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Abstract We construct families of integrable systems that interpolate between
N-dimensional harmonic oscillators and Neumann systems. This is achieved by studying
a family of integrable systems generated by the Casimir functions of the Lie algebra of real
skew-symmetric matrices and a certain deformation thereof. Involution is proved directly,
since the standard involution theorems do not apply to these families. It is also shown that
the integrals are independent.
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1 Introduction

The theory of integrable systems is a time-honored subject going back to the founders of the-
oretical mechanics. They are very important because, in principle, the differential or partial
differential equations describing them can be solved and because they are key systems around
which many other dynamic and geometric phenomena can be studied, such as perturbations,
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bifurcations, stability, numerics. In addition, integrability for systems on symplectic or Pois-
son manifolds is characterized by the Liouville-Mineur—Arnold Theorem (see, e.g., [1,4,5])
which states that on a generic leaf of the Poisson manifold, the given Hamiltonian system
has half the dimension many integrals that Poisson commute and whose differentials are
linearly independent on an open dense set. Many examples of integrable systems are known
and have been studied in detail, both in finite and infinite dimensions. The usual approach is
to prove involution of the integrals by means of some general involution theorem (such as the
Adler—Kostant—Symes theorem [2,7,18], the R-matrix method [17], the method of shifted
invariants [10,11], the Thimm method [6,19], or by the use of bi-Hamiltonian structures
[9,16]. If these methods do not apply, reduction methods could be employed (for example, in
the Calogero and Moser—Sutherland systems [8]), or one is left with the task of a direct proof.
The second step in showing that a system is integrable is the proof of the independence of
the differentials of the integrals on an open dense set. No general methods are known for this
and, with the exception of some algebraic geometric methods that also give the linearization
of the flow (see, e.g., [3] and references therein), the proof of independence has to be done
on a case by case basis.

In this paper we study a family of systems that interpolate between harmonic oscillators
and Neumann systems in arbitrary dimensions on a specific symplectic leaf in the dual of the
Lie algebra of skew-symmetric matrices viewed as upper triangular matrices endowed with
the “constant coefficient” Poisson bracket. The idea of considering these systems comes from
[14] who studied similar systems in the complex setting and for matrices with a different
internal structure. It is remarkable that for the systems we consider, even though they are
induced from Lie—Poisson systems, the general known involution theorems do not apply to
our knowledge, so we give a direct proof of involution. It turns out that we need two families
of functions in order to build a complete set of integrals: these are the usual ones given
by traces of powers and a new family of quadratic integrals. We consider two families of
integrable systems: one induced from the Lie algebra of real skew-symmetric matrices, the
other one from a special deformation of this Lie algebra. The generic independence of the
differentials of the integrals of motion is proved by a direct verification.

The paper is organized as follows. In Sect. 2 we determine the symplectic leaf of the
“constant coefficient” bracket in the space of upper triangular matrices. Then we construct
the first family of integrable systems, a hierarchy generated by the Casimir functions on
the dual of the Lie algebra of skew-symmetric matrices and certain quadratic functions. A
very particular case of this family is the harmonic oscillator. In Sect. 3 we construct another
hierarchy of functions in involution generated by the Casimir functions on a special Lie
algebraic deformation of the space of skew symmetric matrices and the same family of
quadratic functions. A special case of these systems is the classical Neumann system. The
involution of the integrals of both families is proved in the respective sections. Section 4 is
devoted to the proof of independence of their differentials on an open dense set of phase
space. Several examples are discussed throughout the paper.

2 Hierarchy Generated by Casimir Functions of so(n)
2.1 A Symplectic Leaf

Let £ be the vector space of strictly upper triangular (n x n)-matrices. Relative to the
non-degenerate pairing
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(x,p) =Tr(px), p €Ly, x €so(n), 2.1

the space £ is the dual of the Lie algebra so(n). We shall write a general element p € £

as
A B

p= (0 5) , (2.2)

where A € gl(2, R) and Ce gl(n—2, R) are strictly upper triangular and B € Mats  (,—2)(R)

(the vector space of 2 x (n — 2) real matrices).
Thus, if f € C*°(L4), we have

aof  of
9 A
of _| 94 9B | (2.3)
op |\ _ O o
aBT aC
-~ ~ ~ T
where A=A—A",C=C—CT,and % = (%) . Having Lie algebra so(n) with dual
L one defines the Lie—Poisson bracket on C°°(L;) by
af dg
{(figh=Tr|p| = =) fgeCT(Ly). (2.4)
dp dp
For any fixed po € £, the Poisson bracket
af og
{f’ g}2 =Tr (,00 |:8777i|)! fvg ECOO(L-'F) (25)
o dp
is compatible with the Lie—Poisson bracket. In what follows we shall choose
Ao O
po = ( 0 0) : (2.6)
where the 2 x 2 matrix Ag is given by
~ 01
Ap = (0 0) . 2.7

A simple calculation shows that the Poisson bracket (2.5) can be written in the form

0 0 0 d
(f.gh=Tr (—fA 78 %8y —f),

- 2.8
BT "398 94 Y54 (2.8)

where Ag = Zo — Zg. The matrix %Aog—ﬁ is antisymmetric because A and Ag are (2 x 2)
antisymmetric matrices (and these always commute). Therefore,

_ af g
{f. gh(B)=Tr (WAOE) ) (2.9)

Thus, we can think of this bracket as being defined on C*° (MatzX (n—2) (]R)) ,1.e., the injective
smooth embedding
A B

(Matay(n—2)(R). {,}2) > B+— p = (0 5) €Ly, {, 1),

with A € gl(2,R), C € gl(n—2, R) strictly upper triangular fixed matrices, is Poisson. Since
Ay is invertible, the Poisson bracket (2.9) is also invertible, i.e., it is a symplectic form on the
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2(n — 2)-dimensional vector space (Matzx(n_z) ®R), {, }2). We have proved hence the first
statement in the following result.

Proposition 2.1 The 2(n — 2)-dimensional vector space (Matgx(n,g) R), {, }2) is a sym-
plectic leaf of the Poisson manifold (L4, {, }2). The vectors in R"~2 representing the two
lines of the matrix B give global symplectic coordinates.

Proof Let B € Matay (u—2)(R) haverows p = (p1, ..., pa=2), 4 = (q1, ..., qn—2) € R" 2.
A direct verification shows that the Poisson bracket of f, g € C* (Matzx(,,_z) (R)) given by
(2.9) has the expression

“(af dg  of ag)
api dq;  9q; dpi )’

fghB.d=).

i=1
i.e., it is the canonical bracket on R"~2 x R"~2, ]

2.2 The First Family of Functions in Involution

Next, we show that the Casimir functions
H(B) =Tr (7). keN, p=p—p = (_j;T g) (2.10)

of the Poisson bracket (2.4) are in involution with respect to the Poisson bracket (2.9). Since
the derivative of Hy is DH = Zkf)/lk“ , we get

0 Hy

K _4kp, - lp 2.11
9B +0 ( )
d Hy ~2k—1

— L —4kP_ P 2.12
aBT 1Y + ( )

respectively, where P, P_ are the orthogonal projectors given, in block matrix notation, by

P+::(é 8), P,::(g 2). (2.13)

A direct calculation, using Py + P_ =1, PLP_ =0, P_%_ = Py, and Pl="pP_, yields

0 Hy, 0 Hj oy ]
{Hk, Hl}2 =Tr (a‘ﬁAOaiB) = —16kl Tr (Pf,OZk 1P+A()P+,O21 1P7)
=—mun(ﬁ””mAwqﬁ“”)+muﬂ(mﬁ”4mAmuﬁHPQ
-0, (2.14)

because the matrix in the first term is antisymmetric and the matrix in the second term, as a
product of three antisymmetric 2 x 2 matrices, is also antisymmetric.

‘We obtain a hierarchy of Hamiltonian equations generated by the Hamiltonians Hy, k € N,
for the Poisson bracket (2.9), namely

0B JdHj,
= Ag -k

2 . 2.15
i V9B (2.15)
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The Hamiltonians for k = 1, 2, 3 have the expressions

H =TrA>+TrC>—2TrB'B, (2.16)

H, =TrA*+TrCc* —4Tr A’BBT —4Tr C’B" B (2.17)
+2TrBB'BB' —4Tr ABCB',

Hy;=TrA°+TrCc® —TrA*BBT —6Tr C*B" B
—2TrB"BB"BB"B+6TrA>BB"BB" +6TrC’B'BB"B —
—6Tr A>BCB" —6TrCB"AB —6Tr A>BC?>BT +3TrABB' ABB"
+3TrCB"BCB "B+ TrABB'BCB' + TrABCB"BB'. (2.18)

For these Hamiltonians, the equations of motion are

OB _ _4aoB (2.19)
o 00, .
0B _ (2 2 T
o = 8(a’A0B — ABC* + AgBB' B +aBC), (2.20)
2
9B
o =12 (—a4AoB — AgBC*— AoBBTBBT B — 2a*A¢BBT B+
3
+A9BC*BT"B + AgBB"BC? — a®>BC +aBC> + a*A¢gBC? —
—aBB"AB + AgBCB"BC —aBB"BC + AgBB" ABC +
+AgBCB"TAB —aBCBTB), (2.21)
respectively.

2.3 The Second Family of Functions in Involution

This hierarchy has an extra family of integrals of motion in involution given by
S¢(B) := Tr (BCZI‘_IBTAO) , keN. (2.22)

To prove involutivity, note that

00k a4;

8,8} = T Ao
{8k, 01} = r(aBT BB)
— 4Tr ((AOBCZI"I)TAO(CZI’IBTAO)T)

— 4Ty (CZk 1BTA3BC2- ‘) 4Ty (c“’ 18T AgBCKH~ ‘) =0, (2.23)

because AJ = —1 and the matrix C*+'=1 BT Ao BC**!~! is antisymmetric.

2.4 Involution of All Functions

Finally, we prove that 6; commutes with H;. This will be done in two steps. First, we prove
a following recursion formula. Since C = P_pP_, BT =—P_ p Py, and A(z) = —1, using
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the relations P + P_ =1, Pf = Py, P2 = P_,and P.P_ =0, we get forany k,! € N,
k>2,

95k IH, 2k—1pT 42 ~21 1
S, Hi)y = T Ao —8IT (c BTAZP P )
{8k, Hi}o r(aBT aB) r

—8ITr ((P,ﬁp,)%—1 P,ﬁmﬁﬂ—l)

— —8ITr (P_pP_ (PP 2P 5P 7~ ‘)
— _8ITr P_,5P_)2k’2P_,5P+]62l’1)
81T (P B (PP 2P 5P, 52 1P+)

(
(7
(
= -8 Tr(
(P3P 5P 7~ PP o))
(
(7
(-7

(P_FP_)*2pP_jp, pZI)

+81Tr

—8ITr (P_5(P_pP_)*35P, ~2’)

—8ITr (p(P_pgP)*3pP_ pP+p2’)+81Tr (P+p(P_,oP k3 p_5P, p21P+)

+81Tr ((Pﬁ&)(hﬁh)“*(& PP Py))

e D) l
= —8ITr (c2<’< D=1l AZp, p20HD lp_) = m{ak_l,H,H}z. (2.24)

because (P4 pP_)(P_pP_)?*=3(P_pP,) is an antisymmetric 2 x 2 matrix and P, 5% P,
is a symmetric 2 x 2 matrix. Note that many times we used the fact that a trace is invari-
ant under cyclic permutations and the matrix (P_pP_)" "' p Py 2" ' PLp(P_pP_)""is
antisymmetric. Second, we show that §; commutes with H;:

{81, H}, = =8I Tr (CBTAZ 2-1p_ ) — _8ITr (P—5P—5P+,52l_1)

—81Tr (pP_pP+p2[ 1) + 81 Tr (P+,0P_pP+p21 1P+)
— 8 Tr( +p21) _8ITr ((P_5P+)52’—1(P_5P+)T)
_8ITr (pP+p ) F8ITr ((P+5P+)(P+521P+))

—8ITr (P+521+1P+) —0, (2.25)

because (P_p Py)p2~ 1 (P_pPy) T isantisymmetric, Py p Py is antisymmetric and Py p% P
is symmetric, and Py p ptl P is antisymmetric.

Formulas (2.24) and (2.25) immediately imply that {6x, H;}» = O for any &,/ € N. Thus
the family of functions {H], 8 | k,! € N} are in involution.

The candidates for the independent integrals depend on whether n is even or odd. If n =
2p+1,wetake Hy, ..., Hy, 81, ..., 8,1 as the system of integrals in involution. Hence we
have 2p — 1 = n — 2 integrals in involution. If n = 2p, we take Hy, ..., Hy,_1,81,...,8p—1
as the system of integrals in involution. Hence we have 2p —2 = n —2 integrals in involution.
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Example 2.2 1In this example we consider the case when p is 3 x 3-matrix and assumes the
form

0 a pi
p=| —a 0 q]. (2.26)
-1 —q1 O

The Poisson bracket (2.9) becomes

af o af o
{f, gh(p1,q1) = 97 9 _ 3 B (2.27)
dp1 dq1  9dqy dpy

for any f, g € C°°(R?). In this case we have only one Hamiltonian

Hi = —2(a*+ pl + 4D, (2.28)
which generates Hamilton’s equations for the harmonic oscillator

ap1

el {p1, Hi}2 = —4qu, (2.29)

9q1

T = (g1 Hi = 4p1. (2.30)

Example 2.3 In this example we consider the case when p is 4 x 4-matrix and assumes the
form

0 a p1 p2

~ —a 0 q @
= . 2.31
p -1 —q1 0 ¢ (2.31)

-p2 —q2 — 0
The Poisson bracket (2.9) becomes

af dg  of dg  Of dg  Of og
{f.ghpig)=7—"">—-——"—r>"+——"F — —— (2.32)
dp1dq1 0dq10p1  9p20q2  9q2 9p2

for f, g € C®°(R*). The integrals in involution are

Hi= 2@+ +pl+p3+4a} + 4, (233)
31 = 2c(p2q1 — p192)- (2.34)

Hamilton’s equations for H; give again the equations for the harmonic oscillator.

Since p € so0(4), the last invariant is the Pfaffian (the square root of the determinant),
which for the writing (2.31) equals ac + p2q1 — p1g2 = ac + 2%81, i.e., the Pfaffian is equal
to 81 up to multiplication and addition with constants. If we take Hy = 2(a% + ¢* + p% +
p% —|—q12 +q§)2 —4(ac+ prqi — p1g2)* = %le — (Zac + %81)2, the same situation occurs:
H, is a function of Hj and §;.

Example 2.4 In this example we consider the case when p is a 5 x 5-matrix and assumes the
form

0 a p1 p2 p3
—a 0 q q ¢
p=|-r1 —q1 0 —c3 c2|. (2.35)
-p2 —q2 ¢3 0 —c
-p3 —q3—c2 ¢ O
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As usual, (2.9) is the standard Poisson bracket

3

af 9g  9df dg

{f. gh(pi,g) = ( ————) (2.36)
; opi dq;  9q; dp;

for f, g € C®(R®). The integrals in involution are

Hy = =2(@ + ICI + 1517 + 13117, (2.37)
1 N o o R _112

H2=5H12—4(§-C)2—4([5-C)2—4H—aC+q><p , (2.33)

81 =—2C- (G x p), (2.39)

where 5 = (p1. 2. 3), 4 = (q1.¢2.¢3), and C = (c1, 2, c3). Hamilton’s equations for
H; are

ap | . o2\ 2 - . o S
B—I;28(—§H1q—(q~C)C+pX(p><q)—aC><p), (2.40)
0q . S

3 Hierarchy generated by Casimir functions of so.(n)

In this section we consider some deformation the Lie algebra so(n) and the hierarchy gener-
ated by the Casimir functions for this deformation.

3.1 The Deformed Lie Algebra

Consider the deformation of the Lie algebra so(n) given by

0 ea €p
—a 0 G |esocn), e,acR, p,geR'"™2 Cesoln—2). (3.1)
-p' —q" C
Since
0 €ay €p 0 €ar €py
—ai 0 g1 |, | —a 0 7
-pl -4, Ci -py -4 C
0 €(p2-q1 — p1-q2) €(a1G2 — axgi + p1Ca — paCy)
—(p2-q1 — p1-q2) 0 €(ap1 —aip2) + 1C2 — q2Cy

= — (@192 — a2q1
+ p1Cr — p2C1) " — (e (@pr —a1pa) € (P, P1— P{ P1) + 345 @1
+§1C2 = §C)) " —G; g1 +1[C1, Ca]
it follows that the set of elements of the form (3.1) is a Lie algebra relative to the standard
matrix commutator. This was proved in [13] in a more general situation. The space £ is

also dual to the Lie algebra so, (n) by the pairing given by the trace of the product of matrices
(2.1). Thus C*° (L) is endowed with the Lie—Poisson bracket

af o
{(fighe=Tr (p [a—f —gD , (3.2)
p dp
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where
0 6% € gl
o [ _u oo i 3.3)
J0 da ! 9 ) )
p of _of of

apT gl aC

It easy to see that if € = 1 then the Poisson bracket (3.2) coincides with (2.4). If € = 0, the
Poisson bracket (3.2) coincides with the Lie—Poisson bracket on the dual of the Euclidean
algebra se(n — 1). Considering the second compatible Poisson bracket associated to (3.2) for
the constant matrix pg given in (2.6), we obtain the Poisson bracket (2.9).

If p € L4, define

0 a p
Pei=| —za 0 G |esoc(m
_EPT _qTC

It is easy to see that the elements of the form p, are characterized among the matrices in
sl(n, R) by the condition

Pen +np =0, (3.4)
where
€ 00
n:={0 10 (3.5)
0" 071

3.2 The First Family of Functions in Involution

Let us show that the Casimir functions of (3.2) (see [13])

>\ 2k
0 a p
Hie = e~ Tr,?);zk =k Tr —%a 0 g¢q , keN, (3.6)
_1=T _é’T C

€

are in involution with respect to the Poisson bracket (2.9). We begin by noticing that if

Pe € s50¢(n) then Z)’Sk’l € 50 (n). Indeed, since
pe=—np.n"", (3.7)
we get
T
] e I (3.8)

which means that ,Bfk_l € 50¢(n). The even powers of pe are deformed symmetric matrices,

i.e., they satisfy the conditions
-
pn —n (pfk) =0 (3.9)

as an easy verification shows.
Now we prove that {Hy ¢, H; ¢}2 = 0. Since

dH, 1 -
N (6 (])) P2 P, (3.10)

0B
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O Hy ¢

g = Ake kp_p=tp,, (3.11)

substitution in the Poisson bracket (2.9) yields

aHk’GA 0H) ¢
9BT """ 5B

1
— 16kl Ty (P p2=1p, Ag (6 (1)) P+;5§’—1P,>
7k 1 -1
E

+16kl Tr (P+p2k 'p, (_0l (1)) P pA- 1P+)
€

1 ~
16kl (Tr (_Ol O) P+p€21+2k—2P+)
€

+16kl Tr (P+ﬁ§k—lp+ (_0l (1)) Py pA- 1P+) =0. (3.12)
€

{Hye, Hye}o =Tr (

= — 16kl Tr

The first summand vanishes because it is the product of two 2 x 2 matrices, one of them a
deformed antisymmetric matrix and the second a deformed symmetric matrix

01 bc lc d
1 1 = 3.13
——0J\ =cd _i PR (3.13)
€ € c c
and hence the trace vanishes. The second summand vanishes because it is the product of three
deformed antisymmetric 2 x 2 matrices.

3.3 Involutivity of the Full Set of Functions

In addition to the involutive family of integrals Hy  we have the involutive family of integrals
8k given by (2.22), as we have seen in §2. Next, we prove that §; commutes with H; .. Indeed,

{81, Hicho = Tr 00, O g (epTaz (20 P 2P
1, Helo = SpTA g o\g )PP

— 8l Tr (P_ﬁe P_p. P 2! P_)

—8l€' Tr (55 P_p- P+b“3’*‘) + 81 Tr (P+ﬁ€ P_p. Py p+)
—8l ’[T (NP ~21)_T (P =~ p =p )—T (P = p S-1p = p )]
€ I'\ Pe L P T\ Py pebpc 4 T | P_pe Pyp; '\ Pe P_

—8le! Tr (ﬁsmﬁfl) — 8l Tr (P+~2’+1 ) —o. (3.14)

In the proof we used the following properties:

1. in the third equality we used the identity

0 .
BT (0 1) = —P_p.Py; (3.15)
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2. the matrix P_p, Py p2'~! P, p. P_ is antisymmetric because it is of the form

o 0 5 1 fre e
(équT)(_lcg)(f;)=—gc(qu—qu); (3.16)
€

3. the matrix Py p. Py ,5;21 P is a product of a deformed antisymmetric and a deformed
symmetric matrix like in (3.13) which has zero trace.

Next, we show that {§x, H ¢}» = 0. Indeed,

00k o0H ¢
Tr [ 295 po 2220
1”(aBT 9B )

1
= —8l' Tr (c” 1BTA?(O ?) PP )

{0k, Hie}2

—8le! Tr ((P pe PP P 2P )
— 81Ty (P P,(P,z);P,)2’<—2P,;>;P+5§’—1P,)
- —8lelTr( L(P_p. P 2p_p P g2 ‘)
481 Tr (P+,66 P_(P_j.P_)*2p_p. P+5621’1P+)
— 81Ty ((P_ 5.P)2p 5, P+ﬁ§l)
+81€ Tr ((P_peP+>(P+p” "PL) (P e Po)(P_pe Py~ 2)
— 8Ty (P,,’Eg(P,,?); P35, PH?)?)
— 81Ty (@(P_ﬁg p2*=3p_ 5, P+/73’)
181l Tr ((P+,Z)} P_(P_p.P)*3p_p, P+) P2 P+)

CADNEPYE ((P—ﬁe p_y2k=D-1 P_55P+ﬁ€2(z+1)71)

1
= -8l Tr (c2<k—1>—13TAg (6 (1)) p+5€z<z+1>—1p_)

l
= —{6k_1, H, . 3.17
(l—i—l)e{ 1, Hip1,e)2 (3.17)

In the seventh equality we use Tr ((P—pe P1) (P02 ~! P1)(Pype P-)(P-pe P-)*72) = 0,
because the matrix (P—_p Py)(Py+ ,?);21 1 P1)(Pype P,) is antisymmetric (like in (3.16)) and
the matrix (P_p, P_)*=2 = ¢%*-2js symmetric. In the ninth equality, we use the vanishing
of the trace of the matrix (P4 pe P—(P—pe P-)** 3 P_p P;) Py p2! P, . Indeed,

— Pefe P_(P_pcPO)* P P_p. Py = (’;) CH*3 (T q")
FCH3FT pe2k=35T
pC pC q
= (i G2k 3 GO~ 3~T) (3.18)
is deformed antisymmetric and Py 52 P, is deformed symmetric, like in (3.13).

Equations (3.14) and (3.17) show that {6x, H; <}» = O for all k, [ € N. Thus the family of
functions {H ¢, 6 | k, I € N} are in involution.
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The candidates for the independent integrals depend on whether n is even or odd. If

n = 2p+ 1, we take Hi,..., Hp¢,81,...,8p—1 as the system of integrals in invo-
lution. Hence we have 2p — 1 = n — 2 integrals in involution. If n = 2p, we take
Hie,....,Hp 1¢,81,...,8p—1 as the system of integrals in involution. Hence we have

2p — 2 = n — 2 integrals in involution.

Example 3.1 For k = 1, 2 the Hamiltonians Hy ¢ are

Hic=—-2(a®+1p1* +€ldlI*) + € Tr C? (3.19)
Hye = 2a* + > Tr C* 4+ 201 pII* + 26211 11* + 4a* (111> + dea’ (|G )12
+4e (P -§)> +8eapC - § — 4€>GC? - § — 4epC? - p. (3.20)

Let us consider the case when p is 5 x 5 matrix, so p, § € R3,

0 —c3 o
C = 3 0 —c1 | €50(3),
-y C 0

and define C := (c1, ¢2, ¢3). Thus, Tr C2 = —2||C||2, Tr C* = 2||C||*,§C = G x C, and
ic:= (¢ q)e-|e[ s
The integrals (3.19) and (3.20) have thus the form

Hye = =2 +€|CI>+ 151% + €ldI®), (3.21)

1 L o L = N R R 2
Moo= S HE, —de (e(q O+ (502 + ”—aC—l—q x pH ) (3.22)

and we have an additional integral in involution
81 =—2C- (G x p). (3.23)

Combining the Hamiltonians H; ., H> . with §;, we find that the three following functions

are also in involution

1

2
1 oo 1 o o 1 o L

hae = EG(Q-C) +§(p-C) +§||61XP|| (3.25)

hi.e (1517 + €llg?) , (3.24)

and 1. Hamilton’s equations for A, . are

ap D2\ = o
E-e(an)C—px(pxq), (3.26)
3G AN s . ..
a—z:_(p.c)c—qx(pxq). (3.27)

If we let € = 0 then the functions

(3.28)

I
)1
s
o

hio

R | N
hoo =5 )+ 5 13 Pl (3.29)
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and &7 are also in involution. Hamilton’s equations for /5 ( are

8ﬁ I B - - - - o -

S =P X B =151°G— (5 3) b, (3.30)
ag - 2\ 2 - . -2\ 2 o P
F==(p-C)C-ixGxi=—(5-C)C+G-Di— a5 331

The Hamiltonian /4, o has the symmetry g + ¢ + Ap and p > p whose momentum map is
h1,0 We can perform a Hamiltonian reduction at the value /11 o = 1/2. The reduced equations
of motion are equivalent to the equation of motion for the classical Neumann system. Indeed,
the phase space of the reduced system is T'S2, i.e., it is given by

{xy eR xR | x| = 1,x-y =0} (332)

because the map hlié)(l/Z) 5(p,q) — X,y :={(p,g—(p-§)p) € TS? descends to
a symplectic diffeomorphism of the reduced phase space hfé(l /2)/R onto T'S2. A direct
verification shows that the reduced equations of motion induced by k5 ¢ are

ox
ot

%f =—(x-¢)c- (uyu2 - (x- 6)2) X, (3.34)

i.e., the classical Neumann system equations describing the motion of a particle on S? under
the influence of the quadratic potential %X (C2 + ||6‘||21) - X ([12]; for the N-dimensional

generalization see [15]).
We have three functions /1 ¢, h2 ¢, §1 and we calculate

=Y (3.33)

ahlé =T

— =P, 3.35
opT P (3.35)
ahy, L == - - - L 2= PR Lo
a5t = (- OCT +4" x (57 x@") = G- OCT +1aI*5" ~G- 9", (3.36)
381 AT ST
Tl =-2C xgq . (3.37)

The Jacobian of these functions is given by

J = d (hl,e, hae, 51)
= |zt
=2(3-OCT=G-93") - (b x (CTx3d"))
=2(3-OCT = G-93") - (G-DCT=(F-OF7). 33

Setting the expression in (3.38) equal to zero yields a hypersurface in R® and hence on its
complement, which is a Zariski open set hence dense in RO, the Jacobian does not vanish.
This proves the independence of the functions & ¢, h2 e, 6.
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Example 3.2 In this example we consider the case when p. is 6 x 6-matrix then the Hamil-
tonians exactly have the form

Hie= 2@+ 151> +elgl® + e} + 3+ +cd+c2+ed), (3.39)

1 R PR 1
Hye = SHi —de e+ 3+ +cd + 3+ +eqC?q " + 5 > I+
k#l

et + G+ + G + G+ DIPIP+PC T +elcrcs + 6364—6265)2) . (3.40)
and we have additional integrals in involution
81 =2§Cp', (3.41)
8 =24C°p =2l + A3+ d+ i+ +chHs

0 c6 —C5 C4
—C6 0 3 —C T

+2(c1c6 + €304 — C205)q cs —c3 0 ¢l P (3.42)
—c4 ) —C] 0
where

0 ci ¢y 3

| —a 0 c4 5
C:= ey —cs 0 e | (3.43)

—c3 —c5 —cg O
Ju = aCu + pigx — prai (3.44)

and Cy; is (k, I) entry of the matrix C. Hamilton’s equations for H; . are again connected to
the Neumann model.
Note that

1 3 3 3
H; . = 1 gé HY  + ZGH2,€H1,€

1 2
e |:a(c1c6 + C3C4—CzC5)+§(53 + (c% + c% + c% + ci + cg + cg)Sl)] . (3.45)

4 Independence of integrals

4.1 Independence of the Integrals 61, ..., 8,1
Letn =2p + 1 or n = 2p. We shall prove that the functions i, ..., §,_ are independent.
Note that §; given by formula (2.22) can be rewritten in the form
8(p,q) = —2pC*'g " (4.1)

From the above we obtain

09, R

9Ok _ g1, 4.2)

ap
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The (n — 2) x (n — 2) matrix C is antisymmetric, so it can be presented in the form

0 A .
c:QTDQ:QT(_A 0)Q ifn=2p
0 AO (4.3)
-A 00
0 00

C=0"D0=0" Qifn=2p+1,

where Q € SO(n —2) and A = diag(Ay, ..., Ap—1). Therefore we have
00

87[_5 :2§QTD2k71Q:2VD2k71Q, (4.4)
where v := E]’QT We consider the generic case 0 < Aj < Ay < --- < A,_1. Now we check
the linear independence of 4y, ..., 8,,—1. Suppose

(@1v+oovD* + -+ o, VD) DO =0 4.5)
foraq,...,ap—1 € R. Because
A0
D = (—1)" 0 A2 if n =2p,
A 0 0 (4.6)
DM = (=" 0 A¥™O0|ifn=2p+1,
0O 0 0

if we denote v = (u, w) or v = (u, w, v3), respectively, then the equality (4.5) implies

aja — auA® + - (=P, uA?P =0, 4.7
or in matrix form
uy )\%ul }\%(p_z)ul o3
us Muy ... Ai(pfz)uz _fm -0, (4.8)
Up_1 A%_lup_l )\i(ffz)up_l (—1)1;05[,_1
where u = (ul, e, up,l). Thisis a (p — 1) x (p — 1) linear homogeneous system with
unknowns a1, —a3, @3, ..., (—1)”a,_1. The determinant of this system is
T S Sl
Ug:---- Up—1 LA )\g(P—Z) =up----- Up—1 H ()“5 - )“t2> . 49
N A'i”l )\i&él'—n Isi<j=p-1

Generically, allu; # Ofori =1, ..., p—1, whichimpliesthate; = Oforalli =1,...p—1,
thus proving that 8y, ..., §,_ are independent.

4.2 Independence of the Integrals Hy, ... H)

Letn = 2p + 1 or n = 2p. We shall prove that the functions Hj, ..., H), are independent
(we will consider only the case when € = 1; the proof when the € # 1 is similar). Since Hj
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and % are given by formulas (2.10) and (2.11), respectively, we get
0H,
2K _akplp¥tp (4.10)
ap

where P J_, P_ are the orthogonal projectors given, in block matrix notation, by

100 00[0
pi=|00/0), P-=[000|]. 4.11)
00[0 00[1

The n X n matrix p is antisymmetric, so it can be presented in the form

0 w| 00
~ T 7| w1 0] 00 —
p=R ER=R o ol o0 R if n=2p,
0 0(—-Q0
0 w| 000 (4.12)
—w; 0 000
P=RTER=RT| 0 0] 0 QO |Rifn=2p+1,
0 0|—-Q00
0 0] 00O
where R € §O(n) and Q = diag(w;, ..., wp). Therefore, by (4.10), we have
0H,
T*k = —4kP.RTE*'RP_. (4.13)
p

We consider the generic case 0 < w] < w2 < --- < wp and we write the matrix R inblock
form as

(4.14)

with by = (b11, -+, bip—2).b2 = (ba1, -+ . bap2).,d1 = (di1, -+ . dip—2).d2 =
(d21, cee dgyn_z) and G € gl(n — 2, R). After a simple calculation, formula (4.13) can be
rewritten in the form

d Hy k k k d;
55 =(-1) 4k((—wla2,a)1a1) ds

& k k k k X T
+(=w3bip, —03b1, pyi, ..., —®Lb1 2p—2, 03b11, W3b12, ..., 0,1 p-1)G )

(4.15)

if n = 2p and in the form
9 Hy k k k d;
ﬁ = (-1 4k((—a)1a2,a)1a1) ds

k k k k K k T
+(=w3bip, —w3b1 py1, .., =@, b1 2p—2, W5b11, W3b12, ... @, p-1, 0)G )

(4.16)
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if n = 2p + 1. Assume, generically, that G has an inverse and denote

(3)= () )™

Now we check the linear independence of the differentials of Hj, ..., H), at a generic point
(13> € R*"=2)_Suppose
q
R L R e (4.18)
ap ap P op
For n = 2p, this is equivalent to the linear homogeneous system
" 2p—1 2p—1
a)ld;/ —wbi, dl wzblp ;’ ld” %P lbl,,
w1dy —w3by pi1 w7 d2 7w3b1 p+l a)lp dy — %p b1 p+1
o " .// ..... 2‘ -1 7 271
a)ldp_l —wpb12p-—2 a)?dp_l —wgbl’zpfz .. wép ldp 1 —wpil’ b1ap—2
" " "
a)ld + wabq w?dp-i-w%bll ...wlp dp-i- 2p b1
a)ld 41 + w3byp w?d;+l +a)§b12 w?p ld” 41 +w3 1b12
. S S -
a)]d2p—2 +wpby,p—1 w?de—Z +a);b1’p_1 a)lp d2p—2 +a)pp b1, p—1
Bi
—B2
x . =0 (4.19)
=DPHip,

and if n = 2p + 1 to the linear homogeneous system

" -1 2p—1
a)]d —wby, w?d —wzblp % ld %” lb]p
p—
w1d2 — w3b1 pt1 w?dz - w3b1,p+1 e 11 - w3p b1, p+1
S 2 2p—1 2p-1
a)]dp | —@pb12p—2 a)]dp 1 wgbl,Zp—2 a);p ldp_l 72(1);1) b1,2p—2
a)ldp+w2b|1 a)]dp-l-wgbll ...wlp d +w p b1
" 2p—1 7 -1
a)]dp+] + w3bqn W dp+1 +w3b12 wlp dp+l +w3p b1a
2 ép 1,7 2p—1
wlep 5t wpbi p-1 wld2p 2+w bip—1 ... 0] d2p sty bip-1
2p—1 11
wlep 1 ® d2p ! @) dy,
Bi
—B2
X . =0, (4.20)
(=DPH1B,
" ’ ’ . .
where d; := —axd,; + aid,;. Note that the big matrices have p columns and 2p — 2,
respectively 2p — 1, rows. For the proof, it suffices to show that the p x p determinant
" 3 " 3 2]77] " prl
a)ld}/ — wabyp a)ld}/ — wybyp a)é 1d}/ —a)% 1b1p
w1dy, — w3by pyi w%dz — a)gb]yp_*_] . a)lp dy, — a)3p b1 pt1
.. cee 4.21)
" " 2p—1 1
a)ldp_l —wpb12p—2 w%dp_l — w?,bl,zp,z .. a)lp d | — oy biopa
" " 2p—1 2p—1
wldp+w2bll w?dp-l-a)gbll wlp dp+w2p b1
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does not vanish for generic values of b ;. Operating on the columns gives the determinant

" 2 2p— 2p—3 2
wid; — wabyp (—a)% +a)2a)1)b1p ( w5 +a) )blp

/" 2 2p—1 2p—3
widy — w3by pi1 (—wg’ +a)3w1)b1,p+1 ( w3 + w3 wl)b1,p+1

2p—1 |, 2p-3
oid, | —wpbiapa (—w; +a’pw%) biap-a ... ( Wy’ oy w%) brap—2

2p—1 2p-3
a)1dp + wabq - (—a)g + a)zw%) b1 cen — (—wzp + w, P 2) b1
4.22)
and, assuming that by, # 0 and operating on the rows, yields
" 2p—1 2p-3
wid; — wabyp (—wg + wzw%) b1y L. ( 217 + a)2p w%) bip
" 2p—1 2p-3
wid, — w3by pt1 (w3 +w3w%) bip+1 ... ( o'+ o7 2) by, p+1
...d . . N, . s
o1d, | —wpbrop-2 |0 +@poi)bi2p-2 ... | ~w)p +w, “o7)bi2p-—2
o (d/p+d,) 0 0
(—w%—i—a}zw%) bip (—wgp l 2p 30? )bl,,
3 2 2p— ] 2p 3
= (=), (a’ IIZL +d1) (_‘”3 +“’3w1)b11p+1 (_‘"3 @ )bl p+l1
2p-1  2p=3
(—L()f7 + wpw%) b1,2p—2 e ( a),,p p 2) by 2p-2
—w% + (1)2&)% —a)%p 't w%pisw%
nb " —wd 2 _2p-1 2p-3 2
= (=Pt (dlbi‘f'dl)blp"'bl,z;;—z w3 + w30 ... —wy  toy o]
1p vee iee e
—wf, +a)pa)% —a)ip ! + wf,p 359%
2 2(17 2)
1 w% ... 2( N
" b]] " 1 P
= w| (dl by +dl) bip---b12p—2 ( 5 — a)za)l) (a)p wpa)l) w3
2 A R R
1 a)Z 2(17*2)
=0, (a)% - w%) e (a)?) - w%) H (a)? — w; ) (d by +d; b11,) bi,py1---b1op2.
2si<jzp
(4.23)
Because of the generic choice 0 < w < --- < w), all factors involving the wy are strictly
positive. Thus, assuming the generic conditions by; # 0 forall j = p,...,2p — 2 and
di’bn + dfb] p # 0, this determinant does not vanish.
This proves that the functions Hj, ..., H), are independent.

4.3 Independence of the Functions Hy, ..., Hp,81,...8p—1ifn =2p + 1 and
Hy,...,Hp_1,81,...8p_1ifn=2p

We begin with the case n = 2p + 1 and show that Hy, ..., Hp, 81, ...8,— are independent
functions. As we shall see, we shall use in this proof the separate independence of the sets
of functions {81, ...,8,—1} and {Hy, ..., H,} proved so far. Suppose that

8H1 oH 981 9682 08,1

P
By pa Ly +o o, 20, (424
Br——= ﬁz Bp 5 1ap = o5 Ap-1 o5 (4.24)
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where 28k de is given by formula (4.13) and 3% 24 by formula (4.2). Thisisa (2p—1)x (2p—1) lin-

ear homogeneous system with unknowns B, —B2. B3, .-,
(—I)P_lﬂp, ap, —a2, a3, ..., (=1)Pa,_ given by the matrix
" 2p—1 2p—1 2(p—-2
wid; — wibyp . wlp d, —wzp bip uj A =2,
Z 2p—1 2 2(p 2)
widy — w3by pii W dy — w37 by pt1 7 Ay (- ])DQ(GT)_
2p—1 g 2 - 2(pié>'
a)]dp | —@pb12p—2 ... a)é 10157l prl biop-—2 Up_1 ... )\p71 Up_1
a)]dp + wybg . wlp* dp + w2p7 by w )\Z(p 2) s
wid. .| + wsb wP +a)2p71b w )\Z(p 2)
1y +o3b12 R R 2 % DG
e é I 1 2p-2
w]dzp,erwpbl,pf] P de 2+a)p b1, p-1 Wy ... A (fl )w,, 1
7 2 =
a)1d2p_1 . wl dZ[) 1 0...0

where D, Q are introduced in (4.3) and G in (4.14). We must show that its determinant does

not vanish, generically. Operating on the columns and rows yields

wid| —anbi, ( 0P p i3 2)blp up ... 2207y
widy — w31, pi1 . (—wi" "pwyr? 2) b1 ps1 uy )é“’ 2’ e | CpoeTy
wid, | —wpbi2p-2 .("""zpil o 2) brapa | \pet - 10y
wrdy + wabyy — (2" 0 0?) by w 22Dy,
1y + @b e L I T 200G
wld;,,,Z-&-w,,bl_p_l —( wf,p 1+wf,” -3 l)bhp—l Wy ... Ai(i’l‘2>u;p_l
oidy,_ .0 0...0
w181 — fi —wy? f) fi
w182 — w3 f2 . (*wgp "ol }w%) f 0
—od W18p—1 —0pfp-1 --- (*wip Ty ip ! )fp—l
B wrdy + wabyy —3" " 00 by w 22Dy,
" 2p-1 | 2p-3 32
w1,y +ws3bio —0y" 0" ) bio w2 e )wz »DOGH™!
wld;1172+wl’bl-P*1 ( o oy 1)b1,p—1 Wp—1 - )‘ff(pl 2> -1
w181 — w2 fi —) ™ l? 2) i wi Az(p 2,
2p—1 2p=3 o2 2( 2)
=iy, | TR o o5 d) o S T iDQ(GT)’]
®18p—1 —Wpfp-1 ... (—wi’kl +w§,”73a)%) fpor |1 Wp=1 - )»i(f 2)w, 1
where g; = d + o d -1 fi = b1pti-1 — %bl,i,i =1,...,p — 1 and we required

the generic condmon that all w; # 0. These types of determinants were calculated in the
previous two special cases and shown that they do not vanish, generically.

If n = 2p, the independence of the functions Hj, ...,

similar manner. The relevant determinant is now

Hpy 1,61,...,

8p—1 is shown in a
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" 2p=2) 2(p—2 2p—2

wid; — wabyp wl(p )dl —a)z(p )blp up ... Al(p )ul
" 2(p=2) ;" 2(p-2) 2(p=2)

w1dy, — w3by pt1 RO) d, — w b1 p+1 Uy ... A us —1 _

. 2 e 1. 2 3 P+ 2 (Zk)DQ(GT) 1

" 2(p—2) 2(p—2 2(p—2

wldp_l —wpb1op-2 ... @] 4 )dp—l 7a)pp )bl,Zp—Z Up—1 ... )»pfl )up,l
7 2 p=2) /7 2(p—2 -

wid,, + w2bi wl(p )dp +w2<” b1y wi ... 2Py,
i 2(p=2) ;" 2(p—2) 2(p=2)

wid + w3byn LW d + b1 wy ... A wy 1 _
Pl 1 p+1 3 2 »DOGT)™!
4 2(p=2) ;" 2(p=2) )L2(p*2)

wldzp_z"l‘wpbl.pfl O d2p—2+wl) bl,p—l Wp—1 «- Aply " Wp—1

and the proof proceeds following analogous steps as in the case n = 2p + 1.

Note that there is no contradiction of the independence of the complete set of functions
{Hy,...,Hp—1,81,...8,—1} with the fact that the two sets of functions {Hy, ..., Hy,} and
{61, ...8p—1} are separately independent. As pointed out in examples, H, and the Pfaffian
are both expressible in terms of the other integrals.

Theorem 4.1 The collection of functions {Hy, ..., Hp,81,...8p1} ifn = 2p + 1 and
{Hy,...,Hp—1,81,...8p—1} if n = 2p is an integrable system on the 2(n — 2)-dimensional
vector space Matyx (,—2)(R) endowed with the canonical symplectic structure.

The case for general € € R is treated in a similar manner. The proofs are identical but the
writing is more cumbersome.

Theorem 4.2 The collection of functions {Hy e, ..., Hpe,81,...,8p_1} if n = 2p + 1
and {Hye, ..., Hy_1,,681,...,8p—1} if n = 2p is an integrable system on the 2(n — 2)-
dimensional vector space Matyx (,—2)(R) endowed with the canonical symplectic structure.
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