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Abstract

The ordering of communication channels was first introduced by Shannon. In this paper, we aim to find a
characterization of the Shannon ordering. We show that W’ contains W if and only if W is the skew-composition
of W' with a convex-product channel. This fact is used to derive a characterization of the Shannon ordering that
is similar to the Blackwell-Sherman-Stein theorem. Two channels are said to be Shannon-equivalent if each one is
contained in the other. We investigate the topologies that can be constructed on the space of Shannon-equivalent
channels. We introduce the strong topology and the BRM metric on this space. Finally, we study the continuity of
a few channel parameters and operations under the strong topology.

I. INTRODUCTION

The ordering of communication channels was first introduced by Shannon in [1]. A channel W’ is
said to contain another channel W if W can be simulated from W’ by randomization at the input and
the output using a shared randomness between the transmitter and the receiver. Shannon showed that the
existence of an (n, M, €) code for W implies the existence of an (n, M, €) code for W'.

Another ordering that has been well studied is the degradedness between channels. A channel W is
said to be degraded from another channel W’ if W can be simulated from W’ by randomization at the
output, or more precisely, if W can be obtained from W’ by composing it with another channel. It is easy
to see that degradedness is a special case of Shannon’s ordering. One can trace the roots of the notion
of degradedness to the seminal work of Blackwell in the 1950’s about comparing statistical experiments
[2]. Note that in the Shannon ordering, the input and output alphabets need not be the same, whereas
in the degradedness definition, we have to assume that W and W' share the same input alphabet X’
but they can have different output alphabets. A characterization of degradedness is given by the famous
Blackwell-Sherman-Stein (BSS) theorem [2], [3], [4].

In [5], we introduced the input-degradedness ordering of communication channels. A channel W 1is
said to be input-degraded from another channel W’ if W can be simulated from W’ by randomization
at the input. Note that 1/ and W’ must have the same output alphabet, but they can have different input
alphabets. In [5], we provided two characterizations of input-degradedness, one of which is similar to the
BSS theorem. The main purpose of this paper is to find a characterization of the Shannon ordering that
is similar to the BSS theorem.

In [6], Raginsky introduced the Shannon deficiency which compares a particular channel with the
Shannon-equivalence class of another channel. The Shannon deficiency is not a metric that compares two
Shannon-equivalence classes of channels.

In [7] and [8], we constructed topologies for the space of equivalent channels and studied the continuity
of various channel parameters and operations under these topologies. In this paper, we show that some
of the results in [7] and [8] can be replicated (with some variation) for the space of Shannon-equivalent
channels.

II. PRELIMINARIES

We assume that the reader is familiar with the basic concepts of general topology. The main concepts
and theorems that we need can be found in the preliminaries section of [7].
For every n > 1, we denote the set {1,...,n} as [n].



A. Measure theoretic notations

The set of probability measures on a measurable space (M, Y) is denoted as P(M,X). For every
Py, P, € P(M,Y), the total variation distance between P; and P, is defined as:

HP1 - PQHTV = sup |P1(A) - P2(A>|-
A€ex

If X is a finite set, we denote the set of probability distributions on X as Ay. We always endow Ay
with the total variation distance and its induced topology.

B. Quotient topology

Let (T,U) be a topological space and let R be an equivalence relation on 7'. The quotient topology
on T/R is the finest topology that makes the projection mapping Proj, onto the equivalence classes
continuous. It is given by

U/R = {U CT/R: Projp!(U) e u} .

Lemma 1. Ler f : T — S be a continuous mapping from (T ,U) to (S,V). If f(x) = f(z') for every
x,x" € T satisfying xRx', then we can define a transcendent mapping f : T//R — S such that f(z) = f(z')
for any ©' € &. [ is well defined on T/R . Moreover, f is a continuous mapping from (T/R,U/R) to
(S, V).

Let (T,U) and (S,V) be two topological spaces and let R be an equivalence relation on 7". Consider
the equivalence relation R’ on 7" x S defined as (z1,y;)R'(x2,y,) if and only if z1Rxs and y; = ys.
A natural question to ask is whether the canonical bijection between ((T/ R) x S,(U/R) ® V) and
((I' x S)/R',(U ® V)/R') is a homeomorphism. It turns out that this is not the case in general. The
following theorem, which is widely used in algebraic topology, provides a sufficient condition:

Theorem 1. [9] If (S, V) is locally compact and Hausdorff, then the canonical bijection between ((T/ R)x
S,(U/R)®@V) and (T x S)/R',(U®V)/R') is a homeomorphism.

Corollary 1. [8] Let (T,U) and (S, V) be two topological spaces, and let Ry and Rg be two equivalence
relations on T and S respectively. Define the equivalence relation R on T'x S as (x1,y1)R(xo,y2) if and
only if ©1Rrxo and y1Rsys. If (S,V) and (T'/Ry,U/Rr) are locally compact and Hausdorff, then the
canonical bijection between ((T/Rr) x (S/Rs), (U/Rr) ® (V/Rs)) and ((T' x S)/R,(U ® V)/R) is a

homeomorphism.

C. The space of channels from X to )

Let DMCy y be the set of all channels having X’ as input alphabet and ) as output alphabet. For every
W, W’ € DMCyy, define the distance between W and W' as:

1
Ay (W, W) = 5 ma S W (yle) = W(gla)l.

yey

Throughout this paper, we always associate the space DMCy  with the metric distance dy y and the
metric topology 7x,y induced by it. It is easy to see that 7y y is the same as the topology inherited from
the Euclidean topology of R**Y by relativization. It is also easy to see that the metric space DMCy y is
compact and path-connected (see [7]).

For every W € DMCyy and every V € DMCy z, define the composition V o W € DMCy z as

(VoW)(zlz) =D V(zlyWl(ylz), Vo€ X, Vz € Z.

yey



For every mapping f : X — ), define the deterministic channel Dy € DMCy y as

1 ify = f(x),
D =
f (yl) {0 otherwise.

It is easy to see that if f: X — Y and g: Y — Z, then Dyo Dy = Dyoy.

D. Channel parameters

The capacity of a channel W € DMCy y is denoted as C(W).

An (n, M)-encoder on the alphabet X is a mapping £ : M — X™ such that [M| = M. The set M
is the message set of £, n is the blocklength of £, M is the size of &£, and %logM is the rate of £
(measured in nats). The error probability of the ML decoder for the encoder £ when it is used for a
channel W € DMCy y is given by:

Pee(W) =1~ % max {H W(yﬂ&-(m))} :

where (E1(m),...,E.(m)) = E(m).
The optimal error probability of (n, M )-encoders for a channel W is given by:

Pe,n,M<W> == gﬂlslgln P&g(W).
(n,M)-encoder

E. Channel operations

For every Wi € DMC){l’yl and W, € DMCX%);Q, define the channel sum W, W, € DMC){l 11X V1 112
of W, and W5 as:
Wiyle) — ifi=j,
0 otherwise,

(Wl ® W2)(y72’$7]) = {

where &) [[ Ay = (X x {1}) U (X, x {2}) is the disjoint union of &} and X5. W, & W, arises when
the transmitter has two channels 1, and W5 at his disposal and he can use exactly one of them at each
channel use.

We define the channel product Wi @ Wy € DMCy, x x, v, xy, of Wi and Wy as:

(W1 @ Wa)(y1, ya|w1, 22) = Wi(ys|z1) Wa(ya|xa).

Wi ® W, arises when the transmitter has two channels W, and W, at his disposal and he uses both of
them at each channel use. Channel sums and products were first introduced by Shannon in [10].

IIT. SHANNON ORDERING AND SHANNON-EQUIVALENCE

Let X, X’,Y and )’ be three finite sets. Let W € DMCyy and W’ € DMCy/ 5. We say that W’
contains W if there exist n pairs of channels (R;,T;)1<;<, and a probability distribution o € A, such

that ; € DMCy x» and T; € DMCy y for every 1 <i <mn,and W = a(i)T;o W o R, ie.
=1

n

W(ylz) = Za(i) > Tilyly)W'(y'|2) Ri(a|).

The channels W and W' are said to be Shannon-equivalent if each one contains the other.



A channel V' € DMCyyy x/xy is said to be a convex-product channel if it is the convex combination
of the products of channels in DMCy »+ with channels in DMCy» y. More precisely, V€ DMCxxyr x/xy
is a convex-product channel if there exist n pairs of channels (R;,T;)1<;<, and a probability distribution
a € Ay, such that R; € DMCy x and T; € DMCyy y for every 1 <i < n, and

V(' yla,y) = ali)Ri(@'|2)Ti(yly).
i=1
We denote the set of convex-product channels from X x )’ to X’ x Y as CPCxyxyr x1xy-

Proposition 1. The space CPCy .y x1xy is a compact and convex subset of DMCxyyr x5 y.

Proof: Define the set of product channels
PCXXng/Xy = {R@ T: Re DMCX,X/, T e DMC)}/J}}.
Clearly, CPCxxyr x'xy is the convex hull of PCxyyyr /<y and so CPCxyyyr x1xy is convex. Now since
PCyyyr.arxy can be seen as a subset of RY*Y' ¥V it follows from the Carathéodory theorem that
every channel V' in CPCyxyr x7xy can be written as a convex combination of at most
n=]XxYxXxY +1
product channels in PCyyr x7xy. Define the mapping

f : A[n] X (DMCXJ(/ X DMCy/’y)n — DMCXX))’,X’X:)}

as

3

f(Oé, (Ri, Tz‘)lgign)

i=1

Since Ap,), DMCx 1 and DMCyy y are compact, the space A, x (DMCy a7 x DMCy y)" is compact.
Moreover, since f is continuous, it follows that

CPCXX))’,X’X)) = f(A[n] X (DMCXA// X DMCy/y)n)

is compact. [ ]

Let X, A", X", Y,)" and )" be finite sets. For every V' € CPCyyy a/xy and every V' €
DMC yrxy» %y, define the skew-composition V o, V' of V' with V' as follows:

(Vo V)@ ylz,y") = Y V(' yle, )V (", /|2, y"), (1)
z'eX’,
yley/
forevery 2" € X",y e Y, x € X and ¢y’ € )".
Letn > 1, o € Ap,), (Ri, T;)1<i<n be such that R; € DMCy x/ and T; € DMCyy y for every 1 <i < n,
and

V=> a(i)RiaT.
=1



For every (z,y") € X x )", we have

Y. (Vo V)" yley) = Y > Ve yle,y)V'(@" ¢ |2, y")
I”eX”, x//gX//, I/E‘le
yeyY yeY '€l

> ZZ (@ |2)Ti(yly )V (2", |2, y")

z'ex”, x'eXx’, i=1
yey y'e)y’

doa() Yo D R Tyl )V (2" v ")
i=1

z”GX” r'eX’,
yey y'ey’

zn: ) D Y R(@ )V (" g y")
1=1

z'eXx” x'eXx’,
yley/

n

Za(i) > Ri(@|lr) =) ali)=1.

z'ex’ =1

Therefore, V o, V' € DMCXXJJ”,X”XJJ- Note that if V € DMCXXJJ’,X/XJJ and V ¢ CPCXX)J/,X/X)), then
the skew-composition of V'’ with V' as defined in Equation (1) does not always yield a valid channel in
DMCXX)]N’XNX)],

Lemma 2. IfV € CPCXXy/7X/><y and V' € CPC;(/X);N,)(NX);/, then V o, V' € CPCXXy//7)(//><y.

Proof: Let n > 1, o € Apy, (R;, Ti)1<i<n be such that R; € DMCy x/ and T; € DMCyy y for every
1<:<mn,and

V= Z DR, @ T
Let n’ > 1, o/ € Apy, (R],TJ)KJ-SW be such that R; € DMCys x» and T] € DMCyn y for every
1<j<n/, and
Za R’ ®T’

We have

(Vo V)@ yle.y") = Y V(' yle, g )V (", |2, y")

r'eXx’,
y/ey/
=y Z DTyly) Y o/ ()R, (") Ty y")
z'eXx’, i=1 j=1
yleyl

=3 Y a)a'(G) Y R ) Tyly) Ry (") TU( |y")

i=1 j=1 2 eX,
yleyl

=3 a@a ) 3 (B0 R )T o T wly")
i=1 j=1 eX!,

yleyl



Therefore, V o, V' € CPCyyxyr xrxy. m

For every W' € DMCy y and every V € CPCxyy x7xy, we define the skew-composition V o, W' of
W’ with V' as follows:
(Vo Wi(yle) = Y V(' ylae.y )WY |2). 2)
z’'eXx’,
yley/
It is easy to see that V oy, W' € DMCy y. Note that Equation (2) can be seen as a particular case of
Equation (1) if we let X" = )" = {0} (i.e., a singleton) and we identify DMCx/ 3 with DMC x/yym a5y
The following lemma is trivial:

Lemma 3. Let W € DMCxyy and W' € DMCyryr. W' contains W if and only if there exists V €
CPCXX)?’,X’XJJ such that W =V o, W,

IV. A CHARACTERIZATION OF THE SHANNON ORDERING

A blind randomized in the middle (BRM) game is a 6-tuple G = (U, X, Y, V,l,W) such that U, X', Y
and V are finite sets, [ is a mapping from &/ x V to R, and W € DMCy y. The mapping [ is called the
payoff function of the BRM game G, and the channel W is called the randomizer of G. The BRM game
consists of two players that we call Alice and Bob. The BRM game takes place in two stages:

« Alice chooses a symbol u € U and writes her choice on a piece of paper. Bob chooses two functions
f:U— X and g: )Y — V, and writes a description of f and g on a piece of paper. At this stage,
no player has knowledge of the choice of the other player.

« Alice and Bob simultaneously reveal their papers. They compute x = f(u) € X’ and then randomly
generate a symbol y € ) according to the conditional probability distribution W (y|z). Finally,
v = g(y) is computed and then Alice pays' Bob an amount of money that is equal to [(u, v).

A strategy (for Bob) in the BRM game G is a 4-tuple S = (n, o, f, g) satisfying:

e n > 1 1s a strictly positive integer.

o (X € A[n}

o £ =(fi)i<icn € (XY)", where X is the set of functions from U to X.

« 8= (g:)1<i<n € V)

We denote n and o as ng and ag respectively. For every 1 < i < n = ng, we denote f; and g; as f; s
and g; ¢ respectively. The set of strategies is denoted as Sy x y v

Bob implements the strategy S as follows: he randomly picks an index i € {1,...,ng} according to
the distribution ag, and then commits to the choice (f; s, ¢:.5).

For every u € U, the payoff gained by the strategy S for u in the BRM game G is given by:

8(u,5,G) = Zas )Y W (ylfis(w)l(u, gis(y)).

yey

The payoff vector gained by the strategy S in the game G is given by:
5(5,9) = ($(u,5.9)), ., € R
The achievable payoff region for the game G is given by:
$on(G) = {§(5, G): Se su,X,y,v} C RY.
The average payoff for the strategy S € Sy xy,y in the game G is given by:
$(S,G) = MUGZMMSQ

"If I(u, v) < 0, then Bob pays Alice an amount of money that is equal to —I(u, v).



é(S ,G) is the expected gain of Bob assuming that Alice chooses u € U uniformly at random.
The optimal average payoff for the game G is given by

$opt(G) = sup $(S,g).

SeSy,x,y,v

For every S € Sy x,y v, we associate the convex-product channel Vg € CPCyy x«y defined as

ng
Vs = Zas(i)Dfi,s ® Dgi,S'

=1

For every u € U, we have

$(1,5,9) = > as(i) D Wl () l(u, g0 (v)

yey

= > as(i) 3 Dy o(au)W (5]a) Dy (0]}l v)

TEX,

yey,
veY
ns (3)
v (z as<z->Df1,s<x|u>Dgi,s<v|y>) W)
TEX, =1
yeY,
veY
= > Vsl vlu, y)W (yla)l(u, v).
TEX,
yeY,
veY

Lemma 4. For every V € CPCyyy xxy, there exists S € Sy x,yy such that V = V.

Proof: Let n > 1, a € Ap, (R;,T;)1<i<n be such that R; € DMCy x and T; € DMCy, ), for every
1 <i¢<n, and

V=> a(R&T. )
1=1

Since every channel can be written as a convex combination of deterministic channels [1], we can rewrite
(4) as a convex combination of products of deterministic channels. Therefore, there exists S € Sy xy v
such that V = V. |

Equation (3) and Lemma 4 imply that $,.,(G) is the image of CPCyxy v« by a linear function. Since
CPCuxy.xxy is convex and compact (Proposition 1), $,.,(G) is convex and compact as well.

Let & and V be two finite sets and let [ : &/ x V — R be a payoff function. We say that [ is normalized
and positive if [(u,v) > 0 for every u € U and every v € V, and

Z l(u,v) = 1.

ueY,
veY

In other words, [ is normalized and positive if [ € Ay .
The following theorem provides a characterization of the Shannon ordering of communication channels
that is similar to the BSS theorem.

Theorem 2. Let X, X'y and Y' be four finite sets. Let W € DMCyy and W' € DMCy: yr. The
following conditions are equivalent:

(a) W' contains W.



(b) For every two finite sets U and V, and every payoff function | : U x V — R, we have
Sach (U, X, V.V LW) C Saen(U, X,V VL, W).

(c) For every two finite sets U and V, and every payoff function | : U x V — R, we have
Sopt (U X, Y,V L W) < Sope (U, X7 YV, LW,

(d) For every two finite sets U and V, and every normalized and positive payoff function | € Ayyy, we
have

$ach(u7‘)(7yav7la W) C $ach<u7 Xlaylavala W/)

(e) For every two finite sets U and V, and every normalized and positive payoff function | € Ny, we
have

$0pt(u7')€7y7v7lu W) S $Opt<u7 Xluylav7la WI)

Proof: Assume that (a) is true. Lemma 3 implies that there exists IV € CPCyyyr 1/« such that
W =V o, W. Let U and V be two finite sets, and let [ : &/ x V — R be a payoff function. Define
G=U, XYV, I,W)and G' = U, X",V V,I,W'). .
Fix @ € $,,(G). There exists S € Syvyy such that 7 = $(5,G) = ($(u, S,G)), - From equation
(3) we have:

$(u,S,G) = Z Vs(z, v|u, y)W (y|z)l(u, v)
TeX,

yey,
veY

= Z Vs(x,v|u,y)< Z V(x’,y|x,y’)W’(y/|x/)>l(u, v)

TEX, r'eX’,
yeY, y' ey’
veEY

- Z (Z VS($,U|U,y)V(J}/’y|x’y/)> W’(y'lxl)l(u,v)

r’'eXx’, \zek,

ye), yey

veY

= Y (Vs ou V(@' olu, y YW (y/'|2)(u, v).

r’'eX’,

y'ey,

veY
Lemma 2 implies that Vg o, V' € CPCyxyr 47xy and Lemma 4 implies that there exists S’ € Sy vy v
such that Vg = Vg o, V. Therefore,

$(u,5,G) = > V(' vlu, y)W'(y/'|le')(u, 0) < $(u, 5", G,
2'eX,
y’ey’,
veY
where (a) follows from Equation (3). This shows that v = ($(u, S’ G ))
Therefore, (a) implies (b).
Now assume that (b) is true. Let &/ and V be two finite sets, and let [ : U XV — R be a payoff function.
Define G = (U, X, Y, V,[,W) and G’ = (L{ XLy, V, [,W’). We have $,0,(G) C $acn(G’). Therefore,

$opt<g) = sup | Zvu >~ sup |u| Z = $opt

(Uu ueueﬁ;‘xch wel ueu€$mch g) ueld

hence 3,04(G) C Saen(G).

ueY’

where () follows from the fact that $ach(g) C $ach(g’ ). This shows that (b) implies (c). We can show
similarly that (d) implies (e).



Trivially, (b) implies (d) and (c) implies (e).

Now assume that (e) is true. For every normalized and positive payoff function [ € Ayy, define the
BRM games G = (X, X, YV, V,,W) and G’ = (X, X', V', V,[,W’). We have $..1(G) < $p:(F).

Fix a strategy S € Sy v yy satisfying ng =1, fi g(x) = x forallz € X and g, s(y) =y forally € V.
Clearly ag(1) = 1, hence

§(5.0) = 7 08(2.5.6) = 77 3 S Wil fuslo)(w.01.50) = 75 3 Wloalia.v)

rzeX TeX ye)y reX,
yey

Therefore,

T S W) = $(5.9) < S (0) < n(@) = s> §(5'.6)

:L‘EX, S/GSX,X’,y/,y
yey

1
= sup ) 82,50
T

SIESX,X’,J)’, zEX
1
= s o> Y Vela iyl y )W/l y)
S,GSX,X’,JI/,J/ | | TeX 2/ X,
y'ey’,
yeY
1
= sup = —— (Vor o W) (ylz)l(z,y)
S,GSX,X’,)}/,JJ |X| 3;7
yey
0 1 W) (yla)l
= sup 0 Z(V o, W) (ylz)l(z,y),
VECPCXXJ}’,X’X)/ | | zTEX,
yey

where (b) follows from Lemma 4. Therefore,

1
inf — W(ylz) — (V o, W (y|z))l(z,y) <O.
VECPCapyyr arxy |X|x;( (lz) = )(yl)) 1z, y) <
yeY

Since this is true for every [ € Ayyy, we have:

sup inf Z (W (y|z) = (V os W) (ylz))l(z,y) < 0.

l€EAxyy VECPCXxy’,X’xy rex,
yey

Moreover, since Ayxyxy and CPCyxyyr x1xy are compact (see Proposition 1), the sup and the inf are
attainable. Therefore, we can write:

max min Y (W(yla) = (V o, W)(ylz))i(z,y) < 0. (5)

leAxxy VGCPCXxy’,X’xy

TEX,
yey
Since the function » (W (ylz) — (V o, W')(y|z))l(x,y) is affine in both I € Ay.y and V €
TEX,
yey

CPCxxy xxy, it is continuous, concave in [ and convex in V. On the other hand, the sets Axyy
and CPCyyxy x7xy are compact and convex (see Proposition 1). Therefore, we can apply the minimax
theorem [11] to exchange the max and the min in Equation (5). We obtain:
min max W (ylz) — (V og W (ylz))l(z,y) <O0.
VECPClyyyr xrxy [EA X<y (Wyle) = (Vos Wi(yle) Iz, y) <
reX,
yeY



Therefore, there exists V' € CPCyxyr a1y such that

0> max (W (ylz) = (V o, W) (y|z))l(z,y)

c) /
yey

where (c) follows from the fact that Z (W (y|z) — (V o, W')(y|z))l(z,y) is maximized when we choose

TEX,
yey

[ € Ayy in such a way that [(zg,y0) = 1 for any (x¢,yp) € X x Y satisfying
(W (golzo) = (Vo5 W)(yolaro)) = max (W(y|z) = (V o, W)(yl)).
yey
We conclude that for every (x,y) € X x ), we have
Wiylz) < (V o, W)(ylx).
Now since ZW ylr) = Z(V os W')(ylx) for every x € X, we must have W (y|z) = (V oy W)(y|x)

yey
for every (z,y) € X x ). Therefore W =V o, W. Lemma 3 now implies that W’ contains W, hence
(e) implies (a). We conclude that the conditions (a), (b), (c), (d) and (e) are equivalent. [ |

Let (U, X,Y,V,[,W) be a BRM game. Since U, X',) and V are implicitly determined by [ and W,
we may simply write $op(l, W) to denote $op (U, X, Y, V, 1, W).

V. SPACE OF SHANNON-EQUIVALENT CHANNELS FROM X TO )Y
A. The DMCS?y space

Let X and Y be two finite sets. Define the equivalence relation jo?y on DMCy y as follows:

WRS?J,W’ & W is Shannon-equivalent to TV’

Definition 1. The space of Shannon-equivalent channels with input alphabet X and output alphabet )
is the quotient of the space of channels from X to ) by the Shannon-equivalence relation:

DMCY),, = DMCyxy /RS,

We define the topology T(sy on DMC x,y as the quotient topology Txy/ R

Let W, W’ € DMCy y. Theorem 2 shows that W' contains W if and only if $ope (L, W) < $ope (1, W)
for every [ € Ayxy and every two finite sets & and ). Therefore, WR yW!"if and only if $,, (I, W) =
Sopt (1, W ) for every | € Ay and every two finite sets U and V This shows that S, (1, W) only depends
on the ny-equwalence class of W. Therefore, if W € DMC{) xy» we can define $q4(/, W) = $ope (I, W)
for any W' € W,

Define the BRM metric dgﬁ?y on DMCS’)J, as follows:

d‘()??y(Wl,WQ) = Sup |$0pt(l7W1) - $opt(l, W2)|
n,m>1,
leA[n] X [m]

Proposition 2. Let W, W, € DMCy y and let Wl and Wg be the RE,?’)y—equivalence classes of Wy and
Wy respectively. We have d(;?y(Wl, Wg) < dyy(Wy, Wa).
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Proof: See Appendix A. [ |

Theorem 3. The topology induced by d(;?y on DMCE\i)y is the same as the quotient topology 7:\55;
Moreover, (DMCS?J,, dg??y) is compact and path-connected.

Proof: Since (DMCy y,dyy) is compact and path-connected, the quotient space (DMCS?J,, Tf%,)
is compact and path-connected.

Define the mapping Proj : DMCyy — DMCXy as Proj(WW) = W, where W is the R(S
equivalence class of TW. Proposition 2 implies that Proj is a continuous mapping from (DMCy y, dy y) to

(DMC ;?y, d ;y) Since Proj(W) depends only on W, Lemma 1 implies that the transcendent mapping of
Proj defined on the quotient space (DMC ; 3 T Xsy) is continuous. But the transcendent mapping of Proj
is nothing but the identity on DMC . Therefore, the identity mapping ¢d on DMC X,y 1s a continuous
mapping from (DMC;)y, T ) to (DMCX),7 dX y) For every subset U of DMC x.y We have:

o If U is open in (DMngy,d ) ) then U = id~'(U) is open in (DMCX,y,ﬂ,y).

« If U is open in (DMCXJ,,T 3), then its complement U* is closed in (DMC(XS?J,,T)S;) which is
compact, hence U¢ is compact in (DMCS?J,, 7;58;,) This shows that U¢ = id(U¢) is a compact subset
of (DMCgﬁ?y,dgﬁ?y). But (DMCgﬁ?y,dE\f?y) is a metric space, so U° is closed in (DMCgﬁ?y,dgj?y).
Therefore, U is open (DMCE\?},, d(;?y).

We conclude that (DMC(;?),, 7}583,) and (DMCS??),, dgi?y) have the same open sets. Therefore, the topology

induced by dg??y on DMCE,??J, is the same as the quotient topology 7:—,&8%, Now since (DMC(;?),, Tf%,) is

compact and path-connected, (DMC(XS)J,, d%) is compact and path-connected as well. [ ]

Throughout this paper, we always associate DMCY) x,y Wwith the BRM metric d x,y and the quotient
topology TXJ,.

B. Canonical embedding and canonical identification
Let A}, X3, V1 and )s be four finite sets such that |X;| < |Xs| and V| < |)e|. We will show that
there is a canonical embedding from DMC ; y, to DMC )‘; 3, In other words, there exists an explicitly

constructable compact subset A of DMC x,.y, such that A is homeomorphic to DMCY) x,y,- A and the
homeomorphism depend only on X, X5, ), and ) (this is why we say that they are canonlcal) Moreover,
we can show that A depends only on |&}|, |[Vi|, X5 and )s.

Lemma 5. For every W € DMCy, y,, every surjection f from X, to Xy, and every injection g from Y,
to Vs, the channel W is Shannon-equivalent to D, o W o Dy.

Proof: Clearly W contains D, o W o D;. Now let f’' be any mapping from A} to X, such that
f(f'(z1)) = x1 for every x; € &), and let ¢’ be any mapping from ) to V; such that ¢'(g(y1)) = y1 for
every y; € )Vi. We have

W:(Dg/ODg)OWO(DfODf/>:Dg/O(DgOWODf>ODf/7

and so Dy o W o Dy also contains W. Therefore, W and D, o W o D are Shannon-equivalent. u

Corollary 2. For every W, W' € DMCly, y,, every two surjections f, ' from X, to X, and every two
injections g, ¢’ from Y to Y,, we have:

WRY) W' & (DyoW oD)RS),, (Dy oW oDp).
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Proof: Since W is Shannon-equivalent to D, oW oD, and W' is Shannon-equivalent to Dy oW'o Dy,
then W is Shannon-equivalent to W' if and only if D, oW o Dy is Shannon-equivalent to Dy o W' o Dy
u

For every W € DMCly, y,, we denote the Rf‘fl)’yl-equivalence class of W as W, and for every W €
DMCy, y,, we denote the R(;Q)%—equivalence class of TV as WW.

Proposition 3. Let Xy, X, ), and Vs be four finite sets such that |X;| < |X| and |Y1| < |Vs| Let
f Xy — Xy be any fixed surjectzon from X, to Xl, and let g : Y1 — )5 be any fixed injection from Yy to
Vs. Define the mapping F : DMCX1 v DMCX , S F(W) = D, o W o Dy = Projy(Dy o W' o Dy),
where W' € W, DyoW’"o Dy is the R X%yz-equzvalence class of D,oW'o Dy, and Proj, is the projection
onto the REYS;yz—equivalence classes. We have:

o F is well defined, i.e., F(W) does not depend onW'eW.

o F'is a homeomorphism between DMC x;y, and F(DMCX » ) C Dl\/lCE{;)y2

o [ does not depend on the surjection [ nor on the injection g. It depends only on X, X, Y and

Vo, hence it is canonical.
. (DMC; » ) depends only on |X;],
e For every W' € W and every W" € F(W) W' is Shannon-equivalent to W".

Proof: See Appendix B. [ ]

Corollary 3. If | X = |As] and |Dh] = | Vs,
DMCX2 y, depending only on X1, Y1, Xs and Y.

Xyl tO

Proof Let fbea bl_]eCthIl from X5 to &3, and let g be a bijection from ) to J». Define the mappmg
F . DMCX 7 DMCX , as F(W) = D, oW’on — Projy(D, o W' o Dy), where W’ € W and
Proj, : DMCuy, y, — DMCEY ¥, 1s the projection onto the RE\?)%-equivalence classes.
Also, define the mapping F” : DMCX 3, DMCX1 y, as

F'(V) = Dy1 0 Vo Dp1 = Proj,(Dy-1 0 V' 0 Dy1),

where V/ € V and Proj, : DMCy, o = DMCE,?I)’),1 is the projection onto the jof,yl -equivalence classes.
Proposition 3 shows that F' and F’ are well defined.
For every W € DMCy, y,, we have:

@ F'(D, o W o Dy) 2 Proj,(Dy-1 o (Dyo W o Dy)o Dpr) = W,

F'(F(W))

where (a) follows from the fact that W € W and (b) follows from the fact that D,oW oDy € D, <>/M7/c> Dy.
We can similarly show that F'(F'(V)) = V for every V € DMCS;;;Q- Therefore, both F' and F” are
bijections. Proposition 3 now implies that F' is a homeomorphism from Dl\/lC()‘jl)y1 to F(Dl\/lC()jl)y1 ) =
DMCSQ) y,- Moreover, F' depends only on &7, Vi, A5 and Js. |
Corollary 3 allows us to identify DMC y Wwith DMC[Z}[ | through the canonical homeomorphism,
where n = |X| m = Y|, [n] = {1,. n} and [m] = {1 .,m}. Moreover, for every 1 < n < n and
1 <m < m/, Proposition 3 allows us to identify DMC w1th the canonical subspace of DMCY)

n],[m] [n'],[m’]

that is homeomorph1c to DMC ] In the rest of th1s paper, we consider that DMC (] is a compact
subspace of DMC®) ][]

Conjecture 1. For every 1 < n < m, the interior of DMC(‘? n i DMCE;Z] i) IS emply.

[n],[
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VI. SPACE OF SHANNON-EQUIVALENT CHANNELS

The previous section showed that if we are interested in Shannon-equivalent channels, it is sufficient
to study the spaces DMCy, ;) and DMC for every n,m > 1. Define the space

DMC,. = [[ DMCy pm,
n>1,
m>1
where [] is the disjoint union symbol. The subscripts * indicate that the input and output alphabets of
the considered channels are arbitrary but finite. We define the equivalence relation Rffl on DMC, , as
follows:

WRS,)FW’ & W is Shannon-equivalent to W',

Definition 2. The space of Shannon-equivalent channels is the quotient of the space of channels by the
Shannon-equivalence relation:

DMC() = DMC, . /R")

Clearly, DMCppy) ) / Risl can be canonically identified with DMCpy) ) / RE;; m] = DMC for every
n, m > 1. Therefore, we can write

pMct) = | J pmcld, @ | Jpmct)

[n],[n]
n,m>1 n>1

(a) follows from the fact that DMCEZ] im) C DMC[k] i (see Section V-B), where k = max{n, m}.

We define the Shannon-rank of W € DMC; S) as:
srank(W) = min{n >1: W e DMC[n] 1}

Clearly,

DMC®)

i, = (W e DMCY) - srank (1) < n}.

A subset A of DMC . is said to be rank-bounded if there exists n > 1 such that A C DMC(zi[n]

A. Natural topologies on DMCSL

Since DMCf* is the quotient of DMC, , and since DMC, ., was not given any topology, there is no
“standard topology” on DMCSi. However, there are many properties that one may require from any
“reasonable” topology on DMCS;i)k. In this paper, we focus on one particular requirement that we consider

the most basic property required from any “acceptable” topology on DMC(S)

Definition 3. A ropology T on DMC . is said to be natural if it induces the quotient topology T 1im] O
DMC[Z}) (m] for every n,m > 1.

The reason why we consider such topology as natural is because the quotient topology 7{7(5)[”1} is the

“standard” and “most natural” topology on pMC® Therefore, we do not want to induce any non-

[n],[m]*
standard topology on DMC (][] by relativization.
Proposition 4. Every natural topology is o-compact, separable and path-connected.

Proof Since DMC °) is the countable union of compact and separable subspaces (namely
{DMCM ) =15 DMC | is o-compact and separable.
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On the other hand, since ﬂ DMC[(Z])’[n] = DMCE‘R[I] # ¢ and since DMCEZ])M is path-connected for
n>1
every n > 1, the union DMCS,Z = U DMC[(Zi[n] is path-connected. [ ]

n>1

Remark 1. If Conjecture 1 is true, then for every natural topology T on DMCY), we have:

o Every open set is rank-unbounded.

o For every n > 1, the interior of DMC[n] DR (DMC* 1, T) is empty.

o If T is Hausdo;ﬁ, then
(DMC* ., T) is not a Baire space, hence no natural topology can be completely metrized.
(DMCff*, T) is not locally compact anywhere.

*,%k

VIL. STRONG TOPOLOGY ON DMCY")
Since the spaces {DMCp,) ) }n,m>1 are disjoint and since there is no a priori way to (topologically)
compare channels in DMCyy ) with channels in DMCpy ) for (n,m) # (n’,m’), the “most natural”
topology that we can define on DMC, , is the disjoint union topology 7 . . := EB Tin),im)- Clearly, the

n,m>1
space (DMC*,*7 7;**) is disconnected. Moreover, 7, . . is metrizable because it is the disjoint union of
metrizable spaces. It is also o-compact because it is the union of countably many compact spaces.
We added the subscript s to emphasize the fact that 75, . is a strong topology (remember that the
disjoint union topology is the finest topology that makes the canonical injections continuous).

Definition 4. We define the strong topology 7'( wx ON DMC* . as the quotient topology Ts . «/ R ke
We call open and closed sets in (DMC*f,)k, 7;(**) as strongly open and strongly closed sets respectively.

Let Proj : DMC, . — DMC; S) be the projection onto the R*S*—equivalence classes, and for every
n,m > 1 let Proj, ,, : DMCpy jm) — DMC (] be the projection onto the R ][] -equivalence classes.
Due to the identifications that we made 1n Sectlon VI, we have Proj(W) = Proj, (W) for every

W € DMCy) jm]. Therefore, for every U C DMC®)| we have

*,% 2

Proj '(U) = [] Proj,},(U nDMC[) ).

[n],[
n,m>1

Hence,

UeT?, ¥ Proj '(U) € Ty
g Projfl(U) N DMCpm) € ﬁnHm], Vn,m > 1

( H Proj,' (U ﬂDMC )> N DMCppim) € Tinlim), V1, m > 1

n’/,m’'>1

& Proj, L, (U NDMC{)

[n],[m]

) € Tinljm), Vn,m >1

4 vnpmcy) e T8 Ynm > 1,

where (a) and (c) follow from the properties of the quotient topology, and (b) follows from the properties
of the disjoint union topology.

We conclude that U ¢ DMC) is strongly open in DMC() if and only if U N DMC(?) . is open
in DMC( for every n,m > 1 This shows that the topology on DMC( ) that is inherited from
(DMC*{Z, 7'(* «) 1s exactly T - Therefore, T7*,* is a natural topology. On the other hand, if 7 is an
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arbltrary natural topology and U € T, then U N DMC®)
Ue ﬁ** We conclude that 7;7*,* is the finest natural topology.

is open in DMCY) . for every n,m > 1, so

[n],[m] [n],[m]

We can also characterize the strongly closed subsets of DMCSj}k in terms of the closed sets of the
DMC[(Z})’[m] spaces:
F is strongly closed in DMCfl
& DMCSl \F' is strongly open in DMCSi

& (DMCE\F) NDMCY] | is open in DMC[;) . ¥n,m > 1

J,[m ]’
& DMC[n] \(Fﬂ DMC%[m}) is open in DMC!)

& FNDMC[], is closed in DMC{) .

Vn,m > 1

[n],[m]’

Vn,m > 1.

Lemma 6. For every subset U of DMC'®)
e U is strongly open if and only if U N DMC[(Zi[n] is open in DMC <) for every n > 1.
o U is strongly closed if and only if U N DMCEZ]) (] is closed in DMC

we have:

*,%k7

for every n > 1.

[n],[n
Proof: If U 1s strongly open then U N DMC 8}),[m] is open in DMC% ])[ | for every n,m > 1. This
implies that U N DMC ] is open in DMCM for every n > 1.
Conversely, assume that Un DMCE L] is open in DMC[ L] for every n > 1. Fix n,m > 1 and let
k = max{n,m}. We have DMC[ Lim © DMC[k]’[k]. Since U N DMC[k] 5 1S open in DMC k] , the set

Un DMogj])[ | = (UNDMCS) . )NDMC) | is open in DMC{’) . Therefore, U NDMC{") . is open
in DMC (] for every n,m > 1, which 1mp11es that U is strongly open.

We can similarly show that U is strongly closed if and only if U N DMCZ ] is closed in DMC[Z]) [n]
for every n > 1.

Since DMC 1s metrlzable for every n > 1, it is also normal. We can use this fact to prove that the
strong topology on DMC . 1s normal:
Lemma 7. (DMC*Sl,T( «) is normal.

Proof: See Appendix C. [ ]

The following theorem shows that the strong topology satisfies many desirable properties.

Theorem 4. (DMCff*, Ts i ') is a compactly generated, sequential and T, space.

Proof: Since (DMC, ., T; . .) is metrizable, it is sequential. Therefore, (DMC* N 7;(8) ), which is the
quotient of a sequential space, is sequential.

Let us now show that DMC* ) is Ty. Fix W € DMC(S For every n > 1, we have {IV} N DMC')
is either ¢ or {W} depending on whether W & DMCE;H or not. Since DMC[n in)
is T and so singletons are closed in DMC[(Z]),[n]- We conclude that in all cases, {W} N DMCEZ])M is
closed in DMC s}),[n] for every n > 1. Therefore, {W} is strongly closed in DMCi‘fl. This shows that
(DMC*SL, ’7'( ’+) is T1. On the other hand, Lemma 7 shows that (DMCS,)K, ’7;(?*) is normal. This means

that (DMC*SL, 7.2).) is Ty, which implies that it is Hausdorff.
Now since (DMC* o Tsx *) is metrizable, it is compactly generated. On the other hand, the quotient

space (DMC*SL,T**) was shown to be Hausdorff. We conclude that (DMC(S T(* ’+) is compactly

*, %)

generated. [ ]

[n],[n]
1S metrizable, it
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Remark 2. If Conjecture 1 is true, then we have:

. 7;(22)* is not first-countable anywhere.
o A subset of DMCS}k is compact in Ty, . if and only if it is rank-bounded and strongly closed.

VIII. THE BRM METRIC ON THE SPACE OF SHANNON-EQUIVALENT CHANNELS
We define the BRM metric on DMiji as follows:
dgfi(Wl, Wz) = sup |$opt(l7 Wl) — $0pt(l, W2)|

n,m>1,
LA R xm)

Let 7; + be the metric topology on DMC . that is induced by d . We call ’E(,i) the BRM topology on
DMC).

Clearly, 7,%) is natural because the restriction of d'°) on DMC[(Z})’[m] is exactly df;i[m], and the topology
induced by dfz])7[m} is 7{7(5)%} (Theorem 3).

IX. CONTINUITY OF CHANNEL PARAMETERS AND OPERATIONS IN THE STRONG TOPOLOGY
A. Channel parameters

For every W' € DMC* « C(WW) depends only on the Shannon-equivalence class of W [1]. Therefore,
for every W € DMC'®), we can define C'(W) := C(W’) for any W’ € W. We can define P, ,, 5 (W)
similarly.

*,%

Proposition 5. Let X and Y be two finite sets. We have:
. C: DMCg??y — RT is continuous on (DMC(;?J,, 7:,&5%,)
o For every n > 1 and every M > 1, the mapping P. ., : DMC(;?J, — [0,1] is continuous on
(DMCR. TR

Proof: Since C' : DMCyy — RT is continuous, and since C'(W) depends only on the R

equivalence class of W, Lemma 1 implies that C’ DMC(; 'y — R¥ is continuous on (DMC ;)y, 7'(83,).

We can show the continuity of F,, »; on (DMC Xy T(Sg,) similarly. [ |

The following lemma provides a way to check whether a mapping defined on (DMCS*,TS ) is
continuous:

Lemma 8. Let (S,V) be an arbitrary topological space. A mapping f : DMC; S) — S is continuous on
(DMCfl, 7-(* ') if and only if it is continuous on (DMCEZ] ]’ ’7I

Proof: .
f is continuous on (DMC* )T e V) eTE., ywWwev
& fV)NDMC) L eTH . Yn>1, ¥V eV
& f is continuous on (DMCEZ])’W 7}7(5?[”}), Vn > 1.

) for every n > 1.

Proposition 6. We have:
« C':DMC} s) — R* is continuous on (DMC&S*,T( «)-

o For every n > 1 and every M > 1, the mapping Pe., - DMCE:?k — [0,1] is continuous on
(DMC), T2,

Proof: The proposition follows from Proposition 5 and Lemma 8. [ ]
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B. Channel operations

Channel sums and products can be “quotiented” by the Shannon-equivalence relation. We just need
to realize that the Shannon-equivalence class of the resulting channel depends only on the Shannon-
equivalence classes of the channels that were used in the operation [1].

Proposition 7. We have:

o The mapping (W1, W,) — Wi & W, from DMC(;EM XDMCE@Q)J, to DMC;BHX2 W
CONtinuous.

o The mapping (W1, W) — W, @W, from Dl\/[Cg‘fl)y1 X Dl\/IC(;Q)y2 to Dl\/[CEél)X)@’ley2 is continuous.

is

Proof: We only prove the continuity of the channel sum because the proof for the channel product
is similar.

Let Pl"Oj : DMCXl]_[Xz,ylﬂyz — DMCE‘? X%,V 1Yz

equivalence classes. Define the mapping f : DMCy, y, xDMCy,y, — DMC')
f(Wy, Ws) = Proj(W; @ Ws). Clearly, f is continuous.
Now define the equivalence relation R on DMCy, y, Xx DMCy, y, as:

be the projection onto the RXlH o 10"

X[ xe Y. 38

(Wi, Wo)R(W{,W3) & WiRY) ), Wi and WoRS) J, W,

The discussion before the proposition shows that f(W;,Ws) = Proj(W; & W) depends only on the
R-equivalence class of (W;,Ws;). Lemma 1 now shows that the transcendent map of f defined on
(DMCly, y, x DMCuy, y,)/R is continuous.

Notice that (DMCy, y, x DMCy,.y,)/R can be identified with DMCS) ), x DMC),, . Therefore,
we can define f on DMCE{?M X Dl\/ICEYSQ)y2 through this identification. Moreover, since DMCy, y, and
DMCE‘Z,),2 are locally compact and Hausdorff, Corollary 1 implies that the canonical bijection between
(DMCy, y, X DMCluy, y,)/R and DMC; X Dl\/[CE\f;J,2 is a homeomorphism.

Now since the mappmg f on DMC) X0 X DMC(; o, 1s just the channel sum, we conclude that the
mapping (Wl, Wg) — W1 ® W, from DMCX X DMC(S X5y, O DMCX L X1 11 Vs is continuous. MW

Proposition 8. Assume that the space DMC) is endowed with the strong topology. We have:

* %

o The mapping (W1, W) — Wy & W from DMC(S X DMC , 0 DMC* : is continuous.
o The mapping (W, W) — Wy @ Wy from DMC* X DMC(; , 10 DMC) is continuous.

*, %

Proof: We only prove the continuity of the channel sum because the proof of the continuity of the
channel product is similar.
Due to the distributivity of the product with respect to disjoint unions, we have:

DMC,,. x DMCu,y, = [] (DMCpyjm) x DMCi, y,),
n,m>1

and

7;7*7* ® 7‘;(27:)]2 = @ (ﬁn]z[m} ® 7;(27)]2) :

n,m>1

Therefore, the space DMC, , x DMCy,y, is the topological disjoint union of the spaces
(DMC[n},[m] X DMCXg,yz)n,mZI-

For every n,m > 1, let Proj,, ,, be the projection onto the R[(Z})U o] [[ Vs -equivalence classes and let

in,m be the canonical injection from DMC[ 111 Ao (m] 11 Vs O DMCSi
Define the mapping f : DMC, , x DMCuy, y, — DMC*‘fl as

f(Wh WQ) = in,m(Pro.jn,m(Wl @ WQ)) = Wl D WQ)
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(s)
[n],[m

where n and m are the unique integers satisfying W, € DMCj,) ). W1 and W, are the R
RSQ)% -equivalence classes of 1/, and W, respectively.

Clearly, the mapping f is continuous on DMCy, ;n) X DMCly, y, for every n,m > 1. Therefore, f is
continuous on (DMC, ., X DMCy, y,, Tssx @ Tay3)-

Let R be the equivalence relation defined on DMC, , x DMCly, y, as follows: (Wy, W) R(W/{, W3) if
and only if WlR* *W’ and VVQRX2 3, Wo.

Since f(W;,W;) depends only on the R-equivalence class of (W5, W5), Lemma 1 implies that the
transcendent mapping of f is continuous on (DMC, , x DMC XQ%) /R.

Since (DMC,.., Ts..) and DMC; y, = DMCy,y, /R; y, are Hausdorff and locally compact,

Corollary 1 implies that the canonical bijection from DMC(S X Dl\/IC Xy, 10 (DMC, . x DMCy, y,)/R

is a homeomorphism. We conclude that the channel sum is continuous on (DMC.?, (5) DMC(XS , ,7;(*)*

7}2 J}Q) u

| and

The reader might be wondering Why the channel sum and the channel product were not shown to be
continuous on the whole space DMC;; s) X Dl\/lC(S instead of the smaller space Dl\/lC(S X Dl\/lC X, y,- The
reason is because we cannot apply Corollary 1 to DMC, . x DMC, . and DMC(S X Dl\/lC . since we do
not know that (DMC Ts i)*) is locally compact. Moreover, as we stated in Remark 1, 1f Conjecture 1

is true then (DMC&S*, T ' *) is not locally compact.

As in the case of the space of equivalent channels [8] one potential method to show the continuity of
the channel sum on (Dl\/lC X Dl\/lef*, T ok & TS e *) is as follows: let 1R be the equrvalence relation
on DMC, . x DMC, . defined as (W1, WQ)R(W{, WJ) if and only if Wi RS *Wl and W,R" *Wg We can
identify (DMC, , x DMC, ,)/R with DMCj; S) X DMC(S through the canonical brjectlon Using Lemma 1,
it is easy to see that the mapping (W1, Ws) R W @WQ is continuous from (DMC X DMC&S*, (Ts s ®
Tow)/R) to (DMCE), T2,).

It was shown in [12] that the topology (7s.. ® Ts.x)/R is homeomorphic to m(ﬁ** ® 7;**)
through the canonical bijectron where R(T(*)* ® Ts *)*) is the coarsest topology that is both compactly
generated and finer than 7; '« @ T(** Therefore, the mapping (Wl,Wg) —> W, @ W, is continuous
on (DMC X DMC*Si, (7;(** ® 7; +)). This means that if 7;7*,* ® 7;,*7* is compactly generated,
we will have T(** ® 'T = (7;(?* ® 7;(;3)*) and so the channel sum will be continuous on
(DMC;%) (5) % DMCff*,T S ® T* +). Note that although Ts(i)* and 7;(?* are compactly generated, their

product 7;*,* ® 7',*7* might not be compactly generated.

X. DISCUSSION AND OPEN PROBLEMS

The following continuity-related problems remain open:

« The continuity of the channel parameters C' and P, ,, »; in the BRM topology 7;(,?.

o The cont1nu1ty of the channel sum and the channel product on the whole product space
(DMC X DMC*{{, 7’(* « ® 7; ¥ *) As we explained in Section IX-B, it is sufficient to prove that
the product topology ngi* ® 7;(** is compactly generated.

o The continuity of the channel sum and the channel product in the BRM topology.
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APPENDIX A
PROOF OF PROPOSITION 2

Fix n,m > 1 and let | € Ap,x[m. Define G, = ([n], X, Y, [m],[,W1) and G, = ([n], X, Y, [m], I, W>).
For every S € Sy x,y,m)» We have:

é(S,gl)
LS .50 = £ 3 3 asl) T WA o) g0)
u€ln] ue[n] i=1 yey
(% Z ZOés ZW2 y!fzs (U 9i,5(y )))
]z 1 yey

+ - ZZQS Z(Wl y‘f,s ) WQ(y}fi,S(u»)l(uvgi,S(y))

<W1 (y|fis(w)) — Wa (?J‘fi,s(U»)l(Ua 9i.5(y))

5>
n
S
+
EM
=
3 Cl)
M
olng

s s (Wl s ()
(@ . ns .
< $(5,G2) + Z agn(z) Z Z <W1 (y‘fi,S(u)) - Wy (y|fzS(u))>
i=1 uelnl yey

Wiyl fi,s ())Z 2(ylfi,s(w))

:$ S, G) —l—ZaS Z Z‘Wl y’fzs Wz(y‘fz,s(u)”

u€n yey
P ag(7) 1
<8(5,G)+ 3 ‘jL max D [Wi(ylz) — Walyla)|
=1 u€(n] yey
~ a A
= $(S,Gy) + Z sl Z dre y(Wh, Wa) = $(S, Ga) + da y(Wy, Wy)
uel

<dyy(Wi,Wo)+  sup  $(S,Go) = daey(Wi, Wa) + S0 (Ga),

S'€8m],x, v, [m]

where (a) follows from the fact that [(u, g; s(y)) < 1 (because [ € Appxm))- Therefore,

Sopt (G1) = sup $(S, G1) < $opt(Ga) + dx y(Wr, Ws),

SGS[n],X,y,[m]

hence
$opt(g1) - $0pt(g2) S dX,y(Wla W2)

We can show similarly that $,,:(G2) — Sopt(G2) < dx (W1, Wa). Therefore,
‘$0pt(l7 Wl) - $opt<l7 W2)| - |$opt(l7 Wl) - $0pt(l7 W2)’ - |$opt(g1) - $opt(g2)| S dX,y(Wla W2)
We conclude that

A (Wi, Wa) = sup  [Sope(l, W1) — Sope (1, Wa)| < dey (W1, Wa).

nm>1,
LA R xm)
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APPENDIX B
PROOF OF PROPOSITION 3

Corollary 2 implies that Proj,(D, o W o D;) = Proj,(D, o W’ o D;) if and only if WRS. ,, W'
Therefore, Proj,(D, o W’ o Dy) does not depend on W’ € W, hence F is well defined. Corollary 2
also shows that Proj,(D, 0o W' o D) does not depend on the particular choice of the surjection f or the
injection ¢, hence it is canonical (i.e., it depends only on X, A5, ), and )»).

On the other hand, the mapping W — D, o W o Dy is a continuous mapping from DMCy, y, to
DMCl,,y,, and Proj, is continuous. Therefore, the mapping W — Proj,(D, o W o Dy) is a continuous
mapping from DMC;(1 y, to DMC; ,- Now since Proj,(D, o W o D) depends only on the R; -
equivalence class TV of W Lemma 1 implies that the transcendent mapping of W — Proj,(D,0W o Dy)
that is deﬁned on DMCY) X,.y, 1s continuous. Therefore, F' is a continuous mapping from (DMC();? o Txl yl)
to (DMC Xy Vo 7}52)3, ). Moreover, we can see from Corollary 2 that F' is an injection.

For every closed subset B of DMC) x,.y» B 1s compact since DMC Xy, 18 compact hence F(B) is

compact because F' is continuous. This implies that F'(B) is closed in DMCY) Xy, since DMCY) Xo Vs
Hausdorft (as it is metrizable). Therefore, F' is a closed mapping.

Now since F' is an 1nject10n that is both continuous and closed, F' is a homeomorphism between
DMC),, and F(DMCY),, ) € DMCY) 5, .

We would like now to show that F’ ( DMCS1 », ) depends only on | X/, and ),. Let X] and )|

be two ﬁnlte sets such that |X;| = |&]| and |),| = |V]|. For every W € DMCX/ s let We DMC(S, ¥

be the R ¥ -equivalence class of W.
Let f' : X1 — X] be a fixed bijection from X1 to X| and let f” = f' o f. Also, let ¢ yl —
Y be a fixed b1Ject1on from ){ to Y, and let ¢" = g o ¢'. Define F’ : DMCS?, . DMC X5y, as

F'(W) = Dy o W' o D1 = Projy(Dyr o W' o Dyn), where W' € W. As above, F” is well defined, and

it is a homeomorphism from DMC(ng to F’(DMC();? v ). We want to show that F’(DMCS{) y{) =

/ yl
— 17 —_—
llfﬁ(Dl\/IC(/,‘fl)y1 ). For every W € DMCS5 let W' € W. We have

1Y

F/(W) = Pl"OjQ(Dgu o W’ O Dfl/) = Pron(Dg e} (Dg/ o} W/ o) Df/) @) Df)
— F(DyoW'oDy) € F(DMCY ).

Since this is true for every W € DMCX, s We deduce that F’(DMC;,) ,) C F(DMCS?I) yl) By
exchanging the roles of X},); and X7, ) and using the fact that f = f'~! f” and g =g"o0g!, we get
F(DMC(;EM) C F’(DMC()‘;? ¥ ). We conclude that F(DMCS?I)M) = F’(DMCX{ ¥ ), Wh1ch means

that F(DMC(;EM ) depends only on |A]], |, Xy and ).

For every W’ € W and every W” € F (W) =D, W o Dy, W" is Shannon-equivalent to DjoW’ oDy
and Dy o W' o Dy is Shannon-equivalent to W’ (by Lemma 5), hence W" is Shannon-equivalent to W".

APPENDIX C
PROOF OF LEMMA 7

Define DMC[O i
Let A and B be two disjoint strongly closed subsets of DMC'*). For every n > 0, let A,, = = AnDMC®
and B,, = BN DMC[Z)[ E Since A and B are strongly closed in DMC®)

DMC Z), m)- Moreover, A,NB, CANB=g.
Construct the sequences (Uy,)n>0, (U},)n>0, (Kn)n>0 and (K)o recursively as follows:

| = 9, which is strongly closed in DMC(S

[n],[n]
A, and B, are closed in

*,%
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Uy =Ul =Ky =K, =0 C DMC[O] - Since Ao = By = ¢, we have Ay C Uy C KO and

By C Uj C K. Moreover, Uy and U] are open in pMC) Ky and K|, are closed in pMC)
KO N K, = @.

Now let n > 1 and assume that we constructed (U; )0<J<n, (U Jo<j<ns (Kj)o<j<n and (K})o<j<n such
that for every 0 < j <n we have A; C U; C K c bMcY B; C Ul C K] CDMCS) U; and

[.05]° [.[5]°
Uj ! are open in DMC L Kj and K " are closed in DMC[;]) L and K; N K ]’ = ¢. Moreover, assume that
K C Ujy1 and K CUJ’Jr1 forevery()<j <n-—1.

Let C, = A, U Kn_l and D, = B, UK/ _,. Since K,,_; and K] _, are closed in DMCn 1), fn— 1} and
since DMC °) n—1) 1s closed in DMC °) % we can see that K,,_; and K/ _, are closed in DMC
Therefore, C’ and D,, are closed in DMC[n O

C.ND,= (A, UK, 1)N(B,UK] )
:(A NB,)UA,NK, )UK, 1NB,) U(K,.1NK,_,)
@ (A Ky nDMCE) YU (K nDMCE) 0B,
=(A, 1 NK, )UK, 1NB,1)C (K, 1NK,_ )UK, 1NK,_ ) =0,
where (a) follows from the fact that A,NB,, = K,,_1N K/ | = o and the fact that K,,_; C DMC[n 1]
and K] | C DMC[n 1]

Since DMC ] is normal (because it is metrizable), and since C,, and D, are closed disjoint subsets
of DMC[ L there exist two sets Un, Ul C DMC( that are open in DMC and two sets K, K| C
DMC'®) | that are closed in DMC such that C cU, CK,, D, C U’ C K! and K, N K| = ¢.

[n],[n]
Clearly, A, C U, C K, C DMC]) B C U, € K}, € DMC{) .. K,y C U, and K}, ; C U},. This
concludes the recursive constructlon

Now define U = U U, = U and U’ = U U, = U U, . Since A,, C U, for every n > 1, we have

n>0 n>1 n>0 n>1

A=ANDMCE) = AN (U DMC{) n]> U (A NDMCY) M) = Ja. cJu. =U.

n>1 n>1 n>1 n>1

and

[0],[0) [0],[0]

Moreover, we have

Moreover, for every n > 1 we have

_ () @ (5 _ (s
UNDMCY),, = (U Uj> npmc) @ (U Uj) nomcy),, = U (v npmcl) ).

Jj=1 Jj=n jzn
where (a) follows from the fact that U; C K; C Uj4, for every j > 0, which means that the sequence
(Uj)j>1 is increasing.
For every j > n, we have DMC | C DMC

is open in DMC[n] . Therefore, U ﬂ DMC

; and Uj is open in DMCU] ;> hence U; N DMC[Z]) [n]

U (U N DMC [n]> is open in DMC[ L . Since

j>n
this is true for every n > 1, we conclude that U is strongly open in DMCS}F
We can show similarly that B C U’ and that U’ is strongly open in DMCS}k. Finally, we have

Unu' = (UUn>ﬂ<U U;L/) = U w.nu)) = @ Uw.nt) c | JK.nE,) =0

n>1 n/>1 n>1,n'>1 n>1 n>1

(41,10

[n],[n]

where (a) follows from the fact that for every n > 1 and every n’ > 1, we have
U, N U/ - Umax{nn/} NnU’

max{n,n’}

because (U,),>1 and (U} ),>1 are increasing. We conclude that (DMC y ,7;(?*) is normal.
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