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Summary
An analytical model describing the flexural response of vertically spanning

out-of-plane loaded unreinforced masonry walls is presented in this paper. The model

is based on the second-order Euler-Bernoulli beam theory and captures important

characteristics of the out-of-plane response of masonry walls that have been observed

in experimental tests and from numerical studies but for which an analytical solution

was still lacking: the onset and the evolution of cracking, the peak strength of the

out-of-plane loaded walls, and the softening of the response due to P−Δ effects. The

model is validated against experimental results, and the comparison shows that the

model captures both the prepeak and postpeak response of the walls. From the analyt-

ical model of the force-displacement curve, a formula for the maximum out-of-plane

strength of the walls is derived, which can be directly applied in engineering practice.
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1 INTRODUCTION

Under seismic loading, unreinforced masonry walls, which can be either free standing walls or part of a building, might fail

because of in-plane or out-of-plane loading. This paper treats the out-of-plane response of unreinforced masonry walls. Under

out-of-plane loading, unreinforced masonry walls first crack and then develop in the postpeak phase of the force-displacement

response a rocking mechanism. This rocking mechanism can be rather stable; reaching the peak force does therefore not mark

the failure of the wall.1-3 Doherty et al.4 account for this postpeak response through a displacement-based assessment procedure,

which has now been implemented in several assessment guidelines for engineering practice.5-7

In displacement-based assessment procedures, out-of-plane loaded walls are often approximated as 2D systems of one-way

vertically spanning elements (Figure 1A). The response (or capacity) of these walls is represented by a pushover curve. If the

masonry is constructed with dry joints or if the mortar strength has degraded during previous load cycles to such extent that

the tensile strength is negligible, the pushover curves have a characteristic round form, which has been observed in several

experimental campaigns (Figure 1B). To simplify matters, the pushover curve is often approximated by the use of bilinear or

trilinear models. For a given collapse mechanism, bilinear models can be derived from a rigid body kinematic analysis of the

wall,3,4,8,9 yielding the maximum force Q0 and the ultimate displacement Δ0. The same analysis is used to define the third branch

of the trilinear model,4,8,10 often assuming a certain reduction in the effective width of the wall due to the limited compressive

strength of masonry,11 which leads to a smaller ultimate deflection Δu than the rigid body analysis. The first and the second

branch of the trilinear models are, on the contrary, defined by the ratios Δ1∕Δu and Δ2∕Δu. Their values are typically calibrated

with experimental results.4,8,10-12
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2 GODIO AND BEYER

FIGURE 1 A, Vertically spanning load-bearing masonry wall subjected to out-of-plane loading. B, Pushover curve and bilinear and trilinear

approximations (after Doherty et al.4) [Colour figure can be viewed at wileyonlinelibrary.com]

If a more precise estimate of the pushover curve is required, finite or discrete element simulations have to be performed; for

a review on the numerical methods and assessment techniques generally used in this field, we refer to Ferreira et al.13 Such

numerical models have the advantage of being very versatile. They can be used to analyse a large range of wall configurations,

with various geometries and static and kinematic boundary conditions. Furthermore, detailed nonlinear numerical models allow

to analyse the wall as a composite structure by representing the mortar layers and bricks (or blocks) explicitly. Such models

are, however, computationally expensive and allow only by regression of the analysis results an insight into the controlling

parameters of the wall response.

To complement previous research, this paper contributes to the challenge of predicting the out-of-plane response of unre-

inforced masonry walls by presenting an analytical solution for the complete force-displacement curve of slender vertically

spanning walls. The pushover curve is derived by integrating the differential equation of the Euler-Bernoulli beam theory. The

equation is formulated to include geometric nonlinearities (P − Δ effects) and solved for a masonry material with zero tensile

strength and a linear elastic constitutive law in compression. These assumptions have already been made in the 40's and 60's

when studying the stability of unreinforced masonry walls subjected to eccentric axial loads.14-16 Although such assumptions

neglect the interaction between the mortar and the bricks as well as the finite compressive strength of the two materials, they

result in a good level of accuracy in modelling the masonry behaviour for many configurations and boundary conditions.16-20

They were extensively used in the past to determine the axial force that triggers instability of unreinforced masonry piers and

columns. Such studies considered eccentric axial loads17,21-27 or combinations of constant lateral loads and increasing axial

loads.18-20,28-33 In the present paper, these assumptions are used to analyse the out-of-plane behaviour of unreinforced masonry

walls when subjected to a constant axial load and a varying lateral load. This approach is used to derive an analytical solution

of the pushover curve of the wall, when this latter is subjected to loading conditions similar to those arising in seismic events.

The pushover curve is given in analytical form for vertically spanning unreinforced masonry walls having the following

kinematic boundary conditions: pinned-pinned, fixed-fixed, and cantilever. Moreover, two static loading conditions are taken

into account: a wall subjected to a constant axial force and either a concentrated or a distributed lateral load. A detailed discussion

of the model parameters is given in the paper, and the model response is compared to the solution obtained from the rigid body

kinematic analysis and to results from experimental tests. A key finding of this study is the expression for the maximum lateral

strength (or peak force) Qmax. It is shown that this can be expressed as product of the maximum force derived from rigid body

kinematics (Q0) and a factor, which is a function of the axial load P and the Euler's critical load PE.

The paper commences with the derivation of the principal differential equations of the Euler-Bernoulli beam theory, formu-

lated for no-tension materials and including P − Δ effects (Section 2). The equations are then solved for a concentrated force

applied at midheight of the wall, and a parametric study highlights the influence of principal parameters (Section 3). Section

4 discusses the choice of the model parameters and the modelling of the boundary conditions and validates the solution with

experimental results reported in the literature. Section 5 compares the behaviour of walls subjected to a distributed load to that

of walls under a concentrated load and shows how the peak strength for the distributed load can be approximated by that for

the concentrated force. Based on the analytical model and these findings, a formula for the maximum out-of-plane strength of

vertically spanning unreinforced masonry walls is derived for both loading conditions.

http://onlinelibrary.wiley.com/
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2 MODEL FORMULATION

The analytical model herein developed is based on the Euler-Bernoulli beam theory, in which nonlinear geometric (or P − Δ)

effects are included. It is, therefore, applicable to walls that are rather slender for loading in the out-of-plane direction. Fur-

thermore, masonry is modelled as a material with zero tensile strength and linear elastic behaviour in compression. These

assumptions were used in previous studies to investigate the influence of the axial load eccentricity,15,21 the effect of initial

deflections,16 the effect of self-weight,22 the presence of uncracked bricks or blocks,23 and the influence of lateral loads28,29,31

on the buckling capacity of unreinforced masonry walls or columns. In a few studies, they were also used to investigate the

lateral response of the walls.19,20,25,33 In those studies, however, numerical procedures based on the finite element method19, in

which the wall was discretized into small elements with constant curvature,20,25,33 were used to solve the equations. These stud-

ies therefore did not yield general solutions. The objective of this paper is twofold. First, we solve these equations analytically

and derive in analytical form the full flexural force-displacement (or pushover) curve of out-of-plane loaded masonry walls.

Second, we compare the so-obtained peak force Qmax to the maximum force obtained by rigid body kinematics Q0 and derive a

simple expression that links Qmax to Q0. This expression can be used in engineering practice to estimate Qmax from Q0 without

performing any advanced analysis.

2.1 Basic equations
We consider a vertical strip of a masonry wall undergoing large out-of-plane deflections. In practice, the slenderness ratio of

unreinforced masonry walls in residential construction is sufficiently large to be described by means of an Euler-Bernoulli beam

model. With this model and assuming a no-tension material, during bending, plane cross sections of the wall remain plane in

the compressed region of the wall31 and shear deformations of the masonry are neglected.34

Masonry is considered here as a no-tension material. For the behaviour in compression, a linear uniaxial stress-strain relation-

ship is assumed. In previous studies, also nonlinear stress-strain relationships have been used.20,26,30-32 The linear constitutive

law considered herein is an approximation of the actual material behaviour, whose application is limited to masonry walls with

low-to-moderate axial load ratios. This approximation is frequently chosen in studies on the out-of-plane response of masonry

walls (eg, previous studies3,16,28,29), since the walls that are most susceptible to out-of-plane failure are often those located at the

top floors of a building, where horizontal accelerations produced during an earthquake are largest and axial loads are smallest.1

The approximation of a linear material behaviour in compression is chosen here because it keeps the formulation simple and

renders analytical solutions possible.

We consider a generic wall of height H, length L, and thickness t. At the height x, the wall is undergoing an out-of-plane

deflection v(x). It is useful to distinguish the cracked part of the wall from the one that remains uncracked (Figure 2). The

behaviour of the uncracked part of the wall is described by the differential equation of the second-order Euler-Bernoulli beam

theory:

v′′(x) + M̃(x)
EmI

= 0, (1)

where Em is the elastic modulus of masonry, I = Lt3∕12 the moment of inertia of the wall cross section, and M̃(x) the bending

moment at the displaced centre line of the wall, ie, considering large deflections (P − Δ effects). Its expression is

M̃(x) = P
(
v(x) + ep

)
+ M(x), (2)

where P is the axial load (positive when in compression) acting at the top of the wall with eccentricity ep and M(x) is the bending

moment distribution due to the lateral load only.

For a distributed load, the line of thrust is curved, and for a concentrated load, the line of thrust is piecewise linear.29,35

Cracking occurs when the eccentricity of the line of thrust from the centre line of the wall exceeds t∕6:

|M̃(x)| ⩾ P t
6
. (3)

Upon cracking, the effective thickness of the wall reduces to tc, and the line of thrust moves towards the edge of the cross section

(Figure 2A). Since the material behaviour in compression is assumed to be linear, the stress distribution in the compressed part

of the section is always linear16,21 (Figure 2B). The differential equation governing the cracked part of the wall can therefore be

written as29

v′′(x) + 2P
EmL

1

t2
c
= 0, (4)
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FIGURE 2 Vertically spanning load-bearing masonry wall modelled as an Euler-Bernoulli beam undergoing large out-of-plane deflections and

cracking. A, Deformed configuration; B, normal stress distribution assumed by the model [Colour figure can be viewed at wileyonlinelibrary.com]

with

tc = 3

(
t
2
− M̃(x)

P

)
(5)

denoting the depth of the compressed region of the cross section (Figure 2, left). Failure of the wall occurs when tc tends towards

zero in at least one of the wall cross sections.16,21,29

2.2 Remarks
Equations 1 and 4 are 2 ordinary differential equations describing the behaviour of the uncracked and the cracked part of the

masonry wall. These equations are presented here in their most general form, which was derived by Hellers.29 From these

equations, it follows that not only the lateral load induces bending but, due to the wall deflection, also the axial load. This is a

consequence of the second order formulation herein adopted.

If one substituted M̃(x) by M(x) in the above equations, the effect of large deflections would be annihilated. One would obtain

the equations that have been the basis of models for the in-plane behaviour of unreinforced masonry walls, for which P − Δ
effects do not play a significant role.36-38 When analysing the out-of-plane behaviour of these walls, large deflections are, on the

contrary, essential.7,8 For the in-plane behaviour, it is, nevertheless, essential to account for shear deformability. In that case,

the Euler-Bernoulli beam model has to be replaced by a Timoshenko beam model.37,38

3 EXAMPLE OF MODEL RESPONSE: WALLS SUBJECTED TO A LATERAL
CONCENTRATED LOAD

Analytical solutions to Equations 1 and 4 were proposed by Sahlin28,39 and Hellers29 for concentrated lateral loads and distributed

loads, respectively. In this paper, these solutions are generalised for different boundary conditions and discussed with respect

to those given by simplified models used in seismic engineering, namely the bilinear and trilinear models.4,8 In this section, the

response of a wall subjected to a lateral load Q at midheight of the wall and an axial load P applied at the top of the wall is

studied for 3 different boundary conditions (Figure 3). The case of a distributed load is treated in Section 5.

3.1 Response of the uncracked wall
The behaviour of the wall prior to cracking is found by double-integrating Equation 1. This yields the following closed-form

expression of the lateral displacement of the wall:

𝛿c =
𝛽

𝛼t

[
(sec (𝛼𝜇H) − 1) ep −

𝛼𝛽

𝜇3EmI

(
𝜇H − 1

𝛼
tan (𝛼𝜇H)

)
Q
]
, (6)

http://onlinelibrary.wiley.com/
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FIGURE 3 Vertically spanning masonry walls undergoing large out-of-plane deflections subjected to a lateral concentrated force for different

boundary conditions [Colour figure can be viewed at wileyonlinelibrary.com]

with

𝜇 =
√

P
EmI

.

In the above expression, 𝛿c is the normalised deflection of the wall at the height x where the maximum deflection occurs:

𝛿c = dc∕t. This height is in the following referred to as control point. It corresponds to the wall midheight for the pinned-pinned

and the clamped-clamped boundary conditions and to the top of the wall for the cantilever wall (Figure 3). Parameters 𝛼 and 𝛽

depend on the boundary conditions and take the following values: 𝛼 = 1∕2, 𝛽 = 1∕2, for the pinned-pinned wall; 𝛼 = 1∕4, 𝛽 =
1∕2, for the clamped-clamped wall; and 𝛼 = 1, 𝛽 = 1, for the cantilever wall.

3.2 Onset of cracking
Onset of cracking in the masonry wall occurs when the condition contained in Equation 3 is satisfied in at least one section of

the wall. The section in which cracking is triggered is the one where the bending moment M̃(x) is maximum. In the case of the

pinned-pinned wall, cracks appear first at midheight of the wall. In the clamped-clamped wall, cracking occurs simultaneously

at midheight and at the ends of the wall. In the cantilever wall, cracking develops starting from the base of the wall. The limit

case of Equation 3 yields the expression of the concentrated force at the onset of cracking. This force is denoted with Qel, as it

gives the force at which the elastic limit of the material is exceeded (Equations 1 and 3):

Qel = 1

𝛽

(
−𝜇3EmI csc (𝛼𝜇H) ep +

𝜇

tan (𝛼𝜇H)
t
6

P
)
. (7)

At this point, the normalised deflection is (Equation 3):

𝛿el
c = 𝛽

𝛼t

(
t
6
− ep −

Mc

P

)
, (8)

where Mc is defined as Mc = 𝛼𝛽QH and is here evaluated for Q = Qel (Equation 7).

3.3 Response of the partially cracked wall
Sahlin28 provided design charts that represent the solution to the problem of the partially cracked wall subjected to concentrated

horizontal loads, but they did not provide analytical solutions.28,39 Chapman and Slatford16 found the analytical solution to

Equations 1 and 4 for a partially cracked masonry wall with pinned ends, eccentric axial load, and initial deflection. This solution

is herein generalised to the case of a wall subjected to a concentrated lateral load applied at midheight of the wall, giving an

alternative solution to the graphical chart by Sahlin.28 In addition, 3 different boundary conditions are considered (Figure 3).

As in the original work,16,28 the solution is given in implicit form:

http://onlinelibrary.wiley.com/
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𝜇𝛼H −  (ztl) −  (zcl)(
t
3
l
)3∕2

+

− arcsin

⎛⎜⎜⎜⎜⎝
t
2
− zt√(

t
2
− zt

)2

+
(
𝜓

𝜇

)2

⎞⎟⎟⎟⎟⎠
+ arcsin

⎛⎜⎜⎜⎜⎝
ep√(

t
2
− zt

)2

+
(
𝜓

𝜇

)2

⎞⎟⎟⎟⎟⎠
= 0,

(9)

where (u) is the function:

(u) = √
u − 1

√
u + log

(√
u − 1 +

√
u
)
,

and

C = 𝜇2t3

54

l = 1

2C

(
𝛽

Q
P

)2

+ 1

zc

𝜓 =

√
2C

(
l − 1

zt

)
,

with

zt =
t
3
, zc =

t
2
− uc.

In the above expressions, uc is the distance between the thrust line and the axis of the wall in its deformed configuration

(Figure 2A). This quantity is measured at the control point of the wall (Figure 3). The normalised deflection of the wall at this

point is

𝛿c =
𝛽

𝛼t

(
uc − ep −

Mc

P

)
, (10)

where Mc = 𝛼𝛽QH is now a function of Q (cf Equation 8). Substitution of Equation 10 into Equation 9 allows to plot in an

implicit manner the response of the wall in terms of the applied load Q and deflection dc = 𝛿ct; the axial load P is kept fixed.

Starting from Equation 4, it is also possible to retrieve the analytical expression of the boundary of the cracking zone of the

wall in function of the applied loads P and Q. One obtains

x (𝜆d) =
((1 − 𝜆d) t

3
l
)
−  (zcl)

𝜇𝛼

(
t
3
l
)3∕2

, (11)

where 𝜆d = (t − tc)∕t is the normalised length of the cracked (or decompressed) region of the cross section. A similar equation

describes the maximum compression stress occurring at the height x, on the outer fibre of the cross section in the cracked part

of the wall (Figure 2B):

x (𝜎max) =
( 2

3

P
𝜎maxL

l
)
−  (zcl)

𝜇𝛼

(
t
3
l
)3∕2

. (12)

The above equation is obtained by imposing that, upon cracking: zt = tc∕3.

3.4 Formation of the collapse mechanism
Figure 4 shows the whole flexural response (pushover curve) of the wall for the 3 boundary conditions considered. The curves

are derived for a wall with the following properties: H = 3 m, L = 3 m, t = 0.25 m, Em = 500 MPa, 𝜌 = 1800 kg/m3. The curves

are normalised by dividing the horizontal force Q by the self-weight of the wall W and the displacement dc by the wall thickness

t. The axial load is P = 1.12W and is applied with zero eccentricity: ep = 0 m. For the pinned-pinned wall, the evolution of

cracking within the wall (Equation 11) is shown also in Figure 4A. The self-weight is not included in the analytical model as
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FIGURE 4 Force-displacement curves of vertically spanning masonry walls subjected to a lateral concentrated load: model response

(Equations 6 and 9, solid lines), evolution of cracking (Equation 11, blue lines in A) and comparison with the bilinear model derived from the rigid

body kinematic analysis4,8 (dashed lines) [Colour figure can be viewed at wileyonlinelibrary.com]

distributed gravity load over the wall height but can be treated as an additional axial load applied at the top of the wall. For

further details on how to include the contribution of the self-weight in the wall response, the reader is referred to Appendix A.

For small values of the lateral load (Q < Qel), all wall sections are fully compressed and the wall response can be entirely

described by Equation 6. When the force reaches Qel (Equation 7), cracking occurs for the first time in one (pinned-pinned,

cantilever) or three (clamped-clamped) sections of the wall. At this stage (point P1 of Figure 4A), the response is described by

Equation 9. With increasing deflection, the compressed area of these critical cross sections reduces progressively (Equation 5)

and the response reaches the peak. However, cracking is not confined to the sections where it first initiated, but it spreads along

the wall height (points P2 to P3 and P4). The ultimate displacement of the wall is finally reached when the critical sections

are fully cracked (point P5). At this stage, the line of thrust falls on the edge of the wall in the critical cross sections (Lc → 0,

Figure 4A) and a mechanism is formed.

Because of the spread of the cracking zone, the mechanism forms progressively. Note that the complete formation of the

collapse mechanism does not correspond to reaching the peak force, but it occurs at a later stage (point P4). After reaching

the peak, the wall response tends towards the curve of the bilinear model, which can be derived from a rigid body kinematic

analysis of the wall.4,8

3.5 Study of the model parameters
The analytical model depends only on few parameters that describe the geometry, material properties, and boundary conditions.

Figure 5 highlights the effect of each model parameter on the wall force-displacement response. The case of a pinned-pinned

wall is taken as an example. Starting from the reference configuration described in Section 3.4, which is represented by solid

lines in Figure 5, each parameter is varied and its effect on the wall response is illustrated.

http://onlinelibrary.wiley.com/
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FIGURE 5 Study of the model parameters in the case of a pinned-pinned wall

Figure 5A shows that both the lateral stiffness and the lateral strength (or peak force) of the wall increase with increas-

ing elastic moduli. However, the collapse mechanisms that form upon cracking remain the same. Accordingly, for higher

values of Em, the peak force is reached for smaller deflections. This suggests that the parameters Δ1∕Δu and Δ2∕Δu

that are used to define the trilinear model4,8 should depend on the material properties of the wall. Figure 5B shows the

well-known effect that increasing the wall thickness (or decreasing the wall slenderness ratio) leads to an increase of its lat-

eral stiffness and strength. The ultimate displacement of approximately t∕2 can be easily confirmed by kinematic rigid body

analysis.4,8 Figure 5C shows the pushover curve for different values of axial load. This load is expressed as a fraction of the

Euler's critical load:

PE = 𝜋2EmI
(𝜅H)2

, (13)

where 𝜅 is equal to 1 for the pinned-pinned, 1∕2 for the clamped-clamped, and 2 for the cantilever wall. For low values of P, an

increase of axial load is beneficial to the wall strength. However, the trend is inverted for high values of P, that is, the strength

(or peak force) reduces when P is increased. The inversion of trend occurs at approximately 40% to 50%PE and is not illustrated

here. It is the result of the increasingly destabilising effect of the axial load, which can lead to premature instability failure

of the wall.26,31 In the kinematic analysis underlying the bilinear model, P is only treated as a restoring force, see for instance

Derakhshan et al.,11 while the stability problem is not considered. As a result, an increase in axial force leads to a linear increase

in lateral strength.4,8 The influence of the axial load on the lateral strength of the wall is investigated further in Section 5. The

influence of the load eccentricity is shown in Figure 5D. Depending of the sign of the eccentricity, this latter can increase or

decrease the lateral strength of the wall.
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4 MODEL VALIDATION

In this section, the analytical model is validated by comparing the analytical force-displacement curves to the experimental

pushover curves obtained by the tests described by Doherty et al.40,41

4.1 Description of the test setup
A series of quasistatic monotonic pushover tests was performed on vertically spanning unreinforced single-leaf solid clay brick

masonry walls at the University of Adelaide.40,41 All walls had a height H = 1500 mm, a length of L = 950 mm, and a nominal

thickness tn of 110 or 50 mm. The mass density was 1800 and 2300 kg/m3 for the specimens with thicknesses of 110 and 50 mm,

respectively. The walls were built into a steel frame. At the base, the bricks were placed onto a straight steel surface. At the top,

the bricks were supported on both sides by steel angles (Figure 6B). A concentrated lateral load was applied at midheight of the

wall, and the displacement at midheight was gradually increased. In some test configurations, also a vertical precompression

stress was applied at the top of the wall, which was kept approximately constant throughout the test.

Four different wall configurations were tested. Three of the 4 configurations are modelled here, namely, 100-mm-thick walls

with no overburden (Configuration 1); 50-mm-thick walls with no overburden (Configuration 2); and 50-mm-thick walls with

slight overburden (Configuration 3). The fourth configuration with 110-mm-thick walls and overburden is not taken into account.

The experimental curves for walls belonging to this configuration exhibit large peaks of lateral force, which were traced back

by Doherty to a nonconstant level of overburden exerted by the test rig at large wall deflections.40

The material properties of each specimen and configuration are given in Table 1, where Ew is the modulus of elasticity as

obtained from compression tests on masonry wallettes built with the same material as used for the walls, fc is the masonry

compressive strength, and ft is the flexural tensile strength of the masonry as obtained from bond wrench tests. The axial load

ratio is defined as the ratio between the precompression stress and the compressive strength. Only specimens in which mortar

joints had already been cracked (or opened) due to previous dynamic tests on the same specimens are used here for model

validation. On one hand, these specimens were precracked (or predamaged) and therefore exhibited zero tensile strength at

FIGURE 6 Schematic illustration of the boundary conditions and the position of the vertical reaction force at the top of the wall: A, modelled and

B, tested configuration [Colour figure can be viewed at wileyonlinelibrary.com]

TABLE 1 Properties of the brick masonry walls used in pushover tests performed at the University of

Adelaide40

Configuration 1 Ew ft fc Axial load ratio Joints condition

Specimen 11 6600 MPa 0.32 MPa 14.2 MPa 0% cracked

Specimen 12 11600 MPa 0.30 MPa 15.7 MPa 0% cracked

Specimen 13 11600 MPa 0.29 MPa 15.7 MPa 0% cracked

Configuration 2 Ew ft fc axial load ratio joints condition
Specimen 10 9800 MPa 0.70 MPa 26.7 MPa 0% cracked

Specimen 14 6700 MPa 0.76 MPa 26.3 MPa 0% cracked

Configuration 3 Ew ft fc axial load ratio joints condition
Specimen 10 9800 MPa 0.70 MPa 26.7 MPa 0.28% cracked

Specimen 14 6700 MPa 0.76 MPa 26.3 MPa 0.57% cracked

http://onlinelibrary.wiley.com/
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the joints, which is consistent with the model herein proposed. On the other hand, the experimental curves obtained from the

pushover tests on predamaged walls are very close to the envelope curves of walls subjected to dynamic horizontal support

motion,40 see also other works.8,41,42

4.2 Modelling of the boundary conditions
The boundary conditions at the bottom and the top of the wall have a large effect on the out-of-plane response of unreinforced

masonry walls.43,44 The boundary conditions used in the tests by Doherty et al. aimed at representing existing connections

between the masonry walls and reinforced concrete floor slabs.40,41 In this test setup, the position of the vertical reaction force

at the ends of the wall results from the contact between the specimen and the testing rig. As a consequence, upon deflection,

the reaction force can move within the wall thickness,40,41 see Figure 6B. For this reason, the walls tested by Doherty et al.40

are herein modelled as Euler-Bernoulli beams with clamped-clamped boundary conditions (Figure 6A). The wall self-weight

is treated as an additional axial load at the top of the wall and set equal to half the wall self-weight (Appendix A).

4.3 Choice of the model parameters
The walls tested in previous stdies40,41 have precise geometric characteristics and clear boundary conditions that can be straight-

forwardly reflected in the analytical model. However, two parameters require deeper investigation. These are the effective wall

thickness, t, and the modulus of elasticity of masonry, Em. These parameters are briefly discussed in the following paragraphs.

4.3.1 Effective wall thickness
The nominal thickness of the wall is generally associated to brick geometry. On the contrary, the effective thickness is deter-

mined by the actual depth of the mortar layer (mortar pointing11,12). As shown in Section 3.5, the effective thickness can highly

affect the out-of-plane behaviour of masonry, in such a way that it determines the initial stiffness, the strength, and the ultimate

displacement attained by the wall. The amount of pointing depends on the building technique used for the specimen, and con-

sequently, it can be directly estimated or measured. Derakhshan et al.12 visually estimated a reduction of the nominal thickness

due to pointing of 20 mm when calibrating the trilinear model for 2- and 3-leaf masonry walls, which had nominal thicknesses

of 230 and 350 mm.

The effective walls thickness can also be reduced as a result of the cyclic loading. The crushing of the brick corners and

the inelastic deformations of the mortar layers are among the causes of such a progressive reduction of the effective wall

thickness.3,11,12,45 To this purpose, Doherty40 proposed to distinguish new joints from moderately and severely degraded ones

and adjusted the parameters of the trilinear model based on experimental findings, see also Doherty et al.4

A reduction of the effective thickness was also observed for stone masonry walls. A decrease of effective thickness by 20%
was observed in the tests conducted by Candela et al.46 on cantilever stone masonry walls (see Lagomarsino3). In the case of

stone masonry, the reduction of thickness can also be the result of a more severe splitting crack developing through the core

of the wall and leading the outer leaves of the wall to respond rather independently from the inner leave. This phenomenon

was observed by de Felice47 by means of discrete elements models applied to multileaf stone masonry walls. In this case, the

reduction of thickness was estimated to be up to 50% of the nominal one.

During the tests performed by Doherty et al.,40,41 a reduction of the effective thickness was observed only for Specimen 11,

due to the drop out of mortar during wall bending.40 For this specimen, the value of effective thickness to be used in the model is

retrieved by fitting the postpeak response of the experimental curves with the curve from the rigid body analysis. The collapse

mechanism considered is shown in Figure 4B, which was also observed in the tests.40 The curve from rigid body analysis is fitted

between 0.9Qmax and 0.7Qmax of the experimental curve. This results in t = 0.88tn for Specimen 11. For the other specimens,

t = tn is used.

4.3.2 Masonry elastic modulus
Masonry is herein modelled as a continuum medium. Its modulus of elasticity is therefore equivalent to that of the composite

material constituted of mortar layers and bricks. The study of the model parameters showed that Em affects not only the lateral

stiffness but also the strength (or peak force) of the wall (Section 3.5). The mechanism of collapse that develops remains,

nevertheless, the same.
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The tests performed by Doherty et al.40,41 have highlighted that the stiffness of masonry walls degrades significantly when the

wall is subjected to out-of-plane cycles. This results in a considerably lower initial stiffness.40 Estimating the elastic modulus

from compression tests on masonry wallettes therefore overestimates the stiffness of the damaged wall.40 This was also observed

by Derakhshan et al.,12 where the results from quasistatic cyclic tests performed on multileaf unreinforced masonry walls showed

a reduction of stiffness of 80% and 96%, for walls with and without axial load applied, respectively. This value was measured as

the ratio between the initial stiffness of the damaged walls and the initial stiffness of the undamaged walls.12 The slightly smaller

reduction for walls with axial load was attributed to the confinement of the mortar by the bricks that are in compression, which

induced an increase of apparent elastic modulus.12 These trends were confirmed by a series of in situ tests performed by the

same authors on undamaged reinforced and unreinforced masonry walls.45 When the axial elongation was partially restrained

and an arching action led to a significant axial load, the stiffness corresponded to 12% of the undamaged initial stiffness. When

TABLE 2 Parameters used in the analytical model for the modelling of the pushover tests40

Configuration 1 Ku Kd Kd∕Ku Em Em∕Ew

Specimen 11 39.6 MN/m 0.2 MN/m 0.5% 48 MPa 0.7%

Specimen 12 69.5 MN/m 0.3 MN/m 0.4% 43 MPa 0.4%

Specimen 13 69.5 MN/m < 0.1 MN/m < 0.1% 5 MPa 0.1 %

Configuration 2 Ku Kd Kd/Ku Em Em/Ew

Specimen 10 5.5 MN/m 0.1 MN/m 1.2% 182 MPa 1.2%

Specimen 14 3.8 MN/m < 0.1 MN/m 0.7% 46 MPa 0.7%

Configuration 3 Ku Kd Kd/Ku Em Em/Ew

Specimen 10 5.5 MN/m 0.4 MN/m 7.2% 710 MPa 7.2%

Specimen 14 3.8 MN/m 0.3 MN/m 6.6% 440 MPa 6.6%

FIGURE 7 Model validation based on the static pushover tests40—Configuration 1 [Colour figure can be viewed at wileyonlinelibrary.com]

http://onlinelibrary.wiley.com/
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the axial elongation was not restrained and the axial load was zero, the stiffness degradation was around 90% to 95%.45 The

increase in stiffness with increasing axial load ratio is in line with experimental findings on in-plane loaded walls.48-50

When validating the analytical model against the experimental results on the predamaged walls tested by Doherty et al.,40,41 a

value of Em that is considerably lower than that obtained from classical compression tests needs therefore to be adopted. At the

moment, there is no mechanical model for estimating the loss in stiffness of the mortar joints that could be used for predicting

the ratio of the residual to the initial elastic modulus. For this reason, Em was derived from the initial stiffness of the damaged

walls. This latter was calculated as the secant stiffness Kd = 192EmId∕H3, measured at 1∕5Qmax on the experimental curves, and

computing the inertia Id with the effective thickness of each specimen. Kd is the stiffness of a linear elastic clamped-clamped

beam subjected to a concentrated load at midheight.

Table 2 gives the elastic moduli that are adopted in the analytical model when modelling the pushover tests performed by

Doherty et al.40,41 The table also shows the reduction of stiffness measured between the response of the undamaged and the

damaged walls. For this purpose, the initial stiffness of the damaged walls, Kd, is compared to that of the undamaged walls

Ku = 192EwI∕H3, where for Specimen 11, the nominal thickness tn is used instead of t. The so-obtained reductions of wall

stiffness fall within the range of 0.1%− 10% and 4%− 30% observed by Derakhshan et al.,12 respectively, for nonoverburdened

and overburdened brick masonry walls. Notice that in Derakhshan et al.,12 the undamaged stiffness was computed by taking

into account a reduced thickness of the wall due to mortar pointing. This led to Kd∕Ku ratios that are, on average, slightly higher

than those found herein. Moreover, in the case of walls with overburden (Configuration 3, Figure 9), the reduction of stiffness

is smaller than for nonoverburdened walls, corroborating the dependence of the apparent elastic modulus on the overburden

ratio, already observed by Derakhshan et al.12,45

FIGURE 8 Model validation based on the static pushover tests40—Configuration 2 [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 9 Model validation based on the static pushover tests40—Configuration 3 [Colour figure can be viewed at wileyonlinelibrary.com]

http://onlinelibrary.wiley.com/
http://onlinelibrary.wiley.com/
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TABLE 3 Prediction of the lateral strength (or peak force)

of the walls tested at the University of Adelaide40 by means

of the analytical model herein developed

Configuration 1 Qmax
exp. Qmax

anl. Qmax
anl.∕Qmax

exp.

Specimen 11 297 N 288 N 0.97

Specimen 12 381 N 345 N 0.91

Specimen 13 209 N 226 N 1.08

Configuration 2 Qmax
exp. Qmax

anl. Qmax
anl.∕Qmax

exp.

Specimen 10 91 N 84 N 0.91

Specimen 14 70 N 70 N 0.99

Configuration 3 Qmax
exp. Qmax

anl. Qmax
anl.∕Qmax

exp.

Specimen 10 490 N 460 N 0.94

Specimen 14 705 N 686 N 0.97

The comparison of the analytical pushover curves and the experimental pushover curves is shown in Figure 7 to Figure 9. The

plots show that the analytical model is able to capture both the prepeak and the postpeak response of the walls. Furthermore,

the analytical model allows to predict the peak force with an average error of less than 6% (Table 3).

5 EXPRESSION FOR THE LATERAL STRENGTH OF THE WALLS

The lateral strength (or peak force) of the wall is a fundamental quantity of the out-of-plane response of unreinforced masonry

walls. In this section, we derive formulas for the lateral strength of masonry walls subjected to concentrated lateral loads and

extend these to walls subjected to uniformly distributed lateral loads.

5.1 Walls subjected to a lateral concentrated force
Figure 10A shows the variation of the lateral load Qel at the onset of cracking and of the peak force Qmax with the applied axial

load P. Also shown in the figure is the maximum force Q0, which is obtained from rigid body kinematic analysis of the collapse

mechanism (Figure 4A). The force Qel is obtained from Equation 7. The curve for Qmax is produced by computing the pushover

curve for different values of axial load and collecting the maximum values of Q. By normalising the axial load P by PE and

the lateral load Q by Pt∕H, the curves for Qmax, Qel, and Q0 depend only on P∕PE and the kinematic boundary conditions, but

neither on the geometry (H and t) nor on the material property (Em) of the wall.28,29,39

The curves in Figure 10A are plotted for concentric axial loads and for the 3 boundary conditions considered in this study. The

variation of Qmax with P was already plotted by Sahlin28 for pinned-pinned boundary conditions. For all 3 boundary conditions,

the curves for Qmax, Qel, and Q0 show similar trends. For P∕PE = 0, the curve for Qmax tends towards that for Q0. With increasing

P, the curve for Qmax is monotonically decreasing and reaches zero for P∕PE = 1. The curve for the maximum force Q0 predicted

by rigid body analysis is, on the contrary, constant for all values of P∕PE.

Figure 10B shows that the dependence of the ratios Qmax∕Qel and Qmax∕Q0 on P∕PE is, for all 3 boundary conditions, the

same. In the 3 cases, the peak force is 1 to 3 times the force triggering cracking of the wall. Moreover, the ratio between Qmax

and Q0 always varies between 1 and 0. As a result, the lateral strength (or peak force) of the wall can be expressed as follows:

Qmax = f
(

P
PE

)
Q0, (14)

where PE is the Euler's critical axial load (Equation 13), Q0 is given by the rigid body analysis of the wall for each of the

boundary conditions herein considered (Figure 4), and f (P∕PE) is a function of the form

f
(

P
PE

)
= 1 −

√
P
PE

, (15)

fitting the Qmax∕Q0 curves shown in Figure 10B, see Figure 11.
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FIGURE 10 Normalised lateral strength and force at the onset of cracking of vertically spanning masonry walls subjected to axial load P and

lateral concentrated force Q. A, Peak force Qmax, force at the onset of cracking Qel, and force given by rigid body analysis Q0; B, ratios Qmax∕Qel and

Qmax∕Q0

FIGURE 11 Equation 15

It is stressed that the behaviour of masonry in compression is assumed to be linear elastic. Equation 14 may therefore be

applicable only within a certain range of axial loads P. Nonlinear constitutive laws used for compression show that material

nonlinearities occur starting from approximately half the masonry compressive strength.18,20,32 During bending, masonry may

therefore reach local compressive failure, which further diminishes the peak lateral force that the wall can sustain.26,30,31 To

illustrate the range of applicability of Equation 14, the ratio Qmax∕Q0 is plotted in Figure 12 versus the axial load ratio P∕P0.
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FIGURE 12 Variation of the Qmax∕Q0 ratio versus the axial load ratio, for different values of wall slenderness and masonry compressive strength.

Diamond-shaped markers refer to a wall subjected to lateral concentrated force, with H = 3 m and fc = 10 MPa. A, Slenderness ratio Λ (Φc = 400);

B, compressive strength ratio Φc (Λ = 20)

FIGURE 13 Vertically spanning masonry walls undergoing large out-of-plane deflections subjected to a lateral uniformly distributed load

[Colour figure can be viewed at wileyonlinelibrary.com]

The axial load P0 is the maximum compressive load that the wall can sustain. It is defined as P0 = fcLt and can be expressed in

terms of the Euler's critical load as

P0 = 12

𝜋2

Λ2

Φc
PE, (16)

with Λ = H∕t the slenderness ratio of the wall and Φc = Em∕fc the compressive strength ratio of the masonry. As expected,

the ratio Qmax∕Q0 decreases with increasing Λ (Figure 12A) and increases with increasing Φc (Figure 12B). Diamond-shaped

markers in Figure 12 correspond to points in which the maximum compressive stress at the outer fibre of the wall section

(Equation 12) reaches fc∕2 and the lateral strength of the wall can be compromised by local material nonlinearities. These points

are geometry- and material-dependent and are computed here for a wall with H = 3 m and fc = 10 MPa.

http://onlinelibrary.wiley.com/
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FIGURE 14 Comparison between the qmax∕q0 ratio of masonry walls subjected to a distributed load with the Qmax∕Q0 ratio of walls subjected to

a concentrated load

5.2 Extension to walls subjected to lateral uniformly distributed load
The analytical model is here applied to the second load case, which consists of a lateral uniformly distributed load q and an axial

load P. In this case, Heller's solution29 is used for the pinned-pinned wall and generalised to take into account two additional

boundary conditions (Figure 13). For the sake of brevity, these solutions are given in Appendix B.

Figure 14 shows the comparison between the response obtained from masonry walls subjected to a concentrated load with

those subjected to a distributed load. The comparison is shown for walls with pinned-pinned boundary conditions. As for con-

centrated loads, qmax corresponds to the maximum distributed load obtained with the here presented analytical model, and

q0 is the load derived from kinematic rigid body analysis. The difference between the normalised curves for the two load

cases is relatively small. Based on these findings, Equations 14 and 15 can be also used for the load case of a distributed

load. Figure 14 shows that a slightly enhanced estimation of the maximum load is obtained if Equation 14 is combined

with Equation 17:

f
(

P
PE

)
= 1 −

(
P
PE

)0.4

. (17)

6 CONCLUSIONS

Displacement-based procedures for the assessment of out-of-plane loaded unreinforced masonry walls require the formulation

of mechanical models that capture the complete force-displacement (or pushover) curve. This includes both the prepeak and the

postpeak response of the walls.

In this paper, an analytical model describing the flexural response of slender vertically spanning unreinforced brick (or block)

masonry walls was presented. The model was based on the second-order Euler-Bernoulli beam theory. Masonry was modelled

as a material with zero tensile strength and linear elastic behaviour in compression. The resulting model equations were solved

in an analytical way. For this purpose, solutions already presented in the literature for the stability (or buckling) analysis of

masonry walls subjected to axial and lateral loads were here retrieved for two load cases and extended to cover a larger set

of boundary conditions. The analytical expression of the force-displacement response of the walls was given in implicit form.

These expressions can be straightforwardly implemented and used in displacement-based seismic assessment procedures.

The analytical model was validated against results from monotonic pushover tests on unreinforced vertically spanning brick

masonry walls. The model provides a good level of accuracy in the simulation of the general shape of the curve and in particular

of the peak strength of the wall, for which, so far, only an upper bound estimate by means of the rigid body kinematic analysis

was available.

The peak strength might be of particular interest in design and assessment situations. Although an analytical solution was

provided and nonlinear finite element simulations are therefore no longer necessary to estimate this peak strength, the solution

of the analytical model presented here is considerably more complex than rigid body kinematic analysis. For this reason, the

peak strength Qmax was expressed as a function of the force Q0 obtained from rigid body kinematic analysis. It was shown that

the following equation holds with good approximation for all boundary conditions:

Qmax =

(
1 −

√
P
PE

)
Q0, (18)
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where P is the axial load applied to the top of the masonry wall and PE the Euler's critical load of the wall. The lateral strength

Qmax of the wall therefore depends not only on the wall geometry, boundary conditions, and material properties but also on the

applied axial load. Unlike rigid body kinematic analysis would suggest, this dependency is not linear, which is reflected in the

second term of Equation 18.
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APPENDIX A: CONTRIBUTION OF THE SELF-WEIGHT ON THE WALL RESPONSE

The wall self-weight is not included in the analytical model as distributed gravity load over the wall height. To take into account

its effect on the wall response, the axial load P at the top of the wall can be set to

P = O + 𝛽W, (A1)

where O is the axial overburden, W is the total wall self-weight, and 𝛽 is a parameter taking into account various bound-

ary conditions of the wall (Section 3.1). For the cantilever wall, one has also to replace the factor 𝛽∕𝛼 with the factor

𝜔 = (O + W) ∕ (O + W∕2) in Equations 6, 8, and 10. This approach allows to obtain force-displacement curves that are consis-

https://doi.org/10.1002/eqe.2929
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FIGURE A1 Rigid body analysis of vertically spanning walls with self-weight applied. Q0 and Δ0 are the maximum lateral force and the

maximum displacement at the control node, respectively

tent with those given by rigid body analysis of the walls when the self-weight is applied at the centre of mass of each block and

the third hinge develops at wall midheight (Figure A1). For the influence of the self-weight on the position of the third hinge,

see Derakhshan.11

APPENDIX B: ANALYTICAL SOLUTION FOR WALLS SUBJECTED TO LATERAL DISTRIBUTED
LOAD

B.1 Response of the uncracked wall
The response of the wall prior to cracking is given by the following expressions (Equation 1):

𝛿c = −1

t

(
sec
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2

)
− 1

)
ep −

1
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− 1

)
sec

(
𝜇H
2

))
q

𝛿c =
1

t
(sec (𝜇H) − 1) ep +

1

𝜇4tEmI

(
1 − 𝜇2H2

2
+ 𝜇H tan (𝜇H) − sec (𝜇H)

)
q.

(B1)

The above expressions apply respectively for the pinned-pinned, clamped-clamped, and cantilever wall (Figure 13).

B.2 Onset of cracking
Cracking is triggered in the masonry walls when the distributed load equals the elastic limit qel. For the pinned-pinned and

cantilever wall, this limit reads (Equation 1 and 3)

qel = −1

2
𝜇4EmIcsc2

(
𝜇H
4

)
ep +

𝜇2

sec
(
𝜇H
2

)
− 1

t
6

P

qel = − 𝜇4EmI sec(𝜇H)
𝜇H tan(𝜇H) − sec(𝜇H) + 1

ep +
𝜇2

𝜇H tan(𝜇H) − sec(𝜇H) + 1

t
6

P,

(B2)

and it corresponds to the normalised deflections (Equation 8):

𝛿el
c = 1

t

(
t
6
− ep −

qel

2P
L2

4

)
𝛿el

c = 1

t

(
t
6
− ep −

qel

2P
L2

)
.

(B3)
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For the clamped-clamped wall, cracking occurs for the first time at the ends of the wall, when the distributed load and the

deflection reach the following values:

qel = − 2𝜇2t(
𝜇2H2 − 12

)
sec

(
𝜇H
2

)
+ 12

P − 12𝜇4EmI

𝜇2H2 + 12 cos
(
𝜇H
2

)
− 12

ep

𝛿el
c = 1

t
−

t
(

2𝜇2H2 +
(
𝜇2H2 + 24

)
cos

(
𝜇H
2

)
− 24

)
12𝜇2EmI

(
𝜇2H2 + 12 cos

(
𝜇H
2

)
− 12

) P −
3
(
𝜇2H2 + 8 cos

(
𝜇H
2

)
− 8

)
2𝜇2H2 + 24 cos

(
𝜇H
2

)
− 24

ep.

(B4)

B.3 Response of the partial ly cracked wall
Hellers29 showed that the solution for a partially cracked masonry wall that is pinned at both ends and loaded laterally by a

uniformly distributed load is given in implicit form. This form is here generalised to cover 2 additional cases that are of practical

interest that is the clamped-clamped and the cantilever wall. The general solution writes

𝜇𝛼H − 2k
1 − k2

(1 − p)3∕2
(
Ψ(k, 𝜙) − (k, 𝜙) + (

1 − k2
) (k, 𝜙)

)
+

− arcsin

⎛⎜⎜⎜⎝
1 + 2R√

4R(2p + R + 1) + 3p+1

1−p

⎞⎟⎟⎟⎠ + arcsin

⎛⎜⎜⎜⎝
m + 2R√

4R(2p + R + 1) + 3p+1

1−p

⎞⎟⎟⎟⎠ = 0,

(B5)

where the functions Ψ(k, 𝜙), (k, 𝜙), (k, 𝜙) used in the expression are defined as

Ψ(k, 𝜙) = tan(𝜙)
√

1 − k2sin2(𝜙)

(k, 𝜙) = ∫
𝜙

0

√
1 − k2sin2(𝜙)d𝜙

 (k, 𝜙) = ∫
𝜙

0

1√
1 − k2sin2(𝜙)

d𝜙,

with the following notation

p = 3

t

(
uc −

t
6

)
m = 6

t
ep

𝜙 = arcsin(
√

p)

R = 1

4

𝛽

𝛼
Em

q
L

( tL
P

)2

k = 1√
2(1 − p)2R + 1

.

In the above expressions, uc has the same expression than Equation 10. Therefore, it can be linked to the normalised displacement

𝛿c. Mc is a function of the distributed load q, which is herein expressed in N/m (cf Hellers29): Mc = 𝛽(𝛼H)2q∕(2𝛼).
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