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Abstract19

We compare numerical predictions of the initiation and propagation of radial fluid-driven20

fractures with laboratory experiments performed in different low permeability materi-21

als (PMMA, cement). In particular, we choose experiments where the time evolution of22

several quantities (fracture width, radius, wellbore pressure) were accurately measured23

and for which the material and injection parameters were known precisely. Via a dimen-24

sional analysis, we discuss in detail the different physical phenomena governing the ini-25

tiation and early stage of growth of radial hydraulic fractures from a notched wellbore.26

The scaling analysis notably clarifies the occurence of different regimes of propagation27

depending on the injection rate, system compliance, material parameters, wellbore and28

initial notch sizes. In particular, the comparisons presented here provide a clear evidence29

of the difference between the wellbore pressure at which a fracture initiates and the max-30

imum pressure recorded during a test (also known as the breakdown pressure). The scal-31

ing analysis identifies the dimensionless numbers governing the strong fluid-solid effects32

at the early stage of growth, which are responsible for the continuous increase of the well-33

bore pressure after the initiation of the fracture. Our analysis provides a simple way to34

quantify these early time effects for any given laboratory or field configuration. The good35

agreement between theoretical predictions and experiments also validates the current state36

of the art hydraulic fracture mechanics models, at least for the simple fracture geome-37

try investigated here.38

1 Introduction39

The propagation of hydraulic fractures has received continuous attention since the40

pioneering work of Khristianovic and Zheltov [1955]; Hubbert and Willis [1957]; Geertsma41

and De Klerk [1969]. The combination of elasticity, linear elastic fracture mechanics and42

lubrication flow inside the fracture yields a stiff non-linear system of equations for the43

time evolution of fracture extent, width and fluid pressure distribution in the fracture.44

It is only over the past three decades that a better understanding of the multi-scale na-45

ture of hydraulic fracture propagation has emerged [Spence and Sharp, 1985; Lister , 1990;46

Desroches et al., 1994; Lenoach, 1995; Garagash and Detournay , 2000; Garagash et al.,47

2011], highlighting the difficulty of obtaining accurate numerical solutions. Analytical48

or semi-analytical solutions have also been obtained for some particular fracture geome-49

tries (radial, plane-strain) in some limiting cases where one mechanism dominates the50
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dissipation of energy during the propagation (resistance to viscous fluid flow, or creation51

of new fracture surface for example) - see Detournay [2016] for a review.52

In parallel, many experimental investigations have also been carried out since the53

late 1950s [see e.g. Hubbert and Willis, 1957], although proper measurements of fracture54

extent and width distribution versus time are absent from early contributions, which typ-55

ically only report borehole pressure versus time and the fracture geometry at the end of56

the test. The use of transparent materials have enabled measurements of both fracture57

extent and spatial width distribution during fracture growth. Such experiments have al-58

lowed complete comparisons with theoretical predictions, see Bunger and Detournay [2008];59

Bunger et al. [2013] for experiments in glass and PMMA, or the recent experiments of60

Lai et al. [2015] in hydrogel. In the case of experiments performed in rocks or other opaque61

materials, the evolution of the fracture extent can be obtained from ultrasonic measure-62

ments. Using acoustic plane-wave reflection, it is also possible to measure fracture width63

[Medlin and Masse, 1984; Groenenboom and Fokkema, 1998], see also Kovalyshen et al.64

[2014] for a comparison between ultrasonic and optical methods for the measurement of65

fracture width. Passive acoustic emission monitoring is also often used for monitoring66

hydraulic fracture growth at the laboratory scale (see Lockner and Byerlee [1977]; Stan-67

chits et al. [2015] among many others), providing an indirect measurement of the evo-68

lution of the fracture extent. Little in-depth comparisons between theoretical predictions69

and experiments have been reported so-far for non-transparent materials. Moreover, most70

of the comparisons between experiments and theory have focused solely on the propa-71

gation stage and neglected the transient effects associated with hydraulic fracture ini-72

tiation from the wellbore, which may be dominant at the laboratory scale in some cases73

[Bunger et al., 2005; Lhomme et al., 2005].74

The goal of this paper is to compare hydraulic fracturing laboratory experiments75

performed in different tight materials (PMMA, cement) with theoretical predictions from76

a numerical solution of the governing equations of hydraulic fracture mechanics, includ-77

ing fracture initiation from a finite size wellbore. We focus solely on transverse radial78

hydraulic fractures initiating from a radial notch at the wellbore wall and propagating79

in an isotropic material, as depicted in Figure 1. Such a geometry is the simplest one amenable80

to precise experimental investigations while exhibiting all the coupled non-linear effects81

associated with hydraulic fracture initiation and propagation. With respect to field ap-82

plications, it corresponds to a vertical fracture transverse to a horizontal wellbore: a con-83
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figuration which is different from the typical bi-wing vertical fracture from an un-cemented84

vertical wellbore. It is important to note that we assume fracture initiation to occur from85

an initial defect, i.e. the onset of propagation (not just opening) of that defect. Nucle-86

ation of a fracture from an initially defect free material can be investigated using the con-87

cepts of finite fracture mechanics (e.g. Leguillon [2002]; Cornetti et al. [2006]) or via co-88

hesive zone models (e.g. Lecampion [2012a]). However, in practice, due to the drilling89

or perforation process, defects are always present at the wellbore wall, such that assum-90

ing that a hydraulic fracture initiates from a pre-existing defect is realistic. Extension91

of the present model to fracture initiation in a defect free material is deferred to a sub-92

sequent contribution (see Lecampion [2012b] for the case of a plane-strain hydraulic frac-93

ture nucleating from a wellbore).94

In this paper, we highlight different effects associated with fracture initiation, such95

as the influence of the well pressurization rate (i.e. injection rate and system compliance),96

fluid viscosity, initial notch size and their influence on the early stage of hydraulic frac-97

ture growth. We use dimensional analysis to describe the different time- and length-scales98

associated with these different phenomena. We notably pay attention to the difference99

between the initiation pressure (the wellbore pressure at which the fracture initiates) and100

the breakdown pressure (a misnomer which simply corresponds to the maximum pres-101

sure recorded during an injection test). This difference stems from the strong viscous ef-102

fects at play during wellbore pressurization, fracture initiation and early propagation (i.e.103

fluid entrance in the newly created fracture). It has been observed on a number of ex-104

periments [Weijers, 1995; Zhao et al., 1996; Stanchits et al., 2013] and discussed theo-105

retically for plane-strain conditions [Detournay and Carbonell , 1997; Lakirouhani et al.,106

2016]. We will clarify which dimensionless parameters control the difference between the107

fracture initiation pressure and the maximum pressure.108

We first briefly review the governing equations of hydraulic fracture mechanics, high-109

lighting the importance of the wellbore and injection system at initiation and during the110

early stage of fracture growth. We restrict ourselves to linear elastic fracture mechan-111

ics and only slightly permeable materials where fluid leak-off -if any- can be approximated112

by a one dimensional diffusion process perpendicular to the fracture faces. Using dimen-113

sional analysis, we define the transitions between early-time propagation regimes (affected114

by the injection system and the finite wellbore size) and late-time propagation regimes115

(where the hydraulic fracture propagates as in an infinite medium under a constant in-116
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Figure 1. a) Sketch of the experimental configuration of a radial fracture transverse to a

wellbore of radius a in a block under compressive stresses (σo < σ1 < σ2). b) corresponding ax-

isymmetric model. The fracture initiates from an axisymmetric notch of depth ℓo perpendicular

to the minimum far-field stress σo.
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jection rate). We then perform an in-depth comparison of theoretical predictions with117

three experiments performed in different materials under two different types of propa-118

gation regime (toughness or viscosity dominated).119

2 Hydraulic fracture mechanics120

We restrict our discussion to a planar radial hydraulic fracture initiating transversely121

to a wellbore of radius a from an initial axisymmetric notch of extent ℓo transverse from122

the borehole wall, normal to the in-situ minimum stress (see Fig. 1). Modeling of hy-123

draulic fracture initiation and propagation combines the elastic deformation of the ma-124

terial, fluid flow within the created fracture under the hypothesis of lubrication theory,125

leak-off from the fracture faces and the linear elastic fracture mechanics propagation con-126

dition. We briefly recall the governing equations of the problem, allowing for the pos-127

sible existence of a fluid lag at the fracture tip. We also pay particular attention to the128

fluid compressibility in the injection line which turns out to have a strong effect during129

the early stage of growth.130
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2.1 Governing equations135

For a strictly opening mode axisymmetric fracture, the elasticity equations reduce136

to the following boundary integral equation relating fracture width w and the normal137

net loading p = pf−σo (net pressure) acting on the fracture plane (see e.g.Hills et al.138

[1996]):139

pf (r)− σo = p = E′
ˆ R(t)

a

gwb(r, r′; a)
∂w

∂r′
dr

′
(1)

where E′ = E/(1−ν2) is the plane strain Young’s modulus. The kernel E′×gwb(r, r′)140

represents the stress component normal to the fracture plane at r induced by a unit ax-141

isymmetric dislocation ring of radius r
′
around a cylindrical cavity of radius a. Its ex-142

pression is given in Keer et al. [1977] in terms of Hankel transform - note that it depends143

weakly on the material Poisson’s ratio, see also Lecampion and Desroches [2015] for dis-144

cussion on the weak effect of the finite wellbore. For such a configuration of a transverse145

axisymmetric fracture from a cemented wellbore, it is important to note that the stress146

concentration induced by wellbore pressurization does not play any significant role on147

the elastic equation (1). This is a notable difference with the more classical case of the148

initiation of a longitudinal fracture from an un-cemented well [e.g. Haimson and Fairhust ,149

1967; Lecampion, 2012b; Lakirouhani et al., 2016]. The most classical occurence being150

the case of a vertical fracture in a vertical well under a normal stress regime.151

Under the assumption of a slightly compressible liquid of compressibility cf , the152

width averaged mass conservation in the fracture reduces to the following continuity equa-153

tion in axi-symmetry:154

∂w

∂t
+ wcf

∂pf
∂t

+
1

r

∂

∂r
(rq) + gl(r, t) = 0. (2)

for r ∈ [a, Rf ] , where Rf denotes the boundary of the fluid filled region of the frac-155

ture. The fluid compressibility term wcf∂pf/∂t is typically much smaller than the width156

variation term ∂w/∂t (see Appendix A: for details) and will be subsequently neglected.157

The leak-off rate from the fractures faces gl is modelled here via the early-time solution158

of the 1D linear diffusion equation perpendicular to the fracture face (Carter’s leak-off159

model as discussed in Howard and Fast [1957]). Such an approximation is valid for tight160

rocks and a sufficiently short injection duration (see e.g. Kovalyshen and Detournay [2013]161

for a complete discussion):162

gl(r, t) =
C ′√

t− to(r)
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where to(r) is the time at which the fluid front has reached the radius r; t−to is thus163

the exposure time of the fracture faces to the fracturing fluid at a given location r and164

C ′ = 2CL, where CL is Carter’s leak-off coefficient (and the factor two stems from the165

fact that fluid leaks off from the two opposite faces of the created fracture). Note that,166

for some limiting cases, the exact value of CL can be derived from rock and fluid param-167

eters. However, in the more general case, the value of CL is a lumped parameter whose168

value is determined experimentally (see Smith and Montgomery [2015]).169

Under the lubrication approximation, the fluid flow inside a fracture is approximated170

locally as the steady-state fully-developed pressure driven flow between two parallel plates.171

The width-averaged balance of momentum under these approximations reduces to Poiseuille’s172

law [see e.g. Batchelor , 1967] which relates the local fluid flux q = wV to the local pres-173

sure gradient174

q = −w
3

µ′
∂pf
∂r

(3)

where µ′ = 12µf , µf is the fracturing fluid viscosity and V is the fluid velocity.175

In the case of the presence of a fluid lag, the fluid pressure in the lag zone is uni-176

form and equal to the fluid cavitation pressure pcav, which is typically negligible com-177

pared to the in-situ confining stress σo [Garagash and Detournay , 2000; Garagash, 2006],178

such that:179

pf − σo = p = −σo for r ∈ [Rf (t), R(t)]. (4)

The Stefan condition at the boundary between the fluid front and the lag r = Rf (t)180

reads181

dRf

dt
= −w

2

µ′
∂pf
∂r

at r = Rf (5)

The boundary condition at the fracture inlet at the wellbore wall is:182

2πa q(r = a, t) = Qin(t) (6)

where Qin is the flow rate entering the fracture at time t, which results from the inter-183

action of the flow in the fracture with the flow in the injection system (injection line and184

wellbore) as will be discussed shortly. A local fluid pressure drop term at r = a is some-185

times used to account for entry pressure losses through geometrical restrictions not ex-186

plicitly modeled at the fracture/wellbore junction. It is, for example, the case in-situ,187

when the junction between the cemented well and the fracture is achieved via perfora-188

tions. In laboratory experiments, when using a radial notch as depicted in Fig.1, such189
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a junction is usually smooth and one can assume that the fluid pressure is continous at190

r = a.191

The fracture is assumed to propagate under quasi-static equilibrium in opening mode,192

such that the stress intensity factor KI equals the material fracture toughness KIc once193

the fracture has initiated:194

KI = KIc (7)

We estimate the stress intensity factor from the linear elastic fracture tip asymptote for195

width (e.g. Rice [1968]):196

w ∼
√

32

π

KI

E′

√
R− r R− r ≪ 1 (8)

Initiation of the hydraulic fracture will thus occur when the stress intensity factor reaches197

KIc and the hydraulic fracture will subsquently propagate under quasi-static equilibrium198

KI = KIc at all time. For simplicity of notation, we will use K ′ =

√
32

π
KIc in the199

remainder of the paper.200

Fluid flow in the injection system The integration of the fluid mass balance over201

the whole injection system (of volume Vinj), i.e. between the pump and the fracture in-202

let gives:203

Qin = Qo − U
∂pf
∂t

(9)

where U ( dimensions [m3/Pa]) is the total injection system compliance. It is mostly gov-204

erned by fluid compressibility U ∼ cfVinj where Vinj is the total volume of the injec-205

tion system, but deformation of the wellbore and injection lines may also play a role. Prior206

to fracture initiation, the flow rate entering the fracture Qin is negligible, which for a con-207

stant injection rate Qo results in a linear pressurization rate ∂pf/∂t = (Qo/U). The208

injection system compliance U can thus be directly obtained from the slope of the pres-209

surization phase (prior to fracture initiation) knowing Qo. One can alternatively use ei-210

ther U or Qo/U to quantify the effect associated with the storage of fluid in the injec-211

tion system prior to fracture initiation, but we settle for the injection system compliance212

U . After fracture initiation, due to the fluid viscous resistance, the fluid pressure in the213

wellbore may continue to rise while the entering flow rate slowly increases. After break-214

down (i.e. maximum pressure), the amount of fluid stored by compressibility during the215

pressurization phase will enter the fracture such that the flow rate entering the fracture216

Qin will temporaly exceed the pump rate Qo. Once this transient associated with early217

time growth vanishes, the entering flow rate Qi tends to the injection rate Qo.218
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For sufficiently long wellbores such as those typically used in the oil and gas indus-219

try, a significant pressure drop from fluid friction necessarily occurs along the length of220

the well. This is typically not the case in the laboratory where the injection system is221

short enough. However, in some cases, either on purpose (e.g. placing a needle valve in222

the flow line) or because of the presence of a measurement device in the wellbore (e.g.223

for measuring the width), a local pressure drop actually takes place. This is the case for224

two of the experiments reported here (PGMY8 and COV12c), for which we have accounted225

explicitely for such a frictional drop. This is done by modeling the complete fluid flow226

in the wellbore, accounting for local friction if necessary, in conjunction with hydraulic227

fracture initiation and propagation (see Lecampion and Desroches [2015] for more de-228

tails), a coupling which is necessary for field configurations (long wellbore, significant pipe229

friction, presence of perforations, etc.).230

2.2 Numerical Solution231

Although semi-analytical solutions exist for some limiting cases [Savitski and De-232

tournay , 2002], there is no solution available for the complete transition from initiation233

to the late stage of propagation. In the following, we therefore use a numerical model234

recently developed [Lecampion and Desroches, 2015] solving the set of equations previ-235

ously described for the initiation and propagation of a radial hydraulic fracture from a236

wellbore. This numerical simulator is based on a fixed grid and an implicit time-stepping237

scheme. The elasticity is solved using the displacement discontinuity method, while fluid238

flow is discretized via finite volume. The resulting non-linear system of equations (for239

a trial value of the new position of the fracture front) is solved using fixed-point itera-240

tions. In that numerical model, the presence of a fluid lag is not taken into account ex-241

plicitly: the fluid pressure is allowed to be lower than the cavitation pressure. The evo-242

lution of the fracture front during one time-step is obtained via the implicit level set al-243

gorithm first proposed by Peirce and Detournay [2008], see also Detournay and Peirce244

[2014]. Such a scheme is based on the complete tip asymptotic solution for a steadily mov-245

ing hydraulic fracture [Garagash and Detournay , 2000; Garagash et al., 2011]. More de-246

tails on the numerical scheme - including the effect of wellbore flow and compressibility-247

can be found in Lecampion and Desroches [2015], where the case of multiple radial hy-248

draulic fractures initiating transverse to the wellbore is also treated. This numerical sim-249

ulator has been validated against a number of available reference solutions [Savitski and250
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Detournay , 2002; Madyarova, 2003] and compared to a previous contribution based on251

a different propagation scheme [Abbas and Lecampion, 2013].252

2.3 Regimes of propagation253

Initiation and propagation of a hydraulic fracture is a highly non-linear moving bound-254

ary problem governed by a series of physical mechanisms (elasticity, fracture mechan-255

ics, fluid flow, leak-off). The response of the system can vary widely depending on which256

of these effects dominates (or not) over the others. Scaling and dimensional analysis are257

of utmost importance to properly understand the different limiting regimes of propaga-258

tion. Scaling also allows design of laboratory experiments that are relevant with respect259

to field conditions. The complete dimensional analysis is presented in Appendix A: and260

a Mathematica notebook is given in the Supplementary Materials for completeness.261

2.3.1 Infinite medium - constant entering flow rate262

The case of a radial hydraulic fracture propagating in an infinite medium (with-263

out wellbore, i.e. a = 0) under constant injection rate (limiting case where U = 0 and264

Qin = Qo as a result of eq.(9)) has been thoroughly studied [Geertsma and De Klerk ,265

1969; Abé et al., 1976; Cleary and Wong , 1985; Savitski and Detournay , 2002; Madyarova,266

2003]. In particular, the propagation of such a radial hydraulic fracture has been shown267

to transition from a viscosity dominated regime of propagation at early time to a tough-268

ness regime of propagation at large time. This can be understood intuitively as the en-269

ergy spent in creating an increment of fracture surface becomes larger as the fracture perime-270

ter (2πR) increases. Fracture energy (toughness) therefore dominates the propagation271

of radial hydraulic fractures at large time. On the other hand for small fracture radius/early272

time, viscous flow dissipation is the main dissipative mechanism and controls the hydraulic273

fracture propagation. A dimensionless toughness K = (t/tmk)
1/9 governs the transi-274

tion from the viscosity to the toughness dominated regime with time and tmk =
E′13/2Q

3/2
o µ′3/2

K ′9275

is the transition time-scale between these two regimes. The toughness regime of prop-276

agation is reached when K ≳ 3.5 [Savitski and Detournay , 2002]. In the presence of fluid277

leak-off, another time-scale enters the problem (see Madyarova [2003] for details), a sit-278

uation that is not dominant in the experiments reported here, which were carried out279

in materials where leak-off is either null or small. We therefore neglect leak-off in this280

discussion.281
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As investigated previously [Garagash and Detournay , 2000; Garagash, 2006], fluid282

cavitation induced by suction can occur at the fracture tip which results in a region filled283

with vapour (commonly referred to as a fluid lag) between the fracture tip and the fluid284

front. Such a fluid lag has been observed experimentally, [Medlin and Masse, 1984; Bunger285

and Detournay , 2008] among others. The occurrence of a fluid lag is intrinsically related286

to a strong pressure gradient within the fracture, such that no fluid lag exists in the limit287

of large dimensionless toughness. For radial hydraulic fractures, an additional time-scale288

tom =
E′2µ′

σ3
o

controls the time of coalescence of the fluid and fracture fronts, which oc-289

curs for t ≈ tom [Bunger and Detournay , 2007; Lecampion and Detournay , 2007]. The290

importance of fluid lag therefore vanishes in the case of a large in-situ stress σo (e.g. for291

large depth from the earth surface).292

The propagation of a radial hydraulic fracture in an infinite medium (with small293

leak-off) evolves from a regime where a fluid lag is significant, transitions to the viscos-294

ity dominated regime as the fluid lag and fracture tip coalesce and ultimately reaches295

the toughness regime of propagation at later times. Such an evolution between these dif-296

ferent regimes can be grasped via a triangular propagation diagram (face O-M−K in Fig.2a)297

where each vertex corresponds to a limiting propagation regime: i) O lag dominated, ii)298

M viscosity dominated, iii) K toughness dominated. The exact nature of the evolution299

from the O vertex to the K vertex depends on the ratio ψ of the two transition time-scales300

tmk (from viscosity to toughness regimes) and tom (for the disappearance of the fluid lag):301

ψ = tmk/tom =

(
E′3/2Q

1/2
o µ′1/2σo
K ′3

)3

. (10)

In the limit of zero ψ, the toughness regime of propagation is immediately reached318

(vertex K on Fig.2a), while for large ψ there is a clear distinction between coalescence319

of the fluid lag and fracture tip (transition from the O to M vertex in Fig. 2a) and tran-320

sition from viscosity to toughness dominated propagation (vertex M to K).321

2.3.2 Initiation from the wellbore - compressibility effects322

Initiation from a radial notch at the wellbore wall introduces additional mechanisms323

that affect hydraulic fracture initiation and the early stage of growth. Prior to fracture324

initiation, as the wellbore pressure linearly increases under a constant pump injection325

rate, most of the fluid is stored by compressibility in the injection line/wellbore while326

a very small amount infiltrates the initial defect. The relative amount of fluid entering327
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Figure 2. a) A diagram describing the evolution of a radial hydraulic fracture

propagating in an infinite elastic impermeable medium driven by a constant enter-

ing flow rate (Adapted from Bunger [2005]). The hydraulic fracture evolves from

the O vertex, where a fluid lag is significant, to the K vertex (toughness dominated

regime) if the injection duration is long enough. As the hydraulic fracture devel-

ops, if will follow a different trajectory from O to K̂ depending on the ratio of time

scales: if tmk ≪ tom (ψ ≪ 1) the fracture will follow a path going directly from O to

K̂, whereas if tmk ≫ tom (ψ ≫ 1) , it will follow a trajectory that will pass through

the M̂ vertex (viscous dominated regime).
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b) When initiating from a wellbore, if the compliance of the injection system is

significant, the entering flow rate is not initially constant. A new diagram can be

drawn with a similar notation with a .̂ to indicate the compressibility related propa-

gation regimes. The fracture will then start from the Ô vertex (lag-dominated), end

in the K̂ vertex (toughness dominated), and depending on the ratio of time scales

tm̂k̂/tom, the fracture will show a path going through a viscosity-dominated regime

represented by M̂ or not.
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the fracture compared to the amount stored in the wellbore depends notably on the fluid328

viscosity and the injection system compliance. A lower viscosity of the fracturing fluid329

results in better fluid penetration and a more uniform pressurization of the initial de-330

fect compared to larger viscosity for a similar pump rate. As a result the wellbore pres-331

sure at which fracture initiation occurs (i.e. the wellbore pressure for which the critical332

stress intensity factor at the tip of the initial defect is reached) is lower for a low viscos-333

ity fluid compared to a more viscous one - as it is easier to initiate an edge fracture uni-334

formly loaded compared to one loaded just at its inlet. This effect was discussed in de-335

tail in Garagash and Detournay [1997] for a plane-strain configuration although the au-336

thors confuse the initiation pressure with the breakdown pressure. The breakdown pres-337

sure, which is practically defined as the maximum pressure recorded, can be notably higher338

than the initiation pressure [Zhao et al., 1996; Detournay and Carbonell , 1997]. Indeed,339

after fracture initiation, fluid penetrates the newly created fracture more or less easily340

depending on its viscosity and the rate of injection. The wellbore pressure continues to341

rise up to a maximum (breakdown). The volume of fluid stored by compressibility prior342

to breakdown is then released and enters the fracture. The flow rate Qin(t) entering the343

fracture -which is initially zero- thus temporarily exceeds the pump injection rate be-344

fore tending to the pump rate Qo at large time. The duration and intensity of this ef-345

fect depends mainly on fluid viscosity, system compliance and material parameters. For346

the case of large fluid viscosity/injection rate, it is also important to note that suction347

occurs within the deformable fracture so that a fluid lag can appear in the defect even348

prior to fracture initiation [Garagash and Detournay , 1997].349

At early time, when the injection system compliance has a major effect, the hy-350

draulic fracture initiation and propagation can be shown to start from a regime where351

a fluid lag is present, transition to a viscosity/compressibility dominated regime and then352

toward a toughness/compressibility regime. This is somehow similar to the case of prop-353

agation in an infinite medium under a constant injection rate. The main difference stems354

from the fact that the rate entering the fracture is not constant due to the release of fluid355

stored by compressibility prior to breakdown. This early-time evolution can also be de-356

picted in a triangular diagram (face Ô-M̂-K̂ on Fig.2b) where each vertex corresponds357

to a limiting propagation regime: i) Ô lag-compressibility dominated, ii) M̂ viscosity-compressibility358

dominated, iii) K̂ toughness-compressibility dominated.) The disappearance of the fluid359

lag is governed by the same time-scale tom as the case of propagation in an infinite medium360
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under constant injection rate. The transition from the early-time compressibility/viscosity361

to the early time compressibility/toughness regime is, however, governed by a different362

time-scale: tm̂k̂ =
E′5/2U1/2µ′

K ′3 , which depends notably on the injection system com-363

pliance. The wellbore radius a and initial notch length ℓo also play a role at early time,364

especially on the value of the fracture initiation pressure. Their influence is captured by365

their ratio with a lengthscale (E′U)1/3 associated with the release of the fluid stored dur-366

ing the wellbore pressurization prior to initiation: L = ℓo/(E
′U)1/3 and A = a/(E′U)1/3.367

It is important to note that such a compressibility lengthscale (E′U)1/3 is typically larger368

than both the initial defect length ℓo and the wellbore radius a (L < 1 and A < 1) in369

most practical situations as E′U ≈ E′cfVinj ≈ O(1010Pa) × O(10−10Pa−1) × Vinj ≈370

Vinj (where Vinj denotes the volume of the injection line). This indicates that the com-371

pressibility effect and the associated release of fluid after breakdown typically dominates372

the early stage of growth of a radial hydraulic fracture.373

2.3.3 Transition towards the infinite medium - constant entering flow374

rate regime375

The complete evolution of a radial hydraulic fracture from initiation to the late stage376

of propagation can be schematically grasped via the diagram of Fig.3, where the Ô-M̂-377

K̂ face corresponds to the early-time / compressibility dominated regimes and the O-M-378

K corresponds to the case of a constant injection in an infinite medium which is reached379

for time larger than tm̂k̂, i.e. after the transient associated with fracture initiation has380

died out. The transition time-scales between the different propagation regimes are listed381

in Table 1 (see also Appendix A: for details). We choose to capture the transition from382

the early time initiation/compressibility to the late time/ constant injection regimes of383

propagation via the ratio of the corresponding viscosity to toughness transition time-scales:384

χ = tmk/tm̂k̂ =
E′4Q

3/2
o µ′3/2

K ′6U1/2
(11)

A radial hydraulic fracture always start its life where fluid lag and compressibil-385

ity dominate (vertex Ô in Fig.3) and evolves ultimately toward the toughness regime of386

propagation under constant injection rate (vertex K in Fig.3). The complete evolution387

depends on the ratios of time-scales ψ = tmk/tom and χ = tmk/tm̂k̂ as well as the ra-388

tios of characteristic length scales L = ℓo/(E
′U)1/3 and A = a/(E′U)1/3, where (E′U)1/3389
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tom =
E′2µ′

σ3
o

tmk =
E′13/2Q

3/2
o µ′5/2

K ′9

tm̂k̂ =
E′5/2U1/2µ′

K ′3

tôo =
E′1/2U3/4µ′1/4

Q
3/4
o

= χ−3/2tmk

tm̂m = tôo = χ−3/2tmk

tk̂k =
K ′U5/6

E′1/6Qo
= χ−5/2tmk

ψ = tmk/tom =

(
E′3/2Q

1/2
o µ′1/2σo
K ′3

)3

χ = tmk/tm̂k̂ =
E′4Q

3/2
o µ′3/2

K ′6U1/2

Table 1. Transition time-scales between limiting propagation regimes as function of

problem parameters (e.g. tom represents the transition time between vertex O and

vertex M). These time-scales can all be expressed for example via the dimensionless

ratios ψ, χ and the characteristic time-scale tmk of transition between viscosity and

toughness dominated regime in an infinite medium with a constant entering flow

rate.

411

412

413

414

415

416

is the characteristic lengthscale associated with the released of the volume of fluid stored390

during wellbore pressurization prior to breakdown.391

It is worth noting that, in the limit of an inviscid fluid (zero viscosity) / large tough-392

ness, the viscosity-toughness transition time-scales tm̂k̂ and tmk tend to zero. In that par-393

ticular toughness dominated case, the transient effect associated with fracture initiation394

and breakdown vanishes instantaneously and the propagation takes place directly in the395

toughnness dominated regime (K vertex in Fig.3). Such a vanishing transient effect is396

associated with the sudden release of fluid stored by compressibility prior to breakdown397

and results in an instability (see Lhomme et al. [2005] for the complete analytical solu-398

tion for that limiting case). In all the other cases where fluid viscosity is non-zero, the399

solution evolves smoothly.400
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ψ, χ

O

K
M

M̂

K̂

Ô

ψ =
tmk

tom
χ =

tmk

tm̂k̂

χ 1ψ 1

ψ 1 χ 1

Ô,O : Lag

M̂,M : Viscosity

K̂,K : Toughness

tom

Early time 

Large time 

tm̂k̂

tom

tmk

tôo

tk̂k

tm̂m

Figure 3. Schematic evolution of the initiation and propagation of radial hydraulic

fracture from a wellbore in dimensionless space. Each vertex corresponds to a limit-

ing propagation regime. At early time, the solution is governed by the near-wellbore

injection transient (Ô − M̂ − K̂ face) and evolves toward the constant injection rate

propagation in an infinite medium solution at later time (O − M − K face). More

precisely, the solution starts in the Ô vertex (fluid lag / compressibility dominated)

and ends in the K̂ vertex (toughness dominated). Beside the ratio of time-scales

ψ = tmk/tom =

(
E′3/2Q

1/2
o µ′1/2σo

K′3

)3

and χ = tmk/tm̂k̂ =
E′4Q

3/2
o µ′3/2

K′6U1/2
, the solution also

depends on two ratios of length scales A = a/ (E′U)
1/3

(dimensionless wellbore

radius) and L = ℓo/ (E
′U)

1/3
(dimensionless initial notch).

401

402

403

404

405

406

407

408

409

410
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Qo (m3/s) µf (Pa.s) χ ψ tm̂k̂ (s) tmk (s)

1 10−2 10−3 199 55.4 103 0.0209 4.15

2 10−5 1 199 55.4 103 20.9 4.15 103

3 10−5 10−3 0.0063 1.75 0.0209 1.3 10−4

Table 2. Injection rate, fluid viscosity, dimensionless numbers and characteristic time-scales of

the three simulations (the values of the other parameters are listed in the text).

428

429

2.4 Illustrating examples417

In order to illustrate the different possible trajectories depicted in the schematic418

propagation diagram of Fig.3, we perform numerical simulations varying the fracturing419

fluid viscosity and injection rate while keeping the other parameters constant. By do-420

ing so, we will span different values of χ, ψ and governing time-scales. For these simu-421

lations, we use the following values of parameters: plane strain elastic Young’s modu-422

lus E′ = 20GPa, fracture toughness KIc = 1MPa
√
m, minimum in-situ stress σo = 40MPa,423

wellbore radius a = 2.7 cm, system compliance U = 10−12Pa−1m3 and initial defect424

length ℓo = 2.7 mm. The dimensionless wellbore radius A = 0.1 and initial defect length425

L = 0.01 thus do not change in these simulations (their effect on the maximum pres-426

sure is discussed in section 4).427

We perform three different simulations (denoted 1, 2 and 3). Table 2 summarizes430

the different injection rates and fluid viscosities for these simulations as well as the re-431

sulting dimensionless numbers and characteristic time-scales. The first simulation cor-432

responds to an industrial ”field” configuration (e.g. a slickwater hydraulic fracturing reser-433

voir stimulation treatment) with a large injection rate and a water-like fluid viscosity:434

Qo = 10−2m3/s, µf = 10−3Pa.s. The second and third simulations mimick the case435

of an injection with a much lower injection rate (e.g. for a diagnostic test) (Qo = 10−5m3/s).436

The second simulation is performed with a very viscous fluid (µf = 1Pa.s) while the437

third one uses again a water-like viscosity (µf = 10−3Pa.s). Simulations 1 and 2 ac-438

tually have exactly the same values for the time-scales ratio χ = 199 and ψ = 55.4 103:439

the larger viscosity used in simulation 2 compensates for its smaller injection rate. These440

simulations (1 and 2) correspond schematically to the blue trajectory depicted in the prop-441

agation diagram of Fig.3 where the solution transition to the viscosity dominated regime442
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after the initiation transient. The third simulation has much lower values for χ = 0.0063443

and ψ = 1.75 (viscosity of water with a low injection rate). It corresponds schemati-444

cally to the red trajectory depicted on Fig.3 where the toughness dominated regime is445

reached directly after initiation - bypassing the viscosity dominated regime.446

Figure 4 displays the time evolution of the dimensional and dimensionless (using454

the toughness-compressibility scaling K̂, see Appendix A: ) wellbore pressure, entering455

flow rate and fracture radius for these three cases. It is worthwhile to point out that, when456

proprely rescaled, simulations 1 and 2 are completely indistinguishable (up to numer-457

ical errors). This is expected as they correspond to the exact same values of the dimen-458

sionless evolution parameters χ and ψ.459

The third simulation exhibits a very different behaviour eventhough it differs from460

simulation 1 only by its lower injection rate and from simulation 2 only by its lower value461

of fluid viscosity. The maximum pressure (breakdown) for simulation 3 is close to 10 MPa462

lower than for simulation 1 and 2 (see Fig.4a). This example highlights the strong ef-463

fect of fluid viscosity on the early stage transient associated with hydraulic fracture ini-464

tiation. The release of fluid stored during pressurization occurs over a shorter period for465

simulation 3 and the overshoot of the entering flow rate above the pump rate is about466

two orders of magnitude larger (see Fig.4c, d).467

The profile of dimensionless net pressure at breakdown (maximum pressure) and468

at about 5.4 tm̂k̂ after breakdown are displayed for these three simulations on Fig.5. The469

dimensionless values are of course exactly similar for simulations 1 and 2 (same χ and470

ψ). It is interesting to note that at breakdown, the pressure is already more uniform for471

simulation 3 while the gradient is steeper for simulations 1 and 2. After the transient as-472

sociated with fracture initiation has died out (i.e. ≈ 5.4tm̂k̂ after breakdown), the pres-473

sure profiles are very different in the two cases. For large χ and ψ (simulations 1,2), the474

pressure profile is strongly non-uniform and exhibits a strong gradient at the fracture475

tip, typical of viscosity dominated fractures [Detournay , 2016]. On the contrary, the pres-476

sure is nearly uniform for the case of small χ and ψ (simulation 3) which corresponds477

to the case of a hydraulic fracture propagating in the toughness dominated regime.478

Even though we have emphasized for the sake of discussion the case of small ver-483

sus large viscosity / injection rate (for the same other parameters), the derived scalings484

do capture the dependency of the evolution of the hydraulic fracture propagation on all485
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Figure 4. Time evolution of wellbore (fluid) pressure (a-dimensional, b-dimensionless),

entering flow rate (c-dimensional, d-dimensionless) and fracture radius (e-dimensional, f-

dimensionless) for three simulations with different injection rate and fluid viscosity. Simulations

1 (Qo = 10−2m3/s, µf = 10−3Pa.s) and 2 (Qo = 10−5m3/s, µf = 1Pa.s) have the same di-

mensionless evolution parameters χ = 199, ψ = 55.4 103. These cases are viscosity dominated

during the whole duration of the simulation. Simulation 3 (Qo = 10−5m3/s, µf = 10−3Pa.s) has

χ = 0.0063, ψ = 1.75 and ends up being toughness dominated from early on.
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452
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Figure 5. Dimensionless net pressure (pf − σo) profiles at breakdown and about 5.4 tm̂k̂ af-

ter breakdown (after initiation transient) for simulations 1-3. Stronger net pressure gradient are

typical of viscosity dominated hydraulic fractures while a uniform net pressure is typical of a

toughness dominated propagation.

479

480

481

482

parameters. Note also that other choices of ratios of time-scales or lengthscales are pos-486

sible to describe the evolution of the propagation (see Appendix A: for details), but we487

have found χ, ψ,L and A to be the most convenient in practice. With the understand-488

ing of the process obtained from this scaling analysis, one can directly grasp what will489

govern the system response for a given set of parameters. This is of particular impor-490

tance when comparing different experiments or when comparing laboratory experiments491

with field scale operations.492

3 Comparisons with experiments493

We have selected, among experimental results available in the literature, experi-494

ments for which the experimental parameters were clearly known and well constrained495

(including the length of the initial defect) and where the maximum information on the496

fracture propagation was available in terms of pressure, width and fracture extent as a497

function of time. We refrain from changing any parameters to match the measurements:498

we perform direct comparisons between theoretical predictions and experimental responses.499

The experiments used here have been performed in two different laboratories (TU Delft500

and CSIRO) in polyaxial frames on blocks of sizes ranging between 20x20x15 cm and 34x36x40501

cm. All experiments reported here have exactly the configuration depicted in Figure 1:502

radial hydraulic fractures transverse to the wellbore were created.503
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Material

type

Young’s

modulus

Poisson’s

ratio

Fracture

Toughness

Carter’s leak-off

coefficient

Initial defect

length

E (GPa) ν (-) KIc (MPa.
√
m) Cl (m/

√
s) ℓo (mm)

Block4 PMMA 3.3 0.41 1.3 0 1.45

PMGY8
PMMA /

glued interface
3.3 0.41 0.38 0 1.5

COV12c Cement 24.1 0.02 0.5 6. 10−7 0.8

Table 3. Material parameters for the different experiments. See the discussion of the different

experiments in the text for the details of their independent characterization in each case.

504

505

Block

size

Wellbore

radius

Confining

stress

Fluid

viscosity

Injection

rate

Pressurization

rate

System

Compliance

(cm) a (mm) σo (MPa) µf (Pa.s) Qo (ml/s) Qo/U (MPa/s) U (ml/GPa)

Block4 34-36-40 8.35 0 60 0.0158 0.15 104.7

PMGY8 20-20-15 4 14.5 24.5 0.016 0.113 140.7

COV12c 30-30-30 10 9 130 0.0029 0.019 149

Table 4. Sample configuration and tests parameters for the different experiments. For all

tests, the pressurization rate Qo/U has been obtained from the slope of the pressure-time record

during the pressurization phase. The system compliance U is then determined knowing the con-

stant set pump rate Qo.

506

507

508

509
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Propagation

duration
tmk ψ =

tmk

tom
χ =

tmk

tm̂k̂

L = ℓo/ (E
′U)

1/3 A = a/ (E′U)
1/3

(s) (s)

Block4 500 0.017 1.6 10−9 0.005 0.019 0.11

PMGY8 60 121.9 81.8 2 0.018 0.048

COV12c 1500 6.9 106 6997 519 0.005 0.065

Table 5. Experimental fracture propagation duration, viscosity-toughness transition time-scale

tmk, time-scale ratios and dimensionless parameters of the different experiments.

510

511

The material parameters of the three different experiments are reported in Table 3,512

while the tests parameters (injection rate, fluid viscosity etc.) are listed in Table 4. For513

all experiments, we have estimated the total injection system volumetric compressibil-514

ity U from the linear pressurization phase prior to fracture opening, i.e. dividing the in-515

jection rate by the pressurization rate during that period. From the knowledge of this516

system compliance U and the injection rate, we can perform a numerical derivative of517

the pressure-time signal recorded during the experiments to obtain an estimate of the518

fluid flux Qin entering the fracture at any given time, see eq.(9) which expresses the global519

mass conservation between the pump and the fracture inlet. Such an estimate of Qin is520

therefore not a direct measurement and may be relatively noisy. The non-monotonic evo-521

lution of the entering flow rate is a critical part of the early stage growth as it is directly522

related to the injection system compliance and is thus worthwhile to compare to the pre-523

dicted entering flow rate.524

Table 5 lists the time-scales and dimensionless parameters introduced previously525

for the different experiments. The first two experiments (listed as Block 4 and PMGY8)526

are performed in PMMA, one fracturing intact material and the other fracturing along527

a pre-existing epoxy glued interface having a lower toughness than PMMA (see Bunger528

and Detournay [2008] for details). The third experiment (named COV12c) was performed529

in cement and exhibited some leak-off although not enough to be in the leak-off dom-530

inated regime.531
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From Table 5, comparing the test duration with the constant injection viscosity to532

toughness transition time-scale tmk, we see that most of the fracture propagation will533

take place in the toughness dominated regime for the first experiment (Block 4) and the534

viscosity dominated regime for the two others. The effect of fluid lag and system com-535

pliance is short-lived for Block 4 experiment (ψ, χ ≪ 1), while the other experiments536

will exhibit some influence of fluid lag/suction as well as a difference between entering537

flow rate and pump rate in relation to the injection system compressibility.538

Comparisons between the results of the numerical model and the experimental data539

(flux and pressure at the fracture inlet, fracture extension and fracture width or fracture540

volume) are presented in Figures 7, 8 and 9. For all figures, the experimental data are541

plotted in blue whereas results from the numerical model are plotted in black. Further-542

more, the nominal injection rate and the minimum confining stress are indicated with543

bold horizontal dashed lines, whereas the initiation time is indicated as a light short-dash544

vertical line and breakdown is indicated with a light vertical long-dash line.545

3.1 Toughness dominated experiment in PMMA (Block 4)546

This experiment was originally carried out in 2003 at CSIRO to provide a radial547

growth data set for comparison with a planar 3D hydraulic fracture model. Block 4 was548

constructed by gluing machined PMMA sheets, each 40 mm thick, to form a block 340x360x400 mm549

in size. After machining to size, the block was annealed in an oven at 80◦C over a 2 week550

period, allowing re-polymerization of the PMMA sheets and minizing residual stresses.551

A radial notch was created in the injection borehole to control the location of fracture552

initiation. The block was tested in a polyaxial load frame but was subject to biaxial stress553

with the two horizontal stresses held equal to one another at 2 MPa and the vertical stress554

set to zero. A video camera was positioned vertically above the block and used to record555

the fracture growth. Two LVDTs, with sense points anchored just above and below the556

fracture plane, were used to measure fracture opening at a point located 40 mm from557

the injection borehole. Elastic properties of the PMMA were measured by uniaxial com-558

pression testing carried out on strain gauged prisms cut from the same PMMA sheet as559

used for block construction. No significant creep was observed during these tests. Frac-560

ture toughness was measured using semi-circular bending samples and results were com-561

parable to literature values (see Table 3 for material parameters).562
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t = 236 sec.t = 233 sec. t = 446 sec.

~30mm

Figure 6. Snapshot of experiment Block 4 in PMMA (top view). The white crossed dot indi-

cates the location of the injection, the red crossed dot the actual center of the fracture (obtained

from fitting a circle to the image) and the white dot indicates the location of the LVDT sensor.

563

564

565

The size of the initial notch was measured to be 1.45±0.5mm from a cast of the566

wellbore after the test. The injection fluid (60 Pa.s silicon oil) was dyed blue and the frac-567

ture radius was estimated from the analysis of video recordings of the fracture (see Fig-568

ure 6). A circle was fitted to the images, allowing the determination of both the frac-569

ture radius and the center of the circle. The fracture center is eccentered by about 10570

mm, and the location of the LVDTs (displacement sensor) that measured the fracture571

width is thus 40 mm from the injection point but only 30 mm from the fracture center.572

The predicted width at both locations is presented in Figure 7. The prediction at 30 mm573

away from the fracture center proves a better match with the measurements.574

This experiment is a case where initiation and breakdown almost perfectly coin-577

cide. Initiation – and propagation afterwards - is dominated by toughness. There is a578

short but very significant entering flux overshoot into the fracture (one order of magni-579

tude above the nominal injection rate) followed by a stable fracture propagation phase580

under constant flow rate. The match between the model and the measurements, for all581

the different types of measurements, provides confidence in the ability of the model to582

capture the relevant physics in that regime.583

One may wonder about the effect of the observed translation of the fracture cen-584

ter on the match of the evolution of radius and wellbore pressure. In fact, in this tough-585

ness dominated experiment, the fluid pressure is uniform inside the fracture such that586

moving the location of the injection source has no effect on the fracture propagation. The587

work of Gao and Rice [1987] formally proved this must be the case by showing that a588
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BreakdownInitiation

σo

Qo

Figure 7. CSIRO Block 4 experiment. Experimental data in blue dots, theoretical prediction

in solid black lines.

575

576
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uniformly pressurized crack will remain circular (i.e. all harmonic perturbations of the589

circular shape are stable) but will translate due to an instability with respect to loca-590

tion of the crack’s centroid. However, the translational instability is not expected for a591

non-uniform loading, i.e. away from the toughness regime, as shown experimentally by592

Bunger [2005] and predicted by Gao and Rice [1987].593

3.2 Viscosity dominated experiment in PMMA (PGMY8)594

This experiment is reported as experiment PMGY8 in Bunger and Detournay [2008].595

Contrarily to the previous experiment, the fracture was initiated from a notch along a596

pre-existing epoxy glued interface. The fracturing fluid was a solution of glucose, water597

and blue food dye whose viscosity was measured using a capillary viscometer. Taking598

again advantage of the transparency of PMMA, a photometric method was used to mea-599

sure both the fracture footprint and the fracture width everywhere across the fracture600

[Bunger , 2006]. Comparison with the model thus encompasses flux entering the fracture,601

fracture radius, wellbore pressure and fracture width at the wellbore. The results are pre-602

sented in Figure 8. The fracture toughness of this glued interface was estimated from603

the tip opening measurements on toughness dominated measurements (see [Bunger , 2005]604

for details).605

In this experiment, a needle valve was present in the injection line and pressure was606

measured both upstream and downstream of this valve. Its influence was modeled by adding607

a laminar friction pressure drop at the fracture entrance (although there was a small vol-608

ume downstream of the valve, before the fracture inlet). Such a laminar friction was es-609

timated by taking the pressure drop (between the upstream and the downstream values)610

at the end of the treatment and dividing it by the nominal injection rate, yielding a value611

of 2.4MPa (for a rate of 0.016 ml/s). The system compliance was computed from the pres-612

sure derivative of the upstream pressure.613

Compared with the previous experiment, the flux overshoot is much smaller but614

lasts longer. Initiation and breakdown pressure are different, especially upstream of the615

valve. During the experiment, some asymmetry of the fracture geometry was observed,616

perhaps due to the heterogeneity of the glued interface. The behavior between the ex-617

periment and the model starts to diverge around breakdown (especially on the down-618

stream pressure). Nevertheless, the model also captures rather well the behavior dur-619
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Qo

σo

Initiation Breakdown

Figure 8. PGMY8 CSIRO glued interface test. Experimental data in blue dots, theoretical

prediction in solid black lines.

622

623

ing pressurization, initiation and breakdown of the hydraulic fracture for this very dif-620

ferent fracture growth regime compared to the previous test.621

3.3 Experiment in a cement block (COV12c)624

Let us now turn to an experiment in cement, a material that is closer to rocks. Ex-625

periment COV12C was carried out at TU Delft and reported as test c12 in De Pater et al.626

[1994]. Evolution of the fracture front was measured using active acoustic scanning. The627

left and right radius of the fracture front are reported here, and a slight asymmetry de-628

velops when the fracture starts to feel the edge of the block. The fracture width at the629

wellbore was measured from an LVDT located inside the wellbore and the well pressure630

was measured ahead of the LVDT. The presence of the LVDT in the wellbore introduces631

a laminar frictional pressure drop in the injection line, estimated at 0.44MPa at the re-632

ported injection rate. The elastic properties and fracture toughness of the cement were633

measured independently from triaxial test (elastic properties) and three point bending634

–27–



Confidential manuscript submitted to JGR-Solid Earth

tests. The cement mix used to create the block was also used to create specimen for those635

tests. The initial notch was casted in place during cement curing using a teflon mold,636

providing a direct value of the initial defect length (see [Weijers, 1995] for details).637

The leak-off coefficient Cl was originally estimated by matching the propagation638

part of the test with a fully coupled radial hydraulic fracturing simulator (see De Pa-639

ter et al. [1996]). In this experiment, the leak-off of the injected fluid into the cement640

was rather important. At the end of the test, it is estimated from the model that only641

45% of the injected volume remains in the fracture. However, leak-off is still less than642

that required for the fracture to be propagating in the leak-off dominated regime.643

Comparison between data and model predictions are displayed in Figure 9. Most644

of the test period takes place in the transient injection regime during which a variable645

flux entered the fracture. Moreover, this is the test with the largest difference between646

the net pressure at initiation (10.5 MPa) and the net pressure at breakdown (17.28 MPa).647

This test is yet again in a different regime (ψ, χ ≫ 1) compared to the previous648

tests. The model is able to properly capture the behavior of all parameters during pres-649

surization, initiation and propagation, which hasn’t been possible with previous mod-650

els that did not include the initiation-breakdown phase. A good match was indeed ob-651

tained previously on experiments of a similar type (some of these matches can be found652

in De Pater et al. [1996]), but only with the experimental fracture entering flow rate as653

an input, thus highlighting the importance of taking the injection system dynamics into654

account during the early stage of hydraulic fracture growth.655

4 Discussion and Conclusions658

We have compared predictions of hydraulic fracture initiation and propagation with659

three laboratory experiments performed on low permeability materials (PMMA, cement).660

These experiments span widely different hydraulic fracture propagation regimes (tough-661

ness and viscosity dominated cases, large and small system compliance effects). The good662

match observed in all cases demonstrates that hydraulic fracture mechanics - as defined663

by the set of governing equations described here - is predictive, at least for the simple664

fracture geometry investigated here. It is important to highlight that the theory is able665

to capture both pressure, fracture width and length evolution with time. This finding666

provides a high degree of confidence that the relevant physics is properly captured. This667
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Initiation Breakdown

σo

Qo

Left radius

Right radius

Figure 9. COV21c experiment (performed at TU Delft - De Pater et al. [1994]) . Experimen-

tal data in blue dots, theoretical prediction in solid black lines.

656

657
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is the first time that such a good comparison has been obtained for the early stage of668

fracture propagation. The proper prediction of the non-monotonic flux entering the frac-669

ture due to the release of the volume of fluid stored in the wellbore during the pressur-670

ization phase appears critical to capture the dynamics of early-stage growth of a hydraulic671

fracture. Furthermore, linear elastic fracture mechanics, lubrication theory and simple672

wellbore compressibility appear sufficient to reproduce the experimental data. There is673

no need, for example, to account for the details of the small-scale yielding at the frac-674

ture tip (cohesive zone models) for the materials and test conditions investigated here.675

This may obviously not be the case for coarser grained rocks with respect to the spec-676

imen size - a topic worth of further investigations. It is important to note that in all ex-677

periments reported here, hydraulic fracture growth occured in a stable manner. Unsta-678

ble hydraulic fracture growth may however occur in heterogenous material or when the679

injection system can not provide enough fluid supply to ensure continuous injection, a680

topic worth further clarification both experimentally and theoretically. The case of more681

permeable rocks is also an important topic where more investigations are also needed.682

In particular, we are not aware of careful experimental measurements of fracture dimen-683

sions (extent, width) with time in the case of highly permeable rocks where leak off and684

poroelastic effects are important.685

Note that the experiments reported here were selected because i) the size of the ini-689

tial notch (the most difficult parameter to precisely assess) was known with a reason-690

able degree of accuracy and ii) several complementary quantities (i.e. length, width, pres-691

sure) were measured. We strongly believe that over-interpretation of any experiment (in692

the laboratory or in the field) based on a single type of measurement (e.g. pressure) can693

be strongly misleading. For example, reporting only the breakdown pressure (maximum694

pressure) appears of very little value.695

These experiments have highlighted the strong effect associated with viscous flow699

and hydraulic system compliance at fracture initiation. Notably, the maximum pressure700

(breakdown pressure) can be significantly higher than the fracture initiation pressure for701

the case of large viscous effect. The scaling and limiting regimes discussed here provide702

a quantification of the transient associated with fracture initiation and the early stage703

of growth. In particular, the relative difference between the maximum and initiation net704

pressures ∥((pmax
f −σo)−(pinif −σo))/(pinif −σo)∥ appears to be directly related to the705

ratio of time-scales χ = tmk/tm̂k̂ = (E′4Q3/2
o µ′3/2)/(K ′6U1/2) and to the value of the706
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Figure 10. Numerical simulation results illustrating the influence of the dimensionless num-

bers χ, L and A on the relative difference between the maximum (i.e. breakdown) and initiation

net pressures:
∥∥(pmax

f − σo)/(p
ini
f − σo)− 1

∥∥.
686

687

688

∥∥∥∥∥pmax
f − σo

pinif − σo
− 1

∥∥∥∥∥ (in %) χ L A

Block 4 ≃0% 0.005 0.019 0.11

PGMY8 39% 2 0.018 0.048

COV12c 65% 519 0.005 0.065

Table 6. Relative difference between breakdown (maximum) and initiation net pressures∥∥(pmax
f − σo)/(p

ini
f − σo)− 1

∥∥. Such a relative difference is related to the ratio of timescales χ

and the values of L and A.

696

697

698
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dimensionless initial defect L = ℓo/(E
′U)1/3 and radius A = a/(E′U)1/3. This can707

be clearly seen from Table 6, as well as from a series of simulations reported in Fig. 10.708

Fracture initiation and maximum pressures coincide only in the limiting case of small709

χ. For larger values of χ, the transient effects last longer and the difference between ini-710

tiation and breakdown pressures is larger. These transients are also a function of the di-711

mensionless ratio of lengthscales associated with the size of the initial notch L and the712

wellbore size A: initiation and breakdown pressures are closer to one another for larger713

values of L and A (see Fig. 10).714

It is important to bear in mind that in practice (from laboratory experiments to715

massive hydraulic fracturing treatments in the oil and gas industry) A and L are always716

in the range [10−3 − 10−1], whereas χ can vary widely [10−3 − 105] depending on the717

fluid and injection rate used. Estimating χ therefore directly allows to know if the ini-718

tiation and maximum pressure will be significantly different. As an example, let us take719

the case of a hydraulic fracturing treatment performed in an unconventional reservoir720

having a plane-strain Young’s modulus E′ = 25GPa and a fracture toughness KIc of721

1.25MPa.
√
m. Using water as a fracturing fluid (µ = 10−3Pa.s, cf = 5 10−10Pa−1)722

and a large injection rate (Qo = 20Barrels per minute = 0.059m3/s), for a wellbore723

length of 3.5 km with an internal diameter of 5” (12.7cm), we obtain a pressurization rate724

Qo/U ≈ 7.5MPa/s. The compressibility fracture lengthscale (E′U)1/3 ≈ 6 meters is725

much larger than the wellbore radius and initial defect length, i.e. L ≪1 and A ≪ 1.726

We obtain a value of 38 for χ in that particular case for which the difference between727

the maximum (breakdown) and initiation pressures is about 40% of the difference be-728

tween the initiation pressure and the in-situ minimum stress pinif −σo (see Fig. 10). In729

such large scale fracturing treatments, it is clear that estimating fracture initiation from730

the pressure record alone (even with a downhole sensor) is nearly impossible due to the731

intertwined effect of fluid viscosity, system compliance and injection rate discussed above.732

Initiation pressures are thus often over-estimated as a result.733

Although we have presented relatively satisfactory comparisons between theory and734

experiments for hydraulic fracture initiation, they are restricted to a relatively simple735

fracture geometry and pure opening mode fractures. The effect of fracture initiation and736

re-orientation in a complex stress field around a wellbore is known to yield complex frac-737

tures, for which theoretical predictions are not yet satisfactory. Such effects were avoided738

by properly notching the wellbore in the experiments reported here. Investigating ex-739
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perimentally these effects is possible by playing on the wellbore configuration (see Wei-740

jers [1995]; Burghardt et al. [2015] for examples). Quantitative monitoring of complex741

non-planar fracture propagation via acoustic or optical methods is certainly not straight-742

forward. Theoretical predictions of mixed modes I, II and III hydraulic fracture prop-743

agation may even be more challenging, especially the fracture front segmentation observed744

experimentally in Wu et al. [2007] for example.745
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A: Scalings and limiting regimes907

In order to obtain a set of meaningful scalings corresponding to the cases where908

one mechanism dominates over others, following the approach described in Garagash [2000];909

Savitski and Detournay [2002]; Detournay [2004]; Bunger and Detournay [2007], we in-910

troduce characteristic scales (with a subscript ∗) and express the different problem vari-911

ables as follows:912

w =W∗Ω p = P∗Π R = L∗γ q = q∗Ψ =
Q∗

ϑL∗
Ψ Rf = ϑL∗γf

We introduce this scaling in the governing equations (1)-(9). We also scale the radial co-913

ordinate according to the fluid front location Rf : ρ = r/Rf . We directly see that ϑ is914

a dimensionless number related to the presence of a fluid lag, and ϑ = 1 corresponds915

to the case where fluid and fracture front coincide. Using such characteristic scales, the916

governing equations reduce to:917

Π = Ge

ˆ γ/ϑ

Ga/ϑ

Ωdρ′ (A.1)

t
∂Ω

∂t
+ Gv

1

ρ

∂

∂ρ
ρΨ+

Gc√
1− to(ρ)/t

= 0 for ρ ∈ [Ga, 1] (A.2)

Ψ = −Ω3

Gm

∂Π

∂ρ
for ρ ∈ [Ga, 1]

Π = −Gσ for ρ ∈ [1, γ/ϑ]

Ω ∼ Gk

√
γ − ρ/ϑ for γ − ρ/ϑ≪ 1

2π(Ga/ϑ)Ψ(ρ = Ga/ϑ) = Gq − Gut
∂Π

∂t

The different dimensionless groups denoted G entering the scaled system of equa-918

tions are related to distinct different mechanisms:919

• Ge =
W∗E

′

ϑL∗P∗
- relates net pressure and fracture opening in the elastic equation920

• Gv = Q∗t
W∗ϑ2L2

∗
- relates to the volume stored in the fracture921
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• Gc =
C′√t
W∗

- relates to the volume “leaked-off” the fracture faces into the rock922

• Gm = µ′Q∗
W 3

∗P∗
- relates to the viscous resistance to flow inside the fracture923

• Gk =
K′L1/2

∗
E′W∗

- relates to the fracture propagation condition (dimensionless tough-924

ness)925

• Gq = Qo

Q∗
- relates to the injection rate926

• Gu = U P∗
Q∗t

- relates to the volume stored in the wellbore during pressurization927

(i.e. when little fluid is entering the fracture)928

• Ga = a/(ϑL∗) - is a dimensionless wellbore radius929

• Gσ = σo/P∗ - is a dimensionless confining stress930

• Gℓo = ℓo/(ϑL∗) - is a dimensionless initial notch931

• and ϑ relates to the presence of a fluid lag.932

Putting five of these dimensionless groups to unity enables to solve for the characteris-933

tic scales L∗, W∗, P∗ and Q∗ as well as the characteristic ratio between fluid front and934

fracture front ϑ as function of problem parameters (E′, µ′ etc.) and time. Different choices935

are possible therefore defining different scalings. The selected choice of dimensionless groups936

for the different scalings discussed herein is presented in Fig.A.1. In a given scaling, the937

dimensionless solution F = {γ, γf,Ω, Π, Ψ} depends on the remaining dimensionless938

numbers (i.e. not set to unity) and the spatial coordinate ρ = r/R(t) (for opening, pres-939

sure and fluid flux profiles). In particular, we want to obtain dimensionless opening Ω940

and pressure Π of similar order and therefore always set the dimensionless number en-941

tering the elasticity equation Ge to unity. We are here interested in the case of ’tight’ rocks942

and anticipate negligible leak-off (Gc ≪ 1) - i.e. we do not seek leak-off dominated scal-943

ings (see Madyarova [2003] for that case).944

It is important to remember that we can always switch back and forth between scal-945

ings (see Supplementary Materials for a Mathematica code deriving all the scalings dis-946

cussed here and their relationship). We can also define transition time-scales between947

two scalings and express the dimensionless numbers governing the fracture propagation948

via these time-scales. We now discuss the salient features of the different initiation/propagation949

regimes that can be obtained from their scalings.950
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Infinite medium - constant injection scalings951

The case of a radial hydraulic fracture propagating in an infinite medium under con-952

stant injection rate and negligible leak-off corresponds to Ge = Gv = Gq = 1 (i.e. all953

the injected volume remaining in the fracture and the inlet flow rate maintained constant).954

Depending on the relative importance of toughness and viscosity dissipation, a viscos-955

ity (M, i.e. Gm = 1) or a toughness (K, i.e. Gk = 1) scaling is relevant in the absence956

of fluid lag (ϑ = 1). The hydraulic fracture then evolves from the viscosity dominated957

regime toward the toughness dominated regime at large time. This can be physically grasped958

by the fact that as the fracture perimeter increases, more and more fracture energy is959

needed to drive the fracture further, while the viscous drop is dominant for small frac-960

ture (with narrow opening) but is less important for large fractures that have a wider961

opening (see also Table A.2 where we can see that the dimensionless toughness increases962

with time). The transition from the viscosity (M) to the toughness (K) propagation regime963

is characterized by the following time scale tmk:964

tmk =
E′13/2Q

3/2
o µ′5/2

K ′9

which corresponds to the time where the dimensionless toughness in the M-scaling is equal965

to unity. The viscosity and toughness scalings -originally derived in Savitski and Detour-966

nay [2002]- capture the hydraulic fracture propagation once the transient effects asso-967

ciated with fracture initiation from the wellbore becomes negligible. It is interesting to968

note that the dimensionless injection system compliance GU and wellbore radius Ga both969

decrease with time in such scalings - i.e. their effects become less and less important as970

the propagation progresses (see Table A.2). It is also worth recalling that the complete971

transition from the viscosity to the toughness dominated regime occurs for Gk ∼ 3.5972

(in the viscosity scaling), which corresponds to t/tmk ∼ 8× 104 (see Savitski and De-973

tournay [2002] for details).974

When the fluid is allowed to lag behind the fracture front, a lag-scaling (O) can be975

obtained (Ge = Gv = Gq = Gm = Gk = 1). It can be shown (see Lecampion and De-976

tournay [2007]; Bunger and Detournay [2007]; Garagash [2006]) that the effect of the fluid977

lag is important during the early stage of the fracture propagation. The hydraulic frac-978

ture then evolves from a lag-dominated regime at early-time to the toughness dominated979

regime at large time, possibly spending a large amount of time in the viscous dominated980

regime. The hydraulic fracture propagation is controlled by the ratio ψ of the timescales981
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of transition from viscosity to toughness tmk over the transition from lag to viscosity dom-982

inated regimes tom:983

ψ =
tmk

tom
=

(
E′3/2Q

1/2
o µ′1/2σo
K ′3

)3

where the timescale associated with the disappearance of the fluid lag tom is given by:984

tom =
E′2µ′

σ3
o

It is important to note that for the case where ψ → 0, the fluid lag disappears.985

Early-time/Initiation scalings986

At or just after fracture initiation, it seems natural to choose the initial defect length987

as the dominating lengthscale L∗ = ℓo. Moreover, the volume stored by compressibil-988

ity in the injection line remains larger than the volume stored in the fracture. The flow989

rate entering the fracture is thus not constant in that regime. We therefore set Ge = Gℓo =990

Gu = 1. Similarly to the case of constant injection rate, the hydraulic fracture will evolve991

from a lag-dominated regime (Ǒ) at early time to a toughness dominated regime (Ǩ)992

via a viscosity dominated regime (M̌). Interestingly, the disappearance of the lag is gov-993

erned by the same time-scale tom as for the case of constant injection rate in an infinite994

medium. The transition from the viscosity to toughness regime in such an initiation regime995

is captured by the timescale tm̌ǩ :996

tm̌ǩ =
E′Uµ′

K ′3ℓ
3/2
o

Another choice of length-scale also makes sense at early time: L∗ = (E′U)1/3. This997

lengthscale corresponds to a hydraulic fracture with a volume of the same order as the998

volume of fluid stored by compressibility in the wellbore during the pressurization phase999

prior to breakdown. The volume stored during pressurization scales as U ×∆p, while1000

the fracture volume scales as L3
∗∆p/E

′ (from elasticity), which gives L∗ = (E′U)
1/3

.1001

This type of scaling corresponds to Ge = Gv = Gu = 1. We will refer to the corre-1002

sponding lag, viscosity and toughness scalings as compressibility scalings (i.e. in rela-1003

tion to the injection system compliance).1004

The relative ratio of these two lengthscales L = ℓo/ (E
′U)

1/3
controls which scal-1005

ings (initiation or compressibility lengthscale dominated) is more representative for a par-1006

ticular case. These early time scalings either based on the initial defect or compressibil-1007
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ity lengthscales are intrinsically similar: only the ratio L enters the correspondance be-1008

tween these two types of early-time scalings. In most cases, the compressibility length-1009

scale is actually much larger than the initial defect length (L ≪ 1) such that the com-1010

pressibility based scaling is more appropriate - i.e. at early time, after initiation, the hy-1011

draulic fracture propagation is mostly governed by the release of fluid stored by compress-1012

ibility in the wellbore during pressurization. The timescale associated with the transi-1013

tion from viscosity to toughness dominated propagation in such compressibility scaling1014

is given by1015

tm̂k̂ =
E′5/2U1/2µ′

K ′3 = L3/2 tm̌ǩ

It is worthwhile to note that in these early-time scalings, the dimensionless injection rate1016

Gq increases with time, highlighting the transition from negligible fluid flow entering the1017

fracture prior to its initiation (i.e. when the well is just being pressurized) to the con-1018

stant pump rate value at large time (see Table A.2).1019

Transition from initiation to constant injection1020

The transition from the early-time propagation to the large time constant injec-1021

tion regimes can be grasped by the transition time-scales tk̂k from the compressibility1022

toughness scaling K̂ to the large time constant injection toughness regime K, or similarly1023

tm̂m or tôo. In fact, these different timescales are all related (see Table A.3) and can be1024

expressed via the ratio of transition time-scales between viscosity and toughness regimes1025

in the constant injection and compressibility scalings:1026

χ =
tmk

tm̂k̂

=
E′4Q

3/2
o µ′3/2

K ′6U1/2

From the different scalings (Tables A.1 and A.2), we see that for a given configu-1028

ration, the hydraulic fracture will start its life from the initial lag-compressibility regime1029

(Ô) and evolves toward the constant-injection/infinite medium toughness regime at large1030

time. The ratio of time-scales ψ and χ governs the trajectory of the hydraulic fracture1031

between these early and late time regimes.1032

Negligible effect of fluid compressibility inside the fracture1038

The effect of fluid compressibility cf in the fluid flow inside the fracture yields an1039

additional term in the dimensionless continuity equation (A.2): cfP∗tΩ
∂Π

∂t
. In all the1040
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Scaling L∗ ϑ W∗ P∗ Q∗

Ǒ
E′4/3ℓ2oµ

′2/3

K′2t2/3
K′2t2/3

E′4/3ℓoµ′2/3
ℓoµ

′1/3

E′1/3t1/3
E′2/3µ′1/3

t1/3
ℓ3oµ

′1/3

E′1/3t4/3

M̌ ℓo 1 ℓoµ
′1/3

E′1/3t1/3
E′2/3µ′1/3

t1/3
ℓ3oµ

′1/3

E′1/3t4/3

Ǩ ℓo 1
K′ℓ1/2o

E′
K′

ℓ
1/2
o

K′ℓ5/2o

E′t

Ô E′2U2/3µ′2/3

K′2t2/3
K′2t2/3

E′5/3U1/3µ′2/3
U1/3µ′1/3

t1/3
E′2/3µ′1/3

t1/3
E′2/3Uµ′1/3

t4/3

M̂ (E′U)1/3 1 U1/3µ′1/3

t1/3
E′2/3µ′1/3

t1/3
E′2/3Uµ′1/3

t4/3

K̂ (E′U)1/3 1 K′U1/6

E′5/6
K′

E′1/6U1/6
K′U5/6

E′1/6t

O
E′14/9Q2/3

o µ′4/9t2/9

K′2
K′2t2/9

E′13/9Q
1/3
o µ′5/9

µ′2/9Q1/3
o t1/9

E′2/9
E′2/3µ′1/3

t1/3
Qo

M
E′1/9Q1/3

o t4/9

µ′1/9 1
µ′2/9Q1/3

o t1/3

E′2/9
E′2/3µ′1/3

t1/3
Qo

K
E′2/5Q2/5

o t2/5

K′2/5 1
K′4/5Q1/5

o t1/5

E′4/5
K′6/5

E′1/5Q
1/5
o t1/5

Qo

Table A.1. Characteristic scales in the different scalings.1027

• O constant injection-lag scaling Ge = Gv = Gq = Gm = Gk = 1

• M constant injection - viscosity scaling Ge = Gv = Gq = Gm = ϑ = 1

• K constant injection - toughness scaling Ge = Gv = Gq = Gk = ϑ = 1

• Ǒ initial defect - lag scaling Ge = Gv = Gℓo = Gm = Gk = 1

• M̌ initial defect - viscosity scaling Ge = Gv = Gℓo = Gm = ϑ = 1

• Ǩ initial defect - viscosity scaling Ge = Gv = Gℓo = Gk = ϑ = 1

• Ô initial compressibility - lag scaling Ge = Gv = Gu = Gm = Gk = 1

• M̂ initial compressibility - viscosity scaling Ge = Gv = Gu = Gm = ϑ = 1

• K̂ initial compressibility - viscosity scaling Ge = Gv = Gu = Gk = ϑ = 1

Figure A.1. Definition of the different scalings used in terms of dimensionless groups.1035
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ϑ Gk Gm Gσ

Ǒ
(

t
t
m̂k̂

)2/3
L−1 1 1

(
t

tom

)1/3

M̌ 1
(

t
t
m̂k̂

)1/3
L−1/2 1

(
t

tom

)1/3

Ǩ 1 1
(

t
t
m̂k̂

)−1
L3/2 ψ1/3χ−1/3L1/2

Ô
(

t
t
m̂k̂

)2/3
1 1

(
t

tom

)1/3

M̂ 1
(

t
t
m̂k̂

)1/3
1

(
t

tom

)1/3

K̂ 1 1
(

t
t
m̂k̂

)−1
ψ1/3χ−1/3

O
(

t
tmk

)2/9
1 1

(
t

tom

)1/3

M 1
(

t
tmk

)1/9
1

(
t

tom

)1/3

K 1 1
(

t
tmk

)−2/5 (
t

tom

)1/5
ψ2/15

Gu Gq Gℓo Ga

Ǒ 1
(

t
t
m̂k̂

)4/3
χ2/3L−3 1 AL−1

M̌ 1
(

t
t
m̂k̂

)4/3
χ2/3L−3 1 AL−1

Ǩ 1
(

t
t
m̂k̂

)
χ2/3L−5/2 1 AL−1

Ô 1
(

t
t
m̂k̂

)4/3
χ2/3 L A

M̂ 1
(

t
t
m̂k̂

)4/3
χ2/3 L A

K̂ 1
(

t
t
m̂k̂

)
χ2/3 L A

O
(

t
tmk

)−4/3
χ−2 1

(
t

tmk

)−4/9
χ−2/3L

(
t

tmk

)−4/9
χ−2/3A

M
(

t
tmk

)−4/3
χ−2 1

(
t

tmk

)−4/9
χ−2/3L

(
t

tmk

)−4/9
χ−2/3A

K
(

t
tmk

)−6/5
χ−2 1

(
t

tmk

)−2/5
χ−2/3L

(
t

tmk

)−2/5
χ−2/3A

Table A.2. Dimensionless numbers governing fracture propagation in the different scalings,

expressed as functions of the characteristic transition time-scales.

1033

1034
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tk̂k t
5/3

m̂k̂
t
−2/3
mk = χ−2/3tm̂k̂ = χ−5/3tmk

tm̂m t
3/2

m̂k̂
t
−1/2
mk = χ−1/2tm̂k̂ = χ−3/2tmk

tôo tm̂m = χ−1/2tm̂k̂ = χ−3/2tmk

Table A.3. Correspondence between transition time-scales from early time to late time propa-

gation.

1036

1037

scalings derived, the dimensionless opening and net pressure are of similar order, such1041

that the intensity of the effect of fluid compressibility is directly related to the dimen-1042

sionless quantity Gf = cfP∗. From the expression of P∗ in the different scalings, we see1043

that the effect of fluid compressibility will always decrease with time, except for toughness-1044

based scalings where that effect is constant. Taking a fluid compressibility cf = 5 ×1045

10−10 representative of liquid water, using the parameters of the experiments discussed1046

in this paper (Tables 3-4), we can see that cfP∗ is of the order O(10−3) in the toughness-1047

based scalings and becomes negligible for times larger than micro-seconds in all the other1048

scalings. The effect of fluid compressibility on the fluid flow inside the fracture can thus1049

be neglected compared to the elastic fracture compliance in the fluid mass conservation1050

equation (2). As shown in this paper, the effect of fluid compressibility in the injection1051

system is, however, not negligible at early time.1052

B: Nomenclature1053

• a wellbore radius [m]1054

• cf fluid compressibility [Pa−1]1055

• gl leak-off rate from the fractures faces - per fracture area [m/s]1056

• ℓo initial notch length [m]1057

• p normal net loading on the fracture face [Pa]1058

• pcav fluid cavitation pressure [Pa]1059

• pf fluid pressure [Pa]1060

• pini fracture initiation pressure [Pa]1061

• pmax maximum fluid pressure (breakdown) during a test [Pa]1062

• q fluid flux per unit length [m2/s]1063

• r, r′ radial coordinate originating from the wellbore axis [m]1064
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• t time [s]1065

• to(r) time at which fluid reaches point of coordinate r [s]1066

• tmk transition time between late time viscosity and late time toughness dom-1067

inated regimes [s]1068

• tm̂k̂ transition time between early time viscosity and early time toughness1069

dominated regimes [s]1070

• tom characteristic time related to the coalescence of the fluid lag and the frac-1071

ture tip [s]1072

• w fracture width [m]1073

• C ′ total leak-off coefficient - C ′ = 2CL [m.s−0.5]1074

• CL Carter’s leak-off coefficient [m.s−0.5]1075

• E Young’s modulus [Pa]1076

• E′ plane strain Young’s modulus - E′ = E/(1− ν2) [Pa]1077

• K ′ reduced fracture toughness - K ′ =

√
32

π
KIc [Pa.m0.5]1078

• KI mode I stress intensity factor [Pa.m0.5]1079

• KIc fracture toughness [Pa.m0.5]1080

• L∗ characteristic fracture extension [m]1081

• P∗ characteristic fluid pressure [Pa]1082

• Qin fluid rate at the entrance of the fracture [m3/s]1083

• Q∗ characteristic flow rate [m3/s]1084

• Qo injection pump rate [m3/s]1085

• R coordinate of fracture tip [m]1086

• Rf coordinate of fluid front [m]1087

• U injection system compliance [m3/Pa]1088

• V fluid velocity [m/s]1089

• Vinj volume of the injection system [m3]1090

• W∗ characteristic fracture opening [m]1091

• A dimensionless wellbore radius [−]1092

• G∗ dimensionless groups appearing in the dimensionless system of equations1093

• K dimensionless toughness [−]1094

• L dimensionless initial notch [−]1095

• ℓo length of notch transverse to the wellbore [m]1096
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• γ dimensionless fracture tip [−]1097

• γf dimensionless fluid front [−]1098

• µf fluid viscosity [Pa.s]1099

• µ′ reduced fluid viscosity µ′ = 12µf [Pa.s]1100

• ν Poisson’s ratio [−]1101

• Π∗ dimensionless fluid pressure [−]1102

• ρ radial coordinate scaled by the position of the fluid front [−]1103

• σo minimum principal stress [Pa]1104

• σ1, σ2 maximum and intermediate principal stress [Pa]1105

• χ ratio of time-scales tmk/tm̂k̂, evolution parameter governing the transition1106

between compressibility dominated to constant injection regimes [−]1107

• ψ ratio of time-scales tmk/tom evolution parameter related to the disappear-1108

ance of the fluid lag [−]1109

• Ψ dimensionless fluid rate [−]1110

• Ω∗ dimensionless fracture opening [−]1111

• ϑ dimensionless number related to the presence of a fluid lag [−]1112
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