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This paper concerns approximate cloaking by mapping for a full, but scalar wave
equation, when one allows for physically relevant frequency dependence of the
material properties of the cloak. The paper is a natural continuation of [20], but
here we employ the Drude-Lorentz model in the cloaking layer, that is otherwise
constructed by an approximate blow up transformation of the type introduced
in [10]. The central mathematical problem is to analyze the effect of a small
inhomogeneity in the context of this non-local full wave equation.
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RESUME

L’article traite du « cloaking » approché par changement de variables pour ’équation
des ondes scalaire avec amortissement. Il poursuit 1’étude présentée dans [20] par
I’étude d’un modele réaliste et pertinent dans lesquels les coefficients constitutifs du
milieu constituant la cape d’invisibilité dépendent de la fréquence. En ’occurence
le dispositif est construit par une transformation asymptotiquement singuliére
analogue & celles introduites dans [10], cependant la région occupée par la
cape d’invisibilité est décrite par un modeéle de Drude-Lorentz. La question
mathématique centrale de l'article est 'analyse de l'effet d’une inhomogénéité de
petite taille dans le contexte de I’équation des ondes résultante, non locale avec
amortissement.

© 2016 Elsevier Masson SAS. All rights reserved.

1. Introduction

Cloaking by mapping (frequently referred to as transformation optics) was introduced by Pendry, Schurig,

and Smith [23] for the Maxwell system, and Leonhardt [12] in the geometric optics setting. These authors

used a singular change of variables which blows up a point to a cloaked region. The exact same transformation
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had been used before by Greenleaf, Lassas, and Uhlmann [6] to establish non-uniqueness in the context of
the Calderon problem. The singular nature of the cloaks presents various difficulties in practice as well as
in theory: (1) they are hard to fabricate and (2) in certain cases the correct definition of the corresponding
electromagnetic fields is not obvious. To avoid the use of singular structures, regularized schemes have been
proposed in [3,4,10,26,27].

In this paper we analyze approximate cloaking for a full wave equation using transformation optics,
where we incorporate the Drude-Lorentz model, see e.g., [8], in the layer constructed by transformation
optics. The Drude-Lorentz model takes into account the effect of the oscillations of free electrons on the
electric permittivity (by means of a simple harmonic oscillator model). We could have incorporated the same
model in other parts of space, to better model conducting metallic elements of these parts as well. For the
transformation optics construction we use the approximate scheme introduced in [10], which is based on a
transformation blowing up a small ball of radius € to the cloaked region. When viewed in (complex) frequency
domain, the refractive index associated with the Drude-Lorentz model may be extended analytically to the
whole upper half plane. As is well known, an immediate consequence of this is causality for the associated
non-local wave equation, see [8] and [28], — a property which is most essential for the well-posedness (and
the physical relevance) of this equation. Another well known consequence of this analyticity property are the
so-called Kramers—Kronig relations between the real and the imaginary part of the refractive index (they
are essentially related by Hilbert transforms). However, this fact is not explicitly used in our analysis.

Approximate cloaking schemes for the Helmholtz equation based on the regularized transformations
introduced in [10] have been studied extensively in various regimes, see [9,16,17,21]. A related scheme,
which (in 3d) blows up a small diameter cylinder to the cloaked region was studied in [18] (see also [5,13,
14]). Frequently a (damping) lossy layer is employed inside the transformation cloak. Without this lossy
layer, the field inside the cloaked region might depend on the field outside (even for a perfect cloak), and
resonance can appear and destroy the cloaking (or approximate cloaking) ability of the pure transformation
cloak, see [17].

We next describe the setting in detail. Given r > 0, let B, denote the open ball centered at 0 and of
radius 7. Let F. be the standard transformation R? — R? d = 2, 3, which blows up the ball B. to Bj,
equals the identity outside By, and is given by

z if 2 € RY\ By,
2—2¢ lz] \ .
F.(x) = (2_€+2_8)m if v € B2\ Be, (1.1)
z if z € B..
g

Assume that the cloaked region is the ball By /5, the contents of which is characterized by a real, matrix
valued function a and a complex function o. The surrounding cloak contains two parts. In the time harmonic
regime, these can be described as follows. The outer part is the Drude—Lorentz version of the standard layer,
generated by the blow up map F.. In this layer, occupying Bs \ B, the material characteristics are given
by

(F) I, (F) 1401, (1.2)

where

ON

. 1.3
k2 — k2 —iopk (13)

o1,c(k,x) =

While the first part (FE)*l of the refractive index in (1.2) is standard from the transformation optics
approach, the second part oy is exactly the correction introduced by the Drude-Lorentz model, see e.g.,
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[8, page 331]. Here o and op are material constants which can in principle depend on the space variable
x, and k. > 0 is the so-called resonant frequency of the Drude-Lorentz model; in a more general model
there could be several resonant frequencies {k; .}, and the corresponding part of the refractive index would
be a sum of terms (1.3) ranging over all these frequencies, see e.g., [8, page 310]. In this paper, we use the
standard notation

_ DF(2)A(z)DF" (2)

Y(z)
F.Aly) = |det DF(z)|

F2W) = g prap “=F ®)

for the “pushforward” of a symmetric, matrix valued function, A, and a scalar function, X, by the diffeo-
morphism F. In what follows, we assume for ease of notation that

O'N:O'DzlinBQ\Bl.

The inner part of our cloak is a fized damping layer as considered in [16]. This damping (lossy) layer
occupies B; \ By /s, and its material characteristics are given by

]
I,14+—.
L

Therefore, in the time harmonic regime, i.e., in frequency domain, the entire medium is characterized by'

I,1 in RY\ By ,
(FE)*I, (FE)*1+0-1,C in BQ\Bl 5
ALY = (1.4)
I,l-'—l/k' inBl\Bl/g,
a,o in B1/2 .

We assume that a,0 € L*>(Bj3), with

%I&F < (ag, &) < AlEP, % <R(@) <A, and 0<S(0) <A, (1.5)

for some positive constant A. With this notation, the temporal Fourier transform 4. of the field,? will be a
solution to

div(A. Vi) + k2Seae = —f

The temporal Fourier transform of a function v(¢, z) is given by

oo

0(k,z) = \/% / o(t, x)e™ dt .

—0o0

The corresponding field in time domain (for positive time) is the unique weak solution u. € L™ ((0, +00);
H'(R?)), with dyuc € L> ([0, 400); L*(R%)), to the non-local wave equation

1 Notice that the “damping layer”, By \ B1/2, is a bit different from that in [20] where, for any fixed v > 0, we used A. = I, 3. =

e? 4+ k; ,forn=2,and A, = eI, . =€+ ia;j , for n = 3. This change is, however, not essential — the essential change is in the
layer B> \ Bi, with the inclusion of o1 . It would be interesting to investigate whether, in view of the damping present in o1,
the layer B \ By/p is necessary at all.

2 Where we extend the time domain field by 0 for negative time.
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{ Y1 03U — div(AVue) + 2o 0ue + G * Opue = f in [0, 4+00) x RY, 16)
1.6

Opuc(t =0) = uc(t =0) =0 in R4,

where f € L?((0,+00) x R?) with compact support. The definition of weak solutions to (1.6), and the proof
of well-posedness of (1.6) is presented in Section 4. The coefficients ¥, . and X . are given by

1 ian\Bg, 0 ian\BQ,
(FE)*l in B2 \ Bl , 0 in BQ \Bl ;
El,c = 22,0 =
1 inBl\Bl/g, 1 il’lBl\Bl/Q,
o in By, , 0 in By,

and G(t,x) is such that

~

G(k,z) = —itkoy o(k,x) x € By\ By
A computation (see, e.g., [8, (7.110)]) shows that
G(t,z) = ¢(t)H(t) , (1.7)
where H(t) denotes the Heaviside function, i.e.,

{0 ift <0,
H(t) = (1.8)

1 otherwise ,

and
() = \/Wi_wat (e_t/2 sin(%t)) : (1.9)

with
Yo =VkI-1/4. (1.10)

We assume that k. > 1/2; so that v is real and positive.

The presence of the Heaviside function in the formula (1.7) implies causality and plays an important
role in our analysis; in particular for the proof of well-posedness of u,., and to establish that the Fourier
transform, ., satisfies the outgoing radiation condition.

We only consider zero initial conditions. This is just for ease and simplicity of presentation; indeed, our
method would work for the general case, using an approach similar to that in [20].

Given f, the corresponding field in the homogeneous medium without the cloak and the cloaked region
is the unique weak solution u € L>((0,4o00); H*(R%)), with d;u € L*>((0,+00); L*(R?)), to the system

Pu—Au=f in (0, +o00) x R4 |
Ot =0)=u(t=0)=0 inR?.
The extent to which we have succeeded in hiding the contents of B;/, and the cloak itself, should be

measured in terms of the difference between u. and u, outside Bs. The main Theorem of this paper gives
an estimate of this difference for the scheme in (1.4).
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Theorem 1. Let d = 2 or 3, and let f € C*(]0,+00) x RY) be such that supp f C (0,R) x (Br \ Ba) for
some R > 0. Suppose c.e™¥? < k. < C,e™X for some positive constant c,, C, and K > d/2. Given any
integer M > 2d + 4K — 2, there exists a constant C' such that

sup |ue — ullL2(Bs\By) < CeTfllomo,r1L2BRr)y YT >0, ford=3,
o<t<T

and

1
sup_|lue — ullr2(g\Bo) < Cri—= Tl fllemo,rir2(Br)yy VT >0, ford=2.
0<t<T |Inel

C depends on R, c., Cy, K and M, but is independent of f, €, ke, A and T'.
We in fact prove the following slightly stronger result:

Theorem 2. Let d = 2 or 3, and let f € C*([0,+00) x RY) be such that supp f C (0,R) x (Br \ Ba) for

some R > 0. Suppose k. > c,e=%? for some positive constant c,, then

sup |lue — ul|r2(\By) < CeT|| f| VYT >0, ford=3,
0<t<T

and

1
sup |[ue —ullp2\By) < Cm—=TIfll VYT >0, ford=2.
0<t<T [Inel

Here C' is a positive constant depending on R and c,, but independent of f, €, k., A and T. The norm of
f is defined by

oo o0

11 = 115 e = / (14 K20 F(k, ) e db + / K2 F (k) e b

0 }\0/5

for some fized positive constant \g, depending only on c.. Here f is the Fourier transform of f with respect
to time, f being extended by zero fort < 0.

The assumption that supp f C (0, R) x (Br \ Bz2) could be replaced by supp f C [0, R) x (Bgr \ Ba2) (i.e.,
f does not have to vanish in a neighborhood of ¢ = 0) provided one assumes that fe C>((—00, +00) x R?),
where f denotes the extension of f by zero for ¢ < 0. The condition that f or f be in C* could also be
replaced by an assumption about the continuity of only finitely many derivatives. We leave the details to
the reader.

Theorem 1 follows directly from Theorem 2 by noting that if c,e=%? < k. < C,e™ X, for some K > d/2,
then

oo oo

IfIF = /(1+k2d“)||f(k7-)llm + / KR f (k) e

0 Xo/e

= C/<1 + RPN F ()| 2
0
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oo 172 / 1/2
<c / (1+ k)2 / (14 BRHE=2)2) g2,
0 0

< Cllfller o.rL2(Br))

for any integer M > 2d + 4K — 2. Here we used that supp f C (0, R) x (Bgr \ Bz) so that the C*-norm of
the extension of f by zero for ¢ < 0 is bounded by || f|lc ([0, r);L2(Br))-

The results obtained in this paper are in a slightly different spirit than the ones in [20] (and, of course,
for a different problem). The constants in Theorem 2 and Theorem 1 here are independent of A, while the
ones in [20, Theorems 1 and 2] are not. However, the estimates in [20, Theorems 1 and 2] are uniform in
time, while the ones in Theorem 2 and Theorem 1 here are not. The independence of the constants of A
yields a stronger result about the cloaking effects, since it asserts that the cloak works well for arbitrary
objects. Similar results as in [20] (i.e., results that are uniform in time, but not in A) would hold in this
setting, and results of the type in Theorem 2 and Theorem 1 would hold in the setting of [20].

The approach in this paper borrows several ideas from the approach in [20], and adapts these to the
setting considered here. We transform the wave equation into a family of Helmholtz equations by taking
the Fourier transform with respect to time. Having established the appropriate near-invisibility estimates
for the Helmholtz equations, with explicit frequency dependence, we then essentially invert the Fourier
transform. As concerns the Helmholtz equations, we study and compare the model with o1 . in (1.4) and
the model without oy ., and establish perturbation estimates in the time harmonic regime. Note that, for
the model with oy ¢, the standard rescaling techniques, as used in [16,17,20,21], do not work. We hence work
directly with this model without rescaling (Section 3). The proof is quite delicate, makes use of many ideas
from [16,17,20,21], and at a crucial point requires an argument of “removable singularity” (in the proof of
Lemma 5). To obtain the estimates in time domain from the estimates in frequency domain, we proceed
in a similar, but slightly different way than [20]. We use a simple and helpful idea, also used in [19], by
establishing estimates for the difference of the time derivatives of u. and u not for their difference. As a
consequence, we avoid the non-standard estimates for very low frequency in [20, Section 2.2]; their proof
involved the theory of H-convergence. Moreover, using this idea, we are also able to obtain the independence
of A for the constants in Theorem 2. As mentioned earlier, another element of our analysis is the (definition
of and) verification of well-posedness of u. (Proposition 1). For this purpose we rely on a non-trivial energy
estimate, in the spirit of [19].

The paper is organized as follows. In Section 2, we present results for the model without o1, and some
estimates for (Fg_l)*al’c. These will be used in the proof of Theorem 2 to obtain estimates in the time
harmonic regime, when the frequency is of order at most 1/e. Section 3 provides estimates for u. in the
time harmonic regime for arbitrarily large frequencies. In section 4, we establish the well-posedness of u.
and discuss the outgoing radiation condition for its Fourier transform with respect to time. The required
non-trivial energy estimate for u. is also derived there. Finally, the proof of Theorem 2 is given in Section 5.

2. Preliminaries

In this section we recall some known results, which will be used frequently in this paper, and we derive an
estimate related to the model without o; . in the time harmonic regime, when the frequency is of order at
most 1/e. This estimate is an extension of [16, Lemma 2.4]. We also estimate (F;l)*ol,c in various regions.
These results will be used in Section 5 in the proof of Theorem 2.

Let U denote a connected smooth open region of R¢ (d = 2 or 3) with a bounded complement (this
includes U = R?). Here and in what follows, a solution v € H. (U) (d = 2 or 3) to the Helmholtz equation

loc

Av+k*v=0inU,
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for some k > 0, is said to be an outgoing solution (or satisfy the outgoing radiation condition) if

ov | _d-1
——lkv:O(T 2)as7’—>oo.
or

We shall also need the space W(U); it is defined as follows,

Wl(U):{weLl (U)-ﬂeLQ(U) and v¢eL2(U)} ford =3,

and,

W(U) = {w e Ll (U): v(@) € L3(U) and Vo € L2(U)} ford =2 .

(2 + |z]) /T + [af?

Lemma 1. Let d = 2 or 3 and k > 0. Suppose f € L?>(R?) with supp f C Bs, and let vy, € H. _(R?) be the

loc
unique outgoing solution to

Avg + Ko, = f in R? .
Then, ford=2 and 0 <k <1/2,

IVorllL2(sg) + 1okl 2(8e) < ClInk[[fllz2

and ford =3 or ford=2 and k > 1/2,

IVokllL2(sg) + (K + Dllvkllz2se) < Cllfllz> -
Here C' is a positive constant independent of k and f.

Proof. The conclusion in the case k < kg, for arbitrary fixed ky > 0, follows directly from the properties
of the fundamental solution to the Helmholtz equation. The conclusion in the case k > k¢ can also be
obtained from the fundamental solution to the Helmholtz equation. In this case, one can alternately obtain
the conclusion using the Morawetz multipliers (see, e.g., [21, Lemma 2 and Proposition 1]). We note that
the estimate in [21, Proposition 1] requires a damping layer due to the desire to obtain estimates that are
independent of the arbitrary coefficients inside By /3. Since the operator here is A + k? throughout, there is
no need for such a layer. The details are left to the reader. O

We next recall the following result which will be used frequently in this paper. The result is from [16,
Lemma 2.2] (see also [21, Lemma 3]).

Lemma 2. Let d =2 or 3, and let D be a smooth, open bounded subset of R? such that R?\ D is connected.
Suppose 0 < k < 7, for some fized T > 0, and suppose gr € H/?(0D). Let v, € H- (R%\ D) be the unique

loc
outgoing solution to

Avp +Kk*v, =0 inRI\ D,
U = gk on 0D .

Then

lvill 1 (Br\D) < Crllgkllm1/2(6p)  for any R >0 .
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The constant Cg is independent of k and gi. Furthermore for any € > 0 sufficiently small that D C By,

vkl L2 (Bs)\ B2 ey < C2l|gk ] 112 (0p) if d=3
1
L H (k)9

|H(1)(k)| Hganl/z(aD) if d=2.
0

vkl L2(Bs)0\Byye) < Cc

Here the constant C is independent of k, gr and €. Finally, if we assume that g, — g weakly in HY/?(0D)
as k — 0, then vy, — v weakly in H} (R?\ D) where v € WY(R?\ D) is the unique solution of

loc

{AU:O inRI\ D |

v=g ondD .
We next establish an estimate for the model without o7 ., for frequency at most 1/e.
Lemma 3. Let d = 2 or 3, and let a and o be in L*°(By3), with
a real symmetric, uniformly positive definite, and (o) >0 . (2.1)

Suppose 0 < e < 7, and 0 < k < 7/e for some fized, positive constant T. For g € H™z (0By) letv. € HL (R?)
be the unique outgoing solution to

Ave +e2k?v. =0 in R\ By ,
div(AVv,) 4+ k*Sv. = 0 in By , (2.2)
Ov, 1 Ov,

- —_— = on 0By .
Or lext 292 0r I Y !

Here

1 ’L.fCCERd\Bl,
Y= ].+Z/k if"EGB]\Bl/27

{I ifxERd\Bl/Q,

a Z'fl'eB]_/27
g meEBl/Q

There exists a positive constant C, depending only on d and T, such that

vl (Bo\By) < Cmax{kgfd,edfz/k}HgHH,%(aBl).

Proof of Lemma 3. We follow the strategy in the proof of [16, Lemma 2.4], and consider the case d = 2 and
d = 3 separately.

Case 1: d = 2. We first prove

[vell 2 (Bs\By) < Cmax{k, 1/k}|g]] (2.3)

_1 R
H™32(8B;)

by contradiction. Suppose this estimate is not true. Then there exist (g,) C H™2(B1), (en), (kn), (an),
and (oy,) such that 0 < e, < 7,0 < k,, < 7/en, a, and o, satisfy (2.1), and

||U7L||L2(B5\Bl) =1, 7}32(} max{km 1/k"}”g"”H’%(831) =0. (2'4)
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Here v, € H} (R?) is the unique outgoing solution to

Avy, +2k2v, =0 in R?\ By,
div(A,Vv,) + k2X,v, =0 in By, (2.5)
v v
z—n - =g, oB
Or lext Or lint g on b

where A,, and ¥, are defined the same way as A and X, with a and o replaced by a,, and o,,. Multiplying
the equation for v, by ¥, (the conjugate of v,) and integrating on By, we obtain

/&wn@nf / |an\2+s%ki / |vn|2

aBR BR\Bl BR\Bl

—/(Anwn,wn>+k§/zn\vn|2 = /gnﬁn. (2.6)

B, B, 9B
Letting R — oo in (2.6), using the outgoing condition, and considering the imaginary part, we derive that
b [ ol < lgall-vaom loallmscosy (27)
B1\Bi/2
By Caccioppoli’s inequality, it follows that
[ ovepzcwey [P

B4/s5\Bs/s B1\By 2

< Cmax{ky,, 1/kn}||gnHH*1/2(8Bl)anHHl/?(aBl) .

Here and in the remainder of this proof, C' denotes a positive constant depending only on d and 7 (which
might change from one place to another). The above estimate implies that for some r € (3/5,4/5) (r depends

on n),

/ Voal? + (14 £2) / o[ < Cmachn, 17k} gnll 1172080 l1on 17208, - (2.8)
OB, OB,

Multiplying the equation for v, by v, and integrating on Bs \ B;, we have

/ aT'Un57L - / a7"0n1_}n - / Ivvn|2 + 831]{1721 / |Un|2
9B,

8Bs Bs\ B Bs\B1
+ ksz / 2n|vn|2 = / InUn (2.9)
B1\B. 8B,

Since v, € H} (R?\ Bs) is the unique outgoing solution to Av,, + e2k2v,, = 0 in R? \ B; and ¢,k, < 7, it

loc
follows that (see, e.g., Lemma 2)

ol 1B\ Bs) < Cllvnllzzoms) - (2.10)

Since Awv,, +e2k2v, = 0 in Bs \ B, using the standard theory of elliptic equations, we have that
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lvallgri208s) < Cllonll BBy < CllvnllL2(B\51) - (2.11)

A combination of (4.25) and (4.26) yields
lvnll (Be\Bs) < CllvnllL2(Bs\By) - (2.12)
Using (2.7), (2.8), and (2.12), we derive from (2.9) that
[Von|? < Cmax{kn, 1/kn}gnllr-1/20m,) lonll m/208,) + CllonllZz(,\5,) - (2.13)
Bs\B,
We immediately obtain from (2.13) that

/ Voal? + / o2

B5\B1 BS\BI
< Cmax{k,, 1/kn}||gn||H—1/2(aBl)HUnHHl/?(aBl) + C”UTLHQL?(Bs\Bl)

< C (max{kn, 1/kn}|gnll zr-17208,) + |vnllL28s\51)) 1onll a2 (B5\BY) > (2.14)
and so, by (2.4)
lvnllz(Bs\By) < C 5 and  |vn|lgi/29p,) < C - (2.15)
From (2.7) and (2.15), we conclude
k) [ ol < Cmax{ha, 1/ g v,
Bi\By s

so by (2.4)

lim (14 k2) / a2 =0 . (2.16)

n—oo

Since, for any v € H*(B; \ B,),

||U||2L2(031) < Cllz2eiaBo)llvlE (BB, >

(see [7, Lemma 5.5]), it follows from (2.13), (2.15), and (2.16) that

nlLII;O ||UnHL2(8Bl) = 0 .

We have (see, e.g., Lemma 2) for any R > 1,

lvnllzr(Br\B1) < CrllUnllg1/2(58,) < Cr

where we used the second estimate of (2.15) to obtain the last bound. By extraction of a subsequence (and
a diagonalization argument) one might assume that €,k, — w € [0,7] (since e, k, € [0,7]) and v, — v
weakly in H. (R?\ By), vn|op, — 0 weakly in H'/2(0B;). By (2.4),

loc
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lvllz2Bs\B) = 1, (2.17)
and for w > 0, v is the unique outgoing solution to®

Av+w?v=0 inR?\ B
v=>0 on 0B;j.

Hence v = 0, and so we have a contradiction to (2.17). If w = 0, then by Lemma 2, v € W1(R?) is the
unique such solution to

Av=0 inR?\ B
v=0 ondB; .

Hence v = 0, and so again we have a contradiction to (2.17). This verifies the L? estimate (2.3). We have,
as in (2.13),

/ |VUE|2 < Cmax{k, l/k}||gHH*1/2(aBl)||UE||H1/2(831) +C / |Ua|2 )
Bs\B1 Bs\B1

and so by (2.3)

[vell 1 5\ ,) < Cmax{k, 1/k}|gllz-1/208,)

as desired. This completes the proof of the lemma for d = 2.

Case 2: d = 3. We have (see, e.g., Lemma 2)

vellmr(Bs\B1) < Cllvellgirzom,) - (2.18)
Hence it suffices to prove that

(2.19)

e | Cmax{l,e/k}gll -3,

1 < .
H?2(8By) 9B1)

We first prove (2.19) by contradiction for € < gy, with ¢ sufficiently small. Suppose this is not true. Then
there exist (g,) C H™2(0By), (n), (kn), (an), and (o,) such that 0 < &, < 7, 0 < ky, < 7/en, an and o,
satisfy (2.1), &, — 0, and

HU"”H%(BBI) =1, nlgrgomax{l,5n/kn}||gn||H7%(aBl) =0. (2.20)
Here v, € H}. (R?) is the unique outgoing solution to
Avn + Sikgvn =0 in R3 \Bl s
n 1 n
Ovn) 19 =g, ondBy,

or lext &, Or lint

3 The outgoing property of v is just a consequence of the fact that the fundamental solution of the Helmholz equation with
frequency e, k, converges to the fundamental solution of the Helmholtz equation with frequency w, since w > 0.
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where A, and ¥,, are defined in the same way as A and X, but with a and o replaced by a,, and o,,. Since
lonll ., 1 =1, it follows from (2.18) that
1

||Un||H1(BS\Bl) <C.
In combination with (2.20), (2.21), and the fact that €, — 0 this implies

. 8’Un
lim
n— o0

=0. (2.22)

int 1 H™ 3 (0B1)

Multiplying the equation of v, by v, and integrating on Bg, we obtain

/&vnﬁn— / |an|2+£iki / |vn|2

OBR Br\B1 Br\B1

1 k2
— — [ (A, Vv, Vi) + —"/En|vn|2 = / GnUn - (2.23)
En €n

B4 B1 0B,

Letting R — oo in (2.23), using the outgoing condition, and considering the imaginary part, we derive from
(2.20) and the fact ke, < 7 that

: 2 2 _
ngrfoo(l + ki) / lun]* =0 (2.24)
B1\By 2
Since Avy, + k2 (14 i/kp)vn = 0 in By \ By 2, by Caccioppoli’s inequality, we obtain
[Pty [k (2.25)
By4/5\Bs/s B1\By
It follows from (2.24) and (2.25) that there exits r € (3/5,4/5) (r depends on n) such that
/ |V | 4+ (1 + k2) / [va]? =0 asn — oo. (2.26)
OB, OB
Since Awv,, + k2(1 +i/kyp)v, = 0 in By \ B,., we have
— / \Vou|? + (k2 + iky) / [un|? = / O, Up, — / OOy, - (2.27)
Bi\B. Bi\B, B,

A combination of (2.20), (2.22), (2.24), (2.26), and (2.27) yields

lim / Vo> =0. (2.28)

n—oo
B1\Byys

From (2.24) and (2.28), we conclude that

'n.h~>m ”vnHHZ(BB ) ¢ hm HU"HHl(Bl\B4/5) =0.
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This is a contradiction to (2.20), and thus (2.19) holds under the additional assumption that ¢ < ¢g for
some fixed 0 < gg, sufficiently small.
It remains to prove (2.19) for g < ¢ < 7. In this case, we first prove that

||UE||L2(B5\B1) < C max{k, 1/k}|\9\|H—%(3BI) ) (2.29)
by contradiction, and then we show that

ol csomey < Cmax{k, 1/} gl o (2.30)
We note that since k is bounded (k < 7/e¢) and ¢ is bounded away from zero (2.30) implies (2.19). In the
argument by contradiction one may without loss of generality assume the ¢, converge to €1 > 0. Thus the
system (2.21) is asymptotically similar to the 2d system (2.5), and so the argument of proof proceeds in the
same fashion as in the two dimensional case presented above. The details are left to the reader. O

We next provide some useful estimates for oy . which is defined as follows:

01c:=(F-") 01, in By\B:. (2.31)

Lemma 4. Assume k. > c,e™ !, for some fized constant c, > 0. We have

Cl . Cx —1
lo1e| < W ifk < 55 ,
and,
C'2 C3k . Cy _1
|16l < a1, and  3(o1e) > W if k> 5

for some positive constants Cy, Ca, c3 independent of €, k and k. (but dependent on c.).

Proof. We recall, by (1.3) and the fact that oy = op =1,

1
c = R 2.32
The =}z k2 — ik (2:32)

and therefore

k

—_— . 2.
RS (2:33)

S(O’Lc) =
If k < $e! then it follows from (2.32) that

|Jl,c| S ﬁ 9
€

since k2 — k? > 3k2/4. In this proof, C denotes a positive constant independent of ¢, k, and k..
If k> $e !, then it follows from (2.32) that

‘Ul,c S

= Q
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and from (2.33) that

Ck
max{k2, k1} °

S(o1,e) >
Since 01 . = (F-1).01,, the estimates in this lemma are now a consequence of the fact that
1/C<detDF-'<Ce 4. 0
3. Stability estimates in the time harmonic regime

Let 4i.(k,-) be the Fourier transform of u.(-, ) with respect to t,* i.e.,

17 4
G (k, ) = Wr / ue(t, z)e*t dt .

Then 4. € H}, (RY) (for a.e. k > 0) is the unique outgoing solution to

A

div(A4. Vi) + B2 Setie = —f |

where (Ac, ;) is given in (1.4) (see Proposition 2 in Section 4).
Define . (k,z) = t.(k, F-(z)). Then @, € Hj (R?) is the unique outgoing solution to

dlv(A5V€LE) + k225ﬁ5 = 7.]?7

where
I, 1 in R4\ By ,
I, 0c(z) =1+ 01(x) in B2\ B:,
ALY, = 1 1 , ,
o s g(l—kz/k) in B-\ B,z ,
1 1 .
8d_2a(x/5)7 8—da(az/€) in B, s,
and

Ol = (stl)*O_LC .

(3.3)

In this section, we establish the stability for solutions to (3.1), (3.2) for quite general oy ¢; hence in the

remainder of this section, we do not assume that oy . is of the form (3.3), but only that it satisfies certain

bounds. We recall that
a is bounded, uniformly elliptic, and o € L> (B, /2) with &(o) > 0.

The first result of this section concerns the small to moderate frequency regime.

4 After extending u. by 0 for ¢ < 0.

(3.4)
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Lemma 5. Let d =2 or3, 7> 0,0< ¢,k <7, and g € L*(R%) with suppg C By \ B.. Assume that
llotellee BBy < Co,  and  S(o1) > 0. (3.5)
Let v, € Hi (R?) be the unique outgoing solution to
div(A.Vv,) + k220, = g in RE (3.6)
There exists a positive constant C, depending only on d, 7 and Cy, such that

||U6||L2(B5\BE) S C’max{l, 1/]{5}”9”[/2 . (37)

Remark 1. In Lemma 5, the support of ¢ is assumed to be inside By \ B not By \ Ba, since g will be of the
form —k?0q 41, when we apply this lemma in the proof of Theorem 2. The blow up technique does not
work for Lemma 5 due to the presence of 01 # 0 inside By \ Be. It is not essential that the support of ¢
be inside By \ B, this could be replaced by By \ B for any M > 4. The constant C' in the estimate would
depend on M.

Proof. The proof is based on a contradiction argument, in which we use an argument of removable sin-
gularity. Suppose (3.7) does not hold. Then there exist {k,},{en} C (0,7), 01n, Gn, opn, and {gn},
supp gn, C By \ B, , such that (3.5) holds for o1 ,, a, and o, satisfy (3.4), and

max{1,1/k,}||gnllzz — 0 as n — oo, ||UnHL2(B5\BEn) =1. (3.8)
Here v, € H} (R?) is the unique outgoing solution to
div(A, Vv,) + k2%,v, = g, in RY

where A, 3, are defined in the same way as A., X, with k, €, 01 ¢, a, and o replaced by &, €y, 01, Gn,
and o,. Using the outgoing radiation condition, as in (2.24), we obtain,

k
& / |vn|2s/|gn||vn|.
n
BEn\BEn/2 R

Here we also used that 3(oy ) and (o) are non-negative. Since supp g, C Bs\B:, and ||vn||12(B,\5.,) = 1,
the above inequality implies that

kn+1
gd——l / "Un|2 < 2577, max{l, 1/kn}Hgn”L2 . (39)
Bsn\Be"/Z

‘We have
Av,, + 5—2(1 +i/kn)vn =0in B, \ Be, /2 -
n

It follows from Caccioppoli’s inequality that

2
/ |Wn|2§0(k”4;r1> / lvnl?
g

n
B4an/5\335n/5 BEn\Bsn/Z
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and so

En Ckn+1)
a2 / Vo |? < ——5—- / o (3.10)
En (kn =+ 1) en
Bye, /5\B3ey, /5 Be, \Be,, /2

In this proof, C' denotes a positive constant depending only on d and 7. From (3.9) and (3.10), we obtain

€n 2

. — Vo |? < Cepmax{1,1/k}gnll e - 3.11

g eI L L1/ gl (3.11)
B45.,L/5\B35”/5

A combination of (3.9) and (3.11) now yields

1 ko, +1 9 En 9
e / ( ol 4 e V) ) < Cepmax{1,1/kn}Hlgallzz -
B45n/5\B35n/5

It follows that for some a € (3¢, /5,4¢,/5) (o depends on n),

1 kn+1 o En 9

— n Vn)<C 1,1/kp Hignllz2 — 0 S 3.12

e [ (B P 4 L 90) < Cmax {1,k gl 0 as s o (312
0By

Here we used (3.8) for the last convergence assertion. Multiplying the equation for v,, by v,, and integrating
on Bs \ B,, we have

1
_ / V|2 + k2 / (1 +orlal® = / V0|2

Bs\B-,, Bs\Be,, B.,, \Ba
k2 i , i} | )
+ i (1 —+ E) / |’Un| = /gnvn — / arvn Up + 5%72 / arvn Un - (313)
Be, \Ba Bs 9Bs 0Ba

Here and in what follows, we extend o1, by 0 in R%\ By. Since v, € HL (R?\ By2) is an outgoing solution
to Avy, + kZv, =0 in R?\ By, we have (see, e.g., Lemma 2)

||UTL||H1(BG\BQ/2) < Oan”Hl/z(aBg/g) )
and so, by the standard theory of elliptic equations,
vnll B\ By o) < Cllvnllz2(s:\B.,) - (3.14)

Using (3.5), (3.8), (3.9), (3.12), and (3.14), in combination with (3.13), we now obtain

/ Vo2 < C . (3.15)
Bs\Ba

Define u,, € H'(B,) as follows
Au, =0in B, and wu, =wv, on dB, .

We derive from (3.8) and (3.12) that
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/|Vun|2+|un\2 —0asn—oo. (3.16)
Ba
Indeed, set wy,(x) = up(ax) for x € By. Then

Aw, =0in By ,

and

||wn‘|§{1(631) < C(al_d / ‘un|2 +a*? / ‘Vun|2) < Cmax{1,1/kn}||gnllr> ,
OB, 9B

where we used (3.12), and the fact that 3¢,,/5 < a < 4¢,,/5 for the last estimate. It follows that

/ IV ? + [wnl? < Cmax{1, 1/k,}lgnllz2
By

which in terms of w,, yields

a-d / (|2 + 02~ / Vutn 2 < Cmax{1,1/kn }gnll 1 -
Ba Ba

The assertion (3.16) now follows from (3.8). Define

v, inRI\B,,
V.= )
u, in B, .

We derive from (3.8), (3.9), (3.15), and (3.16) that

/\vm? +|VW2P <.
Bs

It follows that (see, e.g., Lemma 2)
IVallgr(Br\Bs) < CrllVallaizopy) < CrllVallaiss) < Cr,
for any R > 5, and as a consequence
IValla(Br) < Cr

for all R > 0. After extraction of a subsequence we may thus assume that k, — kg > 0, €, — g9 > 0,
a — ap (recall that a depends on n), o1, — o1 weakly in L? (o satisfies (3.5)), and V,, — V weakly in
H} (RY).

loc

Suppose kg > 0. If eg = 0 then V' is an outgoing solution to the equation
AV + k(1 +01)V =0 in R?\ {0} .
Since V € H} (R?), it follows that

AV +k2(1+01)V =0 in R? .
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Therefore, V = 0, and we have a contradiction to the fact that [, [V]? = lim I\ |V,.]? = 1. Similarly,
if kg > 0 and g > 0 (and thus o > 0), then V is an outgoing solution to

AV +k2(1+01)V =0in R\ B,, . (3.17)

It follows from (3.16) that V' = 0 in B,,. Hence V|ga\p, is the unique outgoing solution to (3.17) with
V =0 on dB,,, and as a consequence V = 0 in all of R?; we have also arrived at a contradiction.

This leaves the case ko = 0. We start by considering the case 9 > 0 (and thus ag > 0). By Lemma 2,
V € WHR?\ B,,) is a solution to the equation

AV =0 in R\ By, . (3.18)

It follows from (3.16) that V' =0 in B,,, and thus V is the unique solution to (3.18), with V' =0 on 9B,,.
Hence V = 0 in R¢\ B,,, and as a consequence V = 0 in R¢, so we have arrived at a contradiction.
Finally we consider the case kg = g9 = 0. By Lemma 2, V € W!(R?) is a solution to the equation

AV =0 in R\ {0} . (3.19)
Since V € W1(R?), it follows that
AV =0in R? . (3.20)

Thus V = 0 in the case d = 3, and we have arrived at a contradiction in three dimensions. In two dimensions,
we can only at present conclude that V' is a constant, due to (3.20). We proceed to prove that V' = 0 in the
case d = 2 as well. Set

Un(2) = vn(ene) for x € By \ Byys -

From (3.8), (3.9), and (3.15), we have

”ﬁnll%ﬂ/?(f)Bﬂ =C / VO |* +[on]? | =C / Vol + &%l | <O (3:21)

B1\Bys Be\Bycys

Since limp oo [|Onllz2(B,\B,5) = 0 by (3.8) and (3.9), it follows from (3.21) that 9, — 0 weakly in
H'(B1 \ Bys), and thus

#, — 0 weakly in H/2(0By) . (3.22)

Let vy, € H]} .(R?) be the unique outgoing solution to

loc
Avip + k2v1, = —k201,,0, in R? .
Applying Lemma 1, the regularity theory of elliptic equations, and using (3.5) and (3.8), we have

1
T + 1

V2010l 2(Bs) + V01,0l L2 (85) + (kn + Dllviallz2ss) < Chi (| k| +1)
As a consequence of this and the fact that k,, — 0,

||VU1,n||L2(B5) + HULTL”LOO(Bs) < Ckiﬂ Ink,|[+1). (3.23)
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By a rescaling (remember d = 2) we get
IVOLnllL2(8s) + 101,nll e 55y < Chp(IInkn| +1)
with ¥y, (2) = v1 n(en), and thus
01, 1208,y < Chp(|Inkn| +1) = 0. (3.24)
We define

2
Wy = Up — V1, in R\ Be,

1

L (R?\ B.,) is the unique outgoing solution to

where w,, € H
Aw, + k2w, =0in R*\ B., and w, =wv, — V1, 00 OB, .
Set
W (z) = wy(enz) for x € R*\ By .
Then W,, € H] .(R?\ By) is the unique outgoing solution to

AW, +k2e2W, =0in R*\ By, and W, (z) = 0,(z) — 01,,(2) on By .

Applying Lemma 2 for W,, and using (3.22) and (3.24), we have W,, — 0 weakly in H (R?\ By), and by
interior elliptic regularity estimates

[Wallgr2om,) — 0asn— 0.

Applying Lemma 2 to W,, again and rescaling, we obtain

C|lnky|
||wn||L2(BS\B4) < mHWTLHHl/z(BBz) —0asn—o0. (325)

A combination of (3.23) and (3.25) yields that v, — 0 in L?(Bs \ By); it follows that V = 0 in Bs \ By, and
thus V = 0 in all of R? (since we already know it must be a constant). We have a contradiction, and the
proof is complete. O

The second result in this section deals with the moderate to high frequency regime.

Lemma 6. Let d =2 or 3, 0 < e < 1/2, and k > ko > 0 for some constant ky. Suppose g € L?(R?) with
suppg C By \ Bz and let v. € H} (RY) be the unique outgoing solution to

div(A.Vo.) + k*S.v. = g in RY (3.26)

Assume that

HO’175| L~ = X1 (J,TLd %(0'1’5) Z X2 a.e. mn B2 \ Bs 5 (327)

for some x1 > x2 > 0. There exist two positive constants A\ and C, independent of k, €, x1, X2, and g such
that
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i) If kxi <\, then

/ (Vo |* + K?|ve]?) < O(k* + 1)/|g|2 . (3.28)
B;5\B-. R4
it) If kx1 > A, then
k2 4
/ (IVve]® + K*|ve]?) < C <k4 + %) /|g|2 . (3.29)
Bs\B. 2 Rd

Remark 2. As in the previous lemma, it is not essential that the support of g be inside By \ B, this could
be replaced by By \ B. for any M > 4. The constants in the estimates would depend on M. We also note
that the estimate (3.28) is stronger than the estimate (3.29), since k > ko > 0. It thus follows immediately

that
k2 4
[ gc<k4+x—>§l> 1ok
2
]Rd

Bs\B.

for all k > kg > 0. These facts shall both be used in the proof of Theorem 2.

Proof. The proof is inspired by [21]. To simplify notation we drop the subscript ¢ from v.. Multiplying
(3.26) by v and integrating on Bg, R > 1, we obtain

/ v T — /<AEVU,V1_1>+I<;2/Z&|U|2: /917-

OBR Br Br Br

Letting R go to infinity, using the outgoing condition, and considering the imaginary part, we have
. 2 K 2 2 2
k lim sup [v]* + =] [v]* 4+ k*x2 [v]* < [ lgllv] - (3.30)
R—o00
7% 9B B\B. s B2\B. Rd
Since Av + ’;—jv + is%v =0in B. \ B./3 and k > ko, it follows from Caccioppoli’s inequality that
Ck?
/ Vol? < — / lv|? . (3.31)
B4E/5\BSE/5 BE\B5/2

In this proof, C' denotes a positive constant independent of ¢, k, x1, X2, and g. It follows from (3.30) and

(3.31) that
2
[+ [ owp<ce [igl.
Rd

B4E/5\B3E/5 BE\Be/Z
Thus there exists t € (3¢/5,4¢/5) such that

Vol2 < Cet-3 d 2 O 3.32
|Vol* < Ce lg/lv] an lv]® < ’ lgllv] . (3.32)
Rd Rd

OB OB
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Applying [21, Lemma 2] with « = ¢ and R > > 5 (8 is a fixed constant which will be chosen later), we

have’
1 BB —d) [v]?
[ PR < B - Fa(ro + 2020 [T
Bp\Be Br\Bg
e / gl + o)+ € [ Bl + o) (3.33)
Bo\B.
Here
k2 1
For) =~ [ Pl ~ 5 / / Q(r)of?
OB,
1
-3 [ @0 / P Vo, oF
0B,
with
28 .
a—1 tr>~, 5 it r>g,
P.(r)= 5 and Q.(r)=< T
dr if 0<r<g, 1 if O<r<p.
Note that
Fy(r,0) = F(r,v) = - e s
0B,
1 2
~3 (Jv|*) |7, (3.34)
dB.
for 0 < r < B (where F is independent of ). Since Pi(r) = ;5 (r)y=1lfor0<r<p,
R (Av+k2v)[ il +6} = m[(AHk%)( 2 x-VU—FE)}.
d—1" d—1
B.\B; B\ B
We have’
R {(Av + k*v) ( 2 x - Vﬁ—i—ﬂ)} = —L(|V1}|2 + K [v]?)
d—1 d—1
+RV [iw (& V) =~ [V + Voo 4 - |v|2} (3.35)

d—1 d—1 d— ' '

Integrating over the domain B, \ B, we obtain:

5 This inequality is a variant of an inequality due to Morawetz and Ludwig [15] (see also [24]).
8 This is the “Rellich” identity which originates from [15,22,25].
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R / (Av+k20){%ﬁr+ﬁ}+ﬁ / (IVo* + K [v]?)

Ba\Bt Ba\Bt
2¢ 5 € 2 ke
=R / (d—]_ |’l)r| *m|vv| +’UT'U+H|’U|
OB
%/(d 1|v7«| T-1 1|V1}| to v+ 1|v|>
0By
It follows that
1 9 9 12 1 1
m ‘V’U‘ +k’ |U‘ < _5“i—72F(€’U—) + sd—72F<t,’U)
Bs\Bt
Ck?
+ S [l ) (3.30
Bs\Bf

Adding (3.33) and (3.36), we obtain

1
[ (vl RP) o [ (VeR )

Bp\Be B:\B:

< (@1 (Plevo) - Flfo0) = S Fleo) + Pt )

o E-aE-1) [ P
+ S [ et ppy+ 2R [T
Ba\Bt BR\Bﬂ
¢ [l + b+ [ Bl + P (3.7
d

B2\BE
We next estimate the first and second lines of the RHS of (3.37). We start with the first line. Using the

outgoing condition, we have

lim sup — Fjs(R, v) < CBk*limsup / lv|?,
R—o0 R—o0
dBr

which implies, by (3.30),

limsup —F3(R,v) < Cﬂk/|g|\v| (3.38)
R—o0
We claim that
1 2 2
F(E,’U+) — €d—72F(€,’Uf) < Ck |’U| . (339)

In fact, if d = 2 then there is nothing to prove since vy = v— and v+ = 0,v— on dB.. Assume d = 3.
Since vy = v_ on 9B., and € < 1 we get, by (3.34),
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1 kK21 —¢ € 1
Flen) - 2R < U= e -2 [l [ep
0B. 0B 9B.

5 [wpre o [Py (3.40)

0B, 0B.

Using the fact that v/, = (1/¢)v”. (and € < 1), claim (3.39) follows from (3.40). We next estimate the RHS

of (3.39). We have
/ |v\2 _ (6/25)(171 / 0] < C’( / |Vv|2)1/2( / |v|2)1/2 .
dB.

8Bt Bs\Bt Bs\Bt
This implies
N Cc Ck?el—2
[l =t [l < g [ oworsS— [ e, (3.41)
0B, OB, BB, BB,

for some small positive constant ¢, which will be chosen later. A combination of (3.39) and (3.41) yields

F<E7’U+) — gd—72F<E’U7)
k,2€d—2
e P / Vol + 25 / ol + / 2| . (3.42)
BE\Bt BE\Bt 8Bt
From (3.30) and (3.32), we have
k46d72
: / 0] + &2 / |v|2SC(k352d’2+ksd’1>/|g|v|. (3.43)
B:\B; OBy Rd

It follows from (3.42) and (3.43), by choosing ¢ sufficiently small, that

1 3_.2d—2 d—1 1 2
Fle,vs) = 5 F(e,0-) < C’(k 242 | fe ) gllel + s IVol? . (3.44)
R B:\B;
We also have, by (3.34),
2 2 1 2
Ft,o) < C | |o]|Vo| + [ Vo]? < c(g Vol + = [ Il ) ,
OB, OBt OB

which, by (3.32), implies
1
g F(t) < Ck [ lgll (3.45)
R4

Here we used that k& > kg > 0. Combining (3.38) with (3.44) and (3.45), we reach the following estimate for
the first line of the RHS of (3.37)
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1 1
F(e,v4) + limsup —Fg(R,v) — mF(&,U_) + 6d—72F(t,v)

R—o0

1
< O(K3&%72 4 ke 4 Bk) / lgl|v] + 3oz / |Vol? . (3.46)

Rd B\ B
Here we also used that 8 > 5. We next estimate the second line of the RHS of (3.37). For that purpose
k2 kt k2 c
S [ iy s [ (|55 e e
B:\ B B:\B;
for ¢ > 0. Using (3.30) and choosing c sufficiently small, we have
CE (elvllv'| + [v]*) < C(+° + k) gllv] + [o']? (3.47)
glvl|v v]*) < gllvl+ 55 v'e . .
B \Bt, BE\Bt BE\Bt
On the other hand, using [21, (2.25)(2.26)], we have for d = 2,
|v|2 C C
/ <C | = dr lv|? < 7 lv|?> < 7 lv|? . (3.48)
Br\Bgs dBg dBg Bs\Ba

From (3.47) and (3.48), we reach the following estimate for the second line of the RHS of (3.37)

G [ el oy + 222D [

gd 2 r3
B\ By Br\Bs
3 1 2 C 2
<C(k° +k) lgl[v] + 3042 [v'[* + ] vl . (3.49)
BBy B:\B; Bs\By

A combination of (3.37), (3.46) and (3.49) yields (by taking a “limit” of large R)
1
[ (vl Ry o [ (VeR )
Bg\Be B:\B:

C(k* + BK) / lgllo] + C / glle/| +C / (ol + [of?) | (3.50)

B\ B.

for 8 sufficiently large. Here we used the fact that 0 < e < 1/2 and k > ko > 0.
Case 1: kx1 < A. It follows from (3.50) that

1
/ (IVol* + k*[v]?) + / (Vo] + K*[v]?) < C(k* + 1) /|g|2 (3.51)
Bs\B. B:\By
since
(k> +K)lgllv| < (k* +1)(k +1)|g||v] < = (k2+1) 91> + e(k + 1)%[0f? (3.52)

and
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1
lgllv'] < =lgl* + clv'|* . (3.53)
&

In (3.51) we have absorbed the remaining terms of the RHS of (3.50) by the LHS (by taking ¢ sufficiently
small) since A can also be chosen sufficiently small.

Case 2: kx1 > A. It follows from (3.50) that

1 kx4
/ Vol + Kol + g / Vo2 + K2 o2 < C (1# + %) / 917, (3.54)
Bs\B. BAB, ? 7/ Ra

since
K2 xa (o] |[v'] + [v]?) < eo'|? + CEX o,

and, by (3.30),

k2X2 Ck2X4
K2 / f? < X1 / gllo] < XX / g2 + ¢ / Ko
X2 X2
R4 Rd

B2\Bs B4\Be

Here we also used (3.52) and (3.53) to treat the remaining terms of the RHS of (3.50) in the same fashion
as before. The proof is complete. O

4. Weak solutions and the well-posedness of the non-local wave equations

In this section, we first introduce the notion of weak solutions for the system (1.6) and establish the
well-posedness of these. We then outline a proof of the fact that the Fourier transform in time of these
solutions solve a corresponding “outgoing” Helmholtz problem for almost every frequency. We start with:
Definition 1. Let d = 2 or d = 3. We say a function

u € LOO([07oo);H1(Rd)) with dyu € LOO([O,OO);L2(Rd))

is a weak solution to (1.6) provided u(0,x) = 0 in R? and for all ¢ > 0

- /t/ELc(x)%“(Syx)%v(s,x) d.%‘d8+/t/<Ac((L‘)VU(3’m)7 Vo(s, z)) dz ds

0 Rd 0 Rd
¢ ¢
—|—/ / Eg’c(x)%u(s,x) v(s, ) dx ds+/ / G * Osu(s,z)v(s,z) dx ds
0 Bi\Bys 0 By\B:
¢
://f(s,x)v(s,x)dxds , (4.1)
0 Rd

for any v € L>([0,00); H'(R?)) with ;v € L>([0,00); L*(R%)) and v(t,z) = 0.

Note that u € C°([0, 00); L*(R%)) and so the initial condition u(0,z) = 0 makes sense, also note that the
initial condition us(0,2) = 0 is well-defined in a weak sense. It is clear that if u € C?([0,+00) x R?) is a
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weak solution in the sense defined above, then it is a classical solution to (1.6). Our definition is motivated
by the standard definition of weak solutions to the wave equation.
The well-posedness of weak solutions to (1.6) is given by the following:

Proposition 1. Let d =2 ord = 3, and let f € L°°([O7 00) X Lz(Rd)) with compact support in [0,00) x RY.
Then there exists a unique u € L> ([0, 00); H'(R?)) with dyu € L> ([0, 00); L2(R?)) which is a weak solution
o (1.6). Moreover,

E(t,u) < Ct||f\|%2([07t]de) , forae t>0. (4.2)

Here C' is a positive constant depending on A and €, but independent of f and t, and

1
E(t,u) := 3 / (21)C|8tu(t,x)|2 + (A Vu(t, z), Vu(t, z)) )dx. (4.3)
R4
The proof is based on a standard Galerkin approach, as part of which we derive a non-trivial energy

estimate. Similar ideas were used in [19].

Proof. We first establish the existence of a weak solution by an approximate (Galerkin) approach. Let
(pj)52, C C° (R?) be an orthonormal basis in H*(R). For m € N, consider u,, of the form

U = > dm (1) 95(x) , dm; € C*([0,00)) (4.4)
j=1
satisfying
d2
i [ Bre@un(s, ) ey(a)da + [(ATun(5,2), Vs ()
R4 Rd
+ % / Yo c(@)um(s, x) ¢j(z) de + / G * Osum (s, x) pj(z) dz
Bi\Bi/2 B2\Bi
/ f(s.2) p; (4.5)
d
forj=1 ,m, and

dm,j(0) =d, ;(0)=0 forj=1,...,m. (4.6)

Since (g¢;); are linearly independent, the (n x n) matrix M given by M;; = (@i, ¢;)r2re) is invertible.
Therefore, the existence and uniqueness of u,, follow by a standard argument, for example, one can use the
theory of Volterra equations (see, e.g., [2, Theorem 2.1.1]).

We now derive an estimate for w,,. Multiplying (4.5) by d'm, j (s), summing up with respect to j, integrating
on [0,¢] with respect to s, and using (4.6) we obtain

t t
E(t,um) +/ / G * Ostipn (8, ) Os (s, T dxds+/ / 22,C|8Sum|2dsdx
0 0

B1\By 2

- / / F(s,2) Dt (s, @) dar ds (4.7)

0 R4
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We claim that

t
/ / G * Ostipn (8, ) Ot (s, x)drds >0 for ae. t >0 . (4.8)

0 BQ\Bl

Indeed, define

Osum(s,2) f0<s<t,
U(s,x) =

0 ifs>t,

and extend U by zero for s < 0. Then

t o]
//G*@sum(s,x)8sum(s,x)da:ds:/ /G*UUda:ds

0 By\B; —o0 By\B1
- / / cﬁ?ﬁdxdk:m/ / G+U Udedk
—% B\B; 0 Bo\B;
—27 / R(G |U|2da:dk—27 / k—2|(7|2dxdk >0
(k2 — k%)% + k2 -
0 B>\B: 0 B>\B:

by the definition of G. This establishes (4.8). From (4.7) and (4.8), we arrive at

E(t,um) < /t/f(s,m) s, (s, ) dx ds . (4.9)

0 R4

It follows from (4.9) that

/2
E(t,um) < //|8umsx)\2dxds //|fsx|2dxd5) ,

0 R4 0 R4

which implies

E(t, um,) /tE (8, Um,) ds i (/t/|f(s,:c)2dxds)1/2. (4.10)
0

0 Rd

Here and in the remainder of this proof, C' denotes a positive constant which depends on € and A, but is
independent of f, t, and m. We derive from (4.10) that

E(t,um) < Ct//|f(s,x)|2dxds . (4.11)

0 R4

Hence, for any fixed T' > 0, there exists a subsequence of (u,,) (which is also denoted by wu,, for no-
tational ease) such that w, — u weakly star in L>([0,7], H'(R?)) and Oyu, — Opu weakly star in
L>=([0,T], L*(R%)). It is clear that u(0,z) = du(0,2) = 0, and that u satisfies (4.1) for any v of the
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form v(s,z) = ¢;(x)¢P(s), ¥ € C*([0,00), ¥(t) = 0. By a standard linearity and approximation argu-
ment it follows that u satisfies (4.1) for any v € L ([0, 00), H'(R%)) with d;v € L>([0, 00), L*(R?)) and
v(t,z) = 0. In other words, u is a weak solution to (1.6). To see that w is unique, it suffices to prove that if
w e L>=([0,T], H'(R?)), with dyw € L>([0,T], L*(R?)), w(0,z) = d,w(0,z) = 0, and w satisfies (4.1) with
f =0 then w is identically zero. We have

_/t/&,c(m)@sw(&x) 85v(s,x)dazds+/t/Ac(x)vw(&x)vv(&x)dxds

0 Rd 0 R4

+/t / Yo o(x)0sw(s,z) v(s,z) dx ds +/t / G * Osw(s,z)v(s,z)drds =0,

0 Bi\Bi,2 0 B2\B;

for all v € L>([0,00), H*(R%)) with 8;v € L>([0,00), L*(R%)) and v(t,z) = 0. After integration by parts,
this implies

//Elc 8wsx)8vsxdxds+// x)Vw(s,z)Vu(s,z)dxds

0 R4 0 R4

t

o /t / Yac(@)w(s, z) Osv(s, ) dr ds — / / G xw(s,r)0sv(s,x)drds =0, (4.12)

0 Bi\Bi,2 0 B2\By
for all v € L ([0, 00), H'(R?)) with 9;v € L>([0,00), L*(R?)) and v(t, z) = 0. Setting

t

v(s,x) = /w(T, x)dr

S

substituting v in (4.12), and using the fact that d,v(s,z) = —w(s,z), we obtain

/t/ELc(w)(?sw(s,x) w(s, x) dxds_/t/Ac(x)Bva(s,x)Vv(s,x) di ds

0 Rd 0 Rd
t t
—l—/ / Yo o()|w(s, x)|? dxds+/ / Gxw(s,z)w(s,z)dxds =0 .
0 Bi\By 2 0 B,\B

It follows that

NN

/(217c|w(t,x)|2 4 A@)|[Vo(0,2)) do

Rd

t t
—|—/ / Yol )|w(s,x)|2dxds+/ / G xw(s,z)w(s,z)dxds =0,
0 0

B1\Bi /2 B2\B1

which in particular yields
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/21,C|w(t,x)|2 de =0,

Rd

or
w(t,z) =0 forae zeR%andallt>0.

Here we used the fact that

t

/ / Gxw(s,z)w(s,z)dxds >0,

0 By\B;

c¢f. (4.8). This establishes the uniqueness of the weak solution u. The proof is complete. O

Let i.(k,x) be the Fourier transform of u. with respect to time, i.e.,”

17 .
ok, x) = Nor /uc(t,:z:)e””dt.

‘We have

Proposition 2. Let d = 2 or d = 3, and let f € LQ([O,—FOO) X ]Rd) with compact support. Suppose u. €
L ([0, 4+00); HY(RY)) with dyu. € L ([0, +00); L*(R?)) is the unique weak solution to (1.6). Then d.(k,-) €
H} _(R?) is the unique outgoing solution to the equation

div(A.Vie) + k*Sete = —f (4.13)
for a.e. k> 0. Moreover,

ktie(k,z) € L}, ([0, +00) x RY) .

loc

We recall that 4. denotes the Fourier transform of . (u. is extended by 0 for ¢ < 0).

Outline of Proof. The proof of the first fact is similar to the one of [20, Theorem Al], and is based on the
so called limiting absorption principle. A key ingredient, as in [20, (A9)], is the technique from the proof
of Proposition 1 where the energy estimate was established. The fact that kt,. € L? ([O,+oo) X Rd) is

loc

obtained as follows. Let us € L ([0, 4+00); H*(R?)) with dyus € L>°([0,+00); L>(R?)) be the unique weak
solution® to

{ ¥1,02us — div(A.Vus) + Ba 0rus + G * Opus + 0us = f in [0, +00) x RY (4.14)

Ous(t =0)=us(t=0)=0 in R% .

Then, as in the proof of Proposition 1,

t
5//\6tu5|2 <C. (4.15)

0 Rd

7 We extend u. by 0 for t < 0.
8 The definition of weak solutions for the equation of us is similar to the one for the equation of u,.
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This implies dyus € L%([0, +00); L2(R?)), and thus kiis € L2([0, +00); L2(R?)) = L2([0,0) x RY). Here 15
denotes the Fourier transform of us (us is extended by 0 for ¢ < 0). As in the proof of [20, Theorem A1},
for almost every k > 0, @5(k,) € H'(R?) is the unique solution to

div(A.Vas(k, ) + k*Sets(k, ) + idkas(k, ) = —f(k, ).
Fix kg > 0 arbitrary. We have, for 0 < k < kg and for 0 < § < 1,
5k, z2may < CEMFG Moo - (4.16)
for some positive constant C, independent of § and k, see Lemma 7 below. Since f has compact support,

(ks 22 (Bay < ClIFlLe - (4.17)

A combination of (4.15), (4.16), and (4.17) yields

(k:ﬁ(;(lc))kkl is bounded in L2,,([0, +00) x RY). (4.18)

By the limiting absorption principle (see e.g. [11, Section 4.6]) we have, for almost every k > 0,
ts(k,-) — V(k,-) weakly in H} (RY) (4.19)

where V(k,z) € HL (R?) is the unique outgoing solution to (4.13). On the other hand (see e.g., the proof

loc

of [20, Theorem Al] in particular [20, (A13)]),
kiis(k,z) converges to kV (k,x) in the distributional sense on R x R? . (4.20)
Since V(k,-) = 1i.(k,-), k > 0, we derive from (4.18), (4.19), and (4.20) that
ki € L2 ([0, +00) x RY) .
The proof is complete. O
In the proof of Proposition 2, we used a simple consequence of the following lemma:

Lemma 7. Given g € L*(R%) with suppg C Bg,, 0 < 6 < 1, and 0 < k < ko, let vis € H'(RY) be the
unique solution to

div(A:Vurs) + (k2. + ikd)vps = g in R .
For any Ry > 0, there exists a positive constant Cr, independent of k, &, and g such that
k6l 22(Br,) < Cri(|Inkl* +1)llgllzz  ford=2, (4.21)
and

[oksll2(Br,) < CrillgllLz  ford=3. (4.22)

9 More precisely, [20, (A10) and the following paragraph].
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Proof. Under the conditions k& < kg and 6 < 1, the estimates (4.21) and (4.22) follow from a standard
contradiction argument if k£ is bounded below by a positive constant. Lemma 8 below implies these same
estimates for sufficiently small &k, and the proof is complete. O
Lemma 8. Let A € [L°°(R9)]?*4 and ¥ € L>(R?), d = 2,3 be such that A is uniformly elliptic, A = T in
RI\ By, ¥ =1 in R4\ By, R(X) is strictly positive, and I(X) > 0. Given g € L*(RY) with suppg C Bg,,
and 0 < e, 6 <1, let ves € HY(R?) be the unique solution to

div(AVv 5) + (€22 + i0)ve s = g in R .

For any Ry > 0, there exist two positive constants ¢ and C' independent of € and § such that if 0 < e, d < ¢
then

lvesll 228y < CllnePllgllze  ford=2,
and
Hvayé‘lLZ(BRl) <Clgllz for ford=3.
Proof. The proof of this lemma for d = 3 is simpler than for d = 2. Essentially the proof for d = 3 follows
along the first third of the argument for d = 2. For this reason we only present the proof for d = 2. We
may without loss of generality suppose Ry > Ry (if not, simply increase R;), and for simplicity of notation
we use Ry = 4, R; = 5. The proof proceeds by contradiction. Suppose there exist a sequence €, — 0, a
sequence d,, — 0, and a sequence (g,,) C L*(R?) such that supp g, C By, and
lim |Ine,|?||gnllz2 =0, and ||lvn|lz2m,) =1 . (4.23)
n—oo
Here v, € H'(R?) is the unique solution to

div(AVv,) + (€28 +id,)v, = g, in R? .

Multiplying this equation by v,, and integrating the obtained expression on Bs, we have

/<Avun,wn> f/(522+z‘5n)|vn|2 - —/gn6n+ / %i:@n . (4.24)
OBs

Bs Bs Bs

Since Av,, + (€2 + 8, )v, = 0 in R? \ By and v, € H'(R?), it follows that'®
”Un”Hl(BR\Bg ) < CRHUn||Hl/2(8139 2) < CR||Un||L2(Bs\B4) <Cr forR>9/2. (4.25)
/ /

We derive from (4.23) and (4.24) that

/\an\Q <C. (4.26)
Bs

A combination of (4.25) and (4.26) yields

10 One can use (4.27). below to derive this property.
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|vnllar (B SCr YR>0.

Thus (after extraction of a subsequence) v, — v in L7 (R?), where v € W!(IR?) is a solution to''

div(AVv) =0 in R? .

It is clear that v = « for some (complex) constant . For d = 3 the proof would proceed similarly until this
point, where we could automatically conclude that « is zero, and we would have reached a contradiction.
In the two dimensional case it requires the following additional argument to show that « is zero. Since
Av, + €20, = 0 in R?\ By with €2 = &2 +i6,, and 3(¢,,) > 0, v, € H*(R?) can be represented as

va(@) = > anHY Ela)e™ ] >4, (4.27)

l=—0c0

where H, l(l) is the Hankel function of the first kind of order [. This implies

Up =Vop+v1n |2]>4, (4.28)
where
Vo = apn HS (Bala]), and w1, = Zaz,nHl(l)(énlxl)eiw7 |z| >4 . (4.29)
10

By orthogonality, it is clear that for any R > 4,

”UOJl”Hl(BR\Bz;) + ”an”Hl(BR\Bz;) < Oan”Hl(BR\BU :

After extraction of a subsequence, we may assume that vy, — ap in L%OC(R2 \ By) and vy, — v in
L? (R2%\ By) for some (complex) constant o and some vy € L? (R?\ By). Therefore,

loc loc
a=v=00+v1 |z|>4.
This implies that vy is constant on {|z| > 4}. It follows that v; = 0 for |z| > 4 since
/ vy = lim v, =0.
n—oo
Bg\Bs Be\Bs
As a consequence
. . . 2 2
nh_>ngo Uy = nh_}rr;o von =9 in Ly (R*\ By) .

We have

/ Or Uy Uy, = /(Aan,Vz_)n) - /(5i2+i5n)\vn|2 + /gnﬁn )

BBR BR BR BR

If we let R — oo and consider only the imaginary part, then we obtain

' The proof is similar to the one of Lemma 2.
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s/(egz +i6,)|vn]? = s/gn@n : (4.30)
R2 R2

Due to the fact that £" has a positive imaginary part we have that vo, € H'(R?) (actually it decreases
exponentially at co), and so

/ Oy miiom = — / Veo.al? + / (€2 + i6,)von?

9Bs R2\ Bj R2\ Bj

which leads to

%/&vo,n@o,n:% / (g7 + i6n)|vo.n

= / 6n|U0,n|2

0Bs R2\Bj; R2\ Bs
< / Onlvn|? < %/(5%E+i6n)|vn|2 .
R2\Bs R2

For the last two inequalities we used the orthogonality of the decomposition (4.28), and the facts that ¥ =1
in R?\ Bs and X > 0. In combination with (4.23) and (4.30) this gives

3 [ Brtsinn| < lgallllonllzan < lonll (431)
OBs5
A simple calculation, based on (4.29) and the well-known asymptotics of the Hankel function Hél) for small

argument (see e.g., [1, page 360]), gives

c|a0,n|2§ S/ar'UO,n’EO,n )

0Bs

and so, in combination with (4.31), and (4.23) we get
|Ine,|?lagn|> < Clne,|?||gnllzz — 0 as n — oo .
This estimate and the formula (4.29) for vo, now yields

1i_>m vo,n =0 on any bounded subset of R? \ By .

Accordingly we have a = ap = 0, and so it follows that the v,, converge to 0 in L? (R?). We have thus
reached a contradiction to the fact that ||v,||r2(p,) = 1, and the proof is complete. O

5. Proof of Theorem 2

The proof is related to that in [20], however, we shall estimate 0yu. —0;u as a way of getting to u, —u. This
idea was also used in [19]. Let 4.(k, -) be the Fourier transform of u. with respect to time. By Proposition 2,
for a.e. k > 0, G.(k,-) € HL.(R?) is the unique outgoing solution to

loc

div(AVie) + k2Sette = —f | (5.1)
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where (Ac, 3.) is given in (1.4). Moreover,
ki € L7, ([0, +00) x RY) . (5.2)

As before we introduce . (k, ) = @.(k, F.(z)). Then 4. € H} (R?) is the unique outgoing solution to

div(A. Vi) + k*S.4. = —f in RY . (5.3)
Here
I, 1 in R4\ By ,
I, 0.(x) =14 01.(x) inBy\ B,
A%, = 11 . , (5.4)
e Zig 5(1—72[7 6—d(1—|-7,/k) in B.\ B,z ,
1 1 .
Ed—,ga(x/f)v E—da(x/e) in Bejs s
and

Ole = (FE_l)*ULC .

Recall that oy . is given by (1.3) with op = on = 1. Let @1 . € H}OC(Rd) be the unique outgoing solution

to
diV(A1’5V’l]17€) + kQZl,Eﬂ/l,E = —f y
with
I,1 in R4\ B, ,
R
Al,ea El,s = cd—2 I, €_d(1 + Z/k) in B, \ BE/2 )

1 1 .
gd—_za(x/e), E—do(ac/s) in B,y .

Finally, let @(k,z) be the Fourier transform of u with respect to time; @(k,-) € HL_(RY) is the unique

loc
outgoing solution to

At +k*a=—finR?.

We first estimate
1/e
/ Kl — @l 2 (5, 55) dk -
0

For this purpose, let ULE(k', ) € HL (R?) be the unique outgoing solution to

loc

AU, . + kU, =—f iR\ B, ,
Ui.=0 in B, ,

and define, in all of RY,
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wy o(k,-) = Uy o(k,-) —a(k,") and wa. =1 (k,-)— U (K, .

Then wy c(k,-) € HL,(R?) is the unique outgoing solution to

Awy e + k2w1,€ =0 inR?\B,,
(5.5)
wie = —1U in B,
and wo . € H} (R?) is the unique outgoing solution to

Awgﬁ + k2w275 =0 in R4 \ B, ,

V- (ALEVUJQ’,;) + k22175w276 =0 in B, (56)

ng B 1 (9’LU2 B 801 B

. - — . =— . 0B: .
or lext €972 9r lint or 9T

We first estimate w; .. By Lemma 1 and the theory of regularity of elliptic equations, we have, for d = 3
or (d=2and k> 1/2)

L

1 IV ak, )l e2(s,) + VR, 2y + b+ DIk, ez, < ClLF (k)22 (5.7)

and for (0 < k < 1/2 and d = 2)
1720k, 22 + [CE, Y2y + Nk, M2y < Ol kLA (k)2 (5.38)

Here and in the remainder of this proof, C' denotes a positive constant independent of €, k, and f. Since
Ad(k,e’) + k?e%0(k,e) = 0 in By, it follows that

/wmmmﬁ§Cmuﬂ@%%/mweWscmw»ﬁq&w

B, B3
for 0 < k < 1/e. Using (5.7) and (5.8), we derive that for 0 < k < 1/¢,
ok, &)l 1205,y < Clk+ D) f(k, )2 for d=3, (5.9)

and

ok, &)l gir2om,) < Clk+D(k)]Lf (k,)z2 for d =2 (5.10)
Here

pk)=1ifk>1/2, and ¢k)=|nklif0<k<1/2.

Applying Lemma 2 and rescaling, we have for 0 < k < 1/¢,

[wre (ks )22 (Bo\2) < Celk + DI f (k)12 for d =3, (5.11)
and

HY (k
lewr.e (, Y2y < C20 )L

B (ke)] (k + 1) (k)| f (. )|l 2 for d = 2. (5.12)



832 H.-M. Nguyen, M.S. Vogelius / J. Math. Pures Appl. 106 (2016) 797-836

Since
\HV (k)| min{k=1/2 |Ink| + 2}
< for 0 < ke < 1
\HY (ke)| ~ | In(ke)| + 2 risREs
and thus
Ink|+2
" &’ k<1,
|Hy ' (k) <C |Ing|+2
A T I T
ne|+2° ~— "=
we have
HY (k E(|Ink|? +1
. Ho ()‘cp(k)SC' (|Ink|*+1) ’
|H(()1)(ks)| |Inel 42

for 0 < k < 1/e. It now follows from (5.11) and (5.12) that, in the range 0 < k < 1/e,
kllw e (k, ) z2(8o\Ba) < Ceklk+ 1) f(k, )12 for d =3,

and

C N
k”wl’a(k’ ')||L2(B5\Bz) < mk(kj +1) (| lnk“z + 1) IIf(k, )Lz for d =2 .

We next estimate ws .. Applying Lemma 3, we have, for 0 < k < 1/e,

9 -
lwae(k,e)|L2(Bs\By) < Cmax{l,€/k}H5 (Ul’g(k,e)) H ford =3,

H-1/2(8B;)

and

o -
lwse (ks )l 2o,y < € max{k, 1/kY| 5 (Cr.c(h,e)) | ford=2.

H-1/2(8By)

For 0 < ek < 1, the standard trace estimate, and a classical interior elliptic estimate, yield

wa,e(k,e )12 08,) < Cllwa,e (ke )lm1(Bi\Bs o) < Cllwa,e(k,e)||lL2(Bs\By)
and so by use of Lemma 2, (5.16), (5.17) and a scaling argument, it follows that
[wa,e (K, |2\ Bay = €%/ wa,e (ks )| 2By, \Ba) )
< Cellwae(k, &) 2 (Bs\By)

< Camax{l,e/k}”% (U1,c(k,e)) HH*l/Q(aBl) for d = 3,

and

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)
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[w2,e (ks N L2(B:\B,) = ellwa,e (ks )| 2(Bs)\B,)

11" (k)|
< C—F———|wac(k,e)|lL2(Bs\ B,
1S (eh) o)
1= (k)] 9 -
> (01) max{k, 1/k}H_ (Ul,s(kvs')) H ford=2. (519)
[HG" (=h)] o B
‘We have
0 -~ 0 0
T O [y = [t AT
Har (Ur.e(ks ) H=1/2(3By) or (wn,e(k,=) H—1/2(8B1) or (8(k; ) ‘H*”?(@Bl)

Applying Lemma 2 to wy < (k,e-) and using (5.9) and (5.10), we obtain, for 0 < k < 1/¢,

0  ~ o
|55 @D ||y < O+ DIk 12 for d =3,

and

H% (ZES)! HH*l/z(aBl) < C(k + )p(k)||f(k, )| L2 for d = 2.

It now follows from (5.18) and (5.19) that, for 0 < k < 1/e,
k|l wo,c || 22 (B\ By) < Celk + 1) max{k,e}||f(k,-)||r2 for d =3, (5.20)

and

C(k+1)

] (k[ + 1) max{1, k*}|| f(k, )| p2 for d =2 . (5.21)

k||w2,s||L2(B5\Bz) <

For the last estimate we also used (5.13). A combination of (5.14), (5.15), (5.20), and (5.21) yields

1/e 1/e
[ e = allssy db < Ce [ 0210 < Gl ta=3. (522)
0 0

and

€

(I kf® + 1)L + &) || f(k, )l e

|Ine|

O\»—-
~

1/e
~ A C
kllti,e — @l L2(Bs\By) dk <
0

C
< — i = .
< gl a=2, (523)

where || f|| is the norm introduced in the statement of Theorem 2.
We next estimate ||t (k,-)—t1,c(k,-)||22(B;\B,) for k of order up to 1/c. We already know that (oq,c) > 0
for k > 0, and from Lemma 4 and the fact that k. > ¢,/ £%/2 we have

|o1.e| < —=75 < Coe (5.24)
T gd-lg2
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for 0 < k < %*e_l. Applying Lemma 5 and the first part of Lemma 6 to @ — @ (with g = —k%01 o1 )
we obtain

ke (K, ) — i1, (k, )| 2B\ Bay < C(K* + 1)k? sup |0y

1, (K, )l L2(B2\B.) (5.25)
for 0 < k < Ciog (X is the constant from Lemma 6). A combination of (5.24) and (5.25) yields
Ble (k) = ek, 2oy < CKe(R + 1) 06 (k)| 2ms.) - (5.26)

for 0 < k < Ag/e, with A\g = min{1, ¢, /2, A\/Cp}. Similarly, applying Lemma 5 and the first part of Lemma 6
to the function 4 . (with g = —f and coefficients A, ., 31, t.e., As, . with 01 = 0) we obtain

kllaye (k2B < R+ DIF (k)22 (5.27)

for 0 < k < Ag/e. A combination of (5.26) and (5.27) yields

)\0/6 Ao/E
/ kllae = Grellr2(ps\y) dk < Ce / (k+ 1% f(k, )22 < Ce| f]] - (5.28)
0 0

We now consider the regime k > A\g/e. From the second part of Lemma 6, and the remark following, we
have

Ex2\ . 4 C AN
U . 2 < 244 . 2 < — 34 AL . 2. 2
ek, ez ooy < C(K + H) IR llee < 3o (K4 =20 ) 170kl (5.29)
On the other hand, using Lemma 1 we have
) ; C i
Klladk, Mz2ea\pa) < ClF (R, ez < ekl f (ke (5.30)

for k > A\g/e. Lemma 4 yields

k*xi 2 1 max{kZ, k*} max{kZ, k} 2d+1 2d—37.4
o < Ck ey - <C o2 (D) <C(k + k20K (5.31)
for k > Aog/e. We derive from (5.29), (5.30), and (5.31) that
(o) o0
/ kllte — @l[L2(B5\B,) dk < Ce / (K2 KPS| f (R, )Lz
)\0/6 AO/E
or
/ Kl — @l dk < Ce f] - (5.32)
Ao/E

A combination of (5.22), (5.23), (5.28), and (5.32) now gives

o0
/k||a€ |y dk < Cellf| ifd=3,
0
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and

C

/k||a8_ﬂ||L2(B5\Bz)dk < m”f” ifd=2.
0

Therefore, since . (k, ) = G.(k,-) outside By (and since u. and u are real, so that 4.(—k,-) — a(—k,-) =
Gc(k,-) —a(k,-) ) it follows that

sup ||atuc(t7 ) - atu(tz ')||L2(B5\Bz) < C€||f|| ifd=3 )

>0
and
sup [|0ytie(t,-) — Dpu(t, | < %l id=2
t>I0) tlel\ly t ) L2(Bs\B2) >~ |ln5| — .
From this we conclude
sup |lue —ullz2(B\By) < CTe|f|| ifd=3,
0<t<T
and
CcT
_ L ifd=2.
s e =l sy < ol

The proof of Theorem 2 is complete. O
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