fused alumina. 
The size reduction during the comminution process of sintered alumina may take place predominantly 
by cracking through weak and smaller grain boundaries, thus leaving less sharp corners. 

It was demonstrated that it is possible to change the strength distribution of alumina particles by low-
energy ball-milling, which results in more rounded particles by elimination of the weak particles with 
large defects and low crushing strengths [106]. Comparison of the crushing strength distribution of 
ball-milled particles to raw particles showed increased average crushing strength and Weibull modu-
lus values after ball-milling. By removing the weakest particles from the dataset of the raw particles 
the strength distribution became comparable to that of stronger ball-milled particles, consistent with 
the assumption that weak particles were eliminated (by fracture) during the low-energy ball milling 
process. 
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Rosenflanz et al. [236] performed uniaxial compression on amorphous and nanocrystalline rare-earth 
aluminate microspheres 70-100 µm in diameter prepared by a thermal spraying technique. Results 
show that the particle strength is significantly influenced by the particle microstructure. While fully 
amorphous particles exhibited crushing strengths near 1000 MPa, by annealing them to make them 
nanocrystalline, the strength increased almost two-fold reaching 1800 MPa for particles annealed at 
1250°C. Further annealing at higher temperatures promoted grain coarsening and led to a decrease in 
crushing strengths. A strong correlation of the crushing strength with the particle hardness was also 
observed. 

Vapour-grown Sumicorundum particles with a mean diameter near 1µm similar to those in Fig-
ure 1.4b were tested in compression by Yoshida, Ogiso et al. [220,226]. These authors used a 
nanoindentation apparatus equipped with a flat diamond tip to crush individual particles spread on a 
diamond substrate. The resulting crushing strengths according to Eq. (1.6) with  ranged from 
1 to 8 GPa and followed a Weibull distribution with a characteristic strength value of 3.2 GPa and a 
Weibull modulus equal to 1.8. 

The so far smallest alumina particle compression tests were to the author's knowledge performed by 
Calvié et al. [234,237] on 40 to 120 nm in diameter transition γ+δ-alumina nanospheres made by 
physical vapour synthesis. These authors tested particles inside a TEM microscope between a flat 
diamond tip and a sapphire substrate. The maximum tensile stress that these particles could sustain, 
calculated by FE simulation using material properties of α-alumina, were estimated to be near 3.4 
GPa. The smallest, 40 nm diameter, particles exhibited plastic deformation without brittle failure, 
suggesting the presence of a brittle-ductile transition in the tested transition alumina at that scale. This 
is consistent with the comminution limit of α-alumina, expected to occur with particles around 20 nm 
in size. 

Figure 1.13 summarizes crushing strength results for pure engineering grade alumina particles from 
the studies cited above. The particle strength values from Figure 1.13 were reported to follow the 
Weibull distribution and extrapolation (dashed lines in the figure) of the hard data (symbols in the 
figure) is given according to Weibull scaling across different particle sizes. From the figure it appears 
that (i) the strength of particles with a size in the range between 1 and 50 µm (sizes of interest in 
MMC reinforcements) is mostly an unexplored territory and (ii) the Weibull statistics obtained from 
the crushing experiments with one particle size range cannot in general be used to predict the strength 
across a wider range of different particle sizes, or to a different type of alumina particle.  
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Figure 1.13 – Overview of Weibull statistic characteristic strength values from uniaxial compression of 
different pure engineering alumina particles prepared by different methods: (circles) comminuted fused 
alumina, (rectangle) comminuted sintered alumina and (triangle) vapor-grown alumina. Dashed lines 
represent extrapolation of the reported Weibull distribution results for different particle size. Data from 
[106,107,226,228,233]. 

 Limitations 

Although qualitatively the results presented in previous paragraphs provide reasonable insights into 
ceramic particle strength, and although the quantitative data are of the right order of magnitude, there 
are several limitations to the uniaxial compression test method that make those results subject to 
caution. First of all, the assumed value of the constant  in Eq. (1.6) used in the interpretation of the 
measured crushing force, can change the calculated fracture stress by a factor of up to 2. Additionally, 
except for perfectly spherical particles, uncertainty in the particle size term used in Eq. (1.6) is another 
source of imprecision. While Hiramatsu and Oka [212] suggested to take the interplaten distance at 
the moment of failure as 2R, Brecker [228] proposed that the average particle size be used, and yet 
another method using the particle projected area can be found cited in Verspui et al. Ref. [229]. This 
inconsistency in the parameters used in Eq. (1.6) was recognized by Verspui et al. [229,232], which 
led to a reevaluation of the data using crushing loads rather than stress; this is a common practice in 
evaluating the uniaxial compression data [221,222,224,238].  

More worrisome is the reported dependence of the uniaxial compression results on the particle-platen 
contact properties including the particle morphology near the contact and the hardness of the platens 
relative to that of the particle. Brecker [228] performed crushing tests on various alumina particles 
with their opposite surfaces ground flat. The strength of such particles was found to be up to 8 times 
higher than that of the same “as-received” particles exhibiting sharp corners. Verspui et al. [229,233] 
observed that higher force was required to crush alumina particles when compressed between glass 
platens compared to the case where diamond platens were used. The same authors also observed that 
the vast majority (72%) of the tested angular alumina particles broke in the chipping mode of failure, 
in which small pieces of particle detach during the test; this is a rather common mode of failure 
observed in uniaxial compression of irregular particles [223,239,240]. This observation is in stark 
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contrast with the assumption that particle failure occurs due to tensile stress near its centre made in 
deriving Eq. (1.6). 

There are several studies that cast considerable doubt on whether the uniaxial compression test using 
concentrated loads can at all be used to measure the tensile strength of particles [205,213,240–244]. 
The main concern is that when a particle (whether irregularly shaped or spherical) is compressed 
between two platens much harder than itself, the high stress concentration that develops at and near 
the small area of contact between the platens and the particle can cause the nucleation of extraneous 
cracks that may then govern the measured particle fracture stress, obscuring the detection of intrinsic 
particle flaws. An example from unpublished internal research is given in Figure 1.14. High-speed 
camera imaging of transparent particles and of coupons of material under uniaxial compression was 
used to show this in Refs. [240,242,244]. Acknowledging this, some authors attempted to estimate 
the stress near the periphery of the region of direct load application by means of Hertzian contact 
theory [200,231] or using a more simplistic average of a mean contact pressure [245]. In the case of 
angular particles this approach was found to be inapplicable, as the contact stress depends strongly 
on the size of the contact [231], which is a priori unknown unless it is carefully measured for each 
test using microscopy techniques. Such careful estimation of the contact size was done in the study 
of Brzesowsky et al. [200] testing relatively round sand particles between ceramic platens. This ap-
proach led, however, to back-calculated flaw sizes that were 1 to 3 orders of magnitude smaller than 
the flaws observed by microscopy. Moreover, in many strong brittle solids, the largest defects are 
located not within the particle, but along its surface [246], which is at best poorly sampled when the 
site of peak tensile stress is located deep within the particle, as it is predicted to be in the Hiramatsu 
and Oka approach. 

 
Figure 1.14 – Uniaxial compression of a relatively equiaxed vapor-grown Sumitomo alumina particle 
between a pair of hard platens (diamond and glass). The particle broke into two pieces one of which was 
left on the glass bottom platen, such that fractography could be performed. The fracture initiated from 
the heavily damaged region where the particle contacted the diamond upper platen during the test, 
rather than from the centre of the particle, where one can observe large flaws in the form of pores. SEM 
image from unpublished work performed by the candidate. 
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 Addressing the limitations of the classical uniaxial compression test 

The previously mentioned limitations, and a solution thereto, were identified by Shipway and Hutch-
ings in a 1993 contribution that is a significant, but so far underexploited, advance in the state of the 
art of particle testing [9,10]. These authors reanalysed the particle stress field solution for the problem 
of compression of a linearly elastic sphere compressed by symmetric pressure uniformly distributed 
over the surface of the spherical caps at either end of a diameter. They pointed out that distributing 
the compressive load over a larger area would decrease the high stress concentration near the particle-
platen contact, and secondly, that there can be a significant tensile hoop stress, σ  acting along the 
equatorial belt of the particle surface and due to which the particle could fail. Over the range 0 ≤ (a/R) 
≤ 0.8 this tensile hoop stress remains (very) roughly equal to 

 σ  (1.7) 

In addition, Shipway and Hutchings showed that as the ratio a/R increases, i.e., if the particle is al-
lowed to sink more deeply into the platen material, then the location of the peak tensile stress shifts 
from the compression axis to the equatorial belt region. For a particle material of Poisson’s ratio ν = 
0.25, this transition happens when (a/R) ≈ 0.6. Past that point, the hoop tensile stress σ  in the equa-
torial belt exceeds the tensile stress anywhere else within the spherical particle.  

Shipway and Hutchings also put their conclusions to practice, testing spheres roughly 700-800 µm in 
diameter, of lead glass or of sapphire, using a variety of platen materials, some of them being made 
of a metallic material which deformed plastically where it contacted hard particles. Particle-platen 
relative contact areas of value approaching 0.6 were thus produced. Shipway and Hutchings showed 
that more consistent particle strength values are obtained using Eq. (1.7) than with Eq. (1.6), implying 
that fracture was more likely initiated from the particle surface rather than from its interior. 

Testing small ceramic ball bearings for strength poses difficulties that are very similar to those that 
are associated with testing of microscopic ceramic particle reinforcements. Spherical ball-bearings 
are, as their composite reinforcing counterparts, nearly impossible to grip for loading in tension or 
bending. To test ceramic ball-bearings, an ingenious approach that was recently developed is to com-
press the spheres after machining a wide and deep notch across an equatorial plane normal to the 
loading axis (Figure 1.15a). When the notched spheres are then tested in direct compression between 
two platens with the notch aligned parallel to the platen surfaces, the region of the sphere situated 
along its outer surface opposite to the root of the notch is placed under elevated tensile stress, peaking 
along the surface, with one principal stress component much larger than the remaining two (Fig-
ure 1.15b). This approach was named the “C-sphere test” by its inventors Wereszczak et al.  [247,248] 
or “notched-ball test” in a more recent version [249] or the “notched roller test” for cylindrical spec-
imens [250]. Its analogy can be found in the “C-ring” test which is a standardized test method to 
measure ultimate tensile strength of advanced ceramics of tubular form [251].  
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This test has several advantages over the uniaxial compression of a bulk test piece between hard 
platens. First, the stresses at and near the contact between the test piece and platens are significantly 
lower than what is attained further away along the surface on the opposite side of the notch: this 
makes the site of failure better defined and hence the failure stress better known. These peak stress 
distributions are also simpler and less sensitive to details of load application. Secondly, the applied 
loads are far smaller than in direct compression of a bulk sphere, such that the particles do not shatter 
into many pieces upon fracture. This, in turn, makes fractography and the identification of fracture-
inducing flaws easier than in many other micromechanical fracture tests (Figure 1.15c-e). Thirdly, 
and this is an important consideration with brittle materials, the sample breaks in a region, the surface 
of which has not been machined (on the other hand the machining of the notch may introduce extrinsic 
flaws along the surface of the notch that is under compression), Figure 1.15b. So far the smallest 
particles tested by the C-shaped method were ≈1mm diameter silicon nitride spheres studied by 
Wereszczak et al. [247]. The notch in the sphere was machined using a ≈300µm wide diamond-
grinding wheel while the ball was fixed in a specially made jig. The spheres exhibited ≈940MPa 
characteristic Weibull strength with very narrow strength distribution characterised by a Weibull 
modulus m = 28. Microscopic scratches (Figure 1.15e) and agglomerates containing glassy regions 
were identified as strength-limiting defects. 



Literature review 

 

62 

 
Figure 1.15 – Overview of the C-shaped test conducted on a 1mm silicon nitride sphere. The notch in 
the particle (a) was machined using a diamond-grinding wheel and tested in compression measuring the 
fracture load P. (b) Finite element simulation of the tested C-shape specimen shows that a state of high 
tensile stress is present along the surface just opposite to the root of the notch. (c-e) Fractographic anal-
ysis of SEM micrographs of one of the tested spheres reveals a surface scratch as the strength-limiting 
flaw located near the peak of the first principal stress (indicated by an arrow). The images in the figure 
are reproduced and adapted from Ref. [252] with permission of Elsevier. 

The testing for strength at microscale dates back to 1950s, when first strength measurements of mi-
croscopic whisker crystals were performed by Herring and Galt, and Brenner [253,254], mostly on 
metal single crystals. These first attempts to measure microscopic strengths relied either on the meas-
urement of failure strains from the deformation of the high-aspect ratio crystals by photography, or 
alternatively were conducted using ingenious, highly-skilled laboratory rigs built to measure small 
loads. Pioneers in the subject matter of the present thesis were Webb and Forgeng [86] who tested 
individual vapour-grown alumina needles and individual hard and brittle reinforcing plate-like parti-
cles isolated from alloys adopting the strain measurement method from [254], suggesting that such 
microcrystals approach the theoretical strength limits for the given materials. Studies of other groups 
and researchers followed what resulted in the extensive mechanical characterization of various mi-
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crocrystals including alumina whiskers reviewed in Section 1.2.2; however, the mechanical charac-
terization was mostly limited to rather long whisker-like specimens that can be relatively easily 
gripped and pulled on in tension. 

A key development that is behind the explosive growth of scientific contributions in the past 30 years 
on mechanical properties of materials at the microscopic scale has been the advent of the instrumented 
nanoindentation apparatus, capable of locally applying and resolving forces as small as a few micro-
newtons and displacements in the nanometre range; this development dates back to the mid-1980s 
and the beginning of the 1990s [255–258]. Nanoindentation makes it possible to sample the modulus 
and hardness of materials in areas only a few tens of nanometres wide. In a broader picture, a modern 
nanoindenter can be considered as a general-purpose microscale load-application apparatus, which 
can today be used in combination with electron microscopy when performing in-situ testing [259]. 

A second important development has been the advent of Focused Ion Beam (FIB) machining [260]. 
The FIB is similar to a scanning electron microscope (SEM), except that a beam of tightly focused 
and accelerated ions is used to raster the surface of a sample rather than electrons. A typically used 
source of ions in the FIB instrument is gallium, owing to its low melting temperature (30°C), low 
volatility, and low vapour pressure. Systems using He+ or Xe+ ions also exist. Modern FIB instru-
ments are equipped with an additional SEM column so that SEM imaging can be used in parallel with 
FIB machining (see Figure 1.16). When an accelerated ion impinges the surface of a solid, the ion 
kinetic energy and momentum are transferred to the solid, which results in a collision cascade and 
sputtering of the solid atoms (see Figure 1.16). This results in a local removal of material that makes 
it possible to carve microscopic specimens out of almost any solid. Besides the atomic sputtering, a 
number of other processes take place during the ion-solid interaction that have to be considered during 
FIB micromachining: (i) emission of secondary electrons, (ii) primary ion reflection and backscatter-
ing, (iii) sample damage, (iv) sample heating, (v) electromagnetic radiation, and (v) primary ion im-
plantation in the sample surface. The substantial sample damage caused by cascade collisions with 
primary ions and ion implantation in turn raise concerns about the validity of data from tests con-
ducted using microscopic specimens that contain such FIB artefacts; this is discussed below in Sub-
chapter 1.6.5. 
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Figure 1.16 – A schematic representation of a modern dual beam SEM/FIB instrument, which can mi-
cromachine various materials into specimens that can be tested for strength. The ion bombardment of 
material results in collision cascade of the primary ion with atoms of the sample, which in turn leads to 
a number of different processes including atom sputtering, irradiation damage of the sample and ion 
implantation. Images in the figure are reproduced from [260] with permission of Cambridge University 
Press. 

To measure microscopic strength data, a nanoindentation apparatus can be adapted to perform the 
uniaxial compression test reviewed in Section 1.5.1. This was demonstrated by Yoshida, Ogiso et al. 
[220,226] testing in compression the strength of submicrometric vapour-grown Sumicorundum par-
ticles. These authors used a nanoindentation apparatus equipped with a Focused Ion Beam (FIB) 
milled flat diamond tip of diameter comparable to the size of particles in order to facilitate compres-
sion of individual particles by avoiding contact with neighbouring particles during compression. A 
high-precision stage with a motion accuracy near 0.1 µm was used for positioning of the particles 
under the flat tip. The used nanoindentation tester was, however, a soft machine (as is the case for 
most standard nanoindentation machines). Once abrupt failure of a particle occurred, release of the 
stored elastic energy drove the indenter downwards, crushing the particle fragments into (micro) rub-
ble, in turn rendering fractography impossible, thus inhibiting the identification of strength-flaw size 
relationships.

Compressing micro- and nanosized particles in situ in a scanning electron microscope or transmission 
electron microscope has in recent years attracted significant attention as it enables the direct obser-
vation of particles during the test. The main motivation for such tests was a desire to shed light on 
plasticity size effects and elucidate mechanisms of plastic deformation of various metal particles 
[261–264], but also of ceramic particles: when sufficiently small they too may deform plastically at 
room temperature [234,237,265–269]. Comparatively, probing the strength of micro- and nano-par-
ticles has attracted much less attraction. One body of work in this vein that stands out is the work of 
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Gerberich et al. [245,270–272]. These authors probed plasma-deposited spherical Si particles by com-
pressing them with a rounded diamond tip, including tests conducted in-situ in the TEM, studying 
their deformation and fracture. Fracture loads were used to derive strength using somewhat simplified 
effective contact stress calculation, which assumed failure initiation at or near the contact periphery. 
Additionally, these authors derived size-dependent fracture toughness values, calculated by assuming 
that the strength-limiting flaw is as wide as the outer oxide layer is thick, and that cracks grow from 
the periphery of the region of direct load application. While the work cited above embodies today’s 
state-of-the art in uniaxial compression testing, its main limitations, described previously in Section 
1.5.1, were at micro- and nano-scales not addressed yet. 

Recent advances in FIB micromilling have led to the development of a relatively simple microme-
chanical test method in which a portion of material along a polished surface (e.g. a single phase, 
crystal, or particle) is carved into the form of a micron- or submicron-scale pillar by digging a deep 
trench around its periphery. The pillar is typically of cylindrical shape and is then compressed uniax-
ially using a nanoindenter fitted with a flat punch tip of diameter slightly higher than that of the pillar. 
Compared to the uniaxial compression of whole particles, the micropillar compression test offers in 
principle a simple uniaxial compression stress state within the compressed specimen.  

Early applications of the micropillar compression test focused on identification of the pillar defor-
mation mode with interest in the study of size effects in crystal plasticity within metals [273]. Owing 
to its relative simplicity and the possibility to couple the mechanical testing in situ with electron 
microscopy techniques (SEM, TEM, EBSD) [274–277], or X-ray diffraction [278,279], the FIB-ma-
chined micropillar compression test has become one of the most widely used and powerful techniques 
to study elastic modulus, yield stress, plastic deformation, failure mechanisms and compressive 
strength in pure metals [280–285], alloys [286], bulk metallic glasses [287,288], nanocomposites 
[289,290] or complex hierarchical composites such as bone [291]. Micropillar compression was also 
used to investigate the fracture mode and measure the shear strength and effect of temperature on 
plastic deformation of brittle crystals such as MgAl2O4, Si, InAs, MgO [292,293]. Wheeler et al. 
[294] tested diamond micropillars, reporting so far highest experimental uniaxial compression 
strength values, near 250 GPa, in <111> oriented diamond pillars and shear strengths near 75 GPa in 
{111} planes, corresponding to ≈ G/7 and thus approaching the theoretical shear strength estimate for 
diamond. In the same group, Montagne et al. [75] performed micropillar compression tests on single 
crystalline α-alumina in four different orientations namely, compressing {0001} C, {1010} M, 
{1120} A, and {0112} R planes at room temperature. These authors observed that two main defor-
mation mechanisms are operational in these essentially dislocation-free alumina micropillars namely; 
(i) pillar cracking governed by the statistical distribution of pre-existing flaws and (ii) apparent plastic 
deformation along slip planes governed by dislocation nucleation (see Figure 1.17). The average uni-
axial compression stress at the onset of gliding was 13.6, 11.1 23.7, and 13 GPa for M, A, C, and R 
compression planes, respectively. The authors note, however, that the observed onset of plasticity in 
the tested pillars is significantly lower that the theoretical shear stress ≈G/10, most likely due to either 
(i) dislocation nucleation due to the inhomogeneous stress field in the vicinity of the contact with the 
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diamond punch or (ii) the FIB induced damaged layer and tapered geometry of pillars, which are 
often regarded as a main limitation of the micropillar compression test. 

 
Figure 1.17 – Single crystal α-alumina micropillar compression in the <0001> direction. The crystal 
after compression exhibits apparent step formation and gliding along the {0112}1/3<0111> slip system. 
Its activation was identified at a critical uniaxial compression stress near 23.7 GPa and critical resolved 
shear stress equal to 10.7 GPa. The figure is reproduced from Ref. [75] with permission of Elsevier. 

With the use of FIB micromilling techniques, ways of testing microscopic portions of material in 
tension were also explored. Kiener et al. [295] were among the first to demonstrate how FIB microm-
achining can be used to produce a dog-bone shaped tensile specimen that protrudes from a needle-
shaped bulk material sample (see Figure 1.18a). The FIB milled dog-bone was tested in tension by 
pulling it after insertion into an in-situ SEM microindenter fitted with a dovetail shaped tungsten 
micro-gripper, also prepared by FIB micromachining (see Figure 1.18b). This method enabled to 
study the deformation mechanisms and flow stress size effects in tension in metals [275,295–297] 
and can in principle be used to measure the strength of brittle material including (micromachined) 
microscopic ceramic particles. The method is, however, more difficult to perform than for example 
bending of a microbeam, discussed in what follows. It also requires in situ micromechanical testing 
machine for precise alignment of the specimen, and fabrication of rather sophisticated micro-gripping 
tool. Additionally, and perhaps most importantly, it suffers from the surface FIB damage problem, as 
is the case with micropillar compression. 
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Figure 1.18 – In-situ SEM microtensile test of a FIB milled copper dog-bone specimen protruding from 
a copper needle. The specimen is pulled using FIB machined tungsten microgripper fitted in a in-situ 
microindenter apparatus. The figure is reproduced from Ref. [295] with permission of Elsevier.  

The fabrication of microbeams using FIB-milling with subsequent ex situ or in situ SEM testing in 
bending has also been explored [298]. One of the main advantages of microbeam testing compared 
to micropillar compression or microtension of FIB milled specimens is that in principle it allows to 
keep at least one of the microbeam free surfaces in its pristine FIB unaffected condition; preferably 
this is the surface subject to tension during the bend test. This is useful in testing the flexural strength 
of cantilever beams of, for instance, thin films, leaving the film free surface subject to tension unaf-
fected by FIB [299]. The method can also be adapted to test partially embedded particles in a matrix, 
as will be shown in Chapter 5 of this thesis. 

An approach to test the flexural strength of plate-like microparticles was recently developed by 
Mueller et al. [300]. The method starts by FIB machining a straight beam with a trapezoidal cross-
section out of a flat parallel facet particle. The machined beam-shaped particle is subsequently trans-
ferred over a rectangular hole dug into the steel substrate by FIB milling, and loaded in three-point 
bending configuration by a nanoindenter fitted with a wedge-shaped diamond punch (see Fig-
ure 1.19). The beam surface subject to tension is left unaffected by FIB and the beam trapezoidal 
cross-section with its wider side in tension additionally alters the stress-state in such a way that the 
peak tensile stress is reached in the central region of the tensile surface just below the load application 
point while the tensile stress progressively decreases as one approaches the edge of the beam (see 
Figure 1.19e). The difference between the peak tensile stress and the highest tensile stress attained at 
one of the edges depends on the exact geometry and can vary on the order of 10% to 20%. The fracture 
of such trapezoidal beam in three-point bending thus most likely initiates away from the FIB ma-
chined edges and thus provides the flexural strength of the particle material free of FIB induced dam-
age. Mueller et al. also put this approach to practice, testing silicon plate-like particles leached out of 
an Al-Si alloy showing that these particles can be exceptionally strong with strength values on the 
order of 9 GPa provided that they are free of microstructural defects in the form of pin-holes and 
trench-like interfaces, both of which significantly diminish the particle strength. 
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Figure 1.19 – Microscopic three-point bending test of (a) a plate-like Si particle leached out of an Al-Si 
alloy. (b) The FIB milled bend beam features a trapezoidal cross-section and (c and d) is loaded with a 
wedge-shaped diamond probe. (e) The trapezoidal geometry of the beam results in a stress distribution 
such that the peak stress along the FIB unaffected surface subject to tension is 10% to 20% higher than 
the stress along one of the FIB milled beam edges. Images in the figure are reproduced from Ref. [300] 
available under the terms of the Creative Commons Attribution License (CC BY). 

This approach, although without the trapezoidal beam cross-section and hence with the possibility 
for an influence of FIB-induced artefacts, was used by Feilden et al. [301] to measure the flexural 
strength of individual alumina platelets with thickness 400-900 nm, often used as the reinforcement 
phase in bioinspired brick-and-mortar “nacre-like” composites [1–3,302,303]. A micrograph of these 
particles was presented earlier, in Figure 1.4d in Section 1.2.3. The statistical strength of platelets 
obtained from 10 tests and described with two-parameter Weibull distributions exhibited character-
istic strength of 5.8 GPa and Weibull modulus m ≈ 4. Growth step edges with steps 10-30 nm in 
height were identified as critical defects. On the other hand, platelet edges that appeared to contain 
more imperfections and were curved in a notch-like geometry (see Figure 1.4d) were not probed for 
strength.

In this three-point bending method the pieces of tested particles are typically ejected upon failure due 
to the sudden release of the stored strain energy, rendering fractography impossible, in turn limiting 
the study of the strength-flaw size relationship only for gross surface imperfections observable before 
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testing [300]. In this regard, the cantilever beam test method in which one part of the fracture surface 
is held fixed in place might be more useful.  

Focused ion beam micromachining is a powerful technique, which makes it possible to fabricate var-
ious materials with a precision on the order of tens of nanometers; however, as was indicated earlier, 
it introduces extensive damage along the surface of the milled material; as does in fact any machining 
process that induces material removal [304–306]. It is well documented that bombardment by Ga+ 
ions may in crystalline materials result in formation of a few tens of nanometers thick amorphous 
layer. The thickness of this layer depends primarily on the kinetic energy of the ions (controlled by 
the accelerating voltage) and the milled material. Ensuing surface amorphization is well-documented 
in silicon and other semiconductors [307–311] and is expected to take place also in metals such as 
copper [304]. Implantation of gallium atoms into the surface of the milled material is another artefact 
that is induced during FIB milling; the ion implantation depth depends on the ion energy, incident 
angle and the material itself [311]. Other irradiation-type damage can be induced, such as the for-
mation of point defects and dislocation loops as well as local heating of the sample [260,304,311]. 
Redeposition may also be of concern. When atoms are ejected from the parent material due to the 
bombardment by primary ions, these ejected (sputtered) atoms will generally deposit back onto the 
milled sample surface or neighbouring surface regions [312]. Yet another aspect that needs to be 
considered when probing the material strength along a FIB milled surface is surface topology and 
roughness introduced by the FIB. Surface irregularities called “curtains” in the FIB community may 
appear on the milled surface by the process of self-exaggerating selective sputtering due to the vari-
ation in the sputter yield with incidence angle [313,314]. Even very carefully prepared flat FIB milled 
surface may still exhibit roughness on the order of 10 nm [304]. 

In the case of alumina, which this thesis is mainly focused on from the material perspective, seem-
ingly only one study by Norton et al. [315] has been devoted to understanding the effects of FIB 
milling in detail. These authors studied single crystal α-alumina surface irradiated by 30 kV Ga+ in 
the HRTEM (see Figure 1.20). Two main findings were reported: (i) gallium implants a surface layer 
as thick as 20 nm which was confirmed with EDX showing Ga content approximately 3 at% in the 
implanted layer (Figure 1.20a) and (ii) irradiation by 30kV Ga+ does not cause surface amorphization 
in alumina, which was confirmed by nanobeam diffraction (Figure 1.20b-c). The roughly 2nm thick 
amorphous layer observed along the surface of the TEM studied specimen was reported by authors 
as redeposition. 

As a consequence of the implantation by Ga+, significant compressive residual stress developed in 
the implanted layer. The magnitude of this residual stress was deduced from measuring TEM lamella 
curvature assuming no other sources of internal stress. A compressive residual stress with magnitude 
16±6 GPa was estimated. Additional nanoindentation experiments on the irradiated layer showed an 
increase in nanoindentation hardness for indentation depths below 20 nm. Annealing of the specimen 
at 1200°C did not change the Ga content in the implanted layer. Based on the microcantilever fracture 
toughness results, however, authors presumed that annealing removed most of the residual stresses. 
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Figure 1.20 – TEM micrographs of α-alumina surface irradiated by 30 kV Ga+. (a) A microcantilever 
specimen with FIB milled notch exhibits ≈20 nm thick Ga implanted layer, which appears as a dark film 
on the surface of the specimen and is indicated by the arrow. (b) High resolution TEM showing that FIB 
milling did not cause surface amorphization. The minute ≈ 2nm thick amorphous layer was reported as 
a result of redeposition. (c) Nanobeam diffraction pattern from the implanted layer, confirming crystal-
linity. Images in the figure are reproduced from Ref. [315] with permission of Elsevier. 

It is clear that the particle strength leads to a remarkable difference in the mechanical properties of 
particulate MMCs. With weak particles, the composite is in general both weaker and more brittle. 
Alumina can, however, be very strong, especially when microscopic: this is for example demonstrated 
on alumina whiskers or engineering fibres nowadays used in composites. There is a priori no reason 
why alumina particles could not achieve similar strengths as their whisker and fibre counterparts. A 
blind spot exists in our knowledge and understanding of the strength of ceramic of the size scale used 
in particulate composite reinforcements. This is mostly because it is difficult to measure the strength 
of such microscopic and often irregularly shaped particles.  

In what follows, we build on the state-of the-art in micromechanical testing methods with special 
emphasis on testing strength in convex, low-aspect-ratio, microscopic particulate samples of material, 
aiming to avoid problems typically associated with FIB machining. We in turn present two newly 
developed methods to test the strength of alumina and alumina-based ceramic microparticles that 
have the potential to be used as reinforcements in metal matrix composites. 
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 This chapter was published as an article in a scientific journal with the open-access (CC BY 
4.0) licence; its bibliographic reference is given below. The postprint version of the published article 
is presented here with its Introduction section abbreviated to avoid repetition of what was already 
mentioned in Chapter 1 of this thesis (extracts, including a few literal reproductions of full paragraphs 
of this article's Introduction, are included in Chapter 1 of this thesis). The candidate, herewith V.P., 
designed and implemented the testing method under the supervision of Andreas Mortensen (A.M.) 
and Goran Žagar (G.Ž.). V.P. carried out all experiments and measurements, analysed the data, and 
interpreted the results. Raphael Charvet (R.Ch.) and Cyril Dénéréaz (C.D.) designed and built the 
instrumented crushing test device. V.P. and A.M. wrote the manuscript and all authors provided feed-
back. 

Pejchal, V., Žagar, G., Charvet, R., Dénéréaz, C., Mortensen, A.; Compression testing spherical par-
ticles for strength: Theory of the meridian crack test and implementation for microscopic fused 
quartz. Journal of the Mechanics and Physics of Solids 99, 2017, 70–92. 
doi:10.1016/j.jmps.2016.11.009 

In the work presented here we extend the approach of Shipway and Hutchings [9,10] (see Sec-
tion 1.5.1) to present a testing approach in which a collection of elasto-plastic platens of tailored 
hardness are used to generate series of data from which the statistically distributed strength of small 
glass spheres ~40 μm in diameter can be measured and interpreted using the methodology of survival 
analysis. We deliberately tailor the hardness of the platens to produce fracture events past a relative 
contact radius (a/R) value of 0.65, this being a region of relative contact radii that was not explored 
by Shipway and Hutchings. We use a custom-built instrumented crushing apparatus designed to work 
in displacement-controlled mode, which features a stiff load-train so as to ease fractography. Using 
analytical solutions for the stress distribution within the particle, we show how this modification of 
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the crushing test can produce unambiguous measurements of the intrinsic tensile strength distribution 
within strong brittle microscopic particles. 

Consider the compression of a brittle elastic spherical particle of radius R between a pair of soft 
(relatively to the particle) elasto-plastic platens under an applied force F (Figure 2.1a). As the platens 
compress the particle, they deform plastically, producing an indent of contact radius a. As particle 
compression continues, a gradually increases with increasing applied compressive force F. We ne-
glect the effect of friction between the platens and the compressed particle and assume that the com-
pressive force is uniformly distributed over the spherical cap as pressure q = F/A. Any material pile-
up arising from the indentation of the platen is accounted for via the contact radius a. The cap has an 
area A = 2πRh where h is the contact depth (Figure 2.1a). This is the boundary value problem analysed 
by Hiramatsu and Oka, or Shipway and Hutchings (HO-SH). 

 
Figure 2.1 - (a) Sketch of a spherical particle of radius R compressed between two elasto-plastic platens 
under load F.  (b) Simplified boundary value problem associated with the sketch in (a). Pressure distri-
bution in the region of contact, i.e. over the area of the spherical cap defined by the contact radius a and 
contact depth h, is assumed to be uniform: shear contact forces arising from friction and variations in 
normal stress are neglected. Possible pile-up of the platen material due to indentation is assumed com-
prised via the contact radius definition. 

The HO-SH analysis is conveniently carried out in the spherical coordinate system having its origin 
placed in the center of the sphere and variables being the radial distance r, the polar angle , and the 
azimuthal angle . Due to spherical symmetry, for given F, R and A (related to the contact radius a, 
see Figure 2.1b), the stress field in the sphere has four independent components: 

  (2.1a) 

 

  (2.1b) 
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  (2.1c) 

 

  (2.1d) 

In Eqs. (2.1a-d), , ,  and  are the normalized components of the local stress tensor; these 
are given in Appendix 2.A. Note that, besides the geometrical parameters, the stress field given by 
Eqs. (2.1a-d) explicitly depends also on the Poisson’s ratio, ν, of the sphere material. 

The quantity of interest in brittle fracture is the first principal stress field, , and this, for 

a spherical particle, can be computed from Eqs. (2.1a-d) by solving the eigenvalue problem defined 
by the local stress tensor, 

  (2.2) 

such that  for all points within the sphere. By symmetry, the 

first principal stress everywhere along the compression axis is  = . On the surface along the 
equatorial line and at sufficiently large distance away from the contact perimeter the first principal 
stress corresponds to .  

 
Figure 2.2 – Distribution of the positive (tensile) normalized first principal stress, , cal-
culated by solving  Eq. (2.2), for relative contact radius values (a/R) = 0.1 (a), 0.5 (b) and 0.7 (c). Regions 
of the sphere where  is negative (i.e., compressive) are shown in white.  Poisson’s ratio of the sphere 
is taken as ν = 0.17, typical of glass. Given spherical symmetry only one quarter of the {r, θ}–plane is 
considered. The axes represent normalized radial distance r/R. 

The first principal stress fields, , calculated via Eq. (2.2) for relative contact radius 
values (a/R) = 0.1, 0.5 and 0.7 and a Poisson’s ratio ν = 0.17 (typical of quartz and glass) are shown 
in Figure 2.2. In Figure 2.2 we plot only the positive, i.e. tensile values of the -field (indicated by 
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the grey scale) since only those regions are potentially interesting for the Mode I failure of a brittle 
material. In Figure 2.3 we directly plot the values of the first principal stress in the sphere center, 

1c  and along the equatorial line, 1s , versus a/R, along with the 
value for the global maximum of the –field. From Figure 2.2 and Figure 2.3 it is evident that the 

-field distribution is very sensitive to a/R. For low a/R, up to 0.3,  is highly concentrated just 
outside the contact perimeter over which the load is applied and/or along the loading axis; in those 
locations it is oriented along the θ direction,  (Figure 2.2a). At intermediate contact radii, 0.3 
< (a/R) < 0.65, the highest values of  are found away from the contact, deeper within the sphere 
with the peak value located near the sphere center (Figure 2.2b). Finally, for (a/R) > 0.65 (Fig-
ure 2.2c), the region of highest tensile stress  is shifted towards the sphere surface: the peak tensile 
stress within the particle is now situated along the sphere equator and is a hoop stress, . 

 
Figure 2.3 – Normalized first principal stress vs. the relative contact radius a/R , ob-
tained by solving Eq. (2.2), in the centre of the sphere 1c  (dashed line) and on the 
surface equator 1s (dotted line). The value of the global maximum, max is 
shown with the solid line. Poisson’s ratio of the sphere is taken as ν = 0.17, typical of glass. 

Consider a particle that is gradually compressed between a pair of defined metallic platens. As the 
load increases, the particle gradually indents the platens. If we assume that, when pressed against the 
deforming metal platens, the hard particle behaves as if it were rigid, then the relation linking F/πR2 
with a/R is entirely dictated by the platen material deformation law. This behaviour is known to be 
described, for fully plastic deformation of the platen material, by the empirical Meyer law classically 
used in the interpretation of hardness tests [316]: 

  (2.3) 
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where k and n are characteristic of the indented material. The exponent n varies typically from 2 
(typical of fully strain-hardened metals) to 2.5 (typical of fully annealed metals) and coefficient k is 
associated with the material hardness [316,317]. 

Inserting Meyer’s law, Eq. (2.3), into the HO-SH solution given by Eqs. (2.1a), one obtains the fol-
lowing expressions for the dimensionless stress field components within a sphere compressed by a 
pair of symmetric elasto-plastic platens, 

  (2.4a) 

  (2.4b) 

  (2.4c) 

  (2.4d) 

in which the only independent parameter is now the relative contact radius a/R. Similarly the first 
principal stress field can be expressed as a function of a/R knowing the platen material: 

  (2.5) 

Using Eq. (2.5), in Figure 2.4 we plot the evolution of the k-normalized first principal stress, , 
versus the relative contact radius a/R for the sphere center (dashed line) and the surface equator (dot-
ted line) together with the global maximum of the - field (solid line) for the two limiting values of 
n. 

 
Figure 2.4 – (a) Evolution of the normalized first principal stress  in the sphere center (dashed line) 
and along the surface equator (dotted line) versus the relative contact radius a/R, as obtained from Eq. 
(2.5). The global maximum of the field is shown with the solid line. The exponent of Meyer’s law, n, used 
in calculations is 2 (blue) and 2.5 (red). In (b) and (c) grey areas show regions within the particle where 
the maximum tensile principal stress is increasing; (b): (a/R) = 0.5; (c): (a/R) = 0.7; for both, the platen 
Meyer index, n equals 2. Poisson’s ratio of the sphere is ν = 0.17. 
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Over the course of a compression test, a/R increases steadily; thus, based on Figure 2.2 and Figure 2.4 
and the discussion that precedes, the test can be divided into four successive stages or domains:  

• Domain I: At the very beginning of a test, (a/R) < 0.3 and the highest tensile stress value within the 
particle is found near the sphere surface, either around the contact perimeter or along the compression 
axis just below the contact.  Whether cracks will nucleate in those regions depends on the platen 
hardness relative to the particle strength. 

• Domain II: Once a/R reaches ≈ 0.3, the location of the first principal stress global maximum shifts 
to the sphere center. Thereafter, magnitudes of the first principal stress in the center, and also along 
the equatorial belt, increase steadily as a/R increases. The former remains higher than the latter, the 
difference being as high as 40%. Therefore, if particle failure occurs in this portion of the test, crack-
ing can have initiated in either of the center of the sphere, or from its surface (Figure 2.4b).  

• Domain III: Then, at (a/R) ≈ 0.65, the stress at the center of the sphere starts decreasing while the 
peak stress location moves from the sphere center to its equator. From that moment on, stress levels 
in the central region of the particle have culminated while the tensile stress in the equatorial belt 
region keeps increasing. Therefore, if a particle has survived up to (a/R) = 0.65 and then fails, its 
failure was caused by a flaw located near its equator, where tensile stress is still increasing (see Fig-
ure 2.4c). 

• Domain IV: Beyond (a/R) ≈ 0.78, regardless of the platen material, the stress starts decreasing eve-
rywhere within the particle: if it has not been broken yet it will (in principle) not do so in the test. So 
if loading is continued past this point, it will (in principle) only cause further embedding of the sphere 
into the platens - until the platens meet with the particle completely embedded and (a/R) = 1. 

This division of the test into four domains has several implications.  

• The first is to show advantages inherent in the use of a platen material that is initially sufficiently 
soft and work hardens significantly: if n is near 2.5 then the peak stress value reached near the point 
of contact in early stages of the test (Domain I) remains lower than what can be attained later else-
where within the sphere.  

• The second is to show that if a sample fails within Domain III, then one knows that it failed at a flaw 
situated along its surface, near the equator. Here too, a platen with a high rate of work hardening is 
beneficial if surface defects are to be probed because the higher n is, the greater is the difference 
between the peak stress attained within the particle compared with the peak value attained later, near 
its surface, Figure 2.4a.   

• Finally, note that the optimal platen material must also be selected with an appropriate value of 
constant k in the Meyer law, Eq. (2.3), or in other words with an appropriate hardness, if it is to sample 
particle fracture stresses in their appropriate range. Since the Meyer hardness (in MPa) is roughly 
equal to k [317], the platen material should be selected to have a hardness roughly equal to 8 times 
the expected particle fracture stress. Figure 2.5 represents the relation between the required platen 
Meyer hardness for the expected particle strength assuming a platen material with n = 2 and using 
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Eq. (2.5) for three different particle Poisson ratio values. Note that with strong particles (failure stress 
on the order of few GPa), it may be difficult to find an appropriate platen material because hard 
materials tend to be brittle, which may lead to premature cracking of platens before reaching the 
required relative contact radius ≈0.7. 

Values given above for the transitions between Domains I to IV were calculated for ν = 0.17; for 
other values of ν, the test retains its qualitative features including the four domains but transitions 
occur at slightly different a/R values. In general, as ν increases, Domain III starts earlier and ends 
later in terms of a/R. 

 
Figure 2.5 – Required platen Meyer hardness to test particles of given strength, assuming platen mate-
rial with n = 2 and relative contact radius at the moment of failure (a/R) = 0.7. The three lines represent 
the relationship for three values of the particle Poisson ratio ν. Hardness values of the four materials 
indicated on the left are conversions to SI units of Brinell or Vickers hardness values from the literature 
(close although not exactly equal to Meyer hardness values). 

Microscopic fused quartz particles were tested using the custom-built instrumented compression ap-
paratus depicted in Figure 2.6. The apparatus was designed to have a stiff load-train in order to min-
imize displacement of the load application platen upon failure of a tested particle, so as to minimize 
damage to the particle fracture surfaces. The device was therefore equipped with a high-stiffness 
miniature load cell XFTC300 (Measurement Specialities, Hampton, VA, United States) featuring a 
10 N range and having a compliance near 0.1 µm/N (Figure 2.6d). The relative force measurement 
error is typically below 1% in the range above 1 N. Upper platen movement during a compression 
test is controlled by a piezo actuator (Figure 2.6c, article number P-843.60 by Physik Instrumente 
GmbH & Co., Karlsruhe, Germany), with a 90 µm displacement range. The compliance of the piezo 
actuator is also on the order of 0.1 µm/N and its theoretical displacement precision is ≈ 10 nm. For 
general positioning, the apparatus features a system of three high-precision linear stages for x-, y- and 
z-axis motion (Figure 2.6a). The measured overall load-train compliance of the apparatus is on the 
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order of 1 µm/N. The testing apparatus is additionally equipped with an imaging system composed 
of a long working distance 20x objective (Figure 2.6e) fitted to a 1.3 megapixel monochromatic cam-
era (Figure 2.6b). The whole set-up is mounted on an active vibration isolation table (Figure 2.6h) in 
order to keep the noise amplitude in the load signal below 10 mN. 

 
Figure 2.6 – Custom-built instrumented compression apparatus. (a) x-, y- and z-axis linear motion 
stages, (b) monochromatic camera, (c) piezo actuator, (d) high-stiffness load cell, (e) objective, (f) flat-
end conical tip, (g) two-axis goniometric tilt stage, (h) active vibration-isolation system. 

The load is applied at the top of individual particles, using interchangeable conical tips with a flat-
end made of various materials that can be machined by conventional means (Figure 2.6f), while a 
substrate in the form of a disk ca. 10 mm in diameter and 2 mm thick is used as the lower platen. This 
substrate is attached to a two-axis goniometric tilt stage (Newport Corp., Irwine, CA, United States) 
fixed onto the positioning stage (Figure 2.6g), which was used in order to correct for any misalign-
ments between the upper and lower platens. The two platens were thus kept plane-parallel within 
~0.5°.  

The conical tips and substrates were made of two different steels, namely AISI W1 and AISI 630. 
Steel AISI W1 was used in three different heat-treatment conditions resulting in four sets of platen 
materials covering the range of hardness between 450 and 950 HV; platen material details are pre-
sented in Table 2.1. The flat-end of the conical tip and the substrate were ground and polished using 
a diamond suspension prior to testing. Tip grinding and polishing was conducted using a fixture that 
kept the polished platen surface perpendicular to the axis of the tip, while protecting the edges with a 
small amount of epoxy resin that was subsequently removed by dissolution in acetone. The resulting 
diameter of the polished tip flat-end ready for testing particles was typically in the range of 200-
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300µm. The Vickers Hardness of the tips and substrates was measured with a FM-300 (Future-tech 
Corp., Kawasaki, Japan) microhardness tester using a 0.5 or 0.3 kgf load on representative samples 
of the material. For all four platen materials, the spatial distribution of the hardness and elastic mod-
ulus values was analysed using a series of 144 indents with contact area upon unloading on the order 
of 1 µm2 using the TI 950 TriboIndenter® (Hysitron® Corporation, Minneapolis, MN, United States) 
nanoindentation apparatus equipped with a diamond Berkovich probe. In all cases the hardness and 
elastic modulus exhibited a unimodal distribution indicating homogeneous material behaviour at con-
tacts above 1 µm2 in area, despite the known presence of fine carbides and precipitates in the AISI 
W1 and AISI 630 steels. 

The compression tests were performed on amorphous spherical SiO2 particles Denka FB-40S (Denka, 
Tokyo, Japan) of diameter typically between 20 and 60 µm. To observe the fractured particles after 
the test and prevent particle flyoff during fracture, a layer of isopropanol-based colloidal graphite 
paint (Pelco®, Redding, CA, United States) a few micrometres thick was applied using a brush along 
the substrate surface. The colloidal graphite layer keeps particles in place during the test and addi-
tionally works as a soft coating into which the particle sinks in the earliest phases of the test. The 
resulting soft belt of coating surrounds the particle along its equator, preventing particle fragments 
from flying off upon failure (as they otherwise will typically do). Particles of high sphericity were 
selected for testing, based on SEM images from which their diameter was measured to an estimated 
precision on the order of 2%. Prior to testing, individual particles were placed upon the graphite-
coated substrate, and if necessary separated using a miBotTM (Imina Technologies SA, Lausanne, 
Switzerland) micromanipulator equipped with a tungsten needle. 

The compression tests were performed using a constant upper platen displacement rate of 1 µm/s, 
lowered in a few instances to 0.5 µm/s. During a test, while the load gradually increases the steel 
platens deform plastically where they contact the particles. These gradually indent the upper and 
lower steel platen surfaces, increasing in turn the area of contact over which the load is applied to the 
particle. If the steel is hard enough to prevent the particle from completely sinking into the platens, 
then the tensile stress that develops within the particle and/or along its surface can cause failure from 
pre-existing flaws in regions of the particle that are not in direct contact with the platens, as shown 
above (Section 2.3).  

The device was programmed to stop moving once an abrupt drop in load is detected. After each test, 
each individual indent left in the upper platen by the particles was observed using an optical micro-
scope (ZeissTM Axioplan 2, Oberkochen, Germany). Since the projected area of the indent does not 
change significantly upon unloading [316], in data interpretation the measured indent radius is taken 
equal to the contact radius at the moment of failure, a. Relative error in a is estimated to be on the 
order of 5%. Each conical tip was used for up to five particle compression tests before it was changed, 
to ensure that all compression tests are performed using flat and polished regions of the tip several 
micrometres away from indents left by previous tests. Between two consecutive tests, the tip was 
cleaned of broken particle debris by pressing it against the graphite-coated substrate with a force of 
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~5 N; this traps debris left along the flat steel tip surface within the graphite. All tests were carried 
out at room temperature in air (relative humidity between ~20 and ~50%).  

The micron-sized graphite particles present in the colloidal graphite paint, tiny debris particles that 
might be present on the surface of the tested fused quartz particles, fine carbide particles or other 
precipitates present in the steel platens or even a possible dislocation pile up near the platen-particle 
contact interface may locally concentrate stress along the platen/particle interface during the test, 
potentially causing a second, alternative failure site. If one takes a worst-case scenario and assumes 
that all such local contact perturbations (graphite particles, debris, precipitates, etc.) act as minute 
elastic spherical particles that indent the surface of the compressed sphere, by performing a simple 
analysis using Hertzian elastic contact theory (Supplementary material, Section 2.12.2), one finds that 
the only place where such a local inhomogeneity may cause, locally, significant tensile stress in the 
surface of the compressed particle is when the inhomogeneity is along the platen-particle contact 
perimeter. Having the inhomogeneity situated precisely there is of course unlikely. Moreover, the fact 
that the volume of the tested particle exposed to the local tensile stress concentration created by such 
an extraneous stress-concentrator is significantly smaller than the volume of the particle that is ex-
posed to elevated tensile stress around the equatorial belt reduces further the probability of failure 
from such stress concentration sites along the contact perimeter. In our analysis we thus do not con-
sider the possibility that failure of the compressed particle is initiated by local stress concentrators 
such as those enumerated above. 

Table 2.1 – The four platen materials. 
Platen 

designation 
Steel grade and 

condition 
Nominal chemical 
composition (%) 

Average measured 
Vickers Hardness 

HV950 AISI W1, Q  

1.05 C, 0.2 Si, 0.2 Mn, remainder Fe 

930 

HV750 AISI W1, QT  740 

HV600 AISI W1, QT 600 

HV450 AISI 630, AH 
0.04 C, 0.25 Si, 0.4 Mn, 15.3 Cr, 4.5 Ni, 3.25 

Cu, 0.3Nb, remainder Fe 
450 

Note: letters after the steel grade designate the heat treatment condition: Q-quenched, QT-quenched and tempered, AH-
age hardened. 

Eighty-five (85) spherical fused quartz particles were tested in compression; of these, twenty-five 
(25) particles were tested for each platen having hardness HV450, HV600 and HV750, while 10 
particles were tested using the platen of hardness HV950. Figure 2.7 shows a typical force-displace-
ment curve recorded during a compression test, along with pictures of the particle before and after 
the test, and also of the indent left in the steel platen after the test (giving the contact radius at the 
moment of failure).  
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Figure 2.7 – Typical uniaxial compression test of a fused quartz particle: (a) force-displacement curve. 
Initial non-linear part of the response represents the embedding of the particle in the soft colloidal 
graphite layer. Contact between the particle and the steel platen is marked by a significant increase of 
the response slope; (b) and (d) scanning electron microscopy images of the particle before and after the 
test; (c) optical image of the upper platen surface showing the indent left by the particle after the test. 

At the start of each test, the upper platen travels at constant displacement rate until it touches the 
particle. The particle then starts to sink into the soft ≈10 µm thick colloidal graphite layer; this phase 
is exhibited by the first shallow non-linear force displacement response. Once the particle touches the 
underlying steel platen the force-displacement curve steepens significantly. The force then increases 
up to the moment of failure, reaching its critical (particle fracture) value typically indicated by a sharp 
drop in load; at this moment the test is automatically terminated. The full set of experimental data is 
given in Appendix 2.B of Section 2.9, Table 2.3. 

 
Figure 2.8 – (a) Experimentally measured values of the critical force divided by the particle cross-sec-
tional area, , versus the relative contact radius a/R. (b) The data align on a master curve when 
normalized by the Vicker’s hardness HV in SI units. The dashed line represents the least squares fit of 
Meyer’s law giving  and n = 2.2. 

Figure 2.8 gives the measured values of the critical force divided by the particle cross-sectional area, 
 versus the relative contact radius a/R at particle failure for the four different platen mate-

rials. As seen, after normalization of  with the Vicker’s hardness HV (in SI units) of the 
relevant platen, all the data collapse onto a single curve, as predicted by Meyer’s law, Eq. (2.3). 
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Fitting the master curve with a power law, we find n = 2.2 and . Note that exponent 
n is related to the strain-hardening coefficient of the platen material; since each of the platens is of 
hardened steel, that all four platens have a similar strain-hardening exponent is reasonable. 

Figure 2.9 gives values of the first principal stress within each particle at the moment of failure, as 
calculated using the HO-SH analysis using measured values of (Fmax, a/R). Figure 2.9a gives the 
calculated first principal stress in the centre of the sphere, , while Figure 2.9b plots the first prin-
cipal stress along the equatorial line, s at that moment. The dashed lines in Figure 2.9 trace the 
predictions for the evolution of the first principal stresses, c and , versus a/R, calculated using 
the HO-SH solution coupled with the particular platen Meyer law obtained in Figure 2.8 according 
to Eq. (2.5). As can be seen, the curves fit the data, showing that the two calculations are mutually 
consistent.  

 
Figure 2.9 – First principal stress versus the relative contact radius a/R:  (a) in the centre of the com-
pressed particle,  and (b) along the surface equator, . Symbols represent calculated stress values 
using the HO-SH analysis, Eq. (2.2), based on measurements of the critical load at failure Fmax and 
corresponding relative contact radius a/R. Dashed lines give predictions for  and  based on the 
HO-SH solution and Meyer’s law (Figure 2.8 and Eq. (2.5)).  Symbol shape and colour indicate the 
platens used: HV450 (circle, orange), HV600 (triangle, red), HV750 (diamond, green) and HV950 
(square, blue). Vertical lines separate different failure domains, as discussed in the Theory section.  

Dashed vertical lines in Figure 2.9 indicate the four failure domains of internal particle stress distri-
bution that were discussed in the Theory section. Domain I, where (a/R) ≤ 0.3, is absent as no data 
lie within this region: particle failure hence did not initiate from the near-contact regions in the present 
tests. Of the 85 tests, we find that 23 failure events occurred with ( ) ±  situated within 
the range from 0.65 to 0.78, i.e., in Domain III within experimental error. According to the analysis 
presented above, we know that failure of those 23 particles was initiated from the particle surface, 
along the equatorial belt. 

Let us ignore for now other particles, and consider only those 23 particles. In Domain III, each platen 
probes particle strength values situated within a specific range determined by the following bounds:  

- the surface stress  value at the moment when the central stress starts to decrease, i.e. when 
(a/R) ≈ 0.65 for fused quartz (ν = 0.17); 

- the highest value of stress  attainable by each platen, which is reached for fused quartz (ν = 0.17) 
when (a/R) ≈ 0.78. In Domain III particle strength values must therefore fall in the range 550 ≤  ≤ 



Compression testing spherical particles for strength: Theory of the meridian crack test and implementation for microscopic fused quartz 

 

83 

650 MPa for platens with HV450, 700 ≤  ≤ 900 MPa for platens with HV600, 900 ≤  ≤ 1100 
MPa for platens with HV750 and 1100 ≤  ≤ 1300 for the hardest platen, of HV950.  

Of the 85 tested particles, 27 other particles entered Domain IV, where (a/R) > 0.78.  Of these, 18 
particles that were tested using the softest HV450 platen did not crack at all: those were fully embed-
ded and the platens contacted; in graphs in Figure 2.9 these are shown with the symbol to the far right. 
More surprisingly, 9 other particles that entered Domain IV actually failed, even though according to 
theory  was decreasing everywhere within the particle. A likely cause of these nine failure events 
is delayed fracture, known to operate when fused quartz material is tested in (humid) ambient air (see 
Section 2.6.3). To test this hypothesis, one particle was compressed using HV600 platens up to (a/R) 
≈ 0.87, whereupon platen movement was paused, thereby leaving the particle under static compres-
sive loading with the tensile stress peaking along the surface equatorial belt at a value around 600 
MPa. This test is summarized in Appendix 2.C, Section 2.10; after several tens of seconds, the particle 
failed with an abrupt drop in load, thus giving indirect proof that slow crack growth is operative in 
the tested particle material.  

 
Figure 2.10 – SEM images of particles after uniaxial compression testing. (a) Particle that failed at (a/R) 
< 0.65 (in Domain II), shattered into many pieces but leaving a central column roughly extending from 
the lower surface to the particle centre, along which river markings suggest crack growth from the 
particle centre to a point of load application. (b) and (c) show two particles that failed at relatively mild 
surface peak stress values, namely 610 and 450 MPa, respectively. The particle in (b) failed at (a/R) > 
0.65 (Domain III): several meridian cracks are visible, consistent with the predicted stress distribution 
at that moment. The particle in (c) failed at (a/R) < 0.65 (Domain II); a subsurface pore can be observed 
along the path of one meridian crack, with river markings suggesting crack growth away from the pore. 

The colloidal graphite paste proved effective in retaining the broken particles pieces after fracture, 
see Figure 2.7d and Figure 2.10. Most failed particles show extensive shattering (Figure 2.7d and 
Figure 2.10a); with such fragmented particles it was generally impossible to determine the cause of 
failure by means of fractography. In some cases the colloidal graphite paste could not contain all 
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particle pieces after shattering, suggesting the presence, within the particles, of regions under sub-
stantial compressive stress [318]. Particles that broke at lower tensile stress values showed a much 
smaller number of fragments. 

In some cases, when shattered particle fragments were big enough, we could observe a few fracto-
graphic details related to the cracking process. An example from a particle that broke in Domain II 
after testing with the HV950 platen is shown in Figure 2.10a. This fragment represents one-half of a 
central column extending roughly from the particle centre to the bottom platen surface. By detailed 
observation of the fragment, river markings can be identified, which indicate the local direction of 
crack growth [60]. For this example, the river pattern indicates that the prevailing crack growth di-
rection along the column surface was from the particle centre towards the area of contact with the 
platen.  

Two other examples of particles that failed at relatively low stress levels are presented in Figure 2.10b 
and Figure 2.10c. Both particles were tested with the HV450 platens and their fragmentation was 
limited. In Figure 2.10b, the particle failed in Domain III, which is consistent with the observed failure 
pattern consisting of several meridian cracks, with the region of contact with the metallic platens 
essentially intact, unlike what is seen when hard platens are used [242,319]. 

The particle in Figure 2.10c failed with (a/R) = 0.53, i.e., well within Domain II, however, a subsur-
face pore can be found along the fracture surface of one meridian crack near the particle equator. The 
fractographic pattern with river markings present near the pore is consistent with it being the origin 
of failure (although this evidence is not conclusive since not all fragments could be examined). 

To interpret the present strength data, we adopt a point of view similar to that of Shipway and Hutch-
ings [10], namely that compressed particles will generally break either near their centre, or near their 
equator, meaning from defects situated either in the midst or along the surface of the particles. For 
simplicity, we ignore the influence of particle size. To simplify writing, in what follows Domain III 

will be used to designate those particles for which  and , where 

 is the estimated absolute uncertainty in relative contact radius measurement. The rest belongs 

either to Domain II ( ) or Domain IV (  during the 

test). Terms surface stress and centre stress will be used for the instantaneous local peak value of the 
tensile first principal stress along the equatorial line, , and particle centre, , respectively. 

The strength of the tested particles is statistically distributed: we thus do not aim to assess an average 
particle strength, but rather aim to measure the particle statistical strength distribution. To this end, 
we rely on the extensive statistical analysis work that has been developed over the past few decades 
to analyse banks of data of similar nature, commonly found in medical studies and pertaining to sur-
vival probabilities; Ref. [320] gives a clear, user-friendly, overview. 
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If we replace time, commonly used in Survival analysis, with stress, and acknowledge that we have 
here two competing causes for failure (centre failure and surface failure), we have here a survival 
analysis problem with two somewhat peculiar characteristics, namely: 

(i) whereas time in classical lifetime analysis is a common parameter used to track all causes of mor-
tality, here failure at the centre or at the surface of the particles is caused by one of two (local) stress 
values that differ at each instant; and 

(ii) because those two local stresses do not always increase together (Section 2.3), the present data 
have the peculiar feature that there is a window of surface stress values within which one knows the 
cause for failure: all strength data that occurred in Domain III are known to relate to meridian cracking 
initiated at, or very near, the equator surface.  

Furthermore, by varying the hardness of the platens, one varies the range of surface stresses imposed 
on a particle. Therein lies one of the most attractive features of what we call here the meridian test. 

With these specificities noted, statistical methods of survival analysis can be transposed to the present 
situation. We assume that flaw distributions within the centre and along the surface of the particles 
are independent; a priori this should be reasonable given their different nature (pores versus surface 
cracks). Since surface flaws are known to be at the origin of failure in several of the present particles 
(all those that broke in Domain III; see also Figure 2.10c), we focus on this cause for failure first, to 
then later turn our attention to the possibility of failure starting in the centre: as will be seen its im-
portance for particles tested here is comparatively minor, as could be anticipated for glass spheres. 
Two approaches can be used, namely non-parametric analysis (which assumes nothing of the flaw 
size distribution) or a parametric approach, which assumes that the particle surface strength is Weibull 
distributed. We present both in turn; Appendix 2.D (Section 2.11) shows a comparative illustration 
of the two approaches on a hypothetical set of Weibull distributed data with features similar to those 
in the present experiments. 

Non-parametric survival analysis - Here, we assume nothing of the flaw or strength distributions 
along the centre or surfaces of the particles. To estimate the failure probability at a given stress level 
we use the Kaplan-Meier product limit estimator [320,321] adapted for left-truncation and right-cen-
soring of the data.  

Particle failure within Domain III is known to have originated from the particle surface; hence in an 
analysis of the surface strength distribution of particles, such events provide hard, unambiguous data. 
Additionally, particles from Domain IV survived the maximum attainable stress that can be imposed 
by the given platen material (regardless of whether a few failed later on). In other words we know a 
lower bound of their surface strength; in survival analysis, events of Domain IV are named right-
censored data of Type I [320]. Those events include 8 particles tested using HV600 platen (which 
failed in Domain IV, most probably due to slow crack growth as explained above) - and 19 particles 
tested using the HV450 platen, one of which also failed in Domain IV, again likely due to slow crack 
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growth, while the remaining 18 sank into the platens without breaking. The censoring level of surface 
stress values are 900 MPa for HV600 and 650 MPa for HV450 platens, respectively. 

Those data from Domains III and IV trace only a portion of the strength distribution, since strength 
is bound from below by the surface stress value at which Domain III starts for a given platen material. 
In the language of survival analysis, all events, being either failure or right-censored, from Domains 
III and IV, are left-truncated for values of (surface) strength below the onset of Domain III: the left-
truncation surface stress values were approximately 900 MPa for HV750, 700 MPa for HV600 and 
550 MPa for HV450 platens, respectively.  

Consider now the ensemble of data from Domains III and IV: there are D distinct known surface 
failure stresses  for events in Domain III, and C right-censored events of Do-
main IV. Note that if two particles fail at the same surface stress, , this translates here into one 
value of  ; therefore D is a number lower or equal to the number of particles that failed within 
Domain III.  

One can thus analyse the data using the non-parametric product-limit estimator defined as follows: 

  (2.6) 

where index , Pi is the probability of survival at stress ,  is the number of particles 

that failed at the stress equal to the  and  is the number of particles that have survived at least 

stress  and at the same time have a left-truncation stress  lower or equal to the failure stress , 
including censored particles; this quantity represents the number of particles at risk. Data used for 
non-parametric survival analysis of the surface strength are given in Table 2.2. 
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Table 2.2 – Results used for surface strength survival analysis. 

Platen 

Measured fail-
ure/censoring  

peak surface stress  
[MPa] 

Censoring 
indicator1 

Left-truncated 
at [MPa] 

 

Platen 

Measured fail-
ure/censoring 

peak surface stress  
[MPa] 

Censoring 
indicator1 

Left-truncated 
at [MPa] 

HV750 

990 0 900  

HV450 

650 1 550 
1000 0 900  650 1 550 
1080 0 900  550 0 550 
1040 0 900  650 1 550 
1000 0 900  650 1 550 
990 0 900  650 1 550 
910 0 900  650 1 550 
900 0 900  650 1 550 

1010 0 900  650 1 550 
980 0 900  650 1 550 

HV600 

900 1 700  650 1 550 
900 1 700  650 1 550 
900 0 700  650 1 550 
890 0 700  610 0 550 
870 0 700  650 1 550 
860 0 700  650 1 550 
800 0 700  650 1 550 
840 0 700  650 1 550 
790 0 700  650 1 550 
900 1 700  650 1 550 
900 1 700  550 0 550 
900 1 700  650 1 550 
830 0 700      
900 1 700      
900 1 700      
900 1 700      
800 0 700      
730 0 700      

1 when 0, the surface stress represents the surface strength measurement, otherwise value 1 indicates right-censoring and 
the value in the surface stress column represents lower-bound of the surface strength. 

Parametric survival analysis – Alternatively, we can assume that the surface strength of the fused 
quartz particles follows a given distribution and estimate parameters of that distribution. Here, we 
use the two-parameter Weibull distribution with shape parameter m and scale parameter . Using 
similar left-truncation and right-censoring of the data, we estimate those parameters by maximizing 
the log-likelihood function given by [322] 

 
  

(2.7) 

where,  is an observed event (a failure or a censored surface stress value),  is the censoring 
indicator equal either to  = 1 if the j-th observation is censored or 0 if the data point corresponds to 
an observed failure event,  is the corresponding left-truncation peak surface stress value,  is the 
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truncation indicator (in our case always with value 1) and N is the total number of particles in Do-
mains III and IV. 

Statistical analysis of the data was conducted using the computational program Mathematica v. 10.1 
(Wolfram Research Inc., Champaign, Illinois) with built-in functions SurvivalModelFit for the Prod-
uct-limit estimator and EstimatedDistribution for the Maximum likelihood estimation using data from 
Table 2.2.  

The result is shown in Figure 2.11; as seen the two estimations come close to one another. The para-
metric estimation gives m = 6.3 and  = 890 MPa. 

 
Figure 2.11 – Estimated particle surface strength distribution computed using only data for which (a/R) 
≥ 0.65 (Domains III and IV), using left-truncation and right-censoring according to the non-parametric 
Product-limit estimator, plotted together with 95% point-wise confidence intervals, or alternatively as-
suming Weibull statistics coupled with a maximum likelihood estimation of parameters. 

Four particles failed at low stress values, namely ~300-400 MPa in the centre, and displayed along 
their fracture surface large and clearly apparent internal pores. Exempting those four particles (which 
represent roughly 5% of all tested particles) from further consideration, given how different their 
fracture stress and failure mode are from what was found with all other particles, we now examine 
particles that failed in Domain II. With those particles, we do not know whether fracture was initiated 
from a flaw along their surface near its equator (the only scenario in Domain III) or from a volumetric 
flaw situated near their centre. Knowing the above estimation of the surface strength derived from 
consideration of data in Domains III and IV, however, we can test whether data in Domain II indicate 
the presence of another cause for failure (necessarily flaws in the particle centre) or whether, on the 
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contrary, those data are consistent with surface flaws being the dominant determinant of strength for 
the particles at hand. 

To this end, we repeat the non-parametric product-limit analysis as well as the maximum likelihood 
estimation of Weibull strength distribution parameters using the surface peak stress values,  at the 
moment of failure, looking now only at data points in Domain II. Here, each platen measures the 
surface stress only up to a certain value that is again given by the platen material, which equals the 
values used for the left-truncation in the precedent analysis. In survival analysis terms, we now right-
truncate the data of Domain II by the value of  at the onset of Domain III. In practice, due to scatter 
in the data along the theoretical surface stress vs. (a/R) relation (Figure 2.9b), the highest observed 
value of  for (a/R) < 0.65 for each platen dataset was taken as the right-truncation value. Left-
truncation is now irrelevant (we observe failure events starting at  = 0 MPa). Additionally, we 
exclude from the analysis the four low-stress particle failure events for which a big internal pore was 
observed (see Appendix 2.C, Figure 2.16). The construction of the product-limit estimator is some-
what different than in the case of left-truncated/right-censored data [320]; here we again use Surviv-
alModelFit function of the computational program Mathematica v. 10.1. 

The survival analysis of data from Domain II in terms of the surface stress is presented in Figure 2.12 
along with the analysis derived from the data set in Domains III and IV discussed in Section 2.6.1. 
As seen, the two essentially coincide. There is thus, in the present data, insufficient evidence to reject 
the hypothesis that all except four particles tested here failed by cracking from a flaw situated along 
their surface. 

 
Figure 2.12 – (a) Product-limit estimation of particle surface strength for particle populations from 
(black) Domains  III and IV (left-truncated/right-censored data), together with (black dotted) corre-
sponding 95% point-wise confidence intervals, (dark-grey) data from Domain II (right-truncated data), 
and (light-grey) ensemble of all data points (right-censored) except for four particles containing evident 
large pores, which failed at low stress. (b) The same three data sets with their maximum likelihood 
estimation of two-parameter Weibull distribution parameters: (black) m = 6.3 and , 
(dark-grey) m = 6.5 and  MPa, (light-grey) m = 6.6 and  MPa. 

If we now lump together all data (from Domains II, III and IV) excepting still the four particles with 
big internal pores, we have 54 surface failure events and 27 right-censored data in the form of particles 
that entered Domain IV. Using the built-in function EstimatedDistribution in the Mathematica com-
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putation software, the maximum likelihood estimation of the two-parameter Weibull distribution par-
ticle strength distribution become m = 6.6 and ; the change in these values is by only 
6 and 2 percent compared with the initial estimate based on the subset of data from Domains III and 
IV alone. Since data are consistent with surface failure being the dominant failure mode in the present 
particles, this can be viewed as a reliable estimator of their surface strength distribution.  

The characteristic strength value  translates to a critical half penny-shape surface crack 
situated along the equator, nm if we use the linear-elastic fracture mechanics expression, 

 where the fracture toughness,  of fused quartz is 0.65 MPa.m1/2 [323,324] and the 

geometric factor,  for a half penny-shape crack of negligible size with respect to the size of a particle 
is . For comparison, the pore observed near the surface on one of the tested particles in 
Figure 2.10c has a diameter of roughly 500 nm, which is thus consistent with the calculated Weibull 
strength parameter value. 

Surface flaws as well as humidity are well known to govern the strength of fused quartz [325,326]. 
Unless a protective coating is applied, surface flaws will generally be caused by surface abrasion 
during storage and handling of the powder. Comparing particles tested here with other data for fused 
quartz one finds that the present particles are, with their strength on the order of 1000 MPa, strong 
compared to macroscopic fused quartz or silica glass particles, which typically fail at 200 MPa or 
lower [10,327]. Yet the particles are far less strong than what can in principle be achieved: fibres of 
fused quartz tested in vacuo at -196°C approach the theoretical strength value of 15 GPa, while the 
strength in air at room temperature of these almost defect-free fibres was in the range of 4 – 7 GPa 
with evident dependence on the stress rate [326]. The industrial-scale manufacturing of spherical 
fused quartz particles much stronger than those tested here should, thus, be possible. 

Particle strength data measured above were obtained in ambient air, in which it is well known that 
fused quartz is susceptible to delayed cracking caused by slow-crack-growth (SCG) [325,328–331]. 
As indicated above, the observation that a few particles failed within Domain IV, coupled with the 
steady load test reported in Appendix 2.C (Section 2.10), are strong indicators that SCG was active 
in the present particles. We therefore estimate the influence of the phenomenon on the strength of the 
present particles, in an attempt to derive what their strength distribution might be in the absence of 
the phenomenon, e.g., in an inert environment, or when they are embedded within a composite mate-
rial having a matrix impervious to water.  

The kinetics of SCG are often modelled assuming the power-law characteristic of the first stage of 
SCG (i.e., by assuming that crack tip velocity saturation has not been reached) given by 

  (2.8) 

where c represents the instantaneous size of a sharp crack, t is time,  is the Mode I stress intensity 
factor and A and r are constants that depend on the material and environment. Assuming for simplicity 
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that loading is conducted with a constant stress rate, , then the stress at failure in the presence of 
SCG of a solid containing an initial flaw of size ci, as derived by [53], is 

 
SCG  (2.9) 

where  is the geometric factor giving the stress intensity factor as KI = Y . In the absence of 
SCG, the same solid containing the same initial flaw of length ci would fail at stress 

  (2.10) 

where  is the fracture toughness. SCG parameters for fused quartz at room temperature and ~70% 
relative humidity are given in the literature as r = 34 and  [329]. With  for 
a half-penny crack of size negligible compared to that of the tested body, a fracture toughness 0.65 
MPa.m1/2 [323,332] and ci in the range of 0.1 – 1 µm, with  = 1 GPa/s, SCG will reduce the strength 
to between 61% and 68% of the inert strength . In order to measure at least 95% of the inert strength, 

 would have to be far above what can be achieved by conventional means. The effects of SCG must 
therefore be considered in interpreting the present data. 

The majority of tests in the present study used an upper platen displacement rate that was 
; in a few cases the rate was . Considering perfectly spherical particles, 

the relative contact radius as a function of time is given by 

 
 

(2.11) 

Combining Eqs. (2.11) and (2.5) and taking a typical value for R = 15 µm, with a Meyer’s law index 
n = 2.2 as observed for the platens of this work and , one obtains the evolution of 
the adimensional stress  as a function of time t presented in Figure 2.13. As can be seen from the 

figure, in a typical test of this work it takes ~7 seconds from the beginning of the test to reach Domain 
III. Thereafter, the surface stress in Domain III still increases for about ~3.5 s, and once in Domain 
IV it remains at a relatively high level for another ~3.5 s. Thus, the total time, on the order of couple 
of seconds, that a tested particle spends at high surface stress in Domains III and IV, might be suffi-
cient for a surface flaw to grow due to SCG to reach a critical size, and thereby cause a particle to fail 
when it would not in an inert environment. This explains the occurrence of several failure events past 
the point of maximum surface stress. 
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Figure 2.13 – Evolution of the normalized first principal stress for a fused quartz particle with 15 µm 
radius loaded with upper platen displacement rate 1 µm/s and Mayer’s law index of the platen n = 2.2. 

With SCG active, the measured strength depends on the stress rate. Inserting Eq. (2.10) into Eq. (2.9), 
one obtains the relation linking the inert strength  and the measured strength, SCG, as reduced by 
SCG 

  (2.12) 

where  now represents the measured surface strength  in this work in Domain III and a lower 
bound of the strength for particles from Domain IV. We assume surface half-penny shape flaws of 
size well below R, SCG kinetics according to Eq. (2.8), and (although this is not true here) loading 
under a constant stress rate. Specifically, we take  equal to the secant stress rate, that is, we divide 

 at the moment of failure by the time under load up to failure. Typical values of the secant stress 
rate were on the order of 100 MPa.s-1, with the range of values between 20 and 130 MPa.s-1. The 
estimated intrinsic surface strength,  from Eq. (2.12) then represents the surface strength that the 
particle would display in the absence of SCG, as given by Eq. (2.10). For particles that entered Do-
main IV (for these we only know a lower bound of their surface strength), we take  equal to the 
maximum attainable peak surface stress during the test for the relevant platen. Equation (2.12) then 
gives a lower bound for : in other words, these again form right-censored data. 

Correcting the strength values of the data from Domains III and IV for the effects of SCG gives again 
a left-truncated and right-censored dataset on which we can use the Survival analysis methods as 
exposed earlier. For simplicity the left truncation level was taken as the lowest observed SCG cor-
rected surface strength,  for each platen dataset (HV750, HV600, HV450). Figure 2.14 gives the 
resulting estimated particle strength distribution: as seen, SCG causes the high-strength part of the 
distribution to shift to significantly higher strength values: it is thus likely these particles would be 
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far stronger in an inert humidity-free environment, notably when used as a reinforcement in a com-
posite with a matrix impervious to moisture. This said, even after correction for the effects of SCG, 
the measured strength distribution remains far below what is achieved in glass fibres: particles such 
as these should be sized and handled with greater care if they are to be used as a composite reinforce-
ment. 

 
Figure 2.14 – Comparison of the peak surface strength distribution of the (black) original data (influ-
enced by SCG) and (grey) same after correction for the effect of SCG. Smooth solid curves represent 
the estimated Weibull distributions using a maximum likelihood method; corresponding parameters are 
m = 6.3,  MPa and m = 5.6,  MPa for the original and SCG corrected data, respec-
tively. The solid stepped curves represent the Product-limit estimator, together with corresponding dot-
ted curves representing 95% point-wise confidence intervals of the Product-limit estimator. 

Building on the approach of Shipway and Hutchings, we show how uniaxial particle compression 
testing can be improved if one uses a pair of elasto-plastic platens of tailored hardness, selected to be 
sufficiently soft relative to the particle such that measured strength values do not reflect the influence 
of Hertzian contact stress concentration, while being sufficiently hard to crack the particles in the 
appropriate range of indent to particle radius ratio values. The different trajectories of peak tensile 
stress near the center, and along the surface of the particles, are such that the distribution of central 
and surface strengths can be separately assessed from test data conducted using appropriately chosen 
platen materials and the methods of survival probability analysis.  

The approach is demonstrated using commercially available spherical microscopic fused quartz par-
ticles 30 µm in average diameter (Denka FB-40S produced by Denka, Tokyo, Japan). Tested in air 
with a loading rate on the order of 100 MPa.s-1 the particles show strengths between 500 MPa and 
1100 MPa with a characteristic strength value near 900 MPa. Roughly 5% of the particles fail at far 
lower strength values, in the range ~300-400 MPa, that are caused by the presence of large internal 
pores. The remaining 95% of the particles have surface-flaw limited strength distributions that can be 
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described using two-parameter Weibull distributions of parameter values m = 6.6,  = 910 MPa for 
the particles tested in air, corresponding to estimated values of m = 5.6,  = 1540 MPa if the particles 
are protected from humidity. 

Hiramatsu and Oka published a solution for the stress tensor components within particles compressed 
as in Figure 2.1b [212]. The original paper contained some typos and errors, which were corrected in 
later publications: corrected expressions for , ,  were published in [333] and the expression 
for  can be found in [214]). Corrected expressions used here are (typos in the original equations 
from [333] are highlighted in red): 

  

(2.13)

  

(2.14)

  

(2.15)

  
(2.16)

with 

  (2.17) 
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where ν denotes the Poisson ratio of the (linear elastic) sphere material and P2i(cos θ) denotes the 
Legendre polynomial of degree 2i. The derivative  is defined as  

  (2.18) 

The first and second partial derivatives of the Legendre polynomials P2i(cos θ) with respect to θ can 
be simplified as follows: 

  (2.19) 

 

  (2.20) 

where  is associated Legendre polynomial of degree 2i and of order 2. 

The stress tensor coefficients, Eqs. (2.13)-(2.16) are given in the form of an infinite series, which has 
to be truncated. Mathematica v. 10.1 (Wolfram Research Inc., Champaign, Illinois) was used to per-
form summations to p terms and to calculate the stress quantities of interest. Along the sphere vertical 
axis, where , the expressions in Eqs. (2.13)-(2.16) yield an indeterminate solution; hence 
for simplicity the axis was represented in calculations by using numerical value of θ = 0.001 as 

. Likewise, the center of the sphere is defined here as (θ, r/R) = (0.001, 0.001). With 

very low relative contact radii a/R and especially for the stress components along the surface (r/R = 
1), convergence is achieved for relatively high numbers of summation terms p. For example, in the 
center of the sphere for (a/R) = 0.1 the convergence or in other words the result with relative error 
smaller than 1% is obtained for as few as 10 summations, whereas along the surface near the equator 
for the same relative contact a relative error below 1% is obtained only for 1000 or more summation 
terms. In order to compute the stresses along the surface close to the contact perimeter along the  
direction, where the stress peaks for very small contacts below (a/R) = 0.3, as many as 100,000 sum-
mations had to be used due to the highly oscillatory nature of the expression. This produced near-
perimeter stress values with an estimated relative error below 5%. 
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Table 2.3 – Experimental and numerical data of tested particles. 

Substrate 
Par-
ticle 

# 

R 
[µm] 

a/R 
[µm] 

Fmax 
[N] 

  
[MPa] 

  
[MPa] 

Substrate 
Par-
ticle 

# 

R 
[µm] 

a/R 
[µm] 

Fmax 
[N] 

  
[MPa] 

  
[MPa] 

HV950-#1 

1 14.6 0.58 ± 0.02 2.14 1160 960 

HV600-#4 

1 15.4 0.80 ± 0.02 3.28 270 870 
2 13.1 0.56 ± 0.02 1.53 1100 880 3 12.7 0.74 ± 0.02 1.85 580 860 
4 17.2 0.56 ± 0.01 2.69 1120 900 4 15.6 0.63 ± 0.02 2.13 860 800 
5 30.7 0.47 ± 0.01 6.19 990 700 5 15.7 0.70 ± 0.02 2.55 710 840 
6 12.8 0.56 ± 0.02 1.47 1110 890 6 16.9 0.67 ± 0.02 2.62 740 790 

HV950-#2 

1 11.9 0.52 ± 0.02 1.17 1120 840 7 14.3 0.90 ± 0.02 3.51 -740 590 
2 12.6 0.56 ± 0.02 1.52 1180 950 9 15.6 0.87 ± 0.02 3.70 -340 690 
3 11.9 0.55 ± 0.02 1.53 1360 1070 10 13.8 0.81 ± 0.02 2.72 200 870 

4 19.2 0.55 ± 0.01 3.43 1170 920 

HV600-#5 

2 14.6 0.76 ± 0.02 2.48 470 830 
5 11.1 0.56 ± 0.02 1.24 1240 990 3 13.9 0.81 ± 0.02 2.51 180 800 

HV750-#1 

1 11.4 0.67 ± 0.02 1.49 940 990 4 16.1 0.81 ± 0.02 3.33 180 790 
2 13.6 0.68 ± 0.02 2.19 920 1000 5 14.1 0.93 ± 0.02 3.38 -1110 350 
3 10.9 0.71 ± 0.02 1.61 870 1080 6 17.2 0.61 ± 0.01 1.87 670 590 
8 17.1 0.61 ± 0.02 2.85 1020 900 7 16.9 0.79 ± 0.02 3.45 300 800 

HV750-#2 

1 14.2 0.70 ± 0.02 2.59 880 1040 8 20.2 0.52 ± 0.01 1.93 640 480 
2 16.6 0.59 ± 0.02 2.29 930 790 9 14.7 0.71 ± 0.02 1.98 590 730 

3 15.4 0.58 ± 0.02 1.88 920 770 

HV450-#2 

1* 20.9 1  - - - 
4 19.5 0.52 ± 0.01 2.56 910 680 2* 24.0 1 - - - 
5 12.9 0.53 ± 0.02 1.12 890 680 3 11.2 0.67 ± 0.02 0.8 520 550 
6 12.8 0.61 ± 0.02 1.49 960 850 5* 14.3 1 - - - 
7 21.8 0.59 ± 0.01 4.16 980 830 6 16.3 0.62 ± 0.02 1.56 590 540 
8 15.5 0.58 ± 0.02 1.95 940 780 7* 11.8 1 - - - 
9 13.8 0.59 ± 0.02 1.48 870 740 8* 17.5 1 - - - 

10 17.7 0.51 ± 0.01 1.77 780 580 

HV450-#3 

1* 11.3 1 - - - 
11 13.3 0.54 ± 0.02 1.09 790 610 2* 16.2 1 - - - 
13 27.7 0.53 ± 0.01 4.52 780 600 5* 16.5 1 - - - 

HV750-#3 

1 18.5 0.55 ± 0.01 2.49 910 720 6* 14.3 1 - - - 
3 16.2 0.68 ± 0.02 3.08 910 1000 8* 17.5 1 - - - 

4 13.4 0.68 ± 0.02 2.12 910 990 

HV450-#4 

1 13.2 0.53 ± 0.02 0.78 590 450 
5 17.5 0.64 ± 0.01 3.13 950 910 3* 17.7 1 - - - 
6 16.8 0.61 ± 0.02 2.81 1050 930 4 14.4 0.82 ± 0.02 2.12 85 600 
7 12.8 0.63 ± 0.02 1.61 960 900 5 12.1 0.68 ± 0.02 1.05 560 610 
8 13.9 0.66 ± 0.02 2.25 990 1010 6* 16.8 1 - - - 
9 16.3 0.66 ± 0.02 3.00 970 980 7* 13.3 1 - - - 

10 14.9 0.61 ± 0.02 2.2 1040 920 

HV450-#5 

1* 13.2 1 - - - 

HV600-#1 

1 12.2 0.82 ± 0.02 2.03 110 810 2* 18.5 1 - - - 
2 16.4 0.39 ± 0.02 0.7 440 290 3* 13.9 1 - - - 
3 21.9 0.57 ± 0.01 2.88 720 580 4* 13.9 1 - - - 
4 12.5 0.39 ± 0.02 0.4 440 290 5 22.6 0.44 ± 0.01 1.37 430 290 
5 11.6 0.81 ± 0.02 2.02 210 920 6 22.2 0.65 ± 0.01 3.1 560 550 
6 14.4 0.73 ± 0.02 2.43 640 900 7* 13.2 1 - - - 
7 14.7 0.31 ± 0.02 0.38 330 200        
9 16 0.68 ± 0.02 2.69 810 890        

11 15.5 0.62 ± 0.02 1.82 770 700        

* - Particle embedded completely with no failure detected. 
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Figure 2.15 summarizes a static fatigue test in which a particle was loaded and held for several se-
conds under constant load until failure was detected. This demonstrates that slow crack growth is 
operative in the particles under conditions of the present tests. In Figure 2.16 we show optical and 
SEM images of four particles, which contained apparent internal defects. 

 
Figure 2.15 – The uniaxial compression test done in the same conditions as the other test in this work 
except that loading was deliberately interrupted before failure and particle was left under the static load 
of roughly 2.5 N with the relative contact radius of ~0.87 resulting in roughly 600 MPa peak surface 
stress for approximately 60 s after which the particle failure occurred accompanied by a sharp drop in 
load. The particle failed in shattering mode into many pieces as was typical for the majority of particles 
tested in the study. This experiment shows that particle may fail even after the maximum attainable 
peak tensile surface stress was applied when SCG operates. 

 
Figure 2.16 – Particles with apparent internal pores that were not considered in the surface failure sta-
tistics. (a), (b), (c), (d) optical images before the test of particles HV600-#1-2, HV600-#1-4, HV600-#1-7 
and HV450-#5-5, respectively. (e) SEM image made at 33° tilt after the test of the particle A564-AH-
450-#5-5 with two big pores present on the fracture surface that match the two distinct dark spots on 
the optical image. 
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Using the computational software Mathematica 10.1 we show here on a hypothetical sample that 
when both the surface and the centre strength are Weibull-distributed and the two are independent, 
then if one applies the left-truncation, right-censoring survival analysis scheme and the testing method 
exposed in the main body text, then the obtained distribution converges to the pre-defined surface 
strength distribution.  

Assume that the surface strength and strength in the particle centre are Weibull distributed. Let us 
first generate 3 random samples from the predefined Weibull distribution of the surface strength and 
3 random samples from the Weibull distribution of the centre strength, keeping the two at equal 
length. Let the Weibull distribution of the surface strength have shape parameter m = 7 and scale 
parameter s = 900, then three random sample examples are: 

{845, 1048, 872, 1059, 797, 719, 521, 879, 829, 1165, 1072, 943, 639, 970, 1081, 670, 944, 794, 900, 
903, 905, 971, 679, 939, 861, 848, 801, 733, 1001, 560} 

{768, 860, 894, 846, 952, 830, 464, 725, 843, 582, 960, 693, 774, 912, 853, 459, 1017, 530, 735, 847, 
784, 963, 708, 920, 995, 636, 957, 779, 925, 1038} 

{743, 834, 989, 965, 789, 713, 1018, 1010, 913, 804, 961, 766, 743, 752, 844, 600, 836, 1001, 842, 
804, 854, 863, 1034, 874, 706, 775, 919, 898, 1038, 1037} 

Take the Weibull distribution of the centre strength to have shape parameter m = 3 and scale parameter 
s = 1300, then three random samples of equal length as for the surface strength are 

{1099, 2026, 895, 1132, 1630, 869, 1322, 1353, 1907, 1812, 605, 1388, 1600, 1121, 1066, 1046, 
1487, 1718, 1439, 1656, 940, 1199, 1124, 1859, 1479, 1471, 835, 983, 1594, 826} 

{590, 1102, 2077, 2194, 1666, 1258, 1820, 846, 1659, 1210, 1012, 1139, 1291, 534, 1667, 1365, 
1574, 1441, 609, 607, 583, 1534, 971, 790, 1009, 1502, 1478, 1284, 1487, 773} 

{984, 1408, 1089, 1534, 862, 1177, 1257, 1884, 407, 1305, 1100, 1687, 948, 1097, 811, 936, 1192, 
1355, 1102, 1893, 628, 1476, 1632, 1215, 2084, 2186, 619, 282, 1683, 1977} 

We can now join three random samples of surface strength with those of central strength and form 
three sets of duplets. In each duplet the first number represent the surface strength and the second the 
centre strength. Thus each duplet can be seen as a particle (colours are explained in the next para-
graph): 

{{845, 1099}, {1048, 2026}, {872, 895}, {1059, 1132}, {797, 1630}, {719, 869}, {521, 1322}, {879, 
1353}, {829, 1907}, {1165, 1812}, {1072, 605}, {943, 1388}, {639, 1600}, {970, 1121}, {1081, 
1066}, {670, 1046}, {944, 1487}, {794, 1718}, {900, 1439}, {903, 1656}, {905, 940}, {971, 1199}, 
{679, 1124}, {939, 1859}, {861, 1479}, {848, 1471}, {801, 835}, {733, 983}, {1001, 1594}, {560, 
826}} 
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{{768, 590}, {860, 1102}, {894, 2077}, {846, 2194}, {952, 1666}, {830, 1258}, {464, 1820}, {725, 
846}, {843, 1659}, {582, 1210}, {960, 1012}, {693, 1139}, {774, 1291}, {912, 534}, {853, 1667}, 
{459, 1365}, {1017, 1574}, {530, 1441}, {735, 609}, {847, 607}, {784, 583}, {963, 1534}, {708, 
971}, {920, 790}, {995, 1009}, {636, 1502}, {957, 1478}, {779, 1284}, {925, 1487}, {1038, 773}} 

{{743, 984}, {834, 1408}, {989, 1089}, {965, 1534}, {789, 862}, {713, 1177}, {1018, 1257}, {1010, 
1884}, {913, 407}, {804, 1305}, {961, 1100}, {766, 1687}, {743, 948}, {752, 1097}, {844, 811}, 
{600, 936}, {836, 1192}, {1001, 1355}, {842, 1102}, {804, 1893}, {854,  628}, {863, 1476}, {1034, 
1632}, {874, 1215}, {706, 2084}, {775, 2186}, {919, 619}, {898, 282}, {1038, 1683}, {1037, 
1977}} 

Let us now consider that a first set of the particles (or duplets) is tested with platen material 1 (Platen 
1), a second set with platen material 2 (Platen 2) and the third (remaining) set with platen material 3 
(Platen 3). Platen 1 is such that, during the test, a particle will be stressed in the centre up to maximum 
of 600 (say, MPa; however, units are arbitrary). Platen 2 will stress the centre of a particle up to 800 
and Platen 3 will stress a particle up to 1000 before the stress in centre starts to decrease (transition 
from Domain II to Domain III).  

Under those circumstances, all particles that are tested with Platen 1 and have a strength in their centre 
(second number in duplets) lower than 600 will break before the relative contact radius reaches Do-
main III, in which one knows that failure is caused by a surface flaw. Let us remove for now those 
particles from consideration and let us also do so for corresponding values of the other two platens. 
We thus eliminate for now from consideration all duplets that (i) for Platen 1 (Set 1) have central 
strength lower than 600 (ii) for Platen 2 (Set 2) have central strength lower than 800 and (iii) for 
Platen 3 (Set 3) have central strength lower than 1000. Such cases are written in red in the list above.   

Next, the test is designed such that only particles that enter Domain III are those that “we know” 
broke by meridian cracking due to a flaw located along their surface. Let the surface stress applied to 
the particle at the beginning of Domain III be (i) 550 for Platen 1 (ii) 700 for Platen 2 and (iii) 900 
for Platen 3. We label therefore those particles (duplets) that will break due to surface failure before 
reaching Domain III in orange. All particles that are now labelled red or orange will fail, whether due 
to centre or surface flaws, before reaching Domain III. The surface stress levels at the beginning of 
Domain III for each platen also represent the left-truncation in the following survival analysis.  

Some particles will not break and will rather embed completely, producing right-censored data. Let 
the maximum applied surface stress during a test be (i) 650 for Platen 1 (ii) 900 for Platen 2 and (iii) 
1100 for Platen 3. We label particles that have a surface strength higher than the maximum attainable 
surface strength for a given platen with the colour green. 

Remaining (black ink) particles are ones that will break in Domain III; there are 2+10+9 = 21 such 
valid surface strength measurements, and 27+7+0 = 34 right-censored data that entered Domain IV. 
Now, if we consider all these Domain III and IV data to be left-truncated at (i) 550 for Platen 1 (ii) 
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700 for Platen 2 and (iii) 900 for Platen 3 we obtain from the test the following data for the particle 
surface strength: 

Table 2.4 – Data from a hypothetical test. 

Platen 
Failure/censoring  

peak surface stress  
[MPa] 

Censoring 
indicator1 

Left-trun-
cated at 
[MPa] 

 
Platen 

Failure/censoring 
peak surface stress   

[MPa] 

Censoring 
indicator1 

Left- 
truncated at 

[MPa] 

Platen 1 
 

650 1 550  

Platen 2 

860 0 700 
650 1 550  894 0 700 
650 1 550  846 0 700 
650 1 550  900 1 700 
650 1 550  830 0 700 
650 1 550  725 0 700 
650 1 550  843 0 700 
650 1 550  900 1 700 
650 1 550  774 0 700 
650 1 550  853 0 700 
650 1 550  900 1 700 
639 0 550  900 1 700 
650 1 550  708 0 700 
650 1 550  900 1 700 
650 1 550  900 1 700 
650 1 550  779 0 700 
650 1 550  900 1 700 
650 1 550  

Platen 3 

989 0 900 
650 1 550  965 0 900 
650 1 550  1018 0 900 
650 1 550  1010 0 900 
650 1 550  961 0 900 
650 1 550  1001 0 900 
650 1 550  1034 0 900 
650 1 550  1038 0 900 
650 1 550  1037 0 900 
650 1 550      
650 1 550      

 560 0 550      
1 when 0, the peak surface stress represents the surface strength measurement, otherwise value 1 indicates righ-censoring 
and the peak surface stress represents lower-bound of the surface strength. 

If we now apply the product-limit estimator using the Mathematica built-in function SurvivalModel-
Fit on the data from Table 2.4 we get the result plotted in Figure 2.17a. The estimated Weibull dis-
tribution using the maximum likelihood method via the Mathematica built-in function Estimated-
Distribution is m = 7.2 and s = 910 (the original values were m = 7 and s = 900). The same procedure 
can be applied also for much larger sample sizes, for example with 10 000 random variate duplets for 
each platen. The result is shown in Figure 2.17b. As can be seen the Maximum likelihood estimation 
converges to the original distribution (estimated parameters m = 7.01 and s = 902), while the Product-
limit estimator is somewhat inaccurate for low surface strength values (this is caused by the fact that 
the data are truncated at 550 therefore cannot be precise around that value). On the other hand the 
Product-limit estimator does not require any assumption on the nature of the surface strength distri-
bution. 
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Figure 2.17 – (a) Product-limit estimator of the left-truncated and right-censored data from the Table 2.4 
obtained from hypothetical three sets of 30 duplets representing particles tested in the Meridian crack 
test along with the Maximum likelihood estimation of two parameter Weibull distribution (m = 7.2, s = 
910). (b) Product-limit estimator of the left-truncated and right-censored obtained from hypothetical 
three sets of 10,000 duplets representing particles tested in the Meridian crack test along with the Max-
imum likelihood estimation of two-parameter Weibull distribution (m = 7.01, s = 902). In both cases the 
original Weibull distribution of surface strength was with parameters m = 7, s = 900. 

The stress field obtained from Hiramatsu and Oka equations, Eqs. (2.1a-d), for compressed spherical 
particle, is here briefly compared with results obtained via a basic finite element model of the problem 
at hand, which was implemented in the Abaqus FEA v 6.11 (Dassault Systèmes Simulia Corp., Prov-
idence, RI, USA) software.  

We model the particle as an isotropic, linear-elastic solid of elastic modulus of Young’s modulus 72 
GPa and Poisson ratio 0.17 (these values are characteristic of fused quartz). The platen material is 
considered to be an isotropic, elastic-perfectly-plastic steel of Young’s modulus 200 GPa, Poisson’s 
ratio 0.3 and yield strength 1.3 GPa (these properties are characteristic of one of the platen materials 
used here, namely HV450, Table 2.1 of the main text, and were measured by tensile testing in our 
laboratory).  

The finite element mesh used for this problem, is shown in Figure 2.18a; due to symmetry we only 
account one-half of the axisymmetric model in the problem. Elements used to discretize the particle 
and the platen parts are quadratic (cax8) quadrilaterals. Contact between particle and platen in the 
model is explicitly included; this includes hard contact formulation in the normal direction of the 
contact surface and Coulomb friction characterized by a constant friction coefficient μ in the tangen-
tial direction. Loading is by prescribing vertical displacement  of the top surface of the platen. 
Preliminary runs were performed to optimize the mesh size and the size of the platen domain in order 
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not to affect the predicted first principal stresses in the center and at the equator of the particle. During 
simulations we monitor the contact pressure distribution over the entire particle surface; from this we 
calculate the contact radius a as the x-coordinate of the point on the particle surface at which the 
contact pressure drops to zero. 

 
Figure 2.18 – (a) Sketch of an axisymmetric finite element mesh used for modelling the crushing test of 
spherical particles by elastic-perfectly-plastic platen. Prescribed vertical boundary displacement  
along the top platen surface was used to load the system. (b) Stress field contour map for particle com-
pressed up to contact radius  for case of frictionless contact between the sphere and the 
platen. 

In Figure 2.19a we compare the evolution of the normalized first principal stress, , in the 
center and along the equator of a spherical particle as calculated via the Hiramatsu and Oka solution 
for a particle Poisson’s ratio equal to 0.17 (black) and via FEM (coloured lines). Due to the unknown 
experimental contact friction coefficient, in Figure 2.19a we explore FEM calculations over a range 
of μ values. Although the Hiramatsu and Oka solution generally follows the same trend as the FEM 
results, the Hiramatsu and Oka solution seems to increasingly underestimate the first principal stress 
as the relative contact radius increases; up to a/R ~0.8, the first principal stress at the particle equator 
is underestimated by a factor of ~1.3. The main reason for this discrepancy could originate from the 
assumption that the contact pressure distribution in the Hiramatsu and Oka treatment is considered to 
be uniform, while the FEM calculations (Figure 2.19b), although somewhat noisy, indicate that this 
assumption is approximately valid only for  < 0.3. Still, as can be seen, given the complexity of 
the problem and the presence of unknown boundary conditions (of friction notably), one can see that 
the Hiramatsu and Oka solution is a relatively faithful descriptor of the stress state in hard elastic 
spheres as they are compressed between two elastoplastic platens. 
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Figure 2.19 – (a) Normalized first principal stress  as a function of the relative contact radius 

 in the center of the sphere (dashed lines) and on the surface equator (solid lines). Solution by 
Hiramatsu and Oka (Eqs. (2.1a-d), main text) is shown with black lines and results of FEM calculations 
with coloured lines. FEM calculations are carried out for three values of the contact friction coefficient: 
0 (red), 0.1 (green) and 0.3 (blue). (b) Distribution of the contact pressure at contact radii  0.2, 0.4 
0.6 and 0.8 and for the case of contact friction μ = 0 (red) and 0.3 (blue). 

Let us imagine a situation where, during the compression test (as described in the main text of the 
present paper), a debris particle gets trapped between the fused quartz particle (here considered to 
have radius R=20µm) and the steel platen (see Figure 2.20a). The debris particle is located at some 
point A on that portion of the surface of a fused quartz particle that is in direct contact with the platen. 
Let the perimeter of the contact between the compressed fused quartz particle and the platen be des-
ignated as the ensemble of Points B. The debris particle may be a graphite particle from the colloidal 
paint used in this study or from other sources, e.g. visible debris that is covering the tested particles 
(Figure 2.7b, main text). The presence of a debris particle has the potential to locally redistribute the 
stress; we examine here the question in detail.  
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Figure 2.20 – (a) Sketch of a spherical particle of radius R compressed between two elasto-plastic platens 
under load F with a far smaller debris particle present in-between the compressed particle and platen 
at Spot A. The contact perimeter between the compressed particle and steel platen is indicated by the 
letter B. (b) The debris particle of Young’s modulus E’, Poisson’s ratio ν’ and radius ρ (red) indents the 
larger tested particle (grey) under uniaxial compression with a force P, creating a local elastic contact 
of radius b. The local cylindrical coordinate system  is at the debris particle plane of symmetry 
taken to be homothetic with the compressed sphere coordinate system . 

For simplicity, let us consider that both the compressed fused quartz particle and the debris particle 
are elastic solids of Young’s modulus and Poisson’s ratio E, ν and E’, ν’, respectively. Also, let us 
assume that the debris particle is spherical with radius ρ considerably smaller than that of a fused 
quartz particle (ρ  R). In the limit of elastic contact between the two particles, the local situation 
under loading can be approximated as the indentation of a debris sphere into the fused quartz half-
space, as described by Hertz’s theory (see sketch in Figure 2.20b).  

The stress field equations for the Hertzian indentation can be found for example in [334]; in the 
cylindrical coordinate system (x, z, α) it has four non-zero components; . The highest 
tensile stress attained due to indentation of a debris particle will be located on the fused quartz particle 
surface where the shear component  vanishes; the remaining three normal stress components on 
the surface then automatically become the principal stresses, of which only  is positive with its 
peak value located at the perimeter of the contact characterized by the radius b (see Figure 2.20b). 
Because the debris particle is located in the contact zone between the steel platen and the fused quartz 
particle (point A, Figure 2.20a), and is compressed by pressure q, the force P with which the debris 
is pressed against the fused quartz is approximated here as  (somewhat higher values may 
obtain; however, this should give the right order of magnitude). With this, the only relevant (positive) 
Hertzian stress component  as a function of a coordinate x can be easily calculated. A few examples 
of normalized  for different debris particle sizes and their elastic parameters 
at arbitrary point A are shown in Figure 2.21 with colour lines. 
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For a fused quartz particle compressed by the platens, this local will superimpose onto the 
Hiramatsu and Oka stress field. Because the shear component  of the Hiramatsu and Oka solution 
also vanishes on the surface of a fused quartz particle, from the remaining three principal components, 

 and , only  is worth considering, because only  can become significantly positive (ten-
sile) after superposition with . Note that, at Point A of the contact in the plane of symmetry of the 
debris particle, the local cylindrical system (z, x, α) is homothetically related to the global coordinate 
system  (see Figure 2.20a), which means that the stress components  and ,  and  and 

 and , are directly additive; however, because , ,  and , only the addition of  and 
 can give a positive (tensile) value. Normalized Hiramatsu and Oka stress component 

 particle with radius R=20µm compressed with relative contact radius (a/R) = 0.7 and for 
Meyer’s law describing HV600 platen is traced in Figure 2.21 as the black line. 

From Figure 2.21 it is evident that, if the debris particle at point A is located far away from the pe-
rimeter point B (the distance between points A and B is ), then the compressive stress  is 
so high that even indentation by a very stiff debris particle (with properties similar to alumina) can 
not locally raise the total stress, , along the fused quartz surface to make it positive (tensile). 
High tensile stress on the fused quartz particle surface is only possible when the debris particle is 
located very near the contact perimeter at B, i.e. , where  is steeply rising to a value that 
is close to zero (Figure 2.21, black line); only at this relative position will the local stress  induce 
the total stress on the fused quartz surface to be tensile. If this happens, we find that for any debris 
particle size or debris elastic properties, the total stress at point B is , which is compa-
rable to the peak stress at the equatorial plane for the investigated relative contact radius (a/R) = 0.7 
(see Figure 2.2, main text). The volume of the stressed material around the Hertzian indentation is 
also much smaller than the volume of material exposed to tension around the equator. Hence, failure 
from tensile stresses along the equator will be a far more probable outcome than failure induced by a 
small debris particle. 
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Figure 2.21 – Distribution of the normalized stress  along the surface of a compressed fused quartz 
particle due to (black) uniaxial compression with relative contact radius (a/R)=0.7 and platen with 
Meyer’s constants representing HV600 steel platen, (green) a Hertzian indentation stress along the sur-
face of fused quartz particle by a debris particle with relative radius , elastic modulus of 72 
GPa and Poisson’s ratio 0.17, (red) a Hertzian indentation stress along the surface of fused quartz par-
ticle by a debris particle with relative radius , elastic modulus of 400 GPa and Poisson’s ratio 
0.25 and (blue) a Hertzian indentation stress along the surface of fused quartz particle by a debris par-
ticle with relative radius , elastic modulus of 72 GPa and Poisson’s ratio 0.17. The dashed ver-
tical line represents the contact perimeter defined by the compressed particle-platen contact radius a. 
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 This chapter was submitted as an article in a scientific journal with the open-access (CC BY 
4.0) licence and its provisional bibliographic reference is given below. The preprint version of the 
article is presented here with its Introduction section abbreviated to avoid repetition of what was 
already mentioned in Chapter 1 of this thesis (extracts, including a few literal reproductions of full 
paragraphs of this article's Introduction, are included in Chapter 1 of this thesis). The candidate, here-
with V.P., designed the experiment under supervision of Andreas Mortensen (A.M.). Most of the 
uniaxial compression tests were carried out by two undergraduate students Grégory Riesen (G.R.) 
and Romain G. Martin (R.G.M.) under supervision of V.P. in the framework of their respective se-
mester projects at EPFL. V.P. carried out additional experiments to improve statistical significance 
of the data. V.P. carried out most of other experimental work, specifically fractography, and the mi-
crocantilever machining and testing. V.P. analysed the final set of data and interpreted results. The 
writing of the manuscript was mainly by V.P. 

Pejchal, V., Fornabaio, M., Žagar, G., Riesen, G., Martin, R. G., Medřický, J., Chráska, T., Morten-
sen, A.: Meridian crack test strength of plasma-sprayed amorphous and nanocrystalline ceramic mi-
croparticles. Submitted, 2017. 
 

It has been widely demonstrated that nanostructured ceramics in both bulk and fiber form can exhibit 
exceptional mechanical properties [28,99,335–340]. It should, therefore, be possible to produce 
nanostructured microparticles with strengths approaching those of today's engineering fibers. One 
way to produce such particles is to use thermal spraying techniques in which the feedstock material 
is introduced into a high temperature jet where it is melted and propelled in the form of droplets 
towards a fluid quenching medium. The resulting high cooling rates on the order of 106 K/s can be 
advantageously used to prepare amorphous and nanostructured microscopic particles of ceramics that 
are not strong glass formers [111,112]. In the present work we test such particles for strength, using 
the meridian crack testing method, to show how the intrinsic flaw-controlled strength of plasma-
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sprayed ceramic micro-particles based on the Al2O3-ZrO2-SiO2 ternary system can be probed, and 
improved.  

The powder feedstock material from the ternary system Al2O3-ZrO2-SiO2 is based on the bulk cast 
ceramic material called EucorTM. The Eucor material has a near-eutectic composition, which was 
confirmed by semi-quantitative X-ray fluorescence; the powder feedstock contained 46.5 wt.% of 
Al2O3, 34.5 wt.% of ZrO2, 14.5 wt.% of SiO2, and 4.5 wt.% of other oxides (of alkali and alkaline 
earth metals). It was previously reported that the near-eutectic composition of the material facilitates 
formation of amorphous phases when the molten material is rapidly solidified [341,342].  

Fully crystalline, crushed and sieved, powder feedstock was plasma sprayed in air at atmospheric 
pressure using the hybrid water-stabilised plasma torch WSP-H 500 (IPP CAS, Prague) operating at 
160 kW power. The powder was injected into the plasma jet, where individual particles were melted 
and thus turned into spheres. To retain the spherical shape of the particles while ensuring rapid solid-
ification, sprayed molten particles were collected in a vessel filled with a liquid quenching medium 
which was positioned 300 mm downstream from the plasma torch exit nozzle. Saturated water solu-
tion of boric acid, cooled down to 0 °C and mixed with ice, was used as the quenching medium for 
its high heat extraction ability. After spraying, the collected powder was rinsed with clean water to 
remove the residue of boric acid and then dried in an oven at 150 °C. This process resulted in fully 
amorphous powder of nearly spherical particles.  

To produce nanocrystalline particles, the as-sprayed powder was annealed in air at 1300°C for 1h, 
with heating and cooling rates of 5 °C/min. Crystalline phases were analyzed by X-Ray Diffraction 
(XRD) measurements carried out using PANalytical X’Pert Pro MPD diffractometer with a Cu Kα 
radiation. Scanning was performed in the 10-90° 2θ range using a step size of 0.0170° and time per 
step 29.210 s. Crystalline phase quantification was performed by Rietveld refinement using the X’Pert 
High Score Plus software with rutile as an external standard [343]. Scanning Electron Microscopy 
(Zeiss Merlin, Oberkochen, Germany) was used to investigate the microstructure of as-received and 
annealed Eucor particles. To this end, particles were dispersed in an epoxy resin made by mixing 
Bisphenol A diglycil ether (DGEBA, Sigma Aldrich) with Diethylenetriamin 99% (DETA Sigma 
Aldrich, 99%) which was then hardened to create a composite. This composite was then polished 
down to 1 μm polishing medium particle size and observed along its polished surface. Local chemical 
analyses were conducted by means of Energy Dispersive X-Ray spectrometry (EDX) with an electron 
acceleration voltage of 10 kV. About 20 random particles were analyzed in order to investigate pos-
sible variation in composition from particle to particle.  
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To measure the tensile strength of the plasma sprayed Eucor particles we have employed the Meridian 
Crack Test method; its principle and theoretical background are published elsewhere [344]. To per-
form the uniaxial compression tests we used age hardened AISI 630 steel, and AISI W1 steel in two 
different heat treatment conditions. This produced three different sets of platens namely (i) quenched 
AISI W1 steel tempered at 250 °C for 90 minutes (ii) quenched AISI W1 steel tempered at 320 °C 
for 90 minutes and (iii) AISI 630 steel age hardened at 480 °C for 60 minutes. The resulting average 
Vickers hardness of the three platen materials measured with a FM-300 (Future-tech Corp., Kawa-
saki, Japan) using a 0.5 kgf load were HV 710, 620 and 440 for materials (i), (ii) and (iii) respectively. 
The three platen materials are hereafter designated as HV700, HV600 and HV450, respectively. 

Uniaxial compression tests were performed on individual particles 25-35 µm in diameter using a 
custom-built instrumented compression apparatus equipped with 10 N load cell and interchangeable 
conical tips made of the three platen materials. The cone tips were polished, to have an approximately 
300 µm flat-end tip diameter serving as the upper platen. As the bottom platen, disc-shaped substrates 
~10 mm in diameter and ~2 mm thick were used. Both tips and substrates were ground and polished 
using diamond suspensions down to 1 µm diamond particle size. Along the substrate surface a layer 
a few micrometres thick of soft colloidal graphite paint (Pelco®, Redding, CA, United States) was 
applied; its role was to retain the broken particle pieces in place after testing. Additionally, an adhe-
sive tape (scotch-tape type) was applied and removed from the carbon-coated substrate. This left a 
very thin (several times thinner than the graphite paint layer) and scattered film of the tape adhesive, 
which helped to hold particles in place during manipulation of the particle-covered substrates prior 
to testing.  

Individual particles were deposited using a miBotTM (Imina Technologies SA, Lausanne, Switzer-
land) remote controlled microarm equipped with sharp tungsten needle, using the following proce-
dure: (i) by approaching with tungsten needle over the selected particle the particle adhered to the 
needle due to electrostatic forces, (ii) the particle attached to the tip of the needle was then transferred 
over the carbon-coated substrate at locations featuring an adhesive film layer, which then held the 
particle in place. To measure its diameter 2R, each particle was imaged top-down under an optical 
microscope (Olympus Vanox model AHMT, Olympus Corporation, Tokyo, Japan) equipped with a 
digital camera system. Additional diameter measurements on a subset of the particles was also con-
ducted using a scanning electron microscope (SEM) (Zeiss Merlin, Oberkochen, Germany). The op-
tical microscopy diameter measurements were found to be within 5% of electron microscopy meas-
urements. 

Particles were compressed by displacing the flat-end conical tip using a constant displacement-rate 
of 1 µm/s. The test was interrupted either when a drop in load was recorded or, in case of particularly 
strong particles that embedded completely into the platens, when the two platens contacted. Relative 
error on load readings was below 1%. Each flat-end conical tip was used to test approximately 5 
particles before it was exchanged, so that each particle be compressed by a new, flat and polished, 
portion of the tip surface. Indents left by tested particles in the flat surface of the conical tip were 
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subsequently imaged using an optical microscope (ZeissTM Axioplan 2, Oberkochen, Germany) 
equipped with a digital camera to measure the contact radius at the moment of failure, a, with an 
estimated relative error of 5 %. Tested fractured particles were then imaged in the SEM in order to 
identify the strength-limiting defects. 

The plasma spraying technique that was used to produce the particulate Eucor material resulted in 
particles of high sphericity and with a broad size range, particles having diameter ranging from a few 
micrometers to several tens of micrometers. To check that the particle shape was close to that of a 
sphere, 2230 polished random as-sprayed particle cross-sections were imaged via SEM and fitted to 
an ellipse. It was found that the average ellipse aspect ratio, defined as the ratio of its minor to the 
major axes, was 0.92. A small fraction (<5%) of those particles exhibited aspect ratio values below 
0.7; these particles furthermore contained crystalline regions, which were observable in the SEM 
along the polished cross-sections. It is thus likely that those 5% of the particles were not completely 
melted during the plasma-spraying process. 

Scanning electron microscopy (SEM) micrograph of as-sprayed Eucor after sieving through a 45 µm 
pore size sieve is shown in Figure 3.1a. XRD analysis (Figure 3.1b) of as-sprayed Eucor particles 
shows that they are almost completely amorphous with a relative amorphous phase content of 85wt% 
according to Rietveld refinement. The SEM micrograph in Figure 3.2a displays the cross-section of 
a typical spherical as-sprayed particle with no apparent chemical contrast, indicating a high-homoge-
neity of the composition within the particle. Compositional homogeneity within this particle was 
confirmed with EDX analysis performed at different spots of the particle cross-section. EDX per-
formed on 20 randomly selected particles revealed some variation in composition from particle to 
particle, with average values and standard deviations across the particles of the chemical elements 
equal to (20.0±1.3), (6.9±0.5) and (3.2±1.2) at% for Al, Zr and Si, respectively, and oxygen atoms 
representing the remainder. 

 
Figure 3.1 – (a) Overview of as-sprayed Eucor particles after sieving through 45 µm sieve. (b) XRD 
pattern of (black) as-sprayed and (red) annealed powder. t = tetragonal, m = monoclinic. 
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After annealing particles at 1300 °C for 60 minutes the powder becomes fully crystalline, as shown 
by XRD analysis (Figure 3.1b) revealing mullite, tetragonal and monoclinic zirconia as primary 
phases. These results are in good agreement with XRD analysis of plasma-sprayed coatings prepared 
from similar precursor material [345]. Phase quantification by Rietvield refinement established con-
tents of 60wt% tetragonal zirconia, 28wt% mullite, 4wt% monoclinic zirconia and a remaining amor-
phous phase representing 8wt%. The microstructural observations in SEM (Figure 3.2b-c) revealed 
grains of two phases with an apparent chemical contrast; (dark-gray) mullite and (light-gray) grains 
of tetragonal and/or monoclinic zirconia. Two main microstructural morphologies were observed: (i) 
particles of very fine microstructure with equiaxed grains a few nanometers to a few tens of nanome-
ters in size (Figure 3.2b) and (ii) particles of coarser microstructure featuring a mixture of equiaxed 
and needle-like grains from a few tens of nanometers to a few hundred nanometers in size (Fig-
ure 3.2c). In all cases mullite grains appeared as the matrix forming phase. EDX analyses performed 
on 20 polished nanocrystalline particles showed similar variations in chemical composition among 
particles as were found within the as-sprayed powder: averaged values and corresponding standard 
deviations for Al, Zr and Si chemical elements were (19.4±1.1), (7.4±1.4) and (3.4±1.7) at%, respec-
tively. Annealing of the powder did not lead to a formation of evident flaws (such as microcracks that 
might be caused by anisotropic or differential thermal expansion of the several phases present). Mi-
cropores were on the other hand readily observed in numerous particle cross-sections of both amor-
phous (Figure 3.2a) and nanocrystalline particles. 

 
Figure 3.2 – (a) SEM micrograph of polished cross-section of as-sprayed amorphous Eucor particles. 
Panel (a) shows an amorphous particle. Panels (b) and (c) are micrographs of nanocrystalline Eucor 
particles obtained after 1h annealing at 1300°C revealing nanostructured grains of (gray) mullite and 
(light) tetragonal and monoclinic zirconia. A micropore is evident in the cross-section of the amorphous 
particle (a). 

In total, fifty-four (54) amorphous Eucor particles were tested using HV600 (33 particles) and HV450 
(21 particles) platens. Of the nanocrystalline Eucor, sixty-two (62) particles were tested using HV700 
(40 particles) and HV450 (22 particles) platens. The average diameter of particles selected for testing 
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was 29.7 µm and 29.9 µm and ranged between 23.1-34.7 µm and 24.5-35.5 µm for amorphous and 
nanocrystalline particles, respectively.  

The results are summarized in Figure 3.3 where the force at failure, Fmax, normalized by the particle 
cross-sectional area πR2 is plotted against the relative particle-platen contact radius a/R, where a is 
the contact area radius and R that of the particle. Particles that did not fail during the test and hence 
survived until platens contacted (a/R ≈ 1) are indicated with a symbol at the far right of the figure. 
For these particles, the value of Fmax/(πR2) is not representative, since the measured force when a/R 

 1 is affected by platens being in contact; therefore, a figurative value was selected to visualize these 
events in the figure to its far right.   

The plot was used to determine the elasto-plastic behavior of each platen material (HV700, HV600, 
and HV450) as described by the empirical Meyer’s law: Fmax/(πR2) = k(a/R)n where k, n are the 
Meyer’s law parameters. Fitting the data, the estimated Meyer’s law parameters were k = 8150, n = 
2 for HV700 platens, k = 5900 and n = 1.8 for HV600 platens, and k = 3990, n = 1.7 for HV450 
platens. Note that data for particles that did not break during the uniaxial compression until platens 
contacted were not considered for platen Meyer’s law determination (due to lack of precision in the 
force when a/R  1, as already mentioned above). 

 
Figure 3.3 – Experimentally measured values of the critical force at failure normalized by the cross-
sectional area of the tested particle, Fmax/(π.R2) for (triangles) amorphous and (circles) nanocrystalline 
Eucor particles tested with (blue) HV700, (red) HV600, and (cyan) HV450 platens, respectively. Solid 
lines represent best fit with the power-law function f(a/R) = k(a/R)n representing the platen material 
Meyer’s law. Values of the fitted parameters were (blue) k = 8150, n = 2 for HV700 platens, (red) k = 
5900 and n = 1.8 for HV600 platens, and (cyan) k = 3990, n = 1.7 for HV450 platens. 

Figure 3.4 and Figure 3.5 show representative specimens of tested amorphous and nanocrystalline 
Eucor particles, respectively. As seen, the soft colloidal graphite layer was effective in retaining 
pieces of broken particles after the failure and for which flaws present on one of the meridian cracks 
were observed. Particles were typically broken into several pieces indicating initiation and growth of 
secondary cracks, likely due to the sudden release of stored elastic energy after initial crack formation. 
The number of fragments typically scaled with the maximum load at which the particle broke. Only 
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in the case when particles broke for low loads were one or few meridional cracks observed with the 
rest of the particle intact.  

Figure 3.4a shows a particle for which only one meridional crack was observed after failure, with an 
evident surface pore present. Given that the first principal stress along the surface is the hoop stress, 
σϕϕ, where ϕ is the azimuthal angle and peaks at the equatorial plane, the observed pore on the me-
ridional crack fracture surface close to the equatorial plane is the likely cause of failure at low load 
of this particle (although it broke at a/R of Domain II, see Discussion). 

 
Figure 3.4 – SEM images of amorphous Eucor particles after uniaxial compression, illustrating particles 
for which distinct flaws were observed at one of the meridional cracks. (a) One meridional crack was 
observed for this particle, which broke at relatively low load. A pore of diameter ≈ 1 µm was observed 
just below the surface on the meridional crack surface. (b) The mirror-mist and hackle fractographical 
features point to a subsurface pore as the origin of failure. (c) shows the only particle fracture surface 
along which a flaw other than a pore was identified as the origin of the failure, this being a surface 
inclusion. The fracture surface of amorphous Eucor particles is typically very smooth and featureless in 
the “mirror” region close to the origin of failure. 

Other examples of pores that one can trace as likely origins of failure for amorphous and nanocrys-
talline Eucor particles are shown in Figure 3.4b and Figure 3.5a-c, respectively. Distinct mirror-mist 
and hackle features surrounding pores are located on one of the meridional cracks close to the peak 
of the surface stress, making these pores the likely cause of failure of those particles. A surface or 
subsurface pore was determined as the failure origin in all investigated particles when a clear mirror-
mist-hackle pattern could be observed on one of the meridional cracks, with one exception shown in 
Figure 3.4c. For this particle, fractographical features suggest that a surface inclusion was the failure 
origin. 
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Figure 3.5 – SEM images of nanocrystalline Eucor particles after uniaxial compression. Panels (a), (b), 
and (c) illustrate three different particles for which mirror-mist-hackle patterns surrounding a pore 
present at one of the meridional crack fracture surfaces can be observed. In each case a surface pore 
was identified as the origin of failure. The fracture surface exhibits greater roughness compared to 
amorphous particles (Fig. 3.4). The grain structure is revealed on fracture surfaces, showing transgran-
ular fracture of mullite grains (gray) and intergranular decohesion of zirconia grains (bright) close to 
the fracture initiation point (panel (c)). 

The fracture surface of amorphous (Figure 3.4a-c) Eucor particles was very smooth and featureless 
in the mirror region of the fracture surface. As expected, fracture surfaces of nanocrystalline Eucor 
particles exhibited higher roughness compared to amorphous particles. From higher magnification 
micrographs (Figure 3.5c) one can observe the grain structure of nanocrystalline particles. A closer 
look at the pore surface in Figure 3.5b reveals the presence of microcracks along the pore free surface. 
Close to the failure origin a mixed trans- and inter-granular crack path can be observed (Figure 3.5c). 
Grain cleavage is dominant for mullite grains (dark-gray) while intergranular decohesion, leaving 
protruding grains and pore-like features along the fracture surface, is evident for zirconia grains. This 
indicates the presence of effective crack deflection by zirconia grains. 

A solution for the stress distribution within a linear elastic sphere diametrically compressed between 
a pair of platens was first given by Hiramatsu and Oka [212], and was recently refined using finite 
element calculations in Ref. [346]. During the compression test, the relative contact radius a/R grad-
ually increases and the peak of the tensile first principal stress, considered here as the fracture stress, 
is located for large enough relative contact radius (a/R > 0.3) either in the center of the sphere, σ1c or 
in the particle surface equatorial belt, σ1s [344]. The tensile first principal stress in the sphere center 
and equatorial belt can be expressed as 
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  (3.1) 

  (3.2) 

respectively, where F is the compressive force applied to the particle, R is the particle radius and 
,   are adimensional functions of the relative contact radius a/R, where a is the radius of the 

projected particle-platen contact area, ν is particle’s Poisson’s ratio, and µ is the friction coefficient 
in the particle-platen contact. The adimensional functions ,  for different values of the three 
variables can be found in [346]. Details of the friction and Poisson’s ratio estimation are given in the 
Supplementary Information (Section 3.7.1). The (kinematic) friction coefficient was found to be ap-
proximately µ = 0.28. The particle Poisson’s ratio was estimated to be approximately equal ν = 0.28 
for both amorphous and nanocrystalline Eucor particles (that ν and µ are equal is a coincidence). For 
values ν = 0.28 and µ = 0.28 functions ,  from [346] read 

   (3.3) 

   (3.4) 

Knowing the platen empirical elasto-plastic indentation behaviour as described by Meyer’s law (Fig-
ure 3.3) and combining this with Eqs. (3.1)-(3.2) one can calculate and plot average stress trajectories 
in particles compressed between platens of a given steel as a function of the relative contact radius: 

  (3.5) 

  (3.6) 

Figure 3.6 presents the evolution of the first principal stress at the center, and along the surface equa-
torial belt of a particle versus the relative contact radius, with ν = 0.28 and µ = 0.28 during uniaxial 
compression with HV700, HV600 and HV450 steel platens. As described in Ref. [344] four different 
domains can be defined:  

(i) the contact stress dominated Domain I starts from the beginning of the test (a/R = 0) and extends 
until a/R is approximately equal to 0.3 (not plotted here as no particle failed in this domain),  

(ii) Domain II starts at a/R ≈ 0.3 and is a region where tensile stress peaks in the central portion of 
the particle. As compression continues, a/R increases and central and surface stresses increase simul-
taneously;  

(iii) the stress in the particle centre then peaks, leading to a transition into Domain III where it is only 
within the surface equatorial belt that the tensile stress continues to increase as compression pro-
gresses; elsewhere stress values have started to decrease; 
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(iv) finally, Domain IV is characterized by tensile stresses decreasing everywhere in the compressed 
sphere, including along the surface equatorial belt. 

Figure 3.6 – Average (tensile) stress trajectories during uniaxial compression of spherical particles with 
Poisson’s ratio 0.28, particle-platen friction coefficient 0.28 and tested with (blue) HV700, (red) HV600, 
and (cyan) HV450 platens calculated using Eqs. (3.5)-(3.6). The stress trajectories are plotted for (dot-
ted) the center of the particle and (dashed) the particle surface equator versus the relative contact ra-
dius. Arrows indicate maxima for each stress trajectory and as such represent boundaries (in terms of 
a/R) between different Domains. 

The boundary between Domains II and III was here defined as the moment (in terms of a/R) when 
the first principal stress in center reaches its maximum value, i.e. . In our previous work 

with fused quartz particles [344], the boundary between Domain II and III was defined as the cross-
over between the center and surface equator stress trajectories. With particles of higher Poisson ratio 
compared to that of fused quartz, such as the nanocrystalline Eucor tested here, the crossover between 
the central and equator stress is located slightly before the central stress reaches its maximum value 
(see Figure 3.6).  

While tensile stresses increase simultaneously both in central and surface portion (Domain II) particle 
failure may occur either in the particle center or along its surface, with the central and surface stress 
values differing by up to roughly 40%. If a particle breaks within Domain III, i.e., after the central 
stress reaches its peak, then the only region where the tensile stress is still increasing is around its 
equatorial belt and the surface equatorial stress; , can therefore be considered as the particle failure 
stress. 

One can observe failure events in Domain III only for particles that are sufficiently strong to enter it. 
Failure events in Domain III are therefore, in the language of survival analysis, left-truncated (only 
values for the strength of particles stronger than a certain value can be observed). The left-truncation 
value  depends on the platen material and can be estimated from the curves of the average stress 
trajectories (Figure 3.6) as the stress value at which Domain III begins. There is, however, scatter in 
data points used to derive Meyer’s law (Figure 3.3). For this reason, some of the measured surface 
strength values (computed knowing a/R from the measured load) of data points situated, according 
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to the value of a/R, in Domain III may be slightly lower than the  value determined from the average 
stress trajectory curves (Figure 3.6). Therefore, the lower of the two values determined as (i) the 
surface equatorial stress  for the a/R value at which  from the average stress trajectory 

curves and (ii) the lowest actual measured strength value ascertained to be, by its value of a/R, in 
Domain III (lowered by a negligible value namely 1 MPa as the observed value cannot be equal to 
the left-truncation value) was taken as . To observe failure events of weaker particles in Domain 
III (i.e. to decrease the left-truncation value) one has to decrease the hardness of the platens used. 

If a particle is strong enough to (in the language of survival analysis) survive the maximum attainable 
stress in the equatorial belt of Domain III, it enters Domain IV. The boundary between Domains III 
and IV is defined as value of a/R at which the tensile stress in the surface equatorial belt reaches its 
maximum, i.e. . Particles that have entered Domain IV cannot in principle break anymore 

since, according to mechanical analysis, the tensile stress decreases thereafter everywhere in the 
sphere. One therefore only knows a lower-bound of the strength of such particles; in Survival analysis 
terminology – the stress at this transition is a right-censoring stress value, . This value is found as 
the maximum on the average equatorial stress trajectory curve, for a given platen material (Fig-
ure 3.6). 

The a/R values representing boundaries between Domains are indicated in Figure 3.6 with arrows and 
are listed in Table 3.1. The left-truncation and right-censoring values for each platen-particle material 
combination used in this work obtained from Figure 3.6 and from experimental data points (Fig-
ure 3.7) are also listed in Table 3.1. 

Table 3.1 – Values of the relative contact radius a/R at the beginning and end of Domain III for 
tested amorphous and nanocrystalline Eucor particles (ν = 0.28, µ = 0.28) and the tensile stress val-
ues identified as the left-truncation, , and right-censoring,  values. 

Platen 
material 

Domain III start Domain III end 
a/R   (MPa) a/R  (MPa) 

HV700 0.63 1030 0.86 1650 
HV600 0.61 820  0.85 1230  
HV450 0.60 590  0.84 850 
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Figure 3.7 – Surface equatorial stress at the moment of failure for tested particles versus the relative 
contact radius a/R for (a) amorphous and (b) nanocrystalline Eucor particles. Dashed lines represent 
the average stress trajectories and solid vertical lines represent predicted boundaries between Domains 
III and IV for given platens. Symbols at the far right represent particles that survived until platens 
contacted. 

Measured experimental values of the stress in the equatorial belt of each tested particle according to 
Eq. (3.2) together with the average stress trajectory Eq. (3.6) are shown in Figure 3.7. With amor-
phous Eucor particles, 18 particles tested with HV600 platens and 1 particle tested with HV450 plat-
ens failed in Domain III. One particle tested with HV600 platen entered Domain IV although it failed 
later on. When tested with HV450 platens 16 particles survived until platens contacted (Domain IV).  

For nanocrystalline Eucor particles, 11 particles failed in Domain III when tested with HV700 platen 
and 7 particles tested with HV600 platens. Three particles tested with HV700 and 9 particles tested 
with HV600 platens survived until platens contacted (Domain IV). 

The reason why one particle failed in Domain IV might be explained by slow-crack-growth, as was 
proposed for particles in Ref. [344]; alternatively it can represent an outlier for which the transition 
between Domains III and IV was far off the predicted value. In collating particle strength data, this 
particle was considered to have survived the right-censoring value,  of the platen that it was tested 
with (HV600). The ensemble of the surface failure events (Domain III) and events for which we only 
know the right-censored value and all data that were left-truncated for the value of Domain III begin-
ning for the corresponding platen are presented in Table 3.2. 
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Table 3.2 – Ensemble of the Domain III and IV results used to calculate the surface stress survival 
probability.  

Amorphous Eucor Nanocrystalline Eucor 

Platen Measured failure/censoring  
peak surface stress [MPa] 

Censoring 
indicator1 

Left-truncated 
at  [MPa] Platen Measured failure/censoring 

peak surface stress [MPa] 
Censoring 
indicator1 

Left-truncated 
at  [MPa] 

HV600 1110 0 820 HV700 1180 0 1030 
 1130 0 820  1410 0 1030 
 900 0 820  1440 0 1030 
 890 0 820  1480 0 1030 
 1170 0 820  1520 0 1030 
 920 0 820  1270 0 1030 
 1040 0 820  1210 0 1030 
 1230 0 820  1600 0 1030 
 1360 0 820  1360 0 1030 
 1160 0 820  1640 0 1030 
 1080 0 820  1640 0 1030 
 960 0 820  1650 1 1030 
 1220 0 820  1650 1 1030 
 980 0 820  1650 1 1030 
 1020 0 820 HV600 1230 0 820 
 1090 0 820  930 0 820 
 1120 0 820  1180 0 820 
 1040 0 820  1290 0 820 
 1230 1 820  1180 0 820 

HV450 670 0 590  1200 0 820 
 850 1 590  1040 0 820 
 850 1 590  1230 1 820 
 850 1 590  1230 1 820 
 850 1 590  1230 1 820 
 850 1 590  1230 1 820 
 850 1 590  1230 1 820 
 850 1 590  1230 1 820 
 850 1 590  1230 1 820 
 850 1 590  1230 1 820 
 850 1 590  1230 1 820 
 850 1 590     
 850 1 590     
 850 1 590     
 850 1 590     
 850 1 590     
 850 1 590     

1 when 0, the surface stress represents the surface strength measurement, otherwise value 1 indicates right-censoring and the value in the surface stress 
column represents a lower-bound of the surface strength. 

Figure 3.8 shows estimated survival distribution using (i) the non-parametric Kaplan-Meier product-
limit estimator and (ii) the two-parameter Weibull distribution using the data from Table 3.2. The two 
survival distributions were estimated with the Wolfram Mathematica 10.1 (Wolfram Research, Inc., 
USA) computation program using incorporated functions SurvivalModelFit and EstimatedDistribu-
tion for product-limit estimator and Weibull distribution parameter estimation, respectively. Plotting 
the non-parametric and parametric estimations over one another shows that they are mutually con-
sistent. The estimated Weibull modulus m and the characteristic strength (scale parameter) σ0 are m 
= 7.8 ± 1.5 and σ0 = (1130 ± 30) MPa for amorphous Eucor particles, and m = 6.0 ± 1.3, σ0 = (1490 
± 70) MPa for the nanocrystalline Eucor particles. The standard error in the parameter estimation was 
assessed using a bootstrapping technique; specifics are presented in the Supplementary Information 
(Section 3.7.4). 
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Figure 3.8 – Survival probability of (red) amorphous and (blue) nanocrystalline Eucor particles with 
respect to the surface equatorial stress evaluated from Domain III and IV events. (continuous solid lines) 
two parameter Weibull distribution, (stepped lines) Kaplan-Meier product-limit estimator, (dashed 
stepped lines) 95% confidence intervals for the Kaplan-Meier estimation. 

In order to assess the effect of uncertainty in the Poisson’s ratio estimation on results we have reeval-
uated the data with two extreme values of the expected particle’s Poisson’s ratio, namely 0.25 and 
0.3. Changing the particle Poisson’s ratio ν had little effect on the Weibull modulus results; this is 
owing to the fact that the Domain’s boundaries in a/R terms are not sensitive to the exact value of ν. 
The value of the Poisson’s ratio has, on the other hand, some effect on the scale parameter of the 
resulting Weibull distribution: the characteristic strength σ0 changes within 5% relative to the value 
determined with ν = 0.28. This difference is, however, lower than the error of the stress calculation 
using Eq. (3.2), which is approximately 5-10% [346]. The sensitivity of the Weibull parameters to 
the value of the friction coefficient µ is small: when µ is changed to 0.25 or 0.3 their variation is well 
below 5% (see Supplementary Information, Section 3.7.2 for details). 

From Figure 3.8 it is evident that after annealing the particle strength increases noticeably, by roughly 
30% on average. The Weibull modulus decreases only slightly, which means that there is slightly 
more scatter in observed results, which may be attributed to the presence of slightly greater micro-
structural differences between individual nanocrystalline particles (Figure 3.2). This difference in the 
scatter is, however, only marginal given the accuracy of the measured Weibull modulus.  

The fact that after crystallization annealing the strength of particles increases while the Weibull mod-
ulus remains relatively unaffected suggests that observed changes in particle strength distribution are 
mostly the result of an increase in the fracture toughness of the material while the particles’ flaw 
distribution remains mostly unchanged. For both types of particles, micropores produced during the 
powder processing by trapping air when in molten state were linked to the fracture origin: that these 
would not be altered by the annealing treatment is reasonable. We thus conclude that the difference 
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in observed strengths between amorphous and nanocrystalline particles is explained by an increase in 
the fracture toughness of the particle material after annealing. Nanocrystallisation apparently made 
the particles tougher by a value that is high enough to increase their strength on the order of 30% or 
more since, as we discuss later, pores in nanocrystalline particles have likely a more detrimental effect 
on strength than in amorphous particles. 

In glasses and glass ceramics it is known that the mirror region size surrounding the fracture origin 
can be directly linked to the fracture stress. In amorphous particles the size of mirrors, rm, present on 
meridional cracks surrounding critical flaws can thus be linked with the measured surface equatorial 
fracture stress if one assumes that the particle fracture toughness is in the range 0.4-1.0 MPa.m1/2 
depending on the mirror-constant-to-fracture-toughness ratio used (this varies in the literature be-
tween 2.3-3 [347–349]. This deduced fracture toughness range is in good agreement with what one 
would expect for the present amorphous Eucor particles material, since it is comparable to that of 
silica and aluminate-glasses [323,332,350] (see Supplementary Information, Section 3.7.3 for de-
tails). 

In nanocrystalline Eucor the mirror size surrounding fracture origins is less well defined. We have 
therefore tested whether the measured surface equatorial fracture stress can be linked with the ob-
served surface and subsurface pores if these are assimilated to sharp penny-shape flaws. The rationale 
behind such an assimilation of pores for nanocrystalline particles to sharp flaws is based on observa-
tions of Rice [351] as well as our own observation of microcracks along the pore internal surface in 
one of the nanocrystalline particles. The measured fracture stress could be linked with observed pores 
acting as sharp flaws for material fracture toughness values in the range of 1.0 – 2.2 MPa.m1/2 (see 
Supplementary Information, Section 3.7.3 for details). This is again in good agreement with the ex-
pected fracture toughness of the present nanocrystalline particle material: its lower bound should be 
near the toughness of the amorphous powder while the upper bound is expected to be close to that of 
(coarse grained) mullite (≈ 2 MPa.m1/2) [352–354] or mullite reinforced with zirconia grains, of 
toughness value in the range of 2.5-6 MPa.m1/2 depending on the preparation method and grains size 
and shape [355–357]. 

A few particles failed for a/R values that situate their fracture within Domain II; these particles 
showed surface or subsurface pores that could be identified as the origin of failure and were such that 
the pore or associated mirror size correlated well with the measured surface equatorial belt stress 
value for the particle in question (see Figure 3.11 and Figure 3.12 in Supplementary Information). 
We hence reanalysed all data to probe whether all particle failures could have originated at a surface 
flaw. 

We therefore assumed that all Domain II particles failed due to a flaw along their surface and included 
Domain II failure events, with the predicted surface equatorial stress as the failure stress, into the 
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Survival-analysis data set of Domain III failure events (Section 3.5.1). Adding data points from Do-
main II with identified (surface) failure stress values, effectively removes any left-truncation in such 
event data (as Domain II starts for very low ). Figure 3.9 compares the thus-obtained surface 
strength distribution with the distribution obtained by only considering data points that were within 
Domains III and IV (i.e., with left-truncation). The evident discrepancy between the two strength 
distributions shows that at least for some of the particles that failed in Domain II, there was a failure 
origin other than a surface defect. Most probably there was, for some of these particles, a flaw in its 
central region. This is supported by observations of large (a few micrometers in diameter) pores close 
to the central region in several particles that failed in Domain II. Two such particles with evident 
pores of this type revealed before testing by means of light microscopy, are shown in Figure 3.9: 
these two particles were among the weakest tested for amorphous and nanocrystalline Eucor, respec-
tively (the central stress at the moment of failure for the two particles was and 

 for the amorphous (Panel a) and nanocrystalline (Panel b) particle, respectively). 

 
Figure 3.9 – Comparison of the surface equatorial stress survival distribution of (a) amorphous and (b) 
nanocrystalline Eucor particles obtained using events from Domains III and IV and Domains II, III and 
IV where failure events from Domain II are considered all to be due to the surface stress. Two optical 
microscopy pictures represent amorphous and nanocrystalline particles observed before testing and 
which failed at relatively low loads in Domain II: one notices the presence of micrometric pores near the 
particle center. These (a) amorphous and (b) nanocrystalline particles failed for central stress values 

 and , respectively. 

The measured surface strengths of particles from the present study are comparable to values reported 
for Al2O3-La2O3-Gd2O3-ZrO2 (ALZG) microscopic particles, of composition 58/15/5/22 by molar 
ratio, tested in compression between a pair of hard (sapphire) platens [236]. Amorphous ALZG par-
ticles exhibited average strength on the order of 1100 MPa while after annealing their strength grad-
ually increased, reaching peak average strength of 1800 MPa after a 1300 °C anneal, decreasing down 
to approximately 1200 MPa for 1400 °C annealing. Note that, although these strengths are compara-
ble to values measured here, the method used (hard platens) provides strength results only for the 
central portion of particles; additionally, the method may potentially affect results by the nucleation 
of extraneous flaws along the immediate periphery of the platen/particle contact regions. 
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The observed microstructure and composition of present nanocrystalline Eucor particles, composed 
mainly of mullite reinforced with zirconia grains, are somewhat similar to those of nanocrystalline 
high-strength NextelTM 720 fibres. The microstructure of these fibres is composed of mullite rein-
forced with nanometric alumina grains [358]. The reported Weibull strength distribution of these 
fibers is m ≈ 7-8 and σ0 ≈ 2000-2100 MPa [335]. The surface strength of particles from this study 
thus approaches (reaching ≈ 70%) that of chemically and microstructurally comparable engineering 
fibres used as reinforcements in composites; however, the present Eucor particles cannot rival the 
strongest ceramic fibres available (see Figure 3.13 in Supplementary Information), the reason being 
the deleterious influence of micropores present within the plasma-remelted powder. Removing those 
defects would therefore result in significantly stronger ceramic particles, with the implication that 
there is ample scope for the production of Eucor particles of significantly higher strength.  

We use the Meridian Crack Test method to measure the local strength of individual amorphous and 
nanocrystalline ceramic particles based on Al2O3-ZrO2-SiO2 eutectic ternary system prepared using 
a plasma-spraying technique from EucorTM as the feedstock powder. Results show that nanocrystal-
line particles obtained by annealing the amorphous powder at 1300°C for 1h are on average 30% 
stronger than amorphous particles. The Weibull modulus for nanocrystalline particles was found to 
be approximately 6 with a characteristic strength of 1490 MPa. Spherical pores of size ranging from 
few hundred nanometers to few micrometers were identified as the principal strength limiting-defects 
for both amorphous and nanocrystalline particles. Similar Weibull modulus values and fractographic 
observation suggest that the 30% increase in particle strength obtained after annealing results from 
an increase in the fracture toughness of nanocrystalline particles of at least 30% over that of the same 
particles in the amorphous state.  

To calculate the strength of particles from the data of uniaxial compression tests (Figure 3.3) one 
needs to determine the Poisson’s ratio of the particles. In the literature, the typical value of Poisson’s 
ratio of aluminate and silico-aluminate glasses falls in the range of 0.25-0.3 [359,360]. In binary 
Al2O3-SiO2 glass, an increase in Al2O3 concentration enhances the atomic packing density and hence 
the Poisson ratio (see below) due to its high dissociation energy; for 0.6 molar fraction of Al2O3 (the 
composition of mullite) a Poisson’s ratio value of 0.274 was reported [361]. To get an estimate for 
the ternary alumina-zirconia-silica glass system, one microscopic cantilever beam was machined in 
a particle partially embedded within a polymer matrix using focused ion beam (FIB) machining (see 
Figure 3.10), and was then loaded in bending using a nanoindeter apparatus. Using finite element 
(FEM) analysis of the bent beam the Young’s modulus, treated as an unknown parameter, was found 
to be (145 ± 5) GPa. Using the Makishima and Mackenzie [362,363] formula for Young’s modulus 
(in GPa)  where Gi stands for dissociation energy of ith oxide in our case 32 
kcal.cm-3, 23.2 kcal.cm-3, 15.4 kcal.cm-3 for Al2O3, ZrO2 and SiO2, respectively where Xi is the mole 
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fraction of the component i, we can get the atomic packing density Vt of a multicomponent oxide 
glass. The Poisson’s ratio  can be then calculated as . Using this approach we 
obtained a value for the Poisson’s ratio of the amorphous Eucor of . Given that the 
Makishima and Mackenzie formula for Young’s modulus often underestimates the real value espe-
cially for high-modulus glasses [359,364], the calculated atomic packing density Vt using the formula 
with measured Young’s modulus may be overestimated using this value. In summary, we deem that 
the best estimate for amorphous Eucor particles Poisson’s ratio is 0.28. 

 
Figure 3.10 – FIB machined cantilever beam at the top of an amorphous Eucor particle partially em-
bedded in a polymer matrix. 

As for the nanostructured Eucor particles, based on a Rietveld refinement of the XRD spectra, and in 
light of microstructural observations, the material can be considered as mullite reinforced with tetrag-
onal (and some monoclinic) zirconia particles. The reported Poisson’s ratio of the polycrystalline 
mullite lies in the range 0.266-0.281 [365,366] and the theoretical value for orientation averaged 
Poisson’s ratio for tetragonal zirconia (using the Voigt approximation) is 0.29. Hence, an estimated 
Poisson’s ratio near 0.28 is also obtained for the nanostructured Eucor particles of the present study. 

The particle-platen (kinematic) friction coefficient was inferred by measuring the angle of an inclined 
plane at which a layer of as-sprayed particles partially embedded in a several micrometers thick layer 
of nail polish (used as an adhesive) along the surface of an aluminium SEM stub slid freely along the 
polished piece of steel used as a platen following a minute impulse to overcome static friction. The 
(kinematic) friction was found using the usual force-balance method to be approximately µ = 0.28. 

Given that the stress magnitude in a compressed particle depends on the particle’s Poisson’s ratio ν 
and also on the platen-particle friction coefficient, we have performed an evaluation of the effect on 
estimated particle strength distributions of two extreme values of the estimated Poisson’s ratio and 
estimated friction coefficient, i.e. we have reevaluated the strength distribution using ν = 0.25, ν = 
0.30 and µ = 0.25, µ = 0.3 for data collected on both amorphous and nanocrystalline Eucor and using 
solution in Ref. [346]. 
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For simplicity we report only the two-parameter Weibull distribution results in Table 3.3 and Ta-
ble 3.4. As can be seen, changing the value of the particle’s Poisson’s ratio from 0.25 to 0.3 has very 
little effect on the Weibull modulus relative to the precision of its estimation that was deduced to be 
near ±1.5 (see below). The value of the Poisson’s ratio has some effect on the scale parameter of the 
resulting Weibull distribution: the characteristic strength σ0 changes within 5% relative to the value 
determined with ν = 0.28. This difference is, however, lower than the error in the stress calculated 
using the Eq. (3.2), this being approximately 5-10% [346]. Changing the platen-particle friction co-
efficient to 0.25 and 0.3 has even less effect on the estimated Weibull parameters (see Table 3.4). We 
therefore consider the precise value of these parameters as being without significant consequence on 
the present strength measurements. 

Table 3.3 – The effect of different Poisson’s ratio on results of surface Weibull strength distribution 
of Eucor particles. Particle-platen friction fixed at 0.28.  

Poisson’s 
ratio, νp 

Amorphous Eucor Nanocrystalline Eucor 
Weibull 

modulus, m 
Characteristic 

strength, σ0 [MPa] 
Weibull 

modulus, m 
Characteristic 

strength, σ0 [MPa] 
0.25 7.4 1070 5.7 1400 
0.28 7.8 1130 6.0 1490 
0.30 8.0 1170 5.9 1540 

 

Table 3.4 – The effect of different platen-particle friction coefficient on results of surface Weibull 
strength distribution of Eucor particles. Particle Poisson’s ratio fixed at 0.28. 

Friction, µ 
Amorphous Eucor Nanocrystalline Eucor 

Weibull 
modulus, m 

Characteristic 
strength, σ0 [MPa] 

Weibull 
modulus, m 

Characteristic 
strength, σ0 [MPa] 

0.25 7.8 1140 5.9 1510 
0.28 7.8 1130 6.0 1490 
0.30 7.9 1130 5.9 1480 

Fractography of tested particles revealed that pores were the origin of failure in the vast majority of 
cases, in which a clear mirror-mist and hackle feature could be observed on one of the meridian 
cracks. It was shown by Rice [351] that, to cite the author, “pores in glasses are less severe sources 
of failure than sharp flaws of the same dimensions”. The mirror region surrounding the pore in frac-
tured amorphous particles is very well defined and can be relatively precisely measured from the 
fractographs. The mirror size can be linked with the measured surface equatorial fracture stress 
through the well-established empirical formula , where Am is the mirror constant and 
is related to the (Mode I) fracture toughness of the material, KIC as Am = km.KIC, where km is reported 
to lie between 2.3-3 [347–349]. The measured equatorial fracture stress  should therefore increase 
linearly with  with km

.KIC equal to the slope of the correlation, as shown in Figure 3.11. A linear 
fit through the data and the origin yields km

.KIC = 1.6 MPa.m1/2, with plausible minimum and maxi-
mum observed values of km

.KIC equal to 1.3 MPa.m1/2 and 2.4 MPa.m1/2. Given that km lies between 
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2.3-3, this translates to KIC in the range 0.4-1.0 MPa.m1/2 based on the observed mirrors sizes. This is 
in good agreement with what one would expect for the material: the expected fracture toughness 
should lie between that of fused quartz (≈0.65 [323,332]) and that obtained for example for ZerodurTM 
a lithium-aluminosilicate glass-ceramic (≈1.26 MPa.m1/2 [350]). In other words the measured surface 
strengths are in good agreement with what can be deduced from observed fractographical features 
using expected fracture toughness values. 

 
Figure 3.11 – The measured equatorial fracture stress versus the observed mirror diameter surrounding 
pores identified as failure origin for (circles) 5 particles that failed in Domain III and (triangle) 2 particle 
that failed in Domain II. Straight lines represent different slopes of different values of km.KIC. 

In nanocrystalline particles, the mirror region surrounding pores identified as the failure origin is 
much less well-defined. As observed by Rice [351], pores in polycrystalline solids behave much more 
like sharp flaws having roughly the same diameter as the pore. We have therefore assimilated the 
measured pores sizes with penny shaped cracks of the same dimension. Assuming that they are small 
compared to the dimensions of the particle and subjected to uniaxial tension with a stress magnitude 
equal to the measured equatorial stress at the moment of failure, one can write  
where Y = 1.13 [367] and rp is the pore radius. Figure 3.12 displays the  vs. rp

-1/2 correlation for 
three particles that failed in Domain III and five particles that failed in Domain II but for which the 
fractography reveals that they most probably also failed due to a surface or subsurface pore. The data 
give an average deduced fracture toughness value 1.4 MPa.m1/2 and a value range from 1.0 to 2.2 
MPa.m1/2.  

One can observe from Figure 3.12a that two particles (from Domain III) failed with a comparable 
equatorial fracture stress but with surface pores of very different size both located close to the particle 
equator. In one case the observed fracture stress-flaw size can be justified with KIC = 2.2 MPa.m1/2 in 
the other case with KIC = 1.1 MPa.m1/2. As can be seen from Figure 3.12b and Figure 3.12c the 
microstructure of the two particles is different. The particle with the higher deduced fracture tough-
ness has a relatively rough microstructure (similar to that in Figure 3.2c of the main text) while the 
other particle exhibits a very fine microstructure with equiaxed grains of few ten nanometers in size 
(Figure 3.2b in the main text). The significant difference in the deduced fracture toughness is there-
fore likely due to the observed microstructural difference.  
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On average, the fracture toughness that is deduced by linking the observed fracture stress with flaw 
sizes is, as was the case with amorphous particles, consistent with what one would expect for the 
present nanocrystalline material. Its lower bound is expected to be equal or slightly higher than the 
toughness of the amorphous powder while the upper bound is close to that of (coarse grained) mullite 
(≈ 2 MPa.m1/2) [352–354]. By reinforcing mullite with zirconia one can achieve higher fracture tough-
ness in the range of 2.5-6 MPa.m1/2 depending on the preparation method, grains size and shape [355–
357]. 

 
Figure 3.12 – (a) The measured equatorial fracture stress versus the observed radius rp of surface or 
subsurface pores identified as the failure origin and assimilated to sharp penny-shape cracks with a 
geometry factor Y = 1.13, for (circles) 3 particles that failed in Domain III and (triangles) 5 particles that 
failed in Domain II. Straight lines represent different slopes for different values of the (Mode I) fracture 
toughness KIC. (b) SEM micro-fractograph of a nanocrystalline particle with a surface pore that was 
visibly the origin of failure, exhibiting a relatively rough fracture surface giving a relatively high de-
duced fracture toughness ≈ 2.2 MPa.m1/2. (c) SEM micro-fractograph of a particle that exhibits a very 
fine microstructure with equiaxed grains a few tens of nanometer in diameter and a small (relative to 
the previous case) pore as the failure origin. This particle exhibits a relatively low deduced fracture 
toughness ≈ 1.1 MPa.m1/2. 

Estimation of the precision of the Weibull parameters was performed using a bootstrapping method. 
First, data are resampled 1000 times using the estimated surface strength Weibull parameters to obtain 
1000 random variates of different lengths simulating datasets obtained with different platens. For 
instance, in the case of amorphous particles, platens HV600 and HV450 were used each to test in 
total 33 and 21 particles, respectively. Therefore 1000 variates with length 33 and 1000 variates with 
length 21 are simulated using the estimated Weibull parameters. One thousand pairs of variates with 
33 and 21 elements form a simulated dataset of the surface strength measurements with two platens. 
Each of the datasets is stripped of those simulated strength values that are found to be outside of the 
Domain III defined by the left-truncation and right-censoring values for each platen. Values that are 
higher than the right-censoring value for the given platen are replaced by the right-censoring value.  

For the one thousand left-truncated and right-censored two-platen datasets, Weibull parameters are 
estimated and the standard deviation in the estimated parameters is calculated assuming a normal 
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distribution. Note that this simple bootstrapping procedure does not take into account the fact that 
some particles fail due to internal flaws (something that was shown to be a possibility in the present 
powder); however, if we assume that the surface and internal strength distributions are independent 
we deem that the simple bootstrapping method gives a reasonable estimate of the Weibull parameter 
precision. This method gave estimates reported above for the Weibull modulus m and the character-
istic strength (scale parameter) σ0, namely m = 7.8 ± 1.5 and σ0 = (1130 ± 30) MPa for amorphous 
Eucor particles, and m = 6.0 ± 1.3, σ0 = (1490 ± 70) MPa for nanocrystalline Eucor particles. 

Figure 3.13 compares the surface strength of nanocrystalline Eucor particles with that of selected 
high-strength engineering fibres. The present nanocrystalline Eucor particles approach to within 70% 
the strength of chemically and microstructurally comparable NextelTM 720 fibres; note, however, that 
those fibre strength values were measured along much larger volumes (25 mm gauge length with 10 
µm in diameter) [335]. There are also stronger fibres: for example, nanocrystalline alumina NextelTM 
610 fibres attain characteristic strengths on the order of 3.5 GPa along 25 mm of tested gauge length 
with 10 µm diameter [335]. Locally, NextelTM 610 fibres are even stronger: when tested along roughly 
10 µm3 of volume, the estimated local characteristic strength is near 5 GPa [324]. Clearly, there is 
thus high potential for improvements in the production of nanocrystalline microparticles, notably by 
the removal of internal porosity. 

 
Figure 3.13 – Comparison of the strength distribution of nanocrystalline Eucor from this study with 
(cyan) chemically and microstructurally similar 3M NextelTM 720 fibres and (orange) 3M NextelTM 610 
nanocrystalline alumina fibres both tested along 25 mm gauge length in tension in [335]. In red is the 
estimated local strength distribution of the NextelTM 610 fibres for the effective volume 10 µm3 tested 
using the micromechanical C-shaped sample test in [324]. 
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 This chapter was published as an article in a scientific journal with the open-access (CC BY 
4.0) licence and its bibliographic reference is given below. The postprint version of the published 
article is presented here with its Introduction section significantly abbreviated to avoid repetition of 
what was already mentioned in Chapter 1 of this thesis (extracts, including few literal reproductions 
of full paragraphs of the article Introduction are included in Chapter 1). The candidate, herewith V.P., 
was involved in conception and implementation of the testing method. V.P. performed roughly half 
of all experimental work equally shared with Martin G. Mueller (M.G.M). Data analysis was carried 
out mainly by Goran Žagar (G.Ž). V.P. was involved in interpretation of results and contributed in 
writing Methods section and provided feedback on the manuscript, the writing of which was mainly 
in charge of G.Ž. 

Žagar, G., Pejchal, V., Mueller, M.G., Rossoll, A., Cantoni, M., Mortensen, A.: The local strength of 
microscopic alumina reinforcements. Acta Materialia 100, 2015, 215–223. doi:10.1016/j.ac-
tamat.2015.08.026 

Here we present a micromechanical testing approach by which one can measure, free of micromilling 
artifacts and directly, the local strength of individual small second phase elements in a multiphase 
metallic material. The novelty of the approach presented here lies in that (i) it can be adapted to 
variously shaped convex second phases (thus, it is not restricted, for example, to thin films) and (ii) 
it probes the strength of material, the surface of which is unaffected by micromachining or polishing.  

The method was inspired by a recently proposed solution to the problem posed by the mechanical 
characterization of macroscopic ceramic spheres or cylinders used in bearings: such smooth spheroids 
are strong, brittle, and are as difficult to grip for loading in tension or bending as are convex second 
phases in metallic materials [247,249,250] (see Section 1.5.2). The idea behind the test is to machine 
a wide notch, so that compressive loading can put the remaining ligament outer surface into a state 
of localized tensile stress. Besides the fact that fracture in this specimen configuration takes place in 
material the surface of which is unaffected by FIB micromilling, the method has the advantage that 
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applied loads are small enough not to cause the brittle microphase to shatter upon fracture. This in 
turn enables fractographic analysis and the identification of fracture-inducing flaws.  

The method is in principle suited for any convex inclusion of brittle material that can be carved by 
FIB milling. To develop the method and explore what it teaches on a material of engineering signifi-
cance, we have chosen to use ~12 µm diameter nanocrystalline alumina fibers embedded in an alu-
minum matrix as a testbench material. Reasons for this choice are (i) that these fibers are an engi-
neering material with a regular convex shape and an isotropic microstructure (which in turn eases 
data interpretation), and (ii) that continuous fibers such as these can also be tested for strength using 
conventional tensile testing of macroscopic samples. Hence, strength data obtained here by means of 
the present microscopic testing method can be confronted to strength data reported in the literature 
from another testing method conducted on the same fibers [99,100,335]. 

As will be seen in what follows, the two testing methods yield different strength distributions for the 
same material: the reason is obviously that the tested volumes of material are so different from one 
test to the other (tested areas are centimeters long in tensile tests, ten or so micrometers long in the 
present method). This difference, in turn, points to the fact that size-scaling of strength data, such as 
given by Weibull statistics, cannot be used to extrapolate strength distributions in brittle second 
phases across dimensional scales. Phenomena that are driven by highly localized stresses, such as the 
propagation of damage from one brittle inclusion to the next or crack tip processes, are governed by 
different defects and hence different strength distributions than are phenomena such as damage initi-
ation across large volumes of material subjected to a homogeneous state of tensile stress. We show 
here how strength distributions pertinent to the former, microscale, can be measured directly, by cou-
pling microtesting of carved C-shaped brittle phase regions with bespoke finite element simulations, 
taking due account of friction effects since these take particular importance at the microscale of the 
present strength measurement method. 

We probe here high-strength nanocrystalline NextelTM 610 alumina fibres produced by 3MTM (St. 
Paul, MN, USA). These fibres are in particular used to reinforce a pure aluminium matrix composite 
wire of ~2 mm in diameter, also produced by 3MTM. The NextelTM 610 fibre is 99.5% α-Al2O3. The 
fibres are ~12 µm in diameter and their typical microstructure is characterized by equiaxed grains 
with a mean diameter of ~65 nm [99]. The orientation of the fibres in a composite wire is such that 
the fibre axis is roughly collinear with the wire axis. 

Prior to FIB micromachining of the test samples, the composite wire was prepared so as to enable 
cutting a rectangular notch perpendicular to the axis of individual fibres. First, a ~1 cm long segment 
of the composite wire was cut using a diamond cutting wheel (Accutom-50, Struers, Denmark) and 
mounted in epoxy resin. The mounted wire was then ground and polished along two planes, one cross-
sectional and the other longitudinal, the latter placed roughly midway across the wire. This produced 
a sharp ~90° edge passing roughly through the centre of the wire. Next, the fibres were exposed by 
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deep etching the aluminium matrix with 20 wt. pct. NaOH for approximately 1 hour at room temper-
ature, followed by rinsing in distilled water. Fibres that remained loosely attached near the ~90° edge 
after deep etching were manually removed, using sharp tweezers under an optical microscope. The 
result of this procedure is a sample showing several tens of micrometre of exposed fibres, which 
lower down are embedded in the aluminium matrix, and whose top was gently polished during final 
metallographic preparation while side surfaces are in pristine condition (Figure 4.1a-b). 

 
Figure 4.1 – Notched micro-strength test specimen prepared in an alumina fibre embedded within an 
aluminium matrix composite. (a) Composite wire polished in two planes with a ~90° edge passing 
roughly through the wire diameter. (b) Alumina fibres exposed by deep etching the Al matrix. (c) Typ-
ical notched sample prepared by FIB milling. (d) Sketch of the one half of a notched specimen (left) with 
dimensions defined within the specimen plane of symmetry (right). 

Fibres to be probed were selected based on their geometrical separation from neighbouring fibres; 
indeed, some space around the fibre is required for access of the ion beam during milling, and also 
for the fibre to be free to bend during the mechanical test. The notch and the rooftop were then FIB-
milled into each of the selected fibres with the beam direction oriented parallel to the polished surface 
of the wire.  

The first feature to be machined is a several µm-wide rectangular notch oriented in a way such that 
the notch faces are parallel or perpendicular, respectively, to the fibre axis. Then a two-sided roof is 
machined along the top of the fibre, with its edge situated eccentrically relative to the ligament neutral 
axis (Figure 4.1c). Note that these two features can be milled also in a fibre that is located (when 
looking along the ion beam path) behind another fibre (see Figure 4.2); such was the case for ~3/4 of 
the specimens tested in this work.  

The FIB machining process was performed either with a Zeiss NVisionTM 40 (Oberkochen, Ger-
many), or (more seldomly) with a FEI Nova 600 NanoLab, both being dual beam (SEM/FIB) instru-
ments. Both FIBs featured a 30 kV Ga+ gun and were used with currents of 6.5 nA for the initial 
coarse milling steps, subsequently reduced to 1.5 or 0.7 nA for the final steps. Prior to the FIB ma-
chining process, a ~5-10 nm carbon layer was deposited using a CressingtonTM 208 Carbon Coater 
(Watford, England, UK) to avoid charging of the alumina fibres while irradiating with electron or ion 
beams. Before testing, each FIB milled fibre sample was extensively imaged with SEM in order to 
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retrieve the characteristic dimensions (Figure 4.1c and Table 4.1 in Supplementary information, Sec-
tion 4.7.2) that are needed for the finite element modelling and data analysis. 

 
Figure 4.2 - Notched specimen with ligament outer surface that is shielded by other fibres from being 
directly exposed to the FIB. (a) Perspective and (b) view along the FIB machining direction of the same 
notched fibre sample (indicated by an arrow). 

Mechanical testing of the fibres was carried out with a TI 950 TriboIndenterTM (Hysitron Corp., Min-
neapolis, MN, USA) nanoindentation apparatus, additionally equipped with a two-axis goniometric 
tilt stage (Newport Corp., Irvine, CA, USA). The nanoindenter has two transducer heads operating in 
parallel: (i) a low-load transducer that allows to perform Scanning Probe Microscopy (SPM), which 
was exploited for alignment using a sphero-conical diamond tip (~220 nm tip radius), and (ii) a high-
load MultiRange NanoProbeTM (MRNP) transducer capable of measuring the (applied) force and dis-
placement along the vertical direction (only). All fiber fracture tests were conducted using the MRNP 
transducer equipped with a ~10 µm flat diamond tip (Hysitron TI-0145). Alternatively, to study in 
more detail the general system response and the fiber-indenter contact properties the MRNP was 
replaced by the high-load 3D OmniProbeTM transducer, which is capable of simultaneously measur-
ing vertical and lateral forces. All tests were carried out at room temperature in air (relative humidity 
between ~20 and ~50%).  

Prior to testing, individual samples were carefully aligned as follows. A wire sample containing sev-
eral FIB milled fibres was mounted on the tilt stage in the nanoindenter device. A first coarse align-
ment was carried out using the optical microscope of the indenter and the tilt stage, to bring the 
polished wire surface roughly perpendicular to the indentation axis. Then, the top edge of the FIB 
machined fibre roof was aligned parallel to the flat surface of the indenter tip with a precision of < 1° 
such that the load can be applied evenly along the line of a roof edge. This was achieved by iteratively 
scanning the roof of the fibre with the SPM, and adjusting the tilt of the stage accordingly. The mis-
alignment of the fibre axis with respect to the top polished surface of the wire was determined from 
SEM images. The tilt angle with respect to the normal of the flat indenter surface, i.e. the angle α 
around the bending axis coaxial with direction y (Figure 4.1c), was then adjusted with the tilt stage, 
to a precision better than ~2° for most of the samples (see Table 4.1 in Supplementary information). 
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Since a small positive misalignment actually helps in promoting ligament bending such that the high-
est tensile stress is developed on the ligament outer (non-FIB milled) surface as opposed to the inner 
surface (location of the machined notch), for a few specimens a somewhat higher positive misalign-
ment was allowed. The misalignment angle α was taken into account during modelling. The misa-
lignment of the fibre rooftop edge (and hence of the FIB milled notch faces) with respect to the axis 
of the fibre was, however, not explicitly measured nor taken into account in the analysis, mainly 
because measurements better than a few degrees are difficult to produce (SEM images should be 
taken along a direction perpendicular to the polished surface, and the misalignment would then need 
to be estimated from the projection of the fibre length). Fibres that were severely tilted around the x-
axis and thus not perpendicular to the polished top of the wire were not tested.  

To produce a clean and reproducible force-displacement signal with a relatively stable friction coef-
ficient, it was found that a key precondition is to maintain the surface of the indenter tip in sufficiently 
clean condition. To this end, before testing, indenter tips were cleaned using separate fibres that had 
been machined as if they were to be tested for strength, but were instead subjected to multiple (~100) 
load–unload cycles that “scrubbed” the flat indenter surface, pushing contamination residue aside 
using the relative sliding of the fibre roof. 

Most tests (76%) were run in the nanoindenter’s displacement control mode, at displacement rates 
between 15 and 2000 nm/s. Remaining tests were carried out in load control at loading rates between 
4.5 and 11 mN/s. With loading rates used here, the bending ligament was effectively loaded with 
stress rates in the range of ~ 0.1 to ~1 GPa/s. Between 1 and 7 partial unloadings were performed 
during each test, to extract information necessary for data interpretation (see below), before final 
fracture occurred at peak load.  

After the test, the sample was removed from the nanoindenter for SEM examination. This was done 
to measure the cross-sectional dimensions of the ligament, the position at which the specimen failed, 
and to conduct fractographic analysis of the sample, aiming in particular to identify the location of 
failure initiation as well as the size and nature of the critical flaw. A total of 26 fibres were prepared 
and tested, coming from different regions of the same wire spool. 

The specimens tested here were prepared by FIB milling small segments of alumina ceramic fibers 
that were previously exposed by selectively dissolving the aluminum matrix on a composite wire 
(Figure 4.1). Each test specimen of length H, embedded at the bottom in the metal, is micromachined 
to feature: (i) a notch of width w and height t with the notch base situated at a distance h from the top 
of the fiber, and (ii) a rooftop above the notch with its apex line aligned with the notch and placed 
eccentrically at a distance l away from the ligament outer surface. The notched specimen is loaded 
using a nanoindentation apparatus (Hysitron, Minneapolis, MN, USA) equipped with a flat diamond 
probe. Prior to loading, the sample is aligned in relation to the indentation device such that the rooftop 
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apex line lies parallel to the flat probe surface. The presence of the rooftop thus defines exactly where 
the load is applied, this being required for calculation of the ligament bending moments. 

A representative, experimentally measured notched specimen response for the vertical (z-axis) and 
lateral (x-axis) directions in a sample vertically loaded were measured using the three-dimensional 
force and displacement-sensing transducer of the nanoindentation instrument (Figure 4.3). The test 
comprised three consecutive load–unload cycles, all three conducted up to vertical load of ~10 mN. 
Each cycle measured both the vertical (Figure 4.3a) and the lateral force (Figure 4.3b) as a function 
of vertical displacement. As seen, each cycle contains three distinctive nearly linear portions. The 
first part of the cycle is recorded during loading, where the vertical and lateral force components both 
increase with the vertical displacement. This is marked as Region I in Figure 4.3. The unloading part 
of each cycle contains a kink that separates the load–displacement curves into two parts. At first, 
unloading of the vertical force occurs at a higher rate while the lateral force changes sign (Region II). 
After the kink, the vertical load in Region III decreases at a much smaller rate than in Region II, while 
the lateral force vanishes slowly with full sample unloading. The fact that during Region II the lateral 
(frictional) force changes sign simply means that unloading causes the specimen to deflect back to its 
original position. Figure 4.3c shows how the apparent friction coefficient µ, computed as the ratio of 
the lateral and vertical load, changes during the three regions of the load–unload cycle. It can be seen 
that, in each of Regions I and III, μ varies weakly with the vertical load; its value in Region I and III 
is ≈ 0.15 and ≈ 0.08, respectively.  

 
Vertical loading of the notched specimen tested in Figure 4.3, deformed up to comparable vertical 
displacements, was modelled with a quasi-static three-dimensional Finite Element (FE) method. The 
model domain contains a linear-elastic indenter part, the nonlinear-elastic notched specimen and fea-
tures explicit contact behaviour between the indenter part and the notched specimen (isotropic Cou-
lomb friction in the tangential direction and “hard” contact in the normal direction). The geometry of 
each notched specimen was reconstructed on the basis of dimensions extracted from Scanning Elec-
tron Microscopy (SEM) images of the test specimen (for FE model details see Supplementary Sec-
tion 4.7.1). The vertical and lateral responses of the FE model calculated for a load–unload cycle and 
several values of the (constant) friction coefficient μ, are shown first with symbols in Figure 4.3. In 
these computations, unloading was not carried out down to zero vertical load, as was the case in the 
experiment described above. As a result, the simulated load–unload cycle exhibits a fourth region 
(Region IV) in addition to the three regions previously seen in experimental data. This new region 
has the same slope as Region II and is situated along the initial loading part of a reloading cycle. 
During loading in Region IV, the lateral force on the indenter again changes sign while the vertical 
force increases rapidly up to another kink, after which the load–displacement curve retraces the pre-
viously traced curve in Region I. In addition to two cyclic loading cases corresponding to two finite 
friction coefficients (magenta down-triangles for μ=0.08 and green circles for μ=0.15), in Figure 4.3 
we also show the response predicted for two limiting fibre-indenter contact laws. The first limit is 
frictionless contact, i.e. μ=0  (blue triangles): here, the lateral force in the contact is mandated to 
vanish, thereby leaving lateral deflection of the rooftop edge completely unconstrained. The second 
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limit is that of perfectly sticking contact, i.e.  (red squares); here, lateral motion of the rooftop 
edge relative to the indenter is blocked. 

 
Figure 4.3 – Notched specimen response to load-unload cycle. (a) Vertical force, (b) lateral force, and (c) 
apparent friction coefficient as a function of vertical displacement. The experimentally measured re-
sponse is shown in light grey. The response obtained by finite element calculations from non-optimized 
models and for a friction coefficient  is shown with (magenta) inverted triangles and for 

 with (green) circles. The corresponding responses after optimization of models are indicated with 
solid line. 

It is clear from Figure 4.3 that μ significantly affects the system response. This is seen in the load–
unload cycles, and notably in the stiffness of the system as represented by the slope. The system 
stiffness during loading in Region I, and thereby the vertical and lateral force reached at the prescribed 
maximal vertical displacement, increase substantially with increasing μ. The slope of unloading Re-
gion III by contrast varies only slightly with μ. During unloading in Region II or reloading in Region 
IV the system stiffness also does not seem to depend on μ at all. Moreover, the slope of both Regions 
II and IV is the same as the slope of the response corresponding to perfect sticking contact between 
the rooftop and the indenter (infinite μ, red squares). This leads to conclude that no relative sliding 
motion occurs between the rooftop and the indenter in Regions II and IV. The implication is that, in 
experimental curves, the slope that is displayed in this portion of the signal is characteristic of the 
intrinsic elastic deformation of the notched specimen under the simpler condition of a fully con-
strained rooftop. This being easily measured and informative, unload/reload cycles were systemati-
cally performed in all tests of this work.  

By comparing in Figure 4.3 the slopes of Regions II calculated with the FE model (green circles, 
magenta down-triangles or red squares) with those of the experimentally measured Region II (shown 
in grey), it is clear that the model, based on the dimensions measured from SEM images of a notched 
specimen alone, does not capture correctly this intrinsic stiffness of the system measured in experi-
ment, despite the very good agreement for responses in Regions I for μ = 0.15 and Region III for 
μ = 0.08: the modelled system in Region II is substantially stiffer than the experimentally measured 
system. This discrepancy cannot be explained by imprecision in model geometrical parameters with-
out seriously violating consistency with the dimensions observed on SEM images.  
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The greater observed specimen compliance is most realistically ascribed to the encastre conditions 
that were assumed, in the calculations, to hold along the plane where fibre enters the matrix: appar-
ently, there is a non-negligible contribution from fibre deformation within the matrix and from defor-
mation of the matrix itself in the apparent notched specimen compliance. To correct for this effect, 
we assume that the embedded fibre and the surrounding matrix both deform elastically, and simply 
assimilate these to an extra length of exposed fibre. Thus, using iteration to match the Region II slopes 
in experiment and the model, we prolong in the model the fibre portion situated below the ligament 
by the added length Hm that brings measured and simulated slopes to become identical. With the 
sample shown in Figure 4.3 for example, the extent of added fibre length after this optimization is Hm 

≈ 0.35H.  

The system response recalculated using the effective fibre length, H+Hm, is drawn in Figure 4.3 using 
solid lines. As seen, elongating in this way the sample affects parts in the cyclic response curve where 
relative motion between fibre and indenter is absent (Regions II and IV), while the stages during 
which the fibre deflects laterally (Regions I and III) remain almost unchanged. The response in Re-
gions I and III is thus defined predominantly by the lateral deflection and localized bending of the 
fibre ligament, while in Regions II and IV, where the rooftop is essentially held fixed, the whole fibre 
(ligament, upper part and the lower part of the sample) contributes to the response as if the entire 
sample was simply compressed. The effect of constraint at its bottom therefore becomes more signif-
icant for higher friction coefficients, i.e., when lateral constraint of the rooftop is stronger. 

The value of μ also affects the stress distribution on the outer surface and within the ligament (Fig-
ure 4.4). For very low μ, a large tensile first principal stress, σ1, appears on and near the ligament 
outer surface close to the plane of axial symmetry (Figure 4.4a and Figure 4.4b). The highest tensile 
σ1 value is found on the ligament surface in the plane of axial symmetry, where it is relatively constant 
over a wide portion of the ligament length for low friction coefficients (blue/triangles and ma-
genta/down-triangles data sets, Figure 4.4b). With increasing μ, the distribution of σ1 on the surface 
along Line PQ, becomes increasingly distorted, with a pronounced maximum value that shifts up-
wards (green circle/lines in Figure 4.4b). Ultimately, for , σ1 develops a pronounced peak on 
the surface opposite the upper notch corner (red squares and lines in Figure 4.4c). Moreover, exces-
sive lateral confinement caused by high  values (short sample in Figure 4.4c), tends to distort the 
entire σ1 field within the ligament, to the point that, due to a large shear stress, additional regions of 
high σ1 stress develop at the lower corner of the notch and at the bottom where the sample is con-
strained, as indicated with arrows in Figure 4.4c. Note also that this undesirable stress field distortion 
can further be enhanced, and can also directly be produced, by a negative angular misalignment, α<0.  
As was observed above for the slopes of Regions I and III, the length of fibre below the ligament has 
little effect on the stress distribution σ1 within the ligament for low µ (blue, magenta and green, sym-
bols vs. lines in Figure 4.4b). With strong lateral roof confinement, on the other hand, additional high 
stressed regions within the specimen can get much attenuated by accounting the effect of deformation 
within the matrix (Figure 4.4b). 
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To summarize, contact between the notched specimen and the indenter can strongly affect the stress 
state within the ligament. To produce a predominantly bending-dominated tensile stress distribution 
along the ligament outer surface without large shearing components, it is desirable to reduce µ to the 
lowest value possible. At such microscopic scales as are being explored here, where the applied loads 
are generally small, the sliding friction coefficient between two relatively smooth surfaces (such as 
the FIB milled fibre roof and the flat indenter tip): (i) is strongly influenced by the adhesion forces 
between the materials, (ii) can be load-dependent, and (iii) is difficult to reduce or suppress by means 
of conventional lubrication [368]. In our experiments, we have found that contamination of two sur-
faces in contact (specimen rooftop and the indenter tip) dramatically affects the friction coefficient 
and the measured force-displacement signal. To obtain a reproducible response signal under stable 
friction, a simple cleaning procedure of the indenter tip was therefore developed and used (for details 
see Section 4.3.2). 

 
Figure 4.4 – Effect of friction on the first principal stress distribution, σ1, at vertical displacement 0.25 
μm. (a) σ1 distribution map on the surface of the specimen for . (b) σ1 distributions along the 
Line PQ for non-optimized (H) and optimized (H+Hm) notched specimen length as a function of . Line 
colouring in graph is the same as in Figure 4.3. σ1 maps in plane of axial symmetry for the case =0.15 
are shown to the right. (c) σ1 distribution along the Line PQ and in the plane of axial symmetry for the 
case . Data for the non-optimized and optimized specimen length are indicated with symbols and 
dash-dotted line, respectively. The colour scheme for σ1 maps in panels (c) is the same as that indicated 
in panel (b). Arrows denote additional regions of elevated stress in non-optimized models that may de-
velop under certain circumstances; see the main text for discussion. 

We tested twenty-six notched specimens up to fracture. For simplicity, fracture tests of notched spec-
imens were carried out using the uniaxial transducer of the indentation instrument, which only 
measures forces and displacements along the vertical z-axis. Therefore, data on the lateral forces and 
friction coefficients were not directly gathered in the tests. Despite the importance of friction in the 
test, this is in fact not necessary because the testing procedure and specimen FE modelling can be 
used to deduce, based on insights provided by results exposed above, the relevant value of µ from 
vertical load and vertical displacement data. Knowing µ, one can then calculate consistent tensile first 
principal stress distributions in the ligaments at the moment of fracture (see Supplementary Sec-
tions 4.7.2 and 4.7.3). 
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SEM examination of fracture surfaces performed after the tests shows that catastrophic failure of all 
tested specimens starts at the outer surface of the ligament, roughly halfway along the ligament height 
(Figure 4.5a-b). The fracture surface of the ligaments for all specimens furthermore shows consistent 
features similar to what is found in macroscopic tests of polycrystalline alumina with much larger 
grains or in glass [60,246]; namely, a relatively small mirror region, which encompasses the region 
of the fracture initiating flaw, surrounded by somewhat less distinctive mist and hackle regions (Fig-
ure 4.5c). While the mirror region in our samples features predominantly transgranular fracture, the 
fracture surface within the mist and hackle region is mainly intergranular. The critical flaws are in all 
samples associated with a small, often irregularly shaped, region of a few debonded grains, commonly 
located close to the ligament outer surface at, or near, the symmetry plane of the ligament  (Fig-
ure 4.5c-h). This location is also where the first principal stress σ1 is predicted by FE computations 
to reach its maximum value. As a measure for the effective size of the critical flaw (outlined in Fig-
ure 4.5e-h), we use the radius of the semi-circle, c, that covers the same area as the observed debonded 
grains. In this way a defined effective critical flaw size c, thus observed on ligament fracture surfaces, 
was found to be in the range from ~120 to ~380 nm (see Table 4.1 in Supplementary information, 
Section 4.7.2). 

 
Figure 4.5 – Fracture of a notched specimen. Specimen before (a) and after (b) fracture. (c) Fractured 
surface of the ligament sample shown in panel (b) investigated by high resolution SEM. (d) High mag-
nification image of the critical flaw region from panel (c). (e)–(h) Representative examples of the mirror 
region encompassing the zone of debonded grains indicating the critical defect (outlined in red) as ob-
served on the fracture surfaces of other broken ligaments. 
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The strength of alumina fibres, from which we produced our notched samples, has been previously 
measured in (macroscopic) uniaxial tension experiments with fibre gage lengths in the range from 25 
to 254 mm [99,100,335]. With a mean fibre diameter of μm, these gage lengths correspond 
roughly to fibre volumes in a range from  to μm3. Critical defects that govern 
the strength of the fibres in macroscopic tests have been classified as internal or surface defects [99]. 
Internal defects were identified as single spherical or non-spherical pores, while surface defects in-
cluded weld-lines, blisters, surface cracks and nodules. In about ~38% of all macroscopic tests, how-
ever, the defects could not be simply identified.  

The notched sample test probes much smaller volume of the fibre material than does macroscopic 
tensile testing; typical ligament volumes are in the range from  to  (see Ta-
ble 4.1 in Supplementary information, Section 4.7.2) and only a fraction of this volume is under 
tensile stress. Still, the region of debonded grains identified here as the critical flaw corresponds in 
its size and its irregular shape to “unidentified” surface defects previously reported after macroscopic 
tensile fibre tests [99]. Interestingly, the strength of this defect type measured here (peak stress  in 
the range from ~3.8 to ~6.5 GPa, Table 4.1 in Supplementary information, Section 4.7.2) exceeds by 
up to a factor near two the strength values measured in macroscopic tensile tests (the characteristic 
fibre strength for a gauge length of 25 mm corresponding to material volume of  mm3 is 
~3.3 GPa) [99,335]. 

The dependence of strength on the defect size was analyzed (for macroscopic fiber test data) by Can-
tonwine and by Wilson & Visser in terms of Griffith’s criterion for brittle fracture 

 f
Ic  (4.1) 

where  is the strength,  is the fracture toughness, and  and  are the crack geometrical factor 
and size, respectively [99,100]. By assuming that the semi-circular surface cracks are small relative 
to the fibre diameter ( ) and estimating the fracture toughness of the fibre to be that 
of alumina with equivalent nano-sized grains (e.g. ), both Cantonwine and Wilson 
& Visser concluded that Griffith’s equation in most cases (for most of the defect types) significantly 
overestimates the critical crack size when compared to the defects identified on the micrographs. This 
in turn led Cantonwine to consider the possibility of sub-critical crack-growth before final failure. 
Indeed, environmentally assisted sub-critical crack growth is a phenomenon that alumina, in general, 
is well known to be susceptible to [52,56,246]. Since for the range of stress rates used in the present 
work the correlation between peak ligament stress  and applied stress rate was found to be very 
weak, we estimate that the effect of test environment can be neglected in our experiments. Thus, the 
sizes of the small intergranular decohesion regions surrounded by a region of transgranular fracture 
(the mirror) on fractured surfaces of the ligaments (outlined in Figure 4.5) most likely reflect the true 
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sizes of the critical defects that caused ligament failure. Note, also, that the irregular shapes of these 
decohesion zones makes it unlikely that these were caused by the etchant that was used to dissolve 
the matrix (defects would line the fibre surface were this the case).  

Figure 4.6 compares strength data for fibres versus the defect size obtained from macroscopic tensile 
tests (triangles) with data obtained from the notched specimens (circles). From macroscopic tests, 
only samples the failure of which was due to surface defects are considered, since the tensile stress 
that results from ligament bending probes mainly flaws in the region near the outer ligament surface. 
In addition, we assume that the onset of catastrophic failure is by intergranular fracture. This assump-
tion is motivated by a recent study where a fracture toughness of ~2.34 MPa m, most likely corre-
sponding to the intrinsic grain boundary toughness of the material making the fibre, was measured 
with a microscopic chevron-notched cantilever method [332]. This value of fracture toughness is 
somewhat smaller than the value assumed by Cantonwine and by Wilson & Visser; however, not by 
much. Knowing the intrinsic grain boundary fracture toughness, strength-limiting flaws may be 
slightly smaller than the whole region of debonded grains outlined in Figure 4.5 if final failure is 
preceded by a small amount of stable crack growth, the magnitude of which is undetectable given the 
irregular shape of the intergranular zones. As seen in Figure 4.6, the data points obtained from notched 
specimen tests, despite the unavoidable uncertainty in decohesion zone size and shape, are consistent 
with the trend set by macroscopic specimens that did not contain internal defects.  

 
Figure 4.6 – Strength as a function of surface defect size for alumina fibre. Triangles represent strength 
data obtained by macroscopic tensile tests in samples for which the critical defect was identified as a 
surface flaw. Circles represent data obtained from the present work (peak stress  and critical flaw 
size c reported in Table 4.1 in Supplementary information, Section 4.7.2). The solid line is a linear fit of 
Eq. (4.1) to the data points with KIc = 2.34  and a geometrical factor Y=1.04 (treated as a fitting 
parameter). 

The strength of brittle materials is commonly a distributed (statistical) quantity, which reflects the 
size distribution of the critical flaw population(s) present in the material [369]. The size of the critical 
flaw that initiates the catastrophic failure thus varies from specimen to specimen and varies with 
specimen volume. The strength of brittle materials is represented by a cumulative failure probability 
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distribution function, , which is generally a function of some convenient measure of the stress 
amplitude, , and depends on the specimen volume V [89]. The distribution function Pf can be de-
scribed by several statistical models [370,371]; we adopt here the two-parameter Weibull distribution 
[372,373], mainly because the strength of macroscopic tensile fibre specimens was previously ana-
lysed in this way [99,100,335].  

In Weibull “weakest-link” theory, where the material is imagined as a chain of independent volume 
elements and the global failure of a complete chain is associated with the failure of the weakest indi-
vidual element, the strength is described by a distribution function that contains two parameters: the 
Weibull modulus m and the scaling constant, e.g. , where V0 is a reference material volume 
and σ0 the characteristic strength associated to the reference volume V0.  

For constant modulus m (i.e., assuming that m is a material parameter), an intrinsic property of the 
theory is the size effect, , by which the characteristic strength σ at arbitrary material 
volume V can be extrapolated knowing the characteristic strength σ0 at volume V0. Applying Weibull 
statistical analysis to tested notched specimens (see Supplementary Section 4.7.4 for details), we find 
that the Weibull modulus of the fibre  with a characteristic strength of  for an ef-
fective material volume of  (mean effective volume of the ligaments). By comparison, the 
Weibull modulus of the fibre determined via macroscopic uniaxial tension tests is documented to be 
in the range from  to , and can drop to  if the fiber is heat-treated. In addition, it was shown 
that the fibre strength follows Weibull scaling over gauge lengths in the range of 25 to 254 mm with 
a consistent value of m ~ 9.7 [100].   

The present data for the strength of the nano-crystalline alumina fibre measured by the notched spec-
imen method are thus consistent with fractographic evidence, microtoughness data, and also with data 
obtained for fibres that failed due to surface flaws in macroscopic tensile tests reported in the literature 
(Figure 4.6). The strength data for the fibre also show consistency across macroscopic and small-
scale tests as concerns the Weibull modulus; however, the local strength measured with the present 
notched specimen test (~5.3GPa) is very different from that found after macroscopic tensile testing 
(~3.3GPa). Figure 4.7 shows individual measurements of the strength of the fibre versus the probed 
effective material volume, obtained from macroscopic uniaxial tests (triangle, square and diamond) 
or from microscopic notched sample tests (circles). This leads to conclude that Weibull scaling cannot 
be used to predict the strength of the fibre at small effective volumes from macroscopic test data, or 
vice-versa: Weibull statistical analysis fails across large variations in volumetric scale with this ma-
terial.  
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Figure 4.7 – Alumina fibre size effect. Weibull scaling from literature data measured by macroscopic 
tensile tests on alumina fibres of gauge length L = 25 mm (triangles), 125 mm (squares) and 254 mm 
(diamonds) [99,100,335] .The slope of the dashed line is  with . The strength data ob-
tained from present notched microspecimen tests are indicated by circles. Weibull scaling based on mi-
croscopic strength statistics is indicated by the dotted line with slope of -1/7.2. Open symbols represent 
results obtained for individual tests indicating the range of effective volumes. Solid symbols represent 
the characteristic strength values corresponding to representative effective volumes of the tests. 

This measured difference in fibre strength statistics could reflect changes in the fibre properties in-
troduced by the composite wire-making process: the notched fibre specimens used in the present 
study are prepared from fibre segments that were extracted from the composite wire. This scenario, 
however, is unlikely because wire processing temperatures (somewhat above the melting point of 
aluminium, i.e., around 700 °C) are well below the range where fibre properties have been docu-
mented to be affected by heat treatment; the fibre exposed to ~1100  still retains its strength of ~3.3 
GPa, while the Weibull modulus decreases to ~7 [99]. In addition, measurements of damage accu-
mulation during tensile deformation of the composite wire from which these fibres were extracted are 
consistent with statistics derived from macroscopic fibre tensile tests [374–376]. 

More likely, the inapplicability of Weibull scaling across a large range in specimen volume highlights 
the difference between microscopic and macroscopic measures of the strength of brittle second phases 
such as the fibres explored in this work. This breakdown of Weibull size effect can have several 
causes [377,378]: (i) for  and decreasing effective volume, Weibull scaling eventually can lead 
to sizes of the critical flaws that are too large to fit the specimen effective volume, and (ii) at small 
specimen volumes the density of critical flaws might rise to an extent where flaws begin to interact, 
which directly violates the assumption that flaws are independent of each other. Since the critical 
flaws in notched tests are observed to be regions of a few debonded grains, these flaws could indeed 
be reasoned as being clusters of smaller interacting defects, each one grain wide. If this is the case, 
i.e. if the smallest flaw of this kind found here represents only a small number of grain areas, then the 
local strength values measured here most likely represent the limit for the attainable ultimate strength 
of the alumina fibre material tested here.  

The implication of the observed fibre strength size-effect is that there are two scales of critical flaw 
population, and hence of damage accumulation statistics, that govern the behaviour of a composite 
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made of these fibres. It is known that the macroscopic fibre strength distribution, measured by tensile 
testing individual fibres, governs damage accumulation in the composite when it is deformed in uni-
form tension. This same macroscopic population governs its tensile strength under global load sharing 
condition when it is tested in tension and also under local load sharing when the final damage ava-
lanche that breaks the composite in half during a tensile test comprises only a few fibres in a low-
strength matrix [374–376]. On the other hand, when damage and fracture of the composite are gov-
erned by local processes, as are found at the tip of a crack, or with a strong matrix in fibres neigh-
bouring a broken fibre for example, then it is the microscopic strength distribution that will govern 
the process and hence the composite behaviour. To analyse or model such processes, data from the 
present testing method are therefore more appropriate than would be, for example, strength data from 
tensile tests conducted on fibres samples several centimetres long. 

The local strength of nanocrystalline alumina fibres ~12 μm in diameter extracted from a composite 
wire by deep etching the aluminium matrix can be measured free of ion-milling artefacts using an 
adaptation of a method devised to test ceramic ball bearings. FIB micro-machining is used to shape 
exposed fibres to produce (i) a wide and deep notch in the central part of the fibre and (ii) a roof 
parallel to the notch situated at the top of the fibre and eccentrically placed on the notched fibre side. 
Upon loading to fracture the notched fibre specimen vertically along the roofline with a flat diamond 
tip of a nanoindenter, the circular segment cross-section ligament is bent to develop a state of tensile 
stress, which peaks on the curved outer ligament surface opposite the notch, in a region of material 
free of damage from ion milling. It is consistently observed that brittle catastrophic failure takes place 
in the ligament, roughly halfway along its height.  

Each test is analysed with a bespoke finite element model based on specimen dimensions measured 
from SEM images, to obtain the stress distribution in each fibre ligament at the moment of fracture. 
It is shown that friction developed along the line of contact between the indenter tip and the fibre 
affects strongly the measured force–displacement signal. With a sufficiently clean indenter tip the 
contact behaviour is observed to be stable, with a relatively constant friction coefficient and a smooth, 
reproducible loading response signal. The friction coefficient, despite being more or less constant 
during each particular experiment, is found to change significantly from experiment to experiment: a 
procedure is described that estimates, using partial-unload/reload cycles, its value to produce realistic 
simulations of each test. The resulting ligament stress fields are shown to be relatively insensitive to 
uncertainty in most geometrical parameters of the model; two parameters, namely the notch depth 
and the fibre diameter, have the greatest influence and must thus be measured with precision. 

Twenty-six tests are conducted and reported. Analysis of fractured surfaces of the notched fibre lig-
aments shows that fracture is initiated from regions close to the outer ligament surface, where the 
tensile stress is predicted to be highest. Initial flaws are consistently observed to be regions of a few 
debonded grains. Compared to the fibre strength measured by macroscopic tensile tests of individual 
fibres, strength values obtained by the present notched fibre technique are higher, as one would expect 
since the method probes much smaller fibre volumes. The measured values are consistent with the 
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observed size of flaws knowing the fracture toughness of the material. Strength data can be fitted to 
a Weibull distribution: the Weibull modulus m = 7.2 and the characteristic strength of ~5.3 GPa is 
associated to an effective material volume of ~ μm3. These values are realistic in view of the meas-
ured flaw size and fracture toughness values; yet they differ significantly from values found after 
testing macroscopic fibre lengths, indicating that the microscopic and macroscopic strength distribu-
tions of this material are governed by different flaw populations. 

To interpret measurements conducted in mechanical tests, the deformation of each notched specimens 
is simulated using the Finite Element method implemented in Abaqus FEA v. 6.11 software (Dassault 
Systèmes Simulia Corp., Providence, RI, USA). By symmetry, we consider only half of the notched 
fibre and the indenter in the model. The contact behaviour in the tangential direction between the two 
elastic materials is modelled assuming classical, isotropic Coulomb friction, τ = μ × p, to relate the 
shear contact stress τ with the contact pressure p, assuming a constant friction coefficient μ. The 
normal contact direction is modelled as being hard; thus volume overlap between indenter and 
notched specimen is not allowed. 

The flat diamond indenter is taken as a truncated 60° cone with a flat tip of radius 10 μm. It is discre-
tized using linear hybrid hexahedral (C3D8H) finite elements. The indenter material is assumed iso-
tropic and linear elastic with a Young’s modulus of 1141 GPa and a Poisson’s ratio of 0.07, these 
values being characteristic of diamond. 

 
Figure 4.8 – Example of 3D FE mesh used in modelling notched specimen. 

The geometry of each notched fibre is reconstructed based on dimensions previously measured from 
SEM images of the notched fibre in question. The fibre material is then discretized using tetrahedral 
finite elements. Mesh regions around the notch corners, along the outer ligament surface, and in the 
area of the fibre roof where the indenter contacts the fibre (Figure 4.8) are all refined in order to obtain 
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both a converged overall system response and also a converged local maximum principal stress dis-
tribution within the ligament and along its outer surface. The default type of finite element used for 
fibre discretization is quadratic tetrahedral (C3D10). For the contact region we use quadratic tetrahe-
dral elements with an improved surface stress formulation (C3D10I).  

The material forming the nano-crystalline NextelTM 610 fibre is considered to be isotropic, nonlinear 
(third-order) elastic [379]. The linear (second order) elastic material parameters of NextelTM 610 were 
taken from the literature with values for the Young’s modulus of 373 GPa and Poisson’s ratio of 
0.235 [100,380]. The third order fibre constants are estimated on the basis of the measured elastic 
constants for polycrystalline alumina [381], which are additionally corrected for porosity as inferred 
from the ratio between the Young’s modulus of NextelTM 610 and that of dense alumina (403.4 GPa 
according to [382]).  

The bottom surface of the notched fibre part is fixed by an encastre boundary condition (all displace-
ments and rotations are zero), while loading is applied by prescribing a vertical displacement of the 
indenter top surface. The two lateral displacements of the indenter top surface are fully constrained. 
The vertical and lateral response of the model system is represented by the dependence of each of the 
vertical and lateral forces on the prescribed vertical displacement.  Vertical and lateral forces are 
calculated by summing the nodal reaction forces in the z and x direction, respectively, over the in-
denter top surface.  

The loading function for the nano-indentation instrument was programmed in such a way as to con-
duct at least one or more load/partial–unload cycles before increasing the load or displacement to 
values at which the notched specimens typically fracture. Figure 4.9 shows typical vertical responses 
(black line) up to the point of catastrophic failure (square symbol at point C). From tests in which 
load–unload cycles were performed periodically at steadily increasing vertical force (Figure 4.9a), it 
was observed that slopes of Regions II and IV do not change significantly as the load is increased up 
to the critical value, indicating that deformation of the notched specimen remains elastic and reversi-
ble. An abrupt unloading after the critical point is a typical signature of brittle fracture. The experi-
mental data for critical vertical loads, , and displacements, , collected for all notched specimens 
are given in Table 4.1. 
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Figure 4.9 – Vertical response of two notched specimens up to the moment of fracture and corresponding 
tensile first principal stress distribution, σ1c, at the critical point C indicated with the square symbol. 
The experimentally measured response is plotted in black. Corresponding response obtained from FE 
calculations is indicated in colour. The predicted response assuming fully constrained lateral motion of 
the rooftop is shown in red. The two-step calculations used to obtain the stress distribution at the critical 
point are: (1) frictionless sliding up to the critical vertical displacement  (blue) and (2) lateral pullback 
deflection at constant vertical displacement  up to the critical load  (green). The response of the 
model in panel (b) assuming constant, back-calculated friction coefficient (see text for details) is shown 
with magenta crosses. The scale bar for the stress map in panel (b) is the same as in panel (a). The tensile 
first principal stress field contained within the volume outlined in pink is used for the statistical strength 
analysis. 

SEM images collected before and after the test of each notched specimen are used for quantification 
of the specimen geometry (Table 4.1). Since each FIB milled specimen has a somewhat different 
geometry, each specimen is analysed with its own FE model. Bespoke FE models resembled the FE 
model used in the main text to illustrate the general response of the notched specimen; however, since 
friction coefficients in fracture tests are not directly measured, we simplify the FE models by omitting 
both the indenter and explicit modelling of the frictional contact behaviour at the rooftop edge. This 
simplification significantly improves the speed of the individual test analysis while causing no sig-
nificant loss of accuracy in computing the stress within the ligament or the global response, since the 
specimen is elastic and the stress distribution at the line of loading at the roof is sufficiently far from 
the bending ligament (Saint-Venant’s principle). 
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Table 4.1 – Experimental and numerical data of tested notched fiber specimens. 
fiber                  
# [ ] [ ] [ ] [ ] [ ] [ ] [  ] [ ]  [ ] [ ] [nm] [ ] [-] [GPa] 
1 11.5 25.3 19.84 7.1 6.9 15.3 9.1 -0.6 252 21.63 0.47 375 0.517 0.20 4.51 
2 11.1 34.3 15.04 7.1 6.5 19.6 8.9 0.9 204 14.04 0.52 324 0.973 0.17 4.50 
3 11.2 30.4 19.08 6.3 6.7 24.5 9.7 1.2 278 34.84 0.54 371 0.956 0.21 4.54 
4 12.1 27.7 14.38 8.5 9.9 18.4 8.8 -1.9 284 12.53 0.62 262 1.053 0.18 4.74 
5 12.1 37 17.39 7.5 9.1 20.1 10.2 -0.8 365 18.10 0.58 179 0.909 0.16 4.32 
6 11.2 41.5 3.75 7.3 6.8 13.9 9.5 4.4 208 12.67 0.77 283 0.792 0.23 5.45 
7 13.1 45.3 37.41 11.4 8.1 17.1 6.1 3.1 83 1.61 0.88 - 1.863 0.09 5.14 
8 12.5 44.1 25.83 7.8 11.4 24.4 9.3 0.4 481 26.45 0.94 - 2.009 0.11 6.37 
9 11.3 40.6 19.97 7.5 10.4 22.9 7.2 1.9 308 18.33 0.92 198 2.216 0.13 6.55 
10 11 45 0.99 7.8 9.7 17.2 7.8 1.8 223 10.38 0.84 195 1.232 0.22 5.71 
11 12.7 44.2 22.49 8.9 10.8 30.1 9.4 0.4 344 9.31 0.84 247 2.423 0.06 4.71 
12 10.9 42.7 16.33 6.8 9.6 30.9 9.3 -0.5 308 12.33 0.71 306 2.327 0.08 4.71 
13 11.4 39.7 15.55 6.4 9.1 30.2 9.9 2.5 392 19.72 0.91 - 2.477 0.08 5.52 
14 11.9 42.9 18.72 7.8 10.8 29.8 9.3 0 367 11.25 0.74 226 2.233 0.06 4.60 
15 11.4 46 21.07 7.8 9.7 32.9 8.9 0.4 268 9.50 0.91 - 2.923 0.10 5.22 
16 11.4 45.9 9.02 7.4 10.7 31.6 9.7 1.76 342 12.65 0.84 - 2.184 0.18 4.51 
17 12 48.1 7.72 9.2 11.1 31.6 9.6 2.75 223 4.50 0.96 265 2.295 0.21 3.85 
18 12 54.3 5.91 8.2 9.2 30.3 7.6 -0.2 283 24.53 0.58 310 1.970 0.14 4.99 
19 11.7 34.5 15.88 8.4 8.8 21.8 7.1 1.3 219 12.42 0.72 - 1.778 0.14 5.56 
20 11.2 37.1 22.66 7.2 8.4 19.5 7.9 0 265 18.29 0.64 172 1.441 0.08 5.62 
21 12.2 38.4 23.38 7.7 8.5 23.2 8.1 1.5 333 24.03 0.65 321 1.589 0.11 5.42 
22 11.4 38 63.46 6.7 7.7 19.8 7.9 1.8 306 25.90 0.57 191 1.123 0.08 5.17 
23 11.1 53.5 22.66 8 8.5 24.1 6.6 0.7 188 8.22 0.68 277 2.172 0.06 5.40 
24 11 37.8 13.28 7 7.1 21.5 7.7 -0.4 222 16.83 0.56 129 1.577 0.07 5.46 
25 11.2 37.2 14.91 7.4 7.4 22.1 7.4 1.2 218 20.84 0.61 277 1.507 0.15 5.72 
26 11.7 35.8 15.26 7 8.9 23.1 9.5 0.5 359 18.00 0.59 - 1.397 0.09 4.48 

 
To reliably deduce the ligament stress state at the moment of fracture, the FE calculations were de-
composed into several steps. At first, the effective length of the notched specimen, H+Hm, in each 
model is optimized with respect to the experimentally measured slope of corresponding response in 
Region II of partial-unload/reload cycles. These calculations are conducted for fully constrained lat-
eral roof deflection and are indicated by the (red) dash-dotted line in Figure 4.9. Then, after optimi-
zation, each notched FE model is loaded up to the experimentally measured critical point, ( , ), 
in order to obtain the stress distribution within the ligament at the moment of fracture (Point C in 
Figure 4.9). Since the sample deformation is elastic, the notched specimen represents a conservative 
system whose stress state depends only on the coordinates of the critical point in a force−displacement 
diagram, regardless of the path along which the critical point was reached. Thus, a convenient way 
to obtain the stress field at the critical point is to prescribe the loading in two consecutive steps.  

In the first step (dashed blue line, Figure 4.9), the model is loaded by prescribing a vertical displace-
ment of the rooftop up to the critical vertical displacement , while the lateral force during this step 
is kept at zero. In this way, the specimen is first deflected as it would be with no friction (μ=0). At 
the end of this first step the rooftop edge reaches a lateral displacement which is the maximum attain-
able lateral displacement that can be expected for a given critical vertical displacement . In the 
following, second, loading step (solid green line in Figure 4.9), the vertical displacement is kept con-
stant at its critical value , while the lateral displacement is decreased until the vertical force reaches 
the measured critical value . In this way, the effect of friction is taken into account, as the lateral 
displacement at the critical point is smaller than what it would be in a frictionless test. The tensile 
first principal stress fields of the models calculated at the end of the second deformation step around 
the ligament (region outlined in pink in Figure 4.9) are then used for strength analysis. The peak 
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values of the computed first principal stress at the critical point, , in the ligament of each specimen 
are given in Table 4.1, along with computed test friction coefficient, , where  is the 
lateral force at the critical point extracted from FE model and  is the corresponding lateral displace-
ment. 

The distribution of σ1c fields along the ligament surface in the plane of axial symmetry (along Line 
PQ) obtained from the FE calculations at the critical point for all tested notched specimens is shown 
in Figure 4.10.  

 
Figure 4.10 – Distribution of normalized first principal stress σ1c

 at the moment of ligament fracture on 
the surface of a ligament in the plane of axial symmetry along the relative ligament height (Line PQ) for 
all 26 tested specimens. The first principal stress σ1c is normalized by the corresponding peak stress  
in the ligament. The ligament length is t, while the beginning of the ligament is measured by z-coordinate 
of point Q, e.g. zQ (see also main text, Figure 4.4). 

As can be seen, for most specimens the distribution is fairly uniform over the central part of the 
ligament, while for a few tests the σ1c distribution shows a peak that is somewhat shifted towards the 
upper portion of the ligament. Severely distorted stress fields characterized by two or more high 
stressed regions, as discussed in the main text, were never predicted in simulations of tested samples. 
Thus, for all tested notched specimens, the σ1c stress field can be described using only one peak value, 

, which was always located at, or near, the centre of the outer region of the ligament. 

Because the friction coefficient for each fracture test is not known a priori, the computed model 
responses cannot be verified for consistency with the experiments in a direct way, as was done for 
the sample tested in main text, Figure 4.3. Still, confidence in the validity between models and ex-
periments can be established in the following way. Back-calculation of the friction coefficients at the 
critical point for each model, i.e. , shows that, over the tests conducted, μ takes various 
values in the range between ~0.06 to ~0.23 (Table 4.1). Thus, all friction coefficients are within rea-
sonable limits. Moreover, each calculated response during the first loading step (frictionless sliding, 
blue dashed line, Figure 4.9) was always found to pass in-between measured Regions I and III in such 
a way that it is situated closer to Region III. This is consistent with the observation that Region III of 
the response is characterized by a smaller µ value than Region I. In addition, when the simulation is 
repeated by maintaining the back-calculated friction coefficient constant (the simplified notched 
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specimen model is deformed laterally in a way such that the ratio  is maintained constant), the 
response of the model shows excellent agreement with the experimentally measured response, as is 
demonstrated in Figure 4.9b (magenta crosses). Thus, although friction conditions for each test were 
not gleaned by direct measurement of the lateral force, the observed consistency between model and 
experiment confirms that contact behaviour is properly accounted for in simulations and that possible 
errors in the stress fields computed at the critical point due to uncertainty of the contact behaviour are 
small. 

We attribute the main source of uncertainty in the computed stress fields and general responses to 
imprecision in measuring the geometrical parameters from the SEM images. To investigate the sen-
sitivity of the computed stress fields on geometrical parameters of the notched specimens, we per-
formed a set of calculations in which the notched specimen geometry is perturbed by a small finite 
amounts, one parameter at a time, starting with the reference configuration reported in Table 4.1. 
Specifically, for this sensitivity study we used the geometry of Specimen No. 4, the geometry and 
response of which are shown in Figure 4.9a and given in Table 4.1. Of the various parameters de-
scribing the geometry of a notched specimen (see main text, Figure 4.1), the sensitivity of model 
predictions on the length H and on the position of the notch along the fiber h was not considered, 
since the effect of these two parameters is shadowed by the optimization procedure during which the 
effective length H+Hm of the fiber is determined.  

In investigating the sensitivity to remaining geometrical parameters, each perturbed model of a 
notched fiber was first reoptimized for the effective length  in the same way as was done 
for all tested specimens; the effective length of the perturbed model was thus determined for the case 
where the rooftop is fully fixed, by requiring that the initial stiffness of the perturbed model be the 
same as the experimentally measured stiffness of the tested sample in Region II. The stress distribu-
tion in the ligament of perturbed and optimized models and its peak value, , were then obtained by 
driving the model to the critical point ( , ) via the two-step deformation that was exposed above. 

Table 4.2 – Sensitivity of the ligament peak stress on notched sample geometry perturbations.  
Perturbed 
dimension 

 
[  

 
 

  

42.5055 4.81 1.01 1.01 
41.6425 4.68 0.99 0.99 
44.9299 4.87 1.07 1.03 
38.8066 4.65 0.92 0.98 
49.3609 4.89 1.17 1.03 
33.5468 5.06 0.80 1.07 
43.0709 4.83 1.02 1.02 
40.7272 4.66 0.97 0.98 
25.9709 5.39 0.62 1.14 
55.1477 - 1.31 - 

 
The outcome of this sensitivity analysis is summarized in Table 4.2. Results show that the peak value 
of the first principal stress in the ligament is only weakly dependent on the angular misalignment α, 
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the offset distance of the fibre roof loading edge l or the notch length t; for all these parameters, a 
variation of the dimension by ±5% leads to a relative variation in the ligament peak stress that is 
below ±3%. The stress field in the ligament depends more strongly on precision in the value of the 
notch depth w and even more so on that of the fibre diameter D. It is interesting to note that, whether 
the notched depth w is decreased or increased by 5% from the reference value, the peak stress of the 
ligament increases in both cases. For lowered w the variation of the peak ligament stress is small and 
comparable to what happens when varying α, t or l. For increased notch depth w, however, one finds 
a somewhat surprising increase of the peak stress: this is explained by the fact that the fibre that was 
used for the sensitivity analysis has a negative misalignment α, such that making the ligament more 
slender leads to a significant shift of the peak ligament stress upwards along the ligament surface. 
This causes pronounced stress redistribution within the ligament when compared to the more uniform 
reference stress field distribution along the surface of the ligament (this effect and the ensuing devel-
opment of a pronounced peak near the top part of the ligament are discussed in the main text, Fig-
ure 4.4).  

The overall outcome of the sensitivity analysis is that the value of the fiber diameter has the greatest 
impact on the magnitude of the stress field in the ligament: a 5% decrease in D with other parameters 
fixed at reference values can distort the ligament stresses thereby increasing the peak value by up to 
~15%. For increased D, however, the response of the notched fibre model, already for frictionless 
deformation (unconstrained roof lateral deflection), is found to be stiffer than the experimentally 
measured response. This is inconsistent with the experimental data, giving a warning that the geo-
metrical parameters used in the model were erroneous and need to be re-evaluated.   

In conclusion, with the exception of the fibre diameter D and the notch depth w, uncertainty in geo-
metrical parameters causes no significant error for the stress distribution within the ligament and its 
peak value. Since it is possible for the fibre diameter to vary somewhat along the fibre length itself 
(this change can reflect either a change in diameter or a deviation of the fibre cross-section from a 
circular shape), for reliable and relevant stress field computation, diameter measurements were ob-
tained from high resolution SEM images taken after the test with the sample strictly aligned along the 
fibre axis. In addition, special care was exercised in measuring the notch depth w, and agreement 
between the responses of the model and the corresponding sample were checked for each sample once 
it was modelled, so as to ensure consistency.  

Note also that some uncertainty in calculated stress field is additionally possible due to the misalign-
ment of the fibre with respect to the loading line at the roof, i.e. misalignment represented by the 
angle between the fibre axis and the normal to the polished surface of the sample projected on the y-
z plane. Uncertainty associated with this misalignment was not investigated, since it is difficult to 
measure its value from SEM images reliably when it is small (fibre specimens with obvious misa-
lignment of this kind were not used in this study). We expect the effect of such misalignment to be 
of similar magnitude as the effect associated with angle α. The resulting stress field distortion would 
most likely cause a slight shift of the peak stress location along the circumference of the ligament 
outer surface, or in other words would cause the peak stress location not to be exactly situated in the 
plane of axial specimen symmetry. 
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According to Weibull theory, a specimen made of a brittle material is seen as a linear chain of inde-
pendent volume elements each of which comprises a single flaw. Failure of a specimen, i.e. failure 
of the whole chain, is triggered by failure of the “weakest” individual element in the chain. In uniaxial 
tension, where the stress field is uniform across the specimen of volume , a convenient loading 
measure is given by the (uniform) tensile stress at failure, e.g. . The two-parameter Weibull failure 
probability function [89,372,373] then reads as   

 f exp f  (4.2) 

where the independent parameters of the distribution are the Weibull modulus  (which cannot gen-
erally be considered a material parameter [383]) and the scaling constant , with  being the 
reference volume and  the characteristic strength associated to the reference volume . The mate-
rial strength according to Eq. (4.2) is commonly evaluated for a set of specimens with identical nom-
inal volume , in which case further simplification to Eq. (4.2) can be introduced by taking  
[383]. Common examples of strength analysis that make use of Eq. (4.2) are ceramic fibres and fila-
ments subjected to uniaxial tension [384].  

For a set of identical tensile specimens, the parameters of the Weibull distribution in Eq. (4.2) are 
conveniently determined by fitting a straight line to data plotted in a so-called Weibull plot defined 
by coordinate axes  vs. .  For a set of N experiments, the strength data are 
ordered in ascending order and ranked (indexed) according to an increasing value, while the failure 
probability for each strength is evaluated with an estimator, such as e.g. , where 

 is the ranked experiment index. The slope of the data in a Weibull plot is then related to the 
Weibull modulus  while the intercept is related to the quantity  from which  can be ob-
tained knowing . By treating the Weibull modulus  as a material constant, the strength at different 
specimen volumes can, in principle, be extrapolated via the size effect that follows from Eq. (4.2), 
namely, , where  is the extrapolated characteristic strength associated with an arbitrary 
specimen of volume .  

When the stress field is not uniform, as is the case for specimens loaded in bending, the failure prob-
ability function Pf is generalized to [89], 

 exp  (4.3) 

where  is the so-called Weibull stress [385], and  is the 
scaling constant. Commonly, in Eq. (4.3) the nominator within the exponential is decomposed into 
two terms: (i) some representative scalar of the stress field, like the maximum (peak) stress, 

, and (ii) the effective volume, , such that . 
Integration of the stress field  as required for calculation of  or  in Eq. (4.3) needs to be 



The local strength of microscopic alumina reinforcements 

 

152 

carried out over a relevant volume  of the specimen that encloses the peak stress  and where failure 
is highly likely to originate. Since the strength of brittle materials depends on the size distribution of 
defects, for a sufficiently large defect, (Mode I) fracture of the specimen can a priori originate at any 
point where the first principal stress is tensile. Thus, the region of integration  should generally be 
the volume of the specimen where . Often, however, smaller integration volumes are 
taken by excluding locations that only see small tensile stress values. 

For some simple cases of non-uniform stress fields (e.g. plane bending), when the integration of the 
effective volume  can be carried out analytically, one can determine the parameters of the Weibull 
distribution via the Weibull plot using the ranked ascending values of variable .  

A more general and statistically more correct way to estimate parameters of Pf (or any other distribu-
tion) is by maximizing the likelihood function (or its logarithm) of N fracture experiments, 

, where  is the Weibull stress of the -th experiment and  is the gen-
eral Weibull probability density function (see [370] and references therein). By using the maximum 
log-likelihood method, the Weibull modulus  is first found from: 

  (4.4) 

followed by a determination of the scaling constant from: 

  (4.5) 

We use here the latter approach to analyse local nano-crystalline alumina strength statistics shown by 
the notched sample tests, mainly because the integration of the Weibull stress  or effective volume 

 allows one to estimate the Weibull modulus  via Eq. (4.4) and the scaling constant  via Eq. 
(4.5) from a set of specimens whose geometry need not to be constant, as is the case for FIB machined 
notched specimens in this work (Table 4.1).  Note, however, that by using a set of specimens with 
different effective volumes, we implicitly assume that the Weibull modulus  of a given material 
over the range of these volumes is constant – given the relatively small range of volumes (to within 
the same order of magnitude), this assumption seems reasonable. Because all of our notched speci-
mens fracture exclusively in the region of the ligament, the stress field relevant for the strength anal-
ysis is the (tensile) first principal stress, , in the region surrounding the ligament (out-
lined in pink in Figure 4.9). By numerically evaluating for each of the N = 26 specimens, 

 using the stress field  obtained from FE computations as described 

above, the Weibull modulus m is first obtained from Eq. (4.4). With known m, the corresponding 
scaling constant S0 is then calculated from Eq. (4.5). The resulting failure probability distribution 
function Pf obtained from 26 notched specimens is shown in Figure 4.11. 



The local strength of microscopic alumina reinforcements 

 

153 

 
Figure 4.11 – The Weibull failure probability distribution for nano-crystalline alumina fiber obtained 
from the 26 notched specimens is characterized by the Weibull modulus  and the scaling con-
stant . 
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 This chapter was published as an article in a scientific journal with the open-access (CC BY 
4.0) licence and its bibliographic reference is given below. The postprint version of the article is 
presented here with its Introduction section significantly abbreviated to avoid repetition of what was 
already mentioned in Chapter 1 of this thesis (extracts, including a few literal reproductions of full 
paragraphs of the article Introduction, are given in Chapter 1). The candidate, herewith V.P., designed 
the experiment under the supervision of Andreas Mortensen (A.M.). V.P. performed most of the ex-
perimental work. Particularly, the candidate FIB machined and tested all C-shape and cantilever beam 
specimens, analysed all tests via FEM, performed fractography, and interpreted results. V.P. and A.M. 
wrote the manuscript and all other authors provided feedback. 

Pejchal, V., Fornabaio, M., Žagar, G., Mortensen, A.: The local strength of individual alumina par-
ticles. Journal of the Mechanics and Physics of Solids 109, 2017, 34-49, 
doi.org/10.1016/j.jmps.2017.08.005.  

In the present chapter, we extend the approach from Chapter 4 towards testing microscopic particulate 
composite reinforcements of irregular shape and low aspect ratio. Specifically, we report here obser-
vations of directly determined strength measurements conducted on Sumicorundum® (Sumitomo 
Chemical Co. Ltd., Tokyo, Japan) alumina particles of diameter in the range 15-30 µm, which have 
been shown to provide superior reinforcement in infiltrated aluminum- or copper-based metal matrix 
composites [19,116,154,156,386]. As will be seen, the measured strength of the alumina particles can 
be higher than what is measured for high-strength nanocrystalline alumina fibres, or in alumina plate-
lets a few hundred nanometers thick that have been used in bio-inspired composites. Their strength 
approaches that of high-perfection alumina whiskers and microcrystals where specific defects are 
absent. We identify those specific defects as: (i) grain boundaries and grain boundary grooves, (ii) 
micropores and (iii) other shape irregularities. We show that random grain boundaries are particularly 
deleterious to the strength of alumina particles, leading to an overall conclusion that alumina has great 
potential as a particulate reinforcement in composite materials provided it is (i) smooth in shape and 
(ii) single- or nano-crystalline. 
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Particles investigated in this work were high-purity α-alumina particles (AA-18, Sumicorundum® 
grade) produced by Sumitomo Chemical Co. Ltd. (Tokyo, Japan) by in-situ chemical vapour deposi-
tion. The typical particle size is between 15 and 30 µm [110]. XRD analysis performed in our labor-
atory confirmed that the particles are entirely of α-alumina. Chemical analysis provided by the man-
ufacturer states as main impurities Si (< 50 ppm), Fe (< 20 ppm), Na (< 15 ppm), Mg (< 10 ppm), 
and Cu (< 10 ppm). The as-received powder particles have polyhedral shapes and consist generally 
of (i) single crystal particles with a low aspect ratio or (ii) particles consisting of two or more poly-
hedral crystallites linked along a grain boundary, which forms a groove at the particle surface. By 
investigating 200 SEM images of random Sumicorundum particles from this study, we estimate that 
roughly half of all the particles are single-crystalline while the other half is made of two or more 
crystallites forming grain-boundary grooves. 

C-shaped particle test method 

To measure the local strength of the particles we extend to particles the approach presented in Žagar 
et al. [324]. The approach requires having particles partially embedded in a matrix that holds each 
particle in place during load application. To this end, a Sumicorundum particle – polymer matrix 
composite with a low fraction of the alumina particles (a few percent) was produced. The polymer 
matrix was then deep-etched, or alternatively in one specimen it was cracked, so as to cause particles 
partially embedded in the matrix to protrude by several micrometres out of the matrix. To prevent 
sample charging in the FIB/SEM and to protect the surface of particles from FIB damage and/or 
redeposition, the sample with partially embedded particles was coated with ≈ 40 µm of thermally 
evaporated carbon. Selected particles were FIB milled to form a C-shaped particle specimen, outlined 
in Figure 5.1 and featuring (i) two parallel and roughly vertical sides, (ii) a wide rectangular notch 
machined with the beam oriented perpendicular to the previously machined sides, and (iii) a roof 
situated at the top of the particle cut parallel to the notch. The wide rectangular notch is machined in 
such a way that one of its sides is aligned parallel with a selected facet of the polyhedral particle 
(Figure 5.1a). This, together with the two FIB milled sidewalls and the vertical portion of the ma-
chined C-notch, forms what we call hereafter the ligament of C-shaped particle specimens. This lig-
ament has a rectangular cross-section (Figure 5.1b). 

This FIB-machined C-shaped specimen, sketched in Figure 5.1c, is then tested using a TI 950 Tri-
boIndenterTM (Hysitron Corp., Minneapolis, MN, USA) nanoindentation apparatus equipped with a 
≈10 µm tip diameter flat-end diamond probe and with a 3D OmniProbeTM transducer capable of 
measuring vertical and lateral force simultaneously. Prior to testing, the roof of the C-shaped speci-
men is aligned parallel to the 3D OmniProbe flat-end diamond probe using a tilt stage fixed on the 
nanoindenter base stage (Figure 5.1d). As the C-shaped particle specimen is loaded vertically by the 
flat-end diamond probe, its ligament bends, causing the appearance of high tensile stresses along the 
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back-surface of the ligament. While the ligament bends, the specimen roof moves laterally and slides 
along the flat-end diamond probe, causing the appearance of a lateral friction force between the edge 
of the roof and the diamond. Using a multidirectional nanoindentation probe this lateral force was 
measured, to derive a friction coefficient, which was taken into account in data analysis (Figure 5.1e); 
see also Ref. [324]. Further details of the C-shaped particle test are provided in the Appendix, Section 
5.7. 

 
Figure 5.1 – Schematic representation of a C-shaped particle test. (a) A polyhedral Sumicorundum par-
ticle partially embedded in a polymer matrix is (b) FIB machined into a C-shape configuration, and then 
tested in compression to bend a ligament of rectangular cross-section. The back surface of the ligament 
is left unaffected by the FIB milling operation, by design of the machining process and by coating the 
particle surface with a layer of weak carbon ≈40 nm thick. The roof machined at the top of the particle 
defines the load application line. (c) Sketch of a notched specimen with dimensions defined. (d) As a 
result of the machining process, the roof and notch side are oriented at a shallow angle (<5°) with respect 
to the matrix free surface normal (see Appendix, Section 5.7), such that the roof-edge and indenter can 
be aligned using a tilt stage so as to be parallel in the nanoindentation apparatus prior to testing. (e) 
Once the notched specimen is loaded by applying a vertical displacement (along the z-axis), the roof 
slides laterally along the flat indenter surface, introducing a measurable friction force in the lateral 
direction (along the x-axis). 

Besides particles with a flat facet and free of any visible defects, several particles containing flaws of 
different nature along the ligament back surface to be subjected to tension during the test were pre-
pared. These included particles with twinned jagged surfaces, and particles with grain boundary 
grooves; the latter were found to exert a particularly deleterious effect on the local particle strength. 
In a few additional specimens, the back-surface of the ligament was also FIB-machined in order to 
(i) compare strength results against specimens with an outer ligament surface in pristine (FIB unaf-
fected) condition, (ii) probe the strength governed by pores revealed during sample preparation or 
(iii) determine the strength of particles containing a grain boundary free of the groove that is generally 
associated with the emergence along a free surface of such a grain boundary. 

 Micrometric bend beams 

An alternative approach is to carve microscopic cantilever beams out of individual particles. This 
approach is suitable if one wishes to probe facets or features along a particle surface that is oriented 
roughly parallel to the polymer matrix free surface. Two such cantilever beams, both containing a 
grain boundary groove at the junction of two grain facets, were machined and tested. A sketch of the 
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cantilever beam configuration used in this work, showing sample dimension definitions, is given in 
Figure 5.2. In both cantilever specimens the top surface of the cantilever beam, subject to tension 
during the test, was left unaffected by FIB milling. These beams were then mechanically tested in-
situ in the SEM using a FemtoTools FT-NMT03 Nanomechanical Testing System (Buchs-ZH, Swit-
zerland) similarly to the tests exposed for Si particles in aluminium in [387]. Further details of particle 
cantilever beam specimen preparation and testing are given in the Appendix, Section 5.7. 

 
Figure 5.2 – (a) A partially embedded Sumicorundum particle containing a grain boundary is (b) FIB 
milled to form a micro-cantilever that contains the grain boundary. The top surface of the micro-canti-
lever subject to tension during mechanical testing is left in its pristine condition, meaning unaffected by 
FIB. (c) Sketch of a cantilever beam geometry used in the work with definition of relevant dimensions. 
The edge defined by angle δ is formed where two particle facets meet. The dashed line represents the 
simplified beam geometry in which the geometry-related stress concentration is eliminated. 

The material forming the Sumicorundum alumina particles is α-alumina, which is an anisotropic ma-
terial characterized by six elastic constants. Because the exact crystal orientation of each particle was 
not determined, we assimilated the particles to an isotropic material having the orientation-averaged 
Young’s modulus, E = 400 GPa, and Poisson’s ratio, = 0.25, of polycrystalline alumina [22,23]. 
The sensitivity of the computed stress fields on the range of values for the Young’s modulus and 
Poisson’s ratio (realistic upper and lower bounds of alumina) is on the order of 5% of the computed 
value; see the Supplementary Information (Section 5.8.4). 

Each individual C-shaped test specimen was simulated by means of a bespoke quasi-static two-di-
mensional plane-strain Finite element model (FEM), implemented in the Abaqus/StandardTM 6.11 
software (Dassault Systèmes, Providence, RI, USA); see Figure 5.7a. The bottom surface of the vis-
ible part of the particle that is sticking out of the polymer was constrained by an encastre boundary 
condition (all displacements and rotations are zero). The loading was prescribed at the roof edge with 
vertical Fz and lateral Fx force values measured in the experiment. The FEM analysis included non-
linear geometric effects (big displacements). Elements used for discretization of the particles were 
2nd order quadrilaterals (CPE8). 

The 2D model, for one particular C-shaped specimen of representative geometry, was compared 
against a more realistic three-dimensional (3D) model of the same geometry (see Figure 5.7b). The 
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3D model consists of the alumina particle embedded within an isotropic, linear elastic polymer-like 
matrix of Young’s modulus ~1 GPa (this value was inferred from an independent nanoindentation 
experiment conducted by ourselves on the polymer used to fix the particles). The Poisson’s ratio of 
our polymer matrix was not determined; however, calculations show that its effect on the stress dis-
tribution within the particle ligament is negligible; thus we use a default value of 0.25. The interface 
between the particle and the matrix was considered as being a fully coupled (tie) contact. The bottom 
of the matrix was encastred. Elements used in discretizing the particle and the matrix in the 3D model 
were second order bricks, C3D20 and C3D20R, respectively. 

The two cantilever beam tests were analysed by means of 3D cantilever finite element models recon-
structed from the geometrical measurements of samples. Both cantilever beam parts that represent in 
reality different alumina particles (of possible different orientation) were assimilated to the same ef-
fectively isotropic alumina material described above. Cantilever beams and supports to which the 
cantilevers are attached were modelled using C3D20 and C3D20R elements, respectively. A more 
refined mesh was constructed near the location of particle boundary and near the cantilever's fixed 
ends. Only the portion of the cantilever from the fixed point up to the point of the load application 
was considered in the model. Loading was produced by prescribing the vertical point load at the free 
cantilever end, the force at which (load at failure) is measured by experiments. The bottom of the 
support was fixed by encastre boundary condition.  

Tested cantilever specimens both contained a grain-boundary where two facets meet forming an edge-
like feature at the top surface, situated a few hundred nanometres from the beam support and charac-
terized by the angle δ (Figure 5.2). The presence of the edge results in a local stress concentration (δ 
> 180°) or dip in stress (δ < 180°) along the beam top surface. The effect of this edge can be assimi-
lated to that of a notch or protrusion. To evaluate the strength of tested beams with the edge assimi-
lated to a geometrical flaw, we employed a simplified model in which the beam’s top surface was 
taken to be entirely flat by extending the top portion of the beam on the left-hand side of the edge 
towards the cantilever support (δ = 180°); this is also sketched in Figure 5.2c. The model then gives 
the nominal stress state along the beam surface treated as a flat surface along which the geometrical 
stress concentration site is but one of a variety of possible failure-producing flaws. 

The deep-etching sample preparation procedure provided a number of partially embedded particles 
situated far enough from neighbouring particles to be readily available for FIB machining. Fracturing 
the polymer composite provided on the other hand only a few partially embedded particles ready for 
FIB milling. This was mainly due to the partial sedimentation of particles at the bottom of the sample 
during polymer curing. Therefore, only one tested particle in this work was prepared by the fracturing 
method. The polymer-particle interface was found to be sufficiently strong to keep particles in place 
while performing the mechanical tests.  
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Apart from grain boundary grooves, Sumicorundum particles do not contain readily observable flaws 
along their surface. Cutting particles by FIB-milling during sample preparation revealed, however, 
that some particles contain pores of diameter in the range from a few tens to a few hundred nanome-
tres. Pores were observed within individual crystallites as well as along alumina grain boundaries. 

In total, seventeen (17) C-shaped particle specimens and two (2) in-situ SEM micro-cantilever beams 
were tested to fracture; specifics of each specimen are provided in the Supplementary Information, 
Section 5.8.2. Based on the flaws observed before or after testing and the state of the ligament back-
surface, the tested specimens were catalogued into the following six categories: we have tested 

(i) five specimens of single crystal particles with the ligament in pristine condition, free of any visible 
defect (Category I) (Figure 5.3b),  

(ii) two specimens of single crystal particles with the ligament free of any visible defects and FIB 
machined from all sides including the ligament back-surface (Category II) (Figure 5.5a),  

(iii) three specimens of single crystal particles featuring a pore along the ligament (Category III) 
(Figure 5.5b),  

(iv) one particle with a twinned jagged ligament back-surface (Category IV) (Figure 5.5c),  

(v) five specimens of polycrystalline particles with all sides machined using the FIB (Figure 5.6a), 
including the ligament back-surface, and containing a grain boundary oriented roughly normal to the 
principal tensile stress direction during the test (Category V) and  

(vi) one C-shaped particle specimen and two micro-cantilever specimens containing a grain boundary 
groove along a ligament surface that was left unaffected by focused ion beam milling (Category VI) 
(Figure 5.6b). 
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Figure 5.3 – C-shaped particle test of a typical single-crystalline Sumicorundum AA-18 particle with the 
ligament back-surface in pristine condition, free of FIB damage and apparent defects (Category I, Spec-
imen I-4). (a) SEM image of a polymer-matrix composite sample with particles partially embedded in 
the matrix after deep-etching. SEM images of the selected particle (b) before and (c) after FIB machin-
ing. (d) Vertical and lateral force vs. vertical-displacement response of the notched particle during the 
test. (e) SEM image of the particle after the test and (f) close-up of the fracture surface with an arrow 
indicating the apparent failure initiation location suggested by river-markings observed on the fracture 
surface. 

Figure 5.3 summarizes the course of a typical C-shaped particle test, conducted on a specimen of 
Category I; namely, a single-crystalline particle with its ligament free tensile surface left in pristine 
condition without any visible defects. Figure 5.3a represents an overview of the polymer matrix com-
posite after deep etching with the "piranha solution" followed by carbon coating. Partially embedded 
Sumicorundum alumina particles are readily observable. The selected polyhedral particle for C-shape 
testing exhibiting a flat facet oriented roughly vertical to the polymer free surface is highlighted in 
the figure. Figure 5.3b-c represent the selected particle before and after FIB machining, respectively. 
The vertical force – vertical displacement as well as lateral force – vertical displacement response 
recorded during the test, shown in Figure 5.3d, exhibit a hysteresis loop produced during one load-
unload cycle before the force was ramped up until failure occurred. The hysteresis is due to sliding 
of the specimen’s roof along the flat-end diamond indenter; this is characteristic of the C-shaped 
sample test method, (see Chapter 4). The value of the friction coefficient, defined as the measured 
ratio Fx/Fz, was approximately 0.09. A sudden drop in load and jump in displacement are indicative 
of specimen failure. 

The relatively low loads at which the ligament breaks does not produce extensive shattering of the 
ligament; hence fractographic examination of the samples could usually be performed (Figure 5.3e-
f). The specimen in Figure 5.3f exhibited a heavily faceted fracture surface with no apparent flaw. A 
pattern of radial ridges observed around the area indicated by the white arrow in the figure suggests 
that failure initiated near or at the indicated spot. This is an important observation as the failure did 
not initiate in one of the FIB-machined corners; rather, failure had its origin at or near the surface 
unaffected by FIB micromaching. 
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Of the other Category I specimens, one (Specimen I-1) led to a similar conclusion, namely that failure 
initiated away from the FIB-affected ligament surface. The other three Category I specimens could 
not be examined for fractography because the fracture surface was situated below the specimen liga-
ment, with the crack trajectory connecting the bottom corner of the specimen rectangular notch with 
the surface of the particle on the other end (see Figure 5.12a-b in the Supplementary section 5.8.3). 
This indicates that failure initiated either at (i) a greater flaw remote from the region of peak stress, 
situated along or just under the specimen surface below the ligament or (ii) along the highly stressed 
ligament surface followed by subsequent initiation and growth of secondary cracks, possibly emanat-
ing from roots of the notch corners where the comparatively small radius of curvature of few hundred 
nanometres (typically 200 nm - 500 nm) is likely to have concentrated post-fracture stress waves, 
leading to a loss of the original fracture surface. Two observations suggest that option (ii) is more 
plausible. First, we have observed no sign of a bigger flaw in the remaining fracture surfaces and 
secondly, in the specimens that broke within the ligament, we observed the presence of microcracks 
having their origin in the bottom corner of the specimen notch, which grew for a few hundreds of 
nanometres towards the other end, along a direction such that they would end below the actual liga-
ment were their growth to continue across the specimen, giving the specimen remainder the shape 
that was observed in the last three Category I specimens (see Figure 5.12c-d in the Supplementary 
section 5.8.3). 

 
Figure 5.4 – Summary of cantilever beam testing of a Sumicorundum AA-18 particle containing a grain-
boundary groove (Category VI, specimen VI-3). SEM micrographs of (a) selected particle before and 
(b) after FIB machining. (c) Three frames during the in-situ SEM test using nanomechanical testing 
instrument equipped with sharp tungsten needle. (d) Close-up of the fracture surface of the beam after 
the test with arrows indicating two observed pores in the fracture surface. 

Figure 5.4 summarizes the preparation and mechanical testing of one of the micro-cantilever beam 
specimens. Figure 5.4a and Figure 5.4b display the selected particle before and after FIB machining, 
respectively. The beam was machined such that the grain boundary is contained within the beam and 
is oriented roughly perpendicular to the beam longitudinal axis (Category VI). The grain boundary 
groove was left roughly 2 µm away from the beginning of the support. Figure 5.4c represents three 
frames from the recorded video of the test; the beginning of the test, the beam loaded just before 
failure, and the specimen after failure. One part of the fractured beam is missing because it was ejected 
during the test (due to the sudden release of stored elastic energy). The testing instrument recorded 
the load at which the beam failed. The load-displacement response was linear until failure, which was 
manifest as a sudden drop in load. 
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Figure 5.4d displays the fracture surface after the test. The fracture surface is very different from the 
other fracture surfaces of tested single-crystalline particles: it is smooth throughout the whole surface, 
indicating that the crack propagated within the grain boundary. The test also reveals the profile of the 
grain boundary along the beam cross-section: as seen, it is not perfectly flat. It was impossible to 
identify the fracture initiation site on this almost featureless fracture surface. Two flaws, one smaller 
pore ≈ 300 nm in diameter and one elongated pore (partially cut by FIB machining) with its size on 
the order of 1 µm, were observed. The bigger pore was located in the portion of the beam that was in 
compression. Examples of tested particles from other categories along with fractography are docu-
mented in Figure 5.5 and Figure 5.6. 

 
Figure 5.5 – Overview of tested representative specimens from (a) Category II (II-1), (b) Category III 
(III-1), and (c) Category IV (IV-1). (a1-2) A few hundred nanometers of pristine ligament back-surface 
were milled away with the focused ion beam parallel to the original surface. (a3) Radial ridges observed 
on the fracture surface suggest fracture initiation (arrow). (b1) A pore ≈800nm in diameter (arrow) was 
revealed while machining the sides. (b2) The outer ligament surface was also FIB machined in order to 
locate the pore close to the ligament surface where the tensile stress peaks during the consequent me-
chanical test. (b3) Close-up of the fracture surface after the test with fractographical features suggesting 
that the pore was indeed the origin of the failure. (c1) Twinned surface specimen before and (c2) after 
FIB machining with visible re-deposition of material on the ligament back-surface. (c3) The same spec-
imen after the test with its fracture surface: re-deposited material has delaminated during the mechan-
ical testing. 
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An example of a fully FIB-machined single crystalline specimen (Category II) is shown in Fig-
ure 5.5a1-a3. The surface crystallographic orientation was kept the same as the original pristine sur-
face by FIB milling the ligament back-surface with FIB beam oriented parallel to the original surface. 
The fracture surface was, as for Category I specimens, heavily faceted with radial ridges indicating 
the site of failure initiation. Additionally, two microcracks could be observed after the test on the 
ligament back-surface close to the failure initiation oriented roughly at 45° to the horizontal plane of 
the ligament. 

Figure 5.5b1-b3 shows a Category III particle containing a pore approximately 800 nm in diameter 
along the specimen’s ligament surface. The pore was exposed during the FIB machining of one of 
the side edges of the particle, during the initial stage of the C-shaped specimen preparation (Fig-
ure 5.5b1). The back surface of the specimen ligament was then FIB machined in order to locate the 
pore close to its surface subjected to tension during the test. Fractography revealed that particle failure 
most likely initiated from the pore, and the fracture surface exhibited steps as in the previous single-
crystalline particles of Category I and II. Another example of a tested particle containing a pore is 
presented in Figure 5.13 in the Supplementary section 5.8.3. In that sample, the pore was only re-
vealed after the test, as it was fully contained within the ligament (note that therefore the material in 
and near the pore free surface, where the failure initiated, was not exposed to FIB milling). 

Figure 5.5c1-c3 presents a tested particle with a twinned, jagged, surface. Redeposition of material 
after milling on the back-surface of the ligament is evident. After mechanical testing the redeposition 
layer was absent: it had apparently delaminated, suggesting that the carbon layer played its role in 
providing a weak interface between the particles and any redeposited material. The fracture surface 
exhibits again crystallographic steps. 

Figure 5.6a1-a3 displays a tested polycrystalline Sumicorundum alumina particle having one grain-
boundary with its plane roughly parallel to the polymer free surface. The back-surface of the ligament 
containing the grain boundary was machined flat by ion-milling, so as to eliminate the grain boundary 
groove and associated stress concentration. This specimen belongs to Category V. Similar to the Cat-
egory VI micro-cantilever beam specimen, the fracture surface is very smooth and featureless 
throughout the whole surface, indicating that the crack propagated within the grain boundary. A mi-
nute pore with a diameter of approximately 200 nm was observed and located in the region of the 
ligament cross-section that was under compression during the test; therefore, it is unlikely that failure 
initiated there. 

Figure 5.6b1-b3 shows the tested C-shape specimen containing a FIB unaffected grain-boundary 
groove. The grain that formed the grain boundary groove visible along the surface was much smaller 
than the rest of the particle, and hence essentially represented an inclusion. As a consequence the 
fracture surface displays a combination of (i) heavily faceted region of the parent single-crystalline 
particle and (ii) smooth featureless surface typical of a fractured grain boundary. EDX analysis did 
not reveal any chemical composition difference of the inclusion grain. 



The local strength of individual alumina particles 

 

165 

 
Figure 5.6 – Overview of tested representative specimens from (a) Category V (V-3) and (b) Category 
VI (VI-1). (a1) A specimen with a grain-boundary oriented roughly horizontal to the free-surface of the 
polymer matrix and (a2) contained in the ligament with all four sides machined by FIB and therefore a 
flat ligament back surface (without grain-boundary groove). (b1) The only C-shape specimen from the 
Category VI with a grain boundary groove. (b2) Specimen contained the grain boundary within its lig-
ament after FIB machining. Compared to the other two specimens from Category VI tested in the can-
tilever beam configuration, the grain boundary extends only through a portion of the ligament cross-
section; see (b3). 

 C-shaped particle test analysis 

Figure 5.7a displays a simplified 2D plane-strain model of a representative C-shaped test specimen, 
together with its dimensions (I-2). Figure 5.7b represents the same particle simulated using a Full 3D 
FE model that includes the portion of the particle embedded in the polymer matrix.  Figure 5.7c shows 
the vertical force – vertical displacement from the experiment together with the response from the 2D 
and 3D models of the same C-shape specimen. The curve predicted by a second 3D model is also 
included: with this model, the (3D) emerging portion of the sample is fully clamped at the bottom 
where it enters the polymer matrix, such that it has the same boundary condition as the 2D model. As 
seen, both fully clamped (2D and 3D) models come close to one another (such that simplifying the 
3D beam as a 2D plane strain beam has little importance), and exhibit a somewhat stiffer force-dis-
placement response compared to the experimental curve. Modelling the polymer matrix and embed-
ding the 3D model in it, the resulting force-displacement response shifts downwards and follows 
relatively well the experimental curve. It is now slightly more compliant; however, the agreement 
also for the 2D model is satisfactory, considering simplifications made, such as the somewhat sim-
plified geometry of the bottom of the particle and the approximation used for the size of the particle 
portion that is embedded in the matrix. More importantly, the sensitivity of the computed stress field 
on the exact model used (2D vs. 3D) was found to be negligible: a full 3D representation of the stress 
field and including the polymeric matrix in the simulation matters more in computing the overall 
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particle compliance than it does in computing its peak stress distribution. Figure 5.7d compares the 
distribution of the first principal stress along the mid-plane of the ligament back surface from the two 
models at the moment of failure. As is evident, the stress distribution is insensitive to the model used, 
and the simplified 2D plane-strain model provides an equally good stress analysis along the particle 
ligament free surface as the more realistic but also more complex 3D model. This result also indicates 
that most of the extra compliance in the force-displacement response between the two models comes 
from an elastic vertical sink-in of the specimen into the polymer, rather than from rotation of the 
specimen around the y-axis, as this would affect the bending moment from the applied forces, induc-
ing in turn a visible redistribution of the stress in the ligament. 

 
Figure 5.7 – FEM simulation of a C-shaped specimen test with representative particle dimensions (I-2). 
(a) Simplified 2D plane strain FEM model of the particle with dimensions visible by imaging from its 
side and with encastre boundary condition at its bottom. (b) The full 3D FEM model of the same particle 
takes into account the portion of the particle embedded in the polymer matrix. (c) The load-displacement 
curves from (blue) experiment, (dashed-green) the 3D FEM model including the polymer matrix, (dot-
ted-red) the 2D plane-strain FEM model, and (dashed-yellow) 3D model with the same boundary con-
ditions as for the 2D model. A loop in the experimental curve represents one load-unload cycle conducted 
before the displacement was ramped-up all the way to failure. (d) Comparison of the distribution of the 
maximum (tensile) principal stress along the ligament outer surface of the full 3D and 2D FEM model 
loaded with the pair of vertical and lateral force (Fx, Fz) measured at the moment of failure in the ex-
periment. 

 In-situ bend beam analysis 

The two tested specimens contained two facets forming an edge (see Figure 5.4 and Figure 5.8). By 
considering the edge as a geometric flaw we estimated the nominal strength of the present specimen 
material. To this end, we used a simplified beam model, as exposed in Section 5.3.3, in which the 
beam top surface was taken to be entirely flat (Figure 5.8). By doing this, calculated stresses in the 
beam just past the edge on the right-hand side are not representative; however, on the left-hand side 
and in the region surrounding the grain boundary and edge (this being where failure took place) the 
simplified model gives representative nominal stresses within the beam, which were computed as the 
beam failure stress. 
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Figure 5.8 – FEM model of the cantilever beam from Figure 5.4 with visible grain-boundary groove. (a) 
Dimensions used to produce (b) the 3D FEM model. Note that the simplified beam geometry was used 
with the beam’s top surface flat as outlined in Section 5.3.2 (Figure 5.2). The strength of the specimen 
evaluated as the first principal stress at the position of the grain-boundary groove was 2.3 GPa. 

In the vast majority of the tested specimens we could observe a fracture surface or even the origin of 
failure (Figure 5.3f). Hence, we often know approximately the position along the bent ligament or 
cantilever beam of the spot where failure initiated. We have therefore evaluated the specimen strength 
as the value of the first principal stress obtained from FEM simulations at the moment of failure at 
that location, that is for maximum measured vertical, and lateral force, in C-shaped specimens, or 
maximum applied force in cantilever beams, at the position of the observed failure. Note that, as the 
first principal stress distribution along the C-shape specimen bent ligament changes only marginally 
(Figure 5.7d), the error introduced due to the imprecision in the determination of failure position is 
smaller than the error due to imprecisions in the measurement of specimen dimensions (less than 
10%). 

The strength measurement results are presented in Figure 5.9. The results are sorted along the hori-
zontal axis of the plot according to the specimen category, while the y-axis represents the value of 
the measured strength for each sample. Based on a sensitivity analysis (see Supplementary sec-
tion 5.8.4 for more details) the reported strength values are precise within 20%, which defines mag-
nitudes of the error bars. 

As mentioned previously, in three C-shape specimens of Category I (pristine surface) the site of the 
failure could not be determined, visibly due to the initiation and propagation of secondary cracks. 
Hence, for these three specimens, not knowing the exact failure initiation site, we took simply the 
peak value of the first principal stress within the ligament at the moment of failure as the failure stress. 
The results from these three specimens are indicated in the plot using the colour grey. Measured 
strength values are also given in Table 5.1 and Table 5.2 in the Supplementary section 5.8.2. 
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Figure 5.9 – Summary of results obtained by testing C-shape and micro-cantilever beam specimens of 
Sumicorundum alumina particles. The vertical axis of the plot represents the first principal stress pre-
sent in the vicinity of the observed fracture initiation at the moment of failure. Specimens are sorted 
along the horizontal axis by category. Two fully black circles for Category I represent specimens for 
which the fracture surface could be observed and for which the stress in the vicinity of the observed 
failure is reported, while the three grey circles represent specimens for which the fracture surface was 
likely not apparent; for these three specimens, the reported failure stress value is the peak first principal 
stress in the ligament at the moment of failure. 

Most of the present specimens were prepared by deep etching a polymer composite containing Sumi-
corundum alumina particles, using the so-called “piranha solution”. This raises the question of a po-
tential effect on alumina properties of the etching procedure; we investigated the matter by means of 
nanoindentation. The reduced modulus of polished Sumicorundum alumina particles embedded in a 
matrix of copper were evaluated before and after exposure of the alumina surface to the etchant for 
durations similar to those used in sample preparation. No significant difference was found in the 
nanoindentation behaviour between particles with or without exposure. Results are given in Supple-
mentary information, Section 5.8.5. Moreover, the alumina particle obtained by cleaving the epoxy 
matrix gave a similar result as particles that were subjected to etching. A similar comparison of alu-
mina nanoindentation properties before and after exposure to the etchant was additionally performed 
using samples of dense alumina (to preclude any effect of the matrix); again results showed no influ-
ence of the etching procedure on the properties of the alumina phase along its surface.  

We do not expect significant plastic deformation to have taken place in our tests, justifying the use 
of elasticity in mechanical analysis of the samples' deformation. This is substantiated by (i) the ab-
sence of any hysteresis in unload-reload loops that were conducted up to roughly 5 GPa of applied 
stress in tested C-shape specimens (a representative load-displacement curve is shown in Figure 5.3d), 
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(ii) the absence within the fractured ligaments of signs of large scale plasticity such as slip bands (iii) 
the absence in the literature of hard evidence for room-temperature plasticity in alumina at or below 
stresses (compressive or tensile) around 10 GPa. In more detail, one study [75] reported plasticity in 
FIB machined alumina micropillars at room temperature to be initiated only at uniaxial compressive 
stresses above 11GPa. In another study [65] no significant dislocation activity was observed in nano-
metric alumina whiskers tested in bending in-situ in the TEM, up to the theoretical strength of sap-
phire, near 40 GPa. 

The sensitivity of the computed stress field on principal test parameters, namely notched specimen 
geometry, possible misalignments and values of elastic constants used in the model, was analysed by 
performing a series of calculations in which each parameter was perturbed by a finite amount, one 
parameter at a time, starting with the reference configuration of measured dimensions of a typical 
representative specimen. Details are presented in the Supplementary section 5.8.4; the conclusion is 
that errors in measurements of dimensions, misalignments and other parameters combined can lead 
strength values reported here to be over- or under- estimated by up to 20% of the reported values. 
Those are therefore magnitudes of the error bars used in Figure 5.9. 

Measured strength values for Sumicorundum alumina particles, between 9 and 16 GPa in pristine 
Category I specimens, are consistent with strength results reported for nearly perfect single crystal α-
alumina whiskers. These values exceed what is reported for (flaw-dominated) nanocrystalline high-
strength alumina fibres [324,335] or for a few hundred nanometre thick alumina platelets used in bio-
inspired composites [301].  

More specifically, reported strengths of high-perfection α-alumina whiskers in air at room tempera-
ture, for whiskers of radius ca. 3 µm prepared using different methods (wet hydrogen process or 
vapour condensation method), typically lie between 7 and 14 GPa [82,83,85]. Similar values, 7–12 
GPa, were reported for α-alumina needles of comparable size [86]. No prominent dependence of the 
alumina microcrystal strength on crystal orientation has been reported in the literature, although in 
one study somewhat higher strength values for A-type (<hk.0>) whiskers were reported compared to 
C-type (<0001>) whiskers [85]. Alumina strengths higher than those reported in this study or for 
microscopic whiskers were achieved only for alumina whiskers a few tens of nanometres in diameter 
[65]. The reported strength of these nanoscale whiskers is on the order of 40 GPa and are consistent 
with the theoretical strength of alumina [24]. The study of Wang et al. [65] also justifies the use of 
the purely elastic analysis as these authors did not detect any significant plastic deformation for alu-
mina whiskers approaching theoretical strength in bending. 

The measured average local strength of the pristine particle specimens and whiskers of comparable 
size, on the order of 10 GPa, translate to a critical defect in the shape of a half penny-shape surface 

crack of radius c = 50–60 nm, if one uses the linear elastic fracture mechanics expression  

with a fracture toughness, , of single-crystal α-alumina in the range 2.5–3 MPa.m1/2 [22] and a 
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geometric factor,  for a half-penny shape surface flaw of negligible size with respect to 
the size of the specimen. Such flaws are at the limit of today’s capabilities of SEM imaging, and we 
were indeed not able to directly identify crack initiating flaws in Category I particles. Only indirect 
fracture surface features (river patterns) that pointed to the (featureless) location of failure initiation 
could be observed. Bayer et al. in [88], based on the observation that whiskers with chemically pol-
ished and unpolished surface behave in qualitatively similar manner when their fracture stress exceeds 
8-10 GPa, suggested that such strong crystals may fail by crack nucleation induced by dislocation 
motion (pile-up or dislocation interaction) regardless of the whisker orientation. This may rationalize 
the fact that no apparent flaws could be observed on the fracture surfaces of Category I specimens in 
the present work. 

Fully FIB-milled specimens with no apparent defects (Category II) exhibited the same fracture stress 
as (pristine surface) particles of Category I. This observation suggests that either (i) FIB-machining 
does not alter the nature of the failure initiation of the present particles or alternatively that (ii) FIB-
machining introduces such surface defects that the strength of the particles is in the end the same as 
that of the pristine (FIB unaffected) surface. The FIB affected layer in alumina irradiated by 30kV 
Ga3+ ions has been studied in HRTEM [315], to find that the main FIB artefact is the Ga-implantation 
of a thin 20 nm layer while the crystalline character of the lattice remains unchanged. The implanta-
tion by Ga3+ leads to high compressive residual stresses within the implanted layer, estimated to be 
on the order of 12-15 GPa [315]. Hence, failure initiation in the fully FIB machined specimens most 
probably takes place in the underlying material unaffected by the focused ion beam, which in turn 
may be under considerable tension up to a certain distance from the FIB affected surface in compres-
sion. The estimated critical defect size, on the order of 50 nm, is in any event larger than the depth of 
the implanted layer. Hence, the observation that similar strength values are found in specimens with 
pristine surfaces or fully FIB-machined specimens, is consistent with a scenario in which fracture 
nucleates at a flaw or substructure-induced stress concentration site situated at some distance below 
the original particle surface. 

One of the observed flaws present in the Sumicorundum alumina particles consisted in microscopic 
pores, a few tens to a few hundred nanometres in diameter. As seen in Figure 5.9, the strength of 
specimens that contained pores was lower than that of pristine surface specimens by a factor around 
2. This is in excellent agreement with the known stress concentration factor of surface or subsurface 
pores in a fully elastic body [388]. Here again the fact that similar strengths were observed for two 
samples with pores present along their FIB-machined ligament back-surface and one specimen with 
a subsurface pore unaffected by FIB (Figure 5.13 in the Supplementary section 5.8.3) suggests that 
FIB damage did not affect measured strength results in the present material. 

Another observed stress concentrator in the present particles is the presence of a jagged surface along 
some facets, the origin of which is likely a series of parallel twins intersecting the particle free surface. 
One such tested C-shaped specimen (IV-1) had a strength approximately two times lower than that 
of Category I specimens. A separate FEM analysis of Specimen IV-1, modelled with a jagged surface 
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and sharp corners of radius 0.2 µm, showed that the local stress concentration at the root of the notch 
formed by twinned surface, can be up to 2.5 compared to a model with a flat ligament surface with 
an average specimen width w. Simple stress concentration factors thus again explain the observed 
failure stress reduction.  

The most deleterious strength-limiting defect in Sumicorundum alumina particles is, by far, the grain 
boundary. All three tested specimens (one in C-shape configuration and two micro-cantilever beams) 
from Category VI, which contained a grain boundary groove along a surface unaffected by focused 
ion beam milling, exhibited strength values well below those reported for Category I particles. The 
weakest specimen also contained a pore along the revealed grain boundary, and exhibited a local 
strength value of approximately 2.3 GPa; this is roughly 5 times lower than the strength of Categories 
I and II specimens. Separate estimations of the stress concentration due to the presence of the grain 
boundary grooves idealized as notches with a measured values for the root radius and depth indicate 
that the corresponding stress concentration factor is roughly 2–3 [389]: hence, the sole presence of 
grain boundary grooves does not explain the observed drop in strength. To present this quantitatively, 
Figure 5.10 shows the stress-concentration-corrected first principal stress at failure for specimens of 
Categories III (pores), IV (jagged surface), and VI (grain boundary grooves). As seen, all samples 
then fall in a band of measured strength values between 8 and 16 GPa, exception made for some of 
the samples that contained a grain boundary, which fall below that band. 

We have therefore performed separate tests on specimens containing individual grain boundaries 
within the C-shape specimen ligament after machining off the grain boundary groove so as to leave 
the ligament back-surface flat, thus eliminating the geometrical cause for stress concentration and 
essentially performing microscopic fracture test of randomly oriented flat alumina bicrystals (sample 
Category V). The strength results exhibit a high variability, showing that the presence of a grain 
boundary does not weaken the particle per se. Rather, in three out of five specimens, the measured 
strength was essentially the same as for pristine Category I single crystal specimens; however, in two 
such specimens the strength fell by a factor of more than five. Figure 10 thus underlines the deleteri-
ous effect of grain boundaries on the intrinsic particle strength. All single-crystalline particles exhibit 
comparable strengths when corrected for the stress concentrating effect of the observed flaws, 
whereas for three out of eight particles containing a grain-boundary the stress-concentration-corrected 
strength is significantly reduced. 

This shows first that grain boundaries are the most potent cause for the reduction in strength of Su-
micorundum particles, of greater potency than geometrical features that also exist along the surface 
of those particles. The results also show that the strength of alumina bicrystals is strongly dependent 
on the crystal orientations; possible underlying reasons for this include effects of (i) elastic anisotropy 
[390,391] and/or (ii) residual stresses due to thermal expansion anisotropy [392]. 
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Figure 5.10 – Strength values for Categories III, IV and VI corrected for the corresponding stress con-
centration factor, namely kt = 2 for spherical pores, kt ≈ 2.5 for a jagged surface calculated from separate 
FEM simulation and approximately kt ≈ 2-3 for realistic geometry of the present grain boundary grooves 
from [389]. Measured values for Categories I, II and V with no visible defects are plotted along as par-
tially transparent symbols.  Note that the correction for the jagged surface sample is the value of maxi-
mum principal stress in the root of the twinned jagged surface notch; however, the exact location of 
failure (at the scale of the strong stress gradient around the notch root) is unknown, thus the value 
presented is an upper bound. In the case of grain boundary grooves, symbols represent correction with 
the average estimated stress concentration of 2.5 and the uncertainty in this factor (which can be be-
tween 2 and 3) translates into bigger error bars. 

Microscopic C-shaped specimen and cantilever beam tests are developed to measure the local me-
chanical strength of hard reinforcing particles of low-aspect ratio. The methods provide strength data 
free of FIB-induced damage, as the particle surface probed in tension may be left pristine. Combining 
bespoke finite element analysis and fractography, the method yields measurements of the local stress 
at the place of the fracture initiation with an estimated relative error of 20 %, mainly due to uncer-
tainties in specimen dimensions and alignment.  

The approach is used to measure the local strength of individual Sumicorundum α-alumina particles 
that were previously shown to perform well as a reinforcement in metal matrix composites. The re-
sults show that alumina particles free of visible defects exhibit very high local strength values, on the 
order of 10 GPa, similar to values measured on high-perfection alumina whiskers of comparable size. 

When such particles contain microstructural flaws, namely micro-pores, surface irregularities, grain 
boundaries or grain boundary grooves, their strength strongly diminishes. The relative drop in 
strength caused by pores and surface irregularities is on the order of their associated stress concen-
tration factor, near 2. The most detrimental observed flaws are associated with grain boundaries; these 
can diminish the local particle strength more than fivefold, down to roughly 2 GPa.  
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Pooling results, the study shows that the pathway to higher strength α-alumina particles is the elimi-
nation of grain boundaries within the particles or alternatively the production of nanocrystalline par-
ticles, in which each grain boundary represents but a small flaw. Should one of these be achieved it 
is possible that remarkably strong and tough metal matrix composites could be produced. 

The sample of polymer with partially embedded particles was prior to FIB milling coated with ther-
mally evaporated carbon using a CressingtonTM Carbon Coater (Watford, England, UK). This pro-
duces a relatively weak (owing to low carbon ion energies associated with thermal evaporation [393–
395]) roughly 40 nm thick carbon layer measured by the high resolution thickness monitor system 
MTM-10 (Cressington TM, Watford, England, UK) supplied with the carbon coater. Although the 
partially embedded particles present a rather complicated topography, their surface is in principle 
coated uniformly because evaporated carbon films are known to produce highly uniform deposits, 
even along surfaces that are hidden from lines of sight emanating from the carbon source [396]. 

FIB machining of partially-embedded and carbon-coated alumina particles was performed in a Zeiss 
NVisionTM 40 (Oberkochen, Germany) dual beam (SEM/FIB) instrument using a 30 kV Ga3+ ion 
beam. Micromachining was done in such a way that one of the flat facets of the polyhedral particle 
to be tested was left intact and served as the back surface of the tested C-shape specimen ligament.  

The FIB machining process, outlined in Figure 5.11, comprised the following steps: 

- First, roughly vertical (relative to the polymer matrix free surface to which the particle is embedded) 
sides of the to-be-formed ligament are machined. This can be done either with the focused ion beam 
arriving roughly perpendicular to the polymer matrix free surface (Figure 5.11(i-b)) or from an op-
posite side of the selected particle facet, at an incident angle of roughly 26° with respect to the poly-
mer matrix free surface (this being the minimum incident angle when a standard flat SEM pin stub 
sample holder is used), Figure 5.11(ii-b). The advantage of machining at a shallow angle from the 
opposite side of the to-be-tested ligament back-surface is that when the particle is FIB imaged (as is 
necessary to perform the milling procedure) one does not expose the carbon-coated ligament surface 
to ions, thus eliminating any exposure to ions of the probed surface. On the other hand, a redeposited 
layer, a few tens of nanometers thick, covering the facet surface is formed in this configuration; pro-
tecting the particle, and separating its free surface from such redeposited material, was another pur-
pose of the carbon coating that was deposited prior to FIB machining. The formation of a redeposition 
layer over the selected facet is avoided when machining with a roughly vertical beam incident angle. 
In this configuration, a small dose of Ga3+ may reach the surface of the selected facet during imaging 
with the focused ion beam; here again the carbon coating protects the facet surface.   
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- Secondly, a wide rectangular notch is FIB-machined with the beam oriented perpendicular to the 
previously machined sides (see Figure 5.11(i-c) and Figure 5.11(ii-c)). To this end, the particle-con-
taining sample is mounted on a 45° pin stub sample holder to allow the incident FIB beam to be 
almost parallel (typically within +3° to +4°) to the polymer matrix free surface. 

- Finally, a roof situated at the top of the particle and eccentrically placed with respect to the machined 
ligament is cut, parallel to the notch. The roofline serves as an unambiguous load-line when testing 
the machined particles using a flat-end diamond tip in an instrumented nanoindenter. FIB currents 
used ranged from 6.5 nA in initial rough-milling steps down to 1.5 nA in the last milling steps. Prior 
to testing, each specimen was examined in the SEM in order to measure its characteristic dimensions. 

 
Figure 5.11 – Two ways to FIB machine a notched specimen from a polyhedral particle (a) partially 
embedded in a matrix to test in C-shape configuration, by bending a ligament of rectangular cross-
section. The particle sides are first machined either (i) with a FIB beam roughly perpendicular to the 
free surface of the matrix (i-b) or (ii) sideways with the FIB beam at a shallow angle (26°) (ii-b). The last 
step of a notched specimen preparation involves machining of the wide rectangular notch and single-
edge roof, again using the FIB beam, oriented at a very shallow angle (2-5°) roughly perpendicular to 
the previously machined sides which is identical for both milling strategies (i-c and ii-c). 

Mechanical testing of individual FIB machined particles was carried out using a TI 950 Tri-
boIndenterTM (Hysitron Corp., Minneapolis, MN, USA) nanoindentation apparatus equipped with (i) 
a low-load transducer fitted with a sharp (≈1 µm of tip radius) conospherical diamond probe suitable 
also for Scanning Probe Microscopy (SPM) and (ii) a 3D OmniProbeTM transducer capable of meas-
uring vertical and lateral force simultaneously with a ≈10 µm tip diameter flat-end diamond probe. 
Prior to testing, the sample containing FIB machined specimens was mounted on top of a single-axis 
goniometric tilt stage fixed on the nanoindenter base stage, which was used to align the FIB machined 
specimen roofline parallel to the 3D OmniProbe flat-end diamond probe. To this end, both the spec-
imen roof and flat-end diamond probe indent left in an aluminium sample were scanned using the 
SPM function of the low-load transducer. The measured misalignment was then corrected using the 
single-axis goniometric tilt stage within ±0.5° precision such that the load can be applied evenly along 
the roofline. Once the specimen was aligned the load was applied via the 3D OmniProbe with a flat-
end diamond tip using a displacement feedback control with constant displacement rate of 100 nm/s. 
A few load-unload cycles of amplitude up to 400 nm are first applied before the displacement is 
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ramped up until fracture; this was done in order to verify the good alignment of the specimen and 
smoothness of the roof sliding along the diamond probe flat-end, features that are betrayed by a con-
sistent friction coefficient (defined here as the lateral to vertical force ratio). After the test, the sample 
was removed from the nanoindenter and carefully observed in the SEM (Zeiss Merlin, Oberkochen, 
Germany), notably in order to conduct fractographic analyses of particle remnants. All C-shape tests 
were done at room temperature and relative humidity ≈ 50 %. 

Sample preparation was, up to FIB machining, identical to that followed to prepare samples for testing 
in the C-shape test method: the selected particle’s sides were first machined with the FIB incident 
angle roughly perpendicular to the surface of the particle that will form the beam upper surface. Sub-
sequently, the cantilever bottom surface was formed by FIB milling with the beam at a very shallow 
angle, parallel to the top surface defined by the two facets meeting at the grain boundary (see Fig-
ure 5.2a-b). The top surface of the cantilever beam, subject to tension during the test, was left unaf-
fected by FIB milling. The machined cantilever beams are mechanically tested in-situ in a Zeiss 
MerlinTM (Oberkochen, Germany) scanning electron microscope (SEM) using a FemtoTools FT-
NMT03 Nanomechanical Testing System (Buchs-ZH, Switzerland) equipped with a sharp tungsten 
needle mounted on the 100 mN range load cell. This nanomechanical testing apparatus is equipped 
with a rotational and tilting stage, which was used to align the cantilever upper surface such that it is 
oriented perpendicular to the tungsten needle axis. Cantilevers were loaded with the tip of the needle 
close to the cantilever far end, using a constant displacement rate of 10 nm/s, up to failure of the 
beam. During the test, a video using the incorporated option of Zeiss SmartSEM operating software, 
was recorded, showing the deformation and moment of fracture of the beam. 

To test alumina particles using C-shaped particle and micro-cantilever methods one need to obtain 
particles that are partially embedded in a matrix, which holds particles in place during testing. To this 
end, a small number of Sumicorundum® alumina particles was dispersed in an epoxy resin made by 
mixing Bisphenol A diglycil ether (DGEBA, Sigma Aldrich) with Diethylenetriamin 99% (DETA 
Sigma Aldrich, 99%). This produces a polymer matrix composite reinforced with a few percent by 
volume of the alumina particles. More specifically, DGEBA and DETA were mixed stoichiometri-
cally, assuming that each hydrogen of the amine group reacts with a single epoxy group, in a ratio of 
12 wt% on the basis of their epoxide and amine equivalent weight. Al2O3 was then added, such that 
the volume fraction of particles in the composite was kept below 10%, and then mixed manually. 
Subsequently, the composite mixture was degassed, poured into a silicon mould coated with a release-
agent, and let to cure at 50 °C for 12h. A partial sedimentation of particles at the bottom of the mixture 
during curing was observed – this was taken into account in defining the right amount of powder to 
be added. 
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In order to obtain particles that are partially embedded in the matrix and protrude after etching by 
several micrometres out of the matrix, two approaches were adopted: (i) deep etching of the matrix 
or (ii) cracking the composite matrix. In the former case, the epoxy matrix was deeply etched using 
a mixture of sulphuric acid (H2SO4 98%, Merck) and hydrogen peroxide (H2O2, 30%) in a ratio of 
7:1 respectively, informally known as the “piranha solution” and commonly used to clean organic 
residues [397,398]. The etching was performed typically for roughly 5 minutes. Breaking with a sin-
gle, clean crack the brittle polymer matrix composite is an alternative way to obtain particles partially 
embedded in the polymer matrix when the particle strength is superior to that of the particle-matrix 
interface. 

Table 5.1 presents dimensions and experimental data of all tested C-shaped particle specimens. These 
are separated into six categories according to the nature of flaws observed along their tested liga-
ments, namely: (i) pristine ligament of a particle with no visible defects, with its back-surface unaf-
fected by FIB milling, (ii) particle with no visible defects but with its ligament back-surface FIB-
machined, (iii) particle ligament containing a micropore, (iv) particle with a twinned jagged ligament 
back-surface, with its back-surface unaffected by FIB milling, (v) particle containing a grain bound-
ary along the ligament with all four sides FIB machined, and (vi) particle containing a grain boundary 
and associated grain boundary groove unaffected by FIB machining. In Table 5.2 one finds details of 
two tested cantilever beam specimens, both of which contained a grain boundary with its associated 
grain boundary groove (unaffected by FIB) along the tested cantilever beam. Since a particle contain-
ing a grain boundary was also tested in the C-shaped configuration (see last line of Table 5.1), the 
group of grain boundary containing specimens, comprising three specimens, is Category VI.  

One can readily see that (i) strength results from Category VI are considerably lower than from other 
categories (particularly Categories I and II for particles with no visible defect), and (ii) Category V 
results (boundaries with ligament back-surface FIB machined flat) have rather widely scattered 
strength values, underlining the likely effect of grain boundary orientation and/or residual stresses on 
the strength of such bicrystals. For further details see Discussion in the main text. 
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Table 5.1 – Dimensions and experimental data of tested C-shaped particle specimens. 
Sample 

label 
w 

[µm] 
e 

[µm] 
l  

[µm] 
L 

[µm] 
α 

[deg] 
H 

[µm] h [µm] t  
[µm] 

b 
[µm] 

β 
[deg] 

γ 
[deg] 

 
[µN] 

 
[µN]   

[GPa] 
 I-1a,d 1.81 4.80 9.33 12.3 69 10.8 7.97 3.09 5.94 91 4 5100 600 0.12 10.8 
I-2d 2.65 3.25 7.96 16.8 72 13.1 9.96 5.49 5.16 93 0 12700 1500 0.12 8.8c 
I-3 2.69 2.57 10.1 20.8 86 13.4 8.92 4.43 5.28 93 0 17250 2400 0.14 15.7c 
I-4 2.55 5.18 11.8 17.7 73 16.9 12.9 5.55 5.49 90 -3 7500 700 0.09 10.0 
I-5d 2.49 7.04 12.9 22.5 93 22.9 14.0 6.30 6.90 91 10b 12000 2000 0.17 11.9c 
II-1 2.35 5.89 13.5 17.1 84 14.9 10.2 4.61 6.21 91 4 10400 1200 0.12 11.1 
II-2 2.47 2.40 12.5 22.5 59 18.6 12.2 5.52 6.06 91 -3 10950 1200 0.11 11.2 
III-1 3.00 6.25 10.6 18.5 79 18.8 11.4 6.24 4.69 91 1 7900 500 0.06 7.0 
III-2 2.68 6.34 13.2 17.3 83 16.0 11.4 6.36 5.90 91 -1 11350 1500 0.13 6.9 
III-3 2.90 5.04 11.6 16.3 70 21.5 12.2 6.20 5.72 90 0 8250 1100 0.13 6.7 
IV-1d 2.74 4.78 9.02 18.3 77 14.6 10.6 6.54 3.53 93 2 5850 700 0.12 6.9 
V-1 2.01 4.39 13.6 21.2 73 19.9 14.6 5.63 6.01 90 2 2700 350 0.13 3.6 
V-2 2.54 6.48 14.2 19.4 77 20.3 12.9 5.89 8.17 90 -2 13000 1900 0.15 11.8 
V-3 2.40 4.29 13.6 13.9 73 19.7 12.2 5.85 6.83 90 -2 2600 450 0.17 1.5 
V-4 2.82 5.56 12.1 20.7 73 17.3 11.8 6.45 6.88 90 -1 16300 2400 0.15 11.3 
V-5 2.70 5.09 13.9 19.0 73 17.5 12.6 6.02 7.10 90 0 16000 2500 0.16 12.4 
VI-1 2.51 2.80 7.54 15.5 55 16.6 12.9 7.57 4.76 93 -1 3500 400 0.11 5.4 

Note: the Roman numeral in the specimen label designate the specimen category according to the flaw probed followed by 
a serial number.  represents the first principal stress determined from FE simulation in the site of observed fracture. 
a the particle was obtained by polymer composite cleaving.  
b the sample was deliberately tilted in the nanoindenter instrument. 
c the peak first principal stress in the ligament was evaluated as failure stress as the site of failure initiation was unknown. 
d a few tens of nanometers thick redeposition layer was present at the back-surface of the ligament. 

 

Table 5.2 – Dimensions and experimental data of tested micro-cantilever specimens. 
Sample  

label 
G 

[µm] 
d 

[µm] 
g 

[µm] 
 δ 

[deg] 
θ 

[deg] 
ϕ 

[deg] 
u 

[µm] 
Fmax 
[µN] 

 
[GPa] 

VI-2 7.69 2.10 6.36 192 85 98 2.31 1800 5.0 
VI-3 10.4 1.87 7.55 170 103 85 2.79 1170 2.3 

Note: the Roman numeral in the specimen label designates the specimen category according to 
the flaw probed followed by a serial number.  represents the first principal stress determined 
from FE simulation in the site of observed fracture. 

Figure 5.12a-b shows one of the three C-shaped specimens for which the fracture surface observed 
after test appeared to be somewhat below the original ligament surface. Two observations indicate 
that the observed fracture surface is not where failure initiated: (i) no apparent flaw was observed 
with a size on the order of 200 nm, corresponding to a stress value on the order of 5 GPa calculated 
for the observed position of the fracture surface and (ii) Figure 5.12c-d of particle from Category II 
shows that a microcrack originated in the bottom corner of the ligament and grew for a few hundreds 
of nanometres towards the other end, along a direction such that it would end below the actual liga-
ment had its growth continued across the specimen, something that likely occurred in the three spec-
imens showing a final fracture surface of trajectory similar to that of these secondary microcracks. 



The local strength of individual alumina particles 

 

178 

 
Figure 5.12 – Panels (a) and (b) represent a particle from Category I (I-5) for which the observed frac-
ture surface appears somewhat below the original ligament in the region that experienced significantly 
lower tensile stress than along the ligament surface. Panels (c) and (d) show a particle from Category II 
(II-2) that also broke for relatively high stress along the ligament surface and exhibit secondary mi-
crocrack (arrows) propagating from the bottom corner of the ligament towards the opposite end below 
the ligament. 

Figure 5.13 shows a particle of Category III that displayed an elliptical pore fully contained within 
the ligament. This particle was also FIB machined along the back-surface of the ligament. It was 
initially indented to be a Category II particle; however, post-testing fractography showed that the 
ligament contained a pore ≈ 300 nm in diameter located below its FIB machined back-surface. Radial 
ridges emerging from the pore indicate that failure initiated from its surface, which was obviously 
unaffected by FIB machining. The value of (tensile) first principal stress from FE simulation at the 
place of the observed failure initiation from the pore surface was therefore considered as this particle's 
failure stress. 

 
Figure 5.13 – (a) Specimen of Category III (III-2) with an elliptical pore within the ligament, which was 
revealed only after the test by observing the (b) lower and (c) upper part of the fracture surface. Alt-
hough all four sides of the ligament were FIB milled, failure initiated from the pore below the ligament 
surface, and hence from material unaffected by FIB machining. 
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To investigate the sensitivity of the computed stress field on geometrical parameters of the notched 
specimen, on possible misalignments and on values of elastic constants used in the model, we per-
formed a set of calculations in which each of these parameters was perturbed by a finite amount, one 
parameter at a time, starting with the reference configuration of measured dimensions of the specimen 
in Figure 5.7a in the main text. The values by which the model was perturbed represent upper bounds 
of reasonable experimental imprecision, namely for C-shaped specimens (i) the ligament width w by 
±5%, (ii) the specimen thickness b by ±5%, (iii) the ligament length t/sin(α) by ±5%, (iv) the position 
of the roof edge and the load application e by ±5%, (v) the magnitude of the lateral force by ±10%, 
(vi) the distance between the roof edge (load application) and bottom of the notch h by ±5%, (vii) the 
height of the bottom part (support) of the specimen H-h by +100%, (viii) rotation of the specimen 
around the y-axis by ±2°, (ix) maximum (460 GPa) and minimum (336 GPa) elastic modulus for 
single crystal alumina and (x) the particle Poisson’s ratio was increased to 0.3.  

Results show that the greatest difference in the maximum first principal stress results from perturba-
tions (i), (ii) and (viii). For a ±5% difference in specimen width w and thickness b the calculated 
maximum first principal stress at the moment of failure varies by ±15% and ±9%, respectively. For 
rotation of the specimen around the y-axis (viii) by ±2°  the maximum principal stress changes by 
6%. For variations in the elastic modulus (ix), when the minimum value for single crystal alumina is 
used in the model the maximum principal stress varies by 5%. In all other cases the maximum first 
principal stress was found to vary by less than 5%.  

The sensitivity of results to the geometry parameter β (see Figure 5.1c) was also investigated using a 
three-dimensional FEM model, because it introduces an out-of-plane bending of the ligament during 
the test. The analysis showed that in the most extreme case of a departure of the angle β from an ideal 
right-angle (93°), the difference between the maximum principal stress along the surface in the mid-
plane of the ligament and one of the sides is at most 5%.  

Summarizing the results of the sensitivity analysis, we conclude that errors in measurements of di-
mensions lead to a maximum ±15% uncertainty while misalignments can lead to at most ±6% error 
in the computed particle strength. Pooling results of these calculations, we estimate that strength val-
ues reported here could be over- or under- estimated by up to 20% of the reported values. Those are 
hence magnitudes of the error bars used in Figure 5.9. 

FEM simulation of cantilever beam tests showed a similar sensitivity to imprecision in measured 
dimensions (maximum first principal stress varies up to 15%) hence we consider the reported strength 
values for the two tested cantilever beam specimens to be over- or under- estimated by up to 20% as 
well. 

All but one of the tested specimens were prepared by deep etching a polymer composite containing 
Sumicorundum alumina particles, using the so-called “piranha solution”. This raises the question of 
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a potential effect on alumina properties of the etching procedure; we investigated the matter by means 
of nanoindentation. The reduced modulus of similar Sumicorundum alumina particles, along a pol-
ished surface of such particles embedded in a matrix of copper (for ease of polishing and testing) 
were evaluated before and after exposure of the alumina surface to the etchant for durations similar 
to those used in sample preparation (5 minutes).  

Nano-indentation tests were carried out on several alumina particles by using a Berkovich tip at loads 
up to 5 mN. At least 15 indentation curves were acquired on different particles before and after chem-
ical exposure. Representative nanoindentation response curves at 5 mN of load are reported in Fig-
ure 5.14. Table 5.3 summarizes the average values of reduced modulus of alumina particles before 
and after the etching procedure. 

 
Figure 5.14 – Representative nanoindentation curves of alumina particles before (black lines) and after 
(red lines) the etching exposure 

No significant difference was found in the nanoindentation behaviour between particles with or with-
out etching exposure. Leaving aside pop-ins, which occurred for both conditions and spread stochas-
tically the curves into two series, reduced modulus value, at 400 GPa before chemical etching, show 
no significant difference (within standard deviation) after 5 minutes of exposure to the etchant. More-
over, in a similar (C-shape specimen) mechanical test of an alumina particle seated in epoxy that was 
produced, not by etching but by cleaving the epoxy matrix, gave a similar result as was obtained with 
similar particles that had been exposed by etching the matrix with the solution. A similar comparison 
of alumina nanoindentation properties before and after exposure to the etchant was additionally per-
formed using samples of dense alumina (to preclude any effect of the matrix); again results showed 
no influence of the etching procedure on the properties of the alumina phase along its surface. There-
fore, we exclude an influence of the sample preparation method on strength results. 

Table 5.3 – Average and standard deviation values of reduced modulus of Sumicorundum alumina 
particles before and after etching exposure. 

 Before etching exposure After etching exposure 
Reduced modulus (GPa) 400±8 393±6 
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 This investigation has placed focus along two principal lines: (i) to develop suitable methods 
of probing the tensile strength of individual microscopic, low-aspect-ratio, hard and brittle particles 
directly, avoiding problems related to FIB milling damage that are often encountered when measuring 
strength at the microscopic scale, and (ii) to implement newly developed methods towards testing the 
strength of individual alumina-based ceramic microparticles that have the potential to be used as a 
reinforcement in metal matrix composites. The results achieved in this thesis can be summarized in 
the following lines: 

 Development of strength testing methods 

• Building on an earlier contribution by Shipway and Hutchings [9,10] we developed a method 
by which one can measure unambiguously the strength dictated by the presence of flaws along 
or just below the surface of spherical (or nearly-spherical) hard and brittle particles by com-
pressing them uniaxially between a pair of elasto-plastic platens of tailored hardness; this is 
called here the Meridian Crack Test (Chapter 2). 

• Data obtained from the Meridian Crack Test have the peculiar feature that there is a window 
of surface stress values within which one knows the cause of failure; this results in a left-
truncated and right-censored dataset of range dictated by the platen material. Statistical meth-
ods of Survival analysis can be transposed to evaluate such datasets, giving access to meas-
urements of the statistical strength of particles as dictated by their surface or near-surface 
flaws. By tailoring the hardness of the platens that compress the particle one can probe differ-
ent particle surface strength values. Steel was found to be a suitable platen material for the 
tested particles, as its hardness can be varied in a wide range giving access to particle surface 
strengths from roughly 500 MPa to 2000 MPa. 

• To perform the Meridian Crack Test we built in our laboratory a crushing apparatus (dubbed 
The Nutcracker), which is designed as a stiff machine in order to avoid the particle being 
crushed into rubble upon failure by the sudden release of elastic energy stored in the load-
train. The Meridian Crack Test was successfully benchmarked on microscopic fused quartz 
particles, showing that the method gives access to the particle surface strength. Fractography 
can furthermore be performed if the particles can be held in place upon failure and do not 
shatter into many pieces, giving access to the critical defects causing failure. To hold particle 
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in place upon failure, the application of a soft layer of colloidal graphite on the surface of the 
lower platen into which the tested particles partially embed during the test was found suitable. 

• By combining Focused Ion Beam (FIB) machining with the use of a nanoindentation appa-
ratus coupled with Finite Element (FE) simulations we developed a method by which one can 
probe the local strength of hard and brittle second phases in alloys and composites; we call 
this the C-shape test (Chapter 4). The method starts by FIB machining a deep and wide rec-
tangular notch along with a single-edge roof at the top of a particle (or in any convex object 
for that matter) that is partially embedded in a matrix that can hold it in place. The notched 
particle is then compressed until it fails, using a nanoindentation apparatus equipped with a 
flat diamond punch, which is during the test in contact with the C-shaped sample rooftop, thus 
unambiguously defining the position of the load-line. 

• We demonstrated the method on micrometric portions of a nanocrystalline alumina fibre de-
signed to reinforce aluminium. FE analysis of the C-shape test confirms that a region of high 
tensile stress emerges just opposite the root of the notch; importantly, this region is not af-
fected by FIB milling. We also observed that friction effects at the interface between the roof 
and the flat punch contact are important in the test but can be accounted for either by FE 
simulations or simply by measuring the lateral force using a suitable nanoindenter transducer. 

• The C-shape test method is shown to be a particularly powerful method to identify the 
strength-limiting defects as sample fracture takes place at relatively low loads, which prevents 
extensive sample shattering and renders fractography possible for almost all tested specimens. 
The technique is also useful if one wishes to probe particle portions of particular interest, such 
as evident defects along the free surface. When FIB damage can be neglected (as for example 
gross defects, e.g. micropores, that are several times larger than the FIB damaged layer), even 
volumetric defects discovered during FIB milling can be probed. 

• Building on the microscopic C-shape test method we adopted a cantilever test method to probe 
the strength of particle portions and/or features that are aligned roughly horizontal in respect 
with the matrix free surface in which particles are embedded. Here again the surface that is 
under high tensile stress when the cantilever is bent is left unaffected by the FIB. 

 The reinforcement strength 

• The strength of plasma sprayed alumina-zirconia-silica (Eucor) particles was found to depend 
on their microstructure. Nanocrystalline particles produced from amorphous powder by an-
nealing at 1300°C contain nanometric mullite and zirconia grains and are roughly 30% 
stronger than amorphous Eucor particles. This is attributed to an increase of the particle ma-
terial fracture toughness when it becomes nanocrystalline (compared to the amorphous state). 
Nanocrystalline particles were found to exhibit characteristic Weibull strength values near 1.5 
GPa and Weibull modulus near 7 and are thus only around 30% less strong than chemically 
and microstructurally similar alumina-mullite Nextel 720TM fibres produced by 3M.  
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• The main strength-limiting defects in plasma sprayed Eucor particles are micropores, likely 
developed during the formation of particles by trapping gas bubbles while the particles are 
molten in the plasma jet. The presence of pores is more detrimental in the case of nanocrys-
talline powder than in amorphous powder as a pore in a polycrystalline material acts more 
closely to a sharp flaw. 

• The local strength of NextelTM 610 fibres produced by 3M evaluated using Weibull distribu-
tion can be described with the Weibull modulus m = 7.2 and a characteristic strength of 
~5.3 GPa associated to an effective material volume of ~ μm3. These values are realistic in 
view of the measured flaw size and fracture toughness values; yet they differ significantly 
from values found after testing macroscopic fibre lengths, indicating that the microscopic and 
macroscopic strength distributions of this material are governed by different flaw populations. 
This implies that, in micromechanical analysis of multiphase materials, highly localized 
events such as the propagation of internal damage require input data that are measured at the 
same, local, micro- scale as the event. 

• Vapor-grown Sumicorundum® alumina particles that were in the past successfully used as a 
reinforcement in aluminium and copper alloys are shown to achieve strengths approaching 
those of high-perfection defect-free alumina whiskers near 10 GPa when the particles are free 
of identified strength-limiting defects. Identified defects include surface irregularities, mi-
cropores, and grain boundaries with associated grain boundary grooves. Grain boundaries are 
found to be the most detrimental flaws, as these can decrease the particle strength more than 
five-fold, down to approximately 2 GPa. Surface irregularities and micropores are found to 
decrease strength in proportion with their associated stress concentration factor, of about two. 

• It is found that FIB machining the surface of particles has no effect on the measured strength 
of the strongest Sumicorundum® particles: such surfaces also achieve strengths near or above 
10 GPa. Possible explanations are (i) that in such strong particles dislocation motion (includ-
ing pile-up formation or dislocation interaction), which can cause crack nucleation, might take 
place below the FIB damage layer, which is reported in the literature to be ≈20 nm thick, or 
(ii) that since critical defects that cause alumina to fail near 10 GPa are near 50 nm in size, 
they are at least twice the size of the FIB affected surface layer. 

In summary, the thesis provides methods by which one can probe the strength of brittle composite 
reinforcements at microscopic scales; these methods can be transposed also to other microscopic brit-
tle objects. The Meridian Crack Test method can be adopted in many different fields and across dif-
ferent length-scales given the widespread use of the conventional uniaxial compression test on parti-
cles over the last decades. This thesis also defines pathways towards the production of strong particles 
for use as reinforcement in metal matrix composites. Alumina particles must be single-crystalline or 
alternatively nanocrystalline in order to fully develop their potential as a strong reinforcing phase in 
composite materials. In this regard thermal spraying coupled with controlled annealing appears to 
have potential provided that the development of micropores is avoided while the particles are molten. 
Should strong, defect-free, single- or nano-crystalline alumina particles be achieved it is possible that 
remarkably strong and tough isotropic metal matrix composites can be produced. 
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Probing the strength of vapor-grown Sumicorundum alumina particles, we have identified grain-
boundaries as being the main strength-limiting defect. A possible next step would be to look in more 
detail into whether there are methods to avoid in particles specifically the presence of weak grain 
boundaries, given that data show that at least some particles containing grain-boundaries retain high 
strength comparable to that of defect-free single crystal particles.  

The ternary system studied in this thesis, alumina-zirconia-silica was tested only in one crystalline 
form with a justification that in the fully (nano-) crystalline state the material is expected to have 
superior fracture toughness. However, we don’t know much about micromechanical properties of 
other intermediate states of this ternary system, which was reported as a composite of nanograins 
embedded in an amorphous matrix [345]. Additionally, such amorphous matrix nanocomposites may 
have higher tolerance to micropore defects than the fully-crystalline material. 

Thermal spraying techniques have a relatively large and untapped potential in producing strong mi-
croscopic particles given that particles prepared with this technique have been seldom tested for 
strength (there was to the author's knowledge only one study of the strength of plasma-sprayed parti-
cles conducted prior to this thesis, by Rosenflanz et al. [236]). Given the relatively large configuration 
space of possible chemical compositions and microstructures that can be produced by thermal spray-
ing coupled with post-spraying thermal treatment to produce amorphous and/or nanocrystalline par-
ticles, a potentially strong reinforcement particles’ material structure-property relationship can be 
first studied in a pressed consolidated state or in a form of thermal sprayed coating as coatings are 
easier to prepare and handle. For instance, a relatively large compositional and microstructural con-
figuration space can be relatively rapidly sampled by testing individual splats of thermal spray coat-
ings using techniques of nanoindentation to probe their elastic modulus, hardness and possibly also 
indentation fracture toughness. With the investment of more time and resources, FIB machining, mi-
crocantilever bend strength, and chevron-notch fracture toughness testing can be performed. 

Further development of the Meridian Crack Test towards testing particles with lower sphericity and 
eventually particles that are more or less of irregular shape would be an obvious pathway for further 
work. Analytical and/or numerical simulations may be used to investigate how the shape of the par-
ticle affects the stress state along the particle surface. Static compression of ceramic particles, that is, 
compressing particle until high tensile stress region is developed along its surface followed by holding 
until particle fractures can be in principle used to asses slow-crack growth parameters of particle 
material. Due to the non-uniform stress state around the equatorial belt such a test may be, however, 
difficult to interpret. Being able to compress particles in an inert environment e.g. in oil would be an 
essential improvement of the test. Another interesting exercise would be to couple the Meridian Crack 
Test of a transparent brittle material with high-speed camera recording to observe in situ initiation 
and propagation of meridian cracks. Compressing a photoelastic material may be even more interest-
ing. 
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The C-shape sample or cantilever beam tests can be readily used to probe the strength along relatively 
flat portions of irregularly shaped particles. One C-shaped sample test was preliminary performed on 
one of the conventional comminuted white fused alumina particle; it is shown in Figure 6.1. The 
strength of the tested particle region was found to approach the strength of defect-free vapour-grown 
Sumicorundum particles, with a measured strength value near 11 GPa. The fracture was found to be 
associated with minute surface cracks a few tens of nanometre deep running along the C-shape par-
ticle ligament and aligned roughly parallel to the tensile stress. This test shows that comminuted 
particles too can be locally very strong. Should there be a way to heal deep cracks that comminuted 
particles often contain, these particles might perhaps also be highly performant in reinforcing metals.  

 
Figure 6.1 – (a1-a3) A C-shaped sample test conducted on one comminuted “F-series” white fused alu-
mina particle with the ligament machined along a particle flat facet. The strength evaluated using finite 
element analysis according to Chapter 5 was found to be (11 ± 2) GPa. Fracture apparently initiated 
close to the location of peak maximum principal stress, situated roughly in the centre of the ligament 
width; the fracture surface presents very clear mirror-mist-hackle features indicating the failure origin, 
which was associated with one of the shallow surface cracks (white arrow) running along the ligament 
surface parallel to the tensile stress. Panels (b-d) show deep cracks (white arrows) that are readily ob-
served in other comminuted alumina particles of this type.  

An interesting question that has been answered only in speculative terms is why alumina particles 
with strengths on the order of 10 GPa appeared not to be affected by FIB machining. Here, a detailed 
TEM investigation of regions close to the failure initiation may provide more insight on what causes 
failure of such apparently defect-free strong alumina crystals and whether or not FIB damage plays a 
role in failure initiation. If the FIB damage is clearly shown to not play an important role in the 
damage initiation in alumina, it may open doors to more efficient micromechanical probing of the 
strength of alumina reinforcements. 

The advent of three-dimensional X-ray diffraction microscopy (available for instance at ESRF in 
Grenoble, France) represents a powerful tool to probe the local stress in individual grains and thus 
also in reinforcing particles at the scale of few micrometers [399,400]. Although this resolution is 
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lower than that of investigations conducted in this thesis and cannot be simply used to identify the 
critical defects smaller than few micrometers in size, the technique can be potentially used to rela-
tively rapidly probe failure stress values across a statistically significant number of reinforcing parti-
cles in situ in the metal matrix composite under macroscopic loading conditions. Therefore, X-ray 
diffraction techniques and micromechanical testing can be viewed rather as complementary. 

Finally, with quantitative knowledge of particle strength distributions one can compare data with 
back-calculated distributions from tensile testing of macroscopic composite samples containing the 
reinforcing particles in question. This may provide more insight on the validity of assumptions used 
in these models and might potentially lead to a significant improvement of the reliability of particle 
strength distributions obtained with such models. 
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