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1. Introduction

It has long been known that the Hochschild homology of a (differential graded) com-
mutative algebra admits natural power operations [6,19], which are closely related to
the power operations on free loop spaces [4,25]. These power operations in Hochschild
homology can be constructed as follows.

If H is a Hopf algebra over a ring R, then the R-module End(H) of endomorphisms
of H admits a multiplication =, called the convolution product. For all f,¢g € End(H),
the convolution product of f and g is the composite

HY HeoH I ge H s H,

where & and p are the comultiplication and multiplication on H, respectively. The
rth-power map on H is then just

A = 1d37 = p(M60), (1.1)

where 6(") : H — H®" and p(") : H®" — H denote the iterated comultiplication and
multiplication.

Recall that the Hochschild complex of an augmented algebra A, which we denote
FC(A), can be seen as a twisted extension of A by Z(A), the bar construction, i.e., there
is a twisted tensor extension

A == H(A) —= B(A) . (1.2)

If A is commutative, then %(A) is naturally a commutative Hopf algebra, where the
multiplication is the shuffle product. The multiplication on Z(A) lifts to S (A), so that
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(1.2) becomes a sequence of algebra maps. Moreover, the rth-power map on %(A) also
lifts to a linear map A, : 5 (A) — J£(A) such that

A —— H(A) — HB(A)

Xrl ,\rl (1.3)

A ——= H(A) —= HB(A)

commutes. The map induced by XT in Hochschild homology is the rth-power map of
[6,19].

In this paper we define and study a significant generalization of the power map on
Hochschild homology. In [15] it is shown that a special case of this construction provides
an integral algebraic model for the topological power map on the free loop space of a
double suspension.

For any twisting cochain ¢ : C — A, we define a chain complex .#(¢) that is a
twisted tensor extension of A by C'. The complex J#(t) generalizes both the well-known

Hochschild complex #(A) of a chain algebra A and the coHochschild complex J2(C')
of a chain coalgebra C' [13].

o If tg : A — A is the couniversal twisting cochain associated to A, where BA
denotes the (reduced) bar construction on A, then 2 (tg) = H#(A).

o Iftg : C' — QC is the universal twisting cochain associated to C, where QC' denotes
the (reduced) cobar construction on C, then J#(tq) = L%E(C)

We first show that the construction 7(¢) is natural with respect to the most obvious
notion of morphisms of twisting cochains: pairs (f,g), where f is a map of coalgebras
and ¢ is a map of algebras, commuting with the twisting cochains. In particular, any
twisting cochain ¢ : C' — A induces a chain map ng(C) — JO(A).

We then prove that the Hochschild complex construction admits an extended natu-
rality, with respect to pairs of maps (f,g), where either f is a map of coalgebras up to
strong homotopy (Theorem 2.36) or g is a map of algebras up to strong homotopy (The-
orem 2.46). We point out that the natural section A — Q%A of the counit QBA — A of
the bar/cobar adjunction is a map of algebras up to strong homotopy, while the natural
retraction #BQC — C of the unit map C' — HBOC is a map of coalgebras up to strong

—

homotopy. Consequently, the natural chain map J2(C) — #(2C) admits a retraction,
while %Z(%A) — J(A) admits a section (Corollaries 2.39 and 2.48).

We are interested in determining conditions that guarantee the existence of operations
and cooperations on the Hochschild complex, which motivates us to study certain types
of (co)algebras with additional structure, known as Alexander—Whitney (co)algebras.
A chain coalgebra C'is an Alexander—Whitney coalgebra if its comultiplication map is a
map of coalgebras up to strong homotopy, and the higher homotopies induce a coassocia-

tive comultiplication on QC'. Every Alexander—Whitney coalgebra C'is therefore a Hirsch
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coalgebra [18], but, as we show (Example 3.19), not all Hirsch coalgebras are Alexander—
Whitney coalgebras. Dually, a chain algebra A is an Alexander—Whitney algebra if its
multiplication map is a map of algebras up to strong homotopy, and the higher homo-
topies induce an associative multiplication on A A. Every Alexander—Whitney algebra
A is therefore a Hirsch algebra. Alexander—Whitney (co)algebras are special types of
By.-(co)algebras [7,1].

We prove that if H is a chain Hopf algebra, then 8H is an Alexander—Whitney
coalgebra and QH is an Alexander-Whitney algebra (Theorem 3.12), strengthening a
result of Kadeishvili [18]. In the course of the proof, we establish a result that is interesting
in and of itself (Theorem A.11): for every pair of chain algebras A and A’, the natural
“Alexander—Whitney” map Z(A® A') - BA® BA’ is map of coalgebras up to strong
homotopy.

As a consequence of the extended naturality of the Hochschild complex construction,
we obtain that if t : C' — H is a twisting cochain such that C' is an Alexander—Whitney
coalgebra and H is a chain Hopf algebra, then 42°(t) admits a comultiplication extend-
ing that on H and lifting that on C' (Theorem 3.23). Dually, if ¢ : H — A is a twisting
cochain such that A is an Alexander—Whitney algebra and H is a chain Hopf algebra,
then J#(t) admits a multiplication extending that on A and lifting that on H (Theo-
rem 3.26). In particular, if C' is an Alexander—Whitney coalgebra, then %/”\(C) admits
a comultiplication, while if A is an Alexander—Whitney algebra, then J#(A) admits a
multiplication.

The heart of this article concerns the existence of power maps on the Hochschild
complex of a twisting cochain. We show that, under certain cocommutativity conditions,
if t: C' — H is a twisting cochain, where C' is a Hirsch coalgebra and H is a chain Hopf
algebra, then 7 (t) admits an rth-power map XT extending the usual rth-power map on
H and lifting the identity on C (Theorem 4.1). In particular, if H is a cocommutative
Hopf algebra, then s#(H) admits an rth-power map extending the usual rth-power
map on H and lifting the identity map on BH (Corollary 4.3). Dually, if C' is a Hirsch
coalgebra such that associated comultiplication on Q2C' is cocommutative, then H ()
admits an rth-power map extending the usual rth-power map on QC and lifting the
identity on C (Corollary 4.2). We also show that the natural map 3%?(0) — JC(H)
induced by the twisting cochain ¢ commutes with the rth-power maps.

Throughout the article we provide numerous concrete examples of our constructions,
primarily topological in nature.

Remark 1.1. The rth-power maps on the Hochschild complex of a cocommutative Hopf
algebra should induce a Hodge-type decomposition of its Hochschild homology, at least
in characteristic zero. It would be interesting to study this decomposition.

Remark 1.2. It is probably possible to generalize the constructions here to higher-order
Hochschild complexes, in the sense of Pirashvili and Ginot [23,8].
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1.1. Notation and conventions

o Throughout this paper we are working over a commutative ring R, so that all un-
decorated tensor products are implicitly taken over R. We denote the category of
(non-negative) chain complexes over R by Chpg, the category of augmented, asso-
ciative chain algebras over R by Algp, the category of coaugmented, coassociative,
connected chain coalgebras by Coalgy and the category of connected chain Hopf al-
gebras by Hopf ;. The underlying graded modules of all chain complexes are assumed
to be R-free. For any object A in Algy (respectively, C' in Coalgy), we denote by 1
the image of the unit element in R under the unit map (respectively, the coaugmen-
tation).

The degree of an element v of a chain complex V' is denoted |v|.

Given chain complexes (V,d) and (W, d), the notation f : (V.d) == (W,d) indi-
cates that f induces an isomorphism in homology. In this case we refer to f as a
quasi-isomorphism.

Let f,g : A — A’ be morphisms of chain algebras. A derivation homotopy from f
to g consists of a chain homotopy H : A — A’ from f to g such that H(ab) =
H(a)f(b) + (—1)l*lg(a)H(b) for all a,b € A.

o The suspension endofunctor s on the category of graded modules is defined on objects
V =@, Vi by (sV); = Vi_1. Given a homogeneous element v in V', we write sv
for the corresponding element of sV'. The suspension s admits an obvious inverse,
which we denote s~1.

e Let T denote the endofunctor on the category of free graded R-modules given by

TV = @nzo‘/@n,

where V¥ = R. An element of the summand V®" of TV is a sum of terms denoted
v1| -+ |Un, where v; € V for all 4.
o The bar construction functor # : Algp — Coalgp, is defined by

BA = (T(sA),dz)
where A denotes the augmentation ideal of A, and if d is the differential on A, then
modg(sa) = —s(da)
and
7 o deg(salsb) = (1)1 s(ab),

where 7 : T(sA) — sA is the projection. The entire differential is determined by its
projection onto sA, since the graded R-module underlying ZA is naturally a cofree
coassociative coalgebra, with comultiplication given by splitting of words.
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e Throughout this article we apply the Koszul rule, a sign convention for commuting
elements of a graded module or for commuting a morphism of graded modules past
an element of the source module. For example, if V and W are graded algebras and
v@w, v @w' € V®W, then

(wew)- (W @w) = (1) guww.

Furthermore, if f : V — V' and g : W — W’ are morphisms of graded modules,
then forall v@w e Vo W,

(f®g)(vew) = (-1 f(v) © g(w).

Moreover, starting from an element vq|- - |v,, with sign +1, of TV for some free
graded R-module V| the Koszul rule implies that for a permutation o of {1,...,n},
the induced sign on the permuted word v, (1)| - - - [Vy(n) 18 (1), where

€0 = > |vj] - g

{i<klo(k)<o(h)}

o The cobar construction functor 2 : Coalgp — Algp, is defined by
QC = (T(s7'C),dq)

where C' denotes the coaugmentation coideal of C, and if d denotes the differential
on C and c is a homogeneous element of C', then

do(ste) = —s(de) + (=1)1¢ls7 ey s 71,

where the reduced comultiplication applied to c is ¢; ® ¢* (using Einstein implicit
summation notation). The entire differential is determined by its restriction to s ~1C,
since the graded R-module underlying 2C' is naturally a free associative algebra, with
multiplication given by concatenation.

e The category of simplicial sets is denoted sSet in this article. Its full subcategory of
reduced simplicial sets (i.e., simplicial sets with a unique 0-simplex) is denoted sSety,
while the category of pointed simplicial sets and basepoint-preserving simplicial maps
is denoted sSet,.. Observe that sSety can naturally be viewed as a full subcategory of
sSet,. Objects in sSet, sSet,, and sSety are usually denoted M, L and K, respectively,
in this paper. The normalized chains functor from simplicial sets to chain complexes
is denoted C,.

o The reduced simplicial suspension functor E : sSet, — sSetq ([20, Definition 27.6]) is
defined by (EL)o = {ag}, and for n > 0,

(EL)n = {sgao} 1T [] {k} x Ln_s/ ~,

1<k<n
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where (k,si ") ~ siag for all 1 < k < n, for every pointed simplicial set (L, zo).
The unreduced simplicial suspension functor E" : sSet — sSet, (|26, Example 2.16])
is defined for any simplicial set M by (E"M)o = {bg, co}, where by is the basepoint,
and ¢ is the cone point, and for n > 0,

(E*M), = {spbo, sgeo} T [ {k} x My_s.
1<k<n

The double suspension functor for unpointed simplicial sets is then defined to be
S2 = EEY : sSet — sSety.

2. The Hochschild complex of a twisting cochain

We begin this section by recalling the definition and certain well-known examples of
twisting cochains. We observe that twisting cochains are the objects of a category Tw,
which admits an interesting monoidal structure. We then define the Hochschild complex
functor S : Tw — Chg, which turns out to be strongly monoidal, and consider certain
important special cases.

Weakening the definition of morphisms in Tw somewhat, we then consider two faithful,
wide embeddings (i.e., injective on morphisms and bijective on objects) Tw < Tw*" and
Tw < Tws, and show that the Hochschild complex functor extends over both Tw*" and
Twsn. The extended naturality of the Hochschild construction that we obtain in this
manner plays an essential role in the later sections of the paper.

2.1. Twisting cochains: definition and examples

Seen as functors from coalgebras to algebras and vice versa, the cobar and bar con-
structions form an adjoint pair Q 4 A. Let n : Id — € denote the unit of this
adjunction. It is well known that for all connected, coaugmented chain coalgebras C, the
counit map

ne : C = BAC (2.1)
is a quasi-isomorphism of chain coalgebras [22, Corollary 10.5.4].
Dually, let € : Q% — 1d denote the counit of this adjunction. For all augmented chain
algebras A, the counit map
ea: QBA = A (2.2)

is a quasi-isomorphism of chain algebras [22, Corollary 10.5.4].

Definition 2.1. A twisting cochain from a connected, coaugmented chain coalgebra (C, d)
with comultiplication A to an augmented chain algebra (A,d) with multiplication m
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consists of a linear map ¢ : C' — A of degree —1 such that
dt + td = m(t @ t)A.

Remark 2.2. A twisting cochain ¢ : C' — A induces both a chain algebra map

ap: QC — A
specified by ay(s~!c) = t(c) and a chain coalgebra map

B C — ABA,
satisfying

ar=¢cq 008 and By = PBasonc.

It follows that «; is a quasi-isomorphism if and only if 5; is a quasi-isomorphism.

Example 2.3. Let C be a connected, coaugmented chain coalgebra. The universal twisting
cochain

tg:C — QC
is defined by tq(c) = s~1c for all ¢ € C, where s~ !¢ is defined to be 0 if |c| = 0. Note that

oz, = Idace, so that By, = nc. Moreover, to truly is universal, as all twisting cochains
t: C — A factor through tq, since the diagram

o ac

N

A

always commutes.

Example 2.4. Let A be an augmented chain algebra. The couniversal twisting cochain
tg: BA— A

is defined by tg(sa) = a for all a € A and tg(sa1|---|sa,) = 0 for all n # 1. Note

that B;, = Idga, so that oy, = 4. Moreover, tg truly is couniversal, as all twisting
cochains t : C' — A factor through tg, since the diagram
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HBA

-

always commutes.

Example 2.5. Let K be a reduced simplicial set, and let GK denote its Kan loop group.
In 1961 [24], Szczarba gave an explicit formula for a twisting cochain

tg : CL K — C.GK,
natural in K that induces a chain algebra map
o = oy, QCK — C,GK. (2.3)
As shown in [16], ak factors naturally through an “extended cobar construction,” (A)C*K ,
of which the usual cobar construction is a chain subalgebra, i.e., there is a commuting

diagram of chain algebra maps

aK

QC.K C.GK.

QOC. K

Moreover, ax admits a natural retraction pg such that Gx px is chain homotopic to the
identity on C,GK. In particular, @ is a quasi-isomorphism for all reduced simplicial
sets K. Since (AZC*K = QC,K if K is actually 1-reduced, it follows that ax itself is a
quasi-isomorphism if K is 1-reduced.

Remark 2.6. If t : C — A is a twisting cochain, f : ¢/ — C is a chain coalgebra map
and g : A — A’ is a chain algebra map, then gtf : C' — A’ is also a twisting cochain.

Notation 2.7. Let Tw denote the category such that

e ObTw = {t: C — A|t twisting cochain}, and
o ift:C — Aandt':C' — A’ are twisting cochains, then

Tw(t,t') = {(f,g) € Coalgr(C,C") x Algr(A, A") | got =t"o f}.

Composition of morphisms in Tw is defined componentwise.
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Remark 2.8. Note that (f,g) € Tw(t,t’) if and only if Bg o f; = By o f, which is true if
and only if goay = ay 0 Qf.

Later in this paper we are led to consider the following variant of Tw. Below, and
elsewhere in this paper, if (H, ) denotes a chain Hopf algebra, then H is the underlying
chain algebra, and ¢ is the comultiplication.

Notation 2.9. Let Twgopt denote the category with

e ObTwhepr = {(C =+ H,(H,6)) |t € ObTw, (H,d) € ObHopf}, and
o if (¢,(H,0)) and (', (H',d)) are objects in Twopf, then

Twropt (1, 1) = {(f,9) € Tw(t,t') | (9 ® g)d = &'g}.

The proposition below gives a categorical formulation of the universality of to and of
the couniversality of tg.

Proposition 2.10. If S : Tw — Coalgy is the functor that projects onto the source of
a twisting cochain and U : Coalgp — Tw is the “universal twisting cochain functor,”
specified by U(C) =tq : C — QC and U(f) = (f,QUf), then U is left adjoint to S.

Similarly, if T : Tw — Algp is the functor that projects onto the target of a twisting
cochain and V : Algp — Tw is the “couniversal twisting cochain functor,” specified by
V(A) =tg: BA— Aand V(g) = (ABg,g), then V is right adjoint to T

Proof. Note that (f,g) € Tw(U(C"),t) implies that

o . ¢

tnl \Lt
ey

commutes. It follows that g = a; o Qf, since the graded algebra underlying QC" is free,
and g is therefore determined by its values on the generators s~'C".
The natural isomorphism

¢ : Coalgr (C”,S(t)) = Tw(U(C"),t)

for C' € ObCoalgy and a twisting cochain t : C — A is thus defined by ((f) =
(f, a0 Qf), with inverse (=1 defined by (~1(f,g) = f.
The proof that V is right adjoint to T is similar. O

There is an important binary operation on the set of twisting cochains, defined as
follows.
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Definition 2.11. Let t : C — A and ¢’ : ' — A’ be twisting cochains. Let ¢ : C — R and
¢’ : C" = R be the counits (augmentations), and let n: R — A and ' : R — A’ be the
units (coaugmentations). Set

txt' =t@n'e +neet . CeC' - Ax A
Then t * ¢’ is a twisting cochain, called the cartesian product of ¢t and t'.
Example 2.12. An important special case of the cartesian product of twisting cochains is
taxta: CoC — QC ®QC,
for C,C" € Coalgp. To simplify notation, we write
4= Qigutg : UC®C") - QC ®QC". (2.4)

Milgram proved in [21] that the chain algebra map ¢ was a quasi-isomorphism if C' and
C’ were simply connected, i.e., connected and C; = C; = 0. In [12] it was shown that ¢
is in fact a chain homotopy equivalence, for all C,C" € Coalgy.

Dually, for all A, A’ € Algp, there is a map of chain coalgebras that is a chain homotopy
equivalence

V =By, BAQ BA — B(A® A). (2.5)

The equivalence V is often called the “Eilenberg—Zilber” equivalence, by analogy with the
Eilenberg—Zilber equivalence of algebraic topology. We refer the reader to Appendix A
for further details of this equivalence.

Remark 2.13. Let ¢ : C — A and t' : C' — A’ be twisting cochains. Note that
app = (@ @ap)oq: QUCRC) — A A

and that
Biser =V o (B ®@pPy): CRC — B(Ax A').

Remark 2.14. Endowed with the cartesian product of twisting cochains, the category Tw
is clearly monoidal, where the unit object is the zero map 0: R — R.

2.2. Definition of the Hochschild complex

We can now define the Hochschild construction functor 5 : Tw — Chg, which we
study and apply throughout the remainder of this paper. We begin by introducing a
somewhat more general construction, which also englobes the other familiar constructions
of chain complexes built from twisting cochains.
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Definition 2.15. Let ¢ : C' — A be a twisting cochain. Let N be a C-bicomodule with
left C-coaction Ax and right C-coaction py, and let M be an A-bimodule with left
A-action A\y; and right A-action pps. Let dys and dy denote the differentials on M and
N, respectively. The Hochschild complex of t with coefficients in N and M, denoted
HG(N, M), is the chain complex with underlying graded R-module N ® M and with
differential d;, defined by

di =dn @M + N Qdy
—(N@A)(N@te M)(py @ M)
~(N®pwm)(213)(t®@ N @ M)Ay ® M),
where (213) denotes the cyclic permutation of the three tensor factors.
It is a matter of straightforward, but somewhat tedious, computation, using the def-
inition of twisting cochains, to show that d? = 0, i.e., that J% (N, M) really is a chain

complex. Furthermore, if M is augmented over R and IV is coaugmented over R, there
is a twisted extension of chain complexes

M (N, M)—=N.
Remark 2.16. If we apply d; to y ® z € N ® M, we obtain

dily®z)=dyy @z + (—1)¥ly @ dyrz
—(—D)wly; @ t(7) -z — (—1){esl =Dy +l2D i @ . ¢ (cy),

where - denotes the left and right actions of A on M, An(y) = ¢; ®y' and pn(y) = y; @
(using Einstein summation notation).

Notation 2.17. When N = C, seen as a bicomodule over itself via its comultiplication,
and M = A, seen as a bimodule over itself via its multiplication, then we write

Note that in this case

di=de®A+C®da
—(Copw((Ceted)+(213)(teCoA) (A A).

Example 2.18. If A € Algp and M is an A-bimodule, then 4, (#A, M) is exactly the
usual Hochschild complex on A with coefficients in M. In particular,
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H (tz) = H(A)
is the usual Hochschild complex on A.

Example 2.19. If C' € Coalgy and N is a C-bicomodule, then 7, (N, QC) is exactly the
coHochschild complex on C' with coefficients in N, as defined in [13]. In particular,

—

H (ta) = A(C)
is the coHochschild complex on C.
Example 2.20. The usual twisted extension over a twisting cochain t : C — A of a
right C-module N by a left A-module M is a special case of the Hochschild complex
construction defined above. It suffices to consider N as a C-bicomodule with trivial left
C-coaction and M as an A-bimodule with trivial right A-action.
Proposition 2.21. The Hochschild complex construction extends to a functor
. Tw — Chg.
Proof. Let (f,g) :t — ¢’ be a morphism in Tw from ¢t : C — A to t' : ¢’ — A’. Define
Hf,g): H(E) = H(H)
by A (f,9)(c ® a) = f(c) ® g(a). An easy calculation shows that J2(f,g) is then a
chain map. Moreover, it is obvious that #(Idc,Ida) = Id ) and that J# respects
composition. 0O
Thanks to this proposition, we obtain a new proof of Theorem 4.1 in [13].
Corollary 2.22. A twisting cochain t : C' — A induces a chain map
Bi®ay: H(C) = H(A),

which is a quasi-isomorphism if cy and By are quasi-isomorphisms.

Proof. Applying Proposition 2.21 to the morphism of twisting cochains

o g4
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we obtain a morphism of chain complexes

%(,@t,at) = Bt & oy : %(tQ) — %(t(@)
Since (cf. Examples 2.18 and 2.19) j%’?(C') = H(tq) and H(A) = H(tz), we can
conclude.
The quasi-isomorphism result follows from an easy argument based on the Zeeman
comparison theorem. O

Remark 2.23. Applied to the universal twisting cochain tq : C — QC, Corollary 2.22
implies the existence of a quasi-isomorphism

—

ne ® Idae : A(C) =5 A#(Q0). (2.6)

Dually, for the couniversal twisting cochain tg : BA — A, we obtain a quasi-
isomorphism

Idga @ : H(BA) =5 H(A). (2.7)

The following alternative description of the Hochschild construction of a twisting
cochain turns out to be quite useful, as we see in sections 2.3 and 4.2. First we define
yet another complex that can be constructed from a twisting cochain.

Definition 2.24. Let ¢ : C' — A be a twisting cochain. The twisted double extension of C
by A is the differential graded A-bimodule

2t)=(A®C®A,D,),

where Dy is the derivation of A-bimodules specified by
Di(c) =1®dc®@1 —t(c;) @c' @1 — (=11 ®¢; @ t(c"),
for all ¢ € C, where the reduced comultiplication applied to c is ¢; ® c?.

It is a straightforward exercise, using the definition of twisting cochains, to show that
D? = 0.

Remark 2.25. Note that for any twisting cochain ¢t : C' — A,
2(t) = A®ac P(ta) ®ac A.

The relationship between the twisted double extension and the Hochschild complex
can be expressed as follows.
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Lemma 2.26. If t : C — A is a twisting cochain, then there is an isomorphism of chain
complexes

H(t) = (1) ®agacr A,

where the left A® A°P-action on A arises, as usual, from the left and right actions of A
on itself, while the right A ® A°P-action on F(t) is that given by

(a@c®d) (b @b) = (_1)\b|(|u|+|cl+\a’\+|b’|)(ba) ®c® (a't).

The proof of this lemma is an easy computation, once one observes that there is an
isomorphism of right A ® A°?-modules

ARCRASCRARA? :a@c®ad — (71)|a|(|c\+|a’|)c® a ® a.

The derivation defined below plays a particularly important role in our discussion in
the next section of the extended naturality of the Hochschild complex functor. Note that
for any twisting cochain ¢ : C' — A, the twisted double extension 2(t) is an 2C-bimodule,
since it is an A-bimodule.

Definition 2.27. Let ¢t : C' — A be a twisting cochain. Let
ot : (QC)s0 = 2(t)
denote the derivation of Q2C-bimodules determined by
oi(sTle)=1®c®1.
That o; is a derivation of 2C-bimodules implies, for example, that
or(sterls i) = 1@ e @ t(er) — (=D)4t(e)) @ e @ 1.

Direct application of the definitions implies the following useful identity.

Lemma 2.28. For any twisting cochain t : C — A,
Dioy = —o¢dg : (C) <0 — 2(2).

2.3. Extended naturality of the Hochschild construction

We show in this section that the Hochschild construction on a twisting cochain is
actually natural with respect to a weaker notion of morphism than that adopted in the
definition of Tw.
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Definition 2.29. (See [9].) Given C,C’ € Ob Coalgp, a chain map f : C — (' is called
a DCSH (Differential Coalgebra with Strong Homotopy) map or a strongly homotopy-
comultiplicative map if there is a chain algebra map ¢ : QC' — QC’ such that

C c’

.| -

0c 2 qor 2L i

commutes. The chain algebra map ¢ is said to realize the strong homotopy structure of
the DCSH map f.

Notation 2.30. For any chain algebra map ¢ : QC — QC’, let f, : C — C’ denote the
R-linear map of degree zero given by the composite

C 1% Q0 £ Q0" 290 5710 25 ¢

and by f,(1). Note that since ¢ is a chain map, f, is as well. Indeed, it is a DCSH mabp,
with ¢ realizing its strong homotopy structure.

Example 2.31. If K and L are l-reduced simplicial sets, then the natural Alexander—
Whitney map

C.(K x L) =5 C,K ® C, L
is a DCSH map [9].

Example 2.32. As we prove in Appendix A (Theorem A.11), if A and A’ are augmented
chain algebras, then the natural Alexander—Whitney map

BARA) = BAR BA
defined by Eilenberg and Mac Lane in [5] is a DCSH map.

Example 2.33. Let C be a connected, coaugmented chain coalgebra. Let po : ZQ2C — C
denote the composite

BOC 125 Q0 2O, -0 s,

ie., po(s(sTte)) = cforall c € C and pe(saq---|sa,) = 0 otherwise. It is obvious that
pc is a retraction of ¢, i.e.,
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o " zac
\ch
Id¢e
c

commutes, which implies that p¢ is a quasi-isomorphism. Moreover, po is a DCSH map,
since

Ql

B,.OC

tszl g1

proj

0z0c 2. g0 2L 1o

commutes, where Z,QC denotes the R-submodule of positively graded elements. In
particular, eqc realizes the strong homotopy structure of p¢.

Notation 2.34. Let Tw*" denote the category such that

e ObTwsh = {t:C — A|t twisting cochain}, and
e ift:C — Aandt' :C' — A’ are twisting cochains, then

Tw(t,t') = {(p, 9) € Algr(QC,QC") x Algr(A,A') | goay = ay o p}.
Composition of morphisms in Tw®" is defined componentwise.

Remark 2.35. There is an obvious faithful functor Tw to Tw®", which is the identity on
objects and which sends a morphism (f, g) : t — t’ to the morphism (Qf,g) : t — ¢'.

Theorem 2.36. The Hochschild construction functor extends to a functor
A" Tw — Chp.

In particular, given twisting cochainst : C — A and t' : C' — A’ and a commutative
diagram in Algp

¢

o o a,

there is a chain map " (¢, g) : H(t) — S (t') such that
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00— A — = () —=C

sol gl %Sh(go,g)l fwl (2.8)

t

acr oa - s H{H) —=C'

commutes (cf. Notation 2.30). Furthermore, if ¢ and g are quasi-isomorphisms, then so
is (0, 9)-

Proof. We begin by proving extended naturality for twisted double extensions (Defini-
tion 2.24), from which that of Hochschild complexes then follows easily. Let (¢, g) : t — ¢/
be a morphism in Tw*" from ¢ : C — A to t' : C" — A’. The pair (p, g) induces a mor-
phism of A-bimodules

I(p,9) : 2(t) = Z()
between the twisted double extensions associated to the ¢ and ¢/, which is specified by
D(p,9)(1@c®1)=0pp(stc) VeeCsy and Z(p,9)1@1®1) =1,
where oy : (QC")>0 — 2(t') is the derivation from Definition 2.27. Thus,
Z(p:9)(a®c®b) = g(a)Z(p,9)(1 @ c@1)g(b)
for all a,b € A and ¢ € C, whence in particular
Z(p,9)1©1@a) = g(a) (2.9)
for all a € A. Moreover, for all ¢ € Csy,
2(0,9)(1®c®1)=1® fo(c)®1+termsin (AL @C®A+ARC®AL). (2.10)
Straightforward computations using Lemma 2.28 show that
Du9(p,9) = 2(p,9) D,

ie., 2(p,g9) is a morphism of differential graded A-bimodules or, equivalently, right
A® A°P-modules. Applying Lemma 2.26, we then obtain a morphism of chain complexes

A" (9,9) = D(¢,9) @agamw A: H(t) = H(H)

that makes diagram (2.8) commute, thanks to (2.9) and (2.10).
An easy spectral sequence argument shows that #*"(y, g) is a quasi-isomorphism if
o and g are quasi-isomorphisms. 0O

For use later in this paper, we single out the following consequence of the proof above.
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Scholium 2.37. For every morphism (p,g) : t — ' in Tw*" fromt: C — A tot' : C' — A’,
there is a morphism of differential graded A-bimodules

D(p,9): 2(t) = 2(t')

such that
(Q0)50 —— 2(1)
Wl l@(sa,g)
Q)50 = (1)
commutes.

Proof. It suffices to check commutativity of the diagram on elements of the form s~ 'c,

which follows immediately from the definition of Z(p,g). O
As a consequence of Theorem 2.36, we obtain a new proof of Theorem 3.3 in [13].

Corollary 2.38. A DCSH map f : C — C’ with a fized choice of chain algebra map
©: QC — QC' realizing its strong homotopy structure naturally induces a chain map

such that
QC ——= H(C) —= C
l ® l 7 l f
QC" 1%/’?(0’) —= '
commautes.

Proof. Recall that j/f?(C) = (o) (Example 2.19). Let § = " (p,¢). O

Theorem 2.36 also provides us with a new, more conceptual proof of Theorem B from
[17], which was reformulated as Theorem 4.3 in [13] essentially as follows. Recall the
DCSH retraction pe : ZQC — C from Example 2.33 and the chain map ne ® Idge
H(C) = #(QC) (2.6).

Corollary 2.39. Let C' be a connected, coaugmented chain coalgebra. There is a quasi-

—~

isomorphism pc : A (QC) == #(C), natural in C, such that
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QC >— H(QC) —== HBQC

w| x|

QC —— #(C) C

commutes and such that pc o (ne @ Idgce) = Idﬁ(c).
Proof. Let po = " (cqc,Idac). The naturality of 7" then implies that
po o (nac ®ldoc) =1d gy O
The definitions and results above can be dualized as follows.
Definition 2.40. (See [9].) Given A, A’ € ObAlgg, a chain map g : A — A’ is called

a DASH (Differential Algebra with Strong Homotopy) map or a strongly homotopy-
multiplicative map if there is a chain coalgebra map v : ZA — %A’ such that

incl Y

sA BA BA
s 1 l l ta
A ! A

commutes. The chain coalgebra map ~ is said to realize the strong homotopy structure
of the DASH map g.

Example 2.41. Dualizing Example 2.31, we see that if K and L are 1-reduced simplicial
sets of finite type, then the dual of the Alexander—Whitney map (i.e., the cross product)

C"K®C'L = C*"(K x L)
is a DASH map.

Example 2.42. Dualizing Example 2.32, we obtain that if C' and C” are connected, coaug-
mented chain coalgebras of finite type, then the dual

QC @ QC" = Q(C®C)
of the Alexander—Whitney map for the bar construction is a DASH map.

Example 2.43. Let A be an augmented chain algebra. Let 04 : A — Q%A denote the
chain map defined by o4(a) = s71(sa). It is obvious that o4 is a section of €4, i.e.,
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A—"2 QnA
o
Ida
A

commutes, which implies that o4 is a quasi-isomorphism. Moreover, o 4 is a DASH map,

since
incl BA N A BOBA

sA
] -
A

commutes, where Q%A denotes the augmentation ideal of QZA. In particular, nga

realizes the strong homotopy structure of o 4.

Notation 2.44. Let Twg, denote the category such that

e ObTwg, = {t: C — A |t twisting cochain}, and
o ift:C— Aandt' :C’" — A’ are twisting cochains, then

Twan(t,t") = {(f,7) € Coalgr(C, ") x Coalgp(BA, BA") |yo0 Bt =Py o f}.
Composition of morphisms in Twg, is defined componentwise.

Remark 2.45. There is an obvious faithful functor Tw to Twg,, which is the identity on
objects and which sends a morphism (f, g) : t — t' to the morphism (f, Zg) : t — t'.

To avoid truly nasty explicit formulas, we permit ourselves a slight restriction in
dualizing Theorem 2.36. Let Twists, ¢ denote the full subcategory of twisting cochains
t : C' — A such that both C and A are connected and of finite type, i.e., are finitely

generated free R-modules in each degree.

Theorem 2.46. The Hochschild construction functor extends to a functor

Iy, - TWiStshf — ChR

In particular, given twisting cochains t : C — A and t' : C' — A’, where C, A, C' and

A’ are connected and of finite type, and a commutative diagram in Coalgp
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"z

/| } |

C'—— BA,
there is a chain map JEn(f,7y) : H(t) — F(t') such that

A (1) —C — 34

gl %h(fﬁ)l fl ’Yl
By

A = ) —= C' —— BA
commutes, where g(a) = tgy(sa) for all a € A.

Proof. Recall that the R-dual of any R-coalgebra is an R-algebra, while the R-dual of
any finite-type R-algebra is an R-coalgebra. It follows that in order to prove this theorem,
we can dualize, then apply Theorem 2.36 and finally dualize again to obtain the desired
map. O

We can also dualize Corollary 2.38, obtaining a result not explicitly stated in [13].
Corollary 2.47. A DASH map g : A — A’ between finite-type, connected chain algebras,

with a fized choice of chain coalgebra map v : BA — BA' realizing its strong homotopy

structure, naturally induces a chain map

5 H(A) = H(A)

such that
A ——= H(A) —— BA
R
A H(A) — BA
commutes.

Proof. Recall that 2 (A) = 7 (tp) (Example 2.18). Let 4 = J&n(v,7y). O

There is also a result dual to Corollary 2.39 that holds. Recall the DASH map

—

o4 A— QABA from Example 2.43 and the chain map Idgs ey : H(BA) = H(A)
(2.7).
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Corollary 2.48. Let A be a connected, augmented chain algebra of finite type. There is a

o~

quasi-isomorphism G 4 : H(A) == H(BA), natural in A, such that

A H(A) BA

UAl &Al Id,aeA\L

—

ONBA > H(BA) —= BA
commutes and such that (Idga ®ca) 004 = Id s (4.
Proof. Let 04 = 5, (Idga, nza). The naturality of J#;, implies then that
(Idga ®ca) 004 =Idsp(a) - O
3. Operations and cooperations on the Hochschild complex

As mentioned in the Introduction, it is well known that the Hochschild complex of
a commutative chain algebra is naturally a commutative chain algebra. Indeed, if A is
commutative, then A admits a commutative multiplication

BA® BA s B(A® A) 21 BA,

where V is the Eilenberg—Zilber equivalence (2.5), and p is the multiplication map of A,
which is an algebra map since A is commutative. It is easy to check that

HARQHA— HA: (wWRa)® (W @d)— w-w @ad,

where - denotes the multiplication on ZA defined above, is a chain map, as well as
commutative, associative and unital. Along similar lines, in [13], the authors specified

conditions on a coalgebra C' under which J#(C') admits a comultiplication, a special case
of the following result.

Proposition 3.1. Let H be a Hopf algebra, and let C' be a connected, coaugmented chain
coalgebra. Let 6 : H - H® H and A : C — C ® C denote the comultiplications on H
and C. Ift : C — H is a twisting cochain such that (A,d) is a morphism in Tw from t
to txt, then J(t) admits a natural coassociative comultiplication.

Proposition 3.1 is a consequence of the following, almost obvious result.

Lemma 3.2. The Hochschild construction functor € is strongly monoidal, i.e., for all
t,t' € Ob Tw, there are natural isomorphisms

Vgl - %(t) ® %(tl) i) %(t * tl)
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satisfying the usual coherency diagrams [3], where the necessary unit map is the isomor-
phism R - R® R = J(0).

The proof of Lemma 3.2 consists a simple calculation, based on the natural symmetry
of the tensor product of chain complexes. Recall (Remark 2.14) that Tw is a monoidal
category with respect to *, and that all undecorated tensor products are implicitly taken
over R.

Note that (A, d) is a morphism in Tw only if A is a morphism of coalgebras, which is
true if and only if C' is cocommutative.

Proof of Proposition 3.1. The desired comultiplication is given by the composite

H(A5)
R i AN

H(t) H(txt) 2 (1) @ H(L).

The coassociativity of A and of § implies that of the composite above, since 7 is strongly
monoidal. O

Example 3.3. Let C be a connected, coaugmented chain coalgebra with cocommutative
comultiplication A. Since A is cocommutative, it induces a chain algebra map QA :
QC — Q(C ® C) and therefore a coassociative comultiplication ¢ : QC — QC ® QC,
defined to be the composite

QC 2245 0(Ce0) L QC @00,

where ¢ is Milgram’s equivalence (Example 2.12). (In fact, we have simply endowed QC
with the comultiplication such that all generators are primitive, but we emphasize this
construction in terms of ¢, since we generalize it in section 3.) Moreover, the diagram

c—2 . cecC

to l \L to*xto
W»

QC — QC ® QC

commutes, i.e., (A, ) is a morphism of twisting cochains. Applying Proposition 3.1, we
obtain a coassociative comultiplication on S (tq).

Motivated by these special cases, we provide below conditions on a twisting cochain
t: C — A, in the spirit of those in [13], under which J#(t) admits a (co)multiplicative
structure.

3.1. Alexander—Whitney (co)algebras

In this section we define Alexander—Whitney coalgebras and algebras, which are the
type of highly structured coalgebras and algebras for which the Hochschild complex
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admits a natural comultiplication or a natural multiplication. We recall well-known exam-
ples of Alexander—Whitney coalgebras and algebras coming from topology and introduce
new classes of examples, including the bar construction on any chain Hopf algebra.

Definition 3.4. (See [14].) A weak Alezander—Whitney coalgebra consists of a connected,
coaugmented chain coalgebra C' such that the comultiplication A : C — C® C is a
DCSH map, together with a choice of chain algebra map w : QC — Q(C ® C) that
realizes the DCSH structure of A. If the composite

0C “5 Q(C® C) 45 QC ® QC

is a coassociative comultiplication on QC, where ¢ denotes the Milgram equivalence
(Example 2.12), then (C, w) is an Alezander—Whitney coalgebra. We call qw the associated
loop comultiplication. Note that (QC, qw) is a chain Hopf algebra.

An Alexander-Whitney coalgebra (C,w) is balanced if the associated loop comultipli-
cation is cocommutative.

Alexander—Whitney algebras, which we usually denote (A, v)—and their weak or bal-
anced variants—are defined dually. If (A4, v) is an Alexander—-Whitney algebra, then the
composite

BAD BA N B(AR A) L BA
is an associative multiplication on A, where V denotes the Eilenberg—Zilber map (Ex-
ample 2.12). We call vV the associated bar multiplication. Note that (BA,vV) is a chain

Hopf algebra.

Remark 3.5. An Alexander—Whitney (co)algebra is a special type of Buo-(co)algebra
[1,7].

IfFA:C — C®CisaDCSH map and w : QC — Q(C ® C) realizes its DCSH
structure, then Idg ® A and A ® Idg are both DCSH maps as well. In particular, there
are chain algebra maps

Ide Aw,w A lde : QC®C) = QC®C®C)

realizing their DCSH structure. For further details of this construction, we refer the
reader to section 1 in [10] and section 2 in [11].

Definition 3.6. A strict Alexander—Whitney coalgebra is a weak Alexander—Whitney coal-
gebra (C,w) such that

(Ide Aw)w = (w A lde)w.
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A quasistrict Alexander—Whitney coalgebra is a weak Alexander—Whitney coalgebra
(C,w) such that there is a derivation homotopy from (Idc Aw)w to (w A Ide)w.

Strict Alexander—Whitney algebras and quasistrict Alexander—Whitney algebras are
defined dually.

Remark 3.7. The naturality of the Milgram equivalence ¢ implies that any strict
Alexander—Whitney coalgebra is an Alexander—Whitney coalgebra. A similar statement
holds for strict Alexander—Whitney algebras, due to the naturality of the Eilenberg—
Zilber equivalence V.

Example 3.8. If C is a connected, coaugmented, cocommutative coalgebra with comul-
tiplication A, then (C,QA) is a strict, balanced Alexander—Whitney coalgebra. Dually,
if A is an augmented, commutative algebra with multiplication m, then (A, Zm) is a
strict, balanced Alexander—Whitney algebra.

Example 3.9. (See [14].) For any reduced simplicial set K, there is a natural choice of
chain algebra map wg : QC. K — Q(C. K ® C.K) such that (C.K,wk) is an Alexander—
Whitney coalgebra.

In general C,K is not a strict Alexander—Whitney coalgebra. On the other hand,
as explained in Example 3.8 of [13]|, C.K is always a quasistrict Alexander—Whitney
coalgebra.

Along the same lines, Theorem 4.9 in [12] implies that if L is a pointed simplicial
set such that C,L is a cocommutative coalgebra, then there is a natural choice of chain
algebra map wgy, : QCLEL — Q(CLEL ® C.EL) such that (CLEL,wgy) is a balanced
Alexander—-Whitney coalgebra, where E denotes the simplicial suspension functor [20].
More precisely, QC,EL = T(C.L), the tensor algebra generated by coaugmentation
coideal of C,L, endowed with the strictly linear differential induced by the differential
on C, L. Moreover, the comultiplication ¥g; = qwg, satisfies

Yer(z) =2, @2 € T(C.L) ® T(C.L),

for all x € C,L, where A(z) = x; ® 2%, and A is the usual comultiplication on C,L.
In particular, if S? is the simplicial double suspension functor, then (C,S?M, ws:zf) is a
balanced Alexander—Whitney coalgebra for all simplicial sets M, since all positive-degree
elements of C,E"M are primitive.

Inspired by Example 3.9, we formulate the following definition.

Definition 3.10. A reduced simplicial set K is symmetric if C, K ® Fy is a strictly cocom-
mutative coalgebra, where Fo denotes the field of 2 elements.

In these terms, the result from [12] cited above in Example 3.9 says that if K is a
symmetric simplicial set, then C,EK ® [F5 is a balanced Alexander—Whitney coalgebra.
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Remark 3.11. The class of symmetric simplicial sets includes all simplicial suspensions,
both reduced and unreduced, since the natural comultiplication on the normalized chain
complex of a simplicial suspension is trivial in positive degrees. Moreover an easy calcula-
tion shows that the nerve of Z/27Z, which is a simplicial model of RP°, is also symmetric
(cf. Example 4.11).

From these examples of symmetric simplicial sets, one can construct many others,
including all wedges of truncated real projective spaces of arbitrary dimension. It is clear
that all subsimplicial sets and all quotients of symmetric simplicial sets are also sym-
metric, as is any wedge sum of symmetric simplicial sets. We intend to study symmetric
simplicial sets in greater detail in future work.

The next theorem provides us with another important class of Alexander—Whitney
(co)algebras.

Theorem 3.12. If H is a chain Hopf algebra, then BH is naturally an Alexander—Whitney
coalgebra. If H is connected and of finite type, then QH is naturally an Alexander—
Whitney algebra. Moreover, the associated loop comultiplication on QAH and associ-
ated bar multiplication on HBQUH are such that both of the natural quasi-isomorphisms

eg : QPBH — H and ng : H — BOQH are maps of Hopf algebras.

We refer the reader to Appendix A for the proof of this theorem.

When we define power maps on Hochschild complexes in section 4, we can actually
relax slightly the conditions on the (co)algebras we consider and study the Hirsch (co)al-
gebras of Kadeishvili [18].

Definition 3.13. A Hirsch coalgebra consists of a connected, coaugmented chain coalgebra
C, together with a coassociative comultiplication ¢ : QC — QC ® QC, called its loop
comultiplication, that is a morphism of chain algebras. A Hirsch coalgebra (C,v) is
balanced if v is cocommutative.

Hirsch algebras are defined dually.

Notation 3.14. Let Hirschi denote the category of which the objects are Hirsch coalgebras
(C,4¢) and where

Hirschr ((C,4), (C",9")) = {f € Coalgr(C,C") | (f ® Qf )¢ = ' Qf}.

Remark 3.15. If (C,w) is an Alexander—Whitney coalgebra, then (C,qw) is a Hirsch
coalgebra.

Remark 3.16. As explained in [18], the homology of a Hirsch algebra is naturally a
Gerstenhaber algebra, i.e., a commutative graded algebra endowed with a Lie bracket of
degree —1 that is a biderivation with respect to the multiplication. In particular, the
homology of any Alexander—Whitney algebra is a Gerstenhaber algebra.
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Example 3.17. (See [18].) The Hochschild cochain complex of a chain algebra A with
coefficients in A, usually denoted C*(A, A), is a Hirsch algebra.

Remark 3.18. In [2] Baues provided combinatorial formulas for a natural Hirsch coalgebra
structure on C, K, for all reduced simplicial sets K. The Alexander—Whitney structure
defined in [14] lifts Baues’ Hirsch structure.

Example 3.19. Not all Hirsch coalgebras are induced from Alexander—Whitney coalge-
bras, as in Remark 3.15. Let C denote the free graded abelian group with five generators:
u in degree 0 (which plays the role of 1), z in degree 3, y and ¢’ in degree 4 and z in
degree 7. Endow C' with a differential d specified by

dy =2x and dy = 3z,

while u, x, and z are cycles for degree reasons. Define a comultiplication A on C by
setting z, y and y’ to be primitive, while

ARZ)=u®z+32Qy—22RYy +2Q u.

It is easy to check that A is a chain map. Moreover, A is cocommutative up to chain
homotopy, where the chain homotopy F' is given by F(z) = F(y) = F(y') = 0 and

Fz)=y'oy—-yoy.

There is a cocommutative, coassociative comultiplication ¢ : QC — QC®QC, defined
to be primitive on all generators, except s~ !z, where

P(sT)=s2@1+s Y @sly—sTlyes Ty F1os e

Thus, (C,%) is a balanced Hirsch coalgebra. Easy computations show that there is no
algebra map w : C — Q(C®C) such that qw = . It follows that (C, ) is not realizable
as the Hirsch coalgebra of a simplicial set.

Remark 3.20. Any Hirsch coalgebra (C, 1) is weakly equivalent to an Alexander—Whitney
coalgebra, since Z(QC, 1) is an Alexander-Whitney coalgebra, by Theorem 3.12, and
ne : C — PBOC is a quasi-isomorphism of chain coalgebras.

When we construct power maps on the Hochschild complex of a twisting cochain later
in this paper, we are led to consider variants of the category Tw (cf. Notation 2.7) that
involve Hirsch coalgebra structure.
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Notation 3.21. Let Twiyscn denote the category with

o Ob TWHirsch = {((C’,l/)),C Ly A) | (C,) € ObHirschg,t € ObTW}, and
o if ((C,4),t) and ((C’,4),t) are objects in TWisch, then

Twirisen (((C.9).8), ((C0),¥) ) = {(£.9) € Tw(t, ) | (@f © Qf) = v/Qf}.
We sometimes need an even more highly structured category. Recall Notation 2.9.
Notation 3.22. Let Twyy denote the category the objects of which are triples
((C.¥),C 4 H,(H,9)),

where (C,v) € ObHirschg, t € ObTw, and (H,d) € ObHopfy. If ((C,w),t, (H, 5)) and
((C’,zb’),t/, (H', 5’)) are objects in Twyy, then

TWHH (((07 ¢)7 t? (H7 5))7 ((O/’ wl)’ t/’ (Hlv 5/)))
= Twitiesen (((C,0),), (€' 0),¢) ) 0 Twrtopr ( (& (H,8)). (¢, (H,)))

3.2. Existence of (co)multiplication on the Hochschild complex

We are now ready to generalize Proposition 3.1, as well as Theorem 3.9 in [13], which
says that the coHochschild complex of an Alexander—Whitney coalgebra admits a natural
comultiplication.

Theorem 3.23. Let (C,w) be an Alexander-Whitney coalgebra with underlying comul-
tiplication A : C — C ® C. Let H be a chain Hopf algebra, with comultiplication
0:H—HQ®H. Lett : C — H be a twisting cochain.

If (w, 8) is a morphism in Tw from t to txt, then the Hochschild complex of t admits
a comultiplication § : H(t) = H(t) @ H(t) such that

H H(1) C

.

HH >— )@ H(t) —=CC

commutes. Moreover, 5 is coassociative (respectively, coassociative up to chain homotopy)
if (C,w) is a strict (respectively, quasistrict) Alexander—Whitney coalgebra.

Note that, according to Remark 2.13, asking for (w, §) to be a morphism in Tw*" from
t to t =t is equivalent to requiring the diagram
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QC —= Q(C®0)

lq

o QC ® QC

\L ar®@ay
)

H—H®H

to commute, i.e., to requiring a; to be a map of chain coalgebras with respect to the
associated loop comultiplication

QC 5 Q(Ce0) L QCe0C.
Proof. Apply Theorem 2.36 to (w,d) : t — ¢ x t, obtaining a chain map
AW, 8)  A(t) — H(t ).
The desired comultiplication § is then given by the composite

S0 (w,6)
_—

H (1) H(t*t) 22 (1) @ A(t)

(cf. Lemma 3.2). Together with the formulas in the proof of Theorem 2.36, naturality
of v implies that ¢ is coassociative (respectively, coassociative up to chain homotopy) if

and only if
AN (w,6)
H(t) H(t+1)
A (,5) l l 2" (wAldg,6Q1de)
2" (1de Aw,Idc ®8)
H(t* 1) TS At xt)

commutes (respectively, commutes up to chain homotopy), which is true if

D(w,d)
7(t) Dt % 1)
D(w,5) l l P (wAlde,601dc)
2(Ide Aw,Idc ®6
Dt xt) —LCNE) e

commutes (respectively, commutes up to chain homotopy), where 2(—) denotes the
twisted double extension of Definition 2.24. Finally, the naturality of the derivation o(_)
(Scholium 2.37) implies that the last diagram commutes (respectively, commutes up
to chain homotopy) if (Ide Aw)w = (w A Idg)w (respectively, if there is a derivation
homotopy from (Id¢ Aw)w to (wAlde)w). O
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Example 3.24. Let C' be a quasistrict Alexander—Whitney coalgebra. Applying The-
orem 3.23 to the universal twisting cochain to : C — QC, we obtain a homotopy
coassociative comultiplication on %/J(C) = J€(tq). Theorem 3.9 in [13] is therefore a
special case of our Theorem 3.23.

Example 3.25. Since the bar construction on a chain Hopf algebra is an Alexander—
Whitney coalgebra, the Hochschild complex of H, which is equal to J#(t4), admits a
comultiplication. We conjecture that if H is cocommutative, then Z8H is quasistrict and
therefore the comultiplication on (t5) is coassociative up to chain homotopy.

Dualizing both the statement and the proof of the theorem above, we obtain the
following result.

Theorem 3.26. Let (A,v) be an Alexander—Whitney algebra of finite type, with underlying
multiplication m : A® A — A. Let H be a chain Hopf algebra of finite type, with
multiplication u: H @ H — H. Lett: H — A be a twisting cochain.

If (n,v) is a morphism in Twsy from txt to t, then the Hochschild complex of t admits
a multiplication i : F£(t) @ J(t) — H(t) such that

ARA = H(t)@H(t) —>= H® H

LT

A ——= () H

commutes. Moreover, [i is associative (respectively, associative up to chain homotopy) if
(A,v) is a strict (respectively, quasistrict) Alexander—Whitney algebra.

Note that, according to Remark 2.13, asking for (i, v) to be a morphism in Twg, from
txt to t is equivalent to requiring the diagram
I
HeH —H
Bt®Bt \L
BAR BA Bt

|

BAA) L BA

to commute, i.e., to requiring 3; to be a map of chain algebras with respect to the
multiplication

BA@ BA Y B(A® A) L BA.
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Example 3.27. Since the cobar construction on a finite-type, connected chain Hopf algebra
is an Alexander—Whitney algebra, the coHochschild complex of H, which is equal to
H(tg), admits a multiplication.

4. Power maps on the Hochschild complex of a twisting cochain

Let t : ¢ — H be a twisting cochain, where H is a chain Hopf algebra. The goal
of this section is to prove the existence, under certain cocommutativity conditions, of
an rth-power map Xr on the Hochschild complex of ¢, extending the usual rth-power
map A, on H (cf. equation (1.1)). In [15] we show that if C' is the chain complex on a
simplicial double suspension K, and H = QC', then the algebraic rth-power map XT is
topologically meaningful, in the sense that it models the topological rth-power map on
L|K|.

4.1. The existence theorem for power maps

Theorem 4.1. Let C' be a Hirsch coalgebra, with loop comultiplication ¢ : QC — QCRQC.
Let H be a chain Hopf algebra, with comultiplication 6 : H - H® H. Lett: C — H be
a twisting cochain.

If

(1) the induced chain algebra map oy : QC — H is also a map of coalgebras, and
(2) 79t =6t, whereT: HQ H =5 H® H is the symmetry isomorphism,

then for any positive integer r, there is an endomorphism of chain complezes
et (L) — A1),

natural with respect to morphisms in Twyan (cf. Notation 3.22), such that

e C

I C

commutes, where )\, denotes the rth-power map on H. In particular, if s~c is a primitive
of (QC, ) for all c € C, then A\, = Ide @A,

H >— (1)

s

H >— 7(t)

There are two special cases of Theorem 4.1 that are particularly worthy of note.

Corollary 4.2. If (C,%) is a balanced Hirsch coalgebra, then the coHochschild complex
H(C) of C admits an rth-power map A, for all positive integers r, that is natural with
respect to morphisms in Hirschg (cf. Notation 3.14). In particular,
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QC >—>%?(C)‘»C

Ar

>

T

—

QC >— #C) —==C
commutes, where X\, denotes the rth-power map on QC.

Proof. Apply Theorem 4.1 to the twisting cochain tq : C' — QC. Hypotheses (1) and
(2) are satisfied because oy, = Idge and because (C, 1)) is balanced.

With respect to the naturality of A, note that if f € Hirsch((C, %), (C", %)), then
(f, Qf) e TWHH(tQ,tQ). ]

Corollary 4.3. If H is a cocommutative chain Hopf algebra, then the Hochschild complex
HC(H) of H admits an rth-power map A, for all positive integers r, that is natural with
respect to chain Hopf algebra maps. In particular,

—~ #(H) — BH

H
w| ]
"

commutes, where \, denotes the rth-power map on H.

Proof. Apply Theorem 4.1 to the twisting cochain tg : ZH — H. Sinceey : OVBH — H
is a map of coalgebras (Theorem 3.12), hypothesis (1) holds, while hypothesis (2) follows
from the cocommutativity of H.

With respect to the naturality of XT, note that Theorem 3.12 implies that the
Alexander—Whitney coalgebra structure on ZH is natural in H. Any chain Hopf al-
gebra map g : H — H' therefore induces a morphism (#g, g) : ts — te in Twgg. O

The naturality of the power map enables us to compare the constructions of the two
corollaries above, via a twisting cochain.

Corollary 4.4. Let (C, ) be a balanced Hirsch coalgebra, and let H be a cocommutative
chain Hopf algebra with comultiplication 0. Let vy denote the natural comultiplication
on QBH with respect to which epy : (QBH,Yp) — (H, ) is a morphism of chain Hopf
algebras (cf. Theorem 3.12).

Ift : C — H is a twisting cochain such that Qf; : (QC,¢) — (QABH,Yy) is a
morphism of chain Hopf algebras, then
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— F(Br,at)

2 (H)

commutes.

Proof. Observe that

always commutes, i.e., that (8;,a¢) @ tg — tg is always a morphism in Tw. Since
QB (QC,¢) — (QPBH,vy) is a morphisms of chain Hopf algebras by hypothesis,
and oy = eg o QB (Remark 2.2), oy : (QC,¢) — (H, ) is also a morphism of chain Hopf
algebras, whence (¢, o) is actually a morphism in Twgg. O

Example 4.5. Recall from Example 3.9 that if L is a pointed simplicial set such that
C.L is cocommutative, e.g., if L is a simplicial suspension (reduced or unreduced), then
CLEL admits a natural, balanced Alexander—Whitney coalgebra structure. Corollary 4.2

o~

therefore implies that if C,L is cocommutative, then J#(C,EL) admits an rth-power
map, for all positive integers r. If L is itself a simplicial suspension, then s~'c is a
primitive of (QCLEL,gy) for all ¢ € CLEL, and thus A = Idc,er ®A,.

Moreover, if C, L is cocommutative, then C,GEL is a cocommutative chain Hopf alge-
bra, as easily follows from an examination of the formulas for the simplicial suspension
functor E and for the Kan loop group functor G (cf., e.g., sections 2.1 (a) and (b) in

[12]), which imply the existence of a simplicial map

L — GEL:xzw— (1,z).

It therefore follows from Corollary 4.3 that if C\ L is cocommutative, then .7 (C,.GEL)
also admits an rth-power map, for all positive integers r.

Let tgr, : CLEL — C.GEL denote the Szczarba twisting cochain for EL (Example 2.5),
with associated chain coalgebra map Pgr, : CLEL — ABC.GEL and chain algebra map
agr, : QCLEL — C,GEL, which together induce a chain map

—

%(ﬂEL,aEL) : %(C*EL) — %(C*GEL)

It is natural to wonder under what conditions this map commutes with the rth-power
maps. Recall from Example 2.5 that agr, and thus Sgr, and J2(Ber, aer), are quasi-
isomorphisms if L is actually reduced, since EL is then 1-reduced.
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It follows from the proof of Theorem 4.11 in [12] that for any pointed simplicial set L,
agr ¢ (QCLEL,¢er) — (CLGEL, A)

is a chain Hopf algebra map, where A is the usual comultiplication on C,GEL. On the
other hand, since CLEL is a trivial coalgebra,

BEL((LCL‘)) = s(tEL(l,m)),
which implies that
QﬁEL (S_IM) = 8_1 (s(tEL(l,—x))>.

The formulas in the proof of Theorem A.11 for the DCSH structure of the Alexander—
Whitney map f: B(H® H) - ZH & H imply that

V(s (sa)) =5 (sa) @1 +1® s '(sa)
for all a € H and for all connected chain Hopf algebras H. In particular, therefore,

Ye.cer © QPer (s (1,2)) =571 (S(tEL(L—ZE))) @1+1®s? <S(tEL(L_33)))

for all x € C\ L.
On the other hand, for all x € C,L

(Ber @ QBer) o ver (s (1,2)) = Ber (s (1, 24)) ® QB (s (1, 27))
= 571 (S(tEL(l,—l’i))) ® st (S(tELm))7

where A(z) = z; ® 2*. Since tgr,(1,y) # 0 for all y € C,L ~ {0} (cf. the explicit formula
for tgr, given in [12] just before Theorem 4.11), we conclude that By, is a chain Hopf
algebra map if and only if C,L is a trivial coalgebra. In particular, if L itself is a
simplicial suspension (reduced or unreduced), then QSg;, is a chain Hopf algebra map,
and Corollary 4.4 therefore implies that

— ﬂﬂ[‘,a L)

A(CLEL) L) e, GEL)
— I (BeL o

JCLEL) L) L GEL)

commutes.
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4.2. Proof of the existence of power maps via “loop concatenation”

The key to the proof of Theorem 4.1 is the following result, which is analogous to the
existence of topological loop concatenation. In the statement below, for a Hopf algebra H
with multiplication y and comultiplication 8, we let u(") : H®" — H and ") : H — H®"
denote the iterated multiplication and comultiplication maps.

Theorem 4.6. Let C' be a Hirsch coalgebra, with loop comultiplication ¢ : QC — QCRQC.
Let H be a chain Hopf algebra, with multiplication p and comultiplication  : H - HQH .
Lett: C — H be a twisting cochain.

If

(1) the induced chain algebra map oy : QC — H is also a map of coalgebras, and
(2) 70t = 6t, where 7: H® H = H ® H is the symmetry isomorphism,

then there is a chain map fi, : S (07t) — H(t), natural with respect to morphisms in
Twairsen (¢f- Notation 3.21), such that

commutes. In particular, if s~1c is a primitive of (QC, %) for all ¢ € C, then fi, =
Ide @u(m).

Remark 4.7. Existence of the map fi,- does not follow immediately from the naturality—
even extended—of the Hochschild construction, since (") is in general not a map of
algebras.

Proof. We define 1, : J2(5("t) — J(t) by

(1@ (w @ - @w,)) =1Q@wy -+ Wy

and on elements of the form ¢ ® (w1 ® -+ ® w,) for ¢ € Csq to be the composite
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Y QHST sh,.

or a®H" ® ® ® ®
C®H® —— QC ® H®" —— (QC)®" @ H®" (QC ® H)®"

ot ®H®R(ay@H)®™ 1
HeC® H® H®? 1

5’7“

C ® H®2T+1

Cour+n

C®H,
where a; : (QC)s0 — H ® C ® H is the derivation from Definition 2.27, while
shr(u1 @ - Qup @u1 @ @uwp) = (1) u1 Qw1 @ -+ @ up @ wr,
with egn = 37 Jwg| (Juit1| + -+ + ur]), and &, is the cyclic permutation, i.e.,
E(wo®cR@uw @+ @wyy) = (—1)%c@w; ® -+ ® war @ wo,

with e = Jwo|(|c| + Zfll |w;|). Note that naturality of /i, with respect to morphisms in
Twhirsch follows immediately from its definition.

In the composite above the differentials on QC @ H®", (QC)®" @ H®" and (QC)®" @
H®" are the usual, unperturbed differentials on tensor products of chain complexes. The
differential on H ® C @ H @ H®?"~! is that of 2(t) ® H®?"~1  while the differential on
C @ H®?"*1 is that of 4 (C, H®?>" 1), where we consider H®?"*! as an H-bimodule
simply via multiplication by H on the first and last factors. Finally, the differentials on
C ® H®" and C ® H are, of course, those of #(5(")t) and . (t), respectively.

To see that Ji, is a chain map, observe first that (") @ H®", sh,, &, and C @ p*"+1)
are all clearly chain maps, while 0y @ H ® (oy ® H)®"~1 commutes with the differentials
up to a sign (Lemma 2.28). The crucial factor in the composite to consider is therefore
to ® HO®T,

Observe that

(tQ & H®T)d5(r)t
= (ta ® H®")(de ® H®" + C @ dger — (C ® pger)(C @5t @ HE)(A® H")
—(C® pger)E (6t ® C @ H®") (A ® H®))

= tade ® H® +tq @ dyer — (C ® pyer)(to ® 6t @ HE)(A @ H®T)
—(C® pyer )Lt @ tg @ HO) (A @ H®T),

where
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(@ Quw,@cRuW|®@ - Qu.)=(-1)cuw|®@ - Qu,.dw; @ @ w,,

with

e = (el + 3 k),

while
(dQ QH® +QC ® dH®r)(tQ ® H®T) =dqta ® mer — to @ dyer.
It follows that if I' denotes the composite of the last five factors in i, then

firdseyy = D(to @ HO ) dse,
= F(thC ® H®" + to @dper — (C® ,LLH®7-)(tQ ® §(r¢ ® H®T)(A ® H®r)
—(C @ pren )& (0t @ tg ® H)(A® H®T)),

and

difir = —T'(do @ H®" + QC @ dyer)(to @ HP")
= F(_thQ X mer +to® dH®'r').

Thus, since tq is a twisting cochain,

ﬁrdé(r)t - dt/jr
= F((/mc(tn @ta)A) @ H®" — (C ® pper)(to ® 6Mt @ H®")(A @ HO)

—(C® pgen)E (6Dt @ to ® HO) (A ® H®T)).
It remains therefore to show that
I ((noo(te ® to)A) @ B ) =T((C @ pyer)(ta @ 50t & H)(A & HY)
+(C @ ppren)EL (Mt @ tg ® HE) (A ® H@”“)),
for which it suffices to establish that
T (poc ® HO™) =T ((c ® pper)(QC ® ol @ HO)
F(C® ppen)E (@™ © QC © H®T)> , (4.1)

as morphisms from (QC)®? @ H®" to C ® H, since 6"t = aP")("tq, by hypothesis.
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As we show below, equation (4.1) is a consequence of the fact that o; is a derivation
and of the hypothesis that 76t = dt. In the computations below, if © € QC, we use
Sweedler-type notation and write

) () = Uty @+ @ Uy

Moreover, to ease the notation, we suppress one summation and write

and
=step(u)|---|sT (), Y1I<E<I<m.

Finally, also in the interest of simplifying notation, we do not give the signs explicitly,
as they are complicated to write down but very easy to derive: all of the signs arise
in a straightforward manner from the Koszul rule (cf. section 1.1), as we explain more
precisely below.

For all u,v € QC and w; ® - -- @ w, € H®",

I(poc @ HE ) (u®@v@w; ® -+ ® w,)
= £(C @ puP)E (or(uyva)) ® wi ® ar(u)vee) -+ @ ay(u@yve) © w,)
= £(C @ uP g (01 (u)an(viy) @ w1 ® an(uve) @ - © alug) ) @ w)
+ (C @ u® e (anu))oe(v) © wi @ ar(ue)ve) @ @ ar(ugyve)) @ w;)

= Z iC,L<’LL(1)) X at(u(l) 7mv(1))w1at(u(2)v(2)) . (u(,,)v(r))wrat(u% Z) 1)

+ Z +ci(vay) ® Oct(viﬂ’m)wlat(u(g)v(g)) g (U V() )W oy (u(l)v%’ifl), (4.2)
where we used the fact that o is a derivation. Moreover,

F((O ® pger)(Q0 ® af P ® H®T>)(u RV W Q- @ w,)
= £(C @ p )& (o4 (u(1)) ® ar(vay)wr @ au(ug)) @ -+ @ ag(ugy) ® ag(vg)wr)

= Z +e;i(uy) ® ag(u] Uy )1 vy )wr e (uz)v(2)) -+ - (U v Jwron (u (il) H (4.3)

and

I((C® ppen)el (af 6" @ QC & B ) (u@v@w @ w,)

=+(C® M(ZTH))fr (Ut( V1) @ wia(ur)) @ ar(vz)) @ -+ @ ay(vpy) @ wr@t(ur))
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= Z *ci(vr)) ® at(U§+1’m)W1at(U(1)U(2)) - at(u(,,_l)v(r))w,,at(u(r)vi’i_l). (4.4)

Since 76t = 0, and therefore 7(a: ® ay)p = (ar ® ay)p,
at(u(l)) ® e ® at(uT) — (_l)lu(l)‘27>1 |u(l)‘at(u(2)) ® . ® at(ur) ® at(u(l))

The computations above therefore establish that equation (4.1) holds as desired, since
all signs are determined uniquely by the Koszul rule, i.e., depend only what permutation
has been applied to

i—1 i+1,m

u) 7 @) @ u) " @ ue) ® - ® U ® ) ® - B U @wa) © -+ @ Wi,

where the original sign is +1, in the case of (4.3) and of the first summand of (4.2), and
applied to

u(l) R ® 'U,(,’) & 'U(ll’éil ® Ci('l)]) X ’Uz’ii»)l’m & U(Q) e ® 'U(T) (9] w(l) R ® w(’r),

where the original sign is +1, in the case of (4.4) and of the second summand of (4.2). O

Remark 4.8. An explicit formula for /i, can be given as follows. For all ¢ € C, we suppress
one summation and write

zp(r)(s_lc) =u1(c) ®uz(c) ® -+ @ up(c)

and
ui(c) =stey| - |s e
Using this notation,
ﬁr(c(g)(wl ®®wr))
= Z e @t(cjp1) - . t(er) - wr - ou(uale)) - ...
1<j<k
coy(up(e)) cwr - t(er) - ..o - t(ejo),

where the signs are determined by the Koszul rule, i.e., depend only on the permutation
applied to

sTher] s e ®@ua(e) @ @ up(c) @ Wiy ® - @ Wi,

where the original sign is 41 (cf. section 1.1). Note that if s~'c is a primitive element of
(QC, ) for all ¢ € C, then this formula reduces to i, = Id¢e Qum,



342 K. Hess / Journal of Algebra 451 (2016) 302-356

Motivated by the definition of topological rth-power map on a free loop space as the
composite of iterated loop concatenation and of the diagonal map, we now complete the
proof of the existence of the algebraic rth-power map.

Proof of Theorem 4.1. Since the diagram
C
|
H

commutes, the pair (Idg,§(")) is a morphism in Tw from ¢ to §(")¢ and therefore induces
a chain map 0, := #(Id¢,6M) : #(t) — #(5(t) such that

C
lé(”t
§5(m

- g

H — () C

5<T> l gy‘ \L

H®" >~ #(6(t) — C

commutes. Note that ZSV is natural with respect to morphisms in Twgept, as chain Hopf
algebra maps commute with iterated comultiplications.

Let )\r = [ 0 5T, which is natural with respect to morphisms in Twyy, since 6 and
fiy are natural with respect to morphisms in Twropt and Tweirseh, respectively. O

Remark 4.9. Combining the formula developed in the proof of Theorem 4.6 for p, with
the identity ¢, = Idc ®5("), we obtain the following formula for \,. If ¢ € C and w € H,
then

A(c®w) = Z +c; @ t(cjpr) - oo ten) - wr - ag(ua(e)) - ...
1<5<k
oy (up(c)) ~wr - t(er) - .. - t(ejo1),

where signs are determined by the Koszul rule precisely as in Remark 4.8 and (suppress-
ing obvious summations)

5(’“)(10) =w Q- Qw,,
DM (s71e) = ur(e) @ ua(e) ® - -+ @ ur(c),

and
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Example 4.10. Recall Example 3.9. Let K be a simplicial double suspension, either E2L
for some pointed simplicial set L or S?M for some simplicial set M. If C' = C, K, then
every element of C is primitive, as is every element s~'c of QC, which implies that

H(C)=(CoT(s'C),d;),
where, if [—, —] denotes the graded commutator, then
d (c®w)=dc@w+ (-Dlle@ dow —1® [s e, w),
and
Xr(x Qw) =2 A (w)

for all z € C and for all w € QC.

Example 4.11. Let K be the nerve of the cyclic group of order two, which is a reduced
simplicial model of RP* (cf. Remark 3.11). An easy calculation shows that Cy K is free
abelian on one generator z; for each k. Moreover,

k
= E 2; Q Zg—;
i=0

for all k, which implies that C, K ® Fy is cocommutative, i.e., that K is a symmetric
simplicial set. Note that the differential in C, K ® F5 is exactly O.

Let C = CLEK ® FFa, and let y; denote the suspension of z;. Consider :}z’?(C) =
(C®T(CLK),d ), where

d (Y1 @ 2y |-+ 21,) = =1 @ 2|2k, |-+ |2k, + (=1)*1 @ 28, |- |24, |21,

where k = k1 + - - - + k,,,. Moreover, for all k,

k
Vex (21) Z%@zk cETCLK®@TCLK
=0
and so
)= > @@, € (TCLK)®
kit thn=k

for all . The formula in Remark 4.9 therefore implies that

AW ® ziy | 2,) = D @ 2y, 2 2l L2 2 | L2

where the sum is taken over
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o all (I1,...,l;) such that 3>, 1; =1, and
o all (k’iJ, ey ki,r) such that Zj k‘i,j = ki, for all 1 << m.

Remark 4.12. All of the results in this section can be dualized, at least in the finite-type
case. We leave the straightforward task of dualizing the statements to the interested
reader.
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Appendix A. The proof of Theorem 3.12

We begin by recalling those elements of homological perturbation theory that we need
in order to prove that applying the bar construction to a chain Hopf algebra gives rise
to an Alexander—Whitney coalgebra.

Definition A.1. Suppose that V : (X,9) — (Y,d) and f : (Y,d) — (X, 9) are morphisms
in Chg. If fV =Idx and there exists a chain homotopy h : (Y, d) — (Y, d) such that

(1) dh+ hd = Vf — Idy,
(2) AV =0,

(3) fh =0, and

(4) h* =0,

then (X, d) %(Y7 d) O h is a strong deformation retract (SDR) of chain complexes.

If, moreover, (Y,d, Ay) and (X, d, Ax) are chain coalgebras and V is a morphism of
v
coalgebras, then the SDR (X, d) ?(Y, d) O h is called Eilenberg—Zilber data [9].

Remark A.2. If (X, d) %(Y7 d) O h is Eilenberg—Zilber data, then

(d®Tdx +1dx ®@d)((f ® f)Avh) + ((f ® [)Ayh)d = Axf = (f ® [)Ay,

i.e., f is a map of coalgebras up to chain homotopy. In fact, as stated precisely in the
next theorem (due to Gugenheim and Munkholm and slightly strengthened in section 2.3
of [12]), f is a DCSH map, under reasonable local finiteness conditions.



K. Hess / Journal of Algebra 451 (2016) 302-356 345

Recall that if V' is a non-negatively graded R-module with Vy = R, then V denotes
Vso.

Theorem A.3. (See [9,12].) Let (X, d) %(Y, d) O h be Eilenberg—Zilber data such that X

andY are connected. Let Ay : Y — Y®2 denote the reduced comultiplication on'Y . Let
Fy =0, and let Fy be the composite

V4, X = s 1X.
For k> 2, let

F, = — Z (F; @ Fj)Ayh: Y — TF(s71X).
i+j=k

If for ally €Y, there exists N(y) € N such that Fi(y) =0 for all k > N(y), then

F=][F=@F::Y—0X

k>1 k>1

s a twisting cochain. In particular, f : Y — X is a DCSH map, and ap : QY — QX
realizes its strong homotopy structure.

v
Remark A.4. Given Eilenberg—Zilber data (X, d) ?(Y, d) O h, there is a closed formula
for each of the F}’s above. For any k > 2, let

hie= Y ¥ @Ayh@IdZh 72 Yokl _ yok
0<i<k—2

and let
Hy=hrohg10--0ohy:Y — YOk (A.1)
Then
Fjy = (—=1)F+1(s711)®F o ..
We prove Theorem 3.12 in this section by applying Theorem A.3 to appropriately
chosen Eilenberg—Zilber data. We now set up the desired SDR.

In the development below, we use the following helpful notation for simplicial expres-
sions.
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Notation A.5. If J is any set of non-negative integers j; < jo < -+ < j, let
87 =8j. " Sjis

and let |J| = r.
For non-negative integers m < n, let [m,n] ={j € Z | m < j <n}. Let A denote the
category with objects

ObA ={[0,n] | n >0}
and
A([0,m],[0,n]) = {f : [0,m] — [0,n] | f order-preserving set map}.

Viewing a simplicial R-module M, as a contravariant functor from A to the category of
R-modules, given z € M,, := M([0,n]) and 0 < a3 < ag < -+ < @, <, let

Tay..a,, = M(a)(z) € My,

where a : [0,m] — [0,n] : j — a;. Note that in particular
Xo..r = dr+1 e dnxa

while for all m < r,

Zo..mr..n = dm+1 s dr_lx.

Example A.6. Let A denote the usual functor from simplicial R-modules to Chg, i.e., for
any simplicial R-module M,, the graded R-module underlying A(M,) is {M,, },>0, and
the differential in degree n is given by the alternating sum of the face maps from M, to
M, _1. Let An denote its normalized variant.

In Theorem 2.1a) of [5] Eilenberg and Mac Lane gave explicit formulas for a natural
SDR of chain complexes

An (M) @AN(M;)%AN(M. X M) & h, (A.2)

where X denotes the levelwise tensor product of simplicial R-modules. In particular, if
x € My, and o’ € M), then

feR)= Y wo®, (A.3)

0<t<n

and



K. Hess / Journal of Algebra 451 (2016) 302-356 347

Vizea') = E E +sa2 N spa’, (A.4)
0<f<n AUB=[0,n—1]
| Al=n— .| B|=t

where the sign of a summand is the sign of the shuffle permutation corresponding to the
pair (A, B).

If R[K] denotes the free simplicial R-module generated by a simplicial set K, then
C.K®R = Ay (R[K]). It follows that, when applied to M, = R[K] and M, = R[K'], for
simplicial sets K and K’, Eilenberg and Mac Lane’s strong deformation retract becomes
the usual Eilenberg—Zilber/Alexander—Whitney equivalence

C.K® C*K'%c*(K % K'Y O h,

which is in fact Eilenberg—Zilber data. In the case K = K’, these Eilenberg—Zilber data
give rise to the Alexander—Whitney coalgebra structure on C, K [14].

In order to prove Theorem 3.12, we consider another special case of the Eilenberg—
Mac Lane SDR. Recall that if A is an augmented chain algebra, then Z A is the normal-
ized chain complex associated to the simplicial chain algebra %, A, where %, A = A®".
The degeneracy maps are given in terms of the unit map R — A by

5 AP 5 AP R a2 a1 Q- R0, O1® a1 Q- ® an,

while the face maps are given in terms of the multiplication or the augmentation ¢ by

glar) (a2 ®a3® - ® ay) :1=0
di: A" = AP @ ®@ap R Qa1 Q - Qa, :0<i<n
(a1 @ - ®an—1)-clan) (i =n.

If My = BoA and M, = B, A’, then Eilenberg and Mac Lane’s strong deformation
retract becomes

v
BAR BA ? BAR A O h, (A.5)
after identifying B(A ® A’) with Ay (M, X M) via a levelwise isomorphism
(A A)®™ = A% @ A'On, (A.6)
The map V is exactly the equivalence defined in Example 2.12 via the twisting cochain
tg * tg. In particular, V is a map of coalgebras, which implies that (A.5) is Eilenberg—
Zilber data.

Note that equation (A.4) implies that V(sa1|---|sam ® sa}|---|sal) is equal to the
signed sum of all possible (m,n)-shuffles of
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s(a; ® 1)+ |s(am @ D)[s(l ®a})]- - |s(1 @ al,). (A7)
Moreover, equation (A.3) implies that

F(s(ar@ay)|-[s(an ® ay,))

= Y elapsr)-elan)e(ar) - e(ap) - sar| - |sap ® sapy, |-+ |sal,  (A.8)
0<e<n

Equation (A.8) implies that

f(#ava))c @ BuAcBuAl.

n'+n’'=n

To prove Theorem 3.12, we apply Theorem A.3 to the bar construction SDR of Eilen-
berg and Mac Lane (A.5). We must therefore prove local finiteness of the associated
F}’s, which follows from a technical result proved in [14] (Lemma 5.3), expressed below
in terms of simplicial R-modules instead of simplicial sets.

Lemma A.7. (See [1]].) Let Mo and M, be simplicial R-modules. Let m < r < n be
non-negative integers, and let A and B be disjoint sets of non-negative integers such that
AUB=[m+1,n] and |B| =1 —m.

Let hYB . (MR M"),, — (MK M'),+1 be the R-linear map given by

4B (xR a') = sauim) To..r BSBTY oy
for all x € M,, and 2’ € M]. Then the Filenberg—-Mac Lane homotopy in level n
hAn(My ® M) = M, @ M), = M1 @ M}y, 1 = Ay (My K M)
is given by

hzXa') = Z +hAB (2 R '),

m<r, AUB=[m+1,n]
|A|=n—r, |B|=r—m

where the sign is that of the shuffle permutation associated to the couple (A, B).

Example A.8. We are particularly interested in the case where M, = %B,A and
M, = B,A’, and we apply the identification (A.G) above. We compute here one term of
h(s(ay ®al)|s(az ® ay)|s(as ® aj)), to give some indication of the form of this homotopy,
before providing general formulas below.

Observe that if t = a1 ® -+ - Q@ a,, € %A, A, then

Zo..r = g(a/r—&-l et an) . (al ®--Q ar) S ‘@TA)
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while if 2’ = ¢} ® --- ® a, € B, A’, then

! _ li / li / li li
xO...mr,..n_a1®“'®am®am+1""'ar®ar+1®“'®an'

Whenn:3,r:2,m:1,A:{3}andB:{2}’

WP (s(ar © af)|s(as @ ah)[s(as @ af))
= e(a3) - (s(ar ® a})[s(1 ® ab)|s(az @ 1)]s(1 @ b)),

because
SAU{l}(al ® az ® az)o1z2 = €(az) - s3s1(a1 ®az) =€(az) - (a1 @1 ®az ® 1)
and
s (a} @ abh @ dy)o123 = so(a) ® ah @ a}) = ) @ ah @ 1 ® df.

In the case of the bar construction SDR, we obtain the following general, explicit
formulas, where we use the notational shortcut

v=wv1| vy and  w=wq| - |w, = v|w:= v g |wr] - Jwg.

Corollary A.9. Let A, A’ € ObAlgg. If My = B A and M, = B, A’, then the Eilenberg—
Mac Lane homotopy h : B(AR A') — B.r1(A R A') satisfies the following equations.

1) h(s(1®ad))| --1s(1®al)) =0 forall ay,...,al € A.
() 1 n 1 n
(2) If |a,| # 0, then

h(s(ar @ ay)|--[s(ar ® ap)|s(1 @ agip)] -+ [s(1 @ ay,))

= Y Es@®d)|- - |s(am @ ap)|s(1 @ apyy - ay)]

0<m<r
X V(s -+ 5ar @ salyy] - |sa))
forallay,...,ar—1 € A and al,...,al, € A.

Remark A.10. Note that the formulas above imply that
h(s(ar @ 1)+ |s(ar @ sl @ appy)| -+ [s(1 @ ay,)) =0,

for all ay,...,a, € Aand aj4,...,a, € A" and for all r > 0, since in this case a;,,; =
cw=a,=1forallm<r.
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Proof. Let
w=s(a1 ®ay)|---[s(am @ ajy)|s(1 @ alypyq)| - s(1 @ ay,) € Br(A® A,

where |aps| > 0. Note that Lemma A.7 implies that h(w) € Zpi1(A® A').
It is clear that

r<M = h*B(w)=0

for all 0 < m < r and A and B disjoint sets of non-negative integers such that AU B =
[m +1,n] and |B| = r — m, since e(aps) = 0.
We can also show that

r>M = hB(w)=0

for all 0 < m < r and A and B disjoint sets of non-negative integers such that AU B =
[m + 1,n] and |B| = r — m. To establish this implication, we consider the following two
cases. Suppressing summation, write

WP (w) = 5(b1 @ b)] -+ [5(bn1 ® by, ).

(1) If r > m > M, then [by41]| = --- = |by| = 0, while the list b, ,,...,b), includes at
least  —m elements of degree 0. There exists therefore k € [m + 1, n] such that both
by, and b), are of degree zero and therefore s(by ® b},) is degenerate in HBo(A @ A'),
ie., s(by ® b)) = 0 in the normalized complex.

(2) If r > M > m, then the list b,41,...,b, includes at most M — m elements of
positive degree, i.e., at least n — M elements of degree 0. On the other hand, the list

mals- -+ by, includes at least 7 —m elements of degree 0. Since
(r—=m)+(n—M)=n—(m+M-r)>n—(m+1),

there exists k € [m + 1, n] such that both b, and b}, are of degree zero and therefore
s(br ®b},) is degenerate in Be(A®A’), i.e., s(by ®b},) = 0 in the normalized complex.

We conclude that the only nonzero summands of h(w) are those for which » = M, in
which case the formula given in the corollary follows by straightforward application of
the formula in Lemma A.7. O
Theorem A.11. For all A, A’ € ObAlgg, the Alezander—Whitney map

FiBADA) — BAR BA

is a DCSH map.
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Proof. We prove this proposition by applying Theorem A.3 to the Eilenberg—Zilber data
(A.5). Note first that BA @ BA" and B(A ® A’) are both connected, by definition of
the bar construction.

Given a nonzero element w = s(a; ® a1)|-- - |s(an, @ a,) € Bp(A® A'), let

C(w) = #{i | as| = 0} + #{j | laj| = 0}.
Let ¢(0) = 4o0.
Let w = s(a1 ® a1)|--|s(an ® al,) € B (A A'). If ((w) > n, then there exists
j € [1,n] such that |a;| = 0 = |a}| and therefore w corresponds to a degenerate element

in Be(A® A’). Since B(A® A’) is the normalized complex associated to Be(A® A’), it
follows that w = 0. We therefore conclude that

0£weBp(AA) = ((w) < n. (A.9)
Define a bifiltration of Z(A ® A’) by
T (B(AD ) = {w € Ben(A® A) | C(w) = ph
and consider the induced bifiltration

F(BA A = P T (BAA) @ @ T (B(AR A)).

pi1+-+pr=p
nit+-+ng=n

It is easy to check that the comultiplication A : B(A® A') - B(AR A') @ B(A® A')
is a bifiltered map. Moreover, it follows from implication (A.9) that

Frm(B(A® A)PF) =0 for all p > n and k > 1. (A.10)
To prove local finiteness of the Fj’s associated to the SDR (A.5), we show that
¢(h(w)) > Cw) +2 (A1)
for all w € B(A® A’). It follows that
n(F7" (B(A A))) C T (A AY)
for all p and n, since the formulas in Corollary A.9 imply that
h(%,(A® A)) C Bpi1(Ax A).

Consequently, if A denotes the reduced comultiplication on %(A @ A’), then

An(F77(#(A® A))) T2 (A0 A) @ BA® A)),
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which is the base step in an easy recursive argument showing that

Hk+1(§p’"(%(A®A’))) c @+2k,n+k(%(A®A,)®k)’

for all k > 1, where the map Hy1 is defined as in (A.1).
Equation (A.10) therefore implies that for all w € F7"(B(A @ A’)) and for all k >
n—p+1,

Fi(w) = (s71f)®* o Hy,(w) = 0.

Local finiteness of the F}’s, which allows us to apply Theorem A.3 and therefore conclude
that f : B(A®A') — B(A) @ A(A’) is a DCSH map, is thus a consequence of inequality
(A.11).

To complete the proof, we must prove that inequality (A.11) holds. It follows im-
mediately from inspection of the formulas in Corollary A.9 and for V (A.4) that, in

comparison with w = s(a; ® a1)|---|s(an ® a’,), each summand in the expression
s(a1 @ ay)] -+ |s(am @ ap,)|s(1 ® gy -+ @) [V (samya |- -+ [sar @ sap |-+ |say,),
if nonzero,

e contains (n —r) + (r —m) + 1 new 1’s, inserted in the last n — m terms, and

o has lost at most (r —m — 1) 1’s, in the process of multiplying a/, ;- --a..

We see thus that

C(5(a1 @ a)] -+ [s(am © a1 @ g -+ )|V (sQma] - 5y ® sy -+ - [saL,)
>Cw)+(n—m+1)—(r—m-—1)
=((w)+n—r+2
> ((w) + 2. O
Before proving Theorem 3.12, we establish a technical lemma that plays an important

role in showing that ey : QAH — H is a coalgebra map. Recall the cartesian product
of twisting cochains from Definition 2.11.
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Lemma A.12. Let A and A’ be augmented chain algebras. For all n > 1, the composite

Bo(ADA) > B ((AQA) — 2o @, BUADA) @ B (A A
fef

D oo (Z0A® B A) @ (B A B ')

m/+m! =m

(taa*tes)®(tas*ton)

(A A)® (A A')
is equal to zero. Moreover,

(-plllead)@@e1) :la-|d| >0

(taxtz)®? o f??oAoh(s(a®d)) = {
0 s else.

Proof. Let § = (tg *t)®? o f2 0 A o h. Recall that tz(sa) = a for all @ in A or A’,
while tg(sa1|---|san) =0 for all n > 1.
If n>1and thus £ +¢" +m' +m” =n+1> 2, then
e at least one of ¢/, £, m’ and m” is greater than 1, or
e U'+/0"=2and m'+m” <2 or
o '+ 0" <2and m' +m"” =2.
In the first case, the corresponding summand of § is zero, since #>2A C kertgz and
similarly for A’. In the second and third cases, the corresponding summand of ¢ is also
Zero, since
B1A® ﬂlA/ =sA ® sA' c ker(tgg * tgg).
The case n =1 is established by a straightforward calculation. 0O
Corollary A.13. Let A and A’ be augmented chain algebras. Consider the composite

QB(AR A) 25 Q(BAR BA) L QBA@ QBA 25540, A g A

where F : B(A® A’) — Q(BAQ BA') is the twisting cochain of Theorem A.11. For all
n>1,

s 1'%, (A2 A') C ker ((5,4 ® eA/)an).

Proof. Remark 2.13 implies that
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ity = (Ea®ea)q: UBAR BA') - AR A

Furthermore, for all wy,...,w, € ZA and wi,...,w, € BA,

et (57 (w1 @ W)+ 7w, © 1)) = £ar -0, D df -,
where (suppressing summation) a ., (s~ (w; ® w})) = a; ® @) for all 1 < j < n, and
the sign is determined by the Koszul rule, i.e., determined entirely by the permutation
applied to

(a1 ®a}) @ @ (an, @ ay,),

where the original sign is +1 (cf. section 1.1).

Recall equation (A.1), the definition of the operators Hj associated to Eilenberg—
Zilber data. A straightforward inductive argument, of which Lemma A.12 is the base
step, shows that for all n > 1

ko Hy, (%n(A ® A/)) C ker(tg * t)%F.
It then follows from the second half of Remark A.4 that

afp (%n(A ® A')) C ker at gyt gy s
and we can conclude. 0O

Proof of Theorem 3.12. Let H be a chain Hopf algebra. From Theorem A.11 it follows
that ZH is a weak Alexander—Whitney coalgebra, where the chain algebra map realizing
the DCSH structure of § : H — H ® H is the composite

QBH 225, OB(H @ H) 225 Q(BH @ BH).

It remains to show that (ZH, apoQ98)) is actually an Alexander—Whitney coalgebra,
i.e., that the comultiplication

OBH 22202, O(BH @ BH) 4 OBH @ WBH

is coassociative. Essentially the same argument as in the proof of coassociativity of the
canonical diagonal on QC, K (Theorem 4.2 in [14]) works here, since the comultiplication
on the cobar constructions comes in both cases from the Alexander—-Whitney map in the
original Eilenberg-Mac Lane SDR (A.2).

Let v = qoapoQRB : QBH — QABH Q@ QABH. To prove that ey : QBH — H is a
coalgebra map, we must verify the following two claims.
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(1) (eg ®en)ov(s7 (sa)) = d(a) for all a € H.
(2) (exg ®en)ov(s™ (sar| - |say)) =0 for all n > 1.

Claim (2) is an immediate consequence of Corollary A.13.
On the other hand, Lemma A.12 implies that if §(a) =a® 1+ 1® a + a; ® a’, then

(ew ®en)¥(s ' (sa))

= Qyaty OF (s_l(s(a @) +s(l®a)+s(a; ® ai)))

=gty (s (sa® 1)+ s (1@ sa) + s (1@ sa’)[s ' (sa; ® 1))
6(a),

and so Claim (1) holds as well.

To prove the dual result, concerning the cobar construction on H, note that if H is
connected and of finite type, then homp(2H, R) is isomorphic to hompg(H, R), which
is an Alexander—Whitney coalgebra by the argument above. It follows that QH is an
Alexander—Whitney algebra and that ng : H — $BQH is an algebra map. O

Remark A.14. In [18], Kadeishvili showed that if H is a chain Hopf algebra, then QH
is a Hirsch algebra. In proving above that QH is an Alexander—Whitney algebra, we
have established a stronger result, one that is necessary to proving the existence of
multiplicative structure on J/f?(H ).
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