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Abstract. Experimental tests on the inelastic behavior of iRidge piers have shown that,
due to tension shift effects, the curvature praleve the base section of the structural mem-
ber differs from the one that would develop acawgdio a force-based or a classical dis-
placement-based beam formulation with plane sedtygpothesis. Due to the inclined cracks
in concrete members, it was found that the cuneatlistribution evolves in a bilinear shape
along the member height during the inelastic phafséhe response, and that the length of
plastification increases with increasing ductildgmands.

Recently, it was shown that axially equilibratedpdacement-based elements can more effec-
tively predict the local-level response of RC mambEhe process of imposing the equilibri-
um of the axial forces along the element lengtivedl the beam element to improve the
simulation of both curvature and strain profiledhélfinite element was originally implement-
ed in the authors’ structural analysis software $¥&5, which was developed for nonlinear
static analysis and is not freely available to #regineering community. This paper presents
the validation of the implemented axially equilited displacement-based element in the open
source finite element software OpenSees and prowdene application examples of both
nonlinear static and dynamic analyses. The resarkscompared against classical approach-
es (force-based and displacement-based), pinpgritie advantages of the axially equili-
brated displacement-based beam element.
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1 INTRODUCTION

Distributed plasticity Euler-Bernoulli beam elemenbdels are a commonly employed
simulation tool for the nonlinear analysis of reirded concrete (RC) structures. Among them,
two main approaches are usually distinguished d#ipgron the imposed independent fields:
displacement-based (DB) and force-based (FB) faatiars. While the former employs line-
ar and Hermitian polynomial functions for the axaald transversal displacement fields, the
latter uses constant and linear shape functionshiraxial force and bending moment. The
advantage of FB elements rely on the fact thatdseimed independent fields result in an ex-
act solution regardless of the material nonlingafn the other hand, the constraints on the
deformation fields imposed by the DB element ytelén exact solution only in case of linear
elastic material and nodal loads. Furthermore, lifguim in FB formulations is verified
pointwise along the element length whereas in B#neints the internal forces are in equilib-
rium with the nodal forces only in an average s¢hke

Although FB element models provide greater theocaétccuracy with respect to the DB
counterpart, they typically do not account for tensshift effects in RC structures. The latter
are responsible for the linear distribution of plagsurvatures inside the plastic zone of the
structural member [2,3] and, as pointed out byd8eg et al. [4], represent the main reason
for the mismatch between the response as obtanoed & FB element model and experi-
mental results at the local level.

Recently it was shown that a new axially equilibchtlisplacement-based elements (DB/ae)
can be effectively used to address the abovemetti@sue [5]. In fact, such finite element
(FE) maintains the hypothesis on the linear cumeapuofile intrinsic to the classical DB for-
mulations while imposing the equilibrium of the aixforces along the element length. The
combination of these two aspects allow the beameihé to improve the simulation of local-
level quantities such as curvature and strainschviaidd to reliable predictions of global
force-displacement responses.

However, the DB/ae was originally implemented ie ttuthors’ Matlab-based structural
analysis software SAGRES [6], which: (i) is not iéafale to the engineering community; (ii)
is not computationally efficient when large struesiare considered; and (iii) only allows for
nonlinear static analysis. In order to overcome grevious drawbacks, this paper validates
the implementation of the DB/ae in the open sofiréte element software OpenSees [7] and
provides application examples both in the nonlirggatic and dynamic analysis cases.

The element state determination is recalled ini&e@ together with one validation ex-
ample. Section 3 presents several nonlinear armlgseformed using the DB/ae element
within the OpenSees platform. Conclusions are driam8ection 4.

2 STATE DETERMINATION AND COMPARISON WITH EXISTING
FORMULATIONS

A first displacement-based beam element satisfgixigl equilibrium was proposed by |z-
zudin et al. [8] for the case of nonlinear-elagtioblems. The main differences between their
formulation and the one proposed by the authordSrei) the definition of the lateral dis-
placement field (Hermitiams quartic); (ii) the approach used to derive thenglet end forces
and tangent stiffness matrix; and (iii) the conesrge criterion used to establish the attain-
ment of the internal axial equilibrium. A completescription of the element formulation and
the mathematical background behind the axially ldarated displacement-based element can
be found in Tarquini et al. [5] and is not includadhis paper. Nevertheless, in the following
paragraphs the main aspects of the element steedeation are discussed; particular focus
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is laid on the distinctive aspects with respecthe classical displacement-based approach
(DB/c).

Considering a planar problem and a basic refersystm for the beam element, the state
determination procedure consists of computing tement basic forcegnsc and tangent stiff-
ness matrix given a set of incremental basic digplentsAusse The main steps for both
classical and axially equilibrated displacementeldaslement are depicted and compared in
the flowchart of Figure 1.

In a classical DB beam formulation, a linear shiapetion for the axial displacement field
is employed along the element. Hermitian polynosh@k used instead for the transverse dis-
placement field which results in a linear curvatprefile. When nonlinear material behaviour
is considered, such generalized deformations leagtneralized sectional forces—axial force
and bending moment—which are not strictly equilibdsalong the element length. The appli-
cation of the principle of virtual work, on the ethhand, assures that equilibrium is verified
on an average sense.

] Update axial deformations,
Sectional forces, s(x) £g(X)
Sectional tangent shffness matriz, K, (x)

Element basic forces, ppe, == DB/cand DB/ze step

Element tangent stiffness mafriz, K —— DB/as step onl
[z step only

Figure 1: State determination of classical andlgxéquilibrated displacement-based element (adbfstan [5]).
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From equilibrium considerations it can be proveat,tivhen only nodal loads are applied,
the axial force at all integration sections hadecequal to the basic axial forpgsd. On the
other hand, the axial displacemempsd must be equal to the integral (along the elemangth)
of the axial strains. The latter are updated iteeit in the axially equilibrated DB element to
satisfy strict axial equilibrium along the lengdeé Figure 1). Once convergence is attained,
the element basic forcgss, as well as a consistent element tangent ba$iicests matrix<
are finally computed via application of the prirleijf virtual work.

The accuracy of the axially equilibrated displacetyizased element (DB/ae) is validated
in Tarquini et al. [5] against two sets of RC bedgplumns and RC walls. For completeness,
and in order to briefly demonstrate the advantdgesght about by the use of the proposed
formulation, one case study of a RC wall testedDiaygio et al. [9] is discussed in the next
paragraphs. The experimental results are compamt I terms of global (force-
displacement) and local (curvature profiles) quee#j against numerical results from models
employing DB/ae, DB/c and FB elements.

The cantilevered RC wall specimen chosen for tHielateon is labeled WSH3; it is 2000
mm long and has a shear span of 4520 mm, correspptada shear span ratio L/h=2.26. Dif-
ferent flexural and confining reinforcement werepded to the web and boundary element
region which are detailed in Dazio et al. [9]. Aetdh of the RC walls and an example of a
finite element (FE) mesh and sectional discretatised in the comparisons are illustrated in
Figure 2 while the employed material propertiesraported in Table 1. The model proposed
by Mander [10] and Menegotto-Pinto [11] were useddoncrete and steel respectively. The
applied axial load was 686 kN corresponding t t@sial load ratio (ALR) of 5.8%.

The beam element models used to simulate the empetal results are briefly described
below. Justification and reasoning behind thesecelscare given in Tarquini et al. [5]. Two
models composed of a single FB element are corsiddeaturing three and five Gauss-
Lobatto integration sections. Two models for clesisand axially equilibrated displacement-
based formulations are also included in the corsparifeaturing one and two finite elements
per structural member and four Gauss-Lobatto iategr sections within each FE. For the
cases where the structural member is discretizéld twio finite elements, the length of the
base element is selected as the height of thalastel,, definedin Dazio et al[9] as the
height at which the plastic curvature profile isiabto the yield curvature

LN FE discretization
4
A
Node Sectional discretization
e C(}nﬁned concrete boundary Flexural reinforcement
H =& :“l I T T T T T T T T T T T T T 1. T T T T 17
4 | _SSNEEENEENEEENEE |
[ ]
1
8 Concret
P Confined concrete web oncrete cover (c)
(a)

; h=2000mm ; . v (b)

Figure 2: (a) Sketch of specimen WSH3; (b) FE dization (DB models with two elements per membig));
Sectional discretization (adapted from [5]).
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Concrete Reinforcing steel
f c &c Ec f cc Ecc fy fu Es b
[MPa] | [%] [GPa] [MPa] | [%o] [MPa] | [MPa] @ [GPa] [%od]
Web 39.2 2 35.2 41.8 2.7 @8 mm 570 700 200 9.3
Boundary 39.2 2 35.2 48.1 42 @12 mm 601 725 200 8.4

Table 1: Steel and concrete material properties.

The experimental and numerical force-displacemespanses for all the models discussed
above are compared in Figure 3. Flexural displacésnécomputed by subtracting the dis-
placement due to shear and base rotation fronothedisplacement) are reported on the bot-
tom x-axis. The displacement ductility referred to tlo¢ak lateral displacement is instead
displayed on the tog-axis. It can be observed that models using onelEBient or two DB
elements (both DB/c and DB/ae) predict reasonaldy the structural response. Among the
FB element models, the model with five IPs yielus best simulation as the model with three
IPs slightly underestimates the experimental res@oth DB models using a single element
overestimate the experimental hysteretic curvdioaljh the error associated to the DB/ae
formulation is sensibly lower than the one giverttuy DB/c.

As mentioned in the introduction, the main advaatafjusing the DB/ae formulation lies
in the possibility of capturing tension shift effeoccurring in RC members. This allows for
more accurate simulations of local-level quantitidsen compared to classical approaches.
Figure 4 illustrates the above considerations resting experimental and numerical curva-
ture profiles for different levels of displacemehictility. Models using one FB with five IPs
and two DB elements per member (using both clalsarhaxially-equilibrated formulations)
are used. Observations on the performance of fiferett models are summarized next: (a)
The FB model tends to overestimate the actual turegrofiles, especially for large drift
levels; (b) The opposite trend is depicted by tiBdmodel, which underestimates the actual
curvature profile. Moreover, when such elementseanployed, the numerical curvature pro-
files are discontinuous between elements, whichlteegrom the average (i.e., non-strict)
equilibrium verification along each finite elemeft) The match between observed and cal-
culated curvature profiles is largely improved Bfae are used.

Similarly, vertical strain profiles are also betsemulated by DB/ae with respect to FB and
DB/c. The comparison of these vertical strain pesfis carried out in Tarquini et al. [5].

Displacement ductility/zA [ Displacement ductility/z,A [-] Displacement ductilityp,A [
6 -4 -2 0 2 4 6 6 -4 -2 0 2 4 6 6 -4 -2 0 2 4 6
800 — T —T T T 800 — T —T T T 800 — T — T T
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__600r—»—FB3IPs 1 _ 600—%—DB/c1ele. __ 600[—v—DB/ae 1 ¢le.
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] ] ]
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Flexural displacementA  [m] Flexural displacementA  [m] Flexural displacementA  [m]

Figure 3: Experimentalersusnumerical FA response: (a) FB models; (b) Classical DB mode)sixially
equilibrated DB models (analysis performed for doeat [5]).
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Figure 4: Experimentalersusnumerical curvature profiles: (a) Force-basedGlassical displacement-
based; (c) Axially equilibrated displacement-bagathlysis performed for document [5]).

3 IMPLEMENTATION IN THE SOFTWARE OPENSEES

The axially equilibrated displacement-based elemeas implemented in the open source
software OpenSees [7]. At present it is availaBlam external software library and it will be
provided upon request to the authors of this papee. authors will also formally ask the fi-
nite element to be integrated in the core of OpeaSe

The DB/ae element presents no difference in uske lgpect to other available nonlinear
beam column elements for 2D (planar frame) analydie label required to call it within the
software environment is ‘dispBeamColumnAxEdThe input parameters to be defined are
the same required for the ‘dispBeamColumn’ elenfieat, OpenSees label used to call classi-
cal DB element) except for the fact that the taleelimit must be additionally explicitly de-
fined. The latter expresses the maximum axial famsbalance accepted between different
integration sections. Appropriate documentation aeudfication examples will be provided
by the authors together with the external libraoptaining the element implementation until
the DB/ae will be officially included in the softweacore. An appropriate documentation will
be added to the software user’'s manual and witl@rseveral online documentation websites.

In the following two subsections results from sevenodels employing DB/ae elements
are illustrated and discussed, both in the framkwbmnonlinear static and dynamic analysis.
OpenSees models are also compared to the corresgdBAGRES [6] models with a two-
fold objective: on the one side to validate theifglementation and on the other to compare
the computational time.

3.1 Nonlinear Static analysis

A simple case study corresponding to a virtual 8amtilever column—Figure 5(a)—is
used to validate the implementation of the DB/a®penSees. The square 200x200 mm RC
section is composed by 20 concrete fibers (diszadtonly in the bending direction) and 12

L1t may vary once the element is officially relecisAlways refer to the OpenSees online guide:
http://opensees.berkeley.edu/wiki/index.php
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steel fibers representing 10 mm-diameter rebarge. JpenSees material models [12] Con-
crete04 and Steel02 are employed for concrete taedl fdhers respectively. The main materi-
al parameters are listed in Table 2. A single déinglement with four Gauss-Lobatto

integration sections is used to discretize thecttral member.

Figure 5(b) displays the results of three pushewedysis for three values of axial load ra-
tios (ALR): 1%, 5%, and 10%. DB/ae elements areduseall three cases. The label OS
(OpenSees) and SA (SAGRES) stand for the softwsed to perform the simulation. As ex-
pected, the force capacity increases with the i@@oSLR while the perfect superposition
between the curves for the same ALR confirms thedgmplementation of the DB/ae ele-
ment in OpenSees.

Nonlinear cyclic static analyses from three moda®lving a single FB, DB/c and DB/ae
element are compared in Figure 5(c). The strongedt stiffest response is unsurprisingly
provided by the DB/c element model due to the gairds imposed in both the axial and
transversal displacement fields. By imposing ae@ilibrium, and thus removing the axial
strain constraint, the model using one DB/ae elé¢rskows a reduction in the simulated lat-
eral strength. However, the latter is still lar¢fgein the solution provided by the FB formula-
tion, where no displacement fields are assignedexadt equilibrium is satisfied. Again, the
fact that no difference can be seen between resattsthe same model but originating from
different software confirms that the DB/ae is cotiyeimplemented.

Computational time for both pushover and cycliclgses, using the same central pro-
cessing unit, are displayed in Table 3 showing: fiaThe performance of the DB/ae is simi-
lar to both DB/c and FB models; and (ii) The OpessSmodel runs much faster than the same
model in SAGRES, which is a consequence of theeidifft programming language in which
the two software were developed (CugrsusMatlab).

Dritf & [%] Drift & [%]
J N 0 3 6 9 12 6 3 0 3 6
A RC Section % 0% DB/a
- 20 20— sADB/a
Concrete fibers < Z 15[ ¢ OSDBlc

= = |—e—SADBIc
> > 10
o 15 ® OSFB .4,
[8) (] 5 &'

T — 8 /‘ 0S DB/ae ALR=1% | & SAFB of
2 lf—e— SA DBlae ALR=1% | &

° S |8 2190 7/ osDBraeALR=5% | £
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Y/ Top displacementA [m] Top displacementA [m]

Figure 5: (a) Sketch of the structure and sectidisaretization; Comparison between OpenSees agiSa
Models: (b) Pushover analysis for different ALR) @yclic analysis.

Concrete Reinforcing steel
f’c Ec Ec fy Es b
[MPa]  [%] [GPa] [MPa] [GPa] [%0]
40 2 30 500 200 5

Table 2: Steel and concrete material parametesindbe OpenSees models for static analysis.
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Static Dynamic
Model Monotonic | Cyclic
T[s] T[s] T[s]
SA DB/ae 37 212 [-]
OS DB/ae 2 21 290
OS DB/c 2 18 330
OS FB 2 20 260

Table 3: Computational time for different models and anialys
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Figure 6: Axial force (a) and axial strain (b) evtidn at all IPs for DB/ae and DB/c element modaklsng
pushover analysis with OpenSees, ALR 1%.

The sectional axial forces and average axial srainall IPs were recorded during the
pushover analysis (1% ALR) for both the DB/ae arBldelement model implemented in
OpenSees; they are depicted in Figur@)6and Figure ®b). For the DB/c case the axial
forces are different in the four IPs and equal onlgiverage to the applied axial load (12 kN).
On the other hand, for the DB/ae element modeaiti@ force is constant during the analysis
in all IPs and equal to the applied external aboabl. The opposite behaviour is instead ob-
served for the generalized axial strains: theytheesame in all IPs for the DB/c (the axial
displacement field is constrained to be linear) l&vithey assume different values for the
DB/ae.

3.2 Nonlinear time history analysis

One advantage of implementing the DB/ae formulatio@penSees is that it can be used
for nonlinear time history simulations as well. Banalysis type is not available in SAGRES,
which currently features only the nonlinear stainmalysis solver [6]. A RC column tested at
the UCSD’s Englekirk Structural Engineering Centeroccasion of the ‘Concrete Column
Blind Prediction Contest 2010’ [13] is used as cstsely. The finite element models selected
to carry out the analysis discretize the structaraimber with a single FB, two DB/c and two
DB/ae elements. W the height of the bottom oneken as twice the plastic hinge length
computed according to the formula proposed by Beest al. [4]. This length was deemed to
be a good estimate of the maximum height over wthehplastic curvature profile intersects
the elastic one [5]. Each FE has four integratiectisns; different fibers are used to model
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cover concrete, core concrete and longitudinalfoetmg bars. The material models and re-
spective main parameters are summarized in Tabkezero-length element is employed to
simulate the strain penetration of the flexurahf@icement into the footing, as suggested by
Zhao and Sritharan [14]. Tangent stiffness propogti damping (1% at the first vibration
mode) is assumed and nonlinear geometrical efegetgonsidered through the use of the co-
rotational formulation.

Concrete (Concrete04) Reinforcing steel (Steel02)
fe &c E. fee &c fy Es b
[MPa] [%] | [GPa] [MPa] @ [%o] [MPa] | [GPa] [%o]
41.5 2.8 30 50 55 518 200 8

Table 4: Steel and concrete material models arahpaters used in OpenSees for dynamic analysis.
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Figure 7: (a) Experimental top displacement timrstdries; Numericatersusexperimental top displacement
time histories: (b) FB; (c) DB/c; (d) DB/ae.
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The numericalersusexperimental top displacement histories are taistl in Figure 7; in
order to ease the comparison the experimentaltsegtd displayed alone in Figure 7(a). It can
be observed that the numerical response is sifataall the considered FE models and that
the match with the experimental results is reaslgngbod, at least up to the pulse of the
fourth ground motion. After this point there isesidual displacement which is not captured
by any of the considered models which causes tisetdietween numerical and experimental
results. Finally, from the computational time viewq, the DB/ae model analysis (which
consists of around 170000 time steps) takes aréumihutes to run in a regular office PC,
which is similar to the computing time when DB/cKB elements were used (see Table 3).

4 CONCLUSIONS

The present paper shows the implementation vatidatnd use of a newly developed axi-
ally equilibrated displacement-based element inajpen source software OpenSees. The el-
ement has been shown to yield good predictiondaifalj and local response parameters of
RC members. Currently it is available as an extedpenSees library but it will be submitted
to be included in the software core.

The beam element was tested numerically underrdiffeload conditions and analysis
types. Namely, it was verified under nonlinear ist@inonotonic and cyclic) and dynamic
analysis, showing in all cases a similar perforneaimcterms of computational time with re-
spect to the one provided by classical force-basetisplacement-based formulations.
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