








Appendix B

Stability of Variable
Grasp Stiffness Control

In this part, we address the control stability of varying stiffness in robotic grasping
using a two-�ngered examples, as shown in Fig. B.1(a). To this end, a detailed formu-
lation for the dynamics of the hand-object system is �rst derived, which takes rolling
constraints and the soft �ngertip into account, see (Arimoto, 2008) for more detailed
formulation on the grasping dynamics. Then, a variable stiffness controller is presented
to grasp the object stably and the upper bound for the change rate of the stiffness is de-
rived from the proof of control stability.
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where c1 and c2 are positive constant parameters which depend on the material of the

fingertip, and Δr is the deformation at the fingertip. The fingertip should keep contact

with the object surface, as shown in Fig. B.1(b), which can be expressed as follows

l1 + r1 −Δr1 = (x− x1) cos θ − (y − y1) sin θ (B.2)

l2 + r2 −Δr2 = −(x− x2) cos θ + (y − y2) sin θ (B.3)

B.1.2 ROLLING CONSTRAINTS

The rolling constraints on each fingertip can be represented as

(ri −Δri)
d

dt
φi = − d

dt
Yi, i = 1, 2 (B.4)

where Yi and φi are given by:

Yi = (xi − x) sin θ + (yi − y) cos θ (B.5)

q11 + q12 + φ1 = π + θ (B.6)

q21 + q22 + φ2 = π − θ (B.7)

B.1.3 OVERALL DYNAMICS

The total kinetic energy for the overall system can be described as follows

K =
∑
i=1,2

1

2
q̇T
i Hiq̇i +

1

2
M(ẋ2 + ẏ2) +

1

2
Iθ̇2 (B.8)

where qi = [qi1, qi2]
T is the vector of finger joints and Hi ∈ R

2×2 is the inertia matrix

for each finger, M and I are the mass and inertia matrix of the object respectively.

The total potential energy from deformation can be given as:

P =
∑
i=1,2

∫ Δri

0

c1η
2dη (B.9)

Then from the Hamilton’s principle, we have

∫ t1

t0

[
δ(K − P )−

∑
i=1,2

c2Δṙi
∂Δri
∂XT

δX+
∑
i=1,2

λi[(ri −Δri)
∂φi

∂XT
+

∂Yi

∂XT
]δX +

∑
i=1,2

ui
T δqi

]
dt = 0

(B.10)

where X = [qT
1 ,q

T
2 , x, y, θ]

T .

Then we have the overall dynamics for the object-hand system as follows

Hi(qi)q̈i + (
1

2
Ḣi + Si)q̇i + fi

∂Δri
∂qT

i

− λi[(ri −Δri)
∂φi

∂qT
i

+
∂Yi

∂qT
i

] = ui (B.11)
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Mẍ+
∑
i=1,2

[fi
∂Δri
∂x

− λi
∂Yi

∂x
] = 0 (B.12)

Mÿ +
∑
i=1,2

[fi
∂Δri
∂y

− λi
∂Yi

∂y
] = 0 (B.13)

Iθ̈ +
∑
i=1,2

[fi
∂Δri
∂θ

− λi((ri −Δri)
∂φi

∂θ
+

∂Yi

∂θ
)] = 0 (B.14)

With the identities in section B.5, the overall dynamics can be simplified as

Hi(qi)q̈i+(
1

2
Ḣi + Si)q̇i − (−1)ifiJ

T
i

[
cos θ

− sin θ

]

− λi[(ri −Δri)

[
−1

−1

]
+ JT

i

[
sin θ

cos θ

]
= ui

(B.15)

Mẍ− (f1 − f2) cos θ + (λ1 + λ2) sin θ = 0 (B.16)

Mÿ + (f1 − f2) sin θ + (λ1 + λ2) cos θ = 0 (B.17)

Iθ̈ − f1Y1 + f2Y2 + l1λ1 − l2λ2 = 0 (B.18)

B.2 VARIABLE GRASP STIFFNESS CONTROL

Motivated by the analysis of the overall system dynamics, the following control law is

adopted for each finger to achieve stable grasp

ui = −Diq̇i + kJT
i (xi − xd) (B.19)

xi =

[
xi

yi

]
xd =

1

2

[
x1 + x2

y1 + y2

]
(B.20)

where Di is a diagonal positive definite matrix representing the damping gain. k ∈ R
+

represents the variable stiffness for each fingertip (k is the same value for the two-

finger grasp to ensure force balance).

B.3 STABILITY PROOF-1
Taking the sum of inner product of Eq. (B.15) with q̇i, i = 1, 2, Eq. (B.16) with ẋ,

Eq. (B.17) with ẏ, Eq. (B.18) with θ̇, we have

d

dt
E = −

∑
i=1,2

{q̇T
i Diq̇i + c2Δṙ2i }+

k̇

4
(x1 − x2)

T (x1 − x2) (B.21)

E = K + V + P (B.22)
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K =
∑
i=1,2

1

2
q̇T
i Hiq̇i +

1

2
M(ẋ2 + ẏ2) +

1

2
Iθ̇2 (B.23)

P =
∑
i=1,2

∫ Δri

0

c1η
2dη (B.24)

V =
k

4
(x1 − x2)

T (x1 − x2) (B.25)

As proved in Arimoto’s book (Arimoto, 2008), the closed-loop dynamics is asymptot-

ically stable if
d

dt
E < 0 (B.26)

which leads to

k̇ <

∑
i=1,2

{q̇T
i Diq̇i + c2Δṙ2i }

(x1 − x2)T (x1 − x2)
(B.27)

From this, we can conclude

• If the object is softer, namely c2 is bigger, we can change the stiffness faster.

• If the object is smaller, i.e., (x1 − x2)
T (x1 − x2) is smaller, we can change the

grasping stiffness faster.

As noticed that the bound of change rate of the stiffness is still depending on the state

variables, and thus in practice we need to design a state observer and filter the stiffness

k according to the state. In next section, a conservative bound of the change rate of the

stiffness will be found, which is independent of the state variables.

B.4 STABILITY PROOF-2
In Chapter 4, the desired stiffness is a function of the tactile sensing S and the rest

length L, which is encoded using a probabilistic model GMM as follows

k = g(S,L) =

m∑
i=1

hi[μk,i +Σky,iΣ
−1
y,i (y − μy,i)] (B.28)

Denote y = [LT , ST ]T , to prove Eq. (B.21), we need to compute the change rate of

stiffness, i.e. k̇,

k̇ =
∂k

∂y
(
∂y

∂L

∂L

∂t
+

∂y

∂s

∂s

∂t
) (B.29)

=
∂k

∂y

⎡
⎢⎣x

T
1 J1q̇1 + xT

2 J2q̇2

xT
1 J1q̇1 + xT

2 J2q̇2

∂s
∂t 2‖x1 − x2‖

⎤
⎥⎦ 1

2‖x1 − x2‖ (B.30)

From the definition of Eq. (B.28), we have

∂k

∂y
=

m∑
i=1

{∂hi

∂y
[μk,i +Σky,iΣ

−1
y,i (y − μy,i)] + hi(Σky,iΣ

−1
y,i )} (B.31)
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Assumption: During the change of stiffness, we assume the importance of each

gaussian components does not change with respect to y, namely ∂hi

∂y = 0. This assump-

tion implies a local linear controller is used to regulate the grasping stiffness according

to Eq. (B.28).

With this assumption, we have

∂k

∂y
=

m∑
i=1

hi(Σky,iΣ
−1
y,i ) (B.32)

:= [A11, A12, A13] (B.33)

Note that A11 ∈ R,A12 ∈ R,A13 ∈ Rns×1 are constant values or matrix, ns is the

dimension of the tactile readings. To prove d
dtE < 0, we only need to prove

[A11, A12, A13] ∗

⎡
⎢⎣x

T
1 J1q̇1 + xT

2 J2q̇2

xT
1 J1q̇1 + xT

2 J2q̇2

∂s
∂t ∗ 2‖x1 − x2‖

⎤
⎥⎦ 1

2‖x1 − x2‖ ∗ ‖x1 − x2‖2
4

−
∑
i=1,2

{q̇T
i Diq̇i + c2Δṙ2i } < 0 (B.34)

⇐ (A11 +A12)x1
TJ1q̇1 + (A11 +A12)x2

TJ2q̇2 +A13
∂s

∂t
2‖x1 − x2‖ <

q̇T
1

2D1

‖x1 − x2‖ q̇1 + q̇T
2

2D2

‖x1 − x2‖ q̇2 + 2
∑
i=1,2

{c2Δṙ2i }/‖x1 − x2‖ (B.35)

⇐ A13
∂s

∂t
< q̇T

1

D1

‖x1 − x2‖2 q̇1 − A11 +A12

2‖x1 − x2‖x1
TJ1q̇1+

q̇T
2

D1

‖x1 − x2‖2 q̇2 − A11 +A12

2‖x1 − x2‖x2
TJ2q̇2 +

∑
i=1,2

{c2Δṙ2i }/‖x1 − x2‖2

(B.36)

⇐ A13
∂s

∂t
+ (

A11 +A12

4
)2[xT

1 J1D
−1
1 JT

1 x1 + xT
2 J2D

−1
2 JT

2 x2] <

‖ D
1/2
1

‖x1 − x2‖ q̇1 − b1‖2 + ‖ D
1/2
2

‖x1 − x2‖ q̇2 − b2‖2 +
∑
i=1,2

{c2Δṙ2i }/‖x1 − x2‖2

︸ ︷︷ ︸
denote this part as γ and γ > 0

(B.37)

⇐ A13
∂s

∂t
+ (

A11 +A12

4
)2[xT

1 J1D
−1
1 JT

1 x1 + xT
2 J2D

−1
2 JT

2 x2] < γ (B.38)

Note that the first term in the left side of Eq. (B.38), i.e., A13
∂s
∂t represents the change of

stiffness due to the change of tactile sensing, if it is negative, Eq. (B.38) will keep hold-

ing and we don’t need to change the damping to stabilize the system. When A13
∂s
∂t > 0,

namely increasing the stiffness according to the tactile sensing, we need to set a proper
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damping term to stabilize the system. From the bound of Jacobian (Ott, 2008), we have

λmax(JiJ
T
i ) < σ2

max, i = 1, 2 (B.39)

Also, from the physical constraint of the finger, ‖xi‖ < Lf , i = 1, 2. Assume we use

the same damping at each joint, D1 = D2 = diag{d}, then we have

d >
2σ2

maxL
2
f (

A11+A12

4 )2

γ −A13
∂s
∂t

(B.40)

Remark:

• γ is a parameter that is determined heuristically. If γ ↑, then d ↓. From the

definition of γ, i.e., Eq. (B.37), it will increase if the softness of fingertip c2

increases or the size of object decreases, i.e., ‖x1 − x2‖ ↓. This intuitively

makes sense: if fingertip is softer, less damping is required.

• The value ∂s
∂t is determined by the sensitivity of the tactile sensor. In practice,

most often a filter is used to preprocess the tactile data. The rate of change of

tactile sensing ∂s
∂t can be directly obtained from the filer and the damping can be

set accordingly. Another possibility is to assume a bound for ‖A13
∂s
∂t ‖ < γs and

then damping d can be set using the maximal value γs.

• Note that the bound for d is still very conservative, due to the assumption made

on γ and the neglect of relative high friction at each joint of the fingers. For all

the experiments we have done so far in Chapter 4, we didn’t observe any unstable

behavior due to the change of the grasping stiffness.

B.5 IDENTITIES

From equations (A.2)-(A.7), we have the following identities, which are used in the

derivation of the hand-object dynamics.
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∂Δr1
∂qT

1

= JT
1 [cos θ,− sin θ]

T ∂Δr2
∂qT

2

= −JT
2 [cos θ,− sin θ]

T

∂φ1

∂qT
1

= [−1,−1]T
∂φ2

∂qT
2

= [−1,−1]T

∂Y1

∂qT
1

= JT
1 [sin θ, cos θ]T

∂Y2

∂qT
2

= JT
2 [sin θ, cos θ]T

∂Δr1
∂x

= − cos θ
∂Δr2
∂x

= cos θ

∂Y1

∂x
= − sin θ

∂Y2

∂x
= − sin θ

∂Δr1
∂y

= sin θ
∂Δr2
∂y

= − sin θ

∂Y1

∂y
= − cos θ

∂Y2

∂y
= − cos θ

∂Δr1
∂θ

= −Y1
∂Δr2
∂θ

= Y2

∂φ1

∂θ
= 1

∂φ2

∂θ
= −1

∂Y1

∂θ
= (x1 − x) cos θ − (y1 − y) sin θ

∂Y2

∂θ
= (x2 − x) cos θ − (y2 − y) sin θ
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