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Abstract

Fluid flow in porous media is a multiscale process where the effective dynamics, which is often
the goal of a computation, depends strongly on the porous micro structure. Resolving the
micro structure in the whole porous medium can, however, be prohibitive. Novel numerical
methods that efficiently approximate the effective flow but resolve only a carefully selected
reduced portion of the porous structure are of great interest. In this thesis we propose new
numerical multiscale methods for Stokes flow in two- and three-scale porous media.

First, we propose the Darcy-Stokes finite element heterogeneous multiscale method (DS-FE-
HMM). The method is based on solving the Darcy equation on a macroscopic mesh using
the finite element method with numerical quadrature, where the unknown permeability is
recovered from micro finite element solutions of Stokes problems that are defined in sam-
pling domains centered at macroscopic quadrature points. An adaptive scheme based on
a posteriori error analysis is proposed, where micro-macro mesh refinement is driven by
residual-based indicators that quantify both the micro and macro errors.

Second, to address the increasing cost of solving the micro problems as the macroscopic mesh
is refined, we combine the DS-FE-HMM with reduced basis (RB) method and propose a new
multiscale method called the RB-DS-FE-HMM. Efficiency and accuracy of the method relies
on a parametrization of the micro geometries and on the Petrov—Galerkin RB formulation that
provides a stable and fast evaluation of the effective permeability. A residual-based adaptive
mesh refinement scheme is proposed for the macroscopic problem. To achieve a conservative
approximation we also combine and analyze a coupling of the RB method with a different
macroscopic scheme based on the discontinuous Galerkin finite element method (DG-FEM).

Finally, we consider a three-scale porous media model with macro, meso, and micro scale.
At the intermediate meso scale the medium is composed of fluid and porous parts and the
fluid flow is modeled with the Stokes—Brinkman equation. A three-scale numerical method
is derived and an efficient algorithm based on the RB method and empirical interpolation
method on the micro and meso scale is proposed.

Key words: multiscale, homogenization, porous media, Stokes flow, finite element, heteroge-
neous multiscale method, reduced basis, discontinuous Galerkin, adaptivity.

iii






Résumé

Lécoulement de fluide dans un médium poreux est un procédé multi-échelles ou la dyna-
mique effective, qui est souvent le but du calcul, dépend fortement de la structure microsco-
pique. Néanmoins, résoudre la structure microscopique dans I’ensemble du médium peut
s’avérer prohibitif. De nouvelles méthodes qui approximent efficacement I'écoulement effectif
en ne résolvant qu'une partie limitée, selectionnée avec soin, de la structure poreuse sont d'un
grand intérét. Dans cette these, nous proposons de nouvelles méthodes pour ’écoulement de
Stokes dans des média poreux a deux et trois échelles.

Premierement, nous proposons la méthode d’élément finis hétérogene multi-échelles Darcy-
Stokes (DS-FE-HMM). La méthode est basée sur la résolution de I’équation de Darcy sur un
maillage macroscopique en utilisant la méthode des éléments finis avec quadrature numé-
rique. Aux points de quadrature, la perméabilité est calculée grace a des problémes de Stokes
al’échelle microscopique, approximés avec des élément finis dans des domaines d’échan-
tillonnage. Un schéma adaptif basé sur une analyse d’erreur a posteriori est proposé, ol un
affinement des maillages micro-macro est controlé par des indicateurs basés sur les résidus,
quantifiant a la fois I’erreur micro et macro.

Deuxiemement, pour entraver 'augmentation du cofit de la résolution des micro problemes
lors de I'affinement du maillage macroscopique, nous combinons DS-FE-HMM avec la mé-
thode des bases réduites (RB) et proposons une nouvelle méthode multi-échelles appelée
RB-DS-FE-HMM. Lefficacité et la précision de la méthode dépendent de la paramétrisation
des géométries microscopiques et de la formulation RB de Petrov-Galerkin, qui fournit une
évaluation rapide et stable de la perméabilité effective. Un schéma adaptif d’affinement du
maillage basé sur le résidu est proposé pour le probleme macroscopique. Pour obtenir une
approximation conservative, nous combinons et analysons un couplage de la méthode RB
avec un schéma macroscopique différent basé sur la méthode d’élément finis de Galerkin
discontinue (DG-FEM).

Finallement, nous considérons un model de média poreux a trois échelles : macro, meso
et micro. A I'échelle intermédiaire meso, le médium est composé d'une partie poreuse et
d’une partie fluide, dont I'écoulement est modelisé avec I’équation de Stokes-Brinkman. Une
méthode numérique a trois échelles est dérivée et un algorithme efficace basé sur la méthode
RB et la méthode d’interpolation empirique aux échelles micro et meso est proposé.
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Notation

Problem setting.
d

O<~D9O "

Abbreviations.
PDE
FE
FEM
DOF
DG
SIP
HMM
RB
SCM
EIM

Common indices.
F
S
P
mac
mic
mes

dimension of the problem, d € {2, 3};

fine scale size of the two-scale model, € > 0;

macroscopic domain in R4 ;
unit cube in R4, Y = (—O.5,0.5)d;

generic constant whose value can change at any occurence,

partial differential equation;

finite element;

finite element method;

degree of freedom;

discontinuous Galerkin;
symmetric interior penalty;
heterogeneous multiscale method;
reduced basis;

successive constraint method;
empirical interpolation method;

fluid;
solid;
porous;
macro;
micro;
meso;

Standard sets of numbers.

N
No
Z
R

set of positive integers {1,2,...};

set of non-negative integers {0, 1,2, ..

set of integers;
set of real numbers;
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Notation

Functional spaces.

(O(9)
Cler (V)
LP(Q)
wkr(Q)
H*Q)
Hy ()
Hpe, (V)
XI

Il x
()x

k-times continuously differentiable functions Q — R, 0 < k < oc;
subset of Y-periodic functions in ck;

the usual Lebesgue space with 1 < p < oo;

the usual Sobolev space with ke Nand p € [1,00];

the Hilbert space W2P (Q);

subspace of H L(Q) with a vanishing trace on 0Q;

closure of Cg‘;r(Y) in the norm H(Y);

dual space of a vector space X;

standard norm in any normed linear space X;

standard inner product in any inner product space X;

Finite element spaces.

TH

2"(K)
S"(Q,Th)

V(Q,Th)

En

a triangular or tetrahedral mesh consisting of elements K € I;
the mesh size H = max T diam(K);

vector space of polynomials in K of degree at most n € Nj;
continuous finite element space in Q on mesh 9 of degree n
SMQ,Tn) =g € H'(Q); q"|x € 2"(K), VK € Ty};
discontinuous finite element space in Q2 on mesh 9 of degree n
VQ,Ty) = {g" € L2(Q); gk e 2™(K), YK € Ty}

set of all edges of a mesh Jp;

Vectors and matrices.

| Al
b;
|b|

el

Miscellaneous.
diam(Q)
la, ]

(a,b)

Xii

coefficients of a matrix A € R*'";
Frobenius norm of a matrix A € R™*";
elements of a vector b € R";
Euclidean norm of a vector b € R?;
the i-th canonical basis vector in R%;

diameter of a set Q < RY;
closed interval;
open interval;



|} Introduction

Mathematical models and their numerical approximations are powerful tools in studying
natural and human-made systems. Models are just an approximation of reality and for every
system it is important to choose a model that is of sufficient accuracy for the desired purpose.
For example, if we study a single protein, we should choose an appropriate model from
quantum electrodynamics or molecular dynamics. However, using such models to study
safety and properties of a bridge construction is a bad choice for several reasons. First, even
using the current supercomputers, it is impossible to run a simulation of such a vast amount
of molecules. Second, we are not really interested in a detailed behavior of every atom or
molecule in a bridge but only in some macroscopic behavior. Can the bridge withstand the
traffic? What magnitude of earthquake or hurricane makes the bridge collapse? How is the
bridge deformed in winter and summer based on the temperature? These questions can be
answered by studying models from mechanical engineering and material science. In these
models, the bridge is not divided into atoms and molecules but into larger parts (steel beams,
ropes, concrete blocks, etc.) that are considered homogeneous. Physical properties of these
parts are represented by effective parameters (elasticity, stiffness, heat conductivity, etc.) and
the models describe macroscopic behavior (displacement, strain, temperature, etc.). Standard
numerical techniques can be applied to simulate these models and assess behavior of the
bridge under different conditions. While we do not explicitly consider the micro structure of
the different materials, it reflected in the material properties. Hence, depending on the scale
of the problem, we might prefer different models.

With rapid advances in technology, there are new challenges in modeling and simulation.
There is an immense number of new chemicals, materials, nanostructures, etc. The systems
that are studied are increasingly complex and detailed, e.g., the human brain, entire ecosys-
tems, microchips, etc. Often we are interested in the macroscopic behavior but we cannot
ignore the microscopic structure of the system since it significantly affects the macroscopic be-
havior. This leads to multiscale modeling and multiscale numerical methods. In the simplest
case, we consider only two scales that are usually called the macroscopic and the microscopic
scale. Multiscale models are often recast into homogenization theory, where we consider
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a micro model and use averaging techniques to arrive at the macro model and a coupling
mechanism between these models. While the macro model ignores the micro structure of the
system, it uses the micro model to extract the effective properties. Returning to the example
with bridge modeling, we could use the macroscopic model based on classical mechanics
while extracting material properties from, e.g., molecular dynamics model. This allows us to
run the simulation without a priori knowing the effective properties of the system.

Fluid flow in porous media

In this thesis we study fluid flow in porous media, which is an important process appearing
in a wide range of engineering and technical applications. It is present in the modeling
of subsurface contamination and filtration, textile design, biomedical materials, natural
reservoirs, and many more, see [61, 117, 110, 111] and the references therein. There are
various models and simulation methods for porous media flow, depending on the application.
We consider two basic models with physical processes at different scales that can be coupled
into a multiscale model as described below.

Let Q = R? be a connected bounded domain with d € {2,3}. We divide Q into two parts: a fixed
solid part and its complementary fluid part. The fluid part is fully saturated with and the solid
part is impermeable. We denote the fluid part by Q, < Q, where £ > 0 denotes the length-scale
of the porous structure. A standard model such as the Navier—Stokes equation can be used to
model fluid flow in Q.. The Reynolds number! of fluid flow in porous media is usually small,
thus, the inertial forces can be neglected and the following Stokes equation is a suitable model
of fluid flow in Q.. For a given force field f we search for the velocity field u® and pressure p*®
such that
-Au®+Vp*=f inQ,,

(1.1)
divu® =0 inQ,,

with appropriate boundary conditions. For simplicity of notation we normalized the physical
units and constants to unity. The number of degrees of freedom and the computational cost
of any standard numerical discretization of (1.1) is at least of order © (vol(Q)e~%), which can
easily become prohibitive for small €.

A simpler and widely used model of porous media flow was discovered by Darcy [53]. In the
current notation, the Darcy equation is an elliptic partial differential equation (PDE) that
describes the effective pressure and velocity of a saturated fluid in a porous medium. The
Darcy equation reads as follows. For a given force field f and an effective permeability tensor
a’: Q — R%*4 find the pressure p° such that

—V-a®vp’-H=0 inQ, (1.2)

where we can again provide appropriate boundary conditions. The effective velocity field

1The Reynolds number is a dimensionless quantity that is defined as the ratio of inertial forces to viscous forces
and it is used an indicator of the relative importance of these two types of forces.



is defined by u =af-v po). We used a formulation with no sink or source terms and the
physical units and constants are normalized to unity. Notice that the Darcy model does not
explicitly contain the porous structure of the medium. The effect of the porous structure is
hidden in the effective permeability a°, which needs to be provided. The problem (1.2) can be
thus discretized and solved with standard numerical methods, no matter how small € is.

Homogenization of Stokes flow in porous media

Let us give a brief introduction to two- and three-scale porous media, homogenization theory,
and the corresponding multiscale models.

Two-scale model. The effective Darcy model (1.2) and the fine-scale Stokes model (1.1)
have been bridged with the homogenization theory that studies asymptotic properties of the
problem (1.1) for ¢ — 0*. First rigorous homogenization results for Stokes flow in porous
media appeared in [104] with a proof of convergence by Tartar [104, Appendix]. This proof
was later generalized by Allaire [24] to allow for a wider class of porous structures. These
results were provided for periodic porous media (see Figure 1.1(left)), where Q. is obtained
by periodic perforation of Q by €Ys, where (Y, Ys) is the reference porous geometry in a
unit square. It was shown that p®,u® can be extended from Q, to the whole domain Q and
that these extensions converge to the so-called homogenized pressure p° and homogenized
velocity u’. The homogenized solutions p°,u’ are then shown to be the solutions to the Darcy
equation (1.2). The effective permeability al is a constant tensor whose value can be obtained
by averaging the velocity solutions of suitable micro problems, which are Stokes problems
defined in the reference micro domain Yz. The homogenization theory was further expanded
by introducing correctors and e-dependent error estimates [80, 78], locally periodic porous
media [41, 40], and to random stochastically homogeneous media [33].

periodic Q, locally periodic Q.
1 1
NSRS\ 2 C == 2T5=C S L >
0000 - - YR e YFx S S0 00
O:0:0:0] -~ Lo-7 Sea ~o S0 0.0
IOQO;Q - Q) | \‘~\\\\4Q000
o[oJo.o v IS S oo
FOIOO00A X2 OO OR
P)OO 000N ~~~+._ RS NVINTN G @@
pilgiigiigiiatias oF (2NN TTE=al 1 e \E\igNigtigt g
T o L 7

1 1 1
2 2 2 2 X1
Figure 1.1 — An illustration of periodic and locally periodic two-scale porous media Q. < Q.

We will consider a two-scale model problem that is based on the homogenization theory in
locally periodic porous media, which is depicted in Figure 1.1(right). At the macro scale we
use again the Darcy equation (1.2). To any x € Q we attribute a micro domain denoted by Y
that represents the local fluid part of the porous structure at x. The effective permeability can
thus vary with x € Q and its value a°(x) is obtained by averaging the velocity solutions of the



Chapter 1. Introduction

Stokes micro problems solved in Y;;".

Three-scale model. There are porous materials that do not fit into the two-scale framework
because they contain porous structures at more than two scales. This is the case, for example,
in textile microstructures [69], flow in swelling colloids and polymers [83], etc. Homogeniza-
tion theory for n-scale periodic porous media was studied formally in [79]. Let us outline a
three-scale model based on [69].

1
2

1
2

Figure 1.2 — An illustration of the locally periodic three-scale porous media Q;, ¢, (left).

We consider a three-scale locally periodic porous medium that consists of macroscopic,
mesoscopic, and microscopic scale (see Figure 1.2). The porous medium is now denoted Q¢ ,,
where €] > ¢, > 0 are the characteristic length scales of meso and micro scales, respectively.
Let us describe the variation of the mesoscopic and microscopic structures. For any x € Q
the local mesoscopic structure is given by a mesoscopic geometry (Y}, Y5), where Y and
Yy represent the fluid and porous part, respectively. For any y € Yy the local microscopic
structure is given by a microscopic geometry (Z;C i st ¥), where Z; Y and Zg ¥ represent the
fluid and solid part, respectively.

Following [69], let us sketch a three-scale model of fluid flow in Q;, .,. The macroscopic
model is again the Darcy equation in Q, where the effective macroscopic permeability a®(x) is
upscaled from the meso problems. At the meso scale we apply the Stokes model in Y} and
the Brinkman model in Y. Averaging the velocities of the Stokes-Brinkman equation solved
in YFx U Y[f‘ gives a®(x). The effective mesoscopic permeability o (x, y) thatis needed in the
mesoscopic model is upscaled for any x € Q and y € Y} from the Stokes micro problems that
are solved in Zlf ¥ by averaging the micro velocity solutions.

1.1 Literature overview

In this section we review the literature related to this thesis and give an overview of the
state-of-the-art in numerical multiscale methods for flow in porous media.



1.1. Literature overview

Heterogeneous multiscale method

The heterogeneous multiscale method (HMM) is a framework that offers a systematic approach
to deriving numerical methods for multiscale problems. The HMM was introduced by E
and Engquist [58], see also [59, 14] and the references therein for a detailed overview. Given
a fine scale model such as the Stokes equation (1.1), we first identify an effective model.
Homogenization theory suggests to use the effective Darcy equation (1.2). Any standard
numerical method can now be used to solve (1.2), however, we need to provide the unknown
permeability where needed. An approximation of the effective permeability can be obtained by
sampling the fine-scale problem (1.1), numerically solving the micro problems, and averaging
the micro solutions. The generality of the HMM allows for different numerical methods at
macro and micro scales. While we opt for finite element and discontinuous Galerkin methods,
let us mention that other applications of the HMM exist that use finite differences, spectral
methods, etc., see [14] for references.

The HMM that uses finite elements as macro and micro solvers is often called the finite element
heterogeneous multiscale method (FE-HMM). The FE-HMM is based on a finite element
method with numerical quadrature that is used to solve the macroscopic problem while the
effective data are upscaled by computing micro problems at every macroscopic quadrature
point. There are various types of problems where the FE-HMM has been applied, e.g., elliptic
diffusion problems [58, 60, 82], parabolic diffusion problems [13], wave equation [15, 16], and
see also [2, 14] for additional references for nonlinear problems. Let us mention the a priori
and a posteriori error analysis of the FE-HMM for elliptic diffusion problems [1, 90, 20, 2],
which is important to the Darcy-Stokes settings as they share the same macroscopic problem.

Another macroscopic method used in HMM applications is the discontinuous Galerkin finite
element method (DG-FEM), yielding a method called the DG-FE-HMM. The DG methods
were initially introduced for a transport equation [71] and later extended for many different
problems. We refer to [27] for a unified analysis of DG methods for elliptic problems. The main
advantages of using the DG-FEM are a locally conservative scheme (without post-processing)
and possibility of using non-conforming meshes and non-uniform polynomial degree of
approximation (well-suited for hp-adaptive methods). The DG-FE-HMM has been already
derived for the elliptic diffusion problems [3] and the convection diffusion problems [17].

Although two-scale numerical methods can be already too complicated and computationally
demanding, there are methods that work on more than two scales. A numerical method for
n-scale elliptic diffusion problems with data oscillating at multiples scales has been proposed
in [4]. Related numerical method based on sparse tensor product FEM has been proposed
in [72].
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Multiscale methods for Stokes flow in porous media

When periodic porous media are considered, homogenization theory gives a direct way to ap-
proximate a (globally constant) effective permeability. Let us mention explicit analytic results
for simple geometries [106], permeability computation in textile micro geometries [116], and
validation of predicted permeability using micro-tomography [84].

When heterogeneous media are considered, homogenization theory can still be used to derive
multiscale numerical methods. Such methods are of practical interest in numerous areas, e.g.,
in textile modeling [69], resin transfer modeling [86], oil geology [74], etc. They are based on a
numerical solver for the macroscopic Darcy problem (1.2), where the effective permeability is
upscaled from numerically solved Stokes or Navier-Stokes micro problems where needed (e.g.,
quadrature points of a finite element method). Let us reviews some of the existing methods.
The multiscale FEM described in [40] assumes that the Stokes micro problems can be obtained
from a reference periodic domain by a known smooth map and numerically computes micro
problems with varying accuracy on nested grids of points. This method can be very efficient
due to the multigrid approach. However, the scope of this method is rather limited. First,
it relies on high regularity of the Stokes problems that excludes re-entrant corners in micro
domains. Second, this method is efficient for simple macroscopic domains (such as squares
or a union of squares) but more difficult to use for complicated macroscopic domains. The
two-scale finite element method proposed in [105] considers linear and non-linear Stokes flow
in heterogeneous and periodic porous media. The authors provided numerical experiments
comparing the linear and non-linear methods and also verified the homogenization of periodic
porous media. However, a priori analysis or balancing the micro and macro error was not
discussed. In [26] the control volume method was used to discretize the Darcy equation and
a Navier-Stokes model was used on the micro scale. The reduced regularity of non-convex
micro domains is taken into account and an appropriate estimate of the micro error is derived.
However, there are some limiting assumptions: piecewise periodic micro structure, alignment
of the micro structure to a coarse grid, and no volumetric forces. Numerical methods for flows
in highly deformable porous media [94, 41] are also based on the homogenization theory,
however, they use a different departing model that allows local deformations of the porous
structure.

Concerning numerical multiscale methods for Stokes flow in porous media with more than two
scales, we are only aware of the work of Griebel and Klitz, see [69] and the references therein.
They provide a three-scale porous media model and its discretization. Using numerical
experiments with periodic porous media they compute the macroscopic effective permeability
for different three-scale geometries and study the error with respect to the micro and meso
mesh sizes. Furthermore, a comparison with analytical and experimental data is provided.
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Reduced basis method

The computational cost of numerical multiscale methods based on the HMM is usually
dominated by solving the micro problems. The amount of micro problems can easily become
too large and create a serious bottleneck, especially for three-dimensional problems or if high
accuracy is required at the micro scale. One way to speed up the computation is to solve
the micro problems in parallel. Another approach is to exploit the similarity (redundancy)
between micro problems. One can apply a model-order reduction method such as the reduced
basis (RB) method. The RB technique has been successfully applied in the elliptic FE-HMM
problems [37, 4, 5]. However, we are not aware of other works that have applied it in a Darcy—
Stokes multiscale method.

Let us describe the micro problems in the RB terminology. The effective permeability a®(x)
is defined for any x € Q) as an average of the velocity solutions of the Stokes micro problems
solved in the domain Y;. The micro problems are thus parameter-dependent Stokes problems
(with x € Q as a parameter) with a low-dimensional output of interest a®(x) € R4, In two-
scale numerical methods we will need to evaluate a°(x) (or some approximation of a°(x)) for
many different values of x € Q and we are not explicitly interested in the micro solutions. This
is exactly the setting where the RB method can bring significant improvement.

The RB methodology was pioneered in [62, 63, 87] and gained recently an increased interest,
see [101, 97, 96, 70] for recent reviews. The essence of the RB method is to project a parameter-
dependent problem into a low-dimensional solution space that is spanned by the solutions of
the original problem for a carefully selected set of parameters. The computation is divided
into two stages: the offline stage and the online stage. In the offline stage, performed only
once, the RB space is constructed. In the online stage, which can be performed repeatedly and
for any parameter, precomputed values from the offline stage are used for a fast evaluation of
the output of interest and a posteriori error estimates.

To apply the RB method for problems in parameter-dependent geometries, one has to define
a reasonable way to do linear combinations of solutions for different parameters. We map
the Stokes micro problems for any parameter x € Q from Y to the reference micro domain
Yr. The mapped problems will have parameter-dependent coefficients. The RB methods for
indefinite problems need to consider two stability issues. We need to assure the approximation
stability (non-degeneracy of the inf-sup condition of the reduction) and the algebraic stability
(non-degeneracy of the condition number of the reduced system). Let us discuss how these
stability properties are addressed by different RB methods. The RB methods [100, 102, 65] use
a saddle-point formulation of the Stokes problem, where both velocity and pressure RB spaces
are constructed. Using an appropriate enrichment of the reduced pressure space both stability
requirements can be fulfilled. The resulting method can, however, be expensive in the online
stage. Alternative methods with smaller online systems can be constructed but their stability
can no longer be guaranteed. Another approach is to consider Petrov—Galerkin RB methods
that are defined for general linear non-coercive problems, see [99, 77] and the references
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therein. For such methods no assumption on the structure of the problem is required, only the
Babuska inf-sup condition is needed. Let us mention yet another technique of using double
greedy algorithm [52, 51], where the inf-sup stability is controlled in the offline process and
the reduced basis spaces are enriched accordingly.

In this thesis we opt for the Petrov—-Galerkin RB formulation (see [99, 77]) where a fixed solution
space and a parameter-dependent test space is constructed in the offline stage. Another
advantage of this formulation is its flexibility to enforce additional Lagrange multipliers as
used in our formulation to normalize pressure.

An important assumption required for efficient usage of model order reduction techniques is
an affine decomposition of the parametrized problem. In situations when this assumption is
not met, the empirical interpolation method [31] has been applied to provide an approxima-
tion of the original problem that allows an affine decomposition, see for example [68, 56, 85]
and the references therein.

1.2 Main contributions and outline of the thesis

In this thesis we develop new numerical two- and three-scale methods for Stokes flow in
porous media. Our main goals were to provide general, efficient methods that do not have
too restrictive assumptions on the geometries and offer the possibility to use higher-order
finite element methods. Let us also stress the importance of error analysis since in multiscale
methods there are several sources of error that should be properly balanced to achieve a
reliable approximation.

In chapter 2 we recall the homogenization theory in periodic and locally periodic porous
media and define a two-scale model problem that is used in chapters 3-5. The macroscopic
equation is the Darcy problem (1.2) with the effective permeability a®(x) that is upscaled
from local Stokes micro problems solved in the domain Y. In section 2.4 we study well-
posedness of the model problem and provide various generic criteria for uniform coercivity
and boundedness of a’. This chapter is based on the paper [6].

In chapter 3 we propose a new numerical homogenization method for Stokes flow in het-
erogeneous media called the Darcy-Stokes finite element heterogeneous multiscale method
(DS-FE-HMM). At the macroscopic scale we use the finite element method with numerical
quadrature to solve the Darcy problem (1.2). The effective permeability is approximated by
numerically solving and averaging the Stokes micro problems, which are defined in a local
snapshot of size § = € of the geometry ), around every macroscopic quadrature point. Com-
pared to [40, 26], the main strength of the DS-FE-HMM is that it can applied in any situation,
no explicit scale separation or locally periodic description of the porous medium are needed.
A multiscale method of similar generality was proposed in [105] but with little theoretical
analysis of the method. We derive a priori error estimates and identify three sources of error
named the macro, modeling, and micro error. In practice, the macro and micro errors often do
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not follow the optimal convergence rate since the accuracy of the numerical scheme suffers
from the low regularity of the micro and macro problems caused by the re-entrant corners. We
derive residual-based a posteriori error estimates and propose a fully adaptive method with
mesh refinement on both scales driven by residual-based indicators that quantify and balance
macro and micro errors. Two and three dimensional numerical experiments are performed to
study the three error contributions and confirm the robustness, accuracy, and efficiency of
the adaptive method. This chapter is based on the papers [6, 8].

The main bottleneck of the DS-FE-HMM consists in solving a large number of micro problems.
This was avoided in [26] by assuming a piecewise periodic micro structure. An efficient
solution was provided in [40], where similarity of micro problems in locally periodic porous
media was exploited by using a multigrid method. However, this approach severely limits
macroscopic domains (unions of squares) and variation of the micro structure must be smooth.
We propose a different solution that avoids such severe restrictions by applying reduced order
modeling on the micro scale.

In chapter 4 we propose a new numerical multiscale method named the reduced basis Darcy-
Stokes finite element heterogeneous multiscale method (RB-DS-FE-HMM). The macroscopic
approach is the same as in the DS-FE-HMM but the RB method is applied to speed up the
microscopic computations. While a variety of RB methods for Stokes problem has been
proposed, we opt for the Petrov—Galerkin RB method (reviewed in section 4.2). This RB
method has several interesting properties such as approximation and algebraic stability,
applicability to general indefinite problems, and acceptable time cost. We derive a fully-
discrete a priori error analysis of the RB-DS-FE-HMM that reveals the contribution to the error
of the various approximation steps: the macro, micro, and the RB error. We also provide an
adaptive strategy for the RB-DS-FE-HMM and derive a posteriori error estimates. Two- and
three-dimensional numerical experiments confirm the accuracy of the RB-DS-FE-HMM and
illustrate the speedup compared to the DS-FE-HMM. This chapter is based on the papers [9,
10].

In chapter 5 we present a new conservative multiscale method for Stokes flow in heteroge-
neous porous media. So far, none of the mentioned multiscale methods for Stokes flow in
porous can simultaneously accommodate:

* higher-order macroscopic methods on arbitrary macro domains,

e fast and accurate resolution of the micro scale,

* conservation of mass.
The DS-FE-HMM and the RB-DS-FE-HMM, use the standard FE approach on the macro scale,
hence, a mass conservative solution can be obtained only by post-processing. The only mass
conservative multiscale method that appeared in the literature for Darcy-Stokes multiscale

problem is the FVM derived in [26], which allows only first-order macroscopic approximation.
In our method we keep the microscopic approximation of the RB-DS-FE-HMM but use a
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symmetric interior penalty discontinuous Galerkin finite element method SIP-DG-FEM at the
macro scale. We provide well-posedness and a priori error analysis of the multiscale method.
In the error analysis we use the classical decomposition of error depending on its source: the
macro, micro, and RB error. Compared to the DG-FE-HMM for elliptic diffusion problems [3],
where the same technique was used on the macro scale, we provide a more detailed analysis
of the penalty factor, which is robust with respect to scaling of the effective tensor. Numerical
experiments for two- and three-dimensional problems illustrate the efficiency and accuracy
of the proposed method. This chapter is based on the paper [7].

In chapter 6 we propose a new numerical homogenization methods for flow in three-scale
porous media. A three-scale homogenization based model was derived in [69]. However, the
proposed numerical method was only tested for prediction of effective permeabilities in peri-
odic porous structures with respect to analytical and experimental results. Our contribution is
an efficient three-scale numerical method with porous structures varying on meso and micro
scales. We first describe locally periodic three-scale porous media in section 6.1 and a three-
scale model problem in section 6.2. A direct application of the HMM framework yields the
three-scale numerical method derived in section 6.3, which works as follows. Finite element
method with numerical quadrature is used to solve the macroscopic Darcy equation, where
the effective macroscopic permeability is upscaled from mesoscopic computations at each
macroscopic quadrature point. At the meso scale we use a stable FE scheme (Taylor-Hood
FE) with numerical quadrature to solve the Stokes-Brinkman equation, where the effective
mesoscopic permeability is upscaled from micro problems at every quadrature point in the
porous subdomain. At the micro scale we use a stable FE scheme (Taylor-Hood FE) to solve
the Stokes micro problems. The a priori error analysis confirms that to avoid error saturation,
macro, meso, and micro meshes should be refined simultaneously, which limits the applicabil-
ity of the method due to its large time cost. To overcome this issue, we propose a model-order
reduction on micro and meso scale to speed up the three-scale method. The reduced basis
method is used at the micro scale, similarly to the RB-DS-FE-HMM. At the meso scale we
cannot use the RB method directly since an affine decomposition of the reaction term is not
available. This issue is solved by applying the empirical interpolation method. The a priori
error analysis shows all the different factors that influence the accuracy of the method: the
macro, meso, and micro mesh sizes, the RB size at the micro and meso scale, and the size of
the EIM interpolation. Numerical experiment that illustrate the different sources of error are
provided. This chapter is based on the papers [11, 12].

10



YA Homogenization theory and model
problem

In this chapter we recall the homogenization theory for Stokes problem in porous media. We
introduce the two-scale model problem that is a starting point for chapters 3-5. In section 2.1
we recall the definition of periodic porous media and homogenization of Stokes flow leading
to an effective Darcy equation. In section 2.2 we discuss generalization of periodic porous
media and provide a corresponding model problem in section 2.3. Finally, we study the
well-posedness of the model problem in section 2.4. This chapter is essentially taken from [6].

2.1 Periodic porous media

Homogenization of Stokes flow was first considered in periodic porous media. It was pioneered
by Sdnchez-Palencia and Tartar [107, 104] and refined and extended by many authors (see
[24, 80, 78] and references therein). We shortly recall the settings and conclusions of [24].

Let d € {2,3} and Q c R be a bounded, connected, polygonal domain. We denote by Y the
d-dimensional open unit cube (—1/2, 1/2)%. Let Ys c Y and set Yy = Y\ Ys. Here and subse-
quently, the subscripts F and S stand for the fluid and solid parts of the medium, respectively.
For any € > 0 we define the periodic porous medium Q, ¢ Q with micro geometry (Yz, Ys) by

Q. =0\ | elk+Ys). (2.1)
kezd

For an illustration see Figure 1.1 and Figure 2.1.

Remark 2.1.1. Although Q is connected, the definition (2.1) can lead to Q. with small parts
near the boundary of 0Q that are disconnected from the main body. In what follows, we
will neglect these small parts and assume (without changing notation) that Q. is connected.
Moreover, we observe that 0Q), does not necessarily have Lipschitz boundary. See Figure 2.1
for an illustration.

11
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Figure 2.1 — An example that illustrates Remark 2.1.1: (a) porous geometry; (b) global pore
structure and 6Q; (c) Q. given by (2.1) with two cusps and encircled disconnected parts (that
we drop from Q,).

Homogenization of Stokes flow

Consider the stationary incompressible Stokes problem in Q, with the velocity field u?, pres-
sure p®, and force field f, given by

—Au®+Vp*=f inQ,,
divu® =0 inQ,, (2.2)
u®=0 onoQ,.
Homogenization theory examines the limit behavior of the solutions of (2.2) for e — 0*. We

introduce some minimal regularity assumptions that allow the homogenization results to be
obtained (see [24]).

Assumption 2.1.2. We say that the porous geometry (Ys, Yr) satisfies the basic assumptions
of the homogenization theory if:
(i) the set Ysis closed in Y, and both Y5 and Yy have positive measure,

(ii) the setsR4\uU wezd (k+Ys) and Yy have locally Lipschitz boundaries and the set are locally
located on one side of their boundary,

(iii) the sets R4\ U wezd (k+Ys) and Yy are connected.

Using Assumption 2.1.2 one can then extend the solutions u®, p®, which are functions in Qg,
to U?, P?, which are functions in Q so that a convergence analysis can be performed over Q

12
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for decreasing values of € > 0. We define the extensions by

Ut () = ut(x) x€Qe,
0 otherwise,

pf(x) X € Q,
i [z PR dE xe(@\Q)nek+Y), where Z¥ = Q. ne(k +Y)
and k€ Z% such thate(z+ Y) Q,

(2.3)
Pf(x) =

0 otherwise.
It was proved in [24] that U¢/¢* — u® weakly in L*(Q)¢ and P¢ — p° strongly in L? (Q)/R,
where p? is the homogenized pressure given as the solution to the elliptic system

V-a®f-Vp" =0 inQ,

0 0 2.4)
a (f-Vp'):n=0 onoQ.

The so-called homogenized velocity is given by u® = a° (f— Vp°) and the homogenized perme-
ability tensor a® is a d x d matrix defined by

=

ul oo u

1
ud u

QU

where u’ is indexed by i € {1,...,d} and is obtained as a solution of the following Stokes
problem. Find the velocity field u’ and the pressure p’ such that

—Au’ +Vpi =e' in YE, u'=0 on 0Ys, 2.5)
divu'=0 in YE, u’ and pi are Y -periodic, '

where e is the i-th canonical basis vector in RY.

Stronger results. A strong convergence result in the L?-norm was derived in [25]. If we
define
W (x,x/e) = XL ul (x/e) (£ - 0;p"),

then
IU¢/e? —u(x, x/€)ll 12y — O.

13
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Furthermore, under more restrictive conditions on the regularity of Q and Y, an additional
corrector u®®* was defined in [78] allowing for convergence rates (in terms of ¢)

HUS (x)/€% -’ (x, x/€) — eu" (x, x/€) ”H(Q,div) < Cel'8,

1P¢ = P Nz ym < Ce'™,

where C does not depend on ¢.

2.2 Locally periodic porous media

We provide a generalization to the periodic porous media from Section 2.1, where the local
geometry (solid vs. fluid part) can vary within the medium (see [41] for a related definition).

Definition 2.2.1. Assume that a reference porous geometry (Ys, Y3) is given, satisfying As-
sumption 2.1.2. Let ¢ : Q x Y — Y be a continuous map such that for every x € R? the map
¢(x,): Y — Y is a homeomorphism. For any x € Q we define the local porous geometry
(st, YY) by st =(x,Ys) and YF" = Y\st. For any € > 0 we then define

Qe =0\ | elk+YER). (2.6)
kezd

For an illustration see Figure 1.1 and Example 2.2.3. In the following chapters we provide other
examples of ¢ in Example 4.3.2 and Example 4.3.3.

Remark 2.2.2. The definition (2.6) assumes that (Y}, Y5") and therefore ¢(x, y) are defined for
many values x ¢ Q. If ¢ is not defined for those values, we can provide arbitrary extension
such as @(x, y) = y for x € R%\Q. This will only affect Q) in a v/de-neighborhood of 6.

In addition, we require that the the following regularity assumptions on ¢. We assume that
@(x,),@(x,) "1 € Wh°(Y)4 and that there is a constant A; such that

o Mwreorye <Ay 96 ) Hlpreoye <Ay, VxeQ 2.7)

Following Remark 2.1.1, we also assume that Q. is connected. We observe that if ¢(x, y) = y,
then we obtain the definition (2.1).

Example 2.2.3. Consider the polynomial P(c, ) =4(1 - c¢) 3 + ct. The restricted polynomial
P(c,+) : R — R induces a homeomorphism from the closed interval [-1/2,1/2] to itself for
0 <c<3/2. Ford =2 and i € {1,2} define ¢;(x,y) = P(max{le? +0.1,1.4}, y;). Finally, we
set £ = 1/8 and define the solid part Ys = [-1/4,1/4]%. The locally periodic porous media
construction with Q = (—0.45,0.45)?\[0, 1]? is illustrated in Figure 2.2.

Other definitions of locally periodic porous media. There are other ways to define a perfo-
rated medium with varying microscopic structure. If 0YsndY # @, the definition (2.6) can

14
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Figure 2.2 — Locally periodic porous medium from Example 2.2.3: (a) the reference porous
structure, (b) alocal porous structure, (c) the locally periodic porous medium ;.

lead to porous domains Q, that have unnatural, sharp edges at the e-grid. A simple solution
to this problem is to define

Qe =0\ | {5 xeelk+ YO} (2.8)
kezd

Another way to deal with this problem is to provide a function ¢ : Q x Y x Ry — Y and instead
of (2.6) use

Q. =Q\ |J elk+g(ek, Ys,€). 2.9)
kezd

Dependence of ¢ on € gives us some freedom to allow connected geometries. For an appli-
cation, see the 3D numerical experiment from section 3.5. The local geometries are then
defined as Yg' = ¢(x, ¥5,0) and Y = Y\Y¢'. Naturally, we assume that ¢(x, Ys,€) — ¢(x, Ys,0)
fore — 0.

A completely different definition can be based on level sets, as is described in [43, 112]. Given
afunction S: Q x R? — R that is Y -periodic in its second variable, we set

Q. ={xeQ|S(x,x/e)>0}.

For any x € Q we can then define the local geometries as Yg" = {y € Y | S(x,y) < 0} and
Y7 = Y\Y{". Compared to the definition we chose (see (2.6)) the local geometries (Y', Y;') do
not have to be topologically equivalent to a single reference geometry (Ys, Yg).

2.3 Model problem

Following the homogenized problem in periodic porous media (2.4), (2.5), (2.11), we define
a model problem in the locally periodic setting. The effective pressure equation (2.4) stays
unchanged but we let a® depend on x. Forany x € Q and i € {1,..., d} we solve the following

15
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Stokes micro problem. Find the velocity field u* and the pressure p”* such that

—Aut* + Vpi’x —el in v, u”*=0 on oYy, 2.10)
divu"*=0 inYZ, u”* and p"* are Y-periodic. '
The variable effective permeability a®(x) € R4*¢ is then defined for any x € Q as
a?j(x):f e-u/*dy Vi jefl,...d. (2.11)
Yx

F

Weak formulation. We provide a weak formulation to the model problem (2.4), (2.10). The
macro problem (2.4) is a standard elliptic problem with Neumann boundary conditions.
Hence, assuming that f € L?(Q)¢ the macro problem can be stated as follows. Find p° €
H'(Q)/R such that

Bo(p’, ) =Lo(q) Vge HY(QIR, (2.12)

where

Bo(PyCI)=f a’Vp-Vqdx,
Q (2.13)

Lo(q)=f a’f-Vqdx.
Q

The Stokes micro problem (2.10) can be written in a saddle-point formulation as follows. For
anyxeQandi€(l,...,d} findu" e W(Y{) and p¥e LZ(YF")/R such that
a"*,v) + b(v, p"*) = (', V) 2 (v 1) Vve W(YD),
: ’ (2.14)
bu"*,q)=0 Vqe L*(Y)IR,

where
W(Yp) = {ve H (Yp)% v=00ndYs, vis Y-periodic}

and the bilinear forms are defined as

d
awv)= Y 0,0V, bW, q) =~(q,divy) ey,
i,j=1
Notice that the definitions of a(:,-) and b(-,-) depend on x even if it is not explicitly denoted.

Remark 2.3.1. The Stokes system (2.14) can be reformulated by excluding the pressure: find
u’* € V(Yp) such that

a@™*,v) = (', V)2 ) Vve V(Y (2.15)

where
V(YY) ={ve W(YZ); divv=01in Y}

Velocity solutions defined by (2.15) and (2.14) are identical, see for example [36].
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2.4 Well-posedness of the model problem

Assuming that GYFX is piecewise Lipschitz, there is a well-known theory [108, 67] that ensures
the existence and uniqueness of the micro problem (2.14). Consequently, the tensor a° : Q —
R*4 ig defined uniquely via (2.11). The well-posedness of the macro problem (2.12) can be
shown using the Lax-Milgram lemma if a® € 1°°(Q)9*4 and if there are constants 0 < 1 < A
such that

aE-E= MNP 1aE<AlE] VxeQ, VEeRY, (2.16)

Let us note that regularity of a°(x) can be deduced from the regularity of ¢(x, y). The Stokes
micro problems (2.14) can be pulled back to the domain Y and the coefficients of the resulting
problems depend on V,¢(x, y). Assuming sufficient smoothness of ¢ (x, y) : Q xY — Y we then
have a smooth dependence of coefficients on the parameter x and this can yield a sufficient
smoothness of a’ : Q — R?*?_ It is shown in [104] that a° is elliptic in periodic porous media.
However, for locally periodic porous media, this proof does not guarantee uniform ellipticity
and boundedness of a°(x), which are discussed in the next two subsections.

2.4.1 Uniform boundedness of a°(x)

Boundedness of a°(x) are tightly related to the Poincaré-Friedrichs constant.

Lemma 2.4.1. Assume that there is ay € R such that, independently of x € Q, the following
Poincaré-Friedrichs inequality is valid: v 2y < aglv HY(Y) for every v e W(YFx). Then
1a® (%) ||lg < \/ﬁao foreveryxe Q.

Proof. Using the standard estimate of a solution to the Stokes equation (see [67] or [95, Thm.
15.4]) on u”*, we obtain

; ; . 1/2
||ul x”LZ(YFX) = (l()lul x|H1(YFx) = aglle’ ”LZ(YFX) < |YFx| ay. (2.17)

Further, the Cauchy-Schwarz inequality yields

2
d . a .
la®lE= 3 (f u” dy) <1V Y 1%, 0 < dIVEPag < dag, (2.18)
i,j=1 \YY¥ i=1 F
which concludes the proof. O

2.4.2 Uniform ellipticity of a°(x)

We first show that for each x € Q the tensor a’(x) is positive definite. This was already shown
in [104, Ch. 7, Prop. 2.2], see also [93, 109] for a more detailed proof. Then we provide various
general criteria that lead to the uniform coercivity of a®(x).

Let us first define u®* = Zflzl &ub* and poF = Zflzl &iph* forany ¢ e R% and x € Q.
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Lemma 2.4.2. For any x € Q the tensor a°(x) is positive definite.

Proof. Let x € Q bearbitrary. Let i, j € {1,...,d} and take v = u/* in (2.15) to obtain a(u>~,u/*) =
(e!,u/”) 12(vy- Then (2.11) gives a?j (x) = a(u”*,u/*), which implies the symmetry of a®(x).

We have
d

dWi-i= 3 & jam"u) = [, g 20, (2.19)
i,j=
We prove that the inequality (2.19) is indeed strict by contradiction. Suppose that for some
¢ € R% we have u®* = 0. Summing the micro problems (2.14) and weighting them with ¢; we
get

b(v, p‘r’x) = fo p‘t’xdivvdy =0 Vve W(Ys)
F

Forany g € CZj,, (V) we have Vg € W(Yy) and thus
f p*Agdy=0 Vgqe Coper(Yg)-
e

Thus, p‘c’x is weakly harmonic and by Weyl’s lemma [119, Lemma 2] we have that (up to
redefinition on a set of measure zero) p‘f X e cggr(YFX) and V p’f'x( y=<¢forye YF" . Since YF" is
connected we conclude that p** = ¢ y + C for some C € R, which leads to a contradiction
with periodicity of pf’x for ¢ # 0. We reached a contradiction, which shows that us* # 0 for
¢ # 0 and consequently a®(x)&-E>0. O

Lemma 2.4.2 shows ellipticity of a°(x) for a given x € Q but not uniform ellipticity, which we
discuss in the rest of this section.

Lemma 2.4.3. Foranyx € Q andv e V(Yy) withv # 0 we have

2
(6! V) LZ(YFX)

a®(x)&-&E= VéeR?, (2.20)

2

Vg

Proof. The equation (2.15) and the continuity and linearity of a(.,-) give

d
Iu“’lel(YFx) |V|H1(YFX) > a(u‘(’x,v) = Z fia(ul’xyv) = (6»V)L2(YFX) (2.21)
i=1

for any v € V(Y{). The result then follows by using (2.21) to provide a lower bound for
|u€’x|Hl(YFX) in (2.19). O

Lemma 2.4.3 can be used to get a lower bound on the coercivity if one can find appropriate
test functionsv e V(YFx) forany¢ € R and x € Q. Notice that (2.20) does not contain (a priori
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unknown) solutions to the micro problems. In Lemma 2.4.4 we show how only 4 test functions
v 'x}?zl are necessary to prove coercivity of a®(x) for any x € Q. An application of this theorem
is illustrated in Example 2.4.5.

Lemma 2.4.4. Letv = (vl,...,vd)T e R, Suppose that for everyi € {1,...,d} and x € Q there
is a test function v"* € V() such that V| vz < vi and (e/,v") 2yx) = 8i; for every
jefl,...,d}. Then we have

1¢1%

oE vEeR?, VYxeQ. (2.22)

a’(x)é-é =

Proof. For any ¢ € R% we define v** = Z?zl &;vi*. Notice that (E,vf’x)Lz(yFX) = |£)? while the
triangle and the Cauchy-Schwarz inequality give [v*¥| s < I€]|v]. Setting v =V* in (2.20)
gives the desired result. a

Example 2.4.5 (pore geometries Y containing straight cylindrical subsets). Letr >0, z* €Y,
and suppose that (see Figure 2.3(left))

BM ={yeY; r’ =X js(yj- 2?20} c Y.
Then a®(x) is uniformly elliptic with A = 3/3 for d =2 and A = wr*/24 for d = 3.
We prove this claim using Poiseuille parabolic flows as test functions in (2.22). Define

) e! forye B,

V() =Cr [P =Y (v - 20)? .
' 2,01 J 0 foryeYy—-B"".

J#i

Itis clear that v"* € V(¥;¥). Notice that the constant C, can be set such that (e/,v'™) 2y = §;;
forevery i, j € {1,...,d}. We compute explicitly the values of |vi'x|H1(YFX) =:v;foriefl,..., d}
and conclude the proof by using Lemma 2.4.4.

1
1

2

Figure 2.3 - Left: Straight cylindrical subsets of V" from Example 2.4.5. Middle: Half-balls from
the construction of test functions in Example 2.4.8. Right: Half-balls from the construction
of test functions in Example 2.4.10 (domains in dark gray are subsets of the fluid parts in all
Figures).

We provide a generalization of Lemma 2.4.4 to allow test functions v""* that are not divergence-
free in Proposition 2.4.7. We start with a definition of the inf-sup constant of b(.,-).
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Chapter 2. Homogenization theory and model problem

Definition 2.4.6. For any x € Q let §; > 0 be the constant from the following inf-sup condition:
for every g € L*(Y;")/R there is ve H} (Y)“ such that b(v, q) = S| all 2y mIViEn (v

In what follows, we will assume a uniform inf-sup constant for all domains YFx with x € Q, i.e.,
By = B > 0 for every x € Q. Such results can be obtained for a large class of geometries that
can be defined as a union of star-shape domains with respect to open balls [64, Chap. I11.3].
We note, however, that for domains with thin channels, f degenerates with increasing aspect
ratio [55].

Proposition 2.4.7. Letn = (11,...,M4) T'eRd, Suppose that forany x e Qand i € {1,...,d} there
iswh* e W(YFx) such that |wi’x|H1(YFx) <n;and faYFx Vi (wh* . ) dy=6;jforevery jel,...,d}.
Further, suppose that there exists > 0 such that fj > § for every x € Q. Then a(x)&-& = MEN?
for each ¢ € R% and x € Q with A depending only on , 1, and d.

Proof. Letv"* e H}

0’per(YFx)d and p** e LZ(YFX)/ R be given by the Stokes problem

a@*,w) + bw, p%) = —aw"*,w) vwe Hy o (VY

bE,q) = -bw',q)  Yge X(FIR

Define vi"* = ¥ + wh* then v is divergence-free, yielding vir e V(YFx). Standard a priori
error estimates for Stokes problems [95, 67] give

. v\ vd
|Vl’x|H1(YFX) <2 (1 + F |Wl'x|H1(YFx) =2(1+ ? ni=:vi.
0

Further, using e/ = Vy;, integration by parts, and the condition v"* = w"* on Y7, yields
(ej,Vi'x)LZ(yFX) =f(3nyj(vi'x'n)dy:6ij Vjell,... d}. (2.23)
F

Finally, the inequality (2.22) gives A = [v|=2, with v = (vq,.. V) T O

Example 2.4.8. Let us show how Proposition 2.4.7 can be used in arbitrary geometries. Let
r > 0 and suppose that for every x € Q we have z* € Y such that the half-balls

Dk =(y e YV; r’ = (yi+ (D /2)* = L (y; - 2))° 2 0}

::gi,x,k(y)

(see Figure 2.3(middle)) satisfy D"** c ¥;¥ for i € {1,...,d} and k € {1,2}. Then a°(x) is uni-
formly elliptic with A depending only on r and . Indeed, define

. . el forye DK ke{1,2},
wl,X(y) — Cgl,x,k(y) . y
0 otherwise,
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2.4. Well-posedness of the model problem

where C is a constant depending on r that assures faYFx Xj (wi*.n)dy = 6; j for every j €

{1,...,d}. Using test functions wh* in Proposition 2.4.7 concludes the proof.

2.4.3 Uniform ellipticity in case of Neumann boundary conditions

The numerical method that will be described in Section 3.1 extracts micro geometries from
the global porous structure Q.. Such geometries can violate Assumption 2.1.2(iii) as in Fig-
ure 2.3(right) and the presented computation of micro problems then yields a degenerate
(zero) homogenized tensor. Practical solution to this problem is to introduce other boundary
conditions in the micro problems. In this subsection we discuss uniform ellipticity of the
effective permeability if we use Neumann instead of periodic boundary conditions in the
micro problems.

Let

wN(YH) = tve H (Y% v=00ndYS},

VN = ve WN(Y); dive=0in V).
Consider now the micro problems (2.12), where the space W (YY) is replaced by wN (Y{) and
denote the corresponding tensor (computed using the velocity solution as in (2.11)) by a™(x).

Analogously to (2.20) we get

2
(f;mLZ(YFX)

2
H'(Y)

aN(x)é-& > véeR?, vwve VN, vZo. (2.24)

vl

We provide a variant of the inequality (2.22) that has weaker assumptions on the scalar prod-
ucts of test functions with e/. Let L>0and n = (11,...,n12) " € R%. Assume that for any x € Q
andie€{l,...,d} thereis vt e VN(YF") such that I\_Ii’lel(ny) <7;. Denote A;‘j = (ei,\_/j’x)Lz(YFX)
forany i, j € {1,...,d} and assume that the matrix A* is invertible. Denote B* = (A*)~!, sup-
pose that || B¥||g < L, and define vor = Z;i:l f,-B;.‘l.‘_zj'x. Notice that (é,‘_/‘f'x)Lz(Y;) = |£]2, while
the triangle and the Cauchy-Schwarz inequality give Galad H(vx) < CLIn| |¢], where C depends

only on d. Setting v = v*'¥ in (2.24) then gives

aN(x)E-&E= IE> VEeRY, VxeQ, (2.25)

L2|n|2
where C depends only on the dimension d.

The result from the previous paragraph can be used to obtain an analogue of Proposition 2.4.7.
Next we show a variant of Example 2.4.8 with a™ (x).

Definition 2.4.9. For any x € Q let f3; > 0 be the constant from the following inf-sup condition:
foreveryq e LZ(YF")/IRE thereisve WN(YFx) such that b(v, q) = & 11 2 v5) mIVIEn () -

Example 2.4.10. Suppose that the inf-sup constants , have a lower bound, that is, fy >
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Chapter 2. Homogenization theory and model problem

Bn >0 forevery x€ Q. Foranyi€{l,...,d}, any x € Q, and any k € {1,2}, let zb%k € 3Y such
that le_,x,k = (=1)¥/2. Define the matrix A* by A¥ ;= z;.’x'z - z;’x’l and suppose that there exists
Y > 0 such that |det(A¥)| = y. Further, assume that the half-balls

Dixk = {yey; r? —Z?zl(yj —zi.’x’k)2 >0}

J
(see Figure 2.3(right)) satisfy D%k ¢ Y7 foriefl,...,d} and k € {1,2}, where r > 0 is a given
radius. Then a (x) is uniformly elliptic with A depending only on r, v, and By. Indeed, define
, , el forye D"k ke{l1,2},

wi(y) = C(rZ—Zle(yj—Z}’x'k)Z%{ Y

0 otherwise,

where C is the constant from Example 2.4.8, depending only on r. Direct integration gives
faYFx Vi W -n) dy= Afj forany j € {1,...,d}. Using the auxiliary Stokes problems as in Propo-
sition 2.4.7 and then integration per parts as in the formula (2.23), we can find vite VN(YFx)
such that (e/,v""™) = Afj and |[V"¥| o < C, where C depends on r and By. Finally, the as-
sumption on A* (observe also that | A*|g < d) gives || (A*)"!|r < C, where C depends only on
v and d. We can conclude by using the test functions v'¥in (2.25).
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An adaptive finite element heteroge-
neous multiscale method

In this chapter we propose a numerical homogenization method for Stokes flow in heteroge-
neous media named the Darcy-Stokes finite element heterogeneous multiscale method (DS-FE-
HMM). The FEM with numerical quadrature is used to solve the macroscopic Darcy problem
while the missing effective permeability is upscaled from microscopic Stokes computations at
the macroscopic quadrature points. The DS-FE-HMM has non-restrictive assumptions on the
macro and micro domains and porous structure and higher-order finite element methods are
applicable on both scales.

Outline. In section 3.1 we define the DS-FE-HMM and study its well-posedness. We provide
a priori and a posteriori error estimates in section 3.2 and 3.3, respectively. In section 3.4
we propose a residual-based adaptive algorithm that is adaptively refining the macroscopic
mesh and all the micro meshes to achieve an optimal order of convergence. We conclude this
chapter by various numerical experiments in section 3.5. This chapter is essentially taken
from [6].

3.1 The DS-FE-HMM

In this section we define the DS-FE-HMM. Since the effective Darcy equation (2.12) is elliptic,
we can use the strategy from FE-HMM for diffusion problems [1] for the macro solver. The
coupling with micro problems, however, differs from the FE-HMM as we now have to solve
micro Stokes problems, where we use a stable pair of finite elements. Well-posedness of the
DS-FE-HMM is studied in section 3.1.1.

Let £ > 0 and assume that Q and Q, are connected bounded polygonal domains in R¥ with
Q. c Q. Let {9y} be a family of conformal, shape-regular triangulations of Q parametrized by
the mesh size H = maXge g, Hg, where Hg = diam(K).
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Chapter 3. An adaptive finite element heterogeneous multiscale method

Macro FE space and quadrature formulas. We consider the macro FE space
$'Q,Tmw =1q" e H'(Q); q" |k e 2'(K), VK € T},

where 2! (K) is the space of polynomials on K of degree I € N. For each element K € Iy
we consider an affine mapping Fx such that K = Fx(K), where K is the simplicial reference
element. Let J € N and {X;,® j}§:1 be a given quadrature formula on K with quadrature
points X; € K and weights @; > 0. The transformation Fx induces a quadrature formula on
K with quadrature points Xk, = Fk(%;) € K and weights » K = @ j|det(0Fk)| > 0. Since exact
integration will be replaced by a quadrature formula, the following assumption is needed to
recover well-posedness of the numerical method and guarantee the optimal order of accuracy
(see [45, Chap. 4.1]).

Assumption 3.1.1. The quadrature formula {X;, ® j}fz1 on the reference simplicial element K
is exact for polynomials of order m = max(2/ -2, 1), that is,

J
ff(fl(fc) dt=) 0;4(%) Vge2™K.
j=1

As a consequence of Assumption 3.1.1 we have

J
fK q(x)dx = j:1ij qlxg,)  YKeTy, Yge 2™ (K).

Some quadrature formulas that satisfy Assumption 3.1.1 are presented in Example 3.1.2.

Denote the sets of quadrature points by

Q¥ =txxhsjsy and QM =Ukes;, Q5 3.1)

where we notice that QX c K and Q' c Q. Denote the family of all quadrature points for H > 0
by {Q"}.

Example 3.1.2. Let us list some quadrature formulas in two and three dimensions that satisfy
Assumption 3.1.1. They are all sketched in Figure 3.1. For further references see [50, 49, 57]
and the references therein.

e If ] = 1 then the quadrature formula has to be exact for polynomials of degree m = 1.
It is sufficient to take the one-point formula with J = 1, weight @, = |IA< |, and X; is the
barycenter of K.

e If [ = 2 then the quadrature formula has to be exact for polynomials of degree m =2. We
can use a quadrature formula with d + 1 quadrature points with the barycentric coordi-
nate (8, @, @,...,a) € R*1 and its cyclic permutations, where o = (1—(d +2)7 12y d+1)7!
and 8 = 1 - da. The weights are all equal to |K|/(d + 1).

e If [ = 3 then the quadrature formula has to be exact for polynomials of degree m = 4. For
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3.1. The DS-FE-HMM

d =2 we can use the 6-point quadrature formula that is defined in In Table 3.1.

@;/IK| \

barycentric coordinates of X;

0.223381589678011
0.223381589678011
0.223381589678011
0.109951743655322
0.109951743655322
0.109951743655322

0.108103018168070
0.445948490915965
0.445948490915965
0.816847572980459
0.091576213509771
0.091576213509771

0.445948490915965
0.108103018168070
0.445948490915965
0.091576213509771
0.816847572980459
0.091576213509771

0.445948490915965
0.445948490915965
0.108103018168070
0.091576213509771
0.091576213509771
0.816847572980459

Table 3.1 - Six-point quadrature formula on a two-dimensional simplex that is exact for
polynomials of degree 4.

\ =1 | N\ 1=2 I | =3
Figure 3.1 — Sketches of the quadrature formulas from Example 3.1.2.

Micro FE spaces. Let § = ¢. For each x € {Q"} we define the local geometry snapshot

Y = (RN\Qe) N (x +6Y)) - 1) /e,

(3.2)
Y20 = (61 Y.

For any x € {Q''}, we assume that {7 ;1 1n is a family of conformal, shape-regular triangulations
of YFx’5 parametrized by the mesh size h = MaXye g hr, where ht = diam(T). The shape-
regularity constants are assumed to be the same for each x € {Qf} and § = £. We further
assume that every element K € J," has at most one boundary interface. We consider two
standard stable pairs of micro velocity and pressure elements (see [36]): the Taylor-Hood
9pk+119pk FE for k = 1 and the MINI FE (see Remark 3.1.3). We consider two different boundary
conditions (BC) on the micro scale: periodic and Neumann. The pressure FE space is given by

{ge Sk(YFx"s,ﬂ“hx); qis (6/€)Y -periodic} for periodic BC,

,0
Lh(YFx )= Sk(YFx"s,fThx) for Neumann BC. 69
The velocity FE space is given by
Wi (¥) = W(¥0) 1§54 (758, ), 3.4)
where
W(YFX"S) _ ve HI(YFx’é)d; v=0o0n GYSx"S,V is (6/¢e)Y -periodic} for periodic BC,

ve HI(YFX’S)d; v=0o0n GYSX"S} for Neumann BC.
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Chapter 3. An adaptive finite element heterogeneous multiscale method

For the sake of simplicity of notation, we indicate the dependence of spaces Wh(YFx’g) and
Ly (YFx’a) on the micro triangulation J,* only by the subscript h.

Remark 3.1.3. To use the MINI finite elements, we take (3.3) with k =1 and
Wh(YFx'é) _ W(YFx,é) A (st (YFx,()‘,ghx)d ® %(pr'é’ghx)d)'
where 28 is the bubble space is defined as
BV, T =g e STV, g=00n 0K, VK € ;).

In case of periodic boundary conditions, we assume that the micro meshes 7, are conformal
over periodic boundaries and periodicity can be thus enforced strongly (see Figure 3.2(c)).

/ l

o o o By Va1 EDDDDEQ~
o | N e N [Faaanpnoe] -

| |
(@ (b) (c) (d)

Figure 3.2 — DS-FE-HMM with 2! macro elements (I = 1): (a) Ig; (b) zoom on €, in the two
highlighted macro elements; (c) 7" in YFx’5 with periodic coupling (periodic: double line,
Dirichlet: bold line); (d) 7, in YFx’5 with Neumann coupling (Neumann: double line with dots,
Dirichlet: bold line).

Coupling macro and micro methods (DS-FE-HMM). The coupled Darcy-Stokes finite ele-
ment heterogeneous multiscale method is defined as follows. Find pH es! (Q,91) /R such that

Bu(p™, g™ =Ly vq"esl QIR (3.5)

where the discrete macro bilinear form and right-hand side corresponding to (2.12), (2.13) are

J
Bu(p",q™ = Y Y wka"(xx)Vp" (xx) - Vg (xk),
Kefy—-szl (3 6)

J
L™ = Y Y wga" k) (xg,) - Va" (xk).
Kegy j=1

Here, fff € V-1 (Q,T7 H)d is an appropriate interpolation of the force field fe L2()4 , where

vEQ, 9 = (g € L2(Q); ¢k € 2X(K), VK € Ty}

26



3.1. The DS-FE-HMM

for any k e Ny and ah(ij) is a numerical approximation of the tensor ao(ij) computed by
the micro Stokes problems: for each i € {1,...,d} and quadrature point x € QH find u>*" e
Wy (%) and p™*" € Ly, (Y"?)/R such that

a@""v) + b(v, pihy = (ei,v)Lz(YFX"s) Vv e Wy (%),

) 5 (3.7)
bu*" g)=0 Ve Lp(Y0)IR,
and set p
al.(x) = E—f el -udy Vi jell,... d. (3.8)
L] 661 Y;c,ﬁ

Remark 3.1.4. From the definition of (3.8) it appears that the exact knowledge of ¢ is required
to use the DS-FE-HMM, but it is not true. Indeed, if we change ¢ in (3.8) we get the same
solution p*! since scaling the tensor a’ does not affect the equation (3.5).

Remark 3.1.5. Neumann boundary conditions in the micro problems are especially use-

ful when the periodic extension of the fluid part YFx'5 is not connected (see for example

Figure 2.3(right)). If periodic boundary conditions were used in such case, we would get
h

a(x)=0.

Computational cost. Denote the number of macroscopic degrees of freedom by Ny and
the (average) number of microscopic degrees of freedom by Npic.. The macroscopic mesh
I 1 can be much coarser than the pore scale (¢ < H), hence Ny, is not restricted and can be
chosen arbitrarily. The number Np,jc may depend on 6/¢ but not on ¢ directly. If the time cost
of solving one (micro or macro) problem is assumed to be linear in the degrees of freedom,
the total cost of the DS-FE-HMM method is @ (Npjc Nmac), which does not depend on the pore
size €. The DS-FE-HMM discretizes the pore geometry only in a small portion of the whole
domain Q,, hence it is much faster than methods that directly solve for p®.

Numerical fluxes. We reconstruct a discontinuous velocity field using piecewise approxima-
tion of a’ (Y — Vp™) by interpolation from quadrature points. In addition to Assumption 3.1.1
we assume that the number of quadrature nodes J is minimal. It can be shown that the
minimal size of quadrature formula that is exact for polynomials of degree m = max{1,2/ -2}
is J = (H’j{l). Given a macro element K € 9 (recall the definition (3.1)) and a function
q: QK — R, there is a unique interpolant I1(g) € 22'-1(K) such that I1(g) (x) = q(x) for every
quadrature point x € QK (see [21] and [88, Prop. 50]). This leads us to the following definition
of a numerical flux reconstructed from quadrature points.

.....

such that Assumption 3.1.1 is satisfied and J = (“Z‘l). For any tensor defined in all the

quadrature points a: Q¥ — R%*4 we denote by I, the unique operator Il : VI=1(Q, I)% —
VI=1(Q, 9)? that satisfies

II,(v)(x) = a(x)v(x), Vxe QH, Vve Vl_l(Q,f/‘H).
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Chapter 3. An adaptive finite element heterogeneous multiscale method

We define the DS-FE-HMM velocity reconstruction by u!? = IT » (f — v p*).

Remark 3.1.7. Quadrature formulas that satisfy Assumption 3.1.1 and J = (l +Z_1) are known

only for / < 3 in two dimensions and / < 2 in three dimensions, see [49] and the references
therein. These quadrature formulas are shown in Example 3.1.2. If the number of quadrature
nodes is not minimal, we can still define I1(g) as

J
M(g) = argmin Y w, |q(xk,) - r(xx).
re®l-1(K) j=1

Note that Assumption 3.1.1 and Definition 3.1.6 give a different representation of By and L.
For any p'!, g™ € S'(Q, T5) we have

J
Bu(pt,q™ =Y Y wka"(xx)VpT(xk)- Vg (xk)
KEf’/—Hj:].

J
= 3 Y okl (Vphx) Vg )

KELO/_H]'ZI (39)
=Y Hah(VpH)-Vquxzf I, (VpH)-vgdx,
KELOI—H K Q
Luygh =Y Hah(fH)~VqH:fHah(fH)~VqH.
Keg_H Q

3.1.1 Well-posedness of the DS-FE-HMM

There is a well-known theory [28, 36, 39] that guarantees well-posedness of the micro prob-
lems (3.7) with finite element spaces defined in (3.3), (3.4). Later in this section we provide
arguments that for sufficiently small micro mesh size h we can safely assume that (2.16)
implies also that there are constants 0 < A < A such that

a"wE-E= MR la"wé < AlEl vxeQ, vieRd, (3.10)

The well-posedness of the macro problem (3.5) is shown in the following proposition.

Proposition 3.1.8. Suppose that (3.10) and Assumption 3.1.1 hold. Then there is a unique
solution pH of (3.5). Moreover, |pH|H1(Q) < A/MIlele(Q)d.

Proof. For any g, rf € SH(Q, T5) we use first (3.10), then the Cauchy-Schwarz inequality,
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3.1. The DS-FE-HMM

and finally Assumption 3.1.1 to show that

J
Bu(@™,rM =AY Y 0k Vg™ IV (k)

KEﬂ_HjZI
1 1
J 2 J 2
H 2 H 2
<Al Y Y wklVg (ij)I) (Z > o IVr (k)|
K€3_Hj:1 K€3_Hj=1

= Mg o) m .-
Analogously we obtain
Li(q"™) = M) 2 qpal g™ i -

A similar argument (without using the CS inequality) gives

J
Bu(g",q™ =2 Y Y wi Vg k)P = Mg g
KEf/‘HjZI

The Lax-Milgram lemma concludes the proof. O

Micro problems. We now study whether (3.10) holds and how do A and A depend on the
local geometries YFx"s. Let us first consider micro problems in YFX'6 that are solved exactly in
Sobolev spaces. Using here the variant of Stokes problem (2.15), which excludes pressure, we
arrive at the following definition. For any x € {Q"} and i € {1,...,d}, let ate l_/(YFx"s) be the
unique solution to the Stokes problem

a9 = (@ V) o0y WV, 3.11)
where
V(Y) = e WY ); dive=0in 0},
We then define o
aw == fy ” m*,...,u%* dy. (3.12)

Consider a macro mesh 9y and assume that there are constants 0 < A < A such that
awé-Ez AEP,  [amwé <Al VxeQ, veeRr”. (3.13)
Convergence properties of the stable FE scheme (3.7) assure that
lim la"(x)-a@)g=0 VxeQ",

which implies (3.10) if /2 > 0 is sufficiently small (possibly with different constants A1, A). We
next discuss uniform (with respect to H > 0 and h > 0) properties of a’ (x).
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Chapter 3. An adaptive finite element heterogeneous multiscale method

Uniform boundedness of a"(x) We follow the arguments of Section 2.4.1. Assume that

there is a € R such that the Poincaré-Friedrichs inequality ||v]| [2(y 50y < alvl HI(Y) is valid
F F

for everyve W(YFx 9, independently of § = £ and quadrature point x € {Q"}. Following the
estimates (2.17), (2.18), while using the standard discrete solution stability result (see [67, 95])
and Wj,(Y;*°) c W(¥;"°), we obtain [|a" (x)[Ir < Vda.

Uniform ellipticity of a"(x) We first consider the tensor a(x). Except for the scaling by £/9,
the ellipticity of (3.12) was examined in Section 2.4.2 (periodic) and Section 2.4.3 (Neumann).
Similarly to Section 2.4.2, we derive that a” (x) is symmetric and that

hy2
gd (f)v )LZ(YFx,ﬁ)

54 |Vh|2 o
H(Y)

a"(x)&-&=> vEeR?, W e v, (v0), v 20, (3.14)

where
Vi (Y0) = v e Wy (V0); b, g™ = 0, " € Ly (Y70) IR},

The main idea in what follows is to take, for any x € {Q*'} and any unit vector n € R%, a test
function v"* € I_/(YFX‘6) that satisfies the property

2
|

<hX\2 > 1[G X
n,v") 2TV B (10

12 (YFXJ; (3 ].5)

where y > 0 is a constant. We further assume that there exist finite dimensional approximations
Vo e Vh(YFx"s) of vV"* such that for all € > 0 there exists /g such that

VI =Ty ey SERT ey YRS o, Yx e {QM), Ve RY, (3.16)

Remark 3.1.9. The assumption (3.16) can be motivated as follows. Observe that that v'* is
the velocity solution of the Stokes problem: find v e W(YFx’d) andpe LZ(YFX'§) /R such that

a®, W)+ bW, p) = @, W) Ywe W),

__ s (3.17)
b, §) =0 vge LAY )R,
Let vl e Wh(YFx'5) be a discrete velocity solution of (3.17), where we replace the continuous
spaces W(YFX"S) and LZ(YFX"S)/IR{ by the discrete spaces Wh(YFx"s) and Lh(YFx"s), respectively.
Then v?*" is in Vh(YFx ’6) and standard estimates for the Stokes problem (see [67, 108]) give
) ,h X
[voit —y |H1(Y;'5)

lim — =0. (3.18)
h—0 |Vn’x|H1(YFx,§)

The assumption (3.16) says that the limit (3.18) holds uniformly for each quadrature points
X€ {QH} andne R4
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3.1. The DS-FE-HMM

The following Proposition together with the construction of test functions v leads to elliptic-
ity bound for a”.

Proposition 3.1.10. Suppose that for each quadrature point x € {Q"} and unit vector n € R,
there exists v € V(YFX'5) with the property (3.15). Assume that there are uniform bounds on
the Poincaré-Friedrichs inequalities introduced in Sections 2.4.1 and 3.1.1 denoted by @ and
a, respectively. Finally, assume that the functions v?%" € Vh(YFx’5) satisfy (3.16). Then there is
A >0 and i > 0 such that ah(x)f-cf > /1|€|2 forall h < fz, X€ {QH} and ¢ € R4,

Proof. A simple computation gives

, X, 2 =1,X\2 nx,h _gnx|2
(G At U ) B b v v
n L2(Y) B n L2(Y) H(Y) 519)
n,x,h|2 X2 - <X2 ’ :
M At A A
HY (Y1) HY(Y) HY (V™)

where C depends on §/¢ and on the Poincaré-Friedrichs constants ay and a. Using (3.18) we
know that there is i > 0 such that for all /2 < /1 the right-hand side in (3.19) can be bounded

2 - n,x,h |2 < 7 :
12yt = Y/2|v |H1(pr,6) forall i < h. The estimate (3.14)

concludes the proof with 1 = y(s/d)d/Z. O

above by y/2. This implies (i, v?*")

The test functions v?"* can be constructed in many ways. One can use the test functions
from Sections 2.4.2 and 2.4.3 or we can take directly vV/"* = Z?Zl n;a"*, where u"* is defined
in (3.11). We close this section with a construction of the test functions for Proposition 3.1.10
in a specific situation, where the rate of convergence of (3.18) can be derived explicitly.

Definition 3.1.11. For any quadrature point x € {Q'} let B ﬁg’h > 0 be the constants from
the following inf-sup conditions:

« forevery q" € Lh(YFx"s)/ R there is v € Wh(YFx"s) such that
h _h x,hy h h
b(v ’ q ) = ﬂé ”q ”LZ(YFX-‘S)/R", |H1(YFX'6)’
— 2 x,0 s — _Ta7r x,0
e foreverygelL (Yg )/R thereisve W(Yg") such that
b(‘—lyﬁ) = ﬁg”ﬁ”LZ(YFx'a)/R|‘_,|H1(YFX'§)'

As before we assume that 5 = s > 0 for all x € Q. For stable pairs of FE spaces in shape-
regular meshes (see [36]), we also have a uniform bound for the discrete inf-sup constants,
ie., ,Bg'h > Bs.num > 0 independently of x € {Q} and & > 0. Recall that the constant of shape-
regularity for the families of micro triangulations {7}, is assumed to be independent of
x € {Q'}. We describe a construction similar to Example 2.4.5.

Example 3.1.12. Let M € N, r > 0 and assume that for every quadrature point x € {Q"}
and m € {1,..., M}, there is a point z°™ € (/€)Y with the following properties. For every
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Chapter 3. An adaptive finite element heterogeneous multiscale method

i €{l,...,d} the pairwise disjoint cylinders
BMM={ye8le)Y :r* =Y jz(y;—2")? 2 0}

satisfy B> ¢ YFx’6 (see Figure 3.3). Then there are test functions v'"” satisfying the assump-

tions of Proposition 3.1.10.

Indeed, we can define

el foryeB"™™ mefl,..., M},

0 forye YFx’a\ uM_ Btom,

X m)2)2 .

j’ (3.20)

V) =Co =X ulyj-z

where C is a constant depending only on r such that (e’ V) = 6; M@/ €)%, We set v"* =
Z?zl i VU for any unit vector 7 € R% and show that these test functions satisfy the conditions of
Proposition 3.1.10. A direct computation shows that (3.15) is satisfied with y = C(5/¢)¢, where
C > 0 depends only on g, r, and d. The definition (3.20) implies that v"* € HZ(YFx"S)d mV(YFx"S)
and v (v €N be computed explicitly. Recall that v*" is defined in Proposition 3.1.10
as a discrete solution of a Stokes problem where the continuous solution is v, Using standard
approximation results (see [108, 67]) we obtain

|‘_,U,x _vn,x'thl(nyﬁ) < Ch”‘_’n’x”HZ(YFx"s) < Chl‘_In’x|H1(YFX'5)’ (3.21)

where C depends on r, d, 5 num, micro FE space, and the shape regularity constant of {7 hx} h-
The estimate (3.21) implies a uniform convergence rate in (3.18). Hence, all the assumptions
of Proposition 3.1.10 are satisfied.

Figure 3.3 — Straight cylindrical subsets of YF’C"s from Example 3.1.12. Points 2" are marked
by bullets on the intersections of B1"*™ and B>*™.

3.2 Apriorierror estimates

In this section we estimate the error between the DS-FE-HMM solution p™ of (3.5) and the
exact homogenized solution po of (2.12). This analysis is similar to [2]. We decompose the
error into multiple parts, depending on the source of the error. Let us define two semi-discrete
versions of the DS-FE-HMM.
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3.2. Apriori error estimates

Semi-discrete DS-FE-HMM. Consider a variant of the DS-FE-HMM where the tensor a(x)
(see (3.11) and (3.12)) is used instead of a’ (x). We search ﬁH es! (QQ,9y) /R such that

Bu@™,qg" =Lu@q™ vq"eShQ ImIiR, (3.22)

where By, Ly are given by (3.6) with a”(x) replaced by @(x). The reconstructed velocity is
then defined as u’” = Iz (f — vp™).

Consider next the standard FEM with numerical quadrature for the elliptic macro prob-
lem (2.12) with exact effective tensor. Find pH’O e SHQ, T; 1) /R such that

B (p0 g™ =1% ™) vqesQ IR, (3.23)

where where BY,, L% are given by (3.6) with a” (x) replaced by a°(x). The reconstructed velocity
is then defined as u"% = I, (F1 — Vp0).

Remark 3.2.1. The well-posedness of the problems (3.22) and (3.23) can be shown by Propo-
sition 3.1.8 if the tensors @(x) and a°(x) are coercive and bounded for x € Q*’. This is studied
in Section 3.1.1 and Section 2.4, respectively.

Error decomposition. Consider the triangle inequality

0 H 0 H,0 HO0 —=H —H H
P —p  lmo=sIlp -p " lmo+Ip"" - lmo+p —p oo
—— (—— (S — (S —

e €mac €mod €mic

where the three terms denote three sources of error: macroscopic error, modeling error, and
microscopic error. In the following theorem we bound these terms and then we provide
additional discussion on these bounds.

Theorem 3.2.2. Suppose that Assumption 3.1.1 holds.

1. If (2.16) holds, p° € H*(K), and a® € W*1°(Q)?*4 then
1P’ =™l < CH' + 1E- 120, (3.24)

where C is independent of H and €.

2. If (2.16) and (3.13) hold then

Ip™0 — 5" 11y = CIE I 12y sup 11@°(x) — @) | .
xeQH

3. If (3.13) and (3.10) hold then

12" = p1n < CIE Il 120y sup 1@(x) — a" ()1 .
xeQH

Proof. The first statement is a result from standard FEM theory, see [45, Chap. 4.1].
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Chapter 3. An adaptive finite element heterogeneous multiscale method

The second and third statement are analogous, hence we detail only the proof of the second
statement. Let us denote

C, = max [[a(x) — a®(x) [y
xeQf

Using the same arguments as in Proposition 3.1.8 we can show that the bilinear form By,
is bilinear and elliptic. Using the ellipticity of EH(-, -), the relations (3.23) and (3.22), and the
Cauchy-Schwarz inequality we obtain

) —
/1|em0d|H1(Q) < Br(emod> €mod)
n H,0 o =H
=Bu(p™", emod) —BH(P"") €mod)

= EH(pH’O» €mod) — B?{(PH’O, emod) + zH(emod) - L?{(emod)

J
= Y Y ok @) - a® (xx ) (Vp™° = 1) - Ve
Keg'szl

J
<Ca Y, ) g IVp™* =] |Vepel

Kegy j=1
J : / :
H,0 H |2 2
=Ca| 2, 2 oxIVp™" =) 3, ) wx;IVemodl
KEgszl KEgHjZI

H, 35
= CallVp™ — 7| 12 oyl emodl 1 () -

Dividing the previous inequality by |emod| 1 () and using

A
VPO — 7| o ya < 1Py + 1E7 1 2 = (X + 1) 1711 12 0

gives the desired result. O

Macro error. The macroscopic error is the effect of the macroscopic FEM with numerical
quadrature. If fe H'"1(Q), we can bound the term £ — £ 12(q from (3.24) by CH I'and we
thus achieve

1P’ = p"lp(q < CH.

The regularity of p° can be ensured a priori, e.g., if Q is convex and a° is sufficiently regular
then po e H?(Q).

For the velocity field we have the estimate
lu® = a0 120y < CUP" = "0l + 1@° # = V™0 =110 (7 = Vp0) | 12 ).

We can decompose the second term of the previous estimate further to || a®f7 — IT .0 (£7) | ;2 Q)
and || a®V pH -0V pH ) z2(q)- These terms vanish if we assume that a®(x) is constant within
each element K € 9. In a general situation, these terms can be bounded by CH?, if higher
derivatives of f// and p'’ are bounded.
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3.2. Apriori error estimates

Modeling error. In HMM terminology, the modeling error denotes the error induced in the
effective quantities (e.g., pressure, velocity) by using approximate microscopic data (micro
domain YFx '5) instead of the exact data (micro domain YF"). If the porous medium €, is locally
periodic (see section 2.2) and we use DS-FE-HMM with periodic micro boundary conditions,
0 = ¢, and we let YFx'6 = YF" , then the modeling error vanishes. For other cases, we do not
provide quantitative analysis of the modeling error, however, it is examined in the numerical
experiments (see section 3.5).

Micro error. This error arises from the FE approximation of the Stokes problem on the micro
scale. Using the definitions of @ and a” and the Cauchy-Schwarz inequality, we obtain

Ia(x) — a”(x)|% = i f @ — M d 2
Fzed g i Y

(3.25)

<Y ut —uboh .
d 2y %0
=5 L2(Y%)

The micro error in the L?-norm can be bounded a priori using standard a priori convergence
estimates for Stokes problem (see [113, 67]). For any x € Q we have 6 > 0 (depending on the
regularity of the solutions u”*, p"*) such that

Ia(x) - a (012 < ChY, (3.26)

where C does not depend on h. Hence, for a given macroscopic mesh 9 there is 6 > 0 and
C > 0 such that (3.26) holds for every x € QH we have

P = pM 1) < CHE, (3.27)

where C does not depend on the mesh sizes H and h.

Optimally, one has 6 = k +2 for the gpk+1)gpk Taylor-Hood FEs or 6 = 2 for MINI FEs (see [38]).
However, if the micro domains YFx’5 contain re-entrant corners (which is essentially always),
we can expect 6 € (1,2).

Total error. Assuming that the regularity assumptions at the macro and micro scales are
met, we have seen that the DS-FE-HMM with 2 FE on the macro scale and 22¥*1/22¥ FE on
the micro scale follows the convergence rate

|p0 — pH|H1 Q = C(Hl + h(k+2) + |em0d|H1(Q))‘

The modeling error vanishes if we use YFx"s = Y. If Nac denotes the number of DOF at
the macro scale and N the (average) number of DOF on the micro scale, we translate this
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Chapter 3. An adaptive finite element heterogeneous multiscale method

estimate into
k+2

_1 _
1P’ = p" 1) < C(Npie + N_. " + lemod| 1 (y)- (3.28)

In the case of MINI FE on the micro scale we consider k£ = 0 in (3.28).

3.3 Aposteriori error estimates

There are two major issues for the DS-FE-HMM method (3.5) when using uniform mesh
refinement on the macro and the micro scales. First, it is well-known that for non-convex
macro domain Q the optimal convergence rate (3.24) will deteriorate. Second, the DS-FE-
HMM accuracy will also deteriorate if the approximation of the effective tensor a”(x) is not
accurate enough, leading to a large micro error. However, the micro domains YFx 0 are usually
not convex for porous medium so the regularity of the micro problems is low. For example, in
two-dimensional domains with re-entrant corners the exponent from (3.27) satisfies 0 € (1,2)
depending on the maximal interior angle of pr,(s (see [113]).

One can thus not rely on a priori error analysis in general to develop a robust approximation
of flow in porous medium. We therefore propose an adaptive method for both the macro
and the micro solvers. To derive the coupled adaptive mesh refinement we therefore need
rigorous a posteriori error estimates on both scales and an algorithm to adequately balance
the macro and micro mesh refinement. Inspired by [18, 20] we prove reliability and efficiency
of the multiscale macro residual. We then define the multiscale micro residual and prove the
reliability of the combined multiscale macro-micro residuals.

Notation, auxiliary identities and inequalities Denote the set of all edges of triangles of
I by &y. For any edge e € &y or element K € I set

MK)={Te€eITy; K=ToroKnoT € &y},
N(K)={T € Jy; KnT # ¢}, (3.29)
N(e)={TeTwy; enT # o).
If e € &y is a common edge of two distinct elements K, T € 9, then [-], denotes the jump of
a (possibly discontinuous) quantity over the edge e. If v is a vector field with v|x € C°(K) and
v|7 € C(T), then
[Vle(x) = vIg (%) -ng (x) + V7 (x) -nr(x).

If ec 0K N OS2, we assume an artificial element T on the other side of e and define v|; = 0.

We will denote by I : H'(Q) — S'(Q, 95) the Clément interpolation operator [48] and recall
the inverse inequality (see [45, Thm. 3.2.6])

g™ im0 < CH Mg 2 ) (3.30)
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3.3. A posteriori error estimates

for any qH € SLQ,T; 7) and K € 9y, where C depends only on d, [, and the shape-regularity of
K.Foranyge H'(Q), K € T3, and e € &g, we have (see [22, Thm. 3.10]) the trace inequality

1912y < CH*1q1 11 oy + CHZ V211G 1210
where H, = diam(e) and the interpolation estimates (see [48])
lg = 1" gl ;20 < CHk1 41 i (v

g -7 q1 160 < Clalm vy 3.31)

where C depends only on d and the shape-regularity of 7.

Residual-based error estimates Our goal is to find an a posteriori error estimate of e =
p° — pf in the H;-seminorm and prove efficiency of these bounds. Let

& =1a’@-Vp™") - @ - vp™IZ, 4,

Mg = HE IV -Tgn 6 = V™) 72 ) + Tecor 3 Hell M gn B = Vp el 3,

(3.32)

for any K € 9. If K’ is any union of elements K in Iy, e.g., K' = Q, we define 5%, =Y kK’ {'%(
and ni(, =) KcK' ni. We recall that the uniform ellipticity and boundedness of a°(x) assumed
in the following theorem are discussed in Subsection 2.4.2.

Theorem 3.3.1. Assume that a®(x)&-& = A|&)? and |a®(x)é| < A|E| foreach & € RY and a.e. x € Q.
Then there exists a constant C depending only on Q), A, and the shape-regularity of 9y such that

Ip" =Pl ) = COEy+E8)

and a constant C depending onlyon Q, d, 1, A, and the shape-regularity of Iy such that for

any K € I we have

Mo < CUp™ = P°Von urexey + ) (3.33)

The proof of Theorem 3.3.1 follows [21, 88] and it is divided into two parts.

Part 1: Upper bound

Let us state and prove an error representation formula.
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Lemma 3.3.2. Forany qe HYQ)/R and any qH es! (Q,TH) /R we have

Bole,q)= ). [K(ao(f—VpH)—Hah(fH—VpH))-qux

Kegy

+ Y [ M =VpDle(g- g™ ds

QEéBH e

> fK(V-Hah(fH—VpH))(q—LIH)dx-

Kegy
Proof. Using (2.12) and (2.13) for any q € H' (Q2)/R we get

Bole,q)= Y. f(ao(f—VpH)—Hah(fH—VpH))-qux

KEg-H K

+ Y fKHah(fH—VpH)-qux.

Kegy

The integration by parts formula

M@ -vpt)-vgdx= Y | M@ -vpMl.qds

Kegy K ee&y e
- Y | V- -vpH)gdx
KEf/—H Kk
yields
Bole,q)= ) [(ao(f—VpH)—Hah(fH—VpH))~qux
KEf'/—H Kk
(3.34)
+ Y [ -vpMlegds— Y | (V- @ -vp)gdx.
eefy e Kegy
Using Ly (g™) - By (p™, g™) = 0 for any ¢ € S'(Q, 93) /R, formulas (3.9), and integration by

parts, gives

0=Y f[[nuh(fH—VpH)]]equs— Y fK(V-Hah(fH—VpH))qux. (3.35)

ecly Kegy
Subtracting (3.35) from (3.34) we get the desired result. O
Let g = e and g = I" e in Lemma 3.3.2 and use the Cauchy-Schwarz inequality to get
Bole,e) = Y. 11a°(E-Vp™) =T (" = Vp™)l 2 el i i)
Kegy
+ 3 M @ = Vel 2 lle— 17 ell 2 (3.36)
eE(‘iH

+ Y VT = VpH) g lle— 17ell 2.

K€L6/_H
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3.3. A posteriori error estimates

Using the interpolation results (3.31) and the Cauchy-Schwarz inequality then yields
Bo(e,e) = CEG +1g) ' *lel i,

where C depends only on d and the shape-regularity of 9, using the finite overlapping
property of the neighborhoods N(K). Combining (3.36) and the uniform ellipticity of a°(x)
proves (3.33).

Part 2: Lower Bound

We derive two estimates related to the interior and to the jump parts of the residual . The
result (3.33) then follows by combining the inequalities (3.37) and (3.42) for all e € K.

Interior Residual. Let K € 9 and Wk be the standard bubble function for element K, i.e.,
Wi € S1(Q, I3 such that Wil x =0 and W (XK pary) = 1 at the barycenter xg pary of K. We
next use the representation formula of Lemma 3.3.2 with g = W'V -1 ;i (f — Vp') and g = 0
to obtain

f‘I’K(V-Hah(fH—VpH))zdx=—Bo(e,q)+f (@®E-vph -1, " -vpH)) -vgdx.
K K

Using the continuity of a°, the Cauchy-Schwarz inequality, and the equivalence of norms
VIl 2k and ([ Pxv? dx)'/2 for v e 2!71(K) (see e.g., [23, Theorem 3.3]), we obtain

IV T B =V p™) 112, ) < Clel i) + €11 )

where we have used the definition (3.32) for {x. Using the inverse inequality (3.30) for g and
the property |¥Yk| < 1 leads to

H IV - 87 =V p™) I, ) < Cllelfy )+ €5)- (3.37)

Jump Residual. We set ¢ = 0 in Lemma 3.3.2, then use the Cauchy-Schwarz inequality and
continuity of By to obtain

> M@ -Vplegds<C Y UV-TuE =Vl 2ol gl 2
ec&yve KeTy (3.38)

+lelm gl m o + Skl gl x)-

Let K € I3, e€ 0K, and ¥, € 2% (e) be the bubble function on ¢, i.e., Welge =0and We(epary) =
1 at the barycenter epary of e. Define function g° = ¥, [I1x (" — Vp*)], and notice that
q¢ e {1 e) = {r e 271 (e); rls. = 0.

By [34, Chap. XI, Lemma 2.7], there is a lifting operator Z . : 2+~ (e) — 24*!~1(K) such
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that Zx (G e = G°le and Zk,.(4°)lox\e = 0. Moreover, we have

|Zk.e(@) 1 (0 + H 1Rk (@) 200 < CHL Y2 10%N 1209, (3.39)

where C depends only on d, [, and the shape-regularity of 9. For any interior interface
e e &y, let K; and K>, be two elements such that e = 0K; N 0K, and define

) {%Ki,e(qe) inK; fori=1,2,

0 elsewhere in Q.

Using this function g in (3.38) together with the inequality (3.39) gives

f\ye[mah(fH—VpH)ﬂids <CH,;"19°N2p Y, Ck +lelny
e iT2 (3.40)

+ H IV T (7 = Vp ™)l 2 i)

Using the the property |¥,| < 1 and the equivalence of norms ||v|l;2( and (/, e‘lfevz ds)!/?
in (3.40) yields

H | M1 (B =Vp™el oy <C Y €% +lelfn i
m=1,2 (3.41)
+ HE V- (B = Vp™) 2, ).

The last step is to use (3.37) in (3.41) and obtain

He I (87 = Vp™Mlelfoy <C Y €%, +lels x)- (3.42)

m=1,2

Finally, combining the estimate for the interior residual (3.37) and the jump residual (3.42)
gives the lower bound (3.33).

A posteriori analysis of the micro error

Let K € 9y be arbitrary and use the triangle inequality to obtain the decomposition g <

fdata,K + fmic,K, where

Gratax = 1@’ E=Vp™ —TgE —vp™|7, 4,
mick = I @ = VpIL,

mic,K — (K)*

Recall the definition of QX in (3.1). A simple estimation gives

J
Erie,x = 2 @il (a" (i) =@l ) 7 () = Vp ™ (e )P
=1 (3.43)

< ||fH—Vp maxllah(x)—ﬁ(x)ll%_.

||22
L#(K)
( xeQk
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3.4. Adaptive algorithm

The inequality (3.43) is a foundation for the a posteriori estimation of the micro error ¢ pjc k.
Using (3.25) and the Poincaré inequality gives

d . .
max ) [u"*" — g2 (3.44)

d
2 <c(f) It —v
K — p X617
5 ook 5 0

H”2
mic, L2(K)

where C depends only on the bound « for the continuity of a” (see Section 3.1.1). The micro FE

i,x,h _=5i,x
u |H1(YFx,5)

for Stokes problem, see [114, Theorem 3.1]. For any quadrature point x € QK there exists a

error [u can be estimated using the classical residual-based error estimator

constant C that depends only on the inf-sup and Poincaré-Friedrichs constants of the Stokes
micro problem, shape regularity of ", and the micro FE type such that for any i € {1,..., d}

we have
C_lnitokes,x,i = |ui,x,h _ﬁiyxlzl(nyﬁ) + ”pi’le _ﬁiyx”iz(y;ﬁ)/w = Cnitokes,x,i’ (3.45)
where )
i,x,h
nitokes,x,i = Z Z % ﬁ al;n - inXYhnm
Teg;* \ ecdTNES ellz2(e) (3.46)
n h%”Aui’x'h _ Vpi,x,h +ei ”%2(” +|V 'ui’x'hniz(ﬂ)

and & is the set of all edges in " except the Dirichlet boundary edges. Notice that (3.45)
does not contain any data approximation error, since the force term in (3.7) is constant.
Applying (3.45) in (3.44) yields fiﬁc k< Cnfnic I where

d d
2 _ & eH H2 2
T]mic,K ~sd [ S Vp ||L2(K) max Z nstokes,x,i' (3.47)
0 xeQX =1

2 _ 2 2 _ 2
As before’ we set nmic,Q - ZKEf/_H nmic,K and 6data,Q - ZKELO/_H édata,K'

Theorem 3.3.3. There is a constant C depending only on the domain Q, the continuity (A) and
coercivity () constants of a°(x), the degree | of the macro finite element, the shape-regularity of
Iy and the constant C in (3.45) such that

0 H,2 2 2 2
|P -p |H1 Q) = C(nQ + 77mic,Q + fdata,Q)'

Proof. The proof follows from Theorem 3.3.1 and the inequality {fnic, K= Cnfnic, K O

3.4 Adaptive algorithm

We propose an adaptive numerical algorithm for the DS-FE-HMM problem (3.5), (3.7), (3.8).
The individual macro and micro adaptive processes follow the standard FEM refinement cycle
SOLVE — ESTIMATE — MARK — REFINE.
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Chapter 3. An adaptive finite element heterogeneous multiscale method

In our algorithm we want to ensure that the micro error is bounded by the macro error,
controlled by the macroscopic indicator that guarantees the accuracy of the macro out-
puts of interest. We thus require that [emic|f1 () < |€maclp1(q)- Since these errors are not
available during the DS-FE-HMM computation, we perform the following approximation.
Before running the DS-FE-HMM we find constants ci, ¢, > 0 such that |emacl g1 (q) = c1ma
and |emiclg1 ) ® C2Mmic,0 (see Remark 3.4.1). We then control the micro error by ensuring
C2Nmic, < €10, which we enforce element-wise by

ﬂfniC,K = mli VK eIy, (3.48)

where p = cf / cg (in practice we further introduce a safety factor and divide this p by 2). As we fix
these constants at the beginning of our computation, we cannot guarantee that the inequalities
[émacl i1 (@) < c1Mq and |emicl 1) < €2Mmic,q hold throughout the adaptive algorithm. As can
be seen from Figures 3.8, 3.10, 3.17 and 3.21, we nevertheless have |emac| 1 (o) = c1mq and
lémicl p1(q) = C2Mmic,0- An alternative strategy would be to update these constants during the
adaptive computation.

While solving a micro problem (3.7), we refine the micro mesh J," until the condition

2 Koo cH Hy-2
nstokes,x,iSEnK”f —Vp ”Lz(IO’ (3.49)

is met, which implies (3.48).

Remark 3.4.1. We briefly describe how to find suitable values of ¢, ¢», needed for the compu-
tation of u = cf/ c%. In an offline stage we estimate epjc and epqc for the initial macro mesh
and the coarsest micro meshes by performing a few iterations of uniform refinements in the
DS-FE-HMM (at the macro and the micro-level). We denote €. and &, these approxi-
mations and 7]q, fimic,o the corresponding residuals. We then define ¢; = [@macl 1 () /7o and
€2 = |@micl g1 (Q) / @mic. As mentioned previously, the values of ¢, ¢, (and therefore u) could be
updated during the adaptive DS-FE-HMM.

Algorithm 3.4.2 (Adaptive DS-FE-HMM). We assume that the user provides Q, Q,, §, an initial
macro mesh I of Q, finite element spaces, and the micro coupling (periodic or Neumann).
We then repeat the following steps (see the flow chart in Figure 3.4):

1. Solve. For each quadrature point x € Q' solve the Stokes micro problems (3.7) adap-
tively using the stopping criterion (3.49) (using p'’ and ng from the previous step).
Assemble and solve the macro elliptic problem (3.5).

2. Estimate. Compute g and nmic x and repeat the previous step until (3.48) is satisfied.

3. Mark. Select a subset of the elements in 9y by using the indicator nx (we use the
marking strategy E [115, Chapter 4.1]).

4. Refine. The selected elements are refined so as to guarantee the conformity and shape-
regularity of the refined meshes.
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Figure 3.4 — A flow-chart of the adaptive DS-FE-HMM algorithm for the Stokes problem.

An efficient implementation of the proposed algorithm must contain a mechanism for saving

and reusing the data from the micro problems. We propose to store for each quadrature

2
stokes, x,i’

and the corresponding micro solution. Since we can verify (3.48) only after all the micro

point x € QH the values a*(x), n the most refined micro mesh 7, hx that was reached
problems (and the macro problem) are computed, it occurs that one needs to solve some
micro problems with higher precision. If the finest solution and the finest mesh of a micro
problem is saved, then they can be reused as a starting point for the additional refinement
cycles. Notice that even if the micro meshes are stored, the sampling domains cover a small
fraction of the domain Q (we usually have 6 < H) and hence the storage is much smaller than
the storage that would be needed by a global fine scale mesh.

The marking strategy E contains one parameter that is usually denoted 8. We use 6 = 0.5
for the micro problems and 6 = 0.25 for the macro problem. To guarantee conformity and
shape-regularity of the refined meshes, we use the newest vertex bisection in two dimensions
and the modified longest edge bisection [29] in three dimensions. Finally, we note that the
indicator nx could be used also for coarsening. We will however not use coarsening strategies
in our computations.

3.5 Numerical Experiments

In this section, we present numerical experiments that test the capabilities of the adaptive
DS-FE-HMM. Three different non-periodic porous media, called A, B and C, are presented.
They are all based on a locally periodic porous geometry as described in Section 2.2. The
two-dimensional medium A has a simple pore geometry and is used to demonstrate the
convergence rates of various macro and micro FE types. We also test the multiscale method
for different boundary conditions and sizes of the representative domains in the Stokes micro
problems. The two-dimensional medium B illustrates the performance of the method on a
more complex porous material. We conclude this section by a three-dimensional experiment
performed on the medium C.
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Chapter 3. An adaptive finite element heterogeneous multiscale method

All the numerical computations were performed in Matlab with FE code inspired by [19]
and the AFEM code [44] with mesh generation provided by gmsh [66]. Linear systems were
solved using Matlab’s mldivide for d = 2. In three dimensions, we used algebraic multigrid
solver AGMG [89] for positive definite (macro) problems and an Uzawa method [91] for saddle
point (micro) problems. The Uzawa method uses algebraic multigrid preconditioning for the
coercive part and pressure mass matrix preconditioning for the Schur’s complement. At the
macro scale we used the quadrature formulas from Example 3.1.2.

Reference solution. The examples considered in our numerical experiments have a locally
periodic porous structure with known (Y, Y"). Furthermore, in order to be able to compute a
reference solution, we take locally periodic media given by ¢(x, y) = ¢p(0(x), y), where 6 : Q — R
is a parameter (e.g., in the following two sections it represents an angle). Thus we can compute
for equidistant sample points of the parameter 8 (1024 in our examples) corresponding micro
problems and homogenized tensors with very high accuracy (adaptive solution with up to 108
DOF). We then used a cubic spline interpolation to get an approximation of a° for an arbitrary
value of the parameter. We then compute two reference solutions

* aDS-FE-HMM solution with “exact” Stokes solver, denoted p'? obtained for any macro
iteration in the adaptive algorithm by using the same macro mesh but with the reference
tensor a® (x);

« areference homogenized solution denoted by p° obtained by uniformly refining the
final macro mesh two times and using the reference tensor a®(x).

These functions pH’O and po are used to estimate emac and emic + emod. In several experiments
we use periodic micro boundary conditions, é = ¢, and YF"’(S =Y, which yields enoq = 0 (see
section 3.2).

3.5.1 Porous medium A

Consider the macro domain Q = ((0,2) x(0,3))\([1,2] x[1,2]) with periodic boundary conditions
that connect the edges (0,2) x {0} and (0,2) x {3} and the force field f = £/ = (0,—1) as shown in
Figure 3.5.

We define Y to be a closed rectangle of size 0.6 x 0.3 centered in the middle of Y and rotated
by the angle (x) = (1 — xf/ 8 — x»/3)m. The mapping ¢ can be appropriately defined to satisfy
@(x,Ys) =Yg, where Ys is Yg' for x = [0,0]. A sketch of the pore geometry is given in Figure 3.5
and examples of the micro problem solutions are plotted in Figure 3.6.

Porous domains Q. and fine scale solution p? are plotted in Figure 3.7 for various values of €.
The solutions p¢ were computed numerically using single-scale adaptive FEM with 272/ 22!
FEs. This is a costly computation and we therefore did choose £ = 274, We then constructed
the extension P¢ as in (2.3) and computed |P? — polLZ(Q) fore =27 where m € {0,1,2,3}. The
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Figure 3.5 - Q and pore geometries (Yg', Y') for the media A and B (gray solid part).
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Figure 3.6 — Medium A: micro velocity solutions for x = [0.5, 1] (left) and x = [0.5, 1.5] (right).

respective errors (0.45, 0.23, 0.11, 0.059) suggest a linear convergence rate with respect to €. A
rough estimate of this error for e = 10™* is then 5-107°.
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Figure 3.7 — Medium A: Plots of p* for different € > 0.

For the numerical multiscale method we set € = § = 10™* and use periodic BC on micro
problems. We take 221 macro FEs (I = 1) and 22/2! micro FEs (k = 1). The initial macro
mesh is set as in Figure 3.11(left). Following Remark 3.4.1 we obtain u = 1200. We apply the
adaptive DS-FE-HMM and observe that the expected convergence rate |p® — p™| ) o Nr;lélcd
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Chapter 3. An adaptive finite element heterogeneous multiscale method

is obtained as displayed in Figure 3.8, where Ny is the number of degrees of freedom of
the macro problem. The micro error decays at a faster rate, proportional to Nr;(al: D/d This is
expected, as we estimate the L%-norm by the H l_norm in (3.44). Sample solutions pH with
different mesh refinements and the homogenized solution p° are plotted in Figure 3.9. The
value of 4 is sufficiently small that the sampling regions do not touch even in the smallest
elements most refined macro mesh. In practice, the sampling domains can start to overlap
when macro mesh is refined. We have not investigated such situations but it might be possible
to change to a fine scale solver near the singularities and couple it with the DS-FE-HMM
performed elsewhere.

H
O|P -l |

1Pl
H_ .0
|u —u ILZ(Q)d
10-1 |u0|L2(Q)d 1071 W
L0-2 o lemacl g1 ()
e C17Q
Olemic + emod| (9)}
1072 ® C2T)mic,Q
102 103 104 102 103 104
Nmac Nmac

Figure 3.8 - Medium A: Errors analysis (§ = £ = 10™#, macro: 22!, micro: 22%/2?!, periodic BC).
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Figure 3.9 - Medium A: po (right) and DS-FE-HMM solutions (6 = € = 10™4, macro: 22!, micro:
2?/27" and periodic BC).

For experiments with different FE spaces we use the DS-FE-HMM with periodic BC on micro
scale and YFx’5 = YFx. There, the value of 6 = € does not affect the computation and the
modeling error is thus eliminated. In this simplified case we thus test if the adaptive algorithm
can balance the micro and macro errors.

We test six different combinations of micro and macro FEs. The convergence rates displayed in
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Figure 3.10 corroborate the theoretical results obtained in Section 3.3. As in standard adaptive

macro: 22, micro: 22/ 2! macro: 23, micro: 23/ #2
1071
107!
1072
1072
1073
o |emac|H1(Q)
1073 e cna
Olemicl g ) 10-4
® C2Tmic,Q
1043 103 103 1043 103 1032
Nmac Nmac

Figure 3.10 — Medium A: Error analysis of DS-FE-HMM with different FE (micro: periodic BC
and Y;*° = )

FEM, the mesh is more refined close to the corner singularities at points (1,1) and (1,2). With
increasing /, the refinement is even stronger close to the corners. Figure 3.11 compares meshes
for the same relative error of different macro FEs. In Figure 3.12 we plot the convergence rates

rel. err.: 5% rel. err.: 0.5%
initial P P3 P3
#elem: 4344 179 107 399
Nmac 2241 391 516 1881

Figure 3.11 — Medium A: Macro meshes at different stages of DS-FE-HMM (micro: periodic
BC)

versus the total cost of the method, that is, the sum of the degrees of freedom in the macro

and all the micro problems. The obtained convergence rate —é . H-kk;il is slightly smaller than
the optimal convergence rate —é 7 f,:fz This can be explained because of the suboptimal

estimate in (3.44).

Micro error propagation. We next describe what happens when the micro problems are
not refined simultaneously to the macro problem. In this experiment we run the adaptive
algorithm in such a way that for every quadrature point we fix the maximum DOF for the
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Figure 3.12 — Medium A: Error vs. total cost of DS-FE-HMM (micro: periodic BC, YFx 0 YFx)

micro problems. We use 2! macro FEs (I = 1) and 2#?/2?! micro FEs (k = 1) with periodic
boundary conditions and YFX'§ = Y{". The error plot in Figure 3.13 shows the resulting error

saturation, when further macro refinements do not decrease the error.
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Figure 3.13 — Medium A: Saturation of the macro error when the maximal micro DOF is fixed.
Settings: macro: 2!, micro: #2/2", periodic BC and Y’ = Y%

Modeling (resonance) error. To show that our method is robust without the precise knowl-
edge of the size of micro domains for the Stokes flow, we changed 6 to be a non-integer
multiple of € with both Neumann and periodic BC on the micro problems. The detailed error
analysis can be seen in Figure 3.14. It is visible that with increasing /¢ the convergence

improves.

48



3.5. Numerical Experiments

Neumann BC Dirichlet BC
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Figure 3.14 — Medium A: Error analysis of DS-FE-HMM with Neumann BC (left) and periodic
BC (right) on micro problems for different § > & = 1074,

3.5.2 Porous medium B

We use the same macro domain Q and force filed f = £/ = (0, —1) as for the porous medium A,
but the pore geometry is now more involved (see Figure 3.5(c)). The solid part Y consists of
three regular hexagons with centers at a distance 0.25 from the point [0,0]. The sides of the
hexagons ry, 12, 3 and the rotation angle 8 are given by ri(x)=AC+(—-1)/3) for je{1,2,3}
and 0(x) = 2n(/3, where { = (1 +sin(x;))(1 +sin(2wx,/3))/4 and A({) =0.145+ 0.035sin(27().
The mapping ¢ governing the slow variation of the medium depends on ry, 1,73 and the
rotation angle . This mapping thus rotates and changes the size of the solid parts. See
Figure 3.16 for sample micro solutions and corresponding permeability.

Porous domains Q. and fine scale solution p® are plotted in Figure 3.15 for various values of €.
The solutions p® were computed as for the medium A.

[858580 85 85 55 8o 85 55 86 82 05 05 80 85 07
3230 G0 G0 3o 3o Qo 9o §o Go §o §o 8o 8o 8o &
202090 %0 30X 30 30 90 30 GBI X 0.6
WP R 0L P WP PR WP P P P WP .
RRVRLVLVLPRLVLRPLRLYE
19990 9 90 G9P 0P 9 P QR PTO %P % 0.4
P A s
0.2
0
-0.2
-0.4
-0.6

0.0 R0 O A0 N0 A0
el elsielg[ %y g e e ‘e

e=1/8 pO

Figure 3.15 — Medium B: p¢ for different £ > 0 and the homogenized pressure p°.

We performed an experiment with 2! macro FE (k = 1) and 2%/22! micro FE (I = 1). We
used periodic boundary conditions and YFx’6 := Y}¥ which eliminated the modeling error. The
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convergence rates presented in Figure 3.17 again corroborate the theoretical results obtained

in Section 3.3.
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Figure 3.16 — Medium B : micro velocity solutions for x = [0.5,1] (left) and x = [0.5,1.5] (right).
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Figure 3.17 - Medium B: DS-FE-HMM error analysis (macro: 22!, micro: 2#%/2?!, periodic BC,
and Y = Y.

3.5.3 Porous medium C

Let Q be a subset of (0,2) x (0,2) x (0,3) for which (x3 —2)(x3 —1) >0 or max(x1, x2) <1 and let
f=f" = (0,0,-1), see Figure 3.18(left). Let the faces (0,2) x (0,2) x {0} and (0,2) x (0,2) x {3} be
periodically connected. We will define a three-dimensional porous structure where the solid
part Q\Q, is connected.

We will define the domain Q. such that it will consist of rectangular prisms spaced in an &-sized
grid, connected in all three basic directions by simple channels (see Figure 3.20(right)). To
describe such medium in the locally periodic fashion, we the generalized definition of locally
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rs(x))

p(x, YF, €) medium C p(x,Ys,€)

Figure 3.18 — Medium C: macroscopic domain Q (left) and a description of the pore struc-
ture. The fluid part (middle) consists of a rectangular prism (black) and three connecting
polyhedrons (red, green, blue).

periodic porous media (2.9), where the map ¢(x, y,€) takes € as a parameter. Instead of stating
@ explicitly, we define ¢(x, Y, €), where Y can be set appropriately (see Figure 3.18(right)). We
let ¢ (x, Yg, €) be a rectangular prism of size r1(x) x r2(x) x r3(x) located in the corner of Y. Its
three faces that do not lie on 0Y are faces of three polyhedrons that reach to the opposite side
of Y and these polyhedrons will serve as a connection to the neighboring cells in Q,, which
contain rectangular prisms of sizes rl(xk) X Iy (xk) x r3 (x¥), where x* = x + ee* for k € {1,2,3}.
We define ri(x) =0.5+0.2cos2n({ + (k—1)/3)) for k € {1,2,3}, where {(x) = x1/2— x2/2 + x3/3.

uf'l 0.015 u;“ 2
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Figure 3.19 — Medium C: an interior view of micro velocity solutions for x
[0,0,1/3] with a°(x) = 1073diag(1.495,4.638,1.69) (up) and x = [0,0,2] with a°(x)
10-3diag(2.895,1.638,2.895) (down).
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We apply the DS-FE-HMM with 22! macro FEs (I = 1), and #?/22! micro FEs (k = 1). Periodic
BC are used on the micro problems and we set YFx’5 = Y. Sample micro solutions can be seen
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rel. err.;.  30% 6%

iii

Figure 3.20 - Medium C: DS-FE-HMM solutions with relative errors 30% and 6%, p°, and p®
fore=1/8.
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Figure 3.21 — Medium C: DS-FE-HMM error analysis (macro: 2!, micro: 922/21, periodic BC,
and Y = Y.

in Figure 3.19. The convergence rates given in Figure 3.21 are as predicted by the results of
Section 3.3. Despite choosing very coarse initial micro meshes, the macro error dominates
the micro error. The adaptive algorithm detects this behavior and allows for coarse micro
meshes reducing the computational cost by order of magnitudes compared to a multiscale
macro-micro method that would be used with uniform micro mesh refinement.

3.6 Conclusion

We have presented a multiscale FE method for the Stokes flow in porous media. The method
is based on a macroscopic FE discretization of an elliptic problem (Darcy flow) with effective
permeability recovered from micro FE solutions of Stokes problems and its computational
cost is independent of the pore size. We have focused on a class of problems with non-periodic
pore structures that can be obtained from a smooth deformation of a reference pore sampling
domain. As the well-posedness of the Darcy problem depends on the Stokes flow at the pore
level, we have analyzed classes of microscopic geometries that ensure existence and unique-
ness of a solution of the macroscopic problem and its FE discretization. While a priori error
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analysis has been discussed, our main objective has been to derive an adaptive algorithm
combining macroscopic and microscopic mesh refinement. Rigorous a posteriori error esti-
mates have been derived that show efficiency and reliability of the proposed adaptive method
as corroborated by numerical experiments for non-periodic two- and three-dimensional
problems.
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Reduced basis finite element hetero-
geneous multiscale method

Numerical homogenization methods, such as the DS-FE-HMM that was defined in chapter 3,
show a large improvement in computational cost with respect to numerical methods that
solve the fine-grained problem. Additional speed up can be achieved by parallelization of the
micro scale computations. However, the large number of micro problems to solve is still a
bottleneck. While the Stokes micro problems vary from macro element to macro element,
they might also share some similarity, which can be exploited by applying some model order
reduction techniques. The reduced basis (RB) method has been applied to Stokes problems in
parameter-dependent domains (see [100, 102, 65, 99] and the references therein). However,
all these methods assume that the parameter-dependent domains can be mapped into a
reference domain. If we try to apply the RB technique to the DS-FE-HMM directly, it would be
very difficult if not impossible to map YFx'5 (the snapshots of Q) to a single reference domain.

In this chapter we provide a different version of the DS-FE-HMM, where we assume that the
reference microscopic domain (Y%, Ys) and the deformation map ¢ from section 2.2 are known.
The micro problems, defined in Y} can be then pulled back from Y} to the reference micro
domain Yr via the deformation map. We can then use the FE-HMM framework to discretize
the two-scale problem with a macroscopic mesh in Q and a microscopic mesh in Y¢. The FEM
with numerical quadrature is used on the macro scale and the missing effective permeability
is obtained from micro problems solved by a stable Taylor-Hood FE pair. This variant of the
DS-FE-HMM has micro problems defined using the same functional spaces and only the
coefficients depend on x € Q. In this framework model reduction can be applied.

In this chapter we propose a numerical homogenization method for Stokes flow in porous
media named the reduced basis Darcy-Stokes finite element heterogeneous multiscale method
(RB-DS-FE-HMM). It is obtained by applying the reduced basis method on the micro problems
and using the reduced basis approximation of the effective permeability in the macroscopic
FE method. The micro computation is divided into two stages:

* The offline stage that is computationally expensive but executed only once. In this
stage a small number of representative microscopic domains are selected, for which
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the corresponding Stokes micro problems are solved accurately on the reference micro
mesh. The collection of Stokes solutions then spans the reduced basis space.

e The online stage is a fast procedure that efficiently computes a®B(x), an accurate ap-
proximation of the effective permeability a°(x), for any quadrature point x € Q using
the precomputed reduced basis space. As the reduced basis space is usually of low
dimension that is independent of the microscopic mesh, the online computations are
usually very fast.

Outline. In section 4.1 we present a variant of the DS-FE-HMM, where the microscopic
problems are solved in the reference microscopic domain. In section 4.2 we describe the
Petrov—Galerkin reduced basis method in general. The first two sections are then combined
into the reduced basis numerical multiscale method in section 4.3. A priori error estimates are
derived in 4.4 and an adaptive method based on the a posteriori error estimates on the macro
scale is presented in section 4.5. We conclude with numerical experiments in section 4.6. This
chapter is essentially taken from [9, 10].

4.1 Avariant of the DS-FE-HMM

In this section we provide a variant of the DS-FE-HMM (see chapter 3). Instead of sampling the
porous medium €, to define local geometries YFx’5 (see (3.2)) we discretize directly the model
problem from section 2.3, which we shortly recall. Let Q € R be a a bounded, connected
domain and (Yf, Ys) be the reference micro domain. Let ¢ : Q x Y - Ybea parametrized
deformation map and denote YF" =@(x, Yp) and st = @(x, Ys). The two-scale model problem
is then defined as follows. At the macro scale, we solve the effective Darcy equation: Find
p° € H'(Q)/R such that

faOVpO-qux=f a’f-Vgdx Vge H'(QI/R. (4.1)
Q Q

At the micro scale, we solve d Stokes micro problems: For any x € Q and i € {1,...,d} find
utre Hy o (Y9 and p™* € L2 (V) /R such that

o (Vu'*: Vv — pi'xdivv) dy= fyx el -vdy Vve Hé’per(YFx)d,
F . F (4.2)
—f gdivu"*dy =0 quLz(YFx)/IR,
v

where Vu: Vv = Z?j: 107u;0;v; for any vector functions u,v. The effective permeability a®(x)

can be then defined as a?j () = fys elu/*dy.

Suppose that we would like to solve (4.2) with a stable FE method. The pressure lies in the
quotient space LZ(YF’C) /R, which can be resolved by one of the standard strategies:
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4.1. Avariant of the DS-FE-HMM

* fix one degree of freedom of the pressure and normalize it afterwards.

 assemble the sparse linear system in a standard way (resulting in a singular system
matrix) and use an appropriate iterative solver (e.g., the Uzawa method [91]).

* use a Lagrange multiplier to enforce the average of the pressure to be zero and avoid the

quotient space already in the weak formulation.

While all three approaches are applicable for solving a single problem, we use the third, which
makes it straightforward to apply the reduced basis method in section 4.3. We thus modify

the system (4.2) as follows. For any x e Q and i € {1,..., d} find the velocity ute Héyper(YFx)d,
pressure p'* € LZ(YF"), and multiplier A* € R such that
(Vu"*: Vv - p"*divv)dy = f e -vdy  Vve Hj . (),
v V& '
(—gdivu* + A"¥g)dy =0 VqeL*(YD), 4.3)

v

f kpdy=0 Vk €R.
Yx

F

Recall that the local micro domains Y are assumed to be deformations of the reference
micro domain Yg given by ¢(x, Y¢) = Y. In the next step, we apply the change of variables
Yold = @(X, ¥new) to the problem (4.3). Subsequently, we sum the three equations and group
the velocity, pressure, and Lagrange multiplier unknowns into a single variable that lies in the
space

X= Hé’per(YF)d x L?(Yp) xR, 4.4)

which is independent of x € ). We obtain the following micro problem formulation. For any
xeQandie{l,...,d} find U"* € X such that

AU V;x) =G (V;x)  VVEeX, (4.5)
where forany U = (u, p, 1) e X and V= (v, q,x) € X and x € Q we have

ou Ov ov;

d ou:
A(U,V;x)zf (p--—-——0--(—p+—lq))+r(ﬂq+1<p)dy,
Yy i,]Z‘:’l N ayl ay] N ay] ay] (4.6)

Gi(V;x):f rel -vdy,
Yr

where the coefficients p;j,0;;,7 depend on both x and y as follows. Denoting the Jacobian
J=17(x,y) = Vyp(x,y) we have

p(x,y) =det()D(J" N7,
o(x,y)=det())J T, 4.7)
7(x,y) = det()).
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The problem (4.5) is still equivalent to the original micro problem (4.2), hence, we have

a?j(x):fyxei-uj'xdy:Gi(Uj’x;x) Vi, jefl,...,d}. (4.8)

F

FE spaces. We apply the FE-HMM framework as in section 3.1 to discretize the macroscopic
Darcy equation (4.1) and microscopic Stokes equations (4.5) that are coupled by (4.8).

Let Q) be a connected bounded polygonal domain in R?. Let {3} be a family of conformal,
shape-regular triangulations of Q parametrized by the mesh size H = max,g- diam(K). Let
[ € N and consider the macro FE space

SHQ, T = (g™ € H(Q); g™ |k € P1(K), VK € T}

.....

points xg; € K and weights wg; > 0. We suppose that Assumption 3.1.1 is satisfied, that s, the
quadrature formula is exact for polynomials of degree max{1,2[ —2}.

Let {97,} be a family of conformal,! shape-regular triangulations of Y parametrized by the
mesh size h = maxy, g, diam(T). Consider the Taylor-Hood pk+1 |k FE spaces given by

Lp(Ye) = {q € S*(Ys, T7); q is Y -periodic},

k+1 d . N (4.9)
Wy (Yg) ={ve 8" (Y5, I3,)%; vis Y-periodic, v=0onadYs}.

A discrete equivalent of X from (4.4) is now Xj = Wj,(Yg) x L, (Yr) x R.

Numerical multiscale method. Let the force f€ L?(Q)? be given and let £ € VI=1(Q, 95)
be its approximation. Find p* € §!(Q, 93)/R such that

Bu(pf, g™ =Ly  vq"eS'Q TR, (4.10)

where

J
Bu(p™,q™" = Y Y wka"(xx)Vp" (xk) - Vg (xk),
K€gyj:1
H L h H H
Lu(q™) = wi;a (xx )" (xx,) - Vg~ (xg,).
KEJszl

(4.11)

For any quadrature point x = xk; the tensor a"(x) is an approximation of a°(x) that is defined
as follows. Find U’h'x € X;, and a"(x) € R%*? such that

A@UL,V;x) = G (V; ) VVeE Xp, 4.12)
al',(x) =G (U x) Vi, jefl,...,d}. (4.13)

IWe assume that 7, is conformal not only in the interior but also over periodic boundaries of the domain Y.
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4.1. Avariant of the DS-FE-HMM

Well-posedness. Let us comment on the well-posedness of the modified DS-FE-HMM pre-
sented in this section. Firstly, we remark that the micro problems (4.2) and (4.5) are equivalent.
Hence, well-posedness results of (4.2) that were studied in section 2.4 are automatically
translated to the problem (4.5). We can thus assume that for any x € Q there are constants
Ya(x),yc(x) € Rsuch that

AU, V; x) =y a0 x VIl x VYU, Ve X, 4.14)
G'(V;x) =y () VIl VWeX, Yiefl,...,d}, '
and fBga(x) > 0 such that the inf-sup condition in the sense of Babuska is satisfied:
A(U,V;
BBa(x) = inf sup u > 0. (4.15)

UeX VeX ||U||X||V||X
U#£0 VA0

To achieve well-posedness of the macroscopic problem (4.1) we need uniform ellipticity and
boundedness of the effective permeability a® : @ — R4*?. This is again studied in section 2.4
for the original micro domains Y;;'. We thus assume that there are A, A > 0 such that

AWeE-E= MR, 1a°WEI<AKEl,  VxeQ, VEeRY (4.16)

Let us make a remark on the difference between the stability constants of (2.14) and (4.5).
In (2.14) the bilinear forms a(,-) and b(:,-) bounded with a constant independent of x € Q.
If the mapping ¢ is non-degenerate, as is assumed in (2.7), the same can be derived for
boundedness of A(:,; x), that is, there are upper bounds y4(x) < y4 and yg(x) < vg. The
inf-sup stability of (2.14) is studied in the sense of Brezzi, see Definition 2.4.6. Since we lost
the standard saddle-point formulation, we used the inf-sup condition in the sense of Babuska
in (4.15). Assuming non-degeneracy of the mapping ¢ (see (2.7)) one can again show that
there is C > 0 such that ,66‘ = CPpa(x) for every x € Q, see [100, 120, 54].

Let us consider the FE approximation (4.12). Since (4.14) is true for any U,Ve X and X}, c X it
is evident that

AUV x) =y a0 IU N x VI x VU, Ve Xp, 417)
Gi(V;x)syG(x)IIVIIX YVe Xy, Viell,...,d}. '
Since we use a stable FE approximation, the discrete inf-sup condition is also positive
AU, V;
Bl (0= inf sup A2V (4.18)
vex, vex, 10l xIVIx
U#0 V#0
For sufficiently small /2 > 0 the difference a(x) — a"(x) is small enough so that
a"0¢-E= AR, la" g <AlEl, VxeQ, VEeR?, (4.19)
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where the constants A, A are the same as in (4.16) for the simplicity of notation. The proper-
ties (4.19) imply that the discrete problem (4.10) is well-posed.

4.2 The Petrov—-Galerkin reduced basis method

In this section we recall the Petrov—Galerkin reduced basis method based on [99, 77]. We
selected this particular RB method because it has several favorable properties:

e The reduction preserves the inf-sup stability constant of the original system and the
reduced linear system is algebraically stable.

* The size of the online linear system is equal to the number of selected parameter
samples.

e Simple and general description of the method allows a black-box usage and no special
structure of the problem (e.g., saddle-point) is assumed.

Our model problem (4.20), (4.21) is selected so that it can be applied with minimal changes to
the micro problems (4.12), (4.13).

Let X be a Hilbert space with a scalar product (-, -) x and a corresponding norm || - || x and let
2 be a space of parameters.? Let A(-,-; 1) : X x X — R be a parameter-dependent symmetric
bilinear form G (-; ) : X — R be linear forms indexed by i € {1,...,d}. We are interested in a
tensor a(u) € R4 for any u € 2 that depends on a solution to a variational problem and is
defined as follows. For any u € 2 find U** € X such that

AU V; 1) = G (V; ) VYVeX, (4.20)
aij(ﬂ):Gi(Uj;,u) Vi, jell,..., d}. (4.21)

We assume that for any p € & there are 0 < f(u) <y a(u) and yg(u) € R such that

AUV, ) sy aWl0NxIIVIx VYU, Ve X,

G (U;w) < yo(w U] VU € X,
H)=YGl\H X (4.22)
inf su AU V:p) _ B(w)
vexver MUIxIVIy P
U#0 VA0

foreveryue 2 and i €{l,...,d}. The conditions (4.22) assure that the problem (4.20) is well-
posed for every pu € 2. The value B(u) is called the inf-sup constant. Since A is symmetric, we
have

a;j(p) = G (U/;p) = AUPH, UM ) = A(UPH, UF; ) = GY (U5 p) = aji ()

and thus a(y) is symmetric.

We consider (4.20) as d independent problems indexed by i € {1,...,d}. Foreach i € {1,...,d}

2Usually one assumes & < R” for some p € N.
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4.2. The Petrov—Galerkin reduced basis method

we project (4.20) to a solution space X; c X and a parameter-dependent test space XIH cX
(defined below) with dim(X;) = dim(XlH ) = N;, where we aim to achieve N; < dim(X). The RB
approximation of (4.20) is then defined as follows: For any p€ 2 and i € {1, ..., d} we search
U;’g € X; such that

ARV =G Vi) vVe X! (4.23)

The solution space X; is spanned by a small number of solutions of (4.20) computed for
parameter values Si= {ui'l, ui’z, s, ,ui'Ni} < 9, whose construction is described in section 4.2.2.
For every n=1,2,..., N; we denote by U®" € X the solution to (4.20) with u= yi’”. We assume
that these selected solutions are linearly independent. The sequence {U""},, is then processed
by the Gram-Schmidt method (without changing the notation) to achieve algebraic stability
(see section 4.2.5). We then define X; = span{U”!,..., 0"},

The inf-sup stability of the reduced problem (4.23) is guaranteed by an adequate construction
of the test space Xl.” . Consider the so-called supremizer operator T : X x 2 — X defined as
follows. For any p € 2 and U € X let T'(U; u) be the Riesz’s representant of A(U, -; 1), that is, the
solution to

(T, w),V)x = AU, V; 1) VVe X. (4.24)

One can easily show that the supremizer operator T'(; 1) : X — X is linear and

A(U,V; T(U;
T(U;u) =arg maxM, B(w) = inf 1T il (4.25)
Vex IVIx vex [IUlx
We now set
X!'= T(X;;p) = span{T(U"Y; ), ..., TN ). (4.26)
Ju,

A simple approximation of the output of interest (4.21) is G' (U%%; u), which is optimal for i = j.

RB’
However, if i # j, one can increase the order of accuracy with a dual RB problem [92]. Since
the right-hand sides of our problems, G'(-; i), are the same linear forms as needed to obtain
the outputs of interest (4.21), we do not need to solve any additional dual problems and we
define

afP () = G (UL i) + R ULk ), 4.27)
where the residual R/ : X x 2 — R is given by

RI(V;) = G/ (V; ) — AULE, V; )

_A(Ujvl»‘_Uj’ﬂ V; 1) (4.28)
= rB V7 H-

Lemma 4.2.1 (approximation stability). The reduced problem (4.23) is well-posed for any
ie{l,...,d}andue.

Proof. The problem (4.20) is well-posed by the assumption (4.22). We will show similar con-
ditions for the reduced problem (4.23). The boundedness inequalities (second and third
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inequality in (4.22)) are true also when we restrict the supremums to X; € X and X;‘ c X. We
will prove that the inf-sup stability condition (first inequality in (4.22)) is preserved in the
reduced system. Using that for any U € X; we have T'(U; u) € X l” and applying (4.25) we have

' AU, V; AU, T(U; p); T(U;
i = inf sup AOVH | e AU TG e ITU B

vexivex! IUIxIVIx ~ uex, IUIxITWwllx  vex, [Ullx
U0 v U#0 U#0

>B(u).  (4.29)

This concludes the proof. O

Offline/online splitting. The efficiency of the RB method relies on a splitting of the compu-
tation into two stages.

* The offline stage is run only once and it is used to construct the RB space X; and
precompute necessary values for the online stage.
* The online stage can be run after the offline stage repeatedly and it provides a cheap

evaluation of a®B(u) for any u € 2.

This splitting can be achieved with the following, additional assumption. We assume that
there is an affine decomposition of the bilinear form A(:,-; ) and of the linear forms Gi(; ),
that is, there are Q4, Qg € N and

¢ continuous symmetric bilinear forms A7: X x X - Rfor g€ {1,...,Qa},

e continuous linear forms G'7: X — R for gefl,...,Qgltand i€ {l1,...,d},

e vector fields ©4: 2 — R and ©¢ : 9 — RY,

such that for any U,V € X, parameter p€ &, and i € {1,...,d} we have

Qa
AUV ) = ) 04w A9U,V),
=1 (4.30)
. Qq .
G'(V;u) =) 05 wGW).
q=1

Remark 4.2.2. The affine expansion of G’ for i € {1,..., d} is not completely generic since we
assume the same vector field ©C for any i € {1,..., d}. While this can be easily generalized, we
use the special type of expansion (4.30) since it is sufficient for our purposes.

4.2.1 Online stage: RB solution and output of interest

Using the affine decomposition of A(:,-; u) from (4.30) in the definition of T'(:; u) from (4.24),
we can deduce that there is an affine decomposition of the supremizer operator. Indeed, we
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2. The Petrov-Galerkin reduced basis method

have

Qa
TUO;p) = 21(9’,;(#) T(U), (4.31)
q:
where T7(U) is the Riesz’s representant of A7(U,-), that is,
(T9U),V)x = A1(U,V)  VVeX. (4.32)

The expansion (4.31) allows us to write the basis functions of X” from (4.26) as linear combi-
nations: T(U>"; u) = ZQA G)A(x) T9(U%"). Hence, functions U € X;and Ve X!' from (4.23)
can be written as hnear comblnatlons

: Ni i, . Ni _ Qa )
U= T, ut V= Z oA wTIU™), (4.33)
n=1 m=1 :

where ﬁi’“ = (ﬁi’u,...,ﬁj\}f)T eRNi and V = (Vl,...,VNi)T € RN are vectors of coefficients.
Plugging (4.33) into the reduced system (4.23), using the affine decomposition (4.30) and (4.31),
and expanding and regrouping terms gives the following problem: find U"" € RNi such that

A Z G (4.34)
where the matrix A" € RN*Ni and the right-hand side vector G e RN are given by
i Y A A —igr in_ LY o4
= ZIGq (WO (WM ™, Zl PCHIDICH WN'" (4.35)
q,r= qg=1r=

. —igr AT —iqr : .
Here, the matrices M ' € RN*Ni and vectors N'?' € R are given by

M””-A‘HU’ nTTUR™) = (T9UP, T U™y,
(4.36)
— GIQ(TV(Ul,m))'

The values (4.36) are precomputed in the offline stage and the dense linear system (4.34) with
N; variables is assembled (via (4.35)) and solved in the online stage.

Lemma 4.2.3 (algebraic stability). The condition number of the system (4.34) is bounded by

ya(w?!B(w)? foranype @ andiel,...,d}.

Proof. Let pe % and i € {1,...,d} be arbitrary and let W € R, Denote W = zﬁj;lwnui:”.
Since we apply the Gramm-Schmidt procedure, the vectors U’!l,..., U"Ni are an orthonormal
basis of X;. Hence, we have

W3 = ZW o5 = (W2, (4.37)

n=1

63



Chapter 4. Reduced basis finite element heterogeneous multiscale method

Using (4.35) and (4.36)
AHW W = (T(W; 1), TOW; 1)) x = ACT (W 10); W5 1) < y 4 (i) I TOW5 )| x IW .
The last inequality together with (4.25) imply
B IWI% <A™MW-W <y a2 IWIE. (4.38)

Using (4.37) and (4.38) and the fact that the matrix A s symmetric, we obtain that all
the eigenvalues of A"" are real and within the interval [$(1)2,7 4(1)?], which concludes the
proof. O

Output of interest. Assume that we have solved the system (4.34) for everyi € {1,...,d}. We
rewrite (4.27) using the affine decompositions (4.30) and (4.33) to obtain

Qg P T Qa T
aP g = 21(93(#)(5” T+ T - Zl it T . T, (4.39)
q= q=

where the vectors S/ 7 € RV and the matrices T''? € RN*Ni can be precomputed in the offline
stage as N N
STT=glaim,  TIT= A9t uim, (4.40)

4.2.2 Offline stage: RB construction and a posteriori error estimator

In this section we recall the offline greedy algorithm to construct the parameter sets S’. This
algorithm uses a cheap a posteriori estimator of the RB error that relies on a rigorous estimate
of the stability constant (4.18).

For every i € {1,...,d} we perform the selection of the RB parameters S’ only once, in the
offline stage. We chose a standard greedy approach that adds points p € & from a training set
to Si, until a suitable error tolerance is reached. The error |[U"* — U;{’g |l x is estimated by its
upper bound (see Lemma 4.2.5)

R! - 1

Af(ﬂ)z IR (5wl x ’ (4.41)

Bscm (W)
where the residual R! is defined in (4.28) and Bscm (1) is a cheap computable positive lower
bound of f(u) that will be described in section 4.2.3.

Algorithm 4.2.4 (offline greedy RB construction). Given i € {1,...,d}, training set size N0, €
N, and tolerance egg > 0 do:

1. Initialization. Choose randomly (Monte Carlo) or structurally (regular grid) a training
set ZRB. =g of size NRB _ Set §' = @ and N; = 0.

train train”
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4.2. The Petrov—Galerkin reduced basis method

—=RB
~train

the argument for which AIE (@) is maximized.

compute the RB error estimator (4.41) and let i € = Fr];m be

2. Estimate. Forevery u€ =
3. Stopping criterion. If AE(ﬂ) < €gg, then precompute (4.40) and stop the algorithm. Else,
let N; — N; +1, set u»™i = i, and update S — S’ u {u"Ni},

4. Update online fields. Compute U"Ni by solving (4.12) with y = >N

supremizers T9 (UHNi) for qg=1,...,Q4 by solving (4.32). Update (4.36) and go to step 2.

and compute the

When Algorithm 4 2 4 stopsitgives S i such that the RB error |[UH— Ui’“ | x < egp forall training

parameters (L€ = We cannot guarantee this bound for all p € & but abound of type Cegp

traln
is are practically observed if the training set is dense enough in 2 and the dependence on

parameter is smooth.

We next prove that the error indicator A?(u) defined in (4.41) is an upper bound on the RB
error and we describe a cheap evaluation of A?(,u).

Lemma4.2.5. ForanypeQandie€(l,...,d} we have |[gbH — UQI‘;IIX < A? (W).

Proof. Using the inf-sup condition (4.18), definition (4.28), and inequality (4.46), gives

1 AU —UEE ;)
(L TP su L < Ab(w).
Y= Bwvex  IVix i
The inequality (4.46) establishes that Bscm () < B(w), which concludes the proof. O

From the error bound (4.41) we consider here only the evaluation of |R(;; u)|l x, follow-
ing [101]. Evaluation of Bscwm (1) is presented in section 4.2.3. Using (4.28) and (4.30) we get

R'(V;p) = G"(V; 1) — AURY V3 )
QA Nl

= Z CHMIGKIOEDY X oW T, ATULE V)
g=1n= (4.42)

(Z@G(u)G”’ Zi@A(N)U T, V).

q=1n=1 X

where G'7 € X is a Riesz representant to G'9(-), that is, (G'9,V) x = G'9(V) for every V € X. With
the help of (4.42) we can write

2

IR (; x)||(Xh),= S (WG - ZZ@A(u)U T9(U"")
e X (4.43)
= Z 63(11)@?(#)5’”—26"“-6"“+K""6”“ T,

q,r=1
where the numbers P' /" € R can be precomputed in the offline stage by P = (G, G”)X.
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4.2.3 Successive constraint method (SCM)

Here we describe a cheap lower bound Sscm (1) of the inf-sup constant f(u). We follow the
algorithm [75] with some modifications detailed in Remark 4.2.8, where also the accuracy of
the SCM is addressed. Using (4.18) and (4.25) for any u, u € 2 we have

AU, T(U; w); 1)

(1) = inf —
Pl vex 101 x I TWU; @) x
s g TUBIx A(U,T(Ifm:u)_ (4.44)
vex  IUlx  wex ITWmI%
—— _

v~

=p =B

A greedy algorithm is used to construct a finite set S © 2 and a family of finite sets {Cglges <2
such that:

e for each u € S the value f(u) is computed and stored,

e given a i€ S the values f(u; 1z) are computed and stored for every p € Cg. They are used
to provide cheap bounds of B(u; i) defined in (4.49) that satisfy

BB (O <pwm <m0  VYpe, VCcQ. (4.45)
Using (4.44) and (4.45) we obtain (and define)

B(w) = Pscm (W) := max (@) f-° (u; 1, Cp). (4.46)
HES

Eigenproblems. The values $(1z) and B(u; i) described in (4.44) can be interpreted as min-
imal eigenvalues of related eigenproblems. We denote the corresponding eigenvectors by

AU, T(U; ); )

_ 12 ifu# u,
U*H = arg min | T(ll’m I (4.47)
vex | ITO;Wlx —
101x HER

Upper and lower bounds. Let us fixa parameter g € Q. Using the affine decomposition (4.30)

we obtain 0 0
— . A AU, TG ) . 4 A
B(w; ) = inf G)A(p)—: inf O (Wzg,
uEXq; 1 ITUO; 1% ze%q; e
N— ————
=:Z9(0;)
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where ?Z/ﬁ is the set of all z € R?4 such that Zg = Z9(U; ) for every g € {1,...,Q4} for some
U € X. Given a nonempty set C < &, we define @ﬁUB(C),@ﬁLB(C) cR% by

2 (0) = {2l = (29 (UPF )t R : fre €Y,
%LB(C) ={(s1,++-,50,) ERU : [s4l < y4/ B Yqgeil,...,Qa} (4.48)
and ¥4, 04(i0sg = B Vre C),
where y4 = supycx I 79(0) [ x/|U| x. Using the inclusion property @ﬁUB(C) cH;c @ﬁLB(C)

(for a proof see [75]) we immediately get for the lower and upper bound in (4.45)

Qa
FPEC)= min ) 0wz,

ze@ P (C) 4=1
(4.49)
UB(,,.— ol A
B (w1, C)= min Z Gq (W) zg-
2 P(C) =1
Let us present an algorithm for constructing the set S © 2 and the family {Cg}zcs.
Algorithm 4.2.6 (offline greedy SCM construction). Given a training size Nigﬁf eN, atoler-

ance escp € (0,1), and 0 € (0,1) do:

1. Initialization. Choose randomly (Monte Carlo) or structurally (regular grid) a training
ZSCM N3M_ Compute y, for g € {1,...,Qa}. Let S = ¢ and C = @ for

“train train *
every fi € 2. Select arandom f € Z5CM and set 1 — 7.

set c 9 of size

2. Update. Set S — Su{u} and C; — Cz U {fi}. Solve the eigenproblem (4.47) and update
the sets (4.48).

=SCM
train

3. Upper bound check. Find the training point i €
estimate by

with the smallest upper bound

fi — arg minmax BV (11, Cp).

~ne=SCM 7
ME“train NES

If maxgeg ﬁUB (L H, Cﬁ) < 0, then we let ¢ — {1 and continue with the step 2, which
enlarges the set S with p.

—=SCM

4. Lower bound check. Find a training point i € Z¢ -©

and p € S corresponding to the
smallest lower bound estimate by

f1, & — arg minmax{fz (& &, Cgp); Pus (1, Cg) = 6}.

ne=SCM T
”Eﬁtrain MES

If BLe(; 4, Cp) < Oescm, then we continue with the step 2, which enlarges the set C.
Else, we have reached the tolerance and we stop the algorithm.

When Algorithm 4.2.6 stops we have Sscm(p) > 0 for all training points. We cannot guarantee
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positivity for every p € 2 but we practically observe it, if the training set is dense enough.

Remark 4.2.7 (online SCM). For any u € 2 we get Bscm (i) defined in (4.46) by computing
BB (1 1, Cg) by solving the linear programming problem (4.49) for each p € S.

Remark 4.2.8. In the original procedure (see [75]) for each u € S a corresponding set Cﬁ is
constructed before adding another element to S. This approach resulted in unnecessary
large sets Cﬁ, therefore, we decided to construct all these sets concurrently. Furthermore, the
precision of the SCM in [75] was controlled by a function ¢(y, p) that can be constructed using
the so-called SCM? method. Since we do not expect extreme variations of (i), we replaced
this function by a constant 8 > 0. In practice we chose 8 = egcm = 0.5.

4.2.4 A posteriori error estimate for output of interest

We discuss here the error between the tensor a(u) and its RB approximation aRB (1), defined
in (4.13) and (4.27), respectively.

Lemma 4.2.9. Foranyi,je{l,...,d} we have

1w —aB < R llx IR (5 )l (4.50)
laij (W) - a;; (W] oo ) l Wl x|l Wl x
d
la(w) — a®® Wl < S IR Gl =: AF (. (4.51)
Bsem (W) o

Proof. Using the definitions (4.13) and (4.27), the residual definition (4.28), the problem
statement (4.12), and symmetry of A(-,; u), we obtain the following identity

aij (W — ayp () = G (UM 1) — G (Ul 1) — G (URE; ) + A(URE, ULE: )
_ i, LE 1y, D,
= A(UH -0, UPH - UL 1) (4.52)

= RI(UF - Ukl .
Using (4.52) and Lemma 4.2.5 gives

laij () — a2 () = |R (U UL ] < IR ) L x 107 — 08 x
< IRl Af () = A% (x).

This shows (4.50) and (4.51) follows. O

The error bound (4.51) is quadratic with respect to the error bound for the RB solution (4.41).
This improvement of accuracy is due to the use of dual problem in the definition (4.27).
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4.2.5 A priori error analysis

Using the inf-sup stability (4.29) and Xl.“ = T(X;; 1) one can obtain optimality of the RB
method.

Lemma 4.2.10. Foreveryi,je€{l,...,d} and u €2 we have

i i va(w)y . ;
(U -l s(1+ )mf 05—V x,
RB X B Jvex, X
w)? . ~ . ;
Iaij(,u)—a?]B(,u)ISYA(,U)(1+YA £ ) inf [U"# -V x inf |U"*-W]|x.
B ) vex; WeX;

Proof. The proof of the first inequality is given in [30]. Using (4.52) we obtain
laij() - a P (W] = AU - UL UF - U )
<yA U ORI x U7 UL .

We conclude the proof of the second inequality by applying the first one. O

Let us discuss a priori convergence rates of the RB greedy algorithm with respect to the number
of RB functions N;. We apply the general framework for greedy approximations of compact
sets in Hilbert spaces [35]. For each i € {1,..., d}, the RB methods approximates the solution
manifold .4 = {U"H; pe 2} c Cwith X; c X. Approximability of .4 i by linear subspaces of
X of dimension 7 is described by the Kolomogorov n-width

dp( )= inf sup dist(U,2),
ZcX Ued!
dim(Z2)=n
where dist(U, Z) = miny, , [|U - V| x. Algorithm 4.2.4 is, in terminology of [35], a weak greedy
algorithm, provided that the a posteriori error estimator AE(N) is uniformly equivalent to the
exact error dist(U;{'g ,Xi). Indeed, by (4.41), (4.14), and Lemma 4.2.10 we have

R AT

AE(w) = su < ot -k
i V(—:)F() Bscm (W) IVI x Bscm (1) BB X (4.53)
< YA (1 L YAl ) dist(UZE, X)),
Bscm (1) B (W
and from Lemma 4.2.5 we simply obtain dist(Ué{’g ,Xi) < A]l.a(u). In [35] it is proved for coercive

problems that there is a constant y € (0, 1], depending only on the constants from (4.53), such
that the following properties are true:

e If there are M,a > 0 such that dn(ﬂi) < Mn~? for all n > 0, then dist(Ué’g,X,-) <

CMN; %, where C depends only on a and y.
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o If there are M, a,a > 0 such that d,,(.«") < Me™ " for all n = 0, then dist(Ué{g,Xi) <

CMe‘Csz, where = a/(a +1) and the constants C, ¢ > 0 depend only on « and y.

While standard formulation of Stokes problem is not coercive, our model problem (4.20) and
its RB formulation (4.23) can be equivalently rewritten as follows: Find U* e X and Ui{g € X;
such that ) )

BU"H,V;u) = G' (V; ) YVe X,

BUW Vi =G (;p)  YVeX,
where the parameter-dependent bilinear form B(U,V; u) = (T (U; w), T(V; 1)) x is symmetric
and positive definite. Hence, the a priori error estimates for coercive problems [35] are
applicable.

4.2.6 Computational cost

Here we describe the computational cost of offline and online RB procedures. For a compari-
son to other methods see [65]. Let N = max{Nj,..., N}, where N; is the dimension of the RB
space X; and let Q = max{Q4, Qg}.

Online stage. Let y € 2 be arbitrary. To obtain the RB coefficients T we need to as-
semble (4.35) and solve the dense system (4.34) with N; variables, which can be done with
O(Q*N? + N?) operations. Then, we evaluate a"" (u) via (4.39) using ©(QN?) operations.

To obtain AIIT: (1) we evaluate (4.43) in @’(Q2 + Nl.z) operations and we compute fBscm(u) as
described in Remark 4.2.7. Computation of Sscm(w) via (4.46) and (4.49) is dominated by
solving a linear programming problem in R94 with 2Q4 + |Cgl constraints for each g€ S.

Offline stage. The major sources of computational cost in the offline RB (Algorithm 4.2.4
and 4.2.6) stage can be split into four categories:

Solving sparse linear systems. In Algorithm 4.2.4 (step 4) we solve (V) Stokes problems (4.12)
and compute @ (QN) supremizers (T7 (U™ and G'9), which can be done in G (N (N+Q)dim(X)),
assuming a linear-time solver.

Assembling online fields. In Algorithm 4.2.4 (step 4) we assemble (4.36) and we also need (4.40)
for the output of interest. This takes @ (N?Q?dim(X))

Residual calculation. In Algorithm 4.2.4 (step 2) we compute the error estimator Af‘(,u) in each
iteration of the algorithm at all training points, which costs ¢ ((Q* N3+ N*) N2 ). Furthermore,

we compute the inf-sup lower bound (4.46) at N35  points.

SCM. In Algorithm 4.2.6 we compute several eigenproblems of size dim(X). First, Q4 eigen-
problems are needed to obtain y € R4, Second, we solve |S| + J eigenproblems to obtain UHH
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given in (4.47), where J := Zﬁe s ICﬁI. Furthermore, in each iteration of Algorithm 4.2.6 we need
to compute the upper and lower bounds (4.49) in the sampling points. Hence, in the whole

offline SCM we need to solve G ((J + |S I)Nf;gil}f) linear programming problems.

Memory requirements. The online RB stage (excluding the computation of Bscy (1)) has
@(QZNZ) memory complexity, which is independent of Npyj.. Since one can discard the
supremizers after the step 4 in every iteration of Algorithm 4.2.4, the memory requirements of
the offline RB stage are only G ((N + Q)dim(X)).

4.3 The RB-DS-FE-HMM

In this section we introduce a new numerical multiscale method, the reduced basis Darcy-
Stokes finite element heterogeneous multiscale method (RB-DS-FE-HMM). The method is
constructed by applying the reduced basis method (see section 4.2) to the micro problems of
the modified DS-FE-HMM from section 4.1. An illustration of the RB-DS-FE-HMM is depicted
in Figure 4.1.

Macro scale. The macroscopic equation is similar to (4.10), we just need to replace the
tensor a’ by its reduced basis approximation a®B. Find p™RB € §!(Q, 73) /R such that

BRB(pMRE M) = [BB(g)  vq" e S'Q,Tm)IR, (4.54)

where

J
Bit(p",a™ = Y Y wk;d™xx)VpT xk) - Vg (xk)),
KELO/_H].ZI

J
L¥gh=3Y Zij“RB(XKj)fH(ij)’qu(fo)'
Kegyj=1

For any quadrature point x = xk; the computation of a®B(x) is detailed below.

Micro scale. We depart from the modified micro problem (4.12) that yields the effective
permeability (4.13). This micro problem corresponds to the setting of the reduced basis
model problem (4.20), (4.21) with parametric domain 2 := Q, parameter yu := x, Hilbert space
X := X3, and output of interest a := a”. Hence, the results of section 4.2 can be applied to the
micro problem (4.12), (4.13).

For every i € {1,...,d} we choose a training set size Ngfi LEN and tolerance egg > 0 and use
Algorithm 4.2.4 to construct the RB solution space X; c X, and the parameter-dependent test
space Xl?‘ c Xj,. We denote dim(X;) = dim(Xl?‘) = N; and we expect N; <« dim(X}y). The RB

micro problems are then stated as follows. For any xe Q and i € {1,...,d} find U;’g € X; such
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that
AUZE V;0) =G (Vix)  YVeX].
Then, we define the RB approximation of a”(x) as

af®(x) = G (ULY; 0 + G/ (UL x) — AULE, UL, ).

ij RB’
- Q reduced N N T,
basis \ . .
- A HN
. micro © G (x) ' .
solver 07 (x) -
_ X .
- RB
; Ye a™(x) Tu
@x,)7!
offline phase online phase

Figure 4.1 — A sketch of the RB-DS-FE-HMM.

Affine decomposition. To achieve efficiency in the RB method, an affine decomposition of
the bilinear form A and linear forms G’ (defined in (4.6)) is needed. A standard way to provide
such decomposition is with the following assumption on the geometry transformation ¢.

Assumption 4.3.1. Let R € N and assume that {Y/}* |

the restriction ¢(x, y)|yey; is affine for every x € Q and r € {1,..., R}. Furthermore, assume that
for every K € 97}, there exists r € {1,..., R} such that K c YFr.

is a disjoint partition of Y such that

Assumption 4.3.1 implies that there are C" : Q — R% and J" : Q — R?*? such that
e, N=C"x0)+J (x)y VxeQ,re{l,...,R}, yeYy. (4.55)

For an illustration see Example 4.3.2 and 4.3.3.

The affine form of ¢ from (4.55) leads to the Jacobian V,¢(x,y) = J "(x) for any x € Q and
y € Y. Using this in the definition (4.7) we obtain that for any x € Q and y € Y| we have

p(x,y) =p"(x):=det(J" ) J )] (x)7L,
o(x,y) =0 (x):=det(J" (x))J (x)"T,
7(x,y) =1 (x) :=det(J" (x)).
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4.3. The RB-DS-FE-HMM

Using this in (4.6) we obtain that for any U = (u, p, 1) € X, V= (v, g,x) € X, and x € Q we have

6u 6v
A(U,V;x) = Z Zp,j( )f ay]

i,j=1r=

Gv, aul
- Z ZUZJ(x) q)

i,j=1r= ayJ (4.56)

+er(x)f (Ag+xp)dy,
Y

r=1

. R .
G'V;x)=)_ Tr(x)f e’ -vdy.
r=1 vy

The equations (4.56) can be directly interpreted as affine decompositions of type (4.30).

The numbers of terms in the affine decomposition, denoted by Q4 and Qg, influence the time
and memory requirements of the reduced basis algorithm. Hence, one tries to minimize Q4
and Qg. The decomposition (4.56) yields Q4 = 2Rd? + R and Qg = R. Using the symmetry of
p" one can reduce this amount to Q4 = R(d*+d(d+1)/2+1). Itis often possible to reduce
this complexity even more by symbolic manipulation of (4.30). Another approach to reduce
Q4 or Qg is using the empirical interpolation method [31].

We illustrate the affine decomposition on two simple examples of micro geometries (Y, Ys)
and the deformation function ¢.

Example 4.3.2. Let Y5 be a circle with radius 0.25 and Yy = Y\ Y5 as is shown in Figure 4.2.
We divide Yr into two subdomains: Y1 {yeYr y1 <0} and Y2 {ye Yp;, y1 >0}. Given a
function p: Q — (-0.5,0.5), the mapping ¢(x,-) : Y — Y stretches the subdomains Yl and Y2
such that their common boundary (line given by y; = 0) is moved to the line given by y; = u(x)
(see Figure 4.2). Formally, we have

(y1(1+2u(x) + u(x),y2) forye Y,
Qx,y) = !
(1 (1 =2u(x) + u(x),y2) foryeYs,

which then implies that the Jacobian matrix J(x, y) is diagonal and equal to

diag(1+2u(x),1) forye YL
J(x,y) =
diag(1-2u(x),1) forye YFZ.
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We apply (4.56) and obtain

! o OV gyt Ou ov
1+2u(x) Jyl 0yr 0y y 1-2pu(x) Jyz 0yr 0y

ou oOv ou oOv 6v1 omy
RN I T
vl 0y2 0y» v2 0y2 0y2 Y 53’1 on
6 2 0112
—(1+2 (x))f ( )d 1-2 (x))f ( — )d
K ay, " aJ’z - K ay, " aJ/Zq Y

+(1 +2u(x))fy1(ﬁq+1<p)dy+(1—2u(x))fy2(/lq+1<p)dy,

AU, V;x) =

G (V;x) = (1+2,u(x))f ei-vdy+(1—2,u(x))f e -vdy.
Yp v

It is easily seen that one can regroup this expansion to arrive at an affine decomposition of
A(U,V; x) with Q4 =4 and Qg = 2 with

08X = (1+2ux) 7Y, 0% =1,
04 (x) = (1-2u(x) !, 0% (x) = ux),
0§ =1,

04 (%) = p(x).

(p(x’ .)
1 :
2

L Y

NI
(NI

re

Figure 4.2 — An illustration of the mapping ¢ for Example 4.3.2.

Example 4.3.3. We present another example of the affine decomposition that will be also
used in the numerical experiments. Let Y5 = [-0.5,0] and Yr = Y\Ys is divided into four
subdomains {YFr }1<r<4 as is shown in Figure 4.3. Given a function pu: Q — Y, the mapping
¢(x,-) maps the point (0,0) to u(x). The rest of the mapping is defined such that it is affine
for regions Y} and Ys as is shown in Figure 4.3. Specifically, using the notation from (4.55) we
have C"(x) = (u; (x), u2(x)) for every r € {1,2,3,4} and

1 _1+2p1(x) 0 5 _1 =21 (x)
](x)—( 2h () 1), ](x)—(o 1—2p2(x))’

5 - [1-2m(x) 0 s [T 2m
/ (x)_(—zm(x) 1)’ / (x)_(o 1+2u2(x))'
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4.4. Apriori error estimates

We do not provide the whole affine decomposition of this example but we note that it is
possible to obtain Q4 = 15 and Qg = 3 with 0% x) = (1, p1 (%), 2 (x)).

1 1
2 2

Yy
1
Y s | @)
0 B —
Ys ) 2 (x)
1 YF 1 st 8
2 2
-3 0 3 -3 p(x) 2

Figure 4.3 — An illustration of the mapping ¢ for Example 4.3.3.

Remark 4.3.4. In the description of the RB-DS-FE-HMM we consider Q to be the parametric
space and x € Q to be the parameter. The RB method is then used to approximate (2.14) in
the family of micro geometries {(YS, YF")} veq- It is sometimes convenient (see Example 4.3.2
and 4.3.3 and section 4.6) to define a family of micro geometries {(stl , YF“ )t uew, where & RP
is a parametric domain. To define a porous structure in € it is then sufficient to provide a
mapping p: Q — 2 and define local pore geometries as (Y, i) := (YS” (x), YF” 0y,

Inner producton X. Theinner product on X enters the RB computation and thus influences
the behavior of the RB method. It is advised (see [101, 100]) to choose the scalar product

(U, V)x = (Vu, VW) 12 (vy + Ap (@, V) 127y + (P, @) 12 vy + AK,

where U = (u, p,A) and V = (v, g,x) and Ap > 0is a numerical approximation to the optimal con-
stant from the Poincaré-Friedrichs inequality: [W| g1 (y,) = Apllwll 12y, for every w e H&,per(YF)-
This choice of Ap is preferred over other natural choices, such as Ap =0 or Ap = 1, since it
improves the efficiency of the eigensolvers needed in section 4.2.3 (see [100, 75]).

4.4 A priorierror estimates

In this section we show that the RB-DS-FE-HMM is well-posed and thus the solution p""RB

HRB \which are

is well-defined in (4.54). We then provide a priori error estimates for po -p
similar to those for the DS-FE-HMM in section 3.2. The main differences are that now we do
not have to take into account the modeling error but we introduced a new error term by using

the RB method. We also provide an improved micro error estimate.

Well-posedness of the RB-DS-FE-HMM. Similarly as in Proposition 3.1.8, if Assumption 3.1.1
holds and there are constants 0 < A < A such that

adBE-E=NEP,  1a88B el <A, VxeQH, vEer?, (4.57)
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then the problem (4.54) is well-posed and we have | pH'RB lg) < A/ AIEA | 124~ Hence, how
can we assure that (4.57) holds? The tensor a®B(x) is an approximation a"(x), which we
assume to be uniformly elliptic and bounded (see (4.19)). By setting the tolerance egg > 0
small enough and using (4.51), we can ensure the coercivity of a®B(x) at least for every x in the
RB training set Eggin.
a®B(x) for any x € Q. To ensure that (4.57) holds for every x € Q%, the macroscopic quadrature

points Q' can be included into the training set in the offline stage of the RB method.

If the training set is dense enough in Q, we expect to have ellipticity of

Error decomposition. We have already presented the exact problem (4.1), its discretiza-
tion (4.10), and its RB approximation (4.54). To separate different sources of error (see the
a priori error analysis in [14, 20] and in section 3.2), we define an additional semi-discrete
problem. Let p™? € §/(Q,973)/R be a solution to (4.10) but with tensor a° (instead of a”)
in (4.11). We decompose the difference p° — p™'®B to three components: macro, micro, and
RB error, which are denoted by emac, emic, and egg, respectively. Since we are working with the
exact micro domains Y (compared to YFM in the DS-FE-HMM), the modeling error is not
present. The triangle inequality gives

H,RB

0 H,RB 0 H,0 H,0 H H
Ip" =PVl =Ilp - lme+lp" —p lme+Ip -7 - (4.58)
S — —_—— —_—

e €mac €mic €RB
Similarly to Theorem 3.2.2, we can derive the following result.
Theorem 4.4.1. Suppose that Assumption 3.1.1 holds.

1. Ifa0 is uniformly elliptic and bounded as in (4.16), al e Whoo(Q)dxd, Assumption 3.1.1
holds, and p° € H I+1(Q), then

1P° = p"0l @y = CCH' + 1= 171 2 p0),

where C is a constant independent of H.

2. Suppose that a®, a” : Q' — R4 gre uniformly elliptic and bounded (see (4.16) and (4.19)).
Then there is a constant C > 0 depending only on A and A such that

1p™0 — pH 110y < CIET N 12 max [|@® () — a” (0|
xeQH

3. Supposethata”, a®® : QF — R4 gre uniformly elliptic and bounded (see (4.19) and (4.57)).
Then there is a constant C > 0 depending only on A and A such that

HRB H h RB
I < ClIE I 2 maxfla” (x) —a™ (X) || .

xeQH

" -p

Proof. The proofis analogous to that of Theorem 3.2.2. O
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Macro error. The macroscopic error is the effect of the macroscopic FEM with numerical
quadrature. Iffe H'(Q), we can bound the term €= 4 12(q) from (3.24) by CH !"and we thus
achieve

1p° = p" 0y < CH.

For further details see the macro error discussion in section 3.2.

Micro error. The micro error in RB-DS-FE-HMM differs from the micro error in the DS-FE-
HMM since we solved different micro problems. For any Ve Xj, and i, j € {1,...,d} one can
derive o ]
al;(x) - a}';(x) = G' (U - U 0)
= AU, U U x) (4.59)
= AU -V, U/ - Ul x)

using (4.8) and (4.13), then (4.5) and (4.12), and finally the Galerkin orthogonality. We
use (4.59) to compute || a®(x) — a” (x) |12, then apply (4.14), and finally take an infimum over V
to obtain

d

la®(x) — a™ ()13 < y a(x) ( Y inf [UP* - V|5
i=1VeXy

d . .

2 ot - U;;"ui).
=
Stability properties (4.14), (4.15), (4.17), and (4.18) imply that

da )
la’x) - a"®)lg < Cx) Y. inf (U -V, (4.60)
i=1VeXy

where C(x) = (ya(x)(1 + YA(x)/,Bga(x)))l/z. We now derive an upper bound of (4.60) based on

regularity of U e X. Let X, = Hl’)‘grz(Yp)d X Hl’,‘g}l (Yr) xR and suppose that for every x € Q and

i€{l,...,d} we have U"* € X, . Then the standard interpolation estimates [45] give

inf U™ -V x < CIIU™||x, h¥™,
VeX;,

where C depends only on k and shape-regularity of 97,. Moreover, suppose that there is a
constant C > 0 such that ||Ui’x||X* <Cforeveryxe Qandie{l,..., d}. If further C(x) can be
bounded above independently of x € Q then there exist a constant C > 0 such that

la®(x) - a" e < CR?EHY,
where C does not depend on x or k. Using Theorem 4.4.1 we have

|pH,0 _ pH|H1(Q) < ChZ(k+1)
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RBerror. The a priori error analysis of || a"(x) — a®B(x)||r has been studied in section 4.2.5.
If the Kolmogorov n-width d,(.#") is decaying exponentially, then so is the error of the RB
approximation. We are not aware of any a priori estimates on the Kolmogorov n-width for
parametric spaces of dimension larger than 1. Hence, we cannot prove it a priori in the
numerical experiments we observe an exponential convergence of type

H_ ,HERB|

Ip @ = Cexp(—cNgB),

where ¢, C, f >0 do not depend on H and h and Ngg = min{/Ny,..., Ng}.

Total error. We have analyzed the three terms of the error decomposition (4.58) for 22! FE
on the macro scale and 22¥*!/2¥ FE on the micro scale. The resulting a priori error estimate
is then

190 = PR 1 < CCH! + 20D 4 exp(—cNE)). (4.61)

Notice that the micro mesh size h has to be fixed before the offline stage of the method and
changing it is not possible in the online stage.

As we have seen in the DS-FE-HMM, the exponents of H and / in (4.61) are too optimistic,
since the regularity assumptions on the micro and macro solutions are usually not satisfied.
Expressing (4.61) in terms of degrees of freedom we get

_2(k+D)

_1
1P° = PR ) < CNpie + N +exp(—cNE)), (4.62)

mic

where Npac denotes the number of DOF at the macro scale and Ny the number of DOF on
the micro scale. Even for solutions with lower regularity, the rates from (4.62) may be achieved
by using a and adaptive refinement strategy on the macro scale (see section 4.5) and adaptive
construction of the micro meshes (see section 4.6.2).

4.5 A posteriori error estimates

Here we derive a posteriori error estimates that allow us to control the macro error ep,c and
the RB error egg. The micro error in the RB framework comes from the discretization error
of the micro problem (4.12). We recall that the number of degrees of freedom Ny for these
problems is assumed to be large so that the offline computations of the RB solutions are very
accurate. Hence, enjc will be in general negligible.

Velocity reconstruction. We reconstruct a discontinuous velocity field using piecewise ap-
proximation of a®B(f/7 — V p™'EB) by interpolation from quadrature points. In addition to the
Assumption 3.1.1 we assume that the number of quadrature nodes J is minimal, i.e., J = (l+f1_1).

Following Definition 3.1.6, there is is a unique linear operator I1, that maps V=1 (Q,9p) to
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itself and satisfies
14 (V) (xk;) = a(x)v(xk,), VKedJy, Vjell,..,J}
We define the RB-DS-FE-HMM velocity reconstruction by u®B = I1 s (F — v p'RB),

Following the a posteriori error estimates in section 3.3 we can define the macro residual nx
by

1ﬁ< = H12<||V -IT s (f17 - VPH’RB) ”iZ(K) + 2 eeok %He 1T s (£ — W p 1By - n]e”%Z(e)

for any K € 9. The quantity nk is computable and will serve as an error indicator. To state a
rigorous a posteriori error estimate, we need to define additional errors: the RB error ¢gp k,
the micro error & mic x, and the data approximation error ¢ gaia, x by

Epxc = I = VpIRBI2,  max ||a®® (x) - a" ()12,
xeQk
2ok = IF=Vp™PRBIZ,  max|la"(x) - a" W},
xeQk
Eatax = 18°E= VT 11,0 (7 - Vp By, .

Furthermore, for any quantity ¢ ¢ that is defined for every K € 9 let ¢ %v[ =Y KeM 'f?( for any M
that is a union of elements from 9. Finally, for any K € 9 define M(K) as the set of elements
of 9 that share at least one edge with K (see (3.29)). We then have the following theorem.

Theorem 4.5.1. There is a constant C depending only on Q, on the uniform continuity and
coercivity constants of a° and on the shape-regularity of Iy, such that

0 H,RB2 2 2 2 2
|P -p |H1 (9)) =C Z (171( + éRB,K + cfrnic,K + Edata,K)'
KEg'H

Moreover, for every K € 9 we have

H,RB

2 0 2 2 2 2
U¥e = C(|p -p |H1(M(K)) + 'SRB,M(K) + érmic,M(K) + gdata,M(K))'

Proof. The proofis analogous to that of Theorem 3.3.1. O

Even though we are not able to improve the RB precision in the online stage, we can assess the
RB error online. Using (4.51) we have a computable RB error estimate

2 H H,RB 2 F 2
é‘RB,K = ”f - p ”LZ(K) mg);A (x) - r]RB,K'
Xe

4.5.1 Adaptive method

We propose an adaptive RB-DS-FE-HMM that solves (4.54) by starting with a coarse macro
mesh Jp that is successively refined based on the local error indicators nx. The adaptive
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process follows the standard cycle: solve — estimate — mark — refine.

Algorithm 4.5.2 (adaptive RB-DS-FE-HMM). We assume that the offline RB stage is finished
and the user provides Q and an initial mesh .

1. Solve. For each quadrature point x € Q' compute a*®(x) using the online RB stage.
Assemble and solve the macro elliptic problem (4.54).

2. Estimate. Compute ng for every K € Iy.

3. Mark. Choose a subset of elements in I by using the error indicator nx. We used the
marking strategy E [115].

4. Refine. The marked elements are refined such that conformity and shape-regularity is
preserved. The refined mesh stays denoted as J.

The marking strategy contains one parameter that is usually denoted 6 € (0, 1). Smaller values
of 0 lead to more iteration steps but usually a better balancing of residuals (fewer outliers).
Since the computation of a®B is more expensive than solving the macro problem, we chose
a relatively small value 0 = 0.25. Conformity and shape-regularity of the refined meshes is
guaranteed by the newest vertex bisection method in two dimensions and by the modified
longest edge bisection [29] in three dimensions.

For an efficient implementation of Algorithm 4.5.2 we save the tensors a*® (x) for all quadrature
points and new values of a®B(x) are computed only in the refined elements. The method can
be extended by checking if the RB error is dominated by the macro error by computing also
nre,x and comparing it to ng. If the domination of the RB error is detected, we can increase
the size of the reduced basis.

4.6 Numerical Experiments

In this section we first validate the proposed RB method for Stokes micro problems. Second,
we test the RB-DS-FE-HMM and compare it to the DS-FE-HMM. Finally, we discuss the
performance of the RB-DS-FE-HMM on a 3D problem.

On the macro scale, we will use 22!, 222, or 22° elements and a corresponding quadrature
formula from Example 3.1.2. We only use the well-known Taylor-Hood 2?/2! elements on
the micro scale (other stable FE pairs are of course possible).

Implementation. All experiments were performed on a single computer with two 8-core
processors Intel Xeon E5-2600 and memory 8 x 8 GB DDR3 SDRAM 1600 MHz. The numerical
codes were written in and run by Matlab R2014a with the startup option -singleCompThread
that prohibits internal parallelization of Matlab. Some parts of the algorithm that are embar-
rassingly parallel were run using a parfor in a pool of 16 parallel single-threaded workers. For
time measurement of a parallel job, we measure the execution time on each thread and sum
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4.6. Numerical Experiments

the resulting times together. Hence, parallelizable parts can execute up to 16 times faster than
the shown execution time.

The finite element code, inspired by [44, 19], uses vectorization to achieve fast assembling.
Sparse linear systems for two-dimensional problems are solved by the Matlab routinemldivide.
For three-dimensional systems we adopt the following strategy for the linear algebra:

* Positive definite systems are solved by the algebraic multigrid solver AGMG [89].

* Stokes systems are solved by the Uzawa method [91]. In the Uzawa method, AGMG was
used as a preconditioner for the coercive part and the diagonal of the pressure mass
matrix was used as a preconditioner of the Schur’s complement.

Linear systems with the same positive definite matrix representing the inner product on Xj,
are solved repeatedly in the offline algorithms3. We optimize this by precomputing a sparse
Cholesky factorization (with reordering) provided by the Matlab routine chol and using it
whenever we need to solve such system.

Eigenproblems and generalized eigenproblems from the SCM method were solved using
the Matlab package bleigifp [98], which implements a block, inverse-free Krylov subspace
method. Linear programming problems from the SCM method were run by the Matlab routine
linprog with the default settings.

Micro mesh generation in DS-FE-HMM was done by external calls to gmsh [66].

4.6.1 Validation of the RB method

In this section we focus on the described RB method applied to micro problems and test
its precision. Consider the two-dimensional micro geometry described in Example 4.3.3,
where the reference fluid part Yg is L-shaped. Following Remark 4.3.4 we choose a square
parametric domain 2 = (-0.2,0.2)? and consider the family of micro geometries {Y¢', Yt } e
The parametric domain 2 allows high variation of permeability but also avoids degenerate
micro problems. In Figure 4.4 we plot the velocity solution of the micro problem in (2.14) for
i =1 and several different parameter values.

Reference micro meshes and discretization error. Usually, a fine mesh 97, is defined in the
reference domain Yy and 97, is assumed to be fine enough for the RB calculation so that the
discretization error is negligible. For testing purposes, we consider a variety of meshes ranging
from coarse to very fine and we asses the error originating from the RB discretization.

Let FTLO be the coarse mesh of Yr depicted in Figure 4.5(left). We define a family of meshes
g gl

10T such that P/'Ls is obtained from Q'LS_I by a global uniform refinement as shown in

3We solve these systems to compute supremizers in Algorithm 4.2.4 step 4 but also when solving the eigenprob-
lems in Algorithm 4.2.6.
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Figure 4.4 — Velocity field ubt = (ui‘“ ,u;'” ) of the micro problem (2.14) for i = 1 and for the
four corner cases of parameter y € 2 and approximate values of the corresponding tensors

a® ().

Figure 4.5 (top).

T 7! T
DOF: 126 DOF: 470 DOF: 1806
1 2 3
Tad Tad Tad
DOF: 478 DOF: 1851 DOF: 7265

Figure 4.5 — The four coarsest uniform meshes of the reference L-shaped micro domain Yy
(top) and the three coarsest adapted meshes (bottom).

We measure the discrepancy between the exact tensor a°(u) and the numerically computed
tensor a” (1) with the following numerical test. We select a uniform grid of parameters Zes; <
2 of size 17 x 17. Given a reference micro mesh P]'LS, we compute ah(u) for every p € Eegt.
Furthermore, we compute a precise approximation* of a°(u) for every p € Zes. Then we use

4An approximation of the exact value a®(u) is computed for every p € Ziest just once by solving the micro
problems in YF# with an adaptive FEM, where the stopping criteria were set to 5-10° DOE
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4.6. Numerical Experiments

uniform meshes graded meshes

mesh | DOF (Npjc) | rel. err. (4.63) || mesh | DOF (Npic) | rel. err. (4.63)
T} 126 | 7.92-107*

T} 470 | 4.10-107% Th 478 | 6.11-1072
T7 1806 | 1.99-1072 T4 1851 | 6.07-1073
T 7070 | 9.50-107° T 7265 | 1.68-10~*
T 27966 | 4.59-107° T 28564 | 1.32-107°
Ty 111230 | 2.23-107° T2 114893 | 1.16-107°

Table 4.1 - DOF and the relative discretization error (4.63) for different reference micro meshes:
uniform (J7°) and adaptive (7).

the value . i
ax la (,u)o—a (Wle
HEE o5t la® (W llg

(4.63)

as an estimate of the maximal relative discretization error. The results of this experiment are
shown in Table 4.1.

Since the micro domain is not convex, one expects that uniform meshes ° are not optimal
for the micro problem. A standard way to improve approximation properties of a mesh (when
solving a single problem) is to use an adaptive method such as [114]. However, we aim for a
mesh that would be fit not only for a single problem but a family of problems. We achieved very
small discretization errors with micro meshes in the reference domain Yy with the following
approach. Starting with the coarse mesh 9 = f/'LO we proceed with an iterative adaptive
algorithm.

1. Map the mesh 9 to the domains YF” for the four corner parameters y € &, that is
©e{(-0.2,-0.2),(0.2,-0.2),(0.2,0.2),(-=0.2,0.2)}.

2. In each of these four meshes we solve the fwo micro problems and compute the energy-
based residuals (see [114] or (3.46) for details).

3. For each element in 9 we take the maximal residual over the eight problems and these
values serve as residuals for marking and then refining the mesh 9~ using the methods
described in section 4.5.1.

We repeat these three steps until we reach the number of DOF of ° for some s € N, when
we denote the current refined mesh I by 7%, The meshes 7, for s € {1,2,3} are shown in
Figure 4.5. The discretization error of these meshes is shown in Table 4.1. It is clear from these
computations that the adaptive meshes can give much better approximation of a°(u) with the
same number of DOF as the uniform meshes.

SCM test. We next test the SCM Algorithm 4.2.6 with the different reference micro meshes
from the previous subsection. The SCM involves several user-defined parameters, which were
set as shown in Table 4.2.
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Chapter 4. Reduced basis finite element heterogeneous multiscale method

The efficiency of the SCM is plotted in Figure 4.6, where we compared the estimated values
Bscm (1) with numerically computed (g4 (1) for a fine grid of parameters u € 2. For these SCM
computations 120-180 eigenproblems and around 1.2 - 10° linear programming problems
were solved.

parameter ‘ value
tolerance egcy | 0.5

0|05
training set size Ntsrgﬁf 129 x 129

C —=SCM
training set Z)>

regular grid in

Table 4.2 — Parameters for the successive constraint method (SCM) used in Algorithm 4.2.6.

Figure 4.6 — Effectivity of the proposed SCM Algorithm 4.2.6 for different 97,. The plots show
the value Bscm (1) / Bea () for different p € 2. Filled circles represent the values p € S and they
are connected to non-filled circles representing the points Cg.

We note (see Table 4.3) that neither |S| nor J increase with Ny .. However, the computational
cost of solving the eigenproblems in the offline SCM increases with Npjc.

3 5 3 5

EMEREMES

|S| 10 10 11 11

J 103 | 112 | 119 | 118

Table 4.3 — The sizes of the set S and the number J = } .5 |Cx| in Algorithm 4.2.6 for different
reference micro meshes.

RB Greedy test. We next test the greedy procedure of Algorithm 4.2.4 (assembling of the
RB functions). The parameters were set according to Table 4.4. The desired tolerance was
reached in N; <70 steps for i = 1,2 for all tested micro meshes. The convergence of the greedy
algorithm is plotted in Figure 4.7 and it appears to be exponential in ;. The indicator of the
error in the output of interest AF(x) (see (4.51)) is quadratic with respect to the indicators of
the error of the solution A?(x) (see (4.41)). We note that the round-off error can become an
issue for very small residuals, which is addressed in [42].
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4.6. Numerical Experiments

parameter | value
tolerance egg | 107°
training set size N'5. | 65 x 65

train
training set ZRB. | regular grid in 2

train

Table 4.4 — Parameters for the greedy RB construction used in Algorithm 4.2.4.

Figure 4.7 — Greedy Algorithm 4.2.4 in practice: decreasing tendency of the maximal residual
for the first micro problem for four different Npjc.

4.6.2 Validation of the RB-DS-FE-HMM

In this section we validate the RB-DS-FE-HMM and see how different sources of errors (macro,
micro, RB) influence the total error. We choose a 2D experiment based on the micro geometries
and meshes that were tested in the previous section. Let Q c R? be a piecewise polygonal
domain as depicted in Figure 4.1(right) with 9 as an initial mesh and let us define a porous
structure in Q with geometries from Figure 4.3 and p: Q — 92 given by

1
px) = (— cos(

5

(X —xl)) 1 (n(xz +Xx1)
2 "5 2

) €9. (4.64)

We assume that the force field is constant f = (0, —1) and that the edges (0,2) x {0} and (0, 2) x {4}
in the macroscopic domain Q are connected periodically. The homogenized solution p° and
non-homogenized solutions of (2.2) are shown in Figure 4.8.

We next run the RB-DS-FE-HMM with different settings (macro FE, number of RB functions
N;, micro mesh) to detail the error behavior. We stop the adaptive method when the number
of macro degrees of freedom (Npqc) reaches 10%.

Remark 4.6.1. Since we do not have an analytic reference solutions, all the errors from the
error decomposition (4.58) are only estimated as follows. We compute approximations to pH )
pH’O, pO, which are denoted by ﬁH , ﬁO'H , ﬁo, respectively, and substitute them into (4.58) to
get approximations of emac, €mic, and egg.

 p'isasolution obtained from the RB-DS-FE-HMM with the complete RB (setting N; to
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pte=1/4 pt,e=1/8 pt,e=1/16

1

0.5

T

Figure 4.8 — Pressure solutions p¢ to (2.2) for varying size of € > 0 (left). Homogenized solution
p® to (4.1) (right).

the maximum) but with the same macro mesh and micro reference mesh as p'*B,

« p%His a solution obtained from the RB-DS-FE-HMM with the complete RB (setting N;

H,RB

to the maximum), the same macro mesh as p , and the finest micro mesh I 5d.

« pYis asolution obtained from the RB-DS-FE-HMM with the complete RB (setting N;
to the maximum), the finest micro mesh 972, and the macro mesh obtained by two

ad’
uniform refinements of the macro mesh used for the finest solution p*RB.

Coarse micro mesh and small RB. We first illustrate what happens if a coarse micro mesh
is taken. Let us use the mesh J"—LO for micro problems. We take only three RB functions
(N7 = N, = 3) generated by the greedy algorithm.

We run the adaptive RB-DS-FE-HMM with two different macro FE: 22! and 22°. The results
are depicted in Figure (4.9). We see that the micro error |em;c| g1 () becomes soon dominant
and is the main reason for saturation of the global error |e| ;1) = Ip° = pRB| 1 (.-

2! macroFE, N; =N, =3, 7 2% macroFE, Ny = N, =3, I,
100
107! Nm
olel )
10-1 olerslmi(q)
o |emiclmq) | 1072
\ 2 |emacl ()
d«( 5 =) =) = = 1 10—3
1072
102 103 104 108 104
NmaC Nmac

Figure 4.9 — Error plot of the adaptive RB-DS-FE-HMM: 3 RB functions (V] = N, = 3) and the
coarse micro mesh Q”LO.
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Fine uniform micro mesh and small RB. In the next experiment we keep 3 RB functions
but take the most refined uniform micro mesh 925. As before, we run the experiment for
2! and 222 macro elements and the error rates are plotted in Figure 4.10. The micro error
|emicl 1 () is now dominated by the RB error |erg| g1 (). For 923 macro FE the RB error causes
the saturation of the global error |e| ;1 () for Nmac > 103.

2! macro FE, Ny = N, =3, J; 2% macro FE, Ny = N, =3, 9
10°
107!
107! olelgq
olersl ()
[ T U DD = NN = ¥ B = g———i o lemicl (@ 1072
1072 & |emaclm Q)
o 1073
1073
102 10° 10% 10° 10*
Nmac Nmac

Figure 4.10 — Error plot of the adaptive RB-DS-FE-HMM: 3 RB functions (N; = N, = 3) and fine

uniform micro meshes 915.

Fine uniform micro mesh and alarger RB. We now increase the number of RB functions to
10 and repeat the experiment with the most refined uniform micro mesh 3‘L5. The experiments
for 2! and 2° macro FE are depicted in Figure 4.11. We see that the RB error |egp| 1 (q) is
negligible compared to the other errors for Npac up to 10*. However, for 22 macro FE we see
a saturation of the global error close to 10* DOF due to the micro error.

2! macro FE, N = N, =10, I, 2% macro FE, Ny = N, =10, I,
10°
1071
107!
olelpi ()
102 olerslri@ | 1072
o |emicl i1 ()
JISEON BN 2 |emacl i1 )
-3
10 10-3
1074
102 103 104 103 10%
Nmac Nrnac

Figure 4.11 — Error plot of the adaptive RB-DS-FE-HMM: 10 RB functions (N7 = N» = 10) and

fine uniform micro meshes 97°.
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Graded micro mesh and alarger RB. We now show the advantage of a graded micro mesh
over the uniform micro meshes. We use the graded mesh 7 f’j, which has approximately 16
times less DOF than f/'LS , and we keep 10 RB functions as in the previous experiment. We
use 22 macro FEs and stop the adaptive RB-DS-FE-HMM when we reach 10* macro DOE
The convergence rates are depicted in Figure 4.12. The micro error is approximately 10 times
smaller with 16 times less DOF on micro scale. The global error saturation is not visible in the

figure and happens only after one reaches more than 2 - 10* DOE

23 macro FE, N = N, = 10, ‘Ta%i

107!
olelm ()
1072 o |erg|
RBIH(Q)
<>|emic|H1(Q)
10-3 & |emacl g Q)
P e
103 104
Nmac

Figure 4.12 — Error plot of the adaptive RB-DS-FE-HMM: 10 RB functions (N; = N, = 10) and

graded micro meshes I ?1.

4.6.3 Performance comparison: RB-DS-FE-HMM vs. DS-FE-HMM

In this subsection we compare the performance of the RB-DS-FE-HMM and the DS-FE-HMM
on the problem from the previous subsection. We keep the macro domain Q and the initial
macro mesh 9. The micro geometries are as in Figure 4.3 and their variation is described
by (4.64). The force field f has a constant value (0,—-1) and we use 2?/2! Taylor-Hood
elements on the micro scale. We use adaptive mesh refinement for both methods and use the
same marking scheme with 6 = 0.25 on macro scale.

Offline stage. The DS-FE-HMM is an offline/online method, where a constant for the cal-
ibration of the adaptive process is precomputed in the offline stage (see section 3.4). This
precomputation took 3380s. The offline stage of the RB-DS-FE-HMM depends on many
parameters, however, we decided to fix the tolerance and sampling parameters as in Table 4.2
and Table 4.4. We report the offline CPU time in Table 4.5 for some selected micro meshes.

A careful inspection of Table 4.5 reveals that the most costly part in the current implementation
is the SCM. Both the offline part of Algorithm 4.2.6 and the evaluation of SCM lower bounds in
Algorithm 4.2.4 are very costly. However, excluding the SCM part, Algorithm 4.2.4 appears to
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RB-DS-FE-HMM offline CPU time [s] mesh
part subpart T T Tl T
SCM eigenproblems 480 | 38948 | 402 | 21509
Algorithm 4.2.6 | linear programming 8913 | 8566 | 9610 | 9477
RB greedy assembling 5 133 6 129
Algorithm 4.2.4 | fine solve (Stokes) 23 621 24 350
fine solve (supremizers) 2 85 2 43
residuals (without SCM) 30 31 37 31
SCM for residuals 567 585 | 641 628

Table 4.5 — Offline CPU time for the RB-DS-FE-HMM with different micro meshes. Settings in
Table 4.2 and Table 4.4, with Q4 =15, Q = 3.

be quite efficient, compared to the DS-FE-HMM preprocessing.

Online stage. We further provide a comparison of the main computation. Performance of
the online RB-DS-FE-HMM does not depend significantly on the used micro mesh, hence
we chose f‘/—LS. We performed the adaptive methods and stopped after the number of macro
DOF reached 102, 103, and 10*. The pairs of solutions from the two methods have very similar
accuracy since the macroscopic error is dominating. See Table 4.6 for the comparison.

DS-FE-HMM online stage H RB-DS-FE-HMM online stage
N;=10 | N;=89
iteration ‘ DOF ‘ CPU time(s) || iteration DOF CPU time(s)

10 113 244 9 106 6 7
24 1116 4500 24 1158 19 56
38 | 11372 179724 37 | 10151 63 733

Table 4.6 — Online CPU time of the adaptive methods. We compare solutions after reaching
102, 103, and 10* macroscopic degrees of freedom.

4.6.4 A 2D experiment with more complex geometry

In this subsection we apply RB-DS-FE-HMM to another 2D problem with a more complex
micro and macro geometries. The macro geometry with the initial macro mesh 97 is depicted
in Figure 4.14(left). We use periodic boundary conditions over the boundary edges (1,2) x {0}
and (1,2) x {4} and assume the force field f= (0,-1). We set @ = (-1/12,1/12) x (-1/12,1/12).
The reference micro domain and the mesh of its fluid part is sketched in Figure 4.13. Micro
geometry variations with respect to a two dimensional parameter y € & is depicted in Fig-
ure 4.14. The micro cell Y is divided into 3 x 3 grid, whose tiles are affinely deformed by ¢(y, -).
The dependence of 1 € & on x € Q is governed by the function

p(x) = (cos2m(xo — x1)/4)/12, cos(2m(x2 + x1)/4)/12).
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Figure 4.13 — Experiment from section 4.6.4. Initial macro mesh with periodic BC indicated by
thick lines (left) and the reference micro mesh (right).
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Figure 4.14 — Experiment from section 4.6.4. Transformation ¢(y, -) that maps the reference
micro geometry (left) to a local geometry (right) for any u € 2.

The variation of the micro geometry is shown in Figure 4.15(left), where the fine scale solutions
to (2.2) are plotted. We observe that with decreasing € the pressure solutions agree with the
homogenized solution in Figure 4.15(right).

3

pe=1/4 p,e=1/8 pte=1/16

5
»

-0.5

m
[ o o” s

o
Figure 4.15 - Pressure solutions p® to (2.2) for varying size of € > 0 (left). Homogenized solution
pO to (4.1) (right).

The affine decomposition in this case resulted to Q4 = 12 and Qg = 4 and the number of DOF
of the micro problems is equal to 6752. In the offline RB stage we used the same settings as
before, see Table 4.2 and Table 4.4. Reaching the required tolerance in Algorithm 4.2.4 yields
N; = N, = 44 RB functions.

We run the RB-DS-FE-HMM with only N; = N, = 15 RB functions, which still yields the RB
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error smaller than the micro error. The convergence rates with respect to macro DOF are as
expected and plotted in Figure 4.16(left), where saturation of the error can be observed. We
repeated the same experiment but with once uniformly refined micro reference mesh and the
convergence rates indeed improved, see Figure 4.16(right). The RB offline part without the
SCM ran took 40s for the coarser micro problem and 105s for the finer micro problem. The
SCM procedure took two orders of magnitude longer and remains the main bottleneck of the
offline part. Run times of the RB-DS-FE-HMM online part are shown in Table 4.7.

g;)l (@2 93
iter. DOF ‘ time(s) || iter. ‘ DOF ‘ time(s) || iter. ‘ DOF ‘ time(s)
23 10194 33 48 11335 45 55 10406 133
41 | 112958 313 65 | 105328 245 80 | 109112 422

Table 4.7 — Online CPU time of the RB-DS-FE-HMM in the experiment from section 4.6.4 with
N; = 15. Time measured after reaching 10 and 10* macroscopic DOE

original micro mesh 1x uniformly refined micro mesh

103 10% 10° 103 10* 10°
Nmac Nmac

Figure 4.16 — RB-DS-FE-HMM convergence rates for the experiment from section 4.6.4 with
different macro elements (left). The same with finer (once uniformly refined) micro reference
mesh (right).

4.6.5 A 3D experiment

In this subsection we present a 3D experiment. The macro geometry is a geometrical extrusion
of the 2D macro geometry from section 4.6.4 and is depicted in Figure 4.17(left). The coarse
macro mesh 9 with 7152 elements and 1605 nodes is plotted in Figure 4.17(right). We keep
the structure of the previous problems and define periodic boundary conditions between the
faces (1,2) x (0,1) x {0} and (1,2) x (0,1) x {4}. Furthermore, we assume a constant force field
f=(0,0,-1).

The porous structure in Q is given as follows. We set 2 = (~1/12,1/12)3. The reference micro
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Figure 4.17 — Three-dimensional macro geometry with periodic faces in gray (left) and a the
coarse mesh (right).

geometry and its variation with respect to a three dimensional parameter y € & is depicted in
Figure 4.18. The micro cell Y is divided into 3 x 3 grid whose tiles are dilated in coordinate
directions, depending on the parameter. The dependence of 1 € & on x € Q is governed by the
function p: R — R3 defined by

1 (x) =cos(m(—x1 +xp — x3)/2)/12,
U2 (x) = cos(m(—x1 + x2+ x3)/2)/12,

3 (x) = cos(m(xy + x2 + x3)/2)/12.

Figure 4.18 — Three-dimensional micro reference mesh (above left) and some mapped micro
domains YF“ with = (-1/12,0,1/12) (above right), gmax = (1/12,1/12,1/12) (bottom left) and
Umin = (—1/12,-1/12,-1/12) (bottom right).

We performed the RB-DS-FE-HMM experiment with 22! macro elements and N; = N, = N3 =
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10. We reached the expected convergence rate of N;,1/3, as is depicted in Figure 4.19.

P; macro FE, Ny = N, = N3 =10

1070.4
S
=
Y
m
/o
=
=
10—0.8
103.5 104 104.5
Nmac

Figure 4.19 — Convergence rates of the RB-DS-FE-HMM algorithm for the 3D experiment.

Several additional challenges arise for such a large 3D experiment. The main problem is that
the Cholesky factorization of the inner product matrix can be too expensive to compute and
store, when computing a fine reference micro RB problem. We resolved this by running the
AGMG solver to compute each supremizer in Algorithm 4.2.4. Furthermore, the SCM also
relies on the Cholesky factorization even more (used in 2D in each eigenproblem at each
iteration). Various ways to address this problem are presented in the following remark.

Remark 4.6.2. If the SCM is too demanding, one can try some of these approximate methods.

(i) Apply the SCM for a coarser micro mesh than used for computing the micro functions.

(i) Compute ﬁga(x) on a coarse grid in Q and define ﬁgCM (x) for any x € Q by a linear
interpolation over the grid.

(iii) Set a constant inf-sup estimate ﬁg’CM (x)= ﬁga(xref).

While none of the approaches from Remark 4.6.2 can guarantee ﬁga(x) > ,BgCM (x), we did not
experience any degradation in the greedy process when using these approximations. This is,
most probably, due to the fact that the function ,Bg ,(X) is smooth and moreover its maximum
and minimum value differ by only one or two orders of magnitude. In the 3D experiment we
used the second approximation method for the SCM of the test problem.

4,7 Conclusion

We have presented an efficient multiscale FE method for the Stokes flow in porous media. In
our new method, the RB-DS-FE-HMM, we avoid the repeated direct solution of Stokes micro
problems at each macro quadrature point, which is the main bottleneck of the DS-FE-HMM.
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Instead, we map the micro problems into a reference domain and construct a Petrov-Galerkin
reduced basis method for their solutions. With a greedy algorithm we select a small number
of micro problems that are solved on a reference micro mesh. Then, a RB interpolation is
used to obtain a cheap and accurate estimate of the effective permeability for any parameter
(macro quadrature point). The Petrov—Galerkin RB method provided a cheap approximation
of the effective permeability while preserving the inf-sup stability of the original problem.
Furthermore, orthogonalization of the reduced basis can ensure algebraic stability of the
online linear systems. We have discussed an a posteriori error estimate for the selection of
representative micro solutions including the estimation of the (inf-sup) stability constant. We
have derived an a priori and a posteriori error analysis of the multiscale method, which lead
to an adaptive method for the macro discretization. The accuracy, versatility, and efficiency of
the RB-DS-FE-HMM has been illustrated by several numerical examples. Comparisons with
the DS-FE-HMM have shown significant speedup in the online stage of the methods.

94



sJ A conservative multiscale method for

Stokes flow in porous media

We have already presented two numerical homogenization methods for Stokes flow in porous
media. The DS-FE-HMM from chapter 3 and the RB-DS-FE-HMM from chapter 4 have
different assumptions and approach to solve the micro problems and upscale the effective per-
meability. None of the presented or reviewed (see [26, 40, 105]) methods can simultaneously
accommodate:

* higher-order macroscopic methods on arbitrary macro domains,
e fast and accurate resolution of the micro scale,

e conservation of mass.

The DS-FE-HMM and RB-DS-FE-HMM have been shown to satisfy the first two points, but
mass conservation can be achieved only with additional post-processing algorithms. We
opt for a different strategy where we change the macroscopic method to be a priori locally
conservative.

In this chapter we propose a new numerical homogenization method for Stokes flow in locally
periodic porous media. The HMM framework is applied to the model problem from section 2.3.
The macroscopic Darcy equation is solved using the discontinuous Galerkin finite element
method (DG-FEM) with symmetric interior penalty and numerical quadrature. The DG-FEM
is consistent and locally conservative, which is inherited also by the multiscale method. At
every macroscopic quadrature point we approximate the effective permeability with the RB
method applied to the parametrized Stokes micro problems as in chapter 4.

Outline. In section 5.1 we recall the DG-FEM for single-scale problems. The method is
stabilized with symmetric interior penalty and numerical quadrature is used for approximating
the exact integration. We study well-posedness of the DG-FEM with respect to a penalty
parameter. In section 5.2 we define the conservative numerical homogenization method and
we study its well-posedness and a priori error estimates in section 5.3. Numerical experiments
that test the accuracy and conservative properties of the method are shown in section 5.4.

95



Chapter 5. A conservative multiscale method for Stokes flow in porous media

This chapter is essentially taken from [7].

5.1 The discontinuous Galerkin finite element method (DG-FEM)

In this section we recall the DG-FEM for single-scale elliptic problems. The DG methods
were initially introduced for a transport equation [71] and later extended for many different
problems. We refer to [27] for a unified analysis of DG methods for elliptic problems. Both
the standard FEM and the DG-FEM have they advantages and disadvantages. One of the
main advantages of the DG-FEM is that it allows non-conforming meshes and non-uniform
polynomial degree of approximation, which is well-suited for hp-adaptive methods. Further-
more, the DG-FEM can be locally conservative without additional post-processing. On the
other hand, the DG-FEM is more complex to analyze, implement, etc., since we need to deal
with an additional problem, how to weakly enforce the interior continuity. We present here a
DG-FEM that uses symmetric interior penalty (SIP) to weakly enforce continuity and Dirichlet
boundary conditions. The penalty term then needs to be sufficiently large to ensure that the
SIP-DG-FEM is well-posed.

Let us consider a single-scale Darcy equation in a connected bounded domain Q ¢ R?, where
the boundary is divided into a Dirichlet and Neumann part by 0Q2 = I'p uI'y. We search for
the pressure p° such that
—V-@Vvp®=f inQ,
po =gp onlp, (5.1
aOVpO ‘n=gny only,

where f € L2(Q), gpe H 3 (I'p), gneEH ~3(I'y), and a® € L®(Q)4*% is a uniformly coercive and
bounded tensor, that is, there are constants 0 < A < A such that

A E=MEP a0 <AlEl,  VxeQ, VEeR?,

A weak formulation of (5.1) then reads: find p° € Hén,l"n (Q) such that

faOVpO«qu=f qfdx+f gnqdx,  VqeHyp (Q), (5.2)
Q Q I'p '

where H;,,r(Q) ={qge H'(Q); g=gonT}foranyI' coQand ge H'?(I).

Preliminaries. Let 9y be a conformal,! shape-regular simplicial mesh of Q indexed by
H = maxg,g, Hx, where Hg = diam(K). Let & be the set of all interior element interfaces
(edges or faces), &p the set of all boundary Dirichlet interfaces, and &y the set of all boundary
Neumann interfaces. Furthermore, define the set of all interfaces & = &int U &p U &N and the

1While the non-conforming meshes are one of the biggest advantages of the DG-FEM, we explain the method
on conforming meshes, for the sake of simplicity.
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5.1. The discontinuous Galerkin finite element method (DG-FEM)

set of all interfaces that will be affected by a penalty term &pen = Eint UEp. Let e € i be an

interface between two elements K! and K2 and let n’ denote the outward normal vector of

Kioneforief{l,?2} Let g be any element-wise smooth function and v be any element-wise

smooth vector function. For i € {1,2}, let qi and v! denote the trace of g and v on e from within

K, respectively. We define the average {-} and the jump [-] of g and v over e by
{qt=(q"+q*12, [q] = g'n' + g°n?,

5.3
v = (v +v9)/2, vl =v'-n' +v?-n?. (5:3)

For any boundary interface e € &p U &y, belonging only to one element K, we define

(qt=q", [g] = g'n',

v =v', vl =v'-n'.
Let us define a discontinuous finite element space of degree / € N by
ViQ T =q" € 12@); "k € 2" (K, VK € T},

where 2! (K) is the space of polynomials on the simplicial element K of total degree I.

Remark 5.1.1. Gradient is not well-defined for '’ € S'(Q, ) and the broken gradient V z; q*!
should be used, where (V HqH )Mt = V(qH |7) for every T € 9. We prefer a simpler notation
and use Vg'! as a broken gradient for any ¢ € S'(Q, 73).

Derivation of the SIP-DG-FEM. We briefly recall how the symmetric interior penalty dis-
continuous Galerkin finite element method can be derived for the problem (5.1). For further
details and analysis see [27, 73, 3]. The first equation from (5.1) is multiplied by a smooth test
function g and integrated by parts over an element K € 9 to get

faOVpO-qux—f aOVpO-nqu=ffqu.
K oK K

Summing over all elements K € 9y and using the notation (5.3) and the Neumann boundary
condition yields

faOVpO-qux— Y f{aOVpo}-IIq}]ds:ffqu+f gngds. (5.4)
Q e€Bpen @ Q I'n

Notice that p® € H'(Q) implies [p°] = 0 on &y and the Dirichlet boundary conditions imply
[ poﬂ = gpn on I'p. Hence, the left-hand side of (5.4) can be symmetrized to achieve

[aOVpO-qux— Y f({aOVpO}-[[q]]+{a0Vq}-IIp°]])dS
Q e

e€&pen

=/fqu+f aOVq-nngs+f gngds.
Q r[) 1—‘N
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Chapter 5. A conservative multiscale method for Stokes flow in porous media

Finally, to stabilize the method we add penalty terms that will weakly impose continuity of the
solution over &iy¢ and also the Dirichlet boundary conditions. We obtain

anOVpO.qux— Y f({aOVpO}-uqu+{a°vm-up°u—aﬂp”ﬂ-ﬂqﬂ)ds
e€&pen v €

(5.5)
:ffqu+f (aOVq-n+aq)ngs+f gngds,
Q FD 1—‘N

where the non-negative penalty function o : Ueeg,,e — R is constant over each interface
e € Epen. We will see that setting o large enough will make the resulting DG-FEM well-posed
(see Theorem 5.1.5). For now, let us remark that it suffices to set o|, = aS./ H,, where H, =
diam(e), the term S, depends on the values of a’(x) for x in the neighborhood of e, and
a > 0 is a large enough constant. The equation (5.5) could be used to define a DG-FEM
approximation by replacing p® with p! and then searching for p € V!(Q, 93) such that (5.5)
is true for every g € viQ,J; 1). However, we need to continue further with disretization since
the integrals from (5.5) that contain a® may be difficult (or impossible) to compute exactly.
We thus introduce numerical quadrature to approximate them.

Numerical quadrature and fluxes. For every element K € 9 consider a quadrature formula
(XK} WK,) j=1,...]> where xk; € K are integration points and wk; >0 are weights. Denote by Q
the set of all quadrature points in 9. We suppose that Assumption 3.1.1 is satisfied, that is,
the quadrature formula is exact for polynomials of degree max{1,2/ —2}.

We further assume that the number of quadrature nodes is minimal (J = (l“;_l)) and define
the interpolation operator II as in Definition 3.1.6. That is, for any tensor a* : Q! — R4*4
there is a unique interpolant IT,- : VF-1(Q, T3¢ — VI71(Q, F)? such that

Mg V) (xg)) = a* (xx)v(xk),  YKeTy, Vjell,..,Jh, ¥veV' '@Qapms

We can now replace the terms of type a°Vgq in (5.5) by their polynomial approximations

I, (Vg) and define a DG-FEM approximation of p”/. However, instead of using the tensor a°

we use a*, since we will be using the DG-FEM with different tensors such as a” or a*®.

Definition 5.1.2 (The SIP-DG-FEM with numerical quadrature). Given a tensor a* : Q7 —
R%*4 we define the following variational problem. Find pH'* e ViQ,T; 1) such that

By (p™*, g™ =L vqeviQamw, (5.6)
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5.1. The discontinuous Galerkin finite element method (DG-FEM)

where?
* H _H / * H H
By(p7,q) = ) Y wka"(xx)Vp(xk)-Vq" (xx)
K€3_Hj:1

-y f (e (Vp™} - g1+ e (Vg™ - 1p"1 - 0 [p"1- 19" D ds

e€&hen V@

Lj;,(q’“[):foquJH/r (Ha*(VqH)-n+a*qH)ngs+fr gngtds.
D N

For any e € & we let the penalty function o* be constant in e by defining o*|, = aS; / H,, where
H, =diam(e), a > 0 is a large enough global constant (see Theorem 5.1.5), and

S, = max Sg, Sy = max IIa*(ij)Ilg VK€ Ty.
KeTu jell,. )t
ecoK

5.1.1 Well-posedness of the DG-FEM

In this section we analyze well-posedness of the discrete problem from Definition 5.1.2. Let us
start with the functional spaces and norms that are used for the analysis. While the numerical
multiscale method is defined on V! (Q, 9] 1), an appropriate space for the analysis is

V(T = ViQ,Ty) + HE (Q) N HA(Q)

accompanied with a mesh-dependent norm

172
Il =(lvl+ X HEvd,)
KEf'/_H
where
10116 = 1921720y + 1Vpens 1015 - |Z 10% 012, (Ven= ; IH; 2 wl11%, ),
al=m €€&Epen
where H, = diam(e). Both ||- || and || - [|o are norms in V(J) but they are not equivalent.

However, using the local inverse inequality it can be shown that they are equivalent when
restricted to Vl(Q,ﬂ”H).

Let us start with two lemmas that provide useful bounds of terms from Definition 5.1.2. Here
we will often assume that a tensor a* : Q7 — R%*4 is given such that

a*(0)E-E=AEP,  latEl<AlE] VxeQH, vierd. (5.7)

Lemma 5.1.3. Consider a tensor a* : Q" — R?*? that satisfies the property (5.7). If Assump-

2For simplicity, we assume that the boundary data gp and gy can be integrated exactly. If not, one needs to
introduce additional quadrature formulas on the boundary.
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Chapter 5. A conservative multiscale method for Stokes flow in porous media

tion 3.1.1 holds, then for every pH, qH € Vl(Q,F/‘H) and K € 9y we have
/ H H H H
Y ok a* (xx)Vp" (xx,) - Vg (xx) < AMVP 2o VG 20, (5.8)
j=1
/ H H H,2
> wi;a* (xx)Vp" (xx) - Vg (xx,) = AVPT T g (5.9)
j=1
e (Vo) 20 < ANVP N 125 (5.10)

Proof. Using Cauchy-Schwarz inequality and then the fact that the quadrature formula is
exact for polynomials of degree 2(/ — 1) (see Assumption 3.1.1) we get

§:1 wk;a’ (ij)VPH(XKj) -Vc]H(ij)

= AZ;:l wi, IVpH (xx )1 1V g™ (xk)
= A(Z§:1 WK; |VPH(ij)|2)1/2(Z§:1 cqu|V(]H(x]<j)|2)1/2
< AIVP 2o 1V a2
Proof of the other two bounds (5.9) and (5.10) is analogous. 0

In the proof of the next lemma we will need the trace inverse inequality, which we recall here.
For any K € 9 and vector function v e 2!-1(K)? we have

IVl 2050 < CLH 21Vl 21, (5.11)

where C depends only on d and shape-regularity of K. For a proof see [118].

Lemma 5.1.4. Consider a tensor a* : Q' — R?*? that satisfies the property (5.7). If Assump-
tion 3.1.1 holds, then for any pH, qH € Vl(Q,ﬂ'H) we have

y f (Ta(Vp™1 - [g"1ds < CAIVP I 120010 Tpen,

e€&pen V€

where the constant C depends only on l, d, and the shape-regularity of Tp.

Proof. The Cauchy-Schwarz inequality gives

1/2
Y f {Hu*(VpH)}-[[qH]]dss( Y He||{nm(VpH)}||§2(e)) 1™ |pen.

e€&hen Ve e€&pen
N

(5.12)

v

v~

=:1

For any e € & we consider the neighboring elements K}, K? € 9, where K} = K> for the
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5.1. The discontinuous Galerkin finite element method (DG-FEM)

boundary interfaces e € Q). Using the triangle and the Cauchy-Schwarz inequalities we get

1
1T (VP 2 = 5 (1T (7P ™) 12, ) + 1T (VP ™ 2 12 ) - (5.13)

Next we bound I by using first that H, < C Hg (shape regularity) and the inequality (5.13), then
the trace inverse inequality (5.11) and finally (5.10). We obtain

I=C Y HilMe (Vp)Iklfo o, <C Y Pllle (Vp™)IT 4,
Kedy KeTy

<C Y NIVPTIE, < CAPIVPT 7. ),
KELG/_H

(5.14)

where the constant C can have different value at every occurrence. We conclude by using (5.14)
in (5.12). O

Let us study well-posedness of the problem (5.6). The explicit inclusion of S; in the penalty
term o * allows us to find stability bounds for a that are independent of the tensor scaling (see
Remark 5.1.6). Notice also that we have S} < S;‘( < Aforevery K € 9y and e € 0K.

Theorem 5.1.5. Consider a tensor a* : Q" — R that satisfies the property (5.7). If Assump-
tion 3.1.1 holds, then there is a threshold value amin > 1 such that for every & > ®min the bilinear
form By, (-,-) (see Definition 5.1.2) is uniformly elliptic and bounded on ViQ, Ty x VHQ, Th)
and the problem (5.6) has a unique solution p™* € V/(Q, 7).

Proof. Recall that the penalty factor is defined as 0|, = aS; / H, for any interface e € . We
will show that for a large enough the bilinear form Bj,(-,-) is coercive and bounded. The
existence and uniqueness of the solution will then follow from the Lax-Milgram lemma.

Coercivity. For any p™ € V1(Q, ) apply the estimates (5.9) and Lemma 5.1.4 to the definition
of B};(p™, p™) to obtain a lower bound

By (p",p™ = fQ Mg (Vp™)-vpfdx-2 ) f e (V- [p™1ds

e€8pen

+ ) fa*[[pH]H[pH]]ds

e€&pen v €

= MVP™I2,q) = CAIVD I 2 P Ipen + @A p™ .

—1/2x2+a,1/2 2

Using the Young’s inequality 2xy < a y° on the middle term and then assuming

that @ > max{1,4C>A%172} we get
B (p",p™) = A-CAaA)IVpTIE, o) + (@d - CAH)Ip R,

A A
> S UV Iy + 1P e = 5 1™ 5= CllP™ I,
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Chapter 5. A conservative multiscale method for Stokes flow in porous media

where the last constant C depends only on A, d, [, and the shape-regularity of 7. Thus, the
bilinear form BI"EI(-, -) is thus coercive.

*

Boundedness. For any pH, qH € VI(Q,ﬂ‘H) we can bound IBH(pH,qH)I from above by us-
ing (5.8) and Lemma 5.1.4, then using that S}, S; < A and finally applying the Cauchy-Schwarz
inequality. We get

1By, (p™,a™) = AMVP I Va7 2 + CAIVP Il 21 d7 Ipen + CAIV G 1 12y | P Ipen
+a Y SeIH 2 Ip e Hy 2 1a e

e€&pen
< CUVP T2 + 1P  Ipen) IV G Il 1202y + 10 Ipen)
= Cllp™llolla™ o = Cllp™ Il g™l

where C depends on A, a, d, I, and the shape-regularity of 7. The bilinear form By, (-, ) is
thus bounded. O

Remark 5.1.6. If the proof of coercivity in Theorem 5.1.5 is carried more carefully and one
follows the constants, a more precise condition on & can be obtained, for example

a=CI%> max (S%/s5)%,
Kegy
where the constant C depends only on d and shape-regularity of 7 and sy > 0 is such that
a* (ij)f &= spld |2 is valid for every j € {1,...,J}. In the numerical experiments presented in
section 5.4 we used a = 1012 and observed stable behavior.

5.2 The conservative numerical multiscale method

In this section we present a new numerical homogenization method for solving the two-scale
model problem presented in section 2.3. However, at the macroscopic scale we use the Darcy
equation (5.1), where more general boundary conditions are considered. The macro problem
is discretized using the SIP-DG-FEM with numerical quadrature presented in section 5.1. The
Stokes micro problems (2.5) are solved using the RB method as in the RB-DS-FE-HMM (see
chapter 4).

Macro scale. We assume that the macroscopic domain Q c R9, mesh 97 11, and quadrature
formula (xk;, wk;)1=<j<y are given as in section 5.1. Let [ e N and suppose that the quadrature
formula satisfies Assumption (3.1.1). We then define the macroscopic equation as follows.
Find p™®8 ¢ V(Q, 93) such that

BRB(pM BB gt = [BB(g™)  vq" eviQam), (5.15)
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where the forms BEIB and LI}{B are given in Definition 5.1.2 with the index * = RB, that is, the
effective permeability that we use is denoted by a®®. For any quadrature point x = xk; the
computation of a®B(x) is detailed below.

Micro scale. The micro scale computation is identical to that of section 4.3. For the sake of
completeness, we briefly recall the computation of a®B.

Recall the exact microscopic Stokes problems (2.10) that can are used to compute a®(x) defined
in (2.11). In section 4.1 these problems were modified by a change of variables and adding a
Lagrange multiplier and the problem (4.5) was derived with the effective permeability a®(x)
defined in (4.8). This micro problem, now in a domain Yr that is independent of the parameter
x € Q, can be discretized. For some k € N we use Taylor-Hood 22%*1/2k FE spaces given
in (4.9). Denoting X; = Wj,(Yg) x L, (Yr) x R we can then state the discrete micro problems as
follows. Forany xe Qand i € {1,...,d} find U;l’x € Xj, such that

AU V;x) = G (V) VVe X, (5.16)
all.(x) = G (U5 x) Vi, jell,...,d. (5.17)

The Petrov-Galerkin reduced basis method is then applied to the problem (5.16) with the
=RB

~train
Algorithm 4.2.4 that constructs the reduces solution space X; c X, and parameter-dependent

output of interest (5.17). Given a training set c Q and a tolerance egg > 0 we can run the

test spaces X;'. Areduced problem is then defined as follows. For any xe Qand i € {1,..., d}
find Ug; € X; such that
AU V;x) =G (Vi) YVeX]

and define

afP(x) = G (U] 00 + G/ (U x) - AU UL x) Vi, jedl,....db.

If the mapping ¢ (see section 2.2) satisfies Assumption 4.3.1, one can obtain an affine decom-
position of the problem (5.16) and the RB method can be split into two stages.

* The offline stage is run only once and it is used to construct the RB space X; and
precompute necessary values for the online phase.

* The online stage can be run after the offline phase repeatedly and it provides a cheap
and accurate approximation of the effective permeability a®® (x) for any x € Q.

5.3 A priori error analysis

We first recall properties of the effective permeability that were derived in the previous chap-
ters. It is shown in section 2.4 that under rather generic assumptions on the varying micro
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geometries (Y7, st) there exist A = 1 > 0 such that
AE-EzAEP,  1aWE Al YxeQ, VieR” (5.18)

For any macroscopic mesh J7; the tensors a’(x) and a®® (x) are considered (in the multiscale
methods) only on the quadrature points Qf = {xk; : K€ Iy, jefl, ..., Ji}. Assuming that the
micro mesh size / is small enough, bounds of type (5.18) are shown for a’(x) in section 4.1.
Assuming that the tolerance erp > 0 in the offline RB stage is small enough and the training
set E‘Frgin
Thus, for the rest of the analysis we assume that

contains QH , bounds of type (5.18) can be obtained for arg(x) too (see section 4.4).

aBE-E=NEP,  1a8B el <Al VxeQl, vierd. (5.19)

. . H . —RB
Even if not all points from Q" are in = rain’

dense enough in Q.

we practically observe (5.19) if the training set is

If (5.18) holds then the problem (5.1) is well-posed and so po is well-defined. By Theorem 5.1.5
the problem (5.15) is well-posed if the condition (5.19) is satisfied and the penalty parameter
«a is sufficiently large. We define a semi-discrete problem that will help us with the a priori
error analysis. Using Definition 5.1.2 with a* = a°, find p™° € V!(Q, ) such that

B (p"0, g™ =1%"™)  vqTeviQTmw. (5.20)

Since we assume (5.18), the problem (5.20) is well-posed if the penalty parameter « is suf-
ficiently large. Let us assume that in problems (5.15) and (5.20) we use the same a that
is sufficiently large for ensuring well-posedness of both problems such that the coercivity
constants of both B?{ and BEIB are at least 1/2.

We decompose the error into two parts

0 H,RB 0 H,0 H,0 H,RB
llp™=p=li<lip"—p " I+llp™"=p I,
— —
€mac €mic,RB

where e, stands for the macro error and en;c rp stands for the micro and RB error. In the
following we estimate these two error terms.

Theorem 5.3.1. Let p° be the solution to (5.2), p™'®B the solution to (5.15), and p™° the solu-
tion to (5.20). Let (5.18) hold an suppose that the macro quadrature formula satisfies Assump-
tion 3.1.1.

1. Ifao (x) is constant in each element K € Iy and po € H*Y(Q), then
Ip°-p™0 <cH,  1p° - p"Olpq = CH,

where the constant C is independent of H.
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2. If (5.19) holds then

llp™0 = p™| = ¢ maxia®® @~ a @Iz )| ™| + Ngpl ey
xeQ

V)

~~

Ca

where the constant C depends onlyon A, A, a, Q, d, I, and shape-regularity of 9.

Proof. The first statement is a standard result [27] of the single-scale DG-FEM.3

We prove the second statement in several steps. By Theorem 5.1.5 the bilinear form B(I){(-, ) is
coercive, thus

> llemic.rsl* < B (emic kB, emic.rs)
= B?](pH'O; €mic,RB) — B%(PH'RB, €mic,RB)
= BEIB (P8, emicrp) — B?{(PH’RB, €mic,RB)
+ L(I)_](emic,RB) - L?{B (emic,RB)-
That implies
BgB(pH’RB, qH) _ B?{(pH,RB, qH) + L?q(CIH) _ LI;JB(QH)

2
llemicrll = —  sup - (6.21)
e JHEVIQ,T) g

For any p*!, g™ € V1(Q, T5) we have
B (p", g™ - BY(p", ™

J
= Y Y ok @ k) - a(x)Vp" (xk) - Vg (xk)

Keg—szl
= Y | Ugro_ g0y (V™1 1g™] + (T gro_ oy (Vg™} - Tp" D) ds
e€&pen v €
+ ) f @®® - p"11g"1ds
e€&pen V@

RB

Using (5.8) on the first term, Lemma 5.1.4 with a* = a®® — 4° on the second term, and the

definition of 0* on the third term, we get

BRE(p", g™ - B (p™, q™)

= CCa(IVP Mz IVa" iz + 1VP 21" lpen + 1P penl VA "l 20) 5 )

+a( max |SKP —Sgl) > H; ' 1pP11g™1ds

eegpen e(—:é"pen e

3We are not aware of any results where these a priori convergence rates are proved for a DG-FEM with numerical
quadrature with a diffusion tensor that is not assumed to be constant in each element.
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For any e € &pen We have by the triangle inequality that

RB 0 RB 0
ISeg” —Sel=|max max [la™(xk;)ll2— max max [la”(xg;)l2

KeTy jefl,...J} KeTy jell,...J}
ecdK ecdK
< RB A0
= max max |[[a™(xk)l2—lla"(xg;) 2] (5.23)
KeTy jell,... ]}
ec0K

< max ||a’(x) - a"B(x) |2 = C,.
xeQH

Using the Cauchy-Schwarz inequality and (5.23) in (5.22) we get
Bt (", q™ - B (p",q"™) = cCullp™ g™ . (5.24)

Next we have
L%g™ -1 g™ = fr M g0_aw) (V') -ngp ds
¥ (5.25)
+f 0° - o) g gp ds.
I'p

The first term in (5.25) can be bounded as

‘/1: H(uo_aRB) (VqH) ‘ngp ds< ”H(ao_uRB) (qu) ”H—I/Z(FD) ”gD ”HIIZ(I‘D)

D

2
=C| I g0_ g, (VCIH) 2 llgoll HY2(T'p) (5.26)

< CCallg™ I gpll iz ry) -

The second term in (5.25) can be bounded using the approach of (5.26) and the bound
from (5.23). We have

0" - g gpds < a( max |SP — Sgl) Y | 1H, g"gplds

o €€&pen ecépve
-1 _H
<CC, Z 1H, g ”H’”Z(e) ||gD||H”2(e)
ecbo (5.27)
=CCq ), ”He_”zﬂqHﬂ”LZ(e) [Fsoo) RIS
e€£’D e

< CCallg™ Nligpll g ry)-

Using (5.26) and (5.27) in (5.25) we get

1LY (g™ - L (g™ = CCallg™ Nl gpl vz ) - (5.28)

Using (5.28) and (5.24) in (5.21) gives the desired result. O

Theorem 5.3.1 gives an explicit bound of the macro error and an abstract bound of the micro
and RB error. Suitable bounds for the micro and RB errors were developed in section 4.4. If

106



5.4. Numerical experiments

the micro solutions U”* are smooth enough and the quadrature points Q¥ are included in the
training set then there is a constant C > 0 such that

H|p0 . pH,RB|” < C(Hl + h2(k+1) + E%{B)‘

Expressed in terms of degrees of freedom, we obtain

0 _HRB -4 e )
\HP -p H‘SC(Nmac"'N +‘c"RB)'

mic
Let us remark that the micro mesh size h or the corresponding number of micro DOF denoted
by Nmic is fixed in the offline stage of the RB method and cannot be changed in the online
stage. The tolerance egp is used as a stopping criterion in the offline stage but one can easily
decrease the number of the RB functions that are used in the online stage, which increases the
RB error but improves performance.

5.4 Numerical experiments

In this section we validate the proposed DG multiscale method, study convergence rates and
conservative properties. We illustrate the efficiency of the method on 2D and 3D problems.

Implementation. All experiments were performed on a single computer with two 8-core
processors Intel Xeon E5-2600 and 64 GB of RAM with Matlab R2014a. The finite element code
is inspired by [44, 19] and it uses vectorization techniques to achieve fast assembling. Sparse
linear systems are solved by the Matlab routine mldivide for two-dimensional problems. For
three-dimensional problems we apply two different techniques.

* Positive definite systems are solved by the algebraic multigrid solver AGMG [89].

* Stokes systems are solved by the Uzawa method [91]. In the Uzawa method, AGMG was
used as a preconditioner for the coercive part and the diagonal of the pressure mass
matrix was used as a preconditioner of the Schur’s complement.

Linear systems with the same positive definite matrix representing the scalar product on Xj,
are solved repeatedly in the offline algorithms. We optimize this by precomputing a sparse
Cholesky factorization (Matlab routine chol). Generalized eigenproblems from the SCM
method were solved using the Matlab package bleigifp [98], which implements a block,
inverse-free Krylov subspace method. Linear programming problems from the SCM method
are solved by the Matlab routine 1inprog with the default settings. At the macro scale we used
the quadrature formulas from Example 3.1.2.
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Chapter 5. A conservative multiscale method for Stokes flow in porous media

5.4.1 A2D problem

Let Q = (-3,3) x (—2,2) and define the local porous geometries (Y, st) by (see Figure 5.1)

(y1l—a?  (ly2l—c)? 1}’

YFx:{yEy;|y1|<aor|y2|<00r (b—a)? + (d-c)?

where a, b, ¢, d are functions depending on x (see (5.29)). We define the reference porous
geometry Yg by setting a=b =1/6 and ¢ = d = 1/3. Figure 5.1 displays how we can divide Y
by four horizontal and four vertical lines and how we can obtain Y}! by simply moving these
lines so that the geometry is stretched or contracted in the directions y; and y,. That is, we
can divide Yr into 13 regions such that an implicitly defined ¢(x, -) will be affine in each region.
To avoid degenerate cases we set the mapping x — (a, b, ¢, d) so that 0 < a(x) < b(x) <1/2 and
O0<c(x)<d(x)<1/2.Let

a(x) =0.15e(x) +0.05,
c(x) =0.15f(x) +0.05, (5.29)
b(x) =d(x) =0.15(e(x) + f(x)) +0.1,

where e(x) = sin(x;/6 + x2)? and f(x) = cos(mx1/6 - X)%. We plot some of the extreme
deformations of the reference geometry in Figure 5.2. Notice that the permeability of thick
and thin channels differs by two orders of magnitude.

1 1
H Ys ’ Yg
3 d(x)

6 p(x,)
c(x) X
1 Yr —¢(x) 1g

S —d(x)

1 1
SRR RGN

—a(x) a(x)

Figure 5.1 — Micro geometries and the mapping ¢(x, -) for the 2D example.

F N -
< — ]
x=(3/2,m/4) x=(3/2,—m/4) x=1(0,0) x=(0,7/2)
0.011 0 0.000095 0 0.0065 0 0.00014 0
0 0.011 0 0.000095 0 0.00014 0 0.0065

Figure 5.2 — Examples of the local porous geometries (Y, st) that show extremal deformations.
The matrices below are approximate values of a°(x).

To give more intuition on how the porous geometry varies, we plot Q. in Figure 5.3. However,
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5.4. Numerical experiments

we do not follow the definition (2.6) as it would create artificial corners at the boundaries of
neighboring tiles, since the channel widths would not match exactly. Instead, we define the
porous geometry by (2.8).

=
-
o o
Py
-
—e
-

TTYT VY

A A A L

LITITY
Tt <

Figure 5.3 — A sketch of Q, for e = 1/4.

At the macro scale (see (5.1)) we set the force field f = 0. For the boundary conditions, we
set gp(x) =0for xe'p = (-3,3) x {—2} and I'y(x) =1 for x e I'y = (—3,3) x {2}. The remaining
two edges {—3} x (—2,2) and {3} x (-2,2) are assumed to be connected periodically. We choose
such boundary conditions to provide high regularity of p° so that we can test higher order
finite elements with uniform macro meshes. A sketch of the exact solution p° and the related
velocity field is plotted in Figure 5.4.

! 4000
2000 | \
0

Figure 5.4 — Solution p° with contours (left), magnitude of the velocity field |a°(x)Vp°| with
streamlines (right).

Macroscopic meshes. In all experiments we consider uniform macroscopic meshes. The
coarsest macro mesh has 24 elements and we consider 6 additional meshes, where each new
mesh is a uniform refinement of the previous one. See Figure 5.5.

Figure 5.5 — First three (out of 7) uniform macro meshes 9 considered in the experiments.
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Chapter 5. A conservative multiscale method for Stokes flow in porous media

Uniform micro meshes. For testing purposes we considered different micro meshes. The
coarsest micro mesh is depicted in Figure 5.6(left) and is denoted 7, ho_ It contains 2216
elements and the corresponding degrees of freedom for the micro problems are Np,jc = 10150.

We define a sequence of meshes 970,97}, 92

T T e where each new mesh is a uniform refinement

of the previous one.

Adaptive micro meshes. Since Yr contains re-entrant corners, micro solutions can ben-
efit from meshes that are adapted to the geometry. We applied the adaptive micro mesh
refinement from section 4.6.1. Starting with the coarsest uniform mesh J, ho we considered
the extreme geometries (see Figure 5.2). We repeatedly map the current micro mesh to the
extreme geometries, solve the micro problems, compute the residuals for every element and
mark and refine the micro mesh according to the maximum residual over all four geome-
tries. During this adaptive process we stopped the refinement when we reach successively
20000,40000, 80000, ... degrees of freedom and we denoted by had'l,PT ad2 g-ad3 | the ob-

h h
tained micro meshes.

s
R
;AEVAV

N
R/
7
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o
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AN
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Figure 5.6 — The coarsest uniform micro mesh ﬂ"ho (left) and the first adaptive micro mesh

Q”had’l with a zoomed in interesting part (right).

RB offline. For all different micro meshes we used the same settings in the RB offline proce-
dure. For discretization we used the stable Taylor-Hood elements 22/22!, that is, [ = 1. We
ran the reduced basis over the parametric space x € 2, which was sampled randomly by Eain
of size 10000. Setting the tolerance to €, = 10~° we obtained the RB space with N;, N, = 55
basis functions in all the cases.

Micro error. We first tested the influence of the micro mesh on the overall error. To minimize
the RB error we took the complete reduced basis N;, N, = 50. An experiment with 22! macro
elements is shown in Figure 5.7, where the saturation of the micro error is visible for all the
uniform meshes 7, ho, .
a lower value. It is remarkable that with the coarsest adaptive micro mesh we get a smaller

T, }f . As expected, with finer micro meshes the error is saturated at

micro error than with the finest uniform micro mesh that we considered. We emphasize that
the online computation time is independent of the degrees of freedom of the micro mesh.
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Uniform micro meshes
—— 9%, Niic = 10150
—#— T}, Nmic = 40246
—®— 2, Niic = 160270
——9%, Nmic = 639646
—+—,}, Nmic = 2555710

0
-plro

P01l z2q)
=)
b

”pH,RB

Adaptive micro mesh
-0 T2 Nipic = 21462

102 103 10* 10°
Nmac

Figure 5.7 — Convergence rates of p/"®B with 22! macro FE and uniform macro refinement
with different micro meshes. The RB is set to maximum: Nj, N> ~ 50.

We repeated the same experiment but this time with 222 and 223 macro elements and only the

adaptive micro meshes J, had’l, e ,E’Thad’s. The convergence rates are shown in Figure 5.8.
Adaptive micro mesh
=T Ninic = 21462
! —u 72 Noie = 44156
~o= %3, Ninic = 84249
-2
o 10 == T2 Nipie = 177689
) 1073 T, Ninie = 327032
S| c
Y
I |= 1074
[aa} OQ_
2 =
& 107
2
1076
1077
102 108 104 10° 108 103 104 10° 108
Nmac Nmac

Figure 5.8 — Convergence rates of p!RE with 22 (left) and 2#° (right) macro FE and uniform
macro refinement with different micro meshes. The RB is set to maximum: N, N> = 50.

RB error. We have seen that we can expect the best results with the finest adapted micro
mesh 7, had,s. Hence, we choose this micro mesh and run the multiscale method with uniform
refinement on the macro scale and varying number of RB functions Ngg = N; = N». We
monitor the relative macroscopic error in the pressure. For 22! macro elements, the resulting
convergence rates are plotted in Figure 5.9. We see that already taking Ny = 7 is sufficient for

the finest macro mesh.
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1 —eo— Ngg =1
g| 10 = Npg=2
= 5 —— Ngg =3
S =

Tl % 1072 —— Npp = 4
g OQ_ +NRB=5
< = 3 fl*NRBZG
i_ 10 ,',NRB:7
*O*NRBZSO

1074

102 103 104 10°
Nmac

O-ad,5

Figure 5.9 — Convergence rates of p/'®B with 22! macro FE, micro mesh 9 , »andavarying
number of RB functions Ngg = N7 = No.

We next choose 22° macro elements and repeat the experiment. From Figure 5.10 we see that
for Ngg = 25 the error is saturated even for the finest macro mesh and the micro error becomes

dominant.

1071
S
=103
S| C
Uy
| —
z 2
T 107
2

1077

103 104 105 106 0 20 40
Nmac NI:NZ

Figure 5.10 — Left: Convergence rates of p/RB with 22! macro FE, micro mesh had’s, and a

varying number of RB functions Ngg = N; = N». Right: Convergence of the maximal residual
in the offline greedy algorithm for the reduced basis.

Conservation of mass. One of the desirable properties of a DG method is conservation of
mass, especially in time-dependent problems. For every interior edge e € &, the numerical
flux is defined as 6 x = {IT s (VpRB)} — o[ p''RB]. These fluxes are conservative, that is, for
element K € Iy with no boundary edges we have the conservation property [, Gk ds =
Jx f dx. The flux over boundary edges is treated differently. To express the conservation of
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5.4. Numerical experiments

mass for any element, we take any K € 9 and e € 0K and define

[, (M s (VBB — g, [pHRE])nds if e € &in,
FE =3 [ (s (VpTRBY} — g, [p™RB — gp])nds ifee&p,
J.8gnds ifee én.
It is then guaranteed that
Y FX= f fdx  VKedy. (5.30)
e€dK K

We examined the conservation property (5.30) numerically by computing the left hand side
value of (5.30) for every element in Figure 5.11(top). Since f = 0 in our experiment, we
expect these values to be very close to zero, which seems to hold (up to round-off errors).
Evaluation of the same quantity for a the RB-DS-FE-HMM results in values whose absolute
value are significantly larger, see Figure 5.11(bottom). Compared to continuous FE, where
reconstruction techniques are used to post-process the solution to be conservative, with a
SIP-DG method such properties are valid without any additional procedure.

10-13
L 0-13

5.10714

-10713

=)

-0.1

Figure 5.11 - Comparison of conservations of the proposed numerical method (top) and the
RB-DS-FE-HMM that uses continuous FE on the macro scale (bottom). Plotted are the values
of the left hand sides of (5.30) that were computed for two different macro meshes (left vs.
right), 22! macro elements, micro mesh 9, had,S’ and Ny =N, =7.

5.4.2 A 3D problem

We now consider a three-dimensional example. The macroscopic domain will be a filtration
bottle given by Q = {x € R®: x; € (-1,1),x% + x5 < g(x1)%}, where g(r) = 0.2 for r < -1/2,
g(r)=0.6forr>1/2, and g(r) =0.2sin(xr) + 0.4 otherwise (see Figure 5.12).

The microscopic domains Y} are defined as unions of three ellipsoidal cylinders. See Fig-
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Figure 5.12 —- Macroscopic domain Q and mesh 97 (left). Boundary conditions (right): Neu-
mann inflow (left side), zero Dirichlet (right side), zero Neumann (transparent green).

ure 5.13 for a sketch of the following definition. We define

2 .2 .2 .2 2 2
Y= {y(—: Y:min{y—;+y—22, y—;+y—32', y—§+y—z} <0.82},

Hy Hy By Hz Hz M3
where the functions ui, uz, us depend on x (see (5.31)). The reference micro domain corre-
sponds to u = uo = u3 = 1/4. Figure 5.13 illustrates how we can cut Yy with 6 planes such that
V¥ can be obtained stretching or contracting the planes in each direction. That is, we can
divide Yr into 7 regions such that an implicitly defined ¢(x, -) will be affine in each region. To

avoid degenerate cases we will allow only 0 < uy, 2, i3 < 1/2. We set

U1(x) =1/4+sin(xy +2x2 +3x3)/8,
U2(x) =1/4+sin(=2x; + x2 —3x3)/8, (5.31)

pa(x) =1/4 +sin(3x; — x2 + x3)/8.

In the reduced basis offline algorithm we used tolerance £, = 0.0005 and the training set was
random selection of points from Q with |Z 4| = 65°. The resulting sizes of RB were N; = 59,
N, =61, and N3 = 58. In Figure 5.14 we sketched a plot of some pressure isosurfaces for the
pressure solution computed with the multiscale numerical method.

Conclusion

We have presented a multiscale FE method for Stokes flow in porous media. The method uses
a discontinuous Galerkin discretization of the effective Darcy problem at the macroscopic
scale. The effective permeability is recovered at every quadrature point of the macroscopic
using local porous geometry. We applied the reduced basis method for a fast and accurate
approximation of the permeability, allowing for a fast (mesh independent) computation of
the permeability in an online stage. We discussed a priori error analysis and provided a priori
convergence rates for the proposed multiscale method. Various sources of discretisation error
have also been studied numerically and the performance and accuracy of the method has also
been illustrated. The method allows for further generalizations. In particular, tools developed
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Figure 5.13 — Reference micro domain Yr and mesh 97 (upper left corner) and some local
geometries Y.

2547e+03

kel
HH\HHH

12734
6367

E\’).SSWELU

Figure 5.14 — A plot of some pressure isosurfaces of p'R8. The isosurface of zero value
(rightmost) is scattered since the Dirichlet boundary conditions are enforced weakly.

for single scale DG-FEM such as adaptive mesh refinement or hp-adaptivity, can be applied
on the macro scale without changing the micro solver.
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A three scale heterogeneous mul-
tiscale method for Stokes flow in
porous media

In chapter 2 we introduced two-scale porous media with locally periodic micro structure.
Given d € {2,3} and Q c R we considered Q, c Q and showed how homogenization theory
can be applied to the fine-scale Stokes problem (2.2) in Q. and derive an effective Darcy
problem (2.4). In chapters 3-5 we presented numerical multiscale methods that are based
on the two-scale homogenization model problem shown in section 2.3. There are, however,
porous materials that do not fit into the two-scale framework because they contain porous
structures at more than two incommensurate scales. If we apply the DS-FE-HMM to such
media the micro problems will have complex geometries and contain porous parts with small
pore size. This can make the numerical computation of micro solutions very demanding or
even impossible.

In this chapter we propose a definition of a locally periodic three-scale porous medium based
on [69] and we consider a three-scale model problem based on homogenization theory. At
the macroscopic scale we consider again the Darcy equation. The macroscopic effective
permeability is upscaled from the mesoscopic scale, where the medium is considered in two
regimes: fluid and porous. We use the Stokes—Brinkman equation to model the fluid flow at
the meso scale. The effective permeability in the mesoscopic porous part is upscaled from the
microscopic scale, where the medium is considered in two regimes: fluid and solid. We use the
Stokes equation to model the fluid flow at the micro scale, which is the scale where the solid
part is considered impermeable.

Outline. In section 6.1 we define the three-scale porous media and formally derive the
model problem. In section 6.2 a weak formulation of the model problem is derived and its
well-posedness is studied. This model problem is discretized and a three-scale numerical
method is proposed in section 6.3. The reduced basis method is applied on both micro and
meso scale in section 6.4 to provide an efficient three-scale numerical method. Numerical
experiments in section 6.5 show the accuracy of the method with respect to many different
parameters (mesh sizes, RB sizes, EIM size). This chapter is essentially taken from [11, 12].
Preliminary results for this chapter were obtained in [76].
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Chapter 6. A three scale heterogeneous multiscale method for Stokes flow in porous
media

6.1 Three-scale porous media and homogenization

We define the three-scale locally periodic porous medium in section 6.1.1 and a formal deriva-
tion of the three-scale model problem is provided in section 6.1.2.

6.1.1 Three-scale locally periodic porous media

Let d € {2,3} and Q c R? be a connected bounded domain. We will define a porous medium
Qe, ¢, < Q with porous structures of characteristic sizes €1, €, where €1 > £, > 0. The scales
corresponding to €; and ¢, are called the mesoscopic and the microscopic scale, respectively.
We assume that €; and ¢; are positive functions of ¢ € R* such that limg_é€1(¢) = 0 and
the micro scale is well-separated, a. e., lim._gée2(€)/€1(¢) = 0. For an illustration of the

construction that follows see Figure 6.1.

s=(x,y)

Figure 6.1 — The construction of a three-scale porous medium Q.

At the mesoscopic scale we consider two different regimes: fluid and porous (for a gen-
eralization see Remark 6.1.1). Let (Yp, Y5) be the reference mesoscopic geometry, where
Yp C Y represents the porous part and Yi = Y\ Yp represents the fluid part. We suppose that
(Yp, Yg) satisfies Assumption 2.1.2(i) and (ii). Consider a continuous map @mes : Q x Y —
Y such that @ues(x,) : ¥ — Y is a homeomorphism for every x € Q. We suppose that
Pmes (X, ), Pmes (X, ) Le wbhe(y)4 for every x € Q and that there is a constant A, such that

[Pmes (X, )l wrco(yya < Ay, lPmes (x, )7 lwieo(yye = Ay, VxeQ. (6.1)

For any x € Q we define the local mesoscopic geometry by Yy = @mes(x, Yp) and Y =
¢mes (%, YF). The porous structure in Y3' can be described in detail by considering the mi-
cro scale features.

Remark 6.1.1. It is possible to consider three regimes at the meso scale: porous, fluid, and
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6.1. Three-scale porous media and homogenization

solid. Since this generalization is straightforward but makes the analysis more technical, we
prefer the simpler model that we introduced.

At the microscopic scale we distinguish two regimes of the material: fluid and solid. Let
Z =(-0.5,0.5)% be the microscopic unit cube! and let (Zs, Z) be the reference microscopic
geometry, where Zg Z and Zg = Z\Zs. We suppose that (Zs, Zg) satisfies Assumption 2.1.2.
Let @mic : Qx Y x 7 — Z be such that Pmic(X,¥,7) : Z—Zisa homeomorphism for every
(x,y) € QA x Y. We suppose that @mic(X,,"), @mes (X, ¥, -)_1 € W1’°°(Z)d for every x € Q and
y € Y and that there is a constant A, such that

”(Pmic(xr » ) ”WLDO(Z)d = A(pv ”(Pmic(xy ¥ ')_1 ”WLOO(Z)d = A(p» V(x; J/) eQxY. (62)

Since we often fix coordinates x € Q and y € Y to represent a microscopic location, we simplify
the notation by denoting this pair as s = (x, y). Hence, we can write @mic(X, ¥, 2) = @mic(s, 2).
For any s € Q x Y we define the local microscopic geometry as Z$ = ¢mic(s, Zs) and Z =
Pmic (S, ZE).

For any x € Q we consider the local mesoscopic geometry (Y., Yff‘) where the porous part YIfC
is further decomposed using the microscopic porous structure. The mesoscopic domain is
thus split into a solid part ¥¢* and a fluid part ¥, where Y  ¥,¥ and Y < Y. Let

- £ X2k - -
=y U E—j(k+ AL N S AV A 6.3)
kez

We next define the fine scale structure of the three-scale porous medium in Q by

Qepe, =\ | 1k + 755, (6.4)
kezd

Notice that in (6.3) and (6.4) the functions ¢mes and ¢njic are used outside their domain of
definition. We resolve this discrepancy using the same approach as in Remark 2.2.2.

6.1.2 Formal homogenization

We discuss here a fluid flow in a three-scale porous medium and derive an effective three-scale
model, which is summarized in Table 6.1. One could model a fluid flow in Q;, ¢, using the
Stokes equation as in (2.2): find the velocity field u®>*2 and pressure p®*2 such that

—AuE2 + VP =f  in Qg g,
divu®® =0 in Qg ¢, (6.5)

u®2 =0 onoQ, .

ITechnically Y and Z are identical but we use different notation to clearly distinguish between mesoscopic and
microscopic objects. Also, notice the difference between the unit cube Z and the set of integers Z.
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The complexity of (), ., makes a direct numerical approximation of (6.5) prohibitive. If we
apply the two-scale effective problem framework (see section 2.3) in the three-scale media we
would obtain the macroscopic Darcy equation

V-a"#-vp" =0 inQ,

0 0 (6.6)
a (f-Vp)-n=0 onoQ

and the following microscopic Stokes equation. For any x € Q and i € {1, ..., d} find the velocity
field >~ and the pressure p”* such that
AR +Vpr =€l in ¥, i =0 on aYy,

. _ . . (6.7)
diva"*=0 in Yy, a"*and p"* are Y-periodic.

The computational domain ffo defined in (6.3) contains porous structures of characteristic
scale €2/¢;. Hence, meshing of YFx and a direct numerical approximation of (6.7) can be again
prohibitive. We solve this problem by applying homogenization theory again. We approximate
the Stokes model in YFx by a Darcy model in Y and a Stokes model in Y. The effective
permeability of the Darcy flow in Y can be upscaled from microscopic problems in domains
ZFx Y. This leads to a different mesoscopic problem: for any i € {1,...,d} and x € Q find the
velocity field u”* and the pressure p** such that

—Aub* + Vpi’x —e! in Ye, divu”*=0 inY,

E% bO( i v i,x) X yX i,x d i,x Y iodi (6.8)
g—% e -Vp")=u in Yy, u"* and p are Y -periodic,

where b° is the mesoscopic permeability defined below. Note that the problem (6.8) is in-
complete since we have not specified coupling of the Stokes and Darcy problem over their
interface dYy'. This coupling has been studied extensively and a standard approach is to use
the Beavers—Joesph—-Saffman interface conditions [32, 103, 81]. We use a simpler approach
that is well justified for e2/€1 < 1, see [69]. We replace the Darcy model in YIf“ by the Brinkman
model, which allows for a simple interface conditions requiring only continuity of u** and p*~*
over GYIf‘ . Hence, we introduce the mesoscopic Stokes-Brinkman model: for any i € {1,..., d}
and x € Q find the velocity u** and pressure p"* such that

—Au* +Vpi* + Ko =’ in v, u"*, p"*  are Y-periodic, 6.9)
divu’*=0 inY, .
where ,
S0,y ifyeYs,
Kmyp={a 7 Y 6.10)

0 if ye V'
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We then define the macroscopic effective permeability by
a?j(x):f e.u/dy Vijefl,...d. (6.11)
Y
The meso permeability tensor b°: Q x ¥ — R?*? depends on the micro porous structure. For

any s = (x,y) € Q x Y we can compute b°(s) = b°(x, y) by solving the so-called Stokes micro
problems: for any i € {1,...,d} find the velocity u”* and pressure p”* such that

—Au+VphS=e' in Zg, u”¥*=0 on 073, 6.12)
divu”*=0 in Z, u”* and p”* are Y-periodic. '
We then define
b?].(s) = b(i)j(x,y) :fzse"-uj'sdy Vi, jell,...,d}. (6.13)

F

Summary of the presented model problem is in Table 6.1.

H macro ‘ meso ‘ micro
domain || Q Y=YFuYy VA
reference domain Y=YrUYp ZF
parameter xeQ s=(x,)eQxY

model problem || (6.6) (6.9), (6.10), (6.11) | (6.12), (6.13)

Table 6.1 — A summary of the three-scale model problem in strong form with micro and meso
problems in their original domains.

Notation. Notice the subtle difference in the notation between the solution of the meso
problem (6.9), denoted by (u”*, p?*), and the solution to the micro problem (6.12), denoted
by (u”*, p). The only difference is that the second index appears in a different space: x € Q
and s € Q x Y. In the following sections we will use the same principle to distinguish functions
related to either micro or meso scale.

6.2 Model problem

In this section we provide a weak formulation of the three-scale problem that is summarized
in Table 6.2 and we analyze its well-posedness in section 6.2.1. The mapping of the micro and
meso problems into a reference domain and its well-posedness is described in section 6.2.2.

121



Chapter 6. A three scale heterogeneous multiscale method for Stokes flow in porous
media

6.2.1 Weak formulation

The macroscopic equation (6.6) is a standard elliptic problem that can be formulated as
follows. Find po € H(Q)/R such that

Bo(p®,q) =Lo(q) Vqe H'(QIR, (6.14)

where for any p, g € H'(Q) we define

Bo(p,q)zf a’Vp-Vqdx, Lo(q)zf a’f-Vqdx.
Q Q

The mesoscopic problem (6.9) is a typical saddle-point problem. Due to the periodic boundary
conditions, pressure is unique only up to an additive constant, which is solved by using a
quotient space. Forany x € Qand i € {1,...,d} we look for u"* € H}, (V)¢ and p"* € L*(Y)/R
such that
f (Vu"*: Vv - p"*divv+ Kou"* -v)dy = f e-vdy  VveH, (V)4
Y Y
. (6.15)
—f gdivu"*dy =0 VqeL*(Y)IR,
Y

where Vu: Vv = ZZ j=1 d;u;0;v; for any vector functions u, v, and the space Héer(Y) is the set

of Y-periodic functions from H'(Y).

The microscopic problem (6.12) is a standard Stokes problem. Since there are only Dirichlet
and periodic boundary conditions, pressure is again unique only up to an additive constant.
The weak formulation reads as follows. For any s = (x,y) € Qx Y and i € {1,...,d} find u* €
H(}'per(Zli)d and p"* € L*(Z$)/R such that

. (Vu'* : Vv - p"Sdivv)dz = fzs e -vdz Vve Hol,per(Zlﬁ)d,
) " (6.16)

—f gdivu*dz =0 VqELZ(Zﬁ)/[R,
Z

1
where HO,per

trace over azg .

(Zlﬁ ) is a subspace of H 1 (Zlﬁ ) that contains Y -periodic functions with a vanishing

Well-posedness. We will show that the weak formulation of the model problem is well-posed.
The microscopic Stokes problem (6.16) is analogous to the micro problem from the two-scale
model (2.14), which is studied in section 2.4. Thus, for any s € Q x Y the problem (6.16) is
well-posed and the effective meso permeability bO(s) (see (6.13)) is a well-defined symmetric
positive definite tensor. Deformations of the micro geometries that guarantee existence of
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constants 0 < A, < Ay, such that
PO(9)E-E2 AP, D2 (9)EI < AplEl,  VEERT, VseQxY (6.17)

have been studied in section 2.4.

Consider next the mesoscopic Stokes—Brinkman problem (6.15). Symmetry of b° implies that
KV is also symmetric. The estimates (6.17) guarantee the existence of 0 < 1x < Ak such that

K(x, &&= Axlél?, IKO(x, )&l < Axlél,  VEeR? VxeQ, Vye V. (6.18)

Recall that K°(x,y) = 0 for y € Yy, Assuming sufficient smoothness of ¢ we have for
any x € Q that b°(x,-) € L®(Y)?*4 and hence K°(x,-) € L®(Y)?*4, which makes the meso
problem (6.15) well-defined. The meso problem (6.15) can be rewritten in a saddle-point
formulation as follows. Forany x € Qand i € {1,...,d} find u"* € Hy,.(Y)? and p"* € L*(Y)/R
such that

a™*,v;x) + b(v, p"*) =f e.vdy Vve Hrl,er(Y),
Yy (6.19)

b, q)=0 VgeL2(Y)/R,

where a(-,+;x) : Hye,(Y)? x Hyo, (Y)? — Rfor any x € Qand b(,-) : Hpe, (V)4 x L*(Y)/R — R are
bilinear forms defined by

au,v; x) :f (Vu:VV+K0(x,y)u-v)dy, B(v,p):—f pdivvdy.
Y Y

Since K° is symmetric, the bilinear form a(-, -; x) is symmetric too. Let us show that (-, -; x) is
uniformly continuous and bounded. Using (6.18) we get

a(u,v;x) < [YVu :Vv+ Axlullvidy < Agllall g yya 11 g yya (6.20)

for every u,v e Hy,.(Y)? and x € Q, where Az = max{Ag, 1}. For any u € Hp, (Y)? letu e R?
be the average of uin Y, i.e., u; = [y e’ -udy for every i € {1,...,d}. Using the lower bound
from (6.18) and the Poincaré-Wirtinger inequality we obtain

2 2

a(u,wx) = |Vull a T Akl

12(Y)d~ L2(YH)4
= Cpllu =l + Akl 72 ey (6.21)
= sl ya)
where s > 0 depends on Cy, Ak, and inf, IYIfCI. We thus obtain a(u,u; x) = s||u||iZ(Y)d and
using this together with the first line of (6.21) yields
a,wx) = Azlual? vue H' (V)4 (6.22)

Hper (V)4

where Az = min{1, s}/2. The bilinear form b(-,-) is inf-sup stable, that is, there exist constants
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0 < Aj < Aj, such that

inf sup bw,p) = Aj
pELZ(Y)/R HEH;EI(Y)d ”u“Hl(Y)d ||p”L2(Y)/R
0
p# v#0 : (6.23)
b(u, p)
sup sup < Aj.
peL?(Y)/R ue Hl, (V)4 lall g1 vyl Pl z2ovym
p#0 V#0

The stability conditions (6.22), (6.20), and (6.23) imply that the saddle point problem (6.19) is
well-posed and so is the original meso problem (6.15). The standard stability estimates give
”ul’x”Hl(Y)d < A;l ”el ||L2(Y)d = A/;l

Lemma 6.2.1. Suppose that (6.20), (6.22), and (6.23) hold. Then a®(x) is symmetric and there
exist constants0 < A, < A, such that

AA0E-E= N8P, 1a%(0)E < Aglel,  VEeRT vxeQ. (6.24)

Proof. The proof is similar to that in section 2.4. Plugging v = u/** into (6.19) gives
am*,ul* x) = f e .u/* dy= a?j(x). (6.25)
Y

Symmetry of d(-, -; x) then implies symmetry of a°(x). Using (6.25) and (6.20) we obtain

2
d _ d ZAZ
1a°0lE= Y a@"ux%< A% ||ul’x||§{l(y)d) =—i  VxeQ (6.26)
i,j=1 i=1 a

For any ¢ € R and x € Q we define u®* = Zle &;u*. We then have

d ) )
a(xEE= Y a(éiu”‘,é]-uf”‘;x)=a(u*"’“,u‘>‘”‘;x)zﬂauu‘f"“ni,é @ 6.27)
i,j=1 e

Thus, a° is at least positive semi-definite for every x € Q. Using the Cauchy-Schwarz inequality
one can show é@(u,v; x)? < d@(u,u; x)av, v; x) for any u,v € ngr(Y)d. Applying this rule with
u=u""in (6.27) gives

aus*,v; x)?
AWLVOT e v (1), (6.28)

per

a’(X)E-& = —
a(v,v; x)
If we plug in a constant function v = ¢ we can use the problem (6.19) and the bound (6.20)

in (6.28) to obtain
Uy¢-&dp? 1P

0 d
a (x)¢-éE= > V¢ eRY. (6.29)
Aallfllip(y)d Ag
Using (6.29) and (6.26) we conclude the proof. O
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Remark 6.2.2. Note that in the bound (6.29) the coercivity constant scales with 5% / £§ since Ag
and therefore A; scale with 5%/ 8%. In some cases, this can be improved by choosing different
test functions v in (6.28). Let us recall that the meso geometries (YIfC, YY) are required to
satisfy Assumption 2.1.2(i) and (ii). If also Assumption 2.1.2(iii) holds, then there exist nonzero
functions v in (6.28) that are supported in Y;! and divergence-free. Plugging such function v
into (6.28) simplifies the bound to

(fy=€-v)?
AE-Ez
|V|H(},per(YFx)d

This lower bound was studied in section 2.4 and general criteria on the micro geometries
(YFx, Y) were given to obtain a lower bound on uniform coercivity of a®. In this case, this
lower bound does not depend on €; and ¢5.

Finally, we consider the macroscopic problem (6.14). It is a standard elliptic problem with a
positive definite, symmetric, and bounded tensor a®. We assume that a° € L°(Q)9*4. Notice
that such regularity of the homogenized tensor can be proved provided sufficient regularity of
the maps @mic and @mes. Thus, the macroscopic problem (6.14) is well-defined and using (6.24)
we can show that

Bo(p, ) < Aalplmldlmey  Yp,ge H(Q/R,

Bo(p, p) = AalPl3p g Vpe H'(Q)/R,

Lo(q) = Aalql o Ifll 2y Vg€ HY(Q)/R.

The problem (6.14) is thus well-posed by the Lax-Milgram lemma and the solution p° €
HY(Q)/R satisfies |p°| i (q) < Aa/ Aalfl 12y

6.2.2 Model problem in reference micro and meso domains

We transform the meso and micro problems in two steps. First, the weak formulation is
supplemented with an additional Lagrange multiplier to avoid a quotient space for the pressure
variable. Second, a change of variables is used to map the problem to the reference domain.
Such modification was already motivated and used in the RB-DS-FE-HMM (section 4.1).

Micro problem. After supplementing problem (6.16) with Lagrange multipliers to fix a zero
average of the pressure we map it into the reference micro domain Z by applying the change
of variables zg1q = @mic (S, Znew). Subsequently, we sum the three equations into one, which
results in a variational problem in the space Xp;ic = H(},per(ZF) x [*(Zz) x R. We obtain a
problem equivalent to (6.16), (6.13). For any s € Q x Y find U»® € Xy such that
Amic(U™,V;5) = GL (V5 ) YV € Xmic, (6.30)

bY;(9) = Gl (U)%55) Vi, je{l,...,d}, (6.31)

mic
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Where the parameter-dependent bilinear form Apjc(:, ;) : Xmic X Xmic — R and linear forms
(+;8) : Xmic — R are defined for any U = (u, p,A) and V = (v, g,x) by

mlC

ov;

Amic(U,V;8) = [ ij—'——(f ( p+a—q))+r(/1q+1<p)dz,
Zr i 521 0z; 0z; 0zj 0z 6.32)

mlC(V, s) = f rel .vdz,
Zg
where we denote the Jacobian J = J(s, z2) = V,mic(s, 2) and define

p(s,2) =det(NJ" N7,
o(s,z) =det())] ', (6.33)
1(s,2) =det()).

Meso problem. After supplementing problem (6.15) with Lagrange multipliers we map it
into the reference meso structure (Y, Yp) using the change of variables yo1q4 = ¢mes (X, Ynew)-
Subsequently, we sum the three equations into one, which results in a variational problem
in the space Xmes = Héer(Y) x [2(Y) x R. We obtain a problem equivalent to (6.15), (6.11). For
any x€ Qand i€ {l,...,d} find U"* € Xjes such that

Ames(U",V; x) = G o (V; X) YV E Xmes) (6.34)
a%}(2) = Glogg (U ) Vi, jell,...,d}, (6.35)

where the parameter-dependent bilinear form Apmes(+, *; X) : Xmes X Xmes — R and linear forms
mes( X) : Xmes — R are defined for any U = (u, p,A) and V = (v, g,x) by

Ames(U,V; x) = A;tl‘g‘;es(u V;x) + AY (U, V; x),

ou Ov ov;
stokes . . !
Ales (U, V;x) = E (p ; ( 3y; 3y;

v i ))+T(/1q+1<p)dy,

(6.36)
Agfes(U,V;x) :f ,Bou-vdy,
Yp

Gl s (V; X) :f re' -vdy,
Y
where we denote the Jacobian J = J(x, y) = Vy@mes(x, y) and define

p(x,y)=det()H(J "' N7,
o(x,y) =det()J ",

7(x,y) = det()),
2

E
Bo(x,y) = E—; det()) b° (x, Pmes(x, ) L.
2
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Well-posedness. Nothing substantial has changed by enforcing the zero pressure average
with a Lagrange multiplier and applying the change of variables. The problems (6.30) and (6.34)
are thus equivalent to (6.16) and (6.15), respectively. The regularity assumptions (6.1) and (6.2)
imply that the standard norms of functions in old and new variables are equivalent. Hence,
the problems (6.34) and (6.30) are well-posed and there exist constants 0 < Apjc < Amic and
0 < Ames < Ames such that for every x € Q and s € Q x Y we have

Anmic(O,V; s Anic(Q,V;s
Ue Xpmie V€ Xmie Tl Xomic VI Xiie UeXoic Ve Xomie 10N X0 IV X,
U#0 V0 U#0  V#0
A U,V; x A U,V;x
inf sup _Ames UV X) = Ames» sup sup Ames U,V ) < Ames- (6.38)
U Ximes V€ Xmes |1 U1 Xines VI Xines Ue Xy Ve Xomes 101 X001V 0
U#0  V#0 U#0  V#0

Furthermore, there exist constants Lmic, Lmes € R such that for every i € {1,...,d}, x € Q and
s€Qx Y we have .
Gric (Vi 8) < LinicllVlx,ie YV € Xmic,

i (6.39)
Gres (V3 %) < Limes ”V”XmeS VYV € Xmes.

We note that the tensor ° is symmetric, positive definite, and bounded. Hence, the esti-
mates (6.18) and (6.2) imply that there exist constants 0 < Ax < Ag (the same notation as
in (6.18), for simplicity) such that

BO(x, Y)E-E= AklEl?,  1B0(x, »El < AklEl,  VEERY, V(x,y) € Qx Yp.

6.3 The three-scale numerical method

In this section we propose a new numerical three-scale method for Stokes flow in porous
media. It is based on a discretization of the three-scale model problem from section 6.2.2. The
discretization is detailed in section 6.3.1 and a priori error analysis is provided in section 6.3.2.

6.3.1 Finite element discretization

We use a finite element (FE) method to discretize the equations (6.14), (6.34), and (6.30). We
proceed in the bottom-up manner, starting with the micro problem. The fully discretized
three-scale problem is sketched in Figure 6.2 and summarized in Table 6.2.

| macro | meso | micro
mesh | Iy Th, Th,
finite elements || 2! gpk+lgpk gpm+1gpm
quadrature formula || (xx;,wk;) | (Y, ©1;)
problem || (6.46) (6.43), (6.44) | (6.40), (6.41)

Table 6.2 — A summary of the three-scale numerical method.
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3~H K€P/~H 3711 TE%Zl,TCYp 3712

Figure 6.2 — A sketch of the three-scale numerical method. The quadrature formulas corre-
spondto/=2and k=1.

FE spaces. Let J be a simplicial mesh of a domain D c R and let n € N. For any element
K € 9 we denote by 2" (K) the space of polynomials in K of degree n. We consider the
continuous and discontinuous finite element spaces of degree n in 9~ defined by

S"(D,9) ={g e H (D); qlx € 2"(K), VKe T},
VD, T) ={q e L*(D); qlx € 2"(K), VK € T}.

Micro problems. We discretize the micro problem (6.30) with the Taylor-Hood finite ele-

ments 2"/ 2™ for some m € N, which is a stable approximation scheme for m > 1. Let

{T1,} be a family of conformal, shape-regular simplicial meshes of Zr parametrized by the
mesh size hy = maxg, T, diam(K) and define the FE spaces

h

Vm?c

pl

mic

={ve Sm“(ZF,PThz)d; vis Y-periodic},
={q € S"(Zp,T1,); q is Y -periodic}.

Consider X2 =y « p

mic mic mic
define a numerical approximation of (6.30) and of the meso permeability (6.31) as follows. For
every s=(x,y) €eQxYandie{l,..., d}find U;l: € Xffic such that

x R, which is a finite-dimensional linear subspace of Xy, and

«(V;9) vve x" (6.40)

mic’

Amic(U}*,V; ) = G|

m

bI2(9) = Ging (US559) Vi, jell,...,d}. 6.41)

ic(

Meso problems. We discretize the meso problem (6.34) with the Taylor-Hood finite elements
k119K for some k € N with k = 1. Let {Th,} be a family of conformal, shape-regular
simplicial meshes of Y parametrized by the mesh size h; = max . T, diam(7T). We assume
that every element T € .97, is either completely in the fluid part (T < Y§) or completely in the
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porous part (T < Yp). Let us define the FE spaces

Vrﬁles ={ve 5k+1(Y,Th1)d; vis Y-periodic},

nges ={qe sk, Th); q is Y -periodic}.

Consider a finite dimensional subspace of Xpes given by Xr];llles = Vn]zgs x Pfr’fes x R. In the
problem (6.34) we have the term AP" (U, V; x) that is related to the mesoscopic permeability.
To discretize this term we use numerical quadrature. Let ., hlj c 9}, be the subset of all
elements contained in Yp. For each element T € J, hlj we consider a quadrature formula
(V1) OT;) j=1,.... Tmes with integration points yr; €K and positive weights wT;, where Jies € N. To

achieve the optimal order of accuracy we rely on the following assumption:

]mes

Tq(y)dy:Za)qu(yTj) vIed,, Yqe** (1), (6.42)
j=1

that is, the mesoscopic quadrature formula is exact for polynomials of degree 2(k + 1). The
numerical approximation of (6.34) and of the macro permeability (6.35) as follows. For every
xeQandie€{l,...,d} find UZIX e X/ such that

Ahles (U}, V; %) = Gloeg (V3 ) vvexmh, (6.43)
A/t () = Gies (U7 ) Vi, jell,...,d}, (6.44)
where
Jmes
Aes (U,V; ) = A5 (U, Vs ) + TZP Zl w7, ™ (x, yruyr,) -v(yr,) dy (6.45)
ef’fhl J=

and B2 : Q x Yp :— R?*4 is defined by

h £f h -1
B (x,y) = ?det(vy(l)mes(xy I (D™ (X, Pmic(x, ).
2

Macro problem. The macroscopic equation (6.14) is discretized using finite elements of
degree [ € N with numerical quadrature. Macroscopic permeability (6.44) is upscaled at
every macroscopic quadrature point from meso problems. Let {J 4} be a family of conformal,
shape-regular simplicial meshes of Q parametrized by the mesh size H = maxy g diam(K).
We consider the macro FE space SlQ,T; 17) of degree [ € N. For each element K € 9 we
consider a quadrature formula (XK;» WK;) j=1,.... Jmac
weights w K; and Jmac € N. To guarantee well-posedness of the macroscopic problem and

with integration points xk; € K and positive

achieve the optimal order of accuracy we suppose that Assumption 3.1.1 is satisfied, that is,
the macroscopic quadrature formulas is exact for polynomials of order max(2/ —2,1). A direct
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discretization of (6.14) gives: Find pH € SLQ,T; 1) /R such that
Bu(p™, ™" =Lu@™  vq"eslQ IR, (6.46)

where the discrete macro bilinear form and right-hand side are given by

]mac
Bu(p",qM =Y Y wia" xx)Vp"xk) Vg (xk),
KEfTH ]:1 (6 47)

] mac

Lu@™ =Y Y wxa" ) (xg,) - Va" (k).
KEQ_H j:1

Here, f € VI=1(Q, 937)9 is an appropriate interpolation of the force field fe L2(Q)4.

6.3.2 A priori error estimates

In this section we prove well-posedness of the three-scale numerical method and derive a
priori error estimates. Let us start with the micro problem (6.40). The forms Apic(:,+; s) and
Gnic(+; §) remain continuous with the same constants (see (6.37) and (6.39)) also when consid-
ered over the FE space Xr’zfic C Xmic- Taylor-Hood finite elements are stable for approximation
of Stokes problems on conforming and shape-regular meshes. Hence, the bilinear form
Anic(+,+; 8) remains inf-sup stable also when considered over the FE space Xlilfic. Consequently,
there exist constants 0 < Amjc < Amic (denoted the same as in (6.37), for simplicity of notation)
such that

. Amic(U,V; s) Amic(U,V;s)
inf sup U—’Vy > Amic, Sup sup U—’V, < Amic (6.48)
vex’s vex'z 101X IVl vex’z vex'z 101 IVl e

U#0 V#0 U#£0  V#0

for every s € Q x Y. The conditions (6.48), (6.39), and X:llfic C Xmic imply that the micro
problem (6.40) is well-posed with a unique solution U;hs € Xmic with ||U;l'23|| Xoie < Lmic/ Amic-
Consequently, for any s € Q x Y and i, j € {1,...,d} the permeability b’ (s) is well-defined
in (6.41) and we can use (6.41) and (6.40) to derive

bY(s) = Gl (U]559) = Amic(U},1, U755 ). (6.49)

mic hy
Symmetry of Apic and (6.49) then imply that b’ is symmetric. For any Ve X IZZIC one can derive

b, (s) - bf]% (s) =G (U/* - U{;’;; s)
= Amic(U"*, U7 U7 5) (6.50)
= Amic (U™ =V, U<~ U2 ).
using (6.41) and (6.13), then (6.40) and (6.30), and finally the Galerkin orthogonality. Us-
ing (6.50) to compute the norm || bO(s) = b"™(9)|E, applying (6.37), and taking an infimum over
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V gives

d
0 h 2 : A 2
167(s) = b™ ($)IIf < Amic Z inf U"* _V”Xmic
Fivexts

d . .
LA “im)- (651
i=

Lemma 6.3.1. Assume that the solution U>S = (u®S, p"»$, A\>) to the micro problem (6.30) satis-
flesU™ e X%, where X*. = Xmic N (H™*?(Zp)? x H™*!(Z) x R) and that there exists C' > 0
such that IIUZ’SIIszic <C foreveryse QxY andi€{l,...,d}. Then there is a constant C >0
such that

1B°(s) = b™(s) g < CH5"™ D VseQx Y.

Proof. By the interpolation theory for Sobolev spaces (see [46]) there is C > 0 that depends
only on the shape-regularity of 7, such that

inf U™ -Vi|x,, < Chy" U™ x: (6.52)
Vex'?

mic

foreveryie{l,...,d} and s € Q x Y. By Céa’s lemma for indefinite problems (see [120]) we

have A
mic . j
D inf U™ -V|x,,,.
mic h
VEXmZiC

foreveryie{l,...,d} and s € Q x Y. Using (6.52) and (6.53) in (6.51) concludes the proof. O

i i,s
107 =05l <

(6.53)

Even if the micro solutions U?** have lower regularity than is assumed in Lemma 6.3.1 and the
rate (6.52) is not achieved, one still has

lim inf U™ -V|x, =0
270y xhe
and therefore
Aimo 1B°(s) = b™2(s)lp=0 VseQxY. (6.54)
-

Thus, for any s € Q x Y the permeability b (s) is positive definite for sufficiently small k.
If the limit (6.54) is uniform with respect to s € Q x Y then for sufficiently small &, there are
constants 0 < 1, < Ay, (denoted as in (6.17) to simplify the notation) such that

b2 ()&= AplE7, 1B (s)E] < Aplél,  VEERY, VseQxY. (6.55)

Even it the limit (6.54) is not uniform for s € Q x Y, the uniform bounds (6.55) are valid for
sufficiently small &, > 0 if we restrict the parameter s to QH x QM.

‘We now consider the tensor ,80 and its numerical approximation ﬁhZ. Using (6.55) and (6.2)
we conclude that " is symmetric and uniformly coercive and bounded. Thus, there are
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constants 0 < Ax < Ak (denoted the same as in (6.18), for simplicity of notation) such that
B, pE-E= AklélP, 1B pEl = Aklél,  VEER?, Y(x,y) € Qx Yp. (6.56)

Since b° and b’ are symmetric and with all eigenvalues in the range [A;, Apl, there is a
constant C > 0 such that

1°(s) =2 () Mg < CIB (s) = b2 (s) | VseQxY. (6.57)

Let us sketch a proof of the inequality (6.57). Let M be the set of symmetric matrices with
eigenvalues in the interval [1, Ap]. It can be shown that M is a connected compact set in RAxd
Since the mapping A — A~! is smooth in M, its derivatives are bounded and the mapping is
thus Lipschitz.

Using (6.57) and (6.2) we conclude that there is C > 0 such that

182(s) = B2 (s) g < CIB°(s) = b2 (s)|p  Vs€Qx Vp. (6.58)

We next consider the meso problem (6.34) and its numerical approximation (6.43). Since
we are using a stable FE pair, the tensor "2 is coercive and continuous (see (6.56)), and the
quadrature formula satisfies the assumption 6.42, the problem (6.43) is well-posed and there
are constants 0 < Ames < Ames (denoted as in (6.38) to simplify the notation) such that for any
x € Q we have

Al U,V x) Al (U, V;x)

inf sup U—V = Ames, sup Ssup U—V < Ames.
vex! vex!, N0 06 TV X vex! vex™ IO 06 TV X e
U#£0 V#0 U#0  V#0

Using the same approach as in (6.49), it can be shown that a™(x) is symmetric for any x € Q

because of the symmetry of the bilinear form Ag}es.

0

Let us now provide a bound for the difference a’—a’. Let xe Qand i, j € {1,..., d} be arbitrary.

We obtain .
a2;(x0) = a1 (%) = Gheg (U750 = Ghoog (U5 0)
= Apmes(UP*, U7 x) — Al Uzl",U{l'f;x) 659
= Ames(U"" — U;l’lx, 0 U{l'lx; X) '
+ (Ames = Afes) U}, U775 x)
using the definitions (6.34), (6.35) and (6.43), (6.44). Using the triangle inequality in (6.59)
gives

0 h Lx pphX. ix rphx.
|aij(x) - ai; (x)l = |E(x)| + |E1(Uh1 ’U”ll yx)l + |E2(Uh1 ’Ul’ll )x)l’ (6-60)
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where the three functions E, Ej, and E are defined by
E(X) = Ames(UH* U} UM - 07" x),

]mes
E1(U,V;x)=fy,60u-udy— Y ZwTj,BO(x,yTj)u(yTj)-V(yTj),

Teg? j=1 (6.61)
]mes
BOV;x)= Y Y o, yr) - " yr)ulyn) vy,
Teg, j=1

where U,V e Xllflles are arbitrary and U = (u, p, 1) and V = (v, g, k).
Upper bounds for the terms from (6.61) can be obtained as follows. By (6.37) we have
B < Ames U™ = U 1, 1075 =07 .. (6.62)

For sufficiently smooth ,BO and non-negative integers n, n, € Ny with ny, n, < k + 1 the error
of the quadrature formula can be estimated (see [47, 46]) by

|E1(U,V;x)| < Ch?ﬁnz ||,B0 (x, )l W +ng,00(Yp)dxd lall gn, (Yp)d VIl gn (Yp)dr (6.63)

where C > 0 is a constant independent of h;. By the norm and triangle inequalities we get

]mes
|E2(U,V;x)| < max |0, ) - B2 (e, e Y. Y o7 a(yr)Ivyr)l. (6.64)
yeQh Tegy j=1

Using the Cauchy-Schwarz inequality and the assumption (6.42) we obtain

Jmes Jmes 1 Jmes 1
Y Y onugnivepis( XY onluenP) (LY onlvyn?)’
re7; j=1 re7; j=1 Tegy j=1 (6.65)

= ||u||L2(yp)d||V||L2(yP)d = ||U||Xmes ||V||Xmes'

Combining (6.64) and (6.65) gives

|E2(U,V; )| < max [|8°(x, ) — 8" (x, ) I IO X e VI Xies - (6.66)
yEth

Lemma 6.3.2. Assume that the solution U~ = (u"*, p»*, A1¥) to the meso problem (6.34) satis-
fiesU € X} o, Where X = XmesN(H* (V) x HE*1(Y)xR) and that f°(x, ) € Wik (775,44
foreveryx e Q and i€ {1,...,d}. Further suppose that that the there are constants C',C" > 0
such that IIUi'xllx,’;eS <C'and | B°x,-) IIsze(fmm <C" foreveryxeQandi€fl,...,d}.

(L%zl)dXd
Then there is a constant C > 0 such that

1a’(x) —a" ) lp < C| RF*V + max 18°(x, ) - B2 (e, pIE|  YxeQ (6.67)
yeQm
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Proof. We prove (6.67) by using the estimate (6.60) and the follow-up estimates (6.62), (6.63),
and (6.66). Let us start with bounding E(x). The right hand side of (6.62) contains the error
term ||U>* — U;l]x I x,... We address it by considering the first Strang’s lemma for indefinite
problems, which gives

h
. . . A - A L)V, W; x
10" =0l x,,, < C inf |{[U™=V]y,, + sup (Ames ~ Ames) )

mes
vex/, wex/'L W Xes
V0 W0
Hence,
. ; E;(V,W; x) E>(V,W; x)
U™ =Vx,,, < IU = Vix, + sup ———"—+ sup ————  (6.68)
e e m o Wi, m Wl

wex/"L, mes  Wex/", mes
W0 W0

for any V€ Xpes. Let us substitute V by the standard FE interpolant I, (U>¥) and bound the
three terms in (6.68) one by one. By the interpolation theory for Sobolev spaces (see [46])
there is C > 0 such that

10" =11, (Ul x,,,, < CRYT UM, < CREFL (6.69)

Using (6.63) with n; = k + 1 and ny = 0 we conclude that there is C > 0 such that

Ey (T, (U%), W; x)
Wl x

mes

< ChY I B (e, ) ke ooy 107 | s (0 < CREFL. (6.70)
hy

WEe Xies
W#0

Estimate (6.66) yields

E> (T, (UY), W; x)

< max | 8%(x, y) = B (x, PIIElTT,, (UP9)lx,.... (6.71)
wex!. WX e yeQh
W#0

Using (6.69), (6.70), and (6.71) in (6.68) and the boundedness assumptions we conclude that
there is C > 0 such that

10" U5, = R+ max 18 ) = B (o e,
yeQh

which together with (6.62) implies that there is C > 0 such that

EG)| = C(R**) + max | 8x, ) - B (6 1) 6.72)
yeQ™n
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Let us bound the second term from (6.60). For any V,W € X!ffes we have

Ey (U, U075 x) = By (U} =V, U0~ Wi x) + 1 (V, U~ Wi x)

+ B (U} =V, W; x) + E; (U, W; x).

Applying the estimate (6.63) with appropriate constants ny, ny € {0, k + 1} we conclude that
there is C > 0 (depending only on C” and on the shape-regularity of 97, ) such that

i,x ypiX. i,x k+1
BV (U5, 027501 < C (I = Vil pagyyga + BE IV e 4
X k+1
(I =Wl g+ B W s
o ! .
<C (”u;llx - ul x”LZ(YP)d + ”ul X —V”LZ(YP)d + hl + ||V||Hk+l(YP)d)

(o g+ 1 = Wl B s )
Plugging in V=11, (UZ’IX ) and W =11y, (U{l’lx) we conclude that there is C > 0 such that

E1 (U350 201 < CR3 %Y + max | 8°(x, y) - B (x, ) IR). 6.73)
yeQh

Finally, we bound the third term from (6.60). Using (6.66) we obtain

B2 (U, 057501 < € max [18°0x, y) = B (6, MIEIUG e 10 e (6.74)
yeQh

We can combine now the triangle inequality (6.60) with the estimates (6.72), (6.73), and (6.74)

and the boundedness assumptions to show that there is a constant C > 0 such that

Ia?j(x) - a?} ()| < C(hf(k“) + max [ 8°(x, y) - B2 (x, ) ||F)
yEth

for any x € Q, which implies the bound (6.67). O

Even if the regularity assumptions of Lemma 6.3.2 are not valid the mesoscopic solutions still
satisfy

lim lim [UP*-U""||x. =0 VxeQ,
T, =0y —0 hy T tmes

which in turn implies that

lim lim a®(x)—a" ) p=0 VxeQ. (6.75)

hy—0hy—0

If the limit (6.75) is uniform with respect to x € Q then for sufficiently small /2; and h, there
are constants 0 < 1, < A, (denoted as in (6.24) to simplify the notation) such that

a" (0)E-E= N1E1%, laM0EI < AylEl, VEERY, VxeQ. (6.76)
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Even if the limit (6.75) is not uniform for x € Q, we can have (6.76) over a finite set x € QH .

At the macro scale, the analysis is the same as in the two-scale method. Using the proper-
ties (6.76) and Assumption 3.1.1 one can show (see Proposition 3.1.8) that

BH(qH» qH) 2/’LLI|qIﬁI|§_Il(Q) VqHESl(Q)gH)»
Bu(g™,rM < AdlgMipor e V' r e i Q,Tm),

Lu(@™ = Ml N el d™mmm Y™ € SHQ,Tm).

Thus the macro problem (6.46) is well-posed and the unique solution can be bounded by
|pH|Hl(Q) = Aa//la”fH”LZ(Q)d.

Lemma 6.3.3. Suppose that po € H'*Y(Q) and that a® € W' (Q)4*%, Then there is C > 0 such
that

1P’ =Pl < C(H’ + 1= £ 2y + 1711 20 max (1@ (x) — @™ (x) ||F).
xeQH

Proof. The proof follows the lines of the proof of Theorem 3.2.2. O

Theorem 6.3.4. Let the assumptions of Lemma 6.3.1, Lemma 6.3.2, and Lemma 6.3.3 be satis-
fied and letfe H'(Q)%. Then there is a constant C > 0 such that

2(k+1 2 1
1p° = pgqy = CCH + 2D 4 p3HD),

Proof. The desired inequality is obtained by using Lemma 6.3.3, Lemma 6.3.2, estimate (6.58),
and Lemma 6.3.1 (in this order). The regularity of f allows an estimate ||f - £ 12@d =< CH ! for
some C > 0. O

The a priori convergence rate of Theorem 6.3.4 is mainly theoretical since the assumed reg-
ularity of the micro and meso problems may be difficult to achieve for practical problems.
Therefore, non-uniform meshes that are adapted to geometries of macro, meso, or micro do-
mains should be used in practice. Using possibly non-uniform meshes, denoting the number
of degrees of freedom by Niac = dim(S'(Q, T1)), Nies = dim(Xines), and Niic = dim(Xpmic),
the estimate from Theorem 6.3.4 reads as

1 2(k+1) _ 2(m+1)

1P’ = p" 1) < C| Nme + Npes” +N_.. 7 |- (6.77)

Since the macroscopic problem is the same as in the two-scale methods from chapters 3-5,
most of the technology that was developed there can be applied in the three-scale problem.
For example, it is now straightforward to develop residual-based a posteriori error estimates
on the macro scale and provide an adaptive three-scale method (see section 3.3 and 4.5) or
use a conservative macroscopic approximation (see section 5.2).
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6.3.3 Computational cost

The computational cost of the three-scale numerical method presented in this section does
not depend on the pore sizes € and &>, they are only present as multiplicative constants in the
meso problem (6.43). We assume that the number of quadrature points we consider on the
macro and meso scale is proportional to Npac and Npeg, respectively. We thus need to solve
one macroscopic problem, G (Npac) mesoscopic problems, and € (Npyac Nmes) microscopic
problems. Further, let us assume that after assembling the computational cost of solving
one (micro, meso, or macro) problem is linear in the DOE The total cost of the three-scale
numerical method is then @ (Npmac Nmes Nmic)- Notice that the micro problems are independent
of each other and therefore a parallel implementation of the three-scale method is easily
scalable to many threads.

6.4 Reduced basis three-scale numerical method

In this section we propose a new reduced basis three-scale numerical method for Stokes flow
in porous media. We depart from the three-scale numerical method described in section 6.3
and apply the RB method from section 4.2 to the meso and micro scale. We build this new
method bottom-up, starting with the micro scale. Application of the RB method at the micro
scale is similar as in the two-scale problem (see section 4.3). However, there is no direct way to
obtain an affine decomposition of the meso problem, which is a fundamental assumption for
an efficient RB method. We solve this obstacle by an approximate expansion of the mesoscopic
bilinear form obtained by the empirical interpolation method [31].

Affine decomposition of the micro problem. The micro problem (6.40), (6.41) has the same
form as (4.20), (4.21). Micro problems are parametrized by s € Q x Yp, which corresponds to
u=sand 2 = Q x Yp, and we work in the Hilbert space X = Xr}rlfl .- To apply the RB method
we need to provide an affine decomposition of the type (4.30) for Apjc and Grlni .- Letus start
with the affine forms Grlnic. Using (6.33) in (6.32) gives Grlnic (V;s) = fZF det(V,@mic(s, z))e' -vdz
foreveryV= (v,q,x) € X I’ffm Our goal is to write anic (V; s) as a sum of products of functions
depending only on s and only on V. A standard way to provide such decomposition is with the

following assumption on the geometry transformation ¢pjc.
Assumption 6.4.1. Let Rp,jc € N and assume that {ZFr }f:if is a disjoint partition of Zr such that
the restriction @mic(s, 2)|ze zr is affine for every s€e QO x Y and r € {1,..., Rmic}. Moreover, for

any K € 9, thereis r € {1,..., Rmic} such that K € ZF’.

As in section 4.3, Assumption 6.4.1 implies that V,¢pnic(s, 2) is constant in z € Z£ for every
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se€Q x Y. Using this in the definition (6.33) we obtain that for any s € Q x ZPf we have

p(s,2) = p"(s):=detU" (NU" () T (N7,
o(s,2)=0"(s):=detU" () ()T,
7(s,2) =1 (s) :=det(J" (s)),

where the Jacobian J' (s) is the constant value of V ¢nic(s, 2) for z € ZFr . Hence, the bilinear

form Anjc and the linear forms anic can be affinely decomposed as follows. For any U =
(w,p,V) e X,V=(v,q,x) € X, and s € Q x Y we have

Rumic ou oOv
Amic(U,V;8) = | —-—dz
e uzlrzp” z; 0zi 0z
Rpjic 6 a .
i,j=1r= l] 0z j 0z; (6.78)

mlC

+ Z " (s) (Ag+xp)dz,
=1 Zr

. lec
G'(V;s) = Zr(s) e -vdz.

Using symmetry of p and o we can obtain an affine decomposition of Apj. with Qgﬂc =
Rmic(1 +d + d?). The affine decomposition of G has Qg‘ic = Rpjc terms.

RB at the micro scale. Thus, all the requirements of the RB method are met. We set the
tolerance e . > 0and choose a training set of parameters = i < Q x Yp and the RB ofﬂme
computatlon can start by running Algorithm 4.2.4. The RB approximation of the solution uhs Iy

is denoted by Ui{’f3 and the resulting approximation of b’ (s) by the RB method (see (4.27)) is
defined by

J
S)+ GInlC

b?]B(S) = m1c (URB' (URB’ ) — Amic (U;{E’Uiﬂg’ s).

Affine decomposition of the meso problem. We update the meso problem (6.43), (6. 44) to
include the upscaled meso permeability b*® instead of b"2. We replace the bilinear form Ames
(defined in (6.45)) with

]mes
AR (U, Vx) = AU, V0 + Y Y o, yrulyr) - viyr) dy, 6.79)
Teﬂ_hlz j=1

where BRB: Q x ¥p :— R¥*? is defined by

2

&
BB (x, y) = E—; det(Vy@mes(x, 1)) (D™ (x, @rmic(x, 1))
2
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From now on we consider the meso problem with the bilinear form (6.79) and the original
right-hand side G' asin (6.43). Meso problems have the same structure as the model problem
in section 4.2. They are parametrized by x € Q, which corresponds to p = x and 2 = Q, and
we use the Hilbert space X = Xr]f{es. To successfully apply the RB method we need to provide
an affine decomposition (4.30) to the bilinear form ARE_ and to the linear forms G/ . defined
in (6.36). Let us start with an additional assumption on ¢y that will help us with a part of
the decomposition.

Assumption 6.4.2. Let Ryes € N and assume that {Yr}f':“is is a disjoint partition of Y such that
the restriction @mes(X, y)lyeyr is linear for every x € Q and r € {1,..., Res}. Moreover, for every
T € Iy, thereisr €{1,...,Rmes} such that Te Y.

Using Assumption 6.4.2 we can repeat the reasoning we used with the micro problems to show
that the linear forms G/ ., and the bilinear form A$%¢s allow an affine decomposition with
QG and Q'*® terms, respectively. However, we cannot apply the same reasoning to the term
with quadrature formula in (6.79) since a form of the function ﬁRB (x, y) that would separate
x and y is not known. This problem can be solved by considering a suitable approximation
of (6.79) given by the empirical interpolation method described below. For the moment, let us

assume that we have an approximate expansion

Nemv
™M, = q"r" ) = (), (6.80)

n=1

where g" : Yp — R4 and r": Q — Rfor n e {1,..., Ngv} and Ny € N. We then substitute
the expansion (6.80) in (6.79) and define

]mes
ARMU,V;x) = AASU,V; 0+ Y Y wr BN, yrulyr) - viyr) dy. 6.81)
Teg, j=1

Let the affine decomposition of AS%kes(U,V; x) be composed of coefficients @g(x) and non-
parametric bilinear forms A(U,V), where the index ¢ is in range {Ngmm + 1, ..., Ngmv + Q?es}.

Changing the summation order in (6.81) and applying (6.80) and the affine decomposition of

Astokes

s gives

NEIM ]mes
AU Vi) =Y ') Y Y or,q"(yr)ulyr) - viyr)dy
n=1 —0i ) Teﬂ‘hli j=1

~ V)

::A'??U,V)

Nema+Q3

+ Y 0jwATW,V).
q=Ngm+1
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Updated meso problem. At the meso scale we replace the original problem (6.43), (6.44)
with the following approximation. For every x€e Q and i € {1,...,d} find ULt e Xri?es such that

EIM
APNMUES Vi X) = Glgg (Vi X) WV € Xpnes, (6.82)
a?}M(x) = anes(Uf{f;x) Vi,jell,...,d}. (6.83)

EIM
mes

We have shown that Assumption 6.4.2 and the approximate expansion (6.80) imply that A
and G}

mes
explain the last piece of the meso RB method, the construction of (6.80).

have affine decompositions of sizes Q}'*® + Ngv and Qg °, respectively. Let us

Empirical interpolation method. An approximate expansion such as (6.80) can be con-
structed using the empirical interpolation method [31]. For brevity we explain the method in
a general setting and then show how it applies to our problem.

Consider sets 2 and & and a function f : 2 x &2 — R. We build a sequence of approximations
of f denoted by Iny[f]:2 x 2? — Rindexed by N € {0, 1,..., Ngmm}, where Ngpy € N is the final
size of the approximation. With an offline greedy algorithm (see below) we construct the
so-called magic points y, € & and functions g" : 2 — Rfor n€ {1,..., Ngim}. We then define
Iy[f1(x,y) =0 and for N = 1 we let

N

N
INGIESEDWLVIDY
m=

n=1

B G ym)), (6.84)
1

where BY is the inverse of the matrix (@m(Yn)1=n,m=n- The coefficients that multiply g"
in (6.84) can be computed in the online stage with only N evaluations of the function f and
one matrix-vector multiplication with the matrix of size N x N. Let us define the error of the
EIM approximation simply by

En[fl(x,y) = f(x,y) = IN[f]1(x, y).

Algorithm 6.4.3 (EIM offline stage). Set a tolerance €gpy > 0. Forn=0,1,...do:

1. Find where the interpolation commits the largest pointwise error:

Xn+1, Yn+1 — arg max|E, [ f1(x, ). (6.85)
X€D,yeP

If|EL[f1(Xn+1, Yn+1)| < €Emv then we stop iterating and let Ngpy «— n.

2. We define g"**!: 22 — Ras

n+1( ) — En[f](xn+l;y)

1 Enlf1(Xnsts Yne1)
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Application of EIM to obtain (6.80). For several reasons it is not straightforward to apply the
EIM to obtain the expansion (6.80). First, values of the function ﬁRB (x, y) are not real numbers
but real matrices of size d x d. Second, the set Q x Yp is infinite, therefore, a direct evaluation of
expressions as (6.85) can be problematic. We address the first point by considering a function
f:Qx (Ypx{l,...,d}*) — R defined by

fo6 i, ) = By (x, 1)

The second point can be addressed by taking only finite samples of Q and Yp that we denote
by 2 = EZEIM c 0 and 2 = EEIM < vp, respectively. The offline EIM algorithm then becomes
numerically feasible. We obtain Ngpy € N and a sequence of magic points (y,, i, jn) € Yp x
{1,...,d}* and functions q": Yp x {1,...,d}¥* > Rfor ne{l,..., Ngnv}. The real functions q" are
then reshaped into matrix-valued functions by ql.”j( ¥)=q"(y,i, j). Thus, we define

Nem Nem
FMx =Y. "W L BamB, (6 ym)), (6.86)
n=1 m=1

v

::r":(x)

which is a decomposition of the desired form (6.80). Given a tolerance eggy;, we can perform
the offline EIM algorithm and it is guaranteed that

18R (x, y) — BE™(x, ) IF < Ceprv (6.87)

for every (x, y) € EEIM x =EIM 1f the training samples are dense enough in Q x Yp we expect

that the inequality (6.87) holds for every (x, y) € QY x Q™. We advise to choose ZEM < Qf

—mac
—EIM

=ZEIM < Q™ (quadrature points of the

(quadrature points of the initial macro mesh) and
mesoscopic mesh used to compute the RB functions) so that the training sets contain only a

fraction of the total number of the quadrature points.

RB at the meso scale. An affine decomposition of the modified meso problem (6.82) has
been provided and thus the requirements of the RB method are met. Given a tolerance eX5 > 0
and a finite set of training parameters =55,  Q we are ready to run the RB offline stage. The RB
approximation of U]’Eﬁv[ is denoted as Ugg and the RB approximation of the output of interest
a®™ (x) is defined by

afP(0) = Gl (U5 0 + GLL (U ) — AR (UL Ul ). (6.88)

Macro problem. Finally, we are ready to update the macroscopic problem (6.46) to the

following. Find pH’RB es! (Q, 9 ) /R such that

H,RB

Burs(p™®8, g™ = Lyrs(g™)  vg e SLQ, IR, (6.89)
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R

where By rp and Ly rp are defined as in (6.47) but with the tensor a B instead of a™.

6.4.1 Summary

The goal of the method we presented is to solve the macro problem (6.89), where the perme-
ability a®® needs to be evaluated at every macroscopic quadrature point. Before we can use
the RB online computation for a fast evaluation of a®B, several offline algorithms need to run.
We plot the processes that yields an online evaluation of a®? in a comprehensive flowchart
diagram in Figure 6.3. For simplicity, we excluded the successive constraint method from the
diagram, which needs to be applied twice: before the micro RB offline stage and before the
meso RB offline stage.

User input Offline il
° (6.40), (6.41) affine decomposition s— 04(s),06(s)
: Ef{n]?c» Eﬁﬁc micro RB offline bRB . Q x Yp — RI¥4
i
% EEIM) 3222, EE{S’SI EIM offline: (6.86) -0 —R
- !
affine decomposition
6.43), (6.44 A G
o | (C2NEED of (6.82), (6.83) . (x)’? (x)
L N
i e meso RB offline atB:Q — Rixd

Figure 6.3 — A comprehensive guide to the computation of a®B. Thin arrows show the order of
processing. In the “online” column the thick arrows show dependence of computation, for
example, to evaluate bRB(s) for some s € Q x Yp we need to evaluate ©4(s) and ©F(s).

Time cost. Let N3° be the maximal size of the RB on the micro scale (that is, max;¢;,
and let follgs be the same for the meso scale. Let Nyac, Nmes, Nmic be the number of degrees
of freedom of the FE problem (6.89), (6.82), (6.40), respectively. Let Qgﬁc, Qgﬁc and Qf‘les, Qges
be the sizes of affine decompositions of the micro and the Stokes part of the meso problem,
respectively. For simplicity, let us denote Qpjc = max{Qf}fiC, Qgic} and Qmes = max{Qf}fes, Qg‘es}.
For any s € Q x Yp the time cost of evaluation of bRB(s) is @’((NEEC Qmic)z), as was discussed in
section 4.2. For any x € Q the time cost of evaluation of the coefficients r"*(x) forn=1,..., Ngmm
takes Ngpv online evaluations of bRB and a matrix-vector multiplication with the matrix of size
Nev % Neiv, which makes a total of @ (Ngiv (NS> Qmic)? + N&y,)- To obtain the time cost of
the online evaluation of a"B(x) we need to add assembling and solution of the online system,
which gives @ (Ngiv (N23 Qmic)* + (N, (Ngv + Qmes))?) in total. The total time cost of the
online stage of the reduced basis three-scale method is thus

O (Nmac(NE (N2 Qmic)* + (Npvos (NEIM + Qmes))?))-
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6.4.2 A priori error estimates

In this section we show well-posedness of the RB three-scale numerical method presented
and derive a priori error estimates. We follow the a priori error analysis from section 6.3.2
and take into account the additional approximation techniques: reduced basis and empirical
interpolation method.

Let us start with the micro scale. It was shown that the micro problem (6.30) and its discretiza-
tion (6.40) are well-posed (see (6.37), (6.39), and (6.48)). It was shown under rather general
assumptions on the micro geometries that the permeability tensor b° is uniformly bounded
and elliptic (see (6.17)) and the same is true for b for sufficiently small h, (see (6.55)). More-
over, both b° and b’ are symmetric.

Lemma 6.4.4. Suppose that the assumptions of Lemma 6.3.1 hold. Then there exists C > 0 such

that for any x € Q x Y we have

d
2(m+1 [, ,
1°) = bl = C| B0+ 3 N0~ Ul )
i=

Proof. We use the triangle inequality
I16°(s) — RB(9) g < I1B°(s) — b"2(s) g + 16" (s) — BB (9) Il

and apply Lemma 6.3.1 and the a priori error estimates in output of interest from Lemma 4.2.10.
O

By Lemma 6.4.4 and (6.55) we see that if the error of the RB approximation is sufficiently small,
then we can conclude that bRB is also uniformly bounded and constant, that is, there are
constants 0 < A, < Ay, (denoted similarly as in (6.17), for simplicity) such that

PRB(9)E-E= AplE7,  IDRB(9)E| < Aplél,  VEeR?, VseQxY. (6.90)

bRB

Furthermore, by symmetry of Ap;c, the tensor is also symmetric.

Similarly as in section 6.3.2 we conclude from (6.90) and (6.2) that ,BRB(S) is bounded, and
positive definite, that is, there are constants 0 < Ax < Ag (denoted the same as in (6.18), for
simplicity of notation) such that

BRB(x, »E-E= AxlEP, 1888 (x, )&l < Aklél,  VEERY, V(x,y) € Qx Yp. (6.91)

bRB

Since is symmetric then ﬁRB(s) is symmetric too. Furthermore, there is a constant C >0

that depends only on Ag and Ak such that

18" (s) — BRB(S) Il < L™ () - BRB(s)IF  VseQx Yp.
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Finally, consider the EIM approximation of ﬁRB that we denoted by ﬁEIM and defined in (6.86).
The bound (6.87) is a priori valid only on the EIM training set. Assuming that (6.87) is valid
for all (x,y) € Q x th, it can be derived from (6.91) that ﬁEIM is also uniformly elliptic and
bounded for a sufficiently small tolerance egp. Hence, there are constants 0 < Ax < Ak (using
the same notation as in (6.18), for simplicity) such that

LM (x, )E-E= AklEl?,  1BM™M(x, p)El < Aglél,  VEERY, V(x,y)eQx QM.

Consequently, the meso problem (6.82) is well-posed, that is, there are constants 0 < Ajpes <
Ames (using the same notation as in (6.38), for simplicity) such that for any x € Q we have

_ Anes (U, V; x) Ambs (U, V; x)

inf sup Umes—’v' > Ames, SUP sup Umes—’v' < Ames. (6.92)
vex vex's, 100t IV, vexvexn 101X IVl

U#£0  VZ£0 U#0  V#0

Hence, the RB method at the meso scale is also well-posed and the macroscopic permeability
a®® (x) is well-defined in (6.88). Since ™ is symmetric it is evident that A™M is symmetric
R

and thus a®B is symmetric.

Lemma 6.4.5. Suppose that (6.92) and the assumptions from Lemma 6.3.2 hold. Then there is
C > 0 such that for any x € Q) we have

d . .
la®x) - a®® @) lp < C [ R2%D + max 182 (x, y) - BM(x, )l + Y IULS, —UESI% |
yeQm i=1

Proof. The triangle inequality gives
la®(x) — a®B () Ik < 1a®(x) — a®™M @) I + 1 a"™M (x) — a®B () |15

Using Lemma 6.3.2 for the first term and the a priori error estimates in output of interest from
Lemma 4.2.10 for the second term gives the desired result. O

For sufficiently good RB and EIM approximation and sufficiently small &, and h; we get that
RB js uniformly elliptic and bounded. Thus, there are constants 0 < A1, < A, (denoted as
in (6.24), for simplicity) such that

a

aRB(x0)E-E= 41812, 1a%B(0)E < Aylél,  VEeRT vxeQ. (6.93)

This leads to the first global a priori error estimate.

Lemma 6.4.6. Suppose that (6.93) and the assumptions of Lemma 6.3.3 hold. Then there is
C > 0 such that

1P’ = "Ry < C(H’ + 1= 71 12y + 18711 2 (ya max [ a® (x) — a™B(x) ||F).
xeQH
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Proof. The proof follows the lines of the proof of Theorem 3.2.2. O

Finally, we propose a fully discrete a priori error estimate.

Theorem 6.4.7. Suppose that assumptions of Lemma 6.4.6, Lemma 6.4.5, and Lemma 6.4.4
hold and thatfe H' (Q)?. Then there is a constant C > 0 such that

d
0 H,RB 1 2(k+1) 2(m+1) i,s ,$2
1P’ =Pl < ClH +h{"™"" + ki + max ) UZ-Uply,
seQHxQM j=1

d
RB EIM i,x 1,52
+ max ()= (9) g+ max ) UG, —Ugsly |
seQxQMm xeQfi=1

Proof. The proofis a direct application of Lemma 6.4.6, Lemma 6.4.5, and Lemma 6.4.4. The
regularity of f allows the estimate [|f— || ;2 )« < CH L a

In Theorem 6.4.7 we resolved the errors coming from the FE discretization of the macro, meso,
and micro problems but we left the error terms stemming from the RB and EIM. If the training
sets of the offline algorithms include all the quadrature points, we get an estimate

! 2(k+1) 2(m+1)

1p° = p™ B @ = C|Npgc + Npes”  + Nt + (eR8 )2 + e + (85392 ) (6.94)

where we used the degrees of freedom instead of mesh sizes as in (6.77). Let us remind that in
the online stage of the reduced basis three-scale method we can only change the macroscopic
mesh (H or Nnae) and the number of RB functions used at the meso scale, where we are
limited from above by the maximum achieved in the offline stage. All the other parameters
in Theorem 6.4.7 or in (6.94) have to be fixed in the offline stage. If the Kolmogorov n-widths
of the mesoscopic and microscopic solution manifolds decay exponentially, then so are the
mesoscopic and microscopic RB errors.

6.5 Numerical experiments.

In this section we test the proposed reduced basis three-scale method and study the effect of
different parameter choices on the global error.

Implementation. All experiments were performed on a single computer with two 8-core
processors Intel Xeon E5-2600 and 64 GB of RAM with Matlab R2015b. The finite element
code is inspired by [44, 19] and it uses vectorization techniques to achieve fast assembling.
Sparse linear systems are solved by the Matlab routine mldivide. Linear systems with the
same positive definite matrix representing the inner product on X}, are solved repeatedly in
the offline algorithms. We optimize this by precomputing a sparse Cholesky factorization
(Matlab routine chol). Generalized eigenproblems from the SCM method were solved using
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the Matlab package bleigifp [98], which implements a block, inverse-free Krylov subspace
method. Linear programming problems from the SCM method are solved by the Matlab
routine linprog with the default settings.

Macro scale. We consider the macroscopic domain Q = (0,2) x (0,3) with periodic boundary
between the bottom edge (0,2) x {0} and the top edge (0,2) x {3} and Neumann boundary
conditions elsewhere. The macroscopic force field is constant f = (0, —1). The macro geometry
and the coarsest macroscopic mesh are both shown in Figure 6.4.

|

Q In

Figure 6.4 - Macroscopic domain Q with the direction of the constant force field f (left) and
the coarsest macroscopic mesh 9 that we consider (right).

Meso scale. To describe the porosity at the meso scale we define the reference meso geome-
try (Yg, Yp) and the mapping ¢mes. Let

Yp ={ye Y; max{|yil,1y21} <1/8 or |y11>3/8 or |y,| >3/8}

as is depicted in Figure 6.5. The fluid part is then the complement Yy = Y\ Yp. We define ¢mes
implicitly by describing the local mesoscopic domains Ylj‘ = (Pmes(x, Yp) and YFx = (Pmes (X, YE).
For any x € Q let Y7 be such that the outer layer is unchanged but the the inner square is
moved so that it is centered at the point with coordinates [ (x), 2 (x)], where

) 1 . (nxl +27rx2)
X) = —sin| — ,
H1 8 5

3
) 1 . (nxl 271')62)
X) =—sin|— —
e

The mesoscopic domain Y can be divided into 6 subdomains as is shown in Figure 6.5 and the
deformation @mes(x,-) : Y — Y can be defined so that it is affine in each of these subdomains.
It is important that |u; (x)| < 1/4 and |u2(x)| < 1/4 so that this deformation is not degenerate.

Micro scale. To describe the porosity at the micro scale we define the reference micro
geometry (Zf, Zs) and the mapping ¢nmic. We define Zg and the coarsest micro mesh 3, as is
depicted in Figure 6.6. We define ¢, implicitly by describing the local microscopic domain
Zli = Pmic(s, Zp). It is shown in Figure 6.6 how Zr can be divided by two horizontal and two
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0407
0 Z ° A/8, '
g ; 1 6 [ 2|4 [ |0 fs 11/8 Pmes(t)
% Z 3 JU7Y 0 - emm—
A E
Nies =685 : -

Figure 6.5 — From left to right: the coarsest mesoscopic mesh 973 ; division of Y into six
regions such that ¢es is affine in each of them; reference mesoscopic domain (Yp, Yr); local
mesoscopic domain (Yy', Y) that is obtained by applying ¢mes.

vertical lines. For any s = (x,y) € Q x Y the fluid part Z; can be obtained by simply moving
these lines so that the geometry is stretched or contracted in the directions z; and z; as is
shown in Figure 6.6, where the deformation is controlled by

1 . (nxy 271xp

px,y) = E sin T - cos(21yo),
(6.95)

1 . (nxy 21x
Ho(x,y) = —sin|— — +2my1 + 271y |.

12 2

Hence, Zr can be divided into 8 regions such that ¢nic(s,) is affine in each region.
6 7 8 - N
1/6 1/6 + o () ek
4 > —1/6— pip(s) et
1 2 3 Pmic(s,*)
_
Niic = 1468 -1/6 1/6 ~1/6— 1 (s)
1/6+ py(s)

Figure 6.6 — From left to right: the coarsest microscopic mesh 97, ; division of Y into eight
regions such that ¢ is affine in each of them; reference microscopic domain (Z, Zg); local
microscopic domain (Z, Z3) that is obtained by applying ¢mic.

Fine scale solution. For an illustration of the three-scale porous media that we just defined,
we plot in Figure 6.7 the solution p®*2 to the fine-scale problem (6.5) with €; = 1/4 and
&2 =1/32. This solution was obtained numerically using a mesh with 908252 nodes, which
yielded 7777418 DOF with 22/ 27! finite elements.

Offline computation. We now provide a step by step description of the application of the
reduced basis three-scale method to a test problem. We describe the choice of the various
parameters and illustrate how they influence the error.

The offline part of the three-scale method is performed in the bottom-up manner, starting with
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Figure 6.7 — A solution p®!#2 to the fine-scale problem (6.5) with €1 = 1/4 and €, = 1/32.
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the micro scale. The microscopic geometry is described in Figure 6.6 and its parametrization
is given in (6.95). The coarsest micro mesh that we consider is in Figure 6.6(left) and using
92|27 finite elements gives Npjc = 1468. Using the technique from section 4.6.2 we created
refined micro meshes depicted in Figure 6.8.

Ninic = 3054 Ninic = 6711 Ninic = 13279 Ninic = 24652

Figure 6.8 — Graded microscopic meshes and the corresponding number of DOF of the micro
problems when discretized with 92%/2?! FE.

To apply the RB method at the micro scale we need an affine decomposition of the micro
problem. Since the deformation function ¢ satisfies Assumption 6.4.1 such a decompo-
sition is available via (6.78). We can symbolically reduce this decomposition to size Q4 = 12
and Qg = 4. The same random sample of parameters EISISICV' = Ef‘nl?c < Q x Y was selected for
both offline SCM and RB algorithms. The sample size was set to 1282 and the offline SCM
stage (Algorithm 4.2.6) was executed with egcm = 6 = 0.5. Instead of a tolerance for the a
posteriori error estimator, we stopped the offline RB stage (Algorithm 4.2.4) when we reached
the number of RB functions equal to 50. In the experiments we will then vary the size of the

RB denoted by N = N = NXB < 50.

Having completed the offline stage on the micro scale, we now have a fast online evaluation
of bRB(s) for any s € Q x Y and we continue with the meso scale offline computation. The
mesoscopic geometry deformation and the coarsest meso mesh are depicted in Figure 6.5. We
will consider also finer meso meshes that are obtained via uniform refinement and shown in
Figure 6.9.
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Nimes =2737 Nimes = 10945 Nmes =43777

Figure 6.9 — Uniformly refined meso meshes and the corresponding number of DOF of the
micro problems when discretized with 2#2/27! FE.

Affine decomposition of the meso scale is achieved by two means, as described in section 6.4.
We consider the modified meso problem (6.82) with the bilinear form AE{Q/SI defined in (6.81)
and the linear form G/ .. The first part of Apes (denoted by ASkes) and GI . give an affine
decomposition as in the micro scale because the meso geometry deformation ¢, satisfies
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Assumption 6.4.2. The second part of Apes (see (6.81)) comes from the EIM applied to SR8
as shown in (6.86). In the offline EIM stage (Algorithm 6.4.3) we select random training sets
=ZEIM < 0 and ZEIM < Q' of size at most 4096. We repeat the offline EIM cycle for 100 iterations
and in what follows we denote by Ngp\ the size of the EIM basis that we use (IVgpv < 100). The
size of the meso affine decomposition is then Q4 = 16 + Ngpy and Qr = 4.

With an affine decomposition of the meso problem (6.82) we can continue with the RB offline
computation (Algorithm 4.2.4) at the meso scale. Since the variation of the inf-sup constant
is minimal, we used a constant estimate instead of the SCM algorithm. A random sample of
parameters ZR5 < Q) was selected with sample size 128%. We performed the offline greedy
algorithm until we reached the number of RB functions equal to 50. In the experiments we

will then vary the size of the RB denoted by N = N, = NAB < 50,

mes

Let us remark that the micro mesh, micro RB size, meso mesh, and the size of the EIM are
fixed in the offline stage and can be changed only by running the offline stage again. The size
of the meso RB (not exceeding the maximal size that was computed in the meso RB offline
stage) and the macroscopic discretization can be freely changed in the online stage.

Reference solution. We are not aware of any three-scale locally periodic porous media with
an explicitly known macro solution p° or tensors a° or b° in a closed form. Thus, whenever
we compare to p° in numerical experiments, we use a fine numerical approximation of p°.
This reference solution is obtained by the reduced basis three-scale numerical method with
the parameters described in Table 6.3.

micro mesh (DOF) | Npjc = 212267 micro FE | 2%/ 2!
micro RB size N; =N =50

EIM size NEIM =100

meso mesh (DOF) | Nyes = 700417 meso FE ‘ P2 | op!
meso RB size Ny =N>=50

macro mesh (DOF) | Nyac =442944 macro FE ‘ 3

Table 6.3 — Parameters of the three-scale reference solution.

Numerical tests. In the online stage we used macroscopic mesh from Figure 6.4 and its
uniform refinements. We tested 22!, 222, and 2?2 macroscopic FE but in the experiments
below we show only results with 22 and 222 to monitor the saturation of the error with micro
and meso parameter variation.

In Table 6.4 we define micro and meso parameters of a solution that will be taken as the
starting point of the following experiments. Each time we will vary one of the parameters
and see how it influences the macroscopic error with 22 and 22 macroscopic FE. In all the
experiments we observe (see Figures 6.10-6.14) that the macroscopic error converges as N;lé/cd
when the meso and micro errors are negligible. For larger values of N,,ac the macro error
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saturates and this saturation level depends on the varying parameter. This corroborates the a
priori error estimate of Theorem 6.4.7.

micro mesh (DOF) | Npjc = 24654 micro FE ‘ P2 | p!
micro RB size Ny =N, =20

EIM size NEIM =50

meso mesh (DOF) | Nies =43777 meso FE ‘ p? |l
meso RB size Ny =N, =20

Table 6.4 — Micro and meso parameters of the most preciseRB solution considered.

In Figure 6.10 we show how the micro mesh influences the accuracy of the three-scale method.
All the parameters from Table 6.4 are fixed except the micro mesh (Npjc), which varies over the
meshes from Figure 6.6(left) and Figure 6.8. The following experiments are of similar nature.

In Figure 6.11 we show how the size of the micro RB influences the accuracy of the method.
All the parameters from Table 6.4 are fixed except for the micro RB size eril]fc that varies over
values {4,8,12,16, 20}.

Let us now discuss the effects of changing the mesoscopic parameters. The influence of the
mesoscopic mesh is shown in Figure 6.12. We select the meso meshes from Figure 6.5(left)
and Figure 6.9 while the other parameters from Table 6.4 are fixed.

The influence of the size of the EIM for %P used at the meso scale is depicted in Figure 6.13.
The parameter Ngpy is chosen from the set {10, 20,30, 40, 50}.

Finally, the effect of the size of the meso RB size is depicted in Figure 6.14, where NX5_ are
chosen from {4,8,12,16,20}.

These five experiments shows that the error is influenced by all parameters and they should
be carefully selected to achieve good accuracy and performance. Moreover, except the size of
the meso RB that we use, all the other parameters have to be fixed in the offline stage of the
three-scale method.
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Figure 6.10 — Error saturation with respect to the micro mesh variation.
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Figure 6.11 — Error saturation with respect to variation of the micro RB size.
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Figure 6.12 — Error saturation with respect to the meso mesh variation.
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Figure 6.13 — Error saturation with respect to EIM size variation.
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Figure 6.14 — Error saturation with respect to variation of the meso RB size.
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7d Conclusion and Outlook

7.1 Conclusion

In this thesis we have first studied a two-scale model for Stokes flow in locally periodic porous
media that is based on the homogenization theory. We analyzed the well-posedness of the
system and provided criteria that ensure uniform coercivity of the effective permeability.

We proposed a two-scale numerical method (DS-FE-HMM) based on the model problem. This
method can be applied to arbitrary porous media (no locally periodic structure is needed),
where the fine scale geometry of the medium is known. This method allows higher-order finite
element methods on both micro and macro scale and its time cost does not depend on the
smallness of the porous structure. The method was analyzed and a priori error estimates were
derived. Three error sources were identified that were denoted the macro, modeling, and micro
error. The macro and micro errors are stemming from the macro and micro discretization and
are bound to the macro and micro mesh size, respectively. However, the convergence rates
with respect to the mesh size is usually not optimal due to low regularity of the macro and
micro problems. An adaptive mesh refinement method was proposed that uses residual-based
a posteriori error estimates on both micro and macro problems. This adaptive technique was
tested in two and three-dimensional experiments and we demonstrated its efficiency and
accuracy.

We next addressed the bottleneck of the DS-FE-HMM, which is the large number of micro
problems to solve. A new two-scale numerical method was proposed (RB-DS-FE-HMM),
where the micro problems are mapped into a reference geometry and solved approximately
with the Petrov—Galerkin reduced basis method. The RB-DS-FE-HMM requires that the micro
problems are parametrized, e.g., as in the locally periodic porous media. The a priori error
analysis was derived and three sources of the error were identified: macro, micro, and RB error.
A posteriori error estimates at the macro scale allowed an adaptive macro method to achieve
optimal macro error. To reduce the micro error we provided a practical approach to construct
graded micro meshes. The numerical experiments showed the accuracy of the method and an
improvement in terms of time cost with respect to the DS-FE-HMM.
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In order to keep the possibility to use higher-order methods and general micro and macro
geometries but also allow a conservative macroscopic approximation, we introduced and
analyzed the discontinuous Galerkin RB-DS-FE-HMM. The symmetric interior penalty dis-
continuous Galerkin FEM with numerical quadrature was used as the macroscopic solver. A
prior error analysis has shown that the method is well-posed for a sufficiently large penalty
parameter.

In the last chapter we introduced a three-scale model for Stokes flow in locally periodic porous
media. This model was discretized and a three-scale numerical method was derived and
analyzed. Due to the large number of meso and micro problems, this method is inefficient
or even infeasible, especially for three-dimensional problems. Thus, a reduced basis three-
scale numerical method was proposed, where the RB method was used to approximate
both the micro and meso calculation. To couple efficiently the micro and meso scales, the
empirical interpolation method was used at the meso scale. Several numerical experiments
were conducted to assess the sensitivity of the method with respect to the various meso and
micro discretization parameters.

7.2 Outlook

The numerical methods developed in this thesis can be seen as a foundation for many interest-
ing extensions and applications. It would be of great interest to use the presented microscopic
strategies with a time-dependent macroscopic solver. In the current settings, the efficient
permeability does not change with time and it has to be computed only once, before the
time integration takes place. Another interesting topic consists in generalizing our method to
more accurate microscopic model. Homogenization theory is available for the Navier—Stokes
equation in porous media and it can be used to derive two-scale method with non-linear
micro problems. Non-linearity at the micro scale will provide new and interesting challenges
in analysis and implementation Ultimately, one could couple fluid flow with porous media
deformation (local and/or global) and create interesting multi-physics models. We think that
in all these suggested generalizations, the reduced-order modeling will play a crucial role to
provide an efficient method.

Last but not least, numerical methods are developed to be used on real scientific or engineering
problems. There is a variety of applications where the presented numerical methods and
their derivatives can be applied and tested. We mention the fluid dynamics in brain, biofilm
dynamics in porous environments, textile modeling and optimization, etc.
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