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Abstract

A channel W is said to be input-degraded from another channel W' if W can be simulated from W’ by
randomization at the input. We provide a necessary and sufficient condition for a channel to be input-degraded from
another one. We show that any decoder that is good for W' is also good for W. We provide two characterizations
for input-degradedness, one of which is similar to the Blackwell-Sherman-Stein theorem. We say that two channels
are input-equivalent if they are input-degraded from each other. We study the topologies that can be constructed
on the space of input-equivalent channels, and we investigate their properties. Moreover, we study the continuity
of several channel parameters and operations under these topologies.

I. INTRODUCTION

The ordering of communication channels was first introduced by Shannon in [1]. A channel W' is
said to contain another channel W if W can be simulated from W’ by randomization at the input and
the output using a shared randomness between the transmitter and the receiver. Shannon showed that the
existence of an (n, M, €) code for W implies the existence of an (n, M, €) code for W'.

Another ordering that has been well studied is the degradedness between channels. A channel W is
said to be degraded from another channel W’ if W can be simulated from W’ by randomization at the
output, or more precisely, if W can be obtained from W' by composing it with another channel. It is easy
to see that degradedness is a special case of Shannon’s ordering. One can trace the roots of the notion
of degradedness to the seminal work of Blackwell in the 1950’s about comparing statistical experiments
[2]. Note that in the Shannon’s ordering, the input and output alphabets need not be the same, whereas
in the degradedness definition, we have to assume that 1 and W’ share the same input alphabet X but
they can have different output alphabets.

It is well known that if W is degraded from W, then for any fixed code C C X", the probability of
error of the ML decoder for C when it is used for W’ is at least as good as the probability of error of
the ML decoder for C when it is used for W.

In this paper, we introduce another special case of the Shannon ordering that we call input-degradedness.
A channel W is said to be input-degraded from another channel W’ if W can be simulated from W' by
randomization at the input. Note that 1/ and W’ must have the same output alphabet, but they can have
different input alphabets. We say that two channels are input-equivalent if they are input-degraded from
each other.

One motivation to study the input-degradedness ordering is the following: let W be a fixed channel
with input alphabet X and output alphabet ). Assume that after some effort, an engineer came up with a
good encoder/decoder pair for W in the sense that the probability of error is small. Assume also that the
designed decoder is particularly desirable for some reason (e.g., it has a low computational complexity)
so that we would like to use it for other channels if possible. What are the channels W’ for which the
designed decoder also performs well in the sense that there exists a code having a low probability of error
under the same decoder? We will show that a sufficient condition for the decoder to perform well for W’
is the input-degradedness of W with respect to W',

In [3] and [4], we constructed topologies for the space of equivalent channels and studied the continuity
of various channel parameters and operations under these topologies. In this paper, we show that many



of the results in [3] and [4] can be replicated (with some variation) for the space of input-equivalent
channels.

In Section II, we introduce the preliminaries for this paper. In Section III, we introduce and study the
input-degradedness ordering. Various operational implications and characterizations of input-degradedness
are provided in Section IV. The quotient topology of the space of input-equivalent channels with fixed
input and output alphabets is studied in Section V. The space of input-equivalent channels with fixed
output alphabet and arbitrary but finite input alphabet is defined in Section VI. A topology on this space
is said to be natural if it induces the quotient topology on the subspaces of input-equivalent channels with
fixed input alphabet. In Section VI, we investigate the properties of natural topologies. The finest natural
topology, which we call the strong topology, is studied in Section VII. The similarity metric on the space
of input-equivalent channels is introduced in Section VIII. We study the continuity of various channel
parameters and operations under the strong and similarity topologies in Section IX. Finally, we show that
the Borel o-algebra is the same for all Hausdorff natural topologies.

II. PRELIMINARIES

We assume that the reader is familiar with the basic concepts of general topology. The main concepts
and theorems that we need can be found in the preliminaries section of [3].

A. Measure theoretic notations

The set of probability measures on a measurable space (M, Y) is denoted as P(M,X). For every
Py, P, € P(M,Y), the total variation distance between P, and P, is defined as:

|Pr — Ps|ry = sup |P(A) — Pa(A)|.
Aex

Let P be a probability measure on (M, ), and let f : M — M’ be a measurable mapping from (M, )
to another measurable space (M’,Y'). The push-forward probability measure of P by f is the probability
measure fuP on (M',Y) defined as (fyP)(A") = P(f~'(A’)) for every A’ € ¥'. If A is a subset of
P(M,Y), we define its push-forward by f as fu(A) = {fuP: P € A}

We denote the product of two measurable spaces (M, Y;) and (M, ) as (M; x My, ¥ @ 3). If
P, € P(M,%;) and P, € P(Ms,Ys), we denote the product of Py and P, as P, x P». Let A; and As
be two subsets of P(M;, ¥;) and P(M,, ) respectively. We define the tensor product of 4; and A, as
follows:

A1®A2:{P1XP22 P1€A1, PQEAQ}CP(M1XM2,21®22).

If X is a finite set, we denote the set of probability distributions on X as Ay. We always endow Ay
with the total variation distance and its induced topology.

B. The space of channels from X to Y

Let DMCy y be the set of all channels having X’ as input alphabet and ) as output alphabet. For every
W, W’ € DMCyy, define the distance between W and W' as:

1 /
daey(W,W') = S max > W/ (yle) = W (ylo)|

yeY

Throughout this paper, we always associate the space DMCy  with the metric distance dy y and the
metric topology 7x,y induced by it. It is easy to see that 7y y is the same as the topology inherited from
the Euclidean topology of R**Y by relativization. It is also easy to see that the metric space DMCly y is
compact and path-connected (see [3]).



For every W € DMCy y and every V € DMCy z, define the composition V o W € DMCy z as
(VoW)(z ZV z|ly)W(ylx), Yo e X, Vz € Z.

yey
For every mapping f : X — Y, define the deterministic channel D; € DMCy y as

Dy (yle) = {1 n = I

0 otherwise.

It is easy to see that if f: X — Y and g: Y — Z, then Dyo Dy = Dyoy.

C. Convex-extreme points

Let X be a finite set. For every A C Ay, let co(A) be the convex hull of A. We say that p € A is convex-
extreme if 1t is an extreme pomt of co(A), i.e., for every py,...,p, € co(A) and every Ay,..., A\, >0

satisfying Z A =1 and Z Aip;i = p, we have p; = ... = p, = p. It is easy to see that if A is finite,

then the convex extreme pomts of A coincide with the extreme points of co(A). We denote the set of
convex-extreme points of A as CE(A).

D. The Hausdorff metric

Let (M, d) be a metric space. Let (M) be the set of compact subsets of M. The Hausdorff metric
on (M) is defined as:

dy (K, Ky) = max{ sup d(x1, K3), sup d(xQ,Kl)}

r1E€EK1 T2€K>2

:max{ sup inf d(zy,xs), sup inf d(:vg,xl)}

z1€K ro€Ko 29E€K> r1€K,

E. Quotient topology

Let (T,U) be a topological space and let R be an equivalence relation on 7. The quotient topology
on T/R is the finest topology that makes the projection mapping Proj, onto the equivalence classes
continuous. It is given by

U/R = {U C T/R: Proj;\(U) e u} .

Lemma 1. Let f : T — S be a continuous mapping from (T,U) to (S,V). If f(z) = f(2') for every
x,x’ € T satisfying xRx', then we can define a transcendent mapping f : T/R — S such that f(z) = f(2')
for any ©' € &. f is well defined on T/R . Moreover, f is a continuous mapping from (T/R,U/R) to
(S, V).

Let (T,U) and (S,V) be two topological spaces and let R be an equivalence relation on 7". Consider
the equivalence relation R’ on 7" x S defined as (z1,y;)R'(x2,y,) if and only if =1 Rxy and y; = ys.
A natural question to ask is whether the canonical bijection between ((T/ R) x S, (U/R) ® V) and
((I' x S)/R',(U @ V)/R') is a homeomorphism. It turns out that this is not the case in general. The
following theorem, which is widely used in algebraic topology, provides a sufficient condition:

Theorem 1. /5] If (S, V) is locally compact and Hausdorff, then the canonical bijection between ((T/ R)x
S,(U/R)®V) and ((T x S)/R,(U®V)/R') is a homeomorphism.

Corollary 1. [4] Let (T,U) and (S,V) be two topological spaces, and let Ry and Rg be two equivalence
relations on T and S respectively. Define the equivalence relation R on T' x S as (x1,y1)R(xs,y2) if and
only if x1Rrxo and y1Rsys. If (S,V) and (T /Ryp,U/Ry) are locally compact and Hausdorff, then the
canonical bijection between ((T/Rr) x (S/Rs), U/Ryr) ® (V/Rs)) and ((T x S)/R,(U®V)/R) is a

homeomorphism.



III. INPUT-DEGRADEDNESS AND INPUT-EQUIVALENCE

Let X, X’ and Y be three finite sets. Let W € DMCyy and W' € DMCysy. We say that W is
input-degraded from W' if there exists a channel V' € DMCy » such that W = W’ o V'. The channels
W and W' are said to be input-equivalent if each one is input-degraded from the other.

Let W € DMCy y be a fixed channel with input alphabet X" and output alphabet ). For every z € X,
define W, € Ay as:

Wa(y) = W(ylz), Yyel.

Proposition 1. Let X', X and Y be three finite sets. W € DMCy y is input-degraded from W' € DMC y y
if and only if co{W, : z € X}) C co{W,, : 2/ € X'}).

Proof: Assume that W is input-degraded from W’. There exists V' € DMCy 1+ such that W =
W'oV'. For every x € X and y € ), we have:

Waly) = Wyle) = Y W(yla)V'(@']x) = Y V'(@'|2)Wh(y).

r'eXx’ r'eXx’

Therefore, W, = Z V'(2'|x)W,, which means that W, € co({W/, : 2/ € X'}) for every x € X, hence
€X'/
co({W, : x € X}) Cco{W. : o’ € X'}).
Conversely, assume that co{W, : =z € X}) C co{W. : 2/ € A’}) and let z € X. Since W, €
co({W!, : a' € X'}), there exists a set of numbers «a,, > 0 satisfying Z Q. = 1 such that

z'eX’
W, = Z QW Define V' € DMCy yv as V(2'|z) = o, for every x € X and every 2/ € X'. We
z'eX’
have W = W' oV’ and so W is input-degraded from W". [ |

For every channel W € DMCy y, we define the input-equivalence characteristic of W, or simply the
characteristic of W, as CE(W) := CE({W, : « € X'}). The input-rank of W € DMCy y is the size of
its characteristic: irank(1W') = | CE(W)].

Proposition 2. Let X', X and Y be three finite sets. W € DMCy y is input-equivalent to W' € DMCy y
if and only if CE(W) = CE(W’).

Proof: Tt follows from Proposition 1 that T is input-equivalent to W’ if and only if co({W, : x
X}) = co({W!, . 2’ € X'}), which happens if and only if CE(W) = CE(co({W, : x € X}))
CE(co({W. : o' € X'})) = CE(W').

HImMm

IV. OPERATIONAL IMPLICATIONS OF INPUT-DEGRADEDNESS

A. Operational implication in terms of decoders

Let ) be a finite set. An (n, M)-decoder on ) is a mapping D : " — M, where |[M| = M. The set
M is the message set of D, n is the blocklength of D, M is the size of D and %log |M| is the rate of
D (measured in nats).

Let W € DMCy y be a channel with input alphabet X and output alphabet Y, and let D : V" — M
be a decoder on ). A maximum-likelihood (ML) encoder for D when it is used for W is any encoder
E: M — X" satisfying

o [Iwwlem) = Y. TIWwile:), vmeM, vai € am,

yreyn, i=1 yreyn, i=1
D(yt)=m D(y7)=m

where (€1(m),...,E.(m)) = E(m) € &A™



It is easy to see that a maximum-likelihood encoder has the best probability of error among all encoders
(assuming that the decoder D is used). The probability of error of D under ML-encoding for W is given

by:
Pep(W)=1- W Z I eX"{ > HW(yz‘|$i)}-
yreyr, i=1
D(yr)=m
Proposition 3. Let X', X and Y be three finite sets. If W € DMCy y is input-degraded from W' &
DMCx» y, then P.p(W') < P.p(W) for every decoder D on Y. Moreover, if W and W' are input-
equivalent, then P, (W) = P.p(W') for every decoder D on Y.

Proof: Assume that W € DMCy y is input-degraded from W’ € DMCy/y. Let V' € DMCy 1/ be
such that W =W’ o V"
Fix an (n, M) decoder D on ) and let M be its message set. We have:

1—P.p(W) = W1| wglea)?(n { Z H W(y“xl)}

y e))" i=1

= max
| z Texn

H ( 5 Wf<yiix;>w<x;|xi>)}

u eyn i=1 \ zjcx’

yl eyn lneX/n =1

2
:| ma;{ Z > H(W’ ule)V' (@ |$1)>}
Lz

i=1

max

|M| Z zrex™ !
yreyn, i=1

D(yy)=m

1
< max > HW’ yilh) }_1— P.p(W).
M i EX"{ yreyn, i=1
D(y1)=m
Therefore P, p(W') < P.p(W).
If W and W' are input-degraded from each other, then P, p(W') < P. p(W) and P.p(W) < P, p(W’),
hence P, p(W') = P.p(W). [

B. A characterization of input-degradedness
Let W € DMCy y and let U be a finite set. For every p € Ay and every D € DMCyy, define

P.(p,W,D) = sup Y p(u)E(zlu)W (ylz)D(uly).

EeDMCy, x weld

TEX,
yey

P.(p,W, D) can be interpreted as follows: let U be a random variable in U distributed as p. Assume
that U was encoded using the random encoder £ € DMCy, » to get X € X. Send X through the channel
W and let Y € Y be the output. Apply the random decoder D € DMCy;, on ) to get an estimate U of

U. We have:
PRU = U} = ) p(w) E(z|u)W (y|) D(uly).

ueU,
TeX,
yey



Therefore, P.(p, W, D) is the optimal probability of successfully estimating U by the fixed decoder D
among all random encoders &/ € DMCy, ». Note that the optimal encoder can always be chosen to be
deterministic.

Theorem 2. A channel W € DMCy y is input-degraded from another channel W' € DMCy 5 if and
only if P.(p,W,D) < P.(p, W', D) for every p € Ay, every D € DMCy; and every finite set U.

Proof: Assume that W is input-degraded from W’. There exists V' € DMCy 1+ such that W =
W' o V'. For every finite set U, every p € Ay and every D € DMCy,;, we have:

P.(p,W,D) = sup > p(u)E(x|u)W (y|z)D(uly)

EeDMCy, x well,
TEX,

yey
= sup Y pwE(xlu)| Y W (yle)V'('|z) | D(uly)
E€DMCy,x u€Y, x'eX!
TeEX,
yey
= s S )| V@) EGel) | W (gla') Diuly)
EeDMCu.x ey, TEX
x’EX’,
yey
= sup Y pu) E) (@' [u)W(y|z") D(uly)
EGDMCM’X weld,
x’EX’,
yey
< sup > p(w)E'(@|u)W(y|a')D(uly) = Pe(p, W', D).
E'€DMCy v 4o
z'eX’,
yey

Conversely, assume that P.(p, W, D) < P.(p, W', D) for every p € Ay, every D € DMCy,;, and every
finite set U.
Let zo be any symbol that does belong to X" and let i/ = X U {x¢}. For every n > 1, define p,, € Ay

as follows:
1 1 .
— (1 — ) ifued,
pu) = ¢ 1] ntl .
1 if u = xg.
n
pn Was chosen in such a way that % = |nﬂ for every x € X. This is going to be useful later. Define
the channel W, € DMCy y as follows:
(y|u) ifueX,
Wo(ylu) = 4] ZW ylx) if u = .
reX
Fix the encoder £ € DMCy, « as follows:
1 ifu=uzx,
1 .
E(z|u) = m if u = xg,

0 otherwise.



For every D € DMCy;;, we have:

> pu(w)Wo(ylu) D(uly)

ueU,
yey
(an MWo(ylz) (5’7|Z/)) + an(:co)Wo(y]xo)D(aco\y)
TEX yey
yey
(zpn W (4l D(rly) ) -l Wl
zeX yey rzeX
yey
(an E(x[u)W (y|z) D(uly) ) + 3 palao) E(wlxo) W (yla) D(xoly)
ueX reX,
TEX, yey
yey
= pa(w)E(z|u)W (y|z)D(uly) < Pe(pn, W, D) < Pu(p,, W', D)
ueU,
xeX,
yey
= sup Y pa(w)E'(@[u) W (yla') D(uly).
E'€DMCy xr 5oy
z'eXx’,
yey
Therefore,

E’eDMC
u, X’ X!

min an (Wo ylr) = Y E'x IU)W’(yII)> D(uly) <0
yey

hence

max min > pa(u) (Wo yl) = > Ex IU)W’(yI:E)> D(uly) <0

DeDMCy, iy E’eDMC
yu X eu e’
yeY

or equivalently

max i an ) (Wolylu) = (W o E') (ylu) ) D{uly) < 0

DEDMCy u E’GDMCU X/

ey

Note that the sets DMCy,;; and DMCy, x+ are compact and convex. On the other hand, since the function
an <WO ylu) — (W' o E')(y|u)>D(u|y) is affine in both D € DMCyy and E' € DMCyy o, it is

ueY,
yey

continuous, concave in D and convex in E’. Therefore, we can apply the minimax theorem [6] to exchange

the max and the min in Equation (1). We obtain:

E’EDMCM7X/ DGDMCy (,{

S PG ) (Wlyfu) = (W' o E)(yl) ) D(uly) < 0
yey



Therefore, there exists £; € DMCy 1+ such that

02 ., 2 ) (Walol) = (W7o 22)(wla)) D)
yey

DEDMCy 1,(

@ Z%pnm) (Wolylw) = (W' 0 B2 (ylu) )

yeY

>3 1 2 pali) (Wolule) = (W' )1

yey uEZ/I

= 2 P} X (Wolulu) = (W' E)h)) =0
ueU yeY

where (a) follows from the fact that Z pn(u) <W0(y|u) —(W'o E;L)(y|u))D(u|y) is maximized when D

ueU,
yey

is chosen to be deterministic in such a way that for every y € ), D(u,|y) = 1 for any u, € U satisfying
Pu(y) (Wo(yluy) — (W' © 1) (ylu,)) = masx { pa () (Wo(ylu) = (W © E})(y]u) }. We conclude that

> maspa(u) (Wolylu) — (W' o ) (ylu) ) = 0.
yey
Assume there exists y € ) and u € U such that
pa(u) (Wolyla) — (W' o E)(y[a)) < maxp,(u) (Wo(yIU) - (W'o Eé)(@/lﬂ))-

In this case, we have

0= palw) > (Walylu) = (W' o E})(ylu))

ueld yey

=33 paw) (Wolylw) — (W' o EL)(y]w)
yeY uel

< > Ul max pu () (Wolylu) — (W' o B,)(ylu) ) =0,
yeY

which is a contradiction. Therefore, for every y € ) and every x € X, we have
pa(@) (W (ylz) — (W' o E,)(ylz)) = pu(z) (Wolylz) — (W' o E})(ylv))
= max pu(u) (Wo(ylu) — (W o E})(ylu))
= Pa(@0) (Wo(ylwo) — (W' 0 E})(yl0)),
which implies that

. "o E T :p xO) za) — "o E' T pn(x()):
Wiyla) — ("o By (ula)| = D0 Wofulan) — (0" 0 By wlao)| < 22 700 = 20,

Since the space DMCy x+ is compact, there exists a converging subsequence (E), )0 of (£} ),>1. Let
E' be the limit of (£, )i>o. For every x € X’ and every y € ), we have:



which means that W (y|z) = (W’ o E')(y|z). Define V' € DMCy x as V'(2'|x) = E'(2'|x) for every
x € X and every ' € X’. For every x € X and every y € ), we have:
(W o V) (yle) = Y W(yla")V'(2']x) = Y W(yla")E'(2'|x) = (W' o E)(yla) = W (ylx).
z'eX’ r'eXx’

Therefore, W = W’ o V'. We conclude that IV is input-degraded from W’. [ |

C. A characterization in terms of randomized games

A randomized game is a 5-tuple G = (Z,X,),[,WW) such that X', and Z are finite sets, [ is a
mapping from Z x Y to R, and W € DMCy y. The mapping [ is called the payoff function of the game
G, and the channel W is called the randomizer of G. During the game, a player sees a symbol z € Z
and decides on a symbol x € X. A random symbol y € ) is then randomly generated according to the
conditional probability distribution W (y|z) and the player gets the payoff I(z,y).

A strategy for the game G is a channel S € DMCz x. For every z € Z, the payoff gained by the
strategy S for z in the game G is given by:

(2,59,G) = Z S(z|2)W (y|x)l(z,y).

reX,
yey

The payoff vector gained by the strategy S in the game G is given by:
5(5,G) = (8(,5,9))._, € RZ.
It is easy to see that for every o € [0,1] and every Sp,52 € DMCz », we have
$(aS) + (1 — a)Ss, G) = a$(S1,G) + (1 — a)$(Ss, G).
The achievable payoff region for the game G is given by:

$on(G) = {é’(s, G): Se DMCM} C RZ.

Clearly, $,:,(G) is a convex subset of R?. Moreover, since DMCyz » is compact and since the mapping
S — $(S,G) is a continuous mapping from DMCz y to R?, the region $,4,(G) is a compact subset of
RZ.

The average payoff for the strategy S € DMCgz x for the game G is given by:

$(5,G) = Z$ 2,9,G) = Z S(x)|2)W (ylx)l(z,y).
121 = = ’Z |
reX,
yeY
The optimal average payoff for the game G is given by
$opt(G) = sup g(S, g).

SEDMCZ,X

Note that we can always find an optimal strategy that is deterministic.
The following theorem provides a characterization of input-degradedness that is similar to the famous
Blackwell-Sherman-Stein theorem [2], [7], [8].

Theorem 3. Let X, X' and Y be three finite sets. Let W € DMCyx y and W' € DMCyx» y. The following
conditions are equivalent:

(a) W is input-degraded from W'.
(b) For every finite set Z and every payoff function | : Z x Y — R, we have

$ach<Z7X7y7l7 W) C $ach(Za‘X/7y7 lv W/)



(c) For every finite set Z and every payoff function | : Z x Y — R, we have
$0pt(Z7X7y7l7 W) S $Opt(Z7X,7y7 l7 W,)

Proof: Assume that (a) is true. There exists V' € DMCy/ x such that W = W’ o V', Fix a finite set
Z and a payoff function [ : Z x Y — R. Define G = (Z,X,Y,[,W) and G' = (Z, X", Y, [,W').
Fix 7 = (v.).cz € $an(G). There exists S € DMCgz y such that (v,).cz = 7 = ($(Z,S,Q))ZEZ. Let
S"=V'o0S. For every z € Z, we have:

§(2,5,0) = 3 S |)W (yla)i(z,y Z(ZV’ )8 >>W’<y|a:>< )

z'ex’, z'ex’ TeEX
yey yeY
= >~ Sl (D Wl )V (@'0) )iz y) = D Sl W gl)i(z ) = 8z, 5,6).
TEX, z'eX’ TEX,
yey yey

Therefore, ¥ = §(S’, G') € $.n(G"). Since this is true for every v € $,.,(G), we have $,.,(G) C $..(G).
We conclude that (a) implies (b).

Now assume that (b) is true. Fix a finite set Z and a payoff function [ : Z x ) — R. Define
G=(Z,X,)Y,[,W)and G' = (Z,X' y,l,W’). We have $,.,(G) C $.cn(G’). Therefore,

1
$opt (G) = sup vz < sup — Y vl =3%,.(G"),
o (vz z€Z€$dch | Z zeZ€$ach(g) |Z| Z t
where (x) follows from the fact that $ach(g) C $ach(g ). This shows that (b) implies (c).
Now assume that (c) is true. Fix a finite set i/, p € Ay and D € DMCy, 4. Define the payoff function
I :UxY — Ras l(u,y) = |U|p(u)D(uly). Define the randomized games G = (U, X, ), W,l) and
G =U,X" Y, W I). We have:

P.(p,W,D) = sup Y p(u)E(zlu)W (ylz)D(uly) =  sup E(z|u)W (y|z)l(u, y)

EEDMCLA;{ weld EEDMCZ/{,X weld ‘ ‘
wGX: ZEX:
yey yey

= sup  $(E,G) = $ope(9)
EEDMCLA;{

Similarly, we can show that P.(p, W', D) = $,,(G'). Since we assumed that (c) is true, we have
$opt (G) < $opt(G’). Therefore, for every finite set U, every p € Ay and every D € DMCy,, we have
P.(p,W,D) < P.(p, W, D). Theorem 2 now implies that 1V is input-degraded from W', hence (c) implies
(a). We conclude that (a), (b) and (c) are equivalent. [ |

V. SPACE OF INPUT-EQUIVALENT CHANNELS FROM X TO YV
A. The DMCEé)y space

Let X and Y be two finite sets. Define the equivalence relation Rg?y on DMCy y as follows:
WREQ),W/ & W is input-equivalent to W',

Definition 1. The space of input-equivalent channels with input alphabet X and output alphabet ) is the
quotient of the space of channels from X to Y by the input-equivalence relation:

DMCY),, = DMCyxy /RY,,.

We define the topology ’7:@@)3, on DMCEQJ, as the quotient topology Tx y/ RE‘?’)},
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Due to proposition 2, we can define the input-equivalence characteristic of W € DMCE?J, as CE(W) :=
CE(W’) for any W’ € W. Define co(W) := co(CE(W)). It is easy to see that co(W) = co({W’ : = €
X)) for any W’ € W.

Let A and B be two sets. A coupling of A and B is a subset R of A x B such that

{a€A: e B, (a,b) € R} = A,

and
{be B: Jac A, (a,b) € R} = B.

We denote the set of couplings of A and B as R(4, B).
We define the similarity distance on DMCS?’y as follows:

d%),y(wl, W) = inf sup |1y — Pollzy
ReR(co(W1),co(W2)) (Py,P2)ER
1 .
= inf sup Z |Pi(y) — Pa(y)]-

2 ReR(co(W1),co(Wa)) (PPy)ER | )

Proposition 4. (DMC()?J,, d()ézy) is a metric space.

Proof: We will show that d()é{y(Wl, W) = dH(co(Wl), co(Wg)), where dy is the Hausdorff metric
on IC(Ay) corresponding to the total variation distance on Ay. Define K; = co(Wl) and Ky = CO(WQ),
and let R € R(K,, K5). For every (P, P,) € R, we have:

|PL = Pollry > inf ||[P1 — Pz
P2/EK2

Therefore,
sup  ||P1 — Paflry > sup inf ||P] — Pyfrv.
(P1,P2)eR PleK; P2€Kz2
Similarly,
sup ||P1 —PQHTV > sup }Ilf HP{_PQ/HTV
(P1,P2)eR PyeK, P1€EKL
Hence,
sup [|[Py — Pallyy > max 4 sup inf | P — Py|lrv, sup inf | P — Pyl|lrv
(P1,P2)ER Plek; Pa€K2 PieK, PIEK1
=dy (K4, K>).
We conclude that
d‘()?y(Wl, Wg) = 1I1f sup ||P1 — P2||TV Z dH(Kl, KQ)

ReR(K1,K2) (P, P))eR
Let P, € K;. Since K> is compact, there exists ]52(P1) € K5 such that
le - P2(P1)HTV = ng(z ||P1 - P2HTV‘
Similarly, for every P, € K, there exists P;(P) € K, such that | P, — P(Py)||ry = ot | P. — Py||7v.
Define the coupling Ry € R(K71, K») as
Ry ={(Pi,Py(P)): P, e Ki}U{(P\(P),P,): Pe K,}.



11

We have:

dﬁé)y(Wl, W)= inf sup  ||Py = Blry £ sup [Py — Blry
’ RER(K1,K2) (Py,Py)ER (P1,P2)€Ro

:max{ sup le_pQ(Pl)Ha sup HPZ_pl(PQ)”} :dH<K1,K2).

PieK, PeKo>
We conclude that d (Wl, W) = dy (K1, K») = dH(co(Wl), co(Wg)), hence d%{y is a metric. [

Proposition 5. Let W, W' € DMCy y and let W and W' be the Rgé)’y—equivalence classes of W and W'
respectively. We have dg??y(VAV, W) < dyy(W, W),

Proof: Define Ry C co(W) x co(W’) as follows:
= {(ZAxWI,ZAIWQQ) : Y A=1,and A, >0, Vo € X} .
zeX zeEX zeX

Clearly, R, is a coupling of co(W) and co(W’). For every (Py, P;) € Ry, there exists (A\;)zex € [0,1]*
such that Z N, =1, P = Z AW, and P, = Z AW, . We have:

TeEX reX reX
I1P, — Py|lrv = H (Z AxWx> - <Z Ang;) > (W, —W))
TEX TeEX TV TEX TV
< AW - W'HTv<SHPHW Wollrv = daxy(W, W').
zeX
Therefore,
d()?’y(W, W) = inf  sup [P Rlrv < sup  ||PL— Poflrv < dxy(W, W),
RER(co(W),co(W’)) (Py,Ps)eR (P1,P2)€ERo

Theorem 4. The topology induced by dg?yy on DMCS?’), is the same as the quotient topology 7;51)3,
Moreover, (DMCS?’),, dEQy) is compact and path-connected.

Proof: Since (DMCy y,dyy) is compact and path-connected, the quotient space (DMC()QJ,, T;ﬁ“y)
is compact and path-connected.

Define the mapping Proj : DMCyy; — DMC Xy as Proj(W) = W, where W is the R( )
equlvalence class of W. Proposition 5 implies that PI“OJ is a continuous mapping from (DMCy y, dy y) to

(DMC Xy d y)- Since Proj(W) depends only on W, Lemma 1 implies that the transcendent mapping of
Proj defined on the quotient space (DMC X T y) is continuous. But the transcendent mapping of Proj
is nothing but the 1dent1ty on DMC Xy Therefore the identity mapping ¢d on DMC y 1s a continuous
mapping from (DMCXy, T y) to (DMCXy, dg()y) For every subset U of DMC(Z ¥,y we have:

« If U is open in (DMC%y,d)é y) then U = id~'(U) is open in (DMC)?J,,’Y;%,)

« If U is open in (DMCXy,T ), then 1ts complement U¢ is closed in (DMCgéy,’TX y) Wwhich is
compact, hence U* is compact in (DMC Xy ’TX y) This shows that U¢ = id(U¢) is a compact subset
of (DMCXy,dX)y) But (DMCg@y,ng{)y) is a metric space, so U° is closed in (DMCXy,d;)y)

Therefore, U is open (DMCXy,d )y)
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We conclude that (DMC % y, T4 T y) and (DMC Xy d y) have the same open sets. Therefore, the topology

induced by d( X,y on DMC ¥,y is the same as the quotlent topology 7} - Now since (DMC Xy T y) is

compact and path-connected, (DMCE,( Vs dg?y) is compact and path-connected as well. [ |
In the rest of this paper, we always associate DMC(X)y with the similarity metric d x,y and the quotient

topology TXQ,.

B. Canonical embedding and canonical identification
Let Xy, X; and Y beA three finite sets such that |X;| < |A&;3|. We will show that there is a canonical
embedding from DMC )é y to DMC ;( - In other words, there exists an explicitly constructable compact

subset A of DMC y such that A is homeomorphic to DMCY y,y- A and the homeomorphism depend
only on X}, X, and y (this is why we say that they are canonical). Moreover, we can show that A depends
only on |Xy|, A5 and ).

Lemma 2. For every W € DMCy, y and every surjection f from X, to X,, W is input-equivalent to
W o Dy.

Proof: Clearly W o Dy is input-degraded from WW. Now let f’ be any mapping from X; to &5 such

that f(f'(x1)) = x; for every z; € X;. We have W = W o (Dyo Dy) = (W o Dyg)o Dy, and so W is
also input-degraded from W o Dy. [ |

Corollary 2. For every W, W' € DMCly, y and every two surjections f, g from X5 to X, we have:
WRY W' & (WoDp)RY (W oD,).

Proof: Since W is input-equivalent to W o D; and W' is input-equivalent to W' o D,, then W is
input-equivalent to W’ if and only if W o Dy is input-equivalent to W' o D,. [ |

For every W € DMCy,, y, we denote the Rg? Yy -equivalence class of W as W, and for every W €
DMCly, y, we denote the R x, y-equivalence class of W as w.

Proposition 6. Let X, X5 and ) be three finite sets such that x| < |X2| Let f : Xy — Xl be any
fixed surjection from X, to X,. Define the mapping F' : DMC y = DMCX y as F(W) W’ oDy =

Proj,(W'oDy), where W' € W and Proj, is the projection onto the RX’yQ—eqmvalence classes. We have:

o F is well defined, i.e., F(W) does not depend on W' € W.

o F'is a homeomorphism from DMCX y fo F(DMC(z ) C DMCX -

e I does not depend on the surjection f It depends only on X1, Xy and Y, hence it is canonical.
(DMCX y) depends only on |X|,

For every W' € W and every W" € F(W), W is input-equivalent to W".

Proof: Corollary 2 implies that Proj,(WoDy) = Proj,(W'oDy) if and only if WRSQ’J,W’ . Therefore,
Proj,(W’ o Dy) does not depend on W' € W, hence F is well defined. Corollary 2 also shows that
Proj,(W’ o Dy) does not depend on the particular choice of the surjection f, hence it is canonical (i.e.,
it depends only on &, X, and ))).

On the other hand, the mapping W — W o Dy is a continuous mapping from DMCy, y to DMCy, y,
and Proj, is contmuous Therefore, the mapping W — Proj,(W o Df) 1s a continuous mappmg from
DMCy, y to DMC y- Now since Proj,(W o Dy) depends only on the RY x, y-equivalence class W of W,

Lemma 1 implies that the transcendent mapping of W — PrOJQ(W e D 7) that is defined on pMCY) X, 18

continuous. Therefore, F is a continuous mapping from (DMC/ X1 T y) to (DMCE%),7 ng)y) Moreover,
we can see from Corollary 2 that /' is an injection.
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For every closed subset B of DMC(QQ,, B is compact since DMCEQJ, is compact, hence F'(B) is

compact because F' is continuous. This implies that F'(B) is closed in DMC()Q,J, since DMCEQJ, is
Hausdorff (as it is metrizable). Therefore, F' is a closed mapping.

Now since F' is an injection that is both continuous and closed, F' is a homeomorphism between
DMCY) ,, and F(DMCY, ,,) ¢ DMCY) ;.

We would like now to show that [ (DMCE@ y) depends only on \Xl\, Xy and Y. Let A7 be a finite
set such that || = |X7]|. For every W € DMCyy y, let W e bMmCY) xy,y be the RSQ, y-equivalence class
of W.

Let g : X1 — A be a fixed bijection from X; to A] and let f' = g o f. Define F” : DMng,Vy —
DMngjy as F'(W) = W//_O\_Bf/ = Proj,(W' o D), where W' € W. As above, I’ is well defined,
and it is a homeomorphism from DMC(Z)’y to F’(DMCS?{J). We want to show that F’(DMC%)}) =

F(DMCSQQ,) For every W € DMCX, y let W' e W. We have

F'(W) = Proj,(W’ o Dj)) = Projy((W' o D,) o Dy) = F (WTD\Dg) e F(DMCY) ,).

Since this is true for every W € DMCEQ,J,, we deduce that F’( DMCE\?{Q} ) C F( DMC()QJ, ) By exchang-
ing the roles of X; and X and using the fact that f = g~'o f’, we get F'( DMCEQJJ) c F'( DMC()Q,’J, ).
We conclude that F(DMCY) ;) = F’(DMC(QQ,’), ). which means that F( DMCY) ;,) depends only on
|X1], Xo and Y.

For every W' € W and every W” € F(W) = W'o D 7» W" is input-equivalent to W’ o Dy and W' o Dy
is input-equivalent to ¥’ (by Lemma 2), hence W” is input-equivalent to W"’. n

Corollary 3. If |X)| = |X;|, there exists a canonical homeomorphism from DMC Xy fo DMC
depending only on X1, X, and ).

Proof: Let f be a bijection from X, to AX). Define the mapping F' : DMCEQJ, — DMC(QJ, as
F(W) = W'o Dy = Projy(W' o Dy), where W’ € W and Proj, : DMCy,y — DMCS) ), is the
projection onto the Rgéi’y—equivalence classes.

Also, define the mapping F" : DMCEQJ, — DMC v X,y as F(V) = Vio D, Df 1 = Proj,(V'oDy-1), where
V' €V and Proj, : DMCyx y, — DMC22 is the projection onto the Rx y-equivalence classes.

Proposition 6 shows that ' and F’ are well defined.
For every W € DMCy, y, we have:

FI(F(W)) ¥

F(WoDy) Y (WoDy)oDys =W,
where (a) follows from the fact that W &€ W and (b) follows from the fact that W o Dy € mf.

We can similarly show that F(F'(V)) = V for every VV € DMC )é - Therefore both F" and I are
bl]eCthHS Proposition 6 now implies that /' is a homeomorphism from DMC xy toF (DMC X1, y) =

DMCY Xy Moreover, F' depends only on X', ) and ). [ |

Corollary 3 allows us to identify DMC()?J, with DMC% )] y through the canonical homeomorphism,
where n = |X| and [n] = {1,...,n}. Moreover, for every 1 < n < m, Proposition 6 allows us to identify

DMC y With the canonical subspace of DMCY. _ that is horneomorphic to DMCEQ] y- In the rest of

this paper we consider that DMCE Ly

[m],Y

is a compact subspace of DMC[m] -

Intuitively, DMC%;)] y has a “lower dimension” compared to DMC[(;n] - So one expects that the interior
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of DMCEZ} (DMC .y 7{7(73 y) is empty if m > n. The following proposition shows that this intuition
is accurate when |)| > 3.

Proposition 7. We have:
o If |Y| =1, then DMCF)] DMCE1 y for every n > 1.
o If |Y| =2, then DMC( ).y DMC(Q] y for every n > 2.
o If |V| > 3, then for every 1 < n < m, the interior of DMC[ Ly (DMC%W, 7{7(:33,) is empty.

Proof: See Appendix A. [ |

VI. SPACE OF INPUT-EQUIVALENT CHANNELS

The previous section showed that if we are interested in input-equivalent channels, it is sufficient to
study the spaces DMCy, y and DMCE:L)] y for every n > 1, where [n] = {1,...,n}. Define the space

DMC,y = [[ DMCyyy.

n>1

where [] is the disjoint union symbol. The subscript * indicates that the input alphabets of the considered
channels are arbitrary but finite. We define the equivalence relation R,(f)y on DMC, y as follows:

WRS;)J,W’ & W is input-equivalent to T/,
Definition 2. The space of input-equivalent channels with output alphabet ) is the quotient of the space
of channels with output alphabet ) by the input-equivalence relation:
DMCY), = DMC. 5 /RY,

Clearly, DMCp,y / Rff)y can be canonically identified with DMCy, y / RE:Z)] y = DMCE:B} y- Therefore,
we can write )
DMCY), = | JDMC) .

n>1

We define the input-rank of W e DMC( 'y as the size of its characteristic: irank(W) = | CE(W)|. Due
to Proposition 2, we have

DMC{ |, = {W € DMCY), : irank(W) < n}.

my =
A subset A of DMC', is said to be rank-bounded if there exists n > 1 such that A C DMC[)

; (1)
A. Natural topologies on DMC_,

Since DMCS:)J, is the quotient of DMC, y and since DMC, ;, was not given any topology, there is
no “standard topology” on DMCiZ)y However, there are many properties that one may require from any
“reasonable” topology on DMC&%,. In this paper, we focus on one particular requirement that we consider
the most basic property required from any “acceptable” topology on DMCii)y:

Deﬁnition 3. A topology T on DMCEfEV is said to be natural if it induces the quotient topology 7{7(5)3, on
DMC[(:L)} y for every n > 1.

The reason why we consider such topology as natural is because the quotient topology 7'[7(3)3, is the
“standard” and “most natural” topology on DMC[ 1 Therefore, we do not want to induce any non-

standard topology on DMC[n],y by relativization.
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Proposition 8. Every natural topology is o-compact, separable and path-connected.

Proof: Since DMCS;)J, is the countable union of compact and separable subspaces (namely
{DMC[(:L)] yrnz1); DMCS)J, is o-compact and separable as well.
On the other hand, since ﬂ DMCE:L)] y = DMCFS # ¢ and since pMC?)
n>1
every n > 1, the union DMCS:)J, = U DMCE;L)W is path-connected. ]
n>0

],y is path-connected for

Proposition 7 implies that if |)| = 1, then DMC*%, pMct 0] y, and so the only natural topology
on DMC( 18 71%) Similarly, if |Y| = 2, then DMC*y = DMC[2 , and the only natural topology
on DMCi,y is TQ]
V| = 3.

Proposition 9. If || > 3 and T is a natural topology, every open set is rank-unbounded.

y- In the rest of this section, we investigate the properties of natural topologies when

Proof: Assume to the contrary that there exists a non empty open set U € T such that U C DMC[n] y
for some n > 1. U N DMC + is open in DMC[ 1],y because T is natural. On the other hand,

UNDMC! )+1] y CU C DMC % Proposmon 7 now implies that U N pMc?

1]y = = ¢@. Therefore,

U=UNnDMC), cUNDMC) | =0,

which is a contradiction. u
Corollary 4. If |Y| > 3 and T is a natural topology, then for every n > 1, the interior of DMCE;L] y
(DMCS?),, T) is empty.

Proposition 10. If |Y| > 3 and T is a Hausdorff natural topology, then (DMCS)),,T) is not a Baire
space.

Proof: Fix n > 1. Since 7T is natural, DMCE:‘Z)LJ) is a compact subset of (DMCf:y’T), But T is
Hausdorff, so DMCEZ)] y is a closed subset of (DMCEf;)y,T) Therefore, DMC(Zy\DMC[ Ly

On the other hand, Corollary 4 shows that the interior of DMCM in (DMC* v, T) is empty. Therefore,
DMCS)J, \ DMCE;)]J, is dense in (DMCS;)),,’T).

Now since
(@) (4) (@) _
N <DMCW \ DMC[W> DMCY, \ (U DMCM y) =g,

n>1 n>1

is open.

and since DMC" )y\DMC is open and dense in (DMCEZ;)),,T) for every n > 1, we conclude that
(DMC*J,, T) is not a Baire space. [ |
Corollary 5. If || > 3, no natural topology on DMCS)J, can be completely metrizable.

Proof: The corollary follows from Proposition 10 and the fact that every completely metrizable
topology is both Hausdorff and Baire. [ ]

Proposition 11. If |Y| > 3 and T is a Hausdorff natural topology, then (DMCS)JQ’ T) is not locally
compact anywhere, i.e., for every W € DMCSBV, there is no compact neighborhood of W in (DMCS)J,, T).

Proof: Assume to the contrary that there exists a compact neighborhood A of V. There exists an
open set U such that W € U C K.
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Since K is compact and Hausdorff, it is a Baire space. Moreover, since U is an open subset of K, U
is also a Baire space. ' ' '

Fix n > 1. Since the interior of DMC 9 ) in (DMC*’)y, T) is empty, the interior of U N DMC ) yinU
is also empty. Therefore, U \ DMC[ Ly is dense in U. On the other hand, since 7 is natural, DMC[ Ly

is compact which implies that it is closed because 7 is Hausdorff. Therefore, U \ DMCM y 1s open in

U. Now since
N (vyovcy) ) =0 (U DMC{QW) =9,

n>1 n>1

and since U \ DMC%Q] y is open and dense in U for every n > 1, U is not Baire, which is a contradiction.
Therefore, there is no compact neighborhood of W in (DMCS)JJ, 7). [ ]

VII. STRONG TOPOLOGY ON DMkai)y

The first natural topology that we study is the strong topology 7'(* y on DMC* y» Which is the finest
natural topology.

Since the spaces {DMCj,) y }»>1 are disjoint and since there is no a priori way to (topologically) compare
channels in DMCp, y with channels in DMCy,y for n # n/, the “most natural” topology that we can

define on DMC, y is the disjoint union topology 7 .y := @ Tin),p- Clearly, the space (DMC, y, 7 .y)

n>1
is disconnected. Moreover, 7, .y is metrizable because it is the disjoint union of metrizable spaces. It is

also o-compact because it is the union of countably many compact spaces.

We added the subscript s to emphasize the fact that 75,y is a strong topology (remember that the
disjoint union topology is the finest topology that makes the canonical injections continuous).
Definition 4. We define the strong topology 7'( yon DMC( y as the quotient topology T ..y / R*iy

We call open and closed sets in (DMC* s ’Ts(*)y) as strongly open and strongly closed sets respectively.

Let Proj : DMC, y — DMC y be the projection onto the R —equlvalence classes, and for every

n > 1 let Proj, : DMCy,y — DMC( y be the projection onto the R ],y -equivalence classes. Due to
the identifications that we made in Sectlon VI, we have Proj(W) = Proj, (W) for every W € DMCy, y
Therefore, for every U C DMC*,y, we have

Proj—!( HPI"OJ UﬂDMC 1)

n>1

Hence,
UeT, Y Proj(U) € Try
B Proj ™ (U) N DMCpyy € Tiy, Vn > 1

(H PI‘OJn, U N DMC z),] y)> N DMC[n]y c 7fn],ya Yn>1

'>1

& Proj, (UNDMC) ) € Ty, ¥n>1
(0 (i
4 vnpmcl) e T, va>1,

where (a) and (c) follows from the properties of the quotient topology, and (b) follows from the properties
of the disjoint union topology.



17

We conclude that U C DMC:y is strongly open in DMC*iy if and only if UN DMCE:L)W is open
in DMCE for every n > 1 This shows that the topology on DMC[ Ly
(DMC:y,TSi)y) is exactly ’T . Therefore, ’T*y is a natural topology. On the other hand, if 7 is
an arbltrary natural topology and U € T, then U n DMCY

that is inherited from

],y is open in DMC[(QW for every n > 1, so

U e T .y We conclude that T(* 'y 1s the finest natural topology.

We can also characterize the strongly closed subsets of DMC:;J, in terms of the closed sets of the
DMCE;L)} ) spaces:

F'1s strongly closed in DMCiZ;)y & DMCii)y \ [’ is strongly open in DMCS)y

& (DMC* v \F) N DMCEn is open in DMCF] v Vn>1
& DMC y\ (FQDMC( ) is open in DMC ).y Vn >1
& Fn DMC[ Ly is closed in DMC()W, Vn > 1.

Since DMC i y 18 metrizable for every n > 1, it is also normal. We can use this fact to prove that the

strong topology on DMC .y is normal:
Lemma 3. (DMC*ZJ,, 7;1)),) is normal.
Proof: See Appendix B. [ ]
The following theorem shows that the strong topology satisfies many desirable properties.

Theorem 5. (DMCiZ;)y, T(i)y) is a compactly generated, sequential and T space.

Sy%,

Proof: Since (DMC, y, T .y) is metrizable, it is sequential. Therefore, (DMC%,,?;SQJ,), which is
the quotient of a sequential space is sequential.
Let us now show that DMC” y is Ty. Fix W e DMC*’)y For every n > 1, we have {W} ﬂDMC

either ¢ or {W} depending on whether W DMC[ Ly
so singletons are closed in DMC( y- We conclude that in all cases, {W}ODMC[ 1y is closed in DMCEn)] y
for every n > 1. Therefore, {W} is strongly closed in DMC!) -y~ This shows that (DMC* kY Ti)y) is T}.

On the other hand, Lemma 3 shows that (DMC:)J,, T, ?y) is normal. This means that (DMC* Y 7;(*)3,) is
Ty, which implies that it is Hausdorff.

Now since (DMC* v, Ts+,y) is metrizable, it is compactly generated. On the other hand, the quotient
space (DMC*’)J,,T .y) was shown to be Hausdorff. We conclude that (DMC*y,ﬂ*y) is compactly
generated. [ ]

or not. Since DMC 1s metrizable, it is T1 and

Corollary 6. If || > 3, (DMCEf;)y, T(i)y) is not locally compact anywhere.

8%,

Proof: Since 7;(1)), is a natural Hausdorff topology, Proposition 11 implies that T(* y 1s not locally
compact anywhere. [ ]

As in the case of the space of equivalent channels [3], the space (DMCf)yﬂ;(i)y) fails to be first-
countable (and hence it is not metrizable) When |Y| > 3. This is one manifestation of the strength of the
topology T ..y~ In order to show that (DMC* 3 T(i)y) is not first-countable, we need to characterize the
converging sequences in (DMCffy, T( )

A sequence (WW,),>1 in DMC( Ly 18 “said to be rank-bounded if irank(W,) is bounded. (W,,),>; is
rank-unbounded if it is not bounded.
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The following proposition shows that every rank-unbounded sequence does not converge in
(DMCL, T,20y).

A

Proposition 12. A sequence (Wh)n>o0 converges in (DMCS?V,’E(?J,) if and only if there exists m > 1

such that W, € DMC ),y Jor every n >0, and (Wy)nso converges in (DMC[m] y,T( ? V)

Proof: Assume that a sequence (Wn)nzo in DMCif)y is rank-unbounded. This cannot happen unless
|| > 3. In order to show that (Wn)nzo that does not converge, it is sufficient to show that there exists a
subsequence of (Wn)n>0 which does not converge.
Let (W,,, =0 be any subsequence of (W}, ),>o where the input-rank strictly increases, i.e., irank (¥, ) <
irank(W,,,) for every 0 < k < k’. We will show that (Wnk) k>0 does not converge.

Assume to the contrary that (Wnk)k>g converges to W e DMC* > Define the set
A:{Wn : kzO}\W.

For every m > 1, the set AN DMC ) contains finitely many points. This means that AN DMC[ ’ y
a finite union of singletons (which are closed in DMC(Z i, y) hence AN DMC l) y is closed in DMC[m] y
for every m > 1. Therefore A is closed in (DMC:y, T( )

Now define U = DMC* y \A Since A is strongly closed U is strongly open. Moreover, U contains W,
so U is a neighborhood of . Therefore, there exists ko > 0 such that Wnk € U for every k > ky. Now
since the input-rank of (Wnk) k>0 strictly increases, we can find k& > ko such that irank (1, ) > irank(TW).
This means that Wnk # W and so Wnk € A. Therefore, Wnk ¢ U which is a contradiction.

We conclude that every converging sequence in (DMC* y, 7;(*)3;) must be rank-bounded.

Now let (Wn)n>0 be a rank-bounded sequence in DMC y» L.e., there exists m > 1 such that W €
DMC[ |y for every n > 0. If (W,))nso converges in (DMC*y,T(i)’y) then it converges in DMC

(0 "
since DMC[ Ly

Conversely, assume that (17,,),,>0 converges in (DMC y,ﬁ( L y) to W e DMC[ y- Let O be any
neighborhood of T in (DMC*y,TH)y) There exists a strongly open set U such that W € U - O
Since U N DMCm’y is open in (DMCZ,yaﬁﬁ},y)’ there exists ng > 0 such that W, € U N pMC?

) ],
for every n > ny. This implies that W,, € O for every n > ny. Therefore (W,,),>o converges to W in

(DMCY, 7). m

(m],y
is strongly closed.

Corollary 7. If || > 3, (DMCS)J,, 7'(* y) is not first-countable anywhere, i.e., for every W e DMC* »
there is no countable neighborhood basis of W.

Proof: Fix W e DMC .y and assume to the contrary that W admits a countable nelghborhood basis
{On}n>1 in (DMC:)J,, 7;1)3,) For every n > 1, let U/, be a strongly open set such that W € U/ C O,,.

Define U,, = ﬂ U!. U, is strongly open because it is the intersection of finitely many strongly open sets.

i=1
Moreover, U,, C O,, for every n > m.
For every n > 1, Proposition 9 implies that U, (which is non-empty and strongly open) is rank-

unbounded, so it cannot be contained in DMCE - Hence there exists W, € U, such that 1, ¢ DMC l)
Since W, ¢ DMC[n] y» we have 1rank(Wn) > n for every n > 1. Therefore, (Wn)@l is rank-
unbounded. Proposition 12 implies that (¥,,),>; does not converge in (DMCS;)),, 7;(1)3,)

Now let O be a neighborhood of W in (DMC* s T(i),y). Since {O,},>1 is a neighborhood basis for

S,

W, there exists ny > 1 such that O,,, C O. For every n > ng, we have Wn € U, C O,,. This means that
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(W,)n>1 converges to W in (DMny, T(i)y) which is a contradiction. Therefore, TV does not admit a

S

countable neighborhood basis in (DMC* kY 7;(*)3,) u

A. Compact subspaces of (DMCf)y, 72(?),)

It is well known that a compact subset of R is compact if and onl 1f 1t 1s Closed and bounded. The
following proposition shows that a similar statement holds for ( DMC* v Tos y

Proposition 13. A subspace of (DMC,:J,7 Tsiy) is compact if and only if it is rank-bounded and strongly
closed.

Proof: If |Y| =1, DMC*iy = DMC(lf y consists of only one point, hence all subsets of DMC( .y are
rank-bounded, compact and strongly closed

If | Y| =2, DMCY) Ly = DMC 5 and 7' = T, hence all subsets of DMCY .y are rank-bounded.

21,9
But DMCEQ] y i1s compact and Hausdorff Therefore a subset of DMC .y 1s compact if and only if it is

closed in T = T(i)y

Sy%,

Assume now that || > 3. Let A be a subspace of (DMC,(:;)J,, 7;(1)3,) If A is rank-bounded and strongly
closed, then there exists n > 1 such that A C DMCE:L)],y- Since A is strongly closed, then A = AnDMC)

[n],Y
is closed in DMCE )] v

Now let A be a compact subspace of (DMCS)J,,’E(?),) Since (DMCf)y,TS(i)y) is Hausdorff, A is
strongly closed. It remains to show that A is rank-bounded.

Assume to the contrary that A is rank-unbounded. We can construct a sequence (Wn)n>0 in A where
the input-rank is strictly increasing, i.e., irank(TW,) < 1rank(W /) for every 0 < n < n'. Since the input-
rank of (Wn)nzo is strictly increasing, every subsequence of (Wn)nZO is rank-unbounded. Proposition 12
implies that every subsequence of (W, ),>o does not converge in (DMCE:;)),, 7;(1)3,) On the other hand,
we have:

which is compact. Therefore, A is compact.

« A is countably compact because it is compact.
i)

« Since A is strongly closed and eince (DMCi%,, 7;(*3,) is a sequential space, A is sequential.

o A is Hausdorff because (DMCif)y, 7;(1)32) is Hausdorff.
Now since every countably compact sequential Hausdorff space is sequentially compact [9], A must be
sequentially compact. Therefore, (W,,),>¢ has a converging subsequence which is a contradiction. We

conclude that A must be rank-bounded. [ ]

VIII. THE SIMILARITY METRIC ON THE SPACE OF INPUT-EQUIVALENT CHANNELS

We define the similarity metric on DMCS)J, as follows:

di")y(Wl,WQ) = min max ||P; — Pyllrv
' RER(co(Wr),co(Wa)) (PL,P2)ER

1
min max P
2 ReR(co(W1),co(Ws)) (P1,P2) ERZ ’ 1 >’

Let T -y be the metric topology on pMC) ..y that is induced by d . We call T -y the similarity topology
on DMC:)y

Clearly, 7;(3, is natural because the restriction of d( .y on DMC y 1s exactly d[(;)}y and the topology
induced by d[ Ly is ﬁn],y (Theorem 4).
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IX. CONTINUITY OF CHANNEL PARAMETERS AND OPERATIONS

A. Channel parameters

The capacity of a channel W € DMCy y is denoted as C(W).

An (n, M)-encoder on the alphabet X" is a mapping £ : M — X™ such that |M| = M. The set M
is the message set of £, n is the blocklength of £, M 1is the size of &£, and %logM is the rate of £
(measured in nats). The error probability of the ML decoder for the encoder £ when it is used for a
channel W € DMCy y is given by:

P.e(W —1——errfleaX{HWyz|5 }
yreyn
where (£1(m),...,E,(m)) = E(m).
The optimal error probability of (n, M )-encoders for a channel W is given by:

P.oy(W) = gmlglgl P.c(W).
(n,M);encoder

Since input-degradedness is a particular case of the Shannon ordering [1], we can easily see that if W
and W' are input-equivalent, then C(W) = C (W’ ) and P., (W) = P.,, ;(W') for every n > 1 and
every M > 1. Therefore, for every W e DMC* y» we can define C(W) := C(W') for any W' € W.
We can define P, ,, (W) similarly. Moreover, due to Proposition 3, we can also define P, (1) for any
decoder D on the output alphabet ).

Proposition 14 Let X and Y be two finite sets. We have:
. C: DMC vy — RT is continuous on (DMCE@y,T(l) ).
o For every n > 1 and every M > 1, the mapping P, v : DMCXy — [0,1] is continuous on
(DMCYy, TE).
 For every decoder D on Y, the mapping P. p : DMCXy — [0, 1] is continuous on (DMCg?y, ’T(i)y).

Proof: Since C' : DMC xy — RT is continuous, and since C' (W) depends only on the R ¥,y» Lemma
1 implies that C' : DMC y — R* is continuous on (DMC )? Vs ’T() y). We can show the continuity of
P.,m and P.p on (DMCS@ s TX y) similarly. [ |

(%)

The following lemma provides a way to check whether a mapping defined on (DMCf:y,ﬂ*y) is
continuous:

Lemma 4. Let (S,V) be an arbitrary topological space. A mapping f: DMC:y — S is continuous on
(DMC%,, 7;(1)3,) if and only if it is continuous on (DMC&] Vs [n] y) for every n > 1.
Proof:
f is continuous on (DMCS)J,, T(i)’y)

S,

<~ f 1( ) s*)y7 VVEV
& fYV)NDMC)), € Ty, ¥n>1, vV eV
< f is continuous on (DMC[ ]y,ﬁg?y), Vn > 1.

Proposition 15. Let Y be a finite set. We have:
. C: DMCS)J, — R* is continuous on (DMCS};)y, 7;(1)3,)
o For every n > 1 and every M > 1, the mapping P, : DMCS)), — [0,1] is continuous on
D, )
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« For every decoder D on Y, the mapping P, p : DMCS?V — [0, 1] is continuous on (DMCS;)),, ’T(i)’y).

S,

Proof: The proposition follows from Proposition 14 and Lemma 4. [ ]

B. Channel operations

For every two channels W, € DMCy, y, and Wy € DMCly, y,, define the channel sum W, & Wy €
I)l\/[C)(1 L1 X1 [V of W1 and WQ as:

oW i
(Wl@Wg)(y7Z’$7]) — {0 (y‘x) 11?2 ]

otherwise,

where &) [[ Ay = (X x {1}) U (X, x {2}) is the disjoint union of &} and X>. W @ W, arises when
the transmitter has two channels W, and W, at his disposal and he can use exactly one of them at each
channel use.

We define the channel product W, @ Wy € DMCy, x x, 3, xy, of Wi and W, as:

(W1 @ Wa)(y1, y2|z1, x2) = Wi(yi|z1) Walya|xe).

Wi ® W, arises when the transmitter has two channels W; and W, at his disposal and he uses both of
them at each channel use. Channel sums and products were first introduced by Shannon in [10].

Channel sums and products can be “quotiented” by the input-equivalence relation. We just need to
realize that the input-equivalence class of the resulting channel depends only on the input-equivalence
classes of the channels that were used in the operation. Let us illustrate this in the case of channel sums:

Let Wy, W] € DMCy, y, and Wy, W € DMCly, y, and assume that W is input-degraded from W] and
W3 is input-degraded from W3. There exists V] € DMCy, », and V; € DMCy, v, such that W; = W{oV/
and Wy = W} o V. It is easy to see that Wi & Wy = (W] @ W) o (V1 @ V3), which shows that W; & W,
is input-degraded from W, & WJ.

Therefore, if W, is input-equivalent to W{ and W, is input-equivalent to W3, then W, & W, is input-
equivalent to W] @ WJ. This allows us to define the channel sum for every W, € DMCEQ?),1 and every

W2 € DMCY)y, as Wy @ Wy = W] @ W) € DMCY) 4, 5,11, for any W] € Wy and any W} € T,

where I/V1 @ W is the R(X 121 [ -equivalence class of W/ & W,. We can define the product on the
quotient spaces similarly.

Proposition 16. We have:

o The mapping (Wl,WQ) — Wi & W, from DMCX1 » XDMCX y, fo pMcY)
continuous. o A ‘ A
o The mapping (W1, W) — W1 @ W, from Dl\/Ingy1 X DMCE@Z% to DMCSQxXQ,ylny is continuous.

X [T X%, [V LS

Proof: We only prove the continuity of the channel sum because the proof for the channel product
is similar.

Let Pl"Oj . DMCXll_[Xz W[y — DMCX A1 11 ):
equivalence classes. Define the mapping f : DMCy, y, xDMCy,y, — pMCY)
f(Wy, Wy) = Proj(Wy @ W3). Clearly, f is continuous.

Now define the equivalence relation R on DMCy, y, Xx DMCy, y, as:

be the projection onto the RX X 11 Ve"

1161y, 3

(Wi, Wo)R(W{,W3) & WiRY 5, Wi and WRY) J, W,

The discussion before the proposition shows that f(W;, W;) = Proj(W; @ W,) depends only on the
R-equivalence class of (W;,Ws;). Lemma 1 now shows that the transcendent map of f defined on
(DMCly, y, x DMCuy, y,)/R is continuous.
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Notice that (DMCy, y, x DMCy,y,)/R can be identified with DMCY) ,, x DMCY) ,, . Therefore,
we can define f on DMCEQ% X DMCEQJ,2 through this identification. Moreover, since DMCy, y, and
DMC%% are locally compact and Hausdorff, Corollary 1 implies that the canonical bijection between
(DMCl, y, x DMCy, y,)/R and DMC ,@ 5, x DMC ; 5, is a homeomorphism.

Now since the mapping f on DMC Xy X DMC( Xp.y, 18 just the channel sum, we conclude that the

mapping (Wl, Wy) — W, @ W, from DMCX1 y, X DMC(QE , O pMCY is continuous. MW

X1 [[XV1 ]2

Proposition 17. Assume that all spaces of input-equivalent channels are endowed with the strong topology.
We have:

o The mapping (W, W) — Wy & W, from DMC* Py X DMC(X) , t0 DMC*y [
o The mapping (Wl, Ws) — Wi ® Wy from DMCf:y1 X DMCX , to DMC* Vixy, IS continuous.

Is continuous.

Proof: We only prove the continuity of the channel sum because the proof of the continuity of the
channel product is similar.
Due to the distributivity of the product with respect to disjoint unions, we have:

DMC,y, x DMCx, .y, = [ [(DMCjyy, x DMCy, 3,).
n>1

and

Towon ® Taoys = D (Try, © Tawyn) -

n>1

Therefore, the space DMC, y, x DMCy,y, is the topological disjoint union of the spaces
(DMC[n Y X I)l\/[C;(2 y2)n>1

For every n > 1, let Proj,, be the pr0]ect10n onto the Rgn] 11 X1 [ -equivalence classes and let 7,, be
the canonical injection from DMC[ X [V O DMC* y 11"
Define the mapping f : DMC, y, x DMCy, y, — DMC* VI

f(Wl, WQ) = in<Pr0jn(W1 @ WQ)) = W1 @ Wg,

as

where 7 is the unique integer satisfying Wi € DMCjy,y,. Wi and W, are the R%;)Lyl and Rgg%-
equivalence classes of W5 and W5 respectively.

Clearly, the mapping f is continuous on DMCy, y, X DMCy, y, for every n > 1. Therefore, f is
continuous on (DMC, y, Xx DMCy, y,, Tsx 3 @ Ta, 3,)-

Let R be the equivalence relation defined on DMC, 5, x DMCly, y, as follows: (W5, W) R(W/{, W3) if
and only if W, R\, W/ and W,RS) ,, W,

Since f(W;,Ws) depends only on the R-equivalence class of (W, W5), Lemma 1 implies that the
transcendent mapping of f is continuous on (DMC, y, x DMC XQ )/ R.

Since (DMC. y,, Ts«y,) and DMC(X) v, = DMCux,y, /Rx V, are Hausdorff and locally compact,
Corollary 1 implies that the canonical bijection from DMCf:y x DMC) Ay, 1O (DMC* X DMC )/ R
is a homeomorphism. We conclude that the channel sum is continuous on (DMC X DMCY) Xy sy 7;(1)3,1 ®
Tany)- =

The reader might be wondering Why the channel sum and the channel product were not shown to be
continuous on the whole space DMC* X DMC* 7, instead of the smaller space DMC* X pMC) X2 yQ
The reason is because we cannot apply Corollary 1 to DMC, y, x DMC, y, and DMC(Zy X DMC* Vs

since neither DMC* y, hor DMC* 'y, s locally compact when |V1],[)2| > 3 (under the strong topology).
As in the case of the space of equwalent channels [4] one potential method to show the continuity of the
channel sum on (DMC*)y X DMC* Dy 7; ay @ T y,) is as follows: let R be the equivalence relation
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on DMC, y, x DMC, y, defined as (Wi, Wy)R(W{, W}) if and only it WiR\), Wi and WoR"), W3
We can identify (DMC, y, x DMC, y,)/R with DMC(ZJ, x DMCY) S through the canonical bijection.
Using Lemma 1, it is easy to see that the mapplng (Wl,WZ) — W, @ W, is continuous from
(DM, % DMCS, (7,3, Tows) /) 10 (DMCTY, 13, T3 13,),

It was shown in [11] that the topology (T W © T «,)/R is homeomorphic to m(ﬂfi{yl ® 7;523;2)
through the canonical bijection where /{(TS oy ® T y,) is the coarsest topology that is both compactly
generated and finer than ’T ey @ T . )72 Therefore, the mapping (Wl, W) —> W, @ W, is continuous
on (DMC iy x DMC) s (T 3321 ® 7; +y,))- This means that if T T .y, is compactly generated,
we will have T*)yl ® 7‘;3@ = /1(7;(*)3,1 ® T*yz) and so the channel sum will be continuous on
(Dl\/lC*y1 X Dl\/lCilyQ, T : »n ® 7;(*)3, ). Note that although ’T .y, and T .y, are compactly generated,

their product T o @ 7; +y, might not be compactly generated.

Proposition 18. Let ), and ) be two finite set. Let W1 € Dl\/lC:;)y1 and W € DMCS{%,Q. We have:
cor @ Wa) = | ((1=Nsra(co(it)) + Adag(co(1H2)),
0<A<1

where ¢4 and ¢y are the push-forwards by the canonical injections from Y, and ) to Vi[]e
respectively. On the other hand,

co(Wy @ Wy) = co (co(Wl) ® CO(WQ)).

Proof: See Appendix C. [ ]

Proposition 19. Assume that all spaces of input-equivalent channels are endowed with the similarity
topology. We have:

o The mapping (Wl, Ws) — Wi @ W from Dl\/lC .y, x DMC
e The mapping (W1, W) — Wy @ W from DMC(ZJ, x DMC

Proof: See Appendix D. [ ]

)

—~

;3,2 to Dl\/lC(Zy1 11 Is continuous.

~F

7

*
(2 . .
¥y, to DMC.3, 5, is continuous.

-X-

X. THE NATURAL BOREL 0-ALGEBRA ON DMCff)y

Let T be a Hausdorff natural topology on DMC( . Since T * y is the finest natural topology, we have
T C T .y~ Therefore, B(T) C 3(7; *y) where B(T) and 8(7; N y) are the Borel o-algebras of 7 and
7’8(7*’3, respectively.

On the other hand, for every U € ’T .y and every n > 1, we have Un DMC gy € 7I |y~ But T isa
natural topology, so there must ex1st U, € T such that U, ﬂDl\/lC =U ﬂDMC . Since U,, € T, we
have U € B(T). Moreover, DMC[ 1y is T-closed (because it is compact and 7T is Hausdorff). Therefore,

DMC(}) 5, € B(T). This implies that U ' DMC{)) ), = U, N DMC{") ,, € B(T), hence

U= J(WnDMC]) ) € B(T).

n>1

Since this is true for every U € T ..y» we have T(*y - B(T) which implies that B(T*y) C B(T).

S

We conclude that all Hausdorff natural topologies on DMC*7 have the same o-algebra. This o-algebra
deserves to be called the natural Borel o-algebra on Dl\/lC:)y
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Note that for every n > 1, the inclusion mapping ¢, : DMC i) — DMC( .y Is continuous from
(DMC 3,,7'(Z ) to (DMCiZy,’E*)y) hence it is measurable. Therefore for every B € 8(7;*3,) we
have i, '(B) = BN DMC[ ]y € B(7I i y) In the followrng, we show a converse for this statement.

Fix n > 1 and let U € T . There exists U’ € T*y such that U = U' N DMCE ,y- Since U’ and

DMC are respectively open and closed in the topology T y» they are both in its Borel o-algebra.
Therefore U =U"NnDMC ;)] y € 8(7;*3,) for every U € T[n],y' This means that 7}1]7 C B(Ts*y) and
B(7f y) C 8(7;*),) for every n > 1.

Assume now that A ¢ DMC"” .y satisfies AN DMCM y € B(ﬁn] y) for every n > 1. This implies that
AN DMCM y € B(T, *y) for every n > 1, hence

A={J( AﬂDMCn]y) e B(TY,).

n>1

We conclude that a subset A of DMC .y 1s in the natural Borel o-algebra if and only if AN DMC[n] y €
3(7}(4,3,) for every n > 1.

XI. CONCLUSION

Since 7'(3, is a natural topology, it is not completely metrizable because of Corollary 5. Therefore, the

metric space (DMC* ¥ i)y) is not complete. An interesting question to ask is: what does the completion

of (DMC* s dff)y) represent? Does it represent the space of all input-equivalent channels with output
alphabet Y and arbitrary input alphabet (with arbitrary cardinality)?

Many other interesting questions remain open: Are all natural topologies Hausdorff? Can we find more
topological properties that are common for all natural topologies? Is there a coarsest natural topology? Is
there a natural topology that is coarser than the similarity one? ‘

The continuity of the channel parameters C, P., ) and FP.p on 7;(3), 1S an open problem.
Also, the continuity of the channel sum and the channel product on the whole product space
(DMC* X DMCS%,T*M ® 7;(1)3,2) remains an open problem. As we explained in Section IX-B,
it is sufficient to prove that the product topology T ey © T( )y2 i1s compactly generated.

In [12], Raginsky introduced the Shannon deﬁcrency We can define the input-deficiency similarly. Like
the Shannon deficiency, the input deficiency compares a particular channel with the input-equivalence
class of another channel. The input deficiency is not a metric distance between input-equivalence classes
of channels.
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APPENDIX A
PROOF OF PROPOSITION 7

If V| = 1, then Ay contains only one point and so | CE(WW)| = 1 for every W € DMCy,  and every
n > 1. Therefore, DMC[(QW = DMC&)J} for every n > 1.

If |YV| = 2, then Ay is a one dimensional segment. Therefore, there are at most two convex-extreme
points for any finite subset of Ay. This means that | CE(1W)| < 2 for every W € DMCjp, y and every

n > 2. Therefore, DMC[(ZL)W = DMC[(;})J, for every n > 2.
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Now assume that || > 3. Let U be an arbitrary non-empty open subset of (DMCEZBL},y’ﬁg,y) and

let Proj be the projection onto the R[ ]y—equivalence classes. Proj’l(lA] ) is open in the metric space

(DMClp),y, djm),y)- Let W e U and define r = irank(W). Let Py, ..., P, € Ay be such that CE(W) =
{Py,..., P }. Define the channel W € DMCy,, y as follows:

W(yli) = {Z@) Pl
() ifr <i<m.
Clearly CE(W) = CE(W) and so W € W which implies that W € Proj~ (U) Since Proj ! (U) is open
in the metric space (DMCj,;)y, djm),y), there exists € > 0 such that Proj~ L(T7) contains the open ball of
center W and radius e.

We will show that there exists W’ € DMC,,,y such that irank(W') = m > n and dp,) (W, W') <€
If r = irank(W) = m, take W' = W.

Assume that r = irank(W) < m. Since || > 3, the dimension of Ay is at least 2. Therefore, we can
find P,,; € Ay such that ||P.— P,y1||rv < eand CE({P, ..., P.y1}) = {Py,..., P.y1}. By repeating this
procedure m —r times, we obtain P, 1, ..., P, € Ay such that || P, — Pi||7y < € forevery r+1 <i <m,
and CE({Py,...,P,}) ={P,..., Py,}. Define the channel W' € A,y as:

W(yli) = Pi(y).
We have CE(W') = CE{P,...,Pn}) ={Fi,..., P,}. Therefore, irank(W’) = m. Moreover,

A,y (W, W) = max [|W; =Wz = max [P — Pllzv <e.
This means that W’ € Proj'(U) and W’ is not input-equivalent to any channel in DMCy,y (see
Proposition 2). Therefore, Proj(W’) € U and Proj(W’) ¢ DMCE:L)] y because W' is not input-equivalent
to any channel in DMCy,)y. This shows that every non-empty open subset of DMCEZW is not contained
in DMC y- We conclude that the interior of DMCEl] y in DMCEQ],J) is empty.

APPENDIX B
PROOF OF LEMMA 3

Define DMC% y = 0, which is strongly closed in DMCS)},
Let A and B be two disjoint strongly closed subsets of DMC:y Foreveryn > 0, let A,, = — AnDMC®

[n],Y
and B,, = BHDMC[ Ly . Since A and B are strongly closed in DMC* s Ay and B, are closed in DMC ’)

Moreover, A, N B, C AN B = g.

Construct the sequences (U, ),>o, (U}, )n>0, (Kn)n>0 and (K]),>o recursively as follows:

U =U) = Ky = K, =090 C DMC . Since Ay = By = ¢, we have Ay, C U, C KO and
By C Ul C K{. Moreover, Uy and U/, are open in DMC Ky and K are closed in pMCY
KynN K’ = g.

Now let n > 1 and assume that we constructed (U;)o<j<n, (U Jo<j<n; (Kj)o<j<n and (K )0<]<n such
that for every 0 < j < n, we have A; C U; C K; C DMC[W, B; CcU; C K} C DMC[W, U; and
U ! are open in DMC , K and K " are closed in DMC and K; N K j’ = ¢. Moreover, assume that
K C Ujy1 and K CU’+1 forevery0<j<n—1

Let C’ =A,UK,_yand D, = B,UK/ . Since K,,_; and K/ ; are closed in DMC and since

DMC 1s closed in DMC l) , we can see that K,,_; and K _, are closed in DMC Therefore,

and

[0,y [0],°

[,y
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C,, and D,, are closed in pMC®?

],y Moreover, we have

C.ND,= (A, UK, )N (B, UK] )
= (A, NB)UA.NK, UK, 1NB,)U(K,.1NK,_;)
2 (4,0 K nDMCE) ) U (K, nDMCE) 0B, )
(A1 N K, ) U (K N Buy) C (Kp NKG ) U (K NKG ) =0,

—~

where (a) follows from the fact that A, N B, = K,,_1 N K], = ¢ and the fact that K,,_; C pMmc?
and K] _, C DMC[n 1,

Since DMC 1s normal (because it is metrizable), and since C,, and D,, are closed disjoint subsets
of DMC[ 1 there exist two sets Un, Ul C DMC y that are open in DMCE:L)W and two sets K, K| C
DMC!) suchthatC c U, C Ky, D, CU., CK,and K, NK, = ¢.

;n],y that are closed in DMCg
Clearly, A, C U, C K, C DMC{ ., B, C U}, C K}, C DMC{} ,, K1 C Uy and K, C U}, This

concludes the recursive construction.
Now define U = U U, = U U, and U’ = U U = U U!. Since A, C U, for every n > 1, we have

n>0 n>1 n>0 n>1

A=AnDMC?, = An (U DMCY) y> - U (anpmcy),) = Yan c Ju. =

n>1 n>1 n>1 n>1

[n—1],Y

Moreover, for every n > 1 we have

@0 _ , 0 @ , 0 , (i)
UNDMCY) = (U UJ> npMmcy) | & (U UJ> nomcy) = J (5 npmcl) ),

j>1 j>n i>n

—

where (a) follows from the fact that U; C K; C U;,; for every j > 0, which means that the sequence
(U;)j>1 is increasing.
For every j > n, we have DMC .y C pMC!

open in DMC[ . Therefore, U N DMCE;L] y =

and U, is open in DMC y» hence U; N DMC%:L] yi

Since this is

7.y
U <Uj N DMC&L)’) is open in DMC[ 1
ji>n

: : (i)
true for every n > 1, we conclude that U is strongly open in DMC_,.

y:

We can show similarly that B C U’ and that U’ is strongly open in DMCg)y. Finally, we have
Unu’ = (U Un> N (U U,;,> = U w.nun2Yw.nvy) c|JE.nk) =0,
n>1 n/>1 n>1,n'>1 n>1 n>1
where (a) follows from the fact that for every n > 1 and every n’ > 1, we have

UnN U/@/ C Umax{n,n’} N Ur/nax{n,n’}

because (U,),>1 and (U}),>; are increasing. We conclude that (DMC" kY T(i)y) is normal.

APPENDIX C
PROOF OF PROPOSITION 18

Fix W, € Wl and W, € W, and let X; and X, be the input alphabets of 1/} and W, respectively.
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For every z; € X, we have (W, @ Wa),, = ¢14(Wh),,. Similarly, for every zo € X, we have
(W1 & Wa)a, = ¢ou(Ws),,. Therefore,

co(Wy @ Ws) = co ({(W1 DWy),: x € X HXQ})
CO({(Wl ) Wg)xl DX € Xl} U {(Wl ) W2)$2 T Xg € XQ})
= co({¢ 1#(W1)x1 b ap € AU {dap(Wa)s, : 22 € Aa})

0<UA<1< )eo({d1p(Wh)e, + 21 € Xi}) + Aco({gops(Wa)s, : @2 € XQ})>

U (0= N (co{)s, = 2 € 1) + Aoy (col{(Wa)e, ¢ 22 € X)) )
O;A; (1= N)ér(co(Wh)) + Aday(co(WW2)) )

; ; (1= N)ér(co(111)) + A2y (co(TT5)) ).

For every (z1,%2) € X1 x X5, we have (W1 @ W) (4, 20) = (Wh)a, X (Wa2)g,. Therefore,

CO(Wl ®W2) = CO({(Wl X W2>(z1,z2) . (Il,ZEQ) € Xl X XQ})
= CO({(Wl):cl X (I/Vg)g[;2 : (l’l,ZL‘Q) € Xl X XQ})
= CO({(WI)xl T € Xl} ® {(WQ)xg NS XQ})

= co <co ({(W)g, : 1€ X)) @co ({(Wa)y, : 22 € Xz}))
= co <co(W1) ® co(W2)> = co (co(Wl) ® CO(W2)>.

APPENDIX D
PROOF OF PROPOSITION 19

Fix W,, W] € DMCY), and W,, W, € DMCY), . Let R, € R(co(W,),co(W])) and R, €
R(co(W), co(W3)). Fix 0 < A< 1, (P, P)) € Ry and (Py, P}) € Ry. Let P = (1 — N) o145 P + Apoy P

and P’ = (1 — X)¢p14 P| + Ao Ps, where ¢4 and ¢y are the push-forwards by the canonical injections
from ) and ), to YV [ [ V. respectively. We have:

1P = P'llzy = || (1 = NgraPr + Ao Po) — (1= NP + Mooy P3) || 1,
< (L= Mg1pPr = dr1pPillrv + M g2 P — oy Pyl vv
= (1 =M = Plllrv + M| P2 — Bflrv
< ||P. = Pl|lzv + || P2 — Pyll7v-

2)

Proposition 18 shows that
o ®T3) = [J (1= Norg(co(1)) + Adny(co(172))),
0<A<1

and

o @ W) = [J ((1=Nérs(co(i]) + Aap(co(13))).

0<A<1

Define R C co(W; & W3) x co(W/ & W) as follows:

R= {((1 — NP1 P+ ApopPo, (1 = N)p1a Pl + Aoy Py) : 0 <A< 1,(P1,P]) € Ry, (P, Py) € Rg}.
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It is easy to see that R is a coupling of co(W; & W) and co(W] & W5). We have:

(W @ Wo, W, @W,) < sup ||P—P'|zv
(P,P’)ER

()
d* RLZEARY)

(a)
< sup ||P—=Pllrv+ sup [P — Pylrv,
(P1,P])ER (P2,P})ER>

where (a) follows from (2). Since this is true for every R; € R(co(W1),co(W!)) and every Ry €
R(co(Ws),co(W3)), we conclude that

< inf sup ||Py — P||lrv + inf sup || P> — Py||rv
R1€R(co(W1),co(WY)) (Py,P/)ER, R2€R(co(W2),co(W3)) (Py,P4)ERs

_ d*’)yl(Wl, W)+ d" yQ(WQ, W),

This shows that the mapping (Wy,W,) — W, & W, from DMC(Z), X DMC 3, to DMC)
continuous in the similarity topology. o .
Fix again Ry € R(co(Wy),co(W])) and Ry € R(co(W3),co(W,)). Let Ay,..., A\ > 0 be such
k

* 1 11 Vs 1S

that Y X = 1. Let (Piy, P{y),...,(Pux. Py) € Ry and (P, Pyy),..., (Pog, Pyy) € Ry. Define

k k
P=> XPi;xPyand P'=Y \P{,x P, We have:

i1 =1
k
|P — Py = H (Z)\ Py X Py, ) — (Z AP % Pg’J)
i=1 TV
< Z)‘iH(PLi X Pyi) = (P; % Py)llrv
=1 3)
(a) &
< Z)\z‘<||P1,i — P/ llrv + || Py — PQI,iHTV)
=1
< sup [|[PL—Plllzv + sup [P — Bylzv,
(P1,P{)€R1 (PQ,PQI)ERQ

where (a) follows from [4, App. B]. Proposition 18 shows that
co(Wy @ W) = co (co(Wl) ® CO(W2)>,

and
co(W! @ W) = co (co(Wl’) ® co(le)).

Define R C co(W) @ W3) x co(W/ @ W) as follows:
k k k
= { (Z AiPri X Pag, Y NP, % PQ'J.) h>1 A, A >0, =1,
i=1 i=1 i=1
(P1717 Pll,l)’ ey (Pl,ka Pll,k) € Rla

(P2,17P2I,1)a cee (P2,k,P2/7k) € Rg}.



It is easy to see that R is a coupling of co(W; ® W) and co(W] @ W5). We have:

A W @W,, W @Wsy) < sup [P =Py
(P,P’)ER

(a)

< sup ||P—=Pllrv+ sup ||P2— Pllrv,

(Pl,P{)ERl (P2,P2/)€R2
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where (a) follows from (3). Since this is true for every R; € R(co(W;),co(W!)) and every R, €

R(co(Wy), co(W3)), we conclude that
d(i)ylxyz(ﬁﬁ ® W, Wll ® ng)

*,

< inf sup ||P1 — Pj|lrv + inf sup

 Ri€R(co(W1),co(W))) (P1,P))ER: R2€R(co(W2),co(W3)) (Pa,Py)ER:

= dY), (Wi, Wy) + d\, (W, W3).

This shows that the mapping (Wy,W,) — Wi ® W, from DMCS;)yl X DMCfi)y2
continuous in the similarity topology.
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