ON STABILITY OF TYPE II BLOW UP FOR THE CRITICAL NLW ON
R3+1

JOACHIM KRIEGER

ABsTrRACT. We show that the finite time type II blow up solutions for the energy
critical nonlinear wave equation

Ou=—u’

on R3*! constructed in [28], [27] are stable along a co-dimension three manifold
of radial data perturbations in a suitable topology, provided the scaling parameter
A(t) = t~'7 is sufficiently close to the self-similar rate, i. e. v > 0 is sufficiently
small. Our method is based on Fourier techniques adapted to time dependent
wave operators of the form

P+ P+ %a, V)

for suitable monotone scaling parameters A(¢) and potentials V(r) with a reso-
nance at zero.

1. INTRODUCTION

The focussing energy critical nonlinear wave equation
Ou= (=07 + A)u=—u’, u=u(t,x), (t,x) e R3*, (1.1)

has recently attracted a lot of attention, as it has become clear that some of its dy-
namic features are characteristic of more geometric and physical models such as
critical Wave Maps or Yang-Mills, yet the simplicity of the model allows to avoid
many technical issues. In particular, it is believed that techniques developed for
characterising its so-called type II dynamics, such as in the seminal series of works
[8] - [11], ought to be adaptable to attack the characterisation of solutions for more
physical models.

The model (1.1) comes with a conserved energy

1 1
E(u) = JRS [5 [V~ gu6] dx, (1.2)

of ambiguous sign. In particular, energy class Shatah-Struwe solutions (see [43])
are not necessarily a priori bounded in H'(R?). This leads one to distinguish be-
tween type I and type II solutions, the latter being characterised by the property
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that
sup |Veu(t,-)| 2 < o, (1.3)
te -

where the open interval / is the maximal interval of existence for a Shatah-Struwe
solution u#. On the other hand, type I solutions satisfy

sup | Vpu(t, )| 2 = +o0, (1.4)
tel *

Restricting to radial solution u(#,x) = #(t,r), r = |x|, the works [8] - [11]
provide an abstract classification of all singular type II solutions in terms of the
so-called ground state W(x), given by the explicit static solution

u(t,x) = W(x) = (1+ XT)*%, (1.5)

also known as Aubin-Talenti solution from its geometric origins. Observe that the
scaling transformation associated with (1.1), given by

u(t, x) — A2u(At, Ax), 1 > 0,

and carrying solutions into solutions, means that we obtain the one parameter fam-
ily of scaled ground state static solutions

/12|x|2

1
) 2

Then the Duyckaerts-Kenig-Merle classification of radial singular type II solutions
for (1.1) is given by

W,}(x) = /1% (1 +

Theorem 1.1. (Duyckaerts-Kenig-Merle '09) Let u(t, x), t € I, be a type II radial
Shatah-Struwe solution of (1.1) with maximal interval of existence I, and suppose
I = (To,T) with Ty < T € R. Then there exists N € N as well as continuous
Sfunctions A; : I - Ry, j=1,2,...,N, with

4;(1)
lim (T — 1)4;(t) = lim |log (=5=)| = EN
(T = (1) = oo, lim [log (705)] = +o0, j # /.
and such that we can write
N
u(t, x) = Z KW, (%) +v(t, x), kj € {£1}, (1.6)
j=1

and where v(t,x) € C°(1 U {T}; H'), v, e CO(1 U {T};L?).

In particular, the limit lim, .7 V, ,v(t, x) exists in the L?(R?)-topology and al-
lows one to prolong the solution u(z, x) beyond the endpoint # = T in the distribu-
tional sense, see [30].

The result by Duyckaerts-Kenig-Merle does not make any assertion about the
existence of solutions of the form (1.6), nor does it assert anything about their
stability. In fact, at this point in time, it appears that only finite or infinite time
blow up solutions with one bulk term W, (; are known. Furthermore, assuming
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the error term v(z, x) to be of small critical norm, such solutions are known to be
unstable in a quite precise way [25], as follows:

Theorem 1.2. ([25]) Let
u(t, x) = Wy (x) + v(t, x) (1.7)
be a type II blow up solution for (1.1), with lim,_,1 A(t) = 400, and such that

sup |Vew(t,-)] 2 <6« 1
tel x

for some sufficiently small 5 > 0, where as usual I denotes the maximal life span
of the Shatah-Struwe solution u. Also, assume that ty € 1. Then there exists
a co-dimension one Lipschitz manifold ¥ in a small neighbourhood of the data
(u(to, ), us(to, ")) € T in the energy topology H'(R?) x L*(R?) and such that ini-
tial data (uo, u 1) € X result in a type Il solution, while initial data

(uo,ul) € Bs\Z,

where Bs  H'(R?)x L2(R?) is a sufficiently small ball centred at (u(to, -), u(t0,-)),
either lead to blow up in finite time, or solutions scattering to zero, depending on
the ’side of ¥’ these data are chosen from.

In fact, the work [25] gives much more, but the preceding result is all that is
relevant to the discussion of the present paper.

The preceding theorem reveals that understanding the optimal stability of type II
solutions of the form (1.7) reduces! to understanding the stability of such solutions
under perturbations along the hyper surface X, and this irrespective of the precise
scaling law A(r). This is then precisely the kind of question we aim to address in
this paper, for a specific class of rather explicit blow up solutions constructed in
[28], [27]. Before explaining this, we remark that the co-dimension one condi-
tion for ¥ simply reflects the fact that the linear operator £ := —A — 5W* has a
unique negative eigenvalue £; < 0 which generically causes exponential growth
for solutions of the corresponding linear wave equation

(67 — & —5W*)v(t,x) = 0.

For the nonlinear problem, this implies that perturbing initial data u[0] € X by a
positive multiple of the corresponding positive eigenfunction (¢4, 0) leads to solu-
tions which escape from a suitable neighbourhood of the family {+W,},~0, and
blow up in finite time(in fact, in a certain sense this blow up is of type I, see [30]),
while adding a negative multiple of (¢4, 0) leads to a solution existing globally in
forward time and scattering toward zero.

From now on, we shall work exclusively in the context of radial solutions with-
out further mention.

INote that it appears natural to conjecture that working in a suitable topology, the blow up solu-
tions "above’ and sufficiently close to X are all of type 1.



4 JOACHIM KRIEGER

Now pick v > 0, set A(t) = t~'7, and consider one of the blow up solutions
uy(t, x) = Wy(x) + vy (t, x) constructed in [28], [27] and existing on an interval
I = (0,10] for to > 0 sufficiently small. Note that sup,c; [V, v(t, )2 < ¢ « 1
may be assumed for these solutions, and so the result from [25] implies the exis-
tence of a co-dimension one Lipschitz manifold X passing through the data u, 1]
such that data u(zy] € X result (forward in time) in type II solutions.

The question we want to address here is whether the blow up for u, is preserved
generically under such perturbations along . In fact, for small enough v > 0,
we can establish such a result under a suitable co-dimension two condition for
perturbations along X, which in turn corresponds to a co-dimension three condition
on these perturbations amongst all possible perturbations:

Theorem 1.3. There is vo > O sufficiently small, such that the following holds: Let
uy,, 0 < v < vy be one of the solutions constructed in [28], [27], on a time slice
(0,10] x R3, with 0 < to < 1 sufficiently small. Then there exists a co-dimension
two Lipschitz hyper surface X in a Hilbert space S x R where § is essentially

3 1
(H2+(R3) N {ga}t) x (H2+(R3) N {¢a}t), and a positive 51 < 1, such that for

rad rad

any (uo,u1,y) € Lo N (B, 5(0) x (—61,61)) and suitable Lipschitz functions
Y12 Z() M (3515‘ (0) X (—51,61)) e R,
the solution of (1.1) with data

ulto] = = uy[to] + (uo,ur) + (yéa + y1(uo, ur,y)da. v2(uo, ur,y)da)
e (H(R?) x H'M(R?)) n =

rad rad

exists on I = (0, 1] and can be written in the form
u(t,x) = Wy +vi(t,x), A1) = =

with (vi,vi;) € H'Y2~ x H2X™ on each time slice t = t, € I, and furthermore

1
(Ec () 1) := j| 3o
xX|<t

as t — 0. Thus for small enough v > 0, the solutions constructed in [28], [27]
are stable under perturbations along a co-dimension three manifold in a suitable
topology.

Remark 1.1. We note that two of the co-dimension conditions producing Xy may
be thought of as being forced by the requirement of fixing the exponent v in A(7) =
Ct~'=, as well as the scaling factor C = 1. We cannot *modulate’ in v or C to force
these orthogonality conditions, since the solutions u, from [28], [27] corresponding
to different v, C are infinitely far apart with respect to H . | g for small v > 0.
This then suggests that in order to gain two co-dimensions (and hence produce an
optimal stability result in light of Theorem 1.2), one needs to work with a more
flexible blow up scaling law A(¢), depending on two additional parameters.
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Remark 1.2. The space § will be specified after a recall of the distorted Fourier
transform associated with £ below.

The proof of the preceding theorem will proceed via Fourier techniques in suit-
able coordinate systems adapted to the blow up solutions u,(z, x). In particular, no
use of virial type identities is being made. It is to be expected that such techniques
extend to significantly more general contexts, for example the stability of blow up
solutions for the critical Wave Maps equation.

1.1. Relation to other works. There is by now a very sizeable literature deal-
ing with the construction as well as stability analysis of type II and other blow up
solutions. In particular, in the context of type II dynamics, a remarkably robust
method has been developed in the pioneering works by Merle, Martel, Raphael
and co-authors in the last decade. In relation to the equation at hand, we mention
for example the important works [14], [41], [31]. At the most basic level, the strat-
egy in these works is to construct solutions in a two step process, first building an
approximate solution, and then completing it to an exact solution, by controlling
the remaining error via Morawetz and virial type identities and exploiting subtle
monotonicity properties. It is in regard to the second step, the control of the re-
maining error, where the present work is striving to achieve a different approach,
based on a constructive parametrix approach to the linear operator arising upon
linearisation around the bulk part of the blow up solution. Our approach may be
seen as somewhat in the spirit of the recent remarkable work by Donninger and
Donninger and Schorkhuber on the stability of self-similar blow up solutions, for
example in [4], [6], which also completely avoids Lyapounov/Morawetz type esti-
mates. It may be hoped that constructive methods like those employed in this paper
may shed further light on the precise features of the solutions obtained.

We also point out an exciting novel point of view espoused in works by J. Jen-
drej, [16], [17], where an analysis of type II blow up solutions of the natural five
dimensional analogue of (1.1) in terms of the leftover radiation at blow up time
is performed. This author has also succeeded in constructing the first examples of
two bubble solutions, [18] on semi-infinite time intervals. The issue of constructing
finite time radial two bubble blow ups appears still open at this time.

1.2. Overview of the paper. In section 2 we quickly recall the properties of the
approximate solutions u((ll;’;)m . wWhich are used in [28], [27] to construct the blow up
solutions u, (¢, x). We also quickly gather the basic facts about the distorted Fourier

transform associated to the operator
—n—5w*

in this section, as well as the translation of the problem in ’physical space’ to a
problem in ’Fourier space’, given by (2.5). In section 3, we analyse the growth
of the forward flow associated with the transport operator on the left hand side of
(2.5), and in particular arrive at the two crucial vanishing conditions which guar-
antee that the growth is limited to linear in a certain sense. All of this is of course
restricted to the linear flow associated with the transport operator. In section 4,
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we provide a precise formulation of the stability theorem we are striving to prove
in terms of the Fourier variables, see Theorem 4.1. In section 5 we show that the
better growth estimates deduced under the key vanishing properties in section 3
suffice to control the nonlinear terms on the right hand side of (2.5). In section 6,
we show the strategy for constructing the blow up solutions by means of a suitable
iterative scheme, leaving the precise choice of the iterates Ax{) to the following
sections.

Section 7 in a sense forms the heart of the paper. It is here where we analyse the
first iterate, and more precisely the contribution to the first iterate of the delicate
non-local linear source terms on the right hand side of (2.5). The contributions of
these terms to the first correction do not a priori gain smallness. We briefly explain
here the main idea which allows us to make the correct choice for their contribution
to the first iterate, by modifying the data slightly: thus consider an equation of the
form

(D? + By(1)Dr + E)x(1,€) = f(1.£),

where the right hand side denotes (say) one of the non-local linear source terms on
the right hand side of (2.5). Here we cannot proceed in analogy to [28], [27] and
solve this by imposing vanishing of x(7, &) toward T = +00, since we would then
generate errors at time T = 7y (which corresponds to the initial time ¢ = ) which
would be of the same order of magnitude as the original perturbation (xo, x;). On
the other hand, using a Duhamel parametrix at time 7 = 7o forward in time will
lead to functions x(r,&) which grow much too rapidly toward 7 = +00 in the
small frequency regime ¢ < 1, which is of course related to the issue forcing the
vanishing conditions in section 3 for the free transport equation. The way out of
this impasse is to add a small correction to the data, given by the pair®

~(1 =(1
(Ax(() ),Axg )).

Then the free transport of the evolution of this pair will in some sense cancel the
growth of the inhomogeneous Duhamel term for small frequencies, while for large
frequencies its contribution will be small. Moreover, crucially, the correction is
smaller by a factor 7, I* than the data, and ’essentially preserves the initial per-
turbation’. We then carefully check in section 7 that the contribution to the first
iterate by the linear non-local source terms thus defined itself admits in the low
frequency regime a decomposition into a free transport term (given in terms of
data (Aic(()l), Afcgl)
a term satisfying a better estimate (the term As.x(D), and we spell out the precise
bounds for the functions A~x1), D A~ x1), with a view toward the later stages of
the iterative scheme. In particular, this involves a somewhat delicate refinement of
the bound obtained for D;a~.x() in Proposition 7.1 to a square-sum over dyadic
time scales type bound in Proposition 7.4.

) satisfying the crucial vanishing conditions from section 3) plus

2In fact, the precise choice of the corrections (Ax(()l),A):cgl)) shows that this correction is the
analogue of 'modulating’ on the inherent scaling parameter as was for example done in [26].
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We then repeat the same kind of construction for the contribution to the first
iterate by the nonlinear source terms in (2.5) in section 8.
With these stages in place, it is not so hard anymore to formulate the iterative step
in section 9, where we show that the kind of decomposition obtained for the first
iterate can be perpetuated across an iterative scheme, resulting in a priori bounds,
which may however grow at each stage. In particular, at this point, it is by no
means clear that the iterative scheme thus arrived at will converge.

The ground work for convergence will be laid in sections 10, 11, where we show
that certain expressions arrived at in the iterative scheme do enjoy a gain of small-
ness under certain frequency restrictions, or else under a re-iteration of the iterative
step. This will then allow us in section 12 to reduce the convergence of the scheme
to Proposition 12.4, which derives smallness of a many times re-iterated wave type
propagator by a combinatorial type argument, reducing to integration over high
dimensional simplices. This is in fact very closely related to arguments used in
[29], [7], and indeed it appears that it is in the present context that this technique
comes to bear in the most natural and powerful way.

The proof of Theorem 4.1 will then finally be accomplished in section 13.

1.3. Further remarks. Itappears that the techniques developed in this paper ought
to have much wider applicability. In fact, the method expounded in sections 3 - 12
appears to apply to much more general wave operators of the form

2
—0? + P+ ~0r+ V(1))

providing an approach to study their evolution based on a completely explicit iter-
ative parametrix construction, and avoiding any kind of Lyapounov/Morawetz type
estimates and implicit reasonings.

ACKNOWLEDGEMENT
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2. RECALL OF THE PROPERTIES OF THE SOLUTIONS U, (7, X)

The solutions u, in [28], [27], are constructed via a two stage process, first gen-
erating an approximate solution via an ad hoc iterative procedure, and completion
thereof to an exact solution. While the first stage consists in the solution of suitable
elliptic problems, the second stage (i. e. completion to an exact solution) relies on
a parametrix construction for a wave equation with time dependent potential. It is
the techniques for the second step which play a prominent role in this paper, while
the first step is mostly used as a black box here.

To be more precise, the approximate solution in [28], [27] is obtained in the

form

k,v k,
”L(zpp)rox(t’ x) = W/l(t) (x) + ugki)l(t’ x)’
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where in turn %" (1, x) et

i1 (&,x) = 221 wi(t, x) is a sum of corrections. Using the vari-
ables R = A(t) - r, T = v_'t~”, we have

(k)

uy (LR)]

R 2.1

as well as

o

1+%

R U2k |‘L§R(R$T) S

v .
H %J’_%_

Importantly, the error generated by the approximation ug;;)m (2, x) can be made
arbitrarily small in a suitable sense by picking k suitably large. More precisely, we

have

T

A2 I r
{tzeZk*I(t’r)|SW(l_a) +3 ’a:;

8=

where
(k,v) (ky) 5
e%—1 = OUgpprox + (”approx) .
To pass from the approximate solution uﬁ,’j;;)mx to the exact solution u, (f, x), we set
(k.v)

Uy = Ugpprox + €, Where € is most easily controlled by passing to the new variable
&(1,R) := Re(t(1),r(1,R)).
In fact, see (3.1) in [27], we obtain the equation
(O + A" 'ROR)*E — By (1) (07 + AL 'ROR)E + L&
= 1 2(1)R[Nai—1(€) + en_1] + 0:(AA"HE; B, (1) = A(1)A" (1), (22)

where the operator £ is given by
L=—0%—5W4R)
and we have
RNy—1(g) = 5(t3, | — ug)& + RN (uzg—1,3),

- & ~
RN (up;—1,8) = R(up—1 + I_?)S - Rugk_] — 5u‘2‘k718

Introducing the operator, with 3, (1) = %,

D = 0r + By(1)(ROg — 1),
we can also write the above equation as
D&+ B,(1)DE + L& = 17(7)[5(u3,_, — ug)& + RN (uzk—1,&) + Rezp—1] (2.3)

To deal with this equation, we translate things in terms of the Fourier transform
associated to the operator £, just as in [28], [27]. In fact, we quote the following
paragraph directly from [27]:
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Recall from [28] that there exists a Fourier basis ¢(R,¢) and associated spec-
tral measure p(¢) satisfying the asymptotic expansions and growth conditions ex-
plained in [28, Section 4] such that

5(r.R) = xa0)0a(R) + [ " s O0(R E)p(e) de

For the asymptotic behavior of ¢(R,¢) in various regimes we shall rely on re-
sults from [28]. Here the functions x(7, &) are the (distorted) Fourier coefficients
associated with &, and ¢,4(R) is the unique ground state with associated negative
eigenvalue for the operator £. We also note the important asymptotic estimates

p(€) ~ 72, £« 1, p(é) ~ €2, &> 1. (2.4)

as well as the fact that near £ = 0 as well as & = oo the spectral measure behaves
like a symbol upon differentiation. We shall henceforth write

x(r,€) = < (’23) ) o E= @

Then proceeding as in [5], in particular section 3.5 in loc. cit. which uses a varia-
tion on the procedure in [28], we derive the following transport equation for x(t, £):

(D2 + Bv(1)D: + &) x(7,€) = R(7, x) + f(1,€), 2.5)
where we have

R(7,2)(€) = ((~4B,(1)KDex — BT +[AK] + K +B6,°90)x) (€) 2.6)

with B, (1) = % and we set f = < J;f > where

f(@.8) = F(A2(0)[5 (g, — ug)& + RN (uzi—1, &) + Rezi—1]) (€)

. 4 4 _ 2.7)
fd(T) = </l (T) [S(MZk—l — MO)S + RN(MZk_l, 8) + ReZk—l], ¢d(R)>
Also the key operator
0 O
Dr =0 + A, A=
T T IBV(T) ( 0 A )
and we have
5, Pé¢
A= 260 — (3 + )
‘ A2 9
Finally, we observe that the “transference operator” K is given by the following
type of expression
Kaa  Kac
K = 2.8
< (]<cd (]<cc ( )

with the following description ([28]):

e The operators Ky, K.q are given by Kyg = —%, (‘ch(l)) (&) = Ky(é),
where K, is smooth and rapidly decaying toward & = +oo0.
o We have Kyc(f) = — §y f(€)Ka(€)p(&) dé, with K, as above.
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o Wehave (Keo(f)) (€) = §o Ko(&m)f(n) dn, where Ko(&,1) = 29 F (£,1),

and F is a C>-function with the further smoothness and decay propertles
listed in Theorem 5.1 in [28], see also the remarks in [27], proof of Lemma
5.1.

The construction in [27] then relies crucially on the observation that the equation

can be solved completely explicitly; in particular, imposing vanishing boundary
data at T = o0, we obtain the following expression for the continuous part x(7, £):

x(r,¢) = £ j a jg@ nawet | ﬂl(u)du]f(‘f’jzz((;))f)dff
2.9

On the other hand, one immediately obtains the elementary implicit relation

(o

0 ~ 1 1 L
a®) = | Halro)fulo)do, Hyfro) = —3lé e ol e

(@) = fa(o) = By(0) Orxa(0)

See [27] for justification of these facts.

(2.10)

In the present work, we shall want to perturb the data at time ¢t = fy, which
means that we shall no longer enforce the condition of vanishing at infinity (in
terms of 7). For this, it shall be important to understand the properties of solutions
of the homogeneous linear problem

(D7 + By(1)Dr + £)x(1.£) = 0, (x(70.-). Dex(0,7)) = (X0.%,). (211

Here we use the convention that D, acts on the first component x;(7) in the stan-
dard way x4(7) —> 0rx4(7). Then the following result follows from the arguments
in [27]:

Lemma 2.1. The equation (2.11) is solved for the continuous spectral part x(t, &)

via the following parametrix:

1,22
2

% T pj(Z_(T)é:) [T T
d(r.g) =L T oo [2(mg! | o ;2(20))5)
. A3 (7) p%(f&)}f) sin [/1(7)5% ro A7 () du] (/12(7) )
B(r) ) ¢ ()

(2.12)

x0(€) x(é)

ciently large, there is c; = 1 + O(Tal) as well as yg = —|&4|7 + O(Tal) such that
if we impose the co-dimension one condition

. X X -
Moreover, writing X, = ( o > X, = ( 1d > and picking to > 1 suffi-

X1d = YdX0d> (2.13)
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then the discrete spectral part of x(t, &) admits for any k > 0 the representation

1
x4(7) = (1 + Ox(x7 1 ™)) )R (100
1

One also has fori >

. ; 1
(=00)'xa(r) = (1+ OK(Tflek(TfTO)))\fdPe*"f"‘z(T*TO)CdXOd

The proof of this lemma is essentially contained in [27], except for the last part.
To see this, we use (2.10) with f; = 0 but adding an exponentially decaying free
term to match the part of the data at time 7 = 7y, which gives the implicit relation

: 3 1 1
(1) :f Pr(@)|0xa(0) — xd|§d|%€_|§d‘2(‘7_70)] . §|§d —3e—lal2lt=ol 4o
0
—+ ei|§d|%(7*7’0) . X«d
Carrying out an integration by parts, this gives
1
Xd(T) = (')ch _ﬁV(TO)xd(T()))ei'fd‘z (T*TQ)
Oo 1 1
- aﬂ'ﬁv(o-)xd(a_)—|§d‘_%e_|$d|2|T—()" do_
70 2
Q0 1 ,
— | Boo)xa(o)5sign(r — o)e 2 r=0l 4o

70

” 3 1 1
_J idﬁv(O')e*Lfd‘ (o0—10) . ze*\fﬂ |T—0| do-.

70

The conclusion of the lemma then follows from a simple fixed point argument.

3. GROWTH PROPERTIES OF THE FORWARD LINEAR PARAMETRIX (2.12)

Recall that = (V‘r)*fl, which implies® A(t) ~ 717" and hence rapidly poly-
nomially growing for v « 1. However, what decides whether an iteration scheme
for the full nonlinear problem starting at the linear approximation (2.12) will con-
verge are not the growth properties of the Fourier coefficients x(7, &), but rather
those of the function &(7, R) they represent, for it is the latter which gets inserted
in the nonlinear expressions, and it is here where fast growth toward 7 = +00 or
alternatively + — 0 would doom any iteration.

It turns out that there is a natural co-dimension two condition which while not
altogether eliminating growth at infinity (for &(r,R)!) reduces it to only linear
growth in a suitable sense, and it turns out that this suffices to still run an iteration
scheme, thanks to damping factors attached to the nonlinear terms. The following
proposition is the key for the sequel:

3We abuse notation and write A(7) instead of A(¢(7))
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Proposition 3.1. Assume the data (xg, x1) € <§>_1_§0+L§$ X <§>_%_§0+L§§. Fur-
thermore, assume that we have the vanishing relations

F PLENE) o lyroet] e — o, JOO PLONE) Gt ag — 0. (1)
0 &1 0 &4

at time T = 1o. Assume that x(1,£) is given by (2.12). Then the function P.&(t,R)
represented by the Fourier coefficients x(, &) via

P - | " B(R.£)x(r.£)p(¢) d

satisfies
P.&(1,R) = & (7,R) + &(1,R),
where we have

~ ,R 1 1_ 1 —
R ] Y

[ R < T (O 30,3 T )

Here we use for a small constant 69 > 0 the notation % + + = % + 260, %—i— =

% + do, %— = % — 00, 0— := —06g. For later reference, we shall also use the

notation 1+ = 1 + 6p, 0+ = 9do.

We note that the integrals in (3.1) converge under the hypothesis on x¢; in the
proposition. We also observe that the norm displayed on the right corresponds

3 1

roughly to HdzR+ X H;I;r on the physical side.

The preceding proposition motivates introduction of the following norms: we put
[ Grosx) s = xollg, + [l

1 . Lo 1 _ (3.2)
=@ minfrog?, 176 w0l o+ €T E 5

Note that for very small frequencies { « 7 2, we have built in control over
Hfo_xOH 12 whence control over H .
dg

’ g suffices to ensure the quantities in (3.1) are
well-defined. For later reference, we also introduce the following stronger norm:
[ Gxos ) = xollg, + [,
= @€ ] + O g 1 = 1260,

In the following proof, we shall heavily rely on the spectral theory developed in
[28].

3.3)

Proof. We shall constantly refer to the formula (2.12). In particular, we shall call
the first term on the right the contribution of xg, while the second term is the con-
tribution of x;. Here we start with the contribution of xg, which we treat by dis-
tinguishing between different regimes for the frequency &. Throughout we take

advantage of the fact (see [28]) that @ is uniformly bounded in R, ¢ > 0.
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(1). Large frequencies: £ > 1. In this regime we have
p? (%5)
P2 ()
Hence the corresponding contribution to P.€(7, R) is bounded by

© D(r 1 (T 2(r 1
< [T 4D PR costamet [ 4wl ey et de

70 /12(70)
< [© 5.

~ (/f((;)));’ p(é) ~ f%,

where we have used the Cauchy-Schwarz inequality as well as a simple change
of variables. Note that in fact we also get |P.&(,R) HLOO < H<§>1+X0HL2 for this
ds

contributions (division by R for large R is unnecessary).

(2). Small frequencies ¢ < 1. Here we use a decomposition

1
| #tr.e1vte e
min{R~2,1} 1
-| SRENOdE | sREE de
0 min{R~2,1}
min{R~2,1} 1
7 ewmo cowapedes [ skenea o
min{R 2,1} min{R~2,1} ’
—ow0) | y@der [ o de
1
S| erende
min{R~2,1}
Then we substitute
5 1 2(1)
/li(‘r) pz(ﬁ(m)‘f) 1JT _ /12(‘1')
= AnéEr | A d
(€)= ple) 35— 2 cosline! | 47w didnlse
We get
min{R 2,1} min{R~2,1} .
KT owey@ad < [ el
and we can further bound this by
min{R~2,1} .
|G
J*Inin{Rz’l} /l%(T) p%(/:l;((;))é;) l| [/l( ) IJ«r /l—l( )d ]|| (12 T) )\ ( )d
< 2 2
D B(rg)  p2(€) ¥ cosl i L /lz(To)g ple) a5,
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Further restricting to the range f /12( < 1, this is bounded by

fmin{Rz,l}X (1) 3 ( ;(%))f)gél
0 Ex < () pH(E)
L (T A2
coslA(m)et | 7 ) dul o s ) de
* )| 2
S JO X&%dﬂ%m) |x0(/12(,r0)§ ’dé: S ng XOHL§5(6<1)’

where we have again used the Cauchy-Schwarz inequality in the last step.
Similarly, restricting to f ) > 1, we have

/12
[ A PG
X, 2@ 3 ] 2
0 Erg 7 A (m)  pH(E)
L (T 2
cosfa(elet [ a1 dul ol s olote) de

1 3(r
A ( i
dé < *
L/\/ liz((r)>1/l3 f ‘ Xo( )§)| ¢<[® xOHLflf(g:>1)
after change of variables and application of Cauchy-Schwarz.

Similarly, in the range 1 > ¢ > R™2, we get

1 1
&~ f L H(R Oy dE| < f L EeROyE)] d
min{R~2,1} min{R~2,1}

and this expression is bounded just as before by splitting into the cases & /{122((;)) s

It then remains to deal with the most delicate case, which is the multiple of the
resonance

min{R~2,1}
o(®0) [ ¥(€) de

0

min{R~2,1} /1%(7_) p%(;z((:o))f)
= ¢(R.0 5 ]
®0) | B P
T 2
Jeos{a(e)et [ oo g lole) de

For small frequencies ¢ < 1, we have

1 1 1
p(é) = 557(1 +0(£2)). (3.5)
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Here, the contribution of the error term %Tf -1 o(¢ %) is bounded by

1, 2(7)
L A3 (7) P2 (g €) 1

T 2 T
|cos[/l(7')§2£ A Hu) du]|xo( A7)

<
2 (19)

~j0 B(ry)  pHE)

sle @ ol

&)| d¢

2
;2 ((TTO)) s 1 and using a change of variables as

well as Cauchy-Schwarz. We can thus replace the factors p~ 2 (£),p(é) by & 5,671,
respectively, which reduces things to the expression

as one sees by splitting into the cases &

min(R21 23 () | 22(r) | cos[A(D)ER §T AT wydu] (¢
o%.0) [ Uy . wo( gy e
0 (1) A*(70) I A%(70)
Note that on account of @5_% < min{l,f_%} for &£ > min{R~2, 1}, we get
R,0) (* B(r) o 2 cos[AT)e T AT wydu] a2z
HE0) | HUNWIGI : W ED g
min{R=2,1} A2 (7p) A (TO> I A (TO)
© ) 1 ), s J 1 2(7)
< 2 dcos|A(T)E2 | AT (u) dulxo(———=€) dé|,
oy Ty it cosldet | a7 o G ae
and the preceding expression is again easily seen to be bounded by
S 6@
It follows that it suffices to bound
©A3(1) 1 A COS[/l(T)f% S: A Nu)du]  22(r
¢(R,O)f é()pé 2() f X0 2()§)d§
0 A2(19) (7o) &1 (7o)
Now introduce the new variable
- A2(1)
é‘: L /12 (To)f,
in terms of which the integral becomes
© A1)y cos[A(0)EE [ AT w)du]
[ a2t@ > xo(8) dé
o A(7o) &s

Then write

]
A(To)f AN W) du = veg — v, (3.6)
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which gives

fo A0 4 cos[A(to)&: §7 AN (u)du]
o A(to)
A1) F p? (&)x0(&) .

cos [VTofé] cos [VT(I)—HFI T E%] dé

L A F PLE0E) Gy sinfyel o+ ] a2

Under the first of the assumed vanishing conditions (3.1), we can bound the sum
of these terms in absolute value by

/f'((:;))) | LOO ,02(%2?0(5) COS[VTOE%](COS[VT(1)+V717_V_IE‘%] B 1) dg|

/l ®© £ g ~1 —1 ~1
+ /l((‘:;))) ’ JO p (f;fo(f) sin[vrpé? | Sin[VT(1)+V T &7 df’

1_ .1
<t e @,
This establishes the desired bound for the contribution of the first term in (2.12).

Next, we turn to the contribution from xi, i. €. the second term in (2.12), which
follows exactly the same scheme:

(3). Contribution of x1. Large frequencies: & > 1. In fact, arguing as in (1), we
get

. foo (1) ‘¢(R,g)||sin[a(r)§é o (w) du]Hm’ » (1)
1

A2 (T()) R &2 2 (TO>
s Ko a0,

We can then reduce to the contribution of x; in the low- or intermediate frequency
regime:

)é7 di

(4). Contribution of x,. Frequencies: ¢ < 1. Use (3.4), where we substitute

1

() P S0 7 A ] e

O e & )
We get
min{R 2,1} min{R~2,1} |
R fo O(R*&))(£) de| < jo £41y(e)] de.
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and we can further bound this by

min{R~2,1} .
| £ y(e)] de

mnle ) 8 () RGO e 20
< J;) /l%(ro) p%(@ ‘ sin[A(7)é LO A" (u) du]Hxl(/lz(TO)f) ‘p(f) dé,

and further splitting into the cases &

/122((:0)) s 1 asin (2), we can bound this term by

A
s ket el

Similarly, in the range 1 > & > R~2, we get

1 1
& f I 0RE f EBR O]

min{R—2,1

and we recover the same bound as for the immediately preceding term.
It then remains to deal with the most delicate term, which is the multiple of the
zero mode, given above by

min{R~2,1}
o(k0) [ ¥(€) dé

0

mnk 1) 23 (7) P Giigd) sin[A()g? 7, 471 () du

:¢(R’O) 3 1 1

L A2(to)  p2(¢) | &2 |

2(7)
- 260)°) lp(¢) dé.

Recalling (3.5), the contribution of the error term %{-‘_% -0(& %) is bounded by

' PG, [ )
Jy e st [t Gl d

@ n,e.

similarly to case (2) for the contribution by xy9. We can thus replace the factors
p*% (£),p(é) by & i , ff%, respectively, which reduces things to the expression

min{R~2,1} /l% (1) 1

2(r sin/lr%:/lfludu 2(r
pf(/l()g) [ §, A7 (W) du]  22(q)

A*(10) & 2 ()

o(®0) [ £) de

0 A2 (19)
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Then again using @ff% S min{l,ffé} for & > min{R~2, 1}, we get

$(R.0) (™ B ) s § A wWd] 2

| R fmin{R—z,l} /l% (TO) (/12(7'0)6) 5% XI(/IZ(TO)?;) d§|
© /l%(r) ! 2(7) _ sin[d gz STO A Nuwydu]l (7

: fmin{R—z,l} /l%(q-o) (/12(7'0)5) §4 X1(/12(T0)€) d§|,

which in turn is bounded by < H<§>%+§O_x1 H L2 . It follows that it suffices to bound

© A3 (r) 4 R(r) | sin[A@E § AT wdu]  a2(r)
R,0 2 d
0RO | ; (o) de
Now as before using the variable
- A% (1)
Ei=

the integral becomes

© A7) o sin[A(ro)E2
fo /I(To)pZ(f)

and using (3.6) we obtain

At 1~in/lT~%T/l_ludu _

[ j<(ro)>’”fs [A(r0)E g W)
—ﬁ:)))fo m(fg);l D infyrd | coslyry v B
_;((;;)))L pZ(iz;] ) cos[vrog Isin[vry ™ Tﬁvilg%]d‘g‘

Under the second of the assumed vanishing conditions (3.1), we can bound these
terms in absolute value by

AD) | (7 2@ @) TR
/l(To) |f0 : sin[vroé? ](cos[vr(l) ' &) — 1) df}

3
1
@)
Sl Loyl _y1zl
(o) ’f % cos v7'0§2]s1n[v70 [ 52]d§|

ST H<§>2 leLic

This completes the proof of the proposition.
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The preceding L*-type bound needs to be complemented with an energy type
bound for the parametrix (2.12) in order to be able to recover the S-norm bounds
later on. We shall rely on the following simple

Proposition 3.2. For x(t1, &) defined as before, we have
e x(@.8)] 5, < [ 00, @ )5

Proof. For the contribution of xg in (2.12), using the terminology of the preceding

proof, we have in case (2) under the additional restrlctlon f < 1 the bound

)

L (T 2(t
Cos[/l(r)&J A (u) du]xo(;((q_o))f)HLz( LN

2()

-1
I/t T
70 A%(10) ¢ Hchff (6< 1422(@0)) )

(T 2(1
cos[A(1)€2 J /l—l(u) du]xo(;z((TO)>

& 2

% /13(‘1') % T /12(‘1')
< e +/13(T0) cos[A(1)€ Lo/l ) du]xo(/lz(m)-f)“ (1>5>1 ((Tg))
[<€>xoll2

1 T 2 T
cos[/l(‘r)-fzﬁ A~ (u) d”]XO(/fz(% “L2 (&>1)

LT /12 T
< e ot [ 7w il el o

S ||'§:XOHL§§(§>1)

The contribution of x; is handled analogously. O

4. SETTING UP THE PERTURBATIVE PROBLEM

Fix v > 0 which shall be held fixed throughout and will be assumed sufficiently
small later on. We shall now seek to construct solutions of (1.1) of the form

u(t,x) = uy(t, x) + €(t, x),
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where € is supposed to match initial data at time ¢ = #y > 0 on a co-dimension three
hyper surface. Our point of departure shall be the following equation for & = Re in
terms of the renormalised coordinates (7, R) introduced in the preceding section:

(0r + A 'ROR)?E — By(7) (07 + A" 'ROR)E + L&
= A72(1)RN,(&) + 0 (A" 1)z

where we have

4.1)

RN, (8) = 5(uy — u3)& + RN (uy, &),
and as before

RN(u,,&) = R(u, + 1%)5 — Ru — 5us

We shall solve (4.1) on a sufficiently small interval (0, #o], which in terms of 7 be-
comes |7, 0), say, with 79 > 1. As hinted at previously we shall employ Fourier
methods to control the solution, and so we shall start with explaining how to pass
from the initial data (e, 0;€)|;—y, to the Fourier data (x,, X, )[r=r, which will be used
to build the zeroth iterate given in terms of the linear evolution (2.12).

To understand this mapping between data, assume that &(t, R) is of the form

5(r.R) = xa(0a(R) + | " x(n.£)0(R.E)(€) de. 42)

with x(7, &), x4(7) given as in the statement of Lemma 2.1. Then arguing as in [28],
[27], we find

R . Ar
_EEZ = (6T + By (1) (ROg — 1))8, By(t) = R
which in terms of the Fourier transform can be expressed as

Re
() = Dt + s

where ¥ denotes the Fourier transform corresponding to the continuous spectrum,
and the operators 9, K are specified as in [27], see the paragraph after (4.9). Eval-
uating the preceding relation at initial time T = 7¢ (or equivalently ¢ = fy) and
using (2.12), we find the first half of transference principle for the initial data

R
—7:(;@) |t=lo = x1 + By(70)Keexo + By(70)Keaxoa 4.3)
R
—($a: }6’>|z=ro = X14 + By (70)Kaaxoa + Bv(70) KacXo 4.4)
These relations get complemented with the immediate relations
F(&)],_,, = %0> ($a-&)|,_,, = *0a- (4.5)

Conversely, if the relations (4.3) - (4.5) are satisfied, where it is assumed that the
co-dimension one condition (2.13) is satisfied so that we can construct the evolu-
tion of x(7,£) as in Lemma 2.1, and if we define & via (4.2),then € = 1% will have
initial data (e, e,)| =t in accordance with the left hand side of (4.3) - (4.5). As

these latter relations can be easily solved for the functions (xo’l, X0d, ld), we shall
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from now on identify a data set (€(fo, ), &(fo,-)) with the set of Fourier coeffi-
cients (xo, 1> X0d, ld)- The co-dimension one condition (2.13) then implicitly gives a
co-dimension one condition for (€(t, -), &(fo, -)). The space § is then specified in
terms of the variables (xo,l, x0d51d) via the norm (3.2).

Having specified the transition between the physical data and the data on the
Fourier side at the linear level, we shall now set up the equation system we attempt
to solve in terms of the Fourier variables, in exact analogy to [27]. Specifically, we
get upon letting

o0
B(rR) = u(r)0ulR) + | x(r. )R E)o(6) e 6)
and now x(7, £) is of course no longer defined in terms of the linear evolution (2.12)

(D2 + Bu(1)Dr + €)x(7.€) = R(z.x) + f(1.), (4.7)

where we have

_ {pa, A772(T)RN,(€))

and the additional linear error term is defined by

R(1,2)(€) = (=48, (1)KDex—BLT)K +[AK] + K +6,9)x) (€) (4.8)

. P!
with 8, (1) = %,
0 O
Dy = 0 + A, A=
—ecenian (3 2)
and we have @
5 P
A= 260 — (3 + )
‘ R
Finally, we observe that the “transference operator” K is given by the following
type of expression
Kaa  Kac
K = 4.9
( 7<cd (]<cc ( )

We shall from now on work in terms of the Fourier coefficients x(7, ¢), and use the
relation (4.6) to define the nonlinear expressions involving €.

The proof of Theorem 1.3 shall then follow from the following more technical
and precise version

Theorem 4.1. Let ({0,)_61) = ( ( ?od ) , < );lld > ) with (xo,xl) e S, see (3.2),

and moreover
| (x0, x1) [ + |x0a| < 62

sufficiently small. Also, assume the compatibility relation (2.13) and the basic van-
ishing conditions (3.1) hold. Then picking 7 sufficiently large (or equivalently tg
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sufficiently small), there exist corrections (MO, Ml) = ( ( AA););[ ) , ( AA);lld ) )
with
H(AXO,Axl)HS + |Ade‘ + |Ax1d| < H (X(),xl)“S. + |de|

and such that (ﬂo’ Ml) depend in Lipschitz continuous fashion on (Eo’ 51) with
respect to the S -norm, with Lipschitz constant < 1, such that determining the initial
data (e, e,) ‘l:to via (4.3) - (4.5) with (10’51) replaced by (go + Axy, X, +M1), the
solution u(t, x) with initial data

uyto] + (e, e,) |z=zo

exists on (0,1t] and is a type Il blow up solution satisfying the conclusion of Theo-
rem 1.3.

In the rest of the paper, we shall prove Theorem 4.1.

5. NONLINEAR ESTIMATES

The proof of Theorem 4.1 proceeds via a somewhat involved iterative procedure,
constructing the corrections (Mo’ Ml) via an infinite sequence of iterative steps.
The main complication shall be caused by the linear source terms R(7, x) given by
(6.2), as it is not a priori clear how one should gain smallness for these. Moreover,
at each iterative step we will have to adjust the initial data a bit, basically in order
to keep satisfying analogues of the basic vanishing conditions (3.1). Controlling
the nonlinear source terms f (7, £) shall be relatively straightforward, by contrast,
and this is what we do in the current section.

In the sequel, it will become clear that the corrections we add in the iterative
steps will roughly have the structure of the sum of two terms, whose continuous
part of the Fourier transform are either of the form (2.12) or else given by x(7, &)

satisfying bounds of the form (here recall the definition (3.3); thus the norm H . H s

is stronger than the norm H : H g)

T

()5, = ()" [ Gros 1) |5+ Foal] (5D

70

where 0 < k < dp, whence can be made arbitrarily small by picking 6y small
enough. Moreover, the discrete part x,4(7) shall be bounded by H (xo, xl) | st | X04]-
Accordingly we formulate

Proposition 5.1. Assume that function &(t, R) is given by the Fourier representa-
tion

5(r.R) = xa(0a(R) + [ " x(r.£)0(R.E)o(€) de.

where |x4(7)| S @ « 1 and either (i) x(1, &) is given by (2.12) with data (xo, x1)
satisfying the vanishing condition (3.1), and with

| (%0, x1)

< a,

S
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or else (ii) we have the bound
T\«
. < (—
e, < ()’
for 0 < « <« 1 sufficiently small. Then, if 0 < v <« 1 is sufficiently small, in
situation (ii) we have

|A72(7)RN, (8) 2-)

7, )”(H(]i; L) (RsT) sa- T_(

Here we use the convention introduced after (3.3) that 1+ = 1 + 6¢ with 69 > 0
sufficiently small fixed throughout, while 2— = 2 — O(k). On the other hand, in
situation (i), there is a splitting

A" 2(1)RN,(8)(t,-) = Ei(1,-) + Ex(1, "),
such that

<a-T —(2-)

|Ev(z.)] (H\F AL ) (Rst) »

’

while the term E, has worse decay but a more precise structure:

Ex(t,R) = 77%§(1) - (R)4(R, q)
where the function g(R, a) is in the space IS*(R, Q) defined precisely in [28], and
the function g(t) (which implicitly also depends on 1y, xo,1 and v) satisfies
T 3(0)] + |0:3(7)] < @

Proof. We shall treat the situations (i) and (ii) separately. Also, we refer to (4.1)
and sequel for the precise structure of RN, ().

Proof in case (i). We need to bound the following terms

E\j .

=),2<j<5. 5.2
) J (5.2)

Recall from (2.1) as well as the bounds established on the specific solution of (2.2)
vanishing at 7 = 400 in a suitable sense in [28], [27] we get

/1_2(‘1')5(Lfvt — ué)é, /l_z(T)Rus_j(

1 1

A2 A2
et g

Further, referring to the proof of Proposition 3.1 and in particular cases (2) and (4)
there, we can write

U, — Uup = RlogR), g(R,a) € IS*(R,Q). (5.3)

&(t,R) = & (,R) + & (T, R),

where we have

) in[A(10)&2 {© A~ (u) du N
Y o WP A A
&3
. cos/lT ~%:/l_ludu .
f o [(0)6;; W]
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Then using the observations in (2), (4) of the proof of Proposition 3.1, we see that

v 2(0)] + 10:2(7)] < o5, + |x]g, <@

Defining & (7,R) = &(1,R) — &;(1,R), we see that the proof of Proposition 3.1
gives

HR_1‘§2HLOO S a.
Then write

/1_2(7')5(u3 — ug)é = ZO/I_Z(T)(MV - uo)uaél + Fi(1,R),

where the second term on the right is defined via this relation. Then using (5.3) as
well as the preceding observations we get the schematic relation

20/1_2(1')(uv — uo)ugél = <R>_3g(R, a)‘r_zgf(‘r) + F>(1,R)

where the first term on the right has the properties of the term E; of the proposition,
while the second term satisfies

<ar .

|Fa(7,R) H(H‘l”:r AL (RsT) ®

As for the term F (7, R) further above, it is schematically of the form

Fi(t,R) = 2047 2(0) (uy — uo)ugér + Y A72(0)(uy — uo) uy '&

2<j<4
Then using the fractional Leibniz rule as well as Proposition 3.2, we get

[20472(2) (s — wo)ugal 4 11y e

< [ @ = 0] )[R 225
10t~ 100 e[ 3207  e
< alog 72 < ar— (@),

Further, again taking advantage of (5.3) as well as the fractional Leibniz rule, we
get

H Z /1‘2(1)(uy - uo)j "g_jé |‘(H;;le)(Rsr)

2<j<4

S Z H/l_z(T)(”V - ”0>j”3_jH(H{;; le)(RS‘r)Hé(T’ s
2<j<4

+ Z H’l_2(7)(”" - uo)j”g_jHLoo |&(r. ')H(H;;r ALY (Rs7)
2<j<4

< a(log 7)27_2 < ar— (),

This completes bounding the term A~%(7)5(uj — )& in case (i).
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Next, consider the remaining terms A~%(t )Ru5 J ( R)] ,2 < j < 5. We shall
treat the case j = 5 here, the other cases being more of the same. Thus we get by
the fractional Leibniz rule

_ E\4._ _ _/&\5
[ (@) (%) SH(H;,;M;RXRST) $A7(1) HRO (%), rer)

g N
()] (1_3) ”LOO AL2 ”<V>1+8”L§R(R5r)

<A ()60<720/

provided 2(1 + v~!') — 6 > 2, or equivalently v < %
Proof in case (ii).
The estimate in the case (ii) is quite similar, in that one simply uses

|mmwmwjjwwWMf (€) €|z < [xa(D)| + |x(z. )5,

as well as the energy type bound

Jx(7) m()‘f§@9< PO de 1 3 ()] + [x(r ),

We omit the simple details. O

6. OUTLINE OF THE ITERATIVE SCHEME

Our point of departure shall be a data quadruple (x xl) as specified in the
statement of Theorem 4.1. In particular, we introduce the zeroth iterate

(0)
Do) - ( g > |

where the right hand components are defined as the linear evolution detailed in
Lemma 2.1. On the other hand, we define the first and higher iterates x()(z, &), j =
1, by using the iterative step

(D} +B,(1)Dr + )2V (1,6) = R(r, 20 V) + fUV(5¢), j= 1, (6.1)

where we set

. _( {Pas AT2(T)RN, (U1
I = ( F (-2 ()R, (D)) (2 )

and the additional linear error term is defined by

R(r.5U0)(€) = (4, (IKDal )~ (x) (K +[A K+ K+8,8,°K)xV ) (¢)
(6.2)
Moreover, we write

AanmzRlafwnm:R1wxm¢*Wﬂﬁf?mfn““@amaﬁl
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Thinking of the iterates g(-") (1,€) as obtained by adding a sequence of “increments’
we can alternatively set x() = x(9) 4 Y, Ax®) (7, £), where we put
(D2 + By(1)D: + £)2x D (1,6) = R(r.x0) + O (z,¢), (6.3)
as well as
(D7 +B(0)Dr + §)aaV (1.6) = R(r. axV V) + U0 (0.6). j2 2. (64)
where we evidently define

( (pa, A2 (T)RN, (V1)) — "2 (T)RN, (eV2))) >
T(/I_Z(T)RNV(G(J—I)))(g) _ /1_2(T)RNV(E(J_2)))(§)

Ideally, we would pick the M(j) with vanishing data at initial time 7 = 7, which,
however, does not work for both the continuous as well as the discrete part. Instead,
we shall have to add small additional incremental corrections to the data of the form

(e (o
A):c(()J) ’ Afci’)

at the j-th iterate, which is the reason for the nonlinear nature of the set X de-
scribed in Theorem 1.3.

AfUTD(1,€) =

In the next sections, we shall carefully develop this iteration scheme, starting
with a description of the first iterate x(!)(, £), and then followed by the higher iter-
ates. It is when treating the latter that we introduce a stable functional framework
which shall be preserved under all the increments. Finally, we shall have to prove
convergence of the series Zﬁl x| which will be the culmination of our efforts,
and establish the Theorem 4.1.

7. CONTROL OF THE FIRST ITERATE; CONTRIBUTION OF THE LINEAR TERMS R(7, x(9))
Note that the solution x(7, &) of the inhomogeneous equation
2
(D7 +By(7)Dr + £)x(1.8) = f(1.6)

upon imposition of trivial data (x(7o, ), Dz x(70,-)) = (0,0) is solved in terms of
its continuous part x(7, £) by the formula

3 1 2@ . 1
£ = T A3 (1) Pz(mf) sin[A(7)é2 §7 A7 (u) du] - A%(7) -
“Q_Lﬁw>ﬁ@ ¢ R

This expression of course grows in some sense rapidly as 7 — +o0, and we are
interested in a suitable vanishing condition which ensures that it in fact does not
’erow too much’. The following proposition explains how this can be achieved by
adding on a suitable *free wave’, provided we set* f(r,&) = R(, x(9)(£): denote

4Here, the expression R(7, x(%))(¢) refers to the continuous spectral part of the vectorial quantity
R(t, x). We shall deal with the much simpler discrete spectral part later.
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by S (7)(xo, x1) the evolution of the continuous part by the free flow
(D3 + By(1)Dr + €)x(1,€) = 0

with data (xo, x1) at time 7 = 7. Thus this evolution is given by the formula (2.12)
in Lemma 2.1. Throughout we assume the vanishing conditions (3.1) for the data

(x0, x1).

Proposition 7.1. Defining (see (3.2))

§ =

e

5" (L (1 . 1 (L 5
© e QD min{rde 1} 212 1) TP,

there is a choice of(A):c(()l), Aiil)) e S with

(5" 885 < 7571 Go.n) g + xaal] .1

such that setting
Ax(l)(‘r, &)

1

[ ,1%(7)/0 (/1 2o f) sin[A(t ).f% §7 A7 (u) du] ) (1) -
_L) B(o) pie & R )
+S(r )(Ax(()),A )

et (22058, DeaxD(x.8) s < [ox)lg +boal (72

uniformly in T = 1¢. Moreover, there is a splitting

2x0(r,) = axl) (&) + (1) (a8 (€), a1V () (7.3)

such that we have

sup (— HX$<1AX>T (1,€) Hs + sup ‘L\/5<1Z)7Ax>7 (1,€) HS2
>70 T0 (7.4)

+ ” (Axo )(5),&?5 (€) )Hs S H X0, X1 ”s

and such that A)?(()ll) (€) in turn satisfy the vanishing conditions (3.1). Here we shall

letk =2(1 + y1 )80 throughout, with 6o > 0 as in the definition of S, S, see (3.2),
3.3).

Remark 7.1. We note that for the most part, the factor min{r3é, 1}_% in the defini-

tion of H 5 could have been omitted, except that it ensures both the fact that the
first van1sh1ng condition in (3.1) is defined, as well as the fact that the correction

(1)
AXy

will be much smaller than the data.
Proof. Step 0: To begin with, we observe the following simple

Lemma 7.2. Let (xo,x) € S. Then we have

| (es1S () (%0, x1), Xes1 DS () (x0, x1) | g < [ (05 x1) 5

uniformly in T = 7.
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Proof. This follows from direct inspection of (2.12) and the asymptotics of p(&).
m|

This lemma takes care of the high frequency contribution of S (7) (A):c(()l), A):cgl)),
provided we have picked suitable A):c(()ll) satisfying the bound alleged in the propo-
sition to be proved. This we shall do later on in the proof. Next, we shall deal with
the contribution of of R(c, 5(0)), which in turn is defined in terms of the operator

XK. Recall from (4.9), that we have
K@) = Kee ) + Kl
We shall then write

R(7, x0)(&) = Ri(1,20)(€) + Ro(r.27) (&)

and consider these contributions separately. Again the exponential decay of xflo)
(see Lemma 2.1) ensures that the second term on the right will be much simpler
to treat than the first, which will be our main concern for the proof. Thus relegat-
ing the contribution of Ry (7, xL(iO) )(€) to the end, we now focus on the main term
R (7, x(0)(£), which in light of the considerations in [28], [27] can be schemati-

cally written as the sum of three terms
R (1, x0) (&) = B2(T)Keex® + By (1)Ko DoV + B2 (1) K2, (7.5)

where we keep in mind that x(9) represents the continuous part of the zeroth iterate
E(O), see (6.2). In fact, the commutator term [A, K] is seen to have a structure
similar to the one of K. Moreover, the operator K, is given by integration against
a kernel of the form

F(&,n)p(n
KCC (f, Tl) == %a
with F having the decay and vanishing properties specified in [28]. In the sequel,
we treat the contributions of the first two terms on the right in (7.5), dealing with

the last term in the appendix.

Step 1: Proof of the high frequency estimate (7.2) for the contribution from
R (T, %0 ). We establish the bound for Ax(l), the bound for Z)TAx(l) being similar.
We shall have to take into account the precise form of K.x(?), which in light of
the definition of the zeroth iterate x() is in fact given by the expression

chx(o) (0,€)

* Fe o) Ao PG (o)
_JO . /l%(To) o [A(o)n L}zl (u) du]xo( 2<T0)17)d17
© Flenpl) 23 (o) P Grag) sin[A(o)n? §2 47 () d)— 22(o)
+Jo £=n A(x) pi(n) 7’ 1)
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Both terms on the right are handled along the same lines, and so we shall restrict
below to the contribution of the second term, treating the contribution of the first
term in the appendix. Recalling the above schematic identity (7.5), we further di-
vide this step into two tasks:

Step 1 (i): Contribution of B2(t)K.x\0). Substituting the second term on the
right in (7.6) for Kx(©) (o, &) into the formula for ax() (7, ), we arrive at the fol-
lowing expression:

(1)

© e PP () 2 (7!
f /13 (1) ,ll((r) sin[A(1)é ST]/I (u) du]ﬁ%(O')A(f,T,To,O') dor,
w0 A2(0)  p2(§) &
where we set
A(¢,1,70,0) :
) Joo 2 (o) FEDe, D00t (:37) 20, sin[A(2)77# §7 41 () du]
0 A (o) -7 #(x0) (g’
()
Xl(/lz(T())’Y) d’]

To dispose of the contribution when 77 > 1, we simply observe that when in addi-
tion & > 1 we have that

3

3
B(t,0,&,7) = 3(
A2

1
satisfies |B T,0,&,1 | < (A((;))) Z; indeed, this follows from the bounds estab-

lished in [28]. Furthermore, we have (for 7 > 1)

1 A%(7) A2(7) At) =1 1, A1)
2 n n) < (—= 21(.)2 7
o ey P iy IS Gy) 10701l
Furthermore, the operator given by integration with respect to 77 and kernel %

is seen to be bounded as an operator on L by arguments as in [28] with norm

_1
bound (M) 2" We then easily infer the desired bound
()

d
(7 1<§>”J C B0 A1 (€770, 0) dO-HLjf

v A3 (o) p(E

T 32—
< Hxl H32 LO j (( ))ﬁv( o)do < TalH(XO,xl)”s.

where the subscript in Az~ indicates the restriction of the integrated variable we
additionally impose in the definition of A(¢, 7, 79, o).
Continuing with the contribution of the second term in (7.6), the case 7 < 1 is

N—
M
BI—
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much more delicate, and we have to exploit the fine structure of A(&, 7, 79, 0), as
well as the vanishing condition of xp, to treat it. Write ([28])

() o R @) ) sinfA(@)72 57 A () du]
008" TP i P Gy 0! |
1 A%(7) 1 (1)
[X;;(%P n [mﬂ] +ij2(7(;)~ ][/12( )f] =1

where we keep the assumption o < 1,#i<1,¢ > 1in mind. It follows that
A2(1) ~y - 22 A2(7) oy -
substituting 0([/12 (T)f] N ((T)) i7) instead of F(W(;))f, W(;))n) in Aj<1(€,7,70,0)

and calling the corresponding term Aﬁ<1 (&,71,710,0), we get

p%(/l( A
‘Lm @) P B ) el e

o~
8]
~
~
o~
[\8)
—~
Nab
o~

(1) 1 A%(7)
il

7 T) ~ 2 i +C 2T ~
2(0_> 77) X/{lz((a)y] lp (/12(0_) 77) X:Z((g) l[/lz((f

~—

for a suitable constant ¢ > 0, and using that

o (1) (1) AlTo)y3
70 e P Gty ey = Q) i

we see that we may replace the factor pz ( /122 (( ))77) by x 2w .

(1) i Further,
12( )Tl<1[ 77] ’

(o)

one may replace §Tr7 by 1 2 contribution bounded by < 7 Hx1 H@_ b
S dé

It now follows that we may replace A;<i (£, 7, 7o, o) by a term of the form

(1) _
22 (TO) U)Xl (/12 (TO)

1 ~ ~
2 ( i) di

,1%(0-) F(;zz(%))f’ 0) f sin[A(t )”% S(r A~ (u) du]
0

3 X 2« i 3
/12 (TO) g /12((7') <l (/12(0_) ]7)1
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Here one may easily get rid of the cutoff y ., 8 the contribution of y 2 -
2(0) 2(0) "
is treated like before on account of

A0 2
|p (/IZ(TO)U)XI(AZ(TO)UM

iy ) R () L)
S g (360 T 0 Gyl 1 S G

For the remaining expression, if one enacts a change of variables, it is transformed
into

Fﬁ%&wuﬂfwmu<muﬁﬂwwﬂ,
()¢ A(7o)
(o)

(S8}

3
A 0 e

~
(ST

But this is precisely the expression which came up at the end of the proof of Propo-
sition 3.1 and so, in light of the vanishing condition on x|, we can bound it by

( f 0) A(z) foo sin[A(70)72 § A ) du]

1
2(mMxi (7 d
| ﬁ(r)g A(10) Jo 7 P2 (i1)x1 () dif|
3
/12((7')
2
F(::Z(T) ‘fa 0)
< L7 e,
/12(1') d¢
&
A2 (o)

=

Finally, substituting this for A< (¢, 7, 7o, o) we arrive at the bound
(30
(o)) sin[A(7)é

LLh;f (©)

~ H 1H<§>*%*§O+L‘ZJ€’

! (u) du]

Ba(0)Aj<1 (¢.7.70.0) d0}|<§>711§§(§>1)

=
AN _L*/%

N\.—
D=

which is also acceptable.

Remark 7.2. We note that in the last step we could have performed an integration
by parts with respect to o, and gained an extra power 7, 1),
Step 1 (ii): Contribution of ﬁv(r)‘KCCDTx(O). This follows the exact same pattern

as before, except that now we have only one power of decay o' but in exchange
we replace A(&, 7,79, 0) (corresponding to the contribution by the second term in
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(7.6)) by
A(é,1,10,0) :
3 (1) o 22(1) oy L, 22(1)
0 /lf(o-) F(/IZ(O_)fa /12(0_)77)92(/12(0_)17) 1 /12(7) 1 jo ;
= 2 A 2 A d
Jy e i o Grpasmeosiait [ 4w au
()
xl(/l2(7_0)77> dm,

and here we no longer lose a factor o as above (which necessitated the decay factor
B2(o) to close things). Note that one doesn’t lose logarithmically here for the time
A7)
A(o)

integral (in o), as one gains a factor of the form (5=)~* for @ > 0.

Step 2: Proof of the high frequency estimate (7.2) for the contribution from

R (T, xglo)). Here we exploit the fact that the operator K, is given by a kernel
K 4(¢) which is smooth and rapidly decaying, see [28]. In particular, we infer

(o) &) sin[A(7)é? §7 A" (u) du] (1)

HX5>1<§>1+ ~ ch(/lg(o_)

~—
U
SN—
e
=

which entails the bound

e f 2 (1) PECEDE) sinfa(r)é
* 0 (o) pr(E) ¢

I—=

§7 A7 (u) du]

T

8=

in light of the estimate satisfied by +” via Lemma 2.1.

d

M p70)

Step 3: Towards the low frequency bound; choosing the corrections (A):co s AX)
We next restrict to & < 1. Here the factor

sin[A(7)&2 §7 A7 (u) du]

. 1.
becomes potentially dangerous, as we cannot absorb the £~ 2 into the term

(o8

sin[A(7)¢? f A (u) du]

T

without losing a very large factor %a’. On the other hand, such a factor is es-

sentially harmless when o > 7, and so reformulate the expression accordingly.

‘f)HLif SN (/12(7.)

R (o, xL(iO)) dO—HLLzzf < ‘de

’
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Specifically, we now write

Ax(l)(r,f) :
_ T A2 (1) p%(fzz((;))f) sin[/l(r)g% S‘: Afl(u) du] 0 /12(7) i
-, H@) e ! Rl Gy
+8(r)(a®Y, A7)
_ _JOO 23 (1) p%(fzf;))f) sin[A(7)é7 §7 A7 (u) du] x(o>)(/12(7) ¢ do
© (o) pi(E) 3 = (o)

© /l%(r) P%(;z((;))@ sm[/l(T)g% A w) du] 0 2(7) o

g pHE— g (") (G5 9)

Observe that now both B, C solve the homogeneous equation (recall that here we
are analysing the continuous part of the correction M(l))

(D2x + By (T)Drx + éx) = 0.
Also, we shall re-denote
1
A= axdl)(r¢)
Moreover, as both B, C are solutions of the free problem, we can write
(1 ~(1
(B+C)(r.6) = S()(65)(©). 25 (€))

where we have

GRS f * 2 (10) P (oo &) sinld o) i M L)
w A2(0)  p2(8) & (o)
+AJ:c(()1)
= 2x(g) + a8 ()

as well as

(1) 2y — mﬂ%(ro)P%(ﬁ((?))f) e [T ) a0y L T0)

AX(€) = . /l%(o-) p%(f) cos[A(1o)é LO (u) du]R (o, x )(m

YN0
)

(1)

This is now the point where we can choose AX

(¢). In fact, we claim

§)do



34 JOACHIM KRIEGER

Lemma 7.3. There exist (A):c(l) &), a5 (&) satisfying (7.1) and such that we have

0 1

* (p3a5)() | * (p3ax)(¢)

J —?cos[vroff]df = O,J 1

0 &t 0 &

A key point here is to satisfy the bound (7.1), since this is the first correction to

the data, which has to be of smaller size than the original chosen data to obtain an

initial data set Xy which is identifiable as a co-dimension one Lipschitz surface in

S. The fact that we can achieve such a gain comes from the fact that the terms in
R enjoy a special vanishing property on account of their symbols.

sin[vro£]d¢ = 0. (7.7)

Proof. (lemma) The two bounds being quite similar, we prove the second one. We
proceed in two steps:

(1): Establishing the bound
~(1
(pZA —(1—
f sm[VTO§ d§’ < TO+H xO’xl)HS + 7, S )|x0d|.

We immediately reduce this to the contribution of the continuous part x(0)(r, &)

to R(o, x(0), as it is straightforward to check that substituting Ry (o, xfl )) for

(1)

R(c, x©) in the formula for A%, results in the bound

) sin[vr()f%] df’ < Ta(l_)|de|.

We shall henceforth replace R(c, x(?)) by R; (o, x(?)) and use the schematic rela-
tion (7.5) to further divide into two key contributions:

(1i): Contribution of B(0)K.ex'0) (o, &), low frequency € < 1. Throughout
we only consider the contribution of the second term in (7.6) to x(?), leaving the
contribution of the first term to the appendix. Substituting this formula into the
expression for chil) and then into the second expression in (7.7), we obtain the
following kind of integral expression

joo ,1%(7-0) 2 (o) JOO)( P%(Az(g) &) p1(¢) Sin[VTof%] cos[A(to )£ S‘r A7 (u) du]
Y 1
o 2i(0) e £
B(71g, 0, &) dédo,
where we have set
B(tp,0,¢) :
A%(10) 22(0) 1
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Observe that under our frequency restriction & < 1 we get

1 2% (x
pZ(ﬂ ((ﬁ))f) 2(10)
1
2

Note that we can afford to absorb one singular factor ff% into sin[vrof%] at the
expense of a factor vty which we can afford on account of the weight 82(o) and
o = 719. Then we further divide into the following cases:

(1i.a): Imbalanced frequencies 12( ).f « 7. Here we absorb one factor £~ >
at the expense of vty and by switching the orders of integration we perform the

&-integral first, which leads to a factor

A(70) 2 i
(0_) ( )f |i2<(:.))§ n TOﬁv(a-)n

Including the extra factor n% here into the B-integral, we then reduce at fixed time
o = 19 to bounding

0 FC e mo(n) 43 (o) 02 (D)
(o) [ st
° ;2({0))5«77 /12(0)5_ 2(r0) p2(n)
| (7 2
Ui 2Sllfl[/l(d)nzf A7 )du]XI(ﬂz((;))ﬂ)\d’Y
© (o) (o)
<TOﬁv(0-)L (7o) (77 szz((;;))’l ‘ 1( (To)n)‘
(o) (o)
12 o d
+ Xﬂ(m)) [/12(7'0) 2| ( (To)n)\) n

Using the Cauchy-Schwarz inequality, this last expression is then bounded by

CAo) s (o)
Toﬁ%(g)ﬁ) /1(70)(77 X;;ég)n ‘1(mﬂ)‘
(o) ! (o)
7 g e b Gy

2 g
S () () bl

Inserting this bound into the preceding, we finally arrive at the o-integral

(o)

bals, [ wofbto) ()" e 5 .

T0
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2
(1i.b): Balanced frequencies ﬁz((?))f ~ 7. Using the assumption & < 1 underly-
ing case (1i) we get here

el 3 A2 (10)
pr(n) (o)
and further due to [28]
A (7o)
F 2151
| (G & e 7| <
and the integral operator with kernel
2 T —4
F(58e, mp(n)yr
A2(19)
o) s

Alo)

is L?-bounded up to a factor Aro)” Furthermore, we bound

pi

,lz((,)f)p%(f)sin[vrogé]cos (10) fzg A~ (u) du] b /1%(0.) -
2(¢) £
(7.8)

This is almost L2 -integrable over & < 1, except for including an extra factor

2 0+ A
€% ~ () o)
S». Using the Cauchy-Schwarz inequality to handle the integral over £, we obtain
the same bound in situation (1i.b) as in situation (1i.a).

‘X§<l

ESN
&
D=
—~
~
(=)

which we can absorb into xl( n) due to the definition of

(li.c): Imbalanced frequenczes § » 1. Here we can no longer absorb the

TO

singular factor 77_’ into F ( e

f 17) and so we have again to take advantage of the
Alo)

cancellation condition satisfied by x1 in order to not lose a factor ro)” Specifically,

we write
2 T L
F(SSe npt(n)  F(Rg 00 (n) N
= 2
A2( TO)f /12(7'0)6 ( /12(70)6) 77)
/]2 O’) 77 /12(0-) /12(0-) (7 9)
F(/SZ((Z_))) g’ O)TI—% 1 1
= ; +0(——)p2(n) + O(n?)
A (TO)g A (TO é:
2(0) (o)

for a suitable constant c.
Substituting the first expression on the right into B(7y, 0, &) leads to the expression

( (TO)g 0) AZ(‘T))f B (o)

3
Sg Joo i)

ﬁw>a@wwngwwwﬂ(ﬁw>
X1
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and we split the integral into
27 . =~ (O —
2 (o) 4 o) sinfA(o)E A7 W) du] (o) .
3, P </12( )77) 3 X1 2 )77) n
0 /12(7'0) T0 n4 T0
(7 Ae) o) sin[Ae)n? §7 A W du] (o) . 1
- 0 /li Y (/12( )77) 3 xl(/lz( )77) n (7.10)
Z(To) 70 7’]4 )
(o) 1, (o) sin[Aem T AT W du] 2 (o)
") 26, 53 pz(/p(T )'7) 3 xl(/lz(T )'7) dn (7.11)
g€ A2 (10) 0 n? 0

Then proceeding as at the end of the proof of Proposition 3.1, we have

| © 23 (0) %(/12(0.) )sin[A(O')ﬂé S(TTO A~ (u) d”]x (/12(0') ) |
0 /l%(ro)p 2(ro) " 7t )
S O’HX] HSz'

For the second integral expression above, we obtain using the Cauchy-Schwarz
inequality

| foo /1%(0')'0% L), sin[ ()3 {7 AN w)du] L) i
1
A;Z((T:;f A3(rg)  A(70) 7 (7o)
A0) 14— 1)
Qi) € Il
It follows that substituting either one of
(5%, 0) F(42,0
/12(0-) f

(o)
for B(ty, 0, ¢) and using (7.8), we deduce the bound

© ) o (0 PHEREE) ph(e) sinfyrot] cos[A(ro)et §T A (u)
| S0 | e :
o A2(0) 0 px(§) &
- B(1, 0, &) dédo

< Hxl HSZ LO [log TO//ll((Z('))) o+ VT00-*2( /l((:(;)) )()+] do < 0+ Hxl HSz'

Further, substituting the error terms

P

O(~2—)p* (n) + O(n')
(7o)
/IZ(O-)é‘:
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(j;’;;sn) ()
2( 0)
(o
handled just like case (1i.a), and we omit the details. This concludes case (1i).

in (7.9) for the factor inside B(79,0,¢) leads to terms which are

(1ii): Contribution of B2(0)KeexO) (0, &), high frequency & > 1. Proceeding in
analogy to case (/i) and only considering the contribution of xi, i. e. the second
term in (7.6), we need to estimate the expression

JOO A3 (10) 2 JOOXplPé(fz((?))f)pé(f) sin[vroé?] cos[A(7o) fzg A~ (u) du]
70 /l%(O') o p%(f) g%

B(7o, 0, &) dédo,

where again

B(19, 0, &)
2 2
joo F(/;z((?)f, ne(n) ,1%(0-) P% (//:2((:))) n) s1n[/l(0')n% S(TTO A~V (u) du] (o) \d
= X1 n)an
0 fz((?))f —n A(r0) pi(n) T (1

Here we split into the following cases:

(lii.a): intermediate output frequenczes f < 1. In this situation, we have

1 2(z9)

pz(ﬁ(‘;(.))g) N 1
= ZT 1 7’
PO (i

and so we reduce to estimating

© A(t0) o Sin[VTof%] cos[/l(‘ro)f% S(Tro A7 (u) du]
LO A(O’) ﬁv (0-) J;) Xﬂﬂ(("') >&é>1 f

B(1o, 0, &) dédo

To control the inner integral, we divide into cases (@) - (y) concerning the integra-
tion variable 7 in the formula for B(1g, 0, ):

ﬂz(To)
(o)

(lii.a.«): O)f « 1. We pass to the new variable n =
£« 1. Then we get

i1, so here we have

B/lz (To)f«?] <T07 g, é:) :

2(0) ¢
2 2(10) oy L, 2%(70) »
0 F(/}lz(?)f’ ﬁz(?)n)/ﬂ(ﬂz = ]7) /l% o s ,
- [ EaE FO D ot [ 4 ) dulo ) ()
© oakEat A .
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Then we get the bound

* Alo)
|Bﬂz(,0)f<<n(7'0,o-,§)| SJ X 2y -

2(0)° € 20 <l /l(TO)

Note that for the first expression on the right we used that for 1 < ¢ « 7, o = 19,

B(10) » 2%(10) 2(10) ~
Yoo | (/12(0(.) & /12(0(-) ) (/12(0(.)) 77)| - /17(7'()) _
R(rg) 2(z0) ~ ST :
o AN R etk 23 (o)

It then follows that we have the bound

‘BJZ(TO)

2(o)

A 1
(t0,0,8)| < aé;)ﬁ”Hxl ls.,

£<n

Inserting this back into the full expression furnishes the bound

© Alro) o sin[vrog%]cos[/l(ro)ﬁ S(TTO A (u) dul
o o
’ J By J ?2<(T j-e>1 g
. B/fz((-:f)) §<<TI(TO’ g, év‘:) dé:do-‘

sty [,

(lii.a.p): %f ~ 1. Here we bound (note that here we have < 1)

(7o) N 1
|F(—5 = &mpz(mn 2| s v,
(o)
as well as
L1 A2 (o) (o) A2 (1) A2(o (o
302 (S (=] S 13 1 (5=
A(1o) (7o) A2 (or) (7o A*(10)
It follows that
A(70)
<
B, (0. % Ll
and then using Cauchy-Schwarz we infer that
© A(70) © sin[vroét ] cos[A(o)€2 Sfo A~ (u) du]
], T8 ), xoe e
o 0 /12(1'0) > é:
By, (10,0, &) dédo|

2(o) ©

S To_1 Hxl Hsz'
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(lii.a.y): /12 ( §~‘ » n. Here n < 1 is again in the singular range, and one con-
cludes this case Just as in (/i.c) earlier.

(r0)

(1ii.b): large output frequencies /12 > 1. In this situation, we have
(o)

2 T
p: (/}12(((:)) & (1)
prE)  A(0)
and so we reduce to estimating
2(10) 5, o [© sin[vro¢2] cos[A(70)é2 §7 A~ (u) du]
J ( IBV( ) J /l (0’) <& 1
70 0_) 0 2 &z

B(1g, 0, &) dédo

Again one needs to split into the sub-cases (/ii.b.a) - (1ii.b.y) in analogy to the
preceding case (/ii.a), and since these are completely analogous, we only treat the
case (/ii.b.a) here:

2
(lii.b.2): 1 < 12(7")5 « 7. Note that in this situation we automatically have
22 (To)
()
then

> 1 (enacting the same change of variables as in the preceding case), and

3
A2 (o)
B (t0,0,€)| < &
| 12(;)) £« | A2 (1)

Hal,

which implies that

© 2(r) o sin[vmg%] cos[/l(To)S% Sfo A (u) dul
2o ),BV( o) . X 20 T
0 2(zp) 62

B(t, 0, &) dédo
-1
STy Hxl Hsz'
We have at this point finished controlling the cases (/i), (1ii), as far as the con-

tribution from x; was concerned, i. e. the contribution to 82(0)K..x? (o, &) by
the second term in (7.6).

(1iii): Contribution of ,BV(O')WCCZ)(TX(O) (0,€) to
0 %N <(1) '
’ f (:0 Ax; )(f) Sin[VT()fj] d§|
0 £l

Here we trade in better regularity of the expression defining K..Drx(? in terms
of 17 for the weaker weight function 8, (") which only decays like o, thus barely
non-integrable as & — 0. However, it is straightforward to check that in the
analogues of situation (/ii), i. e. the high frequency case £ > 1, one always obtains

bounds involving [T (( ))]K"o'_1 for some ko > 0, and these are integrable over o
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In fact, this is also the case in the analogue of case (/i.c), i. e. the case & < 1,

/l (TO § >» 11, where this time we obtain (up to better error terms) the expression

R(o)  cos[A(o)? §7 7 w)du)  22(or)
L) o A3 (rg)  A(70) 0 2(70)

and therefore (recalling ¢ < 1 in case (/1))

2(xg) 3 Lo 1
2 € A3(0) 1, 2o) cos[A(a)n §o A w)du]l  22(0)
2 d
| 0 /l%(ro)p (/lz(To)n) ni xl(/lz(ro)n) gy
S €% xls,

and the corresponding contribution to

bounded by

’ SOO M s1n[v7'0§ dé ’ is seen to be
{;’4

A(0)

It then remains to treat the analogues of situations (/i.a), (1i.b) from before, where
we do have to argue slightly differently, and in fact use an integration by parts trick
to reduce to expressions essentially as before. Thus re-defining for our purposes

Sl | Gpe)do s I,

2 2 2
o P50, Lo o)) 2
(@)% (o) 2(o) O A(T0) o
B(tg,0,€) = J - Dox a, d
(0,08 = | — (D) (0 T ) 47
2 T 2 T ~ 2 T ~
foo F(/1 (( 0))6’ //112((0(.))) U)P(/}lz((;)) 77) p ( (0)( /12(7'0) ~)) i
) =1 T )
-+ error
which corresponds of course to (chi)gx(o)) ( /12(( 0)) £), and where the error term

accounts for the discrepancy between D, and 0, — 28, (0")é0; and can be handled
like the previous terms, we can then bound the expression

* 23 v p e ph (&) sinfvrogt] cos[A(ro)éd 17 A (u)
f 3(T0)ﬁy(a)j Yea1— D - - e
o A2(0) 0 px(é) &t

Bmgq](‘ro, O’,f) dfd(r,

2(o) °F
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via integration by parts in . This in fact either produces an additional factor o'

or else (when , hits cos[A(0)&? §7 47" (u) du]) an additional factor

A(7o)
A(o)

£2.

. . . 1
In this latter case, we thus gain an additional term &2, whence we needn’t absorb

any factor into sin[vmf%] as before, and the additional factor 2™ when com-
A(o)

bined with the weight 8, (o) is now integrable. This completes (1) of the proof of
Lemma 7.3.

(2) Choice of A):c . Here we shall pick Ax = oF (Yr<cr,®(R,0)) for suitable
a € R. We easily get

—

J © (o a3 ()
0o ¢

H(O Axl

=

sin[vrof%] dé ~ ary,

o | —

while we also have

0+
G’TO .

s =

In light of (1), there is a choice of a with |a| < TO_ , and such that the conclusion
of the lemma is satisfied. O

Step 4: Establishing the bound (7.4) for Ax(>l ) Here we prove the bound

T

sup (—)re<iax (.6, + 59 [re<1 - 822(.8), 5 [ (x0.x0) g+ xa
T=2T0
(7.12)
with AxSZ defined as in the preceding step. Thus
1, 2(~) . |
© 25 (1) P2 )6) 17w d 2
1 A2 (1) P2p(5y6) sin[A(1)é2 §7 A7 (u) du] (1)
o) = - [ 200 1 Rier ) (G556 do
r A2(o)  p2(8) & .

Writing as before R(c, x(0) = R (o, x(V) (&) + R, (o, x((io) )(€), itis then straight-
forward to check, exploiting the exponential decay of xflo) (Lemma 2.1) as well as
the fact that R, (o, xgo))(f) is smooth and rapidly decaying with respect to & ([28]),

that the contribution of R, (o, xflo)) to (7.12) is in effect bounded by < 7 xo4,

which is better than what we need. It thus suffices to consider the contribution of
R (o, xV) (&), which we again split into two main contributions:

Step 4(i): Contribution of B2(0)K..xO (0, &) to Ax(;z (1,&). In light of the defi-
nition of the norm || - s (see (3.3)), we have to estimate the following expression

=
—~

; A2(7) . 1
Q0 3 2 g 2 st ’
‘§o+f /lz Atk . JsinlA(r)¢ STl/l () d ]ﬁy( )K. ccx(o)(O',/lz—(T) d0'“L2 (e<1)
t A2(o)  p2(é) &2 ! (O-)
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We follow roughly the steps in the proof of the preceding lemma, dividing into
the cases (4(i).a) - (4(i).c). We use

for ¢ < 1, o = v. Then expanding the term Kx0) (0, &) as before and only re-
taining the contribution of x; to x© 1. e. the second term on the right of (2.12),
we quickly consider the different cases, referring to the algebra in the proof of the
preceding lemma:

(d(i).a): &- % « 7. Localise £ - % ~ 27, ~ 2K, s0 that 2’ « 2K. Then

we bound

L 2@ 1
o0 % 2 5 é_‘ . 1 o -1
Ak = J /ls o) By(o)x 2) ,p (ﬂl ) ) sinfA(r)¢ STl A (u) du]
T A2 (O—) 2 (o) p2(§) é—‘z

- B, ok (1, 70,0, €) do
where we have

B, ok (1,70,0,€)

- foo (ﬂz(T Emp() A3 (o) P%(jzz((;))ﬂ) sin[A(o)n? () d”]x (o) \d
0 TR T W) o) 7 ()"
Estimate (for o > 7),& < 1)
3 % (1) Leo 1
| A3 (7) P (o) 8) sin[a(r)€ §7 a7 (u) du]‘ A
Bo) pHe) ¢ T Al
Then fixing 7, o for now, we get
or A2(7) Pi(;zz((ﬂ)f) sin[A(7)é2 §7 A7 (u) du)
Hg ,8 ( )X/l (T)f 2] 1 1
) 2@ p2(€) &
- By ok (7,70, 0%€) |{L3§(§<1)
0 o) P D) sin[A (o)t 1 A )] 2
éJK)f . %/1(0')'0 A(70) 0 (o)
Tﬂv( ) ‘ 0 Xn~2KT] /I%(TO) p%(n) 7]0+ Xl(/lz(TO
A
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It follows using a simple orthogonality argument that
3 1 . 1 —
|y e (1) P> (o)é) sin[A(1)é2 §7 A7 (u) du]
1

3 l(T) 1
J<K /h 0') 2o )‘f ~ Fﬁ(f) &2

- B, ok (1,70, 0, ) HL§§(§<1)

A) |25,
< Tﬁlz/(a-)(/l(‘('o) 26 H 1”52
We conclude that
_ “ A7) (a5,
7" J;KAJW e<1) S (L PN e )l
A7) 126
S (m R EST
(4(i).b): diagonal case f ;)) 1. Here we bound
/12(7') |

!F(ﬂz(a)f, mpmn 2| < 1,

and furthermore we have

L2 (o)
{pz(/lz(TO)n) (/12(0-) )|
X1 n
pr(n) A7)
3 A%m), L) B@) y )
SX 2 X1 n X 2 n-\x n
e Maz(o) A*(10) Tz A2 (19) A2(10)
and then we get
2 2
o foo F(3&mp) 23 (o) £} (riedn) sin[A()n? §7 47 (u) du] L) |
T —n L) pi) ! G
A7) 1y, Alo) 250
This in turn furnishes the bound
1. 22(7) . o o
o [ 220 g o) sl & 471 ]
© A e) T prE) ¢t
-B 12(1) (1,70,0,&) dO’HLz (e<1)
e (o)~
A7) 200

S (/I(To) ” 1”52

(4(3i).c): off-diagonal case &- /12 ( » 7. Here it is again the cancellation property
of x; which plays in prominently. As this is the direct analogue of case (/i.c) in
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the proof of the preceding lemma, we shall be correspondingly brief: first, we may
replace the kernel function

2 1
F(3 & m)pt (1)
(1)
/12(0.)é‘: - 7]
F( 22(7) £0)
by %n_% up to better errors which can be handled as in the preceding two

2()®
cases. Then we reduce to bounding the expression

|§_&%j“’ﬁhjﬁ2<)Shﬂﬂ@7§5ﬁTﬁ_%u)du]F(ﬂééfJD

o
o) ]
(o) & £ (J)g
© (o) sin[/l(‘ro)ﬁgfrO Yu)du) |
’ J;) /l<TO f]% (ple)(rl) dnHsz(f<1)
Then note that since
s o) B(r) . (1)
1= )" Bl B0~ )

we can absorb the extra weight &% into x; at the cost of a factor (/1/1((70)) )%, and
then the argument used to prove Proposition 3.1 in conjunction with a simple or-

thogonality argument yields

. 1 co _ ()
|gmfwﬂﬂﬁ(meﬂ&&ﬂ‘@ ]ﬂﬂqim

y\o
(o) ¢ St
Oo/l(r sin[A(o)77 §7 4™ w)du]
JO /l f]% (PZXI)(’I) dnHLﬁf({:<1)
<( A7) 200

<G| 12 ado)l\xlusz

This concludes Step 4(i).

/1(7.0) HleSZ

Step 4(ii): Contribution of B,(0")Kee D x (0, &) 10 Ax(>T (1,&). We again limit
the estimates here to the contribution to x(©) by x;. In light of the definition of the

norm || - |5, we have to estimate the following expression
© 23(r) P (5228 sin[a(r)ed 17 A~ (u) du] 2(7)

e f ; 1 : Bo(0)Kee Do x®) (07, 25 6) dor| 12
P @) P ¢! £e)

We divide into cases (a) - (c) as in the preceding.

2 (6<1)
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(4(ii).a): ¢ - /12 « 7. We have to perform an integration by parts in . Use

2(r F(£3¢ 20 (53 h) 2

KeeDo (0 22 ((0')) ) = L Af i = (D) (e 2 ((0')) nn
( ‘r) f /1 (T ﬁ) (/12((7')) ﬁ) /12 (T)

= O (e 7)) diy

+ error,

with the term ’error’” again coming from the difference D, — (05 — 23, (07)é0;¢) and
hence being treatable like the contribution by ﬁ%(a)?(ccx(o). Then integration by
parts either produces an extra factor o~ ! which transforms the term into one of the
type considered in the preceding (in the situation (4(i).a)), or else one replaces

1 (u) du]

1

sin[A(7)é2

‘f‘ocf;/a

D=

by
(o

cos[A(7)é? J AN (u) du]

T

A7)
(o)

But then if one proceeds as in case (4(i).a) above one obtains the bound

o+ [ L) p%(ﬂ(g)g) cos[A(1)&2 " u) du) By (o) Koex O (o £
! o) e e J, i oo
<Pl [ 45801 G do < (G

2 T
@Gi).b): & 5 (<O_))
then proceed as in (4(i).b).

(4(ii).c): & - 22 ) » 1. Here we still integrate by parts with respect to o but we
need to combine the oscillatory factors correctly. Specifically, write

£

(0)
KDsx" (0, o) £)
in the form
OoF(AZ((T))f,n)p(n) /l%(o-)p%(jzz((;))ﬂ) L 2(c)
| ADE T oot [ a7 ) du (s o)
0 LWy () pi(n) 0 (7o)

(o)
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which then gets localised to (with a smooth cutoff y 2, - say)
> 2(0)

JOO F(Z6me) 23 (o) p%(%n)

0 Xf j ((T)> >n (T) ‘f n A

(o) p2(n)

NI

o 2 o
costaont [ 47!yl (5 )

70 A (TO)

(o)
A2(19)

and re-write the integral in terms of the variable 77 :=

L U A (1) du]

with the outer oscillatory factor sin[/l(r)fé §7 A7 (u) du], resulting in an expres-
sion which is a linear combination of exponentials with phase

A1)é f L) du + Ato)7? J " () du,

T T0

n. Then combine the
oscillatory factor

=

cos[A(1o)7

and perform an integration by parts with respect to o~. We gain an additional o'
(1) 1—

/12(0—) ]

a gain from the f-integral. The details here are then just as in case (4(i).a). This

concludes case 4(ii) as far as the contribution to x(9) of the second term on the right

in (2.12) is concerned.

at the expense of an extra [£ - ! which however gets compensated for by

(1)

The preceding concludes the estimate for supT>TO(TO —0+ ||)(§ 1AXL (T, H s,

One argues similarly to get the desired bound for sup - . || Xe< 1D,Ax(>7 (1, H S,

Note that the loss of (- )2‘50(1” ) for the former expression comes from the sin-
gular weight £70% in conjunction with the singular factor

sin[A(1)é7 §7 A1 (u) du]
£
which just barely fails to be in L2 Applying D, de-singularizes the preceding

term, whence no loss (+ )250(1+V_]) results for |‘X§<1D7Ax(>T HSz

Step 5: Control over the initial data (Afc(()l)(f), Aigl)(f)). Here we prove the
estimate

(855" (). 83" ©) 5 = |0, x0)] 5 + [odl-
~(1)

Observe that in light of the definition of (A%, P! )(f) A%)(€)) preceding the state-
ment of Lemma 7.3 and the preceding Step 4, 1t suffices to prove the high frequency
bound

bres1 (a5 (©), a5V () | < [ (xo.x0) g + |0d]-
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Also, we may immediately reduce to the contribution of the continuous spectral
part of the data (xo, x1 ), the discrete part again being straightforward on account if

its exponential decay. We consider here the term Ax( ), and more specifically the
contribution of the source term x; via (2.12) to it, the other cases being treated sim-

ilarly. As before, we split the term R; (o, x(0)( Az((m)) £) involved in the definition

of Afc(() )(5) into two parts, by invoking the schematic splitting (7.5):

Step 5(i): Contribution of 52(7)K, K.ex9) . Thus, to begin with, we need to bound
the expression

‘<§>1+f /;( 0) P
where we put
B(0, 70, €)
foo F(5 (((,))f mp() A
o 42((70)6 n A
(5().a): 4, T"))g « 5 < 1. Here we get (in light of £ > 1)

8=
—~
32
™
~
2]
—-
=
—
&
—~
~
(=]
~—
N
=
—
9
&~
L
—
<
~—
(MmN}

u
ﬁ%(U)B(U,TO, dO'HLz (1)

o PG €) sinlalé! §7 4 w2
pr(¢ &1

Furthermore, we have in our current situation

S

wme—n pr(n) n?

(r0)

into account, the L2 integral leads to a gain of
(o)

3
Then taking the factor M3
A2

/1(7—0) +|
o)t e

(o)

whence to a gain of ( A((‘T)) )250772 *, and so we reduce to the n-integral

1 /12 1460) ( ) /12(0_) 1 1 /12(1-1-(50)(0_) 1 /12(0_)
(3 n)dn=f ) nor n2x1 (=5

) ( ) [;2((0'>)]71 /12(1+50)<T0) A (To)

70

n) dn,

L) " A2(1H90) (7
A TO

which via Cauchy-Schwarz can be bounded by

1 n AZ(]—I—(S()) (O') 1 /12(0_)

’ 77_2+ nz_xl(
e R0(r) " ()

(/1(0) 260

n) d”‘ S /1(7.0) Hx1 HSZ
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It follows that the full expression is bounded by

(L) (%)25",&/( dO‘) }|x1 ”s STy ||x1 ||s2

(5(i).b): f}(’;))g « 1,7 > 1. Here, we use

PH ) sin[a(ro)é} 17 47 W di] (eo)

1+ 0 < —1 20+
O e & 1< Doty ¥
/12(‘1'0) 1.1
+[ 13677 x ()
2%(0) /32(0)5
and also (under our current assumptions)
F(/IZ(TO) ) ( ) %(/12(0') ) . Lo 5 2 2
| 2(0) & np(n) p ,12(70)77 Sll’l[/l(O')n2 S‘ro/l (I,t) du]| < </l (T0)§>_2 _2[/1 (O')
) L) : T 2(x0)
/lz(o.)f n p2n n
Then we observe that (recalling 1+ = 1 + 69, 5+ + dp)
3 3
/lf(T()) /12(7'0) 4 /15(‘1'0) /12(T0) 2 /12(7'() 11y
ig£2
o) 2@ ¢ *emeali t r o) 1 @ e ey
[A(O-) ]250
(7o)
while also
3
1 2 A2(0) (o) A(T0) 260/ \ L
dn| < ofl¢. N2t
| T ey ) 3 Gy IO 1l
In total we bound the preceding case by the expression
A(70) 1 N
26 26 1
s [ B P GEPIO e <5l

(531). c) z (TO f ~ 1. Here we reduce to bounding the Lif—norm of the function

%(10) -1
X A(70) L0+ ( @0 &M (o) x1(/12(g) n)dn
l T
PRt A)T e Sle gy () A )
%(r0)

(1) s Firgén 20)  Plo

txe Rl (o) 2+f ey pHE )x1(/12(7_ n) dn,
2(o) ™20 ¢ /lz(o_)f—n 0 0
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where we have omitted for now the o integral, as well as the weight 82(c). Then
for the first expression observe that under the localisations there have have

/12(‘1'0) 1 1
F 2| < n2
and so we find
/12(7’()) _1
H A7) o F(Zoyémn 2 2(0) (/12(0) )i
¥ e X1 n)an
12(< 0))4:<1 Ao) "~ :2((70))5 /,1122((:))ér - A(t9) 2%(0) e

A@) 250/ 1L
Y
= (/I(T )) ||<> xl”Léq
For the second integral expression above, one gets under the localisations indicated
there ) )
A%(10) .1 A%(10) A(0) (s A(T0)
St PGy eml s ()™
(o) () A(ro)"  A(0)

and since also 7 > 1 one gets the same bound as for the preceding term. Then
performing the o-integral results in the upper bound

© Ao
bals, [ (G i) do < 53" by,

(53).d): /12 f » 1. Here we again take advantage of the vanishing property of
x1. Use the same decomposition as in preceding case splitting into the cases
2 2
(To)g -1 (10)
(o) (o)
Both are handled similarly, so we consider the contribution of the former case.
Write (under the current assumption on frequencies)

&> 1.

2 T ES T

FEREne ) FERHE o oLy omh. @)
2(r =c¢ 2 nt). .
//112(((:))6 -1 /12((0.))5 /}12((‘;(.)))5

Inserting the error term at the end into the first long expression in (5(i).c) and

A(o)

evaluating the L 1ntegra1 gives a factor ( ))250 and reduces to bounding the

Ao
integral
(o) i1 22(0) (o

n 2 ( m)xi( dn
’ 0 Blr) L Blw) (o |
< A7) (25,
< ( |,

A(70)

The integral over o is then again bounded as in the preceding case.
2 (x9)
F( 2(o) E0)n™ 4
2(xp)
2(0)

This reduces things to the contribution of the principal part ¢ (in lieu
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of the expression on the left in (7.13) ) , which is the expression

(1) S
/l(TO) O+J‘ F( /12(0(?) f’ O)TI 4 /l% (0’) %(/12(0-) )
X 2(x) p n
AN e e Am) )
. Leo j_1
sin[A(o)n> §7 A7 (w)du]  22(0)
: T xi(ym i
nz (70)
But then extending the integral to the full range [0, 00) up to errors treatable like in
2
(5(i).a) - (5(i).c), and then performing the change of variable 7} = /’;2 ((Z))) 7, we are
led to the expression
. ~Lleco 51
A © (o) sin[A(ro)72 §; A7 (u) du]
Yo, G [ 2D ’ (o 1) (@)
<t o) o A(7o) 7

However, the bound

(p?x1) ()dit| < o|xi g,

: L1 _

| JOO A(o) sin[A(zo)2 §7 A" (w) du]
o A7) 7
is not quite good enough to handle its contribution leading to a divergent integral
in 0. Here note that if we restrict further to

/12 (T 0) f <o 5

()
for some 6 > 0 (but large in comparison to 6p), then we still get convergence as we
gain o3 from the Lﬁg—norm of the output. It follows that one may reduce to the
contribution of

/12(‘1' ) 1
Ar0) o f FEt O o) |\ Bl
/\/ s A2(x -7 N p 7]
TR <1 A(0) < A;Z((T;)))f A(rg) (7o)
SiIl[/l(O‘))ﬁ S:; ﬂ_l(u) du| /12(0_)
’ X

T 1 /12(70)") n

To avoid a divergence in the eventual o-integral here, we have to keep track of all
oscillating factors, and in particular the outer one which we suppressed until now:

o

sin[A(zo)&* J A () du].

70

22(0)

Combining the two oscillatory phases, passing to the variable ij = % L and
performing an integration by parts with respect to o then results in a gain of
2 (10)
-1 —1 o o1
o ol s

and so we again win provided 6 < 1 and 1 — ¢ » dy.
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This then concludes controlling the contribution of the source term (o) K x()
to the estimate

‘LV§>1 Axo ’Axl Hs H xo’xl)Hs"'

Step 5(ii): Contribution of B,(t)K..D-x?). This case is potentially delicate
since we only gain one power of ¢ here, but expect to lose small powers of the
form (%)250. However, we then do not lose a power of o as in case (5(i).c)
before due to the less singular nature of Dyx(?) (one gains a factor n%). In fact,
using an integration by parts argument with respect to o as in case (5(i).c) before,
one easily disposes of the cases

(7o) (7o)
20 <" 20)

This then reduces the contribution of the term 8, (o) K D, x0 to the diagonal case
2

//112((?)) & ~ n. Then, due to the vanishing and decay properties of the kernel F(-,-),

we may essentially (up to terms which are treated similarly) reduce to the case

2
/,112((?))6 ~ 1 ~ n. Thus consider now the expression

E> .

1 0 /12(7_0)
2+ 2 (1, S NPV
f (o) F(3 ((?ff ) %(/12((7) )x(ﬂz((r ) dndo]|
~1 A3 (1) /122(( ))§ 77p /12(7'0)77 1 ,12(7'0) Moz,

In fact, bounding this will then imply the needed bound for AX(()I ), By orthogonality,
we can equate this expression’s square with

(1,
2 H<§>2 f X 2(zg) Mﬁv(o')

2
>0 A(rr)f 1A%(0)

(
_ ! , 2%(10)
Z H<§> J # XA/ZZL: - —O_)ﬁv(o')

J=0

"1’7‘1l‘7'||L2 (e~21)

'f FUrén 2) (o)
n~1

2z 753
iz(((f))f—ﬂ (1) A (TO)
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T S (i) and

Then observe that in the above expression we have <§>2
furthermore, for fixed j, we have

(o) o Alo)  AT) s, o)1 A%(0)
2"~ 2 Ao o)) () 1 gy P i = 11k
Thus, for fixed j, we get
A(70)

kot [ memm@

~21HvTy (o)

dUdO'“L2

F(4 42((, D) R2o) | 2(0)
L . (£~2))

//112((: §—n 2(7'0))61(/12(7'0)

b HX;]~21'~X1 ||S2’

and the desired final bound follows after square summation over j. This finally
concludes our arguments for the bound

es1( A"0 ’Axl Hs | Cxo, 1) 5

and thereby the proof of Proposition 7.1.
O

In the following proposition, we shall strengthen the bounds of the preceding
proposition a bit. In fact, this will be necessary to finally arrive at a framework
of estimates which we can perpetuate across the iteration. The norms involving
square-sums over dyadic time intervals shall be the key technical device allowing
us to formulate the correct inductive steps for the iteration.

Proposition 7.4. Using the same terminology as in the statement of the preceding
proposition, and also recalling (3.3), we have the low frequency bound

AUt 1
S LIS
NZT() ™

N dyadic (7.14)

< | (o, x1) | + [xoa]

Moreover, recalling
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we also have the high frequency bound

A 1 - - 1
( Z Su}\)](,l((;)) )4t D, [Ax(l)(r, & -8 (T)(Ai(()l), Aiil))] (7, ')||if,§(€>l)) i
NzT1g ™
N dyadic

< | (o, x1) | + [xoul (7.15)

Proof. We treat the low frequency estimate and the high frequency estimate sepa-
rately:

Step 1: Proof of (7.14). Recall the representation formula

axl)(z,8)

© 23(r) P (3238 sinA(r)ed 17 A~ (u) du] 0 2(7)
= — - - : R(o, x &)do
J o) phE) ! 720 ?

and furthermore the splitting

R(7, x0)(€) = Ri (1, x0) (&) + Ro(7, ) (&)

as well as the schematic decomposition

R (7, 0 )(€) = ﬂg (T>7(ccx(0) + ﬁV(T)(](CCz)Tx(O) + Bg (T>7<c2cx(0)'

The contribution of the exponentially decaying mode R, (7, xfio) )(&) is again straight-

forward to handle, and so we focus on the contribution of R; (7, x(%))(£). Here we
shall consider the contribution of 8, (7) KD, x(), that of 82 (7)K..x?, B2(7)K2.x)
being similar. Also, we shall only consider the contribution to x(©) by the second

term on the right in (2.12), as the first term is handled just the same.
Then write

A(7)
) (Ko Dox) 0 S5 58)
2(r) s 1)
_Be) JOO F(/ljz(g)f, ne(n) /lj (o) P (,IIZ(TO)U) (7.16)
0 /12((;))4: —n  A(10) p2(n)
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Also, use that
Deax)(r.8)

_ wﬂ;(T)p%(ﬁ(gf)cos 7 0y @)
-, o) g J, 4w <O

and we replace R(o, x % )(/’:22—(5))5) by B,(0) (’ch@ax(o)) (o, mg)

(1i): )2 U_)g <1, 5 x ((‘T))n < 1. Here we get

; 1. 2%(0) 1. 2%(1)
) & Gt o) @ 270t )
V(w) pim) AT Ae) pie)  Al)
The Lj,-integral furnishes a gain of (;22 ((;)) £)7F which offsets the loss from p(7)
up to 77°F, and the n-integral, handled via Cauchy-Schwarz, furnishes a gain of
2
nﬁ < (jz((;)))fﬁ In total, we gain
e
[/I(TO)]I— . (/l(T) )1 772+
A2 —-L
1w ey (e

Here the weight [ ((T 0))] is much better than the required [’;((TTO))]Z‘%, which then

also ensures square-summability over dyadic time intervals.

(lii): § «n, /12(( ))77 > 1,17 < 1. Here we have

L 2(0)
() P2 G (o)

| (r0) pim) A7)

The Lﬁf—norm of the output again gains |

[SI[%]

A
A

(1

A3 (o)

£]2+, and so the expression (7.14) in

: (o)
the present situation gets bounded by

T “ ! (o) 1 2o
(% s [ o) [ o0 4Dt (Do anaor )

=

= A(10) . 0 A2(19) A% (7o)
N dyadic
(7.17)
Using the Cauchy-Schwarz inequality and the definition of the norm | - |s,, we
have
1 2 2 .
o (o) 1 A% (o) A(70) 26 i
0+ 0
n n2xi( n)dn < 2% |y 2w X
L /12(.,.0 /IZ(TO) (/1(0') ) ;) H .~2zﬁ Hsz
A(z o)

26 L
<G (D2 sl

Jj<O0 22(xp)



56 JOACHIM KRIEGER

It follows that (reiterating Cauchy-Schwarz)

2 o 1 2 a
J By(o J ~0+ >775x1(/l( )n)dnda]2
70

2(19) A%(7o)
A(70) \ 450 A7) 2, . 5
<G I G (2 kg k)

M dyadic

and so we can bound the square of (7 17) by

Z Z sup sup ( 260 222 g 2,4%) xl”sz)

Nzrg MzN T~No~M /l j<0 2(xp)
N dyadic M dyadic

This last expression is bounded by < ||x1 ||§2 by a simple orthogonality argument.

n = 1. Here (7.14) is easily seen to be bounded by

(7) yasoy [ ” _2,12(0)x (o) e
T0)> [L BV(‘T)L T B0 1(/12<To)n)dnd 1)

(2

NZTO ~N
N dyadic

This is handled by analogy to the preceding case, by localising 7 to dyadic size 2/,
j>0.

2 T 2 o
(Liv): jz(((r))f ~1, %7] < 1. Use that

0 PG D ot st < (A
in this case(provided we choose dp small enough). In turn this implies that
pm— foo F(%ZT(%S P )433(0) pé(ﬂ?((;))n)
@ s A(r) p2(n)
- cos[A(o)n? f “u >duLv§(<;;>) (f((; >) n)dn| ;.
< B3 DT A (A,

and hence the corresponding contribution to (7.14) is bounded by

AT 1
<lals,( X w3 )! < fal,

Nztg T~
N dyadic

2
((O_ ~ 1, 12((0))17 > 1. This is similar to case (/ii). One can absorb an

extra (5 (( 0)) 1)+ into x;, which results in a gain of [A((TO)) ]?% when combining with

(1v):




ON STABILITY OF TYPE II BLOW UP FOR THE CRITICAL NLW ON R3+! 57

the bound
A%(7)

UW;ZE£UMWHSH5

=

(1vi): jzz ((T))f » 7. Switching variables in (7.16) we have
2
< SEmp() 23 (o) P2 (i) o 2
J j (O—) /112( 0 COS[/I(O')?]% f — u > (0—)
0 ) f A2(10)  p? 7 A%(70)
T) ~ 2 T) ~ L
j j jz((g))n)p(jz((g))n) A3 (o) 3 (
0 é: - /l% (To) P

Then, returning to the full expression also involving the o-integral, we intend to
~20 Tn fact,

—~
~—

n
22(1) o
2((7-0) 77) 1 o 1

T cos ()it | A7)
i(/12(0. 77) 7o

~
=

Pl
~

~—

under the latter assumption, we write

cos[A(1)¢2 f " () du] cos[A(7)7 f A~ (u) du]

BI—=

o[ cos[A(r)ét f " () du £ A(0)7 f " () du

70

and so integration by parts with respect to o will result in a gain of o°~!. To con-

(())77><1

To bound the n-integral by Cauchy-Schwarz, one needs to pay a small power of
(o)
(7o)’

clude this case then, one again distinguishes between the situations

which is counteracted by the gain in o

2
This reduces things to the case 2 f < 0?0, Here an additional gain in o

42(
comes from the &-integral, which 1ndeed produces a gain

£

D=

Ao
7)

This suffices to absorb the factor ( (( ))450 in (7.14) and also to be able to square-
sum over dyadic time intervals. This completes the proof of (7.14).

Step 2: Proof of (7.15). Again we omit the simple contribution by the exponen-
tially decaying term due to xo,. Here we have f > 1 on account of 7 > ¢ and
&> 1 (recall the definition of Ax(!) from the preV10us proposition). We shall again
treat the contribution of x; and the source term ﬁv(0'>7<cc@(;—x(0) in detail, the other
cases being similar. Throughout in this case, we have

1

2 (1) P2 (;22((;))5) )
(o) pie) o)




58 JOACHIM KRIEGER

(f0r§>1 §<<77,T>0')

1 1 T 2(r Yo
wxaﬂ+ﬂé3Fg§é%ampmnsn—%ﬁQJ)z

due to the strong decay properties for F(-, -) for large variables, see [28]. Further-
more, write (forn > 1)

1. 2%(0) )

’/12

(o) PGy 2(0) A10) 26, A0) | 2(0) (1o (o)
T " G 2w G ety
Then it follows that
H<§>%+ JT A1) p%(j ((r)f) cos[A(1)¢? J(r A (u) du)B, (o)
wA3()  p(E) -
A(r
%0 OG5
A(T0) 260 X\ - A(N) !
s(/1(7_)) ;12 J(O—NZNsT /12() p” 1” %))
N dyadic

where S (7) is the propagator given explicitly by (2.12). In the last step we have
used Cauchy-Schwarz for the time integral. Then the desired bound (7.15) for
this contribution follows by square-summing over dyadic 7-intervals (after taking
suprema over such) and a simple orthogonality argument.

~ 1, & > 1,7 = o. Here the estimate is a bit more delicate, since
we only get

[ F( f;> |~ é+

on account of the bounds established in [28]. Then usmg another orthogonality
argument as in the preceding case, we obtain the similar bound

) P o
|®2Lf8 s costaelet a7 ) il ()

T
2

Do (S (0')(0,x1))](::2—

—
~
N~—

’ [Wﬂm

2 (o)
0)\ 260 i
272\ x 2
) j;) | 1H52('”2’,:22<(m)))

Then the desired square-sum bound (7.15) again follows from an orthogonality ar-
gument.

&~
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2
(2iii): jz ((;))f » n, & > 1,7 = 0. Here as we are in the non-singular regime for

the Hilbert transform type operator giving K., we can take advantage of the better
decay properties of the kernel F, see [28], namely

2(7) 2(r)
22(0) A2(0)

27'
K&%%ﬂ

&n) s (5=) Ve,

On the other hand, the 7-integral furnishes a gain of 7% [’;((Z))) ]?% for < 1. One
then easily infers the bound

|@Wj"mﬂ&¢8ﬂmwwéfl”wwww>
w (o) pHE) : '

(1)
: [7(32253 eon Do (S()(0,x1))] (& ) &) daHL% 1)
_ 2 0]’ 2 J —_— 7 ) > 2
S ( /1(7.) ) jEZZ:mln{ }( O-NZN:ST[ /l(T) ] ;EIX] ”)Cl HSZ(‘NWA;ZZ((TO)) ))

N dyadic

where M in effect may be chosen arbitrarily, but M = 1 suffices. Then the required
bound (7.15) follows easily from an orthogonality argument.
O

We have now almost concluded the treatment of the contribution to the first
iterate from the linear term R(7, x(*), except for the contribution to the discrete

spectral part of x(1). Calling this contribution Axfll) (1), we recall from (2.10) and
a straightforward bootstrap argument that it suffices to bound

1 1
,Hy(r,0) = _§|§d|_%€_‘§”’|2h_”|,

o8]
| Hatotter) do
70
where
fd(o') = Bv(a-)chcﬂax(o) + ,8%(0’)‘](010)((0) + ﬁ\zz (U)«dcwcx(o) + 7<‘ddx[(;)),

and x(©) here refers to the continuous spectral part of 5(0), while x((lo) refers to its
discrete part. Assuming the operator Ky, is given by kernel function K,;(n) and
again restricting to the contribution by x; to x() and the expression ﬁ%(a’)?(dcx(o),

say, we need to bound the absolute value of the expression

3 1. 2(0)

» 2 [P o) PG

J, Hot oo || s
syt §o, 4 ] o)
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Using
; 1o 2(0)
‘ﬂ;(g)pz(ﬂz(g 17)\ A(o) " (o) 5
SX 2w X 2(xp) n
(o) pr(n) L1 A(1g) | EE <1 2 ()
(o)
+Xn>1/12( )

and the boundedness and decay properties of K;(n) established in [28], and arguing
as in the proof of Proposition 7.1, we get

1

Wil pf(”fi? n, sinfA(ont T A w)dd] 2
[ &l DT o ke 4 (5 )
12 p7 (1) " (7o
Ao) o
S (/1(7'0)) o '3 )Hlesz'
It then follows that
o 3 ( )p%(ﬁz(" n)
T A2(10)
H K,
f d\T O-ﬁv( )L d(rl)/l%(‘ro) %(7])
sin[A(e)n? §7 A w)du] (o)
1 XI(/lz( T]) d77|
n2 7o

~

st s,

Similarly, one obtains the bound 7!+ Hxl H S, for the corresponding contribution of

By(0)KyeDox %0, Finally, the contribution of the discrete part xflo)

tary due to its exponential decay.

is again elemen-

Let us summarise the preceding observations in the following

Proposition 7.5. Define the function Axfll) (t) implicitly by the equation

ax)(r) = f " Hi(r0) - Rafox®) — ()00 ()] dr

where we set Ry(o, x0) = (R(c, x(9), ¢y), and impose the vanishing condition

lim;—, o, Axgll) (t) = 0. Then we have

“[axl (@) + |eraxl) (@[] < (o x5 + |xod.
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8. CONTROL OF THE FIRST ITERATE; CONTRIBUTION OF THE NONLINEAR TERMS

Here we show the following result which controls the contribution to the first
iterate of the source term N, (¢{?)), where we put

20— Re® = 0 f B(R.6)xO (r. £)p(¢) dé

and x(©) as before stands for the zeroth iterate given by Lemma 2.1:

Proposition 8.1. There is a choice of (A):c(()l), Aigl)) e S with

[aE, a8 5 < 75 1 (xos x1) 5 + [oal] (8.1)
such that setting f(t,&) := F (A72(7)RN, (€9)) (¢) as well as
axD(7,&)
T3 (1) p%(jzf;)ﬁ) sin[A(7)£2 §7 A" (u) du] 22(7)
_ f )" 4 d floy (S8) dor
0 A2(0)  p2(é) & (o)
+S (@) a5, a5y
we have the high frequency bound
Ie=1 (8xV (7, €), DoaxV (5, 8) | s 75" [|x0ox1]5 + xoal] (82

uniformly in T = 7, as well as the improved bound

(NE fEPd((To)) Jolez D [ax M (r6) - (Xﬁémﬁ%l)”“")”iﬁs@ﬂ))%
Nd;';gic

S ([

5 + |xoal]-
(8.3)

Moreover, there is a splitting

O (z,6) = axl)(1,8) + 5(7) (81 (€), 83V (8)) (8.4)
such that we have
sup (=) Jreciaxl)(n.&)[ + sup (— ) Ire<1Deax)(r.8)],
=70 10 (8.5)
+ (85,7 €), 857 €) 5 5 [ (x0,20) 5 + [x0al-

. (1)
The functions AXy |

sition 7.1 k = 2(1 + v~1)8¢. Furthermore, there is the following improvement:

AUt B 1
(% s Ayl 0 )

satisfy the vanishing relations (3.1). Here we set as in Propo-

e A y 5.6
< o[l eon ) + [rae]]

for some y > Q.
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Remark 8.1. Observe that in (8.5) we do not gain a smallness factor here, in spite of
the multilinear nature of the source term. This is due to the contribution of the term
E» in the statement of Proposition 5.1, which in turn arises due to the interaction
of the corrections u, — uy with the part of € which grows linearly in time 7, i. e. a
suitable multiple of the resonance ¢ (R, 0). More precisely, the lack of a smallness
gain arises for this source term in the low frequency regime, and only for the un-
differentiated output (i. e. without the ;). This will later ensure that re-iteration
of our modified Duhamel type parametrix to this bad term will produce better terms
with a gain.

Proof. (Proposition 8.1) This roughly follows the steps of the proof of Proposi-
tion 7.1, with Proposition 5.1 playing an important role. The choice of the correc-
tion term A):cgl) will be made when controlling the low frequency part of Ax(D so

we shall assume for now that such a choice has been made satisfying (8.1).

Step 1: Proof of the high frequency bounds (8.2), (8.3). In light of Lemma 7.2,
the proof of (8.2) will follows once we establish it for Ax(!) (7, -)—S (r )(Afc(l) A):cgl)).
Here we shall in fact establish the somewhat stronger bound (8.3) for the time de-
rivative of Ax(!), the remaining bounds being in effect similar but simpler. Then we
may invoke Proposition 5.1 where we find ourselves in situation (i) of that propo-

sition. Then it remains to distinguish between two situations:

(1a): Situation (i) in the statement of Proposition 5.1 with a source term of type
E,. Here we need to bound (with respect to the square-sum norm as in (8.3)) the
expression

Observe that (using 7 = o)

1 ZT 27—
Ol e < | 1igyo! <<E1<m ). ->>)<sz(a)>f>Lg§<f>ndv
< f z(:) 20 )||€< D12 ey do

< G5 *“‘JHEI@»HW o
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We conclude that

1

(3 Gy sl @ Xl ey’

T~N=70
N dyadic
A(T) 40 JT A(o) | 1424 N
: BYRY E (o, - d 2
(T'\’;ZT() (/1(70)) EEE[ TO(/I(T)) H 10 )HH‘ o)
N dyadic
/I(T) 460 JT A(O') %+2(50 o4 Nl
pS , . ., s
HEER ’x0d|](r~%ro(/l(m)) TSBE[ 0 (/l(T)) o o)
N dyadic

S T(;(l_)[H(xo,xl)||g + | xoa|]-

provided g « 1 is sufficiently small.

(1b): Situation (i) in the statement of Proposition 5.1 with a source term of type
E>. Here we get a much worse point wise decay for the H'-norm of the source
term, and in particular we cannot integrate the time integral in the absolute sense.
Instead, we shall have to exploit some oscillation in it. To carry this out, we observe
that (we use the notation used in the statement of Proposition 5.1)

2 T
|- [ (<Ba(o,-), () (%@] Iz )

[0 18(0)] + 0 2208][KR) g (R ) .

X>(7,¢)
T (1 P%(/lzz(;)f) o 2(r
:j /’:g((o_)) pz((f)) cos[ﬂ(r)&f /l—l(u) du](<E2(a-,.),¢(, )>)(//:2((0_))§) do
- J sin[A(7)¢? f " () ]
LA A0 PR 2()
os|& 10 10) ohe) (CEa(0-), 80 ))( /12(0)5)] dor

+ boundary terms.

But then, using

‘0'73|g(0')\ + szagg‘ < O'*Z[H(xo,xl)Hg + }x()d

I
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we easily infer the bound

1

A o 1 1
( % (1(2)))45 fggH<§>2+X2(T,§)Hitzl'f(§>l))
N dyadic

< 79[| (o, 21) 5 + [ x0a] ]-

This then concludes Step 1, i. e. the proof of the high frequency bounds.

Step 2: Proof of the low frequency bounds (8.5), (8.6). This involves in particu-

lar defining the correction terms Ai(()l), A):cil) and thereby the data (Ai(()l) (&), Aigl) ).

We do this in close analogy to the proof of Proposition 7.1, and hence shall be cor-
respondingly more brief here. To begin with, we set

L2 (1) oy . 1co
© 23 W€ A 2T A Y u)d 2
il - [ LD S 8 L)
w (o) piE) £} (o)
+A):c(()l)
= ZV(e) + a3 (0,
as well as
(1) OO/1%(T0)F’%(Aﬂzz((?))§) (7 0 A (70)
si0) = | et | 4 s G
+A):c§1)(§)
(1)

with f(0,€) := F (172(0)RN, (€?))) (£). Then we have

Lemma 8.2. There exists A):cél) (¢), A):cil) (&) satisfying (8.1) and such that we have

o0 (ka D) | o (i Azl |
f (pr—?)('f) cos[vroé? ] dé = 0, f (pr—13€ sin[vrog2]dé = 0. (8.7)
0 &3 !

0 &
Proof. (lemma) We show this for A)%El) (£), the argument for A):c(()l) (¢) being similar.

It suffices to show (see the proof of Lemma 7.3) that

o (b z e 1
[ st < s+ o

To see this, use for & < 1 that from Proposition 5.1

(o 50 T)

(o)
and so (for & < 1)

&) < o[ (xo. x1)

P

s + [x0a

o~

(7o)

dor - [|(x0, x1) 5 + [xoa]]
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Then we get
1 (1) -
2Ax A
|j 1% sm[vrof d§| < TO J o ! /1((?)) do-[” (x0, st |x0d|]
70
< 70" [ Grox)s + fxoal]
On the other hand, when & > 1, use that
~ /1(7'0) /12<T()) (0) /12(‘1'0)
’A ‘ ~ I:/\/l(ro)ér l/l( )é: +X12(<To))§ 1)’2(0_)] |f(0',x )(/12(0_)6)‘

0)

Then in the reglme § < 1 we use the bound

A%(19)
(o)

£ (o, x©@)( &) s o[ (xo, I,

while in the reglme ( )f > 1, we use the Hg;—bound for f(o, &) following from

Proposition 5.1. This gives the bound

p2 Azl © A
[ ety < b [ X ) ¢ )
70
<7y [l Gros )5 + ol
This completes the proof of the lemma. O

Following the same sequence of steps as in the proof of Proposition 7.1, we next
establish the bound (8.5) for the first two terms on the left:

The estimate sup >, (= HX§<1AX>T (1,€) Hsl < H xo,xl)HS + ‘x()d’. We need
to bound
o [ 23 PE( jzz((;))f) sinfA(0¢ P Wdd o 2
5 f 3 I ) FloxV) (=€) do (£<1)
roA(o) p2(E) ¢ (o) !

This we can do by exploiting the point wise bound on f(c, x(%))(-) used before,
with a small twist. Observe the simple bound (for o > 7)

oo A3 (1) p%(l 7% sin[A(1)¢2 §7 A (u) d ]H 2
B(@) P & Fale<h
< 720 Ar)

(o)’
Note that we lose a factor 72% here, and we need to compensate for it. In fact, we
claim that we get the point wise bound

(o

/12(0)5)’ < (T—O

)Ko_flféo .

[l Gro, 1)+ [oall-
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To get this, we revisit the bad cases (2), (4) in the proof of Proposition 3.1, which
are responsible for the linear growth of €. Considering for example case (4), and

. 21 1l 21 1y T o
dividing into the cases 27,7 ™ 2 lor&r)" ™ < 1, we easily infer

the bound (recalling k = 26o(1 +v~1))

a<r>‘ © p1(&)x1 (&)
A(to) ' Jo g%
© p1(&)x1 (&) .
],

sin[vrogé](cos[vr(1)+V_IT*V71§%] — l) dg}

cos[vrofé] sin[vré*"ilf_v_lgé] dé€|

A(7)
TE)

S ()Tl

(1)
(o)
of Proposition 5.1. One argues similarly for the contribution of xy, i. e. in case (2).
Armed with the preceding estimates, we get

which then easily implies the claimed bound on f(c, x(9)( £), see the proof

; Lo2@) g Lo -
o ro 23 (1) P (T y) sin[A(2)€2 §7 A" (u) du] (U,x(o))(/lj(( )>§) dol,» <1)
@) el £ S -
© _
STz(soﬁ A((;))(TEO)KU (1+200) g [| (x0, 11| s + |0]]
< (T—Z)K- [H(xo,xl)HS + }xoci ],
as desired

The estimate supT>TO(%)"||)(f<1DTAx(>12(T, 3 |S1 < H(xo,x1)||s~ + |x0q|- In fact,
we immediately pass to the stronger bound (8.6), which implies the former bound.
Here, we need to bound the following norm

© (e pi(ﬂ;(;)f) o 2(r
o 2D [ e B0

and more precisely we need to then evaluate the square-sum over dyadic time in-
tervals as in (8.6). For this estimate we need to distinguish between the two parts
E1, E; contributing to f (o, -) according to Proposition 5.1. Assume that

f(o.) = (4(R,-), Er (0, R))
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Then according to Proposition 5.1 we get

) 1. 22(7)
os [P 2 (@) P2 (Enyd) 7 - £()
¢ f 2 (0) pz(f) cos[A(r)¢* f A ) di £ 2 (G 58 40 e

<[ GBIl do

< [ o) 5 + xol] - J i(U)) =) dor

But we have

su == do]’)? < :
(3 Grg sl ] qgge el <
N dyadic

and so the desired bound (8.6) follows for this contribution.

Next, consider the case when

f(o,) = (B(R.-), Ex(0, R)).

Here we obtain an extra gain in 7 by performing an integration by parts with re-

. . 1 o
spect to 0. More precisely, we do this in case £2 j((;)) > o9, while in the case
L A7)

& o) < o9, the gain follows from the Léf—integral.

At this stage, the proof of the proposition will be complete provided we also
show the following:

The estimate H(Afc(()l)(f),Afcgl)(f))HS < (0, x1)]|

lows in the low frequency regime ¢ < 1 from the preceding estimates for Ax(>1
therefore suffices to prove the bound

¢t ’x0d‘. This estimate fol-
)
It

T

b1 (a5 ©), 257 () | < [ (xo.x0) | + |0a]-

Again we distinguish between the two parts E1, E; contributing to f(o, -) accord-
ing to Proposition 5.1. Assuming

flov) = (#(R.),A*(0) Er(o.R)),
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(

we get (considering the estimate for Afcgl) (€), the one for A%,
/12
2
IE 1
(o) p? (f)
S f ( (U
70

" @ f(e 2O dor
< [0l + o] |~ (G800

b (¢) being similar)

' 27'
cos[A(ro)¢ f A () dul (o, )_c<0>)<iz<( ;;

3] dO-HLZf(.fZl)

< [xor o) + [0
The case when

F(.2) = (@R, ). A Ex( R)),
is more complicated, since we only get o !-decay. Here we need to exploit the

better smoothness properties of E; (o, R) with respect to o-, and perform integration
by parts with respect to o. Specifically, we use that

A(to) 2(10) . 2
— A E;(o,R
e " (@R, Bl @B R)) | g
(7o)
< () [0 + ]
Then we obtain the desired bound via integration by parts with respect to o in the
regime /;2 %) & > o9 for some small enough 6 > 0 (independent of &), while in
the regime
A (7o) -5
<
2@ =7

we obtain a gain in o ! directly from the Lflf—integral, as well as exploiting L;‘lof

control over f(o,-). Observe that the preceding reasoning in fact gives a better
bound

) S + |de|].

Wes1 (257 (@), 85,°(€) | < 75 o,
This concludes the proof of Proposition 8.1 . O

In analogy to Proposition 7.5, we also get a straightforward bound for the dis-
crete part of the first iterate: write

falo, x9) = (ga(R), A2 ()N, (€))
Proposition 8.3. Define the function Axfil) (7) implicitly by the equation

1

a0 = | " Ha(.0) - (o x©) — (@) x (0] dor,

and impose the vanishing condition lim;_,, Axgll) (t) = 0. Then we have

o [[ax) ()] + [eeax ()] || (0. x0) 5 + |xoa]-
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9. ITERATIVE STEP, A PRIORI CONTROL OF HIGHER ITERATES

Here, we take the conclusions about the structure of the first iterate from the
preceding sections as a priori given and recover them for the next higher iterate.
More precisely, at first, we show this for our approximate Duhamel parameterix
applied to the linear source terms R(o, -). As this step will be used infinitely often,
we replace the notation ax(D from before by Ax(Pu) - and the next iterate will

be denoted by Ax(?“P“)  The role of the correction terms to the data A):c(l), Afgl)

0
will be played by functions A)?(()"llp ut) (£). The following proposition only takes the

continuous spectral part of the full operator R(c, ax(#P*)) into account:

Proposition 9.1. Assume that there are functions Ax(lnp u) (é), A):c(linp ) (&) with

[(a &™) (&), a7 (£))] 5 < A, ©.1)

and such that the function ax\"P) (1, &) satisfies the bound (as before k = 2(1 +
v~1)d0)

sup [(2)" Jre1.22) (x, )

T=70

=(inpu =(inpu 1
_|_( Z [EBE( ) H/\/f>11) Ax(mput)(T f) ( )(A)'Z(() 14 ’)’AXE 14 l))]Hsz]Z)z
Nl\c]lyz*;c(;ic

<A,

and furthermore that there exist (Ax(mp ) &), Afcimﬁ “) (&)) with

mput

sm[vrofé] dé =0,

~(inpu ~(inpu (pz
Jiasgr sz <a. [

- 3
4

1 ~(mput
J (M—l)(f) cos[vrof%] dé =0,
0 &l

such that upon writing

Alinput) (1,€) = A>Tx(input) (1,&) + S (7) (A)?(()mpm),Aigmpm)), 9.2)

we have

sup [(2)" e asex® . )]

T=T0

F (0 sup (D eeaiDessx®(x.)]5,)°) < A
NZTO T~ TO
N dyadic

~(output) (outpur)

Then there exist AX, s AX, satisfying

H(A):C(()output), A):CE()MPW))HS < T(;(l_)A, (9.3)
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and such that if we introduce

Ax(output) (T, f) .

(1)

3 1 . 1o ,—
T 23 (1) P2 (7€) sin[A(r)€2 (7 A1 (u) du , A2
[ A0 ) A AN oy )
n A2(0)  p2(é) &2 (o)
+S( )( (()output)’A):cgoutput))’
then we have the high-frequency bound
sup fo |AX output T f HSI
T=T0
outpu. =(outpu =(outpu 2 \1
" NE sup ()™ e 1 Delax ) (1,6) — 5 (7) (a3, 67" )][5)* 5 A,
>10
Nd;adic
94

Moreover, there is a splitting

Ax(output) (T, f) _ Ax(:ztput) (T, é:) + S (T) (A;C(()outpul) (é‘:), Afcgoutpm) (é‘:)) (9.5)

such that we have

sup (— H)(§<1AX(>01L-WM) (1,€) “S1 + ( Z [Sup H)(§<IDTA>TX(OW‘0M (1,€) HSZ )%
=70 TO Nztp T~
N dyadic

(a0 ) Ao e <

9.6)
and furthermore we have the orthogonality conditions
~(output) 0 (1 ~(outpur)
2 Ax 2AX
J (o? : )©) cos[vroéz] dé = 0, f (o2 a%) . )€) sin[vro£2] dé = 0.
0 &1 0 &

Remark 9.1. One can obtain the same conclusion by imposing the weaker condition

(é;_ j(()input) @Mﬁmpm) (f))Hs sA

Proof. We follow the pattern of proof of Proposition 8.1, Proposition 7.1.

Step 1: High frequency estimates. Here we prove the bound (9.4). We use the
analogue of (7.5), which for us becomes

Rl (T, Ax(input )(f) IBV( ) CCAX(mput +ﬁv( )WCCDTAX(MPM) +ﬂ12/ (T)(](gch(input)

We shall in detail treat the contribution of the first two terms on the right, the last
one being more of the same and similar to the first term. We further split this into
the following tasks:
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(1a): The contribution of B2(7) K. x4 1o the term () HXf L axtoupun) (7, ) Hs1

We need to bound

2
B (o) Feend ) 7, D

I J A3 (1) p%(fZ((;))f) sin[A(1)é7 §7 A (u) du]
§>1 3 1 1
wA2(o)  p2(¢) 2

We distinguish between the following cases for the integral defining K.:

(la.i):

f « n. In particular, n > 1. Here we can use the high-frequency

bound for Ax(’"f’”t), as well as the fast decay of the kernel F(-,-) in K., which

indeed amounts to (see [28])

(1) 42 \-N
([/12(0')§] n .
This factor more than compensates for the growing term
1. 22(7)
B P Emd) 2
Bo) pre)  A0)
Then using
; (1) (1)
(input) 2 1+ input) .
|(7(;§<(;))§<<'7Ax ) /lz(cr)f)| : [/12(0) b1 o ’ )HLfm’
we get
3 1 A2(7) 1eo .1
Iy JT A2(1) P (ﬂz( )‘f) sin[A(7)é2 §7 A7 (u) du]
1
i) s ¢
' (1)
-2 (input)
1) Koac 050 35040 g

2(Ti'O)KdasA,

.
sAJ o~
70

which indeed improves the bound needed, provided ¢ is chosen sufficiently small.

2

(laii): 5L

since the decay of the kernel F (-,
we can easily close, by using

A7)
A(o)

At
1Ga

f)%w(ﬂ(r)

(o)

&~

which is a consequence of the bound

£ F (& m)p(

(T,))f ~ 1. In particular, n 2
-) is weaker in the singular region, see [28]. Still,

1.

Ax(inpm) ) |\ng

Here one needs to be more careful

< H<n>0+Ax(input) (O’, )HLi ,
n

’<§O+

()

é‘:) dO—H<§>717L2§
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It follows that

” J 2 () PECESE) sin[A(r)é} § 4 (u) du]
>1 3 1 1
o) e £
inpu /lZ(T)

.
S AJ O'_Z(Z)Kda' S A,
70 7o

2
(la.iii): jo(;))f » 1. Here one distinguishes between the regimes > 1,7 < 1
for defining K N Ax(nput) (o). In the former case, one argues exactly as in
2 (o)
situation (/a.i). In the latter case we need to exploit the structure of Axlinput) given

by (9.2). The contribution of S (7) (Afcg”p ut), Afcginp m)) is handled as in case (1(i))

in the proof of Proposition 7.1, with S (1) (A)Z(()i"p u), Afcimp m)) replacing x(*). Thus
we then reduce to bounding the expression
1, 2%
” f 2 (1) PS8 sin[A(r)é} § 4 (u) du]
&>1 3 1 1
0 (o) pHE) ¢
- (1)
2 inpu
L LGS = LEL
This is straightforward since
' (1) (1) N ~
input —0— input
}(7(77<1A>0'x( b ))(0', /12(0_)5)’ < (/12(0')5) HT] A>0'x( p )HL(%,]a
which then gives
3 % (1) . Leo 1
H ff A2 (1) P (/12(0) ) sin[A(7)é2 §7 A7 (u) du]
Xe>1 -
w (o) p(E) ¢t

.
< AJ O'_Z(Z)Kd(r S A.
70 7o

(1b): The contribution of 3> (T)?(CCAx(i”p”’) to the term

z\outpu ~(outpu. 1
(3 sp() e Delax ) (r,8) = () (a5, a7 )
Nzt ~

N dyadic
Note that

Ax(output) (T, -f) _g (T) (A):C(()output), Ajzcgoutpm))
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is simply the pure Duhamel term

1 2() 1
k() PGB0 SU@E A W ()
L) (o) p2(e) £t Ri(o o ( ,§))(/12(U)§)d :

We then briefly go through the cases (/b.i) - (1b.iii) which correspond to (/a.i) -
(la.iii):

(1b.i) and (1b.iii). One gains (%)_N, and the preceding analysis gives a gain
of 2. This allows to include a weight (Tlo)" (in fact much more) and square-sum
over dyadic T > 1.

(1b.ii). Here the gain is smaller but still more than enough to close. One uses
that

/12(7') 1

. 5+ (inpur) .
10 1 ?” K, o0 e
/1(0-) i inpu
<D s,

and continues as in (/a.ii).

(1¢): The contribution ofﬁv(‘r)(KCCDTAx(i”p”’) to the term (T;O)K‘L\/f>1Ax(0”’p“’) (1,€) HS].
Here we need to bound the expression

3 102 . Leo
T A1) P? (,lz(g)f) sin[A(1)é2 §7 A7 1 (u) du) (input) (1)
et |, o) o) ¢! Aul) (KD ax B0 ) o S 0 411

which we do in close analogy to case (1a). In fact, while we only have weight
B, (o) instead of B2(cr), we get better decay by assumption for D, Ax#P40),

(1d): The contribution of ,BV(T)‘](CCDTAx(i””“’) to the term

~(outpu ~(outpu 1
(2 sup () e 1 De [ a2 (7,£) — 8 (1) (AF 7, aF [))]Hiz)z-

N3ty TN 70
N dyadic

This case is a bit more delicate than the preceding (/a) - (Ic), in that the estimate
is sharp here. First, using the already established Proposition 7.4, we may replace
Ax(nPu) in the high-frequency regime & > 1 by

Axtinput) .= Ax(inpu) _ g (7) (A):c(()mpm), Afiinpm))
and in the low frequency regime & < 1 by A x(#Pu0)
Then, following the steps in (/a) and using the improvement in (/b.ii) above as
well as the Cauchy-Schwarz inequality to reduce over a square-sum over dyadic o,
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we get the bound

~(outpu zloutpu 1
( Z sup - ‘b(§>11) Ax(output (T &) — ( )(A)?(() 1p t)’AxE p f))]Héz)z

NZTO T~N

N dyadic
T\ M —2k /1<M) 2 2K 3
< _ _ 7 D, znput) 2
( NETO EE%(TO) TO<%<N(TO) (/I(N) ) (f];lﬁ)/[ To H Ax H §>1))
N d§adic M~dyaaic
T \2« M —2k A(M) 2 (input) 3
_ — —_ 7 D P 2
(2 s 3 GO () s G e )
N dyadic M dyadic
1 1
< 2 .Z) Axinput 2 + 2 D A~ input 3
e O Y e
M dyadic M dyadic

The last expression is < A according to the assumptions of the proposition. This
concludes Step 1.

Step 2: The choice of AX, (output) | P Yntroduce

1
A>Tx(0utput (T, é:) =

(1)

© 23 (1) P2 (38 si Lo -t | )
B f x (r) P2 ( G ) sin[A()é grla (w) du] (o, ) 5))(42 (7) £)do
c o) P ¢! He)
and further write
Ai(()output) (f) —
w0 43 L2 gy 1o -1
J‘ /123(7-0)p (TZ(J)f) Sln[/l(TO)‘f Sfo/l (u) du]Rl(a-,Ax(i”pm)(()',f))(/lzz(q—())f) dor
v (o) pHE) £t 2(0)
AR (output)’
A).Zgoulput) (é:) —
© 23 ()P () [ 4 2(ro)
[T oot [ a7 w R ax 0,0 () dor
w A2(0)  pi(E) 70 (o)
NN (output)‘

Here the choice of the correction terms Ax(()”tp ut) , Afi"mp ") will be made according

to the following

Lemma 9.2. There exist Ax(outp ut), A)?Eomp ut) satisfying (9.3) and such that we have
1 _(output) L _(output)
D (pIAX D (p2aX
J (02 2% - &) cos[vrof%] dé = O,J (o225, 5 ) sin[vrof%] dé =0,
0 &1 0 £3
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where AX, are defined through the formula preceding the lemma.

~(0utput) (f)

=(output) ~(output)

Proof. (lemma) We provide it for Ax, , the argument for AX, being iden-
tical. Following closely the proof of Lemma 7.3, it suffices to prove the estimate

(output)

(p? A%
|J - sin[yro¢?] dé| s 79" - A, 9.7)
z

where we set

~ o tput
Axiou put) —

1

2 T
foo ,1%(70)p7(ﬁz((§)) £)
70

2%(7o)
2 (o)

3 1
A2(o)  pi(§)
Also, observe that in light of Lemma 7.3 and its proof, we may replace the input

by)(g<1A>rx(

cosla(ro)e [ 47! (1) dulRi (o 427 . )

input) input)

Xe18x0PH) by e ax(input) while we can replace yz<jAx
We shall do so below without further mention.

As usual, write schematically
Ri(or, 2" (1,8)) = B(0) Kec2x P (0, €) + By(0) Kee D53 (07, €),

where we omit the contribution of the error term 82(o)K2.ax(P") (o, &) whose
contribution is handled like the one of the first term on the right.

(2.i) Contribution of x¢=1Ax(Pu) (7, £). Here we divide further into different
regimes for the output frequency variable &:

(2.i.1): Output frequency ¢ < 1. Here we have a non-resonant interaction inside
2
Kec - - . since we then also have ( f < 1, and so we use the point wise bound
(recall the decay of the kernel of K.)

/12(‘1'0) T
B3 () Kee (g1 x40 ) (o 7 2(0) £)| $183(0')HX77>1AX(’”W)HLfm
2 9\«
B A
Further, bound
A%(10)

|/1% (70) p%(/lz(U) é:)| < /1(7'0)‘
B(o) pie) A0

Finally, we easily get for the contribution of

Br(0) Kee (xes1axtinpu)



76 JOACHIM KRIEGER

to the left hand side of (9.7) the bound the bound

omput (

(p? A%,
[ e
4

The contribution of B, (o) Kee ()(,7>1Z)(7Ax(i”P”’)) is handled similarly.

sinrot] del < 75 | " (o) AT ()

70 /1(0-) 70

0+
<7 A.

(2.i.2): Output frequency & > 1. Observe that if 4 TO){-‘ < 1, then

1 2(x0)
|/13(To)p2(12(?)§)}<§—é (7o)
o) i) Al)
Combined with a factor péf_% ~ f_%, the £-integral converges absolutely up to

A(7o0)

a factor ’ log( ) )| Thus the corresponding contribution to the left hand side of
(9.7) is bounded by

sa- [ e85 (S ) + o) 3 der

A(o) Alo) 7 (o)
which in turn is < A. On the other hand, when fz((?)) &>=1, we get

Pir) PR, Bl

) bl <0
and unless we are in the resonant case n ~ Az ( f for the convolution type operator
Kec, we can easily bound the &-integral absolutely, using the kernel decay from

A(70)

[28], while keeping a factor o) which suffices to ensure convergence of the o-
integral using crude bounds.

2
We are thus reduced here to the contribution of the resonant case n ~ ’;2((?)) &, for

which we use

— A(0) o
(Xn>le(mpul))(o', - (O’) S)HLZ;; S /l( HXn>1Ax(lnput) HLzzm

7<12(70)

2(a)

&~n
1
In fact, one may include a further factor (%5) % into ‘Klz(fo) (...) due to the
2(@)
decay of its kernel, and so using the Cauchy-Schwarz inequality we may bound the
corresponding contribution to the left hand side of (9.7) by

<A j BN + Bl )(E) M dor 5 4

70
This concludes step (2.i), i. e. the contribution of the high-frequency term

X§>1Ax(i"p’”) (T, f)
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(2.ii) Contribution of X§<1A>Tx(i"””’) (1,&). We split into the usual interaction
types between 1 and ¢ inside

,33 (o) Kee (X< A xlinpu) ) By (o) Kee (/Yq<1Z)UA>O.x(i”p”’) )

Throughout n < 1, by assumption.

/1 (To

(2.ii.1): > f First, assume that & < 1, i. e. consider

~ (output
sloutput)

1 (o3 )
J o 3 ] sin[vrog? ] dé,
0 51

where we now set

Aigoulput) (f) —
0 432 %(/12(70)5) o 2
A2(10) P\ - inpur)y AT
| ST ot [ 4 iRtk ) (G )
w @) pHE) " o
Then we use the point wise bound
- A (7o)
R : - (inpur)y (= \°0/
S BT 2P B D P
n

and so for & < 1 we obtain

~ ..(output 9\« /I(TO) o 9\« /I(TO)
‘Ax ‘ ~ﬁv TO) /l(O')A+ﬁV( )(TO) /l(O')A

It follows after integration over o > 7 that

output

%Afc 1
| f sin[vtoé?] dé| < Alog 7.

Next, consider the case ¢ > 1. Taking advantage of the decay properties of the
kernel of K, we have for & > 1 the crude bound

Aim)
A(o)

From here it easily follows that for this contribution we get

o.. A1) o _, Al10)

~(output) —1[p2 Y o) (— .
‘Axl )(f)’ << & [ﬁv((")(m) A(0) + To (o)

~ ~(output)

%Ax 1
| f sin[yro€2] dé| < A.
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(2.ii.2): n ~
Alro) 4 <§> input) (70
e s e s )
A .
< (—A((:)))l[ﬁ3(0)|'l0+A>ax(‘"p”t)hgm FBAO O Dy

where we use the fact that we can absorb the singular weight f‘é into the kernel
defining K 2w . This in turn yields

2(0)

H <§> output)

O)l,s, BN 2ot 3 + Bl Dy E]

Frorn here one finally infers that for this contribution we also get

3 ~(output) ]
|J b5, p )<§)sin[woff]d§’sA.

(2.ii.3): n >» 7;’ &. This is similar to case (2.ii. /) and omitted.

The proof of Lemma 9.2 is now completed as in (2) of the proof of Lemma 7.3.

O
Step 3: Proof of required S-bounds for the initial data (AX , Aiiomp m)).
Recall that these are defined at the beginning of Step 2. In light of Proposition 7.1

and its proof, it suffices to replace the high-frequency input X§>1Ax("’”’“’) (1,€) by
Xe1 Axtinpun) (7. £) with the latter defined in (/d) of Step 1 further above, while the
low-frequency input y,<1 x4 (7, £) may be replaced by yg<1 A= x4 (1, &).
We now encapsulate the required S -bound in the following

(outpur)

Lemma 9.3. Under the hypotheses of Proposition 9.1, we have

H output out put ||
S ~

Proof. (lemma) We shall consider in detail the slightly more difficult term Ax(omp ut) ,

(output)

on account of its more singular behaviour near § = 0. The second term A%,

is handled similarly.
(3i): High output frequencies ¢ > 1. Here we need to bound

|6 xes 1A~(0mpm) HLZ :

Distinguish between different interactions in K.:

(3i.1): ’lz(?)) ¢ « i, 7 < 1. Observe that in this case

22(
)P FE)  am),
L) pie) Ale)T
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and so we have the bound

3 1 /12(70) . 1 eco _
() P2 () sinA(ro)er §7 AT w)du) | 22(zg) . Alo)
e e ¢ =0 o))

Then recalling that the basic constituents of R (¢, Ax("P4)) are B2 (o) Koo Ax(P)
as well as ﬁy(a')WCCD(,Ax(i”p“’), as well as the fact that for low frequencies, n < 1,
we may replace Ax("P“) by A~ ,x("P“) | we can bound the contribution of

:812/(0-)7(42@0) (X-<1 A>'rx(inpm))

2 £
as follows” :
3 %(/12(70) ) si Leo S
H§1+ A2 (1) P /12(0)f sin[4(70)¢? Sfo/l (u) du]
Xé>1
T pE ¢
. /lz(T())
2 mpu
.ﬁv(O')sz((%O))f«n(X,,<1A>ax( P t))(O', /12(0_) f)HL55
1, 22(r . (o
g A0 P ) sinl o)t £ 4710 )
= Xéx1
T e 2
‘ A2(70)
0 (input) 0
. 7( A lod ’ 7
PR s T O i
/1(0') 260 22 (input)
S Grg)) B O Kt bne 220X )

Recalling the definition of K, this in turn can be bounded by

Alo)
A(7o)

(558K ey

(/\/11<1 A>o_x(input) ) (O-’ ) HLOC
2(o) %

&<y

PO Hret 2o x ) )

Integrating over o > 7 yields the desired bound for this contribution, provided
8o « 1. Note that we take crucial advantage here of the decay 52(c), and so the ar-
gument for the second type of contribution, 83, (o-)?(cc(/y.<1Z)UA>(,x(i”P”t)), which
is just borderline integrable (in light of our assumptions on Dy Ao xP10)) il
be more delicate.

3 Throughout recall the notation explained after (3.3)
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Specifically, we observe that for fixed dyadic frequency 2/ < 1, we have

L 2(x . 1eo o
e+ A3 (19) P2 ( /12((0(.))) &) sin[A(1o)é?2 §o A" (u) du]
Xé>1
T pE ¢
: A (7o)
% 7< 7 Z)O'A o (input) ’ 7
P (0') 12(£)>§ (Xn<1 e )(0' /12(0') f)H df(;z((f))EN ’)
/1(0') 26 inpu
< Qo) 2 T B I et D x5
Then using orthogonality it follows that
1 2%(x . 1 co
N 2 (r0) P* (g €) sim[A(ro)é §5, 4" ()
Héj X§>l XAZ(TO)§< 3 1 1
0 20) A2(o)  p2(¢) &2
Pr(o)K 2 (n<1 Dbz gx ™) (o AZ(TO)@ do|
1% /;2((:)) £<n n<lob>c 5y (0’) ng
2(r T 4
. 23 (x0) P (i ©) sin[A(r0)é §7 4" ()
< Z Z Hf X§>1j /{2(‘!’0){: 2 2 1 1
j<0 kez 0 2(0) 22(0)  p2(é) &2
inpu AZ(TO) 2 3
"By(o-)(Ki‘zz((O))§<<n(/\/n<1D‘TA>‘Tx( "), (o) £) dO-HLZ L (6~ )’

This last expression can be bounded in turn by (using the previous estimates)

12 (x . 1o -
. 13 (r0) P2 (o ©) sinfA(xo)é* §7 4 (w) d]
Z (Z Hé: Xf>l X/l To)g 2J 3 1 1
<0 kez 70 22(0)  p2(¢) &
/12(7'0) 2 1
. (inpur)
,8,,(0')70;(0) éf<<n(/\/"<12)(rA> - e (o) ¢) d(THLzth(f”zk)) 2
a-); A(o) 45 i 2 \3
< 277/ sup ( o\m~ X Woz1o Dol o_x(lnput)(a.’.> ’
;J (l;/ﬂ(a')~/12(‘ro)2kj /l(To) H =itz i HL%)
S A.

(3i.2): 7;’ ¢ « i, n > 1. Here one replaces the norms

1 ne Xz bo 2™ (@, )] 1

by

“/\/n>1)(0_>TOAx(mput) HLZ .
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/l
Also, since now we can also have

g—‘ into the kernel of K ()

Z(o) _
ising /lz((ffo)) & ~ 2/, we can replace the gain 2% in the last part of (3i.1) by the
gain

f > 1, but we can always absorb a large

weight 2 = ( ; and even gain ( = ((f)) &)=, upon local-

. =)
min{2 2 /,27/}.

Otherwise, one proceeds just as in (3i.1).

(3i.3): /12 (U
thogonality argument to control the contribution of S, (o) Ke Dy As o xPP1) . We

spell this case out in detail, omitting the simpler contribution of 82 (o) Koo A - x P40,
Thus we use that for 2/ < 1 we have

f ~ 1, n < 1. Here we follow a similar pattern, exploiting an or-

inpu /12(7—0)
1B.(c) («%Mxnwﬂﬂwx( ") o, o 9l
< ()1, 00t 0y Do b 7, )
~ /1(0') " 7 LG,

Here the gain of 2%isa consequence of the decay properties of the kernel defining
K. We combine this with

e ) RGO S o ] )
T e ¢ T Ae)

prov1ded 12 ( )f < 1 and use an orthogonality argument to obtain

e xen | 2 (r0) P () iAot 5,471 )
w Ai(o) pE(E) 3
(input) /IZ(TO)
'ﬁv(o')(](%>~n()(n<lﬂaﬁ>vx P (o, /lz(a.)g)do-HLif

43 (r0) P2 C28) sin[A(r)} 17 A~ (1) ]
S Z Z ‘§1+)(§>1f ;((TO) (o) 0)¢2 § u)au

Jj<0 kez A

: A
. input
'ﬁV(O')q(fz(&)f n(/\/n~2/DoA>ax( P ))(0" /12(0.)
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and further

> (e [ P CREH) sl el 5, ) ]
<0 kez w A2(0)  p2(€) &2
BT s (g2 D) e iy )
STAS ROy p )
<A

(3i.4): //1122((?))5 ~ 1, n > 1. This case is handled just like the preceding one

except that now one uses decay in ! for the kernel of K.

(3i.5): ’;22((7;))) & >» n. This is analogous to cases (3i.1), (3i.2) and omitted.

(3ii): Low output frequencies ¢ < 1. Here we need to bound

—0 (outpur)

e xear s .

We follow the scheme of the high-frequency case (3i), and only consider the more
delicate contribution of S, (o) K e Dy ax(P40):

2
(3ii.1): //112((';(—))) ¢ «n,n < 1. We perform integration by parts with respect to o

here in order not to lose a potentially large factor ‘rg+. Thus write

input
(](112(‘r0) « (DO'A>0'X( P ))

2(0)
2 T

* F(é n)p(n) )
[ K, (D) )

L G LA

2 T 2 T ~ 2 T ~

o0 F(//llz O(.))) &, /}12((0(.))) U)P(iz(((f)) i) (input) A2 (10) .

—J XE«q 7 aa'((A ox\"P )(0-’ /12(0') 77)) dn

+ error,

where the term error gains an extra weight ! and is hence handled like the con-
tribution of 82(0) K . . ..
(outpur)

Inserting this expression into the formula for Ax, and performing an inte-

gration by parts with respect to o either gains o~! or else a factor //11((?)) 3 %, but at

the expense of replacing Dy axtinput) by AxtPut) - In either case, estimating the
é-integral for the output brute force, we bound this contribution to

(output

|67 xec1x, )HL;’,'



ON STABILITY OF TYPE II BLOW UP FOR THE CRITICAL NLW ON R3+! 83

by the expression

o0
o 0+ -1 A(TO) T\ —k|,—0+ (input)
< —)(— Aso X d
~L) (To) [TO e /1(0')](7'0) HTI An<tf>od ) )HL?IW 7
<A,

provided 69 « 1. Observe that the factor T8+ here comes from absorbing the
singular weight £~ into

sin[A(7o)é? J "2 () ]

(3ii.2): § « n, n > 1. This is analogous to the preceding case, one re-

places A>(Tx(’"1””) by Amf ) (defined as in (1d) above).

2
(3ii.3): ﬁz((?)) & ~ n, in particular n < 1. Here we observe that the singular
weight £ 707 is better than %%, and the weight g*% may be absorbed into the ker-
(outpur)

nel of ‘7(12(,0) . Then the corresponding contribution to Hf xe< 1A%, H 2,

2(0) ¢

is bounded by

< [ B D g

—0+
<[ e <T—0>Kun G| P
<SA- f By(o “do < A.
(3ii.4): /12 f » 1, in particular n < 1. Here we can trade the singular weight

£70F for a better singular weight 77°% and then estimate the term like in case
(3ii.3).

This completes case (3ii), and the proof of the lemma is complete. O

Step 4: Proof of the remaining low frequency bound

(out put)

i
sup (—) ™ re<iat ™ (.6,

=19 10
+( Z [SUP H/\/g<11) AspxOHPH) (7, £) Hsz )1 < A.

Nz7o T~N
N dyadic

The bound on the first expression

(output)
sup () g1 227 (.8
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follows precisely as in the proof of the preceding lemma, provided one replaces 7
by 7 in the Duhamel integral. Thus consider now the more complicated second ex-
pression involving the square-sum. We shall again only consider the more difficult
contribution of B, (o) K. (D, axP4)) | Restricting this further to

ﬁv(o-)wcc(/\/-<1D0A>o_x(inlmt))’

we arrive at the expression

wg%(f)p%(fzz((;))f) JU LN
xear | T el [t a
Bo(0)Kee (<1 Dir A o XY (0 mg) do
v cc\Xn<1doL>0 ’/12(0_)

Observe that for dyadic N > 79 and 7 ~ N we have (here M also denotes dyadic
numbers)

N © 23 (1) P%(ﬂj(m)f) 4
Kl — A (o 1 _
(e xea | T cosfagt |
70 r (o) pr(é) T
inpu /12(7-)
‘IBV(O—)(K(XU<1DO'A>O'X( P [))(0-’ /12(0_)‘5) dO-HLﬁf
N A(N o+ (i
< (X input) .
~(T0) MZ>:N (A(M)):EE/[HU Kn<1 Do X ) )HLZn
M dyadic
and from here we easily infer
N . 2 \1
(X Eyle )]
N=719 0 %
N dyadic
<O G sup [ xyer Do) ()| )
Mz7o T  o~M dn
M dyadic
S A,

as required. The contribution of the high frequency input

Bv (O-)(](CC (X.>11)0_Ax(input) )

is handled similarly.

This concludes Step 4 and thereby the proof of Proposition 9.1.
O

The proof of the remark following this proposition is immediate in light of
Proposition 7.1.
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The preceding proposition only dealt with the transition from the continuous
spectral part Ax("P) (1, £) to the continuous spectral part Ax(*“?)_ but we also
need to study the transition for the discrete spectral part. Here the natural hy-
pothesis for the inductive step is furnished by the conclusion of Proposition 7.5,
Proposition 8.3:

Proposition 9.4. Let K.y be defined as in [28], [27]. Then if sup, -, (1-) |Axg"p ut) (7)|+

SUP, 5, 77 \(%Ax‘(f"p “)(7)| < A, and we denote schematically
(Rea(82"") (1,8) 1= B0 Kea(€) 535" (1) + Bo(1) Kea(€) 03y (1)

Then there are A):c(()omp ut) (¢), A):cgoutp ut) (&) satisfying

H (A):C(uutput), A:(()uptut)) H

-(2-)
0 1 STy A

@ e, Y
and such that if we put

Ax(()utput) (T, f) .

© 4k (r) PR sin[A(n)ed 7 A () d input 22

- [ AT NS L B ) ) ke o
o A2 (o) pr(¢ & ()

+38 (T)(Aj(()()utput)’ :(outpuz))’

then the exact same conclusions obtain as in Proposition 9.1 but with A replaced
by the better T(;(l_)A.

The proof of this proposition is similar in outline but in effect much simpler than
the one of Proposition 9.1, and hence omitted.

To finish the inductive step for the linear source terms of the schematic form
R(t, Ax), we also have to study their projection onto the unstable spectral part,
i. e. the operators R;(7, Ax). Borrowing notation from [28], [27], introduce the
schematic operator

Ra(o, 2x) = B1(0) [Kac(ax(0, ) + Kaadsxa(or)]
+ By (0) [Kie (Do 2x(0, ) + Kigaloxa(0) |

Then we have the following

Proposition 9.5. Assume that ax\"P)(7,&) is as in the statement of Proposi-
tion 9.1, and that moreover we have

3" ()] + sy (1)) < 77004, Ve = 0.
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Ax(in put)

it (input) _
Then writing Ax ( Axfi”l’” 9

) and setting

0
Axgioutput) (T) = J Hd(T, 0_) [Rd<0', M(input)) _ﬁv<O_)Adx(input)] do,

we have ) )

sup (|22 ()] + 7|2, (7)) < A,

=79

The three propositions Proposition 9.5, Proposition 9.4, Proposition 9.1, com-
bined with Proposition 7.1 completely describe the contribution of the linear source
term _
R(r, ax71)

to the next iterate Ax() in the iterative step (6.4). To complete control over the
iterative step, we then also need to control the contribution of the source term

Af(j_ 1 ) R
which we recall is given by the expression
{a, 772(T)RN, (€Y~ 1))) — 272(7)RN, (eU~2)))
F(A72(DRN, (V7)) () — A2 (RN (VD)) (€) )
Thus we now formulate the corresponding iterative step for this contribution. Here
we carefully single out the part where we do not gain a smallness factor, and the
part for which we do gain smallness. Observe that the contribution of the discrete

spectral part always leads to smallness gains and is hence in some sense negligible
in the iteration scheme later on:

afil () =

Proposition 9.6. Assume that

05, R) =2 (Da(R) + [ 5O 0(R Eple)de 1 <k <1,
0

E(k)(tf)=< xg (7) >=)_c(°)+ 3 axO(re), 1<i<k

1<i<k

and )_C(O) = < ;([{1_(72) ) as in the statement of Lemma 2.1. Assume that we have

k k —(1—
sup Uxfﬂ(r)! + ’(%x;)(T)H < Br (),
1<k<j—1
and furthermore each of the x® (1.€), 1 < k < j— 1, admits a structure and
bounds like the function Axlinput) i Proposition 9.1 with a constant B < 1 (instead
of A there). Further, assume that

|Ax§j71)(‘r)| + |67Ax§j71)(7)|] < Agr U7,

and that the difference Ax(j_l)(T, &) admits the same structure and estimates as
Ax(input) Proposition 9.1 with constant A. Then we can conclude the following:
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o For the discrete contribution to the next iterate Ax(j ) (1), we get
’Axl )| + [0 Ax J Hy(r,0)afU V(o )do|

sr( )[AdTO +A]

e For the continuous spectral part, there is a splitting

AfUD(z,8) = Af,,(cf (1.6) + Afg(({odl (7.€),

=(J) =(J)

such that we have the following conclusion: there exist AX , AX
good k’ bad .k’

k = 0, 1, satisfying the bounds
=10)

H(Axgood,O’Axéoodl HS2 ~ (;(]_) [AB+AdT(; ]

()
bad,0’

=(J)

—(1-)
DXy HSZ 7, [A+AqT, ]

(A%’

and such that if we put

L, 2() i
T 3 (r) P2 (E ) sin[A(1)é2 §7 A7 (u) du) i A(t
Ax{gn)od( 'f) - f 3 ( ) 1 @ 1 Af;r{()dl)(o-’ 2< )é":) do
WA (0) pHE) ¢ (o)
+5(1)(a ~£7]o)odO’A§({))od,l)’
and analogously
3 L2 . Lo 5
T (1) P? (/12(0)5) sin[A(T)é2 §) A Nu)du] (i A2(1)
Axiad(T £) = f 3 1 TL Afb(;d 1)(0" A2( )5) do
2(o)  p2(8) &2 o
(7)(a ~l(7,d0’ A)zcl(; )d )
then Axg))o g Ax% )d admit the same structure and estimates as the function

=(j) ~(J) =(outpur)
Axloutpur) i Proposition 9.1, with AX 00d.° Axb Ak replacing AX; ,

respectively, and with the constant A in Proposmon 9.1 replaced by
AB+ Aty A+ Agry '),
respectively.

Remark 9.2. As we saw for the proof of Proposition 8.1, the reason for the lack of
a smallness gain in the constant for the contribution of the bad term A fb(tgl) is the
fact that this term is in effect the Fourier transform of the linear interaction term
5A72(7) (uf — ug)s€Y~Y, with the latter given by

2eU D (7,R) = ax ™V (1)ga(R) + foo axV(1,£)¢(R, )p(€) dé,

0

and the lack of smallness gain comes precisely from the low-frequency regime
& < 1 and the linear in 7 growth of A€U~1), Observe that this linear growth occurs
only for the continuous spectral part of Aé0—1), while the discrete spectral part is

actually such that it decays to zero asymptotically, by assumption on Axﬁ(ij - (7).
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The proof of Proposition 9.6 is very close to the one of Proposition 8.1, and
hence we omit it here. This completes establishing the necessary a priori bounds
in a first approximation, although we will have to refine these considerations a bit
to obtain the desired convergence of the iterates.

10. PREPARATIONS FOR THE PROOF OF CONVERGENCE; REFINED ESTIMATES

Observe that in the key inductive Propositions 9.1 - Proposition 9.6 we have not
improved the constant A controlling the inputs and outputs. This is entirely due
to the source terms which are linear in the perturbation AxU—1) (or alternatively
A&U=D), and we shall have to rely on delicate re-iteration arguments to obtain
convergence of the series > Ax(). However, before being able to set up such
an argument, which eventually reduces the convergence issue to integrations over
high-dimensional simplices, we have to provide certain tools which shall allow us
to reduce to a very specific situation at the end, namely essentially unit frequencies
throughout. For this, we shall have to re-visit the proofs of some of the earlier
propositions and refine them a bit.

To begin with, we observe that for the time differentiated Duhamel parametrix,
we can gain a smallness factor when restricting to very low frequencies:

Lemma 10.1. Ler ax(@Pu) a_ x\urut) e defined as in Proposition 9.1. Then
for 0 < ki < 1, we have

( Z Sup(l)2K‘W§<K*DTA>TX(OWPM) “;z)% < KA.

N>z, TN 70
N dyadic

for a suitable absolute constant y > 0. Moreover, if sx®), 1 < k < j, are as in
Proposition 9.6, then we have

. 1 —(1—
(5 sop( eae, Dera ) < 214+ ary )
T~
Nl\é)%a?ic

1_
In both inequalities one may replace the operator D by a weight %
o

Proof. (lemma) (1) Proof of the first inequality. Recall that the input Axinput)
admits for both low as well as high frequencies a decomposition into a ’free part’
of the form S (7)(...) plus a term with less structure but better bounds. Thus to
prove the first inequality, we distinguish between the case where Ax("P4) is in
effect of the form S(7)(...), as well as the remaining situation. In the former
situation, the proof of Proposition 7.4 is relevant, and we shall freely borrow from
it. Thus replace for now Ax("7*) by x() with data of norm < A. As in the proof
of Proposition 7.4 we only consider the contribution of the delicate source term
B,,(T)‘KCCZ)Tx(O). Then we need to eke out an extra gain ), from this proof provided
we restrict the output frequency to ¢ < k.. Referring to the steps of that proof,
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(1)
(o)
factor p(n), but we can keep track of this gain and obtain the more precise gain

consider case (1i). There we use the gain of ( f)ﬁ to cancel the singular

(1)
(o)

S

€)% -y I e

(

1
where the factor n2+ comes from application of Cauchy-Schwarz to the n-integral.
We can also write this as

) o A2) 0 1
(2 §)4+.(2 5)4.;7 i.qi
(o) (o)
Then using the assumption jzz ((Z)))n < 1 in that case, we use the factor 7]% to gain
1
m (weaker than what we had previously in case (/i), but still enough), while
A2(7)
we also gain
2 i )
(e <« 20
(o) A (o)

1

1 _

Case (1ii) is similar in that one trades a power of 2/, such as 24, for a power of «,
1

which gives the required gain with y =

such as «;, while in case (1iii) one gets an extra power of k, without any losses. In
case (1iv) one uses the modified bound (assuming & < k)

2 T 1 =
!f‘“ﬂ%f, mem)| sn>~ <«if

and again the desired conclusion is reached with y = %. The remaining cases (1v),
(1vi) are more of the same. ‘
This deals with the case when Ax("7) is replaced by the *free part’ S (7)(...). In

o~
—~

~
=
~

e

case that Ax("P) ig of the form A~,x("P4) or else Ax(Put) | one needs to revisit
Step 4 of the proof of Proposition 9.1, where the required gain is easily seen to
come from directly from the £-integral via Holder upon using an Lzof—bound for the
expression, or else exploring the vanishing property of the kernel of K., depend-
ing on the situation.

(2) Proof of the second inequality. This follows by revisiting the proofs of Propo-
sition 8.1, Proposition 9.6 in for low frequency outputs ¢ < 1. The idea is that for
an expression such as

3 12
oy [© (1) P ) et [ i o Oy (2T
3 f e cos[A()é J A7 ) dul (o 2 (3 58) Iz,
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which occurs in the proof of Proposition 8.1, one gains smallness in «, (upon
restricting to & < k) by estimating the expression in LZ‘; and invoking Holder. This

is possible for D-Ax() but of course not for Ax(/). We omit the simple details. O
While the preceding lemma dealt with small output frequencies, we also need

a lemma gaining smallness for small input frequencies, but in a more restrictive
context:

Lemma 10.2. Assume that ax\"P)(1,£) is as in Proposition 9.1. Then for 0 <
kx < 1, we have

L 22(zp) ) Lo o
0 gl /l% pZ( = f) Sln[/l(TO)é-‘z Sro/l 1(u) du] .
. <§>% A(<oi)>) - ((f)) ¢ Ri(0 X 6 "7) dor ],

20 (7 (input)
O cosfaro)et | 47! () Ry (e, 5 ],
2

70

for a suitable y > 0.

Proof. (lemma) Observe that in the first expression we have included a crucial ad-
1

ditional factor % which gives a gain for low frequencies £ < 1. Then, depending
&2

on whether we replace Ax(""P%)(t, £) by its *free part’ S (7)(...) or by a less struc-

tured but smaller error part (as in the assumptions in Proposition 9.1), the relevant

gain is obtained by revisiting Step 4, 5 in the proof of Proposition 7.1, respectively

the proof of Lemma 9.3. Assuming first that Ax("74") is *free’ and consulting Step

2
4 in the proof of Proposition 7.1, one sees that in the situations ¢ - /’:2(—(;)) &L 1,
2(7) £3 . .
&- o the extra factor =— translates into a gain of
&7
77% A(o) P Ké /1(0')’
A(7) A(7)

keeping in mind our additional restriction n < k. We may replace the preceding
also by a factor involving a weaker gain in «,
1A
2
A(7)
which leads to a good bound following (4(i).a), (4(ii).b) in Step 4 in the proof of
Proposition 7.1, provided

[ et e

1

B
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converges, which is the case provided 0 < y < y(v). On the other hand, in case
(4(ii).c) one performs integration by parts with respect to o to translate the gain
in ¢ (for ¢ < 1) into a gain in n, whence in k.. This deals with the case when
Ax(input) (1,£) is *free’ and we restrict to small output frequencies & < 1. On the
other hand, in the case of large output frequencies & > 1, following Step 5 in the
proof of Proposition 7.1, one directly infers either a gain 7, ? or else a gain 7,

which the concludes the case when Ax{P) (7, £) is *free’.
On the other hand, if Ax("P") is of the form A>Tx(i”1’”’) (for low frequencies) or

A/xm’) (for high frequencies), then the required gain follows directly from the
proof of Lemma 9.3. O

The preceding two lemmas have dealt with improvements to estimates tied to
the linear source term R; (o, Ax(i”p”’)). The next lemma deals with an improve-
ment for the terms arising from the nonlinear source terms Af. Observe that we
jut break even in the conclusion of Proposition 8.1, as well as Proposition 9.6,
without smallness gain. This is entirely due to the case of low frequencies of the
output, and hence inclusion of an additional weight there improves the estimate
correspondingly:

Lemma 10.3. Using the same notation and making the same assumptions as in the
statement of Proposition 9.6, put

() ()

:(J)
ood + DXy, 00 DXy

+aFY =01

=(J)
= AX bad.p’

axt) = Ax,
good.p

Then setting

()

ZRT')(T, )= axt(r,) = S (7) (A):C(j), A):C(j)), Asrx® = poodld) B>t Xp g

1 good
as well as
2i(&) =229 (@) + a2V (@), p=0,1
P good.p bad.p > P >

we have the improved estimates

sup (= HX&I“ @O, +( X sup(— 2HXg>11>TAxUH )%S[A-i-Ad]'Toy
=70 Nt T~
N dyadic
(10.1)
as well as

HX£<1 Ax>‘r 7,é) HSI

T>T() TO

+< Z [Sup ||XE<1DTA>TX Tngz )

NzT19 ™
N dyadic

A=

1_
2

D=

(10.2)

Afc(()])(f),Afci )HS slA+Ad 7,7,

for suitable y > 0.
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The proof of this lemma follows again in close analogy to the one of Propo-
1

sition 8.1, the point being that inclusion of the extra weight 57; — in the un-

&2
differentiated terms Ax(ﬂ, Afc(()j ) (¢) allows one to perform integration by parts with
respect to o in the Duhamel parametrix applied to the *bad’ source terms E3, re-
calling Proposition 5.1.

In the next section, we shall complement the preceding three lemmas with fur-
ther improvements of ‘re-iteration type’, i. e. exploiting cancellations when apply-
ing the iterative step twice, as opposed to only once(like for the preceding three
lemmas).

11. IMPROVEMENTS UPON RE-ITERATION

Recall the key iterative step (6.4). Each of the two terms on the right contributes
to the next iterate M(j), in a way specified by Proposition 9.1, Proposition 9.6, and
we can correspondingly write the continuous spectral part of Ax1) in the following
manner(changing the notation for A):c(()"i 3 ,
from both source terms)

which now incorporate the contributions

Ax(d) (T, é:)
i f 23(x) LG8 sinfa(0)et §7 4 (w) du
0 A3 (o) pi(é) £ (11.1)
2
. [Af(j_])(()', ) + R(O-’M(J_]))](//:z((;-_) f) do

+5(7) (A):C(()j),A):cij)),

The goal of this section is to show that upon re-iteration of (11.1), the contribution
of the nonlinear source term AfU~1 becomes essentially negligible, and we can
reduce to the contribution of the principal linear source term ﬂV(O')‘KCCZ)UAx(j -1,
To make things precise, we commence by introducing a quantity AA; € R which
measures the size of the correction Ax(/) as well as all the related functions, in
accordance with Proposition 9.1, Proposition 9.6. Thus we make
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Definition 11.1. We define the quantity AA ;, which controls the size of the correc-
tion at stage j, by

AAj =

sup (2 e ax ()5, + (3 [sup() e Deax0) (. )], 1)

Nzty T~
N dyadic
+ 5up () recrazear (@ ey, + (Y [sup(= ) reciDraseax (r.8) ) 1)
7270 Nty T~
N dyadic

+ H Axo ,Axl Hs + H Axo),Axgj))HS + S;lp ‘r(l_)|Ax£’j)(T)| + sup T(l_)\ﬁfoflj)(Tﬂ
T=2T70

T=70
Now pick a very small frequency cutoff 0 < k, « 1, to be specified later. We
already point out that «, will be chosen independently of 7y, and the latter will

then be picked at the very end large enough to kill any constants depending on
Recalling that

—_—~

AxW(1,&) = ax (1,8) — S (1) (A):c(()j),m:cij))
2

_ f A3 (1) p%(fzf;))f) sin[A(7)€3 §7 A7 (u) du]
0 A3(o)  pi(é) ¢t
2 T
. [Af(j—l)(o-, D)+ R(O',M(j—l))](jz((o_))g) do,

we can now state the following important re-iteration lemma:
Lemma 11.1. Introduce the operator

O(f)(1,é) :=
1. 22(7)
T A2(1) pz(jZ(g)f) U A(7)
3 - cos|A(T)é2 dulB, eef) &)do.
jw() e ol | 4 dalpo) K (G520

o

T 2(0)
Borrowing the notation from Proposition 9.6, assume that
j—1
Z A S 1.
k=1
Then
1
(20 [sp() e Detx 2x0) )
NZTO T~N
N dyadic
1
< ( Z [sup HX§>K* (DX§>K*(D(Z)TAX HS ) + Cry Ty T[aAj_1 + AAj ]
Nztg ™™
Nd;;gtc

(11.2)
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for suitable y > 0 (absolute constant).

Proof. We use the relation (11.1) at both j and j — 1, which then gives Ax() in
terms of Ax=2) as well as Ax(%), k < j — 2. Then recall

(j—2) (-1
(-2 — [ &% (-1 _ [ &%

and invoke (11.1) at j. Then Proposition 9.4 allows us to write®

—_—~—

Dax) (1, &)

- 7/1%(7)/3%(;22((;))5) (7
_ J e el La () du]
2 T
[afV(a, ) + Ri(o, axUD)]( jz((a—))‘f) do

+T0_10K*(AAJ'_]).

Furthermore, recalling (7.5), as well as the proof of Proposition 7.1, Proposi-
tion 9.1, one easily infers

—_—~—

Xesky Drax() (1, &)

= Yesx cos|A(T)éz u)du
RREHEREI r
2 T
) [Af(j_l)(o" ) +IBV(0')7(CC(D<TAXU_I))] (//:T(O'))f) do
+ 1, Ok, (8A)1).
(11.3)

In fact, Remark 7.2 shows that the contribution of B2(c")K..(AxU~1) gains a
power of 7, ! upon restricting the output to frequencies > 1.

Then use (11.1) at j — 1, resulting via the Duhamel type parametrix in a con-
tribution from AfU=2)(c,-) as well as one from R; (o, axU~2)). To begin with,
consider the contribution when we replace AxU=1 on the right hand side in (11.3)

, 1 (1) . 10—
JT /lj(T)p (Alzw)f) sin[A(7)¢? Sl AT () du] afi (o, jzz D)o
w3 (0)  pi(é) & ’

OThe notation is somewhat loose here, the error being in the sense of the norm used on the left in
(11.2)
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Here we are somewhat loose with the notation and assume that the correction term
A):CEJ ~1 s the one coming from Proposition 9.6 at j — 1 instead of j. Then using
Lemma 10.3 as well as Remark 9.1, and inspecting the proof of Proposition 9.6,
Proposition 8.1, we see that the corresponding contribution to the left hand side of
(11.2) is of size 7,7 Oy, (AAj_2).

Similarly, replacing AxU~1 in A fU=1 (g, -) on the right hand side in (11.3) by

R (0, Axl—2) N(—=—=

fT A2 (7) p%(m,))f) sin[A(7)£3 §7 A" (u) du]
(o) _p% (€) é

Bl—

. ~(j—1 . . ..
where now the corrections Axéjl ) are in accordance with Proposition 9.1, and

invoking Lemma 10.3, we arrive at the contribution of size 7, 704, (0A ).
At this stage we have shown that

—_——

Xeks D.ax0)(1,€)

1.2

T /l% (1) Pz(/lz(o.)*f)
:X§>K*J 3 1
T0 /12 2

7 (11.4)

+ TO_YOK* (AAjfl + AAjfz),

where

(=1
1

o are in accordance with

and here, by abuse of notation, the correction terms AR
Proposition 9.1.

At this stage we have almost achieved the conclusion of the lemma, except that

we still need to reduce DgAxg Do

Yeora[Door{ ™ — Do (@) (a7 o),

and further reduce R in the definition of the latter to the principal part

By(0)Kee(Dorx=2).
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The crucial part here is the inclusion of the cutoft ¢, in front of Z)(,Axg -l , and

this will be achieved by combining the various oscillatory phases in the integral.

(1): Reduction of Z)(,Axg Vo X >k Z)O—Ax(j ~U_ Consider the function

R
3 10 22(7)
T 3 P2 (A€ L[
&(r, &) ::X&K*J & @) (f“’) )cos[/l(T)fi f A () dul]
w A2(0)  p2(¢) T
. (= A1)
By (o) Kee (¥ -<i Do bxgg )(/12 () §)do
and recall that
) 200
X£>K*7<cc(/\”-</<*@ff“§<j ") ,12(0)5)
0 e o) (11.5)

~—

o) F(/lz(o-
= X§>K* J;) /12(1.

(o)

i—1
X n<is Dangg ) dn.

—

&—n

&~

2
Then the idea is that since T > o, we also have z ((;))f > n, and hence combining

A2
the oscillatory phases (one of which is inherent in the definition of Ax;j _1)) we can
gain by performing an integration by parts with respect to o. Specifically, write

Xnais Dertrd ™ = Xpco Dol dsoaly "+ 8 (o) (B Ax V)],

where we recall that
(j=1)

Asgxy (0,m)
3 1 /12(0') . Leor -1
JOO A2 (o) Pz(,lz(m)’]) sin[A(o)n2 §' A7 (u) du]
o (o) p2(n) N
oy, A(0)
SR A (j=2) d
(1,830 (5 ) ey
Inserting this in (11.5) for Ax%j ~V and performing a change of variable = //:22 ((;)) ,

and inserting this in turn into the expression for ®(r,&) above, leads to the o-
oscillatory factor

(S]]

cos[A(7)é} J ") du] - sin[A(2)7 f' A () du]

T lon
and since & > i we have a fortiori ¢ > 7} on account of o < 7. Then by performing
integration by parts with respect to o (this works if o < 7 — 72, say, to force a
lower bound on & — 7, while if o € [T — 73, 7], one gains directly in 7) and re-
peating the arguments in Proposition 9.1, one infers that this contribution to O is

of size 7,7 Oy, (AAj_2). Replacing Axg_l) by S (o) (&x,go_l), &xgl_])) is handled
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similarly, using the algebra in Step I of the proof of Proposition 7.1.

(2): Reduction 0fX->K*Dg-Ax(j_l)

R | lo X§>K*®(Z)7Ax(j_2)). Here one first dis-
poses of the contribution of

Dy S (o) (85Y7, 25071,

using that | (A)?(()j_l), A):cgj_l)) Hs < TJ(I_)AAJ;Z as well as the fact that all fre-

quencies are now essentially large(which means we no longer need the free term

S (o) (Af(()j 71),A§§j71)) to cancel out part of the Duhamel term), and then one
easily disposes of the term 82 (o) K. (ax\=2)) inside Ry (o, Ax(j_z))(jz2 ((;)) £), ex-
ploiting again the fact that all frequencies are now > 1, see (/a) in the proof of
Proposition 9.1, where a gain 7, Uis implicit.

This completes the proof of Lemma 11.1. O

12. CONVERGENCE OF THE ITERATIVE SCHEME

In this section, we finally show that the sequence of iterates defined by (6.3),
(6.4) and with the modifications of the initial data due to the A):c((){ 2 converges, which
will then imply the proof of Theorem 4.1. The crux of the matter will be played on
the one hand by Lemma 11.1, which in some sense achieves a diagonalization of
the high-frequency part of the once repeated iteration step, together with a crucial
proposition of somewhat combinatorial type below which shows that re-iterating
the operator y ¢ ® many times gains smallness. This last fact has close analogues
in [29] as well as [7]. Recalling the quantities AA; from Definition 11.1, the main
result of this section is the following

Proposition 12.1. Given «, > 0 and € > 0 sufficiently small, we have for any
k = 1 sufficiently large and j = 2k + 2 the bound

J
—Céo _y1k €2 -
AA; < Kl[AAj_l + AAj_z] + Ky VeV e AA o + CK*’kTOy[ Z AA(]
I=j—2k—1

provided 2{21 AA; < 61, where 61 = §1(10) > 0 is sufficiently small. Herey > 0
is an absolute constant.

As a consequence of the proposition, we get convergence in the following sense:

Corollary 12.2. We have

s T ’x0d,

o0
Z AA; < H(Xo,xl)|
=1

provided that | (x, x1)|§ + {x()d’ is sufficiently small.
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Proof. To begin with, we note that the preceding proposition implies that given
& > 0, there are j,(6) and 7 large enough such that we have for any j > j.(6) +2

6 j
AAjQ(S[AAj_1 +AA]‘_2+AAJ-_J-*((5)] + —= Z AA;
30) |y S

In fact, first one picks k, small enough such that k), < ¢, and then letting € < 1

small enough such that the conclusion of the preceding proposition holds we pick
k large enough such that

/<,:C6°457‘kef_2 <6
Then set j(6) = 2k and finally pick 7o large enough such that C,., x7,” < ﬁ.
But then summing over j > j.(5) we get

0 Jx(6) 0
DIaAI< D a4 +46) 04
=1 =1 =1

which then gives

o0
1
;AA1< Y Z AA; S5 [ (x0,x1)|

and the latter can be made « &;(7o) by picking the data small enough, hence
establishing the convergence and necessary smallness condition behind the propo-
sition. O

We can in fact easily sharpen the preceding corollary, in that we get exponential
decay of the AA; with respect to j, and we can also strengthen the bounds concern-
ing the corrections A):c,((J ), k = 0,1, in light of the iterative step. We record this in
the following

Corollary 12.3. For any § > 0, and 7o = 70(6) large enough, we have
A <S5 5j(H(X(),X1 ”S + |de|).
Similarly, we have
(a5, a57)

}g S6 To_(l_)(sj(H(xo,xl

5.+ [xod])-

It remains to prove Proposition 12.1. As already mentioned, a key role will be
played by the fact that re-iterating the operator y.- ., ® many times leads to an
improved estimate. The following is a precise version of what we need. Its proof
will be relegated to the end of this section.

Proposition 12.4. For any € > 0 sufficiently small, and a suitable y, > 0, there is
forany k = 1 a splitting

(e=rn @) () = D1 (1) + @ (1),
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such that we have the bounds

(X Dol (g, P)F < @e (Y [sup(y () ls. )

Nzt T~ Nzrg T~
N dyadic N dyadic

1 _ 1
(2 [ngg Ve ()5,17)? Shws 77 (Y ffg V@ )ls:1)?
N]\a/i)%;dow N]\é;‘zrdw

Here we have introduced the norm

£, = Imin{e®* 11T ()2,

Back to proving Proposition 12.1, we shall do so by obtaining a smallness gain
for the various constituents of AA;, according to Definition 11.1. We shall first

consider the time differentiated expression D, ax/ ), and show a smallness gain for
it after many iterations:

Lemma 12.5. We have

DI—=

( Z [SUP [HX$>IDTAX s> + lxe<1DrosexP s, )

NZTO T~N
N dyadic

J
_ -2 _
< KZ:[AAJ-_1 + AAj_z] + Ky Céoéy]kee . AAj_zk + CK*,]{TO 7[ Z AA[]
I=j—2k—1

provided Z{zl AA| < 81, where 61 = 61(10) > 0 is sufficiently small.

Proof. (Lemma 12.5)

Step 1: Using Lemma 10.1 and choosing k.. = k. (8) small enough, we get

1
(3 Tsup( ) e Drtsexs ) ot p.
Nz7o T~N
N dyadic

Step 2: From Lemma 11.1 and its proof, we infer for any £ > 1

1
(3 1590 Ve, Do )

Nzty T~
N dyadic
J
S( Z sup H(Xf>'<* 2k(D ij 2k HS ) +CK*J<T(;)/[ Z AA’]
Nztg T~ I=j—2k

N dyadic
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Invoking Proposition 12.4, we can estimate this in turn by
J
. 1 _
( 2 sup H )| (xesk, @) ( TAX(J?Zk))“SZ]Z) 2+ Ciy kT 4 Z AA]

Nzry TN I=j—2k
N dyadic

J
_ -2 —
< Ky Coogrikpe™ AAj o + Cry kT, i Z AA(]
I=j—2k—1
provided 0 < € < €. Then we have almost completed the proof of the lemma,
exempt that we don’t control ., <¢< 1DTA>Tx( J) yet. For this we have to pass from

——

Xk <§<1D7Ax(‘,) {0 Xy, <§<IDTA>TX( 7.

Step 3: Write
Deteex = Dax0) + DS (1) (8787, a7D) — D5 (7) (85, a57)
Then it follows that
T . 1
(> [Sup(T_O)K[HXK*<§<1@TA>TX(’)HSz]Z)2

Nx71g ™
N dyadic

<( Z [sup 0 [”)(K*<$<1D7Ax ”Sz])

NZTO T~N
N dyadic

H 0D Tsup( D) e DeS (@) (0. 27 5,12

Nz7o T~N
N dyadic

; ; 1
+( 3 () Ty et DeS (D835, 4175, )

NZTO T~N
N dyadic

0=

Here the first term on the right is bounded using Step 2, and the second term on the

right is bounded by |10g K*|TO (19) 4, j—1 due to Proposition 9.1, Proposition 9.6.
Note that free evolutions DS (7)(...) with data in S cannot be placed into the
square-sum type space in general, but restricting output frequencies to a finite
dyadic range enables such an estimate, which explains the factor |10g K*|. Thus
to complete the proof of Lemma 12.5, it remains to bound the last term on the
right, which will follow from

)
” (Axo ’Axl )Hs (E>5)
J
< Kl [AA]'_] + AAJ'_Q] + K,,?C(SOE)/H’%572 . AAj_Zk + CK*,kT(;y[ Z AA[]
I=j—2k—1
(12.1)

This will be accomplished in the next lemma O
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Lemma 12.6. The bound (12.1) holds.

Proof. (Lemma 12.6) We commence by deducing the bound for HAFC&" ) H S, Recall
from the proofs of Proposition 9.1, Proposition 9.6 that we have

o ' J~oo /1% (To) p%(/};((?))f) COS[A(TO)%‘% J*cr /l—l(u) du]
Lk B 2 "
2 T
. [W(O',A_x(]_l)> + Af(j_l)(O', )](/}12((0?))§> do

Moreover, we immediately have HA):cEj )H s, S 7, (=) 04 j—1. As for the integral
expression on the right, relying on Proposition 9.4, Proposition 9.6, we see that
the contribution of the discrete spectral part of Ax(/~1) to the left hand side is of

(1-)

size $ 7, 'AAj_1, and in particular we may and shall replace R(c, axU=1) by

Ri (o, axU~1). Then further decompose
Ri (0, axUD) = Ry (0 xys ey XU + Ry (0 xyi 82U Y)

For the first term on the right, we use the bound established in the preceding
lemma(without any information on (Afc(()j ), A)NCE] ) )) and using the argument in Propo-
sition 9.1 we deduce the desired bound for this contribution to A)"cgj ). On the other
hand, for the contribution of R; (0, xy<u, Ax(j_l)) we see that Lemma 10.2 fur-
nishes the required bound. Furthermore, for the contribution of AU~ (g, ") to
Azl
1
=(J)
bound for HAxl HSZ.

, we obtain the improved estimate using Lemma 10.3. This completes the

Next, we proceed by analogy for the term

3 1o2(T0) gy Leo
A;C(()J) _ J*C)O /173(7'0)[)2 (//}2((0.) é:) Sln[/l(TQ)fz S‘lfo pi l(u) du]
w A2(0)  p2(é) &
2
[Rior 22070) + 2fU 7 e .)]dj(jj; £) dor

=(J)
+ Axoj

Again we can dispose immediately of the contribution of the discrete spectral part
of M(j —1, as well as of the term A):c(()] ), Moreover, using the preceding lemma we

can replace R(c, axU~1) by

Ri (U'aXr]</<* Ax(j_l))'
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Consider then the integral expression

2%(79)
(o)

Ri(0 i 220D ( §) do

Here since <, AxU=1) is in the low frequency regime (since k, < 1), we can
write

. . (i—1 (i—1
XT]<K* AX(‘/ 1) :XU<K*A>(TX(j 1) +XT7<K*S (O-) (Ax(()J )’ AXEJ ))

~(i—1
+ XnereS () (0, 2571,

The contribution of the last term on the right to the preceding integral expression

(-0

is of the desired type due to our improved bound for A%,

the proof.
Next, expanding out

from the first part of

Ri (0, Xn<is AsgxU™D)
= B\zf (0-)(}(00(/\/77<K*A>0.x(j_])) 4 ﬁV(O-)(](CC(XT]<K* -DO-A>O-X(j_])),

we get the desired bound for the contribution of the last term on the right due to
Step 1 in the proof of Lemma 12.5. On the other hand, arguing as in the proof of
Lemma 9.3, the contribution of

:312/ (O—)(](cc (Xr]</<* A>o-x(j_ n )

to the preceding integral expression is bounded by < 7, V. j—1. Finally, consider

foo A2 (10) P2 ( 20) %) sin[A(t)€2 §7 A" () du]
v (o) pi() ¢t
. 2(r
R g nn S () (757, o)><%g> do
1) o

By distinguishing between & o) 2 o9 and either exploiting a smallness gain
coming from the Lﬁ -norm of the output, or else performing an integration by parts,
while always keeping in mind that & > «, for the output, the preceding term leads
to a contribution bounded by < TO_ YAA j—1-

This completes discussion of the contribution of R; (o, Xn<is axU _1)) to A)”céj ).
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We have now reduced the proof of the improved bound for Ax( J)

the expression

to controlling

© 14 (r0) #* () sinlA(ro)e {7 A )]
3 1 f] ")
f o) p(E) & R

Here the desired gain comes from Lemma 10.3 in light of the fact that we restrict
to & > k., and we are done. O

In light of the preceding two lemmas, conclusion of the proof of Proposition 12.1
will require improving bounds for

H (/\/§<K* A;C(()j) 9X§<K* Ajzgj)) g

the undifferentiated quantities

)(§>1AX( ),X§<1A>1X( )

as well as the discrete part x4(7), 0rx4(7). The improved bound for

(J))

H (/\/f<K*Ax( ),X$<K*Ax 50

follows directly from Lemma 10.1 , Lemma 10.3. For the remaining quantities, we
accomplish this in the following two lemmas:

Lemma 12.7. We have the bound
sup (=)~ Pre=1830) (7, )|, + sup (- ) re<iosex (@),
=719 T0
Co -2 4
< KZ[AA]'_] + AAJ'_Q] + K; OEYIkee . AAj_Zk + CK*,kT(;y[ Z AA[]
I=j—2k—1

Proof. This is now straightforward given our preceding work: write

AsrixW) (1, €)
2()

_ J~Oo /1%(7-) p%(/lz(o.)é:) SlIl[ ( )5% S:— /l_l(u) du]
T /1%(0') ,0%(5) &
; A(t
R 20) 4 070, ) 5D )

Then as in the proof of the preceding lemma, one may immediately reduce
R(0 2xV~1)
to the contribution of the continuous spectral part

Q(U'ij 1) ﬁv( ) CC(AXJ 1)+ﬁ( ) Kee(Dor axU~ 1))
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Then inspection of the proof of Proposition 9.1 reveals that for the contribution of
the first term on the right we gain a power of 7, ! except for the contribution of the

low-frequency free part of AxU~—1 of the specific form

Xn<1S (o) (Afc(()j_l), Afcgj_l)).

However, here the preceding lemma (with j replaced by j — 1) together with the
above the remark on

|Gy 0557 e 251 5
in conjunction with the proof of Proposition 7.1 implies the desired improved
bound. As for the contribution of

By (O—)(](CC (DO'Ax(jil) ),

the improved bound follows from the last lemma but one in conjunction with the
proof of Proposition 9.1.
The contribution of the source term AU~ (¢, -) to A~ axU) (1, £) is handled anal-
ogously: one splits the input

AxU—1
in the low frequency regime ¢ < 1 into A-.xU~1 as well as the *free part’

S (T)(Afc(()j b, Afcgj 71)). The latter leads to an improvement, as we have seen (use
Proposition 9.6). Also, we infer that the contribution of A>Tx(j 1 leads to a gain

in 7', in light of Proposition 5.1.

—_—~

Obtaining the improved bound for y¢~14x(/) is similar. m
To complete the proof of Proposition 12.1, we finally have

Lemma 12.8. We have the bound
sup T(I*)HAx‘(lﬂ‘ + ‘&Axflj)‘]
T=70
Cs -2 J
SKL[AA; 1 + DA o) + kTR A o+ Couty [ D) AAY
I=j—2k—1

In fact, one easily checks that the contribution of Axgj ~ to the norm on the left

is bounded by < 7, 'AA j—1, and the contribution of the continuous part of axU=1)
is controlled in term of the preceding lemmas.

Since we also have HA)%V )H S, S TO_ (1_)AA j—1 on account of Proposition 9.1,
Proposition 9.6, we have now completed the proof of Proposition 12.1 contingent
upon Proposition 12.4. The proof of this latter will fill the remainder of this section.

Proof. (Proof of Proposition 12.4) To simplify notation, we shall set here K. =:
UK. Also, we shall use the notation

T /1%(7) P%(%f) I - (1)
(D:Uh)(z,¢) = L) FEE cos[A(7)€ L A (u) du]h(o, /12(0_)5) do.
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We use a decomposition of the kernel K into a diagonal and an off-diagonal
term. Specifically, for some n > 1 later to be chosen large, we split

(]((é:’ 77) :X‘%_]‘<%7((§’ 77) +X‘§_]‘;$7((§’ T’)
= K’ (& n) + K" (€n).

Then we first show that for the two fold composition of ®, the contribution of K¢
is small:

Lemma 12.9. There is y > 0 such that

(3 [590(2) lens DU (B e, DU 5, )

Nzrg T~
N dyadic

s (Y (1) s, )

NzT1g ™
N dyadic

Proof. (lemma) Here we combine the vanishing properties of the kernel K with an
integration by parts. We need to show

2
() tswp( 2y [

(1) P%(mf)

Ny TN T Jr A3 o) P2 (&)
N dyadic

1 (7 2 i
e cos [0 [ a7 ) i, 4506 o )?
s’ TSyl ),

NZTO T~N
N dyadic

where we have
/’l(O’, ) = ﬁv(o-)q(nd()(~>K*D0'Uf)-

Thus we can write more explicitly

2(¢ 2(r T3 (o p%(ﬂz((:)n)
h(o, //:2((0_))5) :BV(O-)JO K" (//: ((0_))5 MXn>ks LO /lg((s) pf((n;

s 2 o
cosfa(e)nt | 4w dul s ﬂzis; ) dsdn

- A
Using the change of variables 7 = ((Z)) 1, this becomes
P pena @), P() L:(s) _ p2(i)
0 o)™ Blo) 72 = 22 (o) pi (4:571)
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By definition, we have

2(1)
Lo Eer
n A2(s) ~
/12(0-)]7
on the support of the integrand, which also implies that
2(s) ~
n "~ 2@
22(0)
We can then bound
Alt) 2L Als) =1 A7) .1 Als) =1
1 8 T A s T’
< nmin{ , }
AT 21— A(s) =1 A2(s) - 22(7)
W& T 2y | 2o T

Combining the two phases inherent in the expression

1

f“mﬂwggﬁwwwmfﬁ*wwwaﬂ@aw
W @) PHE) f )

as revealed in the preceding results in a combined phase of the form

cos [A(7)¢? J Y AN ) du T A(s)7z f A7 (w) du]

= AT 3 (sin [/1(7)5% JU A Nu)du F /l(s)ﬁ% fs A (u) dul)

o

Performing an integration by parts with respect to o in the first integral then pro-
duces an extra gain of o', while we replace the kernel K"¢(&,7) with one of the
schematic form -
min{—, —}K"(&,7).
&
Note that the vanishing properties of the kernel K¢ imply that we can absorb the

weight min{--, 1} into the kernel. The desired bound of the lemma then follows
2

£&2
as for the a priori bounds established earlier. O
If we now absorb into ®§ all those expressions where at least one kernel K"
appears, then we get the desired bound for CD’; as a consequence of the preceding
lemma. It then remains to establish the bound for CDIIC where we now set

(1)

T % % 2_§ (7 2
A3 (x) P2 () )COS f (1)

A7) dulB, (o) (K4 f)(

: 2

D) = e |

T @) e
Below we shall omit the cutoff y¢~, as it becomes irrelevant. As we still haven’t
fixed n in the definition of @ >, we shall henceforth put n = k.
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To get the desired bound for ®*, we shall further decompose the kernel (which
now lives near the diagonal ¢ = 7) into a small frequency and a large frequency
case, as well as a remaining intermediate frequency case. This is where the param-

eter e comes in:
= 7(;175 + q(;’f + 7{;1,6.

Here the operators on the right are given in terms of their respective kernels as
follows:

d, d, d, d, d,
K] ‘ :X§<6Kd’ K3 ¢ :X§>671Kd, KZ €= K- Kl € K3 €.

Then the ’outer’ kernels Kd’E have an important smallness property evidenced by

1

d’ l =
(> [Sup HD UB) K5 fls, 1) s € (), [Sup( wAMSE Msa1?)?
Nzmy T~ Nzrg TN
N dyadic N dyadic
for suitable y; > 0. Indeed, this follows from Lemma 10.2 for the small frequency
cutoff and is proved similarly for the large frequency cutoff, exploiting the decay
properties of the kernel K at large frequencies as in [28].
Moreover, in light of the definition of D, U, we have the following key vanishing
relations:

1+1)e

K< UK~ o (12.2)

1
w U D UKt — o (12.3)

This implies that operators of type 7(; ’; can only be followed by a more restrictive
class of operators, and in particular, we can ’lock in’ a certain amount of gain in the
presence of ’off diagonal’ operators. However, iterating a large number of diagonal
operators will result in smallness thanks to the fact that one essentially integrates
over a simplex in high dimension. Specifically, we expand

B, (1)K DU)"
= (B,(OK D, U)"

+ Z IBV(T)WS’E.@TU)](( V(T)Wf’EDTU)( V(T)q(dDTU)n—k—l

2( V( )Wg’fﬂyU)k( V(T)q(gi,fz)TU)( V(T)V(dDTU)n—k—l

k=1
+ (B(OKD,U) (B (1)K D, V)
+ (B, (KD, U) (B, (1)K D U)"
=:A+B+C+ D+ E.

n—1

For the term C, observe that we have

(B/(1) KD, U) (B, (1)K D, U)" !

- ( V(T)Wg’EDTU) ( V(T)q%da%DTU) n—k—1 ’
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and so all terms here are trapped in a high-frequency regime. Thus we get

n—1

€ = 3 (B @IGDU) (8,215 Do) (Byr) K Drv)
k=1
Lo

(12.4)
KD, U)* (B,(1)KLD.U) (B, (1) K4 D, U) !
Moreover, for the term B, we have
n—1
=Y (B, () K D.U) (B, (1)K D, U) (B, (1)K D, U)" !
k=1
n—1
— N (BOKEDU) (B, (1)K DU (B, (1)Ko DU !
P (12.5)

1
PR JKE<D.U) (B(V KD U) B0V K S D,U)

(B D) (B (KDY

Here we use that the operators ( V(T)(sz “DU ) on the left force large frequencies

at the end of the expression, and if only one operator ( ,,(T)W;j’Z occurs it will
force very large frequencies after it.
For term E we proceed just as for term C. Thus write

n—1 —1

By(OKLD.U) (B, (1)K D-U)"™ = (B (1)K DU (B, (1) KT D-U)"

The conclusion is that for terms A, B, C and E we can write them in terms of a few
consecutive strings of operators of type , V(T)‘sz “D.U), ( V(T)‘K3d “D.U), and
for the latter we already have observed a smallness gain. Finally, for the remaining
term D, we also write it in terms of a small number of consecutive strings, by
writing

D = (B,(1)K"D.U) (B,(1) KD, U)"™"

Z KD, U) [0 4 B=D) 1 cl=i) 4 g0

where the superscript indicates that these terms are defined just as in A, B, C and
E but with n replaced by n — j.

At this point, we have essentially reduced the problem of bounding ( V(1) KADU ) !
to the problem of bounding ( V(T)WS’E@TU )n, and so this is what we now turn to:
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Lemma 12.10. Using the preceding notation and assuming j < n (the latter as in
the definition of K% ), we have the bound

(Y [sup()|DeU (B (KDY f] 1)

Nz7o ~N T0
N dyadic

1

<SS Tl )

|
J . NZTO T~N
N dyadic

Proof. Write

(B, K <D-U) (B,(7) K5 <)
L, 22(7)

e o A T)p(ﬁ(m)a 1) cos(A(7)¢z “Nu) du
K fj dordn e T ) cosaet | a7

T T LN LG Lol o L P
= (ﬂz(‘fjl)m_z’m_l)fm e B(oy)  pinj) P
3 7 1 d.e Z(O-Jfl)
cos(A(os 1), J A ) ) (B, o

Then we carefully recall that by choice of K¢ we have

(o)

1
’2——1‘<—,1<k<j—1<n.
/1(0'k+1)77k+1 n

and so

1
Bome = (1= ) 20 1<k <j-1.

Since we further have the restrictions &€ > €,7x < € ! on the support of the full
expression, we get

o >1-6, 1 <k<j
for v and the € small enough, uniformly in n. In particular, we get

Bloy) se 't 1<k< ]

Tl 3o %( (o ) L [o2
.sm J j dorad *;E 1;’) i ))'“ ulrs)cos(aloryn [ a7 )
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Finally, we infer that for fixed 7 > 7¢

[(8.(0) 75 “DU) (B (1)K ),
T (o8| oji—1
<0 [ gt [ o [ Bl dor

€T

A

e/
By(7) = sup | (o),
J: o~ >
We finally get the desired conclusion of the lemma

() [sup(— ) [DeU (B0 7 “DV) (B0 K )5,

NZTO ~N
N dyadic

Efj 1

<50 X By ), P)?

Nzt ™
N dyadic

We can now conclude the bound for GD’I which will then complete the proof of
Proposition 12.4, by bounding the terms A - E from before:

Bound for A. From preceding lemma, we have

—n 1

(3 D Ejarl P s Sp( Y (I, )’

Nzrg T~ n Nzrg T~
N dyadic N dyadic
_ 1
«ee (1 3] [sup(— ||f s, 1*)?
NZTO T~N
N dyadic

provided 7 is sufficiently large in relation to a fixed chosen e.
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Bound for B. In light of identity (12.5), we find

(X lsun(-Brls,] %)’

Nz1o ™
N dyadic
n=l _—k —(n—k—1)
E  n € 7
S[kzl T
n—1 —k _—j 1
e *e . 1
DI e (W IRCT IR
Dlo<jenin K ! Nomy TN T 53
N dyadic
<« eyl"ef*z( Z sup Hf Hs3]2)%
Nzrg TN
N dyadic

provided e is sufficiently small and » large enough.

Bound for C, D, E. The term C is similar in light of relation (12.4), as is term E.
Finally, for the term D, we can bound it by

EINETICONLN )

NzT19 ™
N dyadic
1 . N2 N
[ IeT](N fsup() o),
j=1 Nzrg TN T ’
Ndyadlc
_ 1
<e@”e" ()] [sup(— Hf s,1%)?
Nz71o ™~N
N dyadic
for any y, < vy, provided € < 1 and r is sufficiently large. O

13. Proor oF THEOREM 4.1

By Corollary 12.2, the function x(t,¢&) := x(0(r,&) + Z ° , ax(1,€) con-
verges in the sense of Corollary 12.2. In light of the deﬁmtlon of AAj, it is then
easily seen that

a0
R) =[] asxt(7)]e f $(R,&)[xV(z,¢) +2Ax”r§]<§>f
j=1 Jj=1
is in fact a function in HéR ,
(2.3). In view of the regularity properties of u];}‘,’pmx ([28], [27]), we then obtain
that

which by construction of x constitutes a solution of

kv

uapprox +

€
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is a solution of (1.1) of regularity Hﬂg%_. Furthermore, writing (see Theorem 1.3)

u];gprox te= W/l(t) (X) + Vi ([7 X)

and recalling (2.1), the proof of the last assertion of Theorem 1.3 concerning Ej,.
reduces to verifying that

lim |V, c€(t,x)[*dx = 0

t—0 |x|<t
However, using that € = 1% and the structure estimates of € coming from Proposi-
tion 3.1 as well as Proposition 3.2 as well as straightforward bounds for the contri-
butions to € coming from the *non-free’ Fourier components A~ .x, Ax, one infers

that
2

J V,ce(t, x) > dx <
|x|<t

which converges to zero for v < 1, and, we in fact had (see the proof of Proposi-

tion 5.1) the restriction v < %

vl

Back to the level of the Fourier transform, the data of x at time v = 7y no longer
coincide with
( X0d X1d )
x0 )0\ x ’
but can be written as

0 () ()
X0d Xid Ax;’ (7o) O-8x;" (T0)
(<xo>’<x1>)+;(< Adf(()j) )( A%Ej) ))

Then the arguments from before imply that

0 0
1585 3 a8 s < 70" vo. 1) 5 + o)
j=1 j=1

and further
. (1
Dlax @)l s 7" xoa] + | (0. 31) 5
J
Moreover, passing to differences of solutions gives the Lipschitz-continuity of the
data map with small Lipschitz norm. This completes the proof.

14. APPENDIX

14.1. The contribution of the first term in (2.12) in the proof of Proposition 7.1.
Here we follow the same steps as in the proof alluded to, but only retain the contri-
bution of the source term xg:

Step 1: Proof of the high frequency estimate (7.2) for the contribution from
Ry (1, x0),



ON STABILITY OF TYPE II BLOW UP FOR THE CRITICAL NLW ON R3+! 113

Step 1(i): Contribution of B2(7)K..x'?). Substituting the first term in (7.6) for
7(“x( ), we arrive at the expression
L 2(r
JT 24 (1) PEEESE) sinA(1)éb 7 47 (u) du]
0 A3 (o)  pi(é)

where this time

,B?,(o-)A(f, 7,70, 0) do,

8=

A(¢,1,70,0) :
2(1) . 22(1) =\ L, 2(1)
OO,I%O-F(/pJf,AzGTI)PZ(/leU)l,121 1 (7
- [ A En P T Dy costamnt [ 4w
0 A2(19) &§—1 A(79) 70
(1)
i7) dij.
XO(AZ(TO)U) i
To deal with the case 7 > 1, use that if we put
3
o AN g ) ), () ()
B b 9 b F b
(r.o,€6,7) = ﬁ(ﬁ pﬂﬁ(ﬁ)%%ﬂfﬂWWMNMWW)
and further restrict to £ > 1 (as we do throughout Step 1), we get
A
|B(r,0,&,7)| < max{f,fz}‘“(%)i
Furthermore, we have
5
22(0) 1 2%(1) _ 1L /12(7')
2 7
H/l% (T()) (/12(7_0) )77 XO(/IZ( HLiq(r]>l)
_ (@) A(r)  Aro)
T AB(r0) A2(r) At ~O0Lg

and the operator with kernel
Sl -
n+B(r, 0., 1)
&—1
j U) )2 In all, we then conclude that

is 2-bounded up to a factor (

~—

Pl (122 ¢ sin[A(r )€ §7 47 (u) du]
| J ey ) T ¢ A1 (6.7 70.0) o 1o o

T2 (o) 2 1
< I1xoll s o)do <1, |xolls .
H 0H51 LO /12(7-) ( ) 0 H 0”51
Next, turn to the case 77 < 1. Then replicating the reductions in Step I(i) of the

proof of Proposition 7.1, one first replaces o2 (%ﬁ) by

D=
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To achieve this reduction, recalling the algebra in Step I(i) earlier, one has to bound
the expression

T3 3 /122(7) i 37!
f Uk (/ll(o')g) sin[A(7)¢ Sl O ) Ay 6,770, )
w0 A2(0)  p2(€) &

where we set

Aﬁ<1 (fa 7, 70, 0-) :

2(1) - 3 7
_ fl ti(o) T T e s (o)) JEaur
0 A3 (1o) €1 ' AZ(TO)T]
o /12
-cos[/l(T)ﬁ% J A7 (u) du] - xo( 2 ) ) di
o A2(70)
2, 2 - L) 14
' /l% (0_) F(/lz(()’)é:’ 2(0) U)ijz((;))ﬁ<l[/l2((r)n)]4 1 /12(7.)
+ i ' N
fo A3 (19) E—1 g (/12(70)”)
o 2(r
~cos[ﬂ(7)ﬁéf /1_1(“) dul - xo( 2( ) 7) dif
- A (To)

2(7) - 1 208) o 1, 22(7) -
P36 e e, oF et (i)

| = |

and we further get

L% (n) 1 A2(t) . (1) A2 (1o)
[, Gyt ooyl s Sl 1,y < i ol
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via a simple application of the Cauchy-Schwarz inequality. We conclude that

21) p 2)
13 () (,12((7) (o )7]))( 1 (r) _

0 A2 (1) f—ﬁ

>1

: cos[/l(r)ﬁ%

A
A(o)

Similarly, for the term restricted to the low frequency regime -

s (=)™

(1) ~
(o)

i1 < 1, use that

< (G e L,

However, assuming the bounds (14.1), (14.2) for A;<1(€,7,70,0), one easily
infers the bound

HJ (1) P%( (( ))f) sin[/l(‘r)f% §; A7 (u) du]
. P} () &
- Br(0) A1 (€. 7,70, 0) d"“@rliﬁf(&l)

N\— Aa

0/120'

s 7y [xoll,-

The preceding considerations then allow replacing p %( (o) i7) by

2 T
X 2(r) i<l [//:2((0_)) ]

2

1
1
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2(1) . 2(1) ~ 22(7)
b aan " b FCrné

— 3
as before), and so we finally conclude that we may replace A;<1(€,7,70,0) by a

term of the form

Similarly, one reduces

up to a negligible error(bounded

2(1)

F(356:0) foo A%(U)X 2 cos[A(r)i= § A" () du] @ P
g 0 /l% (TO) jz((;_))f]<l (jzz((;—_))ﬁ)i /12(7'0) /12(‘1'0) .

Throughout keep in mind our assumptions & » 1, T > o. Here we can easily

get rid of the localiser x ., pel up to a contribution which is bounded as in the
2o

preceding, and so we have finally reduced Az~ (¢, 7, 70, o) to the expression

F(Z60) 1 23(0) cos[A(@z §7 A (wydu) |, 2(z) . 2() .
3 Jo 3 (10) (jzz((;))ﬁ)% p ﬂZ(TO)n)XO(ﬂz(TO) ) dip
F(ﬂzz(;)f,o) © 2(o) cos[A(to)iz §7 A () du]
- O [ ey ol oL O st
/12(0.)5 n

However, this term being just like the one displayed after (3.6), substituting it for
Aji<1(€,7,70,0) leads to the bound

% P%(jzz(a)@ sin[A(7) %So—/l_l(u)du] )
y Aj<1(£, 7, 70, d —1—72
| Jfo V(o) p2(&) £ Br(@)Ane1 (67 70,0) oo g3 o
i»
< s, | (G oBo)

This concludes Step 1(i) of the proof of Proposition 7.1 for the contribution of the
first term in (7.6).

Remark 14.1. We note that in the last step we could have performed an integration

. . —(1-)
by parts with respect to o7, and gained an extra power 7, .

Step 1(ii): Contribution of ,BV(T)WCCZ)Tx(O). Here we arrive at the expression

JT L ( By(0)A(€,7,70,0) do,

o)) sin[A(1)€2 §7 A (u) du]
0 Ai(o)  p

6) &
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where this time

A(¢,1,70,0) :

R, 2@ oy L2
Jw (o) Fla ’/12((0 n)pz(ﬂz(g))fl) p A o
_ ]

0 A2(19) &—1 P A%(70)

)

Restricting to 77 = 1, € > 1, and setting

N _1A2(
B(r,0.6,1) = > ———¢&*
R

we have the bound

|B(r,0,&,7)| < 774

Furthermore, the operator with kernel

&—1
has L2-bound < (;((;)) )2, and we have
5
(o) 1, 22(1) . 1y (1)
3 I
H/l%(m)p (/12(70)'7)'7 xo(ﬂz(To)n)||Lf’"(">l)

< /l%(o-)’l% (1) /IZ(TO) A(1o) H !
. . x

S B) 2@ A

Then we infer that

Lo % (n)

=HLg

T 23 (1) PGy ) sin[A(1)¢2 §7 A7 (u) du
‘L} Bo) o ! ﬁv(U)Aﬁzl(f,T,To,U)dcrHLflf(§>1)
TAT) s B)ad(r) Bz Alr)
s [lols, 'L,(ﬂ(a)) B 2> Ar) Prlo)do
< HXO s

The remaining situation 77 < 1 in this case is handled in analogy to the preceding
1 .

case Step 1(i); note that on account of the extra factor 772 we are never in danger of

losing a factor o

Step 3: Here we deal with the low frequency case & < 1, and in particular, we
explain the choice of A):c(()’l]) for the contribution of x(%) coming from xo. Here the
precise definition of the norm H . H 5, will play a role. The control of the part of
AXSZ as well as that part of the components Afc(l), A)”cgl) contributed by x¢ being
similar and routine, we shall omit them. To begin with, we need to complete the
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proof of Lemma 7.3, which we recall happened in two stages (/) and (2). Here we
(1

show how to choose AX,

, by first establishing

Completion of proof of Lemma 7.3, (1): proof of the bound

= cos[vro¢2] dg] < 70 (xox) s + 75 " .

“© (prA%))(€)
R

This is again straightforward for the contribution of the exponentially decaying

term xflo), and so we reduce to the contribution of x(?). We follow the same sub-

cases as the part of the proof of Lemma 7.3 given earlier, but this time only con-

(1)

sidering the contribution from xp. Recall the formula for A%,

immediately before the statement of Lemma 7.3.

which is given

(1i): Contribution of B2(0)K.cxO) (0, &), low frequency & < 1. Throughout we

only consider the contribution of the first term in (7.6) to x(*). Substituting this

formula into the expression for Z)”c(()l) and then into the first expression in (7.7), we

obtain the following kind of integral expression

PH(52) pb (&) cos[rrog] sin[A(ro)ed |7 A~ () d]

6) &
. B(r, 0, &) dédor,
(14.3)

where we have set

B(t0,0,¢) :
2(x0) 1o pH(ED)
_ foc F(Zy & meM) a3 (o) P2 i) cos[ () fo/l_](“) du]xo(/lz(a 1) dn
0 fz((?))f— n () p(n) 0 )

Here we quickly mimic the cases (/i.a) - (1i.c) from the earlier proof of Lemma 7.3.
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0)

(li.a): Imbalanced frequenczes 5 « n. Following the same steps as in the
earlier proof, we reduce at fixed tlme 0' = 79 to bounding

A%(r0)

2
F , 5 Y
708, (o) J‘OO sup ‘;ﬁ (122(” &meln) | /152 (o) ’p (,:2(,0)77)
R LA ORI

70 /12(7-0)
o0 /12(0_) /12(0-)
o) | #(eo) Wi ey
(o) A2(o)

T X 2@ n]%|xo
/112(0) >1[/12(T0> ] ‘ (7o)

< 105 ()

This in turn can be 1ntegrated over o = Ty to give the desired bound.

(1i.b): Balanced frequencies f;((:f))f ~ 1. Arguing as in the earlier proof, we
simply need to exploit here that

2 g 1 2 g a
|t ol < (1

The desired bound easily follows from the earlier argument.

xOHﬁl'

(li.c): Imbalanced frequenczes Z’ ¢ » n. Here instead of (7.10), (7.11), one
arrives at the quantities

Jw o) 4 Blo) eoslilont {7 wdd - Po)
(o) (7o) n’

© A3 (o)

n
He A (rg) A7) N

n) dn,

Then one controls the contribution of the first expression by means of the first
vanishing condition of (3.1), just as in (/i.c) in the earlier proof of Lemma 7.3,
while the second contribution is bounded by

|fﬂ(r0) /1% (o) %(/12(0') )Cos[/l(O')Tl% S(Tro A~ u) du] 2(0)

n xo( n)dn
] B (r (7o) ni () |
2 (1)
2w o) 1, (o) o Bo), A2 (o)
S — 1 2|xo0( n)|dn + xo n)| dn.
L‘éf(ﬁ)’é A%(70) | 2( | S /13(T0)| A*(10) |
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Then we get

22(z)

2o A(o) _1,  A%(o) 1 A s (P aony e
n 2)xo nidns & ——= Jn xo(17)| diy
LA;((T(S))SC /12(7.0) } (/12(7_0) )‘ [ ] p ‘ |

and further

© (o (o) Alo
e T oGl < 35 [ ot a
)

(o)
/1(0'
/I(To) HXOHSI

If we combine the preceding two bounds with the estimate (for & < 1, o = 10)

|/1% (To)ﬁz(o-)pé (/fz((?)) &) p2 (&) cos[vroé? ] sin[A(7o)é2 S A" (u) du] |
V@) pr() &

A 1
< vupllo) G0,

we see that inserting the second expression at the beginning of (1i.c) for B(t, o, &)
in (14.3), the resulting expression can be bounded by

0 Alo
Sl [ v do < s,

as desired.

As the remaining cases (/ii), (/iii), in analogy to the earlier proof of Lemma 7.3,
are routine variations on the preceding kinds of estimates, we omit them here. This
concludes (/) of the completion of proof of Lemma 7.3.

Completion of proof of Lemma 7.3, (2): Choice of A)?(()l). Again we shall set
8% = BF (tr<cn9(R.0))

for suitable 8 € R. We easily get

0 3 =(1)
J EE0 ) confraet e ~
0 é‘-‘Z

while we also have

(25 0)[5 < pry "
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14.2. The contribution of the source term 52(7)%2x(*) in the proof of Propo-
sition 7.1. Here we briefly consider the contribution of the last term in (7.5) in the
proof of Proposition 7.1. More specifically, we shall reduce x(%) to the contribution
of the first term in (2.12), the second term there being treated similarly, and we
shall consider the bound for the low frequency term X§<1A>Tx(1) with respect to

the norm H . H s Following Step 4 in the proof of Proposition 7.1, consider the
expression
© 23 (1) .0% (;zz((;))f) sin[/l(‘r)f% §7 A7 (u) du] A2(1)
| e =0 (1) (0, 45 2 do
< o) e £ 2(0)
(14.4)
where throughout we shall restrict to & < 1. Write explicitly
(1)
%2 (0)
wu%)@x
(1) A2(1) 2(1) -
_j ( 'f (o) Op (,lz(g)g) JOO F( )§ /12 cr) )p( (o )U)x(0)</12(7) 7) dide
0 §—¢ 0 {=1 A%(0)
where we now have (under our current simplified version of x())
L 2%(1)
2() (o) P g (¢ (1)
(0) ~\ 0 ~1 —1 ~
X (/12(0.) i) = e L 2(7) - cos[A(7)7? LO A (u) d”]xo(/lz(To) 7).

It remains to estimate H(14.4)HSl = ||§_(O+)(14.4) . We prove this again by dis-

tinguishing between a number of cases:

HL;f

(1): Imbalanced frequencies & « fj. Introduce the auxiliary function (keeping
the temporal variables fixed for now)

[ PG et g o) | 2
o=, = ey )"
o 2 T
- cos[A(2)i f A wdu] xo jz ((TO)) 7) di

Then using subscripts to indicate further restrictions of the integration range, we
get

>

\fran ()] <

&
[ STV}
—~

To) JCmax{l&}  Z(o)

. G I TR () NI
J X 7 7)3 |xo( 7)| dij.
Cmax{{.£}  22(o) =

(U)) f ™ p%(ﬂz(To)ﬁ)’m(ﬁz(To)ﬁ)’ a
)

o~

(S
—

q

A3 (1)
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The first integral expression on the right is then bounded by

A2(1) <\ 2
Lo (- G 4 20 PO
X 2@ = 14 )Xo n
B (xg) Jemanieey” 7=t A (w0) T P(no)
A(o)A(7) JOO )
< — 2(r) - 2|x d
(7o) Cmax{_(,f})(/l(ro)) <t |0(/12(T0)n>| 1
A(o) A3 (7) f"o 1 A1) o ()
+ = X 2w o i i1]# |xo( 1)\ dij
ﬂ%(To) C max{{.£} 12<r0)"/ A%(79) ‘ () |
< g—(%—)/l(o')/l("') [/1(70)]2 ||X0||~
N A(t9) ~ A(7) S
On the other hand, the second integral in the bound for | feai(L )| is dominated by
5
A2 (o) JOO o ) A
X i 1 (57— 1)* |xo( )| dif
|/1§( 0) JCmax{z.é} w22 (ro) | A%(70) ]
1uCa e e T I )
Sl ) 2 e
2(0)

where we have exploited that we have 77 > 20 in the integration range, as well as

the fact that the definition of H . || 5, allows us to include an extra weight (;22((:0)) )%.

The preceding bounds then immediately imply

e F(REe S0 gp L0y
e T

1 A7) A(ro)
S ng f{<<f7HLfl((g<1) ~ W[ﬂ(:) : HXOHSp

where we have exploited the vanishing property of F(-, -) to absorb f_%. It is then
easily seen that the contribution of the term fevs«j to (14.4) leads to the desired
bound, using that for & < 1 we have

1

2 (r) PGB sin[A(0)E} 1 4 (w) ]

A7) 2
3 i 1 By(0)| s =7 By(0).
o A ¢ )
Similarly, we obtain
/12(7) (1)
o6 TP 20
‘J X§<<§ /l /; 7 /1( ) f{<<ﬁd§’
A(o) AT0)

slog(g)g - )/l(To)[/l(T) ]_HXOHS'

Calculating the norm H H oI, here leads to a logarithmic divergence, which how-

ever is easily avoided by means of a simple orthogonality type argument, exploiting
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gains in % which we neglected before. Finally, the expression arising upon substi-
tuting the cutoff y;«¢ is bounded similarly, exploiting the crude bound

| ¢ §)|< il |
< S¢ 2,6 < L.
Xi«g ¢ {2¢

This concludes the contribution of | fz«j|-.
Next, we consider what happens when we replace f(¢) by fz~5. Proceeding as for
fz«i» one infers that

A(0)A(7) 7o)
Vesalz, = =z 5

I ol

Sy

Since { ~ 7 implies ¢ » & under the hypothesis of case (/), and further (provided
£ <)

), 20, )
we have
o F(‘f(f,)f, f(;)é)p(f(;){) A)A(7) Al
|f0 Yewl (o) dg(_)éw (o) f{~ﬁd§| < ;2270()>[,1((TO))]2_|XO }Sl'

Then setting

) 1 2(‘r) . 1 co _
2 () P Gy sl e 7 a7 ol
Ao P ¢! V
we get
. o F(ETe L0 0,
- (o) (o) (o)
e (0+)£ @(T,g,g)L Yewr— Ag—g . f§~f;d§HL§§(§<1)
© A7) A(0)A(7) Al70) 15— LY.
<ol ], S0 Tty g 4 = (s,

which takes care of the contribution of f;~5. It remains to deal with the contribu-
tion of fy»5, which is treated similarly to that of f;«j, trading a factor & 3~ for a
fﬁ_. This concludes case (1), i. e. the imbalanced case ¢ « 7.
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(2): Imbalanced frequencies & > 7j. We borrow the notation from the preceding
case (1). First consider the contribution of f;«, which is bounded by

§%|f§<<ﬁ|

<400 [ T 5l o Bl
[ Rl
*gﬁilwmﬁgﬂgwﬁ%wmﬁﬁkwﬁ

< 2ol

The preceding estimate, combined with a simple orthogonality argument, then
yields (keeping in mind that we restrict to & > #})

\fx F(&De 20 0)p(4Dy)
&»d

¢ t de|
3D (L
< 2w () ol
It follows that the corresponding contribution to (14.4) is bounded by < ( on || s,
Next, consider the contribution of fz.5, whence now { « &. Here we have
le
2 2
0o F( /lz u, g, /12 ) i) 22 2
0 2(0)* P(o) (@) o 0 A@ o o
5
/17(0') _(04) /12(7') 3 /l(To) 11 /12(7') o
—_— iy 2 . I Ax d
) ) X e iy T oty 4l
5
() | opy, A1) 3 A7) 11 () L
g . 214 x d
2 (r0) H (/12(0_) i) X;Z(ig)nzl(/l(m)) i 0(/12(1.0)77) 7,2

Both of the last expressions are directly seen to be bounded by < (%)Kﬁ(g)) ||xo|| 5,
Then we can infer that

fe~n di|

F(&Se 200 (WO
‘f e £—¢
- A(o)
< ¢ O+)f§~’~7HL§{ S0 % |l
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which again suffices to bound the corresponding contribution to (14.4).
Finally, we consider the contribution of f;5. Here we can replace fz5 by

1) (¢, ) _ (o)
) |

o) by * ) 2,

()
(7o)

1 (7 *(r
i7) cos[A(7)ij2 J A7 (w) d”]XO(;z((TO))

P2 (

Here in the first integral expression on the right, trading a power & %_, which will

come from the L{zlf—norm of the output, for a power fﬁ_, one easily finds (recall
&<

2(7) (.1 1, At
R0 [ e iy 200

2 e TR )
</l(0')

~ () (%)KHXOHS"]’

v /127. o
| waot S an

i
S~—
(@]
@]
o2}
—
P
—
~
N—
=t

=

and from here one easily infers the desired bound for the corresponding contribu-
tion to (14.4). One may thus replace the expression f;55 by

(1) f © 1 20

o) by 7 ) Be0)

(o L A3 (1) 1 (7 At
D () sl 47! w) dud o

This expression we then reduce to the

A1) (@ A1) _ A2(0) 1, P(r
42((0))[ X 2w, P ()77) ((TO)>P2(/12((TO))

I—
[NY[o)

77) cos[A(7)7f?

od /12 T
L A7 () dulxo (55 ((TO)) ) di

i<1" A%(0) g

Ll

0 2 (o)

up to a term which in terms of L is bounded by < ()" %o 5,» Which then fur-
nishes an acceptable contribution to (14.4) as is easily verified. In turn, one reduces

the preceding expression to

(1) JOO A%(7)

/12(0.) 2 -

o 2 T
[ @i an

o X2l 35 ? m) . Pr)

up to a negligible error, and finally, one reduces to

2l (220
/IZ(O')J | ]

Bl

; /l%(a')p%(/lz(‘r)
o (o) A3(ry)  A%(70)
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But then arguing as in (2) of the proof of Proposition 3.1, the preceding equals

T [ teostatmnt [ wado sy 145)

which is bounded by o'||x0|| 5, thanks to the vanishing condition satisfied by xp.

DI—=

Inserting the preceding expression instead of f; 5 into the formula for K Czcx(o) then
results almost in a good bound for the corresponding contribution for (14.4), except
that the singular weight &%) ysed in the norm for the output just barely causes
a divergence which we have to avoid by using an orthogonality type argument. In
fact, note that we can simply bound (with the preceding expression representing

f§>>77)

2 T 2 T 2 T
© F(,/llz((g))f’ jz((g)){)p(jz(((r))g) Jel <
| e - IS THE ||f:>>ﬁHL;§

< alxols,
and we “almost have’ (recall the notation introduced earlier above)
A(7)
A(o)

‘LV§<1§_(O+)(D(T’ g, f)HLiC S ﬂ‘Z/(O_)’

whence we just miss the estimate

St

At
bols, [ Jfite) o~

for this contribution to (14.4).

To deal with the divergence, we note that with 7 the integration variable in (14.5),
if A2(7)¢ 2 A%(10)n, we can absorb a factor £~(O*) into the integral (14.5) while
gaining a factor

[)'2<T0)77]0+ l]K
/12 (T )f T0
and then a simple orthogonality argument, using localisations to dyadic values of
&, 7, furnishes the desired sharp bound (with a loss (%)", which is admissible in
light of the shape estimate (7.4) we are striving to prove). On the other hand, if

A2(1)¢é « A%(to)n, we are performing an integration by parts in the o-integral
Ato)
(o)

from (14.5)). Then performing the Lflg—integral on (14.4) with the weight &~ (0+),
one obtains (after dyadic localisation, say) a factor

ADE" ADE T o
Aro)nz  Alzo)yt 70

and the weight n~(©*) can again be absorbed into (14.5) in light of the definition
of | - | 5, Then another orthogonality argument furnishes the desired sharp bound
(7.4) for this contribution to (14.4) as well. This finally concludes the contribution

n% (coming

(14.4), which in the worst case trades a factor %f > for a factor

B
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of fr»5 to (14.4) in case (2), and thereby case (2).

(3): Balanced frequencies ¢ ~ fj. This is again similar to case (/) and we omit
it (one trades a factor & ? for a factor ﬁ% to five boundedness of the #j-integral.
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