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Abstract
Given a planar domain €2, we study the Dirichlet problem

—divAx,VV)=f in <,
v=0 on 982,

where the higher-order term is a quasilinear elliptic operator, and f belongs to the
Zygmund space L(log L)5(|og log log L)g(Q) with 8 >0and § > %

We prove that the gradient of the variational solution v € W&'Z(Q) belongs to the
space L(log 1)~ (log loglog L)#(£2).
MSC: Primary 35J62; secondary 35B65

Keywords: gradient regularity; quasilinear elliptic equations; Zygmund spaces

1 Introduction
In this paper we consider the following Dirichlet problem on a bounded open set  C R?
with C! boundary:

—divA(x, Vv)=f inQ,
v=0 on 0€2,

1.1)

where f belongs to the Zygmund space L(log L)’ (loglog logL)g (2) with 8 >0 and § > %
We prove that the distributional gradient of the unique solution v € Wé’z(Q) to (1.1) satis-
fies |Vv| € L2(log L)*~1(logloglog L)# ().

Here A : Q x R? — R? is a mapping of Leray-Lions type [1], that s,

A(-, &) is measurable for all £ € R?, and
(1.2)
A(x, -) is continuous for almost every x € Q.

Moreover, we assume that there exists K > 1 such that, for almost every x € €2 and for any
£,neR?
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(i) |AGE) - Al n)| <K|& -1l
(i) 1§ -nl* < K(A(x,§) - Alx,n), € - n), (1.3)
(iii) A(x,0)=0.
In [2], under assumptions (1.2) and (1.3), the authors proved the existence and unique-
ness of the solution to the Dirichlet problem with f € L'(R2) in the grand Sobolev space
Wé’z)(Q). Precisely, Wé’z)(Q) is the space of functions v € W&‘l(Q) whose gradients belong
to the grand Lebesgue space L?(2) (see Section 2 for a definition).
Nowadays, a vast literature is available dealing with several types of a priori estimates
on the gradients of solutions to equations of this kind; see, for example, [3-5].
We are interested in cases where the solution is the variational W"2(Q) solution. The

minimal assumption on f that guarantees this is f € L(log L)% (€2). This follows by the em-
bedding in the plane (see [6, 7], and [8])

Wé’z(Q) — exp,(2)

and by the duality relation (see [9])
((exp,)(@)' = LllogL)* ().

In [10], the authors interpolate between the data spaces
L(logL)?(Q) and L(logL)(<2).

To this aim, the following estimate was proved for 0 < 8 <1:

”VV"LZ(logL)B(Q)SC([(nB)”f” B - (14)
L(logL) 2 ()

When f belongs to the Zygmund space L(logL)% (log logL)g(Q) for 0 < B <2, the unique
solution v to the Dirichlet problem (1.1) satisfies | Vv| € L%(loglog L)?(2) with the estimate

IVVIi200g10g 1yf () = C(Krﬁ)”f”m g (L5)

OgL)% (loglogL) 2 ()

(see [11]). This generalizes a result of [12] obtained for 8 = 1.

Starting from the results of [11], in [13], the authors of the present paper prove an ana-
logue of the previous result when the critical Zygmund class L(log L)% (€2) is perturbed in a
weaker way, namely with perturbations of order logloglog L. Precisely, in [13], it is proved
that if 8 > 0, then

||VV”L2(logloglogL)/3(Q) < C(K, ,B)HfH (L.6)

1 g -
L(logL) 2 (logloglog L) 2 (2)

The aim of this paper is to extend the results of [13] to the case f € L(logL)’(loglog x
logL)g (2) with 8 >0 and § > %, that is, to prove the following:
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Theorem 1.1 Let A = A(x,§) satisfy (1.2) and (1.3), and let $ > 0, § > % Then, if f €
L(log L)’ (logloglog L)g (S2), the gradient of the unique finite energy solution v € W&’z(Q) to
the Dirichlet problem (1.1) belongs to the Orlicz space L*(log L)**'(logloglog L)? (2, R?),
and the following estimate holds:

VY L2108 £)25-110g loglog 1) (2R2) < C(K, B,8) |lf||L( g

log L)% (logloglog L) 2 (S2) )

In order to prove this theorem, we will find an integral expression equivalent to the
Luxemburg norm in the Zygmund class (see Theorem 3.1), which is based on a method
recently introduced in [14, 15].

We note that our method allows us to prove estimates (1.4) and (1.6) for any 8 > 0

(in particular, see Lemmas 2.3 and 2.4).

2 Preliminaries
Let © be a bounded domain in R”, n > 2. A function u belongs to the Lebesgue space
LP(2) with 1 < p < oo if and only if

1

2
lullriey = (f |u|”dx> < +o0,
Q

where f, = Ilﬁl Jo

Now we recall some useful function spaces slightly larger than the classical Lebesgue
spaces.

2.1 Grand Lebesgue spaces
For 1 < p < 00, let us consider the class, denoted by LP(Q), consisting of all measurable
functions u € (), ., L7(€2) such that

1
o) e
sup {8 7[ ’u(x)’p E} < +00
O<e<p-1 JQ

which was introduced in [16]; L”(2) becomes a Banach space, the grand Lebesgue space

LP(Q), equipped with the norm

1

1 —e | ¢

lull o)y = sup sp{][wx)!“} :
Q

O<e<p-1

Moreover, ||u]|p)q) is equivalent to

1
sup {sf’u(xﬂps}p .
O<e<p-1 Q

In general, if 0 < o < 0o, then we can define the space L*P) () as the space of all measurable
functions u € ()< - (2) such that

o
Il ooy = sup {e? lullpe} < +oo.
O<e<p-1
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2.2 Orlicz spaces

Let 2 be an open set in R” with n > 2. A function @ : [0, +00) — [0, +00) is called a Young
function if it is convex, left-continuous, and vanishes at 0; thus, any Young function ¢
admits the representation

t
CD(t)=/¢(s)ds fort >0,
0

where ¢ : [0, +00) — [0, +00) is a nondecreasing left-continuous function that is neither
identically equal to 0 nor to co.

The Orlicz space associated to ®, named L®(S2), consists of all Lebesgue-measurable
functions f : 2 — R such that

/@(Mf|)<oo for some A = A(f) > 0.
Q

L®(R2) is a Banach space equipped with the Luxemburg norm

|Wmmﬁm4%iA®QVD§4.

Examples of Orlicz spaces:

(1) If d(t) = ¢ for 1 < p < 00, then L*() is the classical Lebesgue space L?(S2).

(2) If ®(¢) = t*(log(a + t))? with either p >1and g € R or p =1 and g > 0 and where
a > e, then L?(Q) is the Zygmund space denoted by L?(log L)?(2).

(3) If ©(t) = t*(log(a + t)) (logloglog(a + £))7? with either p>1and q1,qo e Rorp=1
and q1,¢> > 0 and where a > e, then L2(Q) is the space
LP(log L)% (logloglog L)72(2).

(4) If ®(s) = ¢ —1and a > 0, then L*(R) is the space of a-exponentially integrable
functions EXP,(2).

We denote by exp,(€2) the closure of L*°(£2) in EXP,(€2).
The Young complementary function is given by

b= [ o ds,
® A¢ (s)ds
where

¢7'(s) = sup{r: (1) <s}.

Moreover, the following Holder-type inequality holds:

‘ / fx)g(x) dx
Q

for f € L®(Q) and g € L®(Q).
Definition 2.1 A Young function & satisfies the A,-condition (¥ € A,) if
D(25) < CD(s)

for some constant C > 2 and all s > 0.
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By the Riesz representation theorem, if ® and ® belong to the class A, then the dual
space of L*(Q) is L*(Q).

Now we recall the explicit expression of the duals of some Orlicz spaces (see [17-19]).

Theorem 2.1 Let Q C R” be an open set. If 1 < p < 00 and q,q1,q2 € R, then
+ (L(ogLY(Q) = 1 (log L) 71(9),
o (LP(logloglog L)1(S2)) ’:“Lp/(loglog logL)_%(Q),
o (LP(log L) (logloglog L)72(R2)) = LP/(log L)_K?Tll (loglog logL)_Pqul (),
where p' is the conjugate exponent of p, that is, % + % =1
Ifp=1and q>0, then
o (L(logL)1(2)) = EXP% (€2).

Given two Young functions ® and W, we say that ¥ dominates ® globally (respectively

near infinity) if there exists a constant k > 0 such that
d(t) < W(kt) forall £> 0 (respectively for all ¢ > ¢, for some £, > 0);

moreover, ® and W are equivalent globally (respectively near infinity, ® = W) if each dom-
inates the other globally (respectively near infinity). If ® and U are the complementary
Young functions of, respectively, ® and W, then ¥ dominates ® globally (or near infinity)
if and only if ® dominates ¥ globally (or near infinity). Similarly, ® and ¥ are equivalent

if and only if ® and W are equivalent. We have the following result.

Theorem 2.2 The continuous embedding LY (Q) < L®(Q) holds if and only if either ¥

dominates ® globally or V dominates ® near infinity and Q2 has finite measure.

Finally, we recall the definition of the Orlicz-Sobolev spaces W¥ (Q) and W&"I’(Q) (see
[20-23]). The space W¥(Q2) consists of the equivalence classes of functions u in LY ()
whose distributional gradients Vu belong to LY. This is a Banach space with respect to

the norm given by

lellwrw ) = Nl @) + VUl v q)-

Asin the case of the ordinary Sobolev space, W&’q’ (€2) coincides with the closure of C5°(£2)
in W (Q).

2.3 Orlicz-Sobolev imbeddings

Sl

Lemma 2.3 Let ®(¢) = exp{tiﬁ} —1with B €eRand§ >0. Then

(log(e+log(e+t))) 28
- B
d(f) = t(logt)’ (logloglogt)Z. (2.1)

Proof Since @ is a Young function, by definition we have

o(f) = /0 () ds,
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where ¢ is equivalent near infinity to

14 1

3 BssL ]
5(loglogs)%  26(logs) - (loglogs) 51

D(s) - [

For large s, we have

1
531

3(loglogs) 5

and we will prove that, near infinity,
o(s) = O(s). (2.2)

We begin with the case § < 1. Then we can state that there exists ¢ > 1 such that

1 1 1
S s3 $3
exp{—ﬂ } < exp{ 5 } . 5
(loglogs)2s (loglogs)2s J §(loglogs)2s

1
cS)3s

- {(mglog(cs))fa }

Similarly, in the case § > 1, there exists ¢ € (0,1) such that

(cs) 3 s 51
S R
(loglog(cs)) 2 (loglogs)2s J §(loglogs)2

sb
cf )
(loglogs)2s

Hence, (2.2) is proved, and then it is not difficult to check that

¢71(r) = (logr)®(logloglog r)%.

By the definition of a complementary Young function, for large y, we obtain that

5 y
D(y) = / o) dr §y(logy)‘3(log log logy)g.
0

Given a Young function W such that

r
/0<\D(r)>dr<oo,

we define @ : [0, +00) — [0, +00) as

®(s) = W o Hy'(s) fors>0, (2.3)
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where H,'(s) is the (generalized) left-continuous inverse of the function H, : [0, +00) —
[0, +00) given by

' )
Hy(r) = (/0 (W) dt) for r > 0. (2.4)

In [24] and in [25], the author showed that @ is a Young function and that the following
Sobolev-Orlicz embedding theorem holds:

lullLo@) < CliVullLy g

for every function u in the Orlicz-Sobolev space W¥ (). As an application, we prove an
embedding theorem, which can be regarded as an extension of Lemma 2.4 in [13].

Lemma 2.4 Let Q C R? be an open bounded set with C' boundary. Consider the Young
function

W(t) = t2(log £)* (logloglog £)
with f € R and § > % Then
W (Q) — L*(Q),

where

B
@(s) ~ es%(loglogs) 28 . (25)

Proof By (2.4) we have that

" (log ) (logloglog)f ,\?
Hy(r) = (/ (log?) ((Zg oglog?) dt> = (log )’ (log log log r)g.
0

Moreover, as shown in the proof of Lemma 2.3, the inverse function H;(s) is equivalent
near infinity to

1 _B
esﬁ (loglogs)™ 28

By (2.3) we obtain that

5 B

~ 25%(Iog10gs)725 i - £\1-26 1 -L\-8
d(s) T e (s? (loglogs)™2) " (loglogs? (loglogs)™27)

1
53 (loglogs)™ 28

~

B

2
(4 )
and we conclude that

W (Q) — L*(Q). O

Remark 2.5 The previous lemma for § = % and B8 = 0 was proved in [6, 7], and [8]. The
case B=0and > % is proved in [26].
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3 Equivalent norm on the Zygmund spaces L9(log L) (logloglog L) # (2)
The main tool of this section is to obtain an integral expression equivalent to the Luxem-
burg norm in L9(log L) (logloglog L)~#(Q) with 1 < g < 00, 8 > 0 and y > 0.

If f is a measurable function on €2, we set

£0 7
-1 q
||lf|||Lq(logL>V(logloglogw‘(n):{ /0 &’ ”f”msaoglogl@gL)-ﬂ(sz)dE} : (.1)

Here gy €]0,q — 1] is fixed.
For B8 =0, (3.1) becomes

£0 q
”lﬂ”Lq(logL)*V(Q) = {/ Ey_luf”Zq—s(Q) dé‘}
0
as in [15].

Theorem 3.1 We have f € Li(log L) (logloglog L)~# () if and only if

”lf'”Lq(logL)*V(logloglogL)*f’(Q) < +00.

Moreover, ||| - lllzagog 1)~ (logloglog )-# () IS @ norm equivalent to the Luxemburg one, that is,
there exist constants C; = Ci(q, 8, €0), i = 1,2, such that, for all f € L1(logL)™" (loglog x
log L) (<),

Cl”f”Lq(logL)‘V(logloglogL)‘ﬂ(Q) = ”lfl”L‘i(logL)‘V(logloglogL)‘ﬁ(Q)
< G lf laog )7 ogloglog £)~# (<)
Proof 1t is easy to check that [[[f Il agogz)- (ogloglogr)-#(c)» defined by (3.1), is a norm on

Li(log L)~ (logloglog L) #(R).
Moreover, for any measurable function f and for a.e. x € Q, if a > ¢, then we have

14 (a+1f1)" <19 <297 [a? + |f1%(a+ If]) "],
and so we deduce

[f|‘1(a + [f|)78 (logloglog(a + [f|))7'3 < [flq_g(logloglog(a + [f|))7ﬁ
<217 a +|f|"(a + |f]) ]

x (logloglog(a + [fl))_ﬁ.

Integrating over €2, we get
][ If19(a +1f1)"" (logloglog(a + [f|))_ﬂ dx
Q

q-¢
= ”f' L1-¢(logloglog L)=# ()

< 20140 4 9a-1 ]é If19(a + If1) " (logloglog(a + If1)) * .
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Then we multiply for ¢! and integrate between 0 and &, to obtain:
£0
/ o7l I:][ If19(a +1f1)"" (logloglog(a + [f|))_5 dx:| de
0
0 oy
= A " ”f“Lq‘ (logloglog L)~ () de
8())/ ¢o - -B
<0 140%0 2q—1/ g’ [][ [f17(a + |f1)~" (logloglog(a + |f])) dx:| de.
0 Q

14

Thanks to Lemma 4.3 of [11], used with the choice b = a + |[f|, we obtain that there exist

two constant C;, Cy, depending only on y and &, such that
G ][ If14(log(a + |f])) " (logloglog(a + [fl))_ﬂ dx
Q

€0
-1
= A " ”f”Lq‘ (logloglog L)~ (2 )d{;‘
<G [1 + ][ If19(log(a + |f1)) " (logloglog(a + [f|))_ﬁ dx]. (3.2)
Q
If |||_f|||Lq(loglog1ogL)—ﬁ(Q) is finite, then since
”fHLq ¢(logloglog L)=F ”f”Lq ¢(logloglog L)=P () +1

by the first inequality in (3.2) we get that f € Li(log L)~ (logloglog L)~# (). Moreover, if

”lf'”Lq (logL)~Y (logloglog L)~A(Q) = 1, then
][ f19(log(a + |f1)) " (logloglog(a + [f|))_ﬂ dx < Cs,
Q
where Cs is a constant independent on f. By homogeneity, for any measurable f, we get

"f”Lq (logL)~Y (logloglog L)~# () = C3|”f|”L‘1 (logL)~Y (logloglog L)~ ()"

Before proving the converse, we recall that

A
0 sup 16 g ”f”Lq“’ (logloglog L)~ () = C4”f”Lq(logL)*V(logloglogL)*/’(Q)' (33)
<0 <gq-

Indeed, if we fix @ > e** and proceed as in Lemma 1.2 in [16], using the Holder inequality

and the inequality
log*(a +t) < A*(a +¢t),
we obtain

/Q [f197 (log log log(a + Lf|))_ﬂ

ﬂ(q o)

)5

/ If17-° (log log log(a + 1)) "
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IA

[ If19(logloglog(a + |f]))* ] T
o (oga+f))

a

) [/ (logloglog(a + lf'))(_m@)g (log(a + |f1)) V(’{,”)T
Q
= [ [f1*(logloglogla + |f1)) } '
“la (oglar )

(g-0)

X [(@) 6 /Q(l"gl‘)gloz‘é(ﬂ+ )G Lfl)]%

ik r(g-o) .
|f1?(logloglog(a + lf”)ﬁ]q[(y(q—o)) - ]q
= [./sz (log(a + |f]))” pu /Q(ﬂ +[f1)

Hence, elevating both sides of this inequality to the power q_% and then multiplying both

of them by o 7o , we deduce

|:<7V/Q[f|q‘a(logloglog(d+lﬂ)),3:|q}0

- [ |f19(logloglog(a + |f]))™*
T L/e

% 2 . v Yo Yo
(log(a + |f1))" (@l + If o) @y (g —0) 0T,

and passing to the supremum with respect to o € (0, — 1], we get formula (3.3) with

b J - Yy _Ye
Co=y1 sup {(alQl+|fllne) @ (q-0)ToT }.
0<o<g-1

If f € L9(log L) (logloglog L) #(2), that s, if

”f”Lq (logL)~¥ (logloglog L)~A(R) < (3.4)

by (3.3), then there exists a constant Cs independent on f such that

_r
”f”L‘I‘E(log]oglogL)’f‘(Q) = C5‘9 e ”f”Lq(logL)*V(logloglogL)*ﬁ(Q)' (35)
By (3.5) we get
|Lf”Lq ¢(logloglog L)=F ”f”Lq €(logloglog L)=P () ”f”Lq ~¢(logloglog L)~#(R2)

= C6”f| L9~ g(logloglogL) B Q)”f”Lq (logL)~7 (logloglog L)=A(Q)* (3-6)

Hence, by (3.2) we obtain that [|f|ll .¢gog 1) (ogloglog 1)-#(e) < +0°- Indeed, if

"f”Lq (logL)~Y (logloglog L)#(Q) = L

by (3.6) and (3.2) we get

I 1l 22 to0g )~ togt0gl0g 1) £ (2) < C7»
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where the constant C; is independent on f. By homogeneity we conclude the proof, ob-

taining

I 1l 2 to0g ) togtoglog 1)~ () < C7If | 24(10g £)~7 og log l0g 1) A () - O

4 Proof of Theorem 1.1

In this section, before proving Theorem 1.1, we state a regularity result for elliptic equa-
tions with right-hand side in divergence form. For convenience of the reader, we recall
Theorem 3.1 of [2].

Theorem 4.1 Let A = A(x,§) be a Leray-Lions mapping that satisfies (1.3). Then there ex-
ists oo = 09(K) > 0 such that, for |o| < oo and X, x, € L1272 (Q;R?), each of the two prob-

lems
divA(x, Vo) = div in Q,
( 12—({)71) % (1)
¢1 € Wo‘ (Q))
divA(x,V =div in Q,
( 12i2) = (4.2)
(DRSS W(), (Q)1

has a unique solution and
Vo1 = Vsl 20 < C(K)”&l — X, 2o ()
where C(K) > 0 depends only on K.
Theorem 4.1 allows us to prove the following:
Theorem 4.2 Let A = A(x,&) be a Leray-Lions mapping that satisfies (1.3). Then, if y >0

and B > 0, for i = 1,2 and for any x, € L*(logL)" (logloglog L) (2 R?), there exists a
unique solution ; to the Dirichlet problem

divA(x, V) = divL, in 2,

0 (4.3)
g e Wy (€2).
Moreover,
IVer = Vel 120g 1) oglogiog ) (2) = CllX, = X, 22 (10g 1) (log og log 1) () (4.4)

where C = C(B,y,K) > 0 is a positive constant that depends on the parameters K, 8, and y .

Proof By Theorem 4.1 there exists a positive constant oy = o (K) such that if |o| < oy,
then for i =1,2 and for any y, € L?7°(Q;R?), problem (4.3) admits a unique solution ¢; €
W™, and

Vo1 = Vall2-o ) < Clix, = x, 20 @) (4.5)

where C = C(K) > 0 is a positive constant that depends only on the parameter K.
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If y >0 and B > 0 are fixed, using Theorem 3.1, we obtain
2
Ver - Ve, ”Lz(logL)*V(logloglogL)*ﬁ(Q)
2
< Cl(ﬂ’ V) |||V(/’1 - V(pZ |||L2(]0gL)‘V(logloglogL)‘ﬂ(Q)

€0
= Cl (ﬁ’ V) / 81/71 ||V‘/’1 - V‘/’Z ||i2‘€(logloglogL)‘/3(Q) de.
0

For B = 0, by Theorem 4.1 we get

€0
”V(Dl - V§02 ”iz(logL)*V(Q) =< Cz()/,K) /0 8)/71 ”LI - LZ ”iZ—S(Q) de.
If B > 0, then with a suitable choice of 14, by Theorem 3 in [13] and Theorem 4.1, we get

2
VoL = Ve, ”Lz(logL)*V (logloglog L)~ ()

£0 )
<G(B.y) / el [ / (L+log|logl) " (x[logAl)
0 0
=
X V1~ Va5 g dx} de
£0 ) _p1 4
< C4(,3,J/,K)/ s}’l[/ (1 +10g|10gk|) (MlogM)
0 0
2
2—¢ >
X ”&1 _i2||L2‘5‘)‘(Q) d)‘i| dé‘
< Cs(B,v,K) ey 2 d
= L5 ,3) Y o 3 ”él éz”LZ*g(loglog]ogL)*ﬁ(Q) E.
Using again Theorem 3.1 in the last term, we have

2
Ver - Ve, ”Lz(logL)‘V(logloglogL)‘ﬁ(Q)
2
E CS(ﬂ’ V;I<) |||£1 - LZ |||L2(logL)’V(logloglogL)‘ﬂ(Q)

2
=GBy, Klix, - x, 172 10g 1) (tog loglog L)-B (2)° O
Now we are in position to prove the main theorem.

Proof of Theorem 1.1 Since LE’(Q) = L(logL)’(loglog logL)g(Q) is a subspace of
L(log L)% (R)ifB>0and s > %, we can ensure (as already observed) that (1.1) has a unique
finite energy solution v € W().

In order to prove Theorem 1.1, we want to apply the regularity result given by The-
orem 4.2. To do this, as already showed in the papers [10, 11, 13], and [12], we need to
linearize problem (1.1). We will use a linearization procedure introduced in [27] that pre-
serves the ellipticity bounds.

For shortness, we do not give all the details of the linearization procedure, and we refer,

for example, to proof of Theorem 1.1 in [11]. So we know that there exists a symmetric,
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definite positive, and measurable matrix-valued function B = B(x) such that
A(x, Vv) = B(x)Vv.

Then, the unique finite energy solution v € W&’Z(Q) of (1.1) with f € La(Q) solves also the
following linear problem:

—divB(x)Vv=f in g,
v=0 on 0%2,

(4.6)

that is,
/B(x)VVW =/f<0, Vo € Wp?(Q). (4.7)
Q Q

The case § =0 and % < § <1 has been proved in [10].
The case >0 and § = % has been proved in [13].
Now, if 8 >0and § > %, then we fix x € CY(Q) such that

”&”H(logL)*(Z‘s*U(logloglogL)’ﬁ(Q;R2) <L
and we consider the unique finite energy solution ¢ to the linear Dirichlet problem

—divB(x)Vp =divy in€Q,
¢=0 on 092,

where B(x) is the matrix given by the linearization procedure. By Theorem 4.2 we have

” V(D ”L2 (log L)=(23-D(logloglog L)~# (2)

< C(B, 8’I()”l”LZ(logL)_(Z‘S—])(]og10nggL)—ﬂ(Q) < C(B,8,K),

and so, using Lemma 2.4, we obtain

el eq < Ci(B,8,K), (4.8)
1 _B
where ®(s) = ¢ (glog9) ¥ "and C(B,K) is another constant depending only on 8, 8,
and K.

Thanks to the fact that v satisfies the linear problem (4.6) and that B(x) is a sym-
metric matrix, using Lemma 2.3 and the Holder inequality between the complemen-
tary spaces L*(2) and L®(Q), by (4.8) we obtain that, for any x € C'(Q;R?) such that

”l”LZ(logL)‘(25‘1)(logloglogL)‘ﬂ(SZ) = 1, we have

/Vv-x‘z /vdivx
Q - Q -

= /vdiv(B(x)Vw)’:
Q

/B(x)Vv . V(p'
Q
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‘/f‘/" <GB, )lellelfl
Q L(

B
2

log L)% (logloglog L) 2 (£2)

IA

GBI,

B (4.9)
ogL)®(logloglogL) 2

(@)

where C,(8,8,K) is a constant that depends only on 8, §, and K.

By Theorem 2.1 the dual space of L*(logL)~**D(logloglog L)~#(R2) is L*(log L)*~! x
(logloglog L)# (Q).

Now, since C}(Q;R?) is dense in L?(log L)~**D(logloglog L)#(Q) (see [20], Theo-
rem 8.20 and [23], Corollary 5), passing to the supremum in (4.9) under the conditions

l S Cl(ﬁ; Rz), ”l”Lz(]ogL)*(%*l)(logloglogL)*/’(Q;]R% <1,we obtain

Vv - <c(B,8,K )
I ||L2(logL)2‘s L(logloglog L)A (Q2) = (/3 )|[f||L(logL)5(logloglogL)g(Q)

as desired. O

Remark 4.3 In [27], it was proved that the linearization procedure holds in any dimension
with the following ellipticity bounds:

&7 + |A(x,§)|2 = (K+ I%)(A(x,%‘),%‘), §eR" aexeQ.

We would like to point out that the linear growth of A(x, &) with respect to & is absolutely
essential for the previous results. The main difficulty with the #-harmonic-type equations
(n #2) is due to the lack of uniqueness for very weak solutions.
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