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CLOAKING USING COMPLEMENTARY MEDIA FOR
ELECTROMAGNETIC WAVES

Hoal-MiNH NGUYEN®

Abstract. Negative index materials are artificial structures whose refractive index has negative
value over some frequency range. The study of these materials has attracted a lot of attention in
the scientific community not only because of their many potential interesting applications but also
because of challenges in understanding their intriguing properties due to the sign-changing coefficients
in equations describing their properties. In this paper, we establish cloaking using complementary media
for electromagnetic waves. This confirms and extends the suggestions of Lai et al. [Phys. Rev. Lett. 102
(2009) 093901] for the full Maxwell equations. The analysis is based on the reflecting and removing
localized singularity techniques, three-sphere inequalities, and the fact that the Maxwell equations can
be reduced to a weakly coupled second order elliptic equations.
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1. INTRODUCTION

Negative index materials (NIMs) are artificial structures whose refractive index has negative value over
some frequency range. These materials were investigated theoretically by Veselago in [33]. The existence of
such materials was confirmed by Shelby et al. in [32]. The study of NIMs has attracted a lot of attention in
the scientific community not only because of their many potential interesting applications but also because of
challenges in understanding intriguing properties of these materials.

One of the interesting applications of NIMs is cloaking using complementary media, which was inspired by the
concept of complementary media, see [14, 16, 23, 31]. Cloaking using complementary media was proposed and
studied numerically by Lai et al. in [14] in two dimensions. The idea of this cloaking technique is to cancel the light
effect of an object using its complementary media. Cloaking using complementary media was mathematically
established in [20] for the quasistatic regime. The method used in [20] also works for the Helmholtz equation.
Nevertheless, it requires small size of the cloaked region for large frequency due to the use of the (standard)
three-sphere inequality. In [26], we gave a proof of cloaking using complementary media in the finite frequency
regime for acoustic waves without imposing any condition on the size of the cloaked region. To successfully
apply the approach in [20], we established a new three-sphere inequality for the Helmholtz equations which
holds for arbitrary radii.
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Another cloaking object technique using NIMs is cloaking an object via anomalous localized resonance tech-
nique. This was suggested and studied in [22]. Concerning this cloaking technique, an object is cloaked by the
complementary property (or more precisely by the doubly complementary property) of the medium; hence the
cloaking device is independent of cloaked objects. This cloaking technique is inspired by the work of Milton
and Nicorovici in [15]. In their work, they discovered cloaking a source via anomalous localized resonance for
constant radial plasmonic structures in the two-dimensional quasistatic regime (see [4, 8, 13, 17, 18, 24] for
recent results in this direction). Another interesting application of NIMs is superlensing, i.e., the possibility to
beat the Rayleigh diffraction limit: no constraint between the size of the object and the wavelength is imposed,
see [19, 23] and references therein.

Two difficulties in the study of cloaking using complementary media are as follows. Firstly, the problem is
unstable. This can be explained by the fact that the equations describing the phenomena have sign-changing
coefficients; hence the ellipticity and the compactness are lost in general. Secondly, the localized resonance might
appear, i.e., the field explodes in some regions and remains bounded in some others as the loss goes to 0. It is
worthy noting that the character of resonance associated with NIMs is quite complex; localized resonance and
complete resonance can occur in very similar settings, see [25].

In this paper, we study cloaking using complementary media for electromagnetic waves (Thm. 1.1). Let us
now describe in details a scheme to cloak an arbitrary object using complementary media for the Maxwell
equations. A more general class of schemes is considered in Section 4. Let B, denote the ball centered at the
origin and of radius r in R?® unless specified otherwise and let (-,-,) denote the Euclidean scalar product in
R3. Assume that the cloaked region is the annulus By, \ B,, in R3 for some 75 > 0 in which the medium is
characterized by a pair of two matrix-valued functions (g0, pio) of the permittivity eo and the permeability uo
of the region. The assumption on the cloaked region by all means imposes no restriction since any bounded set
is a subset of such a region provided that the radius and the origin are appropriately chosen. We assume that
€o and po are uniformly elliptic, i.e.,

16 < (co(@)6 €) < Ale? and 16 < (no(@)E,€) < AP VEECRS, ac.w€ B\ By (L)

In this paper, we use schemes in the spirit of [20] with roots in the work of Lai et al. [14]. The cloak then
contains two parts. The first one, in B, \ B;,, makes use of complementary media to cancel the effect of the
cloaked region and the second one, in B,,, is to fill the space which “disappears” from the cancellation by the
homogeneous medium. Concerning the first part, instead of Ba,, \ B,, we consider B,, \ B, for some r3 > 0
as the cloaked region in which the medium is given by

o (507 :U/O) in BQT \ B'r‘ 5
(o, io) = T (12)
(1,1) in By, \ Bay,.

The (reflecting) complementary medium in B,, \ B,, is then given by
(F*_lf:‘vo7 F*_lﬁo), (1.3)

where F : B,, \ By, = B,, \ B, is the Kelvin transform with respect to dB,,, i.e.,

r2
F(z) = ﬁx (1.4)
Here
_ VT (z)a(z)VTT (x)

(1.5)

J(z) ’
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Complementary layer } Filling space part
(F "0, F ' fio) ((r3/r3)1, (r3/r3)I)

Cloaked object \\‘\\ e
(0, 10)

FIGURE 1. Cloaking scheme for an object (¢o,po) in Bay, \ By,. Two parts are used: the
complementary one in B,, \ B;, (the red region) which is the complementary medium of the
medium (£p, fio) in By, \ By, and the filling space part in B,, (the blue region). (Color online.)

where z = T~ 1(y) and J(z) = det VT (z) for a diffeomorphism 7. It follows that
71 :'r‘%/’r:g. (16)

Note that in the definition of T} given in (1.5), J(z) := det VT'(x) not | det VT'(x)| as often used in the acoustic
setting.! With this convention, one can easily verify that F, le and F, 'y are negative symmetric matrices
since det VF (x) < 0. This clarifies the point that one uses NIMs to construct a complementary medium for the
cloaked object.

Concerning the second part, the medium in B,, is given by

((r3/r3) 1, (r3 /r3)T). (1.7)

Taking into account the loss, the medium in the whole space R? is thus characterized by (s, us) defined as
follows (see Fig. 1 for the case = 0)

(80 ) in Br3 \Brm
(F* Yo +idl, F o + zéI) in By, \ By,
(65, ,u(;) . (1.8)
((r3/r)I, (r3/7r3)1) in By,
(I,1) in R?\ B,,.
Physically, €5 and ps are the permittivity and permeability of the medium, k£ denotes the frequency, and the

imaginary parts of €5 and ps in B, \ B,, describe the dissipative property (the loss) of this (negative index)
region.

TThis convention is very suitable for the electromagnetic setting when a change of variables is used (see (2.43) of Lem. 2.8).
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Given (a current) j € [Lz(]R?’)]3 with compact support, let (Es, Hs), (E, H) € [H,,_ (curl,R?)]? be respectively
the unique outgoing solutions to the Maxwell systems

V x E5 = ik;mHg in Rs
(1.9)
V x Hs = —ikesEs +7 in R3,

and

V x E =ikH in R3
(1.10)
VxH=—ikE+j inR3.

For an open subset {2 of R3, the following standard notations are used:

H(curl, Q) == {u € [L2(Q)* V xue [L?(Q)P},

ull o (eurt, 2) = llullz2o) + IV X ullL2(0),

and

H, (cul, Q) := {u €L? (P Vxue [wa(m]?’}.

oc loc

Recall that a solution (€,H) € [H,, (curl, R?\ Bg)]? (for some R > 0) of the system

VxE=ikH  inR3\ Bg,
V x H = —ikfé inR®\ Bg,

is said to satisfy the outgoing condition (or the Silver-Miiller radiation condition) if
Exax+rH=0(1/r), (1.11)

as r = |z| = 4o0.
We shall extend (€0, io) by (I,I) in B,, and still denote this extension by (€0, fio). We also assume that

(Fo.fio) is C? in B,,. (1.12)

Condition (1.12) is required for the use of the unique continuation principle and three-sphere inequalities for
Maxwell equations.

Cloaking effect of scheme (1.8) (see Fig. 1) is mathematically confirmed in the following main result of this
paper.

Theorem 1.1. Let Ry > 13, j € [L2(R3)]3 with suppj CC Bpg, \ Br, and let (E;5,Hs), (E,H) €
[H,

loc

(curl, R3)]2 be the unique outgoing solution to (1.9) and (1.10) respectively. Given 0 < v < 1/2, there
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exists a positive constant £ = £(vy) > 0, depending only on the elliptic constant of Eo and fio in Bay, \ By, and
(€0, Ho)lw2.o(B,,,) such that if r3 > lry then

|(Es, Hs) — (E, H) |5 (curl, Br\B.,) < CrO™ ||l 12, (1.13)

for some positive constant Cr independent of j and §.

For an observer outside B,.;, the medium in B, looks like the homogeneous one by (1.10): one has cloaking.

The starting point of the proof of Theorem 1.1 is to use reflections (see (3.1) and (3.2)) to obtain Cauchy
problems. We then explore the construction of the cloaking device (its complementary property), use various
three-sphere inequalities (Lems. 2.5 and 2.7), and the removing localized singularity technique to deal with the
localized resonance. Using reflections is also the starting point in the study of stability of Helmholtz equations
with sign changing coefficients in [21] (see also [6, 12, 30] for different approaches) and also plays a role in the
study of superlensing applications of hyperbolic metamaterials in [7]. A numercial algorithm used for NIMs in
the spirit [21] is considered in [1]. Various techniques developed to study NIMs were explored in the context of
interior transmission eigenvalues in [27]. The study of NIMs in time domain is recently investigated in [10, 28]
and references therein.

The paper is organized as follows. The proof of Theorem 1.1 is given in Section 3 after presenting several
useful results in Section 2. In Section 4, we present a class of cloaking schemes via the concept of reflecting
complementary media.

2. PRELIMINARIES

In this section, we present several results which are used in the proof of Theorem 1.1. We first recall a known
result on the trace of H(curl, D) (see [3, 9]).

Lemma 2.1. Let D be a smooth open bounded subset of R® and set I' = OD. The tangential trace operator

Yo :H(curl,D) — H'2(divp,I)
u — uX v

s continuous. Moreover, for all ¢ € H‘l/Q(din, I, there exists u € H(curl, D) such that

Yo(uw) =¢ and |lullgeun,p) < Cllola-172(divr, )

for some positive constant C independent of ¢.

Here

HY2(divp, T) = {¢ e [H V()P ¢-v=0and divp o € H*I/Q(F)}

H¢||H—1/2(divF,F) = ||¢’HH—1/2(F) + || divp ¢||H—1/2(F)-

The next result implies the well-posedness and a priori estimates of (Es, Hs) defined in (1.9).

Lemma 2.2. Let k> 0,0< 8§ <1, Ry >0, D C Bg, be a smooth bounded open subset of R3. Let e, ;1 be two
real measurable matriz-valued functions defined in R® such that , i are uniformly elliptic and piecewise C' in
R3, and

e=pu=1IinR>\ Bpg,. (2.1)
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Set, for 6 >0,

(—e+i0l,—pu+10I) ifzxe D,
(es,p5) = (2.2)
(e, 1) otherwise.

Let j € L*(R?) with suppj C Bg,. There erists a unique outgoing solution (Ejs, Hs) € [H,

oo (curl, R)]2 to the
Mazwell system

V x E = tkusHs in R3,
(2.3)
V X Hs = —ikesEs+j in R3.
Moreover,
1. . .
165, M) e < o 5170215 ol sy + 12 ) (2.4)

Here Cr denotes a positive constant depending on R, Ry, €, u but independent of j and 6. Consequently, we
have

Cr, .
(€5, Ho)llr(eunt ) < —5° 1 22- (25)

Proof. The existence of (€5, Hs) can be derived from the uniqueness of (€5, Hs) as usual. The uniqueness of
(E5,Hs) can be deduced from the estimates of (Es,Hs). Estimate (2.5) is a direct consequence of (2.4). We
hence only give the proof of (2.4). We have, by (2.3),

V x (5 'V x &) — k?e5E5 = ikj in R®.
Set
My = 21l 165, Ho) Lz uupp sy + 13-
We have
V x (5 'V x &) — k?esE5 = ikj in R®. (2.6)

Multiplying this equation by & (the conjugate of &), integrating in Br, and using the fact that suppj C Bg,,
we have, for R > Ry,

/ (uy 'V x 5,V x Es) f/ (5 'V x &) x v,E5) — k2/ (e5E5,E5) :/ (ikj, Es).
BR (‘3BR BR BR

Since ps = I and so V x & = ikH;s in R® \ Bg,, we derive that, for R > Ry,

/ <,“6_1V x &5,V x Es) +/ (tkHs,Es x v) — kz/
Br dBr

B

(655, €5) = / (ikj, Es).
R Br
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Letting R — +o0o, using the outgoing condition (Es(x) x v(z) = —Hs(x) + O(1/R?) for x € dBR), and
considering the imaginary part, we obtain

||55||§-I(curl,D) < CMs. (2.7)
This implies, by Lemma 2.1, with the notation I = 9D,
IIEs x V”%J—l/Q(din,F) < CMs. (2.8)
Using the equations of (€5, Hs) in D, we derive from (2.7) that
||H5||§{(cur1,D) < CMs; (2.9)
which yields, by Lemma 2.1 again,
1Hs % V%12 (aie .y < CMs. (2.10)

Let D§ be the unbounded connected component, of R? \ D and let DS be the complement of D in R\ D, i.e.,
DS§ = (R3\ D)\ D$.2 We have

V x E = ikuHs in DY,

V x Hs = —ikes +j  in DS

It follows that
1(Es, Ho)ll 1 (curt. Brrpg) < Cr(l14]1L2 + [|1€5 % VHH—1/2(divan,8Df))'
We deduce from (2.8) that
1(Es, Ho) e (curt, Brrps) < CrMs, (2.11)

and, by Lemma 2.3 below, we derive from (2.8) and (2.10) that

185, 1) s gy < O M. (2.12)
A combination of (2.7), (2.9), (2.11), and (2.12) yields

I1(Es, Ho) |t (curt, Br) < CrMs; (2.13)

which is (2.4). O

In the proof of Lemma 2.2 we use the following result whose proof follows directly from the unique continuation
principle for the Maxwell equations (see e.g., [2, 5, 29]) via a contradiction argument.

2We will apply Lemma 2.2 with D = By, \ Bry; in this case D = R3 \B,«2 and D§ = By, .
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Lemma 2.3. Let k > 0, D be a smooth bounded open subset of R3, f,g € [L?(D)]?>, and hy,hy €
H~Y2(divgp,dD), and let € and p be two piecewise C*, symmetric uniformly elliptic matriz-valued functions
defined in D. Assume that (£,H) € [H(curl, D)]? is a solution to

V xE=ikuH+ f mn D,

V xH=—itke€+g in D,

Hxv=hy; EXv=hy ondD.
Then

& H)llrewn. 0y < C (I Doy + 11, bl -3/2(aivr. 0 ) (2.14)

for some positive constant C' depending on D, e, u, and k but independent of f, g, h1, and hs.

We next present a known result which reveals a connection between Maxwell equations with weakly coupled
elliptic systems.

Lemma 2.4. Let D be an open subset of R3, ¢, u be two matriz-valued functions defined in D, and let (£,H) €
[Hl(D)]2 be a solution of the system

V x & =ikuH in D,

(2.15)
V xH=—ike€ in D.
Then, for 1 <a <3,
div(uVH,) + div(9upuH — ikpueeE) = 0 in D, (2.16)
div(eVE,) + div(0,e€ + tkee* uH) =0 in D. (2.17)

Here the bc component €, (1 <b,c <3) of € (1 < a < 3) denotes the usual Levi Civita permutation, i.e.,

sign (abe)  if abe is a permuation,
€ = . (2.18)

otherwise.
Proof. The proof is quite simple as follows. Using the fact, for 1 < a < 3,
O H=VHs+e(VxH) and 0,E=VE +¢€(VxE),
we derive from (2.15) that, for 1 < a < 3,
OuH =VH, —ike®eE and 0, =VE,+ ike®uH in D. (2.19)
Since

div(uH) =0 in D,
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it follows that, for 1 < a < 3,
0 = 0, div(uH) = div(pdyH) + div(d,pH) in D.
This implies, by the first identity of (2.19),
div(uVHg) + div(O,uH — ikue*e€) = 0 in D;

which is (2.16). Similarly, we obtain (2.17). O

Hadamard proved the following three-circle inequality: Assume that Av = 0 in Bg« \ Br, C R? and 0 <
R, < Ry < Ry < R3 < R*. Then

1oll o @ry) < N0l1Ew @y 0105, )

with o = In(R3/R2)/ In(R3/Ry). Here is its variant which is used in the proof of Theorem 1.1.

Lemma 2.5. Letd =2, 3, k, R., R* >0, and letv € H'(Bgr, \ Br+) be a solution to the equation Av+k*v =0
in Br, \ Br, C RY. We have, for R, < Ry < Ry < Rz < R*,

[vllE@BR,) < C||”H%1(BR1)||UH§%R3)7 (2.20)
where o = In(R3/R2)/In(R3/R1) and C is a positive constant depending only on k, R., and R*. Here

lvlleos,) = lVlla208,) + 10m0] g-1/208,)- (2.21)

Remark 2.6. Note that in the case k # 0, one must use both the information of v and its normal derivative
in (2.21); otherwise the conclusion does not hold in general, see [26] for a discussion on this matter.

Before giving the proof of Lemma 2.5, we recall some properties of the spherical Bessel and Neumann functions
and the Bessel and Neumann functions of large order. We first introduce, for n > 1,

Jn(t) =1-3---(2n+1)j,(t) and gnz—w&_n, (2.22)

and for n > 0,

v

Ju(r) =2"nlJ,(r) and Yy (r) = mYn(r),

(2.23)

where j, and vy, are the spherical Bessel and Neumann functions, and J, and Y,, are the Bessel and Neumann
functions of order n respectively. Then, see, e.g., [11], (2.37), (2.38), (3.57), and (3.58), as n — +o0,

Jn(r) =" [L+0(1/n)], ga(r) =r """ [1+0(1/n)], (2.24)

J.(t)=t"[1+0(1/n)], and Y,(t)=t""[1+0(1/n)]. (2.25)
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One also has, see, e.g., ([11], (2.36) and (3.56)),

Inlr () = G )un(r) = 5 (226)
and
T(n)YL0) = T )Yalr) = = (2.27)

We are ready to give:

Proof of Lemma 2.5. By rescaling, one can assume that & = 1. We consider the case d = 2 and d = 3 separately.
Case 1: d=3. Since Av+v =0in Bg, \ Bg,, v can be represented in the form
v=3 S (aiulle) + g (12D) V2@ in Br, \ B,
n=1m=-—n

for a? € C and & = z/|x| where Y, is the spherical harmonic function of degree n and of order m. In what
follows in this proof, C denotes a positive constant depending only on R, and R* and can change from one place
to another and a ~ b means that a < Cb and b < Ca. Using the fact (¥,) is an orthonormal basis of L?(0B;)
and

App, Y +n(n+1)Y, =0 on 0B,

we derive that, for Ry < r < Rg,
[vll3xo,) Z Z (nlem, ()2 +n=Hdy, (1)]?), (2.28)

where

Em(r) = apjn(r) + bpga(r)  and  dy, (r) = ag, gy, (r) + by, (r). (2.29)

From (2.28) and (2.29), we have

lon) <C€3 30 (la 2 (L3 ()2 + 0 GAWR) + B 2 (ol (0 + 073, ()2) )

which yields, by (2.24),

(o) n
lollfxom,) < CY_ D (nr®fap,* + =20, ). (2.30)

n=1m=-—n

From (2.29), we have

(2.31)
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From (2.26), we obtain, for some ¢, # 0,

Gn (1) (1) = G (r)gn(r) = ol (2.32)
Combining (2.24), (2.31), and (2.32) yields
lal| < C(leplr™™ +n~dy|r™)  and b | < C (e |r™ +n7tdk ™). (2.33)
We derive from (2.28) and (2.33) that
> > (rap, P +nr o) < Cllolfon,)- (2.34)
n=1lm=—n
A combination of (2.30) and (2.34) yields
lolsom,y ~ D Y (nr®lap,[* +nr2 b} %) (2.35)

n=1m=-—n

Inequality (2.20) is now a consequence of (2.35) after applying Holder’s inequality and noting that Ry =
R R3 ™.

Case 2: d=2. Since Av+v =0 in Bg- \ Bg,, one can represent v of the form

v= Z Z (an’ijn(m) + by, V(7)) e in Bg- \ Br.,

n=0 =+
with the convention ag — = ag 4+ and by~ = by +. Using (2.25) and (2.27), as in the previous case, one can prove
that
o0
lollEom,) ~ D Y (0 anl® + 0772 b s ). (2.36)

n=0 =+

Inequality (2.20) is now a consequence of (2.35) after applying Holder’s inequality and noting that Ry =
R R ™. O

We next state a three-sphere inequality for an “elliptic system”.

Lemma 2.7. Let myn € N (m >2,n>1),0< R, < Ry < Ry < R3 < R*, ¢1,c2 >0 and let M*,--- , M™ be
such that M* is an (m x m) matriz defined in B+ C R™ fgr 1<k <n? Assume that M* is Lipschitz and
uniformly elliptic in Br« for 1 <k <n andV € [Hl(BR3 \BRl)}n satisfies

| div(M*VV,)| < ¢1|VV]| + 2|V a.e. in Bgr, \ Br, for1 <k <n. (2.37)

There exists a constant ¢ > 1, depending only on m, n, and the elliptic and the Lipschitz constants of M* for
1 < k < n such that, for any Ao > 1 and Ry € (AgR1, R3/X\o), we have

« —a R_q B R_q
IVlla@oBg,) < C||V||H(aBR1)||V|\h(aBR3) where o := ﬁa (2.38)
1

31n this lemma, B, denotes the ball centered at the origin with radius r in R™.
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and

Villa@n,) = IVillar2os,) + 1MV Vi erllg-12008,),  IVIla@s,) = Z 1Villaos,)- (2.39)
k=1

Here C is a positive constant depends on the elliptic and the Lipschitz constants of M* (1 < k < n), ¢y, ca,
R.,R*,m,n, and \g but independent of v.

In inequality (2.38), the constant ¢ does not depend on ¢y, c2, R., R* but the constant C does. No upper
bound on R* is imposed as often required in a three-sphere inequality for Helmholtz equations (see e.g., Thm. 4.1
from [2]). Nevertheless, both information of V and MVYV - e, are used (2.39); this is the key point to ensure
that (2.38) holds without imposing any condition on R*. Lemma 2.7 is proved in Theorem 2 from [26], for the
case n = 1. The proof for the case n > 1 follows similar and is omitted.

We finally state a change of variables formula

Lemma 2.8. Let D, D’ be two bounded connected open subsets of R3 and T : D — D’ be bijective such that
T € CH(D) and T~ € CH(D’). Assume that e, € [L>®(D)]*>*3, j € [L*(D)]? and (E,H) € [H(curl, D)]? is a
solution to
V x E =ikuH in D,
VxH=—-itkeE+j inD.
Define (E',H') in D" as follows
E'(@) =T+ B(z') = VT~ (2) E(x) and H'(2') = T  H(z') := VT~ (2)H (x), (2.40)

with ©' = T (x). Then (E', H') is a solution to

V' x B =ik H' in D',
(2.41)
V'x H = —ike'E' +35 in D',
where
5/27;€7 IU//:7:<M7 j/:T*ju
and
n_ VT (2)e(@)VT" () n_ VT (2)p(@)VT" (2) o J@)
Tee(z') = 70 , Tep(a') = 7@ , and Tj@@) = T() (2.42)

with x =T (2') and J(z) = det VT (z). Assume in addition that D is of class C* and T = T|8D : 0D — 0D’
is a diffeomorphism. We have*

if Exv=gand Hxv=~h ondD then E' x V' = T,g and H x v/ = T, h on dD’, (2.43)
where T, is given in (2.44).

THere v and ¢/ denote the outward unit normal vector on 8D and dD’.
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For a tangential vector field g defined in D, we denote

VopT(z)g(x)

ith =T 2.44
et VopT(z) it @ =T@), (244)

T.g(z') = sign -

where sign := det VT (x)/| det VT (z)| for some = € D.
Remark 2.9. In the change of variables, the definition of 7 in (2.40) is different from 7, in (2.42). It is worthy
remembering that for electromagnetic fields (2.40) is used whereas for sources, (1.5) is involved. In the proof of

Theorem 1.1, we use both (2.41) and (2.43). Assertion (2.41) is known and used in the cloaking via a change of
variables technique, assertion (2.43) is less known — see e.g., Lemma 7 from [23].

3. PROOF OF THEOREM 1.1
Let (Egl), Hél)) € [H! (curl,R*\ B,,)] ? be the reflection of (Es, Hs) through 0B,., by the Kelvin transform
F with respect to 0B,,, i.e.,

(E§1)7H(§1)) = (F * Es,F x Hs) in R* \ B,.,, (3:-1)

where F'x is defined by (2.40). Let (Eéz), H(gz)) € [H(curl, BT:,,)]2 be the reflection of (Eél), H(gl)) through 0B,
by the Kelvin transform G : R®\ B,., — B,, with respect to dB,,., i.e., G(z) = r3z/|z|? and

(B 1) = (G B, G H) in B,,. (32

Since G o F(xz) = (r3/r})z and G.F, = (G o F),, it follows from (1.5) and (1.7) that

(GuFies,GiFips) = (GuFveo, Gy Fepo) = (I,1) in B,,. (3.3)
Set
1 1/2
Datalj,8) = ( FI(Es Hol2(@n o il + 1 ) (3.4

Applying Lemma 2.2 to D = B,,, \ B,,, we have
|(Es, Ho)l[3x 5, 2 < CData(j, 8)2. (3.5)

Here and in what follows in the proof, C' denotes a positive constant independent of § and j and the fact £ > 10
is assumed.

The proof now is divided into two steps.

e Step 1: We prove that if £ is large enough then

I(ESY — Bs) x v, (HS" — Hs) % v]l 1721w p08,,,) < COFY/2Data(j, ). (3.6)

diV[‘7
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e Step 2: Define

(E5,H5) in R?’ \Br37
(Es.Hs) = < (Es,Hs) — (ESY — B HY — H®)  in By, \ Bay,

(EP, HP) in Ba,,.
We prove that if (3.6) holds then
(&5, Hs) = (B, H)l[L2(Br\B.,) < CO7[|]] L2 (3.7)

It is clear that the conclusion follows after Steps 1 and 2.

Step 1: Using the fact that
ikF, fio + 1461 = ik(F, 'fio + (0/k)F, ' F.I) in B,, \ By,
and
—ikF'go + i8I = —ik(F, ‘€0 — (6/k)F, 'F.I) in B,, \ B,,,
and applying Lemma 2.8, we have

V x Y = ikfioH" +i6F, IH"  in B,,\ B,,,

(3.8)
V x HY = —ikgo BV +isF.IEY  in B, \ B,,,
and
(€)) (1) -
(E5 xv,Hy ' x 1/) = (E5 x v, Hs x 1/) on 0B,,. (3.9)
ext
In (3.9), we use the fact that F(x) = on 0B,,. Set
(gOa ﬁO) in B7'3 \ B7‘27
(e,n) =
(I, 1) otherwise.
Let (Egl), H((Sl)) € [H,,.(R3)]? be the unique outgoing solution to
V x EY) = ikpB) +idlp, \p, FIH" iR 510
3.10

V x HY = —ikeE{" + i1y \p, F.IE{" iR

Here 1p denotes the characteristic function of a subset D of R3. Note that ¢, 1 are uniformly elliptic. Using
(3.5), we can derive from (3.10) (see [23], Lem. 4) that

| (B, H5Y) |51 (cust 3., \B,,) < CODatalj, ). (3.11)
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Set
L (B - Bs — B B — H; ~H") in By, \ B,
(Es, Hs) = D )
(-E,-H) in B,,.
It follows from (3.8) and (3.10) that

V x E‘g = ik‘uﬁg in BT3,
B ~ (3.12)
V x H5 = —ik€E5 in Br3~

Applying Lemma 2.4, we have, for 1 < a < 3,
div (5VE(;’G) = —div (8a€Eg + ikseaﬂf[(;) in B,
and
div (,uVITL;’a) = —div (8a,u]§5 - ikue“qﬂ;) in By,,

where €. (1 < a, b, ¢ < 3) denote the usual Levi Civita permutation, see (2.18). Let g be the constant in
Lemma 2.7 with m = 3, n =6, M' = M? = M? = ¢, and M* = M® = M® = p. Define, for 0 < r < rj,

||E||H(aB,,.) = HEHHUZ(&B,,) +|eVE - erll-1/2(08,)5
and
1 lexom,) = [Hllm2om,) + I8V H - erll =120,
By Lemma 2.7, there exists some positive constant C' independent of § such that
|(Es, Hs) la@8s.,) < Cl(Es, Hs)xos,, | (Bs Hs) x5 5,0 (3.13)
with

L (2r) 7 — (4rp)t 27— 40
“ (r9/2)=9 — (4rg)=0 29 —4-4 (3.14)

Since e = = I in By, U(B;, \ By,/4) (recall that £ > 10), it follows from (3.12) that
AE(; + k2E5 = Aﬁg + kJQﬁg =0in BT3 \ B2r2~
Applying Lemma 2.5, we have

(E,H)ll3305 (3.15)

||(E7H)||H(8B47-2) < CH(E,H)H% H(0B,,/2)’

(6B27'2 ) ||

where

() m(52) o
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Combining (3.13) and (3.15) yields
- - ~ o~
1(Es, Hs) lsx052.,) < Cl(Es, Hs) 3o, . | (s, Hs) I o, 20 (3.17)

with

o o
eI -0 -a)p

(3.18)
On the other hand, since
AEs+ k?Es = AHs + k*Hs = 0 in B,, U (By, \ Bar,),
we derive that
I(B, H) w05, 2) < CI(E, H)|12(5,,) and [(E, H)lsxos,, ) < CIE, H)l|z2(s,,\5,,0)- (3.19)
From (3.5), (3.11), (3.17), and (3.19), we obtain

|(Es, Hs)llso1s,,) < C3”Data(j,5). (3.20)

By taking [ large enough, we derive from (3.14), (3.16), and (3.18) that p > 1/2 4+« if r3 > lry. The conclusion
of Step 1 follows.

Step 2: We have, since G(z) = = on 0B,,,

(€ xv] = (B — E) x v =0 on 0B,,,
and

[Hs x v] = (H(gl) — H§2)) xv=0on dB,,.

Applying Lemma 2.8 (see also (3.8)), we obtain

V x & = ikHs +i0FIH 1p, \p,, in R\ 0By, o
: 3.21
V x Hs = —ikEs + j + i0F B 1p, \p,,  in R\ 9By,
We derive from (3.5) and (3.6) (see ([23], Lem. 4)) that
1(E5, Ho)ll i curt, B \0Br ) < c(|| illus + 6712 Data(j, 5)). (3.22)

Since v > 0 and (&5, Hs) = (Es, Hs) in R3 \ B,,, it follows from (3.4) and (3.22) that
[(Es, Ha)ll zr(curt, Bry\Bry 12 < Clli L2
We obtain from (3.4) that

Data(j,8) < C6 2|5l 2: (3.23)
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which in turn implies, by (3.6),

(Y = o) > v (3 = Hy) x v 2 < O8] - (3.24)

H~1/2(divr,dBar,)]
It is clear from (1.10) and (3.21) that

V x (€ — E) = —ik(Hs — H) in R3\ 8By,
V x (Hs— H)=ik(Es—E)  inR3\ 0Bay,.

Using (3.24), one obtains the conclusion of Step 2.
The proof is complete. O

Remark 3.1. The definition of (£s,7s) is one of the key points of the proof. The idea is to remove from
(Es, Hs) the term (Eél) - E§2)7 H(gl) - Héz)) in By, \ Bar,; which is singular in general. This is the spirit of the
removing of localized singularity technique introduced in [19, 20].

4. FURTHER DISCUSSION

The requirement that F is the Kelvin transform with respect to 0B,, in Theorem 1.1 can be relaxed. In fact, as
seen in the proof of Theorem 1.1, one can replace the Kelvin transform by any transformation F : B,, \ B,, —
B,, \ B,, such that i) F(x) = z on 0B,,; ii) There exists a diffeomorphism extension of F, which is still
denoted by F, from B,, \ {0} onto R3\ B,.,; iii) There exists a diffeomorphism G : R*\ B,, — B, \ {0} such
that G € CY(R3*\ B,,), G(x) = x on dB,,, and Go F : B,, — B,, is a diffeomorphism if one sets G o F(0) = 0.
In this context, the first layer in B,, \ By, is also given by (1.3) and the second layer in B,, is changed
correspondingly by

(F7'GOMULFITG). (4.1)
Set

(g03ﬁ0> ln B’l‘g \BT27
(F,'eo +i61, F, o +461)  in By, \ By,

(g5, ps) = (4.2)
(F'GUUL F7PGM) in B,,,
(1,1) in R*\ B,,.

We have

Proposition 4.1. Let Ry > r3, j € [Lz(]R?’)]3 with supp j CC Bpg, \ By, and let (Ej, Hs) € [H,,, (Curl,R3)]2

be the unique outgoing solution to (1.9) where (5, us) is given by (4.2) and let (E,H) € [H,,, (curl,R:‘)}2 be the
unique outgoing solution to (1.10). Given 0 < v < 1/2, there exists a positive constant £ = £(v) > 0, depending
only on the elliptic constant of o and fio in By, \ By, and ||(€0, fio)|lw2(B,,,) such that if r3 > lry then

|(Es, Hs) — (£, H) || 5 (curl, Bp\B,,) < CrO™ ||l L2, (4.3)

for some positive constant Cr independent of j and 6.
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The constants v and ¢(y) in Proposition 4.1 can be chosen as the ones in Theorem 1.1. The proof of

Proposition 4.1 follows the same line as the one of Theorem 1.1 and is omitted.
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