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Abstract
The field of Unmanned Aerial Vehicles (UAVs), also known as drones, is rapidly growing,

both in terms of size and of number of applications. Civil applications range from mapping,

inspection, search and rescue, taking aerial footage, to art show, entertainment and more.

Currently, most applications have a human pilot supervising or controlling the vehicles, but

UAVs are expected to gain more autonomy with time.

To fly in general airspace, used by both general and commercial aviation, a high level of

autonomy is required from UAVs. A core functionality required to fly in general airspace is the

UAVs’ ability to detect and avoid collisions with other aircraft or objects. This functionality is

handled by a so called Sense And Avoid (SAA) system. From among several sensors investigated

to be used for a SAA system, a vision-based sensor is seen as a good candidate for a SAA system

due to its ability to detect and identify a large variety of objects, as well as being close to the

human’s main mean to detect aircraft and other objects. To be as general as possible, this work

focuses on non-cooperative algorithms that do not take assumptions on the motion of other

aircraft.

This thesis presents algorithms for a vision-based SAA system. It focuses on the relationship

between sensing and avoidance, and how the limitations of one constrain the second. In

particular, this thesis studies the consequences of the limited Field Of View (FOV) of a camera

sensor on the collision avoidance algorithms.

Given the assumptions above, the sensing and tracking of other UAVs is performed using cam-

eras with fish-eye lenses that have a large enough FOV for the collision avoidance algorithms

to guarantee to be collision-free. The detection of other UAVs is performed using two methods:

a marker-based or a marker-less computer vision algorithms. Using the measurements from

the computer vision algorithm, the positions and velocities of neighboring UAVs are tracked

using a Gaussian mixture probability hypothesis density filter. This tracking algorithm is able

to track multiple UAVs while requiring little computational resources, therefore representing a

suitable candidate for on-board deployment.

In this work, it is mathematically proven that the motion of an UAV has to be constrained

according to the FOV of its sensor. Following that result, several collision avoidance algorithms

are adapted to ensure collision-free navigation when used with a sensor with a limited FOV.

Sensory limitations such as noise, lag, limited range and FOV, and their effects on the perfor-

mance of collision avoidance algorithms are studied. Experimental work using high-fidelity

simulation and real robots shows that algorithms that only use position information from

the sensors are overall more reliable, although less efficient (in terms of distance traveled
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or trajectory smoothness) than algorithms that also use velocity estimates from the sensing

system.

Key words: sense and avoid, sensing, collision avoidance, field of view
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Résumé
Le domaine des Véhicules Volants Autonomes (VVA, UAV en anglais), aussi connu sous le nom

de drones, est en expansion rapide, à la fois en termes de taille et du nombre d’applications.

Les applications civiles vont de la cartographie, de l’inspection, du secours, des prises de vues

aériennes, aux spectacles ou aux loisirs. Actuellement, la plupart des applications reposent

un humain qui supervise ou contrôle le véhicule, mais il est attendu que les VVAs deviennent

plus autonomes au cours du temps.

Pour voler dans l’espace aérien général, utilisé à la fois par l’aviation civile et de tourisme,

un haut niveau d’autonomie des VAAS est nécessaire. Une fonctionnalité centrale nécessaire

pour voler dans l’espace aérien général est la capacité des VAAs de détecter et d’éviter les

collisions avec d’autre véhicules volants ou objets. Cette fonctionnalité serait réalisée par

un système de perception et évitement (SAA en anglais). Plusieurs capteurs sont étudiés

pour être utilisés dans un système SAA. Un capteur basé sur la vision est vu comme un bon

candidat non seulement à cause de sa capacité de détecter et identifier une large variété

d’objets, mais aussi car elle est proche du moyen utilisé par les humains pour détecter des

avions ou objets volants. Pour rester aussi général que possible, ce travail se concentre sur

des algorithmes non-coopératifs qui n’ont pas assomptions à propos du mouvement d’autres

véhicules volants.

Cette thèse présente des algorithmes pour un système SAA basé sur la vision. Elle est centrée

sur le lien entre la perception et l’évitement, et comment les limitations de l’un contraignent

l’autre. En particulier, cette thèse étudie les conséquences du champ de vision (FOV en anglais)

limité d’une caméra sur l’algorithme d’évitement de collision.

Dans ce travail, la perception et le pistage d’autres VVA sont réalisés en utilisant des caméras

avec des objectifs de type fisheye qui ont un FOV assez grand pour que l’algorithme d’évite-

ment de collision puisse garantir l’absence de sans collision : La détection d’autres VAAs est

réalisée avec deux méthodes : une est basée sur l’utilisation de marqueurs, l’autre est sans

marqueurs. En utilisant les mesures de l’algorithme de vision par ordinateur, la position et

la vitesse de VAAs voisins sont estimées en utilisant un filtre “Gaussian mixture probability

hypothesis density”. Cet algorithme de pistage est capable de suivre de multiple VAAs tout en

nécessitant peu de puissance de calcul, donc représentant un bon candidat pour être utilisé à

bord d’un robot.

Dans ce travail, il est prouvé mathématiquement que le mouvement d’un VAA doit être

contraint selon the FOV du capteur. Suivant ce résultat, plusieurs algorithmes d’évitement

de collision ont été adaptés pour assurer une navigation sans collision quand ils sont utilisés
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avec un capteur avec un FOV limité.

Les limitations sensorielles tels que le bruit, le décalage, la portée et le FOV limités, et leurs

effets sur la performance d’algorithmes d’évitement de collision sont étudiées. Un travail

expérimental en utilisant un simulateur de haute fidélité et avec de vrais robots montre que les

algorithmes qui n’utilisent que la position obtenue d’un capteur sont en général plus fiables

bien que moins moins efficient (en distance parcourue ou en douceur de trajectoire) que des

algorithmes qui utilisent aussi l’estimation de vitesse du système de perception.

Mots clefs : capter et éviter, perception, évitement de collision, champ de vision
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1 Introduction

U NMANNED Aerial Vehicles (UAVs) have seen an increased interest over the past

years, both in academic and industrial fields. UAVs are now used in many

applications such as mapping [1], inspection [2], [3], search and rescue [4], [5],

environmental monitoring [6], [7], surveillance [8], art shows [9], entertainment

[10], and more. Additionally, more applications are expected to appear, such as delivery of

goods [11] and medical supply [12], or agriculture [13]. As a result, the UAVs are getting more

and more sophisticated, in particular regarding their autonomy. UAVs started as being purely

remote controlled, with a human always in the loop controlling the thrust or pitch directly.

Nowadays, most UAVs (including those for entertainment) are not only able to fly steadily,

but also, for example, to navigate between waypoints with failure detection and automatic

fallback procedures; the human supervises the UAV more than controlling it. However, in

most cases the UAV strictly follows a predefined plan or takes direct command from a human.

But not all plans go as expected, and sometimes it is too late to recover from a failure. This is

the case with aircraft colliding. A fully autonomous UAV is thus not possible without a fully

autonomous Sense and Avoid (SAA) system.

1.1 Unmanned Aerial Vehicle and Robots

An UAV (also known as drone) is an aircraft which flies without a human pilot. The UAVs

can be of various types, including the popular fixed-wing and quadrotor types. Their weights

varies from a few grams in the case of toys, to several tons in the case of military applications,

with most civil applications using a UAV with a weight around a kilogram.

The fixed-wing aircraft is the traditional type of UAV used in civil and military applications.

In particular, these vehicles are used in applications where flight time is more valuable than

maneuverability or hovering, such as mapping or environmental monitoring. Even if the size

of fixed-wing UAVs ranges greatly (the wingspan ranging from less than a meter to several tens

of meters), the fixed wing shape is usually composed of a central core with a wing on each side

and a rotor at the rear (although other types of propulsion are possible). A fixed-wing UAV is

3



Chapter 1. Introduction

a) b)

Figure 1.1 – Examples of UAVs. Left: The Ebee, a fixed wing type UAV from senseFly. Right: The
FOX-C8, a coaxial quadrotor UAV from Onyxstar1.

shown in Figure 1.1a.

Recently, quadrotors (or quadcopter) and other variants got popular as a cheap, easy to control

and able of hovering aircraft, and now represent the main type of UAV available. Quadrotors are

used in applications where high maneuverability, hovering and vertical takeoff and landing are

required, such as inspection. The classical quadrotor is composed of four actuated propellers

in a square configuration and facing upwards. Those four rotors give the thrust necessary to

provide the lift of the vehicle. Other configurations are possible, such as more rotors, rotors

with controllable orientations and more. An example of a quadrotor type UAV is shown in

Figure 1.1b.

Current research [14] now merges the quadrotor with a fixed-wing to obtain an aircraft that is

more efficient at flying while keeping the aptitude of hovering and vertical takeoff. Further-

more, other types of aircraft are possible, such as the blimp [15], [16] or the helicopter [17],

[18].

Because of the great variety of types of UAVs, this work does not leverage detailed dynamical

models of specific aircraft, but rather uses general kinematic models representative of the two

main classes of UAVs mentioned above, airplanes and quadrotors. It is assumed that there

is a low-level controller that translates the general velocity commands from the algorithms

into some command compatible with the aircraft dynamics. Furthermore, when the concepts

explained are general enough to be applied to mobile robots, the term “robot” will be used

instead of UAV.

1a) Image from the senseFly website (CC BY-NC-ND 3.0): https://www.sensefly.com/about/news-press.html
b) Image from Wikipedia (CC BY-SA 4.0): https://en.wikipedia.org/wiki/Unmanned_aerial_vehicle
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1.2. Sense and Avoid Systems

1.2 Sense and Avoid Systems

With manned aircraft, the pilot is in charge of detecting surrounding traffic and obstacles,

and avoid any potential risk of collision. For staying safe, a UAV has to follow the regulations

of the airspace it is flying in, such as Visual Flight Rules in general airspace. For UAVs, the

Sense And Avoid (SAA) system aims to perform this task. A SAA system is divided in two main

sub-systems, and which are usually considered separately in the literature. In [19], the authors

present a review on the different possible solutions for a SAA system.

1.2.1 Sensing

Several sensing modalities are possible to detect potential threats (e.g., other UAVs, human-

piloted aircraft, birds) surrounding an UAV, such as radars, laser scanners, cameras, acoustic

sensors or transponders. Independently of the chosen sensing method, a SAA system has to

meet some requirements. Based on general airspace regulations, a SAA system is expected to

have a range of three statute miles (a bit less than 5 km), a field of view of 220◦ horizontally and

30◦ vertically, and to be able to fly in day and night conditions, as long as there is three statute

miles of visibility [20]. This section provides a review of sensors that have been investigated to

be used in the SAA system presented in Chapter 4.

The transponder relies on communication to share some states of the aircraft, usually the

position. It might also use the communication channel to agree on some escape maneuver,

such as the Traffic Collision Avoidance System (TCAS). A common transponder method is to

share the GNSS position over some shared local wireless communication channel. Another

technology is the Automatic Dependent Surveillance – Broadcast (ADS-B) system, where all

aircraft broadcast their identification, position velocity and intent to other aircraft. Another

transponder system is the FLARM [21]. Although the FLARM is designed to be used by gliders

with human pilots, the transponder messages could be used by a UAV to identify gliders.

Those solutions provide excellent accuracy and reliability, provided that everything in the

airspace uses the same transponder system. As this cannot be guaranteed, the SAA needs to be

equipped up by at least one non-communicative sensor to get the required level of safety [22].

Radar technology is a commonly used sensor in aerospace applications. A radar system can

estimate the range, velocity and sometimes bearing of an object by emitting radio waves to

the object and analyzing the radio signal that bounces back. Radars are usually bulky and

heavy, and only a few radars are lightweight enough to be used in UAVs applications. A radar

solution is presented in [23] with a relatively lightweight radar (230 g), but the field of view

is too small for SAA applications. Furthermore, the size and weight becomes prohibitive for

ranges required for SAA [24].

LIDARs (for Light Imaging, Detection And Ranging) is also a sensor considered to be used with

UAVs, in particular for obstacle avoidance [25] and SAA [26]. A LIDAR uses a laser to estimate

the distance to some surface. Laser scanning is used to obtain a map of the environment
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instead of only a single range measurement in some direction. LIDARs can provide very

accurate angular and range measurements, but are usually heavier than other technologies,

and their refresh rates can be slow [24] (in particular for 3D scans). LIDARs also suffer from a

small FOV and a high cost [19].

Acoustic-based sensing uses a set of microphones to detect the noise produced by other

aircraft [27]. It is possible to localize the other aircraft by comparing the time shift of the sound

between the microphones. Although this method is passive, low weight and omnidirectional,

it requires that the other aircraft to be noisy, and that the host UAV is silent enough to be

able to distinguish the sound of the other aircraft. Furthermore, the range of this method is

usually smaller than the range of vision or LIDAR, and the method is dependent on weather

conditions [19].

Vision-based sensing is lightweight (cameras can be made very small), able to detect a large set

of potential threats and possibly identify them. Vision also has several drawbacks such as being

dependent on environmental conditions (it does not work at night or in foggy conditions),

computationally expensive, and does give a poor distance estimation. Another drawback is

the high resolution required in order to have a large FOV. In [28], the authors state that at least

5 cameras with a resolution of 4872 by 3248 pixels are required to achieve a range and FOV

described in [20] (but this thesis will show that more are required to cover the FOV needed to

guarantee safe navigation). Nonetheless, vision is a commonly investigated sensor to be used

in a SAA system because it is the most alike the senses used by humans to detect and avoid

collisions, and as a consequence vision-based systems have the potential to achieve similar

performance as a human pilot [24] (which might be required by governmental agencies).

1.2.2 Avoidance

In SAA systems, the avoidance has two distinctive phases. First, when a potential collision is

detected, the UAV will attempt to generate a trajectory that safely and efficiently avoids the

collision. This phase, called self-separation, is performed when the UAVs are far from the

collision point, and requires long range sensors to be effective. If the self-separation phase

fails, an aggressive collision avoidance maneuver is attempted. Because this maneuver is

performed at a close range, the maneuver has to be quickly computed, and relies on sensors

with short range. In this section, a brief overview of the state of avoidance algorithms for a

SAA system is given. More in depth literature review of collision avoidance algorithms will be

reported in Chapter 9.

The distinction between a deliberative self-separation and a reactive collision avoidance

algorithm is specific to the field of SAA. Although self-separation for SAA is a topic that is

researched upon, the work mostly focuses on the requirements needed in order for UAVs to

safely carry out such maneuver [29]–[31]. From a broader perspective, the state of the art on

trajectory generation does include work on UAVs [32], [33], but focuses on static and cluttered

environment (i.e., navigating between buildings and vegetation), which differs significantly
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from the sparse but dynamic environment encountered in self-separation. There seem to be a

disparity between the research on the requirements of the SAA to fly in common airspace, and

the research on trajectory generation for UAV. This difference might be an outcome of the fact

that current sensing technology does not provide enough range for SAA self-separation, but is

enough for a UAV to navigate between buildings.

If self-separation fails, a collision avoidance algorithm attempts an escape maneuver that is

not necessarily efficient, but quickly brings the UAV out of danger. The decision time does not

allow to compute complex trajectories, and reactive methods are preferred. The literature for

collision avoidance algorithms is rich, and several collision avoidance paradigms have been

developed over time. A review of different collision avoidance methods for SAA is given in [34].

1.3 Scope of the Thesis

Developing the necessary algorithms for a vision-based sense and avoid system targeting

unmanned aerial vehicles is the scope of this thesis. Most works clearly separate the two

problems of sensing and avoidance, without regard on how one affects the other. In this

work, we aim to understand the interaction between the sensing and the collision avoidance

components and what constraints the sensing imposes on the collision avoidance (and vice

versa). In particular, this thesis focuses on the case of limited FOV sensing and how it affects

collision avoidance. Solutions are proposed to mitigate the risk of navigating with a limited

FOV.

The thesis is structured as follows: First, the work is introduced in Part I. In Chapter 1, the state

of the art of UAVs and SAA is reviewed, and the scope of the thesis as well as the contributions

to the state of the art are summarized. Chapter 2 presents the setup and tools used in this

thesis. Part II and Part III present the SAA algorithms developed during this thesis, and the

two parts are separated following the common split between tracking and avoidance in SAA.

Part II concerns the tracking algorithms used in this work. It starts with the related work

and background in Chapter 4. The contributions for visual tracking using different setups

and computer vision algorithms are presented in Chapters 5, 6 and 7. Part III presents our

contributions in collision avoidance. An introduction to Part III and related work is reviewed

in Chapter 9. The general study of collision avoidance with limited FOV sensing is presented in

Chapter 10. Several algorithms that guarantee collision avoidance under limited FOV sensing

are given in Chapters 11, 12, 13, 14 and 15. Finally, Chapter 16 presents a study of the effect of

sensing limitations on different collision avoidance algorithms. Part IV concludes this thesis.

The separations between the parts follow the structure of the SAA pipeline used in our work.

Part I presents our work on algorithms and systems that are outside of the scope of a SAA

system. Part II presents our contributions to the tracking aspect of SAA and Part III presents

our contributions to collision avoidance algorithms. This structure is illustrated in Figure 1.2.

For experiments that run the full SAA system all elements of Figure 1.2 are used.
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Figure 1.2 – The structure of this thesis.

1.3.1 Contributions

1. Experimental Setup - We developed an experimental setup composed of a real-world

robotic platform and a simulation platform. The robotic platform is composed of a

quadrotor equipped with a computational unit and one or more cameras. The robotic

platform is able to run on-board all the software necessary for a SAA system. The

simulation framework we developed reproduces our real-world setup. We calibrated

the simulations using real-world data acquired from our robotic platform. The real-

world robotic platform and simulation framework share the same interface with the

SAA algorithms, which allows to seamlessly use the SAA software we developed both

in simulation and with the real-world robotic platform with virtually no modification

necessary.

2. Visual tracking of quadrotors - We developed several visual tracking algorithms for

SAA system. Our implementations use the Probability Hypothesis Density (PHD) filter,

an efficient multi-target tracking algorithm, to track other aircraft using vision. The

proposed solution uses cameras with fish-eye lenses to obtain the FOV required by the

collision avoidance algorithms. Two different computer-vision algorithms are used to

detect other aircraft on the image. Some are marker-based tracking solutions using both

a single camera and multiple cameras setups and are presented in Chapters 5 and 7,

respectively. A marker-less solution is also presented in Chapter 6. The visual tracking

algorithms are designed to run in real time on hardware commonly found on small

UAVs. Furthermore, the tracking algorithms have been validated with real experiments,

combined with some collision avoidance algorithms. Relevant publications for this

contribution are:

� S. Roelofsen, D. Gillet, and A. Martinoli, “Reciprocal collision avoidance for quadro-

tors using on-board visual detection”, in IEEE/RSJ International Conference on

Intelligent Robots and Systems, 2015, pp. 4810–4817.

� K. R. Sapkota, S. Roelofsen, A. Rozantsev, V. Lepetit, D. Gillet, P. Fua, and A. Mar-

tinoli, “Vision-based unmanned aerial vehicle detection and tracking for sense

and avoid systems”, in IEEE/RSJ International Conference on Intelligent Robots and

Systems, 2016, pp. 1556–1561.

3. Collision avoidance with limited field of view sensing - This work is the first that ex-

plicitly studies how to perform collision avoidance with FOV-limited sensing. To ground

our work, we demonstrate in Chapter 10 the necessary and sufficient conditions on the

8



1.3. Scope of the Thesis

motion to guarantee that no collision can be caused by FOV-limited sensing. In the same

chapter, we also present scenarios that we designed to show that ignorance of the FOV

constraints can lead to a collision. This work also provides guidelines to modify any col-

lision avoidance to make it compatible with a sensory system that has a limited FOV. We

developed five different collision avoidance algorithms that guarantee collision avoid-

ance under limited FOV sensing. Several collision avoidance paradigms are investigated,

including Rule Based (RB) in Chapter 11, Potential Fields (PF) in Chapters 12, 13 and 14,

and Velocity Obstacles (VO) in Chapter 15. The algorithms are validated through simu-

lation and real-world experiments, leveraging the visual tracking algorithms. Relevant

publications for this contribution are:

� S. Roelofsen, A. Martinoli, and D. Gillet, “Distributed deconfliction algorithm

for unmanned aerial vehicles with limited range and field of view sensors”, in

American Control Conference, 2015, pp. 4356–4361.

� S. Roelofsen, A. Martinoli, and D. Gillet, “3D collision avoidance algorithm for

unmanned aerial vehicles with limited field of view constraints”, in Conference on

Decision and Control, 2016, pp. 2555–2560.

� S. Roelofsen, D. Gillet, and A. Martinoli, “Collision avoidance with limited field of

view sensing: a velocity obstacle approach”, in IEEE International Conference on

Robotics and Automation, 2017, pp. 1922–1927.

4. Comparison of collision avoidance algorithms - Leveraging our experimental set-up

in simulation and physical reality, we compared the performance and safety of differ-

ent collision avoidance algorithms for SAA systems. In particular, we investigated the

relation between sensor limitations and their effects on different collision avoidance al-

gorithms. Six different algorithms have been evaluated in simulation with four different

types of sensor limitations (noise, lag, range and FOV). We show that PF algorithms are

usually more robust to sensor imperfections, at the expense of efficiency. The relevant

publications for this part are:

� S. Roelofsen, D. Gillet, and A. Martinoli, “A comparative study of collision avoid-

ance algorithms for unmanned aerial vehicles: performance and robustness to

noise”, in International Symposium on Distributed Autonomous Robotic Systems;

Springer Proceedings in Advanced Robotics (2018), 2016.

� S. Roelofsen, D. Gillet, and A. Martinoli, “The effects of sensory limitations on

avoidance: a comparative study of collision avoidance algorithms for unmanned

aerial vehicles”, in Autonomous Robots, to be revised and resubmitted, 2018.

The work of this thesis took place within a collaborative project in which the CVLab and

Honeywell participated. We would like to give credit to the CVLab for the computer vision

algorithm described in Section 2.2.3. Furthermore, the content presented in Chapter 6 was

made possible with the close collaboration of the CVLab. We also want to give credit to our
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industrial partner Honeywell for the financial support and technical guidance throughout the

whole project.

Furthermore, this work has seen contributions from other DISAL collaborators, and although

we were directly involved with all the work of this thesis, we would like to give credit to Duarte

Dias for his contributions to the hardware and software tools presented in Chapter 2.

Summary

This chapter gave an introduction about UAVs and SAA systems and provided a short review of

the state of the art on these subjects. Furthermore, the scope and objectives of this thesis have

been presented. The contributions were also highlighted, namea visual tracking method for

SAA systems, a novel approach to collision avoidance that includes the constraints of limited

field of view, and the comparison of different collision avoidance algorithms, in particular in

terms of robustness to sensor limitations.
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2 Tools and Setup

V ALIDATION, might it be done through simulation or real-world experiments, is a

fundamental part of robotics. Without validation, it is impossible to know whether

the assumptions taken while designing the theory and algorithms are correct or

not. In this work, our algorithms are validated using both simulations and physical

setups. In this chapter, we present the corresponding tools we developed or assembled in

a customized fashion. Furthermore, all the algorithms that were implemented but that are

not part of the core contributions of this thesis (e.g., computer vision algorithms or low-level

feedback loops) are also presented in this chapter.

2.1 Hardware

To validate the algorithms developed during this thesis with real-world experiments, a suitable

hardware platform was needed. Our physical setup is built around two main components,

the quadrotors which serve as our UAV platform, and the experiment room equipped with a

Motion Capture System (MCS) to perform controlled experiments within.

2.1.1 Unmanned Aerial Vehicle platform

The robotic platform used in this work is the quadrotor, a small flying platform that is pro-

pelled with four vertical facing rotors arranged in a square. Our UAV fleet consists of AscTec

Hummingbirds, a 500g quadrotor controlled by a proprietary flight controller. To extend the

capability of our quadrotors, they are equipped with a computation module in the form of a

Gumstix Overo AirStorm, which is an ARM-based single-core processor running at 800MHz

with 512 MB of RAM, and has on-board WiFi. The computation module runs a lightweight

Linux distribution called Linaro.

When used with the color blob detection computer vision algorithm (c.f. Section 2.2.3), the

quadrotors where equipped with a 15cm large, painted Styrofoam sphere in which both the
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Figure 2.1 – Three quadrotors equipped with the red markers. The black disks are the cameras.
The gray spheres are the markers used by the MCS.

Table 2.1 – Characteristics of the experiment rooms.

Name Length Width Height Number of cameras
Maillefer 8 m 6 m 3 m 20

Jordils 11 m 9 m 5 m 28

computation unit and the cameras were embedded. An example of those markers is shown

in Figure 2.1. The cameras used in this work are off the shelf, webcam-type USB cameras

equipped with fish-eye lenses.

2.1.2 Experimental Facility

The experiments were performed in an indoor environment. Figure 2.2 illustrates the setup

used for our real-world experiments. The experimental infrastructure is composed of a room

protected with nets on the walls and the ceiling, and 10cm thick mattresses on the floor. Over

the course of this project, two different rooms were used, called Maillefer and Jordils (the

names are from their respective locations). Their characteristics are given in Table 2.1. The

rooms are equipped with a MCS, which is able to track the pose objects with millimetric

accuracy at 100 Hz. The MCS relies on a set of cameras anchored to a structure at the ceiling

level of the flying arena to track retro-reflective sphere of 25 mm diameter. The data from the

cameras are sent to a Windows computer, which estimates the pose of the objects from the

markers attached to the object. The pose estimates obtained are then sent to the quadrotors

through WiFi. Another computer running Linux is connected to the WiFi router to send

commands to the quadrotors and record ground-truth data from the MCS.
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Figure 2.2 – Illustration of the experimental facility used for some of our experiments. Illustration
not to scale. The black cubes with a red circles represent the cameras, which track the position of
the quadrotors.

2.2 Software

To ease the implementation and validation of the various algorithms presented in this work,

several software frameworks are used. In particular, the Robotic Operating System (ROS) and

the high-fidelity robotic simulator Webots are used. Both frameworks are presented in this

section.

2.2.1 ROS

The ROS framework is a collection of libraries and software that ease the development of

robotic applications. The main concept behind ROS is that the functionalities in a robotic

application can be broken down in separate processes running concurrently. With ROS, each

process is implemented in its own program, called node. Each node can communicate to

other nodes through the internet protocol suite, usually UDP/IP. In this work, the nodes

communicate through a publisher/subscriber architecture, where nodes can subscribe to

topics and receive data from other nodes that publish on that same topic. The nodes used in

this work are the following:

Main Control The main task of this node is to translate the high-level control commands

(such as position and velocity) into low-level commands for the AscTec MAV framework

node. It is also responsible to perform critical maneuvers such as takeoff or landing.

User Control To send commands to the quadrotor (e.g., takeoff, move the quadrotor to a

certain position, etc.), a ROS nodes waits for string commands sent over a UDP socket.

The string commands are then published on a topic available to all other ROS nodes. All

ROS nodes get all commands and only react to those that are concerned with (e.g., the

”takeoff´´ command only affects the main control node, and not the avoidance node).
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MCS node
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Figure 2.3 – Interaction between the different ROS nodes on a real quadrotors used in the experi-
ments.

Avoidance The avoidance node contains the implementation of the different collision avoid-

ance algorithms. It takes as input the detections from the PHD filter (or the emulation

thereof) and the position of the host quadrotor provided by the MCS, and computes the

high-level command required for the quadrotor to safely get to its destination.

USB Camera Driver The camera driver acquires the image stream from the camera and

makes it available to other nodes. To reduce the computational load, it is also able to

perform color segmentation, extracting the positions and sizes of patches with predeter-

mined color.

PHD Filter The PHD filter node uses the detections provided by the computer vision algo-

rithm (including the camera driver) and estimates the location of other quadrotors using

one of the PHD filters described in Part II.

Tracking Emulator The PHD filter can be emulated using the ground truth data. Sensor

limitations and inaccuracies can be added to the ground truth data to make the obtained

tracks more realistic. This node replaces the USB camera driver and the PHD filter.

MCS Node The ground truth is provided by the MCS. The main MCS software runs on a

dedicated computer, and this node implements the SDK to communicate with the MCS

software. It provides the pose of all objects tracked by the MCS. In the Webots simulation

environment, this node is replaced by a Webots controller.

AscTec MAV Framework This node is the link between other algorithms and the quadrotor’s

low level control board. It takes as input the desired command, in the form of desired

roll and pitch angle, yaw rate, and motor trust. It also makes the information from the

quadrotor (i.e., IMU data, battery level, etc.) available to the other nodes. In the Webots

simulation environment, the functionalities of this node are provided by the Webots

robot controller. An implementation of this node can be downloaded from a public

repository [42].

2.2.2 Control

The main control node is responsible of translating the desired commands, such as velocity

and yaw rate, in commands understandable by the quadrotor. The Hummingbird quadrotor
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Figure 2.4 – Illustration of the angles on the quadrotor.

is already performing the attitude control, leaving to the main control node to compute the

desired thrust and attitude. The inputs are the thrust, roll and pitch angles, and the yaw rate

(the angles are illustrated in Figure 2.4). The yaw rate from the collision avoidance algorithm is

directly fed to the quadrotor. The main control node has several control modes and can easily

switch between them. In this section, the position and velocity control algorithm is presented.

First, the control acceleration ac , needed to obtain the desired velocity, is computed:

ac = Kp (pt −p)+K Iz Iz z+Kv (vt −v)+mg z+at , (2.1)

with mg z the gravity compensation, pt , vt and at quadrotor’s target position, velocity and

acceleration, respectively. Iz is the integral term for the height and serves as weight compensa-

tion. Kp , Kv and K Iz gains. If exclusively velocity control is desired, Kp is set to 0. The integral

term is only updated if the control in position is turned on:

Iz [k +1] =
Iz [k]+ (pt −p)∆t if Kp 6= 0

Iz [k] otherwise.
(2.2)

The control acceleration is used to compute the thrust and the roll and pitch angles. To be

consistent with the quadrotor commands, the control acceleration first needs to be aligned

with the quadrotor’s yaw angle:

ab = RT
ψac . (2.3)

The thrust is then given by the vertical component of control acceleration ab,z . The thrust is

also compensated for the orientation of the quadrotor to ensure that its real vertical accelera-

tion corresponds to the control acceleration:

u = KT ab,z

cos(φ)cos(θ)
, (2.4)

with KT the acceleration to thrust factor. The roll φc and pitch θc commands are given by the
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Figure 2.5 – Illustration of the cascade of detectors. Courtesy of Artem Rozantsev.

control acceleration direction

φc = arctan(ab,z , ab,y ) (2.5)

θc= arctan(ab,z , ab,x ). (2.6)

The thrust T , roll angle φc , pitch angle θc and yaw rate are then sent to the quadrotor using

the asctec_hl_interface package [42].

2.2.3 Computer Vision

In this section, the two different computer vision algorithms used in this work are presented.

Quadrotor Shape Detection

Computer vision is one of the proposed sensing solutions for SAA systems. Over the years, sev-

eral algorithms have been developed to detect aircraft in the sky, based on different concepts.

A popular solution is based on morphological characteristics in the image [43][44][45][46],

which allows to detect other aircraft that appear as only a couple pixels on the image. The

drawback of this solution is that it does not allow to recognize other aircraft and generates a

large number of false positives.

Another approach is to learn the appearance of aircraft and detect them on the image. This

is the approach developed by the Computer Vision Laboratory (CVLab) at the School of

Computer and Communication Sciences, EPFL. In this section, we will briefly describe the

algorithm, although the main credit goes to CVLab, and in particular to Krishna Raj Sapkota,

for the implementation.

The algorithm is composed of two parts. First, a cascade of detectors aims at detecting the
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Figure 2.6 – Example of the detections obtained using the shape detection computer vision
algorithm with the visual tracker.

shape of a quadrotor in the image. This is performed using a classical cascade of detectors

implementation: The image is subdivided into patches, and each patch is compared against

a data-set trained using the histogram of oriented gradients. Each detector returns a binary

value, depending whether the image patch matches the sufficiently the features trained in that

given detector. If the patch matches a large enough number of detectors, it is detected as being

a quadrotor. The detectors are separated in batches put in cascade to remove the unlikely

patches at an early stage, lowering the computational requirements. Because the cascade of

detectors reports several matching patches in the neighborhood of an object (instead of a

single report per object), a non-maximum suppression step is applied to the output of the

cascade of detectors. The non-maximum suppression step removes a matching patch if it has

another matching patch with a higher matching score (i.e., matches more detectors) in its

neighbourhood. Second, a visual tracker uses the detections from the cascade of detectors

and generates time coherent tracks by learning on-the-fly the shape of the aircraft. If a region

of the image consistently generates detections, a track is generated, and the visual tracker

learns the appearance of the quadrotor from the image patches where a quadrotor was found

( provided by the cascade of detectors). At the next image, the visual tracker will find the

image patch that matches best the learned appearance of the track. Both algorithm provide

the position on the image and the width of the patches that are the most likely to contain a

quadrotor.

Color Blob Detection

There exist numerous computer vision algorithms to detect objects, but only a few of them

have been adapted for the detection of a generic aircraft and it was not possible to find a

single implementation with a low enough computational complexity to be run on board of

small quadrotors. In order to relax the computational requirements of an on-board solution

based on computer vision and at the same time make the effort relevant for future enhanced
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embedded computational capabilities, we decided to simplify the detection task by adding

an easy-to-detect marker on the vehicles in the form of a colored sphere. While the detection

task is now substantially simplified, all the other difficulties are maintained: estimation of

the position and size based on monocular vision, sensing affected by noise (clutter and

misdetections). Color segmentation is used to detect the 15 cm in diameter colored marker

(see Figure 2.1). The algorithm returns the position of the color blob’s center as well as the

number of pixels it covers. The color segmentation is performed on the raw image obtained by

the camera. No distortion correction or smoothing is performed in order to save CPU time. As

all markers are identical, there is no possible identification of the quadrotors. Marker-based

detection of other UAV are used in [47].

2.2.4 Simulation

In the case where the validation does not require to be very faithful to reality, a point-mass

microscopic simulation is implemented in Matlab. Unless mentioned, all simulations are

performed with Matlab and use perfect kinematic equation and noiseless sensing. This allows

us to clearly study the behavior of a specific algorithm without any interference from external

(and typically uncontrollable) factors.

When the performance of the SAA system has to be evaluated and the effect of unmodeled

dynamics or sensing noise can not be ignored, the simulations are performed using Webots

[48], a realistic sub-microscopic simulator. A screenshot of the simulation environment can be

seen in Figure 2.7. In Webots, each object is composed of one or several modules. Each module

usually implements a simple characteristic of the object, such as its physical shape or a sensor

that the robot is endowed with. Each robot in Webots has its own controller, also organized in

a dedicated module. The simulator is able to interface with ROS, allowing it to run the same

code as the one implemented on our quadrotors. Some ROS nodes used on the quadrotors are

replaced with nodes that can interface with the Webots API. First, the MCS and the associated

MCS ROS node are replaced by one implemented at the supervisor level of Webots, resulting

in a node which gathers the poses of the simulated quadrotors and publishes them on the

ROS topics related to the MCS. In this case, there is only one Webots supervisor node for the

whole simulation. Second, the AscTec MAV framework ROS node functionality is taken over

by the controller module of a Webots robot, which takes care of translating the commands

provided by the main control ROS node into motor speeds used by the Webots simulator. To

automatize the process of performing several simulations with different scenarios, two more

ROS nodes were added. The resulting dataflow for two quadrotors is shown in Figure 2.8. The

two additional nodes are:

Flight Manager This node emits high level commands like takeoff or operate.

Scenario Manager This node synchronizes the operations between the quadrotors, for in-

stance for making sure that the quadrotors takeoff and start navigating at the same time.

It essentially communicates with the Flight Manager of each quadrotor.

18



2.2. Software

Figure 2.7 – Rendering of a Webots simulation with two quadrotors.
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Figure 2.8 – Interaction between the different ROS nodes for two quadrotors in the simulation. The
simulation framework uses the same avoidance and sensor emulation code that is implemented
on the quadrotors.

To obtain simulation results comparable to reality, the simulation was calibrated. Physical

parameters such as weight are directly measured on the quadrotor. Because the internal struc-

ture of the low-level control (responsible to control the motor speeds to bring the quadrotor

to the correct attitude) is unknown to us, its parameters needed also to be estimated. The

unknown control scheme is assumed to be a PID controller and to have the structure described

by Equations 2.7, 2.8 and 2.9:

Mx = Ka(φt −φ)−Kd aΩφ (2.7)

My = Ka(θt −θ)−Kd aΩθ (2.8)

Mz = Kd y (Ωψ,t −Ωψ)−Kdd y
dΩψ

d t
−K I y

∫
Ωψ, (2.9)

with φ, θ and ψ being roll, pitch and yaw respectively, and Ωφ, Ωθ and Ωψ their respective

angular rates. φt and θt are target roll and pitch respectively. Ωψ,t is a target yaw rate. Mx , My
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and Mz and the desired torques to apply along the x, y and z axis in order to get the quadrotor

to the desired state. Ka , Kd a , Kd y , Kdd y and K I y are the control parameters that need to be

calibrated.

The five control parameters given in Equations 2.7 to 2.9 are optimized to minimize the differ-

ence between trajectories obtained from simulation and real experiments. The optimization

was carried out using Particle Swarm Optimization (PSO), where each particle is a vector con-

taining the five control parameters. Their fitnesses are defined as the RMS difference between

the average trajectory obtained through real experiments and the average trajectory generated

in simulation. The real experiment data set is composed of a quadrotor trying to follow a

predefined trajectory eleven times. The simulation trajectory is obtained by simulating the

quadrotor following the same predefined trajectory. The simulations are performed four times

to average out the timing variability of the ROS framework (i.e., messages do not arrive with a

deterministic timing).

While performing the experiments, it was observed that the quadrotors were affected by

the airflow they were generating, resulting in a not perfectly steady flight. To replicate this

disturbance in simulation, we added a first order Gauss-Markov process on the thrust and

torques in roll, pitch and yaw. The disturbances for each time step are described as:

Td [n +1] = 0.995Td [n]+0.005(W (0,2)) (2.10)

Mx,d [n +1] = 0.995Mx,d [n]+0.005(W (0,0.12)) (2.11)

My,d [n +1] = 0.995My,d [n]+0.005(W (0,0.12)) (2.12)

Mz,d [n +1] = 0.995Mz,d [n]+0.005(W (0,0.02)), (2.13)

with W (µ,σ) a Gaussian process of mean µ and standard deviation σ. The time step is 10

ms. The parameters have been set empirically so that the average acceleration between

experimental and simulated data is similar.

To validate the calibration of the simulator, trajectories of two quadrotors performing collision

avoidance maneuvers obtained with simulation and real experiments are compared. Compar-

ing trajectories of collision avoidance maneuvers is preferable over comparing trajectories that

are obtained from predefined trajectories as the former ensures that the simulator behaves

faithfully for the maneuvers of interest (i.e. collision avoidance maneuvers). The collision

avoidance algorithm used for the comparison is the one described in Chapter 13. The sensor

for this experiment was emulated using the method described in Chapter 16. The sensor

was emulated with no lag, a FOV of 200◦, a range of 3 m and a Gaussian noise level of 0.01 m.

The scenario used was a head-on configuration where the quadrotors start 3.2 m apart. For

both simulation and real experiments, 20 runs have been gathered. Three metrics are used

to evaluate the trajectories. The first metric is the average acceleration during the collision

avoidance:

a = 1

n f −ni

∑
ni<n<n f

‖p[n +1]−2p[n]+p[n −1]‖
∆t 2 , (2.14)
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Figure 2.9 – Comparison between simulation and real experiments.

with p[n] the position of a quadrotor at time step n, ni the time step when the quadrotor

leaves its initial position and n f the time step the quadrotor arrives at its destination. ∆t is

the time between two time steps. The second metric is the path length, i.e. the length of a

quadrotor’s trajectory from its initial point to the quadrotor’s destination.

d = ∑
ni<n<n f

‖p[n]−p[n −1]‖. (2.15)

Finally, the minimum distance between the two quadrotors during the collision avoidance

maneuver is also recorded:

e = min
ni<n<n f

‖pi[n]−pj[n].‖ (2.16)

It can be seen in Figure 2.9 that for all the metrics considered (acceleration, path length,

and minimum distance between the quadrotors) the simulated data assume smaller values

than those gathered through experiments. This is probably due to the airflow generated by a

quadrotor that tends to push away the other one, an effect that is, only roughly approximated

in simulation (i.e. the approximation does not simulate that the airflow push the quadrotors

away from each other).

2.3 Discussion

No experimental setup is perfect, and this one is no exception. Although this setup has

satisfying performance, reliability and fidelity to carry out our experiments, there is room for

improvement.

On the hardware side, some issues were encountered. First, the on-board computational

unit was barely powerful enough to run all the algorithms on its single core. To fully leverage

the powerful concept of nodes in ROS (i.e., separating the different processes), multiple

cores would be an advantage. With multiple cores, slow processes (e.g., computer vision)

could run along with processes that need tight timing (e.g., position control) with as little

unwanted inter-process interaction as possible. Second, by using a closed-source platform, it

was not possible to fully understand the dynamics of the quadrotors, and the use of gray-box
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estimation was needed to calibrate the simulation tools. As a consequence, this eventually

in a larger simulation-to-reality gap than what could have been achieved if all the software

components of the quadrotors were designed by us.

On the software side, the simulation of the quadrotor could be improved by also simulating

the airflow interactions between two quadrotors, as this airflow has significant effect on the

quadrotors at close range. Furthermore, the low-level control could be improved, either by

using better control gains for the roll and pitch command angles (computed with, for example,

LQR), base the control scheme on the differential flatness of the quadrotor [49], or by directly

commanding the motors’ speeds, which allows to use more advanced techniques such as

model predictive control [50], [51], which would allow for more aggressive and precise control

of the quadrotor’s state (i.e., position or velocity).

Summary

This chapter presents the tools and setups used to validate the work of this thesis. From an

hardware perspective, the chosen UAV platform is an off-the-shelf quadrotor with an ARM-

based computer unit attached to it. The poses of the quadrotors are tracked in a controlled

environment using a motion capture system. Our algorithms leverage the Robotic Operating

System (ROS) framework to communicate between each other. Our simulation environment

is leveraging Webots, a sub-microscopic, physic-based simulator that also interfaces with

the ROS framework, allowing the same algorithms to run both in simulation and on the real

quadrotors. Some algorithms, such as the computer vision algorithms used, are also presented

in this chapter.
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3 Introduction to Part II

T HIS part will focus on the tracking algorithms used to estimate the position and

velocities of other UAVs. The tracking algorithms presented in Chapters 5 to 7 have

several characteristics in common. First, they use one or two-cameras with a large

FOV (i.e., fish-eye lenses). Second, they all rely on one of the two computer vision

algorithms presented in Chapter 2, which are the color-blob detection and the shape-based

detection. Both computer vision algorithms return similar types of measurements, which

are the position on the image of the detected object of interest (horizontal and vertical), and

some measurement of the apparent size of the detection (either the number of pixels for the

color-blob detection or the pixel width for the shape-based detection). Third, all tracking

algorithms rely on the same core Gaussian Mixture Probability Hypothesis Density (GM-PHD)

theory, although each algorithm was adapted to the characteristics of the camera setup and

the computer vision algorithm. The similarities and differences between the three tracking

algorithms presented in Chapters 5 to 7 are summarized in Table 3.1.

This part starts by an introductory chapter on the topic of multi-target tracking, and will

provide a technical explanation about the GM-PHD filter. Chapter 4 will also present the

different implementations of the GM-PHD filter, based on the Extended Kalman Filter (EKF)

or the Unscented Kalman Filter (UKF).

Chapter 5 presents our first implementation of a tracking algorithm. It is based on a two

cameras setup and uses the color-blob detection algorithm. It is implemented as an EKF-GM-

PHD filter.

Chapter 6 presents our efforts to implement a tracking algorithm that uses the shape-based

detection algorithm as computer vision algorithm. It uses a single camera. It is implemented

as an EKF-GM-PHD filter.

Chapter 7 presents our implementation of a tracking algorithm that uses a single camera with

a FOV large enough to satisfy the requirements given in Chapter 10. It uses measurements

from the color-blob detection algorithm and is implemented using an UKF-GM-PHD filter.
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Table 3.1 – Characteristics of the different sensing systems.

Chapter Vision algorithm # of cameras Camera FOV Update method
5 Color blob detection Two < 180◦ EKF
6 Shape-based detection One < 180◦ EKF
7 Color blob detection One 220◦ UKF
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4 Tracking: Related work

I N this work, the focus is not on the visual detection of aircraft, but rather on how

those detections can be fused into track estimates, filtering out clutter and noise. A

good tracking of other aircraft is essential to enable collision avoidance algorithms

to produce safe paths for the concerned vehicles. Because multiple objects that have

to be tracked can be present in the scene simultaneously, the tracking algorithm has to not

only estimate the state of each object reported by the sensor, but also the correct number of

objects. Furthermore, the sensor might report a measurement where there is no object (called

a false positive, or clutter), or might not a report an existing object (called a false negative,

or a misdetection). The difficulty of multi-target tracking resides in the data association,

that is, associating the right measurement to the right track. Furthermore, the multi-target

tracking algorithm should also manage tracks, generating new tracks from non-associated

measurements and delete tracks that do not represent an object.

Several multi-target tracking algorithms have been designed over the years and can be sep-

arated in four major categories: Nearest Neighbour (NN)[52], Joint Probabilistic Data Asso-

ciation (JPDA) [53], Multiple Hypothesis Tracking (MHT) [54] and Random Finite Set (RFS)

trackers [55].

The data association in NN-based algorithms is solved by associating a measurement to its

closest track. This inexpensive solution is effective as long as the objects tracked are well

separated and there is almost no clutter or miss detection. The result can be improved by

computing the data association that minimizes the overall distance to track. This method

improves the results compared to a simple NN approach, but still fails in presence of clut-

ter. Furthermore, this approach does not provide a way to manage tracks, and has to be

implemented using some heuristic.

The JPDA approach improves over the NN-based approach by computing the joint probability

of associating measurements and tracks [56]. This allows for a better rejection of clutter.

Computing all possible data associations is a combinatorial problem, which grows super-

exponentially with the number of tracks. Any reasonable implementation of a JPDA is an
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approximation, such as only computing the probabilities of the most likely associations [52].

The JPDA main drawbacks are that it assumes a known number of tracks and performs poorly

when the tracks are close together. Furthermore, like the NN approach, it does not provide a

way to manage tracks.

The MHT approach propagates in time several sets of tracks, each one having its own data

association history (hypotheses). The probability of each set of tracks is computed and

the best one is provided as output of the algorithm. This method provides with means to

manage tracks. Although this method provides a rigorous framework for multi-target tracking

and is able to potentially solve any multi-target tracking problem, the algorithm is quickly

intractable due to the super-exponential increase of the number of hypotheses, because each

hypothesis generates as many new hypotheses as there are possible data associations. Most

MHT algorithms are thus approximations in order to become tractable. In [57], each data

association hypothesis is contained in a particle, and at each new measurement the particles

are updated with random data associations. This method was found to be too computationally

demanding for our application.

The RFS theory [55] extends the notion of probability density function to finite sets. This

theory allows not only to rigorously describe a multi-target Bayes filter, but also handles track

management by design. As a result, parameters relating to track management have a more

physical meaning compared to, for example, MHT-based algorithms. However, similarly to

MHT-based algorithms, RFS based algorithms are intractable if not approximated. But the RFS

theory does provide the tools to generate correct approximations based on the assumptions

about the problem.

4.1 Metrics for Multi-Target Tracking

The data association problem in multi-target tracking does not only concern tracks with

measurements, but is also present when assessing the performance of the tracking algorithm.

Indeed, the tracking algorithm might not only have errors in estimating the states of each

track, but also the number of tracks. As a result, it is not possible to simply use the root mean

square error as metric of the accuracy of the tracking algorithm. Consider the two scenarios

in Figure 4.1, in which it is not clear which is the best solution. Does one favor accurate

estimation of the states of each target, or is the estimation of the number of targets more

important? Arguably, one can see how each one can be better, depending on the requirements.

Furthermore, it might not be clear which estimated track belongs to which ground truth, in

particular if the number of tracks differ from the real number of objects tracked.

A solution comes in the form of Optimal Sub-Pattern Assignment (OSPA) [58]. The concept

behind OSPA is to find the best possible assignment between the estimates and the ground

truth, and add some predefined distance value for every estimate (or ground truth) that is

not assigned. The OSPA is then defined as the average of the assigned and the non-assigned

distances combined. Consider d (c)(x,y) the distance between some state vectors x and y with a
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Figure 4.1 – Two possible output of a multi-target tracking algorithm. The black circles represent
the ground-truth, the starts show the estimated tracks.

cutoff distance c > 0. The cutoff distance defines the maximum distance at which an estimate

and a ground truth can be associated. If an estimate and a ground truth are separated by a

distance larger than c, then d (c)(x,y) = c. The OSPA d (c)
p (X,Y) between the set of m estimated

tracks X = {x1, ...,xm} and the set of n ground truth tracks Y = {y1, ...,yn} is given by:

d (c)
p (X,Y) =

(
1

n

(
min
π∈Πn

m∑
i=1

d (c)(x,yπ(i ))
p + cp (n −m)

))1/p

, (4.1)

if m ≤ n, and d (c)
p (X,Y) = d (c)

p (Y,X) if m > n. Πn is the set of all possible permutations of the

vectors of Y. p is a parameter that defines the type of metric, and is set to 2 in this work (similar

to the norm). Note that the maximum value of the OSPA is defined by its cutoff distance c.

4.2 Random Finite Set Theory

RFS theory is a source of new and effective tracking techniques with a wide range of possible

applications, such as in automotive [59][60], tracking of people [61] or traffic [62]. A brief

introduction on RFS will now be presented. For more in depth theoretical explanations, please

refer to [55] and [63].

RFS extends the notion of random variables to sets. Those sets come from considering that

at time k there are M(k) targets present in the scene. Their states xk,1, ...,xk,M(k) ∈X become

xk+1,1, ...,xk+1,M(k+1) at time k+1, with X being the state space. At time k the sensor generates

N (k) measurements zk,1, ...,zk,N (k) ∈Z with Z the measurement space. The number of targets

and measurements may not be the same due to misdetections and clutter. The random sets

are defined as:

Xk = {
xk,1, ...,xk,M(k)

} ∈F (X ) (4.2)

Zk = {
zk,1, ...,zk,N (k)

} ∈F (Z ), (4.3)
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with F (X ) and F (Z ) being the collections of all finite subsets of X and Z , respectively. One

can write the targets’ time evolution using RFS. If Xk−1 is the multi-target state at time k −1,

each single target xk−1 ∈ Xk−1 either continues to exist at time k with the survival probability

pS,k (xk−1) or disappears with probability 1−pS,k (xk−1). If the target survives, it will transition

from state xk−1 to xk with probability density fk|k−1(xk |xk−1). Using those definitions, one can

build the set Sk|k−1(xk−1) that returns {xk } with probability pS,k (xk−1) and ∅ with probability

1−pS,k (xk−1). Targets can also appear between time k −1 and k, which is described with the

RFS Γk . In this work we ignore targets birth from other targets. The time evolution of Xk is

given by:

Xk =
[ ⋃
ζ∈Xk−1

Sk|k−1(ζ)

]
∪Γk . (4.4)

In a similar way, a RFS model can be written for the measurement set. At time k, a target

xk ∈ Xk can either generate a measurement zk with probability pD,k (xk ) or generate none

with probability 1− pD,k (xk ). Each target xk generates a RFS Θk (xk ) that either returns a

measurement {zk } according to gk (zk |xk ) if it is detected or ∅ if not. The sensor might also be

corrupted with clutter, which is described by the RFS Kk . The RFS Zk given Xk is:

Zk =
[ ⋃

x∈Xk

Θk (x)

]
∪Kk . (4.5)

Similar to the single target case, the multi-target transition and observation randomness can

be captured with a multi-target transition density fk|k−1(Xk |Xk−1) and a multi-target likelihood

gk (Zk |Xk ).

If pk (·|Z1:k ) denotes the multi-target posterior density then the optimal multi-target Bayes

filter is given by:

pk|k−1(Xk |Z1:k−1) =
∫

fk|k−1(Xk |X)pk−1(X|Z1:k−1)µs(dX), (4.6)

pk (Xk |Z1:k ) = gk (Zk |Xk )pk|k−1(Xk |Z1:k−1)∫
gk (Zk |X)pk|k−1(X|Z1:k−1)µs(dX)

. (4.7)

Computing Equations 4.6 and 4.7 requires the evaluation of several integrals on F (X ), which

is intractable. Further approximations have to be carried out, such as a first moment approxi-

mation of the probability distribution, presented in the next section.

4.3 GM-PHD Filter Implementation

To have a tractable algorithm, it is possible to propagate a first order statistical moment

instead of the full multi-target posterior density. Such filter is called a Probability Hypothesis

Density (PHD) filter. The first order moment of a RFS X with probability distribution P is a
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non-negative function v on X called intensity such that for each region S ⊆X ,∫
|X∩S|P (dX) =

∫
S

v(x)dx. (4.8)

Using Equation 4.8, Equations 4.6 and 4.7 can be approximated using an intensity measure,

leading to the following equations:

vk|k−1(x) =
∫

pS,k (ζ) fk|k−1(x|ζ)vk−1(ζ)dζ+γk (x), (4.9)

vk (x) = [1−pD,k (x)]vk|k−1(x)+ ∑
z∈Zk

pD,k (x)gk (z|x)vk|k−1(x)

κ(z)+∫
pD,k (ζ)gk (z|ζ)vk|k−1(ζ)dζ

, (4.10)

with γk (x) the intensity of targets appearing and κ(z) the intensity of clutter in the measure-

ments. Note that in this formulation, the notion of separate tracks for each target is lost, as

they are all merged in a single state space. Instead, each region of the state space has now a

certain density of targets. As a result, it is not possible to predict the motion of a target from its

state history, and the prediction can be performed with the latest state estimate only. The PHD

filter is enough for reactive collision avoidance that only needs the immediate state of tracked

objects, but would not be enough for algorithms that generate avoidance trajectories based

on the state history of tracked objects. Even if this formulation reduces the computational

cost, Equations 4.9 and 4.10 do not admit a general closed form solution. By approximating

the intensity as the sum of Gaussians, the Gaussian Mixture Probability Hypothesis Density

(GM-PHD) allows for a closed form solution in a similar form to the Kalman filter for single

target. The intensity of the GM-PHD filter is of the form:

vk (x) =
Jk∑

i=1
w (i )

k N (x;m(i )
k ,P (i )

k ), (4.11)

with Jk the number of Gaussians in the intensity at time k. m(i )
k is i Gaussian’s mean (in this

case a vector composed of the target’s position p(i )
k = [x(i )

k , y (i )
k , z(i )

k ]T and velocity v(i )
k ) at time

k and P (i )
k is its covariance. w (i )

k is the weight associated with the Gaussian.

4.4 EKF Implementation of the GM-PHD Filter

Because the probability density function of the RFS is composed of Gaussians, it is possible to

use the well known Kalman approach to update them. Because the camera model is non-linear,

the update step is performed using the Extended Kalman Filter (EKF) approximation.

The GM-PHD filter has four fundamental steps. First, a prediction step is done by applying the

motion model on the previous intensity. Then the intensity is updated with the newly acquired

measurements. To keep the algorithm tractable, the Gaussians are merged and pruned in the

third step. Finally, the targets are inferred from the intensity map during the extraction step.

Each step is performed at the time one of the cameras returns a measurement. Each stage will
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now be described individually as it is implemented, rather than the general approach which

can be found in [63].

4.4.1 Prediction

During the prediction step, the intensity is computed as:

vk|k−1(x) =
Jk∑

i=1
pS,k (m(i )

k|k−1)w (i )
k N (x;m(i )

k|k−1,P (i )
k|k−1)+γk (x). (4.12)

The birth model γk (x) is defined to cover the quadrotor’s sensing region. Thus, the birth model

is given as a Gaussian mixture, with the position of the Gaussians defined in the quadrotor’s

body frame: m(i )
γ,k = [p(i )

γ,k ,0,0,0]T with p(i )
γ,k = Rbp(i )

γ,b +p. Rb is the rotation matrix to go from

the body frame to the world frame. p is the position of the camera in the world. The predicted

mean and covariance are defined as:

m(i )
k|k−1 = Fk−1m(i )

k−1 (4.13)

P (i )
k|k−1 =Qk−1 +Fk−1P (i )

k−1F T
k−1, (4.14)

with Fk−1 the transition model and Qk−1 motion noise model. Note that Equation 4.12 differs

from [63] in that the survival probability pS,k is not constant but is a function of the Gaussian

mean. This is an approximation necessary to cope with the limited FOV of the sensors as the

targets might accumulate in non-sensed areas if care is not taken.

4.4.2 Update

The update step for a set of measurements Zk is given by:

vk (x) =
Jk∑

i=1
(1−pD,k (m(i )

k|k−1))w (i )
k|k−1N (x;m(i )

k|k−1,P (i )
k|k−1)

+ ∑
z∈Zk

Jk∑
i=1

w (i )
k (z)N (x;m(i )

k|k (z),P (i )
k|k ), (4.15)

with

w (i )
k (z) =

pD,k (m(i )
k|k−1)w (i )

k|k−1l (i )
k (z)

κ(z)+∑Jk

i=1 pD,k (m(i )
k|k−1)w (i )

k|k−1l (i )
k (z)

, (4.16)

l (i )
k (z) =N (z; H (i )

k m(i )
k|k−1,Rk +H (i )

k P (i )
k|k−1[H (i )

k ]T ), (4.17)

m(i )
k|k (z) = m(i )

k|k−1 +K (i )
k (z−H (i )

k m(i )
k|k−1), (4.18)

P (i )
k|k =

[
I −K (i )

k H (i )
k

]
P (i )

k|k−1, (4.19)

K (i )
k = P (i )

k|k−1[H (i )
k ]T (H (i )

k P (i )
k|k−1[H (i )

k ]T +Rk )−1. (4.20)
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with κ(z) the clutter level and Rk the sensor noise covariance. H (i )
k is the linearized sensor

model:

H (i )
k = ∂gk (x)

∂x

∣∣∣∣
x=m(i )

k|k−1

. (4.21)

4.4.3 Selection

To keep the problem tractable, the number of Gaussians needs to be limited. This involves two

steps: pruning and merging. First, only the Gaussians with a weight more than a certain value

are selected: I = {i = 1, ..., Jk |w (i )
k > T }. The threshold T is set low enough to allow new targets

to appear, but higher enough to keep the computational power required low. A commonly

used value for T is 10−6. Then the Gaussians are merged as follows. First the largest Gaussian

is selected, that is j = argmaxi∈I w (i )
k . Then all Gaussians that are close enough are selected:

L :=
{

i ∈ I |(m(i )
k −m( j )

k )T (P (i )
k )−1(m(i )

k −m( j )
k ) ≤U

}
, (4.22)

with U the normalized merging radius, typically set between 1 and 2. The selected Gaussians

are merged into a unique Gaussian as follows:

w̃ (l )
k = ∑

i∈I
w (i )

k (4.23)

m̃(l )
k = 1

w̃ (l )
k

∑
i∈I

w (i )
k m(i )

k (4.24)

P̃ (l )
k = 1

w̃ (l )
k

∑
i∈I

w (i )
k

(
P (i )

k + (m̃(l )
k −m(i )

k )(m̃(l )
k −m(i )

k )T
)

. (4.25)

4.4.4 Extraction

Extracting the target from the RFS intensity is performed by selection of the largest maximas

of the intensity function. For the GM-PHD filter, this reduces to deciding on the Gaussians

with weight larger than 0.5, as explained in [63].

4.5 UKF Implementation of the GM-PHD Filter

When the non-linearity of the sensor model is too severe, or the analytic derivation of the

Jacobian needed for the EKF is too complex, the Unscented Kalman Filter (UKF)[64] is prefer-

able. The UKF is an approach based on the unscented transform that approximates the

non-linearity of the motion or sensor model. The UKF uses the so called sigma-points that are

propagated through the function to estimate the best linear approximation at several locations

instead of only a single point like for the EKF. The other advantage of the UKF over the EKF,

besides a better approximation, is that the Jacobian of the function is not needed, which can
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be difficult to compute depending on the function. This usually comes at the expense of more

computational cost.

The UKF will now be introduced, based on [64]. The UKF is based on the unscented transform,

which is done as follows: consider a random variable x (of dimension L) with mean x̄ and

covariance Px. To calculate the statistics of x after going through a non-linear function z = g (x),

a set of sigma points are computed:

X0 = x̄ (4.26)

Xi = x̄+
(√

(L+λ)Px

)
i

i = 1, ...,L (4.27)

Xi = x̄−
(√

(L+λ)Px

)
i

i = L+1, ...,2L, (4.28)

where λ = α2(L +δ)−L is a primary scaling parameter. The spread factor α is usually kept

small (in this work α= 0.1), and δ is a secondary scaling parameter, which is set to 3−L, as

advised in [65].
(√

(L+λ)Px

)
i

is the i th column of the matrix square root. The sigma points

are then put through the non-linear function:

Yi = g (Xi ) i = 0, ...,2L. (4.29)

Using the transformed sigma points, the mean and covariance of y can be approximated:

ȳ ≈
2L∑

i=0
w (m)

i Yi (4.30)

Py ≈
2L∑

i=0
w (c)

i (Yi − ȳ)(Yi − ȳ), (4.31)

with the weights given by:

w (m)
0 = λ

L+λ , (4.32)

w (c)
0 = λ

L+λ +1−α2 +β, (4.33)

w (m)
i = w (c)

i = 1

2(L+λ)
i = 1, ...,2L, (4.34)

with β used to incorporate prior knowledge of the distribution (e.g., β= 2 for Gaussian distri-

butions). w (m)
i is the weight for the mean and w (c)

i is the weight for the covariance.

The UKF-GM-PHD filter implementation only differs from the EKF implementation (Sec-

tion 4.4) in the update step, the other three steps (prediction, selection and extraction) being

the same. This is a design choice, and a UKF prediction step also be used if the motion model

was highly non-linear. The UKF update step is performed as follows: consider the sensor

34



4.5. UKF Implementation of the GM-PHD Filter

model y(i) = g (x(i)), then the update step is given by:

vk (x) =
Jk∑

i=1
(1−pD,k (m(i )

k|k−1))w (i )
k|k−1N (x;m(i )

k|k−1,P (i )
k|k−1)

+ ∑
z∈Zk

Jk∑
i=1

w (i )
k (z)N (x;m(i )

k|k (z),P (i )
k|k ) (4.35)

with

w (i )
k (z) =

pD,k (m(i )
k|k−1)w (i )

k|k−1l (i )
k (z)

κ(z)+∑Jk

i=1 pD,k (m(i )
k|k−1)w (i )

k|k−1l (i )
k (z)

(4.36)

l (i )
k (z) =N (z, ȳ(i ),S(i )

k ) (4.37)

m(i )
k|k (z) = m(i )

k|k−1 +K (i )
k (z− ȳ(i )) (4.38)

P (i )
k|k = P (i )

k|k−1 −K (i )
k (C (i )

k )T (4.39)

K (i )
k =C (i )

k (S(i )
k )−1 (4.40)

S(i )
k = Rk +

2L∑
j=0

w (c)
j (Y j − ȳ)(Y j − ȳ) (4.41)

C (i )
k =

2L∑
j=0

w (c)
j (X j −m(i )

k|k−1)(Y j − ȳ). (4.42)

Summary

In this chapter, the topic of multi-target is introduced and existing multi-target tracking

algorithms are reviewed. Then, the theory for the tracking algorithms used in this work is

presented, namely the Random Finite Set and the PHD filter. Finally, two implementations of

the PHD filter, based on the EKF and the UKF, are presented.
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5 Marker-Based Tracking with Two Cam-
eras

T HE first iteration of the sensing part of the SAA was designed to test the first colli-

sion avoidance algorithm designed for limited FOV sensing, which is described in

Chapter 13. Because the shape detection computer vision algorithm was not avail-

able at the time of designing this filter, the simpler color blob detection algorithm

was used. The color blob detection algorithm also has the advantage to run reasonably well

on the limited computational power available on the quadrotor. The work in this chapter was

previously published in the 2015 proceedings of the International Conference on Intelligent

Robots and Systems [35].

5.1 Hardware

The underlying requirements of this system is that the sensing modality is exclusively vision-

based, that the FOV of the vision system is of 220◦, and that all the related computation is

performed on board. To achieve the FOV of 220◦, two cameras with fisheye lenses of 185◦

FOV are used. The two cameras are positioned horizontally, pointing with an 45◦ angle away

from the front of the quadrotor (c.f., Figure 5.2). By only using the central portion of the

image, the distortion is small enough to use the standard distortion model with reasonable

results. The two cameras are connected to the on-board computational unit with USB cables.

As the resolution needs to be small to run on the on-board embedded computer, and the

FOV of the lenses are large, only large objects can be seen by the cameras. As a result, the

markers attached on the quadrotors are 15 cm in diameter. The marker contains most of all

the additional hardware that the quadrotor carries (i.e., embedded computer, cameras with

fish-eye lens). It is composed of a hollow sphere of expanded polystyrene, painted in red. Built

in the polystyrene sphere are the two cameras and the computation unit. The sphere is hold

internally by a thin plastic frame that also holds the computation unit. A quadrotor flying as

well as the inside of a marker is shown in Figure 5.1.
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Chapter 5. Marker-Based Tracking with Two Cameras

a) b)

Figure 5.1 – The quadrotor equipped with a marker. a) the quadrotor flying. b) The inside of
the marker. The central tower holds the computation unit. The camera is embedded inside the
polystyrene sphere.

5.2 Filter Implementation

The two camera setup uses the EKF-GM-PHD filter to track other quadrotors. For each

tracked quadrotor, its position and velocity are estimated; the state space of the tracks is

m = [x, y, z, vx , vy , vz ]T .

5.2.1 Motion Model

Based on Equations 4.12 and 4.13, the motion model of the GM-PHD filter can be written as:

vk|k−1(x) =
Jk∑

i=1
pS,k (Fk−1m(i )

k−1)w (i )
k N (x;Fk−1m(i )

k−1,Qk−1 +Fk−1P (i )
k−1F T

k−1)+γk (x). (5.1)

Because it is not possible to precisely know the type of dynamics the tracked aircraft are

subject to, it is preferable to choose a simple motion model that remains correct for a large

range of motions. For this reason, the constant velocity kinematic motion model is chosen,

which is defined by the following matrices:

Fk =
[

I3 ∆t I3

03 I3

]
(5.2)

Qk =
[

∆t 4σm
4 I3

∆t 3σm
2 I3

∆t 3σm
2 I3 ∆t 2σm I3

]
, (5.3)

with ∆t the difference in time between two prediction iterations, and σm = 3m/s2 the noise

on the motion. I3 is the identity matrix of size 3 and 03 is the zero matrix of size 3.

A target needs to be removed from the tracker as soon as it goes out of the FOV of both cameras.

This is necessary to avoid tracks diverging from the truth (because no measurement can
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5.2. Filter Implementation

Figure 5.2 – Illustration of the positions and orientations of the camera FOVs (in green) and the
Gaussians forming the birth intensity γ (blue). The head of the quadrotor is shown as a red disk.
The components are not to scale.

update the state) or the increase in amount of targets (as there are no measurements to lower

their weight). To remove the targets, the survival probability is modified to match the FOV of

the two cameras combined:

pS,k (m(i )
k|k−1)) =

{
0.9 if |ψi | < 110◦

0.2 otherwise,
(5.4)

with ψ j the bearing angle of the position defined by m(i )
k|k−1 in the body frame of the camera.

The probability of survival is set to 0.2 so that targets that go out of the FOV for a short moment

of time can quickly be tracked again.

The birth model is composed of three Gaussians, one in the front of the quadrotor at m(1)
γ =

[0,1.2,0,0,0,0]m, and two on the sides of the quadrotor at m(2)
γ = [−1,0.2,0,0,0,0]m and

m(3)
γ = [1,0.2,0,0,0,0]m. The full birth model is given by:

γk (x) =
3∑

j=1
0.01 ·N (x;Rb,l m( j )

γ +p,P ( j )
γ ), (5.5)

with Rb,l the rotation matrix from the body frame to the local frame and p the position of the

observing quadrotor. The initial covariance matrix is set to:

P ( j )
γ =

[
32I3 03

03 4I3

]
. (5.6)

An illustration of the birth model is shown in Figure 5.2.
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Chapter 5. Marker-Based Tracking with Two Cameras

Table 5.1 – Typical camera related parameter values for the two camera setup.

Fx Fy X0 Y0 K1 K2 P1 P2 St KS

111.3 147.7 157.5 118.7 -0.29 0.04 0.001 0.001 0.14 0.09

5.2.2 Camera Model

The measurements from the cameras are composed of the position of the target on the image

[x(i )
p , y (i )

p ]T and the size of the target as appearing on the image s(i )
p . A measurement vector is

given by z(i )
k = [x(i )

p , y (i )
p , s(i )

p ]T . The camera model is based on the standard OpenCV model and

is defined as follows. First, the location of target i is put in camera’s body frame:

p(i )
b,k = Rc,l

(
p(i )

k −p
)

. (5.7)

Then the position on the image [x(i )
p , y (i )

p ]T is computed, including camera’s distortion:

x(i )
p =−Fx x(i )

d +X0 (5.8)

y (i )
p =−Fy y (i )

d +Y0 (5.9)

ry =
y (i )

b,k

x(i )
b,k

(5.10)

rz =
z(i )

b,k

x(i )
b,k

(5.11)

x(i )
d =

[
kr ry +2P1ry rz +P2

(
sr + r 2

y

)]
(5.12)

y (i )
d = [

kr rz +2P2ry rz +P1
(
sr + r 2

z

)]
(5.13)

s(i )
r = r 2

y + r 2
z (5.14)

k(i )
r = 1+K1sr +K2s2

r , (5.15)

with K1, K2, P1, P2, Fx , Fy , X0 and Y0 representing parameters of the camera. The sensor

model for target’s pixel size w (i )
i has been derived empirically:

s(i )
i = πF 2

x S2
t

4
(
‖p(i )

b,k‖2 +KS‖p(i )
b,k‖4

) , (5.16)

with St the marker’s size and KS a distortion parameter. The intrinsic parameters of the

cameras are either measured using a dedicated ROS calibration package [66], or, in the case of

KS , determined empirically. Typical values for the parameters are given in Table 5.1.
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5.3. Results

The covariance of the sensor noise is estimated to be:

Rk =

 16 0 0

0 16 0

0 0 64

 . (5.17)

The clutter model has two values, depending on the measured apparent size, as it was observed

that false positive detection are usually only a few pixels in size:

κ(z) =
{

1
320∗240∗200 if s(i )

p < 10
0.01

320∗240∗200 otherwise
(5.18)

Because the targets are only detectable when in the FOV of the cameras, the detection proba-

bility pD,k of camera l ∈ 1,2 is not constant and instead is equal to:

pDl ,k (m(i )
k|k−1) =

{
0.95 if ψc,l − αdl

2 <ψ j <ψc,l + αdl
2

0 otherwise
(5.19)

with ψc,l is the heading of camera l in the world frame and αdl = 127◦ the FOV of a single

camera. This approach is similar as the one found in [67].

5.3 Results

To validate our tracking algorithm, the filter was run on one quadrotor sitting still in our flying

arena, and another quadrotor was carried around the recording quadrotor. The position

of both quadrotors were recorded using the MCS. The estimated position of the tracked

quadrotor was compared with the ground-truth position recorded by the MCS. The obtained

error in tracking is shown in Figure 5.3. We found that the error in position was around 26

cm in the FOV of interest (i.e. used by the collision avoidance algorithm). Each camera had a

frame rate of around 8 Hz.

5.4 Discussion

Because the calibration of the camera models are at their worst at the edge of the image, the

small regions where two or more cameras overlap see an oscillation of the target, resulting in a

noisy estimation of the target’s state. This is a problem for velocity estimation in particular.

A possible improvement of this system is to stitch the images from the multiple cameras to

get a unified picture of the scene. Another solution is to use a single camera with a very wide

fish-eye lens (> 200◦), which can be useful if image stitching is too computationally expensive.

An error of 26cm is roughly twice the size of the marker used. This error is concentrated

radially (i.e., on the camera-target axis). This is because the tracking algorithm relies on only a

few pixels (around 5 at the maximum range) to estimate the distance between the cameras

41



Chapter 5. Marker-Based Tracking with Two Cameras

X [m]

-2 0 2

Y
 [

m
]

-1

0

1

2

3

4

R
M

S
E

 [
m

]

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

Figure 5.3 – Tracking error of a single target obtained by systematically moving a quadrotor in
front of another quadrotor with a fix position. The black circle shows the quadrotor position, the
black arrow is the heading and the dashed lines the region usable for avoidance.

and the object. Any pixel difference between the model and reality results in a large distance

difference. Furthermore, the pixels on the edge of the color blob are often flickering. For long

distances, the color blob is mostly composed of pixels that are on the edge. The signal to noise

ratio is thus close to one when the target is far away. One solution to this would be to increase

the resolution of the camera, to the expense of higher computational power required.

This tracking algorithm uses measurements given by the color-blob detector algorithm. This

computer vision algorithm relies on markers, and is not suited to be used outdoor, where

any color can be found in the environment. In next chapter, this tracking algorithm will be

adapted to be used with a computer vision algorithm that detects other UAVs based on their

shape.

Summary

In this chapter the implementation of the first iteration of the tracking system for the SAA

is presented. The detection method is based on the color blob detection computer vision

algorithm. The tracking system uses two fisheye cameras to get to the required FOV, and the

EKF-GM-PHD filter as tracking algorithm. Results show an average accuracy of 26cm in the

FOV of interest.
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6 Marker-Less Tracking Based on Shape
Detection

I N real world applications, and in particular for SAA systems for UAVs, the use of markers

for visual tracking is impossible, especially if they are as large relative to the aircraft as

what is presented in Chapter 5. Other visual tracking methods need to be used that do

not require modifications the structure or aspect of the robot. A natural way to visually

detect a robot is by detecting its shape. In [36], in collaboration with the CVLab, we presented

our work on tracking other UAVs based on their shape, without the use of markers. In this

chapter, we will focus exclusively on the tracking algorithm that leverages the measurements

obtained with the shape-detection algorithms presented in Section 2.2.3. The quadrotor

shape-detection algorithms described in Section 2.2.3 returns the bounding boxes of detected

objects. Due to the fact that width and height of these bounding boxes are heavily correlated,

the measurements of a quadrotor are defined as z = [
xc , yc , wc

]T with the components being

the detection center in horizontal and vertical coordinate on the image, and the width of the

bounding box, respectively. The shape-detection computer vision algorithm comes in two

flavors: with and without the visual tracker. The first version of the shape-detection algorithm

solely uses the cascade of detectors. The second version, the detections from the cascade of

detectors go through the visual tracker, which learns the appearance of the quadrotor and

tracks it on the image directly.

6.1 Filter Implementation

The implementation of the camera sensor model is similar to the algorithm presented in

Chapter 5, which uses the standard camera with distortion model, with the exception of the

measurement model for the apparent width w (i )
c,k of target i at time k which is given by:

w (i )
c = Fx St (1+K1sr )(

‖p(i )
b,k‖+Kw‖p(i )

b,k‖2
) . (6.1)
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Figure 6.1 – The workflow of the image processing and and tracking. Courtesy of Artem Rosantev.

0 20 40

H
o
ri
z
o
n
ta

l

[p
ix

e
l]

0

500

No Visual Tracking

0 20 40

V
e
rt

ic
a
l

[p
ix

e
l]

0

500

Time [s]

0 20 40

W
id

th

[p
ix

e
l]

0

100

200

300

0 20 40
0

500

Visual Tracking

0 20 40
0

500

Time [s]

0 20 40
0

100

200

300

Figure 6.2 – Position estimates obtained from the computer vision algorithm. Different colors
correspond to different measurements for the same time-step with this order: blue, red, black,
green, cyan. The colors might not be correlated in time nor do they show any association with
ground truth.

Similarly to the notation in Chapter 5, p(i )
b,k =

[
x(i )

b,k , y (i )
b,k , z(i )

b,k

]T
is the position of the target

relative to the camera in the camera frame, K1 and Fx are some standard intrinsic camera

parameters and were determined using the ROS calibration package [66], St is the size of the

target, and Kw is a parameter related to the change of the apparent width as function of the

target’s distance to the camera and has been determined empirically. As the camera sensor

model is not linear, the GM-PHD filter has been implemented using the EKF-GM-PHD filter of

Chapter 4. This setup uses a single camera. The camera model is the same as the ones used in

Chapter 5. The camera was in a front-facing orientation. Because the shape-based computer

vision algorithm only works with high-resolution images, the resolution used was of 960 by

540 pixels (cropped from a 1920 by 1080 pixels’ image), instead of the 320 by 240 pixels used in

Chapter 5. Consequently, the camera model parameters change as well. Typical values for the

parameters are given in Table 6.1. The covariance of the sensor noise for the computer vision

without visual tracking is estimated to be:

Rk =

 200 0 0

0 200 0

0 0 3200

 , (6.2)
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6.2. Results

Table 6.1 – Typical camera related parameter values for the shape tracking setup.

Fx Fy X0 Y0 K1 K2 P1 P2 St KS

500.5 500.5 1000.5 539.7 -0.1539 0.0267 0 0 0.32 -0.04

Figure 6.3 – Experimental setup for the shape tracking algorithm. A camera on the AscTec Firefly
hexacopter records the scene. Two Hummingbird quadrotors are flying in front of the Firefly, and
are the ones that are tracked. Objects were added to the scene to make it more realistic.

and for the computer vision with visual tracking, the covariance is set to:

Rk =

 200 0 0

0 200 0

0 0 1600

 . (6.3)

The covariance for the size is set lower because the visual tracker filters the noise on the size

measurement. The clutter level was set to κ(z) = 0.5/(4·106) for the version with visual tracking

and κ(z) = 4/(4 ·106) for the version without. Unlike what is presented in Chapter 5, the clutter

level does not vary as function of the measurement size.

6.2 Results

The experimental setup is composed of an AscTec Firefly hexacopter carrying a camera and

two AscTec Hummingbird quadrotors (our standard experimental platform described in

Chapter 2) flying in front as targets of the tracking framework. The camera is equipped with a

fish-eye lens with a field of view of 185◦. All quadrotors flew autonomously using localization

data acquired by the MCS and sent through WiFi to the vehicles. The trajectories of the

Hummingbird quadrotors were set as follows: for one, an ellipsoid of 3×2 m and for the other

one an ∞-shape of 2×1 m. The quadrotors performed their loop in 20 s. The hexacopter

was mostly in static flight, moving to another position from time to time. A picture of the

experimental setup is shown in Figure 6.3. All the data was recorded on the hexacopter to be
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Figure 6.4 – Position estimates obtained in our experiment with two quadrotors (blue and red
track, respectively) in a cluttered environment. The solid, thinner lines are the true trajectories of
the quadrotors acquired by the MCS. The dots are the estimated positions from the EKF-GM-PHD
filter. The red and blue colored dots are the ones closest to the red and blue curves, respectively.
The data association is obtained during the computation of the OSPA metric and not as a result of
the EKF-GM-PHD filter. The black dots are the estimates that were not associated with a quadrotor.

post-processed by leveraging the rosbag functionality of ROS.

In the post-processing phase, the data was played back in real time and fed to the computer

vision and tracking algorithms. The computation was performed on a desktop computer with

an Intel Core i7, a hardware comparable to the high-end computation modules for quadrotors

(e.g., AscTec Mastermind). Although both versions of the shape-detection algorithm operate

on the same video stream, the parameters were set differently for fair comparison. One

difference resides in the neighborhood size of the non-maximum suppression step, which is

set to 3 for the case with visual-tracking and 1 in case without. This is because visual tracking

is more sensitive to false positives, as opposed to the multi-target state tracking which is more

sensitive to missed detections. Furthermore, when only the cascade of detectors are used

in the shape-detection algorithm, all overlapping detections are averaged together. This is

because the cascade of detectors reports the same detection at different sizes, despite the

non-maximum suppression step. This step is not applied when the visual tracker step is used

in the shape-detection algorithm. A sample of the measurements obtained by both computer

vision flavors is shown in Figure 6.2.

We compared the two computer vision algorithms versions: with and without visual tracking.

The obtained trajectories for both cases are shown in Figure 6.4. Figure 6.5 shows estimated

velocities for both cases. The trajectories are obtained after post-processing the results, by

associating estimated targets with the closest ground truth position. Both figures show the

estimates as dots and the ground-truth as solid lines. The dots are colored according to the

ground-truth they are closest to. On the one hand, the trajectories obtained without visual

tracking are not only less accurate than those with visual tracking, but they do also suffer of
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Figure 6.5 – Velocity estimates obtained in our experiment with two quadrotors (blue and red
track, respectively) in a cluttered environment. The solid, thinner lines are the true trajectories of
the quadrotors acquired by the MCS. The dots are the estimated velocities from the EKF-GM-PHD
filter. The red and blue colored dots are the ones closest to the red and blue curves, respectively.
The data association is obtained during the computation of the OSPA metric and not as a result of
the EKF-GM-PHD filter. The black dots are the estimates that were not associated with a quadrotor.

target disappearing. This is due to the cascade of detectors not reliably detecting a target, and

when one is not detected, the EKF-GM-PHD filter immediately reacts by lowering the weight

of the estimate below the target existence threshold. On the other hand, the visual tracking

will search the image for features that it learned previously. As a result, the algorithm returns a

measurement for each quadrotor at each frame. This consistency allows the EKF-GM-PHD

filter to correctly track both quadrotors and get a smooth estimate of their velocity.

To assess the improvement that visual-based tracking brings to the tracking framework, the

OSPA metric is used with a cutoff threshold c = 2m. The OSPA errors are shown in Figure 6.6

for both in the case where visual tracking is enabled in the shape-detection algorithm, and

in case it is disabled. Overall, adding visual tracking improves the result, mostly due to the

two targets being consistently tracked. The OSPA metric goes suddenly up around 24 and

27 s of the experiment, which is due to a cardinality error in the estimation outputted by the

EKF-GM-PHD filter (i.e., the EKF-GM-PHD filter does not report the right number of targets).

The reason for the error in cardinality is that the the visual tracker of the shape-detection

algorithm is keeping two separate tracks for a single target. This is then interpreted as a two

distinct targets by the EKF-GM-PHD filter. Without visual tracking in the shape-detection

algorithm, the target’s appearance flickers as they are not reliably detected solely with the

cascade of detectors, resulting in large and sudden variations of the OSPA metric.
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Figure 6.6 – Obtained OSPA [58] measurement for tracked positions of the quadrotors. Blue curve
is the OSPA for the case with visual-tracking enabled, red curve is for the case where it is disabled.
Lower is better. The error is 2 at maximum.

6.3 Discussion

The shape-based tracking algorithm has two different cascaded trackers (one tracking on the

image and another one tracking in 3D), which is not only redundant, but can also lead to

wrong tracks persisting for a significant amount of time. A solution would to combine the

visual tracking with the state estimation into a single algorithm. The idea would be to use

a Labeled Multi-Bernoulli (LMB) tracker [61] that tracks the robots in 3D, then projects the

positions of the robots on the image space to generate the pseudo-measurements and update

the tracks. If implemented as a particle filter, then even the cascade of detectors (used to

extract the image patches that look like a robot) can be merged into the algorithm, as each

particle projected on the image would give the image patch to be evaluated by the cascade of

detectors. Then the binary response (detected or not) would be used to update the weight of

the particle. Preliminary results based on a first merged implementation appear promising,

but falls out of the scope of this work.

In this work, the size of the robot is assumed to be accurately known to be able to estimate the

distance between the robot and the camera. In more realistic conditions, such information

might be missing. For example, several types of robots might be present in the same environ-

ment, requiring a prior identification before such assumption can be made. Furthermore, the

apparent size of the robots might change as a function of their orientation (which is not the

case when rotational symmetry of the spherical markers are used, as in Chapter 5). In that

case, the heading needs to be estimated as well as the size, but the heading of a robot is hard

to estimate visually therefore leading often to unreliable results. A possible solution would be

to add another sensor, such as a range sensor, or a radar, and perform dedicated sensor fusion.

The tracking algorithm would become significantly more complex, in particular due to the data

association between the sensors, sensor management, and the different sensing modalities
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(i.e., single-target measurements for laser range finder versus multi-target measurements for

vision).

In this work, the combination of the camera sensor and the lens resulted in a FOV that was

smaller than 180◦. In the next work, we will present our implementation of the GM-PHD filter

to track other quadrotors using a single lens with a FOV of 220◦.

Summary

In this chapter, a markerless tracking system based on a shape-detection algorithm is pre-

sented, along with its implementation details. Results from real experimental footage are

provided for two different versions of the shape-detection algorithm, with and without subse-

quent visual tracking, and their tracking performances are compared.
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7 Marker-Based Tracking with One
Camera

T O overcome the lack of vertical FOV and improve the velocity estimation of the

tracking system presented in Chapter 5, a single camera tracking solution was set

up. The same color blob detection algorithm leveraged in Chapter 5 and detailed

in Section 2.2.3 is implemented, but using a single camera with a very wide fish-eye

lens that requires to significantly change the camera model.

7.1 Hardware

Figure 7.1 – A quadrotor in flight equipped with the green marker. The black disk is the lens of the
camera.

To achieve the 220◦ FOV needed for the collision avoidance algorithms, the BF16M220D lens is

mounted on a off-the-shelf USB camera. The camera is mounted inside a hollow polystyrene

sphere similar to the hardware presented in Chapter 5. In this case, the markers were painted

green due to the presence of red structures in the scene (the experiment using this new

marker were carried out in the larger Jordils arena mentioned in Section 2.1.2). Figure 7.1

shows a quadrotor equipped with a green marker. The camera is connected to the on-board
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Chapter 7. Marker-Based Tracking with One Camera

computational unit of the quadrotor and runs the visual detection and tracking algorithms.

The camera resolution used is 640 by 480 pixels.

7.2 Camera Model

Because the distortion created is severe, both the camera model and the underlying tracking

algorithm had to be modified. The pinhole camera model was changed in favor for the

omnidirectional camera model described in [68]. Furthermore, the EKF-GM-PHD filter was

modified into a UK-GM-PHD filter to accommodate the strong non-linearity of the model as

well as ease the integration of complex camera models.

Computing the sensor model z = g (x), with x = [x, y, z, vx , vy , vz ]T is done in multiple steps.

First, the estimated position of the target p = [x, y, z]T is placed in the camera frame:

p(i )
c,k = Rc,l

(
p(i )

k −p(c)
k

)
(7.1)

with p(c)
k the position of the camera and Rc,l the rotation matrix from the local frame to

the image frame (z being the direction of the camera). Second, the position of the target is

projected on the camera using the method described in [68]. We use a modified version of the

method from [69] to compute an approximation with a single iteration. The approximation is

based on a polynomial of order seven that has been fitted to match the true solution as well as

possible. The projection function q = γ(p) is given by the following equations:

q(i )
p =

[
c xρ

r +d yρ
r +x0

e xρ
r + yρ

r + y0

]
, (7.2)

ρ =
7∑

j=0
a jθ

j , (7.3)

θ = arctan
( z

r

)
, (7.4)

r =
√

x2 + y2, (7.5)

with c , d and e scaling parameters and x0 and y0 parameters related to the center of the image.

Typical values for those parameters are given in Table 7.1. Care is taken to put r to a small

value (e.g. 10−12) if r becomes too small. Typical values for a j are given in Table 7.2.

To compute the size of the target on the image, four edges of the color blob are computed. To
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7.2. Camera Model

obtain those edges, first the two vectors u and v which serve as basis are computed:

u =
p(i )

c,k ×z

||p(i )
c,k ×z||

(7.6)

v =
u×p(i )

c,k

||u×p(i )
c,k ||

, (7.7)

with z = [0,0,1]T . Then the target’s edges are computed in 3D:

e+u = p(i )
c,k +St u (7.8)

e−u = p(i )
c,k −St u (7.9)

e+v = p(i )
c,k +St v (7.10)

e−v = p(i )
c,k −St v, (7.11)

with St the size of the target. The positions of the edges of the target are projected on the

camera image and the size of the target as appearing on the camera is obtained as follows:

s(i )
p = ρd

√
π

4
||γ(e+u)−γ(e−u)|| · ||γ(e+v)−γ(e−v)||. (7.12)

ρd is a polynomial that adapts the size of the target with the distance. This term was added

because of the deviation of the model that was observed when the target is far from the camera.

The cause of the change of scale is not clear. ρd is given by:

ρd =
4∑

j=0
b j

 ||p(i )
c,k ||

St

 j

, (7.13)

with b j the coefficients of the polynomial obtained by calibration. Typical values for b j are

given in Table 7.3. The distance is divided by the size of the target to obtain a unit-less quantity.

The covariance of the sensor noise is estimated to be:

Rk =

 9 0 0

0 9 0

0 0 4

 . (7.14)

The clutter model has two values, depending on the size measurement, as it was observed that

false positive detection are usually only a few pixels in size:

κ(z) =
{

1
320∗240∗200 if s(i )

p < 10
0.01

320∗240∗200 otherwise
(7.15)

The calibration of the camera follows a two-step process. First, the camera parameters are
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Chapter 7. Marker-Based Tracking with One Camera

Table 7.1 – Typical camera related parameter values for the single camera tracking setup.

c d e x0 y0 St

1.0596 2.69e-3 -13.68e-3 289.84 244.27 0.0581

Table 7.2 – Typical camera related parameter values for the radial distortion polynomial given by
Equation 7.3.

a0 a1 a2 a3 a4 a5 a6 a7

199.09 115.08 -20.12 -14.91 -3.2154 944.48e-3 -1.056 -789.21e-3

estimated using the OCamCalib library [69]. This calibration step is done by taking images

of a checkerboard with the camera. Second, the model parameters are optimized in order

to minimize the difference between data acquired from the camera and the ground truth

obtained with the MCS. The dataset is obtained using a fixed camera and a moving marker

(the same that are used on the quadrotors), both being tracked using the MCS. The camera

model is applied to the ground-truth positions to generate pseudo-measurements (what the

measurement should look like). The images from the camera are processed using the color

blob tracking algorithm that is used to track the other quadrotors. The detections from the

camera are compared to the pseudo-measurements obtained with the MCS, and the error is

used as input to the fminsearch optimization function of Matlab.

7.3 Results

To validate the single-camera tracking system, a marker was moved in front of a camera

recording the position of any green blob on the image. The positions of the camera and the

marker were also recorded using the MCS. The trajectory of the marker during the experiment

can be seen in Figure 7.2. The dataset was then used to feed the tracking algorithm of this

chapter, and the OSPA error for each estimate is computed. The result is shown in Figure 7.2.

The mean error in position is around 0.45 m in the FOV used by the avoidance algorithms, and

quickly degrades as soon as the marker goes out of range. Furthermore, the velocity error is

on average 0.33 m/s. The marker is correctly tracked most of the time, with moments where

the tracker is unable to start a track for the marker. The reason why the tracker fails to track

occasionally is for now unknown.

7.4 Discussion

The lens used in this chapter has enough FOV so that only one camera is necessary to obtain

enough sensory coverage for the collision avoidance algorithms. But such a large FOV comes

with an extreme distortion of the image. This is not a problem for the marker-based computer

vision algorithm, as the marker is of a uniform color, and the distortion only affects the size of

marker on the image (i.e., the marker is green, independently of the distortion). This is not
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Table 7.3 – Typical camera related parameter values for the distance distortion polynomial given
by Equation 7.13.

b0 b1 b2 b3 b4

1 -4.66e-3 -62.11e-6 1.05e-6 7.025e-12
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Figure 7.2 – Tracking error of a single target obtained by systematically moving a marker in front
of a fixed camera. Each dot represents the OSPA error in position for a measurement update.
The position of the dot is given by ground-truth. Only the update measurements for which the
ground-truth is valid are shown. The black circle sector shows the FOV used for the collision
avoidance algorithms.

true for the shape-based computer vision algorithm, which relies on the appearance of the

aircraft on the image. In this case, the distorted shape of a quadrotor needs to be learned,

increasing the variability of the data-set. Even if the distortion does not prevent the use of

the shape-based detection algorithms, the effect of the distortion on its performance is still

unknown at this point.

Summary

This chapter presents the improvements done over the marker-based tracking system of

Chapter 5. A single camera with a 220◦ FOV lens is used. The camera model is modified to

adjust for the correspondingly higher image distortion. The tracking of other quadrotors is

done using the UK-GM-PHD filter instead of the EK-GM-PHD filter. Implementation details

as well as performance evaluation using a camera and a single marker are given.
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8 Introduction to Part III

T HIS part presents our contributions to the field of collision avoidance algorithms.

All novel algorithms presented in this part share common features. First and fore-

most, they all guarantee collision avoidance with limited FOV sensing. Second, our

collision avoidance algorithms generate the same type of output: a desired velocity

and heading. Finally, all algorithms also require at least a position estimate of neighboring

UAVs, which is provided by one of the tracking algorithms presented in Part II.

Most collision avoidance algorithms we developed were designed for vehicles that move on a

two dimensional plane. In this case, two types of vehicles were studied: the holonomic and the

unicycle. The holonomic vehicle is able to move in all directions, independently of its heading.

The vehicle’s heading is decoupled from the velocity of the vehicle. A unicycle type vehicle is

only able to move forward along the direction defined by the vehicle’s heading. The velocity

and heading of the vehicle are coupled, and the vehicle is unable to move sideways, and is thus

non-holonomic. The unicycle kinematic model is used to study differential-wheeled robots

and serves as a simplified model for fixed-wing aircraft. In this work, unicycle, differential-

wheeled, and fixed-wing describe the same type of motion, although the actuation constraints

might differ. One algorithm in this thesis (Chapter 14) was designed to take advantage of the

third dimension. The motion model for this three dimensional collision avoidance algorithm

is an extension of the unicycle model.

Different collision avoidance frameworks were used to design our algorithms, namely Rule-

Based (RB), Potential Field (PF), and Velocity Obstacle (VO). Although different collision

avoidance frameworks require a position estimate of the neighboring UAVs, the VO approach

also needs a velocity estimate of other UAVs.

This part will continue, followed with Chapter 9 providing a literature review on collision avoid-

ance algorithms. The concept of collision avoidance with limited FOV sensing is presented in

Chapter 10. The different collision avoidance algorithms are presented in Chapters 11-15, and

their characteristics are described in Table 8.1. Finally, Chapters 16 and 17 present our efforts

to compare the performance of different collision avoidance algorithms.
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Table 8.1 – Characteristics of the different collision avoidance algorithms.

Chapter Kinematics Avoidance method Uses velocity estimates
11 Unicycle RB No
12 Holonomic PF No
13 Unicycle PF No
14 3D fixed-wing PF No
15 Holonomic VO Yes
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9 Avoidance: Related Work

A VOIDANCE, and collision avoidance in particular, is a well studied subject, with

many avoidance paradigms created over the years. This work focuses on the topic

of collision avoidance, that is, robots or autonomous vehicles avoiding each other.

This is different from obstacle avoidance, in which robots avoid static objects. Of

course, collision avoidance and obstacle avoidance are not incompatible and can be solved

together with a single algorithm.

In this work, several collision avoidance paradigms are used, such as Rule-Based (RB), Potential

Field (PF), and Velocity Obstacle (VO). Other paradigms are possible, such as, for example,

geometry-based [70], [71], dynamic window [72], generation of an optimal trajectory [73]–[75],

Markov decision process [76] or collision cones [77]–[79]. The simplest approach to collision

avoidance is probably RB, where the robot has distinct behaviors and switches between them

based on the sensor measurements. Some work apply directly a RB as a control law, as in

[80] where the authors extend the VFR for autonomous separation of aircraft. However, RB

is usually not implemented alone, but is built on top to extend the capabilities of another

algorithm. For example, in [81] a VO algorithm is extended by a set of rules.

Another popular collision avoidance paradigm we use in this work is based on PF, where

the robot follows the negative gradient of a virtual PF function. The PF is tailored to adapt

the behavior of the robot to the application. The scientific literature is rich in different PF

algorithms and PF have been adapted to a large variety of systems such as cars [82], [83],

telescopes [84], aircraft [85][86], differential wheeled robots [87] or quadrotors [88].

Finally, in this work, we also use the VO paradigm for collision avoidance. VO-based algorithms

compute the optimal command (with regard to some function, usually the minimum deviation

from some desired velocity) from the set of allowed velocities. The set of allowed velocities is

constructed by removing all sets of velocities that will lead to a collision. A set of velocities

that will lead to a collision with an obstacle is called a VO. Several improvements to VO-based

collision avoidance have been proposed over the years, such as sharing the responsibility

of the collision avoidance maneuver between the robots [89] or making it computationally
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faster [90]. The notion of VO can also be extended to be computed in the command input

space instead of being simply defined in the velocity space. This allows the VO approach to be

used on a large set of vehicle types while guaranteeing that the result is always feasible [91].

VO-based algorithms have been applied to many type of vehicles, such as cars [92], boats [93],

or quadrotors [94]. It has also been adapted to follow the VFR [81].

If limitations in the actuation (e.g., maximum speed or non-holomonicity) are usually con-

sidered when a collision avoidance algorithm is designed, limitations in the sensing (might

it be accuracy, range, field of view) are usually an afterthought, and the sensors are chosen

with enough safety margin to guarantee collision avoidance. Only some work consider the

case where the robot’s sensing system has limitations. Some work, such as [95], [96] or [97],

consider that the sensors have a limited range, but not a limited FOV. Other work consider

the case where sensory data has some uncertainties, such as [90]. Some contributions have

a notion of a limited FOV (i.e., not all directions are sensed). In [98], the authors present

an obstacle avoidance algorithm with camera FOV constraints. But because the nature of

the problem between obstacle avoidance and collision avoidance differ, the results cannot

be reused as is. For example, in [99] the authors present a collision avoidance for limited

FOV sensing and validated in simulation, although no analytic proof of collision avoidance is

presented. In fact, in this work it will be proven that the FOV used in [99] is not sufficient to

guarantee collision free navigation. Some other work, such as [96] or [100] have algorithms

that incorporate a limited FOV, but none of those work give an explicit, analytic guarantee of

collision avoidance under limited FOV sensing, which we will do in the next chapter.

Summary

In this chapter, the literature on collision avoidance algorithms is reviewed, with a focus on

sensor limitations, and in particular for limited FOV sensing. The literature review shows that

only a few studies investigated the effect of a limited FOV sensing on the collision avoidance

algorithm, and that no work gives guarantee of collision-free navigation with limited FOV

sensing.
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10 Collision Avoidance for Limited Field
of View Sensing

A ROBOT, just like animals, relies on its sensors to observe and understand its envi-

ronment, to interact with objects of interest, and avoid potential threats. Depend-

ing on the sensory type and the environment, the volume observed can vary greatly,

ranging from very short (e.g., touch), to long range (e.g., vision). The volume ob-

served by the sensor has to be measured and adapted to the system, as high-performance

high-resolution sensors come at an expense, both physical and computational. This is the

case for vision in Nature, animals’ FOV depends on their use thereof. A few animals have a

full spherical FOV, such as the stalk-eyed fly [101], and comes at the cost of having large eyes

that are placed in vulnerable locations. When it comes to birds, their FOV varies depending

whether they are preys or predators. Preys have large FOV to easily detect a predator, wherever

it can attack from. For example the American woodcock can observe the whole hemisphere

above it [102]. Predators, such as the barn owl (with 150◦ FOV), have more front-facing eyes,

reducing their FOV, but augmenting their binocular vision [103], probably used to evaluate

distances to preys, and because they are less threaten by predator attacks (as they are on top

of the food chain). Similarly, for robots, the FOV of a camera has to be adjusted based on the

application, and there is a trade-off between the size of the FOV required for the task and other

requirements (resolution, distortion, weight). In this chapter, we will provide the minimum

FOV size to guarantee the success of the task, which is collision avoidance.

10.1 Field of View

The FOV of a robot can have different shapes, depending on the configuration of the sensor.

The FOV can be formed by a combination of several sensors, but it is then assumed that they

are fused into a single FOV without discontinuity. The results presented in this chapter assume

a disk sector shaped FOV defined in two dimensions, but it can easily be extended to the third

dimension, as presented in Chapter 14. The FOV set in two dimensions Fi of robot i is defined
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a) b) c)

Figure 10.1 – Illustration of animals with different FOV: a) the stalk-eyed fly, b) the American
woodcock c) the barn owl. 1.

as:

Fi =
{

p | ||p−pi || < r s
i , |∠(di ,p−pi )| ≤αs

i

}
, (10.1)

with pi the position of the robot i , di the heading of the robot and π/2 <αs
i <π the sensor’s

FOV half-angle. Without loss of generality, the sensor range r s
i is also included in this definition

by convenience. In this work, the sensor’s range is assumed to be constant for all bearing

angles in the FOV (but can be extended to arbitrary range functions). Unless stated otherwise,

robot i can detect robot j if and only if the position p j of robot j , defined as its geometrical

center, is in robot i ’s FOV: p j ∈ Fi . The FOV set only defines where another robot is detected,

and not how its state is measured; the sensor could, for example, return full position and

velocity measurements (such as in Chapter 15), or return a binary value (such as in Chapter 11).

The main issue with navigation under a limited FOV, as described by Equation 10.1, is the risk

of collision arising from the ignorance of the area that is not sensed (the blind angle). Most

of the time, the limited FOV poses little threat as the robot moves forward facing, leaving its

ignorance behind (assuming its FOV is centered at the front of the robot). In that case, the

only threat comes from other, faster robots chasing it; this possibility is out of the scope of this

thesis. Prominently, the risk of collision due to ignorance resides when aggressive maneuvers

are required, because, for example, the robot changes course (as shown in Figure 10.2), or has

to perform a collision avoidance maneuver (as shown in Figure 10.3). The motion of the robot

has thus to be limited in order to avoid potential collision with unknown threats.

Two scenarios were designed to show that collision due to the ignorance caused by the FOV is

possible. The first scenario involves two robots that start back-to-back. Both robots have their

destination on the left side of the horizontal axis. One slower robot has the right orientation

and simply has to go forward to reach its destination. The other, faster, robot faces away from

its destination. The fastest trajectory is for the robot to go in a straight line, which leads to

a collision if using an algorithm that does not take into account the FOV constraints of the

1a) Image from Wikipedia (CC BY-SA 2.0 DE): https://en.wikipedia.org/wiki/Stalk-eyed_fly
b) Image from Fyn Kynd (CC BY 2.0): https://www.flickr.com/photos/79452129@N02/16885281018
c) Image from Wikipedia (CC BY 2.0): https://en.wikipedia.org/wiki/Barn_owl

64

https://creativecommons.org/licenses/by-sa/2.0/de/deed.en
https://en.wikipedia.org/wiki/Stalk-eyed_fly
https://creativecommons.org/licenses/by/2.0/
https://www.flickr.com/photos/79452129@N02/16885281018
https://creativecommons.org/licenses/by/2.0/
https://en.wikipedia.org/wiki/Barn_owl


10.2. Sensor-Constrained Set

Figure 10.2 – Illustration of the risk of changing course with limited FOV sensing. The green robot
changes course at time 0 s while slowly rotating its sensor towards its new course. It does not see
the slow moving blue robot and collides with it, represented as red solid lines. The green and blue
solid lines are the trajectories of the green and blue robots, respectively. The green circle sector
represents the FOV of the green robot. All robots use the algorithm given in Chapter 15.

avoided , as shown in Figure 10.2.

The second scenario involves four robots. Two slow robots avoid each other and thus get close.

Just when the two slow robots successfully avoid the collision and go out of each other’s FOV,

each one sees a fast robot approaching from the other side they performed the avoidance. If

the algorithm is not respecting the constraints imposed by the sensor, the slow robots will

perform an aggressive maneuver towards each other to avoid the faster robots. That maneuver

will lead them to collide (Figure 10.3).

We use the scenarios shown in Figures 10.2 and 10.3 to do the simulations in Chapters 12, 13

and 15, both to show that our algorithms solve the FOV ignorance issue, and have common

scenarios to compare trajectories. Because the collisions due to limited FOV only happen in

specific configurations (e.g., initial positions, algorithm parameters, etc.), and because the

configuration that leads to a collision also depends on the type of algorithm, the parameters

used for the simulations are slightly different depending on the algorithm evaluated.

10.2 Sensor-Constrained Set

The main concept of collision avoidance under FOV sensing constraints is to limit the motion

of the robots in order to guarantee that they cannot collide with each other because of their

intrinsic blind zones. In this work we propose that the velocity remains in the following set,

called the sensor-constrained set:

Si =
{

v
∣∣∣ |∠(v,di )| ≤αs

i −
π

2

}
. (10.2)
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Figure 10.3 – Illustration of the risk of avoiding collisions with limited FOV sensing. Between time
3 s and 6 s, the green and blue robots avoid each other, and end up leaving each other FOV. At that
moment, each one detects another robot, black for the green robot and cyan for the blue robot.
The blue and green robots will attempt to avoid collision by moving toward each other (without
knowing, as they are not in each other’s FOV) and will collide, which is represented as red solid
lines. The green, blue, cyan and black solid lines are the trajectories of the green, blue, cyan and
black robots, respectively. The green and blue circle sector represents the FOV of the green and
blue robots, respectively. All robots use the algorithm given in Chapter 15.

We will now prove that constraining the velocity within the set defined by Equation 10.2 will

be sufficient to ensure safe maneuvering. First, we show that robots that do not see each other

will not get closer if they choose their velocity in their respective sensor-constrained sets.

Lemma 1. A robot i that chooses vi ∈ Si will not go towards the position of another robot j

that robot i is unable to detect.

Proof. First note that because robot i does not detect robot j we have that |∠(di ,p j−pi )| >αs
i .

Define a line Γ⊥ (p j −p j ) that passes somewhere between robots i and j , with a distance of

at least ri and r j from robot i and j , respectively. Because vi ∈ Si , it is possible to find a lower

bound for the angle between vi and the vector p j −pi :

|∠(vi ,p j −pi )| = |∠(di ,p j −pi )+∠(vi ,di )| ≥ (10.3)

|∠(di ,p j −pi )|− |∠(vi ,di )| >αs
i − (αs

i −
π

2
) = π

2
.

As a result the velocity vi points away from the line Γ and moves away from the position of

robot j .

Using Lemma 1, we will now prove there is no collision possible between two robots that do

not see each other. Figure 10.4 summarizes the principle behind the following proposition.

66



10.2. Sensor-Constrained Set

Figure 10.4 – Illustration of a situation for which choosing vi ∉ Si leads to a collision. Robot i is
the dark red disk, robot j is the dark blue disk. The FOV of the robots are shown as light green
circular sectors. The dark green circular sectors are the sensor-constrained sets for each robot.
The light red and light blue disks represent position of robot i and j , respectively, that collided
due to robot i choosing a velocity outside of Si .

Proposition 1. Two robots i and j that do not detect each other, and do not have prior

knowledge of each other, are guaranteed to be collision free if and only if vi ∈ Si and v j ∈ S j .

Proof. The proof of necessity goes as follows: suppose that there is a velocity vi ∉ Si that

does not lead to a collision with a robot j with any possible p j , d j and v j ∈ S j . Choose p j and

a small ε such that |∠(di ,p j −pi )| =αs
i +ε. It follows that p j ∉ Fi and that robot i does not see

robot j . Now take, without loss of generality, a velocity vi such that |∠(vi ,di )| >αs
i −π/2+ε,

and that ∠(vi ,di ) has the same sign as ∠(di ,p j −pi ). Note that by definition vi ∉ Si . It follows

that |∠(vi ,p j −pi )| <π/2. Define the line Γ⊥ (p j −pi ) that goes between the two robots at a

distance of r j +ri /2 from robot j . Because ∠(vi ,p j −pi ) <π/2, the center of robot i will cross

Γ at point pcol l in some time in the future ∆tcol l . It is now possible to choose v j and d j such

that v j ∈ S j and that the distance between the robot j and the line Γ is less than r j + ri when

robot j is closest to pcol l . It is thus possible to find a triplet p j , d j and v j ∈ S j that will lead

to a collision between robots i and j . It is thus not possible to have vi ∉ Si without risking a

collision with j .

The proof that vi ∈ Si is a sufficient condition for no collision is a direct consequence of

Lemma 1. If both robots do not see each other, then they both move away from the line Γ

that divides the space between the two robots. They thus move away from each other.

Remark 1. The result remains true when more than two robots are involved because a single

collision is essentially a two-robot problem. More than two robots leads to multiple collisions,

each one involving only two robots.

Remark 2. Note that Proposition 1 is valid in both two and three dimensions (in the case of

three dimensions, Γ is a plane and not a line in Proposition 1).
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Remark 3. The angle αs has to be larger than π/2 for the sensor-constrained set to exist. If

αs <π/2, then S =; and no guarantee about collision can be given. The risk of collision when

αs < π/2 is studied in [104]. As a result, the work in [99], based on the withdrawn standard

[105], is not safe considering the FOV used. A possible collision scenario is, for example,

two aircraft exactly above one another going in the same direction at the same speed. If the

one below slowly climbs or the one above slowly goes down, they will collide without seeing

each-other.

The sensor-constrained set only constraints the kinematics of a robot. If the dynamics of a

robot cannot be approximated using exclusively kinematic laws (i.e., the robot has significant

inertia), the dynamics has to be controlled such that the robot’s velocity remains in the sensor-

constrained set.

If the robot follows a trajectory in open loop over a time window, then at any point on the

trajectory, the remaining of the trajectory has to stay in the sensor-constrained set defined at

that point. A trajectory can be planned outside of the sensor-constrained set as long as both a

sensor update and a trajectory replanning is performed before leaving the sensor-constrained

set. Same goes for limited range: the trajectory should be updated before the robot leaves

the area covered by its sensors at the time the trajectory was previously updated. As a result,

high sensory frame-rate and frequent trajectory update allows for more aggressive trajectories,

despite the constraints imposed by the limited FOV.

At the time of writing this thesis, it is not yet known whether it is possible to design a navigation

algorithm that is guaranteed to be collision free with FOV αs <π/2 in the case where:

� Each robot knows the existence of every other robot or moving object in the environ-

ment.

� Each robot has some knowledge of the state of the other robots. This could be obtained

by prediction when another robot is not in FOV or by observing the state of other robots.

� Each robot knows the behavior of the other robots.

Such assumptions make sense in applications where the robots keep some cohesion (such as

formation control). Furthermore, if a model of the mobility constraints is known, it is possible

to use motion primitive based approaches [75], which admit a formal verification of collision

avoidance. There might also be systems for which the motion guarantees that all threats can

be detected despite a FOV smaller than π/2, for example in case of train systems. But in the

general case of collision avoidance, in particular for SAA applications, none of the assumptions

above are fulfilled, and a FOV of αs >π/2 is required.
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10.3 Guidelines for Avoidance under Limited FOV

Below a FOV of π/2, no guarantee of collision avoidance can be given. Furthermore, for FOV

that are close to this required minimum, the reduction in maneuverability can be severe and

affect the performance of some algorithms (more results are presented in Chapter 16). The

specific requirements of using a limited FOV sensor in collision avoidance can be formulated

with the following guidelines:

1. The actuation shall be constrained to be in the sensor-constrained set defined by

Equation 10.2. The reasons for this constraint are explained above.

2. The vehicle shall be able to stop before colliding. Due to the reduced maneuverability

enforced by sensor-constrained set, it is possible that a robot faces situations where

the required collision avoidance maneuver involve velocities outside of the sensor-

constrained set. Leaving to all robots the possibility to come to a full stop guarantees at

least one safe solution for all robots.

3. The sensor should be aligned with the vehicle’s motion. In order to keep enough

maneuverability at all time, the sensor’s heading should follow the velocity vector of the

robot. In case where the sensor’s FOV is not enough to clearly avoid collision, the robot

should stop and turn its sensor until it can see a clear path.

4. There should be a smooth transition from navigation to avoidance (and vice versa)

at the edge of the sensor-constrained set. This proposition cannot be applied to all

algorithms, but helps to avoid oscillations when a robot sees another robot at the edge

of its FOV. This rule is mostly used for PF-based algorithms.

Following these guidelines when designing a collision avoidance algorithm should give guar-

antee of collision-free navigation, as long as the other limitations (i.e., sensor imperfection

and actuation dynamics) are taken into account. Illustration of the use of these guidelines

on well-known collision avoidance paradigms are shown in Chapters 11, 12, 13, 14 and 15.

The guidelines are formulated in the context of collision avoidance, but are also applicable to

other, more general navigation problems. Some of the guidelines, such as sensor alignment,

could be modified to better track some regions of interest.

With the exception of the first guideline, the guidelines given in this chapter are not confirmed

by theory but were established solely on empirical findings. Future work is required to find

out if they are indeed necessary conditions or if it is possible to make collision avoidance

algorithms that have good performance without following those last three guidelines.

69



Chapter 10. Collision Avoidance for Limited Field of View Sensing

Summary

To guarantee collision-free navigation with a sensory system that has a limited FOV, the

actuation has to be constrained to the so-called sensor-constrained set. In this chapter the

notion of FOV and sensor-constrained set are defined. We mathematically have shown that

the motion of the robot has to lie within the sensor-constrained set to remain collision-free.

Finally, guidelines are given on how to adapt a collision avoidance algorithm in order to

guarantee its safety even with limited FOV sensing.
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11 Rule-Based Avoidance

T HE guidelines described in Chapter 10 can be applied to many different types of

collision avoidance concepts, including very simple ones. In this chapter, we aim

to design a collision avoidance algorithm as simple as possible but that respects the

constraints imposed by the limited FOV. This is done in the form of a Rule-Based

(RB) algorithm.

Consider the problem of N differential-wheel robots with the following kinematic equation:

q̇ =

 ẋ

ẏ

θ̇

=

 c cos(θ)

c sin(θ)

ω

 , (11.1)

with c the command in speed and ω the turning rate command. Their task is to navigate in

some space and avoiding collisions with the environment or other robots. The robots have a

proximity sensor that allows them to detect any object that comes in close range, as long as

the object is in its FOV. The sensor does not return any distance or bearing measurement. The

measurement z returned by the sensor is given by:

z =
1, if O∩F 6= ;

0, otherwise,
(11.2)

with O the set of all positions covered by obstacles and F the FOV. Note that this definition

differs from what is given in Chapter 10 in that even the edge of an obstacle is enough to be

detected by the sensor, and not necessarily the center. Such sensor can be implemented with a

large variety of sensor modality, such as vision, but also a laser range finder, proximity sensors

(if their FOV overlap), or even a tactile border around the robot (if collision avoidance means

“not colliding too hard”).

A simple way to navigate the space while avoiding collision that respects the three first guide-

line described in Chapter 10 is to move forward while no obstacle is detected, and to turn on
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the spot when an obstacle is detected. This rule-based control law is given by:

[
c

ω

]
=

[cmax ,0]T , if z = 0

[0,ωmax ]T , if z = 1,
(11.3)

with cmax > 0 the maximum speed of the robot, and ωmax 6= 0 its maximum turning rate.

Proposition 2. Two robots with kinematic properties given by Equation 11.1, and the control

law given by Equation 11.3, will not collide.

Proof. Consider two robots i and j that are at a small enough distance from each other such

that, if they are facing the other robot, they would detect it. Now consider the case of robot

j from the point of view of robot i . If p j ∉ Fi , then, according to Proposition 1, robot i will

not be the cause of the collision with robot j (i.e., either it stops or moves away from robot

j ). If p j ∈ Fi , then robot i is not moving and is not responsible for the collision. The same

reasoning can be made for robot j . Thus, both robots will not have a motion that can lead to

a collision and as a result no collision is possible between robots i and j .

Remark 4. Proposition 3 also applies to more than two robots, because either all the other

robots are out of the FOV of some robot i and thus robot i moves away from the other robots,

or at least one robot is in the FOV of robot i and robot i is not moving, thus not participating

in the collision. Because(⋃
j

O j

)
∩Fi =

⋃
j

(
O j ∩Fi

) 6= ;, (11.4)

with O j the obstacle formed by some robot j , robot i will be stopped whenever there is one or

multiple robots in its FOV.

In fact, the RB algorithm takes advantage of the inherent dynamics of the robot (i.e., a differen-

tial wheeled robot) to satisfy the constraints imposed by the limited FOV. In general, if a robot

is only able to move forwards, then it will not violate the sensor-constrained set imposed by

the limited FOV.

11.1 Results

We validated our RB-based approach in simulation, in which 8 robots navigate a square

space of six by six meters. The simulations was implemented in Matlab as a microscopic

point simulation (no physical simulation) with perfect kinematics and noiseless sensing. The

simulation was carried out with a time step of 0.05 s. The robots’ shape is a disk of radius

r = 0.3 m. The maximum speed cmax of each robot is different and ranges from 0.4 to 0.9 m/s;

this variability in speed makes possible that a robot can hit another robot from behind. For all

robots ωmax = 1 rad/s. The sensor range is r s = r +1.8∆t from the center of the robot. This

sensor range is the minimum sensor range to leave the robot one time step ∆t to react and
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Figure 11.1 – Simulation of the RB approach. Left: trajectories obtained over 800 time steps. Right:
Boxplot of the minimum distance between the robots over 100’000 time steps. The red dashed
line shows the distance at which two robots are considered colliding, and the blue dashed line is
the sensor range.

stop in order to avoid the collision. The FOV half angle of the sensor is αs = 110◦. The result of

the simulation is shown in Figure 11.1. Over the course of 100000 simulation iterations, the

robots moved in their environment without colliding with each-other.

11.2 Discussion

Other simple algorithms are possible, such as the Braitenberg algorithm [106] applied to

differential wheeled robots, as long as the weights used in the Braitenberg are set in such a

way that, for any sensors values and a limited FOV facing forwards, the robot never moves

backwards. It is not yet known if there is a set of weights that not only avoid collisions, but also

guarantee that the robot never moves backwards.

It is possible to generate a smoother trajectory with the RB approach by slowly accelerating

the robot to its cruise speed after it was stopped. It is not yet known if a smooth deceleration

is also possible, as it requires the robot to keep enough distance for it to decelerate in time.

Although this RB approach does guarantee collision avoidance, it does not guide a robot

towards some desired destination. To navigate the environment, this RB algorithm has to be

extended to steer the robot towards its destination. A RB approach for navigation might be

too aggressive to navigate the robot, and another method, such as PF, might be more suited

for the task. In that case, the robot would navigate the environment using the PF if the path is

clear, and switch to a collision avoidance behavior if an obstacle is detected.
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Summary

In this chapter, we show that a simple rule-based control law can follow the guidelines pre-

sented in Chapter 10. The rule-based control law is presented, as well as proof of collision

avoidance and simulations.
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12 Potential-Field-Based Avoidance for
Holonomic Vehicles

O NE of the popular paradigms for collision avoidance is based on the concept

of artificial Potential Fields (PFs). Like their natural counterparts, artificial PFs

are scalar functions that embody in their negative gradient the motion of the

objects they affect (e.g., electrons in nature, robots for artificial potential fields).

With artificial PFs the negative gradient can be replaced by another local operator. By carefully

designing the PF, it is possible to obtain a wide variety of robotic behaviors. Some PFs show

good behavior for navigation, and are called navigation functions. A PF V with a destination

set Xd has the following properties [107]:

� V (x) = 0∀x ∈ Xd

� V (x) =∞ if and only if Xd is not reachable from x.

� for every reachable state x ∈ X/Xd , following the local operator will produce a new state

x ′ such that V (x ′) <V (x)

12.1 Problem Statement

In this work, the PFs are implemented without necessarily strictly following the definition

above. First, our local operator is always the negative gradient of the PF. Second, the PF used

in this work is the sum of two different PFs:

V t =V n +V a , (12.1)

with V n the PF responsible for navigating the robot to its destination, and V a the PF to avoid

other robots or obstacles. This allows to design each behavior separately with relative ease

and reduces possible unexpected behaviors. But it is likely that when the robot reaches its

destination and V n = 0, that V a 6= 0, and as a result V t > 0. But this is a small issue, as the

author of [107] states that the first point is more for convenience. But it is important that

both V n and V a are as low as possible at the destination Xd so that the destination lies in
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Figure 12.1 – Illustration of the shape of the PF with two obstacles. The yellow dots with red arrows
represent possible robot positions and the negative gradient associated to those positions.

a global minimum of the PF. Furthermore, depending on the configuration of the obstacles

and other robots, and the shape of V n , it is possible that local minimums appear. This can

only be avoided by carefully choosing the shapes of the PFs. In this chapter, we will show how

some generic PF can be made compliant with the requirements stemming from a limited FOV

sensing.

PFs have been adapted to a large variety of dynamical systems. In this chapter, a holonomic

robot controlled in speed is chosen because it illustrates how the motion of the robot needs to

be limited due to the limited FOV. The robot’s equation of motion is given by:

q̇ =

 ẋ

ẏ

θ̇

=

 vx

vy

ω

 , (12.2)

with p = [x, y]T and v = [vx , vy ]T the position and the velocity of the robot, respectively. Many

PF functions are possible; inspired from [82], V n and V a are chosen to be:

V n = K n
‖pi −pd

i ‖2

‖pi −pd
i ‖+ r d

(12.3)

V a =∑
j

K a

γ+‖pi −p j‖2 − (ri + r j )2 , (12.4)

with γ> 0 a parameter to make the avoidance component less aggressive. pd
i is the position

76



12.2. FOV-aware PF

of the destination for robot i , and r d ≥ 0 is a term to slow down the robot when it reaches

its destination. K n and K a are constant gains that set the intensity of the navigation and

avoidance components of the PF, respectively. The rationale behind the choice of V n is that

the norm of its gradient close to K n in most places and tends to 0 as the vehicle gets close to

its destination. As a result, the desired cruise speed (when not avoiding) of the robot is defined

by cd = K n . The PF formed by V n and V a is illustrated in Figure 12.1. The negative gradient of

the total PF is then used to steer the vehicle to its destination:

v =−∇V t , (12.5)

with

−∇V t =−K n(pi −pd
i )

‖pi −pd
i ‖+2r d

[‖pi −pd
i ‖+ r d ]2

+∑
j

2K a(pi −p j )

[γ+‖pi −p j‖2 − (ri + r j )2]2 . (12.6)

This algorithm is named PFOS in Chapter 16. To ensure collision avoidance, the gains of the

PF have to be carefully chosen so that under a certain small range ε the gradient of the PF

moves the robots apart, even in the worst conditions which are when the goal is far away

(‖pi −pd
i ‖ >> r d ). That is, for ‖pi −p j‖ < ε, the following relation has to hold true:∥∥−∇V n

∥∥< ∥∥−∇V a
∥∥ . (12.7)

Considering the single robot case, and taking the limit on the distance to the destination to

infinity, Equation 12.7 reduces to:

K n < 2K aε[
γ+ε2 + (ri + r j )2

]2 . (12.8)

12.2 FOV-aware PF

Up to this point, the PF does not comply with the FOV guidelines presented in Chapter 10. To

ensure no collision due to the limited FOV, the negative gradient of the PF has to be modified

so that the velocity remains in the sensor-constrained set, i.e. [vx , vy ]T ∈ S. As a result, the

PF V t would need to be modified to comply to the constraints enumerated in Chapter 10.

This is challenging for several reasons. First, because the vehicle is only allowed to move in its

sensor-constrained set, the navigation is only well defined in that set (by definition, the PF

requires that V (q) =∞,∀q ∉ S). Second, the goal might be outside the sensor-constrained set,

which is invalidating the requirement that V (q) = 0 at destination. Third, because the PF at the

edge of the sensor-constrained set needs to go to infinity, and because the sensor-constrained

set is usually narrow, the gradient can see dramatic changes over a small distance, which can

lead to instability. This is especially important when considering sensors that are noisy, as the

estimated position can significantly change between two time steps.

Instead of searching for a PF that contains the limited FOV constraint, we will use a function
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Ψ that maps the PF’s gradient into the sensor-constrained set:[
vx

vy

]
=Ψ(−∇V t ,θ) ∈ S. (12.9)

Note that Ψ is dependent on the robot’s heading θ, because the sensor-constrained set is

aligned with the robot’s heading. Furthermore, function Ψ should follow the guidance of

the PF as much as possible, while preventing forbidden motions. A possible solution goes as

follows: first define two vectors c∥,c⊥ parallel and perpendicular to the sensor heading. Then

project the gradient of the PF ft =−∇V t on those two axes:

f∥ = c∥
c∥ · ft

‖c∥‖2
(12.10)

f⊥ = c⊥
c⊥ · ft

‖c⊥‖2
. (12.11)

Finally, f⊥ is scaled so that when combined with the projection on f∥, the result remains in S.

TheΨ function is thus defined as follows:

Ψ=


−∇V t , if −∇V t ∈ Sαa

0, if |∠(−∇V t ,c∥)| > π
2

f∥+ sgn(ft ·c⊥)Mαf∥, otherwise,

(12.12)

with Sαa the sensor constrain set with FOV angle of αa , with αa an angle such that π/2 <αa <
αs (this angle is used to smooth the collision avoidance further on), and

Mα = sin
(
αa − π

2

)[
0 −1

1 0

]
. (12.13)

An illustration of the vectors used in the mapping function is shown iun Figure 12.2. Notice

how that if −∇V t is such that it would move the robot backward, the mapping function has to

return 0 to prevent violation of the limited FOV constraint. This conflict between the need to

quickly change course to avoid collision and the risk of collision due to the lack of knowledge

due to the limited FOV can only be solved by a change of heading of the sensor, such as

stated by the third guideline of Chapter 10. Other mapping functionsΨ are possible, such as

projecting the gradient of the PF on the closest edge of the sensor-constrained set.

Directly using the PF described by Equation 12.6 into the mapping function given by Equa-

tion 12.12 will guarantee collision avoidance, but depending on the configurations of the

different robots, it might not result in smooth trajectories due to the robots appearing and

disappearing from each other FOVs. This is due to the non-respect of the fourth guideline

proposed in Chapter 10. To avoid oscillations due to the FOV, the collision avoidance PF V a
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Figure 12.2 – Illustration of the vectors used in the mapping functionΨ. The light green sector
represents the robot’s FOV and the the dark sector represents the sensor-constrained set.

can be modified to give the following equation:

−∇V a =∑
j

2K aβaβd (pi −p j )

[γ+‖pi −p j‖2 − (ri + r j )2]2 , (12.14)

with

βd =β
(

r s −di j

r s − r a

)
(12.15)

βa =β
(
αs −|θi j |
αs −αa

)
, (12.16)

and di j the distance between robots i and j and θi j the bearing of robot j with respect to

robot i . To simplify the computation, we take the approximation that both di j and θi j are

constant and do not depend on the positions of the robots. r a is a parameter related to the

smoothness of the transition with 0 < r a < r s . β is a smooth monotonic function from 0 to 1,

in this work it is implemented as:

β(a) =


0 if a < 0

3a2 −2a3 if 0 ≤ a < 1

1 otherwise

(12.17)

The β function are used to smoothly ignore other robots that are on the border of the sensed

area, might it be due to long distance or large bearing angle. The shape of the combined

β functions is shown in Figure 12.3. Equation 12.14 is the reason to use αa instead of αs in

Equation 12.13: it allows for a smooth transition near the edge of the FOV. But having a large

difference αs −αa reduces the “normal operation” mode of the PF (i.e., when −∇V t ∈ Sαa ).

Furthermore, the size of Sαa also defines how much controlability there is for the heading

control (i.e. harder to trade-off between aggressive and sluggish heading control). There is
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Figure 12.3 – Shape of the function βa jβd j . The function equals zero in the back of the agent,
ignoring any other agents in that area as it is unable to sense them.

thus a trade-off between maneuverability and smoothness of the trajectories. This algorithm,

which is sensor-constrained, is named SAPFOV in Chapter 16.

We are now able to formulate the following proof:

Proposition 3. Two robots with dynamics given by Equation 12.2, and the PF given by Equa-

tions 12.1, 12.3 and 12.14, transformed by the mapping given by Equation 12.12, and under

the condition given by Equation 12.8 will not collide.

Proof. Consider two robots i and j at a distance di j < min(ε,ra). We will show that each

robot will not move closer to the other robot.

First consider the situation from the point of view of robot i . Robot j can be at different

positions around robot i . First, robot j can be at a location such that |θi j | >αa . In that case,

according to Proposition 1 and because vi ∈ S, robot i will either move away from robot j , or

be stopped. If robot j is in the FOV of robot i such that |θi j | <αa , then we have that βaβd = 1

because di j < ra . The avoidance component has thus full strength in this configuration.

Furthermore, because of condition given by Equation 12.8, we know that the avoidance

component in the PF gradient is larger than the navigation component. As a consequence,

the negative gradient of the total PF for robot i will point away of robot j (and thus robot i

will have a velocity of 0, as per Equation 12.12). As a result, for any position of robot j such

as di j < min(ε,ra), robot i will either move away from robot j or not move, and will not be

responsible for the collision.

The same reasoning can be applied to robot j . Because both robots either move away from

each other or do not move at all. Hence collision is impossible.
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Figure 12.4 – Trajectories obtained with the first scenario. Left: the algorithm is not aware of the
FOV. Right: The PF algorithm respects the FOV constraints. The solid blue and green lines are
robots’ trajectories. The markers and numbers give an indication of the timing of the trajectories.
The FOV of some robots at the timings indicated by numbers are represented by circular sectors.
The color of the circular sectors match the color of the trajectories. The FOV range is not to scale.
The red solid lines are distances between two robots that are less than the sum of their radii.

Remark 5. Proposition 3 only applies to two robots. In case more than two robots are in-

volved in the collision avoidance, the avoidance forces can cancel out, leaving the navigation

strong enough to push a robot into a collision. A solution could be to reduce the weight of

the navigation component while avoiding collisions. But this solution increases the risk of

deadlocks.

According to the third guideline proposed in Chapter 10, the heading of the robot should be

aligned with robot’s velocity. A special rule has to be implemented to avoid deadlock: according

to Equation 12.12, in the case where the negative gradient of the PF is in the opposite direction

of the sensor’s direction, the mapped PF’s negative gradient is zero, and aligning the sensor

with robot’s velocity is not well defined. To avoid the deadlock, when the command velocity

of the robot given by the mapped negative gradient, the robot rotates with ω̇max until the

deadlock is solved. As a result, the heading control law is given by:

ω=
−Kω∠(di ,vi ), if vi 6= 0

ω̇max , otherwise,
(12.18)

with Kω a constant gain.

12.3 Results

This algorithm was validated in simulation. The simulations was implemented in Matlab as a

microscopic point simulation (no physical simulation) with perfect kinematics and noiseless

sensing. The PF approach was simulated using the two scenarios presented in Chapter 10. The

resulting trajectories are presented in Figures 12.4 and 12.5. Both scenarios are tuned in order
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Figure 12.5 – Trajectories obtained with the second scenario. Left: the algorithm is not aware of
the FOV. Right: The PF algorithm respects the FOV constraints. The solid blue, black, green and
cyan lines are robots’ trajectories. The markers and numbers give an indication of the timing of
the trajectories. The FOV of some robots at the timings indicated by numbers are represented
by circular sectors. The color of the circular sectors match the color of the trajectories. The FOV
range is not to scale. The red solid lines are distances between two robots that are less than the
sum of their radii.

for the non FOV-aware PF algorithm generates trajectories that create collisions. For both

scenarios, and with the same parameters, the PF version that respects the FOV constraints

generates trajectories that do not collide.

In general, the deadlock problems are partially due to the inability of PFs to anticipate the

required collision avoidance maneuver because they only take as input the position of other

robots and not the velocity. Another reason is that for FOV that are only marginally larger

than π/2, the change of heading is slow for reasonable values of Kω. Next chapter presents a

solution in the form of heading control instead of velocity control, which partially addresses

these issues.

12.4 Discussion

This chapter presents a general methodology to make PFs compatible with the requirements

imposed by limited FOV sensing. The algorithms presented here are more for the sake of

illustration, and many changes can be made to improve the performance of this class of

algorithms. First, the PFs used in this chapter could be changed to something that are less

deadlock-prone, especially in the case of head-on collisions. Furthermore, the way the negative

gradient of the PF is mapped into the sensor-constrained set can be tuned to a specific

application. Another improvement would be to modify the heading control to be more

aggressive when the PF’s negative gradient goes significantly out of the sensor-constrained set,

with the hope to limit the amount of time spent in deadlocks. Finally, switching behaviors (e.g.,

getting away from other robots before going back into navigation mode) might also mitigate

deadlock problems.
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12.4. Discussion

Summary

In this chapter, a generic method to adapt PFs to the requirements imposed by limited FOV

sensing is presented. First, the concept of PF is presented, followed by a specific implementa-

tion of PF. Then the methodology of adapting the PF to make it compatible with the FOV is

discussed. Finally simulations of the obtained collision avoidance algorithm are presented.
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13 Potential Field-Based Avoidance for
Fixed-Wing Vehicles

I NSTEAD of artificially constraining the velocity to the sensor-constrained set, it is

possible to find a control law that, similarly to the RB-based approach of Section 11,

inherently satisfies the constraints stemming from limited FOV sensing due to the

dynamics of the system. Furthermore, such control law can be applied to systems

which are not capable to move sideways, such as fixed-wing aircraft. This algorithm was first

presented in [37], and was originally not designed with Theorem 1. This chapter presents the

algorithm as first presented in [37] and subsequently deployed on real robots in [35], while

incorporating more recent knowledge on the topic.

13.1 Problem Statement

In this chapter, we focus on fixed-wing type of aircraft to design the algorithm. The fixed-wing

kinematic model is approximated by the unicycle robot equation:ẋi

ẏi

θ̇i

=

ci cosθi

ci sinθi

ωi

 , (13.1)

withωi the turn rate command and 0 ≤ cmi n ≤ ci ≤ cmax the forward speed command of robot

i . Note that this notation allows for constant speed robots with cmi n = cmax , although it is not

desirable as we will show in Section 13.2. pi =
[
xi , yi

]T is robot’s position and θi is its heading.

Together, pi and θi define the pose vector. In this chapter all angles are defined on the interval

[−π,π] and all operations with angles return a value in that interval. A robot i has a collision

radius ri . Two robots i and j should not come closer than a radius ri + r j to each other, and

below that distance, they are considered to have collided. Each robot i can sense a robot j

which is in its FOV p j ∈ Fi (with r s the radius and αs the half FOV angle), such as defined in

Chapter 10. The measurement returned by the sensor is a range di j = ‖p j −pi‖− ri − r j and

a bearing angle φi j = atan2(y j − yi , x j − xi )−θi . The angles and distances are illustrated in

Figure 13.1.
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Figure 13.1 – Illustration of the angles and distances used in this chapter.

Because the range of speed allowed by the robot i can be limited (e.g. in case of fixed-wing

aircraft), the maneuvering is mostly done by steering its heading in a desired direction θt
i .

Furthermore, as the minimum velocity cmi n is not necessarily 0, collision avoidance is also

done by changing the heading. In this case, the collision avoidance is done through a simple

turning behavior, with increasing rate as the threat gets closer. The navigation and collision

avoidance behaviors are linked together by the shape of the FOV, similarly to Chapter 12. The

turn rate command u1 is given by:

ωi = K n
(
1−max

j

(
βa

j β
d
j

))(
θt

i −θi
)+∑

j
βa

j β
d
j
−2πcmax

di j
, (13.2)

with

βd
j =β

(
r s −di j

r s − r a

)
(13.3)

βa
j =β

(
αs −|φi j |
αs −π/2

)
, (13.4)

with β the function given by Equation 12.17. r a is the radius for which, in case di j < r a , a

robot will fully switch to collision avoidance. Note that this algorithm is not suited for 360◦

FOV sensing, as it will keep spinning around if another robot is close by and never leave its

collision avoidance behavior.

1The yaw control described by Equation 13.2 is slightly different from the work in [37] and [35]. This is to correct
for a mistake in [37] where the turn rate is only half what would be needed to prove avoidance. The proof in [37] is
also correct if the avoidance term in the yaw control is multiplied by two.
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13.1. Problem Statement

There are many possible ways to compute the desired heading θt
i . A solution is to use PFs;

inspired by [86], the following PF was used:

Vi (pi ) = ‖pi −pd
i ‖2 +K pβ

(‖pi −pd
i ‖

r p

)
e2

i (13.5)

ei =
‖(po

i −pd
i )× (pi −pd

i )‖
‖po

i −pd
i ‖

, (13.6)

with pd
i the position of the destination and po

i the robot’s initial position. K p is a constant

gain defining how much the robot will deviate from the line between po
i and pd

i . r p defines

a distance at which the robot should slow down when getting close to its destination. The

negative gradient of this PF is not directly used as input. Rather, it is used to compute the

desired heading θt
i = atan2(yt , xt ) with

[
xt , yt

]T =−∇Vi (pi ).

Most robots, including fixed-wing aircraft, have some speed range ∆c = cmax −cmi n that they

can use to improve the collision avoidance performance. To improve the separation capability

of the robots (explained in Section 13.2), the speed of the robot is set as:

ci = cmax −max
j

(
βa

j β
d
j

)
∆c, (13.7)

with βa
j and βd

j given by Equations 13.43 and Equations 13.42, respectively. This algorithm is

named SAPFUV in Chapters 16 and 17. Using the system described by the equations above,

the following proposition can be formulated.

Proposition 4. A robot with a kinematic model described by Equation 13.1 and with a con-

troller described in Equations 13.2 and 13.7 will not move in a way that will lead to collision

with another robot.

Proof. Suppose that a collision occurs at time t c between two robots and consider them

earlier when they were apart from each other by a small distance 2r c . As they can go at

a maximum speed of cmax , there is a small time interval ∆t = r c

cmax for which they will not

collide. ∆t is thus a lower bound of the time required for them to collide. We want to prove

by contradiction that if a robot is moving towards another robot, there will not be a frontal

collision between the two robots. That is, a robot on a collision course will turn enough to not

face the other robot and move away from the collision point in the time ∆t , contradicting

with the fact that t c is the time of collision.

As they are on a collision course, at least one robot, for instance robot i , is moving towards

the other during the time t ∈ [t c −∆t , t c ]. Because it is moving towards the collision, robot i is

sensing another robot j in front of it, meaning that |φi j | ≤ π
2 . Thus according to Equation 13.4,

βa
j = 1. Moreover, the distance between the robots is small, meaning that di j ≤ r a thus βd

j = 1

(from Equation 13.3). As a result we have
(
1−max

j
βa

j β
d
j

)
= 0 and the control law is reduced
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to

ωi =
∑

j
βa

j β
d
j
−2πcmax

di j
< −2πcmax

di j
< 0. (13.8)

The change of heading during time ∆t of robot i can be computed by integrating it:

|∆θi | =
∣∣∣∣∫ t c

t c−∆t
ωi d t

∣∣∣∣≥ ∣∣∣∣∫ t c

t c−∆t

−2πcmax

di j
d t

∣∣∣∣ . (13.9)

As the robot is going to collide, it will always move towards the other one during the time

t ∈ [t c −∆t , t c ], the distance di j is continually decreasing from the distance r c . Equation 13.9

can be rewritten as:

|∆θi | ≥
∣∣∣∣∫ t c

t c−∆t

−2πcmax

di j
d t

∣∣∣∣≥ ∣∣∣∣∫ t c

t c−∆t

−2πcmax

2r c d t

∣∣∣∣= ∣∣∣∣−2πcmax

2r c ∆t

∣∣∣∣=π. (13.10)

Thus the robot does more that a π turn during the time t ∈ [t c −∆t , t c ] contradicting the

affirmation that the robot collides with the other robot in front of it. It will thus never reach

the collision point because it will move away from that point before t c .

During the whole proof, the case of robot j was not considered. Only mattered the fact that

robot i will not travel further than a distance r c towards robot j . We will now discuss the

possible behaviors of robot j . Robot j can have four different behaviors depending on its

initial heading. In the first case, the robot j is also moving towards the collision point. In that

case, its behavior will be the same as robot i ; it will perform a collision avoidance maneuver

to the right, and no collision is possible. The second possible case is when robot j is moving

away from robot i with an angle |φi j | >αs +ε with ε such that

|∆θ j |=
∣∣∣∣∫ t c

t c−∆t
ω j d s

∣∣∣∣= ∫ t c

t c−∆t
|K n

(
θt

j −θ j

)
d s|=ε<<π−αs . (13.11)

In this case, ω j = K n
(
θt

j −θ j

)
because the robot i is out of the field of view of robot j and thus

βaiβdi = 0. The robot j will always have |φ j i | >αs and will keep moving away from robot i

while robot i is performing its collision avoidance maneuver. Thus no collision is possible.

The third case is defined by −π
2 >φ j i ≥−αs −ε. Then the robot j will not rotate in a way that

will lead to φ j i >−π
2 because at φ j i =−π

2 the avoidance term will bring it back in the region

of −π
2 >φ j i ≥−αs −ε. Thus no collision is possible in this case either. The last possible case

happens when π
2 <φ j i ≤αs +ε. Two outcomes are then possible. On the one hand, φ j i > π

2

during the time robot i performs its avoidance maneuver, robot j will move away from the

collision during time ∆t . On the other hand, φ j i (t) < π
2 during t ∈ [t c −∆t , t c ] in which case

one can choose a new ∆t ′ ∈]0,∆t [ and reuse the proof proposed above with robot j instead of

robot i . Note that now the situation will always be classifiable as one of the first three scenarios

because to get to the fourth one robot i needs to cross the region with |φi j | >αs for which the

rotation is very small during time t ∈ [t c −∆t ′, t c ].
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13.2. Avoiding Local Minimum

This collision avoidance algorithm also works for more than two robots. If multiple robots are

surrounding a given robot, that robot will spin until it finds a passage through which it can

escape. This spinning effect can be seen as an emulation of a full stop as the robot remains in

a small area, which is alike the second guideline of Chapter 10: consider the case where, due

to inertia, the turn rate θ̇i is approximately constant. Then the heading of the robot can be

approximated as θi = ut . As a result, the trajectory of the robot is approximately a circle with a

radius of:

r c = ‖pi (t )‖ ≈
∥∥∥∥∥
∫

c

[
cos(ωt )

sin(ωt )

]
d t

∥∥∥∥∥=
∥∥∥∥∥ c

ω

[
sin(ωt )

−cos(ωt )

]∥∥∥∥∥= c

|ω| . (13.12)

It is assumed here, without loss of generality, that the circle is centered at the origin. Approxi-

mating the average turn rate θ̇ = −πcmax

di j
with di j constant, we obtain the expected result: As

the distance di j between the robots decreases, the turn rate command u increases and the

radius of the circles decreases:

lim
di j→0

r c = lim
di j→0

c

|ω| = lim
di j→0

cdi j

2πcmax = 0. (13.13)

Despite its non-zero velocity, the robot’s trajectory is contained is an increasingly smaller

region as the distance to another robot decreases, effectively stopping its motion. But this

behavior is not reasonable as it requires from the robot extremely high turn rate capabilities.

13.2 Avoiding Local Minimum

In this section we show why the change in speed is necessary. The result will be discussed

afterwards. Only the case of two robots interacting is considered.

In the context of this work, a local minimum means that two robots do not turn anymore

although at least one of them is not following its desired direction. An example of this situation

is shown in Figure 13.2. We will show that this configuration is stable. It is not a mathematical

proof but rather an approximation to help understand what is happening. This deadlock

happens when one robot is moving in the rear of another one and the avoidance turning rate

equals the goal tracking turning rate, or differently stated:

θ̇i = K n
(
1−βa

j β
d
j

)(
θt

i −θi
)+βa

j β
d
j
−πcmax

di j
= 0. (13.14)

A first condition to have a local minimum can be derived directly from Equation 13.14. Indeed,

writing it differently we obtain:

(
θt

i −θi
)= 1

K n
(
1−βa

j β
d
j

)βa
j β

d
j
πcmax

di j
> 0. (13.15)

As K n > 0 and 0 ≤βa
j β

d
j ≤ 1 the value of

(
θt

i −θi
)

is always positive. Thus the local minimum
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Figure 13.2 – Illustration of a scenario where two robots move in the same direction even if they do
not have the same destination. The arrow heads show the direction of motion. The dashed lines
show the desired courses. a) The proposed algorithm in the case the forward speed is constant. b)
The same scenario for the algorithm presented in [96]. c) Same algorithm as in a) but the robots
can decrease their speed. d) Same algorithm as in b) but the robots can decrease their speed.

forces the robot to deviate from its desired direction towards the right.

To show that the state resulting from Equation 13.14 is a local minimum, consider the second

time derivative of θi ,

θ̈i = d

dt

[
K n

(
1−βa

j β
d
j

)(
θt

i −θi
)+βa

j β
d
j
−πcmax

di j

]
. (13.16)

To be able to get the results, the following assumptions were adopted:

Assumption 1: Both robots move at the same constant speed ci = c j = cmax . This assumption

will be relaxed later in this section when the means to avoid this local minimum will be

discussed. The control law given by Equation 13.7 uses the result from this section.

Assumption 2: The desired heading θt does not vary in time. This is reasonable if the change in

target heading is much slower than the time an robot takes to converge to the local minimum.

Assumption 3: The two robots start with similar headings so that ∆θ = θi −θ j is small and that

the approximation ∆θ2 ≈ 0 holds.

Assumption 4: The robot j is not influenced by robot i because robot i is not in the FOV of
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13.2. Avoiding Local Minimum

robot j . As consequence θ̇ j = 0 and θ̈ j = 0.

The derivation of the local minimum will go as follows. We will first get the time derivative

of Equation 13.14. It will be followed by the time derivative of the barrier functions and the

sensing data. Then the pieces will be put together to get a second order differential equation.

By approximating the obtained differential equation by a linear system we will discuss the

convergence of the local minimum depending on the spatial configuration of the two robots.

Let’s first consider the first term of Equation 13.16:

d

dt

[
K n

(
1−βa

j β
d
j

)(
θt −θi

)]=−K n
[

d

dt

[
βa

j β
d
j

](
θt −θi

)+ (
1−βa

j β
d
j

)
θ̇i

]
. (13.17)

The second term of Equation 13.16 is:

d

dt
βa

j β
d
j
−πcmax

di j
= −πcmax

di j

[
d

dt

[
βa

j β
d
j

]
−βa

j β
d
j

ḋi j

di j

]
. (13.18)

The time derivative of the barrier function is obtained by using partial derivatives.

d

dt
βa

j β
d
j =βa

j

∂βd
j

∂di j
ḋi j +βd

j

∂βa
j

∂φi j
φ̇i j +

∂βa
j β

d
j

∂t
. (13.19)

Note that
∂βa

j β
d
j

∂t = 0 because both functions are time invariant. Because β is monotonic

increasing we have:

∂βa
j

∂φi j


= 0 if |φi j | ≤ π

2

< 0 if π2 <φi j ≤αs

> 0 if −π
2 >φi j ≥−αs

= 0 otherwise

(13.20)

∂βd
j

∂di j


= 0 if di j ≤ r a

< 0 if r a < di j ≤ r s

= 0 otherwise

. (13.21)

The time derivatives of the sensor values ḋi j and φ̇i j needs to be further developed. The time

derivative ḋ is computed as follows :

ḋi j = 1

‖∆p‖
(
∆x∆ẋ +∆y∆ẏ

)
, (13.22)

with ∆p = p j −pi . Using Assumption 1 the position difference’s change rate ∆ṗ = [∆ẋ,∆ẏ]T
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becomes:

∆ẋ = cmax
(
cosθ j −cosθi

)=−2cmax sin
(
θ j+θi

2

)
sin

(
θ j−θi

2

)
(13.23)

∆ẏ = cmax
(
sinθ j − sinθi

)= 2cmax cos
(
θ j+θi

2

)
sin

(
θ j−θi

2

)
. (13.24)

Equations 13.23 and 13.24 can be approximated with 2sin
(
θ j−θi

2

)
≈−∆θ using Assumption 3.

Equation 13.22 can now be approximated by:

ḋi j ≈ − 1

‖∆q‖cmax∆θ
(−∆x sin θ̄+∆y cos θ̄

)
, (13.25)

with θ̄ = θi+θ j

2 . Because the measured bearing angle of robot i in the world frame is φi j +θi

we have that ∆p = ‖∆p‖[cos
(
φi j +θi

)
, sin

(
φi j +θi

)
]T and thus:

ḋi j ≈ cmax

[
sin θ̄

−cos θ̄

]T [
cos

(
φi j +θi

)
sin

(
φi j +θi

)]∆θ. (13.26)

φ̇i j is computed in a similar way:

φ̇i j = d

dt
atan2

(
∆y,∆x

)= −∆y∆ẋ +∆x∆ẏ

∆x2 +∆y2

≈ −cmax
(
∆x cos θ̄+∆y sin θ̄

)
‖∆p‖2 ∆θ

= − cmax

‖∆p‖

[
cos θ̄

sin θ̄

]T [
cos

(
φi j +θi

)
sin

(
φi j +θi

)]∆θ. (13.27)

Using the results above the terms in Equations 13.17 and 13.18 can be rewritten as:

−βa
j β

d
j

ḋi j

di j
≈ A1∆θ (13.28)

βa
j

∂βd
j

∂di j
ḋi j ≈ A2∆θ (13.29)

βd
j

∂βa
j

∂φi j
θ̇di j ≈ A3∆θ, (13.30)
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13.2. Avoiding Local Minimum

Figure 13.3 – Signs of A1, A2 and A3 as function of φi j angles if θi = θ j .

with A1, A2 and A3 defined as:

A1 = −cmax

di j
βa

j β
d
j

[
sin θ̄

−cos θ̄

]T [
cos

(
φi j +θi

)
sin

(
φi j +θi

)] (13.31)

A2 = cmaxβa
j

∂βd
j

∂di j

[
sin θ̄

−cos θ̄

]T [
cos

(
φi j +θi

)
sin

(
φi j +θi

)] (13.32)

A3 = − cmax

‖∆p‖β
d
j

∂βa
j

∂φi j

[
cos θ̄

sin θ̄

]T [
cos

(
φi j +θi

)
sin

(
φi j +θi

)] . (13.33)

The signs of A1, A2 and A3 are determined by the result of the vector multiplication. As the

scalar product can be related to the cosine of the angles between those vectors, the sign of

A1, A2 and A3 is determined by the angle φi j +θi − θ̄ ≈φi j . This is illustrated in Figure 13.3.

Using Equations 13.32 and 13.33, Equation 13.17 can be rewritten as:

d

dt

[
K n

(
1−βa

j β
d
j

)(
θt

i −θi
)]=−K n

[(
1−βa

j β
d
j

)
θ̇i + (A2 + A3)

(
θt

i −θi
)
∆θ

]
. (13.34)

Because θ j is constant the term
(
θt

i −θi
)

of Equation 13.34 can be rewritten as
(
θt

i −θ j +θ j −θi
)=(

θt
i −θ j −∆θ

)
. Using Assumption 3 as in Equation 13.25, the term (A2 + A3)

(
θt

i −θi
)
∆θ of

Equation 13.34 can be written as:

(A2 + A3)
(
θt

i −θi
)
∆θ

= (A2 + A3)
(
θt

i −θ j −∆θ
)
∆θ

= (A2 + A3)
((
θt

i −θ j
)
∆θ−∆θ2)

≈ (A2 + A3)
(
θt

i −θ j
)
∆θ, (13.35)

because ∆θ2 is small. We can now rewrite Equation 13.16 using the Assumption 4 that θ̇ j = 0

leading to ∆θ̇ = θ̇ and ∆θ̈ = θ̈:

∆θ̈+a1∆θ̇+a2∆θ ≈ 0, (13.36)
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with a1 and a2 defined as:

a1 = K n
(
1−βa

j β
d
j

)
(13.37)

a2 =
[

(A2 + A3)BK n + (A1 + A2 + A3)
2πcmax

di j

]
(13.38)

B = θt
i −θ j , (13.39)

which has a stable solution if
−a1±

p
a2

1−4a2

2 < 0 which is true if both a1 > 0 and a2 > 0. The

system is unstable otherwise. As a1 is always positive, the stability of local minimum comes

essentially from a2. The condition a2 > 0 happens when A1, A2 > 0, A3 = 0 and B > 0 which

corresponds to the case where robot i sees the other robot on its front left and robot j is

moving to the right with respect to the goal. Note that such analysis is not possible for robot j

(in the front) because the sign of A3 is different from A1 and A2. This local minimum results

from the combination of a limited field of view and both robots moving at the same speed.

Indeed when near the local minimum, robot i has only little correction to perform to align with

its desired heading. But to align, robot i needs to get closer to robot j , which would increase

its avoidance reaction. As both robots have the same speed, the distance stays constant. robot

i is thus in a deadlock. The limited field of view leads to robot j (front one) to ignore robot

i (in the rear of robot j ). The solution will thus not come from robot j either. In the case of

[96] the local minimum arises from their swirling effect reduction diminishing the radius of

avoidance area at the rear of the aircraft. This is analogue to our algorithm where the front

aircraft ignores the rear one, although for different reasons. This local minimum problem is

solved by adding a change in speed. As the robot behind is slower, the distance between the

two will increase leading to their separation. For example a decrease in speed of 20% allows

for a quick escape out of the local minimum as shown in Figure 13.2. The same decrease in

speed can also be used with the algorithm presented in [96] to avoid the same problem. If both

are exactly side-by-side and have their heading in the same direction, they will slow down

equally. But because one robot is always on the left side of the other one (thus sees the later

on its right), at least one of them is in an unstable situation (A1, A2 ≤ 0 and A3 = 0) and will

separate itself if the sensors are noisy.

13.3 Results

13.3.1 Simulations

The PF approach was simulated using the two scenarios presented in Chapter 10. The simula-

tions was implemented in Matlab as a microscopic point simulation (no physical simulation)

with perfect kinematics and noiseless sensing. The resulting trajectories are presented in

Figures 13.4 and 13.5. In this case only the FOV aware version of the algorithm is presented

because it is not possible to design a version of the algorithm that does not respect the sensor-
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Figure 13.4 – Trajectories obtained with the first scenario. The solid blue and green lines are
robots’ trajectories. The markers and numbers give an indication of the timing of the trajectories.
The FOV of some robots at the timings indicated by numbers are represented by circular sectors.
The color of the circular sectors match the color of the trajectories. The FOV range is not to scale.

constrained set.

Significant differences between this heading-based algorithm and the pure PF-based algo-

rithm from Chapter 12 can be observed. First, the heading-based algorithm performs a large

detour in the first scenario, as shown in Figure 13.4. This is because the avoidance behav-

ior only avoids on one side, which is in this case the opposite side of the other robot. This

propensity of making detours can lead to inefficient, and even hazardous trajectories on real

systems, such as rapid, poorly controlled spinning behaviors. In the second scenario too

(Figure 13.5), the heading-based algorithm tend to do detours compared to the algorithm

presented in Chapter 12. But this is compensated by an almost constant speed of the robots,

with consequence that the heading-based algorithm is faster to reach its goal compared to the

purely PF-based. Furthermore, an oscillation behavior can be observed for the two middle

robots in Figure 13.5, also caused by the way the collision avoidance is handled, and partially

a consequence of the limited FOV (as other robots appear and disappear from the FOV as the

robot rotates).

13.3.2 Real-World Experiments

This algorithm has been validated with real robot experiments, using our quadrotor platform

described in Chapter 2 with the visual sensing system described in Chapter 5. The full system

as well as the obtained results were published in [35].

A few modifications had to be made to the algorithm to be validated experimentally. First,

the heading-based algorithm assumes a unicycle-like robot, which is significantly different

from the quasi-holonomicity of quadrotors. But because of the high maneuverability of the
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Figure 13.5 – Trajectories obtained with the second scenario. The solid blue, black, green and
cyan lines are robots’ trajectories. The markers and numbers give an indication of the timing of
the trajectories. The FOV of some robots at the timings indicated by numbers are represented
by circular sectors. The color of the circular sectors match the color of the trajectories. The FOV
range is not to scale.

quadrotor, it is possible to emulate a unicycle trajectory using the following equation that

links the control law output and the desired velocity of the quadrotor:[
vxi

vyi

]
=

[
c cos(θi )

c sin(θi )

]
, (13.40)

with c the desired speed given by the algorithm. To assure a as faithful as possible emulation

of the unicycle dynamics, the inertia of the quadrotor has to be compensated by adding a

tangential acceleration:

at = ui ci

−sinθi

cosθi

0

 . (13.41)

This tangential acceleration is then added to the overall control acceleration in the main

controller. Second, the βd
j function is modified on the sides in order to reduce the oscillations:

βd
j =β

(
r s −0.4(r s − r a)

|φi j |
αs −di j

r s −0.4(r s − r a)
|φi j |
αs − r a

)
, (13.42)

βa
j =β

(
αs −|φi j |
αs − π

2

)
. (13.43)

Nonetheless, the guarantee of collision avoidance remains as the proof of it is based on the

region where βd
j β

a
j = 1, which remains the same as in [37].
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Figure 13.6 – Plots (a), (b), (c) and (d) show the results obtained during scenarios “Head-on",
“Cross", “Side" and “Three" respectively. All solid lines corresponds to real data and all dashed
lines to simulated data. The trajectories of each quadrotor are depicted in a different color (blue,
red, and green for the first, second, and third quadrotor, respectively).

Four scenarios were designed to validate the proposed system. They are shown in Figure

13.6. In the first scenario, called “Head-on", a quadrotor starts at [0,−1.6,1.2]m and aims

to go to [0,1.6,1.2]m, and vice-versa for the other quadrotor. The second scenario, called

“Cross", is a crossing scenario where one quadrotor starts at [0.8,1.6,1.2]m and with the target

position at [−0.8,−1.6,1.2]m. The other quadrotor starts at [0.8,−1.6,1.2]m and aims to go to

[−0.8,1.6,1.2]m. In the third scenario, called “Side", one quadrotor starts at [0.9,−1.6,1.2]m

and aims to go to [−0.9,1.6,1.2]m. The other quadrotor starts at [−0.9,−1.6,1.2]m and aims to

go to [0.9,1.6,1.2]m. The final scenario, named “Three", involves three quadrotors to show

the capability of our system in handling multiple encounters simultaneously. Two quadrotors

have the same start and goal positions as in the second scenario, and the third quadrotor starts

at [−1,0,1.2]m and the goal at [1,0,1.2]m.

Representative trajectories for the four scenarios are shown in Figure 13.6 (solid lines). Fifty

collision course runs (using real quadrotors) have been performed for each scenario. The

quadrotors never collided during the 200 runs. Figure 13.6 also shows, overlapped to real

robot data, trajectories obtained with a point-mass, microscopic simulator implemented in
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Figure 13.7 – Illustration of the trajectories of the noise-free and lag-free model (in dashed lines)
and the realistic model that includes noise, lag, inertia and saturation (solid lines) for the “Side”
scenario.

Matlab and already leveraged in [37]. In order to shed further lights on the various source of

errors, in contrast to our previous work, we have extended our simulator to include real world

effects in terms of sensing, actuation, and computation. In particular, the simulation has been

adapted to include a Gaussian noise on the sensing of 0.25 meters RMS, a sensing lag of 200

milliseconds and a control lag of 50 milliseconds. Furthermore, the model of the unicycle in

the simulation has been adapted to include inertia. The aircraft in the simulator has thus the

dynamical equation:
ẋt

ẏt

ψ̇t

ω̇t

=


c cosψ

c sinψ

ωt

−3(ωt −u)

 , (13.44)

instead of Equation 13.1. A saturation on yaw acceleration of 3 r ad
s2 was also implemented. The

obtained trajectories are less smooth than what was presented in [37] for two reasons. First, the

sensing range r s is smaller compared to the vehicle size than in [37] which results in sharper

trajectories. Second, our system is now affected by real-world imperfections (i.e., noise, lag).

This can drastically change the trajectory of the quadrotors as for the “Side” scenario the left

quadrotor prefers to do a full 360◦ turn to avoid the other quadrotor. The interplay of those

real-world effects can drastically modify obtained trajectories, as illustrated in Figure 13.7. It

appears to be mostly due to the lag (both in sensing and control) as the 360◦ turn behavior

does not appear if the sensing noise is applied without any lag.

This sensibility to lag is inherent to the collision avoidance algorithm. Indeed, when another

quadrotor enters the collision avoidance zone of the host quadrotor, the later will turn until

there is an equilibrium between the avoidance and the navigation component. This equilib-
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Figure 13.8 – Plot (a) shows the boxplots (red line is the median, the blue box represents first and
last quartiles) of the minimal distance between real quadrotors for 50 experiments for all four
scenarios. The red dashed line represents the distance for which quadrotors would be considered
to have collided. The green dashed line represents the average performance of the simulation
(realistic model) for 50 experiments. Plot (b) shows the boxplots of the maximum deviation
from desired trajectory for 50 experiments using real quadrotors for all four experiments. The
green dashed line represents the average performance of the simulation (realistic model) for 50
experiments.

rium happens mostly because the angular transition function βa
j tends to 0 (as the bearing

angle changes faster than the distance). But the region in which βa
j ranges between 0 and 1

corresponds only to 20◦ in bearing. Since there is lag in sensing and control, the quadrotor

overshoots the yaw angle. At overshooting, the quadrotor will switch behavior and go back to

navigation. In the “Side” scenario case, the overshoot brings the quadrotor to a state where

following the navigation function leads to a 360◦ turn.

The minimum horizontal distance between the aircraft during the runs are shown in Figure

13.8. The average minimum distance obtained in simulation is lower by approximately 20

centimeters for all scenarios. This might be due to unmodeled phenomenons, such as the

airflow generated laterally by the quadrotors that tends to push them away from each other.

The distances are well above the distance for which the quadrotors will be considered to

have collided. As a second metric, the maximum deviation of the quadrotors from their

desired course (virtual line between start point and goal) over a run has also been recorded

(Figure 13.8b). Even if the simulations are quite close to the real trajectory for three out of

four scenarios, there is a significant difference for the “Side” scenario resulting on a larger

delta between the two mean results on the metric of Figure 13.8b. This is because, in both

simulation and reality, the two behaviors illustrated in Figure 13.7 are present but not with

the same amount. In reality, the most common case is where the quadrotor does a 360◦ turn.

In simulation, the smoother trajectory is more common. The switching behavior is hard to

capture, and has significant effect on the metric.
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13.4 Discussion

One main drawback of this algorithm is that it always turn right. This is implemented to follow

the “right of way” rule used in aeronautics. But the implementation is too simplistic, and leads

to inefficient and hazardous behaviors such as spinning and detours. To solve those issues, a

more explicit and deliberate implementation of the “right of way” rule is needed. This may

be achieved by asymmetrically shaping the β function or adding a RB layer on top (i.e., if a

spinning behavior is detected, switch to another behavior).

UAVs navigate in a three dimensional space. Depending on the configuration of the UAVs, it

might be more effective to change altitude instead of doing a detour in the horizontal plane.

Up to now, our collision avoidance algorithms do not take advantage of this fact. In next

chapter, we will present a collision avoidance algorithm that uses all three dimensions.

Summary

In this chapter, a heading-based collision avoidance algorithm is presented. First, the dynam-

ics of the system is described, followed by the proposed control law. Then a proof of collision

avoidance is given, as well as a discussion on the possible local minima and means to avoid

them. Finally, simulation and experimental validation of the collision avoidance algorithm is

presented.
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14 Potential-Fields-Based Avoidance in
Three Dimensions

F OR UAVs, it is possible to take advantage of the vertical dimension to avoid collisions.

Some aircraft, such as fixed-wing airplanes, are more maneuverable vertically than

in the horizontal plane. The downside of vertical collision avoidance is that there

is no simple “right has priority” rule as there is for the horizontal plane. There is

thus a risk that, without communication, the two robots perform the same maneuver (e.g.,

both decide to go up), making the situation worse. Some collision avoidance systems (such

as the TCAS used in aircraft) rely on communication to solve the issue. As we assume no

communication between the aircraft in this work, we will present an algorithm that need to

consider all three dimensions concurrently (i.e., combined horizontal and vertical maneuver),

to guarantee avoidance.

This work build on top of the algorithm presented in Chapter 13, notwithstanding the issues

that have been unraveled since. As a consequence, the algorithm presented in this chapter has

many of the shortcomings of the algorithm of Chapter 13. Nonetheless, this chapter illustrates

well the need of limiting the actuation based on the FOV, as well as showing that the notions

presented in Chapter 10 can be easily applied to the third dimension as well. This work was

published in [38].

14.1 Problem Statement

For this algorithm, the unicycle model is extended to the third dimension by adding a vertical

component z that is controlled in velocity:
ẋ

ẏ

ż

θ̇

=


c cosθ

c sinθ

vz

ω

 , (14.1)
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Figure 14.1 – Illustration of the angles and distances used in this chapter. The green area represents
the area where aircraft j (in orange) is sensed by aircraft i (in blue). Note that the angles θi and λi j

might not be in the same plane. The FOV is defined by αs in all direction (thus both horizontally
and vertically).

with z robot’s height and vz the vertical speed of the robot. Furthermore, pi = [xi , yi , zi ] is the

position of robot i and θi its heading (defined on the horizontal plane). The heading and any

other angle considered in this chapter are always defined between [−π;π] and any function

returns angles in that interval. The aircraft can be controlled with the three input variables ω,

vz , and c that are the yaw turning rate, the vertical speed, and the forward speed, respectively.

The horizontal speed c is constrained by:

0 < c− ≤ c ≤ c+, (14.2)

with c+ the maximum horizontal speed and c− = c+−∆c the minimum horizontal speed of

the aircraft.

The notion of FOV is extended to the third dimension by rotating the 2D FOV around the cam-

era axis, obtaining a sphere sector. Consider a range and bearing sensor that stays horizontal

but with the heading aligned with the robot:

di j

φi j

λi j

=


‖pi −p j‖−2r

arctan
(

[0,0,1]T ·(pi−p j )
[sinθi ,−cosθi ,0]T ·(pi−p j )

)
arccos

(
[cosθi ,sinθi ,0]T ·(pi−p j )

‖pi−p j ‖
)

 , (14.3)
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then the FOV in three dimensions can be written as:

Fi =
{

p
∣∣∣ ||p−pi || < r s

i , |λi j | ≤αs
i

}
. (14.4)

The angles are illustrated in Figure 14.1. Equations 14.4 is also possible for other definitions

of λi j , such as not being horizontally aligned. In general, Equations 10.1 and 10.2 from

Chapter 10 are still valid when used with the third dimension.

The proposed control scheme is based on PF theory but adapted to the FOV constraints of

our system. The proposed PF is a combination of a function V n
i that steers aircraft i to its

destination, and another function V a
i j that steers aircraft i away from another aircraft j . The

function that steers aircraft i to destination is defined as:

V n
i = K n‖pi −pd

i ‖2, (14.5)

but other functions are possible [96]. The collision avoidance function is defined as:

V a
i j =

K a

‖pi −p j‖−2r
. (14.6)

Both K a and K n are gains. Like for the other algorithms such as those presented in Chapters 12

and 13, the aircraft i is directed by the weighted sum of the negative gradient of the PFs

described in Equations 14.5 and 14.6 in the following manner:

∇V t
i =

(
1−max

j

(
βa

j β
d
j

))
∇V n

i +∑
j
βa

j β
d
j ∇V a

i j . (14.7)

The weighting function βa
j and βd

j encode aircraft’s sensors limitations, and are defined as:

βd
j =β

(
r s−di j

r s−r a

)
, (14.8)

βa
j =β

(
αs−|λi j |
αs− π

2

)
, (14.9)

with r a the distance at which an aircraft should only be avoiding, and the β function defined

by Equation 12.17 in Chapter 12. From Equation 14.7 we also define the desired direction for

aircraft i as:

−∇V t
i = [x t

i , y t
i , z t

i ]T . (14.10)

As explained in Chapter 13, a change in forward speed ci is required to mitigate deadlocks.

Even if having two aircraft at exactly the same speed and height is unlikely, we reuse the same
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control law to improve system’s separation capability.

ci = c+−max
j

(
βa

j β
d
j

)
∆c. (14.11)

As the height dynamics is decoupled from the other state variables, it would be possible

to directly apply the negative PF’s gradient −∇V t
i to the vertical speed vz . But due to FOV

constraints, a saturation l s on the vertical speed is required (see Proposition 5).

0 < l s = c sin
(
αs − π

2
−ρ

)
< c sin

(
αs − π

2

)
, (14.12)

and the maximum vertical speed is :

l m = c+ sin
(
αs − π

2
−ρ

)
, (14.13)

with 0 < ρ <αs − π
2 a margin angle. The absolute maximum speed is cmax =

√
(c+)2 + (l m)2.

The saturation is applied to obtain the vertical speed:

vz = min
(
max

(
K z z t

i ,−l s) , l s) , (14.14)

with K z a strictly positive gain. The yaw control1 is responsible of steering the aircraft away

from threat on the horizontal plane. It switches between following the PF and a simple collision

avoidance behavior.

ω= Kω
(
1−max

j

(
βa

j β
d
j

))(
θt −θi

)+∑
j
βa

j β
d
j
−2πc+

di j
. (14.15)

with the target heading θt = atan2(y t
i , x t

i ), and Kω a gain.

It is now possible to give a proof of guaranteed collision avoidance. Proposition 5 is essentially

the same proof as Proposition 1 of Chapter 10. For the sack of completeness, we present the

earlier, less general variant of Proposition 1.

Proposition 5. An aircraft with FOV described by Equation 14.4, kinematics described by

Equation 14.1 and the control law described by Equations 14.11, 14.13 and 14.15 will not

move along a trajectory that would lead to a collision with another aircraft without them

being able to sense each other. That is, there is no possible collision without at least one of

1The yaw control described by Equation 14.15 is slightly different from the work in [37]. This is to correct for a
mistake in [37] where the turn rate is only half what would be needed to prove avoidance. The proof in [37] is also
correct if the avoidance term in the yaw control is multiplied by two.
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b)
a)

Figure 14.2 – Illustration of the variables involved in Proposition 5. a) Two aircraft about to collide,
defining Γa and Vα. b) Computation of the projections of vh and vz on n.

the two aircraft sensing the other aircraft.

Proof. Consider two UAVs i and j which are about to collide at point pc while none of the

two sensing the other one. Consider also the plane Γa that goes through pc and is tangent to

the two collision spheres of aircraft i and j . To collide, at least one of the two aircraft needs to

move towards the plane Γa . We will prove that with the proposed control law it is impossible

for any of the UAVs to move towards Γa without sensing the other UAV.

Without loss of generality, the proof can be done while fixing the frame of one of the aircraft,

for example aircraft j as shown in Figure 14.2a. As none of the two can see each other, the

point pc is on the sphere sector of j that is not in the FOV of aircraft j . Placing pc also defines

the position of aircraft i relatively to aircraft j . Define Vα as the cone formed by all camera

directions for which aircraft i does not see aircraft j . Define also Γ′a the plane parallel to Γa

located at the center of i . Note that aircraft i not crossing Γa is equivalent to the center of i

moving away from aircraft j . Because it is solely defined by the geometry of the FOV of j , Vα
is always the same relative to Γ′a : it is a right circular cone with its apex centered on i , its axis

normal to Γ′a and an aperture of π−2
(
αs − π

2

)
.

Because the horizontal velocity vh = ci [cosθi , sinθi ,0]T is aligned with the camera, we have

that vh ∈ Vα∩Vv with Vv the spherical shell formed by the velocities between
[
c−,c+

]
. The

shape of Vα∩Vv is shown in Figure 14.2b. Because αs >π/2 the velocity vh alone will never

lead to a collision when both aircraft do not see each other and can only be due to the vertical

velocity vz = [0,0, vz ]T . Define n the vector normal to Γ′a and directed away from aircraft j ,

and project vh and vz to obtain vh,n and vz,n respectively. We want to show that:

‖vh,n‖ > ‖vz,n‖ ∀vh,n ∈ Vα∩Vv , vz . (14.16)
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First, define the angle µ between the plane Γ′a and the vector vh . Note that π>µ≥αs −π/2.

The left hand of Equation 14.16 is:

‖vh,n‖ = ‖vh‖sin(µ) = vi sin(µ) > vi sin(αs −π/2). (14.17)

Similarly, by defining the angle γ between vz,n and n, the right hand of Equation 14.16

becomes:

‖vz,n‖ = ‖vz‖cos(γ) < ‖vz‖ ≤ l s = vi sin(αs − π

2
−ρ), (14.18)

with π> γ≥αs −π/2. Combining Equations 14.17 and 14.18 the final result is obtained:

‖vh,n‖ > vi sin(αs − π

2
) > vi sin(αs − π

2
−ρ) > ‖vz,n‖. (14.19)

Thus aircraft i subject to the control laws described by Equations 14.11, 14.13 and 14.15 will

move away from aircraft j if unable to sense aircraft j and as a result will not be responsible

for colliding. The same reasoning can be done for aircraft j and as a result both aircraft are

unable to move towards the other aircraft while not sensing it.

Using Proposition 5 it will now be shown that two aircraft are unable to collide if they use the

control law proposed in this chapter.

Proposition 6. Two aircraft with the kinematics given by Equation 14.1 and the control laws

given by Equations 14.11, 14.13 and 14.15 will not collide.

Proof.

The proof is done in a similar way as proposed in [37], but care has to be taken because of

the vertical component of aircraft’s velocity. Consider two aircraft i and j about to collide at

point pc at time tc . We will prove that with the proposed control law there is no trajectory

that leads to point pc , that is, both the horizontal and vertical velocities will drive the aircraft

away from point pc before it is reached.

First, notice that at least one of the two aircraft has to move towards the collision point. Let’s

assume, without loss of generality, it is aircraft i . Two cases have to be studied: first, the case

where the camera is pointing towards the collision point pc . As a result βa
j β

d
j = 1. A second

case is when 0 <βa
j β

d
j < 1.

For the first case, when βa
j β

d
j = 1, the horizontal velocity is directed towards the collision

point. We will prove that ui will change the heading of the aircraft early enough so that the

aircraft moves away from point pc at time tc . Consider the situation a short moment before

the two aircraft collide and are separated by a small distance 2r c . Because the maximum
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speed of the aircraft is c+, the minimum time ∆t before the two aircraft collide is given by:

∆t = r c

c+
. (14.20)

Because of βa
j β

d
j = 1, the turning rate is bounded above by the interaction between aircraft i

and j :

ui =
∑

j
βa

j β
d
j
−πc+

di j
< −πc+

di j
< 0. (14.21)

The change in heading between time t ∈ [tc −∆t , tc ] is as a result also bounded:

|∆θi | =
∣∣∣∣∫ tc

tc−∆t
ui d t

∣∣∣∣ (14.22)

≥
∣∣∣∣∫ tc

tc−∆t

−2πc+

di j
d t

∣∣∣∣
≥

∣∣∣∣∫ tc

tc−∆t

−2πc+

2r c d t

∣∣∣∣
=

∣∣∣∣−πc+

r c ∆t

∣∣∣∣=π. (14.23)

As a result aircraft i will do more than half a turn, thus moving away from the collision point.

Thus they could only collide if the two aircraft come closer on the vertical axis. But because

βa
j β

d
j = 1, the vertical velocity for aircraft i can only make it move away from the collision

point as only the component ∇V a
i j remains in ∇V t

i j . This can be verified by computing the

sign of the scalar product between the vertical velocity vz z and the vector between the two

aircraft pi −p j . Because vz is monotonic and odd as function of −∇V t
i z, it is possible to

ignore the saturation as it does not influence the sign of the scalar product. The following

result is obtained:

sign(vz z · (pi −p j )) (14.24)

= sign((−K z∇V t
i ·z)z · (pi −p j ))

= sign(−∇V t
i · (pi −p j ))

= sign(−∇V a
i j · (pi −p j ))

= sign

(
K a

(‖pi −p j‖−2r )2 (pi −p j ) · (pi −p j )

)
> 0.

The vertical speed vector is in the same direction as the vector that goes from aircraft j

(encounter) to aircraft i . This shows that the vertical velocity drives aircraft i away from

aircraft j .
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For the second case where 0 <βa
j β

d
j < 1, the horizontal velocity is already moving the aircraft

away from the collision point. As for the vertical velocity vz , one has to consider an r c small

enough so that:

|βa
j β

d
j ∇V a

i j z|À
∣∣∣(1−max

j

(
βa

j β
d
j

))
∇V n

i z
∣∣∣ . (14.25)

The reasoning is then the same as for Equation 14.24. As a result, the vertical speed compo-

nent vz will try to drive the aircraft away from the collision point. There exists such small

r c that Equation 14.25 is satisfied, with two corner cases that require further attention. One

corner case is if the two aircraft are at the same height, in which case ∇V a
i j ·z ≈ 0. Define φ

the angle between the vector ∇V a
i j and the vector z so that:

−∇V a
i j ·z = ‖−∇V a

i j‖‖z‖cosφ (14.26)

=
∥∥∥ K a K z

(‖pi−p j ‖−2r )2

pi−p j

‖pi−p j ‖
∥∥∥cosφ (14.27)

= K a K z

(‖pi−p j ‖−2r )2

∥∥∥ pi−p j

‖pi−p j ‖
∥∥∥sin

(
π
2 −φ)

(14.28)

= K aK z sin
(
π
2 −φ

)
(‖pi−p j ‖−2r )2 (14.29)

= K aK z sin
(
π
2 −φ

)
(r c )2 . (14.30)

By choosing r c = π
2 −φ and taking he limit φ→π/2 we obtain:

lim
φ→π/2

∣∣∣∣∣K aK z sin
(
π
2 −φ)(

π
2 −φ)2

∣∣∣∣∣ ,=∞ (14.31)

thus the avoidance component ∇V a
i j grows faster than its decrease due to being almost

perpendicular with the vertical axis. And because of Equation 14.24 we know that the vertical

component will always drive aircraft i away. If ∇V a
i j ·z = 0, the case degenerates to the 2D case

treated in [37] and collision avoidance is also guaranteed. Another corner case is if βa
j = 0,

because βa
j β

d
j ∇V a

i j = 0. But this case is treated in Proposition 5 with the margin angle ρ > 0.

14.2 Results

In this section we will present simulations to show the effectiveness of the presented algorithm

in comparison to the 2D algorithm presented in Chapter 13. The scenarios presented in

Chapter 10 are not used as they are designed for cases in the plane only. We simulated the

encounter of two aircraft in three different scenarios and the obtained trajectories are shown
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14.2. Results

(a) (d)

(b) (e)

(c) (f)

Figure 14.3 – Left column (a,b,c): three sets of trajectories obtained with presented 3D collision
avoidance algorithm. Right column (d,e,f): three sets of trajectories obtained with the algorithm
from Chapter 13 for the same initial conditions.

in Figure 14.3. The simulations was implemented in Matlab as a microscopic point simulation

(no physical simulation) with perfect kinematics and noiseless sensing. The parameters used

are: c+ = 0.5, c− = 0.4, αs = 110◦, r = 1, r s = 4, r s = 20, Kω = 1.0, K z = 1.0, K n = 0.2, K a = 80,

ρ = 5◦. The simulations were performed with a time step of 0.05 seconds.

Both algorithms show different behaviors: generally speaking, taking advantage of the third
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Chapter 14. Potential-Fields-Based Avoidance in Three Dimensions

Figure 14.4 – Example of trajectories obtained with 4 aircraft.

dimension enhances the trajectories by making them smoother in most cases (compare

Figures 14.3a and 14.3c with Figures 14.3d and 14.3f). Since the PF of the 3D collision avoidance

algorithm has been modified to add V a
i j , the turning rate command will tend to react strongly

around the obstacle. As a result, the 3D collision avoidance algorithm does not always produce

the smoothest trajectories, as for example shown in Figure 14.3b. Our algorithm is also capable

of avoiding several aircraft. An example is shown in Figure 14.4.

Another scenario was designed to show that the presented algorithm reduces further the

average turning rate when compared to the horizontal algorithm from Chapter 13. The turning

rate command is studied in depth as it is the only input that is not bounded in both algorithms.

Although both algorithms rely on the fact that it can be infinite to prove collision avoidance,

it usually remains bounded and depends on the parameters used. Keeping it low is thus of

great importance. The scenario is based on three parameters: the distance between tracks

e, the angle between tracks ψ (both shown on Figure 14.5) and the height between tracks h.

The aircraft aim to stay at their initial height and to follow their track. The parameters are

chosen randomly with uniform distribution U as follows: e ∼ 12(U −0.5), φ∼ 1.6π(U −0.5)

and h ∼ 8r (U −0.5). The simulations were performed 1000 times. For each run, the root mean

squared turning rate command over the whole simulation run was computed. The result are

presented as boxplots in Figure 14.6. The novel 3D algorithm does perform better than the 2D

version from Chapter 13 in terms of the average turning rate with a median value three times
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14.3. Discussion

Figure 14.5 – Comparison of the average turning rate for the 2D and 3D implementations for our
case scenario.

Figure 14.6 – Left boxplot: Comparison of the average turning rate command input for the 2D
and 3D implementations. Right boxplot: Minimum distances between two aircraft during the
simulations. The red dashed line is the distance for which the two aircraft are considered colliding.

smaller. This shows that the algorithm trades vertical movement for smoother horizontal

curves. However, the novel algorithm does sometimes have a larger average turning rate, due

to the addition of the avoidance PF resulting in more aggressive maneuvers. The minimum

distance between aircraft during the whole simulation was also recorded and for none of the

simulations the minimum distance went below the collision distance of 2r (see Figure 14.6).

14.3 Discussion

The presented algorithm combines a horizontal and vertical collision maneuvers, improving

the performance over a horizontal-only algorithm. But it is not always possible to define a

horizontal and a vertical plane, for example in space. In that case, a better approach would be

to start with a fully 3 dimensional PF, and adapt it similarly to what is presented in Chapter 10.
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The RB and PF algorithms only use the position estimates of other UAVs to navigate and avoid

collisions. But by only using the position as input, those algorithms are not able to infer where

the other UAVs will be in the future. They maneuver away from a potential collision based the

current positions of the UAVs, not based on the positions of the other UAVs when the collision

would happen. As a result, our RB and PF algorithms tend to do detours and slow down when

near collision because they did not anticipate the motion of the other UAVs. The collision

avoidance algorithm in the next chapter uses the velocity estimate provided by the tracking

algorithm to add a predictive element and generate more efficient trajectories.

Summary

In this chapter, a three dimensional collision avoidance algorithm is presented. First the

definition of FOV is extended to the third dimension, and the dynamical system model is

presented. Then the collision avoidance algorithm is presented, followed by the proof of

collision avoidance. The chapter concludes with simulations, including a comparison between

this algorithm and the one presented in Chapter 13.
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15 Velocity-Obstacle-Based Avoidance

O NLY relying on the current configuration of the robots to solve collision avoid-

ance can result in inefficient trajectories. In most cases, knowing the intent of

other robots can help solving avoidance conflicts faster and in a safer manner. If

the intent cannot be directly known because the robots are not communicating,

the intent can nonetheless be inferred from the motion of the other robots as long as perceived.

The class of collision avoidance algorithms based on the concept of Velocity Obstacle (VO) use

the estimated velocities of other robots to compute the best own velocity to avoid collision.

Because the approach is based on both position and velocity, VO-based algorithms are able

to anticipate the future position of obstacles (or robots), allowing them to be more efficient

(in a sense that will be defined later) than other classes of algorithms (such as PFs). The work

presented in this chapter was published in [39].

15.1 Problem Statement

For this algorithm, the robots are assumed to be holonomic and controlled in velocity. The

robots also have a heading, which can be controlled independently, and is relevant solely for

the orientation of the sensor. The overall kinematic model of the vehicles is described by the

following equation:

q̇ =

 ẋ

ẏ

θ̇

=

 vx

vy

ω

 . (15.1)

with p = [x, y]T and v = [vx , vy ]T the position and the velocity of the robot, respectively.

Furthermore, the robots have the following constraints: first, they have a maximum velocity

cmax ≥ ||v|| and a maximum velocity change ∆cmax that the robot can perform during a time

step ∆t . The algorithm also requires that the robot can come to a full stop (i.e., no airplane

motion model can be considered). The set of allowed velocities can be summarized by the
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following actuation set in the velocity space:

U = D(v,∆cmax )∩D(0,cmax ), (15.2)

with D(c,r ) the closed disk of radius r centered at c. Finally, the robot also has a maximum

turning rate |ω| ≤ωmax .

15.2 Collision Avoidance Algorithm

In this section, the Sensor-Aware Velocity Obstacle (SAVO) algorithm is presented. The ap-

proach for this algorithm starts from the classical definition of VO; a VO of robot j from the

point of view of robot i is defined as:

VOτ
i | j =

{
v | ∃t ∈ [0,τ] :: tv ∈ D(p j −pi ,r j + ri +σr )⊕Σp

}
, (15.3)

with Σp a set of possible position error and σr the error on the estimated radius. Care is taken

to choose a value of τ large enough for the robot i to go from ||v|| = cmax
i to ||v|| = 0 in less

than time τ. In a similar fashion, the maximum velocity should remain low enough in order

for the robot to come at a full stop in less than half its sensor range. Those conditions can be

summarized as follows:τ>
cmax

i
∆cmax∆t

cmax
i <

√
∆cmax r s

i
∆t ,

(15.4)

with ∆t the time step between two computations.

As it is not always possible to know the behavior of other robots due to the limited FOV, we take

the conservative approach to build the set of velocities that will lead to a collision with robot j ,

named Cτ
i | j , by taking into account all the possible future velocities of robot j . To take into

account a possible uncertainty on the estimated velocity of the other robot j , the actuation

set U j is augmented by performing the Minkowski sum with the set of velocity uncertainty

Σv . Furthermore, to guarantee that all robots have as solution the possibility to stop, the zero

velocity point is added to the actuation set of robot the other robots. To keep a convex set,

a convex hull operation is performed after the addition of the zero velocity, resulting in the

augmented actuation set:

U0
j = Conv

({
U j ⊕Σv , (0,0)

})
. (15.5)

From the sets VOτ
i | j and U0

j it is now possible to build Cτ
i | j , the set containing all velocities of i

that will lead to a collision with j in the next time τ, as follows:

Cτ
i | j = VOτ

i | j ⊕U0
j . (15.6)
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15.2. Collision Avoidance Algorithm

Figure 15.1 – Example of the velocity sets used in this algorithm. The black squares are possible
solutions. The magenta cross inside a box shows the optimal solution for the desired velocity
illustrated by a green circle.

The set of velocities that avoids collision with all detected robots and respects the constraints

imposed by both the sensing and the actuation of robot i is given by:

CAτi =
{

v |v ∉ ⋃
j 6=i

Cτ
i | j ∧v ∈ Si ∩Ui

}
. (15.7)

This algorithm is named SAVO in Chapters 16 and 17. An example of the sets involved the

CAτi are illustrated in Figure 15.1. The new velocity vnew
i ∈ CAτi to apply is then chosen to be

the closest to some desired velocity vpr e f
i . If we choose a quadratic function as optimization

function, the search for a solution is limited to the border of the collision avoidance set ∂CAτi .

Note that due to the conservative approach, it is possible that CAτi =;. If it is the case, the

robot chooses vnew
i = [0,0]T as a last resort avoidance maneuver:

vnew
i =


argmin
∂CAτ

i

||v−vpr e f
i ||, if CAτi 6= ;

[0,0]T , otherwise.
(15.8)

Proposition 7. N robots with their velocities defined with Equation 15.8 will not collide.

Proof. If Equation 15.8 has a solution, then by the construction of the velocity obstacle and

because of Proposition 7, each robot will choose a velocity that will not collide with any other

robot.

If no solution can be found (i.e. CAτi =;), a robot i will try to stop as quickly as possible (i.e.

as fast as Ui allows for). The other robots fall into two categories. Either a robot j does not
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detect robot i , in which case it is of no threat to robot i because of Proposition 1. Or robot

j does detect robot i , in which case, if robot j has a solution, it will avoid robot i with the

consideration that robot j will leave the possibility to robot i to stop.

Finally, if several robots are not able to find a solution, consider the moment where they

first are not able to find a solution and start to brake. This can only happen if the sensors of

the robots detect of robots that were not in the FOV before. A robot j can enter the FOV of

another robot in two ways. First, the robot j either comes from the rear, and was not seen

by some robot i because |∠(di ,p j −pi )| >αs
i . In this case, robot j is moving towards robot i

(otherwise there would be no collision). As a consequence, robot j was able to detect robot i

at previous time step and to find a solution to avoid i (as this is the first time step that robot j

does not find a solution). If robot j could find a solution previously, the solution includes

the possibility that robot i would suddenly brake and stop, even if robot j has to perform

an emergency brake too because of the condition described by Equation 15.4. The second

possibility is that robot i could not sense other robots previously because they were out of

range. In which case all robots have, according to the conditions of Equation 15.4, enough

time to come to a full stop before colliding with the other robots.

In fact, it is possible to derive Equation 10.2 directly from the VO framework. The argument

goes as follows: consider two robots i and j that do not detect each other and are about to

collide. As robot j is not responsible for the collision, the worst case scenario is that robot

j stays stopped. Because the two robots are about to collide, their distance is exactly ri + r j .

Robot j can be anywhere around robot i as long as ∠(di ,p j −pi ) >αs
i . As a result, the VO of

robot j that robot i has to avoid is a half plane at the collision point between robots i and j

and tangent to robot j at that point. It follows that the set of velocities that can potentially

lead robot i to collide with robot j because they cannot detect each other is:

I =
{

v |
(
∠(vi ,di ) >αs

i −
π

2

)
∨

(
∠(vi ,di ) <−αs

i +
π

2

)}
. (15.9)

To guarantee no collision, robot i has to pick a velocity in the set Ī = Si .

15.3 Heading Control

The control of the robot’s heading, and thus the sensor’s FOV, is essentially what allows SAVO

to reach any point in the plane (as long as it is reachable) and not just the points in Si . We

propose to steer the sensor heading based on the robot’s velocity outputted by the collision

avoidance algorithm, as prescribed by the third guideline of Chapter10. To avoid a deadlock

due to no robot finding a solution, we also propose that when a robot uses its last resort

avoidance maneuver, it spins in a defined direction at maximum turn rate:

u =
−K a∠(di ,vi ), if CAτi 6= ;
θ̇max

i , otherwise.
(15.10)
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To have a smooth transition between deadlock and normal maneuvering on one of the sides,

and to use the full range of turning rate, K a should be set as follows:

K a = θ̇max
i

αs
i − π

2

. (15.11)

If the gain K a is found to be too aggressive, it is possible to use a smaller value for θ̇max
i .

15.4 Reciprocity

Due to the limited FOV, it is not always possible for a robot to know if it is seen by an other

robot, especially when the sensors are noisy. As a consequence, a robot is not able to rely on

the fact another robot will cooperate, which is an important assumption for algorithms such

as ORCA [90] or HRVO [89]. We propose to mitigate the oscillations common to non-reciprocal

VO as follows. The robot checks if only giving half of the change of velocity is also collision

free:

vhal f
i = vnew

i +vpr ev
i

2
∉ ⋃

j 6=i
Cτ

i | j , (15.12)

with vpr ev
i the velocity computed at previous time step. The velocity vpr ev

i is preferred over the

actual velocity vi because experiments with our quadrotors showed that the use of vi amplifies

the noise on the actuation. If vhal f
i is collision free, it is used instead of vnew

i , resulting in a

maneuver aggressiveness similar to what is obtained with reciprocal algorithms. When robots

meet, the second collision avoidance computation is usually enough to perform the avoidance

with vhal f
i instead of vnew

i . Note that vhal f
i ∈ Si ∩Ui because both sets are convex and both

vnew
i and vpr ev

i are in those two sets.

15.5 Implementation

Due to the complex shapes that this method can create, it is not possible to apply the com-

monly used “triangle” approach for the computation on the velocity sets (e.g., [89]). It is not

possible to simplify the problem into half-planes as in [90] due to the possible lack of reci-

procity. To stay as close as possible to the mathematical formulation, the sets are implemented

as convex polytopes. This has the drawback to be more computationally heavy and in principle

scale with O (n2), n being the number of robots observed. However, the computational cost is

physically limited by the sensor’s range. This method is thus well suited for robots with a small

sensor range or that navigate in sparsely populated environments.

For both simulations and real experiments, the robots had a goal position pd from which the
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preferred velocity was derived:

vpr e f
i = cpr e f

i

pd
i −pi

||pd
i −pi ||+ r d

, (15.13)

with cpr e f
i the preferred speed of robot i and r d a term that will slow down the robot as it

reaches its goal position.

15.6 Results

15.6.1 Simulations

To illustrate the importance of FOV constraints in collision avoidance, we leveraged the two

scenarios described in Chapter 10 and compared the performances of both the canonical non

FOV-aware VO algorithm with those of the SAVO algorithm. The simulations was implemented

in Matlab as a microscopic point simulation (no physical simulation) with perfect kinematics

and noiseless sensing. The canonical VO implementation differs from the SAVO algorithm in

only two points. First, it does not constrain the velocity of a robot i to stay in Si . Second, it does

not include the zero velocity in what would be U0
j for the SAVO algorithm. It uses, instead of U0

j ,

the set UΣ
j = U j ⊕Σv . This canonical version of the VO algorithm is named VOOS in Chapter 16.

This conservative implementation of VO allows us to demonstrate that the problem is indeed

due to violating the constraints imposed by the limited FOV of the sensor. The parameters

of our simulations are r = 0.4 m, r s = 2.5 m, αs = 110◦, ∆cmax = 0.12 m/s, cmax = 4 m/s,

θ̇max = 0.5 rad/s and τ = 1 s. The simulations are performed with a time step ∆t = 0.05 s.

The same parameters are used for both SAVO and the canonical VO implementations. If one

algorithm gives a command that the robot is not able to follow, the actual actuation saturate.

As in Chapter 12, the first scenario involves two robots that start back-to-back. Both robots

have their destination on the left side of the horizontal axis. One slower robot has the right

orientation and simply has to go forward to reach its destination. The other, faster robot faces

away from its destination. The fastest trajectory is for the faster robot to go in a straight line,

which leads to a collision in the case the algorithm is not aware of the each other constraints,

as shown in the left plot of Figure 15.2. When the SAVO algorithm is used, the faster robot

stays at the same position until it has turned enough for the sensor to see a clear path towards

the destination, resulting in the trajectories shown in the right plot of Figure 15.2.

The second scenario involves four robots. Two slow robots avoid each other and thus get

close. Just when the two slow robots successfully avoid the collision and go out of each other’s

detection range, each one sees a fast robot approaching from the other side they performed

the avoidance. In case where the algorithm is not respecting the constraints imposed by the

sensor, the slow robots will perform an aggressive maneuver towards each other to avoid the

faster robots. That maneuver will lead them to collide (left plot of Figure 15.3). With the SAVO
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15.6. Results

Figure 15.2 – Trajectories obtained with the first scenario. Left: the algorithm is not aware of
the FOV. Right: The SAVO algorithm. The solid blue and green lines are robots’ trajectories. The
markers and numbers give an indication of the timing of the trajectories. The FOV of some robots
at the timings indicated by numbers are represented by circular sectors. The color of the circular
sectors match the color of the trajectories. The FOV range is not to scale. The red solid lines are
distances between two robots that are less than the sum of their radii.

algorithm, the two slow robots will stop instead and remain safe (right plot of Figure 15.3).

Notice how SAVO, although more constrained, generates smoother and faster trajectories

compared than the normal VO implementation in both scenarios.

15.6.2 Real-World Experiments

To validate our approach, we performed experiments with our real quadrotors presented in

Chapter 2. Although they do move in a three dimensional space, avoidance with quadrotors

should be performed horizontally as it is hazardous to maneuver in the down-wash of another

quadrotor. Furthermore, quadrotors typically are more agile at translational compared to yaw

rotation, making it an ideal case study for the SAVO algorithm. The sensor is emulated using

the MCS ground-truth data, providing position and velocity data with little noise. Limited

range and FOV are also emulated.

Because the motion of a quadrotor is disturbed by non-deterministic air flows, small accelera-

tions performed by the quadrotor have little effect on its motion. As a result the quadrotor

is not able to properly accelerate and maneuver if ∆cmax is too small. As a result, we chose

∆cmax = 0.3 m/s. The desired speed was set to cpr e f = 0.6 m/s. The other parameters have the

same values as those used in simulation.

To test the SAVO algorithm, two scenarios were designed. Those scenarios are to demonstrate

that the algorithm is able to run on a real platform rather than to show the consequences of

a limited FOV. The first scenario involves two quadrotors in a head-on configuration. The

first quadrotor starts at the position [3.5,0] m and has its goal position at [−3.5,0] m. The

other robot does the opposite: it goes from the position [−3.5,0] m and tries to reach position

[3.5,0] m. The second scenario illustrates a crossing scenario. The first quadrotor starts at
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Figure 15.3 – Trajectories obtained with the second scenario. Left: the algorithm is not aware
of the FOV. Right: The SAVO algorithm. The solid blue, black, green and cyan lines are robots’
trajectories. The markers and numbers give an indication of the timing of the trajectories. The
FOV of some robots at the timings indicated by numbers are represented by circular sectors. The
color of the circular sectors match the color of the trajectories. The FOV range is not to scale. The
red solid lines are distances between two robots that are less than the sum of their radii.

X [m]

-4 -3 -2 -1 0 1 2 3 4

Y
 [
m

]

-1

0

1

0s

15s5s

10s

10s

5s
15s

0s

X [m]

-4 -3 -2 -1 0 1 2 3 4

Y
 [
m

]

-2

-1

0

1

2

15s

0s

5s10s

10s

5s

15s

0s

Figure 15.4 – Trajectories obtained for the experiments with quadrotors. Left: Head on collision.
Right: Cross intersection. The black and red solid lines represent the trajectory of each quadrotor.
The arrow ends show the direction of motion. The markers and numbers give an indication of the
timing of the trajectory.

[−3.5,2] m and has its goal at [3.5,−2] m. The second robot starts at [3.5,2] m and has its

goal at [−3.5,−2] m. In both scenarios, the robots start oriented facing the goal. A sample of

the resulting trajectories are shown in Figure 15.4. Notice that the robot move back at some

points of the trajectory. This is an overshoot of the braking maneuver and is inherent to the

propulsion method of the quadrotor. It can be accounted for by increasing the radius of the

quadrotors in the SAVO algorithm. This issue should not be present for ground robots because

when they brake, their velocity goes to zero with respect to the ground. For each scenario, the

minimum distance between the robots during the avoidance maneuver was recorded and

is shown in Figure 15.5. Each scenario was run at least 19 times and at no moment did the

distance between the robots drop below 0.8 m, the distance at which they would collide. In

fact, the robots stayed at a safe distance. This is a consequence of the conservative approach

required by the limited FOV of the robots.
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Figure 15.5 – Boxplot of the minimum distance between the quadrotors during the avoidance
maneuvers. The red dashed line represents the distance at which the quadrotors would collide.

15.7 Discussion

In this algorithm, the collision avoidance is mainly performed by a lateral motion of the robot

(i.e., a change in direction in the velocity). The change in heading is only a consequence of the

change in velocity. As a consequence, the heading of the sensor will change slowly, preventing

the robot to do significant changes in direction. It will instead slow down to avoid the collision,

and as a result the collision avoidance with a FOV close to 180◦ will significantly slow down

the robot. A look ahead strategy for the sensor heading could be investigated as a possible

solution.

This algorithm can be computationally expensive for a large number of obstacles, as the prob-

lem complexity grows quadratically with the number of obstacles. Furthermore, the search

space is not convex, which makes it more complex the search for a solution. A possible solution

could be inspired from [90] where the VO are transformed into half planes, greatly simplifying

the problem. But the work in [90] assumes reciprocity during the collision avoidance, and it is

not certain that the algorithm can function without.

As mentioned in Section 15.4, a limited FOV makes it uncertain to know if two robots can

mutually see each other, and relying on reciprocity can be hazardous. But there are situations

where two robots are confident enough that both see the other one (e.g., head on collision),

and take advantage of that knowledge to perform less aggressive avoidance maneuvers.

Another possible improvement would be to extend the algorithm to the third dimension.

Although the theory will not change significantly, the implementation will differ significantly

from the two-dimensional version. In particular, because the algorithm is implemented

using polytopes, the current implementation might be too expensive for the current on-board

computational resources.
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Summary

In this chapter, a VO-based collision avoidance algorithm that guarantees collision-free naviga-

tion with limited FOV sensing is presented. First, the robot kinematic model is presented and

the notion of VO is introduced. Then the necessary changes to the standard velocity obstacle

algorithm are presented, as well as a proof of collision-free navigation. Finally, mass-point

microscopic simulations and real-world experiments validate the approach.
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16 The Effect of Sensor Limitations on
Avoidance

S EVERAL collision avoidance paradigms have been presented in the scientific liter-

ature, and some were used in this work. Each collision avoidance algorithm has

its unique properties, and as a result a given algorithm might be better suited to a

certain application than another. But with the large selection of possible algorithms

to choose from, it might be hard to know which collision avoidance algorithm to choose for

a specific application, especially in presence of realistic sensory limitations. In this chapter,

an attempt to address this problem is presented by studying the relation between sensory

limitations and collision avoidance performance.

16.1 Sensory Limitations and How to Mitigate Them

In this section, we present the limitations usually present in vision, namely noise (i.e. stochas-

tic error), lag, limited range and limited FOV. Our sensor model is illustrated in Figure 16.1.

This generic sensor model was chosen as it allows to independently change the parameters of

the filter in order to provide a clear link between a specific sensor limitation and the perfor-

mance of an algorithm. Furthermore, it only requires a ground-truth position data to emulate

the sensor, which enable us to use this model not only in a high-fidelity simulation, but also

for real experiments (with the ground-truth given by a MCS).

For fairness, and when possible, the collision avoidance algorithms are made robust to the

sensor inaccuracies. Not implementing the means to handle sensor’s inaccuracies would favor

algorithms that by design avoid with additional safety margin (i.e. distance) than necessary.

Care is taken to ensure that the implementation of the mitigation systems are as similar as

possible across the algorithms.
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Figure 16.1 – Overview of the sensor’s model.

16.1.1 Noise

To allow for fair comparison between the collision avoidance algorithms, the noise level needs

to be equivalent, despite the fact that the algorithms use different inputs. All algorithms use

position, but only VO-based algorithms use velocity. To remain fair, the errors in position and

velocity need to be linked to a single parameter. This is done by considering a sensor that

only returns a position measurement that is affected by some Gaussian noise. The velocity

is derived from the position using a Kalman filter. This way, all algorithms have access to

the same information (filtered position information) but may not use all of the information

available (PF-based algorithms do not use the velocity information that is contained in the

position measurements).

All algorithms presented in Section 16.2 are made noise-resistant using the same methodology,

which was presented in [40]. For all algorithms, the shape of encountered robots O have been

increased by the set of position error Σp (or an approximation of it). This can be performed

by using the Minkowski addition: O ⊕Σp . The uncertainty on the shape Σs (e.g., size) can be

considered as well: O ⊕Σp ⊕Σs . If both the shape of the robots and the shape of the noise

are circles, both radii (robot and noise) can be added. In this work, the noise originates

from an isotropic Gaussian, so the radius of the other robots is simply augmented by the one

standard deviation of the noise of the position. One standard deviation was chosen based on

existing literature [40][89] but a higher safety margin can be used if the application requires it.

Regarding noisy velocity estimates, only the VO-based algorithms have to be made resistant,

as the PF-based do not use the velocity estimate. In this case, the VO is dilated in a similar way

as done for the position: V O ⊕Σv with Σv the shape of the noise on the velocity. Contrary to

[40] where only half of the standard deviation of the velocity error was used, in this work the

velocity margin added to the velocity obstacle is equal to one standard deviation of the velocity

error. This change is made for consistency, not only between the different VO algorithms, but

also between velocity and position estimates.
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16.1.2 Lag

Time delay, or lag, is a well studied problem with sensors. However, due to the nature of the

problem there is no real mitigation technique when it comes to collision avoidance, besides

adding extra safety margin and be careful that the algorithms do not maneuver to aggressively

in order to avoid oscillations. In this work, no sensor lag mitigation technique will be proposed

and will be bounded to the study of the effect of lag on collision avoidance performance for

different algorithms.

16.1.3 Range

Sensors have an effective range under which they can reliably detect objects and other robots.

The sensory range can be limited by many factors, such as lack of resolution (in case of vision

for example), signal strength (for lasers), etc. Some collision avoidance algorithms have been

designed for sensors with a limited range [96][95][37]. A limited range is usually not a problem,

provided that it is sufficient to give the robot enough time to decide and perform the collision

avoidance maneuver. In this work, no sensor range mitigation technique will be proposed

and will be bounded to the study of the effect of lag on collision avoidance performance for

different algorithms. A robot i can detect an other robot j as long as the position of the latter

is in range p j ∈ Ri , with:

Ri =
{

p
∣∣∣ ||p−pi || < r s

}
, (16.1)

with with pi the position of the robot i and r s the sensor’s range. An illustration of the

parameter r s is given in Figure 16.2.

16.1.4 Field of View

The consequences of a limited FOV have been already detailed in Chapter 10. In this chapter,

the effect of the amount of FOV on the collision avoidance algorithms is studied.

16.2 Considered Collision Avoidance Algorithms

Six collision avoidance algorithms are evaluated. Their characteristics are compared in Ta-

bles 16.1 and 16.2. Two algorithms (SAVO and SAPFHV) have non-FOV aware variants (VOOS

and PFOS, respectively). The non FOV-aware variants are described in the same chapters than

their FOV-aware counterparts. The ORCA algorithm, which was not described yet, is presented

in this section.
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Figure 16.2 – Illustration of a robot i facing direction di with a sensor that has a limited range r s

and FOV defined by αs . Robot i detects robot j with a distance di j and with a bearing angle φi j

.

16.2.1 Optimal Reciprocal Collision Avoidance

The Optimal Reciprocal Collision Avoidance (ORCA) [90] is an improvement on VO. It is also

based on VO, but the procedure to find a solution is different. Instead of searching a suitable

velocity on the edge of all VOs, ORCA first computes for each other robot j the minimum

amount of change in velocity ua to avoid that robot. It then defines the ORC Aτ
i , j half space in

which the robot i can freely choose its velocity as:

ORC Aτ
i , j =

{
v|(v− (vi + ua

2
)) · ua

‖ua‖
≥ 0

}
. (16.2)

Because the problem is described by half-planes, the problem is now convex, which is com-

putationally more efficient compared to the standard approach. Furthermore, this approach

implements the concept of reciprocity, where both robots only do half of the required maneu-

ver to avoid the collision because they assume that the other robot will perform a collision

avoidance as well in the same way. This results in more efficient collision avoidance trajecto-

ries. In this work, ORCA is implemented using the library available at [108].
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Table 16.1 – A summary of the different algorithms used in this work, where they are described
and what their acronym is.

Name Chapter Acronym

VO for Omnidirectional Sensor 15 VOOS
Sensor-Aware VO 15 SAVO

Optimal Reciprocal Collision Avoidance 16 ORCA
PF for Omnidirectional Sensor 12 PFOS

Sensor-Aware PF for Holonomic vehicles 12 SAPFHV
Sensor-Aware PF for Unicycle vehicles 13 SAPFUV

Table 16.2 – A summary of the different algorithms used in this work, what type they are, if they
guarantee collision avoidance with limited FOV sensing and for which experiment they are used.

Acronym Type Motion Model FOV aware Limitation studied

VOOS VO Holonomic No Noise, lag and range
SAVO VO Holonomic Yes FOV
ORCA VO Holonomic No Noise, lag and range
PFOS PF Holonomic No Noise, lag and range

SAPFHV PF Holonomic Yes FOV
SAPFUV PF Unicycle Yes FOV

16.3 Scenario

Our scenario involves two quadrotors that start at a predetermined initial position and have

to reach a predefined destination. The systematic experiments are carried out in the cali-

brated, high-fidelity simulator Webots (see Section 2.2.4 for additional details). The scenario

is built as follows: first, define the center of the scenario as [0,0]T and put a first quadro-

tor at position [−4,e]T with e an offset; second, place the second quadrotor at the posi-

tion [4cos(ψ),4sin(ψ)]T with ψ some angle; third, set the destinations of the quadrotors

as [4,e]T for the first quadrotor and [−4cos(ψ),−4sin(ψ)]T for the second one; finally we

run the simulation until both quadrotors arrive at 0.5 or less m from their respective des-

tination. An illustration of the scenario is shown in Figure 16.3. We perform 20 collision

avoidance simulations for each combination of offset e ∈ {−0.9,−0.6,−0.3,0,0.3,0.6,0.9} and

angle ψ ∈ {180◦,150◦,120◦,90◦,60◦}, which results in 700 collision avoidance attempts for each

data-point for Figures 16.6 to 16.9. If some parameter is not studied in particular (i.e. not

changed across simulations), it is set to the following default value: 0.1 m for noise, 0 s for lag,

4 m for sensing range and a 360◦ FOV (omnidirectional) for the non FOV-aware algorithms

(i.e., PFOS, VOOS, ORCA). The SOVA, SAPFHV and SAPFUV algorithms are only used in the

scenario where the effect of the FOV is studied. The SOVA and SAPFHV are essential limited-

FOV resistant variants of the VOOS and PFOS algorithms, respectively. For all simulations, the

target speed is 0.3 m/s.
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Figure 16.3 – Illustration of the scenario.

16.4 Metrics

To analyze the collision avoidance trajectories obtained from the simulations, four metrics are

used:

� Distance traveled: The distance traveled by a quadrotor for the collision avoidance

maneuver k is defined as:

Dk = ∑
ni

k<n<n f
k

‖p[n]−p[n −1]‖, (16.3)

with ni
k being the first simulation step n during the collision maneuver k at which both

quadrotors are at a distance equal or superior to 0.5 m from their initial positions, and

n f
k being the first simulation step n during the collision maneuver k at which both

quadrotors are at a distance equal or less to 0.5 m from their destinations. The average

distance traveled during the simulation is then

D =
∑700

k=0 Dk

700
. (16.4)

In the Figures 16.6 to 16.9, the thick solid line in plots (a) represents the median traveled

distance over 700 runs, and the colored patches show the upper and lower quartiles of

the same data.

� Time to completion: The time it took both quadrotors to complete their collision avoid-

ance maneuver, averaged over all collision avoidance maneuvers, is defined as:

T =
∑700

k=0(t f
k − t i

k )

700
, (16.5)
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with t i
k the time at step ni

k and t f
k the time at step n f

k . In the Figures 16.6 to 16.9, the

thick solid line in plots (b) represents the median time to completion over 700 runs, and

the colored patches show the upper and lower quartiles of the same data.

� Average acceleration: To obtain the average acceleration, the average velocity has to be

computed first:

v[n] = p[n]−p[n −1]

tn − tn−1
, (16.6)

with tn the time at step n. Because the velocity had significant noise (probably due to

timing issues), the velocity was first filtered using a moving average with a window of

5, followed by a median filter with a window of 7. The acceleration at time n is then

computed as:

a[n] = v[n]−v[n −1]

tn − tn−1
. (16.7)

Because the acceleration is noisy, it is filtered using a median filter with a window of 5.

The overall average acceleration over the simulation is defined as:

A =
∑700

k=0

∑
ni

k<n<n f
k
‖a[n]‖

700
, (16.8)

In the Figures 16.6 to 16.9, the thick solid line in plots (c) represents the median average

acceleration over 700 runs, and the colored patches show the upper and lower quartiles

of the same data.

� Proportion of collisions: The proportion of collisions over the whole simulation is

defined as:

C =
∑700

k=0

∨
ni

k<nk<n f
k

1c (n)

700
, (16.9)

with

1c (n) =
1, if ‖pi [n]−p j [n]‖ < 0.7

0, otherwise.
(16.10)

In the Figures 16.6 to 16.9, the thick solid line in plots (d) represents the proportion of

collision over 700 runs, and the colored patches show the 95% interval of confidence,

computed using the Clopper-Pearson method.

129



Chapter 16. The Effect of Sensor Limitations on Avoidance

(a) SAPFHV (b) SAVO (c) SAPFUV

(d) PFOS (e) VOOS (f) ORCA

Figure 16.4 – Maps of the minimum distance achieved during the avoidance maneuver for the
robots as function of the scenario’s offset and angle.

16.5 Results

To understand which scenario configuration is the most challenging for a certain collision

avoidance algorithm, the time of completion and the minimum distance averaged across

the runs have been plotted as function of the offset and the angle (see Figures 16.4 and 16.5).

Some algorithms, such as the PFOS and the SAPFHV algorithms, have more difficulties when

the scenario configuration is head-on with no offset, as it is where it takes them most time to

avoid and with the smallest distance margin. VO-based algorithms seem to behave similarly,

where they are the most time efficient in head on collision, but with the least distance margin.

On the contrary, in side-by-side configurations (with an angle of 60◦) the VO-based algorithms

take more time to avoid and do so with more margin. Noticeably, the ORCA performs better

than the SAVO and VOOS algorithm. Finally, the features of the SAPFUV algorithm (avoiding

always on the right), result in asymmetric maps, both in time to completion and minimum

distance; additionally both metrics get worse as the offset increases. The consequence is that

it avoids well on one side, but poorly on the other. This also shows the necessity of varying the

offset in our scenario.

The different noise levels used for the simulations are presented in Table 16.3, along with

their corresponding errors obtained after Kalman filtering and which are used by the collision

avoidance algorithms to compute the safety margins as explained in Section 16.1.1.

Figure 16.6 shows the performance of the algorithms as function of the sensor’s noise. A first

observation: all three algorithms see a similar increase in the distance traveled as the noise

level increases. This is especially dramatic for the VOOS algorithm. The same conclusion can
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(a) SAPFHV (b) SAVO (c) SAPFUV

(d) PFOS (e) VOOS (f) ORCA

Figure 16.5 – Maps of the time to go from initial position to destination for the robots as function
of the scenario’s offset and angle.

Table 16.3 – Noise levels expressed with their standard deviations, and their corresponding errors
in position and velocity obtained after the Kalman filter.

Noise level [m] 0.01 0.03 0.1 0.3 1
Position RMSE [m] 0.0071 0.017 0.044 0.10 0.26

Velocity RMSE [m/s] 0.077 0.11 0.15 0.19 0.26

be made for the average acceleration metric. The VO-based algorithms also show an increase

in the time to complete the collision avoidance, where the PF-based algorithm does not appear

to be significantly influenced in that metric. The decrease in distance performance is partially

due to the increase in the margin added to the radius of the quadrotors (added to mitigate the

risk due to the uncertainty). A second cause for the increase in distance traveled is that as the

sensor’s noise level increases, showing that noisy sensing results in poor trajectories because

the quadrotors hesitate on how to perform the collision avoidance. Finally, the probability of

collision for the ORCA decreases as the noise level increases. This is not directly a consequence

of more noise on the sensor, but rather that this implementation of ORCA does not consider

the noise on the actuation. For low sensor noise levels, the ORCA algorithm avoids with a

small distance, and a collision due to some disturbance on the actuation is more likely. For

high sensor noise levels, the margin added due to that sensor noise is significantly larger than

what the noise on the actuation would require, lowering the probability of a collision.

Simulations have been performed for the following sensor delays: 0 s, 0.2 s, 0.4 s, 0.6 s, 0.8 s.

The results are shown in Figure 16.7. Lag seems to have little effect on all collision avoidance

algorithms. Only the ORCA algorithm sees a significant increase in its proportion of collisions,

probably because the lag increases the occurrence of so called reciprocal dance of the quadro-
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(a) Distance traveled (b) Time to completion

(c) Average acceleration (d) Proportion of collisions

Figure 16.6 – The performance of three collision avoidance algorithms as function of the sensor’s
noise level for four metrics: (a) distance traveled, (b) time to completion, (c) average acceleration
and (d) proportion of collisions.

tors [89]. The VOOS algorithm, for which the reciprocity is applied if the resulting velocity

does not fall inside a velocity obstacle, seems more robust to lag. The reason why lag has such

a little impact on the performance is partially due to the sensor’s range being larger than the

product of the lag with the speed difference (which is up to 0.6 m/s). As a result, even with

a lag of 0.8 s the quadrotors have enough time to compute a reasonable collision avoidance

maneuver, which results in a trajectory close to what they would produce if there was no delay

on the sensor.

Simulations have been performed for the following sensor ranges: 2 m, 2.5 m, 3 m, 3.5 m, 4

m. The results are shown in Figure 16.8. There are several points to observe in Figure 16.8.

First, the probability of a collision decreases as sensor’s range increases, in particular for the

ORCA and VOOS algorithm. This shows that VO-based algorithms need enough time before

the potential collision point to find the right maneuver to avoid the collision. This might be a

consequence of the reciprocity concept natively designed in those algorithms: because they

only perform half the maneuver required (they assume the other robot will do the other half)

and because there is no designated side to do the avoidance, those algorithms need several

iterations before both converge to the right avoidance maneuver. A small sensor range does
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(a) Distance traveled (b) Time to completion

(c) Average acceleration (d) Proportion of collisions

Figure 16.7 – The performance of three collision avoidance algorithms as function of the sensor’s
lag level for four metrics: (a) distance traveled, (b) time to completion, (c) average acceleration
and (d) proportion of collisions.

not leave enough time to those algorithms to find the solution. Second, both the distance

traveled and the time to completion metrics increase with sensor’s range for all algorithms,

which shows that all algorithms take advantage of the increased range to add some margin

when avoiding. Finally, the average acceleration decreases as the sensor’s range increases

for the ORCA and PFOS, showing that a longer range allows for smoother trajectories during

collision avoidance. On the contrary, the acceleration increases for the VOOS algorithm as the

range increases, which is probably related to the phenomenon of so-called reciprocal dance,

in which the two quadrotors have oscillating velocities because they overreact to the other

robot’s change in velocity [89]. The longer the range, the more time the two quadrotors have

to do the reciprocal dance.

Simulations have been performed for the following sensor FOV: 210◦, 220◦, 230◦, 240◦ and 250◦.

The results are shown in Figure 16.9. Note that only the algorithms that guarantee collision

avoidance with limited FOV sensing are tested, because the scenario is not designed to test

cases where a limited FOV can be challenging. As a result, algorithms that do not restrict them-

self to be keep their velocity in the sensor-constrained set have an unfair advantage. The three

algorithms studied here are SAPFHV and SAVO (derived from the PFOS and VOOS algorithms,
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(a) Distance traveled (b) Time to completion

(c) Average acceleration (d) Proportion of collisions

Figure 16.8 – The performance of three collision avoidance algorithms as function of the sensor’s
range level for four metrics: (a) distance traveled, (b) time to completion, (c) average acceleration
and (d) proportion of collisions.

respectively), and the SAPFUV algorithm. The three algorithms behave differently. First, as the

FOV increases, so does the distance traveled and the time to complete metrics for the SAPFUV

algorithm. On the contrary, the SAPFHV and SAVO algorithms see those metrics go down as the

FOV increases, showing they take advantage of the extra maneuverability to be more optimal,

which is not possible for the SAPFUV algorithm because it assume a unicycle kinematics of

the vehicle.. Second, all three algorithms see an increase in their average acceleration as the

FOV becomes larger, showing that all algorithms show an increase in maneuverability. Finally,

both the SAPFUV and the SAVO algorithms are collision-free for all FOV configurations, as the

SAPFHV algorithm had collisions for a FOV lower than 230◦. This indicated that the SAPFHV

algorithm needs a minimum amount of maneuverability to be effective.

16.6 Discussion

Comparing algorithms is a difficult task due to the number of variables. Not only is there a

large number of collision avoidance algorithms to choose from, but also the type of platform,

scenario or metrics used can greatly influence the outcome. Although great care has been
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(a) Distance traveled (b) Time to completion

(c) Average acceleration (d) Proportion of collisions

Figure 16.9 – The performance of three collision avoidance algorithms as function of the sensor’s
FOV level for four metrics: (a) distance traveled, (b) time to completion, (c) average acceleration
and (d) proportion of collisions.

taken to be as fair as possible for all algorithms, it cannot be excluded that this work might

bias some algorithms performance in one way or another because of the particular platform

or scenarios used. One could extend the variability in platforms and scenarios, but the results

presented in this chapter were already obtained with over 100 hours (wall-clock time) of

high-fidelity simulation on a Intel i7 processor. The simulations were running with a speed

up factor of around 14 times the reality. Adding a significant amount of variability to the

simulations would make the simulation time required quickly unpractical. Overall, it might be

impossible to be truly fair when undertaking such study, and one has to keep in mind that the

results might be only valid for the specific platform and scenario combination.

Another way to reduce the bias in the comparison is to frame the question differently. This

work is designed to answer the question "For the same parameters, how does an algorithm’s

performance evolve as function of the sensing limitation severity?". Another possible question

that could be studied is "How do algorithms compare as function of sensor’s limitation if one

metric (e.g., proportion of collisions) is kept constant". In such study, some parameters would

be changed until some performance metric is achieved, and the other metrics are compared

between the different algorithms. Framing the question in this way allows a better comparison
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between the algorithms, as some parameters that are only present in some algorithms are

tied to some performance levels (e.g., safety requirement). This approach, although more

difficult (the correct values for the parameters have first to be found, which requires much

more experimental runs), would at least partially answer the fairness problem. But the fairness

of the scenarios and metrics would not be solved by this approach.

This work was done in simulation, which always raises the question of the fidelity of the

simulator. Replicating the simulations with real experiments would need more than 1400

hours of experiments (the simulations had a speed up of 14 times). A better solution would be

to validate a few data points with real experiments in order to assess the faithfulness of the

obtained results.

Summary

In this chapter, a study of the effect of sensor limitations on collision avoidance algorithms is

carried out using two quadrotors in a high-fidelity, calibrated simulator. The sensor limitations

are Gaussian noise, lag, limited range and FOV. The algorithms studied are of two kinds: PF-

based which only use position estimation of other robots, and VO-based that also use the

velocity estimate of the other robots. Overall, we show that although the VO-based algorithms

are efficient in terms of avoidance overhead generated (distance and time), they are also more

affected by sensor limitations than PF-based algorithms.
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17 Comparison of Collision Avoidance
Algorithms using Real Robots

U LTIMATELY, only real robotic experiments allow for a full validation of the al-

gorithmic development and an assessment of algorithmic performance under

realistic conditions. In this chapter, different collision avoidance algorithms

are compared using the quadrotor platform equipped with the sensing system

presented in Chapter 7. The algorithms compared are the SAPFUV (described in Chapter 13)

and the SAVO (described in Chapter 15), both FOV-aware but belonging to the PF and to the

VO class, respectively.

The collision avoidance algorithms have been made noise-resistant as described in Chapter 16.

The margin in position was set to 0.45 m and the velocity margin was set to 0.2 m. The velocity

margin was set to a lower value than the average velocity error measured in Chapter 7 to leave

some maneuverability margin to the SAVO algorithm.

To compare the algorithms, four metrics are used: distance traveled, time to completion,

average acceleration, and minimum distance. The three first metrics, distance traveled, time

to completion and average acceleration are similar to the ones described in Chapter 16,

with the difference that they are not averaged over the runs. The fourth metric, minimum

distance between the quadrotors during the collision avoidance maneuver is preferred over

the proportion of collisions as there were no collision due to a failure of the collision avoidance

algorithm. The minimum distance metric is described by Equation 2.16 in Chapter 2.

Two scenarios were used for the experiments, called “head-on” and “cross”. In the head-

on scenario, one quadrotor starts at the position [3.2,0,1.0]m and has to go to the position

[−1.8,0,1.0]m, and vice-versa for the other quadrotor. For the cross scenario, one quadrotor

starts at [3.2,1.0,1.0]m and has to go to [−1.8,−1.0,1.0]m, while the other quadrotor starts at

[−1.8,1.0,1.0]m and has to go to [3.2,−1.0,1.0]m. For each scenario, 10 collision avoidance

maneuvers were performed for each algorithm.
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Figure 17.1 – Example of trajectories obtained with the head-on scenario. a) The SAPFUV al-
gorithm. b) The SAVO algorithm. The arrow heads on the trajectories show the direction of
motion.

17.1 Results

Figure 17.1 shows the trajectories generated by the collision avoidance algorithms for the

head-on scenario. The SAPFUV algorithm performs similarly to the experiments presented in

Chapter 13, although there is an additional oscillatory behavior. The trajectory of the SAVO

algorithm does not perform as well as the SAPFUV algorithm, and shows a spinning behavior.

This spinning is due to the large velocity uncertainty of the other quadrotor. Consequently, the

search space for the SAVO algorithm is almost entirely filled with the VO of the other quadrotor;

therefore, a feasible solution is almost never found, and the quadrotor switches to its fallback

spinning behavior. In this case, the lag is beneficial because the quadrotors can advance a

little bit while the other quadrotor is not detected. But although this lag does help to bring the

quadrotors out of their local minima, it raises questions on the reliability of such system.

Figure 17.2 presents the performance of the algorithms for the four different metrics. First

observation, we can notice that the minimum distance between the two quadrotors during a

collision avoidance maneuver is larger for the SAPFUV algorithm, than that obtained by the

SAVO algorithm. This is because the SOVA algorithm tries to avoid as optimally as possible and

will take the shortest path that does not enter the VO of the other quadrotor. Thus, the SAVO

algorithm avoids while leaving the minimum distance allowed (i.e., the combined radii of the

quadrotor plus the safety margin). The SAPFUV algorithm on the hand, will avoid as soon as

the turning command from the avoidance behavior overcomes the turning command from

the navigation component, which happens at a larger distance than the minimum distance

allowed. Despite leaving more distance between the quadrotors, the SAPFUV algorithm

does have shorter paths, in particular for the head-on scenario. This is because the SAPFUV

algorithm has a preferred side on which it will avoid, and the head-on scenario does not

present any ambiguity on how the collision avoidance has to be performed. On the contrary,

the SAVO algorithm does not have a preferred side, and the two quadrotors have first to agree

on which side to avoid. Combined with the highly noisy sensing, the quadrotors will oscillate
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Figure 17.2 – The performance of the collision avoidance algorithms. The metrics are: a) distance
traveled, b) time to completion, c) average acceleration and d) minimum distance between
quadrotors. The green dashed line for the distance traveled represents the distance the quadrotors
would take if they would travel in a straight line. The dashed red line for the minimum distance
plot represents the distance at which the quadrotors would have collided.

between which side to avoid on. Only the fallback spinning behavior provides a preferred side

on which to avoid, but this method is inefficient, resulting in more distance traveled. Directly

correlated to the distance traveled is the time to completion. In this case, the performance

is even worse for the SAVO algorithm compared to the SAPFUV algorithm. This shows that

not only the quadrotors have a longer path to travel with the SAVO algorithm, they also do so

significantly slower. This is because the SAVO algorithm is often in its fallback mode, in which

it is stopped, while the SAPFUV algorithm always moves forward by design. Finally, the SAVO

algorithm has a lower average acceleration compared to the SAPFUV, which is probably due to

the slower average speed of the SAVO algorithm during the collision avoidance maneuver.

17.2 Discussion

The experiments presented in this chapter confirm the observation made in Chapter 16; the

performance of a VO-based algorithm degrades significantly more than an algorithm based
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on position data only when the noise on the sensor increases. In this case, the sensor noise is

comparable, if not exceeding, the highest noise levels used in the simulations of Chapter 16.

This is the main reason why the SAPFUV algorithm outperforms the SAVO algorithm.

The experiments presented in this chapter test the robustness of the different collision avoid-

ance algorithms when constrained to the FOV of the sensing part, rather than validate them

with scenarios where FOV constrained motion is essential to avoid collisions(such as the

scenarios presented in Chapter 10).

Summary

In this chapter, a set of experiments are presented that compare different collision avoidance

algorithms performance using the sensing system presented in Chapter 7. The PF-based

SAPFUV algorithm has a better performance compared to the VO-based SAVO algorithm in

this setup where the sensor has a high noise and lag.
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18 Conclusion

M OST works for SAA systems clearly separate sensing and avoidance tasks, and

design one without properly addressing the other, and indirectly assume that

once combined, there will be no interaction issues. This work shows that a

SAA system has to be designed with a holistic approach, where the limitations

of one task translate into constraints for the other. This holistic approach is illustrated in the

use of a limited FOV sensing. On the avoidance algorithm side, the maneuvering is constrained

to the FOV of the sensor, while the sensor is required to have a FOV larger than 180◦ to allow

the avoidance algorithm to be collision-free.

18.1 Summary

In this thesis, we developed a vision-based SAA system. Its characteristics are to be solely

vision based, and uses cameras with large FOV obtained through fish-eye lenses. To detect

neighboring robots, two different computer vision algorithms were used. The first relies on

markers attached to the robots, and is lightweight enough to be used for experiments where the

full SAA system runs on-board the robotic platforms. The second algorithm (shape detection)

is able to detect the shape of the robot on the image without the need of a marker, and was

developed to be used in real conditions. While this algorithm was too computationally heavy

to be used on-board the robotic platforms, good results are presented for footage gathered in

indoor conditions similar to the ones where markers were used.

In relation with the vision-based sensing system, we developed a methodology to perform

safe collision avoidance maneuvers despite a sensing system that has a limited FOV. To our

knowledge, this is the first work that explicitly studies the relation between limited FOV sensing

and collision avoidance algorithms. A mathematical proof shows that the motion of a robot

has to be restricted according to the FOV of the robot. We present guidelines to ensure that,

if followed, a collision avoidance algorithm will be safe and produce smooth trajectories (i.e.

little to no oscillatory behavior) when used with limited FOV. We designed several collision

avoidance algorithms that follow the proposed guidelines, and show how to adapt common
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types of collision avoidance algorithms to be compatible with limited FOV sensing. We also

show the cost in efficiency and maneuverability by using a sensory system with a limited FOV

for applications that require collision avoidance. The reduction in maneuverability depends

not only on the sensing system’s FOV but also on the kinematics of the robot itself.

Although collision avoidance with a sensing system that has a limited FOV is the main focus of

this thesis, we investigated the effect of other sensor limitations and imperfections such as

noise, lag and limited range. To our knowledge, this is one of the few works that studies the

relations between sensing limitations in general and collision avoidance. When possible, a

solution was proposed to help mitigate the problem.

18.2 Discussion

The detections from the computer vision algorithms are processed using a GM-PHD filter, a

multi-target filter based on the recent RFS theory. The GM-PHD filter proved itself to be an

effective and lightweight solution to estimate the position and velocity of other robots while

removing false positive detections. One of the drawbacks of this filter is that it does not provide

tracks (i.e. coherent trajectory over time for each tracked object) but only an estimated state

for each observed robot. The lack of tracked trajectories potentially prevents it from being

used with other, more predictive collision avoidance algorithms. Another drawback is that the

GM-PHD filter often does not report an object when it is not detected by the camera. This can

result in aggressive behaviors generated by the collision avoidance algorithm.

This work intentionally did not focus on obtaining the best sensory system possible, and

instead looked into how to mitigate the sensor’s imperfections with the collision avoidance

algorithm. While being interesting from an academic perspective, this approach is not possible

for every day and outdoor use. From our results, it seems that the proposed sensing system,

which only relies on vision, will not give the required level of reliability to ensure safe navigation

in common airspace. Not only should the camera run at higher resolution (the range is a few

meters for a resolution of 640 by 480 pixels), but other sensors should also be used, in particular

sensors that can accurately estimate the distance, as the camera gives a poor distance estimate.

A distance sensor, such as a radar or a LIDAR, would also be able to reduce the ambiguity

between the size of an object and the distance from it (in this work, the size is assumed to be

known).

This thesis focuses on the limited FOV as sensor limitation. We have shown the danger of

ignoring the limited FOV and the constraints of using a sensory system with limited FOV. But

in practice, the occurrence of scenarios where the limited FOV causes a collision is small, in

particular when considering that most vehicles are designed to move in the direction their

sensors are headed. Furthermore, limited FOV is only one of the problems related to sensing.

Other sensor limitations, such as range or frame-rate, which can also seriously affect the

performance of a SAA system, as shown in Chapter 16.
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As the possibilities to modify an algorithm to make it compatible with limited FOV sensing are

potentially endless, this thesis does not claim to present the most efficient algorithms from this

perspective. There is room for improvement, in particular concerning the PF-based algorithms.

Nonetheless, this thesis opens (or at the very least expands) a new field of investigation that

studies the interactions between sensors and actuators in collision avoidance applications.

The scope of this thesis is collision avoidance, and although the results can extend to other

fields, such as navigation and obstacle avoidance, they are not general enough to be applied to

other problems. In particular, in situations where all participants in a scene are known and the

behavior of each one can be predicted, the constraints stemming from the limited FOV may

be relaxed. Nonetheless, as soon as an agent has to move in an environment where it should

avoid others, unknown agents, its motion should be constrained by the sensor-constrained

set.

In this work, some algorithms did perform poorly during the experiments carried out with

quadrotors. This is partially a result of the combination of a highly mobile platform (i.e., a

quadrotor) and a slow and inaccurate sensor (i.e., a fisheye camera). In fact, actuation and

sensing mutually constrain each other, and the navigation algorithms are the link that resolve

the constraints between the two, usually at the disadvantage of the actuation. Ideally, actuation

and sensing should be designed together in order for their respective performances to match.

Retrospectively, a differential wheeled robot (such as the Khepera IV) would have been more

suited for the vision system used in this thesis, as the dynamics of the robot would match

with the constraints of the sensing (as in Chapter 11). Furthermore, the collision avoidance

algorithms have been designed taking exclusively into account the kinematic laws of the

vehicles. On the other hand, dynamic laws play a major role in platforms such as quadrotors.

This unfaithfulness to the vehicle reality is one of the reasons why some algorithms performed

poorly when validated with real experiments, such as those of Chapter 17.

While many experiments have been performed with real quadrotors running all the algorithms

on-board, no experiment has been done outside, in real conditions. The main reason this

were not achieved was because the computer vision algorithms were not suited for outdoor

experiments; the marker-based approach requires that the tracked color is not present in the

scene, and the shape-detection based algorithm was not fast enough to run onboard of the

quadrotors.

18.3 Outlook

Improvements on the sensing part of this work would be mostly hardware-related, and would

include the use of higher resolution cameras and the addition of other sensor modalities. Some

future work on the sensors should consider to add a radar or a LIDAR. Because those sensors

usually have a FOV smaller than 180◦ for sizes that can fit on a UAV, a dual sensor system

with a static fish-eye lens camera and a LIDAR on a pan-tilt system could be an interesting

solution. The fish-eye camera would continuously monitor the FOV of the robot and the pan-
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tilt LIDAR would provide a better measurement of the tracked objects. By adding a camera

with a small FOV on the pan-tilt, it is even possible to perform the object identification on

an image with higher quality (less distortion, higher resolution) than what can be obtained

with a fish-eye lens, and use a computationally fast algorithm that needs a small number

of pixels to do the detection (e.g., morphological computer vision). This combination of

different sensors is probably the only way to achieve the performance necessary to fly fully

autonomous UAVs outdoor. But it is yet to be known if current technology is capable of

enough computational power and camera resolution to fulfill the requirements of flying in

common airspace. Furthermore, a pan-tilt system adds on complexity, weight and fragility

to the system, trading in sensing reliability for sensing accuracy and thus reliability on the

collision avoidance.

The methodology proposed in this thesis can be applied to virtually any collision avoidance

algorithm, and several algorithm adaptations have been presented. But the effectiveness of

each algorithm is heavily affected by the size of the FOV. An important question that remains

to be addressed is what are the conditions for which an algorithm will work well with limited

FOV and in which situations does the algorithm perform poorly. A partial answer is given by

the observation that differential-wheeled robots do see little to no effect on their trajectory

when using a limited FOV sensor.

In this work, the robots do not cooperate or even assume a possible cooperation. They only

assume the implicit reciprocity that every robot will avoid collision (if such threat is detected).

Adding cooperation can potentially enhance a SAA system in several ways. First, robots can

extend their FOV by either sharing the sensor measurements or the tracks of other objects. By

increasing the FOV, the maneuverability of the robots can be greatly improved, in particular

for near-holonomic robots such as quadrotors. Additionally, by communicating their ego-

state, the robots can accurately and reliably track each other, and the avoidance will become

smoother and safer as a consequence. Another possibility for cooperation is in the collision

avoidance algorithm. Applying concepts such as reciprocity, commonly found in VO-based

approaches, can reduce the amount of maneuvering required by each robot while keeping the

same level of safety.
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