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Abstract

This thesis is devoted to the derivation of error estimates for partial differential equations
with random input data, with a focus on a posteriori error estimates which are the basis for
adaptive strategies. Such procedures aim at obtaining an approximation of the solution with a
given precision while minimizing the computational costs. If several sources of error come
into play, it is then necessary to balance them to avoid unnecessary work.

We are first interested in problems that contain small uncertainties approximated by finite
elements. The use of perturbation techniques is appropriate in this setting since only few
terms in the power series expansion of the exact random solution with respect to a parameter
characterizing the amount of randomness in the problem are required to obtain an accurate
approximation. The goal is then to perform an error analysis for the finite element approxi-
mation of the expansion up to a certain order. First, an elliptic model problem with random
diffusion coefficient with affine dependence on a vector of independent random variables
is studied. We give both a priori and a posteriori error estimates for the first term in the
expansion for various norms of the error. The results are then extended to higher order approx-
imations and to other sources of uncertainty, such as boundary conditions or forcing term.
Next, the analysis of nonlinear problems in random domains is proposed, considering the one-
dimensional viscous Burgers’ equation and the more involved incompressible steady-state
Navier-Stokes equations. The domain mapping method is used to transform the equations in
random domains into equations in a fixed reference domain with random coefficients. We give
conditions on the mapping and the input data under which we can prove the well-posedness
of the problems and give a posteriori error estimates for the finite element approximation of
the first term in the expansion. Finally, we consider the heat equation with random Robin
boundary conditions. For this parabolic problem, the time discretization brings an additional
source of error that is accounted for in the error analysis.

The second part of this work consists in the analysis of a random elliptic diffusion problem
that is approximated in the physical space by the finite element method and in the stochastic
space by the stochastic collocation method on a sparse grid. Considering a random diffusion
coefficient with affine dependence on a vector of independent random variables, we derive a
residual-based a posteriori error estimate that controls the two sources of error. The stochastic
error estimator is then used to drive an adaptive sparse grid algorithm which aims at alleviating
the so-called curse of dimensionality inherent to tensor grids. Several numerical examples are
given to illustrate the performance of the adaptive procedure.

iii
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Résumé

Cette thése est consacrée ala dérivation d’estimations d’erreur pour des équations aux dérivées
partielles contenant des données aléatoires. Un accent particuliers est mis sur les estimateurs
a posteriori qui sont a la base d’algorithmes adaptatifs. Ces derniers visent a obtenir une
approximation de la solution avec une certaine précision tout en minimisant le cotit du calcul.
Lorsque plusieurs sources d’erreurs entrent en jeu, il est judicieux de les équilibrer afin d’éviter
tout travail inutile.

Nous nous intéressons pour commencer a des problemes contenant de petites incertitudes
résolus par la méthode des éléments finis. Dans ce cas, l'utilisation de méthodes dites de
perturbation est indiquée car une bonne approximation de la solution peut étre obtenue
avec peu de termes dans le développement en série de puissances de la solution exacte par
rapport a un parametre controllant le niveau d’incertitude du probléme. Le but principal
de ce travail est d’effectuer une analyse d’erreur pour 'approximation par éléments finis
du développement a un certain ordre. Nous considérons pour commencer un probleme
modele elliptique avec un coefficient de diffusion aléatoire qui dépend de maniere affine
d'un vecteur de variables aléatoires indépendantes. Des estimations d’erreur a priori et a
posteriori sont données pour le premier terme dans le développement de la solution en
considérant différentes normes de I'erreur. Les résultats obtenus sont alors généralisés pour
des approximations d’ordres supérieurs ainsi que pour des problemes contenant d’autres
sources d’incertitudes, comme par exemple les conditions au bord ou le terme de force.
Létude se poursuit en considérant des problemes non-linéaires définis sur des domaines
aléatoires, tout d’abord I'équation de Burgers a une dimension d’espace puis les équations de
Navier-Stokes stationnaires incompressibles. Les problemes sont reformulés sur un domaine
fixe de reference a I'aide d'une transformation introduisant alors des coefficients aléatoires
dans les équations. Nous donnons des conditions sur la transformation et les données sous
lesquelles les problemes sont bien posés et nous donnons des estimations d’erreur pour le
premier terme du développement. Finalement, nous considérons le probleme de la chaleur
avec des conditions au bord de type Robin qui contiennent des incertitudes. Pour ce probléme
parabolique, la discrétisation temporelle ajoute une source supplémentaire d’erreur qui est
prise en compte dans I’analyse d’erreur.

Dans la deuxiéme partie de ce travail, nous analysons un probleme de diffusion elliptique avec
coefficient aléatoire résolu approximativement par la méthode des éléments finis en espace
physique et par la méthode de collocation stochastique avec grille fine en espace stochastique.
En considérant un coefficient de diffusion dépendant de maniere affine d'un vecteur de



Résumé

variables aléatoires indépendantes, nous donnons un estimateur d’erreur a posteriori basé sur
le résidu qui controle les deux sources d’erreur. Lestimateur controlant I’erreur stochastique
est ensuite utilisé dans un algorithme construisant de maniére adaptative une grille peu dense,
permettant ainsi de palier au probleme du fléau de la dimension dont souffrent les grilles de
type tensiorel. Plusieurs exemples numériques sont donnés pour illustrer les performances de
I'algorithme adaptatif.

Mots clefs : EDP avec données aléatoires, quantification des incertitudes, analyse d’erreur

a priori et a posteriori, éléments finis, technique de perturbation, collocation stochastique,
équations elliptiques, Navier-Stokes stationaire, équation de la chaleur
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Introduction

Partial differential equations (PDEs) are widely used for modelling problems in many fields
such as physics, biology or engineering. Nowadays, uncertainty is often included in mathe-
matical models arising from the simulation of complex systems. The uncertainty can reflect an
intrinsic variability of the system (aleatory uncertainty) or our inability to adequately charac-
terize all the inputs (epistemic uncertainty), due for instance to experimental measurements.
It can occur in the coefficients, the forcing term, the geometry, the boundary conditions,
the initial condition or combinations of them. A possible way to describe the uncertainties
present in the model is to use a probability framework. In such a setting, the uncertain input
data are characterized with random variables, or more generally random fields, yielding PDEs
with random input. In a forward uncertainty quantification (UQ) problem, the goal is then to
determine the effect of the uncertainty on the solution or a specific quantity of interest.

Several methods have been developed to tackle the numerical approximation of such problems
in both the deterministic and, more recently, the stochastic variables. We give a short overview
of the available methods, pointing to some references for an in-depth description, but we have
no pretension to be exhaustive.

The best known and most commonly used methods for solving deterministic problems numer-
ically are the finite difference [112,117], the finite element [31,49,61] and the finite volume [85]
methods, for which the theory is at a mature stage. Many other methods have been devel-
oped, either new methods or extension of the ones mentioned above, such as discontinuous
Galerkin [105], boundary element [30], meshless [86] or extended finite element methods [81].
The selection of the method depends upon the type of problems to solve: elliptic, parabolic or
hyperbolic.

For the approximation of random PDEs, the most popular method is certainly the Monte-Carlo
method (see [63] for instance) which consists in solving the equations for i.i.d. realizations of
the random input. The main drawback of this method is its well-known slow convergence rate
with respect to the sample size K, namely of @(1/v/K). However, the convergence is indepen-
dent of the dimension of the random space and this method is very easy to use in practice. To
improve the convergence rate of the method, some extensions have been introduced such
as the quasi-Monte Carlo [54, 55] and the multi-level Monte-Carlo [68] methods. Other than
MC type methods, we mention the stochastic spectral methods comprising the Stochastic
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Galerkin (SG) [67,90] and the Stochastic Collocation (SC) [7,97,124] methods. These methods
exploit the possible regularity of the solution with respect to the random input combining the
generalized Polynomial Chaos (gPC) expansion of the solution with a Galerkin projection or
an interpolation procedure. Finally, in the framework of PDEs with small uncertainties, the
perturbation or Neumann series expansion methods [6,37,82,127] appear to be an appropriate
choice. For all these methods, an approximation in the physical space can be obtained using
any deterministic method mentioned above. In particular, in this thesis we focus on the finite
element method.

When a numerical method is used to solve a problem for which the exact solution is not at hand,
approximation errors are introduced. An error analysis should then be done to appropriately
estimate the various sources of error. In an a priori error analysis, the convergence of the
method is assessed under suitable regularity assumptions on the exact solution. The a priori
error estimate gives useful information about the asymptotic behaviour of the numerical
approximation when the various discretization parameters vary. However, this theoretical
bound usually depend on the unknown solution and is thus not a computable quantity. In
a posteriori error analysis, the goal is to provide computable error estimators that depend
only on the numerical approximation and the input data and that are localized in space.
Having such error estimators available can be necessary in many situations. Indeed, if the
solution presents local features evolving at fine scale, such as shocks, boundary layers or
singularities due to re-entrant corners in physical space, very fine approximation spaces are
required to capture them. However, this becomes quickly numerically unaffordable due to
the limitations in computer power and memory. A remedy is then to use adaptive strategies
based on a (reliable and efficient) a posteriori error estimator, refining only where needed, to
get satisfactory accuracy in the approximation while limiting the computational effort. When
several sources of error are affecting the numerical solution, the estimator should also furnish
an estimation of the contribution of each error component to the total error, so that it can be
used for balancing the errors.

The derivation of a posteriori error estimate controlling the finite element error started in
the late seventies with the work by Babuska and Rheinboldt [8], where a residual-based error
estimate is derived. Since then, many different types of a posteriori error estimates for the FEM
have been introduced, such as error estimators obtained by solving local problems [1,41, 83]
or hierarchical [14], post-processed [128] and goal-oriented [13,22,100] error estimators, just
to mention a few. We refer to Verfiirth [118], Ainsworth and Oden [3] or Grétsch and Bathe [73]
for a review of these different a posteriori error estimation techniques. Concerning the error
estimation of methods for solving random PDEs, a posteriori error estimators in the energy
norm for the stochastic Galerkin finite element method (SG-FEM) are derived in [24, 58, 59],
where adaptive refinement algorithms are proposed for both stochastic and physical spaces.
In the algorithm proposed in [59], the refined mesh is the same for all generalized polynomial
chaos (gPC) modes, contrary to the one in [58] where the refinement procedure is applied
independently for each mode. In [24], the adaptive procedure is driven by the two-sided
estimates the authors obtained for the error reduction when the finite element subspace,
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respectively the stochastic approximation space, is enriched. Concerning the stochastic
collocation finite element method (SC-FEM), a priori error estimates are given in [7,20] but,
to our knowledge, no a posteriori error estimate for the whole solution in suitable norms has
been derived yet. Recently, a posteriori error estimates for a specific quantity of interest have
been developed. Goal-oriented error estimates can be found in [33, 35, 92] for the SG method
and in [4] for the SC method.

We can distinguish two parts in this thesis. In the first part, which encompasses Chapters 1, 2,3
and 4, we consider PDEs with small uncertainties affecting the coefficients, the forcing term,
the physical domain, the boundary conditions or combinations of them. The assumption of
small uncertainties naturally leads to the choice of perturbation techniques for the approxi-
mation of the stochastic space. Indeed, if the level of uncertainty is small, then only few terms
in the power series expansion of the solution with respect to a parameter ¢ characterizing the
amount of randomness of the problem will be needed to obtain an accurate approximation.
With this technique, we are reduced to solve only deterministic problems whose solutions can
be computed approximately with for instance the finite element method. The main goal of
this thesis is then to derive error estimates that control the two sources of error: the stochastic
error due to the truncation in the expansion of the solution and the spatial error coming from
the finite element approximation of the continuous deterministic problems.

To have a general idea of the methodology, let us consider an abstract problem of the form:
find u(-, Y(w)) € V such that almost surely

A, v;Yw) =Fv;Yw) VveV

where Y is a random vector used to characterize the randomness in the input data, whose
variability is controlled by a (small) parameter €. Here, V is a given Hilbert space, </ is a
bilinear form on V x V and F is a linear functional on V, the latter two being parametrized
by the random vector Y. The solution u of this problem also depends on Y and, adopting a
perturbation approach, it is then expanded as

ux, Y()) = up(X) + et (%, Y(@)) + €2t (x, Y(@)) + ...

Considering a finite element space Vj, c V, the first term in the expansion is approximated by
Uo,n € Vp, the solution of

A (Ug,n, Vi;¥o) = F(vp,y0) YR €V
with yo = E[Y]. Defining the residual for u ;, by
R(v;Y(w)) := F(v;Y(w)) — < (up,p, v; Y(w)),

the first step in the residual-based error estimation, that separates the two sources of error, is
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then
o (u—upp, ;YY) = F(v;Y () — < (ug,p, v;Y(w)) =1+11
with
I = F(v;y0) — < (U, v;¥0) = R(V;¥0)
I := FwY(w))—Fv;yo) — < (up,p, v;Y(w)) + < (U p, V;¥0) = R(v; Y(w)) — R(v;¥0).

The two terms can then be bounded separately. The first term I is nothing else than the
residual for u j that can be bounded using a standard procedure as described by Verfiirth
in [118]. It yields an a posteriori error estimator that is localized on each element of the spatial
mesh which can be used for mesh refinement. The second term is the one controlling the
randomness. In this work, we will apply this methodology to a wide range of problems, as
detailed in the thesis outline given below.

A different perspective is considered in the second part of this thesis, constituted of Chapter
5. Dropping the assumption of small uncertainty, and thus making perturbation techniques
unsuitable, we use the stochastic collocation method to solve the random PDE. For the abstract
problem considered above, this method, combined with the finite element method for the
physical space discretization, consists in solving

A (up(, V), Vi Vi) = Fvpyi) YvpeVy

for a given set of collocation points yx, k =1,..., N, in the stochastic space and building a
global polynomial approximation

N
un,N, (% Y@) = Y upX,yp) L (Y())

k=1
for suitable multivariate polynomials Li. The goal is then to estimate the error due to this
method when combined with the finite element method for the spatial discretization. We
propose a residual-based a posteriori error estimate for an elliptic diffusion problem. It
consists of two terms controlling each source of error, the SC and the FE error. The stochastic
estimator is then used to drive an adaptive sparse grid algorithm.

The precise outline of this thesis is as follows.

Thesis outline

We start in Chapter 1 with an in-depth analysis of a second order elliptic differential equation
with random diffusion coefficient. We present the methodology we are using, namely a
perturbation technique for the stochastic space approximation and the finite element method
for the physical space discretization. We provide then a priori and a posteriori error analysis in
various norms and for several approximations. Extension to some class of nonlinear problems
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and a comparison in terms of computational costs with the stochastic collocation method
are also provided. Many numerical experiments are presented to illustrate the theoretical
findings.

The results are then extended in Chapter 2 where other sources of uncertainty are considered.
More precisely, we consider first the case of random Neumann boundary conditions and
then the combination of two uncertain inputs, the diffusion coefficient and the forcing term,
described by two independent sets of random variables.

In Chapter 3, we consider nonlinear partial differential equations defined in random domains.
Using the so-called domain mapping method, we use a random mapping to transform these
equations into PDEs on a fixed reference domain with random coefficients. We start with the
analysis of the one-dimensional steady-state viscous Burgers’ equation in random intervals
and consider then the more involved steady-state incompressible Navier-Stokes equations in
random domains. We show the well-posedness of these problems, under suitable conditions
on the mapping and the input data, and perform a posteriori error estimation for the finite
element approximation of the first term in the expansion.

A time dependent parabolic problem is analysed in Chapter 4, considering the heat equation
with random Robin boundary conditions. For the stochastic space, physical space and time
discretizations, we use a perturbation technique, the finite element method and the (implicit)
backward Euler scheme, respectively. We give an a posteriori error estimate for the first order
approximation, which is here constituted of three parts controlling each source of error.

We conclude this thesis with an adaptive sparse grid algorithm for the stochastic collocation
finite element method in Chapter 5. Considering again the diffusion model problem with
random diffusion coefficient, that is assumed to depend affinely on a finite number of random
variables, we derive an a posteriori error estimate for the total error that provides a guaranteed
upper bound for the error. We propose then an algorithm that adaptively construct the multi-
index set underlying the sparse grid and give numerical results to illustrate its performances.

Note: all the one-dimensional numerical experiments have been carried out using MATLAB
Released R2012a, while the 2D numerical results have been obtained using either FreeFem++
3.21 [78] or MATLAB.






1] Elliptic model problems with random
diffusion coefficient

This chapter is mainly based on the paper [74] with respect to which we have done minor
changes in the notation, essentially the distinction between a random vector Y: Q — I ¢ RE
and a realization y € I'. Moreover, we have added the following complements. First, a general
statement of the model problem under consideration in Section 1.1. Additional numerical
results are provided in Section 1.7. In particular, we present adaptive algorithms with non-
uniform refinement which balances the two sources of error, namely the physical space
discretization and the uncertainty. We give in Appendix some details about the derivation of
the various deterministic problems for the first three terms in the expansion of the random
solution, and state a precise link between each component of such terms and the derivatives
of u with respect to the stochastic space variable. Finally, a detailed proof of the upper and
lower bounds of a certain error estimator and estimates of the interpolation constant closes
this chapter.

Introduction

In this chapter, we are focusing on PDEs with small uncertainties (for instance the linear model
problem —div(aVu) = f with a=ap+¢e(a1Y; +...+ apYr) where € is small and Yy, ..., Y are
random variables). Following a different path than Monte-Carlo type, stochastic Galerkin or
stochastic collocation methods, we adopt a perturbation approach, see e.g. [37,82], which is
appropriate for problems with small variability. We thus expand the stochastic solution u as

uX,w) = uo(x)+£u1(x,w)+@’(62) (1.1)

where ¢ is a parameter controlling the magnitude of uncertainty in the input which is assumed
to be small. Uncoupled problems can be derived to find the deterministic part 1y and the
stochastic one u; (and higher order terms), the error analysis being performed in various
norms. The main goal is then to derive a posteriori estimates for the error between the exact
(random) solution u and certain approximations to be defined. For instance, if we write v ;,
for the FE approximation of uy, then we will show that the error u — 1 ;, splits into two parts.
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More precisely, we will derive an a posteriori error estimator n composed of two deterministic
computable quantities 17; and 1, such that the following upper bound for the error holds

1
lu-uopll<Cn, n=(n?+n3)?,

with the norm |-|| to be defined and where C is a constant depending only on the domain D, the
mesh and a (deterministic) ellipticity constant. Therefore, by solving only one deterministic
problem we can obtain an upper bound of the error due to space discretization (1;) and
the error due to uncertainty (12). This estimator can then be used to determine a mesh
size yielding comparable accuracy in & and €. The same kind of results can be obtained for
lu— (up 1, + €uy,p)ll, yielding a better accuracy in €, and then for higher order terms.

We mention that the a posteriori error estimator that we obtain for u — u j, for the elliptic
model problem (1.2) has similarities with the one derived in [26], although the context of
this paper is quite different from the one considered here. In [26] the authors derive an
adaptive finite element method (AFEM) for elliptic PDEs with discontinuous coefficients. The
proposed algorithm takes into account the error due to FE approximation but also the effect of
replacing the discontinuous input data by some piecewise polynomial approximation, which
plays the same role as aj in our setting. More precisely, before applying a standard AFEM to
the problem, the mesh is first refined so that the discontinuous input are approximated by
piecewise polynomials with a prescribed accuracy. The specific form of the uncertain input
we consider here, see (1.12), allows us to increase the accuracy in € by adding terms in the
expansion (1.1) of u.

This chapter is organized as follows. The model problem, a second-order elliptic diffusion
problem with homogeneous Dirichlet boundary conditions and random diffusion coefficient,
is stated in Section 1.1. The diffusion coefficient is assumed, among others, to be expanded
as a finite sum which depends on independent random variables with zero mean and unit
variance. The methodology we are using to approximation the solution is given in Section
1.2. Error analysis in the H(} and L? norms in the physical space, as well as goal-oriented error
estimation, is performed in Section 1.3 where the exact (random) solution u is approximated
by the (deterministic) FE approximation of . In Section 1.4, we consider the error between u
and the FE approximation of uy + eu,, before giving a generalization for an approximation
of arbitrary order in €. The theory is then extended to nonlinear problems in Section 1.5. In
Section 1.6, a comparison of the computational costs for the stochastic collocation method
and the one presented here is performed. Section 1.7 is devoted to numerical examples
used to illustrate and validate the theoretical results. Finally, a few complements are given in
Appendix.



1.1. Problem statement

1.1 Problem statement

We start with a general and detailed description of the problem under consideration in this
chapter, namely an elliptic diffusion PDE with random diffusion coefficient. In this description,
we will make some distinctions in notation that will no longer be used in the next sections for
ease of presentation.

General problem statement

Let D be a bounded polyhedral domain in R?, d = 1,2,3, and (Q,%, P) a complete probability
space, where Q is the set of outcomes, # c 2 is the o-algebra of events and P: & — [0,1] isa
probability measure. For any p € [1,00), let Lf) (Q) be the space of real-valued random variables
Y on (Q, %, P) that are p-integrable with respect to P, i.e. such that [, |Y (w)|”dP(w) < oco.
Moreover, if Y € L},(Q2), we denote its expected value (or mean) by E[Y] = [i, Y (w)dP(w). The
following problem is considered.

Find u: D x Q — R such that P-almost everywhere in Q (in other words almost surely in Q):

fx) xeD

1.2
0 xX€e oD (1.2)

—div(aXx,w)VuXx,w))
u(x, w)

where a is a random field on (Q, %, P) over L*°(D). For simplicity, the right-hand side f is
assumed to be deterministic, f € L?(D), but the case of stochastic forcing term could be
considered as well adding no real difficulty, see Chapter 2. Note that the divergence and
gradient operators apply only on x, the physical space variable. Let H(} (D) be endowed with

the following norm
1

2
||v||H(;(D):=||vU||Lz(D)=(fD|vU|2) :

The problem (1.2) can be written in weak form as:
find u € L%(Q) ® H} (D) such that
E

=E Vv e I[5(Q) ® Hy (D). (1.3)

faVu-Vvdx
D

fovdx

Since the tensor product space L%, Q) ® H& (D) is isomorphic (see for instance [10]) to the
Bochner space

L5(Q; Hy (D)) := {v :Q — Hy(D)| v is strongly measurable and || V2 @1 ) < oo} (1.4)

where
100 0o = fQ 1900, @)1 ) dP@) =E [ 19012, 5,

we can see the weak solution u of problem (1.2) as a function u: Q — H& (D). The correspond-
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ing pointwise weak formulation, equivalent to (1.3), is then given by:
find u(-, w) € H& (D) such that
fDa(x, o)VuXx,w) -Vvx)dx = fo(x) v(xX)dx Vve H& (D), P-a.e. in Q. (1.5)
If the diffusion coefficient a is (uniformly) bounded from below and from above, namely
30< amin < Amax <00: P@EQ: amin < aX,0) < amax YX€ D) =1, (1.6)

then we can show, by a straightforward application of Lax-Milgram’s Lemma, that problem
(1.5) is well-posed. More precisely, there exists a unique solution u € L% Q; H(}(D)) which
satisfies the a priori estimate

Cp

Amin

I fll 22y

el 12 (s 1} () =

with Cp = Cp(D) the Poincaré constant.

Remark 1.1.1. With the above assumptions, the solution belongs to Lf)(Q; H& (D)) for any
k € [1,00]. This is also true in the more general case f € Lf)p(Q; H(} (D)) and a(x,w) = a;pin(w) >0

a.e. inD and a.s. in Q with ﬁ € Lﬁq (Q), where% + é =1 (see [7]).

We further assume that the random coefficient is well approximated by the finite expansion
L
aX,w) = ar(X,w) = ayg(X) + & Z aj(x) Yj(w) with ayx) =Ela(x,-)], 1.7)
j=1

where {Yj}§:1 are independent random variables with zero mean and unit variance.

Remark 1.1.2. The characterization (1.7) of the random input can be achieved using for in-
stance a truncated Karhunen-Loeve type expansion (see [87, 88]) if the mean and the two-
point correlation (or equivalently the covariance) of a is known. In this case, the functions a;,

J=1..., L in(1.7) write aj(x) = \/Ajp;(X) with {A},¢;} the eigenpairs of the (compact and
self-adjoint) integral operator associated with the covariance kernel V : D x D — R given by

1
Vx,x):= =t [(a(x,w) — ap(x)) (ax,w) — ap(x)].
Notice that, in general, the family of random variables appearing in the KL expansion of an

arbitrary random field a are only uncorrelated (see [111]), but not necessarily independent.

The problem (1.2) is then approximated by:

10
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find uy : D x Q — R such that P-a.e. in Q the following equation holds

fx) xeD
0 X€ 0D

{ —div(ar (x,w)Vur (x,w)) (1.8)

ur X, w)

which admits a unique weak solution uy € pr (Q; Hé (D)) under the assumption
30 < Al min = A, max <00 Plwe): Al min = arx,w) < aj, max, Vx e D) =1.

The stochasticity of the problem (1.8) for u; can therefore be parametrized by the random
vector Y = (V1,...,Yr). Indeed, with the definition of a; given in (1.7) we have a;(x,w) =
arx, Y1 (w),..., Yr(w)) and thus u; (x,w) = i (X, Y1 (w),..., Y (w)) thanks to the Doob-Dynkin
Lemma (see [6, p.6] for instance). We can therefore derive a parametric deterministic weak
formulation of (1.8). Let ' =Ty xI'> x... x 'y where I'; denotes the bounded image in R of
the random variable Y}, i.e. T'; := Y;(Q), for j =1,..., L. Moreover, let p; : T ; — R* denote the
probability density function of Y}, j = 1,..., L. Thanks to the independence of the random
variables, the joint density function p : T — R* of the random vector Y factorizes as p(y) =
H§:1 pj(y;) forally = (yi,...,y1) € I'. We can thus replace the probability space (Q2, %, P) by its
image (I', B(I'), p(y)dy), where B(I') denotes the Borel o-algebra defined on I" and p(y)dy the
probability measure of Y. For any measurable function g7 : I' — R defined on (', B(I'), p(y)dy),
the expectation of the random variable g; = g 0 Y: Q — R is then given by

Elgr] =ngL(w)dP(w)=fQ§L(Y(w))dP(w) =fr§L(y)p(y)dy.

Remark 1.1.3. The error analysis for u — uy with ug the first term in the expansion, see (1.1),
is exactly the same as the one performed in Section 1.3 if the random variables are assumed
uncorrelated instead of independent, i.e. such that E[Y;Y;] = E[V;IE[Y;] foranyi,j=1,...,L
with i # j. For the higher order approximations, however, few changes have to be made to
the analysis given in Section 1.4. Moreover, the definitions given above are not restricted to
continuous random variables but also hold for discrete random variables. In such a case,
we consider a generalized probability density function defined via Dirac delta functions. For
instance, the density function of a random variable Y; taking value +1 with probability% would
be

1
pj(yj)= 5(5(yj +1)+6(y; —1)).

Such random variables will be considered in the numerical results of Section 1.7.

The (parametric, pointwise) weak formulation of problem (1.8) reads:
find @, : T — H, (D) such that
f arx,y)Vir(x,y) - Ve(x) dx =f fXrvXdx VYve HO1 (D),p-a.e.inT, (1.9)
D D

11
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where dr (x,y) = ap(x) + 62]@:1 aj(x)y;. Thanks again to Lax-Milgram’s lemma, we know that
there exists a unique solution ii; € L% (T'; Hy (D)) of problem (1.9) which satisfies

_ Cp
l MLHL%(F;H(}(D)) = a

I f 2Dy,

min

where similarly to (1.4) we define
L% T H& (D)) := {v I'— H& (D) | v is strongly measurable and || UIIL%(F;H[% D) < oo} (1.10)

with
1215 (s o = fr IVUC V) ).

Notice that the weak solution u; of problem (1.8) and the solution #; of problem (1.9) are
related by
ur(x,w) =br(x, Y1 (w),..., Y (w)) a.s.inQ

and we have
el i ;12 0y = WLN 22 0 12 (D) -

For the sake of presentation d; and iy will be denoted again a; and u;, respectively, i.e. we
write ap (x,w) = ar(x, Y1 (w), ..., Y (w)) and u; (X, 0) = ur(x, Y1 (w), ..., Y (w)), when no ambigu-
ity arises. Moreover, the goal here is not to analyse the error committed when replacing a by
ar, i.e. when the random input is approximated via L random variables. Therefore, we assume
from now on that a = ay, i.e. u = u;. We mention that a complete analysis of the (strong, weak)
error u — uy, can be found in [44].

Specific problem statement

We give now a short statement of the problem that will be analysed in the subsequent sections,
indicating only the necessary assumptions and using the shorthand notation described above.
We consider the following problem.

Find u: D x Q) — R such that a.s. in Q:

(1.11)

—div(ax, w)VuiXx,w)) fx) xeD
ux,w) = 0 X€e oD,

where f € L2(D) is deterministic and a is a random field on (Q, %, P) over L°°(D) which
satisfies the following assumptions (see [6,7, 10] for instance) that ensure, among others, the
well-posedness of the problem:

(A1) coercivity and continuity: a is bounded and uniformly coercive, i.e. there exist two real

12
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constants 0 < a;,in < Amax < oo such that

PweQ: amin < aX,w) < amax, VX€ D) = 1.

(A2) finite dimensional noise: a is parametrized by L mutually independent random variables
ax,w) = ax, Y1 (w), Y2 (w),..., Y (w)). More precisely, we assume that a can be expanded
as

L
ax,w) = ayx +¢e)_ ajxY;(w), (1.12)
j=1

where the {Yj}§ | are independent random variables with zero mean and unit variance,
aje Wb (D) for j=0,...,Land € € [0, € y4] With €4, the maximum value such that
property (Al) is satisfied. The functions a;, j =0,1,..., L, and the random variables Yj,
j=1,...,L, are assumed to be independent of ¢.

Notice that assuming a; € L°°(D) for j =0,1,..., L is enough to ensure the well-posedness of
the problem. We impose here more regularity in order to avoid difficulties that are beyond the
scope of this work. We refer to [23] for a derivation of a posteriori error estimation in the case
of discontinuous coefficients. Moreover, as a consequence of assumption (Al), the random
variables Yj, j = 1,..., L, have to be bounded almost surely. In particular, they have finite
moment of any order. Finally, from assumption (A2) it follows that the mean and variance of
a are given by E[a](X) = ap(x) and Var|al(x) = &2 Z§:1 a? (x), respectively. Therefore, for fixed
functions a;, we can modify the variance of a by changing the value of ¢. From assumption
(A2), the solution u is a function of the random variables Y}, i.e. u(x,w) = u(x, Y1(w),..., Y. (w)).
Replacing (Q, %, P) by (I', BI), p(y)dy), the stochastic elliptic boundary value problem (1.11)
can equivalently be written in the following deterministic parametric form:

find u: D xI' = R such that p-a.e. in I we have

{—div(a(x,y)Vu(x,y)) = fx xeD (113
ux,y)y = 0 x€aD.
The (parametric, pointwise) weak form of problem (1.13) then reads:
find u(-,y) € Hé (D) such that
A (ul,y),vy) =F(v) Vve H& (D), p-a.e.inT. (1.14)
where
iy, vy) = fDa(x,y)Vu(x,y)Vv(x)dx, (1.15)
F(v) = fo(x)v(x)dx. (1.16)

13
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Again, thanks to Lax-Milgram’s lemma the coercivity and continuity assumptions on a ensure
the well-posedness of problem (1.14), namely there exists a unique solution u € L% (T H& (D)).
Indeed, since a is bounded from below and above almost surely, the bilinear form «f is
continuous and coercive with constant of continuity and coercivity given respectively by a4
and ay;,;,. Furthermore, the linear (deterministic) functional & is continuous, with constant
of continuity equal to Cp|| fl;2(p), where Cp denotes the constant in the Poincaré inequality.
Therefore, the solution u of problem (1.14) satisfies

Cp

IIVu(,y) ”LZ(D) < ||f||L2(D) p-a.e. inT. (117)

Amin

Notice that the weak solution of problem (1.11) is then given by u(-, Y(w)) with u the parametric
solution of problem (1.14) and it satisfies

Cp

Amin

IVul, Yl zpy <

||f||L2(D) a.s. in Q. (118)

Moreover, it has been proved (see for instance [7]) that solution u = u(x,y) of (1.14) is analytic
with respect to each variable y;, j=1,..., L.

For ease of presentation, the dependence of the random variables Y; with respect to w € Q will
not necessarily be indicated in the subsequent analysis.

1.2 Methodology

In this section, we present the method we use to approximate the random (weak) solution u of
problem (1.11). We use first a perturbation technique for the stochastic space approximation,
yielding a collection of deterministic problems. The physical space approximation of each
problem is then performed using the finite element method. More precisely, we assume from
now on that € in (1.12) is small enough that (A2) holds and expand the solution u = u(x, Y(w))
with respect to € up to a certain order N € N

ux, Y()) = o) +euy (X, YY) +...+ eV unx Y) + 0N, (1.19)

Inserting the latter expansion into (1.11) with a defined in (1.12) and keeping the (1) term
with respect to ¢ yields the problem:

find ug : D — R such that

fx) xeD

—div (ay(x)Vuy(x)) (1.20)
0 x€eoD. '

up(X)

Then, writing u; (x,Y(w)) = Zle U;j(x)Y;(w) and keeping the O (¢) terms in (1.11) yields the L
problems:

14
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find U; : D — R such that

{—dlv(aj(x)Vuo(x)+a0(x)VUj(x)) 0 xeD ., o (121

Uuix = 0 x€ 0D

in which the solution ug of problem (1.20) is needed. Notice that for j =1,..., L, the function

ou(x,yo)

Uj is related to 3y with yo = E[Y] = 0. Similarly, we can use the solutions Uj, j =1,...,L,

of problem (1.21) to compute the deterministic part of the next term in the expansion (1.19),
2
which in turn is related to the second derivatives %, Jj,k=1,...,L. Indeed, if we write
J
Uy (%, Y(w)) = Z]L. o1 Ujk®) Y (0) Yy (), keeping the @ (¢%) terms in (1.11), we get the L* prob-
lems:

find Ujx : D — R such that

jyk=1,...,L. (1.22)

Il
=
»
m
=)
o

—div(a;®X) VU X + a®)VUjr(x)) = 0 xeD
Ujk(x)

More details about the derivation of problems (1.20), (1.21) and (1.22) are given in Appendix
1.A.

Remark 1.2.1. We will prove in the sections 1.3, 1.4.1 and 1.4.2 that

U—ug=0(), u—(up+eu)=0E> and u-(uy+eu; +e’uy) =0(>).

The solution to the deterministic problems (1.20), (1.21) and (1.22) can be approximated using
for instance the finite element method. For any h > 0, let 97, be a family of partitions of D into
d-simplices (intervals, triangles, tetrahedra) K of diameter hx < h. Unless otherwise stated,
we will always consider shape regular (see [49]) meshes of D, i.e. decompositions such that
there exists a constant ¢ > 0 satisfying

h
K oc VKeT,Vh>0 (1.23)

PK

where px = sup{diam(B) : B is a ball contained in K}. The condition (1.23) is equivalent to a
minimal angle condition, namely that there exists a constant a¢ such that ax = ay > 0 for all
K € 93, with ak the smallest angle of K. Let Vj, Hé (D) be the space of continuous, piecewise
linear finite element functions associated to 97, that vanish on 0D, that is

Vi, = {vp € CO(D) : vy €P1 VK € T3} n HY (D),
where P, is the set of polynomials of degree less than or equal to 1.

In the derivation of a priori and a posteriori error estimates, we will need an interpolation
operator which maps Hé (D) to Vj, along with interpolation error bounds. We distinguish the

15



Chapter 1. Elliptic model problems with random diffusion coefficient

cases d =1 and d = 2,3. For the one-dimensional case, any function of H& (D) is continuous
thanks to the Sobolev embedding theorem. Therefore, the Lagrange interpolant operator
rp : C°(D) — V3, which requires point evaluations, is well-defined and satisfies the following
error bounds: there exists a constant C > 0 such that V2 >0, VK e 9, and all v € HO1 (D) we
have

lv=rpvlza < Chxlv'zm (1.24)

and for all v € H?(D)
lv=rnvl 20 + il = ra0) 2 < B3NV 1 20 -

For the case d = 2,3, the functions of H?(D) are continuous and we have the following error
bound (see [31,49] for instance) based on the Bramble-Hilbert lemma: there exists a constant
C > 0such that Vi >0, VK € 97, and all v € H?(K) we have

lv = rpvlzg0 + hllV (0 = rp0) 2 < Chi vl - (1.25)

In general however, such regularity might not be reached by the solution of problem (1.14),
since we are seeking a solution in Hé (D) in the physical space. In that case, we will use the
Clément interpolant [50] operator .9}, : H D) — V), which satisfies the following interpolation
results: there exists a constant C > 0 such that Vi >0, VK, e € 9}, and all v € H'(D) we have

”U_']hv”LZ(K) SC”ZK'U'HI(N(K)), (1.26)

”v(v_jhl})”LZ(K)SclylHl(N(K)) (127)
and .

"V_th”LZ(e) < Chgllel(N(Ke))r (128)

where, for an internal edge e, K, is the union of the two elements touching e and N(K)
(respectively N(K,)) denotes the patch of elements associated to K (respectively K,). Notice
that the constant C in (1.26), (1.27) and (1.28) depends on the constant in (1.23) characterizing
the mesh aspect ratio.

We will now derive a priori and a posteriori error estimates in various norms, the error being
the difference between the exact solution and a certain approximate solution to be defined. We
first start by giving error estimates between the exact solution u and u j,, the FE approximation
of uy. Our goal is to decompose the error into two parts, the error due to the finite element
approximation (k) and the error due to the uncertainty ().

1.3 Error analysis for the first order approximation

We consider u the (weak) solution of (1.11) and ug that of (1.20), i.e. the case N = 0 in the
expansion (1.19). The error due to the stochastic truncation is of order €. Indeed, for any

16



1.3. Error analysis for the first order approximation

VE H& (D) and a.s. in QQ we have

L
faV(u(-,Y(w))—uo)-Vv:f fv—f a(-,Y(w))Vuo-Vv:—ez Yj(w)f ajVuy-Vuv. (1.29)
D D D D

j=1

Using the FEM, the unknown solution u of problem (1.20) is approximated by u j, the
solution of:

find ug ;€ Vj, suchthatf aOVuoyh-Vvh=ffvh Vv € Vy. (1.30)
D D

In what follows, we will derive a priori and a posteriori error estimates for u — v j in various
norms. In particular, the a posteriori error estimators, which are computable quantities,
yield useful information about the two sources of error by computing only one deterministic
problem.

1.3.1 A priorierror analysis

This section is devoted to a priori error estimation for the strong and weak errors, which gives
information on the asymptotic behaviour of the error. In particular, we will show that the
order of the error of the mean in ¢ is twice the order of the strong error, while the order of the
error in / is the same for both. Sections 1.3.2, 1.3.2 and 1.3.2 are instead devoted to a posteriori
error estimates in different norms.

Strong error estimate

Let us first give error estimates on the strong error, i.e. on the error between « and u j, in the
L%, (Q; H& (D)) norm. Our goal is to prove that there exists a constant C > 0 independent of i
and ¢ such that

1
E IV~ uomlfe i |* < Clh+e).

Proposition 1.3.1. Let u and uy be the (weak) solutions of problems (1.11) and (1.20), respec-
tively, and let uy j, be the solution of problem (1.30). If ug € H?(D), then we have the a priori
error estimate

D=

22 L
£
21,2 2 P 2 2
C* e uole ) + L= f 2y 2 145 =)
0,min " "min Jj=1

ao,max

1
E[IVu- o)l | = v2

ao,min

(1.31)
where C > 0 is the constant that appears in (1.25). Moreover, if we assume that for a fixed value
a> %, there exists a constant My, such that for any L we have Z?zl I a? Il Lo(py j2% < My, then we

17



Chapter 1. Elliptic model problems with random diffusion coefficient

also have
22 3
e“C & 2
272012 P 2 .2
C™ ol py + Ma—5——5— I F 2 ) le a
]:

0,min "min

a0, max

1
E[IV@- o, < v2

ao,min

(1.32)
Remark 1.3.2. The a priori error estimate (1.31) blows up when L tends to infinity since the
second part of the estimate depends linearly on L. If we add a constraint on the functions

aj, j =1,...,L, for instance that a; decays as j_‘6 with > a + L then (1.32) holds with M,
independent of L.

Proof. Using the fact that almost surely it holds

faOVuo-Vv:ffvzfaVu-Vv VUEH&(D),
D D D

we have foranyve V

fa()V(u—uoyh)'Vv faOV(u—uo)~Vv+f aoV(up —ug,p) -V (1.33)
D D D

—f (a—aO)Vu-Vv+f aoV(ug —ug,p) - Vv
D D

PCREY : :
([ = rvue| +( [ alviuo- o] ](f alvvi)”
D a4 D b

Thanks to the inequality (a + b)? < 2(a® + b?), v = u(-,Y(w)) — up, € V a.s. in Q in the last
inequality yields

’ .(1.34)

([ d0|V(M—uo,h)|2)2 < V2
D

f(a—ao)2|Vu|2+f aolV (ug — g, p)I?
D D

ao,min

The second term of the right-hand side of (1.34) can be bounded in a standard manner as
follows. Using the Galerkin orthogonality property

faOV(uo—uoyh)-Vvh:O Vv, e Vy,
D

we easily get

fD aolV (o — o ) |* < @0, max|IV (o = I 1t0) 172 -
Since ug € H*(D) by assumption, thanks to the interpolation result (1.25) we get
La0|v(u0 - uO,h)|2 = aO,muxC2h2|u0|§Iz(D)- (1.35)

18



1.3. Error analysis for the first order approximation

Therefore, using this last relation and the lower bound for g, in (1.34) yields a.s. in Q

IV (= o, ) 17 ) <2

ao,max
B 212y gy 4 —— [ (@ a1Vl

ap,min

0 min

Then, we take the expected value on both sides of the last inequality to get

ao,max

21,2 2
C2 R |uol2,

E[1V = o )l | <2 E fD(a—ao)ZIVulz

. (1.36)

@o,min 0,min

To complete the proof, we finally bound the expected value that appears on the right-hand
side of (1.36). First, using the relation (Z§:1 xj)% = LZ]L~:1 x?, we easily get

E U (a— ap)*|Vul*
D

which proves (1.31). For (1.32), we use the additional assumption and the relation }_; a; b; <
1 1
(X;a?)? (Xib7)? to obtain

2

2
—LIf12p, Z la2l o

min

L 2
(a_ao)zzgz(zajjaj—ayj) (Zaz 2a
j=1

L L
(Z Y]?j_za) < Mge® )y Y7j2°

j=1 j=1

Therefore, thanks to (1.18) and the fact that [E[Y].Z] =1, we obtain

U (a—aplIVul®

Since «a > =, the series ZOO

2 2
C L
<Ma’ az ”f”LZ(D Z 2 <Ma az ”f”LZ D) Z]

min min

~2@ converges which concludes the proof. O

Mean of the error estimate

We are now interested in the error on the law of u. We restrict ourselves, in particular, to the
H(} (D) norm of the expected value of u — uy ;. In this case, the statistical error is of order 2, to
be compared to the order 1 of the strong error. Under the same regularity condition on g, we
can show the following a priori error estimate.

Proposition 1.3.3. Let u and uy be the (weak) solutions of problems (1.11) and (1.20), respec-
tively, and let uy j, be the solution of problem (1.30). If ug € H?(D), then we have the a priori
error estimate

2
a0, max

Cihlugl 2 (py + ||f||L2(D) Z la; IILOO(D) +Coe®,  (1.37)

Omm j=

|||E[u_ uO,h] “H&(D) =
0,min

where Cy > 0 is the constant in (1.25) and C, is a constant independent of u, h and €. Therefore,
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Chapter 1. Elliptic model problems with random diffusion coefficient

there exists a constant C > 0 independent of h and € such that

IE [~ tio, 1] gy ) < Clh + €%).

Proof. Letus define u; = Z]L.zl U;Y;, where Uj is the solution of problem (1.21) for j =1,..., L.
First, the expected value of the error u(:,Y) — ug j, naturally splits into two parts

Elw — up, ] = Elu — ugl + (1o — to,p)
and thus, thanks to the triangle inequality, we get
IE [u_ uO,h] ”H&(D) < |[E[z — uo] ”H(}(D) + lluo — uO,h”Hé(D)-
From (1.35), we deduce a bound for the second term given by

ao, max

||u0—u0,h||Hé(D) = Cihluol g2 (py»

0,min

where C; is the constant that appears in (1.25). Let us bound the term ||E[u — u] || H(D) which
is due to the uncertainty in the diffusion coefficient. Proceeding as in (1.29) and using the fact
that fD(ajVuO +apVU;j)-Vv =0forall v e V, the following equalities hold for any v € V and
a.s. in Q

faV(u—ul)-Vv —ef aOVul-VU—f(a—ao)Vul-Vv
D D D

L L
= —5ZlefD(aoVUj+ajVu0)-Vv—£2fD'ZlYinajVUi-Vv
= i,j=

J
L
= —ezf Y YiYja;VU;-Vo. (1.38)
Dij=1

Therefore, we have

L
faoV(u—(uo+£ul))~Vv=—f(a—ao)V(u—(uo+£ul))-Vv—e2 Z Y,Y]/ a;VU;-Vu.
D D i,j=1 D

Since E[u;] =0 and E[Y;Y;] = 0; j» where 0; j denotes the Kronecker delta, taking the expected
value on both sides of last equality yields

faOV[E[u—uO]-Vv=[E[—f(a—ao)V(u—(u0+€u1))-VU
D D

L
—EZZf ajVUj-Vv.
j=1vD
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1.3. Error analysis for the first order approximation

Thanks to Jensen’s inequality (see e.g. [89]), we obtain

fDﬂOV[E[M—uo]'VU < E[lla—aollzomIV(u— (uo+eu) 2] 1IVVI 2(p)

L

2
+e2 1Vl 2y Y 1l 1oy VUl 2y
j=1

If we take v = E[u — up] in the last inequality, we get

L
IE[u—uolll 12 p) < {[E [la— aoll oy 1V (1 = (o + eur)) l z2(py | + € Y Najll oy IVU; IILz(D)}.

ao,min j=1

(1.39)
We now give a bound on |VUjll;2p), j = 1,..., L. First, using standard techniques (Cauchy-
Schwarz, Poincaré inequalities, lower bound for ay), we get the following bound on the solution

of problem (1.20)
Cp

IVuollz2(py <

I fllz2(p)-

0,min

Then, taking v = Uj as test function in the weak formulation of problem (1.21) yields

ao,minlVU;l1 72 p, staoijF = —fDaJ-Vuo-VUj < llajllzo) IV uoll 12y I VUl 12y

and thus
Cp
IVUjll 20y = — I fllzzpyllajlizee -
0,min

Inserting this result in (1.39), we get

1 e2Cp L 5
IE[u~uolll 11 (py = ) E[lla— aoll oy llV (1~ (o +eu))ll r2(py ] + ——— 1 fl 2y > @l e py (-
aop,min 0,min j=1

(1.40)
To conclude the proof, we show that the first term of the right-hand side of the last inequality
is of higher order in &, namely of order £3. Indeed, we have

L
la—aollom) =€ Y Yjlllajll~p) < c1€
j=1
and, taking v = u — (up + €uy) in (1.38),
2w 2
IV (e — (up +eu))lz2py = £ Z 1YiYjlllaill o) IVUjll12(py < c2€ (1.41)

min i,j=1
with ¢, ¢; two (deterministic) constants independent of u, h and €. Therefore, we have

E[la— aol ooy IV(u— (uo + eu)ll 2 (py] < Ca€®

with C, = cjco. O
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Chapter 1. Elliptic model problems with random diffusion coefficient

Remark 1.3.4. A bound for ||E[u — up] || H(D) can also be obtained using Jensen’s inequality, the
fact that the term u, is mean-free and (1.41) as follows

E[2 - uO]”H(}(D) = |E[u—uo _Eul]”Hé(D)

ENV(u— (uo + eun))ll 2]

IA

I\

I 2
||aj||L°°(D)) .
j=1

2
e“C P
— I f 2
Amin aO,mi n

Compared to (1.37), there is no additional higher order term here but the constant for the term

=1 isreplaced by a_*

2 . . .
of order € is larger since the cross terms do not vanish and a, ... in

1.3.2 A posteriori error analysis
A posteriori error estimate in the 1% (Q; H; (D)) norm

The goal is now to obtain an estimate of the error between u and u j, which does not depend
on the exact (unknown) solution. Let us define the jump of a function ¢ across an edge e € 9,
in the direction of n, by

lim;—o+ (p(x+ tme) —px—tn,)) ifezdD

[@ln, X) 1={ 0 ifecadD,

where n, denotes a normal vector to e of arbitrary (but fixed) direction for internal edges and
the outwards normal to 4D if e € 0D. Notice that the quantity [V¢ - n.lp, is independent of the
choice of the direction of the normal vector n,. We obtain the following residual type error
upper bound, proceeding as in [118], which is based on the relation

o (U—ugp, v;y) = Z(W;y0) + [Z(v;y) — Z(v;¥0)] Vve H&(D), p-a.e.inT
with
R(vyy) :i= F(v) — A (uo,p, V;Y),

where o/ and F are defined in (1.15) and (1.16), respectively, and y, = E[Y] = 0.

Proposition 1.3.5. Let u be the weak solution of problem (1.11) and let uy j, be the solution of
problem (1.30), respectively. There exists a constant C > 0 depending only on the constants in
(1.26) and (1.28) such that

1 \/E 1
2 2 2
(19—t | < 2= [Cof 43, (1.42)

in
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1.3. Error analysis for the first order approximation

with
nt o= Y h% f (f+V-(aVug )+ Y he f [agVuo, ;- Ml (1.43)
KeTy, K eeT, e
L
M o= & Y aVugul®, (1.44)
Dj:1

Remark 1.3.6. We mention that the analysis is similar to the one given below if we consider
the error in the energy norm ||a}/>V (u— ug, ) 2 @2y instead of 11V (u—uo,n)ll 2 ;2 (o)) - The
former should be preferred if the deterministic part ay of the diffusion coefficient a varies widely
over D.

Proof. In the sequel, C will denote a constant whose value might change from one line to
another. Let v be any function in Hy (D). We have a.s. in Q

faVu-Vv—f aVuyp-Vu
D D

f(fv—aOVuO'h~Vv)+f(ao—a)Vuo,th, (1.45)
D D

- -

=:A =:A,

[ aV(u—ugp) Vv
D

where A; and A, correspond respectively to the error due to the finite element approximation
of 1y, solution to problem (1.20), and the error due to the truncation in the expansion (1.19) of
u. We bound now each term separately, starting with A,. Using the expansion of a given by
(1.12), we have

1

1 1 L 2
2 2
to= ([ 1a-arvuan) ([ 1v7] =([D 5 anj)zlwo,hlz) IVolzp.  (146)
=1

j=

For the first term A, we use the relation [}, agVuy,, - Vv, = [}, fv, for all vy, € V, with vy, the
Clément interpolant of v together with interpolation results (1.26) to get

,)\2
A = ) f|f+V'(6loVuo,h)| Chilvlim (v
Kegy, WK
i 1
2 1
+ Z (f[dovuolh'ne]lzle) Chez|v|H1(N(K@))
eeﬂ_h e
1
2
< vac| ) hf(f |f +V-(aVup)l*+ Y. hef[aowo,h-ne]f,e IVl 2 ()
KeTy, K €€}, e
(1.47)
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Chapter 1. Elliptic model problems with random diffusion coefficient

We have used the fact that

2 2 2 2
2 VUL vy S Coll VUl and Y IVUIL k) < Coll VUIT )
Kegy, €Ty

where Cy depends on the maximum number of neighbours of each element in 97, which in
turn depends on the constant in (1.23). Since a;,;, is a lower bound for a, we deduce from
(1.45) with v = u(-, Y(w)) — up,j, € H& (D) that a.s. in Q we have

[A1 + Ap].

min

f IV(u—upp)l? <
D

Combining this last inequality with the bounds for A; and A, given by (1.47) and (1.46)
respectively, we obtain a.s. in Q

1
IV(u—uop)lizpy < {\/EC

Amin

Yy n: f (f + V- (ag Vg p))?
KeTy, K

1

2 L
+e(f » a,-Y,-)Zwuo,mz)
D j=1

1
2

+ ) hef[aovuo,h'ne]ie
e

eeJy,

(1.48)

and thus, taking the square of this last equation and using again (a + b)? < 2(a? + b?) yields

2
IV (= o )7s < az—{ch(z hiﬁ(lfwwaowo,hnz

min Kegy,

L
+ ) hef [aoV g, -ne]ﬁe) + szf ()" a;Y)?*IVugpl* } .
ecT, Je D j=1

The a posteriori error estimate (1.42) is obtained taking the square root of the expected value
on both sides of the last inequality and exploiting the independence of the random variables,
namely that E[Y;Y;] =6;; fori,j=1,..., L. O

Remark 1.3.7. In the one-dimensional case, we can take vy, = ryv the Lagrange interpolant of
v and the sum over the edges (the discrete nodes here) vanishes. Indeed, any function and its
Lagrange interpolant coincide at each node x;, i = 0,..., Ny, of the considered discretization, or
more precisely v(x;) —rpv(x;) =0 foralli =0,...,Ny. Since (1.24) holds fore.g. C =2, we can
show that we have the following a posteriori error estimate

V2

Amin

1
/ ro2 2
B[l =~ up 120" <

Np—1 Xit1 L %
( > ki f (f +(aouy, )") +€* f Zai(ug,h)z) :
i=0 i D j=1
(1.49)

where u' denotes the spatial derivative %

1
Remark 1.3.8. The computable quantity n = (17% + n%) 2 can be used as an a posteriori error
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1.3. Error analysis for the first order approximation

estimator, which is reliable thanks to (1.42). It can be used to determine a mesh yielding
comparable accuracy in h and €, i.e. for balancing the error due to physical space discretization
and the error due to the uncertainty. The spatial error estimator 1, is efficient in the sense that
it provides (up to a multiplicative constant depending only on am, ., and the regularity of the
mesh) a lower bound for the error plus the other contribution n, and oscillation terms, the proof
being similar to the one given in Appendix 1.B. Even though we have not been able to prove that
12 in (1.44) also provides a similar lower bound, the estimatorn appears to be efficient for all
the numerical experiments we have considered.

We give below an a posteriori error estimator for the error ||u — ug |l 12,(Q; H} (D)) for which both
upper and lower bounds can be shown. The spatial error estimator is the same, namely 17,
given in (1.43), while the stochastic error estimator is obtained by computing (approximately)
the dual norm of the residual r (v;y) := Z(v;y) — Z(v;y0). Here, we only give the statement of
the error estimator and we refer to Appendix 1.B for more details including the proof of the
bounds. Let W; j, € Vj, be the solution of the problem

fDVWj,h-VUh:—fDaJ-VuOyh-Vvh Yv,eVy.

The error estimator can then be defined as

[N

],]’l”iZ(D)' (1.50)

L

72 =(ni+M3)> with #5:=¢) IVW;
j=1

Notice that the computation of /) in (1.50) requires the solution of L additional Poisson prob-
lems compared to the error estimator 1 based on (1.42), and a strategy to reduce the computa-
tional cost could be to introduce auxiliary local problems defined on an element or a small
subdomain, see e.g. [15,107] and references therein. We mention that the extra computational
effort to get 1), instead of 17, is apparently not worth to pay in the present case, since the a
posteriori error estimator based on Proposition 1.3.5 is efficient, at least for all the numerical

experiments we have performed.

A posteriori error estimate in the 12 (Q; L?(D)) norm

We now give an a posteriori error estimate of the error between u and v j, in the L? norm in
space, which leads to a gain of one order in k. To do so, we use a duality argument (often called
the Aubin-Nitsche trick). We thus consider the dual problem of problem (1.11) given by:

find ¢p: D x Q — R such that P-almost everywhere:

{ ~div(ax0)Vpx0) = uw)-uyyx) XeD (1.51)

(P(X’ w) =0 Xe OD,
whose pointwise in y € I weak form reads:
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Chapter 1. Elliptic model problems with random diffusion coefficient

find ¢(-,y) € H; (D) such that

f a(x,y)V(p(x,y)-Vv(x)dx:f (ux,y) — up (X)) vx) dx VveHé(D),p-a.e. inl.  (1.52)
D D

Under regularity conditions on D, we have the following a posteriori error upper bound, which
implies that the convergence rate of the error is @ (h? + €) in that case. That is that we gain
one order in & compared to the error in the 15(Q; H; (D)) norm. However, the order of the
statistical error is not improved.

Proposition 1.3.9. Let u and uy be the (weak) solutions of problems (1.11) and (1.20), re-
spectively, and let uy j, be the solution of problem (1.30). If (-, Y(w)) € H?(D) and Pl g2y <
Cllu—uo,l12(py a.s. in 2, then there exist constants Cy, Cy > 0 independent of u, h and € such
that

1 1
B[l uonlag|” < VZ[Cind +Cond)? (1.53)
with
7 o= Y h}‘(f (F+V-(aVue )+ Y hﬁf[aowo,h-ne]ie (1.54)
Kedy, K e€Ty, e
L
m o= Ezf Y. Vgl (1.55)
D j=1

Remark 1.3.10. Since we assumed a; € wleo(py, j=0,...,L, the assumptions of Proposition
1.3.9 on the regularity of the dual solution ¢ are satisfied if, for instance, D is a convex polygon
(see [84]). The constant C in ||Pll gz(py < Cllu— ug |l 12(p) may depend on the uniform bounds of
Yj, aj andVa; and on € max but is independent of €.

Proof. First note that if we take v = u(,y) — ug ;,, p-a.e. in T, in (1.52), we directly get the L
norm in space of the error at the right-hand side. We thus only need to estimate the left-
hand side by a quantity which does not depend on the exact solutions u = u(x,Y(w)) and
¢ = ¢x,Y(w)) of respectively the primal and dual problems. In what follows, all equations
hold a.s. in Q without specifically mentioning it. Since

[aV(u—uo,h)-Vvh+f(a—ao)Vuoyh-Vvh:O Yo, eV,
D D

we have for any vy, € Vj,

” u- uO,h”iZ(D) = Lav(u - u(),h) : V(P

fDaV(u—uo,h)-V(d)—Vh)—fD(ﬂ—aO)VMO,h‘VVh

ff((/)—vh)—f aOVuOYhV((p—vh)—f(a—ao)Vuoyh-ng. (1.56)
JD D __JD

~ v

=:A; =A
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1.3. Error analysis for the first order approximation

We now treat each term separately. For the first one, we follow the usual procedure. For any
vy, € Vi, we have

A = ), ff((,b_vh)_ Y faov((/)—vh)vuo,h
Kegy, Kk Kegy,
< Y If+V-(@Vuo )zl —vhllzag + Y. II[dovuo,h'ne]ng lz2(e) 1P — VRl 12()-
Kedy, eeT)

If we take vj, = r;,¢, the Lagrange interpolant of ¢, thanks to the interpolation error estimate
(1.25), the trace inequality and the standard elliptic regularity result [|p|l 2(py < Cllu—ug pll12(p)
(see [31,49] for instance), we obtain

Ay

IN

G| X hﬁfl((erV'(aoVuo,h))z) +( > hﬁfe[aoVuo,h-ne]f,e) 1l 12Dy

KeTy, S

1

2
x/Ecl( > h}L(fK(fJFV‘(ﬂOVUO,h))Z‘F > hif[aowo,h-ne]ie) 1 = uo, il 2y
e

Kegy, ecT},

IA

(1.57)

where C is a constant whose value might change from one line to another. Consider now the
second term A, of (1.56). We have

1
2
A2=—fD(ﬂ—ﬂo)Vu0,h'V¢S(fD(d—ﬂo)zlvuo,mz IVl 20,

and thus, it only remains to obtain an upper bound for [|V¢| ;2(p,. Taking v = ¢ in the weak
form (1.52) of the dual problem yields

fDaV(P'WP = fD(u —uo,n)¢ < llu—to,nllr2) 1Pl 12Dy
Since a is bounded from below by a,,;,, thanks to the Poincaré inequality we get

aminll VI3, < Crllu = tio pll 20y VPl 12,

and thus

P
lu—uo pnllr2p)-

Amin

IVPlr2py <

Therefore, A, can be bounded by

Cp

Amin

1
2
Ap = (fD(a— 00)2|Vu0,h|2 lu—uo,nllr2p)- (1.58)
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Chapter 1. Elliptic model problems with random diffusion coefficient

Inserting (1.57) and (1.58) into (1.56) yields

1

\/Ecl( Y h;*(fK(f+v-(aOVuO,h))2+ Y hﬁf[aowo,h-ne]i)

lu—uoplizpy =
K€f/—h eeg—h
1
Cp 2
+ (f (d—do)2|vu0,h|2) :
Amin \UD
and thus
2 2 4 2 3 2
lu—uonliep < 2 zcl( > hKf(f+v-(aOVuo,h)) + ) hef[aQVuoyh.ne]ne)
Kegy, K eedy, e

+

C2
azp fD(oz—ao)ZIVuo,hl2 : (1.59)

min

Since E[(a — ag)?] = €2 Z]L.:1 a?, the result follows from taking first the expected value and then
the square root on both sides of (1.59). O

Goal-oriented error estimate

The a posteriori error estimates obtained so far yield upper bounds on the error in global
norms. In the case where we are interested in a particular quantity of interest, e.g. point values
or contour integrals, these estimates may not be appropriate. Goal-oriented error estimation
has thus been developed (see [13,22,100] and [4, 33, 35, 92] and the references therein for
the deterministic and stochastic framework, respectively) to bound a given functional using
optimal control techniques (based on a duality-argument). In this section we only sketch
the derivation of a goal-oriented error upper bound for the first-order FEM approximation
Uy, ;- Assume that we are interested in computing Q(u) with Q a linear functional on H& (D)
representing a quantity of interest which depends on the random vector Y only through the
random solution u(-,Y) itself. We introduce the dual problem:

find ¢(-,y) € Hé (D) such that o/ (v, (-, y);y) = Q(v), Vve H& (D),p-a.e.inT, (1.60)

where « is defined by (1.15). Let yp = E[Y] = 0 denotes the nominal value for Y, for which
a(x,yo) = ap(x), and let ¢y be the deterministic solution of (1.60) with y =y and ¢ ;, its FE
approximation. Using the fact that Q does not depend on Y explicitly, we can easily show that
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1.3. Error analysis for the first order approximation

a.s.in Q

Q(u(Y(w)) — Qup,p) = fo<P0—fDﬂOVu0,h'V<Po—fD(ﬂ—ﬂo)Vuo,h'V<P0,h

=:A =:A

—j;)(d—do)Vuo,h'V((Po—(Po,h)—fD(a—ao)V(u—uo,h)'V(ﬂo,h

- -

=:A3 =iy

—fD(a— ap)V(u—uyp) - Vigo—@o,n) -

)

::A5

The first term A;, which is deterministic and of order 42, can be bounded using standard
techniques such as the Dual-weighted residual (DWR) method (see e.g. [13,22]) or using the
parallelogram identity as proposed by Oden and Prudhomme in [100]. In the DWR method,
the upper bound depends on the unknown influence function ¢y, either through ¢l 2 k) or
V(@0 — @o,n)ll12(x), K being an element of the mesh. In the former case, the H? semi-norm
can be estimated by a discrete analogue and in the latter case, the influence function might be
replaced by a discrete solution computed on a space richer than Vj, or by post-processing. All
the other terms can be bounded provided we can obtain an upper bound for ||V(u—ug 1)l 12(p),
which is given by (1.48), as well as an upper bound for [|V(¢o — ¢ 1)l 12(p) which can be done
as in the previous sections. Moreover, based on the results obtained in the previous sections
we have

AL =0(h?), Ay = 0(¢), A3 = O(he), Ay = O (he + €2) and As = O (h’c + €°h).
We might be interested in estimating the expectation or the variance of Q(u(-,Y)) — Q(uo,1). In
the former case, notice that E[A;] = E[A3] = 0 and since A; is a deterministic quantity, we have
E[Q(w) — Q(up, )] = Ay + E[A4] + E[A5].

Moreover, the term E[A5] is of higher order than E[A4] and can thus be neglected, so that we
have E[Q(u) — Q(up,p)] = O (h? + he + €2). In the latter case, we have

ENQ(u) — Qug, ) 1?1 < 5(A% + E[A2] + E[A2] + E[A%] + E[AZ]).

As before, the term E[AZ] can be neglected and we have E[|Q(u) — Q(uo ;) 212 = G(h? + € + he).
Moreover, if the mesh space h is chosen such that h? ~ ¢, then both terms [E[Ag] and [E[Ai] can
also be omitted in the estimation of the variance and E[|Q () — Q(u,5) |2]% =0 (h?+¢).

Finally, we mention that the estimate on the variance of Q(u) — Q(ug ) can be used to have
a rough estimate on the failure probability P(Q(u) > Q.ri;) with some critical value Q.;;;
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Chapter 1. Elliptic model problems with random diffusion coefficient

sufficiently far from Q(uy ;). Indeed, using the Bienaymé-Tchebychev inequality we have

E[(Q(w) — Q(ug n))?]

p crit) =
(Q(u) g Q t) (Q(uo,h) - chit)2

1.4 Error analysis for higher order approximations

In this section, we generalize the a posteriori error estimate of Proposition 1.3.5 to higher order
approximation, that is when more terms in the expansion (1.19) of u are taken into account.
We start by giving the result for the second order approximation before generalizing to any
order of approximation.

1.4.1 Second order approximation

In this section, instead of considering the error between u and uy 5, we will give an estimation
of the error between u and u;l, the FE approximation of ul = upg+euy = up+ 52]@:1 Uy,
where Uj is the solution of problem (1.21). Since the random variables Y;, j =1,...,L, are
assumed to be bounded, the error due to the stochastic approximation of u is of order €2 in
this case. Indeed, if we do not take the finite element approximation error into account, we
have a.s. in Q (see (1.38) for details)

L
faV(u—ul)-VU:—sz Y YiYja;VU;- Vo, (1.61)
D D j=1

and only the term of order £2 remains. Let us now take the error due to the approximation of
u' by u;l = U, + €Uy, into account, where u; j = Z]L~:1 YjUjpand, for j=1,...,L, Uj j is the
solution of

fa()VUj’h-Vvh:—f ajVuygp-Vvp VYvp€ V. (1.62)
D D

To simplify the notation, we define
wjnp:=aVUjp+ajVugp.

We can show that, if the solution is regular enough in physical space, the convergence of the
error isin @(h + eh + €2), i.e., that for a mesh size h of order &2, the error is divided by 4 when &
is halved. The following proposition provides an a posteriori error estimate.

Proposition 1.4.1. Let u be the weak solution of problem (1.11) and let uy, and Ujp,, j =
1,..., L, be the solutions of problems (1.30) and (1.62), respectively. There exist two constants
C1, Cy > 0 depending only on the constants in (1.26) and (1.28) such that

1 \/§ 1
E[IV@- ) < ——[Cimi+Con +n3]", (1.63)
m

in
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1.4. Error analysis for higher order approximations

with

nr = YRR+ V- (@oVue )l g, +Zhe|| [a0Vuo,n-1e], 1720y, (1.64)
K

n (thf Z(V Wijh) +Zhef2[wj,h-ne]ie), (1.65)

j=1

n; fZa IVU; 4l [E[Y4]+f Y [a¢IVU; > +2a;a;VU; - VU; ] |- (1.66)
i,j=1

i#]

From (1.63), we see that the error splits into three parts, namely the error due to the FE
approximation of ug, the FE approximation of the Uj, j =1,..., L and the truncation in the
expansion of u with respect to €.

Proof. For any v € Hj (D) and a.s. in Q we have

faV(u—u}l)on ffv faOVuoh -Vv- sf ZYj(aOVU]h+a]Vuoh) -V
D

[\ J
~~

=:Ay

—Ef (a—ap)Vuyp-Vo. (1.67)
D

-~

=:A3

where A; and A are respectively the residual for ug , and for U; , for j =1,..., L, while A3 is
due to the truncation in the expansion (1.19) of u. Let us treat each term separately. The first
term A; is bounded by (see Section 1.3)

1
2

> I +V-(@Vuo 7o+ Y. hell[aoViugn-me]y 172 | IVVI2p)-

Kedy, e€Ty

(1.68)

Let us consider now the term A,. Since [, w jn Vo =0 forall vy € Vi, we have

A, = ZY]w]h V(v—9,v)
] 1
= £ Z (Z Y]V W]h)(v Ipv)+e Z f[z Y]w]h ne]ne(v Ipv)
Keg, /K j=1 ecTy, e

IA

L L 2

21,2 2 2 2

CZ( Z £ hK” Z Yjv'wj,hllLZ(K)+ Z £ he”[z Yjwj,h'ne]ne”LZ(e) ||VU||L2(D),
Kegy, j=1 eeJy, j=1

(1.69)
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Chapter 1. Elliptic model problems with random diffusion coefficient

where C, depends only on the interpolation constants that appear in (1.26) and (1.28). Finally,
we estimate the last term A3. We have

L L L
As = —gf €Y Yjaj)V( nUl-,hyvU:—szf Y Y;Y;a;VU; -V
D j=1 i=1 Dy, j=1
) L
< &1 Y ViY;ajVUinl oIVl 2. (1.70)
i,j=1

Since a is bounded from below by a,,;,, combining (1.67) with (1.68), (1.69) and (1.70) with
v=u(,Y(w)) - u, (-, Y(w)) € Hj(D) yields a.s. in Q

1 \/§ 2 2 2 2
IV@=ublem < Cl( Y R2IF+V- @Vl + Y el [0Vig s ne], lle(e))
Amin KeTy, eeT),
2 21,2 L 2 2 L 2
+C2 Z € hK” Z Yjv'wj,h||L2(K)+ Z € he”[z Yjwj,h'ne]ne”Lz(e)
Kegy, j=1 eeTJ}, j=1

1
2
)

L
+et Y YinajVUi,h”iz(D)
i,j=1

using the inequality (a+ b +c¢) < V3(a® + b? + ¢?) %. To conclude the proof, it only remains
to take the expected value on both sides of the square of this last inequality. By linearity of
the expected value, we can consider the three terms of the right-hand side separately. The
first term is a deterministic quantity and thus, taking the expected value on it has no effect.
For the two other terms, we just have to evaluate E[Y;Y;] for 1 <, j < Land E[Y;Y; Y} Y] for
1<i,j,k, [ < L. Since the random variables are assumed to be independent, with zero mean
and unit variance, we have E[Y;Y;] = §;; and

[E[Y]fl] ifi=j=k=1
ELY;Y;Yi Y] = 1 if the indices are pairwise equal
0 otherwise.

Let us write
L

B:= ) Y;YjViYiajarVU; - VU,
ik 1=1
which we split into three parts B; (all indices are equal), B, (two pairs of indices) and Bs
(remaining indices). Thanks to the linearity of expectation, we have E[B] = E[B;]+E[By] +E[Bs].
First, we can notice that E[B3] = 0. Moreover, the contribution to E[B] wheni=j=k=1is

L
E[B1] = ) a;IVU; 5 IE[Y}'].
=1

1

Let us consider now all the cases when we have pairwise equal pairs of indices. Out of 4 indices,
there are three different ways to form two pairs of indices, namely (j = k,i=1), (j=1i,k=1)
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1.4. Error analysis for higher order approximations

and (j = [, k = 7). Since the two last cases lead to the same result, we get

L L
E[B2] = ) alVUul>+2 )" aiajVUip-VUjp.
i,j=1 i,j=1

i#]j i#j
Altogether, we finally get
L 2 2 L 2 2
E[Bl =) a;|VU; s PELY/1+ Y [a7IVU; pI* +2a;a;VU; - VU; ],
i=1 ij=1
i#]

which concludes the proof. O

1.4.2 Generalization

Suppose now that the random solution u of problem (1.11) is expanded with respect to € up to
order N €N, see (1.19). For 1 < n < N, let us write

L
U Y@)= Y Ujjpejy @Y (@)Y, (@) Y, (@) (1.71)
Jij2seenjn=1

the n' term in the expansion. The L" functions U i1 j»j are obtained by solving for jy, jo,..., jn =
1,..., L the deterministic problem

0 xeD
0 xeoD

(1.72)

- div(ajl (X)VU]'Z...]'” (x) + ap (X)VU]'] i jn (X))
Ufl"'fn (X)

using the solutions Uj,...;,, j2,..., jn = 1,..., L, obtained for the (n—1) th order term. Proceeding
as in Sections 1.3 and 1.4.1, it is easy to show that the error due to the truncation in the
expansion of u is of order eV, More precisely, we have for any v € H& (D) and almost surely

L

N
f aV(u— Yy Enun)~Vl/=—€N+1 Y onyjl---Yij aj,VUj jyjy V. (1.73)
D n=0 Jorjtrjn=1 D

Since Y}, j =1,..., L are bounded, in particular they have bounded 2(N + 1)'" moment. When
the various deterministic functions are approximated using finite elements, if the solution is
regular enough in physical space then the error u — ZI,YZO e"u, j in the L%, Q; H& (D)) norm is
of order

h+eh+eh+..+eVh+eVL

The error in @(¢"h), 0 < n < N, corresponds to the error made when the functions U 1o jn (Mo
for n = 0) are replaced by their FE approximation Uj,...;,  (resp. ug ). An a posteriori error
estimate can thus easily be obtained as follows. First, the term in € (%), which corresponds to
the residual for uy j,, is obtained by estimating [, (fv—agVuy j, - Vv), see (1.47). For the term
in0®(he™), n=1,..., N, itsuffices to estimate for ji,..., j, = 1,..., L the residual defined for any
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Chapter 1. Elliptic model problems with random diffusion coefficient

ve Hy(D) by
(R(Uj,...j,,n)y V) = fD (aj,VU,,...j, n+aoVUj,...j, 1) -V,

where (:,-) denotes the duality pairing bracket. For an explicit error estimate, computable
up to multiplicative interpolation constants, we finally need to express the expectation of
the product of n random variables E[Y}, ---Y; ] for all combinations of indices and for n =
1,...,2(N +1). More precisely, we can show the following result.

Proposition 1.4.2. Let u be the weak solution of problem (1.11) and ug = Zg:o e"uy, , where
U, is the FE approximation of u, given by (1.71). There exist N + 1 constants C, >0, n =
0,1,..., N, depending only on the constants in (1.26) and (1.28) such that

3 VN+2 N ’
N~ 12 2 2 2 2
E[IV= )] < ——— |Comg+ ) Catly + 1y | (1.74)
min n=1
with
2 2 2 2
o = ;hK”f"'V‘(ﬂovuo,h)”Lz(K) +_hell [aoVug - me], 175,
e
2 2 2 L 2
n
n, = eTE(X_hxl Y Yj - Y, Veowj gm0
K j] ..... jnzl
L
2 helll ). Yo Yj,wji i, neln, 17
e 1 Jn Wi g b " Belne i 2
e Jireeojn=1
L
2 _ 2(N+1) VAR VS ] .. 2
Nyt = € Ell Z Y, Yj, Y]NaJOVUJI“']N:h”LZ(D) )
JorJirenjn=1
where

Wi oj b 2= aj1Vsz-"jn,h + a()VUjl...jmh Jireejn=1,..., L.

Proceeding similarly, this generalization can also be applied to the other error estimates we
obtained in Section 1.3. Finally, notice that the constant V/N +2 that appears in (1.74) can be
avoided thanks to the triangle inequality for the L%, (Q) norm, yielding an upper bound of the
form “;111' . (Cono +...+CnN +7 N+1). The same holds for all the error estimates obtained in

Sections 1.3 and 1.4.1.

1.5 Extension to nonlinear problems

Keeping the same notations as in the previous sections, we are now interested in solving
problems of the form:
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1.5. Extension to nonlinear problems

find u: D x QO — R such that almost surely:

F(a,u) 0 inD
(1.75)
u 0 ondD,

where F is a smooth nonlinear mapping that depends on the uncertain input a given by (1.12).
Again, the random solution u is expanded with respect to € up to a certain order

ux, Y()) = up() + 11 (x, Y(0)) + O (£2).
Formally, we have
F(a, u) = F(ag, up) + Do F(ay, up)(a— ag) + Dy, F(ay, up) (u— o) + O (%),

where D, and D, denote the Fréchet derivatives with respect to a and u respectively, the
deterministic part 1y of u is the solution of the (nonlinear) problem

F(ay, = 0 inD
(ag, up) in (1.76)
uy = 0 onoD,
while the U; in u; = Z]L~:1 Y;U; can be found by solving the (linear) problems
DgF(ag, up)(aj) + DyF(ap,up)(Uj) = 0 inD i=1..L (1.77)
Ui = 0 onodD,

We can directly see one of the advantages of expanding the solution as proposed here, namely
that a single nonlinear problem must be solved to find u, the other problems being linear.
A new FE solver corresponding to (1.77) has to be implemented to approximate the Uj;, j =
1,...,L.

In the case of quasi-linear problems, the error analysis is very similar to the linear case
considered in Section 1.1. Indeed, under certain conditions such as well-posedness of the
problem, only the part of the estimate corresponding to the residual error in the physical
space has to be changed in the a posteriori estimate of the error between u and uy j in the
L?) (Q; H& (D)) norm. For instance, let us consider problem (1.75) with

FlaXx,w), ux, w)) :=—-diviax,w)Vux,w)) + us(x, w) - fx). (1.78)

This well-posed problem has a unique solution in 3 (Q; Hy (D)) and we can show the following
a posteriori error estimate for ||u—ug j, 12(QHL(D)) where u j, € V, is the deterministic solution
of

faOVuO,h-Vvh+f ughvh:[fvh Yuvy € V. (1.79)
D D D

Proposition 1.5.1. Let u be the weak solution of problem (1.75) with F given by (1.78), and let
uy,;, be the solution of (1.79). There exists a constant C > 0 depending only on the constants in
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Chapter 1. Elliptic model problems with random diffusion coefficient

(1.26) and (1.28) such that

1 C 1
E[IV = o)z | * 5 —— [ +3]?,

min
with
mo= ) by f (f =g, + V- (@Vuon)*+ 3 he f [aoV o, -1l
Kedy, K ee T, e
L
n = 62[ > @ Vugul*.
D]':1

Proof. Since the proof is very similar to the one of Proposition 1.3.5, we only give the key
ingredients here. First, for any v € V we have almost surely

‘/aV(u_uovh).VU:f(f—ugh)y—f aovuoyh.vy—[(a—ao)Vu0’h~VU—f(u3_u3h)v.
D D ’ D D D ’

Then, for v = u — uy,  the last term in the above equality is non-positive. Indeed, using that

1
B, = f 3o, + £ — g 1) (1 — g ),
’ 0

we get
1
—/D(us—ug,h)(u—uo,h):—[l)[o 3(ug p + t(u— g p))? (u—ug,p)* < 0.

Therefore, this term can be omitted since we are looking for an upper bound of the error. O

2 2
Another example is the following. Let k > 0 be such that ::: < 1, or in other words clzcs,P, - < 1-6
forany ¢ € (0,1). If we take
Flax,w), ux,w)) := —div(ax, w)Vux, w)) — g(ux, )) (1.80)

in problem (1.75), where g is a Lipschitz function with Lipschitz constant k, then we can show
the well-posedness of the problem and the following a posteriori error estimate for the error
u— ug i, where ug j, € Vj, is the deterministic solution of

faoVuo,h-Vvh:fg(uoyh)vh Yv,eVy. (1.81)
D D

Proposition 1.5.2. Let u be the weak solution of problem (1.75) with F given by (1.80), and
let uy 1, be the solution of (1.81). There exists a constant C > 0, depending only on 6 and the
constants in (1.26) and (1.28), such that

1 C 1
E[IV@- ol |* < —— [t +n3]?,
Amin
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1.5. Extension to nonlinear problems

with

nt o= Y h% fK (g(uo,n) + V- (agVugp)*+ Y he f [agVuo, i - Ml
e

Kedy, eIy

=
e
Il

L

2 2 2

€ ZajIVuo,hI )
Dj—l

Proof. Again, we only give the key ingredients of the proof. First, for any v € V we have almost
surely

faV(u—uo_h)-Vv = fg(uo_h)v—f aOVuo,h-Vv—f(a—ao)Vuo,h-Vv (1.82)
D JD D D

::X(U)
—f (g(u) — g(up,p))v.
D
With v = u — ug j, the last term is bounded by
—fD(g(u) — g(uo,p))(u—up,p) < ka,llV(u - uO,h)”iz(D)- (1.83)

Since
2 2
i1V (= g ) ey < fD alV (- oI,

taking (1.83) to the left-hand side of (1.82) and using kC% < a,in(1-90) yield
AmindIV (W= 1o )17, < Al = g p).

A bound on A(u — uy ), which contains the residual for uy and a term of order ¢, is found
proceeding exactly as in the proof of Proposition 1.3.5. O

The constant C that appears in the error estimate of Proposition 1.5.2 is of order 7!, and thus
2

. kC3 . T .
explodes when 6 tends to zero, i.e. when —% is close to one. In practise, it is usual to restrict

Amin

the analysis to Lipschitz function with Lipschitz constant k such that k < ‘;’gg” ,sothatd = %
P

Finally, let us consider an example where the uncertain coefficient is associated to the nonlin-
ear term, namely the problem (1.75) with

FlaXx w), ux w)) = -AuXxw)+ ax,w) u3(x,w) - fx). (1.84)

In this case, we can show the well-posedness of the problem and the following a posteriori
error estimate in HO1 (D)-norm in physical space for the first order approximation u = u j,
where u 5, is the solution of

fwo,h'wﬁf aoughuh=ffuh Yy, € V. (1.85)
D D ’ D
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Chapter 1. Elliptic model problems with random diffusion coefficient

Proposition 1.5.3. Let u be the weak solution of problem (1.75) with F given by (1.84), and let
uy,;, be the solution of (1.85). There exists a constant C > 0 depending only on the constants in
(1.26) and (1.28) such that

1 1
E[IV@= o)l |* = C 03 +n3]7,

with
2 2 3 2 2
n = Z hKf (f+Au0,h—aou0’h) + Z hef[vuo,h'ne]ne
Kegy, K e€T, e
2 2 L 2.6
M2 = & [ 2. ;g -
Dj:1

Proof. The proofis based on the relations

fV(U—uo,h)'Vl/:ffV—f aoughv—f Vuoyh'Vv—f(au?’—aough)v
D D D ’ D D ’
and
1
—f(au3—aough)v:—f af 3(u0_h+t(u—uolh))z(u—uovh)dtv—f(a—ao)ughv.
D ’ D Jo D ’

Since a is positive, the first term of the right-hand side of the last equality is less or equal to
zero for v=u—uy . O

1.6 Computational costs

We perform here a comparison of the computational costs between the SC-FEM method [7,
124] and the one presented here, called perturbation method in the sequel, when comparable
accuracy is reached. Briefly, the SC-FEM applied to the model problem (1.11) consists, given a
set of (collocation) points {y; €T,k =1,..., N}, in finding uy, (-, yx) € V}, such that

fDa(x,y/c)Vuh(x,Yk)-VVh(x)dx=fo(x)Vh(x)dx Vv, eVy

for k=1,..., N, and building a global polynomial approximation
Ne
tupN XY) = ) un YOy,
k=1

for appropriate multivariate polynomials Wk}]lji 1+ Since the FEM is used to approximate
the physical space in both methods (stochastic collocation and perturbation), we use the
same mesh for the discretization of D. For a comparable statistical error, say an error with
convergence rate of order €2, we take N = 1 in the expansion (1.19) of u for the perturbation
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1.6. Computational costs

method and use a sparse grid of level 1 for the SC method, based either on Clenshaw-Curtis
(see [51]) or Gaussian abscissas. The construction of the sparse grid interpolant of level 1 is
briefly described in the following. We refer to [65,97, 124] for more details and the general
construction of sparse grid of arbitrary level. First, the sparse grid interpolant of level 0 of
a function f(y), denoted Sy f, is simply the evaluation of the function at ( y(l), . ..,yg), where
y? is the unique interpolation point in direction j. Next, for each variable y;, we define the

sequence of interpolation points atlevel i =1 by {y’ ., k=1,..., m(i)}, where the number of

Ik
collocation points m(i) can be taken for instance as

m@=i+1 or m(i):{ 1o =0

2'+1 ifi=1.
The former choice for m corresponds to a total degree (TD) approximation space while the
latter corresponds to a Smolyak one (see [11]). Notice that compared to the articles mentioned
above, the level index i starts here at 0 instead of 1. We define then the one dimensional
(Lagrange) interpolation operator in direction j atlevel i = 1 by

1 W 0 1 .0 o[ T yj—yjl.’l
%jf(J/l»---;J/L)5: Zf(yly---;yjflvyj’k)yj+1r---ryL) ﬁ
k=1 =112k Vi = Vi
which is a polynomial of degree m(1) — 1 in the direction j and constant in all other directions.
Finally, the level 1 sparse grid interpolant is defined as

L L
Sifi=Sof+Y U f=Sof)=(0-DSof+Y % f
j=1 j=1
which is nothing else than the sum of the level 0 sparse grid interpolant and the details in each
direction.

Remark 1.6.1. If can be proved that the SC approximation computed with a sparse grid of level
1 indeed yields an error of order €2, using for instance a scaling argument together with the fact
that S, is exact for any polynomial of (total) degree at most 1 (see [18]). More generally, we can
show that a sparse grid of level | yields an error of order "' for the choice m(i) = i, while for
the second choice of m it is of order e!***1, where k = 0 if I < L and k = | — L+ 1 otherwise.

The type of points in each direction is chosen according to the distribution of the random
variables. Note that the use of Clenshaw-Curtis points, which are the extrema of Chebyshev
polynomials and which are suitable for uniformly distributed random variables, and Smolyak
sparse grid leads to nested set of abscissas. However, since only sparse grids of level 1 are
considered, there is no real advantage to consider hierarchical sparse grids. In both cases
m(1) = 2 and Gauss-Legendre abscissas and m(1) = 3 and Clenshaw-Curtis abscissas, referred
to as SC1 and SC2 in the following, the sparse grid of level 1 consists of 2L + 1 collocation
points (due to the use of nested set of abscissas in each direction for SC2).
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Chapter 1. Elliptic model problems with random diffusion coefficient

Let Wy, respectively W},;, denote the work to solve once a given linear, respectively nonlinear,
problem. Moreover, let W; denote the work to solve the linear problem for U; associated with
the nonlinear one, see (1.77). Table 1.1 contains the computational costs for the SC-FEM and
the perturbation method. Notice that the work to construct the sparse grid is not taken into
account.

linear problem | nonlinear problem
SC-FEM QL+1)-W, QL+1) W,
perturbation method (L+1)-W, Wy +L- Wi

Table 1.1: Computational costs for the SC-FEM and the perturbation method.

The perturbation method presents no real advantage for solving linear problems since the
costs for both methods differ only by a factor 2. The situation is different when a nonlinear
problem is considered. Indeed, when using the SC method, we need to solve as many nonlinear
problems as collocation points, i.e. 2L+ 1 problems, whereas only one nonlinear problem
needs to be solved for the perturbation method. The L remaining problems, to compute the
Uj, j=1,...,L, are linear and so usually much cheaper to solve. However, one should invest
extra effort to derive by hand the Fréchet derivatives and implement the problems solved by
the Uj, j=1,...,L.

1.7 Numerical results

This section is devoted to illustration and validation of the theoretical results obtained in the
previous sections. We start with the analysis of 1D problems, analysing first the convergence
rate for various errors and norms and presenting, next, algorithms which adaptively refine the
(physical) mesh to balance the two sources of error: the physical space discretization and the
uncertainty. We present then two 2D examples and conclude this section with a comparison
with the stochastic collocation method in term of computational costs when solving linear
and nonlinear problems.

1.7.1 1D problems

Let D = (0,1). In what follows, the true errors in the L%, (Q; H(} (D)) and L%, (Q; L2(D)) norms
have been accurately approximated with the standard Monte Carlo method, with a sample of
size K = 10000, i.e. for V = H& (D) or L2(D) we approximate

1
2

1 K
1Vl 2.0, = (} Y llve,ye ||2V) VveL5(Q;V),
k=1
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1.7. Numerical results

where {y;} € I' are i.i.d realizations of the random vector Y. With this choice for the sample size,
the variance of the estimation of the error for all the considered values of & and ¢ is at most
107° the estimated error. In what follows, whenever we refer to error it should be understood
that the true error has been accurately computed by the Monte Carlo procedure. Since the
exact random solution of the problems considered below is not known, the error is computed
with respect to a reference solution computed on a fine uniform mesh for D, namely with
a mesh-grid of length h,.r = 2712, Notice that if we take a FE space of mesh size h = hyef,
then only the statistical error is considered. Finally, all the involved integrals are evaluated
numerically with sufficiently accurate quadrature formulas that permit to neglect the effect of
quadrature.

Let us first consider L = 50 random variables Yj, j =1,..., L, which can take the values +1 with
probability % Such discrete random variables have zero mean, unit variance and unit fourth
moment. Similarly to what is done in [124], we take a diffusion coefficient of the form

~ L cos(27mjx)
a(x,Yw) =1+ ej; W

Yj(w), (1.86)
which is similar to a (truncated) Karhunen-Loeve expansion with eigenvalues of order ]—14 With
this choice of random diffusion coefficient, we have 1 — % <alx,y)<1+ %. We take ¢ € [0,4]
which guarantee property (A1) with @iy = 5 and @max = 3. Finally, we consider two different
right-hand sides, namely

fin=1 and fo(x) =72(1-72(x—0.5)%) e 300", (1.87)

The latter corresponds to the exact solution ug(x) = e~36(x=0.5% _ =9 for problem (1.20) while
itis up(x) = 0.5x(1 — x) for the case f = fi.

Error in L% (Q; H& (D))-norm

We consider first the error measured in Li (Q; H& (D))-norm. We show in Figure 1.1 the con-
vergence rate of the error u — ug , with respect to 279 < h < 273 for € = 32h, along with the
a posteriori estimator based on (1.43) and (1.44). Based on this result, we can see that a
division of h and ¢ by two halves the error, which is in agreement with the convergence of
et = tio,nll 12 ;111 (Dy) I O (h + €) predicted by the foregoing error analysis. Moreover, for the
two cases f1 and f>, the gap between the error and the estimator is of about 1.6 and 2.8,
respectively, which is comprised between the effectivity index of the stochastic error estimator
(1) and the spatial error estimator (3.46), see below for details. Concerning the convergence
rate of the second order approximation, we present in Figure 1.2 the error between u and u}l
with respect to 273 < £ <2 for h = £2/32. This result confirms the convergence in 0(€%) of the
stochastic truncation predicted by (1.63), when the exact solution is approximated by vy + €u; .

The error estimators depicted in Figures 1.1 and 1.2 do not take into account the unknown
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Chapter 1. Elliptic model problems with random diffusion coefficient

function f1 function f2

5 5
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f=2 [=2]
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Figure 1.1: Convergence orders for problem (1.11) with f = f; (left) and f = f> (right). Log log
scale plot of the error between u and ug,j, in L5 (Q; Hy (D))-norm w.r.t b with € = 32h.

function f1 function f2

5 5
5 5]
f=2 [=2]
Q45 S 2
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Figure 1.2: Convergence orders for problem (1.11) with f = f; (left) and f = f> (right). Log log
scale plot of the error between u and u; in L%(Q; Hy (D))-norm w.r.t € with i = £%/32.
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constants due to interpolation error that appear in (1.42) and (1.63). These constants can
be estimated numerically as follows to obtain a sharp error estimator: consider the problem
—ug = f with f such that the exact solution is known, for instance f = f; or f = f,, and define
1/Cpy :=3.46 = m1/lluo — uo,nll g1 () for h small enough. This estimation can be done once

1
for all since C H does not depend on the input data. We define then 7 := (Cqu(; 17% + ng)E as
an estimator for the error [[u — ug 12@H (D) We will say that 7} is a good approximation
of the error if the ratio 7/ || u — ug | 12(QH (D)) remains between a,,;, and a;,4. Since in the
considered case the ratio a,,,x/ amin tends to 1 as € goes to 0, we expect the effectivity index
of the estimator ) to approach 1 as € gets smaller. We give in Tables 1.2 and 1.3 the results
obtained when the constant C H) is considered. In Table 1.2, the mesh size is fixed to h =277
while in Table 1.3 we fix € = 0.25. In both cases, the ratio of the estimator 7}, which contains the
estimated constant C H1» OVer the error is close to one.

€ error CHénl 72 n filerror
4 1.2167e-1 | 2.2579e-3 | 9.1996e-2 | 9.2024e-2 | 0.75632
2 4.9276e-2 | 2.2579e-3 | 4.5998e-2 | 4.6054e-2 | 0.93461
A | 2.3460e-2 | 2.2579e-3 | 2.2999e-2 | 2.3110e-2 | 0.98505
L 0.5 | 1.1760e-2 | 2.2579e-3 | 1.1500e-2 | 1.1719e-2 | 0.99652
0.25 | 6.1805e-3 | 2.2579e-3 | 5.7498e-3 | 6.1772e-3 | 0.99947
0.125 | 3.6545e-3 | 2.2579e-3 | 2.8749e-3 | 3.6556e-3 | 1.00031
£ error CH01171 P n nlerror
4 9.5591e-1 | 6.4347e-2 | 7.8646e-1 | 7.8909e-1 | 0.82548
2 4.1806e-1 | 6.4347e-2 | 3.9323e-1 | 3.9846e-1 | 0.95312
<1 2.0916e-1 | 6.4347e-2 | 1.9661e-1 | 2.0688e-1 | 0.98910
JL 0.5 | 1.1782e-1 | 6.4347e-2 | 9.8307e-2 | 1.1749¢e-1 | 0.99720
0.25 | 8.0974e-2 | 6.4347e-2 | 4.9154e-2 | 8.0973e-2 | 0.99999
0.125 | 6.8769e-2 | 6.4347e-2 | 2.4577e-2 | 6.8881le-2 | 1.00163

Table 1.2: Error [|u—ug p, ”LZP(Q;Hg (D)) estimators 711, 12 and 7) and ratio 7}/ [|u — ug,, IIL%(Q;H(% (D)
for h =277 and various ¢ for both cases f; and f>.

2
Hy
(1.63) and for the generalization (1.74) with C; = Ci,l fori=0,...,N, see Table 1.4 where the

0
case u = Uy, + €Uy, is presented for the case f = f,. Recall that n;, 2 and n3 are given in
1

(1.64), (1.65) and (1.66), respectively, and here 7} := (Ci[1 Tﬁ + Ciﬂ n% + 773) E.
0 0

The same observation holds for the approximation u = uy j, + €u, j, taking C; = C, = C%, in

Error in L% (Q; L2(D))-norm

We consider now the error u — ug j, in L?, (Q; [2(D))-norm. According to the theoretical result,
we should get a convergence of order h? for € = Ch?. Figure 1.3, which contains the plot of the
error and estimator based on (1.54) and (1.55) for C =32 and 27 < h <272, confirms that this
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Table 1.3: Error ||u - uo,nll 12 ;11 (y) estimators 1y, 72 and 7j and ratio 7/ |u — uy,j, 2 ;112 o))

N error CH(}Tll 12 n filerror
8 | 3.6575e-2 | 3.6127e-2 | 5.5801e-3 | 3.6556e-2 | 0.99946
16 | 1.8951e-2 | 1.8064e-2 | 5.7030e-3 | 1.8942e-2 | 0.99955
“<| 32 | 1.0712e-2 | 9.0318e-3 | 5.7384e-3 | 1.0701e-2 | 0.99890
l 64 | 7.3076e-3 | 4.5159e-3 | 5.7475e-3 | 7.3094e-3 | 1.00024
128 | 6.1765e-3 | 2.2580e-3 | 5.7498e-3 | 6.1772e-3 | 1.00011
256 | 5.8822e-3 | 1.1290e-3 | 5.7503e-3 | 5.8601e-3 | 0.99625
N error CHém 12 n filerror
8 | 9.7697e-1 | 1.0441e-0 | 4.6189e-2 | 1.0451e-0 | 1.06977
16 | 5.1089e-1 | 5.1478e-1 | 4.8261e-2 | 5.1704e-1 | 1.01204
“S| 32 | 2.6109e-1 | 2.5739e-1 | 4.8942e-2 | 2.6200e-1 | 1.00349
l 64 | 1.3766e-1 | 1.2869e-1 | 4.9112e-2 | 1.3775e-1 | 1.00066
128 | 8.0919e-2 | 6.4347e-2 | 4.9154e-2 | 8.0973e-2 | 1.00066
256 | 5.8787e-2 | 3.2174e-2 | 4.9164e-2 | 5.8756e-2 | 0.99946

for € =0.25 and various & = 1/ N for both cases f; and f>.

Table 1.4: Error and estimators for the approximation u = ug j, + €u; ;, with h fixed (top) and €

£ error CHém CH3172 3 n filerror
4 3.5236e-1 | 8.0434e-3 | 1.8607e-3 | 2.7488e-1 | 2.7500e-1 | 0.78044
2 7.3380e-2 | 8.0434e-3 | 9.3037e-4 | 6.8719e-2 | 6.9194e-2 | 0.94295
S| 1 1.9054e-2 | 8.0434e-3 | 4.6519e-4 | 1.7180e-2 | 1.8975e-2 | 0.99586
? 0.5 | 8.9126e-3 | 8.0434e-3 | 2.325%e-4 | 4.2949e-3 | 9.1213e-3 | 1.02341
<| 0.25 | 7.8616e-3 | 8.0434e-3 | 1.1630e-4 | 1.0737e-3 | 8.1156e-3 | 1.03231
0.125 | 7.7840e-3 | 8.0434e-3 | 5.8148e-5 | 2.6843e-4 | 8.0481e-3 | 1.03393
N error CHém CHéng n3 n nlerror
32 | 2.6010e-1 | 2.573%e-1 | 1.4792e-2 | 1.6950e-2 | 2.5837e-1 | 0.99337
64 1.3107e-1 | 1.2869e-1 | 7.4313e-3 | 1.7121e-2 | 1.3004e-1 | 0.99219
_ | 128 | 6.7384e-2 | 6.4347e-2 | 3.7201e-3 | 1.7165e-2 | 6.6701e-2 | 0.98987
| 256 | 3.6796e-2 | 3.2174e-2 | 1.8606e-3 | 1.7176e-2 | 3.6519e-2 | 0.99246
“ 17512 | 2.3761e-2 | 1.6087e-2 | 9.3036e-4 | 1.7179e-2 | 2.3554e-2 | 0.99128
1024 | 1.9131e-2 | 8.0434e-3 | 4.6519e-4 | 1.7180e-2 | 1.8975e-2 | 0.99188

fixed (bottom) for the case f = f5.
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is the case. Similarly to the error in H& (D)-norm, the constant due to interpolation error could

function f1 function f2

log error
3

log error
3

—e—err —e—err

—e—est e—est

f*fslopezi ***slopezi

107 107 10° 107 107" 10°
log h log h

Figure 1.3: Convergence orders for problem (1.11) with f = fi (left) and f = f, (right). Log log
scale plot of the error between u and ug ;, in L%, (Q; L?(D))-norm w.r.t h with ¢ fixed to 32h% .

be estimated numerically once for all following the same procedure as above. However, even
with a sharp estimation of such constant, there is no guarantee that the estimator is efficient
though it has the correct convergence rate. We see two reasons for that. First of all, there are
no proofs, to our knowledge, that the part of the estimator due to the uncertainty (1) is a
lower bound for the error in L?(D)-norm, mainly due to the use of the Poincaré inequality.
Considering h = h;., the estimator over estimates the error by a factor of about 4.2 for f = f;
and 9 for f = f,, showing that the constant multiplying 17, does depend on f. Moreover, the
constant C; in (1.53) depends in an implicit way on the uniform bound for a and Va (see
Remark 1.3.10).

Different setup

Similar results are obtained when other input data are considered. For instance, let us consider
independent uniformly distributed random variables in [—v/3,1/3]. In this case, the random
variables still have zero mean and unit variance but [E[Y]fl] = g. This only modifies the part 3
in the a posteriori error estimate (1.63) for ||u — u}l 22 ;11 (py)- Moreover, we also modify the
functions a; considering here

50 . . .
a(xY(@) =1+ Yy SOIET]D (1.88)
| (7))

V3e

&
We give in Figure 1.4 some realizations of a and the corresponding solution for the case e = 1
and f = f, defined in (1.87).

for the random diffusion coefficient. Notice that this choice satisfies 1 — % <a(xy)<1l+

The results obtained when the constant C gy =1/3.461s taken into account are given in Table
1.5. First, the mesh size is fixed to h = 1/N = 278 and ¢ varies and then, we set £ = 0.5 and
consider various partitions of [0, 1]. When # is fixed, the error decreases linearly with respect
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0.8F

0.6

0.4f

0.2

-0.2
0

Figure 1.4: Five realizations of the random diffusion coefficient a given in (1.88) with e = 1
(left) and the corresponding solution for f = f, (right).

to € until the FE error is no longer negligible. The same observation holds when ¢ is fixed and
h varies. In both cases, the effectivity index of the error estimator 7] = (C 7] + 13)2 is close to
0

one.
£ error CHém 72 n filerror
2 3.2152e-1 | 3.2174e-2 | 3.0331e-1 | 3.0501e-1 | 0.94866
1 1.5541e-1 | 3.2174e-2 | 1.5165e-1 | 1.5503e-1 | 0.99754
0.5 8.1168e-2 | 3.2174e-2 | 7.5827e-2 | 8.2371e-2 | 1.01482
0.25 | 4.9399%e-2 | 3.2174e-2 | 3.7914e-2 | 4.9725e-2 | 1.00659
0.125 | 3.7192e-2 | 3.2174e-2 | 1.8957e-2 | 3.7343e-2 | 1.00406
0.0625 | 3.3432e-2 | 3.2174e-2 | 9.4784e-3 | 3.3541e-2 | 1.00325
error CH(}WI 172 n nlerror
8 9.7920e-1 | 1.0441e-0 | 9.7528e-2 | 1.0487e-0 | 1.07093
16 5.1403e-1 | 5.1478e-1 | 7.6937e-2 | 5.2050e-1 | 1.01258
32 2.6726e-1 | 2.5739e-1 | 7.5506e-2 | 2.6824e-1 | 1.00365
64 1.4900e-1 | 1.2869e-1 | 7.5726e-2 | 1.4932e-1 | 1.00217
128 | 9.8399¢-2 | 6.4347e-2 | 7.5805e-2 | 9.9433e-2 | 1.01051
256 | 8.1817e-2 | 3.2174e-2 | 7.5827e-2 | 8.2371e-2 | 1.00676

Table 1.5: Error ||u — uo,h”Lf,(Q;Hg (D)), estimators 111, 72 and 7 and ratio 7/ || u — uoyh”Lé(Q;H(} (D))

for h =278 (top) and € = 0.5 (bottom).

Adaptive algorithm

We propose here adaptive algorithms to determine, for a given ¢, a mesh for D that balances
the two sources of error. The convergence rate of the error in the L% (Q; H& (D)) norm with
respect to h for uniform refinements and for the first, second and third order approximation
for several given (fixed) values of ¢ is depicted in Figure 1.5 in the case f = 1 and a given in
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(1.86). First, we can notice that a better accuracy is reached when u is approximated by ufl than
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=
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Figure 1.5: Convergence rate for problem (1.11) with f = f; for € =4,1,0.25,0.0625. Log log
scale plot of the error in L% (€; Hy (D))-norm w.r.t h.

with u;l, which in turn provides a better approximation than only the deterministic part u .
This observation holds except for coarse meshes where the FE error is dominating yielding
comparable accuracy in all cases. Moreover, the global approximation error remains constant
for mesh sizes smaller than a critical value hy of the mesh-size. Any further refinement of
the mesh below this value should thus be avoided since it would not improve the global
approximation error, being dominated by the stochastic error.

Based on this observation, it is interesting to determine how fine the mesh should be to get a
comparable error in i and €. More precisely, for a given € and for the approximation u = ug p,
we would like to find a mesh for D such that
T-1
T

T+1

M=nN1= T n2

(1.89)

for a given preset tolerance T > 1, where 177 and 7, are given by (1.43) and (1.44), respectively.
Notice that in all what follows, n; can be replaced by C HIM if the estimated constant C H is at
disposal, so that the correct balance of the two sources of error is considered. Moreover, we
mention that the choice of the law of the Y}, j = 1,..., L, is irrelevant here as long as E[Y;] =0
and Var(Y;) = 1. Indeed, the error estimator 7, given in (1.44) is valid under these conditions
irrespectively of the law of Y; and only the solution uy j, is computed.
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Uniform refinement

The adaptation can be done in 1D using Algorithm 1 given below, where N}, + 1 denotes the
number of discretization points in [0, 1].

Algorithm 1 find h = N}: 1 such that (1.89) holds

Require: Nj,;;and T
Ensure: mesh-size i which yield comparable accuracy in & and €
Nj, = Ninit
: Compute ug j, on the uniform partition x; = ih, h = N}:l, i=0,1,...,Np
: Compute n; and 1, according to (1.43) and (1.44)
if L1 < ;’—; < Il then

stop
else

if Z—; < % then

Ny, — L%J (mesh too fine)

else
10: Nj, — 2Ny, (mesh too coarse)
11: endif
12z goto2.
13: end if

N gk b

Applying Algorithm 1 to our problem for T = 2 and various given €, we get the results presented
in Table 1.6.

f f
3 Np, n 2 Np m 2
1 32 | 0.03125 | 0.02295 | 128 | 0.22264 | 0.19661
0.5 64 | 0.01563 | 0.01149 | 256 | 0.11132 | 0.09833
0.25 128 | 0.00781 | 0.00575 | 512 | 0.05566 | 0.04917
0.125 | 256 | 0.00391 | 0.00288 | 1024 | 0.02783 | 0.02458
0.0625 | 512 | 0.00195 | 0.00144 | 2048 | 0.01392 | 0.01229

Table 1.6: Value of h = N, ! with respect to ¢ such that (1.89) holds with T = 2.

We mention that if T is large, i.e. % is close to %, the algorithm might not converge due to

an oscillation of the ratio % below the lower bound % and above the upper bound % in two
consecutive steps. Such behaviour will be observed if no uniform partition of D satisfies (1.89).
Moreover, notice that with Algorithm 1, only refinement or only coarsening is performed,

depending on the initial number Nj,;; of subintervals.
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Non-uniform refinement

Algorithm 1 given above only uses uniform refinement or coarsening. Of course, adaptive
refinements can be considered as well exploiting the local nature of the estimator 77;, which
can indeed be written as

. 1
ni= Y n% with n%=h% f (f+V-(aVuo))?+= Y he f [agVug, - mel3,  (1.90)
KeT}, K 2ec6K e

taking into account that each edge is then counted twice.

Remark 1.7.1. The factor % could in fact be replaced by i if we do not split the summation over
the elements and the edges in the derivation of the error estimate in (1.47), namely if we consider
an element point of view. Indeed, we can use the fact that for any v € H& (D) and any v, € Vy,
we have

fv—f aoVug Vv = Z
L D Kedy,

1
f(f+V‘(6l0VM0,h))(U—Vh)+f —lapVug p-neln, (Vv—1p) |.
K 0K 2

Recall that in 1D, for a partition 0 = xp < x; <... < xp,, = 1, the error estimator 17, reads

Np—1
2 2 . 2 2 2
VIS ny,; with 7, =hilf+ (aou(/),h)/“Lz(x,-,le)‘
i=0
The goal being to satisfy (1.89), a first possibility is to require that

i ::Bsup viZO,...,Nh_l. (1.91)

2
1

T+1\ , 1
M = —
T Ny,

Bing:= ( T leﬁh

Another sufficient condition for (1.89) to hold is to impose that

B (T2 e o (TR o 1.92
inf - ( T )nlel—Th,l—( T )nz|D| * bsup [ ooy INp (1.92)
using the fact that Zf.\ihﬂ_ ! h; = |D|. The criterion (1.91) imposes an equidistribution of the error,
enforcing a comparable value of the local error estimator on each subinterval regardless of
its length. In the second strategy (1.92), the repartition of the error is weighted by h;. This
is commonly used in a time-adaptivity framework so that the solution does not need to be
computed until the final time before adapting the time step.

We give in Algorithm 2 an adaptive procedure which find a (non-uniform) partition of D for
which (1.89) holds. The idea is to check for each subinterval [x;, x;+1], i =0,..., N, — 1, of the
current partition of D if the local error estimator 7 ; satisfies the criterion (1.91) or (1.92). If it
is too large, then we should refine the interval [x;, x;11], for instance by adding its midpoint,
while a coarsening should be done if it is too small.

To better appreciate the behaviour of the non-uniform adaptation, we test Algorithm 2 with a
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Chapter 1. Elliptic model problems with random diffusion coefficient

Algorithm 2 adaptive algorithm with non-uniform partition

Require: T and initial partition 93, = {x;,i =0,..., N — 1}
Ensure: partition of D such that (1.89) holds

1: Compute ug , on 9y,

2: Compute 17 and 72 according to (1.43) and (1.44)

3: if%s%s%then

4:  stop
5: else
6: fori=0,...,N;,—1do
7: if nii > Bgyp then
8: add the midpoint ¥4 to F7,
9: else if 7’%,:’ < Biys then
10: remove the endpoint x;;; from 973, (x; if i = N, — 1)
11: end if
12:  end for
13: end if
14: goto 1.

different forcing term than in the previous sections, keeping the diffusion coefficient a as in
(1.86) and all other input data being unchanged. We consider the source term f for which the
corresponding solution 1 of problem (1.20) is given by'

1— exr"
MO(X) :X—l_—e_[_l. (193)
The solution presents a boundary layer near x = 1 of width proportional to 7, see Figure 1.6.
It is linear on the remaining part of the interval, where only few points are thus sufficient to

obtain a good approximation. In the numerical results below, we choose 7 = 0.05.

We give in Tables 1.7 and 1.8 the results obtained for various values of € when using the
two adaptive criterion (1.91) and (1.92), respectively. We have denoted by N} the number
of subintervals of D (i.e. N, +1 is the number of nodes), hyin = min; h; and hyax = max; h;
are the minimum and maximum mesh sizes, respectively, and iter stands for the number of
iterations of the adaptive algorithm. In all cases, we have started the adaptation with the initial
partition {0, 0.5, 1}.

First, we can see that the number of iterations is similar in both cases and the same holds
for the values of the error estimators 1; and 1n,2. Moreover, the number of nodes is smaller
when criterion (1.91) is used while the maximum subinterval length /.« is in general larger
with (1.92). The latter strategy indeed allows to have large subintervals if the corresponding
local error estimator is small. This can be seen in Figure 1.6 where the repartition of the nodes
is given for various values of € and for both criteria (1.91) and (1.91). The continuous line

IThe function ug in (1.93) is the solution of the problem —Tu(’)’ + u(’) =1in (0,1) with homogeneous Dirichlet
boundary conditions.
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Np hmin Pmax m 12 iter

1 28 3.91e-3 | 6.56e-1 | 3.6424e-1 | 3.0474e-1 8
0.5 53 1.95e-3 | 6.25e-1 | 1.9848e-1 | 1.5272e-1 9
0.1 231 4.88e-4 | 4.69e-1 | 3.8504e-2 | 3.0727e-2 | 11
0.05 461 2.44e-4 | 2.50e-1 | 1.9233e-2 | 1.5164e-2 | 12
0.01 2056 6.10e-5 | 1.88e-1 | 4.4334e-3 | 3.0339¢-3 | 14
0.005 4119 3.05e-5 | 2.81e-1 | 2.2138e-3 | 1.5178e-3 | 15
0.001 25646 | 3.8le-6 | 1.05e-1 | 3.3770e-4 | 3.0304e-4 | 18
0.0005 | 51292 | 1.91e-6 | 1.05e-1 | 1.6884e-4 | 1.5150e-4 | 19
0.0001 | 233216 | 4.77e-7 | 5.27e-2 | 3.7686e-5 | 3.0301e-5 | 21

Table 1.7: Adaptive partition of D such that (1.89) holds with T = 2 when criterion (1.91) is

used.

€ Np, hmin Pmax m 72 iter
1 64 9.77e-04 | 5.63e-01 | 2.4702e-1 | 3.0720e-1 | 10
0.5 70 1.95e-03 | 6.25e-01 | 1.7704e-1 | 1.5273e-1 9
0.1 293 4.88e-04 | 4.69e-01 | 3.6756e-2 | 3.0704e-2 | 11
0.05 581 2.44e-04 | 5.47e-01 | 2.2340e-2 | 1.5356e-2 | 12
0.01 3880 3.05e-05 | 2.50e-01 | 3.2449e-3 | 3.0329e-3 | 15
0.005 7741 1.53e-05 | 4.38e-01 | 1.7937e-3 | 1.5338e-3 | 16
0.001 33949 | 3.81e-06 | 3.75e-01 | 4.0887e-4 | 3.0531e-4 | 18
0.0005 | 99606 | 9.54e-07 | 1.88e-01 | 1.6707e-4 | 1.5170e-4 | 20
0.0001 | 295692 | 4.77e-07 | 2.50e-01 | 4.0904e-5 | 3.0320e-5 | 21

Table 1.8: Adaptive partition of D such that (1.89) holds with T = 2 when criterion (1.92) is

used.
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Figure 1.6: Repartition of the nodes for € = 1 (top), € = 0.1 (middle) and € = 0.01 (bottom) in
the case T = 2. Left: strategy (1.91), right: strategy (1.92).

represents the exact solution vy given in (1.93).

As we have seen in Tables 1.7 and 1.8, the two methods yield comparable results. The number
of nodes for criterion (1.92) is larger but it allows, in general, larger maximum mesh size /i ax.

Finally, we compare the results of Tables 1.7 and 1.8 with those obtained using a Dérfler [57]
bulk-chasing marking commonly used in adaptive finite element method (AFEM), see for
instance [42, 114]. To reach the target % < %, a suitable fraction of the subintervals with
highest local error estimator is selected for refinement at each iteration. More precisely, for
a given parameter 0 € (0, 1], we select an index set J < {0, 1,..., N, — 1} of minimal cardinality

such that . .
At Nigl 2
(Znu) 29( 2 171,1-) =6m.
jeJ i=0
This marking strategy is often referred to as equilibration strategy and yields comparable
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results than the so-called maximum strategy, see [119]. Notice that if 6 is closed to 0, then only
few subintervals will be refined at each iteration while choosing 8 close to 1 will generate a
set J of large cardinality. In particular, the case § = 1 gives similar results than Algorithm 1
without coarsening, namely all the subintervals are refined at each iteration, except those for
which? n; ; = 0. The procedure based on Dérfler marking is described in Algorithm 3. The
search for the index i € {0,..., N}, — 1} \ J with largest 77%,:' (see line 8) can be achieved by sorting
the local estimators 71;,; in decreasing order before the whileloop.

Algorithm 3 adaptive algorithm with Dorfler marking

Require: T, 6 and initial partition 9, = {x;,i =0,..., N, — 1}
Ensure: partition of D such that % < %
Compute 1, on Iy,
Compute n; and 772 according to (1.43) and (1.44)
if % < % then
stop
else
J=@¢and9=0
while 9 < 0n; do

.....

-0+ nij
add the midpoint % to Iy,
end while
end if
: gotol.

— = =
@ NP2

We give in Table 1.9 the results obtained using the Dorfler strategy of Algorithm 3 for the same
values of € than in Tables 1.7 and 1.8.

& Np Pmin Pmax m 12 iter

1 23 3.91e-03 | 5.00e-01 | 4.3240e-1 | 3.0736e-1 | 16
0.5 41 1.95e-03 | 5.00e-01 | 2.2862e-1 | 1.5371e-1 | 21
0.1 201 4.88e-04 | 5.00e-01 | 4.3679e-2 | 3.0756e-2 | 36
0.05 419 2.44e-04 | 2.50e-01 | 2.0873e-2 | 1.5164e-2 | 43
0.01 2017 3.05e-05 | 2.50e-01 | 4.3602e-3 | 3.0330e-3 | 58
0.005 4177 1.53e-05 | 2.50e-01 | 2.1044e-3 | 1.5165e-3 | 65
0.001 19715 | 3.81e-06 | 1.25e-01 | 4.4296e-4 | 3.0306e-4 | 80
0.0005 | 40705 | 1.91e-06 | 1.25e-01 | 2.1412e-4 | 1.5147e-4 | 87
0.0001 | 191790 | 4.77e-07 | 6.25e-02 | 4.5111e-5 | 3.0300e-5 | 102

Table 1.9: Dorfler strategy such that Z—; < % holds with T'=2 and 8 = 0.5.

Compared to the results obtained with the two previous adaptive strategies, the Dorfler

2From a numerical point of view, any element which does not contribute to the sum for 17 will not be refined,
i.e. any element which is numerically zero due to machine precision.
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marking procedure requires more iterations but produces a partition of D satisfying Z—; < %
with fewer nodes. Moreover, this last inequality is tight here which is an expected feature for
moderate 8, or when few local error estimators are large compared to the others, since only
few subintervals are refined at each step. It is therefore more likely to stop the refinement
process when the tolerance is just satisfied. We give in Table 1.10 the results obtained when
changing the value of 0.

0 Np, Pmin Pmax m 12 iter
0.1 1934 | 3.05e-5 | 2.50e-1 | 4.5434e-3 | 3.0330e-3 | 704
0.4 2034 | 3.05e-5 | 2.50e-1 | 4.3241e-3 | 3.0330e-3 | 86
0.7 2202 | 3.05e-5 | 2.50e-1 | 3.9900e-3 | 3.0330e-3 | 31

0.95 | 2356 | 3.05e-5 | 2.50e-1 | 3.7186e-3 | 3.0330e-3 | 16

1 15872 | 6.10e-5 | 1.22e-4 | 3.8602e-3 | 3.0303e-3 | 14

Table 1.10: Dorfler strategy such that % < % holds with T =2 in the case € = 0.01.

We see that when 6 is small, the number of nodes is small but it requires many iterations of the
adaptive process. On the contrary, a large value of 6 yields a partition of D with many nodes
obtained with few iterations. Notice that here, all cases but 8 = 1 yield comparable results in
terms of number of nodes, minimal and maximal mesh sizes and estimators. As mentioned
above, the case 6 = 1 yields similar results to those obtained with uniform refinement of the
mesh. The only difference lies in the fact that here, the midpoint of a subinterval [x;, x;11] is
not added if n; ; is (numerically) zero. This explain why in Table 1.10 we get Amin # hmax. If we
consider fj or f> as forcing term and € = 0.0625, in which cases no local error estimator 1 ;
vanishes, we get Nj, =512 and Nj, = 2048 for f = f; and f = f5, respectively, as in Table 1.6.

Adaptation for higher-order approximation in ¢

Here, we give only a sketch of a possible adaptive scheme to achieve an approximate solution
with a prescribed accuracy, but we do not provide numerical experiments. As mentioned
previously, further mesh refinement should be avoided once the two error estimators 177 and
12 are balanced since it would not decrease the total error. The latter can be decreased only by
adding more terms in the expansion of u. Based on this observation, we can think of a strategy
to adaptively increase the degree N in the expansion (1.19) of u together with adaptive mesh
refinements for each deterministic term in this expansion. Recall that the estimator for the
error u— uﬁlv =u- Zﬁ’:o e"uy , inthe L% (Q; H& (D)) norm reads ar_nll.n (CH(} nyzo Nn+1NN+1), S€€
Section 1.4.2. Starting with N = 0, we find a mesh of D (using Algorithm 2 for instance) such
that C HT0 =M1 If the error estimate does not reach the given tolerance, we increase N by one
and find a mesh such that C m (Mo +m1) =12 and proceed then iteratively. Notice that different
meshes could be used for the FE approximation of each deterministic part of the solution (uy,
Uy, U, ...).
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1.7.2 2D problems

The numerical results obtained for the one-dimensional case generalize to problems of higher
dimensions. To motivate this statement, we present two numerical examples in 2D. In both
cases, the physical domain is D = (0, 1)? that we partition using uniform meshes of size h ~ 1/n
for different values of n. The true error in the norm L% (Q; HO1 (D)) is computed via the Monte-
Carlo method with sample size K = 1000 and a reference solution computed on the finest
mesh considered which corresponds here to n;.r = 28,

First example
We consider first the problem (1.11) with f(x) =32(x;(1 — x1) + x2(1 — x2)) and

cos(27m jx1) + cos(27 j x2)
(7 j)?

5
axYw)=1+¢e)_ Yj(w)
j=1

for x = (x1, x») € D, where Yj, j=1,...,5, are uniform random variables in [-v/3, v/3]. In this
setting, the exact solution v for the deterministic case € = 0 is given by 1 (x) = x1x2 (1 —x)(1 -
X2). The expected value and the standard deviation of u for the case € = 0.5 is given in Figure
1.7.

0.015

0.005

Figure 1.7: Expected value (left) and standard deviation (right) of the solution with € = 0.5 for
the first example.

Similarly to the 1D case, the constant due to interpolation can be estimated numerically,
yielding® Cpyp :=1/5.7. We define then 7] = (Czérﬁ +n§)% with 171 and 7, given by (1.43) and
(1.44), respectively. We report in Table 1.11 the results obtained for € = 0.5 fixed and uniform
meshes of various sizes h ~ 1/n while in Table 1.12, we fix n = 64 and vary €.

In Table 1.12, where ¢ is fixed and 7 varies, the error decreases linearly with respectto h ~ 1/n

31f the factor % is replaced by % for the jump contribution, see Remark 1.7.1, then we should take C1 :=1/5.
0
See Appendix 1.C for more details.
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€ error CH(}WI 12 n fj/ error
0.1749 | 0.0604 | 0.1842 | 0.1939 | 1.108
0.5 0.0974 | 0.0604 | 0.0921 | 0.1101 | 1.131
0.25 | 0.0703 | 0.0604 | 0.0461 | 0.0759 | 1.081
0.125 | 0.0622 | 0.0604 | 0.0230 | 0.0646 | 1.039
0.0625 | 0.0597 | 0.0604 | 0.0115 | 0.0615 | 1.029

Table 1.11: Error || u — u(),h”Lg(Q;Hg (D)), estimators 7171, 11 and 7] and ratio 7)/||u — uO,h”Lg(Q;Hg (D))
with n = 64 for the first example.

error | C HiM Iy n f/error
8 | 0.4891 | 0.4649 | 0.0927 | 0.4741 | 0.969
16 | 0.2551 | 0.2381 | 0.0923 | 0.2554 | 1.001
32 | 0.1439 | 0.1202 | 0.0922 | 0.1515 | 1.053
64 | 0.0974 | 0.0604 | 0.0921 | 0.1101 | 1.131
128 | 0.0833 | 0.0303 | 0.0921 | 0.0969 | 1.164

Tgble 1.12: Error [lu— uo,nll 12 ; 1 (), €stimators 11, 72 and 7 and ratio 7/l u — uo,j, 2 0 112 o))
with € = 0.5 for the first example.

when 7, is negligible compared to Cgaim- When it is no longer the case, the error continues
diminishing with refinement of the mesh but with a smaller rate. The same observation holds
for the results of Table 1.11 switching the role of / and €. Finally, we observe in both cases that
the effectivity index of the error estimator 7 that contains the estimated constant CH[} is close
to 1.

Second example

Let {1;,¢;} be the eigenpairs of the Karhunen-Loeve expansion of a (1D) Gaussian random
field with exponential covariance function C: D x D — R given by

/
x—x
2 | |

C(x,x)=0"e L
for which the analytical expression is known, see for instance [67] or [90]. We set the vari-
ance 02 and the correlation length L, to 02 = L. = 1 and we consider the random diffusion
coefficient a obtained by tensorization

3 3 9
ax,Y() = 1+e) ) VAidpi(x)op(x)Virw)=1+¢e ) a;x)Yj(w),
i=1k=1

j=1

where Yj, j =1,...,9, are uniform random variables in [—v/3,V3]. Finally, we choose here
f(x) =10sin(27(x; +x2)) for the forcing term. We give in Figure 1.8 the functions v/ A; Ar@; (x1) @ (x2)
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for i,k = 1,2,3. Notice that we can choose the global index j so that A; = A;A; is non-
decreasing but it is irrelevant here. Indeed, we do not perform a truncation on j and so
an ordering to keep the more relevant functions is not required.

Figure 1.8: Plot of the functions a;, j = 1,...,9, constructed by tenzorization of one-
dimensional KL functions.

The expected value and the standard deviation of u for the case € = 0.5 is given in Figure 1.9.

Finally, the results for a fixed n = 128 and a fixed € = 0.05 are given in Tables 1.13 and 1.14,

respectively.

The conclusions for this second example are the same as in the previous example.

1.7.3 Comparison with the stochastic collocation method

We finally illustrate the findings of Section 1.6 concerning the computation costs for the SC-
FEM and the perturbation method. We consider the linear problem (1.11) and the nonlinear
problem (1.75) with F given by (1.78). In both cases, homogeneous Dirichlet boundary
condition are considered and we assume that the random variables Y}, j = 1,..., L, that appear
in the characterization (1.86) of a are uniform random variables in [-v/3, v/3]. We compare
the computation time to solve the two problems with accuracy of order 2 in €. Such accuracy
is reached when we consider a sparse grid of level 1 for the SC-FEM method and the second
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Figure 1.9: Expected value (left) and standard deviation (right) of the solution with € = 0.1 for
the second example.

£ error CHém 12 n filerror
0.1 0.0623 | 0.0201 | 0.0605 | 0.0637 | 1.0227
0.05 0.0356 | 0.0201 | 0.0302 | 0.0363 | 1.0195
0.025 | 0.0245 | 0.0201 | 0.0151 | 0.0252 | 1.0269
0.0125 | 0.0210 | 0.0201 | 0.0076 | 0.0215 | 1.0263
0.00625 | 0.0200 | 0.0201 | 0.0038 | 0.0205 | 1.0274

Table 1.13: Error [lu—ug p, 2 0 11 (y)» €stimators 7y, 12 and 7 and ratio 7/l u — ug,j, 2 0 112 o))
with n = 128 for the second example.

n | error CH(}TII up n filerror
8 | 0.3397 | 0.2762 | 0.0260 | 0.2774 | 0.8167
16 | 0.1804 | 0.1527 | 0.0291 | 0.1555 | 0.8616
32 | 0.0941 | 0.0791 | 0.0300 | 0.0848 | 0.9007
64 | 0.0527 | 0.0401 | 0.0302 | 0.0505 | 0.9577
128 | 0.0358 | 0.0201 | 0.0302 | 0.0367 | 1.0259

Ta%ble 1.14: Error [lu— uo,nll 12 ; 11 (y), €stimators 11, 1z and 7) and ratio /|| u — uo,nll 12, ;1 (D)
with € = 0.05 for the second example.
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order approximation u = ug j,+€uy j, for the perturbation method. Note that u; j, = Z]L.zl UjnY;
where U; j, for j =1,..., Lis the solution of

faOVUj,h~Vvh+f 3u§hUj,hUh:_f ajVugp-vp Yvp€ V.
D D ’ D

when problem (1.75) is considered. Finally, we use the same physical space discretization
for both methods, namely a uniform partition with & = 27'2, With this choice of mesh size,
the work to solve the (2L + 1) problems dominates the one needed to construct the grid. The
computational time to solve both problems with respect to the number of random variables L
is given in Figure 1.10.

Linear problem Nonlinear problem

16 * tSC 4 *—'sC

3

waf |—o—'Pm oM

computational time [s]
computational time [s]
s & @

8

1 10 oo
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Figure 1.10: Time to solve the linear problem (1.11) and the nonlinear problem (1.78) with
accuracy of order 2 in ¢ using the SC-FEM and the perturbation method.

As predicted in Section 1.6, the perturbation method presents no real advantage in terms of
computation time over the stochastic collocation one, since it is only twice faster. This factor
2 comes from the fact that the perturbation method requires the solution of L + 1 problems,
while 2L + 1 problems need to be solve in the stochastic collocation method. The situation
is different for nonlinear problems. In this case, the perturbation method is significantly
faster than the stochastic collocation one. Indeed, only one nonlinear problem and L linear
problems need to be solve for the former, to obtain respectively the deterministic part ug of u
and the Uj, j =1,..., L. For the SC method, we need to solve as many nonlinear problems as
collocation points. Even for the nonlinear problem considered here, where the nonlinearity
comes from the term u3 and which is quite cheap to solve, the perturbation method is about 8
times faster.

To conclude, we can mention that for & = h;., i.e. without error due to FE approximation and
a convergence of the error in G (£?), the error for the perturbation method is about 1.4 and
3.5 times larger than the error obtained using respectively SC1 and SC2. Again, the error for
the perturbation method and the SC method has been accurately computed using the Monte
Carlo method. However, for a given problem, that is for fixed value of € and L, the perturbation
method perform better than the SC method in terms of CPU time versus error for &> h;,.,
especially for nonlinear problems. We plot in Figure 1.11 the computation time with respect to
the error for problems (1.11) and (1.78) with f = f>,£=0.5, L=10and 271 < h < 273, Notice
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that the results for SC1 are not depicted on this figure since they are indistinguishable from
those of SC2. Finally, we mention that it would be better, in terms of computational costs, to
adapt the level [ of the sparse grid for the SC-FEM, respectively the order in the approximation
U= 22:0 e"u,  for the perturbation method, with respect to h. Indeed, for the value of & for
which the total error is not too small, namely of order ¢ or larger, it is more suitable to take
I =0than [ = 1 since comparable accuracy is reached at lower computational costs. However,
the error due to the uncertainty, which is of order € for / = 0, will be dominating at some point
(see also Figure 1.5) and the value of I must be increased to be able to further reduce the error.

Linear problem Nonlinear problem
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Figure 1.11: Log log scale plot of the computational time w.r.t. the error in L% (Q; H& (D))-norm
using the SC-FEM with Smolyak and Clenshaw-Curtis abscissas and the perturbation method.

Conclusions

In this chapter, we have performed error analyses for elliptic PDEs with coefficients affected by
small uncertainties, characterized through random variables. The exact random solution has
been approximated using a perturbation approach combined with the finite element method
for the physical space discretization.

For the first order approximation u = ug j,, we derived strong and weak a priori error estimates
as well as a posteriori error estimates in the L2 (Q; Hy (D)) and L% (Q; L*(D)) norms. These
estimates naturally split into two parts, namely the error in & due to the physical discretization
and the error in € due to the model. In the a priori error estimation, we have shown that the
order of the weak error in the model is twice the order of the strong error, the order of the
error due to FE approximation being the same in both cases. The a posteriori error estimator
in the L‘?; (Q;H& (D)) norm that we have obtained is a computable quantity of order h + ¢
if the solution is regular enough in physical space. Given uy j, this estimator is cheap to
compute and does not require any other FE solution. It can be used for mesh adaptation so
that comparable accuracy in & and ¢ is reached. We have shown that taking the L? norm in
physical space leads to a gain of one order in /& but no improvement in the error due to the
model. Finally, we gave a sketch of the derivation of a goal-oriented error estimate, which
is more suitable than an estimate in global norm when a particular quantity of interest is

60



1.A. Derivation of problems (1.20), (1.21) and (1.22)

considered.

The a posteriori error estimation procedure for the error in the L?(Q; H& (D)) norm has been
applied to the second-order approximation u = ug j, + €u;,;,, before giving a generalization
for approximations of any order. This reliable error upper bound can be used to adaptively
determine the order of approximation and partitions of D such that the total error is below a
given tolerance.

A posteriori error estimates have then been derived for a class of nonlinear problems through
three different examples. A comparison in terms of computational costs with the stochastic
collocation method has been performed, considering an error of order 2 in the model. The
perturbation method presents only mild advantages for solving linear problems, the computa-
tional cost being halved with respect to the SC method. The situation is different for nonlinear
problems. Indeed, the SC method requires the resolution of as many nonlinear problems as
collocation points while for the perturbation method, only one nonlinear problem has to be
solved for uy 5, the remaining problems being linear.

1.A Derivation of problems (1.20), (1.21) and (1.22)

We make here some remarks about the derivation of the problems (1.20), (1.21) and (1.22) that
we need to solve to build the approximate solution ug + £u; + £2u,. In particular, we will see
that the deterministic problems for the terms 1y and u; are uniquely determined while those
for u, are not. We thus discuss the various ways to build the term u,. Moreover, we will make
amore precise link between each term and the derivatives of u = u(x,y) with respect to the y;,
j=1,...,L.

Let us first give some details about the derivation of the problems. Recall that we assume that
the diffusion coefficient a has the form
L
ax,w) =aXxYw)) =apx) +¢ Z ajx)Yj(w).
j=1
Moreover, the random solution u is expanded as

ux, Y()) = up(X) + et (X, Y(@)) + €2t (x, Y(@)) +...

with u; = Z§:1 UjYjand up = Z]L. =1 UjkY;jYg. Similar expansion can be used for the higher
order terms, see (1.71) where the general case is treated or [126, 127]. If we substitute the
expansions of a and u in the first equation of problem (1.13), we get
L L
—V-[(a+e) ajY))V(up+e) U;Yj+&

L
UjijYk+'~~) =f.
j=1 j=1 J k=1

After recalling that f is deterministic by assumption, we separate then the terms of different
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Chapter 1. Elliptic model problems with random diffusion coefficient

order in €. The equation for the &' (1) term is
=V-(aVuy) = f

which yields problem (1.20) after adding suitable boundary conditions. Next, the equation for
the O (¢) term is

~£ Y Y;V-(agVU; +a;Vug) =0. (1.94)

L
j=1
Sincetheset{Y;: j=1,..., L} isorthonormal, it is in particular linearly independent. Therefore,

equation (1.94) holds if and only if each term is zero, i.e.
V-(agVUj+ajVuy) =0 Vj=1,...,L, (1.95)

which is nothing else than the first equation of problem (1.21). Notice that the relation (1.95)
can also be obtained by multiplying (1.94) by Y} and taking the ensemble mean, see [127],
thanks again to the fact that E[Y; Y] = 0 jk- Finally, we collect the terms in © (€2) to obtain

2

~£2 Y Y;ViV-(agVUjx +a;VUy) = 0. (1.96)

L
jk=1
A sufficient condition for (1.96) to hold is that

V-(aVUje+a;jVUR) =0 Yjk=1,..,L (1.97)

which corresponds to the set of PDEs in (1.22). However, it is not necessary to have (1.97) to
verify (1.96) since the set {Y; Yy : j,k=1,..., L} is not linearly independent. Using the fact that
Y; Yy = Yi Y;, we can rewrite (1.96) as

—82 Z YijV~(a0V(Ujk+Ukj)+ajVUk+akVUj),Bjk:O (1.98)
1<j<ks<L

where S =1- %6 jk is introduced to allow to keep the cases j < k and j = k under the same
summation sign. Now, the set {Y; Y : 1 < j < k < L} is linearly independent [127] and thus
(1.98) holds if and only if

V-(aoV(Ujr+Ugj) +ajVUr +arVU;j) =0 Vi<j<k<L.

Ujk

If we write ﬁjk = # for j,k=1,...,L we have then

L L
Uy = Z UjijYkZ Z ﬁjk(Ujk+Ukj)Yij: Z UjijYk.
Jj k=1 l<sj<ks<L Jk=1
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1.A. Derivation of problems (1.20), (1.21) and (1.22)

Notice that Uj x solves

- aiVUr+arVU,;
V. HOVUjk‘F%

Vjk=1,..,L
and Uji + Uy = Uj + Uyj. The advantage of building u, with the U instead of the Uy relies
in the fact that ﬁj = U j while Uj is not necessarily equal to Uy ;. Therefore, the construction

L(L+1)
2

of up with the U ik requires the resolution of whereas L? problems need to be solved

when the Uj are used.

Notice that the problems we obtain for ug, U}, Uji and Uj, j,...j,, given by (1.20), (1.21), (1.22)
and (1.71), respectively, are equivalent to those derived in [6]. In that paper, the authors apply
what they called the method of successive approximations which uses the Karhunen-Loeéve
expansion to represent the stochastic diffusion coefficient combined with the Neumann series
expansion method. In fact, applied to the specific linear elliptic diffusion model problem (1.11),
the (generalized or standard) Neumann expansion method and the perturbation method are
equivalent [121].

In the remaining part of this section, we clarify the link between the various terms ug, U;, Uj
and U ik defined above and the derivatives of u = u(x,y) with respect to the y;. In other words,
we compare the expansion (1.19) of u with its Taylor expansion around y, = E[Y] = 0. Recall
that it has been proved (see for instance [7]) that the weak solution u = u(x,y) of problem
(1.13), i.e. the solution of (1.14), is analytic with respect to each variable y;, j =1,..., L. First of
all, we have

2

9a X,y0) =€a;i(x) and a
=~ X Yo = j
0yj ! 0y0y;j

a(x,yo) = ap(x), xyvo)=0 Vjk=1,...,L

Then, we recall that for each y € T the solution u(-,y) € Hé (D) of problem (1.14) satisfies

fa(x,y)Vu(x,y)-Vv(x)dx:ff(x)v(x)dx Yve Hy(D),p-a.e.inT. (1.99)
D D

The evaluation of equation (1.99) at y, yields
f ao(x)Vu(x,yo)-Vv(x)dx:f X v dx. (1.100)
D D

We can formally differentiate equation (1.99) with respect to y; to get

oa ou .
f —Vu+avV— | xy) -Vv®X)dx=0, j=1,...,L (1.101)
D 0yj ay]-

and thus for y = yy we have

f(Eaj(x)Vu(x,y0)+ao(x)VSTM(x,yo))-Vv(x)dx:O, j=1,...,L. (1.102)
D J
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Chapter 1. Elliptic model problems with random diffusion coefficient

Taking then the derivative of (1.102) with respect to y, or equivalently the second derivative
of (1.99), we obtain for j, k =1,..., L the relation

f( %a u+0a 6u+6av6u+av 0’u )( ) VoEdx=0
Ty— 4y Ty—— X,V) x)dx =0.

p\ayedy; " dy; Oy oy oy;  owedy;) Y

Since 3 f;gyj =0, the evaluation of last relation at y, gives us

2

B B
f (eaj (x)V#(x,yo) + £ak(x)Va—u(x,y0) + ap®)V (x,yo))-Vv(x)dx -0, jk=1,..,L
D k i

Vi 0yk0y;
(1.103)
Finally, based on equations (1.100), (1.102) and (1.103) we conclude that
to= uoye), €U = 2 loye) U U =~ (ye) and e20= 12 (. yo)
0 — ,¥o0)» j= ay] ,Y0)» jk kj) — aykay] » Yo jk — 20yk6y] » Y0

for j,k=1,..., L.

1.B  Upper and lower bounds for the error u—uy ; in the L3 (Q; Hy (D))
norm

The goal here is to prove that the error estimator introduced in (1.50) provides both lower
and upper bounds for the error || — 1 3 |l 12,(@;H) (D)) We assume here that D c R? with d = 2,
mentioning that the case d = 1 can be treated easily since no jump terms occur while the
extension to the case d = 3 is straightforward. We first introduce the estimator in more details,
starting from the relation

o (u—ugp v;y) = ffv—[ aOVuo,h-Vv—f(a—ao)Vuo,h-Vv
D D D
= RW;y0) + [Z(v;y) — Z(v;¥0)]

forall v e H; (D) and p-a.e. in T, where yo = E[Y] = 0 and
R (vyy) := F(v) — o (ug,p, V;y)=fov—fDa(-,y)Vuo,h~Vv-
ForanyyeT, let r(;y): H) (D) — R be defined by

r(wy) :=Z(v;y) — Z(v;yo) = —fD(a(-,y) —ap)Vug,p- V. (1.104)
The dual norm of r is then given by ||7(;¥) | g-1(p) = IVw(, Y) |l 12(p) with w(-,y) the solution of

f Vw(,y)-Vv=r(vyy) VvEH&(D),p-a.e. inT. (1.105)
D
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1.B. Upper and lower bounds for the error u — ug ;, in the L% (Q; H(} (D)) norm

We write then w(x,Y(w)) = EZ]L.: Wi Y;(w) with W; € Hé (D) such that
f VW;-Vu= —f ajVuyp-Vv Yve Hy(D).
D D

Let w,x,Y(w)) = eZ]L.: WinXYj(w), where W;p€Vyis the FE approximation of W}, and let
R and J denote the interior element residual and the jump defined on an element K and an
internal edge e by respectively

Rix=(f+V-(aVuon)lx and Jie=[agVuop 1], -

The spatial and stochastic a posteriori error estimators n7; and 7, are given by (1.43) and (1.50),
respectively, definitions that we recall here for clarity

. 1
nio= Y m with ni=RRIRILg 5 3 helTlZy), (1.106)
Kegy, ecOK
2 2 L 2
fi; = € vawj,han(D). (1.107)
j=1

To prove the spatial lower bound, see (1.112), we will need some definitions and notation that
we introduce now.

For any element K € 97, using the notation given in Figure 1.12-left, we define the so-called
element bubble function ¢k and edge bubble function vy, see for instance [118], by

Yk =270A2A3 and Y., =4Aiy1div2, 1=1,2,3,

where the indices are taken modulo 3 and A4, Ay, A3 are the (linear) barycentric coordinates
on K. Using the notation used in [118], we denote by wg the union of all the elements sharing
an edge with K and, for an internal edge e, we write w, the union of the two elements sharing
e as an edge, see Figure 1.12 for an illustration.

Figure 1.12: Notation for an element K in 97, (left) and illustration of the domains w (middle)
and w, (right).

The bubble functions satisfy the following properties: for any polynomial ¢ of degree less or

equal to k we have

1 _
lolzi < cllygollizay, IV@r@)lzm < Cthl el 2k (1.108)
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Chapter 1. Elliptic model problems with random diffusion coefficient

and

1 1 1
||(P||L2(e) = 03||1//§<p||Lz(e), IV(Wep) ||L2(we) = C4h;E ||(P||L2(e), ||1//e(P||L2(we) = CShE ||(P||L2(e),
(1.109)
where the constants C;, i = 1,...,5, depend only on k and on the shape regularity parameter
of 97}, given in (1.23). Moreover, we have

Osyrx=<1VxeK, vxx=0Vx¢K, ma}(wa(x) =1
X€E

and
Osvy.X =1VXE W, Y.x)=0Vx¢w,, xnelfluxwe(x) =1.

For any element K, we denote by gx the mean value of g on K and similarly we denote by g,
the mean value of g on any internal edge ¢, i.e.

1 1
O = — and g,=— f .
8k |K|ng 8e el eg
Finally, we introduce the oscillation term O defined by

0% := Y. hFIR=Rrlfpy+ Y helT=Tell3z - (1.110)

Tcwg ecO0K

We can now state the upper and lower bounds, given in the following proposition.

Proposition 1.B.1. Let u be the weak solution of problem (1.11) and let uy , be the solution of
problem (1.30), respectively. There exist two constants Cy,C» > 0 depending only on the mesh
aspect ratio and s € (0, 1] such that

||u_u0,h||L§(Q;H3(D))S - (C1n1+ﬁ2)+@(5h8), (1.111)
min
1
2
KEﬂ—h
and

Proof. We first derive a bound for the L%(Q; Hy (D)) norm of w (resp. wj,) in term of the
norm of wy, (resp. w) and higher order terms, where w is the solution (1.105) and wy, its
FE approximation. Let us introduce v (x, Y(w)) = 6257:1 VX Yj(w), wherey; € H(} (D) is the
solution of

vaw,--vU= —fDa,-VuO-vV Vve Hy(D),
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and let v, denotes its FE approximation. Notice that ¢ (:, Y(w)) solves
f Vy-Vu= —f (a—ag)Vug-Vv Vve H}(D), as. inQ,
D D

which is similar to the problem (1.105) for w, except that ug j is replaced by ug in the right-
hand side. Thanks to the triangle inequality, we obtain

IVwlzzpy = IVwpll 2oy + IV(w =Wl 2y + IV =)l 2oy + IV — widl2(p)

from which we can deduce

where s € (0, 1] depends only on the regularity of up, v, j = 1,..., L, and the domain D and C is
a (deterministic) positive constant independent of /2 and € but dependent on the mesh aspect
ratio, |uol gn+s(py and | | gpespy, j = 1,..., L. Therefore, recalling that wy, = 52521 W; Y; and
using E[Y;Y;] = 6;; we get

with ), given in (1.107). Finally, proceeding in the same way we can obtain the relation

We now prove the three bounds (1.111), (1.112) and (1.113) separately. The proof of (1.112)
is inspired by what is done in [99, 118], while the idea for the proof of (1.113) is based on the
proof of efficiency of the error estimator proposed in [102] for the Reduced Basis method. In
the sequel, all the equations hold a.s. in Q without specifically mentioning it.

Upper bound The proof is similar to the one of Proposition 1.3.5, only the bound of term
controlling the stochastic error is different. For any v € H& (D), taking vy, = Ij, the Clément
interpolant of v we have

faV(u—uoyh)-Vv = ffv—f aOVuO,h-Vv—[(a—ao)VuO_h-Vv
D D D D

/f(v—vh)—f aOVuO'h-V(v—Uh)+[ Vw-Vv
D D D

IN

C

2
Z Tﬁ() +||VW||L2(D) ||VU||L2(D),

K€3_h

where C; depends only on the constants in (1.26) and (1.28). Since a,;,, is a lower bound for
a, taking v = u — uy j, we get

AminllV(U—uop)llzzipy < Cim + IVWIl 2(p)
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Chapter 1. Elliptic model problems with random diffusion coefficient

and thus, taking the L% (Q) norm on both sides of the last inequality we have

Aminllu— uO,h”L%(Q;Hé(D)) =Cim+ ||VW||L§)(Q;L2(D))-
Finally, we obtain (1.111) using (1.114).

h-lower bound First of all, notice that for any v € H& (D) we have

f aV(u—ug,p) Vv
D

Rv+ - —ap)V -V
Z[KUZ]va(aao)uo,hv

KeT}, eegve
= ) va+ Y f]v+f Vw-Vu. (1.116)
Keg /K ecgy Ve D

The proofis then divided into three steps.

1. Let K be any element in 7, and let vg = Rxyx. We take v = vk in (1.116). Since
suppy g < K, we have

f avV(u—ugp) Vg =[ RKUK+f (R—RK)UK+f Vw-Vug

K K K K

and thus, using the properties of the element bubble function given in (1.108), we obtain
il Rkl 2k < €5 C2@max|V (= o, )l 2 + €f €2 IV Wl 2aey + P x| R = Ricl 2 x-

Thanks to triangle’s inequality, we finally obtain

R IR 2 x) < €72 @max IV (w0 —uo,p) | 12y + €2 IV W 2 + (L + € Ak IR = Ricll 12 (i -
(1.117)

2. Let e be any interior edge of 97, let v, = J.w, and let K; and K, be the two elements
that share e as an edge. We take v = v, in (1.116) to get

f av(u-—ugp)-Vve= Y. KRue+f]'eue+f(]—]'e)ve+f Vw-Vue.
We e e We

Kew,

Therefore, using the properties of the edge bubble function given in (1.109), we obtain

1 _
hé ||]e||L2(e)

IA

2 2
C3 CaQmaxllV(u—ug p) ”LZ(we) +C3 CShe”R”LZ(we)

1
2,3 7 2
+eshe 1T = Jelli2e) + s cal Vwll 2w,
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1.B. Upper and lower bounds for the error u — ug ;, in the L% (Q; H(} (D)) norm

and thus
1 1 _
RNz = C5catmaxllV(u— o)z, + 5 cshel Rl 2w, + A+ R IT — Tl 120
2
+ezeallVwllzz e,
2
2 2 2\ 2 D
< Y [amaxcs(ca+ creacs) IV (=g p)ll 2k + (A + e ez cshi IR = R ll 12 k)

i=1

1 _
Sca+cieacs) IVwlipzy | + A+ RZNT = Tell 20)

using relation (1.117).

3. Putting everything together, we obtain for any element K € 97,

=
=~
Il

1
2 2 2 2
hK”R”LZ(K)—i_E 2 he”]”Lz(e)
ecoK

IA

2 2 2
Cz (amax”v(u_uo,h)”Lz + ||VLU||L2

(wk) (wk)

+ Y BRIR=Rrljopy+ 3 henf—f'eniz(e)),

Tcwg ecOK

where C, depends only on the regularity of the mesh (through the constants ¢;, i =
1,...,5). Recalling the definition of 6 in (1.110), if we sum over all K € 9}, and use the
relation (a? + b? + ¢) < (a+ b + ¢)? valid for any non-negative numbers a, b, ¢, we get

2
nm =G amax”V(u—uO,h)”LZ(D)+||VW||L2(D)+( Z Qi)

Kegy,

where C, has changed but still only depends on the mesh aspect ratio. Finally, we obtain
(1.112) taking the L% (Q) norm and using (1.114).

e-lower bound For any v € H& (D) we have

fVw-Vv:—f(a—ao)Vuoyh-szf aV(u—uO,h)-Vv—f aoV(ug —up,p)-Vv. (1.118)
D D D D

Taking v = w in (1.118) and noticing that the last term of (1.118) is nothing else than (minus)
the residual for uy j,, we can easily derive the bound

2
Vw2 py < | @maxlV (= uo,p)ll 120y + C1

1
2
Z 7}%() IIlele(D)

KeTy,

where C; depends only on the constants in (1.26) and (1.28). From the last relation, we deduce
taking the L%, (Q) that

”Vw”L%(Q;LZ(D)) < Amaxllu— uO,h”L%(Q;H&(D)) +Cin1
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which conclude the proof thanks to (1.115). O

Remark 1.B.2. Since uy j, is piecewise affine, if ay is piecewise constant then we have R = f and
J = Jo. Therefore, in this case O reduces to ¥ Wi h2T|| f- f T ||i2(T) which does no longer depend
on uy,j. It is often refereed to as data oscillation.

Remark 1.B.3. We deduce from the three relations (1.111), (1.112) and (1.113) that

2
aminsn—samm ash—0
e — ug nll
and
_ 1
C, lam,-,, < _m <Cramax ase—0,
It — uo

where | - || denotes the L2(C); HS (D)) norm and C, and C, are two positive constants depending
only on the mesh aspect ratio.

1.C Estimation of the interpolation constant

In this section, we briefly present the value of the interpolation constant C H that can be
included in the error estimator to get a sharp spatial error estimator. This value depends on
the degree of the finite element space as well as if we are in 1D, 2D or 3D.

In the one-dimensional case, we have already mentioned that the constant for P; finite ele-

L)l/pl

ment can be set to C Hl = 3# Lg The latter corresponds to the theoretical value ( i 3

%~ 53
with p =2 given in [9].

For the 2D case, we consider the (deterministic) Poisson problem —Auy = f with homogeneous
Dirichlet boundary conditions. We set D = (0, 1)%2 and up(x1, x2) = sin(2mx;) sin(4mx,) and
compute the corresponding right-hand side given by

Fx1, %) = 207 sin (27 x2) sin(47 x2). (1.119)
We give in Table 1.15 the error [V (1o — g, 1)l 12(p) and the two estimators 17; and 7)1 defined by

mi= Y BRIf+ Aunlyp+ Y el Vi neln 2,

Kegy, eeJy,

and

1
A2 _ § 2 2 § 2
771_ hK||f+Auh||L2(K)+Z he”[vuh'ne]ne”LZ(e) .
Kegy, ecOK

We consider both structured and Delaunay triangulations with N = 256 equidistant vertices
on each boundary of D, see Figure 1.13 where the meshes for the case N =16 are given.

The constant l/CH? can then be set to n1/[|V(uo — to ) | 12(py 01 {1/ IV (1o — uo, 1) | 2(p) depend-
ing on the definition of the estimator.
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Figure 1.13: Structured (left) and Delaunay (right) triangulations of D with N = 16.
Structured mesh Delaunay mesh
error 11 ed. 1 e.d. error 1 e.d. 7 eld.
Py | 1.279e-1 | 7.352e-1 | 5.75 | 6.472e-1 | 5.06 | 1.037e-1 | 5.934e-1 | 5.72 | 5.296e-1 | 5.11
Pip | 1.204e-1 | 5.225e-1 | 4.34 | 3.939e-1 | 3.27 | 9.450e-2 | 3.590e-1 | 3.80 | 2.668e-1 | 2.82
P> | 9.592e-4 | 8.464e-3 | 8.82 | 8.195e-3 | 8.54 | 6.905e-4 | 6.473e-3 | 9.37 | 6.385e-3 | 9.25
P3 | 3.130e-6 | 7.136e-5 | 22.80 | 6.924e-5 | 22.12 | 2.017e-3 | 4.865e-5 | 24.12 | 4.749e-5 | 23.55

Table 1.15: Error, estimator and effectivity index for the Poisson problem.

Notice that we get similar values when considering other cases than (1.119). We see from the

results of Table 1.15 that, as expected, the interpolation constant depends on the polynomial

degree of the finite elements. Moreover, we could go further by estimating separately the

efficiency of the interior residual and the contribution of the jump terms, but we will not do it

in this thesis.
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y4 Elliptic model problems with other
sources of uncertainty

Introduction

We extend here the results of Chapter 1 to include other sources of uncertainty. We first
consider the case of random Neumann boundary conditions. The analysis is very similar to
the one presented in Chapter 1. It is even easier in this case since the solution u depends
linearly on the random input, and thus only the first two terms in the expansion are non-
zero. We consider then the case where two random input data are affected by uncertainty,
namely we consider a random diffusion coefficient combined with a random forcing term.
Two different sets of random variables are used to describe each uncertain input data. Finally,
numerical results are given to illustrate the theoretical findings.

2.1 Neumann random boundary conditions

We consider the problem:

find u: D x Q — R such that a.s. in Q:

—diviapx)Vux,w)) = [fx xeD
ux,w) = 0 xel'p (2.1)
ao (X)% = gkxw) xely,

where T'puT'y =0D withI'pNT'y =@ and I'p # @. We assume that ay is bounded from below
by ao,min and that g is characterized by L independent random variables {Yj}§:1 with zero

mean and unit variance as

L
gX0) =gx Y1(®),..., Y () = goX) +& ) g§XYj(w) (2.2)
j=1

with g; € L2(Tw), j=0,1,...,L. Using the same notation as in the previous chapter, we can
rewrite problem (2.1) in parametric form as:
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find u: D xI" = R such that p-a.e. in I' we have:

—div(ap®Vuxy) = fx xeD
ux,y) = 0 xel'p (2.3)
ap XY = gxy) xely,
whose weak formulation reads:
find u(-,y) € W such that
f aOVu(-,y)-Vv:f fv+f g,yyv VYveW,p-ae.inT (2.4)
D D I'y

with W := HllD (D) ={ve H'(D): v =0 on I'p} that we endow with the gradient norm || - |y :=
V-l z2(p)- This can be done thanks to the Friedrich-Poincaré inequality

”V”LZ(D) SCF”VU”LZ(D) VUEW, (25)
which holds aslong as I'p # @. Using again a perturbation technique, we write
ux, Y(w)) = up®) + £11 (X, Y()) + €% 12 (X, Y(w)) + ...

where 1 : D — R is the solution of

—div(apx)Vuyx) = fx xeD
Uo (X) =0 X € FD (2.6)
ap® 24X = gx) xely,

and u; =Z]L.:1Uij withU;: D —R, j=1,..., L, the solution of

—div(ay®VU;x) = 0 xeD
Uix) = 0 xelp 2.7
o;x)
a)(x)—— = gjx) xely.

Contrary to the problem with random diffusion coefficient a of the previous chapter, we will
show that we have here u = ug + €u;, i.e. there is no term of order higher than one in €. This
is due to the linear dependence of u with respect to the uncertain input data g. The same
holds for instance when the forcing term f is random, see also the next section. The weak
formulation of problems (2.6) and (2.7) is given by, respectively,

find upe W: faOVuo-Vv:ffv+f gv YveW (2.8)
D D 'y

and
findU; e W: faOVUj-Vv=f gjv YveWw. (2.9
D Tn
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Notice that the problems for 1 and the Uj;, j =1,..., L, are decoupled, that is the solution 1
does not appear in the problem for U; as it is the case when dealing with random diffusion
coefficient, see problem (1.21). We first show the following three properties.

Proposition 2.1.1. Let u be the weak solution of problem (2.1) and let uy and Uj, j =1,...,L,
be the solutions of problems (2.8) and (2.9), respectively. Then for u; = Z]L.Zl U;Y; we have

1. Elu] = uy
2. u=ug+e€eu

3. Varlu =EZZ§:1U?.

Proof. First of all, if we take the expected value on both sides of equation (2.4) withy = Y(w),

faOV[E[u]-Vv=ffv+f gov YveW
D D I'n

and thus, subtracting equation (2.8) we obtain

we get

f agV(E[u] —ug)-Vv=0 VYveW.
D

If we take then v = E[u] — 1y, we have
1

0 < @0, minllVELU] = uo) |72 ) < lag VELU] = up) 172, = 0

which implies E[u] = up a.e. in D. We proceed similarly for the second relation. Indeed,
without writing the dependence of each function, we have for any v € W and a.s. in Q

faOV(u—(uo+eu1))-Vv faOVu-Vv—f aOVuo-Vv—ef agVuy-Vu
D D

D D
[ >
gv—f gov—e¢ gjv
'y 'y j=1YTn !
0.

Taking then v = u—up—euy € W a.s. in Q, we can easily show that || — (up + €uy) IIL%(Q;W) =0
and thus u = yp + €uy a.e. in D and a.s. in Q. Finally, we directly get

L

Var(u] = El(u-E[u)?) =Ele*uil =¢* ) U;

j=1

using the fact that E[Y; Y;] = 6;;. O
Remark 2.1.2. Notice that we could also see that u does not contain any term of order © (%)
for any k =2 by observing that the term uy in the expansion of u would be the solution of the
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problem
—div(agx)Vurx,w)) = 0 xeD
urx,w) = 0 xelp
a0 4ED) - — 0 xeTy,

for which uy. = 0 is the obvious solution.

To simplify the notation in the a posteriori error estimates given below, we introduce the
generalized jumps across an edge e defined as

%[aOVuO,h ‘n.l, if ecD
Jeo(uop):=1 8o—lim;o+(aVugp-me)x—tn,) if ecTy
0 if ec FD

with [-]n, the jump across an interior edge e defined by
[@]n, (X) := [11%1 (p(x+ tm,) — px—n)).

For j =1,..., L, the quantity J,, j(Uj; ) is defined analogously replacing uy,, and go by Uj;,, and
gj, respectively. Moreover, we will need the following trace inequality (see for instance [109])

Il 2y < Crllvlmpy Yve H(D). (2.10)

Error estimation for u — v j,

We consider the P; finite element approximation of problem (2.8) given by
find up , € Wy, : f aoVug -V =f fon +[ govp, VYupe Wy (2.11)
D D I'n

with Wy, = {v e C°(D) : vix € P; VK € I3,}n W and 97, a regular triangulation of D. We have the
following a posteriori error estimate for the error u — uy j, yielding an error of order @ (h° + ¢)
with s € (0, 1] depending on the regularity of the solution.

Proposition 2.1.3. Let u be the weak solution of problem (2.1) and let uy j, be the solution of
problem (2.11). Then, there exists a constant C > 0 depending only on Cr in (2.5), Cr in (2.10)
and the mesh aspect ratio such that

NI

C 1
< —— (5, +n%)?,
ao,min

E[IV(=uon) 2|
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2.1. Neumann random boundary conditions

with
2 2 2 2
ny, = ) gl f+V-(@VuolTgn+ Y hellJeo(to )72,
Kegy, eeJy,
2 2 L 2
me = &) gl
j=1

Proof. Forany v € W and a.s. in Q) we have

faOV(u—uo,h)~VU:ffv+ ggv—f aOVuO,h~Vv+[ (g—80)v.
D JD Ty D Iy

J

1

=

:q =11

We bound each term separately. The term I, which is the residual for v j, can be bounded as
follows

I<C IVUliz2py

Y. I +V-(@Vuo 7o+ Y Meolon)ll7z,

Kedgy, eeTy,

where C; depends only on the interpolation constants in (1.26) and (1.28). The second term is
bounded by

II=[(— Ww=lg-8ollrzryllviiz =Cllg-gollrzeylIVulizpy, C:CT\/l""CZ-
. 8- 80 8 —8ollrzryy L2(Ty) 2118 — 8ollz2(ry) 12(D) 2 F

Combining these two bounds with the fact that ay is larger than ag ;,;,, we get

1

2
Cr| Y hglf+V-(@Vuo )7+ 3 ||1e,o(uo,h)||i2(e))

ao,min KeTy, ec T,

2

+Collg - goll 2y |

Taking the expected value of the square of last inequality and using the fact that E[Y; Y;] = 6;;
allows us to conclude the proof. O

Error estimation for v — (ug ,, + €uy 1)

Let U; j, be the P, finite element approximation of U; which solves
find Uj,hewh: [ aOVUj,h'VVh:f 8jVh Yv, € Wy (2.12)
D I'n

We have the following a posteriori error estimate for the error u — (ug , + €uy, ), yielding an
error of order @ (h* + ¢h®), s € (0,1]. In particular, there is no term of order O ("), k=2, and
thus no pure statistical error.

Proposition 2.1.4. Let u be the weak solution of problem (2.1) and let uy j, be the solution of
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Chapter 2. Elliptic model problems with other sources of uncertainty

problem (2.11). Moreover, let u, j, = Z]L.zl UjnrY; with U ih the solution of problem (2.12). Then,
there exists a constant C > 0 depending only on Crg in (2.5), Ct in (2.10) and the mesh aspect
ratio such that

1 C 1
E IV o+ 1) | * = —— (nd, +12,)7,
ao,min

with
M, = Y BRI +V-(@Vug )52+ Y helTeo(tion)l7,
Kegy, eeJy,
2 2 L 2 2 2
T’gh = € Z Z hK'lv(aOVU],h)llLZ(K)+ Z he”]e,j(Uj,h)”Lz(e) .
j:1 K€3—h eeﬂ_h

Proof. The proof can easily be deduced from the relation

L
faOV(u—(uO,h+£u1,h))-Vv:f fv+ gov—f aOVuO,h-Vv+£Z( gjv—f aOVU]-,h-Vv)
D D FN D , j:l FN D

~~

g

= =1

a.s. in O, where I and II are nothing else than the residual for u, j, and u, j, respectively. Each
of these terms can be bounded in a standard way to conclude. O

2.2 Two sources of uncertainty

We consider again the diffusion model problem but with two input data affected by uncertainty,
namely the diffusion coefficient and the source term:

find u: D x Q — R such that a.s. in Q it holds:

fx,w) xeD
0 x€oD,

{ —div(ax,w)Vu(x,w)) (2.13)

uXx,w)

where f(-,w) € L?(D) a.s. in Q and a is uniformly bounded from below and above by a,,;,, and
Amax, respectively. We prescribe homogeneous Dirichlet boundary conditions for simplicity
but we could easily extend the following results to other kinds of boundary conditions, includ-
ing random boundary conditions as treated in the previous section. We assume that the two
random inputs a and f are characterized through a finite number of random variables

ax,w)=ax Y (),..., Y () and fxw)=[fx2Z(),..., Zyw)).
More precisely, we assume an affine dependence of a and f with respect to the random
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variables as follows

L
ax,w) = agx) +¢& )y ajxY;jw), (2.19)
j=1
M
fxw) =fox+6 ) fiXZjw), (2.15)
j=1

where {YJ-}JL.:1 and {Z j}j.wzl are two families of independent random variables with zero mean
and Var(Y;) = (ai.’)2 <ooand Var(Z;) = (07)* <ocofor j=1,...,Land i =1,..., M. Moreover,
we assume that fj € L?(D) for j =0,1,..., M. The two parameters ¢ and § control the amount
of randomness in a and f, respectively.

Remark 2.2.1. The case where only the forcing term is affected by uncertainty can be easily
deduced from the one considered here by setting e = 0.

LetY=(Y1,...,Y),Z=(Z,...,Zy) andR=(Y,Z). For j =1,...,L, let Fj.' denote the bounded
image in R of Y; and fori =1,..., M let Ff be the image in R of Z;. Moreover, we write pj.'
and p? their probability density function. Let ' =TIV xI'* = 1"{ x 1“% x '] x...xI'7,. Thanks
to the independence of the random variables, the joint density function p : T — R* of the
random vector R is given by p(r) = pY(y)p*(z) = H?zlpjy.(yj)l'lﬁ.‘i
withy= (y1,...,yr) eIV and z = (zy,..., z)) € ['*. By definition, for any measurable function
g:I' = R, the expected value of the random variable g(R) is E[g(R)] = fr g(x)p(r)dr. The finite
dimensional noise assumption implies that the random solution u of problem (2.13) can be

05(zj) forallr = (y,z) € T

described by L+ M random variables
u(xy (1)) = M(X, YI ((U), ) YL((U), ZI (w)) ceey ZM((»U))-

Therefore, the solution u can be sought in the probability space (Q, %, P) or equivalently
in (I, B(I"), p(r)dr). The problem (2.13) can indeed be equivalently written in the following
deterministic parametric form:

find u: D xTY xT'* — R such that p-a.e. in T it holds:

—div(ax,y)Vuxyz) = fxz) x€D 2.16)
ux,y,z) = 0 x€aD. '
The pointwise weak formulation of (2.16) reads:
find u € L5 (T'; Hy (D)) such that
A (u(.y,z),v;y) = F(v;z) Vve Hy(D), p-ae. inT, 2.17)
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where
A (ul,y z),vy) = fa(x,y)Vu(x,y,z)-Vv(x)dx (2.18)
D

F(v;zy = ff(x,z)u(x)dx. (2.19)
D

The well-posedness of problem (2.17) can be shown using Lax-Milgram’s lemma. In particular,
the assumptions on fy, f; and Z;, i = 1,..., M, ensure that f € L2 (I'; L*(D)).

We assume small uncertainty and use a perturbation approach expanding u with respect to €
and 0 as

ux,Yw),Zw)) = upx)+ suf(X.Y(w)) +0uf (x,Z(w))

+e2u) (x, Y(w)) + 01 (%, Y(), Z(@)) + 6° U5 (X, Z(w)) +... (2.20)

Notice that similarly to Section 2.1, there will be no term of higher order than 1in g, i.e. ug
vanishes, due to the linear dependence of u with respect to f.

The problem for u is given by:

find ug : D — R such that

(2.21)

—div(ap®)Vuyyx) = fox) xeD
upyx) = 0 x€eoD.

Writing then u] (x, Y()) = Zle UJJ.’ x)Yj(w) and u? (x,Z(w)) = Z;WZ | Uf(®)Zj (), the first order
term in (2.20) is obtained by solving the following L + M deterministic uncoupled problems:

find ij : D — R such that

—di y .
dlv(ao(x)VUj(x)+a](x)Vu0J(/x)) =0 xeD .99
Uj(x) = 0 x€odD
and
ﬁnde:D—»Rsuchthat
~div(a(VUE®] = fj0 xeD P 023
Uf(x) =0 x€eoD

Notice that the solution u of problem (2.21) is required in problem (2.22) but not in (2.23).
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Error u—ug j,

Let up,;, be the P; finite element approximation of uy, i.e. the solution of
find up, € Vi : f aoVug -V =f fovn YvpeVy, (2.24)
D D

where V, ={ve CO(D): vixeP; YK€ TNV and 3, isa regular triangulation of D. The fol-
lowing proposition gives an a posteriori error estimation of the error u—uy j, in the L?, (Q; H& (D))
norm.

Proposition 2.2.2. Let u be the weak solution of problem (2.13) and let uy j, be the solution of
problem (2.24). There exists a constant C > 0 depending only the mesh aspect ratio such that

V3

1 1
E IV = o)z |* = = [Cnf, + 2+ Chn ]2, (2.25)
min
where Cp is the Poincaré constant and
. 1
My o= Y e with m=hglfo+ Ve (@oVuop T+ 3 hells [a0Vuon mel, 17,
Kegy, ecOK
(2.26)
2 2 2 2
Ne = €& ]Z_I(Uj,) ”ajvu(),h”LZ(D) (227)
2 2 2 2
M5 = 672 @D filLp): (2.28)
j=1

Proof. Forany ve H& (D) and a.s. in Q we have

faV(u—uo,h)-Vv=f fov—f aOVugyh-Vv+f(f—fo)v—f(a—ao)Vuo,th. (2.29)
D Jp D Jp D B

v~ g

=:1 =:1I

The term I is nothing else but the residual for 1, ;, and we have

1
1
1
Is(c Y ni) IVollepy,  ni = BEIf+V-(@Vuo )70+ Y hell5 [aoVuo - mel,, 120y

KeTy, ecO0K
(2.30)

with C an interpolation constant which depends only on the interpolation constants in (1.26)
and (1.28). For the second term, thanks to Cauchy-Schwarz and Poincaré inequalities we have
the bound

= (CP”f—fO”LZ(D) +l(a—- ao)vuo,h”LZ(D)) VU r2p

where Cp denotes the constant in Poincaré’s inequality. Using the lower bound on a, we thus
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obtain

IV (u— vl r2py =

2
c ) ﬂi) +Cpllf = follzpy + 1 (@a— ao)Vug,pll12(p)

min Kegy,

The result follows from taking the expected value on the square of the last inequality. O

As we will see in the numerical results, the loss due to the use of the Poincaré inequality for
the source term is dependent on the input data. In other words, the efficiency of the estimator
7ns in (2.28), for which the Poincaré inequality has been used, will be different from one case
to another. A way to skirt this drawback is to replace ns by an implicit estimator obtained by
computing (approximately) the dual norm of a residual to be defined. The price to pay is that
the computation of this estimator, given in the following proposition, requires the resolution
of M additional (Poisson) problems.

Proposition 2.2.3. Let u be the weak solution of problem (2.13) and let uy j, be the solution of
problem (2.24). There exists a constant C > 0 depending only on the mesh aspect ratio such that

1 \/§ 1
E[Ivu- uo,h)niz(w] 2 < — [Cr2 +n? +72]% + ho.t, (2.31)

in
whereny andn are as in (2.26) and (2.27), respectively, and

M
=062 (@D2VW)ali2 p, (2.32)

j=1

with W j, € Vy, the solution of

fVWj,h'VVh:ffjvh Yv,eVy.
D D

Proof. The only difference with respect to the proof of Proposition 2.2.2 is how we bound the
term II of (2.29) due to the uncertainty in the input data, more precisely the part due to the
forcing term. Let us introduce for any z € I'* the operator R(-;z) : H& (D) — R defined by

M
R(v;z) ::/ G- fov=6) z]-f fiv.
D j=1 D
The dual norm of R is then given by | R(-;2) | g1 (p) = IVw(-;2) || ;2(py with w the Riesz represen-

tant of R, i.e. w(-;z) € H& (D) is such that fDVw -Vv=R(v;z) forall v e H& (D) and p®-a.e. in
I'*. We can write w = w(x,Z(w)) = 62;{1 W;x)Zj(w) with Wije H(} (D) the solution of

fij-w:ff,-u Vv e Hy (D) (2.33)
D D
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from which we deduce
2 2 M 2 2
E[IRIZ | =6 AR
]:

Since the solution of (2.33) can not be computed exactly, we can replace it by its finite element
approximation W; j, € Vj,. Doing so introduce an error of higher order, the proof being similar
to that of Proposition 1.B.1. O

We mention that the computational cost to get the error estimator fj5 is the same as that
needed to get the finite element approximation uf , of the term u7{ in the expansion (2.20).
Since the solution u depends linearly on the input f, there is no term of order 62 and it would
thus be better to simply add the term 6 uf , to Up, . The quantification of the error in (6 h) so
introduced is made precisely in Proposition 2.2.5, see the term 75;,. As mentioned in Chapter
1, the computational cost might be reduced introducing auxiliary local problems defined on
an element or a small subdomain.

Remark 2.2.4. Notice that we could use the same procedure as used in Proposition 2.2.3 for
the whole term II, and not only the part due to f, by considering the residual defined for all
ve Hy(D) and (y,z) €T by

R(v;y,z)=fD(f(~,Z)—fo)v—fD(a(-,y)—ao)Vuo,h-Vv.

The dual norm of R is then given by | R(5;y,2) | g1 (p) = IVw (Y, 2) || 12(p) where w(-;y,z) € H(} (D)
p-a.e. inI writes

L
wxYw) Z) =€) W ®Y;@) +6
=1

M
> Wi Zj(w)
j =1

J

with ij and W].Z the solutions of

fDVij-VU:—fDajVuoyh-Vv VUEHOI(D)

and
fVW].Z-Vy:ffjl} Vve Hy(D),
D D

respectively. Writing ij , and W].Z , the finite element approximations of ij and sz, respec-
tively, the error estimate reads then

L3 f
E [||V(u— uo,h)n%z(m] ? < — [Cr + 72 +72]% + ho.t, (2.34)

in
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withny, defined in (2.26) and

L M
Me=e Y (@D IVW] I and 75 =623 (@D IVW,IT ). (2.35)
- =

Error u—(u0h+£u +6u1 W

Let us write uh = up,p +£u +(5u1 W where u Z Y], ZM UZ nZi and, for

j=1,...,Landi=1,..., M, U].’h and Ul.z,h are the solutlons ofrespectlvely

fD(aoVijyh+ajVu0,h)-Vvh=O Vo, €V, (2.36)

and
fQOVU;'zh'VUh:ffth Vv, e V. (2.37)
D ’ D

To simplify the notation, we write w; , = agVU ]y n +a;jVuo,p. The following proposition gives
an a posteriori error estimation of the error u — u; in the L5(Q; Hy (D)) norm. Notice that
in particular, there is no term of order 6. Indeed, we deduce from Proposition 2.2.5 that
lu— u}l I 2 0 m2 o)) = O (h+ h(e +6) + €2 + €6) if u is regular enough in the physical space.

Proposition 2.2.5. Let u be the weak solution of problem (2.13) and let uy j,, U ]y wi=L..,L
and U7, ,i=1,...,M, be the solutions of problems (2.24), (2.36) and (2.37), respectively. There
exist constants Cy, Co, C3 > 0 depending only on the mesh aspect ratio such that

1
E[Iv(u- uh)||L2(D)] [Clnh+czngh+cgn6h+zn£5]z, (2.38)
where
. 1
M, = ) n% with i =hElfo+V-(@Vuo )5+ Y, hells[aoVugn-nel, 17.,
Kegy, ecO0K 2
L
. 1
Mew = & Y D (0D 0, with O ;=helV-winlpg+ X el [winne], I
Kegy, j=1 ecOK
2 M 2 2 2 1 2
s, = 0% ) (05 V0% o with O = Wil fj + V- (@VUF )+ 2 hell—[aOVU;hme 172
KeTy, j=1 ecok 2 e
s = Za VU7, [E[Y4]+f Z(Uyay) [a VU], I* +2a:a; VU], VUZh]
i,j=1
i#j

+(£0) ZZ(UW) 1la;VUF 172y
Jj=1li=1
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Proof. The proof can be easily obtained from the relation

f aV(u— u}l)~VU=I+H+HI+IV VveH&(D),a.S. inQ
D

with
I = ffov—f aoVug Vv
D D
I = —f(a—ao)Vugthv—ef aOVufh-VU
D D '
o = L(f—fo)v—éf[)aOVufh-Vv
v = —Ef (a—ao)Vufh-Vv—df(a—ao)Vufh-Vv,
D ' D ’
bounding then each term separately. O

2.3 Numerical results

We consider one-dimensional examples with D = (0, 1). In the results below, the true error
is computed with the standard Monte Carlo method with a sample size of K = 10000 and a
reference solution computed on a uniform partition with mesh size h;..r = 2712,

Random forcing term

We consider first the case where only the forcing term is random, that is we set € = 0 in (2.14).
As mentioned above, the efficiency of the stochastic estimator 75 in (2.28) depends on the
input data, due to the use of the Poincaré inequality for the forcing term. To observe this
behaviour, we consider the following two cases

M . .
fro) =148 fi0Z), [ =20 (2.39)
j=1
and y
fEe)=1+8Y fi0Zj@), fjx)=05]2¢ 500" (2.40)

j=1
where Z;, j =1,..., M, are uniform random variables in (—v/3,V3].

The plot of several realizations of the forcing term for the case (2.39) with M =6 and M =50 is
given in Figures 2.1 and 2.2, respectively, where the corresponding solution is also depicted.
The forcing term contains much more high oscillating features with M = 50 than in the case
M = 6. The difference between the two cases for the corresponding solutions is not noticeable,
but is indeed present.
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25

u(x)

1 0 0.2 0.4 0.6 0.8
X

Figure 2.1: Six realizations of the random forcing term f given in (2.39) with6 =0.5and M =6

(left) and the corresponding solution (right).

0.2 0.4 0.6 0.8
X

0‘.2 0‘.4 016 0.‘8
Figure 2.2: Six realizations of the random forcing term f given in (2.39) with 6 = 0.5 and M = 50

(left) and the corresponding solution (right).
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Recall that we have set € = 0 here, namely only the forcing term is affected by uncertainty,

and thus 1, = ) = 0. We give in Table 2.1 the error | u — ug |l 12(QHL (D)) and the estimators

n= (n% + 1](25)% and ) = (Ci(1 Tﬁl + ﬁ%)% with CH(} = 1/3.46 for the first case (2.39), where 1y, 115
0

and f)s are given in (2.26), (2.28) and (2.32), respectively.

) error ns n 1n/error fls 7] f)/ error
20 [ 1.1692e-1 | 8.6354e-1 | 8.6357e-1 | 7.3859 || 1.1700e-1 | 1.1702e-1 | 1.0008
o| 272 | 2.9361e-2 | 2.1588e-1 | 2.1603e-1 | 7.3575 || 2.9250e-2 | 2.9337e-2 | 0.9993
274 [ 7.6029e-3 | 5.3971e-2 | 5.4534e-2 | 7.1727 || 7.3124e-3 | 7.6531e-3 | 1.0066
= 2751 2.9040e-3 | 1.3493e-2 | 1.5591e-2 | 5.3689 || 1.8281e-3 | 2.9052e-3 | 1.0004
278 | 2.3004e-3 | 3.3732e-3 | 8.5096e-3 | 3.6992 | 4.5703e-4 | 2.3037e-3 | 1.0015
6 error ns n n/error s f) fj/error
20 [ 1.1745e-1 | 9.0142e-1 | 9.0146e-1 | 7.6750 | 1.1706e-1 | 1.1708e-1 | 0.9969
2 272 | 2.9515e-2 | 2.2536e-1 | 2.2549e-1 | 7.6400 | 2.9266e-2 | 2.9353e-2 | 0.9945
| 271 ] 7.6573e-3 | 5.6339e-2 | 5.6878e-2 | 7.4280 || 7.3164e-3 | 7.6569e-3 | 0.9999
= [ 275 [ 2.8939¢-3 | 1.4085¢-2 | 1.6106e-2 | 5.5656 || 1.8291e-3 | 2.9058e-3 | 1.0041
2781 2.2996e-3 | 3.5212e-3 | 8.5694e-3 | 3.7264 || 4.5728e-4 | 2.3038e-3 | 1.0018
Table 2.1: Efficiency of the two error estimator n and # for the case (2.39) with h = 277

(N, =7.8125€-3).

We see that similar results are obtained for the two cases M = 6 and M = 50. Moreover, the

efficiency of the error estimator n varies between 3.7 and 7.7. More precisely, we recover

the value of C H) in a physical space error dominant regime while it is about 7.7 when the

stochastic error is dominant. The second error estimator 7, obtained by taking into account

the constant C H] for nj;, and by computing M additional Poisson problems (see Proposition

2.2.3), yields an effectivity index close to 1. The results for the second case (2.40), see Figure

2.3 for a plot of some realizations for f and the corresponding solutions, are given in Table 2.2.

25

n
T

A

0.2 0.4

0.6
X

0.8

0.2

0.2 0.4

0.6 0.8

X

Figure 2.3: Seven realizations of the random forcing term f given in (2.40) with 6 = 0.5 and
M =50 (left) and the corresponding solution (right).

In this case, the effectivity index of the error estimator 7 is about 4.5 when the stochastic error
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Chapter 2. Elliptic model problems with other sources of uncertainty

) error 15 i n/error s 7l f)/ error

20 | 7.2668e-2 | 3.2138e-1 | 3.2148e-1 | 4.4239 | 7.2070e-2 | 7.2106e-2 | 0.9923

2 272 [ 1.8098e-2 | 8.0346e-2 | 8.0725e-2 | 4.4605 || 1.8018e-2 | 1.8159e-2 | 1.0034

| 27% [ 5.0669e-3 | 2.0086e-2 | 2.1552e-2 | 4.2536 || 4.5044e-3 | 5.0386e-3 | 0.9944

= [ 275 [ 2.5199¢-3 | 5.0216e-3 | 9.2872e-3 | 3.6856 || 1.1261e-3 | 2.5232e-3 | 1.0013

278 2.2718e-3 | 1.2554e-3 | 7.9127e-3 | 3.4830 || 2.8152e-4 | 2.2754e-3 | 1.0016
Table 2.2: Efficiency of the two error estimator n and 7 for the case (2.40) with h = 277

(ny =7.8125€-3).

is dominant, to be compared to about 7.7 for the first example. This highlight the dependence
of the efficiency of n with respect to the input data, due to the different loss when using the
Poincaré inequality. On the contrary, the second error estimator 1) is also very close to 1 for
this second example.

Random forcing term and diffusion coefficient

Let us now consider the case of two random inputs with

50

axw) =1+eY a;(DYjw), ajx)= %}”}gm Yi~%-V3,V3  (241)
=1
and %
frw=1+6Y f[(0Zj), fjx)=05]"2e 000 7. 4(0,1).
=1

Remark 2.3.1. We mention that the choice of the a; in (2.41) is the one for which we obtained
the largest effectivity index for the stochastic error estimator n., namely the ratio ofn. over the
error is about 1.8 in the pure stochastic error case (with 6 = 0). It is still an open question, at
least to us, to show if there are cases for which we get a larger constant, i.e. for which the loss
due to the use of Cauchy-Schwarz inequality in

fD (@ ao)Vitg -Vt~ tio ) < (@ — @)Vt ll 2oy 19/ (tt — o, ) 12200

is bigger.

We give in Tables 2.3 and 2.4 the results obtained for the cases h = 27° and h = 277, respectively.
We report the error [|u — ug 3| 12(Q;H (D)) the estimators 1y, . and 75 defined in (2.26), (2.27)

and (2.28), respectively, and the effectivity index of the full estimator 1 = (1%, +1% +15) 2. We
. . o . o ol o R

also give the efficiency of the implicit estimator fj = (Czé 1%, + 1% +13)2 with ) and 75 defined

in (2.35) and Cyn = 1/3.46.

From the results of Tables 2.3 and 2.4, we see that the efficiency of the full error estimator 7 is
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2.3. Numerical results

€ 1) error Ne ns n/error fle s )/ error
20 | 29 | 7.3783e-2 | 1.9954e-2 | 3.2249e-1 | 4.3995 || 1.1331e-2 | 7.2013e-2 | 0.9956
272 | 20 | 7.3191e-2 | 4.9885e-3 | 3.2249e-1 | 4.4272 | 2.8328e-3 | 7.2013e-2 | 0.9924
274 | 20 | 7.2246e-2 | 1.2471e-3 | 3.2249e-1 | 4.4847 | 7.0821e-4 | 7.2013e-2 | 1.0046
276 | 20 | 7.2718e-2 | 3.1178e-4 | 3.2249e-1 | 4.4555 | 1.7705e-4 | 7.2013e-2 | 0.9981
20 | 272 | 2.3233e-2 | 1.9954e-2 | 8.0622e-2 | 3.8195 || 1.1331e-2 | 1.8003e-2 | 0.9947
272 | 272 | 2.0159e-2 | 4.9885e-3 | 8.0622e-2 | 4.2964 | 2.8328e-3 | 1.8003e-2 | 1.0090
2741 272 | 2.0186e-2 | 1.2471e-3 | 8.0622e-2 | 4.2840 | 7.0821e-4 | 1.8003e-2 | 0.9984
276 | 272 | 2.0131e-2 | 3.1178e-4 | 8.0622e-2 | 4.2952 | 1.7705e-4 | 1.8003e-2 | 1.0006
20 | 27% | 1.5453e-2 | 1.9954e-2 | 2.0155e-2 | 2.7309 || 1.1331e-2 | 4.5008e-3 | 0.9819
272 | 274 | 1.0487e-2 | 4.9885e-3 | 2.0155e-2 | 3.5776 | 2.8328e-3 | 4.5008e-3 | 0.9994
274 | 274 | 1.0114e-2 | 1.2471e-3 | 2.0155e-2 | 3.6789 | 7.082le-4 | 4.5008e-3 | 1.0002
276 | 274 | 1.0068e-2 | 3.1178e-4 | 2.0155e-2 | 3.6937 | 1.7705e-4 | 4.5008e-3 | 1.0025
20 | 276 | 1.4804e-2 | 1.9954e-2 | 5.0388e-3 | 2.5276 || 1.1331e-2 | 1.1252e-3 | 0.9818
272 | 276 | 9.5369e-3 | 4.9885e-3 | 5.0388e-3 | 3.3600 | 2.8328e-3 | 1.1252e-3 | 0.9995
274 | 276 | 9.1184e-3 | 1.2471e-3 | 5.0388e-3 | 3.4741 | 7.082le-4 | 1.1252e-3 | 1.0012
2761 276 | 9.0934e-3 | 3.1178e-4 | 5.0388e-3 | 3.4811 || 1.7705e-4 | 1.1252e-3 | 1.0011

Table 2.3: for h =27° (n;, =3.125e-2)

£ 6 error Ne 15 n/error fle s f)/ error
20 [ 20 [ 7.3022e-2 | 1.9923e-2 | 3.2138e-1 | 4.4109 || 1.1490e-2 | 7.2070e-2 | 0.9999
272 | 20 | 7.2376e-2 | 4.9806e-3 | 3.2138e-1 | 4.4423 | 2.8724e-3 | 7.2070e-2 | 0.9971
274 | 20 | 7.2361e-2 | 1.2452e-3 | 3.2138e-1 | 4.4428 | 7.181le-4 | 7.2070e-2 | 0.9965
276 | 20 | 7.1792e-2 | 3.1129e-4 | 3.2138e-1 | 4.4779 | 1.7953e-4 | 7.2070e-2 | 1.0044
20 | 272 | 2.1710e-2 | 1.9923e-2 | 8.0346e-2 | 3.8299 | 1.1490e-2 | 1.8018e-2 | 0.9898
272 | 272 | 1.8452e-2 | 4.9806e-3 | 8.0346e-2 | 4.3832 | 2.8724e-3 | 1.8018e-2 | 0.9963
274 | 272 | 1.8183e-2 | 1.2452e-3 | 8.0346e-2 | 4.4401 | 7.181le-4 | 1.8018e-2 | 0.9994
276 | 272 | 1.7873e-2 | 3.1129e-4 | 8.0346e-2 | 4.5165 | 1.7953e-4 | 1.8018e-2 | 1.0160
20 | 274 | 1.2685e-2 | 1.9923e-2 | 2.0086e-2 | 2.3138 || 1.1490e-2 | 4.5044e-3 | 0.9890
272 | 274 | 5.7768e-3 | 4.9806e-3 | 2.0086e-2 | 3.8291 | 2.8724e-3 | 4.5044e-3 | 1.0040
274 | 274 | 5.0541e-3 | 1.2452e-3 | 2.0086e-2 | 4.2715 | 7.181le-4 | 4.5044e-3 | 1.0070
276 | 274 | 5.0988e-3 | 3.1129e-4 | 2.0086e-2 | 4.2274 | 1.7953e-4 | 4.5044e-3 | 0.9888
20 | 276 ] 1.1897e-2 | 1.9923e-2 | 5.0216e-3 | 1.8476 || 1.1490e-2 | 1.1261e-3 | 0.9888
2721 276 | 3.8361e-3 | 4.9806e-3 | 5.0216e-3 | 2.7471 | 2.8724e-3 | 1.1261e-3 | 0.9966
274 | 276 | 2.6217e-3 | 1.2452e-3 | 5.0216e-3 | 3.5742 | 7.181le-4 | 1.1261e-3 | 1.0007
276 | 276 | 2.5186e-3 | 3.1129e-4 | 5.0216e-3 | 3.6895 | 1.7953e-4 | 1.1261e-3 | 1.0043

Table 2.4: for h =277 (n;, =7.8125e-3)
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Chapter 2. Elliptic model problems with other sources of uncertainty

comprised between the efficiency of each of its parts nj, . and 15, depending on which is the
predominant source of error. For instance, the effectivity index tends to the value 3.46 when
the FE error is dominant, see e.g. Table 2.3 with § =27% and e = 27* or 2%, while it is about 4.5
in a 6-error dominant regime as in the similar case (2.40) considered above. Finally, we see
that if the error due to the uncertainty in the diffusion coefficient a is largest, the effectivity
index tends to the value 1.8 indicated in Remark 2.3.1. In all cases, the implicit error estimator
7 has an effectivity index close to 1, but more work is required to compute it.

Conclusions

In this chapter, we have extended the results we obtained in Chapter 1 for the linear model
problem to include other sources of uncertainty. More precisely, we have considered first the
case of Neumann random boundary conditions and then the combination of two random
input data, namely the diffusion coefficient and the forcing term. For the latter case, two differ-
ent sets of random variables have been used to characterize the data affected by uncertainty.
We have shown that when the random solution depends linearly on the random input, as it
is the case for Neumann boundary conditions or the source term, then the solution is fully
described by the first two terms in the expansion, the remaining terms being zero. Moreover,
we have seen that when the Poincaré inequality is required in the estimation, the efficiency
of the error estimator might change when modifying the input data, even though it has the
optimal convergence rate. The same behaviour was observed when considering the error
u— Uy, in the L%(D) norm in Chapter 1. As a remedy to the sensitivity of the error estimator to
the input data, we have proposed a second error estimator, see Proposition 2.2.3. It is obtained
by solving additional (Poisson) problems, as many as the number of random variables used to
characterized the uncertainty in the data. However, we can use the same spatial mesh than
the one for uy ;, to solve these problems approximately.
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4 PDEs in random domains

In this chapter, we consider nonlinear PDEs defined on random domains. The first part
consists of the analysis of a 1D problem, namely the viscous Burgers’ equation to be solved
on an interval of random length. This equation, first introduced by Bateman in [19] and
then used by Burgers in [34] for modelling turbulence, can be seen as a simplification of the
Navier-Stokes equations to the one-dimensional case. In the second part, whose material in
mainly taken from the submitted paper [75], we consider the more involved incompressible
Navier-Stokes equations in random domains. We restrict ourselves here to the stationary
formulation of these equations.

For both problems, we use the so-called domain mapping method [125]: we introduce a
random mapping that transforms the deterministic PDEs defined on a random domain into
PDEs on a fixed reference domain with random coefficients. For simplicity, we assume that
the uncertainty in the system is only due to the random domain, but the analysis can be
straightforwardly extended to include other sources of randomness.

Introduction

Several approaches have been developed to perform analysis and numerical approximation
of PDEs in random domains, such as the fictitious domain method [40], the perturbation
method based on shape calculus [77] and the domain mapping method initially proposed
by [125] and also used for instance in [39,43, 76]. In the first approach, the PDEs are extended
to a fixed reference domain, the so-called fictitious domain, which contains all the random
domains. The original boundary condition is then imposed through a Lagrange multiplier
yielding a saddle-point problem to be solved in the fictitious domain. In the perturbation
method, which is suitable for small perturbations only, the solution is represented using a
shape Taylor expansion with respect to the (random) perturbation field of the boundary of
the domain. Finally, the domain mapping approach, which is the one considered in this
work, transforms the deterministic PDEs defined on a random domain into PDEs on a fixed
reference domain with random coefficients via a random mapping. We give in Figure 3.1 an
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Chapter 3. PDEs in random domains

illustration of the mapping for a given w between the physical domain and the reference one,
supplemented with some notation.

u(x, w), pXx,w) u¢,w),p¢ )
e :, ¢
/\ Q
x2 @ \/ 62

Dy, Xo D
x1 Physical domain Reference domain ¢
1

Figure 3.1: Illustration and notation for the domain mapping approach.

Contrary to the method based on shape derivatives, our approach requires the construction of
arandom mapping defined in the whole domain consistent with the random perturbation of
the boundary. If the random mapping is not given analytically, it can be obtained by solving
appropriate equations, e.g. Laplace equation as it is done in [125]. The domain mapping
method prevents the need of remeshing and can make use of the well-developed theory for
PDEs on deterministic domains with random coefficients. Numerical approximation of the
solution on the fixed reference domain can indeed be obtained through any of the well-known
techniques, such as Monte-Carlo methods [63] and their generalizations as quasi-Monte
Carlo [38,54,70] and multi-level Monte-Carlo [17,52,68,79], or the stochastic spectral methods
comprising the stochastic Galerkin [10,11,21,64,67] and the stochastic collocation [7,97, 124]
methods.

The (weak) formulation on the reference domain can be obtained using two strategies, as
illustrated in Figure 3.2. In general, the two strategies are not equivalent. They yield the
same result only in particular cases, for instance if the Jacobian of the mapping does not
depend on the physical space variable. In this work, we will use the first strategy si, that is the
formulation on the reference domain is obtained performing the change of variables on the
weak formulation of the problem on the random domain. We refer for instance to [36] for a
version where the second strategy s, is used.

$2 [

’ Strong formulation on D,, } Strong formulation on D ‘

change of variable |

$1 52

| change of variable

’ Weak formulation on D,, | (

5 | Weak formulation on D

Figure 3.2: Two strategies s; and s, for the (strong) formulation on the reference domain.
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3.1. Steady-state viscous Burgers’ equation in random intervals

For the stochastic space approximation, we proceed as in the previous chapters and use a
perturbation approach [82] to expand the exact random solution with respect to a parameter
€ that controls the level of uncertainty in the problem. This approach yields uncoupled
deterministic problems for each term in the expansion, which can be solved using for instance
the finite element (FE) method. The main goal here is to perform an a posteriori error analysis
for the error between the exact random solution and the finite element approximation of
the first term in the expansion, that is the solution corresponding to the case € = 0. The
error estimators we obtain are made of two parts, namely one part due to the physical space
discretization and another one due to the uncertainty. Their computation requires only the
FE approximation of the solution of the problem for € = 0 and the Jacobian matrix of the
mapping between the reference domain and the physical random domain. These estimators
can be used for instance to adaptively determine a mesh that yields a numerical accuracy
comparable with the model uncertainty. Notice that the error estimates we get here using
the domain mapping method combined with a perturbation technique are defined for any
fixed €. The only restriction is that ¢ is sufficiently small for the problem to be well-posed. The
more common perturbation method is to use shape calculus [77], thus avoiding to recast the
equations in a reference domain. However, the derivation of a posteriori error estimates for a
fixed value of € is, in our opinion, not obvious in this context and, to the best of our knowledge,
it is still an open question.

We mention that the formulation we obtained in Section 3.2.2 for the Navier-Stokes equations
on the reference domain is similar to the one obtained for instance in [71] where a fluid-
structure interaction problem is considered or in [91, 108] where the Navier-Stokes equations
in parametrized domains are solved approximately using the Reduced Basis Method.

3.1 Steady-state viscous Burgers’ equation in random intervals

To start with, we consider a 1D problem on a random domain, namely the (nonlinear) steady-
state viscous Burgers’ equation. This equation can be viewed as a simplification of the Navier-
Stokes equations in the one-dimensional case. We consider a physical domain with uncertain
geometry, which reduces here to an interval of random length. We study first the deterministic
case, considering the Burgers’ equation on a fixed domain, say [0, 1].
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3.1.1 Deterministic case

We consider the following nonlinear deterministic problem with mixed Neumann-Dirichlet
homogeneous boundary conditions:

find u: (0,1) — R such that

—au'"+bur = f in(0,1)
u@@ = 0 (3.1)
W@ = 0

where a and b are positive constants and f € L2(0,1). It can be written in conservation form as
" b 27 .
—-au +§(u )Y =f in(0,1).

Let V ={ve H(0,1): v(0) = 0} that we endow with the norm | - ||y := | - | jp (0,1)- This is possible
thanks to the Friedrich-Poincaré inequality, see (2.5), which reads here

lull 20,1y < Crllu 20,1y (3.2)
and holds for instance for Cr = % < 1. The weak form of problem (3.1) is given by
1 1 1
findueV: f au’v’dx+f buu'vdx=f fvdx YveV. (3.3)
0 0 0

We first show, under suitable conditions on the data, that the problem (3.1) is well-posed.
Since we do not have an a priori estimate, due to the mixed Neumann-Dirichlet boundary
conditions!, we restrict ourselves to the set of functions whose norm is bounded by a certain
constant. More precisely, we consider

. Cr
Mi={veV:|Vipen<srt with r= 7 o

Since ./ is a closed ball in V, it is bounded, convex and closed in V. The well-posedness of
the problem under certain assumptions on the data is proved in the following proposition.

Proposition 3.1.1. If { = 2r, then there exists a solution u € ./ to problem (3.3). Moreover, if

% >2r, then such solution is unique.

Strictly speaking, it is enough to assume { > r to prove the existence of a solution in .#. Using
the definition of r, the condition § > 2r can be expressed more explicitly in terms of the given

11f we have homogeneous Dirichlet conditions in x = 0 and x = 1, we have an a priori estimate. Indeed, it is easy
to show that || /|| 2 on = éllflle 0,1) taking v = u in (3.3) and using the fact that fol buu'u = 0. The existence of a
solution can then be proved using for instance Schauder’s fixed point theorem while for the uniqueness, it holds

2
3 a
under the constraint Cr|l fll;2(g 1) < T
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3.1. Steady-state viscous Burgers’ equation in random intervals

data by Crll fllz2¢0,1) < %, which coincides with the one given in [28] replacing Cr|| fl12(,1) by
the dual norm || f|ly. The proof of Proposition 3.1.1, given below for completeness, uses the
Schauder’s fixed point theorem for the existence and is inspired by the one given in [120]. The
uniqueness is proved using a variational argument.

Proof. Existence: we define the mapping T: 4 — V, u— Tu =: w, where w € V is the unique
solution of

findweV: o,(w,v)=F(v) VveV (3.4)
with
1 1 1
oy, (W, v) :=f aw'v'dx+f buw'vdx and F(v) :=f fvdx.
0 0 0

We show that T is well-defined, maps .# to .4 and is compact. Let ue .4, i.e. | u/||L2(0,1) <r.
The fact that T: .4 — V is well-defined follows directly from Lax-Milgram’s lemma. Indeed,
for any v, w € V we have

oty (w,v) < all W,||L2(o,1) l U,||L2((),1)+b||u||L4(o,1) I W,||L2(o,1) lvllLa,1) < (@a+br)] w,||L2(o,1)|| V,||L2((),1)
using successively Cauchy-Schwarz and Holder’s inequalities and the fact that
” V||L4(0,1) < C” U/”LZ(O,I) holds with C =1. (3.5)

Moreover, since u € .4 and { = 2r by assumption, we have

1
/ / 12 12 a 12
_f buw wdx < b”u ||L2(0,1)||w ”LZ(O 1) = br”w ”LZ(O 1) = E”w ”LZ(O 1)
0 ) , )

and thus

2
dy(w, w) = allwl|7,

0,1)

1
a

2

+ | buw'wdx==|uw'| .

fo > 12(0,1)

Finally, thanks to (3.2) we get

F() < Crll fl 2001V 120,

and the assumptions of Lax-Milgram’s lemma are satisfied. We now show that T maps .# to
itself, i.e. Tu = w € /. Thanks to the coercivity of «¢,, and the continuity of F, taking v = w in
(3.4) yields

1
a 2
E” w,”LZ(O 1 Sf Jwdx < Cplliflizzol W,||L2(0,1)
’ 0

and thus ) )
2
” LUIHLZ(O,D < ECF”f”LZ(O,l) = Ebr <r.

We finally show that T is compact. Let (i) ,en be a bounded sequence in 4. Since H'(0,1)
is compactly embedded in L*(0,1), there exists a subsequence (4n;) jen Which converges
in L*(0,1). Let u, and u,, be two elements of this subsequence and write w, and wy, the
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corresponding images under T. We have

1 1
[ a(w;—w;n)v'dx+f bun(w), — w),) + wy, (un — um) | vdx=0 VYveV.
0 0

If we take v = wy, — wy,, using that u, € .4 and br < § we can easily show that

a ! !/ !
E” Wy, — Wy llr201) < blwy, 20,0 1 tn — Umllza,1)

and thus
!/ !
lw;, — w201 < ltn — umlizae1
since w,, € ./ . Therefore, (Wn;) jen is a Cauchy sequence in V and thus converges.

Uniqueness: we use a variational argument. Let u;, u» € 4 be two solutions of problem (3.3).
We have

1 1
f a(u’l—ug)vdxwa b(uyuy — upuy)vdx=0 YveV.
0 0

If we take v = u; — up, we obtain

1
alluy =yl %20, = —fo b(uy (U} — uy) + uy (uy — up)) (U — up)dx
< bluy ||L4(0,1) |y — u2||L2(0,1) i — uzll a0,
+bll Uyl 20,11t = 211 74q,
< bl ull lz20,1) + | ué”y(o,l))” ui - ”ﬁnizw,n
< 2brliug -l

and thus

<0.

2
(@=2bn)uy = upllz ) <

Since § > 2r by assumption, the last inequality implies #] = u;. The fact that u;(0) = u2(0)
allows us to conclude that u; = uy. O

Remark 3.1.2. Ifthe solution is assumed to be in H>(0,1), we can alternatively use Schaefer’s
fixed point theorem [62] to prove the existence of a solution to problem (3.1).

We now give an a posteriori estimate of the error in the ¥V norm between the exact solution u
and its finite element approximation. We thus consider

O=xp<x1<...<xy<xny+1=1

a partition of [0, 1] and let h; = x;4; — x; fori =0,..., N. Let V}, € V be the finite dimensional
space of continuous piecewise polynomials of degree less or equal to one associated to this

96



3.1. Steady-state viscous Burgers’ equation in random intervals

partition (the usual hat functions). The finite element approximation of problem (3.3) reads

1 1 1
find up, € vy, : fo au%v}ldx+/0 buyuyvydx =f0 fopdx Yuvy eV, (3.6)
Similarly to the continuous case, we can show that there exists a unique solution uy, € 4}, to

problem (3.6) if § > 2r, with .4, = {v, € Vj, : | V;1||L2(0,1) <r}c .. Moreover, if we take v = vy,
in (3.3) and subtract (3.6), we get the following so-called Galerkin orthogonality property

1 1
fo a(u' - u;l)v;ldx+f0 b(uu' — upu)vpdx=0 Yy € V. (3.7)

Proposition 3.1.3. Ifa, b and f are such that § > 2r, i.e. %CF” fllzz0,1) <1, then there exists a
constant C > 0 independent of h and u such that

C[& 2%
' = wyll200) < = [ 2 n (3.8)
a\i=o
with it
,ﬁ:hl@fx_ (f - buptd, + au)?dx, i=0,...,N. (3.9)

Proof. Forany veV,let (% (uy),v) = fol (fv—buyu),v - au), v)dx denote the residual for uy.
We have

1 1 1 1
f a(u' —u,)vdx f fvdx—f buu'vdx—f auy, v'dx
0 0 0 0

1
<%(uh),v>—f b(uu' - upu))vdx.
0

If we take v = u — uy, the second term can be bounded by

1
’ / l 2
—fo buw — upuy)vdx <2briiu —upll7z -

Therefore

1 2br
2 2
” ul - u;l”Lz(O,l) = E(Q(uh); u-— uh) + a ” u/ - u;l”LZ(O,I)'
Since > 2r by assumption, there exists y > 0 such that % < 1-v. Therefore, we have

1
! ! 2
[z — uh”L2(0,1) < u_y%(u_ uy). (3.10)

It only remains to give an estimation of the residual. First note that
(R(up),vp)y=0 Yvpe V.
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Taking vj, = rj, v the Lagrange interpolant of v and using standard techniques, we get

1

N ) Xit1 ) 2
Zhifx (f = bupuy, + aup)*dx| 1v'l1200,1) (3.11)
i=0 i

(Z(up),v) < Cr

where Cy is the constant (independent of /2 and v) in the interpolation error bound

1 =1l 2 x < Crhill V2, x, ) - (3.12)
For instance, we can take C; = \/%. Inserting (3.11) in (3.10) yields (3.8) with C = % O

Remark 3.1.4. The a posteriori error estimate (3.8) holds under the constraint % <1, ie
2—2’ <1-v foracertainy > 0. However, ify is chosen too small, then the constant C explodes.

In practice, it is common to assume that the input data are such that % < % holds.

3.1.2 Random case

Let (Q, %, P) be a complete probability space and for any w € Q let D, := (0, s(w)) < Dbean
interval of random length s(w). To simplify the notation, the set

{(x,w): xe D,,w e}

will be denoted by D, x Q in the sequel. The goal is to solve the problem:

find &i: D, x Q — R such that a.s. in Q

—aZ i) + by, o) Zaxw) = f) xeD,
(0, w) 0 (3.13)
2 i(s(w), w) 0,

where a and b are positive constants and f € L?>(D) is a deterministic forcing term. Let
V= {0€ H'(Dy): #(0,w) =0 a.s. in Q}. The pointwise weak form of problem (3.13) reads:

find @(-, w) € V,, such that

S@ G-, w) O s(w) o, sw) _ ~
f 2% ‘”)—de+f bt ) 22D 5 = Fodx Voev,. (3.14)
0 0x O0x 0 0x 0

For ease of presentation, we will use the short hand notation #i(w) = (-, w) when no confusion
arises. Instead of solving this problem on the stochastic domain D,,, we will solve it on a
fixed reference domain, namely D = (0, 1), by considering the change of variable x = s(w)¢.
Therefore, assuming s(w) > 0 a.s. in Q we define the (random) mapping

8»: Dy — D
_x_

3.15
X e 6 = gw (x) = s(w) ( )
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3.1. Steady-state viscous Burgers’ equation in random intervals

whose inverse is given by

g,l: D — D,
& — x=g,%&) = s(w)é.

Let u(¢,w) = i(x,w) and f(&,w) = f(x,w) denote respectively the velocity and the forcing
term on the fixed domain D, i.e. u({,w) = ii(g,' (), ) and f(&, w) = f(g,'(&)). Finally, let
V ={ve H(D): v(0) = 0} Applying the standard chain rule and the change of variable
formula, the pointwise weak problem (3.14) can then be rewritten:

find u(w) € V such that

fl a ou(w)dv
0

_a —d§+f1bu(w)au(w) vdf—fls(w)f(w)vdé VueV. 3.16)
slw) 08 0¢ 0 0¢ o ' '

The strong form of the problem on the reference domain can be stated as:

find u: D x Q — R such thata.s. in Q

~ gm0+ LuE 0 Fuéw) = fEw) feD
u0,w) = 0 G179
%u(l,w) = 0.

Notice that here, performing the change of variable on the variational formulation (3.14) of
the problem or directly on the strong formulation (3.13) yields the same result, which is not
the case in general. This is due to the fact that s does not depend on the physical variable plus
the fact that we are considering the pointwise (in w) weak formulation.

From now on, we assume that the random length of interval s(w) has the form
S(w) =sp+ €Y (w),

where Y is a random variable with zero mean, unit variance and bounded image I". More-
over, we assume that Y is such that s(w) is bounded almost surely from below and above by
respectively $;,;, and $,,4x. More precisely, we assume that

A0< Smin < Smax <00: PweQ: spyin <s) < Smax) =1. (3.18)

Due to the Doob-Dynkin lemma, the solution u of (3.17) depends on the same random variable
as s, i.e. u(é,w) = u(é, Y(w)). Let p: T — R* denotes the density function of Y. The solution
of problem (3.17) can then be sought either in the probability space (Q, %, P) or in its image
space (I', BI), p(y)dy). The stochastic problem (3.17) can indeed be written in the following
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deterministic parametric form:

find u: D xI' = R such that p-a.e. in I we have

_s(_;l)zaa_;u(g,y)JrTl})u({,y)%u(&,y) = fEy) SeD
u@©,y) = 0 (3.19)
%u(LJ’) = 0'

From now on, we will drop the dependence of the functions on either ¢, w or y when no
confusion is possible. Furthermore, we will write u’ for 6%. Since s is expanded as sum of
coefficients, it is more convenient to have all its occurrences in the numerator rather than
having division by s. Therefore, we will consider the following weak form of problem (3.19):

find u(y) € V such that

1 1 1
f au'v’d§+f bs(y)uu'vdé :f s?(y) fvdé YveV,p-ae. inT. (3.20)
0 0 0

Before giving an a posteriori error estimation for the problem (3.17), and thus for the problem
(3.13), we briefly give a condition on the given data that ensures the well-posedness of the
problem. Recall that f = f og, Lie. f ) = f (s(w)¢). Thanks to the uniform bounds on s,
we have in particular sk fe Li, (Q; L2(D)) for any k. Notice that it can be shown using only the
lower bound s;,,;,, or the upper bound s,,,, depending on the sign of k. For instance, we have
for the right-hand side of (3.20)

3 = 3 = .
Is* @) f @)l 2py = s2 @) fll 2 (p,) < Smaxl fll2py <oo a.s.inQ.

More generally, we can easily show that the assumption (3.18) ensures that the spaces I%(D,)
and L?(D), respectively V,, and V, are isomorphic. This is precisely stated in the following
proposition.

Proposition 3.1.5. Under assumption (3.18), for any f € L?(D,,) and any i € V,, we have a.s.
inQ
VSminl flziy < 1 fll2p,) < VSmaxl fllzz)

and
1 ov 1

oV ov
—— 2w s 5z lzp,) = ——=I5z 112
Vmax 0§ " ox P s ae TP
with f = fog,' andv = vog,'. The same relations hold for any f € L*>(D) and any v € V with
f=fogoandi=vog,.

Similarly to the deterministic problem (3.1), we restrict ourselves to the solutions which lie in
A defined by
Mo={ve 5 V) | V() [l 12(0,1) < T @.8. in Q} (3.21)
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with r, = \/ Ll‘f) Crll f (@)l 12(0,1), where Cr is the Friedrich-Poincaré constant on the reference
interval D given in (3.2). Since

S(w) =~ -
S| f ()l =——IIfll < VSmaxlfll;2p <oo as.inQ,
f 12(0,1) 5@ flzp,) max|l f 12(D)
we have r, € L7 (Q). Therefore, since L7 () < L%, (Q), A is a closed ball in L%, (©; V) and thus
A is bounded, convex an closed in Lf, Q; V).

The well-posedness of the stochastic problem can thus be proved following a reasoning similar
to the one used in the deterministic case.

. e . . . 4Ds3 . .
Proposition 3.1.6. Ifbs(w)r, < 5 a.s. inQ, or in other words lf% Crllf(@)2py=1a.s. in
Q, then there exists a solution u € ./ to problem (3.20). Furthermore, if the inequality is strict,

then the solution is unique.

Remark 3.1.7. We can show the well-posedness of the problem under the slightly less restrictive

assumption

4CFl’)85/2 ~ .
Tnm ”f”LZ(Dw) <1l asin Q, (322)

setting thenr, = \/—”Sb(‘”) Cellf@)l20,1) in (3.21). The inequality (3.22) holds true if the input
1

data satisfy the assumption of Proposition 3.1.6 since || f ()l 2(p) = Sy fl 12(D,) by Proposi-
tion 3.1.5. We refer to Remark 3.2.9 for the same discussion about the small data assumption
for the well-posedness of the Navier-Stokes problem and we mention that the assumption of
Proposition 3.1.6 and (3.22) are consistent with (3.43) and (3.41), respectively.

We use a perturbation approach and write
u(, Y () = up(&) +eur €, Y (@) + O (e%)

with € a small parameter that controls the amplitude of the variation of s. The goal is now to
derive an a posteriori error estimate for the approximation u = u j, with u j, the finite element
approximation of 1y. We assume that f € H?>(D) which allows us to write f = f(&,Y (w)) as
f=foteaY + £2f2 Y? with
; of 2 (M O
Jo@@) = f(s06), f)= a(sof)f and f2(¢,Y(w)=¢ f (1- I)W(SoerfY(w)ft)dt,
0

using a Taylor expansion with integral remainder of f(s¢), s = so + €Y. The deterministic part
up of the solution can be found by solving

—auy +bsoupuy = sifo inD
up(0) = 0 (3.23)
w1 = o
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Remark 3.1.8. Notice that we could also choose to take (0, sy) as the reference domain, i.e. the
interval corresponding to the case € = 0, using then the mapping g, (x) = % instead of (3.15).
In this case, the problem for uy would not contain the coefficient so, contrary to (3.23). We
should then be careful when using for instance the Friedrich-Poincaré inequality (3.2) which

holds on (0, sg) up to a factor sy.

We use the finite element method to approximate numerically the solution #( of problem (3.23).
To this aim, we consider 0 =&y < ¢; <...< ¢y < y41 =1 apartition of D and let h; =&;41 —¢&;
for i =0,...,N. Then, we consider V}, the finite dimensional space of V' constituted of the
corresponding continuous, piecewise linear finite element functions that vanish in 0. We now
give an a posteriori estimate of the error between the exact solution u« and the finite element
approximation ug,j, of ug in the L%(€; V) norm.

Proposition 3.1.9. If st(% < % a.s. in ), then there exists a constant C > 0 depending only
on so, fo, i and [E[kazp] forp=0,1,2 and some3 < k < 8 such that

(1~ 2] = % [nf+n2)* + ce? 3.24)
with
2 2, (O, / RY
= Cr ;}hi f{i (so.Jo = bsouo,ntt j, + au, ;)" dé (3.25)
ne = 62C12_7||280f0 +85f1—bug ”(/),h”iZ(D)’ (3.26)

where C; and Cr are the constants in (3.12) and (3.2), respectively.

2bs(w)ry, 1 .
=, % =<3 ontheinput

data, which is imposed so that the constant does not explode, see also Remark 3.1.4.

Remark 3.1.10. The factor 2 in (3.24) comes from the assumption

Proof. Forany v e V and a.s. in Q we can decompose

1 1 1
f a(u'—uy v'dé = f (s(z)fgv—bsouoyhughv—au(')hv’)d@rf ($*f — s5 fo)vdé
0 : 0 ’ ' 0

A1 (v) Ay (V)
1 1
_f bs(uu' - ug pu, h)vdf—f b(s— so)uo,p Uy , VA&
0 ' 0 ’
As(v) Ay (V)

Let us consider each term separately. First of all, note that the first term A; corresponds to
the residual for v j, the finite element approximation of problem (3.23). Using a standard
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procedure, it can be bounded by

1

N Eiv1 2
Ai(v) < (C?Z hffgc (S(Z)fo—bsouoyhu(’),h+au(')’yh)2d€ AN
i=0 i

with C; the constant in (3.12). Thanks to the Cauchy-Schwarz and Friedrich-Poincaré inequal-

ities, the second and fourth terms, that we keep together for sharpness?

by

, can be bounded

Ap(v) + Ag(v) < Crlls* f — 8(2)f0 = b(s— o) tig,n o, n |l 22y 1V | 12 () -

Finally, we consider the term A3 which is due to the nonlinear part of the problem. If we take
v=u-uyu€Vas. inQ, it can be bounded by

2
A3(L£— uo,h) = st(w)rw” u/ - ué),han(D)

using Holder’s inequality, Sobolev embedded theorem and the fact that || &' ;2 ;) and || u{), Wiz

are bounded by r,, a.s. in Q. Thanks to the assumption that st(% < % a.s. in Q, we have

L = uop) < S - il 12
a 3 0,h =5 0, [2(D)"

Altogether, we obtain

1

'fi+l 2
2 ! I 2
(s5fo—bsouo,n Uy +auy ) dé)

2 N
o 2 2
lw —uy pllzzpy = — (CI > hiﬁ
a i=0 ¢

+ Crllsf = 5% fo— bls— so)to ntth 2o
which yields

AR 8 Sin / )
IIu—uO)hlle(D) < s (sof—bsouo,huoyh+au0)h) dé

2 N 2
ciy |
i=0 Si

20 2 2 l 2
+ CFHS f_SOfO_b(S_SO)uO,huo,h”LZ(D) .

Since Y has zero mean and unit variance, the result follows taking first the expected value and
then the square root on both sides of last inequality. Indeed, we have

S f—sofo=e@sofo+ s f)Y +€5(fo+2s0fi +Sof) Y2+ (fi+250 ) Y3+ forv*
from which we deduce, recalling that s — sy = €Y,

2 2 l 2 2 2 l 2 3
E ”S f_s()f()_b(S_SO)uo,hu()yh”LZ(D) =& ”230f0+s()f1_buo,l’luo'h”LZ(D)+C2€

2Notice that we get comparable results if we bound these two terms separately, in which case the estimator due
2 /

to the uncertainty reads 17% =2¢2 C% (IIZsofo + s(z]fl IIL2 D) o.h IIi2 (D)).

+ b2 lug pu
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where C, depends only on sy, fo, f1, E[Y*] fork=3,...,6, [E[kag] fork=3,...,7and [E[kazz]
fork=4,...,8. O

Notice that we have used the Friedrich-Poincaré inequality to bound the terms A, and A4 due
to the forcing and nonlinear terms, for which 1 is a uniform bound for D = (0,1). The loss due
to the use of this inequality is different from case to case, therefore affecting the efficiency of
the estimator 7, when changing the input data.

3.1.3 Numerical results

We consider here two numerical examples for the Burgers’ equation. We choose sy = 1 for
simplicity. We start with the results for the deterministic case presented in Section 3.1.1.

Deterministic case

Let a = b = 1. For the first example, we consider
ii(x) = —0.3tanh(x) + 0.3 sech(l)zx, xe(0,1), (3.27)

and compute the corresponding right-hand side f = —ai” + biiu and for the second example
we set the source term to
§(x) =sin(mwx). (3.28)

. _ . _ 2 . .
Notice that & does not satisfy the bound Crllgll;2(,1) < §; = 0.25 with Cr = 1/v/2 since
Crligllz2(0,1) = 0.5. We give in Table 3.1 the results for these two cases considering various
(uniform) partitions of [0, 1]. Here, error stands for the error [|u' —u) ll12(g,1), while

1 N %
n=—(Z nf) with 77; in (3.9)
a\i=o

and e.i. denotes the ratio between the estimator 1 and the error. The error is computed with
the exact solution for the first case (3.27) and with respect to the reference solution obtained
with h,ef = 2712 for the second case (3.28).

By looking at the effectivity index for both cases, we see that for i small enough, we recover
the value 3.46 ~ 2v/3 obtained in the one-dimensional numerical examples of the previous
chapters, see also Appendix 1.C. The slight increase of e.i. for small value of / in the second
case (3.28) is due to the fact that the error is computed with respect to a reference solution.

Random case

We consider now the case of random interval D, = (0, s(w)) with s(w) = sp+ €Y (w) =1+ €Y (w),
where Y is a uniform random variable in [-v/3,v/3]. Considering f and g defined above
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f g
h error n e.l error n e.l
1/4 1.3440e-2 | 4.6302e-2 | 3.4452 | 5.0731e-2 | 1.6499%e-1 | 3.2523
1/8 6.7111e-3 | 2.3217e-2 | 3.4594 | 2.4118e-2 | 8.2193e-2 | 3.4080
1/16 | 3.3545e-3 | 1.1616e-2 | 3.4629 | 1.1901e-2 | 4.1057e-2 | 3.4499
1/32 | 1.6771e-3 | 5.8092e-3 | 3.4638 | 5.9306e-3 | 2.0524e-2 | 3.4606
1/64 | 8.3855e-4 | 2.9047e-3 | 3.4640 | 2.9626e-3 | 1.0261e-2 | 3.4636
1/128 | 4.1927e-4 | 1.4524e-3 | 3.4641 | 1.4804e-3 | 5.1306e-3 | 3.4656
1/256 | 2.0964e-4 | 7.2620e-4 | 3.4641 | 7.3909e-4 | 2.5653e-3 | 3.4708
1/512 | 1.0482e-4 | 3.6340e-4 | 3.4641 | 3.6736e-4 | 1.2826e-3 | 3.4915
1/1024 | 5.2409e-5 | 1.8155e-4 | 3.4641 | 1.7925e-4 | 6.4132e-4 | 3.5777

Table 3.1: Error, estimator and effectivity index for the deterministic Burgers’ equation with
mesh size 272 < h <2710,

as (deterministic) forcing terms for the problems on the physical random domain D, the
corresponding right-hand sides for the problems on the reference interval (0, 1) are then given
by f(&,w) = f(s(w)¢) and g(&, w) = g(s(w)&), respectively. We give in Figure 3.3 the graph of the
function f and the corresponding solution u of problem (3.20) for different values of s and the
results for the second case g can be found in Figure 3.4.
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Figure 3.3: Function f and corresponding solution u for various values of s.

We give then in Table 3.2 the error || — 1 3|l 2@V the estimators 1, and 1, defined in (3.25)
and (3.26), respectively, and the effectivity index for the first case f. Notice that the error has
been computed with the Monte-Carlo method with a sample size K = 1000 using a reference
solution obtained with ;¢ = 2712 The results for the second case g are provided in Table 3.3.

As anticipated in the theoretical results, the efficiency of the error estimator 7). is sensitive to
the input data. Indeed, it is about 1.6 and 4.7 for the cases f and g, respectively. One remedy
would be to consider an implicit error estimator for 7., proceeding similarly to what is done
in Proposition 3.2.16 for the Navier-Stokes equations or in Proposition 2.2.3 for the model
problem with random forcing term.
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Figure 3.4: Function g and corresponding solution u for various values of s.

£=0.005 €£=10.00125
h Mh Me error e.i. Ne error e.l
1/4 4.6302e-2 | 1.9365e-3 | 1.3522e-2 | 3.4273 | 4.8413e-4 | 1.3469e-2 | 3.4379
1/8 2.3217e-2 | 1.9439e-3 | 6.8240e-3 | 3.4141 | 4.8598e-4 | 6.7214e-3 | 3.4549
1/16 | 1.1616e-2 | 1.9458e-3 | 3.5705e-3 | 3.2988 | 4.8644e-4 | 3.3693e-3 | 3.4508
1/32 | 5.8092e-3 | 1.9462e-3 | 2.0823e-3 | 2.9422 | 4.8656e-4 | 1.7037e-3 | 3.4218
1/64 | 2.9047e-3 | 1.9464e-3 | 1.4531e-3 | 2.4063 | 4.8659e-4 | 8.9101e-4 | 3.3055
1/128 | 1.4524e-3 | 1.9464e-3 | 1.2835e-3 | 1.8922 | 4.8660e-4 | 5.1987e-4 | 2.9464
1/256 | 7.2620e-4 | 1.9464e-3 | 1.2266e-3 | 1.6936 | 4.8660e-4 | 3.6041e-4 | 2.4254
1/512 | 3.6310e-4 | 1.9464e-3 | 1.1935e-3 | 1.6590 | 4.8660e-4 | 3.1774e-4 | 1.9108
1/1024 | 1.8155e-4 | 1.9464e-3 | 1.2322e-3 | 1.5865 | 4.8660e-4 | 3.0688e-4 | 1.6924

Table 3.2: Error, estimators and effectivity index for the Burgers’ equation in random intervals

for the first case f with € =0.005 and 0.00125.

£=0.01 €=10.0025
h un Me error e.l. Ne error e.l.
1/4 1.6499e-1 | 1.7575e-2 | 5.0817e-2 | 3.2652 | 4.3939%e-3 | 5.0736e-2 | 3.2532
1/8 8.2193e-2 | 1.6843e-2 | 2.4358e-2 | 3.4444 | 4.2108e-3 | 2.4133e-2 | 3.4103
1/16 | 4.1057e-2 | 1.6664e-2 | 1.2396e-2 | 3.5745 | 4.1659e-3 | 1.1932e-2 | 3.4587
1/32 | 2.0524e-2 | 1.6619e-2 | 6.9139e-3 | 3.8196 | 4.1548e-3 | 5.9977e-3 | 3.4914
1/64 | 1.0261e-2 | 1.6608e-2 | 4.6153e-3 | 4.2299 | 4.1520e-3 | 3.0952e-3 | 3.5763
1/128 | 5.1306e-3 | 1.6605e-2 | 3.8080e-3 | 4.5640 | 4.1513e-3 | 1.7249e-3 | 3.8261
1/256 | 2.5653e-3 | 1.6604e-2 | 3.6616e-3 | 4.5885 | 4.1511e-3 | 1.1517e-3 | 4.2369
1/512 | 1.2826e-3 | 1.6604e-2 | 3.5817e-3 | 4.6496 | 4.1510e-3 | 9.6613e-4 | 4.4970
1/1024 | 6.4132e-4 | 1.6604e-2 | 3.5264e-3 | 4.7121 | 4.1510e-3 | 8.9897e-4 | 4.6724

Table 3.3: Error, estimators and effectivity index for the Burgers’ equation in random intervals

for the second case g with € =0.01 and 0.0025.
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3.2 Steady-state incompressible Navier-Stokes equations in random
domains

We consider now the steady-state incompressible Navier-Stokes equations in random domains.
We start with the statement of the problem in Section 3.2.1. We introduce in Section 3.2.2 the
corresponding problem on a fixed reference domain using a random mapping and show its
well-posedness in Section 3.2.3 under the small data assumption and suitable assumptions
on the mapping. A specific but rather general form of the random mapping is introduced
in Section 3.2.4, namely that it depends linearly on finite (but arbitrary large) number of
independent random variables. In Section 3.2.5, which is the core part, an a posteriori error
analysis is performed with the derivation of two a posteriori error estimates for the first order
approximation. Finally, numerical experiments are presented in Section 3.2.6 and agree with
the theoretical results.

3.2.1 Problem statement

LetD, < DcR? d=2,3, bean open bounded domain with Lipschitz continuous boundary
that depends on a random parameter w € Q, where D is a fixed bounded domain that contains
D, for all w € Q. Here (0, %, P) denotes a complete probability space, where Q is the set of
outcomes, & c 22 is the o-algebra of events and P : & — [0,1] is a probability measure. By a
slight abuse of notations, we will denote

D, xQ:={xw): xeD,,weQ}.

We consider the steady incompressible Navier-Stokes equations in D,,:

find a velocity @: D, x Q — R? and a pressure jp : D,, x Q — R such that P-almost everywhere
(a.e.) in Q, or in other words almost surely (a.s.), the following equations hold

—VA i+ (@-V)a+Vyp = f xeD,
Vi@l 0 xeD, (3.29)
a = 0 xedD,,

is the external force field per unit mass that we
assume to be deterministic and well-defined for all x € D. Note that j is the pressure divided
by the density of the fluid. We consider homogeneous Dirichlet boundary conditions for the
sake of simplicity. Should we consider non-homogeneous conditions, a lifting of the boundary

where v is the kinematic viscosity, e [L2(D)]*

conditions could be used which only modifies the right-hand side of the equations. However,
the lifting has to satisfy some assumptions for the problem to be well-posed (see [116] for a
complete discussion in the deterministic case). In particular, the forcing term would no longer
be deterministic. In (3.29), we have used the following notation: if we write x = (x1,...,x4) and
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@=(iy,...,0iq)" thenfori,j=1,...,d

op op oil; oil;
Vap= (o, 2P, (Vall)jj= 5, Veei=) =

axl’" 0x, Xj i=1 0Xi
and
(i = VeV = 3 -2 0% A @V —iwaﬁ"
X I — X X l_]:16xjax]_ XYy X l_j:1 jax]'

Note that we will use the same notation to denote the norm of a scalar, vector or matrix-
valued function, with the natural extension ||v||? = Z?Zl llv;lI? (Euclidean norm) and | B||? =
Z?,jzl I Bij I% (Frobenius norm) for anyvectorv = (vy,...,Vg) € R% and any matrix B = (Bij);.’l,j:1 €
R*4 In order to write the weak formulation of the problem, we need to introduce some
functional spaces. For a given Banach space W with norm || - |, we define the Bochner space

L5(Q; W) := {v: Q — W, v is strongly measurable and || Vil 2 @w) < +oo},

2 .
L (Q;W)
for ease of presentation. Notice that if W is a separable Hilbert space, then Lf, (Q; W) is
]d

where || v|| = [ lv(@)I?,dP(w) = E[||v[|%,] using the shorthand notation v(w) = v(,w)

isomorphic [10] to the tensor product space Lf, (Q) ® W. Finally, we define Vy = [H& (Dy)
equipped with the gradient norm || - |y, := IVx- llz2(p,) and Q. = L*(D,,). Note that unless
otherwise clearly stated, the Lebesgue measure is used in D,,. The (pointwise in w) weak
formulation of problem (3.29) reads:

find (i(w), p(w)) € V,, x Q, such that

Vf Vxﬁ:Vdex+f
D, D,

[(ﬁ-vx)ﬁ]-mx—f ﬁvxw?dx:f f-vdx
o D, D.

(3.30)
—f GVx-udx=0

for all ¥,g) € Vi X Qw and a.s. in Q. Since we impose Dirichlet conditions on the whole
boundary, the pressure is only defined up to an additive constant. We come back to this point
in the next section (see Remark 3.2.1). Under the assumption of small data, the well-posedness
of the problem on the family of random domains (D,,),ecq can be proved using two different
approaches. The first one would be to consider the Navier-Stokes equations directly on D,, x Q.
Another approach, adopted here, consists in mapping the random domain to a reference one,
yielding PDEs on a (fixed, deterministic) reference domain with random coefficients.

3.2.2 Formulation on a reference domain

Let D c R% be an open bounded reference domain with Lipschitz continuous boundary 4D.
We assume that there exists a mapping x: D x Q — R? that transforms D into D,,: for each
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3.2. Steady-state incompressible Navier-Stokes equations in random domains

weQ
Xy,: D — D,

& — x=x%4-()

where the notation x,,(§) stands for x(&, w). We assume that for any w € Q, x,, is invertible
and sufficiently regular so that everything that follows makes sense, the precise regularity
assumptions on the random mapping x being given in Section 3.2.3. Let &, be the inverse of
Xy defined by
éw: Dy — D
X — £ = fw ).

We also introduce the d x d Jacobian matrices A~! = A7 (§,w) and A = A(x,w) corresponding
respectively to the random transformations x,, and &, and defined by

_ _ _ 6(xw)
1_ 1 2
Al= (A,.j )Kwsd with A7} e
and
< . ~ 0(&,)i
A:(Aij)lsi,jsd with Aij:: a;;l.

We mention that the matrix A~! is often denoted F in the continuum mechanics literature.
For any function g defined on D, x Q, we denote by g = g ox,, its corresponding function on
D xQ,ie. g w)=gx w) withx =x,(&). Notice that the matrix A = Aox, is the inverse (in
the matrix sense) of A~!'. From the chain rule, the following relations hold true

Vx=ATV; and Vyii=(Veuod,)A,

where ATV, is a matrix-vector product. For the sake of notation, we will write V instead of V¢
from now on and use the notation
op ou

d
BV)p], =Y Bij=, (BV)-u= Y Bjj~— =B:Vu
(0L g Bag, £ mg

and

[(BV)ul; Z B 2 (u-BVv, = ) u;B
ij ’k6£ i =t afk
for a d x d matrix B = (B;j)1<;,j<a- Note that (AV)p = A(Vp). Moreover, let Jx = det(A™h
denotes the determinant of the Jacobian matrix A~! associated to x,. Finally, we introduce
the spaces V = [H} (D)]%and Q = L3(D)=1{q € L*(D): [, qd¢ =0}.

Remark 3.2.1. We choose to fix the constant part of the pressure by imposing zero average on D
and not on D,,, the goal being not to estimate this constant when performing the error analysis.
Notice that if we fix p with zero average on D,,, then the average of the corresponding pressure
p = poxy on D would be small whenx,, is a small perturbation of the identity mapping. Indeed,

we have [, pd§ = [, pdé - [;, pdx= [, p(-Jx)dé.
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We are now able to write the weak formulation of problem (3.29) on the reference domain,
using the change of variable x = x,,(£):

find (u(w), p(w)) € V x Q such that

{ alu,v;w) + c(u,u,v;w)+ b(v,p;w) = FW;0) (3.31)
bw,g;w) = 0
forall (v,q) € V x Q and a.s. in Q, where
au,v;w) :=v / (VuA(w)) : (VWA(w)) Jx(@)dé
D
b(v,q;w) := —f qJx(@)(Aw) V) -vdE
b (3.32)
cw,v,wiw) = f [(u- A(@) V)V - Wik(w)dE
D
F(v;w) ::f fw) - vix(w)dé.
D
Using the relations (see Appendix 3.C for proofs)
(VuA): (VuA) = (VuAAT) :(Vu), Vud= (ATV)u (3.33)
and
—f q]x(ATV) -vdé =f ]x(ATVq) -vdé, (3.34)
D D

the strong form of (3.31) can be written:

findu: D x Q — R? and p: D x Q — R such that P-almost everywhere in Q there holds:

V- [UxAATV)u] + (- xATV)u+ JxATV)p = fJx &€D
UxATV)-u 0 ¢&eD (3.35)
u 0 ¢&e€0D.

Notice that similarly to the formulation in [71], the continuity equation can be equivalently
written V - (Jx Au) thanks to Piola’s identity (see Appendix 3.C).

Remark 3.2.2. If homogeneous Neumann boundary conditions vg—g — pi = 0 are prescribed
for problem (3.29) on a part of the boundary 0D,,, typically at the outflow part of the bound-
ary, the corresponding boundary conditions for the problem on the reference domain D read
vIxVuAATn - pJxATn = 0. However, the problem might no longer be well-posed due to the
loss of (uniform) coercivity of a(-,-;w) + c(-,-,-;w) or its counter part on D,,. Indeed, we are
not able to control the negative part of the boundary integral. Braack and al. proved in [29]
the existence and uniqueness of a solution to the Navier-Stokes equations with small data
and homogeneous Neumann conditions on a part of the boundary after introducing what
they called a directed-do-nothing condition, adding a (boundary integral) term in the weak
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formulation of the problem. From a physical point of view, a force per unit area is prescribed by
imposing v(Vyii + (V1) )i — pii = g, corresponding tovJx(VuA+ (VuA) ) ATn-pJjxATn=g
on the reference domain. In such a case, Axu in (3.29) should be replaced by Vx - (Vxii + (Vxii) .

3.2.3 Well-posedness of the problem

The goal is now to show the well-posedness of problem (3.29), under suitable conditions on
the family of random mapping (x,)weq and restriction on the input data. We will show that
there exists a unique solution (u, p) to problem (3.31), the weak solution of problem (3.29)
being then given by (@, p) = (uoé,, poé,).

For any w € Q, we assume that x,, : D — D,,, with D, = x,,(D), is a one-to-one mapping
such thatx,, € [W'(D)]%, &, € [WL*®(D,)]? and D,, is bounded with Lipschitz continuous
boundary 0D,,. Since x,, is invertible, the determinant Jx of its Jacobian matrix A~ does not
vanish. Without loss of generality, we can assume that Jx > 0, namely that the mapping is
orientation-preserving. Moreover, we make the following assumption [43, 76] on the singular
values o; of A™!: there exist two constants o i, 0 max Such thatfori=1,...,d

0<omin< ai(A_l(z,w)) < Omax <00 a.e.in D and a.s. in Q. (3.36)

Notice that the singular values of A are then bounded uniformly from below and above by
iy and U;llm,
order and with the above regularity assumption we have x € LY (Q; (Wl (D] d). Moreover,

the following properties are immediate consequences of assumption (3.36).

o respectively. Therefore, the random mapping x have finite moment of any

Proposition 3.2.3. Under assumption (3.36), we have a.e. in D and a.s. in Q

d -1 d
e oy . < det(A™) =09,

¢ 0,2, <Ai(AAT) <02 fori=1,...,d,

max —

where A;(AAT),i=1,...,d, denote the eigenvalues of AAT .

Proof. Since the eigenvalues of A~' A=7 (and thus of the so-called (right) Cauchy-Green strain
tensor A~T A~1) are the square of the singular values of A~!, the first relation follows directly
from (3.36) and the fact that

det(A™!) = Vdet(A~1A-T) = \/Hle/l,-(A‘lA—T) =% o;(A™).

The second relation is just a consequence of 1; (AAT) = oi(A)>. O

The following proposition ensures that the spaces L*(D,,) and L?(D), respectively [ H} (Dw)]d
and [H} (D)] ?, are isomorphic.
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Proposition 3.2.4. Under assumption (3.36), for any § € L*(D,,) and v € [H' (Dw)]d we have

a.s. inQ) .

0 inl8l2m) = 18llr2(p,) < Umax||g||L2(D) (3.37)

and

N\&

d

2

Umﬂx
||VV||L2(D) < IVxVll12(p,) IVVliz2(p) (3.38)
O max min

with g = § ox,, andv=vVox,. The same relations hold true for any g € L*(D) and v € | H' (D)]d
withg=goé&, andv=voé,.

Proof. Letge I%*(D,) and Ve [H 1 (Dw)]d The proof of (3.37) is immediate using the uniform

bounds on det(A™!) given by Proposition 3.2.3. For (3.38), we use the fact that o a Oy and

d -2
Umllxamm

symmetric positive definite matrix det(A™!) AA” and the relation

are uniform bounds for the eigenvalues (or equivalently singular values) of the

d
||vxﬁ||iz(D | =f (VuA):(VuA)det(A_l)dfzf Y (det(A"HAATVuy) - Vu, dE.
@ D D;

The proof of (3.37) and (3. 38) for the case g € I?(D)andve [H 1 (D)]d is similar using the
< di(det(A)A A ) <074 o2~ ae inD

min min
and a.s. in Q. 0O

relations 0%, < det(A) < o, and 0,202

To show the well-posedness of problem (3.31), the forms a, b and ¢ defined in (3.32) have to
satisfy (uniformly) some properties, which we verify in the following proposition.

Proposition 3.2.5. Foranyu,v,we V and any q € L*(D) we have a.s. in Q

* a is continuous: |a(u,v;w)| < vM|Vul 2 IVVI 12(p) with M = omzmagmx,

-2 d

e a is coercive: a(v,v;w) = va/|Vv]|? with a = O maxT min’

L2(D)
* b is continuous: |b(v, q;w)| < Ufnax mmllqlle(D IVl 2D,

C2 d —1

e c is continuous: |c(u,v,w;w)| < CIVull 12 (p) V¥ 12 () IVWI 12y with C = C204, ,, O in

where Cy = C((D) is the constant in ||V ;+py < C1lIVVl 12(p), resulting from Sobolev embedding'’s
theorem and Poincaré’s inequality on D.

Proof. The proof is immediate from Proposition 3.2.3, Hélder’s inequality and the Sobolev
embedding theorem. The relation (see e.g. [106])

f(V-v)(V-v)d£+f(va)-(va)dEzf Vv:Vvdé Vvev,
D D D
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where V x v denotes the curl of v, is used to prove the continuity of b.

Notice that we do not include the parameter v in the constants ¢ and M linked to the coercivity
and continuity of a, respectively, because we will track its occurrence in the derivation of
our a posteriori error estimates, the goal being to minimize the sensitivity of the effectivity
index with respect to v. We mention that b is also continuous on [H 1 (D)]d with the same
constant as in Proposition 3.2.5 up to a multiplication by a factor v/d and satisfies the so-called
(Brezzi [32]) inf-sup condition infgeg supyey W”Lf&% = % Bo > 0 for any w € Q) since
D, is a Lipschitz domain. Moreover, we assume that there exists a constant § > 0 such that

the inf-sup condition holds uniformly with respect to w, i.e.

b(v, q;w)

inf sup

>f a.s. inQ. (3.39)
a€Qvev 1l 2oy IVVI r2(py

Remark 3.2.6. The inf-sup condition (3.39) can be easily shown under the assumption that the
mapping satisfiesx € L3 (Q; [W22(D)]4), proceeding similarly to [71]. Indeed, for any q € Q
there existsz € V such thatV -z = q and |Vzl| ;2p) < C111qll12(py with a constant Cy depending
only on the reference domain D, see for instance [69]. Settingv = — UxA) 1z we geta.s. inQ)

1 _
b(v,q;w) = ||61||%2(D) = EHCI”LZ(D)”VZ”B(D) and ||Vv| r2py < C2 | Jx A) 1||W1v°°(D) 1Vzl2py,
1

where C, depends only on the Poincaré constant on D. From these two inequalities, we deduce
b(v,q; . . _ _
that [yi™ = Bllqll2(p) as. in Q with B = C1Coll U A~ soywi(pyja-ay-

IV 2 )

Let us introduce the subspace Vdiv,w c V, constituted of all (weakly) divergence-free functions
of V,,, and its counterpart on D given by

Vdivw :=IVEV: b(v,q;w)=0 VYgeQ, as.inQ}.
We can then formulate the (reduced, pointwise in w) weak formulation of problem (3.31):
find u(w) € Vyiy, such that
a(u,v;w) +c(u,u,v;w) = F(v;w) VVE Vi, a.s. in Q. (3.40)

Proposition 3.2.7. Foru(w) € Vyiy,, solution of (3.40), there exists a unique pressure p(w) € Q
so that (u, p) is a solution of (3.31), a.s in Q).

Proof. Follows from the inf-sup condition (see [69, p.283]). O

Therefore, to show the well-posedness of problem (3.31), and thus of the original problem
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(3.30), it only remains to prove that the nonlinear problem (3.40) admits a unique solution.
Recalling that F is defined in (3.32) with f = fox,,, the following proposition gives a sufficient
condition on the input data so that problem (3.40) is well-posed.

Proposition 3.2.8. Ifthere exists0 € [0,1) such that

3d

2 5 T4

Cp 10 max
v2 2d‘+1
min

Ifll2p,) <0 <1 as. inQ, (3.41)

where Cp = Cp(D) denotes the Poincaré constant on D, then problem (3.40) has a unique
solution. Moreover, its solution satisfies

d+1
Vamin .y
2 ~d+2 ¢
1Y max

[[Vu(w) ”LZ(D) <0

a.s. inQ, (3.42)

with a and C defined in Proposition 3.2.5.

Remark 3.2.9. Notice that if condition (3.41) holds, then %IIF(-;M I vl < 1 a.s. inQ, where
the norm on the dual space is defined in the usual way, which is nothing else but the standard
small data assumption for uniqueness (see e.g. [60, 69, 116]). Indeed, we have

A

L||F( ;o)
(va)? Wi

2 %+4
|F(v;w)| - CPCIUmax
2d+1
min

< Il 2p.) a.s. inQ,
(V)2 vevu. 1VVI2(D) vZig (Do)

where for the last inequality we used the relation

a 1 4
|IF(V; )| < 0 fax T 122y IV 120y < CpO pax il 20 ) IVVI 2y @cs. in Q.

Moreover, instead of (3.41), we could impose that

2 _2(d+2)
C 1Y max
2 2d+1
v Umin

”f((,l.)) ||L2(D) <0<1 as inQ (3.43)

_d
since |f(w)ll12(py = 0 paxfllz2(p,) by Proposition 3.2.4, and thus (3.43) implies (3.41).

The proof of Proposition 3.2.8 follows the same procedure as the one proposed in [109] for
deterministic steady Navier-Stokes equations in a given domain and is based on a fixed point
argument.

Proof. In this proof, the explicit dependence of the functions with respect to w € Q will not
necessarily be indicated, unless ambiguity holds. Moreover, with little abuse of notation we
define the space

L5(Q; Viive) = IVE L5 (Q; V) : V() € Vgiypa.s. in Q.
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First of all, we can show that
c(u,v,v;w) =0 VYue€ Vyjyu YVEV, as. in Q. (3.44)

Indeed, if we writeti=uoé,andv=voé,  thentie Vdiv,w, veV,and
cw,v,v;w) = f[(ll'ATV)V]'V]xd§=f [(@- Vx)V]-vdx
D D,
1 o2 1 - <12
= —=| (Vx-0)|v]%dx+ - (@-n)|V]°ds=0
2Jp, 2 Jap,,

using the fact that we have imposed homogeneous Dirichlet boundary conditions. Now, for
anyuce L%, (£2; Viiy) we define the (pointwise in w) bilinear form <) (-, ; @) : Vgiv,w X Vdiv,w — R
by

) (W, V;w) 1= a(w,v;w) + c(u(w), w,v;w),

which is uniformly continuous and coercive (on V and thus on V) thanks to Proposition
3.2.5 and relation (3.44). Since [|f/xl2p) < U%§x||?|lL2(ﬁ) < 4oo a.s. in Q, in particular f/y €
L% (Q; L2(D)) and Lax-Milgram’s lemma ensures the existence of a unique solution to the
problem:

for every w € Q, find w(w) € Vyjy, such that
Ha(w) W, V;w) = F(V;0)  VYVE Vgjy,p, as. in Q. (3.45)

Moreover, taking v = w(w) in (3.45) and using the coercivity of <, (-, -; w) we have a.s. in Q

d

d -2 2 2 T
VO minO max\VWIT2py = uW, W 0) = F(W;w) < Cp0 iy axIfll 12(p,,) I VWI 21

and thus . .
[} 442

CPo'rznax 7 CPUrznax 7
VWl z2(py = Il 2p,) < - IIfll 2

min min

By <0 (3.46)

from which we deduce that w € L% (€2; Vaiv,w). Notice that a fixed point of the application
(OF L%, (Q; Viiv,w) — L% (€2; Vidiv,), which maps u to the unique solution w of (3.45), is a solution
of problem (3.40). Therefore, it only remains to prove that @ is a strict contraction. Let w = ®(u)
with u € L% (€; Vgiv,,,). First, using relation (3.46) we directly get that ®(L3,(Q; Vgiv)) © 4, where
the ball ./ < L%(; Vgiv,w) is defined by

C Ug+2
P I .
M=V € L Vi) 1YV 2y < ——=Ifll 2(p,) as. in Q.

min

Finally, we show that @ is a contraction, i.e. that there exists a constant 0 < k < 1 such that

IO ~ D@ 2 vy < k=l 2y VT E LB Vigivye)-
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Let w=®(u) and w = ®(in). Since w and w satisfy problem (3.45) with <, (-, ;) and <% (-, -; ),
respectively, we have

aw—-w,v;w) +c(u,w,v;w) — c(i,w,v;w) =0 VVve Vyjy e, as. inQ,
from which we deduce
aw-w,v;w) +clu—u,w,v;w) +clu,w—w,v;w) =0,

or in other words
Hy(W—W,V;w) = —clu—a,w,v;w).

Since w € ./, taking v=w —w in the last equation yields a.s. in Q

d

min

IN

-2 _ 2 _ - N PR -
Vo Umax”V(W_w)”LZ(D) Hy(W—W,W—wW;w) = —c(u—1,wW,w—Ww,;w)

IA

C%afmxa;nlm IV(a—a) |l r2p) IVWI 220y I V(W = W) [l 12
8d 9
CpC0 gy
d+1
min

11l 22, IV (@ = @) | 2y IV (W = W) | 12 ) -
vO

Therefore
2 %"’4
CPC]Umax
2 2d+1
min

IVW—W)l12(p) < IIfIILz(Dw) [Va-a)|l2p as. inQ

which proves that @ is a contraction under the assumption that (3.41) holds. By the Banach
contraction theorem, we know that there exists a unique fixed point u = ®(u), which is solution
of problem (3.40). The fact that any solution of (3.40) is in .# and is a fixed point of ® achieves
the proof of well-posedness of the problem. Finally, recalling that a and C are defined in
Proposition 3.2.5, the bound (3.42) is immediate since

d
5+2 d+1 -2 _d
2
CPUmax 7 min _ VO max9 min _pva
IVl 2 () < —2—29% 1§ 12,y < 6 = =0—
D) d (Do) 2, _d+2 2 d -1
Cso Cso o C
min 1~ max 1~ max~ min

where we have used that u € ./ for the first inequality and relation (3.41) for the second
one. O

3.2.4 Specific form of the random mapping

We assume from now on that the random mapping x(¢, w) is parametrized by L mutually
independent random variables and write x(&, w) = x(&, 7 (@), ..., Y7 (w)) with a slight abuse
of notation. This assumption with L finite, usually referred to as finite dimensional noise
assumption, is necessary to make the problem feasible for numerical simulation. Such approx-
imation of a random field can be achieved by several techniques, for instance using truncated
Karhunen-Loéve or Fourier expansions. More precisely, we assume that the mapping x,, from
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D to D, writes

L
X&) =@y +e ) @;(§)Yw), (3.47)
j=1

where the Yj, j =1,...,L, are independent random variables with zero mean and unit vari-
ance, the deterministic functions ¢; : D — RY are assumed to be smooth so that Vo, €
[Wl’m(D)]dXd and Ve, € [L®°(D)]%* for j =1,...,L, and € € [0,& 4] is a parameter that
controls the amount of randomness. We assume that the random variables Y;, j = 1,...,L,
and the functions ¢ It j=0,1,...,L, are independent of €. Without loss of generality, we can
assume that ¢ is the identity mapping (see [76]), i.e.

L
X0@)=&+e) @ §)Yj(w). (3.48)
j=1
The Jacobian matrix A~! associated to x,, therefore reads
L
A€ w) =T+eA1&w) with A& w) =) V;@)Yjw),
j=1

where I denotes the d x d identity matrix and V¢ ; (¢) is the Jacobian matrix of ¢ ; for j =1,..., L.
Finally, we make the following additional assumptions to ensure that (3.36) is satisfied:

Yi(Q) =[-yj,yjl=Tjwithy; >0, j=1,...,L, (3.49)
and
1 L
Emax < 5 with § such that > VilVe;@)l2<8 ae inD, (3.50)
j=1

where ||-||2 is the spectral norm. It is straightforward to show that under assumptions (3.49) and
(3.50), then (3.36) is fullfield for any € € [0, € yax] With 0 min =1 — €max0 and T pgx =1+ €maxb.

Remark 3.2.10. A (truncated) Karhunen-Loéve expansion of the random vector field x,, (see
[76, 87, 88]) yields a characterization of X,, that can be recast into the form (3.47). In this case,
the functionsj, j=1,..., L, write; = \ /A jy ; with {/lj,u/j} the eigenpairs of the (compact,
self-adjoint) integral operator associated with the covariance kernel V : D x D — R%*4 gjven by

1
V(&&= SE[x0 (@) - 9o&) X0 &) - @) ].

£2

We underline that in this work, we do not take into account the error made when the random
mapping is approximated via a finite number of random variables. Therefore, we assume here
that (3.47) is an exact representation of the random mapping introduced in Section 3.2.2.

Due to the Doob-Dynkin Lemma, the solutions u and p of (3.35) depend on the same random
variables as x,,. Defining the random vector Y = (Y3,..., Y1), we can thus write u(é,w) =
u(,Y(w)) and p(&,w) = p(&,Y(w)). The complete probability space (2, %, P) can thus be
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replaced by (I', BI), p(y)dy), where I' =T’y x... xI'r, B(I') is the Borel o-algebra on I and
p(y)dy is the probability measure of the random vector Y. Notice that since the random
variables Y}, j =1,..., L, are assumed independent, the joint density function p factorizes as
oly) = H?:I p;j(y;) forally= (y1,..., yr) € I'. Therefore, for any integrable function ¢ :I' — R on
(T, BM), p(y)dy), the expectation of the random variable g = g(w) = g(Y(w)) is by definition
given by

Elg] = fQ g dPW) = fQ EY(@)dPw) = fr 2ypy)dy.

With a little abuse of notation, we will not distinguish g and g in what follows. The problem
(3.31) can then be rewritten into the following parametric form:

find (u, p) € L3, (T; V) x L3 (I'; Q) such that

F(v;y)

0 (3.51)

a(u(y),v;y) + c(u(y),u(y),v;y) + b(v, p(y);y)
b(u(y), q;y)

forall (v, g) € VxQ and p-a.e. in T, where the various forms are defined as in (3.32) with A(¢, w),
AV w), Jx(&, 0) and £(&, w) replaced by A(¢,y), AL (&,y), Jx(&,y) and f(&,y), respectively. This
problem is well-posed under the so-called small data assumption (3.41) with f(w) replaced by
f(y) and a.s. in Q replaced by p-a.e. in I, the proof being essentially the same as the proof of
Proposition 3.2.8. The random weak solution of problem (3.35), i.e. the solution of (3.31), is
then given by (u(Y(w)), p(Y(w))) with (u, p) the parametric solution of (3.51).

Remark 3.2.11. Notice that for anyy € T', the partial derivative with respect to y ; of the solutions
u=uxy) and p = p(x,y) of the problem defined on Dy is given for j = 1,..., L by

o ou 08y ap _dp
—_—= o +( -Vauoé, and — oé,+
3y 6y] y s y y

~(Vegpody). (3.52)
dy; ayj ¢posy

6y
In other words, the (Eulerian) partial derivative with respect to y; of u (resp. p) is equal to the
material derivative with respect to yj ofu=toXxy (resp. p = poXy), transported back to Dy.
Moreover, we have the relation

& puoty =~ og, vou (3.53)
. uo =—(——o . u .
ay] 3 y ay] y "X

and using it in (3.52) we recognize an analogy with the Arbitrary Lagrangian Eulerian (ALE)
formulation of PDEs on moving domains [27, 56], where the (Eulerian) partial time-derivative
is replaced by the partial time-derivative on the ALE frame written in the Eulerian coordinate
plus the convective-type term of the right-hand side of (3.53) in which the so-called domain
velocity is involved.
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3.2. Steady-state incompressible Navier-Stokes equations in random domains

3.2.5 A posteriori error analysis

To simplify the presentation, we assume from now on that d = 2 and that fe [H? (f))]z. Since
the forcing term on D is given by f = foxy and we assumed ¢, to be the identity mapping, the
regularity assumption on f allows us to write f = f(£, ) = f(&, Y(w)) as

L
fV)=fo+ef (M +0(*) with fo:=f H(V:=) F;V;, F;:=(De;. (3.54)
j=1
The constant in the term of order €2 in (3.54) depends on the second derivatives of f and
products @;¢;, i,j =1,..., L. Moreover, since d = 2 we have
Jx=det(A™)) =det(I +£A;) = 1 +etr(A) +e*det(A;) with det(4;) < 5 (3.55)

using assumption (3.50) to bound det(A;) and

00 00 5252 8262
A=T-eA+ Y (-DFekAF with | Y (-DFekaf), < <
k=2 k=2 1-€6  Omin

(3.56)

where we have used a von Neumann series to expand A = (I + €A;)~. We use a perturbation
approach expanding the solution (u, p) on the reference domain D with respect to € up to a
certain order as

U, Y(w)), p(&,Y(w)) = (up(§), po(8) + e (8, Y(w)), p1(§, Y(w))) +... (3.57)

where (ug, pg) is the solution of the standard Navier-Stokes equations on D, i.e. it solves:

find uy: D — R? and Po : D — R such that:

—vAug+ (ug-V)ug+Vpy = £y, &eD
V-ugy = 0, &eD (3.58)
uy = 0, f €0D.

Writingu; = Z]L.zl U;Y;and p; = Z]L.zl P;Yj, it can be shown that the couple (uy, p1) is obtained
by solving the L (linear) problems:

forj=1,...,L, ﬁnde:D—>[Rd and P; : D — R such that:

—vAU; + (ug-V)U; + (U; - V)ug + VP; gj(ug,po), &€D
V-U; = hju), &eD (3.59)
U, = 0, ¢$€aD,
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where
gjlug,po) = (tr(thj)fo+Fj)+vV-[(BjV)uo]—(uo-BjV)uo—(BjV)po,
hj(wg) = —(B;jV)-ug
with
Bj:=tr(V@)I-Ve| and Bj:=1r(Vo)I-(Ve;+Ve)). (3.60)

Some details about the derivation of problems (3.58) and (3.59) are given in Appendix 3.A.
Here, we approximate the solution of the deterministic problem (3.58) using the finite element
method to obtain an approximation (ug 3, po,;,) and we provide an a posteriori error estimate
of (u—ug p, p—po,n). Forany h > 0, let 73, be a family of shape regular partitions (see [49]) of D
into d-simplices K of diameter hg < h. Moreover, let (V},, Qp) with V;, ¢ V and Qj, < Q be a pair
of inf-sup stable finite element spaces, such as mini-elements P;;, — [P, (see [5] or [69, p.175]
for a proof of stability of these spaces) or Taylor-Hood P, — P;. We denote by (ug 3, po ;) the
FE approximation of the (weak) solution (ug, pg) of problem (3.58). Writing yo = E[Y] =0, it is
obtained by solving:

find (ug 1, po,n) € Vi, x Qp, such that

(3.61)

a(ug j, Vi Yo) + (g p;Wo 1, Vii; Yo) + b(Vi, po,nsyo) =  F(Vi;¥o)
b(ugy 1, qn; Vo) 0

for all (v, gp) € Vi, x Q. The rest of this section is devoted to an a posteriori error analysis
for the error |||(u—ug,;, p — po,n)|||, where the norm ||-|| is defined for any (v, g) € L3,(Q; V) x

L5(Q;Q) by
Iv.all= e .

Remark 3.2.12. Notice that we obtain the same results if we use the norm V2| V|2 + | qll2 or
[ Vv]|? + % I gl> on V x Q. This choice of scaling is guided by the dimension unit of v, p and Vu.
This is moreover the natural scaling that arises when analysing the a priori estimates on the
solution or when performing the a posteriori error analysis (see Appendix 3.B for more details).

2 1 2

As we will see in the following, the error estimate consists of two parts, namely a part due
to the finite element approximation (in /) and another one due to the uncertainty (in ).
Let us define for any y € I the residual R(;;y) : V x Q — R, which depends on (ug , po,1), by
R((v, 9);y) = R1(v;y) + Ra2(q;y) with

Ri(v;y) = F(vy)—alugp,v;y) — b(v, pop;y) — c(Ug p, ug p, V3 y)
Ry (q;y) =buy p, G;Y).

The first step in the residual-based error estimation consists in linking the error to the resid-
ual. The norm of the residual is then bounded by a computable quantity (possibly up to a
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multiplicative constant).

Proposition 3.2.13. Let 0 min, Omax, B and 6 be defined in (3.36), (3.39) and (3.41), respectively.
If h is small enough, then there exists a constant C > 0 depending only on 0, o min, 0 max and p
such that a.s. in Q

1 1
VIV@OD) =10, 72 ) + 1P = Pollzzpy < C| S IRIEDI + VIR Vg |- (3.62)

We mention that the closer 6 to 1, the larger C in Proposition 3.2.13, see relation (3.71).
Similarly, the closer 0,5 to 0, the larger C will be. The proof of this proposition is inspired by
what is done in [2] for the deterministic steady Navier-Stokes equations. In order to simplify
the notation, we will write || - || instead of | - || ;2(p) in the sequel.

Proof. In what follows, all equations depending on y hold p-a.e. in T, without specifically
mentioning it. Moreover, the dependence of the functions with respect to y € I' will not
necessarily be indicated. Let e(y) := u(y) —ug j, and E(y) := p(y) — po,»- Then (3.51) yields

ale,v;y) + b(v, E;y) + b(e, q;y) + D(u,ug 1, v;y) = R((v, );y) (3.63)
forall (v,q) € V x Q, where
D(u,ug p,v;y) ;= c(u,u,v;y) — c(ug p, g p, vy y).

We can show that

D(u,ug 5, v;y) < 20va + C||Veo ) [ Vel | VV] (3.64)
and
D(u,ug , u—1ug z;y) < @va + C||Veyl) | Vel (3.65)
where ep :=ug—ug ; and M, a and C are defined in Proposition 3.2.5. Indeed, for any ve V we
have
D,ugp,v;y) = cau—ugp,v;y)+ca—ugy,ugp,V;y)
< C(IVull + IVuoll + [ Veol) I Vel | VVI]
<

A av
C (29? + IIVeoII) Vel Vvl

thanks to (3.42), which proves relation (3.64). Relation (3.65) is proved analogously using
the fact that c(u,v,v;y) = 0 for any v e V. The rest of the proof consists of two steps, first the
derivation of a bound on || E|| and then a bound on || Ve].

Using the inf-sup condition (3.39) for b, the bound (3.64) on D, the continuity of a and the
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relation (3.63) with g = 0, we have

1 |b(v,p—pom;y)l 1 [R1(v;y) —a(u—uy p,v;y) — D(u,ug p,V;y)|

|E|] = —=su = —su
Brry Vvl B ey vl
1 N
< IRGYIy+ (M+2va+ ClVeoh Vel . (3.66)

Therefore, using the relation (a + b)? < 2(a® + b?) we obtain

v|Ve|?. (3.67)

¢ 2
1, 2 5 2(M+2a+:Veol)
—EI* = —=IR(; +
—lIE| ay IRyl 7

We now give a bound on the error || Ve| for the velocity. Using the inequalities (3.65) and (3.66),
the coercivity of the bilinear form a, Young’s inequality several times and taking v = e and
g =—-Ein (3.63), we get

va|Vell* < a(eey) = Ri(ey)— R:(E;y) — D(u,ug ,€)
< [RiGYIvIVel + IR IEN + Ova + CliVeolDlI Vel
1 9 v s 1
= —IRi( 1+ ——IRa(+; o+ =Ry (5 | Ra (- /
Zylv“ 1691y 2/32Yz” 25V ,6” 16V AR (59
(M +2a+ &||Vey)? ¢
(E+Y2 vITO0 L Ga+ = | Vel | vIVel?
2 2 v
<

(1 2 2
— Ry (; 4+ V| Ry (5 /
VII 16V + VIR (¥

C
+0a+ ;||Veo||) v||IVel?,

(71 Yo(M+2a+ E[Veol)?
+—=+
2 2

(3.68)

with
1 N 1 q 1 N 1
cj=—+- and op=—5+—.
2y1 2 2.2 2p?

Recalling that 0 € [0, 1[ and using the convergence of ug ;, to ug as & tends to 0, we can choose
h, 1 and y, small enough so that

(M +2a + S |[Vegl))? C 1+0
n,r v 0 tha+ ;IIVeoll =5 % (3.69)

2 2

For instance, we can choose / small enough so that

PN

C 1-6
—IVepll = —a (3.70)
v 6

and take

122



3.2. Steady-state incompressible Navier-Stokes equations in random domains

which depends only on 8, 0,,,;, and 0 4. Therefore, the last term of the right-hand side of
inequality (3.68) can be moved to the left and we get

v||Ve|?

<o 9) 2RI+ eviRGyIE. 3.71)

Using this bound in (3.67) together with (3.70) we get

)—II 163+ —= VIR y)IIQ,

s|=+

S 1w (ﬁz P ﬁz
Replacing finally y by Y(w), the combination of last two inequalities permits to conclude the
proof since c; and ¢, depend only on f as well as y; and y2, which in turn depend only on 6,

Omin €t Omax-

From Proposition 3.2.13, we deduce the following bound on the error in the ||-[| norm

1 1
[la=von p—pon||=VvC " [IR1113,] +VE [llR2 ||é,])2 3.72)

by simply taking first the expected value and then the square root on both sides of inequality
(3.62). The goal is now to derive a computable (deterministic) error estimator by estimating the
residuals that appear in the right-hand side of (3.72). We use a standard procedure to estimate
the part due to the space discretization and proceed in two different ways for the part due to
the uncertainty, more precisely the truncation in (3.57). The first one is straightforward and
does not require the resolution of additional problems. However, it uses the triangle inequality
as well as the Poincaré inequality (on the fixed domain D) to bound the terms due to the
external forces and the convection. Even though the Poincaré constant is a uniform bound, the
loss when using Poincaré’s inequality can be different depending of the problem, affecting the
sharpness of the error estimate from case to case. The second procedure consists in computing
the dual norm of some functional, and therefore requires the resolution of additional (linear)
problems. However, it has the advantage of requiring the use of Cauchy-Schwarz’s inequality
only and thus does not suffer from the drawback mentioned above.

First error estimate

Let [-]n, denotes the jump across an edge e € 97, in the direction n, defined by
(8], ©):= Jim [g(& + n,) —g(& -~ tn,)],

where n, is a unit normal vector to e of arbitrary (but fixed) direction for internal edges and the
outward unit vector for boundary edges. Since we impose homogeneous Dirichlet conditions
at the boundary, we set the jump to zero for boundary edges. We now have all the ingredients
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necessary to derive our first error estimate.

Proposition 3.2.14. Let (u, p) be the (weak) solution of problem (3.35) and let (ug j,, po,;,) be
the solution of problem (3.61). If the assumptions of Proposition 3.2.13 are satisfied, then there
exist positive constants Cy, Co and Cs independent of h and € such that

1 L
|[w=1o,, p— po|| = V2C(Cin5, + CoanZ)? + VCCse*  with w5 =Y. nk andn>=)_ 173.,

KeTy, jZI
(3.73)
where C is the constant in Proposition 3.2.13 and
2.1 +vn% ., and 2. Lo +vn? (3.74)
Nk = VnK,l Mk,2 nj-= an,l UFp) :
with
1
Mgy = h?(”fO‘H/Auo,h_(uo,h‘v)uo,h_Vpo,h”%z(K)+e;(he||5[V(Vuo,h)ne_l?o,hne]ne 1220
Moo = IV -uoull%,
2 _ 2 2 21 (R 2 2 2
iy = e (Ier (Ve o+ FjIZ + V21 (B VIug ul + 1 po,u B2 + 1o - B Vgl
Mo, = €1B;V)ug (3.75)

Bj and B j being defined in (3.60), fy and Fj in (3.54). Moreover, Cy depends only on the mesh
aspect ratio while C, depends only on the Poincaré constant on D.

Remark 3.2.15. Notice that if emax0 is close to 1, or in other words o i, is close to 0, then the
constant Cs in Proposition 3.2.14 might be large, see (3.56). Therefore, in order for the last term
of (3.73) to be negligible, we need to assume small perturbations of the domain, for instance by
IMposing € max < %.

Proof. Similarly to the proof of Proposition 3.2.13, it is understood that all equations depend-
ing on y hold p-a.e. in T" unless explicitly stated. Thanks to (3.72), we only need to bound the

expectation of % IR1(+Y) II%/, and V| R, (1Y) IIZQ,, thatis

1
f—an(-;y)nz,p(y)dy and fvnRz(-;yn@,p(y)dy,
rv r

by computable quantities. We decompose each term R; and R, into two parts which control
the FE error and the error due to truncation in the expansion (3.57), respectively. For yy =
E[YI=0andforallyel,ve V and g € Q we write

Ri(v;y) = R1(V;y0) + [R1(v;y) — R1(V; yo)]

and
R2(q;y) = R2(q;50) + [Ra(q;y) — Ra(qg;y0)].
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Using standard procedure (Galerkin orthogonality, Clément interpolation [50]), see for in-
stance [118], and taking the contribution of the constant v into account, the deterministic
quantities can be bounded by

1
—IRGYO I + VIR (¥l < Cr 3 i

K€3_h

where C, depends only on the Clément interpolation constant and the regularity of the mesh
and the local error estimator 7 is defined in (3.74). We now bound the terms due to the
uncertainty. We have

Riv;y)—Ri(v;yo) =11 + I +1I3+1Iy and Rx(q;y) —Ra(q;y0) =115

with
I} := FWwy) —F;yo) < Cplxf—1follIVvl
I, = auypv;yo)— alugp,v;y) < vI[UxAAT — DVIug L llIVV|
I3 := bW, ponyo) — bW, pory) < UxAT = DponllIVV
Iy := c(Ugp o nV;yo) — €U, Ug p,V;y) < Cplllug, - Ux AT — DVIug I VV]
s = by, q;¥0) — bug n, ¢;y) < IUxAT = DV1-ug sl gll.

The bound for each term is straightforward, except the one for the term II3 which can be
obtained by writing it in component form, see Appendix 3.C for details. Therefore, we obtain

lIIR GYIE + VIR (512, < Cin, + C 2
NRGVIy + VIR GW) g = Cam, + Coke (v)7,
where C, is a (deterministic) constant that depends only on Cp and
1 1
ke 1= = fol* + VIIUXAAT = DVIug bl + —IUxAT = Dpoal®
1 T 2 T 2
+;||[u0,h'(]xA = DViug plI” +vIIUxA" = DV]-ug pll°.

Since the independent random variables {Y;} are assumed to be of zero mean and unit variance,
we have E[Y;]1=0 and E[Y;Y;] = 6,-]~ fori,j=1,...,L and thus, using Young’s inequality and the
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relations (3.54), (3.55) and (3.56), among others, we get

E [ I1Jxf—foll°]

ler (Vep fo + 1> + 0 (%)

MH I'Mt~

E[IlUxAAT = DV]ug 11?] 1B V)ug ull* + O (%)

.
Il
—

Mh

E[IUxA" = Dpopl®] = || ponBjl* + 0 (&)

~.
Il

1]
Mh

E[ll[uo,- UxAT = DVlug %] (g1, - BjVIug 1> + O (%)

~.
Il
—

Il
Mh

E[IIUxAT = DV -ug u1I?] ||(B,V) u pll? +0 (%)

~.
Il

with B; and B j defined in (3.60). Therefore, for some constant c3 > 0 independent of € and h
we get
1 L
ZE[IR 3]+ vE [llell?é,] <C Y %+ C Y ni+csed, (3.76)
v KeTy, j=1
where 1) is defined in (3.74). To conclude the proof;, it only remains to take the square root on

both sides of inequality (3.76). Indeed, using the notation n;, and 7, introduced in (3.73), we
have

1

1
2 1
—[E[||R1||2,]+v[E[||R2||é,]) < (C1n2 + Com? + c36%) 2 < /Cump + (Can? + c36%)?

thanks to the inequality V' a? + b?> < a+ b for any a, b = 0. Moreover, since 7, = 0 (€) we get for
some constant C; > 0 independent of € and h

(Com + c3€® );_\/C_Zne( ) =V Cone

10353 1( c3ed 2 5
—— = +...] = VCone+Cse”.

2C2n§ 8\ Con?

Finally, using the inequality a + b < v2 (a® + bz) we obtain

1
1 2 1
;[E [IR1112,] +VE [IIRz ||é/]) <V Cinp+VCone + C3e* = V2(Cin5 + Con’)? + Csé?,

which yields (3.73) thanks to (3.72).
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Second error estimate

As mentioned above, the use of the triangle inequality to bound each term linked to R;
separately, plus the Poincaré inequality for some of them (namely II; and I14), in the derivation
of the error estimate controlling the randomness of the problem can affect the sharpness
of the error estimator 1.. However, it has the advantage to require the resolution of only
one (nonlinear) problem, namely the problem for (ug ;, po ;). We propose in this section a
second error estimate for which the use of these inequalities is not required. It is obtained by
computing, approximately, the dual norm of the residual R; (v;y) — Ry (V;yo). Similarly to the
error estimate of Proposition 3.2.14, the terms of higher order are neglected.

Proposition 3.2.16. Under the assumptions of Proposition 3.2.14, there exist constants Cy, Cs
and C4 independent of h and € and s € (0, 1] such that

L
|||u—u0,h,p - Po,hm < \/E(Cﬂﬁl +f7§)% +VC(C3? + Cyh’e)  with ﬁﬁ = Z 173., (3.77)
j=1

whereny isasin (3.73) and

1
P 2
Mj==3Tia Ve

withn o given in (3.75) andﬁ? 1= £2||ij'h||7i2(D) forj=1,...,L, cmdw]-,h € V}, is the solution

of
fDVijhZVVhdf = fD(tr(V(pj)fO+Fj)-vhdf—va(BjV)uO,h:Vvhd£+[Dp0,h(BjV)-vhd§
—fD[(uo,h'BjV)uo,h]-Vhdf (3.78)

for allvy, € V},. Moreover, the constant Cy, depends only on the mesh aspect ratio.

Notice that contrary to the error estimate of Proposition 3.2.14, there is no internal constant
multiplying 7). in (3.77), the constant C, = C»(Cp) appearing in (3.73) being indeed no longer
present.

Proof. The proof is similar to the one of Proposition 3.2.14. The only difference is the estima-
tion of the term r(v;y) := R; (v;y) — R; (V; o) in the V' norm. We have |7 (;y)lly' = [ Vw(y) 22Dy,
where w denotes the Riesz representant of r, i.e. w(y) € V is such that f pVwW(y) : Vv=r(v;y)
forallve V and p-a.e. in I'. If we keep only the terms of order € and use the properties of the
random variables Yj, j =1,..., L, taking the expected value of ||r(;;Y) 12, we get

L
E[IrI5] < ¢ Zl IVW1172 ) + O ()
]:

127



Chapter 3. PDEs in random domains

where w; is the solution of

fDij:Vvd{zrj(v;uo,h,pgyh) VveV
with
Wt pon) = [ (Vo + ) vdE=v || (B Vs WvdE+ [ po(B;V)-vaE
—fD[(Uo,h'BjV)uo,h]'Vdf-

Obviously, the solution w; cannot be computed exactly. However, replacing w; by its finite
element approximation w; ; € V, introduces an error of higher order, namely an error of order
eh® with s € (0,1]. Indeed, introducing for j = 1,..., L the solution y; € V of

f Vu/j:Vv: rj(v;ug,po) VeV
D

and its finite element approximation v ; , € Vj,, we have thanks to triangle’s inequality

IVWilliizpy = IV =wWllzy + IV =y )2y + IV, = Wi Rl 2oy + IVW Rl 22 (D)
< lrj(sag, po) —7j(5ug,p, po,p) v + ||V(1I/j - V/j,h)”LZ(D) +IVW; pllz2(p)
<

Csh* + VW, 1l 12

where s € (0,1] depends only on the regularity of wo, po, ¥;, j =1,...,L, and the domain
D [53,72] and Cy is independent of & and ¢ but depends on the mesh aspect ratio, [ug|g1+s(p),

|P0|HX(D) andIt[llem(D),j:1,...,L. O

Based on Propositions 3.2.14 and 3.2.16, we can define two computable error estimators
n=(n+ nﬁ)% and 7) = (17 + ﬁi)%, where 1;, and 1), are defined in (3.73) and 7, is defined in
(3.77). From a computational point of view, the computation of /) requires the solution of L
additional (linear) problems compared to the cost of getting the error estimator 7. However, the
gain of the second error estimator is twofold: it does not use the triangle inequality to bound
each term of r(v;y) separately and it does not require the use of the Poincaré inequality. The
numerical tests of the next section provide an illustration of the theoretical results obtained so
far.

3.2.6 Numerical results

We present now two numerical examples to test the error estimators derived in the previous
section. We consider the problem of a flow past a cylinder and consider two different types of
perturbation of the domain, namely a perturbation along the vertical axis of the position of the
cylinder and a perturbation of its shape. The true error ||[u—uqg ;, p — po, ||| is approximated

128



3.2. Steady-state incompressible Navier-Stokes equations in random domains

with the standard Monte Carlo method using

1 K 1 2
[lv. all| = (E k; {vnvak) 12y * 19 ||ig(D)})

where {yi} € I' are i.i.d. realizations of the random vector Y. We choose a sample size of
K = 1000 in which case the variance of the estimation of the error is at least a factor 2-10™*
smaller than the estimated error in all considered test cases. In what follows, whenever we
refer to error it should be understood that the true error has been computed by the Monte
Carlo procedure. Finally, the approximate solution (ug,, po, ;) is computed using P15, — P;
finite elements and, since the exact solution (u, p) of the problem is not known, we compute a
reference solution using P, — [P, finite elements on the finest mesh considered.

First example

For this first problem, based on a well-known benchmark problem described in [110], we
consider the geometry presented in Figure 3.5 and assume that it corresponds to the reference
domain D. More precisely, D consists of the rectangle [a;, b1] x [az, b] with a hole of radius R
located at ¢ = (cy, ¢2). We assume that the rectangle is fixed and that the center ¢ of the cylinder
is randomly moved along the vertical axis, namely that it is given by (¢;, ¢, +€Y) in D, with Y
a uniform random variable in [—1,1]. We take f = 0 and we prescribe the following inflow and

(a1, b)) - —o (b1, by)

inlet outlet
&
u=0
L &1

Figure 3.5: Geometry with prescribed boundary conditions for the first example.

(a1, ap) u=0 ' (b1, ap)

outflow (parabolic) velocity profile on the inlet and outlet part of D,

(a1, xp) = ti(by, x2) = (Umax (X2 — a2) (b2 — X2)/ (b2 — a2)?,0)T  for a, < x5 < by,

a+b,
2

let boundary conditions on the remaining parts of the boundary. The Reynolds number is

with a maximum velocity Unax = 0.3 achieved at x, = . We impose homogeneous Dirich-

then given by %UmaX(ZR)v_l, where %Umax corresponds to the mean velocity.

We choose a mapping x,,, consistent with the perturbation mentioned above, such that all the
boundary nodes are fixed. In such a case, the boundary conditions for the equivalent problem
on D are the same than the ones on D,,. More precisely, we consider the mapping x,, : D — Dy,
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given componentwise by:

x1 = &
X2 = Et+epi1€)e2(8)Y (w),

where fori =1,2

¢i—aj _T(fi—ai)(fi—CHR) if&; € [a;, c; — R

ci—R-a; (ci—R—a;)?
pi&)=4 1 ifé;elci—R,c;i+R] (3.79)
i—bi i—bi)Ei—ci— ;
C;:—R—bi -7 u (C,‘jgfbf)z K lféi €lci + R, bi],

which can be written under the form (3.48) as x(&,w) = & + e (&)Y (w)/+/3 with Y a uniform
random variable in [-v/3, /3] and @(&) = (0,91 (&1)@2(E2))T. The function ¢, alone fits the
required perturbation of the domain but we use the function ¢, to fix the nodes on the inlet
and outlet boundaries. Moreover, the parameter 7 € {0, 1} is used to control the regularity of
the mapping. Indeed, choosing 7 = 1 implies that all the functions appearing in the Jacobian
matrix A~! of the mapping x,, are continuous. From now on, according to [110], we fix the
value of the various geometry parameters to a; = a, =0, by = 2.2, bp =0.41, ¢c; = c, =0.2
and R = 0.05, and we choose 7 = 1. The functions ¢; and ¢, for these values of the various
geometrical parameters are given in Figure 3.6.

E s 2 25 () 005 01 015 02 EQS
1 2

Figure 3.6: Functions ¢ (¢1), &1 € [0,2.2] (left) and @2 (€2), &2 € [0,0.41] (right) defined in (3.79).

The numerical tests are performed using FreeFem++ 3.19.1-1 [78]. The mesh is constructed
with a Delaunay triangulation using n equispaced points on the left and right boundaries, 5n
on the upper and lower boundaries and 27 along the hole. The mesh size is then given by
h = (v2n)~! while the number of elements and vertices are about 12n? and 712, respectively.
Notice that we are using piecewise linear triangular elements to mesh the physical domain
D whose boundary has a curved part, namely the hole modelling the cylinder. We are not
accounting this error here and we refer to [31, Chapter 10] or [48, Chapter VI] for an analysis
of such variational crime, introducing for instance isoparametric finite elements. Finally, we
recall that the error estimates derived in Sections 3.2.5 and 3.2.5 are valid for homogeneous
Dirichlet boundary conditions. In the case of inhomogeneous conditions, as considered
here, an additional term due to the approximation of the Dirichlet data should be included.
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However, thanks to the fact that the later is not affected by the mapping, it is a higher order
term in & (see for instance [16]) and thus we do not take it into account in the numerical
results.

Deterministic case

We first consider the deterministic case, namely when ¢ is set to zero. The reference values
in [110] include the drag (cp) and lift (c;) coefficients and the pressure difference Ap =
p(0.15,0.2) — p(0.25,0.2) between the value at the front and the end point of the cylinder. Using
P, —P; FE on a mesh with n = 80, we obtain the values ¢p = 5.57469, ¢, = 0.0104584 and
Ap =0.117525 which are consistent with the bounds given in [110].

We give in Figure 3.7 the velocity magnitude, the two components u; and uy and the pressure
obtained using P, —P; finite elements on the finest mesh, i.e. n = 64.

Figure 3.7: Velocity magnitude, components u; and u, and pressure for the first problem in
the case € =0 and v = 0.001.

In Table 3.4, we give the results obtained for various values of n and v, where err, 77 and e.i.
denote respectively the error, the error estimator (n%l + ni)% with nj, and 71, defined in (3.73)
and the effectivity index, namely the ratio between the error estimator and the error. Notice
that 7, = 0 here since € = 0. We can see that in all cases, for & small enough, the effectivity
index is about 2.8. This value is consistent with the one obtained in Appendix 1.C, see Table
1.15.
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v =0.001 v=0.01 v=0.1 v=1
n err n el err n e.d. err n el err n el
4 10.136 | 0.566 | 4.17 | 0.158 | 0.310 | 1.96 | 0.514 | 0.963 | 1.87 | 1.628 | 3.052 | 1.87
8 | 0.039 | 0.150 | 3.87 | 0.060 | 0.135 | 2.27 | 0.188 | 0.415 | 2.20 | 0.596 | 1.312 | 2.20
16 | 0.015 | 0.044 | 2.87 | 0.028 | 0.070 | 2.55 | 0.086 | 0.216 | 2.52 | 0.271 | 0.684 | 2.52
32 | 0.007 | 0.019 | 2.73 | 0.013 | 0.034 | 2.70 | 0.039 | 0.105 | 2.69 | 0.124 | 0.333 | 2.69
64 | 0.003 | 0.009 | 2.75 | 0.006 | 0.017 | 2.78 | 0.019 | 0.052 | 2.78 | 0.060 | 0.166 | 2.78

Table 3.4: Error, error estimator and effectivity index for the deterministic case (¢ = 0) and
various viscosities for the first example.

Random case

We treat now the random case by considering values of € between 0 and 0.05. With € = 0.05, the

random position of the cylinder on the vertical axis lies between 0.15 and 0.25 with nominal

value in 0.2, which is quite a large perturbation considering that the height of the rectangle is
equal to 0.41.

The velocity magnitude for the case v = 0.001 when the cylinder is moved from 0.2 to 0.25
is given in Figure 3.8. We plot the solution obtained when performing the computation on

the physical domain and on the reference domain, with the appropriate modification of the

coefficients in the equations for the latter case. The solution for the case € = 0 is again given

for comparison.

o

Figure 3.8: Velocity magnitude for v = 0.001 in the case € = 0 (top) and € = 0.05 with Y =1

computed on D,, (middle) and on D (bottom) for the first example.

We give in Table 3.5 the numerical results obtained for v = 0.001 and v = 1 and various values
of nande.
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v=0.001 v=1
n £ err Mh Me e.l. err h Me e.l.
4 0.05 0.1389 | 0.5656 | 1.0649 | 8.68 | 1.8881 | 3.0521 | 2.4890 | 2.09
8 0.05 0.0591 | 0.1503 | 0.6797 | 11.78 | 1.0157 | 1.3124 | 2.3458 | 2.65
16 0.05 0.0452 | 0.0440 | 0.5487 | 12.19 | 0.8110 | 0.6839 | 2.3018 | 2.96
32 0.05 0.0429 | 0.0190 | 0.5288 | 12.32 | 0.7713 | 0.3333 | 2.2887 | 3.00
64 0.05 0.0428 | 0.0091 | 0.5246 | 12.25 | 0.7526 | 0.1655 | 2.2856 | 3.05
4 0.025 0.1361 | 0.5656 | 0.5325 | 5.71 | 1.6989 | 3.0521 | 1.2445 | 1.94
8 0.025 0.0436 | 0.1503 | 0.3399 | 8.52 | 0.7159 | 1.3124 | 1.1729 | 2.46
16 0.025 0.0249 | 0.0440 | 0.2743 | 11.15 | 0.4701 | 0.6839 | 1.1509 | 2.85
32 0.025 0.0205 | 0.0190 | 0.2644 | 12.96 | 0.3916 | 0.3333 | 1.1444 | 3.04
64 0.025 0.0194 | 0.0091 | 0.2623 | 13.51 | 0.3831 | 0.1655 | 1.1428 | 3.01
4 0.0125 | 0.1356 | 0.5656 | 0.2662 | 4.61 | 1.6458 | 3.0521 | 0.6223 | 1.89
8 0.0125 | 0.0401 | 0.1503 | 0.1699 | 5.66 | 0.6291 | 1.3124 | 0.5865 | 2.29
16 | 0.0125 | 0.0181 | 0.0440 | 0.1372 | 7.98 | 0.3310 | 0.6839 | 0.5755 | 2.70
32| 0.0125 | 0.0119 | 0.0190 | 0.1322 | 11.25 | 0.2264 | 0.3333 | 0.5722 | 2.92
64 | 0.0125 | 0.0100 | 0.0091 | 0.1311 | 13.13 | 0.2056 | 0.1655 | 0.5714 | 2.89
4 | 0.00625 | 0.1356 | 0.5656 | 0.1331 | 4.29 | 1.6324 | 3.0521 | 0.3111 | 1.88
8 | 0.00625 | 0.0392 | 0.1503 | 0.0850 | 4.41 | 0.6043 | 1.3124 | 0.2932 | 2.23
16 | 0.00625 | 0.0160 | 0.0440 | 0.0686 | 5.08 | 0.2872 | 0.6839 | 0.2877 | 2.58
32 | 0.00625 | 0.0084 | 0.0190 | 0.0661 | 8.17 | 0.1559 | 0.3333 | 0.2861 | 2.82
64 | 0.00625 | 0.0058 | 0.0091 | 0.0656 | 11.45 | 0.1117 | 0.1655 | 0.2857 | 2.96
4 | 0.003125 | 0.1355 | 0.5656 | 0.0666 | 4.20 | 1.6324 | 3.0521 | 0.1556 | 1.88
8 | 0.003125 | 0.0389 | 0.1503 | 0.0425 | 4.01 | 0.6043 | 1.3124 | 0.1466 | 2.23
16 | 0.003125 | 0.0155 | 0.0440 | 0.0343 | 3.60 | 0.2872 | 0.6839 | 0.1439 | 2.58
32 | 0.003125 | 0.0074 | 0.0190 | 0.0330 | 5.18 | 0.1328 | 0.3333 | 0.1430 | 2.73
64 | 0.003125 | 0.0041 | 0.0091 | 0.0328 | 8.32 | 0.0760 | 0.1655 | 0.1429 | 2.88

Table 3.5: The error, the two contributions 1, and 7. of the error estimator in (3.73) and the
effectivity index for v = 0.001 and v = 1 for the first example.
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We recall that we use different FE spaces for the reference and the approximate solution and
thus, even in the case where the same mesh is used for both solutions, there is still an error
due to space discretization. We can see in Table 3.5 that the effectivity index tends to the
one obtained in Table 3.4 when the spatial error is dominating while when the statistical
error dominates, it is about 13 and 3 for v = 0.001 and v = 1, respectively. This highlights
the dependence of the error estimate given in Section 3.2.5 with respect to the input data.
However, we can see that when both £ and € are divided by 2 then the effectivity index remains
constant, this observation being tempered by the fact that the effectivity index for € = 0 is not
constant for the various meshes considered (see Table 3.4). For instance, in the case v = 0.001
and € = (5n)7!, which corresponds to h = 3.5¢, the effectivity index is about 8. We study now
the efficiency of the second error estimate with respect to the viscosity. In Figure 3.9, we give
the effectivity index with respect to v for both error estimators 17 and 7) = (17% +12) %, where 7,
is given in (3.77), in the case € = 0.025, n = 64 and n,, = 64, which corresponds to a statistical
error dominant regime.

—e—first estimator
16- —e— second estimator
14- 7

12F 1

101 1

effectivity index
[e]
T
.

log v

Figure 3.9: Effectivity index with respect to the viscosity v for the two error estimators  and 7
defined in (3.73) and (3.77) for the first example.

We can see that the effectivity index of the first error estimator 17 remains constant for viscosi-
ties greater than 0.01 while below this value, it starts increasing as v decreases. The situation is
different for the second estimator ) of Section 3.2.5, whose efficiency is not sensitive to the
value of v.

Remark 3.2.17. In order to have the correct balance of the two terms appearing in the error
estimator 1 or ], we could estimate numerically the constants in front of each termny andn,
orfle. The estimation of these constants can also be used to construct a sharp error estimator,
namely an error estimator with effectivity index close to 1. According to the results in Table
3.4, the term ny, should be multiplied by a factor 1/2.8. For the term due to uncertainty, we
obtain that 7). should be multiplied by about 1.5, considering for instance same FE spaces and
fine mesh for both the reference and approximate solutions, whereas the constant in front ofn,
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depends on the viscosity as seen in Table 3.5 or Figure 3.9 (for instance 1/13 for v =0.001 or1/3
forv=0.01).

To conclude the analysis of this first example, we mention that similar results are obtained
if we use homogeneous Neumann boundary conditions on the outlet part of the boundary.
Notice that in this case, the jump term should be modified appropriately since it is no longer
zero on the boundary edges belonging to the outlet.

Second example

For this second example, the reference geometry D consists in a square [ H, H]? with H = 0.5
and a circular hole of radius R = 0.15 centred at the origin, as depicted in Figure 3.10 where
the prescribed boundary conditions are also indicated. The shape of the hole is given on D

u=>1,07T
u=1,07 u= (1,07
L
u=>1,07 !

Figure 3.10: Geometry with prescribed boundary conditions for the second example.

by (¢1,¢2) = (Rcos(0), Rsin(0)) with 6 € [0,27]. We perturb this hole by modifying its radius
L

j=1
i.i.d uniform random variables in [-1,1]. The coefficients k; and a; control the frequency and

the amplitude of each term, respectively. We mention that a similar perturbation is considered

with respect to the angle by the formula R + edy, where dy =3.7_, ajcos(k;0)Y; and Y; are

in [125], where the mapping is not constructed explicitly but computed through solutions of
Laplace equations. We consider here the following mapping x,, from D to D,, which fits the
above perturbation: denoting r = 4/ f% + ég and 0 = arctan(g—f) the polar coordinates of any
point & = (&1,¢2) of D, we take

L
x=¢+e) @;QYj), @;&=a;jcosk;0)g@)
j=1

(3.80)

cos(6)
sin(@) |’
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where the cutoff function g is such that it vanishes at the boundary of the domain and is equal
to 1 in the hole, namely we use

1 if rel0,R]
i o 3.81
g©) Gi-HY(G-H) otherwise. 80

(R 2= HA) (R2Ey 12— H?)

The graph of this function is depicted in Figure 3.11

Figure 3.11: Function g = g(¢,,¢2) defined in (3.81).

The mesh is again built with a Delaunay triangulation using n equispaced points on the
boundaries of the square and 27 on the hole for various values of n with corresponding mesh
size h =~ 1.5n"! and number of elements and vertices of about 3.5n% and 2n?, respectively.

Remark 3.2.18. Contrary to the previous example, the choice of the boundary conditions on
the outlet has an impact on the solution of this problem, due to the fact that the outlet is close to
the cylinder. This is especially true for small viscosities, in which case some flow is re-entering
the domain when homogeneous Neumann conditions are used while the solution presents a
boundary layer when Dirichlet conditions are enforced.

Deterministic case

We consider first the deterministic case taking € = 0. The plot of the velocity magnitude, the
two components u; and u, and the pressure obtained using P, —[®; FE and the finest mesh
(n=160) is given in Figure 3.12.

Moreover, we give in Table 3.6 the results we get for various values of n and v. Similarly to the
previous example, the effectivity index is about 2.8 in all cases, when h is small enough.
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{ 2

Figure 3.12: From left to right: velocity magnitude, components u; and u, and pressure for
the second problem in the case € =0 and v = 0.05.

v=0.05 v=0.1 v=0.5 v=1
n err n el err n el err n el err n el
10 | 0.477 | 1.149 | 2.41 | 0.621 | 1.405 | 2.26 | 1.364 | 2.988 | 2.19 | 1.930 | 4.221 | 2.19
20 | 0.230 | 0.579 | 2.51 | 0.278 | 0.697 | 2.51 | 0.590 | 1.470 | 2.49 | 0.833 | 2.074 | 2.49
40 | 0.112 | 0.294 | 2.63 | 0.132 | 0.353 | 2.67 | 0.279 | 0.745 | 2.68 | 0.393 | 1.052 | 2.68
80 | 0.055 | 0.148 | 2.71 | 0.064 | 0.176 | 2.75 | 0.134 | 0.371 | 2.76 | 0.190 | 0.523 | 2.76
160 | 0.026 | 0.073 | 2.77 | 0.031 | 0.087 | 2.80 | 0.066 | 0.184 | 2.80 | 0.096 | 0.259 | 2.80

Table 3.6: Error, error estimator and effectivity index for the deterministic case (¢ = 0) and
various viscosities for the second example.

Random case

We consider first L = 1 random variable, we fix @7 = 1 and k; = 6 in the definition of dg and we
let 0 < £ =0.01. The vorticity of the velocity u and the pressure p in the case € =0.01, v = 0.05
and Y = 1is given in Figure 3.13, where the solution obtained by solving the problem defined
on D, as well as the solution for the case € = 0 are also given for comparison.

We give in Table 3.7 the numerical results obtained for v = 0.05 and v = 1 and various values of
nande.

Similarly to the previous example, we observe that the effectivity index tends to the one
obtained for the deterministic case (€ = 0) when the error in & is dominating, while it is about
6 and 1.5 for v =0.05 and v = 1, respectively, when the statistical error dominates. This shows
again the sensitivity of the efficiency of the first error estimator with respect to the input data
but, as before, the effectivity index remains about constant when both # and ¢ are divided by
2. Indeed, for instance for v = 0.05 and € = (10n) "}, corresponding to h = 15¢, it stays between
3.81 and 4.05. Finally, the same behaviour than in the previous example is observed for the
efficiency of the second error estimator ) with respect to the viscosity, as can be seen in Figure
3.14 where the results are given for the case € = 0.005, n =160 and 1. = 160.

The results are similar when we consider other kinds of perturbation. For instance, let consider
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Figure 3.13: Vorticity of the velocity and pressure for v = 0.05 in the case € = 0 (left) and € = 0.01
with Y =1 computed D,, (middle) and on D (right) for the second example.

—e— first estimator
—e— second estimator|

10F E

effectivity index
=

0
107 107" 10° 10
log v

Figure 3.14: Effectivity index with respect to the viscosity v for the two error estimators n and
f) defined in (3.73) and (3.77) for the second example.
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v=0.05 v=1
n £ err h Me e.l. err h Me e.l.
10 0.01 0.5125 | 1.1492 | 1.6181 | 3.87 | 2.0403 | 4.2209 | 1.4479 | 2.19
20 0.01 0.3251 | 0.5785 | 1.5682 | 5.14 | 1.2200 | 2.0741 | 1.3862 | 2.04
40 0.01 0.2625 | 0.2937 | 1.5552 | 6.03 | 1.0216 | 1.0524 | 1.3730 | 1.69
80 0.01 0.2486 | 0.1478 | 1.5519 | 6.27 | 1.0040 | 0.5233 | 1.3696 | 1.46
160 0.01 0.2431 | 0.07279 | 1.5511 | 6.39 | 0.9630 | 0.2594 | 1.3687 | 1.45
10 0.005 0.4859 | 1.1492 | 0.8090 | 2.89 | 1.9575 | 4.2209 | 0.7240 | 2.19
20 0.005 0.2556 | 0.5785 | 0.7841 | 3.81 | 0.9477 | 2.0741 | 0.6931 | 2.31
40 0.005 0.1628 | 0.2937 | 0.7776 | 5.11 | 0.6163 | 1.0524 | 0.6865 | 2.04
80 0.005 0.1340 | 0.1478 | 0.7759 | 591 | 0.5149 | 0.5233 | 0.6848 | 1.67
160 0.005 0.1238 | 0.0728 | 0.7755 | 6.29 | 0.4891 | 0.2594 | 0.6843 | 1.50
10 0.0025 | 0.4792 | 1.1492 | 0.4045 | 2.54 | 1.9363 | 4.2209 | 0.3620 | 2.19
20 0.0025 | 0.2370 | 0.5785 | 0.3921 | 2.95 | 0.8602 | 2.0741 | 0.3465 | 2.44
40 0.0025 | 0.1263 | 0.2937 | 0.3888 | 3.86 | 0.4538 | 1.0524 | 0.3433 | 2.44
80 0.0025 | 0.0808 | 0.1478 | 0.3880 | 5.14 | 0.3085 | 0.5233 | 0.3424 | 2.03
160 | 0.0025 | 0.0662 | 0.0728 | 0.3878 | 5.96 | 0.2584 | 0.2594 | 0.3422 | 1.66
10 | 0.00125 | 0.4776 | 1.1492 | 0.2023 | 2.44 | 1.9317 | 4.2209 | 0.1810 | 2.19
20 | 0.00125 | 0.2319 | 0.5785 | 0.1960 | 2.63 | 0.8399 | 2.0741 | 0.1733 | 2.48
40 | 0.00125 | 0.1154 | 0.2937 | 0.1944 | 3.05 | 0.4098 | 1.0524 | 0.1716 | 2.60
80 | 0.00125 | 0.0624 | 0.1478 | 0.1940 | 3.91 | 0.2237 | 0.5233 | 0.1712 | 2.46
160 | 0.00125 | 0.0405 | 0.0728 | 0.1939 | 5.12 | 0.1517 | 0.2594 | 0.1711 | 2.05
10 | 0.000625 | 0.4772 | 1.1492 | 0.1011 | 2.42 | 1.9304 | 4.2209 | 0.0905 | 2.19
20 | 0.000625 | 0.2306 | 0.5785 | 0.0980 | 2.54 | 0.8347 | 2.0741 | 0.0866 | 2.49
40 | 0.000625 | 0.1125 | 0.2937 | 0.0972 | 2.75 | 0.3977 | 1.0524 | 0.0858 | 2.66
80 | 0.000625 | 0.0565 | 0.1479 | 0.0970 | 3.13 | 0.1987 | 0.5233 | 0.0856 | 2.67
160 | 0.000625 | 0.0304 | 0.0728 | 0.0970 | 3.99 | 0.1101 | 0.2594 | 0.0855 | 2.48

Table 3.7: The error, the two contributions 7 and 7, of the estimator in (3.73) and the
effectivity index for v=0.05and v = 1.
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(3.80) with L =2 with k; =6, k, =11, @; =1 and a» = 0.8. The results we obtained, given in
Figure 3.15 and in Table 3.8, are very similar to those presented in Table 3.7. The results for the
second error estimator f) with the estimated constant, see Remark 3.2.17, are also provided.
We can see that for i small enough, namely when the effectivity index for the spatial error
estimator is about 2.8 (see Table 3.6), the error estimator is sharp.

Figure 3.15: Vorticity of the velocity and pressure for v = 0.05 in the case € = 0 (left) and € = 0.01
with Y =1 computed D,, (middle) and on D (right) for the second example with L = 2.

Conclusions

In this chapter, we have considered steady-state nonlinear PDEs on random domains, namely
the one-dimensional viscous Burgers’ equation and the incompressible Navier-Stokes equa-
tions. We have used the domain mapping method to transform them into PDEs on a fixed
reference domain with random coefficients.

We have first studied the deterministic Burgers’ equation with mixed Dirichlet-Neumann
boundary conditions. We have shown the well-posedness of the problem under suitable as-
sumptions on the input data and we have derived an a posteriori error estimate. Then, the case
of random intervals has been considered, performing all the analysis on the fixed reference
domain. Finally, we have presented two numerical examples both in the deterministic and
random cases.

For the Navier-Stokes equations, we started the analysis by showing the well-posedness of the

140



3.2. Steady-state incompressible Navier-Stokes equations in random domains

n £ err n Ne nlerr | /2.8 | 1.5, | filerr
10 0.005 0.4994 | 1.1492 | 1.4301 | 3.67 | 0.4104 | 0.1849 | 0.90
20 0.005 0.2924 | 0.5785 | 1.3884 | 5.14 | 0.2066 | 0.1992 | 0.98
40 0.005 | 0.22061 | 0.2937 | 1.3768 | 6.38 | 0.1049 | 0.2054 | 1.05
80 0.005 0.1983 | 0.1478 | 1.3739 | 6.97 | 0.0528 | 0.2072 | 1.08
160 | 0.005 0.1928 | 0.0728 | 1.3732 | 7.13 | 0.0260 | 0.2077 | 1.09
10 | 0.0025 | 0.4826 | 1.1492 | 0.7151 | 2.80 | 0.4104 | 0.0924 | 0.87
20 | 0.0025 | 0.2477 | 0.5785 | 0.6942 | 3.65 | 0.2066 | 0.0996 | 0.93
40 | 0.0025 | 0.1464 | 0.2937 | 0.6884 | 5.11 | 0.1049 | 0.1027 | 1.00
80 | 0.0025 | 0.1080 | 0.1478 | 0.6869 | 6.51 | 0.0528 | 0.1036 | 1.08
160 | 0.0025 | 0.0988 | 0.0728 | 0.6866 | 6.99 | 0.0260 | 0.1038 | 1.08
10 | 0.00125 | 0.4784 | 1.1492 | 0.3575 | 2.52 | 0.4104 | 0.0462 | 0.86
20 | 0.00125 | 0.2345 | 0.5785 | 0.3471 | 2.88 | 0.2066 | 0.0498 | 0.91
40 | 0.00125 | 0.1212 | 0.2937 | 0.3442 | 3.73 | 0.1049 | 0.0513 | 0.96
80 | 0.00125 | 0.0731 | 0.1478 | 0.3435 | 5.12 | 0.0528 | 0.0518 | 1.01
160 | 0.00125 | 0.0545 | 0.0728 | 0.3433 | 6.44 | 0.0260 | 0.0519 | 1.06

Table 3.8: Effectivity index of the two error estimators in the case v = 0.05 for the second
example with L = 2.

problem under suitable assumptions on the input data and the mapping, before performing an
a posteriori error analysis. Using a perturbation method, we obtained two error estimates for
the first order approximation (u, p) = (ug ;, po,;,). Both estimates are constituted of two parts,
namely one part due to space discretization in 4 and one due to the uncertainty in €. They
already give useful information, especially when the problem contains small uncertainties.
They can indeed be used to adaptively find a spatial mesh that balances the two sources
of error. Further mesh refinement should then be avoided since it would not decrease the
total error, the statistical error being dominant. The latter can only be decreased by adding
more terms in the expansion of the solution. Notice that if we want to analyse higher order
approximations in g, then we should impose additional regularity assumptions on f and on

dxd
*“ for

the random mapping, namely that the Jacobian matrix V¢ ; belongs to (Wle(D)]
j=0,1,...,Land not only for j = 0. Indeed, we have that the residual for the FE approximation
(Ujn Pjn) of (Uj, Pj) belongs to L?(D) for j =1,...,L, where (Uj, P;) is the solution of (3.59)
and appears in the second term of the expansion of the solution. The same holds for the

residual of the higher order terms.

Each of the two error estimators 1 and 7) that we obtained presents its advantages and draw-
backs. The first one can be computed by solving only one nonlinear problem, namely the
standard Navier-Stokes equations on the reference domain. We have seen however that the
sharpness of this estimator might be affected when changing the input data, as predicted by
the theory. In the two numerical examples considered here, the effectivity index remains con-
stant for moderate Reynolds numbers but then starts to increase as the viscosity diminishes.
The second error estimator shows promising results, its efficiency being indeed independent
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Chapter 3. PDEs in random domains

of the input data for all the cases we have considered. The extra cost to pay is the resolution of
L additional linear problems. Finally, as mentioned in Remark 3.2.17, the constant in front of
the two terms in & and € can be estimated numerically (once for all for the second estimator)
to get a sharp error estimator, that is an estimator with effectivity index close to 1.

3.A Derivation of problems (3.58) and (3.59)

We give here some details about the derivation of the problems (3.58) and (3.59) that we need
to solve to obtain the first two terms in the expansion of the solution (u, p), namely (ug, po)
and (uj, p1). These problems are obtained by replacing each term in (3.35), the problem in
strong form for (u, p), by its expansion with respect to € and keeping only the appropriate
terms. Using relations (3.55) and (3.56), we can write

JxAAT

(A +etr(A) +0E*)(I-eA +O(€*)I-eAl + 0 (%))
I+e(tr(ADI—- Ay - AD) +0(e%)

and similarly
AT = I+ e(tr(ADI- A +6(&?).

Therefore, considering for instance the convection term, we get

- xATV)u = ((ug+eu +G(?) - U+e(tr(ADI— Al +GE*)V) (ug +euy + G (62))
(o - V)ug + & [(ug - V)ug + (g - V)uy + (ug - (¢7 (A1 — A])V)ug] + G (€.

Proceeding similarly for all the terms involved in the first equation of (3.35) and keeping the
O (1) terms with respect to € we obtain

—vAug + (ug - Vug + Vpo = fo

which is the first equation of (3.58). If we collect now the terms of order & (¢) we get

—vAu; + (g -V)ug + (u; -VIug+Vpy = tr(ADfy+ £ +vV-[(tr(ADI - A — A V)ug]
—(up - (tr(Al)I—AlT)V)uo = ((tr(A)I - AIT)V)PO-
(3.82)

Finally, since

L
j=

L L L
A1=ZV(pjyj, f, = Fiyj, u1=Zijj and p1=ZPjyj,
j=1 j= j=1

1 j=1
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3.B. Choice of the norm

equation (3.82) is satisfied if

~VAU; + g V)Uj+(U;-V)ug+VP; = tr(Ve o +F;
+VV- | (tr(Vep )T =V ; = Vep ) V)ug
~(uo- (tr(Vp )T -~ Vep[)V)ug
~((tr(Ve I =V )V)po
(3.83)

for j =1,..., L, which is the second equation of problem (3.59). In fact, relations (3.82) and
(3.83) are equivalent since the random variables {Y;} are independent, with zero mean and
unit variance and thus form an orthonormal set. The second equation of (3.35), corresponding
to the incompressibility constraint, is treated analogously.

3.B Choice of the norm

We give here three justifications about the choice of the norm on the space V x Q for the couple
(u, p), more precisely about the scaling with respect to the kinematic viscosity v. We claim that
the appropriate scaling is given by

v, g|ll3 := v¥IvvIi2 + vE 2| gl for any choice k =0,1,2. (3.84)

First of all, we can perform a dimensional analysis. The dimension unit of the kinematic
viscosity is [v] = mTZ while we have, recall that p corresponds to the pressure divided by the
density of the fluid,

1 m\®> 1 N m3\V mt
v 2: _—— = — d 2:(—'—) = —,
[IVul~] (m S) 2 an [p] m2 kg s
from which we deduce that [kaVuI] = [vk-2 pz] for all k. This is also the natural choice

of scaling that arises when looking at the a priori estimates on the solution (u, p) or when
performing a posteriori error estimation. For simplicity, let us consider the (deterministic)
Stokes problem given under the weak form by:

find (u, p) € V x Q such that

F(v) VveV
0 VqeQ,

a(u,v) + b(v, p)
b(u, q)

with V = [H} (D)4, Q = L3(D), a(w,v) =v [, Vu: Vv, b(v,q) = — [, qV-vand F(v) = [, f-v. The
bilinear form a is continuous and coercive on V with constant v and b is continuous on V
with constant 1 and satisfies the inf-sup condition with constant 8 = (D). The problem is
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Chapter 3. PDEs in random domains

thus well-posed (see [32]) and the following a priori estimates are satisfied
1 1 2
[Vull< =lIFlly: and lipl<— (IFly +vIVual) < =IFly.
v i p

Therefore, we have
k/2 ki2-1 ki2-1
v Vall +v Ipl <Cv Ifllv: Vk,

where C = (1 +2/f) is independent of v, which is consistent with the scaling (3.84). Finally, for
the a posteriori error analysis, denoting e = u—uy, and E = p — p;, with uj, and pj, the finite
element approximation of u and p, respectively, we have for any (v,q) € V x Q

a(e,v)+b(v,E)+ b(e,g) = R1 (V) + R2(q), (3.85)
with
Ry(v):=F()—a(uy,v)—-b(v,pp) and Ry(q):=-b(uy,q).

Using relation (3.85), Young'’s inequality and the properties of a and b, we can easily show that

1 v
IEIl < =R llv + —IVell (3.86)
p B

and
(o '%

‘62

with for instance ¢; = ¢y = 3, the value of these constants depending only on how we use

€1
vIVel® < IR I + = I Rzlly (3.87)

Young’s inequality. From the last two inequalities, we deduce that the scaling (3.84) should be
used to get
VK| Vel + vE 2B < C (v 2R B, + vEI R I ),

where C is a constant independent of v (but which depends on the inf-sup constant £).

We mention that in a diffusion-dominating regime, the choice k = 0 yields a total error ||e, E|lo
which remains constant when v varies. Indeed, in such a case the velocity error ||Ve|| is
constant while the pressure error | E|| behaves as v, i.e. %IIEII is constant.

3.C Proof of some properties

Proposition 3.C.1. Let A, B,C € R™" be square matrices with coefficients denoted respectively
by aij, bij and c;j for1 <1, j < n, and letw be any smooth function with value in R". We then
have

AB:CB=ABB":C (3.88)

and
(BTV)w = VwB. (3.89)
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3.C. Proof of some properties

Proof. We first show (3.88). For the term on the left-hand side, we have

n

n n n n
AB:CB= ) (AB);j(CB)jj= )_ ( ailblj)(z Cikbkj)= Y. aubyjcikbg;,
=1 i=1\i=1 =1 ijiki=1

while for the right-hand side, we get

ABBT:C= Y (ABBN)i(Cik= Y. Y (AB);;(BNjk(Cix= Y. aubijbijci.

n n
ik=1 ik=1j=1 ik =1

We now prove (3.89). From the definition of the gradient operator applied to a vector field, we

have
(BTVyw)T BTV)w, - BTV),w

BTV)w= : = : . :
(B"V)wy)" B'V)w, - (BTV)wy
where w; denotes the i’ component of w, and thus

[(B"V)w],; = (BTV)j(w);.

Therefore, the coefficient of the i’"-row and j th_column of the n x n matrix (BT V)w is given
by

[(BTOwW];; = Y BN(Wiwi= Y. brjaes =Y (VW)i(B)ij = (VWB);;.
k=1 I=1 0ck 1

We now show the relation (3.34) used in Section 3.2.2 to write the strong formulation of the
problem on D. It can be proven by an integration by part back on the random domain D,, or
using the Piola identity V - ( ]XAT) =0 (see [101] for instance). Indeed, we have

f G (ATV) -vdE = f GV -edx = - f V- Vdx= - f ATV ) -vdE,
D D, D, D

which yields (3.34) since Jx is either positive or negative, depending if the orientation is
preserved or not by the mapping. Using the second alternative, since V- (JxAv) = (V- ( ]XAT)) .
v+ (JxATV)-vwe have

[q]x(ATV)'Vdf fCIV'(]xAV)df—f(V‘(]xAT))'(CIV)df
D D D ——

=0

- f Jx(ATVq) -vdE.
D

Be aware that in [101], the divergence operator applied to a tensor field is defined as the
divergence applied to its transposed according to the definition used here. Recall that here we
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Chapter 3. PDEs in random domains

defined [V- (A", = 4, 2 Ux(aD)i) = T4, 2 0 (Jx2e)i ox,,) for i = 1,...,d. Moreover,
we mention that the Piola identity, which is easily obtained for smooth functions, say C?
functions, is still valid (in a weak sense) for less regular functions such as H ! functions (see for
instance [12,47]).

Finally, we derive the bound for the term I3 = b(v, po,;,;Yo) — b(v, po,;,;y) that appear in the
proof of Proposition 3.2.14. Writing & = ({1,¢2) and v = (v, 12) T the two terms in component

form read 5 5
4] %]
b(v, ; ):—f V-vdé = f ( +—)d
Po,i; Yo DPo,h ¢ Po,n 3¢, " 35, ¢
and
b(v,popny) = —f po.nJx(ATV) -vdE
E ](A O 4 4y 9% 4 4,9 4 4 %)df
= POhx 1165 21552 12agrl 22agr

Subtracting these two terms and using (both continuous and discrete version of) Cauchy-
Schwarz’s inequality we finally obtain

I

0V,
j;)(]xAn—l)POh—df+f ]xA21P0h—df+f ]xAIZPOhgdf

0vs
+/ UxA22 =1 po, h—df

0¢»
< ||(]xA11_1)P0h||||¥||+||]xA21P0h|||| 3%, ||+||JxAlzp0h||||£n
+1UxA22 = 1) po,pll || 0_52 ||
< (1UxA11 = Dpopll? + I xA21 ol + 1 Jx A2 po,ull*

1

) % 2 6l)l 2
+UxAz2 = Dpoul®)? | X =1
i,j=1 65]

= UxAT = DpopllIVVIL.
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We could also proceed as follows:

II3 b(v, po,n;y¥0) — bV, po,n;y) =—fDPo,hV'VderfDPo,hfx(ATV)'Vdf

fDPo,h(IV)ivid§+j;)Po,h]x(ATV)ividf]

prhal]af df"'f pOh]x(A )”66 é]
J J

df] f PonUAT — I): VvdE

i

Ux(AT); l)
52 prh ij —Oij af]

fD I po.nUxAT = DIEIIVVIE

IA

IA

P01 UxAT = Dl 20y 1YV 12 (D),

where || - || r denotes the Froebenius norm.
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Time-dependent heat equation with
random Robin boundary conditions

Introduction

In this chapter, we perform an a posteriori error analysis for a time-dependent PDE with
random input data, namely the heat equation with random Robin boundary conditions. The
analysis is very similar to what has been done in the previous chapters, except that we have
to take into account the error due to time discretization. For instance, for the approximation
u = ug pr, where ug p; is a space-time approximation of the deterministic part ug in the
expansion of the solution u, the a posteriori error estimate is constituted of three parts, see
Proposition 4.3.1. Each part controls a different source of error, namely the error due to space
discretization, time discretization and uncertainty (truncation in the expansion of u).

4.1 Problem statement

Let DcRY, d =2,3, be an open bounded domain with Lipschitz continuous boundary 0D
and let (O, %, P) be a compete probability space. We consider the following heat problem with
random Robin boundary conditions:

find u: (0, T) x D x Q — R such that a.s. in Q the following equations hold

QLX) . (k) Vult, X, )

G f(t,x) xeD,te(0,T)

ult,x,w) = 0 xel'p,te(0,T)
du(txw) — (4.1)
kx) =3~ +ax,0)u(t,x,0) = g(t,x) xelg,te(0,T)
u(t,x,w) = @x xeD,t=0

with I'p and I'g the Dirichlet and Robin boundary parts such that 'puUl'g =0D and'pnT'r = @
and n is the outward unit normal vector on I'g. Notice that the subsequent analysis can be
quite easily extended to the cases [ = f(t,x,0), g = g(t,X, ), ¢ = (X, w) or k = k(X,w). From
a physical point of view, the Robin boundary conditions for the heat problem are used to
model the Newton’s law of cooling [123], namely that the rate of change of temperature is
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Chapter 4. Time-dependent heat equation with random Robin boundary conditions

proportional to the temperature difference between the solid surface I'r and its surroundings.
Mathematically, this results in imposing a linear combination of Dirichlet (impose the tem-
perature) and Neumann (impose the heat flux) boundary conditions. The parameter « is the
heat transfer coefficient and depends on the material, the geometry, the environment, etc.
In practise, this coefficient is often determined from experiments and is therefore subject to
uncertainty. Another similar problem arises for instance in glaciology, when modelling the
motion of glaciers, see for instance [80, 104] and references therein. The boundary conditions
prescribed on the sliding basal part are indeed affected by uncertainty, for instance due to a
lack of knowledge of the shape of the mountain or the difficulty to get measurements of the
velocity of the ice on the base of the glacier.

We make the following assumptions on the input data
feL?0,T;L*(D)), g€ L*(0, T; L*(Tr)), k€ L®(D;R™%), g € L*(D), a(-,w) € L°(T'g) a.s.

and
Jkpmin >0 such that VEeR?, kx)é-&=kminlél® a.e.in D. (4.2)

Moreover, we assume that the random field a depends on a finite number of random variables
L
{ Y]}j:p namely
ax ) =axYw)=akx Y (w),..., YL().
LetI'=T7 x...xT, whereT; = Y;(Q), and let p : T — R* be the joint density function of the
random vector Y. Let
V=H ={ve H'(D): v=0onTp}

endowed with the norm

[Vl p) = IVl 12(p) iflp#@
e T O [ A I TS (i
VIl oy = /1012 Uitz HTp=2.

The parametric (pointwise in y and ¢) weak formulation of problem (4.1) reads:

find ue Lf, (T;L2(0, T; V) N C°([0, T]; L2(D))) such that

u0,x,y) = ¢x xeD,p-aeyel
d (4.3)
EfDL”H- a(u,v;y) = F(v) VveV,ae te(0,7),p-aeyel
with
alu,v;y) = kau-Vv+f a(y)uv (4.4)
D T'x
F(v) := f fv+ gv. (4.5)
D T'x
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4.1. Problem statement

We can easily show that problem (4.3) is well-posed under the assumption
aX,y) = anmin >0 ae xelpp-ae yel. (4.6)

Indeed, the condition (4.6) ensures the (uniform) coercivity of the bilinear form a defined in
(4.4), that is there exists a constant C, > 0 such that

Call vll%, <a(v,v;y) VveVandp-ae yerl. 4.7)

It is obvious that (4.6) implies (4.7) for the case I'p # @, i.e. when V is endowed with the
gradient norm, while it can be proved proceeding ab absurdo for the case I'p = @.

Remark 4.1.1. In the casel'p # @, the assumption (4.6) can be relaxed since the bilinear form
a is also coercive under the condition

kmin

m p-a.e.ye& T, (4.8)

laC, W lrery <

where Cr and Ct denote the Friedrich-Poincaré and trace constants in (2.5) and (2.10), respec-
tively. In particular, it is not necessary that @ remains positive. Indeed, thanks to (4.2) and
using

2 2 2 2 2 2 2
__/I: av” = ||a||L°°(FR) ” UHLZ(FR) = CT”“”LO"(FR) ” U”HI(D) = CT(l + CF) ”a”LOO(FR) ”vv”LZ(D)
R
we have
o) — 2 2 2 2 2
a(v, vyy) —f kIVu| +f1“ av® = (kmin — C7(1+ Cp)l @l =@ ) IVVIT2
D R

foranyveV and p-a.e. inT. The coercivity constant C, > 0 is then given by
C, = Krmin if(4.6) holds

“7 kmin = llallzoqy C2(1+C2)  if (4.8) holds.
Specific form of a

We assume that the random coefficient a, which appears in the Robin boundary condition,
depends in an affine way on the random variables, namely that it can be written

L
ax,Y() = aox) +& ) aj®Yjw),
j=1

L . . . . .
where {Y;} j=1 are independent random variables with zero mean and unit variance.

Example 4.1.2. Let D = (0, 1)? with boundaryT'p andI'r =T g, UT'p, UT'R, as shown in Figure
4.1.
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Ig

3

I'p Ig,

I'g

1

Figure 4.1: Geometry with label for each part of the boundary.

We take then a/(x,Y(@)) = ao®) + £ ¥5_, a;(0)Y;() with

a if xel if xel
01 f R aj if xeTy, g f R
Ao = Qo2 lf XEFRZ y = 0 if Xx€Tr\T , 8= & lf XEFR2
Qp,3 if Xe ng REZER g3 lf Xe FR3

and ay j,a;j € L°°(I“R].), Jj =1,2,3, such that (4.6) holds, i.e. @ = anin > 0. For instance, in the
casel = [—1,113, it is then required thatelaj| < ap,j for j=1,2,3.

Methodology

As in the previous chapters, we use a perturbation technique expanding the (random) solution
u with respect to € as:

u(t,x,Y()) = up(t,%) +eur (£, %, Y(0)) + €2 uz (£,%, Y()) +...
The problem for the first term u, in the expansion simply reads:

find ug: (0, T) x D — R such that

(X . (k(x)Vu(t,%))

f(t,x) xeD,te(0,T)

up(t,x) = 0 xeTp,t€(0,T)
Oug(t,x) 4.9)
kx) =3 +aoX®uo(t,x) = g(t,x) xe€lg,te(0,7)
u(t,x) = X xeD,t=0,
whose weak formulation can be written:
find ug € L?(0, T; V) n C°([0, T1; L?(D)) such that
= X xeD
(4.10)

up(0,x)
d
—f u0v+kaVuo-Vv+er QoUpV
D

77 fov+ergv YveV,ae. te(0,7).
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4.2, Numerical approximation

Notice that problem (4.10) is nothing else than problem (4.3) with y = E[Y] = 0. Writing
u(6,x,Y(w)) = Z]L.zl U;(t,x)Y;(w), the second term in the expansion can be obtained by solving
the L problems:

find U; : (0, T) x D — R such that

aU;(1,x)

57 —V~(k(x)VUj(t,x)) =0 xeD,te(0,T)
Uj(t,x) =0 xel'p,te(0,T)
oU; (1%) (4.11)
k(x) - taoXUj(6,x) = —ajXup(x) xeTg,te€(0,T)
Uj(t,x) =0 xeD,t=0.

4.2 Numerical approximation
We assume from now on that f € C°([0, T]; L?(D)), g € C°([0, T]; L>(T'r)) and ¢ € C°(D).

We approximate the solution ug of problem (4.10) using the (implicit) Backward Euler scheme
in time and (Py) finite elements in space. Forany 7 >0,let0=f) <t <...<ty =T be
a discretization of the time interval [0, T] into M subintervals I, = [t;-1, t,] of length 7, =
th—th-1 <7, n=1,..., M. Moreover, for any h > 0, let 93, be a shape regular (in the sense
of [49]) partition of D into d-simplices K of diameter hg < h and let

Vi=veC’D): vikePr, VKeTpnV

be the subspace of V constituted of continuous, piecewise polynomial functions on J7,.

Remark 4.2.1. Notice that a different mesh could be used for each time step, see e.g. [103], in
which case we would write 7, and V,' the mesh and FE space at time t,. This functionality
would be needed for instance when using adaptive algorithms, to allow the spatial meshes to
vary in time. The introduction of an (interpolant) operator between two successive meshes is
then required.

The fully discretized problem reads:

1. Initialization: ugy n=Th®
2. Forn=1,...,M: find u(’}h € Vj, such that:

Uy, = g,
f;v;ﬁf kVu(’,lh-Vvh+f aou(’)’hvh=ff”vh+f g"vy, VYupeVy,
D T}’l D ’ FR ’ D FR
(4.12)

where f" = f(-, t,) and g" = g(-, t,,). Finally, we define the global approximation u j, linear

153



Chapter 4. Time-dependent heat equation with random Robin boundary conditions

on each subinterval I,,, by

t
o,z (£,%) := g , (%) + ug '@ fort €ty 1, tyl, n=1,...,M. (4.13)

n n

4.3 A posteriori error analysis

For ease of notation, we introduce the element and edge residuals R and J defined on each
element K and each edge e by, respectively,

ou h
R(uo,h,)\K:f—% +V - (kVugpr) (4.14)
and
$1kVug pr - neln, if ecD
J(uo pr)|, =1 &— @olo,ne —kVugpr-me if ecTp (4.15)
0 if ecIp.

We have denoted by [-],, the jump across an interior edge e, defined by
(#In, 00 := lim (9(x+ tme) —p(x—ine)).

Here, n, is the outer unit normal vector to the edge e if e < I' while for interior edges e c D, it
is a unit normal vector to e of arbitrary (but fixed) direction. Notice that the choice of direction
is irrelevant since quantities of the type [V¢ -n.ly, is not affected by this choice, while [¢]p, is.

We have now introduced all the ingredients necessary to derive our a posteriori error estimate
for the error e := u — uy j; given in the following proposition.

Proposition 4.3.1. Let u be the weak solution of problem (4.1) and let ug j,; be defined in (4.13).
Then there exists a constant C > 0 depending only on the trace constant and the mesh aspect
ratio such that

T
E (1= to) D]+ Ca | Ellu— il di <

C M
||<P—rh<P||iz(D)+C—aZ >

n=1KeJ},

ty
f (D + () +OH>dt|,

th-1

(4.16)
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4.3. A posteriorierror analysis

where C, is the constant in (4.7) and

MR = gl R no) 72 + ZaKhenJ(uo,m)niz(e) 4.17)
ec
R = Vo ne =t Moo H I = 1o+ Y 18—8" = aoluo ne = uf )72,
ECaKﬁrR

(4.18)
L

(61’})2 = 82 Z ”a] uO,hT”iZ(aKn[‘R)- (419)
j=1

Proof. Let us write e = u — uy ;. In what follows, all equations are valid for a.e. ¢ and a.s.
in Q without necessarily mentioning it. Moreover, C will denote a generic constant, whose
value might change from one occurrence to another, that depends only on the interpolation
constants in (1.26), (1.27) and (1.28), the trace constant in (2.10) and, if ' p # @, the Friedrich-
Poincaré constant in (2.5). Thanks to equations (4.12) and (4.13), we have for each vj, € Vj, and
eachnefl,..., M}

Oug, hr
—'vh+f kVuoyhT-Vvh+f QolUo,pr UV = ffv;ﬁf gvh+f kV (uo nr — ug ) - Vop
p Ot D T D T'x D :

+f ao(uo,m—u(}h)vwf (f"=fn
T'r ’ D

+ : g"-gvy (4.20)

. ull, —u! . .
using the fact that % = w on each time subinterval I,,, n =1,..., M. Thanks to the

coercivity of a, see (4.7), we have

ca||e||%,sf k|Ve|2+f ae’.
D I'r

We now let n be any value in {1,..., M}. Then, for all v € V we have

d auo,hr
—f ev+f kVe-Vv+f aey = ffv+f gv—f v—f kVug pr- Vo
dt Jp D Tx D I'x p Ot D

—f aouo,hrv—f (@ —ao)uo nr v
I'r I'r

o
420 ff(u—lhv)+f g(v—Ihv)—f okt () — 1)
D I'r D 0t

—f kVuo,hr'V(v—IhV)—f QoUo,pr (V—Ipv)
D Tr

—kaV(uo,m—u{,’,h)VIhv—f ao(to,nr — Uy ) Inv

I'r

—f(f”—f)lhv—f (g”—g)lhv—f (&= )t e
D T'r I'r

where I;, denotes the Clément interpolant of v. Taking then v = e(¢,-,Y(w)) a.e. t € I and a.s.
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Chapter 4. Time-dependent heat equation with random Robin boundary conditions

in Q in the last inequality, we get

1d

2 2

5 77 1€1%: o) + Callelly <T+11+111 4.21)
with
1= % {f R(uo,hr)(e—lhe)"'f J(uo,h,)(e—lhe)}

Keg, \WK 0K
I = —f kV(uo,m—u(’}h)'Vlhe—f ao(uo,m—u{)’h)lhe+f(f—f”)IheJrf (g-8g"Ine
D ’ T'r ’ D I'r

nr := - (a—ap)ugnre

I'r

and R and J defined in (4.14) and (4.15), respectively. Notice that the terms I, I and III control
the error due to space discretization, time discretization and truncation in the expansion of u,
respectively. We now bound each of these terms separately.

bound for I: recalling the definition of n% in (4.17), we obtain using a standard procedure the

bound :

Y (nﬁ)z) lellv, (4.22)

K€3~h

I=C

where Cj is a positive constant that depends only on the interpolation constants in (1.26) and
(1.28).

bound for II: thanks to the triangle inequality, the interpolation error bounds (1.27) and (1.28)
and the trace inequality (2.10), the following inequalities hold true

IVIpelzxy = Vel +IV(e—Inpe)lzx < Clelm (v
Ipelzay = lelzm +le—Inell 2 = C(L+ hi)llell vy = Cllel g vy
3
lnelizy = Crlilnelmp = Cr K;of(||Ihe||i2(,<)+||v1he||iz(,<)) < Cllelly.
h

Therefore, regrouping the integrals over the boundary I'r, we obtain the bound

Ho< G| Y (IkVow = ug ) +1F = 10

Kegy,

1
2

+ ) lg—g" - aoluone —uf )y | Nellv
ecl'p
2
= Cz( Y (71”()2) lellv (4.23)
Kegy,

with y% given in (4.18) and where C; is a positive constant that depends only on the constants
in (1.27), (1.28) and (2.10). It additionally depends on the Friedrich-Poincaré constant in (2.5)
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4.4. Numerical results

inthecaseI'p # @.

bound for III: for the last term, we easily get
I = [[(a — o) uo,ne l 2 el 2@y < Call(a — ao) uo pell 2 llellv, (4.24)

where C3=CrifIp=@¢and C3=Cp/1+ CIZT otherwise, with Cr and Cr given in (2.10) and
(2.5), respectively.

Using the bounds (4.22), (4.23) and (4.24) in (4.21) yields

1
d 2
5 aplelp +Callely, = C| 3 (@R)* + () +l@—aotonlzzq, | lelv
2dt Ked,
n,\2 ny2 2 Cﬂ 2
= Z ((TIK) +(YK) )+”(a_a0)u0,h‘[”L2(rR) +_”el|v
zca Kegy, 2

and thus, splitting the integral of the last term of the right-hand side over the elements K we
get

d C
= lell72p, + Callelly < = 3 [(n@z + () + (@ — ao) uo,nr ||§2(6KOFR)] :
4 a KEf'J—'h

To conclude the proof, we integrate the last inequality over the time subinterval I,;, we sum

then over n ranging from 1 to M and finally, we take the expected value on both sides recalling
that E[Y; Y;] = 6. O

4.4 Numerical results

We give here two numerical examples to test the a posteriori error estimate derived in Section
4.3, see Proposition 4.3.1. We use P; finite elements for the physical space approximation. In
both examples, we set k = I and we consider the case I'p # @. Therefore, the error e = u— v ;¢
with ug j,; defined in (4.13) is measured with the norm

1 1
T 3 T 3
err:=E f Ve(t,-,-) ||%2(D)dt = (f f f [Ve(t,x,w)|?dxdtdPw)| . (4.25)
0 aJo Jp

Similarly to [103], we define then the error estimator

Nl

est:= (w%nz + w%yz + wé@z) (4.26)

with weights wy,, wy and wy to be defined and

M tn M tn M tﬂ
PeL T Coktan Yoy ¥ [Coptan =y T [ oprar
Lo 3 t

1 n=1KeJy -1 n=1KeJy Y n-1
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Chapter 4. Time-dependent heat equation with random Robin boundary conditions

where n%, yl’} and 0 I’g are defined in (4.17), (4.18) and (4.19), respectively. Notice that i controls
the space discretization, y the time discretization and 0 the truncation in the expansion of u
with respect to e.

Let D = (0,1)? with boundary dD =T'p UT as in Figure 4.1, let T = 1 and let Yj, j=1,2,3,be

1

independent uniform random variables in [-1/3, v/3]. For the first case!, we consider

uo(t, x1,x2) = sin(%) sin(ﬂ) sin(@) and aX Y(w)) =apx) +¢ i ajx)Yj(w)
2 2 2 =
(4.27)
with ap(x) =1 and a;(x) = XTw, (%), ¥ being the indicator function. We plug then u and ay
in (4.9) and compute the corresponding (deterministic) right-hand side f, boundary data g

and initial condition ¢. For the second case, using the same notation as in Example 4.1.2, we

choose
1 ifxe FRI
f=sin@rx))t, =0, g1=8.=83=0, ap = 2 ifxelp, anda;=0.9,a0=12,a3=1.
1.4 ifxe FR3

(4.28)

We use a Delaunay triangulation with NV equispaced vertices on each side of D for the space
discretization and a uniform time step 7 for the time discretization.

Deterministic case

We start considering the case € = 0. For the first problem, the error is computed with respect
to the exact solution 1 in (4.27) while for the second case (4.28), we use a reference solution
computed with Ny.r = 80 and 7,.¢ = 277. Moreover, the constants wy and wy in (4.26)
have been tuned considering two test problems with exact solutions for (4.9), namely uy =
sin(mx;/2) sin(mx,/2) (mainly space error) and uy = sin(r¢/2) (mainly time error), leading to
wy =1/5and wy =1/13.

We give in Table 4.1 the results we get for the first case described in (4.27), considering various
meshes with N = 10,20, 30,40 and various time steps 7 = 274,275,276 27 The results obtained
when computing the error with respect to a reference solution obtained with N;.¢ =80 and
Tref = 279 are also provided, for comparison with the random case below where such reference
discretization parameters are used. The results for the case (4.28) with N = 10,20,40 and
1=274275263re provided in Table 4.2.

We see that for the first case (4.27), the error due to time discretization dominates the one due
to the space approximation. The contrary holds for the second case (4.28) where the FE error
is dominant. In both cases, the error estimator that contains the weights w; and w), provides

L This first example is similar to the case (3a) considered in [103]. The difference is that here we impose Robin
(random) boundary conditions on a part of the boundary.
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4.4. Numerical results

N | 1 err wyn wyy est eld. errref | e.i.ref
10 | 27* | 3.0665e-1 | 1.0463e-1 | 3.0351e-1 | 3.2104e-1 | 1.0469 || 2.9537e-1 | 1.0869
10 | 27° | 1.6313e-1 | 7.5454e-2 | 1.5649e-1 | 1.7373e-1 | 1.0650 || 1.5339e-1 | 1.1326
10 | 275 | 9.2626e-2 | 6.0711e-2 | 7.8871e-2 | 9.9531e-2 | 1.0745 || 8.415e-2 | 1.1827
10 | 277 | 6.2591e-2 | 5.4026e-2 | 3.9521e-2 | 6.6938e-2 | 1.0695 || 5.6666e-2 | 1.1813
20 | 27% | 3.0436e-1 | 5.2280e-2 | 3.035le-1 | 3.0798e-1 | 1.0119 || 2.9298e-1 | 1.0512
20 | 27° | 1.5801e-1 | 3.7632e-2 | 1.5649e-1 | 1.6095e-1 | 1.0186 || 1.4795e-1 | 1.0879
20 | 276 | 8.2734e-2 | 3.0209e-2 | 7.8869e-2 | 8.4457e-2 | 1.0208 || 7.3232e-2 | 1.1533
20 | 277 | 4.6377e-2 | 2.6833e-2 | 3.9520e-2 | 4.7768e-2 | 1.0300 || 3.8267e-2 | 1.2483
40 | 27* | 3.0383e-1 | 2.5771e-2 | 3.0351e-1 | 3.0460e-1 | 1.0025 || 2.9242e-1 | 1.0416
40 | 27° | 1.5679e-1 | 1.8571e-2 | 1.5649e-1 | 1.5759%-1 | 1.0051 || 1.4665e-1 | 1.0746
40 | 276 | 8.0254e-2 | 1.4930e-2 | 7.8869e-2 | 8.0270e-2 | 1.0002 || 7.0421e-2 | 1.1399
40 | 277 | 4.1706e-2 | 1.3278e-2 | 3.9520e-2 | 4.1691e-2 | 0.9996 || 3.2461e-2 | 1.2843
80 | 27 | 3.0369e-1 | 1.2951e-2 | 3.0351e-1 | 3.0378e-1 | 1.0003 || 2.9222e-1 | 1.0396
80 | 27° | 1.5648e-1 | 9.3271e-3 | 1.5649e-1 | 1.5677e-1 | 1.0019 | 1.4616e-1 | 1.0726
80 | 276 | 7.9614e-2 | 7.4936e-3 | 7.8869e-2 | 7.9224e-2 | 0.9951 | 6.9327e-2 | 1.1428
80 | 277 | 4.0438e-2 | 6.6615e-3 | 3.9520e-2 | 4.0077e-2 | 0.9911 | 2.9953e-2 | 1.3380

Table 4.1: Error, estimators and effectivity index for the first case (4.27) with € = 0.

N T

err

wnn

est

e.d.

10
10
10

20
20
20

2—4
2—5
2—6

40
40
40

9.8673e-3
9.8634e-3
9.8624e-3

5.1306e-3
5.1233e-3
5.1217e-3

2.7265e-3
2.7129e-3
2.7099e-3

1.0500e-2
1.0491e-2
1.0488e-2

5.2838e-3
5.2790e-3
5.2777e-3

2.6335e-3
2.6311e-3
2.6304e-3

2.4507e-3
1.2254e-3
6.1275e-4

2.4512e-3
1.2257e-3
6.1287e-4

2.4513e-3
1.2257e-3
6.1290e-4

1.0782e-2
1.0562e-2
1.0506e-2

5.8247e-3
5.4194e-3
5.3131e-3

3.5978e-3
2.9026e-3
2.7009e-3

1.0928
1.0708
1.0653

1.1353
1.0578
1.0374

1.3196
1.0699
0.9967

Table 4.2: Error, estimators and effectivity index for the second case (4.28) with € = 0.
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Chapter 4. Time-dependent heat equation with random Robin boundary conditions

an efficient estimation of the error, the effectivity index being close to 1.

Random case

Let us now analyse the random case. The true error err in (4.25) is computed using the
standard Monte-Carlo method with sample size K = 100. Moreover, for the first case (4.27), the
reference solution is computed using Ny, =80 and 7,.r = 279 while we use again N, =80
and 7,0 = 277 for the second case (4.28). We choose wp = 1/3 in (4.26), value obtained by
considering either case with the same mesh for the approximation and the reference solution,
for instance with the coarsest mesh parameters N = 10 and 7 = 2™*. Notice that we get similar
value for the case N = N;.r and 7 = 7,.7. We report in Tables 4.3, 4.4 and 4.5 the results we get
for the first example (4.27) with € =0.4, € = 0.2 and € = 0.1, respectively.

N| 1 err wyn wyy wy0 est eli.

10 | 2% | 3.0838e-1 | 1.0463e-1 | 3.0351e-1 | 8.1729e-2 | 3.3128e-1 | 1.0742
10 | 275 | 1.8362e-1 | 7.5454e-2 | 1.5649¢-1 | 8.6368e-2 | 1.9402e-1 | 1.0566
10 | 275 | 1.3418e-1 | 6.0711e-2 | 7.8871e-2 | 8.9909e-2 | 1.3413e-1 | 0.9996
10 | 277 | 1.1464e-1 | 5.4026e-2 | 3.9521e-2 | 9.2003e-2 | 1.1378e-1 | 0.9925
20 | 274 | 3.1287e-1 | 5.2280e-2 | 3.0351e-1 | 8.1727e-2 | 3.1864e-1 | 1.0184
20 | 27° | 1.8145e-1 | 3.7632e-2 | 1.5649e-1 | 8.6356e-2 | 1.8265e-1 | 1.0067
20 | 276 | 1.2883e-1 | 3.0209e-2 | 7.8869e-2 | 8.9889e-2 | 1.2334e-1 | 0.9574
20 | 277 | 1.0510e-1 | 2.6833e-2 | 3.9520e-2 | 9.1978e-2 | 1.0364e-1 | 0.9861
40 | 27* | 3.1236e-1 | 2.5771e-2 | 3.0351e-1 | 8.1726e-2 | 3.1537e-1 | 1.0097
40 | 27° | 1.7917e-1 | 1.8571e-2 | 1.5649e-1 | 8.6352e-2 | 1.7970e-1 | 1.0029
40 | 275 | 1.2198e-1 | 1.4930e-2 | 7.8869e-2 | 8.9884e-2 | 1.2051e-1 | 0.9880
40 | 277 | 1.0494e-1 | 1.3278e-2 | 3.9520e-2 | 9.1971e-2 | 1.0098e-1 | 0.9622
80 | 27* | 3.0781e-1 | 1.2951e-2 | 3.035le-1 | 8.1726e-2 | 3.1458e-1 | 1.0220
80 | 27° | 1.8436e-1 | 9.3271e-3 | 1.5649e-1 | 8.6352e-2 | 1.7898e-1 | 0.9708
80 | 276 | 1.1655e-1 | 7.4936e-3 | 7.8869e-2 | 8.9882e-2 | 1.1981e-1 | 1.0280
80 | 277 | 1.0339e-1 | 6.6615e-3 | 3.9520e-2 | 9.1970e-2 | 1.0032e-1 | 0.9703

Table 4.3: Error, estimators and effectivity index for the first case (4.27) with € = 0.4.

By analysing the results for this first case, we see that the (weighted) error estimator defined in
(4.26) provides a good control of the error. Indeed, the effectivity index remains close to one for
any value of N, 7 and €. Moreover, examining the behaviour of the error into more details, we
see that each contribution wyn, wyy and wy0 efficiently controls the error. For instance, let us
consider the case N = 80 for which the FE error is negligible. When ¢ = 0.1, the time estimator
is dominant for any value of 7 and the error is indeed divided by two when 7 is halved. On the
contrary, for £ = 0.4, the stochastic estimator is dominant for T =27% and 7 = 277 and we can
indeed observe it on the error: for the various time steps, the error decreases by a factor 1.67,
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N

T

err

WyYy

LU99

est

e.d.

10
10
10
10

20
20
20
20

40
40
40
40

80
80
80
80

2—4
2—5
2—6
2—7

2—4
2—5
2—6
2—7

2—4
2—5
2—6
2—7

2—4
2—5
2—6
2—7

3.0097e-1
1.6461e-1
9.8203e-2
7.3308e-2

2.9975e-1
1.5843e-1
8.6561e-2
6.2790e-2

2.9500e-1
1.5450e-1
8.8589e-2
5.9959e-2

2.9687e-1
1.5454e-1
8.6499e-2
5.5422¢-2

1.0463e-1
7.5454e-2
6.0711e-2
5.4026e-2

5.2280e-2
3.7632e-2
3.0209e-2
2.6833e-2

2.5771e-2
1.8571e-2
1.4930e-2
1.3278e-2

1.2951e-2
9.3271e-3
7.4936e-3
6.6615e-3

3.0351e-1
1.5649e-1
7.8871e-2
3.9521e-2

3.0351e-1
1.5649e-1
7.8869e-2
3.9520e-2

3.0351e-1
1.5649e-1
7.8869e-2
3.9520e-2

3.0351e-1
1.5649e-1
7.8869e-2
3.9520e-2

4.0865e-2
4.3184e-2
4.4955e-2
4.6002¢-2

4.0863e-2
4.3178e-2
4.4945e-2
4.5989¢-2

4.0863e-2
4.3176e-2
4.4942e-2
4.5986¢-2

4.0863e-2
4.3176e-2
4.4941e-2
4.5985e-2

3.2363e-1
1.7902e-1
1.0921e-1
8.1221e-2

3.1068e-1
1.6664e-1
9.5671e-2
6.6308e-2

3.0733e-1
1.6340e-1
9.1995e-2
6.2071e-2

3.0652e-1
1.6260e-1
9.1084e-2
6.0998e-2

1.0753
1.0875
1.1121
1.1079

1.0365
1.0518
1.1052
1.0560

1.0418
1.0576
1.0384
1.0352

1.0325
1.0522
1.0530
1.1006

Table 4.4: Error, estimators and effectivity index for the first case (4.27) with € =0.2.

N

T

err

WyYy

LU@H

est

e.d.

10
10
10
10

20
20
20
20

40
40
40
40

80
80
80
80

2—4
2—5
2—6
277

2—4
2—5
2—6
2—7

2—4
2—5
2—6
2—7

2—4
2—5
2—6
2—7

2.9570e-1
1.5506e-1
8.7940e-2
6.1673e-2

2.9410e-1
1.5116e-1
7.7490e-2
4.6148e-2

2.9313e-1
1.4913e-1
7.4518e-2
4.1056e-2

2.9480e-1
1.4910e-1
7.4526e-2
3.8214e-2

1.0463e-1
7.5454e-2
6.0711e-2
5.4026e-2

5.2280e-2
3.7632e-2
3.0209e-2
2.6833e-2

2.5771e-2
1.8571e-2
1.4930e-2
1.3278e-2

1.2951e-2
9.3271e-3
7.4936e-3
6.6615e-3

3.0351e-1
1.5649e-1
7.8871e-2
3.9521e-2

3.0351e-1
1.5649e-1
7.8869e-2
3.9520e-2

3.0351e-1
1.5649e-1
7.8869e-2
3.9520e-2

3.0351e-1
1.5649e-1
7.8869e-2
3.9520e-2

2.0432¢-2
2.1592e-2
2.2477e-2
2.3001e-2

2.0432¢-2
2.1589¢-2
2.2472e-2
2.2995e-2

2.0431e-2
2.1588e-2
2.2471e-2
2.2993e-2

2.0431e-2
2.1588e-2
2.2471e-2
2.2992¢-2

3.2169e-1
1.7507e-1
1.0204e-1
7.0780e-2

3.0865e-1
1.6239e-1
8.7395e-2
5.3015e-2

3.0528e-1
1.5906e-1
8.3356¢-2
4.7611e-2

3.0447e-1
1.5825e-1
8.2349e-2
4.6204e-2

1.0879
1.1291
1.1603
1.1477

1.0495
1.0743
1.1278
1.1488

1.0415
1.0666
1.1186
1.1596

1.0328
1.0613
1.1050
1.2091

Table 4.5: Error, estimators and effectivity index for the first case (4.27) with € = 0.1.
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Chapter 4. Time-dependent heat equation with random Robin boundary conditions

1.58 and 1.13. The case € = 0.2 presents an intermediate stage with ratios 1.92, 1.79 and 1.56.
Similar reasoning can be made for any other cases, namely that the saturation of the error is
well explained by the domination of one of the error estimators. To conclude on this example,
we finally mention that the slight increase of e.i. when 7 decreases in Table 4.5 is due to the
fact that the error is computed with respect to a reference solution. Indeed, if we consider
the deterministic case € = 0 with N = 80 and 7 = 277, the error with respect to the reference
solution is 0.0299529 yielding an effectivity index of about 1.36, see also Table 4.1.

The results for the second case with € = 0.5 and € = 0.25 are provided in Tables 4.6 and 4.7,

respectively.

N| 7t err wyn Wyy wgpb est ed.

10 | 274 | 1.0989e-2 | 1.0500e-2 | 2.4507e-3 | 5.2493e-3 | 1.1992e-2 | 1.0913
10 | 27° | 1.1020e-2 | 1.0491e-2 | 1.2254e-3 | 5.2393e-3 | 1.1790e-2 | 1.0699
10 | 27% | 1.1140e-2 | 1.0488e-2 | 6.1275e-4 | 5.2356e-3 | 1.1738e-2 | 1.0537
20 | 27 | 7.2634e-3 | 5.2838e-3 | 2.4512e-3 | 5.2568e-3 | 7.8461e-3 | 1.0802
20 | 27% | 7.1864e-3 | 5.2790e-3 | 1.2257e-3 | 5.2469e-3 | 7.5432e-3 | 1.0496
20 | 276 | 6.8839e-3 | 5.2777e-3 | 6.1287e-4 | 5.2431e-3 | 7.4646e-3 | 1.0844
40 | 27 | 5.7040e-3 | 2.6335e-3 | 2.4513e-3 | 5.2591e-3 | 6.3720e-3 | 1.1171
40 | 275 | 5.3548e-3 | 2.6311e-3 | 1.2257e-3 | 5.2491e-3 | 5.9982e-3 | 1.1202
40 | 276 | 5.5691e-3 | 2.6304e-3 | 6.1290e-4 | 5.2454e-3 | 5.8999e-3 | 1.0594

Table 4.6: Error, estimators and effectivity index for the second case (4.28) with € = 0.5.

N| 7t err wyn Wyy wpb est ed.

10 | 274 | 1.0142e-2 | 1.0500e-2 | 2.4507e-3 | 2.6247e-3 | 1.1097e-2 | 1.0942
10 | 27° | 1.0155e-2 | 1.0491e-2 | 1.2254e-3 | 2.6197e-3 | 1.0882e-2 | 1.0717
10 | 27% | 1.0167e-2 | 1.0488e-2 | 6.1275e-4 | 2.6178e-3 | 1.0827e-2 | 1.0650
20 | 27 | 5.7001e-3 | 5.2838e-3 | 2.4512e-3 | 2.6284e-3 | 6.3903e-3 | 1.1211
20 | 27° | 5.6392e-3 | 5.2790e-3 | 1.2257e-3 | 2.6234e-3 | 6.0210e-3 | 1.0677
20 | 276 | 5.6824e-3 | 5.2777e-3 | 6.1287e-4 | 2.6216e-3 | 5.9247e-3 | 1.0426
40 | 27 | 3.6562e-3 | 2.6335e-3 | 2.4513e-3 | 2.6296e-3 | 4.4563e-3 | 1.2188
40 | 275 | 3.6174e-3 | 2.6311e-3 | 1.2257e-3 | 2.6246e-3 | 3.9132e-3 | 1.0818
40 | 276 | 3.6337e-3 | 2.6304e-3 | 6.1290e-4 | 2.6227e-3 | 3.7647e-3 | 1.0361

Table 4.7: Error, estimators and effectivity index for the second case (4.28) with € = 0.25.

Looking at the estimators for the case € = 0.5, we see that the FE error is dominant when
N =10, the FE and stochastic errors balanced for V = 20 and the stochastic error is dominant
when N = 40. We indeed observe this behaviour for the error. First, it remains more or less
constant when changing the time step. Moreover, it decreases by a factor about 1.6 when
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doubling N from 10 to 20, while the reduction of the error is only about 1.2 from N = 20 to
N = 40. When diminishing the level of uncertainty, taking € = 0.25, the stochastic error is
lower and the error decreases by a factor 1.8 when increasing N from 10 to 20 and a factor 1.6
comparing the error for N =20 and N = 40. Finally, the FE and stochastic error estimators are
balanced when N = 40.

Conclusions

We have considered in this chapter the heat equation with random Robin boundary conditions.
Under the assumption of small uncertainty, we have used a perturbation technique for the
stochastic space approximation. In addition, the finite element method and the (implicit)
backward Euler scheme have been used for the space and time discretizations, respectively.
The a posteriori error estimator we have obtained for the approximation of the first term in the
expansion consists in three distinct terms controlling each source of error. In the numerical
experiments, we have introduced a weighted error estimator, with weights tuned numerically,
and we have tested its efficiency on two different examples.
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Error analysis for the stochastic collo-
cation method

Introduction

In the previous chapters, we have used a perturbation approach for the stochastic space
approximation. Such technique is no longer appropriate for problems with large variability.
An alternative is to use the stochastic Galerkin or the stochastic collocation methods that
present potentially much faster convergence rate than Monte-Carlo type methods and can
handle large uncertainties. The advantage of the stochastic collocation method is that, as
sampling methods, it requires only the solution of decoupled deterministic problems and
thus allows the re-usability of deterministic solvers. However, it suffers from the so-called
curse of dimensionality when tensor grids are used, namely the performance of the method
deteriorates as the number of random variables increases. A remedy is then to exploit the
possible anisotropy of the solution, in the sense that the different random variables might
not have the same influence on the solution. Example of works in this direction are the
anisotropic sparse grid method proposed in [96] or the quasi-optimal sparse grids method
introduced in [20]. In the latter, the adaptive algorithm is based on a priori error estimates
whose constants are numerically tuned during the process, yielding what the authors called
an a priori/a posteriori strategy for which the proof of convergence has been obtained in [94].
An a posteriori sparse grid algorithm has been proposed in [95], where the adaptive process is
driven by profit indicators obtained by solving additional PDEs. The method is applicable to a
wide range of problems, including for instance the case of unbounded random variables or
non-nested grids and can be combined with a Monte Carlo sampling, using a control variate
technique, to handle rough random field [98]. However, the error indicators proposed so far
are heuristic and do not provide a certified control of the error. The goal here is to derive
a guaranteed upper bound of the error and use the stochastic error estimator to steer an
adaptive process yielding an approximate solution with prescribed accuracy.

In this chapter, we thus present a residual-based a posteriori error estimate accounting both
the stochastic collocation and the Finite Element error. We consider again the model problem
of Chapter 1, namely a diffusion equation with a random diffusion coefficient that depends
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in an affine manner of a finite number of random variables. We start by briefly recalling the
SC method before presenting the error estimate. We give then possible adaptive algorithms,
focusing on the stochastic space adaptation since the physical space adaptation can be done
following a standard procedure. Finally, we give some preliminary numerical results to test
the efficiency of a simple version of our sparse grid adaptive strategy.

5.1 Problem statement

Let D c R? be an open bounded domain with Lipschitz continuous boundary 4D and let
(Q, %, P) be a complete probability space. We consider the diffusion problem:

find u: D x Q — R such that P-a.e. in Q, in other words a.s. in Q, the following equation holds

fx) xeD

{ —div(ax, w)Vu(x,w)) (5.1)
0 xX€ 0D

uX,w)

with deterministic forcing term f € [%(D) and random field a on (Q, %, P) over L°°(D). We
assume that the random diffusion coefficient a is uniformly bounded from below and above
and that it depends affinely on a finite number of random variables. More precisely, we assume
that a satisfies the two following properties:

30 < Amin < Gmax <00: PWEQ: amin < aX,0) < Apax VXED) =1. (5.2)
and
N
ax,w) = ag(X) + Y ap(x)Yy,(w), (5.3)
n=1

where {Yn}],:’:1 are independent random variables. Thanks to the Doob-Dynkin Lemma, the
solution u depends on the same random variables as the diffusion coefficient a, i.e. we
have u(x,w) = ux, Y1 (w),..., Yy(w)). Let us introduce I' =T'; x ... xI'y with I';, = Y,,(Q) for
n=1,...,N. Moreover, let p : I' — R, be the joint probability density function of the random
vector Y = (V3,..., Yy), which factorizes as p(y) = nglpn(yn) forally = (yy,...,yn) €. We
can then replace the probability space (Q, %, P) by (I', B(I'), p(y)dy), where B(I') denotes the
Borel o-algebra defined on I" and p(y)dy the probability measure of Y. Finally, we define the
Bochner space

Li T H& D) ={v:I'— H& (D) | v is strongly measurable and || U||L% TH D) < oo} (5.4)
with

2
”V”Lf,(l";Hol(D)) = (.[l" ||VV(Y)||%2(D)P(Y)dY .
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The (parametric, pointwise) weak formulation of problem (5.1) reads:
findu:T — H(} (D) such that

fa(x,y)Vu(x,y)Vu(x)dx:f f®@rx)dx VU(—:H&(D),p-a.e. inT. (5.5)
D D

By a straightforward application of Lax-Milgram’s lemma, assumption (5.2) ensures the well-
posedness of problem (5.5), namely that there exists a unique solution u € Lf) T H& (D)) which
satisfies the a priori estimate

P
el 2 0 oy < ——— I f 2y
Amin

Moreover, it has been shown (see for instance [7]) that the parametric solution u of problem
(5.5) is analytic with respect to each parameter y, €', n=1,...,N.

5.2 Stochastic collocation finite element method

In this section, we briefly present the stochastic collocation finite element method (SC-FEM
for short) for solving numerically PDEs with random input data, following closely [115] and
focusing on the model problem (5.1). We also refer to [7, 124] for a complete discussion on
this method. The idea is to proceed in two steps: first a semi-discretization of problem (5.5)
using the FEM for the physical space approximation and then the application a collocation
method for the stochastic space approximation using global polynomials in y. We thus seek
for an approximate solution in a space P(I') ® V3, with P(I') Lf) (I') a polynomial space on I"
and V}, a FE subspace of V = H& (D).

More precisely, for any h > 0, let 73, be a regular triangulation of D with elements T of diameter
hr < h. We assume that the exists a constant ¢ > 0 satisfying

h
Lee YTeT),Yh>0 (5.6)

pr
where pr = sup{diam(B) : B is a ball contained in T}. We consider V};, c V a finite element
space of dimension N}, constituted of continuous piecewise polynomials on J7},. The semi-
discretized problem is therefore given by:

find uy, : I’ — V}, such that

f a(x,y)Vuh(x,y)-Vvh(x)dx:f f@v,x)dx Yuv,eVyp-ae. inT. (5.7)
D D

The problem (5.7) is then further discretized by considering a set {y1,...,yn,} of N; collocation
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points in I" and building the global polynomial approximation

N
unN,(Y) = Y un(yr)Li(y) (5.8)
k=1
for appropriate multivariate (for instance Lagrange) polynomials L, where uy,(yx) is the
solution of problem (5.7) with y = y;. Notice that if L satisfies Li(y;) = 0, then the method
presented above for the stochastic space approximation is a collocation method in the sense
of [109], see [124].

A possible choice for the collocation points yj € I is to take the Cartesian product of the abscis-
sas in each direction. However, using such tensor grid would rapidly become computationally
unaffordable due to the curse of dimensionality: the number of nodes increases exponentially
with N. To alleviate this drawback, the idea is to use a so-called sparse grid, first introduced by
Smolyak in [113]. Let us define

™ COT ) = Pogiy-1(Tn) (5.9)

a sequence of univariate polynomial interpolant operators along each direction I';, for n =
1,...,N. Here, m(i,) denotes the number of collocation points used to build the interpolant
of level i,, and P4(T',) is the space of polynomials in y; of degree at most q. The function
m should satisfy m(0) = 0, m(1) = 1 and m(i) < m(i + 1) for any i = 1. Moreover, let I ¢ N¥
be a multi-index set, where N, = {1,2,...} denotes the positive integers. Setting % = 0 for
n=1,...,N, we define then the sparse grid interpolant S; by

up1(y) = Srlupl(y) = Y A™D () (y) (5.10)

iel

where
N

. N . .
AmO — @) A R (%’;n(ln) _%rrln(ln—l))
1 n=1

n=

m(iy)
n

and m() = (m(iy),..., m(in)). The operators A and A™Y are often referred to as difference

(or detail) and hierarchical surplus operators, respectively. In what follows, we assume that

upy)= Y. A™V(uy)(y) p-ae.inT, (5.11)

ieNN

which holds if u is sufficiently smooth in y and if the operators %,'1" n) in (5.9) are such that
®1,y:1 %,’l"(l") u— uin V asi— oo. Finally, we mention that the operator Sy in (5.10) can be
equivalently written as a linear combination of tensor grid interpolations, see for instance [122],

as
N . .
Silun) @ =Y. a @« )y, a= Y ()l (5.12)
iel n=1 jeio, 1N
(i+j)el

in which many of the coefficients ¢; are actually zero, namely whenever i+ 1 € I. We then call
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5.2. Stochastic collocation finite element method

sparse grid the set of N, collocation points needed by (5.12) to compute Sy[uy]. To summarize,
the sparse grid interpolant S; is characterized by the multi-index set I, the function m defining
the number of collocation points on each level and the type of univariate nodes. One example,
see for instance [18], is to consider

N
IM=fieNy: Y (i,-D=l
n=1
with
0 ifi=0
m(i)=1 1 ifi=1 (5.13)
27141 ifi>1
and Clenshaw-Curtis nodes, yielding nested grids. Here [ denotes the level of the sparse
grid. Remark that I must contain the multi-index 1, which allows to approximate constant
functions.

In what follows, the only restriction on I will be that it is a downward closed set (a.k.a. lower
set), i.e. it satisfies

Viel, i-ejel Vj=1,...,Nsuchthati;>1. (5.14)

We give in Figure 5.1 an example of two multi-index sets satisfying or not this condition. The
set on the left does not satisfy (5.14) because (3,2) is in the set while (2,2) is not. This condition
is necessary to get good approximation properties, see for instance [66]. Moreover, our error
estimate will only be valid in the case S; is interpolatory, i.e. it satisfies S;[f1(yx) = f(yx) for
k=1,...,N; where {yj,...,yn,} are the collocation points in the sparse grid underlying the
multi-index set I and function m. Notice that such property requires the use of nested nodes.

Finally, we introduce the notion of margin Mj, reduced margin R; and boundary 90! of a
multi-index set I, see Figure 5.1-right for an illustration, defined respectively by

M; = {iel\JiV\I:i—eneIforsomenE{l,...,N}}
R; = {ieMj:i—e,elforalln=1,..., Nwithi,>1}
0l = {iel:i+e,¢Iforsomel<n<N}.

Notice that for a downward closed multi-index set I and j ¢ I, then I U {j} is downward closed
ifand only ifj € R;.

From now on, unless otherwise clearly stated, we assume that I is downward closed and that
the operator Sy is interpolatory.
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7 7 7
® multi-index set |
® margin M|
6 6 6 O reduced margin RIf]
5 5 5 @
4 . 4 . 4 . .
3 ° 3 . 3 ° ] .
2 ° . 2 . . e 2 . ° . © e
1 ° . . . ° 1 . . ° . . 1 . ° . . . ©
0 0 0
0 1 2 3 4 5 6 70 1 2 3 4 5 6 70 1 2 3 4 5 6 7

Figure 5.1: Non-downward closed set (left), downward closed set (middle) and multi-index set
with its margin and reduced margin (right).

5.3 Residual-based a posteriori error estimate

We will now derive an a posteriori error estimate for the error u — Sy[uy,] which consists of two
parts controlling the finite element and stochastic collocation errors, respectively. We first
give two results that we will use in the derivation of the error estimate.

Proposition 5.3.1. Let S; be the operator defined in (5.10). Then for any f, g € C°(T') we have

Silfgl=Si1fSrlgll.

Proof. Since Sy is assumed to be interpolatory, we have S;[g](yi) = g(yx) forall k=1,..., N,.
By the definition of S;, we get then foranyyeT

N, N,

SiLfSiIglly) = (7Si18)) Yo Li(y) = Y. fyi)Srlg)(yi) Li(y)
k=1 k=1
N,

o

Y fyRgyi)Li(y) = Si[fgly).
=1

b

For any multi-index set I, let us define the polynomial space P; by

[FD[ = Z[pm(il)_l ®...® [FDm(iN)—l-
iel

Notice that since we are using nested points, we have N, = dim(P;) with N, the number of
collocation points in the sparse grid. Moreover, we have the following crucial approximation
properties.
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Proposition 5.3.2. Let S; be the operator defined if (5.10). Then

1.  SilfleP; VfecC'D)
2. SpisexactonPy, i.e. Silfl=f VfeP;.

Proof. See [11]. O

Finally, we introduce the (generalized) jump of a function ¢ across an edge e € 9}, in the
direction of n, as in Chapter 1 by

lim,—¢+ (p(x+ tm,) —px—tn,)) ifegdD

[@]n, X) :={ 0 ifecdD.

We can now state our residual-based a posteriori error estimate.

Proposition 5.3.3. Let u and uy, be the solutions of (5.5) and (5.7), respectively and let S;[up,]
be the sparse grid approximation of u, computed using the multi-index set I. There exists a
constant C > 0 depending only on the mesh aspect ratio such that for any p € [1,00] we have

1
lu— Sl[uh]lng(r;V) = % [Cnl +(I] , (5.15)
where )
N, 2
nr=>y. T]I.kIILkIILg(p), Nrk:= ( > ﬂik,T) (5.16)
k=1 TeTy,
with

1
Nk = K f + V- (aly) Vi y) 7. ) + ZaTheuz[a(yk)wh(yk)-nelneniz(e) (5.17)
ec

and

(=3 Coi $ra= 1AM @S unh) g oy)- (5.18)
ieM;

Proof. In what follows, all equations hold p-a.e. in I' without specifically mentioning it.

Moreover, the dependence of each function on variables will not necessarily be indicated,
unless ambiguity arises. For any v € V we have

faV(u—Sl[uh])-Vv = ffv—f avVSiluy]-Vv
D D D

/fv—f aVuy-Vv
D D |
=1

f aVup-Vv
D

N

+S[

—f aVvVSilupl-Vu. (5.19)
D

-~

=:11I
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For the second equality, we have used that f is assumed to be deterministic and thus S;[f] = f
for any multi-index set I. We analyse the terms I and II separately. For the first term, thanks to
the Galerkin orthogonality we have

Li(y)

N,
I = ZU fv—f aly)Vuy(ye) - Vv
k=1L/D D

Li(y) (5.20)

N
= Z U f(V_Vh)_f a(yr)Vup(yi) - V(v —vp)
k=11JD D

for any vy, € V},. We take vy, = I, v the Clément interpolant of v for which we have the following
interpolation error bounds, see also (1.26) and (1.28)

1
lv=TIpviizery < ChrlVullpzgvery and v =Ipvl2e) < Ch IV 2z, (5.21)

for any element T and any edge e. Here, for an internal edge e, T, is the union of the two
elements touching e and N(T) (resp. N(T,)) denotes the patch of elements associated to T
(resp. T,). After splitting the integral in (5.20) over each element T and integrating by part, we
obtain

N,
I=C)Y LNkl Volizp) (5.22)
k=1

with 1, defined in (5.16). Notice that this term 1, \ is deterministic, namely it does not
depend on y. It controls the FE error made when solving approximately the problem for
the collocation point y;. We now bound the second term II. We first notice that, thanks to
Proposition 5.3.1, we have Sy [aVuy] = S;[aVS;[uy]] since Sy is assumed to be interpolatory.

Therefore, using relation (5.11) we get

I = f(SI[aVSI[uh]]—aVSI[uh])-Vv:— Y A™®(@VSuy)) - Vo
D Digj
= —f S AV (avS;{up))- Vv
DiEMI
< II) A™D @V S unD Il 2 IV VIl 2 () - (5.23)

iEM,

We have used the fact that a depends in an affine way on the random variables, see (5.3), to
restrict the summation over the multi-indices of the margin M; of I. Indeed, by Proposition
5.3.2 we have

Silupl €P;, where P;=) Pma-1 with Prmi-1=Ppi)-19... 8 Ppiy-1
iel

and by assumption
N
acPo+ ) Pe, withPe, =Pg®...0Pg® P; &P)...0P.
n=1 N~~~

nthindex
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5.3. Residual-based a posteriori error estimate

Therefore, we have aVS;[uy] € Zgzl Y icl Pmd)-1+e, < Prun, and thus
AP (gVS [up) =0 VigIuM; (5.24)

using again Proposition 5.3.2, namely that Sy, is exact on Prypy,. Thanks to the uniform
lower bound a,,;, on a, taking then v = u(y) — Sy[uy](y) in (5.19) and using the bounds (5.22)
and (5.23) for the terms I and II, respectively, yields

N, .
—|C Y 1L+ Y, A" @VS;[up)) @z |- (5.25)

min k=1 ieM;

IV (u(y) = Silun)l (W)l 2(py <

To conclude the proof, it only remains to take the Lf,) (') norm on both sides of the last inequality
and to use the triangle inequality for the norm Lf,’ (['; L2(D)) to take out the sum over the multi-
indicesie M;. O

Notice that in this proof, we have strongly used the fact that S; is interpolatory and that
a depends in an affine way on the random variables. The latter allows us to restrict the
summation over all the multi-indices outside I in the bound of IT to the multi-indices belonging
to the margin M;. Moreover, it is worth mentioning that equation (5.25) yields a pointwise (in
y) error estimate.

Remark 5.3.4. The spatial error estimaten; in (5.16) depends on || Ly (y) ”LZ(F)' k=1,..., N,
i.e. on the stability constant of the operator S;. These quantities can be bounded using the
Lebesgue constant for Sy, whose growth depends on the choice of the function m and the family
of interpolation points used by %,'l”(i), n=1,...,N. Forinstance, when using a doubling rule for
m as in (5.13) and Clenshaw-Curtis nodes, the Lebesgue constant associated with the operator
Sy can be bounded by |I|* [45]. As an alternative, we could bound the term I in (5.20) as follows

Ne
I = ) Y Ly (f + V- (alye) Vup(y)) (v — vp)+

TeTy | YT k=1

1 Ne

= > | Y Liwlaly) Vun(yk) -neln, (v — vp)

2 ocardeimn

= C| X n%,T) IVl 2 ()
Tegy,
with
N, 1 N

Ny = hl ];Lk(y) (f+V-(aly) Vi (YD 7 gy + ZaT hell 5 I;[a(yk)wh(yk)-ne]ne||i2(e).

(5.26)
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1
Since (ZTeg—h n%yT) < Y e, M1,T, We can then replace (5.15) by

lu—Srlupl ”L/}Z(F;V) = a 1_ C Z ||77[,T||L§(r) +{1| - (56.27)
min Tegy,

Mesh refinement, using the error estimate of Proposition 5.3.3 or the one proposed here would
lead to different adaptive strategies. The estimator in (5.16) gives an estimation of the spatial
error for each collocation point, that is further localized on each element T € 97;,. Indeed, the
estimator Ny, 1 in (5.17) is an indicator of the FE error for element T and collocation point
Vi Therefore, different spatial meshes could be considered for each collocation point. On the
contrary, the estimator in (5.26) gives an estimation of the spatial error for each element T € T,
and contains the contribution of all the collocation point. In this case, the same spatial mesh
would then be used for all the collocation points.

5.3.1 An abstract reformulation of the problem
We consider the (pointwise in y) abstract problem:
find: u(y) e V. suchthat «/(u,v;y)=%(v;y) VYveV, p-ae. inT. (5.28)

Using the finite element method for the physical space approximation, we get the following
semi-discretized problem:

find uy(y) € V), suchthat o (uy,vny) =% Wwyy) VYvpeVy, p-ae inT. (5.29)

Lax-Milgram’s lemma ensures the well-posedness of problems (5.28) and (5.29) under the
assumptions that the bilinear form < is (uniformly in y) continuous and coercive and that
the linear functional & is continuous. In particular, we assume that there exist two constants
a,a>0suchthat p-a.e. inT

alvly <« (v,v;y) and |/ (w9l <@lulyvivily YuveV.

We can then derive the following a posteriori error estimate.

Proposition 5.3.5. Let u and uy, be the solutions of (5.28) and (5.29), respectively and let
up,1 = Srluy) be the sparse grid approximation of uy, computed using the multi-index set I. If
the series in (5.11) converge absolutely, then

lu—up; ”Lg(l“;V) = | R(up;-) ”L?(F;V’) +a;] ”Am(l) [up] ”Lg(F;V)
i

IR |+

where the residual R is defined for any w,v e V and anyy €T by
< R(wyy),v>:=F(v;y) - (w, v;y)
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5.3. Residual-based a posteriori error estimate

with < -,- > the duality pairing bracket between V and V'.

We highlight that in this proposition, S; is not assumed to be interpolatory and the dependence
ony of the coefficients in « and % is not specified. In particular, we do not assume an affine
dependency. However, the absolute convergence of the series in (5.11) is required and the
estimator is not computable as is since it contains an infinite series. A computable estimator
can however be obtained if we are able to provide estimation of the tail of the series.

Proof. Forany v e V and p-a.e. in I we have

oA (u(y) — up,1(y), v;y) F(vyy) — o (up,1(y), v;y)

= Fy) - Aluply), v;y1+34(uh(y) —up,1(y), v;yl.

=1

=:11I

Bounding each term separately, we easily obtain

[=<R(up(y);y), v>= IR(up(y);y) v iviv

and

H<alupy) — upWlviiviy =ald-Spuy@lviviy <a) . 1A™P [ W v lvlly
igl
where id denotes the identity operator. For the second term, we have used the relation (5.11),
namely that the sparse grid approximation converges p-a.e. in I'. Therefore, thanks to the
coercivity of o/, taking v = u(y) — uy, ;(y) p-a.e. in I we get

1 _ .
) = un Wl = — | IR@p ;P llv + a) 1A™V v |-
“w igl

The proof is complete by taking the Lz (I') norm on both sides of this last inequality and using
the triangle inequality. O

Remark 5.3.6. In the special case where </ (u, v;y) = [, a(y)Vu-Vv and F(v;y) = [, fv, which
corresponds to problem (5.5), the dual norm of the residual | R(uy(y);y)llv: can be estimated by

IR(up(y); v = Cnly) with n(y):( > T]T(Y)z)

TeTy,

with
Ouy(y)

1
N1 = il f+ V- (@a@Vur N5y + 3 hengm(y)a—m]neniz(e).

ecoT
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Chapter 5. Error analysis for the stochastic collocation method

5.4 Adaptive algorithms

The error estimator deduced from Proposition 5.3.3 can be used to adaptively refine the
mesh and increase the multi-index set. Such an adaptive strategy aims at reaching a given
accuracy of the (FE and stochastic) error with computational cost as low as possible. The
theory for mesh adaptation, often referred to as adaptive finite element method (AFEM), is well
developed and studied. In particular, the convergence of some adaptive procedures has been
provided in many different cases. The first result in this direction is the work by Dérfler [57],
where the convergence of an adaptive algorithm for the Poisson equation is given. Over the
past decades, much effort has been put in proving convergence of adaptive algorithms (with
optimal rate) for various types of problems, see for instance [25,42,93, 114]. In the context of
parametric/random PDEs, we mention the work by [46] where the convergence of an adaptive
algorithm is given when the solution is approximated via a Taylor series. In [58, 59], where the
random PDEs are solved with the Stochastic Galerkin FEM, the convergence is proved when
the adaptation is performed in both physical and stochastic spaces. In this case, the extension
of the results obtained for the AFEM in [42] is straightforward and strongly uses the so-called
Galerkin orthogonality property. Finally, for the stochastic collocation method, we mention
the paper [20] in which a (quasi-optimal) sparse grid method based on a a priori/a posteriori
strategy is proposed and whose convergence is analysed in [94]. Moreover, an a posteriori
sparse grid algorithm is given in [95]. So far, at least to our knowledge, there is no proof of
convergence for adaptive stochastic collocation methods.

Here, we will use the a posteriori error estimate given in Proposition 5.3.3 to drive an adaptive
procedure. We start by considering only stochastic space adaptation since mesh adaptation
can be performed in a classical way. The error estimator { ; can be used to adaptively enrich the
multi-index set I in order to reach a prescribed accuracy while minimizing the computational
cost. The proposed adaptive procedure is given in Algorithm 4.

Algorithm 4 Adaptive algorithm (stochastic space adaptation)
Require: 6 € (0,1) and Tol >0
Ensure: multi-index set I such that {; < Tol

L I={1}, ur=Silupl, {1=<C11
2: while {; > Tol do

3:  J=new_index(,1,{}) select a subset of M satisfying (5.30)

4 T—1Tu]J update the multi-index set

5 ur = Srlupl compute the new sparse grid approximation
6:  {1=Yiem (1 compute the error estimator (5.18)

7: end while

It remains to define the routine new_index of Step 3, namely to define how we select the
multi-index set J € M; to be added to the current set I. Following a so-called Dérfler marking,
we choose to select J according to

find J< My : Z(“ =0 Z (r;i and IuUJdownward closed. (5.30)
ieJ ieM;
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5.4. Adaptive algorithms

We can think of several strategies to select J satisfying (5.30), keeping in mind that the goal is
to minimize the computational cost. Since the set should remain downward closed at each
iteration of the adaptive algorithm, we associate to each multi-index i a set A; which consists
of all multi-indices that must also be included in I ifiis added to I so that I remains downward
closed. Notice that A; = {i} if i belongs to the reduced margin. Moreover, we can define a
notion of profit for each multi-index i € M as follows

_ XjeaCr

Py =
' ZjEAi Vl]j

(5.31)

taking into account all elements of A;. Here, we have denoted by W; the work contribution of
the multi-index i, which can be defined by [95]

Wi =TI)_, (m(in) = m(in — 1)). (5.32)

In the case of nested sets of point, as considered here, it corresponds to the number of new
points in I introduced if i is added to I. We could also choose to set W; = 1 if we want to drive
the adaptation only based on the error indicators. With these definitions of A; and P;, we can
formulate a possible version of the routine new_index.

Algorithm 5 new_index

Require: 0, I and (;

Ensure: multi-index set J ¢ M satisfying (5.30)
L J=93,0=0

2: while p <6(; do

3 i=argmaxycy,\;Pi
4: J—JUA;

5. 0=YjesCuj

6: end while

Remark 5.4.1. Notice that the set ] returned by Algorithm 5 might not be the optimal set
satisfying (5.30). Indeed, a better set could be obtained by re-computing at each iteration the
profit Py in (5.31) of the multi-indicesie€ Mj\ (R;UJ) for which A; contains a multi-index added
at the previous iteration. For such multi-index 1, the set A; has changed and thus the profit.

To summarize, we have to choose the following parameters:

e the value of the Ddrfler parameter 6 € (0, 1),
e the value of p € [1,00] for the Lz (T') norm,
e the definition of the work Wj; by (5.32) or Wj =1 in (5.31).
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Chapter 5. Error analysis for the stochastic collocation method

Implementation

We give here some details about the computation of the error estimators {; defined in (5.18),
with particular attention to the caseie M\ Ry.

We consider the case p = co. Since the images of the random variablesI';;, n =1,..., N, are
bounded and u is smooth with respect to y, the essential supremum norm can be replaced
by the maximum norm. Of course, not all the points of I can be explored and we choose to
approximate the maximum norm searching for the maximum over a given set © c T of finite
cardinality. The error is therefore computed using

lee = Srlunlllzw;v) rggxhw(u— Silup) W2 pyp )|

U

max ||V (u = St [un)) Wl 2y p )|
yeo

which requires the solution of |©| PDEs to get the value of u(y) for each y € ©. Notice that since
the FE error will not be accounted for in the numerical results, all the computation can be
done on the same spatial mesh. The computation of the error estimators {; can be done as
follows. Let G be any downward closed multi-index set that does not contains i and such that
G u {i} is also downward closed. The error estimator for i is then approximately

(i

1A™D @V S [up]) I e (v 22 (o)

IScu [aVSrlupll — Sg [aVSrlupll IIL;;O(r;LZ(D))
r&%"' ISuiy [@VSi[unll () — Sc [aVSi[unll W)l 2y p ()] - (5.33)

U

The key-point here is that no PDE need to be solved to compute (5.33). This formula can be
straightforwardly applied for all the multi-indices i € R; with G = I, since G U {i} is downward
closed, but a special care is required for the elements in M;\ R;. The idea is to iteratively
increase the multi-index set I to cover the full margin in such a way that it remains downward
closed throughout the process. We proceed layer by layer, starting by adding the elements of
the reduced margin Ry, as described in the pseudo-code of Algorithm 6.

Algorithm 6 Computation of {;; for allie M;

Require: I, S;luyl, a
Ensure: (;; Vie M;
1: G=1
2: while G # Iu M; do
3: R=RgnM;
4: forie Rdo
5 compute {;; using (5.33)
6: G — GuU{i}
7. end for
8: end while




5.4. Adaptive algorithms

Notice that R at line 3 is a subset of the neighbours of the element of the previous previous
layer. Moreover, the order of selection of the elements of R in the for loop is irrelevant.

Remark 5.4.2. For the case p € [1,00), the LZ (I') norm can be computed (either exactly or
approximately) using a Gauss quadrature formula built upon Sy with level | high enough.
Notice that the larger p and the larger the polynomial degree of the integrand, the larger the
level | should be.

Simplified algorithm

Algorithm 4, based on a Dorfler marking, is designed in the spirit of AFEM. The idea for
introducing such algorithm was to prove its convergence as it is done for example in [59] for
the Stochastic Galerkin method. We have made several attempts in this direction, for instance
to prove that the error estimator satisfies a certain contraction property or to use different
markings as it is done in [93] to control the decrease of the data oscillation. Unfortunately, we
have not been successful so far, mainly due to the lack of the so-called Galerkin orthogonality
valid for both the physical and the stochastic spaces when using the SG-FEM. The proof of
convergence of the proposed adaptive algorithm is thus still an open question.

In the numerical results of Section 5.5, we consider a simplified version of Algorithm 4. First of
all, we allow the selection of elements of the reduced margin R; only and not of the full margin
M;j. This simplifies the definition of the profits, since we do not need to introduce the sets
A;. Indeed, we recall that if I is downward closed, then so is I U {i} for any multi-indexie R;.
The second modification is that we add only one multi-index at a time. More precisely, the
adaptive algorithm that is used for the numerical experiments of Section 5.5 reads as follows.

Algorithm 7 Simplified adaptive algorithm (stochastic space adaptation)

Require: Tol>0

Ensure: multi-index set I such that {; < Tol
L I={1}, ur=Silupl, {1=_{11
2: while (; > Tol do

3. i=argmaxpp Pi select the multi-index with highest profit

4 I —TuUl{i} update the multi-index set

5. ur=Srlupl compute the new sparse grid approximation
6:  C1=Xiem, Cri compute the error estimator (5.18)

7: end while

Remark 5.4.3. The adaptive process of Algorithm 7 is driven only by the profit of the elements
of the reduced margin Ry of the current set I. To reduce the computational cost, we could
therefore compute (1 ; forie Ry only. However, the global error estimator {1 would no longer
be available and we have to define another stopping criterion for the algorithm. For example,
we can prescribe a tolerance Tol on the highest profit, i.e. stop the adaptive procedure when
maxjeg, Pi < Tol.
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Chapter 5. Error analysis for the stochastic collocation method

5.5 Numerical results

We consider here numerical examples to test Algorithm 7. In all what follows, we choose m as
in (5.13) and we use Clenshaw-Curtis nodes. The FE error is not accounted here. Moreover, we
consider the case p = oo and we thus consider the error and estimator defined by respectively

m(i)
leep, — Silupl ”L‘;o(l";Hg (D)) and Z A (aVSiluy)) ||L;°(F;L2(D))-
ieM;
Be aware that the initialization step is not counted in the number of iterations given below.
Therefore, the cardinality of the set I at the k*" iteration is equal to k + 1.

First example

For this first example, we consider an inclusion problem with N = 2 random variables, similar
to the one consider in [11] for N = 8. The physical domain, depicted in Figure 5.1-left, is the
unit square D = (0, 1)2. We identify three subdomains F, C; and Cy, with F a square centred in
the domain with side length equal to 0.2 and C; and C, two circular inclusions of radius 0.13.
We define the random diffusion coefficient by

2
ax, Y(w)) = ap(x) + Z YnxnXY,(w) withap=1and Y, ~%%[-0.99,0.99] (5.34)
n=1
and we set the forcing term to f(x) = 100y (x), where yr and y,, n = 1,2, denote the indicator
function of each subdomain. The parameters y; and y» are used to introduce anisotropy in
the problem, assigning more importance to one or another direction y; or y».

For the numerical experiments of this first example, we have used the following setting. The
FE mesh consists of 4961 vertices and 9696 triangles with minimal and maximal diameter hr
of about 7.367e-3 and 2.854e-2, respectively. Since we would like to test the efficiency of our
error estimator, namely to see if it is a good control of the (stochastic) error, we compute the
estimator (;; for each multi-index i of the margin M;. We can therefore base the stopping
criterion on the global estimator {;, see Remark 5.4.3. We set the tolerance to Tol = 1076,
Finally, we compute the L3°(I') norm approximately using for © a 20 x 20 Cartesian grid of
equispaced points in each direction.

Isotropic case

We start with the isotropic case y; =y, = 1in (5.34). The mean and the standard deviation of
the solution is given in Figure 5.2, while the evolution of the set I during the adaptive process
is presented in Figure 5.3. The multi-index with the green cross indicates the selected element
at the current iteration of Algorithm 7, i.e. the one with the highest profit that belongs to the
reduced margin of the previous set.
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Figure 5.2: Geometry of the problem (left), expected value (middle) and standard deviation
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Figure 5.3: Evolution of I during the adaptive process for the case y; = y» = 1. From left to
right and top to bottom: iterations 3,5,8,10,14 and order of selection of the multi-indices.
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Chapter 5. Error analysis for the stochastic collocation method

We can detect the isotropy of the problem by the symmetrical construction of the multi-index
set. For instance, at iteration 11 the point (2,4) is added while (4, 2) is selected at the next
iteration. Moreover, we see that the estimator provides a good control of the error as shown in
Figure 5.4, where the final multi-index set and the corresponding sparse grid are also given.
It has been obtained after 17 iterations, yielding a sparse grids of 97 points and an error and
an estimator of about 3.4649e-7 and 8.1070e-7, respectively. Finally, we mention that the
highest profit of the elements of the reduced margin of this final stage is about 2.3702e-8 and
is achieved at (2,5).

12 1 ——error
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® | — final multi-index set pe o . . . e o . — estimator]|
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Figure 5.4: Final multi-index set I (left), final sparse grid (middle) and error and estimator
with respect to the number of points in semi-logarithmic scale (right) for the case y; =y, = 1.

Anisotropic case

We now set different values for y; and y» in (5.34) to see if the adaptive algorithm is able to
capture the anisotropy of the problem. We start with the trivial case y; =1 and y, = 0, for
which no point should be added in the second direction y,. This is indeed the result we get,
as shown in Figure 5.5. At the end of the adaptive procedure, which requires 4 iterations,
the sparse grid consists of 17 points and the error and estimator are about 1.4219e-10 and
1.5276e-10, respectively. The maximal profit among the elements of the reduced margin is
9.5472e-12 and is attained at (6, 1).

Finally, we consider the case y; =1 and y, = 0.1. We present in Figure 5.6 the set I at various
steps of the adaptive construction. As expected, we can clearly identify a preferred direction,
namely the horizontal direction which corresponds to y;.

The final situation, reached in 10 iterations, is given in Figure 5.7. In this case, there are 41
points in the sparse grid, the error and estimator are 6.8878e-8 and 1.2500e-7, respectively,
and the maximal profit among the elements of the reduced margin is of 1.9995e-8 at (3, 3).
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Figure 5.5: Final multi-index set I (left), final sparse grid (middle) and error and estimator with
respect to the number of points in semi-logarithmic scale (right) for the case y; =1 and y» =0.
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Figure 5.6: Evolution of the multi-index set I during the adaptive process for the case y; =1
and y» = 0.1. From left to right and top to bottom: iterations 4,6,8 and order of selection of the

multi-indices.
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Figure 5.7: Final multi-index set I (left) and error and estimator with respect to the number of
points in semi-logarithmic scale (right) for the case y; =1 and y, =0.1.

Anisotropic case N = 8

To conclude on this inclusion problem, we consider the case N = 8 as in [11] and we choose
a similarly to (5.34) with Y, ~%[-0.99,0.2] for n=1,...,8. The geometry is given in Figure
5.8-left, where the value of the coefficients y,, n=1,...,8, is also given. The FE mesh we are
using contains 3805 vertices and 7416 triangles with minimal and maximal diameter it of
about 1.0041e-2 and 3.1153e-2, respectively. Moreover, a set of 500 points randomly sampled
from a multivariate uniform distribution is used for the approximation of the L‘:,O(F) norm.
In Figure 5.8-right, we give the error and estimator for the 55 first iterations of Algorithm 7,
after which the estimator is about 2.5102e-3 and the sparse grid consists of 213 points in I'.
Moreover, the projection of the obtained multi-index set I over two directions, namely y; and
V4, y1 and ys and y; and y7, is presented in Figure 5.9.
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Figure 5.8: Geometry of the problem for NV = 8 with indication of the coefficients y,, n=1,...,8
(left) and error and estimator with respect to the number of points in logarihmic scale for the
55 first iterations (right).

Even though the estimator still provides a reasonable control of the error, it is less efficient
than for the case N = 2. We see several possible explanations for this behaviour and we give a
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Figure 5.9: Projection of the multi-index set I obtained after 55 iterarions on (y1, y4) (left),
(¥1,¥5) (middle) and (y4, y7) (right).

non-exhaustive list below. First of all, we have not been able to prove that the error estimator
provides a lower bound for the error. The difficulties arise, among other, from the lack of
Galerkin orthogonality but also from the use of the triangle inequality to localize the estimator
on each multi-index of the margin. Moreover, we are not taking into account the error due
to the approximation of the L°(I') norm and further investigation should be made in this
direction, namely trying to quantify this additional error and perform additional tests with
other training sets ©.

Second example

As a second numerical experiment, we take again the 2D example investigated in Section 1.7.2
of Chapter 1, namely we choose f(x) =32(x;(1 —x1) + x2(1 — x2)) and

cos(2mnxy) +cos(2mnxy)

N
ax,Y(w) =1+ ) Yo(w) with Y, ~%[-V3,V3]
n=1

(rn)?
for x = (x1, x2) € D. We use a spatial mesh consisting of 2673 vertices and 5184 triangles with
minimum and maximum diameter i1 of about 0.01 and 0.04, respectively. We set again the
tolerance to Tol = 1078 in Algorithm 7 and the set © for the approximation of the L3 (T) norm
consists of 500 points in I' randomly sampled from a multivariate uniform distribution. We
consider the two cases N =3 and N =5.

The results for the case N = 3 are given in Figure 5.10. We plot the error and the estimator with
respect to the work, i.e. number of points in the sparse grid. We also give the projection of the
final multi-index set I over two directions, namely y; and ys. For this final state, obtained in
27 iterations, the error and the estimator are about 4.1493e-7 and 9.1738e-7, respectively, and
the grid contains 141 points. Finally, we mention that the multi-index that has been in the last
iteration to the final set I is (4,3,1) and that the maximum profit among the elements of R; is
about 3.0159e-8 and is reached at (3,2, 3).

The Figure 5.11 contains the results for the case N = 5. The final multi-index set I is projected
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Figure 5.10: Error and estimator with respect to the number of points in logarihmic scale (left)
and projection of the final multi-index set on (y;, y3) (right) for the case N = 3.

on y; and ys. The final grid has 469 points, for an error and estimator of about 2.2500e-6 and
9.8095e-6, respectively, and has been reached in 69 iterations. The last multi-index added to
the setis (4,4,1,1,1) and the maximum profit among the elements of the reduced margin of
the final set is about 7.7365e-8 at (3,2,1,2,2).
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Figure 5.11: Error and estimator with respect to the number of points in logarihmic scale (left)
and projection of the final multi-index set on (y1, y5) (right) for the case N = 5.

In both cases N =3 and N = 5, the error estimator provides a good control of the error, the
overestimation being slightly bigger for N =5 than N = 3. Moreover, due to the decay of the
an in n72, the random variables Y, should have less and less influence as 7 increases. The
adaptive algorithm is able to capture this feature, as seen for instance when projecting the
obtained multi-index set over two different directions. From this experiment, together with
the numerical results obtained for the inclusion problems, we see that the efficiency of the
stochastic error estimator seems to be linked to the number of random variables. Further
investigation should be made in this direction to determine whether this is indeed the case or
if the reason is elsewhere, for instance the error due to the approximation of the L7°(I') norm.
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Conclusions

In this last chapter, we went out of the framework of small uncertainties considered in the pre-
vious chapters and in which a perturbation technique has been used for the stochastic space
approximation. Here, we have considered the stochastic collocation method which is also
appropriate for problems with a large amount of randomness but its use becomes challenging
for problem in high dimensions. We have proposed a residual-based a posteriori error estimate
that controls both the physical and stochastic space discretization. This estimate is valid under
quite strong assumptions but that are often meet in practise. First, we have assumed that the
random diffusion coefficient depends in an affine way on a finite number of random variables,
which is what we get for instance from a (truncated) Karhunen-Loeve expansion of a random
field. The second assumption is that the sparse grid operator is interpolatory, which requires
the use of nested sequences of univariate nodes such as Clenshaw-Curtis or Leja nodes.

We have then proposed an adaptive sparse grid algorithm. The stochastic error estimator,
which is localized on each element of the margin of the current multi-index set, is used to
select the most profitable elements that should enter the set. The error estimator we have
proposed presents the advantage to be computable without solving additional PDEs. However,
it has the drawback that the profit need to be recomputed at each iteration of the adaptive
process since the residual depends on S;[uy]. We have made some numerical experiments to
test the efficiency of a simple version of the adaptive algorithm. These are just preliminary yet
promising results. They open the door to many improvements and prospects, including but
not limited to

e quantify the error of approximation of the L‘;f’ (I') norm using a finite number of (deter-
ministic or random) points in I"

* test different choices of family of points, such as Leja-sequence of points

* make a comparison with other methods, adaptive or not

* analyse the complexity of the proposed adaptive strategy

* prove the convergence of Algorithm 4

* take the FE error into account and do mesh refinement when the FE error dominates the
stochastic one; take either the same mesh for all the collocation points or allow different
refinements for the various points, see Remark 5.3.4

¢ consider the case of infinite number of random variables

5.A Miscellaneous results

We give here some preliminary results which might be useful to prove the convergence of Al-
gorithm 4. In what follows, we will write I} and I}, two successive multi-index sets produced
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by the adaptive algorithm, thatis I;,; = I} U Ji with J < M}, obtained using new_index and
thus satisfying the Dorfler condition (5.30). Moreover, since we perform only stochastic space
adaptation, we assume that there is no error due to FE approximation and the subscript % is
no longer indicated in what follows. We write then uj = Sy, [u] and uy41 = Sy, [u] the sparse
grid approximation corresponding to I and Iy, respectively.

First of all, since a depends affinely on the y,, n=1,..., N, we have that ifi € M; then
A™D (guA™D () =0 VjeI\ol. (5.35)
Indeed, ifje I\0I thenj+e,eIforalln=1,...,N.
For ease of notation, we will write | - || instead of || - | 122y 10 the sequel.
Proposition 5.A.1. (Estimator reduction I)
Ifuk+1 = ug, then |V(u— w1 = IV (w—up) | but

CIk+1 < Clk'

Proof. First of all, we split the margin of I, into two disjoint parts as
Z\/[[k+1 = (M]k \]k) U (]\4],C \ M[k).

Using the assumption uy.; = u; we get then

(h = Y 1A™P(@Vug)|

iEMIkH

= Y 1A™P@vuyl
iEM]kH

= Y A" P@vupl+ Y, 1A™Pavul
iEMIk\]k iEM]k\Mlk

= Y 1a™Y@vuy)l.
ieM; \Ji

For the last equality, we have used that A™Y (aVuy;) = 0 for all i € (M, \ Mj,) thanks to (5.24).
Indeed, ifi € (Mj, \ Mp,) theni¢ (I} U My,). Finally, we use the property of Ji in (5.30) to obtain

(e = ) 18" @vu)l = Y 1AM (@Vu)l|
i€M1k i€k
< (1-0) Y 1A™P(avuy)|
iGM]k
= KCI]C»
with ¥ = (1 -6) < 1 for any choice of the Dorfler parameter 6 € (0, 1). O
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5.A. Miscellaneous results

One way to prove the convergence of Algorithm 4 is to prove a contraction property, for
instance on the error, the estimator or some other quantity. The difficulty is therefore to first
define the quantity on which we would like to prove a contraction property. We have tried to
do it on the estimator, but, unfortunately, we have not been able yet to find a conclusion. So
far, we have obtained the following relation

(e = Y 1A™P@Vupll+ Y I1A™P @V (U — up)l
ieM; \Jx ieM;,

-0+ Y 1A™Y(@V(upsr — upll.

i€]\411(4-1

IA
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Conclusions and perspectives

In this thesis, error analysis for PDEs with random input data has been performed on various
problems with a focus on a posteriori error estimation.

The starting point was the well-studied elliptic diffusion model problem with random diffusion
coefficient and affine dependence on the random variables. Assuming small amount of
randomness in the model, characterized with the parameter ¢, a perturbation technique was
used expanding the exact random solution of this problem in powers of €. Error estimation for
the error between the exact solution and the finite element approximation of the truncated
expansion has been established in great details, considering different measures of the error.
Computing for instance only the first term in the expansion, which is deterministic, the
a posteriori error estimate provides information about both sources of error, namely the
physical space discretization and the uncertainty, and can be used to balance these two
errors. Moreover, such error estimates are the basis for adaptive strategies designed to find an
approximation of prescribed accuracy with computational cost as low as possible. Having a
posteriori error estimate for the approximation of any order allows us to adaptively choose
between mesh refinement and increase of the order of the expansion. The theoretical results
have been validated and illustrated through many numerical experiments in one and two
physical space dimensions. We are looking forward to perform numerical experiments on
adaptive schemes of higher-order in €. A proof of the lower bound for the explicit stochastic
error estimator of the first order approximation, required to prove its efficiency, is still missing
at the moment.

Next, steady-state nonlinear problems in random domains have been investigated. For such
problems, the so-called domain mapping method has been used to transform the PDEs in
random domains into PDEs on a fixed reference domain with random coefficients. All the
analysis can then be made on this fixed reference domain and, from a numerical point of view,
this method prevents the need of remeshing. Application to the one-dimensional viscous
Burger’s equation and the incompressible Navier-Stokes equations has been proposed. The
well-posedness has been shown, under suitable conditions on the mapping and the input
data, using a fixed-point theorem for existence and a variational argument for uniqueness.
A posteriori error estimation has been proposed for a specific but rather general form of the
mapping, again under the assumption of small perturbation. For the Navier-Stokes problem,
two different estimates have been developed, each of them presenting advantages and draw-
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Conclusions and perspectives

backs. Numerical results have been given for both problems. Possible extensions include the
consideration of problems for which the mapping is not given analytically, numerical exper-
iments on three-dimensional Navier-Stokes equations and analysis of the time-dependent
Burgers and Navier-Stokes equations.

To extend the proposed methodology to other types of problems, a parabolic problem has
been analysed next, namely the heat equation with random Robin boundary conditions. In
addition to the perturbation technique and the finite element method for the stochastic and
physical space approximations, respectively, an implicit time stepping scheme has been used
for the time discretization. An a posteriori error estimate for the approximation of the first
term in the expansion has been proposed and its efficiency has been investigated through
two numerical examples. Application to problems of practical interest could be an interesting
direction for a future work.

In the last part of this thesis, a residual-based a posteriori error estimate for the stochastic
collocation finite element method has be proposed. The error estimator controlling the
randomness in the problem has then be used to drive an adaptive sparse grid algorithm.
Finally, promising preliminary numerical examples have been given that open the door to
many thrilling perspectives, such as complexity analysis, comparison with other methods,
combination with spatial mesh refinement or proof of convergence of adaptive scheme.
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