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Abstract
Due to a distortion of its hexagonal unit cell along the c-axis compared to hexagonal-
close-packed metals (c/a = 1.856 instead of 1.633), zinc is characterised by a large
anisotropy of its solid-liquid interfacial energy (γs`). While previous studies have focused
on the use of zinc alloys for galvanic coating of steel sheets, there has been relatively few
investigations of the effect of this anisotropy on the formation of dendritic microstructure
in Zn-Al bulk specimens. The aim of this thesis is thus to understand the effect of
the large solid-liquid interfacial energy anisotropy on the growth morphologies of Zn-Al
alloys. This investigation is of great scientific interest as zinc dendrites grow along

〈
101̄0

〉
directions with an edgy tip.

Given the importance of γs` on the solidification microstructure, in situ observations of
liquid alloy droplets in a solid matrix under near-equilibrium conditions were performed
and reported here for the first time. The setup used has been found relatively accurate
(with a 10% error) for measurements of large anisotropies. However, due to the limited
resolution of the X-ray tomography beamline, low anisotropy measurements have fairly
large errors. Observations of droplets before and after quench also allowed to analyse the
effect of a quench on equilibrium shapes. The shape of droplets after quench is more
anisotropic and is strongly suspected to present edges in the basal plane after quench,
whereas observations before quench show that even though their aspect ratio is large
(∼1.52), no edges can be observed.

In order to study dendrite morphologies in Zn-4wt.%Al-0.17wt.%Pb, specimens were
prepared in two ways: (i) Bridgman growth in a fixed temperature gradient and constant
speed of 0.067 mm/s and (ii) directional solidification from a water-cooled steel chill,
with a solidification velocity on the order of 0.3 mm/s. The samples were then studied by
optical microscopy, SEM and EBSD as well as by X-ray tomography. Detailed phase-field
simulations were used to understand the dendrite morphologies that formed in these
experiments

Both experimental observations and phase-field simulations confirmed that, at low ve-
locity, Zn dendrites grow preferentially along

〈
101̄0

〉
with short secondary arms along

〈0001〉. The growth morphology of
〈
101̄0

〉
dendrites is very peculiar, with the presence

of doublets/triplets of primary trunks in a transverse section: it can be accounted for by
the very large solid-liquid interfacial energy anisotropy of zinc (and thus the presence of
forbidden orientations). As c-axis secondary arms grow, their lateral surface starts to
have a normal which is no longer allowed by the equilibrium shape. Therefore, they start
bending along the closest growth direction, i.e.,

〈
101̄0

〉
and eventually form new primary
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trunks. However, under faster solidification conditions, the microstructure displays a mix
of grains with two different principal growth directions, namely

〈
101̄0

〉
and 〈0001〉.

The gradual transition of Zn dendrites from
〈
101̄0

〉
to 〈0001〉 with increasing solidification

speed is suspected to be due to the fact that the dendrite tips along these two directions
do not exhibit the same shape and radii of curvature. Because of the large γs` anisotropy,〈
101̄0

〉
dendrites must have a sharp tip (i.e., a slope discontinuity) perpendicular to

the basal plane and a smooth radius of curvature in the basal plane, the angle of the
edge being almost constant. On the other hand, 〈0001〉 dendrites have two equal radii
of curvature. Thus, when the growth rate is increased,

〈
101̄0

〉
dendrites have only one

adaptable radius, whereas 〈0001〉 dendrites have two. At some velocity, it becomes easier
for 〈0001〉 dendrites to reject solute compared to

〈
101̄0

〉
dendrites. However, the existence

of an attachment kinetic anisotropy term cannot be discarded in order to explain such
a dendrite orientation transition, as in situ observations of equilibrium shapes did not
show any sign of edges along the basal plane.

Key words: Zn, solid-liquid interfacial energy anisotropy, edgy dendrite tip, dendrite ori-
entation transition, equilibrium shape measurement, Bridgman solidification, directional
solidification, phase-field, growth morphologies.
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Résumé
En raison d’une distortion de sa maille hexagonale le long de l’axe c comparé à un
métal hexagonal compact (c/a=1.856 au lieu de 1.633), le zinc est caractérisé par une
grande anisotropie de son énergie interfaciale solide-liquide (γsl). Alors que la plupart des
recherches se sont concentrées sur l’utilisation des alliages de zinc dans la galvanisation de
tôles d’acier, il n’y a eu que peu d’études sur l’effet de cette anisotropie sur la formation de
microstructures dendritiques dans des échantillons massifs de Zn-Al. Le but de cette thèse
est donc de comprendre l’effet de cette anisotropie de l’énergie interfaciale solide-liquide
sur les morphologies de croissance d’alliages Zn-Al. Cette étude est d’une grande portée
scientifique étant donné que le zinc est sensé présenter une dendrite pointue dans la
direction

〈
101̄0

〉
.

Etant donnée l’importance de γs` sur la formation de microstructures, des observations in
situ de gouttelettes d’alliages liquides dans une matrice solide dans des conditions proches
de l’équilibre thermodynamique ont été exécutées et sont présentées ici pour la première
fois. L’installation utilisée est relativement précise (avec une erreur d’environ 10%) pour
la mesure de grandes anisotropies. Cependant, dû à la résolution limitée de la ligne de
faisceau de tomographie par rayons-X, les mesures de faibles anisotropies sont associées
à des erreurs de l’ordre de grandeur des valeurs mesurées et n’ont pas pu être faites
précisément. Les observations de goutellettes avant et après trempe ont également permis
d’analyser l’effet de cette dernière sur les formes d’équilibre. La forme de ces dernières sont
plus anisotropes et fortement suspectées de présenter une arête dans le plan basal avant la
trempe, alors que les observations avant trempe montrent que bien que le rapport largeur/-
hauteur soit grand (∼1.52), aucune arête n’a été observée dans la forme d’équilibre in situ.

Des échantillons de Zn-4pds% Al-0.17pds% Pb ont été préparés de deux façons : (i)
Solidification Bridgman dans un gradient de température fixé et à une vitesse constante
de 0.067 mm/s et (ii) solidification directionnelle depuis une plaque en acier refroidie,
avec une vitesse de solidification de l’ordre de 0.3 mm/s. Les échantillons ont été étudiés
par microscopie optique, SEM et EBSD ainsi que par tomographie à rayons-X. Des
simulations détaillées en champ de phase ont aussi été utilisées afin de comprendre les
morphologies dendritiques formées dans ces expériences.

Les observations expérimentales ainsi que les simulations en champ de phase montrent
qu’à basse vitesse, les dendrites de zinc croissent préférentiellement le long de directions〈
101̄0

〉
avec de courts bras secondaires orientés selon 〈0001〉. La morphologie de croissance

des dendrites
〈
101̄0

〉
est très particulière avec présence de doublets/triplets de troncs

primaires dans une section transverse (perpendiculairement au gradient thermique). Cette
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microstructure peut être expliquée par la très large anisotropie de l’énergie interfaciale
solide-liquide du zinc (et donc la présence de directions de croissance interdites). Alors
que les bras secondaires orientés selon l’axe c croissent, leurs surfaces latérales com-
mencent à avoir une normale qui n’est plus autorisée par la forme d’équilibre. Ainsi, ces
bras secondaires commencent à se courber le long de la direction de croissance la plus
proche, i.e.,

〈
101̄0

〉
, et forment finalement de nouveaux troncs primaires. Cependant,

pour des conditions de solidification menant à des vitesses de croissance plus élevées,
la microstructure est constituée d’un mélange de grains présentant deux directions de
croissance principales,

〈
101̄0

〉
et 〈0001〉.

Cette transition graduelle des dendrites de zinc de
〈
101̄0

〉
à 〈0001〉 avec une augmentation

de la vitesse de croissance est suspectée d’être due au fait que les pointes de dendrites selon
ces deux directions ne présentent pas la même forme, ni les mêmes rayons de courbure. A
cause de la grande anisotropie de γs`, les dendrites orientées selon

〈
101̄0

〉
doivent avoir

une pointe ayant une arête (i.e., une discontinuité de la pente) perpendiculairement au
plan basal et un rayon de courbure lisse dans le plan basal. D’autre part, les dendrites
orientées selon 〈0001〉 présentent deux rayons de courbure égaux. Ainsi, quand la vitesse
de croissance est augmentée, les dendrites orientées selon

〈
101̄0

〉
n’ont qu’un rayon

pouvant s’adapter aux conditions de solidification alors que les dendrites croissant selon
l’axe c en ont deux. A une vitesse donnée, il est donc plus facile pour les dendrites de
type 〈0001〉 de rejeter du soluté comparé aux dendrites

〈
101̄0

〉
. Cependant, l’existence

d’un terme d’anisotropie de la cinétique d’attachement ne peut pas être totalement
exclue pour expliquer une telle transition de l’orientation dendritique étant donné que
les observations in situ des formes d’équilibre n’ont pas permis d’observer d’arête sur ces
dernières dans le plan basal.

Mots clefs : Zinc, anisotropie de l’énergie interfaciale solide-liquide, pointe dendritique
présentant une arête, transition de l’orientation dendritique, mesure de forme d’équilibre,
solidification Bridgman, solidification directionnelle, champ de phase, morphologies de
croissance.
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1 Introduction

The study of microstructure formation in zinc alloys is of great interest as it is the fourth
most common metal in use, preceded only by iron, aluminium, and copper. The annual
production of primary Zn is about 12 millions tons [1], with about 50% being used for
galvanizing steel to protect it against corrosion. This makes zinc one of the most "visible"
metals in the world. Most everyday objects such as lampposts, garbage containers or
even handrails are made of galvanized steel and display large dendritic grains (called
spangles and shown in Fig.1.1) at their surface. Zinc is of economical importance since
the corrosion of steel has been estimated to cost at least 4% of an industrialized country’s
Gross Domestic Product [2].

10 mm

Figure 1.1: Micrograph of a galvanized coating with lead addition, exhibiting large grains
called spangles. The dendritic network is also visible as a feathery pattern in some
grains [3].

Other uses of zinc include production of Zn alloys (∼ 17%) or Zn-containing alloys such as
brass or Al-7000 series alloys (∼ 17%), and other applications such as Zn semi-products,
chemicals and paints. The most common Zn alloy is the Zamak, with a composition of
around 4wt.% Al while other alloying elements such as copper or magnesium can be
added to increase its mechanical properties. The main advantage of this alloy is the
high processibility offered by its high fluidity and its low liquidus temperature. It is

1



Chapter 1. Introduction

mainly used in automotive components or ironware (for example door handle) as well as
in prototyping by die casting or lost-wax casting.

Given the use of zinc and the low technological importance of the parts made in Zn
alloys, most solidification studies have focused on the galvanization of steel sheet [3–6]. It
has been shown that Zn dendrites grow mainly along

〈
101̄0

〉
directions, while secondary

arms along 〈0001〉 directions can also grow in coatings [5]. It has been also shown
recently that heterogeneous nucleation of Zn on a flat substrate naturally results in a
basal texture, i.e., a preferred orientation of the Zn nuclei with its basal plane parallel to
the substrate [4,6]. This is due to a specificity of zinc which makes this element inter-
esting from a scientific point of view, despite its fairly low technological/industrial interest.

Figure 1.2: Aluminium-zinc phase diagram [7]

Indeed, unlike magnesium, zinc is a hexagonal element which exhibits a distortion of
its hexagonal unit cell along the c-axis compared to the ideal hexagonal-close-packed
structure (c/a = 1.856 instead of 1.633). Consequently, its solid-liquid interfacial energy
(γs`) is characterized by a large anisotropy. This anisotropy has several consequences, in
particular the fact that the equilibrium shape of zinc crystals in contact with its liquid, or
vice versa (the shape of liquid droplets within solid zinc) presents edges (i.e., forbidden
orientations) in the basal plane [8,9]. Therefore,

〈
101̄0

〉
dendrites should have an edgy

tip (or at least supposed to as they were not directly observed) in a plane perpendicular
to the basal plane, with a smooth curvature in the basal plane.

2



1.1. Motivation

The effect of this large anisotropy on the microstructure formation of Al-Zn alloys has
been already extensively investigated [10–14]. It has been found that an increase of the
zinc content of the alloy changes gradually the growth direction of the dendrites from
〈100〉 (for Zn content lower than 25wt.%) to 〈110〉 direction (for zinc composition higher
than 55 wt.%), with textured seaweed-type structures in between. The crystallographic
symmetry of the growing dendrites is still face-centered cubic as the solubility of Zn in
Al at high temperature is very high as can be seen in the Al-Zn phase diagram presented
in Fig. 1.2. Such a dendrite orientation transition is thought to be due to a combined
effect of the large solubility of zinc in solid aluminium, the large anisotropy of zinc and
the low anisotropy of Al, which contributes to change γs` (CZn). However, no extensive
researches have been done in order to study the effect of the large anisotropy of γs` on
the microstructure formation in bulk zinc alloys, if one excepts a short contribution of A.
Sémoroz in his PhD thesis mainly dedicated to zinc and galvalume coatings [3].

1.1 Motivation
During most solidification processes, either in a laboratory or at an industrial scale,
dendritic microstructures are formed. As such morphologies present inhomogeneities
both in composition and in length scales, the resulting mechanical properties of the cast
products depend on the way the microstructure has formed. Therefore, an understanding
of the dendritic morphology formation is of great importance in order to control and
tune the obtained mechanical properties, as well as to set the optimum parameters of
the heat treatment performed after casting in order to improve them. Even though the
growth morphologies formation of "regular" dendrites (which can be approximated by
a paraboloid of revolution) has been the focus of solidification researches over the last
50 years, no theory or experimental researches have been made on the growth of edgy
dendrites.

This work originates from experimental observations made by Sémoroz [3] on directionally
solidified Zn-Al-Pb alloys in order to study the effect of lead on the microstructure
formation. As can be seen in Fig. 1.3, the growth morphology formed is very peculiar.
While the dendritic microstructure in a longitudinal section (Fig. 1.3 (a)) is not greatly
different from that of other cubic metals, the microstructure in a transverse section (i.e.,
perpendicular to the thermal gradient) is uncommon.

The dendrites seem to grow in groups of two or more primary trunks with a thin liquid
layer in between (i.e., almost as doublons [15,16]). However, as Sémoroz was not directly
interested in the microstructure formation of Zn, but rather on the way lead promotes
columnar dendrites instead of equiaxed dendrites, this growth morphology was not further
characterized and analyzed.
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Chapter 1. Introduction

a b

Figure 1.3: Longitudinal section (a) and transverse section (b) of a directionally solidified
Zn-3wt.%Al-0.11wt.%Pb (right) alloy [3].

1.2 Objectives and Structure of this Thesis
Given the importance of the solid-liquid interfacial energy anisotropy on the growth
morphologies of zinc alloys, accurate measurement of this property is needed. However,
experimental data found in the literature are very scarce and were only made on quenched
equilibrium shapes. Therefore, one of the objectives of this thesis was the in situ
observation of liquid droplets in a solid matrix under near-equilibrium conditions, by
using the dual laser-heated furnace installed recently on the X-ray tomography beamline
TOMCAT of the Paul Scherrer Institute (PSI). The use of such a beamline also allows
to directly observe the effect of the quench on liquid droplets by turning off the laser
and comparing observations made pre- and post-quench. An emulsion setup has been
specifically developed in order to produce a fine dispersion of zinc alloy drops (∼300
µm in diameter) encapsulated in a salt matrix. After this emulsion step, the drops are
partially remelted while the salt remains solid, thus forming liquid droplets which can be
thermally equilibrated within the drops in the laser furnace. The advantages offered by
such finely dispersed specimens are multiple compared to a bulk metallic sample in order
to observe equilibrium shapes:

• The equilibration time is decreased given the decreased size of materials to put
under thermodynamical equilibrium.

• A nearly homogeneous temperature within the drops, which limits the migration
of tiny liquid droplets formed within these solid drops (a phenomenon known as
Thermal Gradient Zone Melting, or TGZM [17]).

• As Zn is highly X-ray absorbing, the emulsion of fine drops in a salt matrix enables
the production of alloy drops of a desired size (from an X-ray transmission point of
view) in a mainly X-ray transparent salt matrix.

The initial aim of the thesis was to characterize and explain the dendritic microstructure
formation of zinc at the light of its large γs` anisotropy and to specifically address the
question of the singular growth morphologies observed in the transverse section presented
in Fig. 1.3 (b). Using ex situ X-ray microtomography and serial sectioning, it has been
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shown that doublets or triplets of primary dendrite trunks are due to the growth of
〈0001〉 side arms which cannot extend far in the liquid due to forbidden directions. They
quickly turn in the direction of the thermal gradient and become new trunks, close to
the primary stem they originate from.
However, experimental observations of quenched Bridgman samples close to the dendrite
tips front indicated a probable larger growth rate of 〈0001〉 secondary arms at higher
cooling rate. Thus, the use of a directional solidification setup, enabling solidification
conditions faster than a Bridgman setup, allowed to investigate the effect of the cooling
rate on the zinc microstructure formation, and in particular the competition between〈
101̄0

〉
and 〈0001〉 dendrites. Samples were studied using standard characterization

methods such as metallography and EBSD in order to assess the growth direction, as
well as 3-dimensional characterization technique (X-ray microtomography). Given the
very distinctive growth morphologies observed in transverse and longitudinal sections,
3D reconstruction allowed to observe and have an overall understanding of Zn dendritic
microstructure formation. Thus, for the first time, the growth morphologies of dendrites
exhibiting an edgy tip is reported.

Besides these experimental investigations, the phase-field method has been used to simu-
late the growth of “edgy” dendrites (due to the diffuse interface of this method, dendrites
are not strictly edgy). After implementation of the non-convex hexagonal γs` formulation
in the phase-field code, detailed computations were run in order to confront the hypothesis
based on the experimental observations of growth morphologies. Furthermore, the use of
phase-field allows to make observations that are not experimentally feasible in zinc at
present, for instance, extracting the dendrite tip shape.

Before presenting in detail the results obtained in this work, a literature review is
made in Chapter 2. It will introduce the fundamentals of solidification that are needed
for this work, with an emphasis on the solid-liquid interfacial energy and its effect on
microstructure formation. The third Chapter is dedicated to the description of the
experimental setups, procedures and characterization techniques used to analyze the
samples. Chapter 4 first treats the characterization of the emulsion technique in terms
of drop size, aspect ratio and salt-alloy interactions. The in situ observations of liquid
droplets in solid drops, themselves encapsulated in a salt matrix, as well as the effect of the
quench on these lasts will be presented. A detailed analysis of the growth morphologies
observed in Zn alloys under various solidification conditions is made in Chapter 5, while
Chapter 6 presents the phase-field modeling results of Zn dendritic growth. The technical
aspects related to such models are first analyzed in order to ensure that the results of
the following detailed systematic study of the supersaturation effect on Zn dendritic
growth is quantitative and not related to numerical artifacts. Finally, Chapter 7 will
provide a synthesis of the results obtained in this thesis and the conclusions that can be
drawn from them. It will close with future perspectives for research that could follow
and improve the results of this work.
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2 Literature Review

This chapter introduces the basic concepts as well as the key references related to the
present study. Since the solid-liquid interfacial energy of zinc is characterized by a very
large anisotropy and strongly influences the solidification of the primary phase, it is
reviewed first. The growth kinetics and evolution of "regular" dendrites is described
in Section 2.2.1, while the change of their growth direction is summarized in Section
2.3. The grain growth competition associated with these preferred dendrite directions
is shown in Section 2.4 and a short description of the phase-field method used in the
present work concludes the chapter.

2.1 Interfacial energy
In solidification, the microstructure formation mechanisms are strongly related to the
solid-liquid interfacial energy properties, and in particular its anisotropy. An interface in
metallic alloys is described as a thin layer of atoms (only a few nm thick) which does
not belong to any of the two phases it separates (diffuse interface). Since an interface
accommodates the change between the structures on both sides, atoms located within the
interface have a higher energy than those in the bulk phases. The solid-liquid interfacial
energy, γs`, is then defined as the integral of this excess energy per unit area. In an
isotropic case, the interfacial tension , σs`, is equal to the interfacial energy and the
surface energy of a finite phase (solid or liquid) within the other is minimized for a
spherical shape. If at least one of the two phases is a crystal, γs` is no longer isotropic
and can depend strongly on the crystallographic direction. This anisotropy of the solid-
liquid interfacial energy will have several implications on the material properties and in
particular on the growth direction of the solid.
Although homogeneous or heterogeneous nucleation of a seed in the liquid is usually
considered for an isotropic case [18], the equilibrium shape reflects the anisotropy of γs`
and is not a sphere. Mariaux and Rappaz [4] have treated the case of heterogeneous
nucleation of zinc and have shown that this can directly influence the texture of nucleated
seeds observed for example in hot-dipping of steel sheets. Once this seed grows up to a
critical radius [19], instabilities develop along preferred growth directions related either
to the solid-liquid interfacial energy anisotropy or the attachment kinetics anisotropy [20].
However, for metals growing at low speed (< 0.1 m/s), the attachment kinetics effect
is usually small and the growth directions are mainly given by the anisotropy of γs`, as
described in the next section.
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2.1.1 Anisotropy of γs` for hexagonal metals
Zinc is characterized by an hexagonal structure slightly distorted along the [0001] axis
(c0/a0 =1.856 instead of 1.633 for a closed-packed hexagonal structure [21]). The way to
describe material properties for hexagonal metals is by using hexagonal harmonics, a
subset of spherical harmonics, described as [22]

H0
2λ (θ, ϕ) = Y 0

2λ (θ, ϕ)
H6µ

2λ (θ, ϕ) = Y 6µ
2λ (θ, ϕ) + Y −6µ

2λ (θ, ϕ)

}
λ ∈ N, µ ∈ N (2.1)

where θ and ϕ are the angular polar coordinates and Y m
l , the associated spherical

harmonics

Y m
l (θ, ϕ) =

√
2l + 1 (l − |m|)!

4π (ł + |m|)! Pml (cos (θ)) eimϕ (2.2)

and Pml (cos (θ)) are the corresponding Legendre polynomials.
The first hexagonal harmonics used for the γsl formulation in the specific case of zinc
are therefore H0

2 , H0
4 , H0

6 (corresponding to the symmetry around the θ angle) and H6
6

(corresponding to the symmetry around the ϕ angle) given in table 2.1.

l m Hm
l (θ, ϕ)

2 0 1
4

√
5
π

(
−1 + 3cos2θ

)
4 0 3

16
√
π

(
3− 30cos2θ + 35cos4θ

)
6 0 1

32

√
13
π

(
−5 + 105 cos2 θ − 315 cos4 θ + 231 cos6 θ

)
6 6 1

32

√
3003
π

(
1− cos2θ

)3 cos (6ϕ)

Table 2.1: Spherical harmonics used in order to compute γs` anisotropy in the case of
hexagonal metals [22].

We then have the following formulation for γs` [6]

γs` (θ, ϕ) = γ0
(
1 + a0

2H
0
2 + a0

4H
0
4 + a0

6H
0
6 + a6

6H66
6
)

(2.3)

with a0
2, a0

4, a0
6 and a6

6 the corresponding anisotropy coefficients.

2.1.2 Equilibrium shape, Wulff construction and ~ξ-vector formalism
The equilibrium shape of a crystal is the shape a solid gets when it is left to reach its
equilibrium state in an undercooled melt for a long time. In other words, it is the result
of minimizing its surface energy under the constraint of a constant volume. The Herring’s
relation [23], the Wulff construction [24] and the ~ξ-formalism of Hoffman and Cahn [25]
allow to obtain the equilibrium shape of a crystal when the orientation-dependency of γs`
is known. Back in 1951, Herring developed the following relation, expressing the variation
of the chemical potential, ∆µ, per molar volume, V m, associated with the surface energy:
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2.1. Interfacial energy

∆µ
V m

= K1

[
γsl (~n) + ∂2γsl (~n)

∂n2
1

]
+K2

[
γsl (~n) + ∂2γsl (~n)

∂n2
2

]
(2.4)

where K1, K2, n1 and n2 are the two principal curvatures at a given point and their
direction respectively. It is recalled that the directions along which the curvature takes
its maximum and minimum values are always perpendicular if K1 is not equal to K2 as
observed by Euler in 1760, and are called the principal directions. Therefore, a seed is at
equilibrium if the variation of the chemical potential due to the curvature of the surface
is constant throughout all the surface of the shape. However, it does not explain how to
get easily and effectively an equilibrium shape. When γs` and its orientation dependency
is known, the Wulff construction can be used in order to construct the equilibrium
shape and the ~ξ-formalism allows to calculate a parametric surface homothetic to the
equilibrium shape. The Wulff theorem in itself states that for a fixed volume, the total
interfacial energy is minimal when the module of the vector between any face of the
crystal and its center is proportional to the solid-liquid interfacial energy. Therefore,
the equilibrium body shape of a crystal can be constructed as the inner envelope of all
the planes perpendicular to ~n and passing by a point ~pγ (~n) = γs` (~n)~n of the γs`-plot.
If the Wulff construction is easy to apply in 2D, it is no longer the case in 3D and
furthermore, it does not provide an analytical solution. To do so, it is easier to work
with the ~ξ-formalism of Cahn and Hoffman. This vector is described as:

~ξ (~n) = d

d~r
(rγs` (~n))~n+ dγs`

d~n
−
(
dγs`
d~n · ~n

)
~n (2.5)

where ~r ∈ R3 is the space vector (it is not identical to the position vector ~pγ (~n) of the
γs`-plot). The ~ξ-formalism satisfies

~ξ · ~n = γs` (~n) , ∀~n (2.6)

which is the Wulff’s theorem with a parametric surface ~pξ (~n) = ~ξ (~n) homothetic to
the equilibrium body shape with an interfacial energy γs` (~n). When the equilibrium
shape of the crystal has sharp edges, this implies that some crystallographic directions
are forbidden in the equilibrium shape. In the case of zinc (see Section 2.1.5), the
~ξ-plot displays ears at the edges, corresponding to the energetically unfavorable surface
orientations. These ears should be cut off, as they are outside the convex shape of the
crystal, in order to get the final equilibrium shape (see Fig. 2.1 right). When the γs`-plot
has singularities such as a cusp, the equilibrium shape becomes facetted (see Fig. 2.1
bottom).

2.1.3 Stiffness
Most solidification theories state that dendrites grow along directions of the maxima of
γs`. If this statement is true when the anisotropy of the solid-liquid interfacial energy
is large, it is not always the case, especially when γs` is nearly isotropic. It is more
exact to state that dendrites grow along directions where the solid-liquid interface of
the equilibrium shape crystal is the "most highly curved". Indeed, instabilities during
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γs`-plot

Equilibirum shape

~ξ (~n)
γs` (~n)~n

~n

γs`-plot

γs`-plot

~n

~ξ (~n)

~n

γs` (~n)~n

(~ξ-plot)

Equilibirum shape
(~ξ-plot)

Equilibirum shape
(~ξ-plot)

Figure 2.1: Wulff’s construction in two dimensions for the equilibrium shape of a crystal
displaying a curved interface (left), edges (right) and facets (bottom). The solid and the
dashed lines represents the ~ξ-plot and the γs`-plot respectively. The gray lines of the
right ~ξ-plot represents the forbidden orientations.

growth will develop along such directions since diffusion in the liquid of solute species
will be easier. In simple cases, these directions correspond to the minima of the stiffness
of the interface. This property actually measures the ease with which a sphere can be
locally deformed in a given direction, thus it is similar to the surface tension, although
this last entity is a surface tensor. The definition of the interface stiffness originates from
Herring’s relation (Eq.(2.4)). When taking K1 = K2, the case of a sphere, in Eq. (2.4),
the chemical potential variation is proportional to the generalized stiffness, Sg

Sg (~n) = γs` (~n) + 1
2

[
∂2γs` (~n)
∂n2

1
+ ∂2γs` (~n)

∂n2
2

]
(2.7)

For an equilibrium shape, the variations of the chemical potential is nil along the surface
and therefore, the regions where the stiffness is minimal corresponds approximately to
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areas where the mean curvature is the highest. In 3 dimensions, however, the stiffness is
not a scalar, but a 2× 2 symmetric tensor [26]

S3D =

γs`(~n) + ∂2γs`(~n)
∂n2

1

∂2γs`(~n)
∂n1∂n2

∂2γs`(~n)
∂n2∂n1

γs` (~n) + ∂2γs`(~n)
∂n2

2

 (2.8)

In simple cases, dendrite growth directions are predicted by the minima of the trace of
the stiffness tensor, here presented in the spherical angular coordinates [10,14]:

S = 2γs` (θ, ϕ) + ∂2γs` (θ, ϕ)
∂θ2 + 1

sin2 (θ)
∂2γs` (θ, ϕ)

∂ϕ2 + cot (θ) ∂γs` (θ, ϕ)
∂θ

(2.9)

However, as it will be seen in section 2.3.2, this criterion cannot fully predict growth
direction in complex cases.

2.1.4 Measurements of interfacial energy anisotropy

There are mainly two ways to experimentally obtain information on the solid-liquid inter-
facial energy anisotropy: the grain boundary groove method [27, 28] and the equilibrium
shape measurement [8, 9, 12,29,30], besides theoretical calculations based on molecular
dynamics [31,32].
The equilibrium shape measurement ideally consists in equilibrating a solid droplet in a
liquid medium at a fixed temperature. However, given the difficulty of such an experi-
ment, especially in term of sedimentation of solid particles in the liquid, all experiments
deal with the reverse situation of liquid droplets within a solid matrix [8, 9, 12, 29, 30].
In the grain boundary groove method [27, 28], a grain boundary between two grains
in contact with the liquid is equilibrated in a temperature gradient. By knowing the
shape of the groove, the Gibbs-Thomson coefficient can be deduced and the solid-liquid
interfacial energies can be calculated if the conductivities and the crystal orientations
are known [27,33].
Since the grain boundary groove method gives only access to information on two crys-
tallographic orientations per experiment, the equilibrium shape measurement is usually
preferred for the measurement of the overall solid-liquid interfacial energy anisotropy.
The molecular dynamics (MD) method used in order to get γs` is based on capillary
fluctuations. A snapshot of a MD simulation is presented in Fig.2.2. The atoms in the
solid state are in red whereas those in the liquid state are in green. The interface (solid
line) is a contour of constant φ, where φ = ∑

i|~ri − ~rfcc|2/12, is an order parameter that
measures the average deviation of the 12 nearest neighbors of a given atom from their
ideal fcc positions. The capillary fluctuations method allows to get directly the stiffness,
knowing that this last for a given direction is related to the spectrum of interfacial
fluctuations in thermodynamic equilibrium [34]. The idea in calculating the stiffness
instead of the solid-liquid interfacial energy directly is that its anisotropy is amplified,
thus giving more accurate results. However, as no good potential exists in order to
describe zinc due to its distortion along the c-axis [35], MD calculation has not yet been
made for this element.
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[010]

[100]

Figure 2.2: Snapshot of a MD simulation of pure Ni showing a fluctuating solid-liquid
interface in thermal equilibrium [32].

Grain boundary groove shape measurement
The shape of a grain boundary groove is measured using a radial heat flow apparatus
[27,28]. A cylindrical specimen is placed in an alumina crucible surrounded by a water-
cooled jacket. A central wire heater placed at the center of the sample enables the
melting of a thin liquid layer (0.5-1 mm) around the heater. The sample is then held in
the produced gradient for 14 days with a very low temperature fluctuation (±0.05-0.1°C).
The specimen is then rapidly quenched, provided the liquid layer is thin, by simply
turning off the heater. The main advantage of having a central heater and a radial
symmetry is that the thermal gradient is very stable and the probability of having a
gradient parallel to the solid-liquid interface is almost nil. The Gibbs-Thomson coefficient
is then deduced from the measured grain boundary groove slope [27]:

1
2Gy

2 = Γs` (1− sin θ) (2.10)

where θ and y are defined in Fig.2.3 if the thermal conductivities are the same in the
solid and the liquid. Therefore, Γs` can be measured from the slope of a plot of y2 as a
function of (1− sin θ). However, as one can see, the main drawback of such a method
is that the measurement of one grain boundary groove only gives information on the
solid-liquid interfacial energy of two specific crystallographic orientations associated with
the two grains.
Knowing ∆sf , the specific entropy of fusion and ρs, the solid density, it is easy to get
back to the solid-liquid interfacial energy using the definition of the Gibbs-Thomson
coefficient

Γs` = γs`
∆sfρs

(2.11)

Equilibrium shape measurement
Historically, the production and equilibration of liquid droplets in a solid was made during
a two step method [8,9,29]. First, the alloy is cast in a composition enabling the presence
of 2− 3 vol% of liquid phase at the equilibration temperature. The cooling rate is a key
parameter since the interdendritic spacing and associated segregation directly influences
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Figure 2.3: Schematic illustration of an equilibrated grain boundary groove formed at a
solid-liquid interface in a temperature gradient in a radial heat flow apparatus.

the density of observed droplets. After casting, the alloy is annealed at the selected
temperature, chosen to be in the solid-liquid region (above the eutectic temperature of
the alloy). Annealing is typically done over a period of one week in order to be sure
to reach an equilibrium state. The specimens are then rapidly quenched with a cooling
rate on the order of 100°Cs−1. A very good temperature control is required during the
annealing, since temperature fluctuations change the liquid volume fraction and thus
the droplet size. Furthermore, a very low thermal gradient is needed in order to avoid
migration and elongation of the droplets along the direction of the thermal gradient due
to solute diffusion within the liquid droplets (the so-called thermal gradient zone melting
(TGZM) [17]).

More recently, a new method has been proposed by Liu et.al. [30] using directional
solidification (DS) instead of casting to produce the solid matrix. It has the main
advantage of producing one (or two) grains with a known orientation thus avoiding
the problem of droplets formation at grain boundaries. The DS specimen then goes
through a two-step heat treatment. The first one is made below the solvus of the alloy to
homogenise the composition of the primary phase and produce a discontinuous eutectic
structure. In the second step, the remaining discontinuous eutectic is transformed into
liquid droplets at a temperature slightly above the solidus. The sample is then quenched
and the 3D equilibrium shapes are usually observed by using serial sectioning and more
recently by focused ion beam microtomography (FIB) [12]. The main drawback with
this method is that the droplet density is fairly low compared to the original method to
produce droplets [8,9,29]. Bösenberg et.al. [36] proposed to remelt the sample in a strong
temperature gradient (∼ 12000°C/m) for approximately one second before equilibration.
This heat treatment produces a region of a few mm containing a fine distribution of
very small unequilibrated droplets (with diameters ranging between 300 nm and 2 µm)
between the molten and the unaffected zone of the sample. Having small droplets is of
course desirable since the equilibration time is decreased, and the curvature contribution
is increased.
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2.1.5 Solid-liquid interfacial energy of zinc
The solid-liquid interfacial energy of zinc and its anisotropy have been extracted us-
ing three methods: measurement of the dihedral angle of liquid inclusions at a grain
boundary [37], grain boundary groove shape measurement [28] and equilibrium shape
measurements [8, 9, 12].

An early study of the dihedral angle of liquid inclusion [37] in Zn-Sn, Zn-In, Zn-Pb
and Zn-Sn has obtained a value of (0.09± 0.015) Jm−2 for the solid-liquid interfacial
energy of a plane parallel to (0001). Equilibrium shapes of such alloys are lenticular,
elongated in the basal plane and/or restrained along the 〈0001〉 direction [9] without any
missing orientations or facets observed. Their aspect ratio of the dimensions parallel and
perpendicular to the basal plane is extrapolated to be 1.3 at the melting temperature. As
the temperature is decreased, formation of {0001} facets is observed for all four systems
as well as an increase to 2 of the aspect ratio of Zn-In droplets held at 170°C and then
quenched (see Fig.2.4 (a)).

a

2 µm 3 µm

b

Figure 2.4: a) Faceted inclusion of Zn-In held at 170°C after quench, presenting facets
along different directions, b) Non-faceted inclusion of Zn-In held at 300°C [9]

.

Grain boundary groove shape measurements made by Keşlioğlu et.al. [28] gave a value of
γs` = 0.093± 0.008Jm−2 for Zn-Al 1wt.% solid in contact with a Zn-Al 5wt.% liquid, but
without mention of the crystallographic orientation. This value is slightly higher than
that measured for pure zinc [37], but in good agreement with the theory that adsorption
of alloying atoms at the interface increases the anisotropy [38, 39]. Therefore it seems
that the direction along which the measurement was made corresponds to 〈0001〉.
The latest result deduced from equilibrium shape measurement in Zn-Al 1wt.% held at
396.7°C for 72h (see Fig. 2.5 (a) [12]) is in good agreement with previous results. A
lenticular aspect ratio of 1.6 has been observed, while the anisotropy of γs` measured in
the basal plane was very small, (a difference in radius of -2.2± 2% between the

〈
101̄0

〉
and

the
〈
112̄0

〉
directions) (see Fig. 2.5 (b)). Although such measurements already provide

very valuable results, while being fairly difficult to make, they are influenced by the
quench operation. As can be seen on Fig. 2.5, the interface between the droplet and the
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20 µm

a

b

20 µm

〈0001〉

〈0001〉

Figure 2.5: a) Experimental equilibrium shape of Zn-Al perpendicular to the basal plane.
The dotted line represents the basal plane and the arrows, the 〈0001〉 directions, b)
Experimental equilibrium shape of Zn in the basal plane [12].

Zn matrix is not so well defined since inward epitaxial growth can be seen clearly at the
edge of the lens. This indicates that the quench is not sufficiently rapid and dendrites can
grow inwards before the formation of eutectic, thus perturbing the observed equilibrium
shape at room temperature. In this work, observations of Zn-Sn liquid droplets by in
situ X-ray tomography at high temperature have confirmed that the quench operation
modifies their shape.

Nevertheless, equilibrium shape observation in Zn alloys show the same trend [8]: It is
lenticular and elongated in the basal plane without any significant 6-fold anisotropy in
this plane. However, two types of equilibrium morphologies are reported: (i) smooth
lenticular shapes without forbidden directions for Zn-Sn, Zn-Pb and Zn-In, but displaying
clear {0001} facets at low equilibration temperature [8]; and (ii) lenticular disks for Zn-Al,
Zn-Mg and Zn-Cd [8]. In the case of Zn-Al 1.4wt.% equilibrated at 385 °C, an aspect
ratio of 2.1 and a lenticular angle of 85 deg. was reported [8].
In order to successfully model wetting, heterogeneous nucleation and growth of Zn-Al
dendrites in galvanized steel sheets, this last results has been used in a previous study
to deduce the anisotropy coefficients of Eq. (2.3) [6]. Translating the aspect ratio and
lenticular angle observation into expressions using the ~ξ-vector formalism gives:

~ξ (θ = 42.5°) · [0001] = 0 (2.12)
|~ξ (42.5°) |
|~ξ (0°) |

= 2.1 (2.13)

Using these two observations and the relationship between γs` (~n) and ~ξ (~n) (Eq.(2.5),
Mariaux assumed that a0

6 = a6
6 = 0 and found for a0

2 and a0
4 [6]:

a0
2 = −1.026 a0

4 = 0.195 (2.14)

Since dendrites growing along
〈
101̄0

〉
have been observed in directional solidification
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[40,41] as well as in thin coatings [5, 42], a small 6-fold anisotropy component must be
present in the basal plane. Eliminating an attachment kinetic contribution, this means
that a small term a6

6 must be present. As will be shown in Section 6.2.4, a small a6
6

contribution added to the previous contribution a0
2 and a0

4 (Eq.(2.14)) does not change
appreciably the equilibrium shape in the basal plane and is thus difficult to measure
experimentally (Fig. 2.5(b)). The construction of the equilibrium shape by using the
~ξ-formalism depends on the first derivative of the solid-liquid interfacial energy, whereas
dendrite formation depends on the interface stiffness with second derivative of γs` or
on the curvature of the equilibrium shape, which contains its third derivative. As every
differentiation of γs` will increase the anisotropy contributions, it is possible to implement
a 6-fold anisotropy promoting dendritic growth without changing greatly the equilibrium
shape in the basal plane.
Thus, the formulation of the solid-liquid interfacial energy becomes:

γs` (θ, ϕ) = γ0
(
1 + a0

2H
0
2 (θ) + a0

4H
0
4 (θ) + a6

6H
6
6 (θ, ϕ)

)
(2.15)

As dendrites grow along
〈
101̄0

〉
, the a6

6 coefficient should be negative A. Mariaux used
an arbitrary value of a6

6 = −0.04, which proved to be large enough to produce
〈
101̄0

〉
dendrites using the phase-field method while leaving the equilibrium shape almost
unchanged.
Using this a6

6 value and the values a0
2 and a0

4 of Eq.(2.14) the equilibrium shape shown
in Fig.2.6 has been calculated using the ~ξ-vector formalism. As can be seen, it clearly
exhibits ears, and therefore forbidden directions. The associated γs`-plot and stiffness-plot
are presented in Fig. 2.7 showing two local maxima of γs` and two local minima of the
stiffness along

〈
101̄0

〉
and 〈0001〉.

a b

Figure 2.6: a) Equilibrium shape of Zn calculated using the a0
2-, a0

4- and a6
6-parameters

derived in Eq.(2.14) [6] , b) Equilibrium shape after removing the ears (i.e., the forbidden
orientations) of Fig.(a) [6]

.
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a b

c

Figure 2.7: a) Equilibrium shape of Zn, the dots represents the
〈
101̄0

〉
directions, the

straight line the
(
101̄0

)
plane, the dotted line the basal plane and the two dotted triangles

the ears created by using the ~ξ-vector formalism, b) Corresponding γs`-plot of Zn, c)
Corresponding stiffness-plot (Eq.(2.9)). All these plots are drawn in a

(
112̄0

)
plane.

2.2 Dendritic growth
At an early stage of solidification, grains grow from nuclei up to a critical size above
which it destabilises and forms dendrites [19]. The aim of the following section is to
present simple models used to describe dendritic growth and how to calculate their main
microstructural features,i.e., the primary dendrite arm spacing (λ1) and the secondary
dendrite arm spacing (λ2).

2.2.1 Operating point of a dendrite
For a dendrite tip considered to be a paraboloid of revolution, with a temperature T ∗
and composition C∗ at the tip, Lipton, Glicksman and Kurz (LGK) [43] proposed to
write the total undercooling as the sum of three contributions: the thermal undercooling,
∆TT , the solutal undercooling, ∆TC and the curvature undercooling, ∆TR (see figure
2.8).

∆T = ∆TT +∆TC +∆TR = Lf
cp
Iv3D (PeT )−m`C0

[ (1− k0) Iv3D (PeC)
1− (1− k0) Iv3D (PeC)

]
+ 2Γs`
Rtip

(2.16)

where Lf is the latent heat of fusion, cp the heat capacity, m` the liquidus slope, C0
the nominal composition, k0, the partition coefficient, PeC = v∗Rtip/2Dl the solutal
Péclet number, PeT = v∗Rtip/2α` the thermal Péclet number and Iv (x) = xex

∫ x
−∞

et

t dt
is the Ivantsov function [44]. This equation has two unknown: v∗, the dendrite ve-
locity and Rtip, the curvature radius of the dendrite tip. This problem is overcome
by stating that the dendrite grows at marginal stability with a radius Rtip given by

λmin = 2π
√
Γs`/

(
m`G

∗
C`
−G∗`

)
,i.e., the minimal wavelength at which the planar inter-

face destabilises (marginal stability criterion). An additional prefactor of
√

2 was then
added as these authors found a better agreement with experiments made on succinonitrile-
acetone alloys. The solutal and thermal gradients in the liquid close to the tips, G∗` and
G∗C`

, are evaluated using the Ivantsov solution of the solute and temperature fields, yield-
ing G∗` = −2PeTLf

cpRtip
and G∗C`

= 2PeCC
∗
` (1−k0)

Rtip
. Substituting these values in the expression
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of λmin gives:

Rtip = 8π2Γs`

(
2PeTLf
cpRtip

− 2PeCm`C0 (1− k0)
(1− (1− k0) Iv3D (PeC))

)−1

(2.17)

Rtip v∗

z

z

C0

C∗`G∗C`

T Tliq (C0)

TRliq (C0)

T ∗

T∞

∆TR ∆TC ∆TT

G∗`

C

Figure 2.8: A schematic illustration of the LGK model, portraying the curvature under-
cooling, ∆TR, solutal undercooling, ∆TC , and the thermal undercooling, ∆TT [18]

.

Eqs. (2.17) and (2.16) are then solved iteratively for any given value of ∆T . However, a
simpler form of the model can be applied if the total undercooling is not too large and
the alloy composition not too low. In such cases, the solutal undercooling contribution
represents more than 90% of the total undercooling [18]. By neglecting the contribution
of the thermal undercooling and of the curvature undercooling and using an analytical
fit of the Ivantsov function Iv3D (PeC) ≈ 1.5Pe0.8

C [18] in Eqs. (2.17) and (2.16) and
rearranging the terms gives respectively:

R2
tipv
∗ = − 8π2Γs`D`

m`C0 (1− k0) (2.18)

and

Rtipv
∗ = 2D`

(
− 2∆T

3m`C0 (1− k0)

)1.25
(2.19)

Eqs.(2.18) and (2.19) can be solved to obtain the following approximate expressions for
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Rtip and v∗:

Rtip = 6.64π2Γs` (−m` (1− k0))0.25
(
C0.25

0
∆T 1.25

)
(2.20)

v∗ = D`

5.51π2 (−m` (1− k0))1.5 Γs`

(
∆T 2.5

C1.5
0

)
(2.21)

The marginal stability criterion gives an order of magnitude of the working point of a
dendrite tip. However, it is known that this criterion is wrong since, without anisotropy,
such a criterion would result in seaweeds morphologies. To produce dendrites, a small
anisotropy (either interfacial energy or attachment kinetics) is needed. When the two
principal radii of curvature of the dendrite tip are the same (e.g. 〈100〉 dendrites in cubic
metals), the solvability theory predicts that the factor 2π intervening in the marginal
stability criterion must be replaced by a factor (σ∗−1/2), function of the anisotropy
parameter (a4 in this case) of γs` [45]. When the situation is more complex, e.g. two
different radii of curvature, no theory has been established at present.

2.2.2 Primary and secondary arms spacings
A simple model to calculate the primary arms spacing, λ1, of columnar dendrites is
based on the simplified LGK model [18]. The idea is to define an ellipsoidal envelope
around the secondary arms of the growing dendrite, of major and minor axes a and b,
respectively. The major axis length, a, is simply determined by the temperature gradient
and the freezing range of the alloy a = (T ∗ − Tbase) /G, where Tbase is the temperature
at the base of the dendrites. For columnar dendrites arranged in a hexagonal array, the
minor axis of the envelope is the distance between one of the summit and the center of
the regular triangle linking three nearest-neighbour dendrite axes. With λ1 being the
distance between the axes of neighbouring dendrites, it is easy to show that b = λ1/

√
3.

The radius of curvature is defined as Rtip = b2/a = (λ1G) / (3 (T ∗ − Tbase)). Substituting
this expression of Rtip into Eq.(2.18) and neglecting the thermal and the curvature
undercooling (T ∗ ≈ Tliq (C0)), one finally has:

λ1 =
(

72π2Γs`D` (T ∗ − Tbase)2

k0∆T0

)1/4

(v∗)−1/4G−1/2 (2.22)

This equation has the advantage to give a microstructural parameter depending on the
alloy properties (the term in parenthesis of equation 2.22) and on the experimental
conditions, v∗ and G.
Secondary arms begin to develop a few tip radii behind the tip and the secondary spacing
then evolves down the dendrite trunk in the mushy zone, by elimination of sidearms and
growth of others until the eutectic temperature is reached. This coarsening phenomenon
is due again to the Gibbs-Thomson effect between sidearms of different sizes. A simple
model proposed by Kattamis and Flemings [46] simplifies the problem to two neighbouring
sidearms represented as cylinders, one with a large radius R, and another with a smaller
radius, r, separated by λ0

2, the initial secondary arm spacing. Given the small volume
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of the model, the temperature is considered uniform and composition at the surface of
the cylinders will not be the same due to the curvature difference between the sidearms.
Therefore, a composition gradient will appear between the large and the small sidearms,
producing a solute flux from the large to the small cylinder. As the solid and the melt
are in thermodynamic equilibrium, the flux will remelt the small sidearm while the larger
one grows, thus further increasing the composition difference and the solute flux between
them. From such a simple model, the time t at which the small arm disappears can be
calculated, time at which λ2 is multiplied by 2. The secondary arm spacing is found to be
dependent on the cube root of time and the following expression has been proposed [46]:

λ2 (tf ) = 5.5
(
− Γs`D` lnCeut/C0
m` (1− k0) (Ceut − C0)

)1/3
t
1/3
f (2.23)

with tf the time of solidification from the tip of the dendrite to the end of the mushy
zone tf = (T ∗ − Tbase) / (Gv∗)

2.2.3 Calculation of the volume fraction of solid

Different models can be used to calculate the volume fraction of solid, depending on the
chemical diffusivity of solute in the solid. In the case where the liquid and solid densities
are constant, the volume fraction of solid, gs is given by the lever rule at equilibrium,i.e.,
when complete mixing in both the solid and the liquid phase is observed. For a linear
phase diagram with a constant partition coefficient, k0:

gs (T ) = 1
1− k0

(
Tliq − T
Tf − T

)
(2.24)

However, in many cases, the solute diffusion in the solid is much lower than in the liquid
and thus it is usually more appropriate to take the assumption Ds = 0. Such a model is
described by the Scheil-Gulliver’s equation [47,48]:

gs (T ) = 1−
(
T − Tf
Tliq − Tf

) 1
k0−1

(2.25)

Nonetheless, this equation cannot be applied to real cases, when Ds 6= 0. Models taking
into account back-diffusion of solute in the solid must be time and space dependent as
the diffusion in the solid depends on the microstructure formed. Brody and Flemings [49]
developed an expression based on the solutal Fourier number in the solid Fos = 4Dstf/λ

2
2,

where tf is the local solidification time, in order to solve this problem and to derive the
following expression:

gs (T, Fos) = 1
1− 2k0Fos

1−
(
T − Tf
Tliq − Tf

) 1−2k0F os
k0−1

 (2.26)

If the Scheil-Gulliver equation can be retrieved when Fos → 0 in Eq.(2.26), the lever
rule occur for Fos = 0.5 instead of ∞. This inaccuracy has been corrected by Kurz and
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Clyne [50] by replacing the Fourier number in Eq.(2.26) by the euristic relationship:

f (Fos) = Fos

[
1− exp

(
− 1
Fos

)]
− 0.5exp

(
− 1

2Fos

)
(2.27)

2.2.4 Growth directions in Zn-Al alloys

Most solidification studies on Zn alloys have focused on thin coatings, since zinc is
mainly used for the galvanisation of steel sheets [3, 5, 6]. Zinc grains formed during
this process are usually large and called "spangles". Considering the lenticular shape
of zinc nuclei, Mariaux and Rappaz have demonstrated that heterogeneous nucleation
on a flat substrate naturally results in a basal texture, i.e., a preferred orientation of
the Zn nucleus with its basal plane parallel to the substrate [4, 6]. This occurs under
good "wetting" condition on the substrate, i.e., when the interfacial energy between
the solid and the substrate is lower that that between the liquid and the substrate. In
such a configuration, spangles exhibit large

〈
101̄0

〉
primary arms, while short 〈0001〉

arms are constrained by the thickness of the thin film (commonly around 10-20 µm
thick). As the misorientation of the basal plane with respect to the surface increases,
their appearance changes. At small misorientation, the six-fold symmetry can still be
observed, however half of a spangle is shiny, while the other half is dull according to
Strutzenberger and Faderl’s terminology [5]. This appearance has been well explained
by phase-field simulations [4, 51] when taking into account wetting effects. When the
〈0001〉 crystallographic direction of the spangle is parallel to the surface of the steel
sheet, its shape is rhombohedral, with a slower dendrite growth kinetics along the c-axis
compared to

〈
101̄0

〉
. Therefore, it has been concluded that the combination of a preferred

(0001) nucleation texture and faster dendrite growth along
〈
101̄0

〉
directions explains the

marked (0001) texture of Zn coatings [52]. If the preferred basal nucleation texture has
been clearly explained at clean Zn liquid surfaces, questions still remain unanswered for
the texture of Zn coatings produced under industrial conditions on galvanizing lines.

While solidification of zinc alloys in thin films has been studied quite extensively, few
researches have been made in the bulk. The only papers found in the literature on this
topic mainly focused on the effect of lead addition on microstructure formation [3], on the
columnar-to-equiaxed transition (CET) [53] and on the effect of the microstructure on
the physical properties [54]. Very few researches have been made on characterization of
directionally solidified Zn alloys. Pastene et.al. found that when solidified at a very low
pulling speed (∼90 µm/min), Zn-Al alloys forms columnar dendrites without lead addition.
While numerous studies found a growth direction of Zn in bulk along

〈
101̄0

〉
[3,40,41,55],

the formation of its 3D dendritic morphologies has only been characterized by epitaxial
film technique [41]. The authors found that the dendritic substructure is formed by
cooperative growth of plate-like dendrites. From the plates, uniformly spaced higher
orders arms grow along

〈
101̄0

〉
in the basal plane and along 〈0001〉 in the

(
1̄21̄0

)
plane.

Furthermore, it was reported that the plate-like morphology of the dendrites is not a
stable growth form, but arises as a result of coarsening during solidification.
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2.3 Dendrite orientation transition (DOT)
Even if dendrites grow along a specific direction for a given alloy, in some cases, this
growth direction may change. This phenomenon is commonly called a dendrite orientation
transition (DOT) and can be explained by different effects: effect of convection in the
melt, modification of the solid-liquid interfacial energy anisotropy induced by solute
elements, a change in the growth velocity. This section is aimed at presenting the different
types of DOT and briefly explaining the underlying theory.

2.3.1 Flow-induced DOT
Early work on the effect of liquid flow on columnar dendrites [56] in organic materials
(cyclohexanol with water as impurity) showed that a flow perpendicular to the dendrite
growth direction deflects the primary trunk by a few degrees toward the upstream
direction (see Fig.2.9(a)). This deflection is due to a compromise between the "standard"
crystallographic growth direction of this organic analogue and the highest solutal gradient
which is along the upstream direction. Even though the dendrite growth direction is
tilted upstream, the crystallographic directions do not change. Please note that by
similar arguments, secondary arms also grow faster in the upstream flow direction and
slower in the downstream side. Similar observations have been made on Al-Cu alloys by

a b c

Figure 2.9: a) Dendritic structures in organic analogs immediately after onset of a flow
of liquid perpendicular to the growth direction. Dotted line shows the location when the
flow started [56]; b) Macrostructure of Al-1wt.%Cu in a section perpendicular to the chill
face and parallel to the flow direction. The flow (10 cm/s) is from right to left [57]; c)
Phase-field computation of an isolated dendrite in the presence of fluid flow (streamlines
are represented by black curves) [58]

.

Murakami et. al. [57, 59] (see Fig.2.9(b)). These authors found that columnar dendrites
are deflected towards the incoming flow, with an inclination angle of the 〈100〉 texture
of columnar grains increasing with the flow rate and decreasing with increasing copper
content. In this case, the modification by the flow of dendrite growth directions affects
the grain selection mechanisms (see Section 2.4). As a result, 〈100〉 texture of the grains
is no longer perpendicular to the chill surface [60] and their shape become elongated in
the upstream direction. Phase-field computation in 2D [58,61] and 3D [58] confirm these
experimental observations (see Fig.2.9(c)).
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2.3.2 Solute induced
In the specific case of hypoeutectic Al-Zn alloys, it has been found [13] that an increase
of the zinc content of the alloy changes gradually the growth direction of the dendrites
from 〈100〉 to 〈110〉 direction, the transition taking place in a {100} plane. Of course,
the crystallographic symmetry of the growing dendrites is still face-centered cubic as the
solubility of Zn in Al at high temperature is high. Gonzales and Rappaz [13] found that
at low Zn content (<25wt.%), dendrites grow along 〈100〉, while at high zinc content
(>55wt.%) they grow along 〈110〉. Seaweed-type structures form at the beginning and end
of the DOT (grey-area of Fig. 2.10 a) and 〈320〉 dendrites were observed at 50wt.% zinc.
The seaweed structure has not been found to exhibit well-defined trunks and secondary
arms, however the microstructure was clearly textured. The morphologies of these alloys
were further studied in 3-dimensions using X-ray tomographic microscopy of quenched
Bridgman samples combined with electron-backscattered diffraction (EBSD) [11,12]. The
orientation results for high and low zinc content has been confirmed, but the secondary
arms of low-Zn content alloys showed a fractal type of behaviour. They do not grow
precisely along 〈100〉, but rather tend to bend away from the trunk during growth.
Further analysis of the DOT [11,12] showed that the seaweed is far from random and that
growth is constrained within a (100) symmetry plane. The overall macroscopic texture
found by Gonzales and Rappaz [13] was confirmed by the detailed analysis of Friedli [11]
but the microstructure itself seems to be a result of the competition between the 〈100〉
and the 〈110〉 character of these alloys. Such a dendrite orientation transition in this
system is thought to be due to a combined effect of the large solubility of zinc in solid
aluminium, the large anisotropy of zinc and the low anisotropy of Al, which contribute
to change γs` (CZn).

a b

Figure 2.10: a) Angle between the 〈100〉 direction and the growth direction of Al-Zn
dendrites as a function of the nominal composition. The equilibrium composition of
the first solid is indicated on the upper scale. The two shaded zones correspond to
compositions for which seaweed-type structure is observed [13]; b) Orientation selection
map from minimum interfacial stiffness. ε1 and ε2 are the coefficients of the first
two cubic harmonics. Illustrative spherical plot of 1/S are represented for : A, 〈100〉
(ε1 = 0.11, ε2 = 0), B, degenerate minima (ε1 = −0.16, ε2 = −0.02) and C, 〈110〉
(ε1 = −0.02, ε2 = −0.02) [14]
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Application of the extremum criterion derived from the trace of the stiffness tensor showed
that the minima of the stiffness corresponds either to 〈100〉 or 〈110〉 directions [14]
depending on the solid-liquid interfacial anisotropy coefficient values, ε1 and ε2, for
cubic metals. For these lasts, the development of the interfacial solid-liquid energy
leads to the expression γs`,cub (~n) = γs`,0

[
1 + ε1

(
Q− 3

5

)
+ ε2

(
3Q+ 66P − 17

7

)]
with

Q = n4
x + n4

y + n4
z and P = n2

xn
2
yn

2
z. Fig. 2.10(b) presents a map of −ε2 as a function of

ε1. Spherical plots of 1/S corresponding to minima along 〈100〉 and 〈110〉 are presented
in A and C, respectively, while a degenerate plot is found where S is minimal for all
directions within {100} planes, giving a seaweed-type structure, but only for specific
values of the anisotropy coefficients: ε1 = −20ε2/3.

ε1,−ε2

Figure 2.11: Contour map showing the maximum height of the computed dendrite for
each anisotropy coefficient couple (ε1, ε2) at various orientations of the [100] directions
with respect to the pulling velocity direction in the (001) plane. The red circles indicate
for each couple the angle corresponding to the most developed dendrites, i.e., the largest
velocity [10]. The green squares are the experimental results of Gonzales and Rappaz [13]

The DOT has been studied in detail using the phase-field method, first under equiaxed
growth conditions [14] and then in DS [10]. In this last contribution, closer to experi-
mental investigations, simulations were run with anisotropy coefficient from (ε1, ε2) =
(0.08, 0) to (0,−0.01). The anisotropy coefficients are chosen along a line running
from (ε1, ε2) = (0.07, 0), as measured by Napolitano in Al-Si alloys [62], to (ε1, ε2) =
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(−0.025± 0.023,−0.024± 0.014), measured by Friedli [12] in Al-82 wt.% Zn alloys. For
each anisotropy coefficient combination, several crystallographic orientations with respect
to the thermal gradient were tested. The growth direction assumed to be selected was that
corresponding to the largest extension (or velocity) in phase-field computation. Figure
2.11 presents result of the phase-field scan with observation by Gonzales and Rappaz [13]
superimposed. As on can see, the agreement is excellent between the experimental
observations and the simulations, therefore and even though the observed DOT cannot
be explained in terms of minima of the stiffness, it is highly thought to be due to a
change of anisotropy of γs`.

2.3.3 Velocity-induced DOT
In organic systems such as pivalic acid [63], CBr4−8mol.%C2Cl6 [64] or succinonitrile [65],
it has been found that the growth direction of dendrites can change depending on the
solidification speed. This phenomenon is still not fully explained as the anisotropy of
both the solid-liquid interfacial energy and the attachment kinetic (µ) play a role in such
alloys. It is thought that the DOT in this case is due to an increasing contribution of the
attachment kinetic term at higher solidification rate, this anisotropy being not "aligned"
with that of γs`.
In metallic systems, there are no clear proof of a DOT due to the attachment kinetic
anisotropy. The only evidence existing is the fact that at large undercooling (∆T < 175°C),
an attachment kinetic undercooling must be added to the total undercooling in order
to fit the data reasonably well [66]. A few experimental observations could possibly be
explained by a similar mechanism, but without formal proof. For example, Dragnevski et.
al. [67] found that for ∆T below 90°C, the growth direction of dendrites in Cu-Sn alloy
(CSn = 1− 4wt.%) is 〈111〉, whereas for undercooling below 90°C, they grow along the
more usual 〈100〉 directions. Recently, observation on atomized droplets of Al-0.61wt.%
Fe and Al-1.9wt.% Fe alloys revealed dendrites growing along 〈111〉 directions instead of
〈100〉 [68, 69], again pointing a possible contribution of the atomic attachment kinetic
at high undercooling. Latest observations made on Al-4.5wt.% Cu alloys by Bedel et.
al. [70] show the same trend. Most dendrites formed in atomized droplets are along
the 〈111〉 directions with a great effect of the cooling rate on the type of morphologies
formed. This type of growth directions are unexpected as 〈100〉 directions are observed
in conventional castings.
The effect of the kinetic attachment anisotropy on microstructure formation is a well-
known topic in simulation with various studies on the growth of dendrites [71] using
only the kinetic attachment anisotropy and on the competition between the solid-liquid
interfacial energy and the attachment kinetic anisotropy on dendritic growth [72,73].

2.4 Grain growth competition
In directional solidification, the growth velocity is normally known. As the undercooling
at the growth front is usually a few degrees only, the dendrite velocity is directly linked to
the liquidus isotherm speed. Given that dendrites grow along preferred crystallographic
directions, their growth velocity under steady-state condition is given by:

v∗ = v (Tliq)
cos θ (2.28)
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where v (Tliq) is the velocity of the liquidus isotherm and θ is the angle between the
temperature gradient and the primary trunk direction. Therefore, dendrites misaligned
with respect to the gradient direction have a higher velocity than well-aligned dendrites.
However, as the undercooling increases with the velocity, inclined dendrites will grow
slightly behind well-aligned ones.

G

Figure 2.12: Competition between three columnar grains of a succinonitrile-1.3wt.%
acetone alloy [74] (picture assembled from three sequences of a video tape recorded by
Esaka [75]).

Figure 2.12 illustrates grain growth competition among 3 different grains of succinonitrile-
acetone alloy, the middle grain being misaligned by ∼30 deg. with respect to the thermal
gradient, while the top and bottom grains have their 〈100〉 growth direction fairly well
aligned with the thermal gradient [75]. As can be seen on the left of Fig.2.12, dendrites of
the misaligned grain are slightly more undercooled than those of the better aligned grains.
At the top grain boundary, where the 〈100〉 dendrite trunks are converging, misaligned
dendrites tip will encounter the primary trunk of the well-aligned dendrite next to the
grain boundary. Therefore, this last one will block the growth of misaligned dendrites. At
the other grain boundary, where misaligned dendrites diverge from well-aligned ones, their
growth leaves an open liquid region. The two dendrites adjacent to the grain boundary
can extend secondary arms in the open space which emit tertiary arms. These last ones
can eventually develop into new primary trunks. As a result, the grain boundary is close
to the bisector of the two dendrites direction. As can be seen in Fig. 2.12, dendrites
growth competition results in a natural selection of those having a small misorientation
angle θ between the growth direction and the thermal gradient [76]. One can expect the
orientation distribution of grains to be random at the bottom surface of a directionally
solidified (DS) ingot and become increasingly textured as columnar growth proceeds.

Figure 2.13 (a) shows the grain orientation distribution as a function of the angle θ
between the closest 〈100〉 directions of the grains and the thermal gradient at different
heights in a DS Ni-based superalloy [77]. Based on EBSD observation in a longitudinal
section 3 cm wide, the θ angles measured at the various positions were set in 5 deg.
classes. The different heights at which the classes were made correspond to: z = 0 to 0.1
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a b

Figure 2.13: a) Evolution of the orientation distribution with distance from the chill
surface of a DS Ni-base superalloy; b) Unit triangle on the unit sphere given by the [001],
[101] and [111] directions. The probability of having a random direction ~n of the thermal
gradient at an angle θ with respect to [001] is proportional to the arc length running
from φmin to φmax [77]

mm (a), z = 0.1 to 0.2 mm (b), z = 0.2 to 0.3 mm (c), z = 0.6 to 0.9 mm (d), z = 1.2
to 1.5 mm (e) and z = 1.8 to 2.1 mm (f), corresponding to the different distributions
of Fig. 2.13. The (t) curve gives the theoretical distribution of a random population
of grains. It may seem odd that the orientation distribution for a randomly oriented
sample is not uniform. This is due to the fact that, first, in cubic systems, such as Ni, the
directions [100], [010] and [001] are equivalent. Therefore, the probability has to consider
the unit spherical triangle delimited by the vertices [001], [101] and [111] (see Fig.2.13(b)).
Secondly, for a fixed value of the angle θ between the thermal gradient direction and the
direction [001], the probability of finding a direction ~n within an interval [θ, θ + dθ] is
given by the length of the arc running from φmin to φmax (see Fig. 2.13 (b)). Therefore,
the probability of having a grain precisely oriented along [001] increases with sin θ up to
θ = π/4. It then decreases to 0 for ~n corresponding to [111].
As can be seen in Fig. 2.13 (a), the orientation distribution is nearly random at the
bottom of the DS sample and narrows as the height z increases, resulting in a maximum
value of θ of 0.21 rad at the highest position. It has to be noted that the grains with
the largest θ, i.e., the one having the largest tip undercooling, are the first ones to
be eliminated. The grain selection mechanism is very quick and occurs over the first
millimeters from the chill plate. As the orientation distribution of the grains gets narrower,
the velocity difference between them decreases and so does the grain selection mechanism
efficiency.
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2.5 Phase-field formalism
This section will first describe a general example of a phase-field model [78] and will then
present the model used in this work [79].
The main advantage of the phase-field method over other models of microstructure
formation is that it avoids tracking explicitly a sharp boundary. This is achieved by
introducing a parameter, ψ, which varies continuously from one value in the solid (ψ = 1)
to another in the liquid (ψ = −1). In between (in the solid-liquid interface), ψ takes
an intermediate value and the interface in itself is commonly associated with ψ = 0.
Thus, the interface is diffuse over a region of fixed width, δ. A free energy functional is
introduced, F (φ, T, c), with stable states at ψ = 1 and ψ = −1 [80]:

F (ψ, T, c) =
∫
V

[
f(ψ, T, c) + ε2

2 |∇ψ|
2 +Hg (ψ)

]
dV (2.29)

The first term on the right-hand side of Eq.(2.29) is the integral over the volume of the
free energy of the phases. In the solid and in the liquid, f simply takes the value of the
solid and liquid volumetric free energy. Within the interface, f is expressed as a function
of the phase-field parameter:

f (ψ, T, c) = f` (T, c) + p (ψ) [fs (T, c)− f` (T, c)] (2.30)

p (ψ) = 1
16 (ψ + 1)3

(
8− 9ψ + 3ψ2

)
(2.31)

The next two terms in Eq.(2.29) account for the interface contribution. ε2

2 |∇ψ|
2

adds an energy penalty that depends on the gradient of ψ, which controls the dif-
fuse interface thickness. Hg (ψ), on the other hand, is a double-well function (g (ψ) =
1/16 (ψ + 1)2 (−3 + 2ψ + ψ2) 1) whose height is proportional to H. This produces stable
states at ψ = −1 and ψ = 1 and prevents the interface from spreading.
The time evolution of the system is governed by two coupled equations:

∂ψ

∂t
= −M δF

δψ
(2.32)

∂c

∂t
= ∇ ·

D (ψ)

∇c (ψ) + (1− k0) c
1− (ψ+1

2 ) + k0
(
ψ+1

2

)∇ψ
+~j

 (2.33)

where δF
δψ = ∂f

∂ψ +Hg′ (ψ)−
(
ε2∇2ψ

)
is the variational derivative of F with respect to

φ and M is a positive mobility related to the interface kinetic coefficient. The second
equation is simply an averaged diffusion equation of solute.
An anti-trapping current, ~j [81], has been introduced in the solute balance (Eq.(2.33)) in
order to compensate artificial trapping of solute by the too thick diffuse interface. This
last has to be proportional to the speed of the interface (∂ψ/∂t), to the interface width
and to the local composition difference between the solid and the liquid. Hence [82]:

~j = δ
(1− k0)

1− ψ+1
2 + k0

ψ+1
2
c
∂ψ

∂t

∇ψ
|∇ψ|

(2.34)

1The functions used for g (ψ) and p (ψ) are just one set of many possible options
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The composition, c (φ), and the diffusion coefficient, D (φ)) [83], are also interpolated
between their value in the solid and the liquid phase:

c (ψ) = ψ + 1
2 cs +

(1− ψ
2

)
c` =

(
1− ψ + 1

2 + k0
ψ + 1

2

)
c` (2.35)

D (ψ) =
D`

(
1 + ψ+1

2

((
Ds
D`

)
k0 − 1

))
1 + ψ+1

2 (k0 − 1)
(2.36)

In one dimension, the stationary solution for the interface shape is:

ψ0 (x) = 1
2

[
1− tanh

(√
H

ε
√

2
x

)]
(2.37)

giving an interface thickness of:

δ = ε√
2H

(2.38)

The integration of the free energy over the interface, which is equal to the solid-liquid
interfacial energy, gives:

γs`,0 = ε
√
H

3
√

2
(2.39)

thus the numerical parameters ε and H can be calculated from physical variables:

ε =
√

6γs`,0δ (2.40)

H = 3γs`,0
δ

(2.41)

The anisotropy of the solid-liquid interfacial energy can be introduced via the parameter
ε [84]:

ε = ε0A (~n) (2.42)

where ~n = ∇φ
|∇φ| is the interface normal and A (~n) is equal to the anisotropy term in

Eq.(2.15) (A (~n) = γs` (~n) /γ0). A (~n) must be a convex function. Therefore, given
the large anisotropy in γs` observed in zinc alloys, the anisotropy function has to be
convexified, an issue that will be treated in section 6.1.1.

The model used for the Zn-Al alloy modeling was first developed by Karma and Rappel [85]
and further extended by Karma [81] with the introduction of an antitrapping current
which counteracts the artificial solute trapping induced by the too thick diffuse interface.
The final formulation has been proposed by Echebarria et. al. [79]. This formulation has
the advantage to give quantitative, and not only qualitative, results at low growth rate.
The interface width and the time scale for evolution of the phase field are W = W0A (~n)
and τ = τ0A2 (~n) respectively. The model is a one-sided (D` � Ds ≈ 0) dimensionless
formulation (which means that the space and time variables are normalized by W0 and
τ0 respectively, thus τ = t/τ0) with a frozen temperature assumption in an equiaxed case.
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The phase and composition equations (based on a modified Fick’s law) are respectively
given by [79]:

A2 (~n) ∂ψ
∂τ

= ∇·
[
A2 (~n)∇ψ

]
+∇

(
|∇ψ|2A (~n) ∂A (~n)

∂ (∇ψ)

)
+ψ−ψ3−λ

(
1− ψ2

)2
Ũ (2.43)

(1 + k0
2 − 1− k0

2 ψ

)
∂Ũ

∂τ
= ∇

(
D̃l

1− ψ
2 ∇Ũ +~j

)
+ 1

2
[
1 + (1− k0) Ũ

] ∂ψ
∂τ

(2.44)

with Ũ , the local dimensionless supersaturation, given by

Ũ = 1
1− k0

(
2c

c0
` (1 + k0 − (1− k0)ψ) − 1

)
(2.45)

where c0
` = (Tm − T0) /m` is the equilibrium composition at temperature T0. D̃` is the

dimensionless diffusion coefficient in the liquid defined as:

D̃` = D`τ0
W 2

0
(2.46)

And the antitrapping current, ~j is given by [81]:

~j = 1
2
√

2

[
1 + (1− k0) Ũ

] (∂ψ
∂τ

∇ψ
|∇ψ|

)
(2.47)

where the term in parenthesis is the normal velocity of the interface.
Even though Eqs.(2.43) and (2.44) seem drastically different from the phase-field evolu-
tion equation and the solute diffusion equation presented for the general model, they are
obtained following a similar development. However, the interpolation functions of the
free energy f (ψ, T, c) and of the diffusion coefficient are different. Detailed derivation
of Eqs.(2.43) and (2.44) is beyond the scope of this section and the interested reader is
referred to the original work [79].
The phase-field formulation parameters λ, τ andW0 are linked to the physical alloy param-
eters via the capillary length, d0 = Γs`/ (|m`| (1− k0)C∞), and the kinetic attachment
anisotropy, β [85, 86].

d0 = a1
W0
λ

(2.48)

β = a1
τ

λW0

[
1− a2

λW 2
0

τ0D`

]
(2.49)

The attachment kinetics coefficient can be set to 0 by choosing λ = D`τ0/
(
a2W 2

0
)

Furthermore by choosing a1 = 0.8839 and a2 = 0.6267, the phase-field model converge to
the sharp interface model and therefore allows to simulate quantitatively microstructural
pattern formation of alloys [86].
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3 Experiments

The study of microstructure growth morphologies as well as the equilibrium shape
characterization of zinc alloys is a key part of this work. This chapter is thus separated in
three parts: (i) presentation of the different alloys used for the characterization of growth
morphologies and measurement of the equilibrium shapes (section 3.1); (ii) description of
the different solidification setups (Bridgman Solidification (BS), Directional Solidification
(DS) and emulsion technique) used to produce the samples (section 3.2, 3.3 and 3.4); and
(iii) characterization methods and procedures applied to study the solidified specimens,
in particular microscopy and X-ray tomography (section 3.5).

3.1 Alloys
3.1.1 Growth morphologies of Zn alloys
The alloy selected to study the growth morphologies of zinc is Zn-4wt.%Al-0.17wt.%Pb.
The alloy was prepared from Al and Zn 99.995% and Pb 99.99% pure metals. Alloys for
BS and DS were cast as Zn-3wt.%Al-0.17wt.%Pb in order to take into account the high
evaporation rate of zinc compared to aluminium at the melting temperature (zinc has
a vapor pressure of ∼ 10 [Pa] at its melting point while aluminium vapor pressure at
the same temperature is much lower ∼ 10−5 [Pa] [21]). Final compositions have been
verified using EDX as described in section 3.5.2, but with a relative precision of around
2%. A close-up of the hypereutectic Al-Zn phase diagram is presented in Fig. 3.1 where
the composition of the master and of the alloy after Zn evaporation are shown.
The effect of lead on the growth morphologies is to produce larger spangle grains in
galvanized thin-films [5] and to avoid the formation of equiaxed dendrites in DS [3]
(without lead, only equiaxed dendrites are observed in DS). However, the exact process
by which lead produces columnar dendrites is still unknown and subject to discussion.
The different theories are that:

• Lead lowers the solid-liquid interfacial energy [5]. Strutzenberger and Faderl
observed larger spangles in the presence of lead and explained these observations by
an increase of dendrite growth velocity, due to a decrease of the interfacial energy.
Furthermore, the authors state that the grain size correlates with the secondary
dendrite arm spacing, confirming that interfacial energy during solidification of
galvanized coatings is a key parameter in the spangle grain size. Even though there
is no direct correlation in theory between the grain size and the secondary dendrite
arms, we want to state that both depends on γs` with experimental observations in
agreement with a decrease of the solid-liquid interfacial energy.
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Figure 3.1: Close-up on the hypereutectic region of the Al-Zn phase diagram.

• Lead poisons potential (yet unknown) nucleation sites [3]. A columnar-to-equiaxed
(CET) transition is observed in Zn-0.6wt.%Al alloy without lead, whereas when
lead is added, the microstructure remains columnar in Zn-3wt.% Al alloys. The
samples were produced using a Bridgman furnace and the characteristic lengths
of the microstructure (dendritic trunk width and the primary arm spacing, λ1)
are found to be unchanged, when lead is added, which is opposite to the first
hypothesis.

Given the very accurate control of both the temperature gradient and the pulling velocity
in a Bridgman setup, the second hypothesis seems more realistic. However, up to now,
no real research has been done on this particular topic and the effect of lead on zinc
alloys remains unexplained.

3.1.2 Measurement of equilibrium shapes
The measurement of equilibrium shapes has been made on Zn-2wt.% Sn (see phase
diagram in Fig. 3.2). This alloy has several advantages compared to the Zn-Al alloy
amongst which:

• Nearly no solubility of tin in zinc with a maximum of 0.039 at.% [88]. Therefore,
nearly no backdiffusion takes place as the equilibrium shape is quenched and this
last is stable with time. Furthermore, since the anisotropy of γs` is dictated by the
solid, we have nearly pure solid primary Zn. If the equilibrium shape is measured
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Figure 3.2: Phase diagram for the Zn-Sn system [87].

at fairly high temperature, the liquid has a composition also close to that of zinc.
Moreover, the liquid droplets formed in the bulk can be considered independent
one from another as the Ostwald ripening in this case is strongly limited by the
very small solubility of tin in zinc.

• Zn-2wt.% Sn alloy has a large solidification interval (210°C) compared to Zn-
4wt.%Al alloy (8°C) as well as a smaller partition coefficient, k0. Therefore, Zn-
2wt.%Sn alloy is less prone to a large change of liquid fraction when the temperature
fluctuates and thus the observed in situ equilibrium shape will be more stable over
time.

• This alloy has a better behaviour than Zn-Al alloys with the emulsion technique
which will be described in section 3.4. The observed alloy drops formed have been
found to be more spherical with less internal and external porosity.

33
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3.2 Bridgman solidification setup
A Bridgman Solidification (BS) experiment is made by pulling a sample with a given
velocity, vp, through a temperature gradient established between a hot zone and a cold
zone. This type of experiment enables directional solidification of alloys with nearly
independent control over the pulling speed of the sample and the thermal gradient,
enabling a fine tuning of the microstructure formed. Some care should be however taken
for a specimen of finite length. Early experimental [89] and simulation [90] studies of BS
of pure aluminium in a Bridgman furnace reveal a transient behaviour in the first and final
parts of the sample, during which the velocity of the interface is not equal to the pulling
speed. In between, a nearly steady-state regime can be obtained providing a balance
is set up between the axial and radial heat flow. This balance has to be independent
of the length of the sample located in the hot and cold zones. Some guidelines are
given in order to limit the influence of the transients and to achieve observation under
steady-state [89,90]:

• Increasing the length/thickness ratio of the specimen allows to approach the ideal
infinite Bridgman experiment. Often the choice of the sample dimension is restricted
by the Bridgman setup itself.

• Placing the specimen partially in the cooling device before beginning the experiment
(so that part of the specimen is still solid). If the interface is allowed to reach its
equilibrium position, an experiment can be made with a shorter initial transient.

• Quenching during nearly steady-state, i.e., sufficiently ahead of the end of the
sample (∼ 50 mm from the end) in order to avoid the final transient for the observed
microstructure formation.

The BS furnace used in this work has already been used successfully in characterizing
Al-Zn growth morphologies [11, 12]. It is a modified version of the two-zone vertical
furnace (350 mm in length and 30 mm in diameter) used by Gonzales and Rappaz [13] for
the observation of the DOT in these alloys. The cylindrical Bridgman furnace depicted in
figure 3.3 is made of: (i) a three-heaters hot zone (with independent temperature-control);
and (ii) a modified water-cooled cold zone, i.e., 7 mm of diameter instead of 10 mm.
Therefore, the BS samples diameter can be decreased without drastically reducing heat
extraction in the cold zone. Accordingly, an improved steady state behaviour is observed
as the length/thickness ratio of the sample is increased and thus the sample solidification
approaches the ideal infinite Bridgman experiment. Furthermore, this decreased sample
size allows a better quench of the specimen at the end of the BS as its volume/surface
area ratio is decreased.

The alloys were cast in a horizontal copper mold (20 x 20 x 250 mm3), from which 3.6
mm diameter and 250 mm long cylinders were machined. These samples were inserted
in cylindrical quartz tube (4 mm inner diameter, 6 mm outer diameter and 800 mm
long) and hung in the furnace with 1 cm of the crucible in the cold zone. The hot zone
temperature was set to 450°C (50°C above the liquidus of the alloy) in all three stages
of the hot zone. A holding time of 30 min was set before each experiment in order to
let the system equilibrate. The sample was then pulled through the furnace at a speed
of 4 mm/min. After 100 mm of solidification, the specimen was quickly released and
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3.2. Bridgman solidification setup

dropped in a water quench bath, thus freezing the microstructure. The difference in
cooling rate between the BS conditions and the quench allows a fairly clear identification
of the microstructure formed during steady-state.

Clamp

Quartz crucible

Heaters

Specimen

Adiabatic ring

Water chilled

Water quench

copper cooler

bath

Figure 3.3: Schematic BS furnace used in this study.

Thermal characterization of the furnace has been done by inserting two 0.5 mm diameter
type K thermocouples in the melt, located 10 cm and 11 cm from the sample bottom.
Measuring the temperatures at mid-height of the specimen avoids the initial transient
as observed by Clyne [89] for the first 20-40 mm of solidification (a result also observed
in the Zn-Al case as can be seen in Fig. 3.4). The thermocouples have been previously
placed in 0.8 inner diameter/ 1 mm outer diameter alumina crucibles. Acquisition of the
temperature was made through a NetDAQ Data Acquisition System. The precision of
the temperature measurement is about 2°C.
Fig. 3.4 presents the cooling curves in a Zn-4wt.% Al-0.17wt.% Pb alloy during BS as a
function of the travel distance through the furnace. The experimental procedure used
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Figure 3.4: Cooling curves as a function of the travel distance of the Zn-Al specimen in
the Bridgman furnace

for the non-instrumented specimens was the same. This experiment has been performed
a second time in order to characterize the reproducibility of the measurement. As a
result, the curves overlaps showing an excellent reproducibility of the measurement with a
maximum difference between measurements of 0.4°C. In order to verify that steady-state
of the system between the liquidus and eutectic temperature was established, the top
thermocouple curve has been shifted 10 mm to the left, showing good superposition with
the bottom thermocouple curve. A difference of 1.2 ± 0.3°C was observed between the
two curves, which can be explained by a small misplacement of the two thermocouples (a
distance of only 0.5 mm could explain this difference). The measured thermal gradient
between the liquidus and the eutectic temperature has been found to be equal to 26°C/cm
± 1.2°C/cm. While this temperature gradient might seem small compared to what can
be measured in the case of Al alloys (where G is typically on the order of 90-100 °C/cm),
it is recalled that the melting point of zinc is 240°C below that of pure Al and thus, the
produced gradient is smaller in the case of Zn alloys.

3.3 Directional solidification setup
The Directional Solidification (DS) setup used in this thesis (see Fig. 3.5) is a slightly
modified version of the one developed by Henry and described in detail in his thesis [91].
It has been used later by M.A. Salgado-Ordorica [92] for the study of twinned dendrites
formation and by G.Kurtuldu [93] for the study of the influence of trace elements on
nucleation and growth in Al-Zn alloys. It has the advantage of solidifying alloys with
higher cooling rates and thermal gradients compared to BS conditions. However, unlike
BS, it is not possible to control independently the thermal gradient and the growth
velocity in DS.
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3.3. Directional solidification setup

The mold is a 50 mm diameter, 80 mm high stainless steel cylinder with 2 mm thick
walls. It is closed by a 1 mm thick stainless steel plate at the bottom to ensure good
heat extraction by a water jet underneath. Before each experiment, the interior of the
mold is coated with a thin layer of boron nitride, both to prevent Fe contamination of
the melt and to ensure a good removal of the specimen after solidification. The mold
itself is surrounded by a heating wire, surrounded by 15 mm of fiber glass wool in order
to limit lateral heat extraction and ensure directional solidification. Each experiment
was conducted as follows. The mold was first preheated by the heating wire in order to
prevent nucleation on the mold surface. The alloy, which was molten beforehand in a
furnace, was then poured into the mold. An alumina insulation cap was then placed
on top of the crucible. After 2 min, the external heating source was shut down and the
water jet was turned on to begin DS of the alloy.

Water or air jet

Horizontal clamp

Quartz wool insulation

Alumina insulation cap

Bolt

Heating wire

Stainless steel mold

Stainless steel rings

Steel pressure ring

Steel bottom plate

Liquid alloy

Figure 3.5: Schematic DS setup.

Thermal characterization of the setup was made by inserting three type-K thermocouples
in the middle of the melt at different heights so that the bottom thermocouple was touching
the bottom plate of the mold. As for the Bridgman furnace thermal characterization,
the thermocouples have been previously placed in 0.8 mm inner diameter/ 1 mm outer
diameter alumina crucibles vertically separated by 1 cm. The cooling curves are presented
in Fig. 3.6. The measured cooling rates are about 10 times higher than in the Bridgman
furnace: 99°C/min, 72°C/min and 60°C/min at the bottom, middle and top thermocouple
locations, respectively. The thermal gradient deduced for the first centimeter of the
specimen is 54°C/cm while it is 52 °C/cm between the next two thermocouples. The
changes of slope indicated by the arrows in Fig. 3.6 are not representative of a recalescence
due to solidification. As can be seen, these changes of slope occur nearly at the same time
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on all three curves, an indication of a reheating. The first arrow indicates a reheating due
to a change of the thermal condition at the bottom plate, i.e., air gap formation at the
time a first layer of solid forms. The origin of the second reheating still remains unknown
but indicates as well a change in the thermal conditions. As the lowest thermocouple
displays the largest change of slope, the source of the reheating originates from the
bottom of the sample or of the crucible. Given the fact that at the temperature at which
the event happens (∼ 300°C), the bottom of the sample is fully solid and the change in
the thermal conditions is strongly suspected to be due to the formation of a larger air
gap at the bottom of the sample or a change in the water jet flow. Finally, the last arrow
indicates the end of solidification of the whole cylinder.
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Figure 3.6: Cooling curves measured in the DS setup. The bottom, middle and top
thermocouple temperature versus time curves are represented with plain line, dashed line
and dotted line, respectively. The first arrow indicates times when the heat extraction
was hindered, possibly by an air gap formation between the steel plate and the specimen,
when it solidifies. The third arrow indicates the end of solidification (and thus of latent
heat release) of the whole cylinder.

3.4 Emulsion technique setup
In this work, the emulsion technique is used to produce fine alloy drops in suspension in
a salt matrix. The drops will then be partially remelted in order to produce equilibrium
shapes that will be observed in situ and ex situ by X-ray microscopic tomography (see
Chapter 4). This technique was first used by Vonnegut [94] and later extended by Turn-
bull [95,96] for the study of the solidification undercooling in various pure metals with

38



3.4. Emulsion technique setup

low melting point. Perepezko et.al. [97–105] have subsequently applied this technique
for the study of the solidification undercooling in various alloys and were the first to
use molten salts in order to produce the alloy drops. Originally, the idea in producing
alloy drops was to isolate heterogeneous nucleation sites in a few drops and therefore
large undercooling (possibly close to homogeneous nucleation) can be observed in the
other drops (e.g., by DTA or DSC). The emulsion procedure developed by Perepezko
et.al. is the following: a mixture of salt and alloy is heated up to the melting point of
the salt. The mixture is then stirred using a high-shear mixer with a rotation speed of
30’000 rpm. After dissolution of the salt in water, the authors obtained a collection of
fine metal drops with a size distribution ranging from 5 to 20 µm.

The setup developed in this work is presented in Fig. 3.7.

Outside stainless steel mold

Quartz wool insulation
Heating wires

1mm thick alumina plate Alumina crucible

Lab lift

Molten salt - alloy emulsion

Laboratory waveless
high-shear mixer

Quartz tube

Pipette bulb

Figure 3.7: Emulsion technique setup developed and used during this work in order to
produce alloy drops in a salt matrix.

The experimental procedure was the following: The waveless mixer head (an IKA©

S18N-19G) is coated with a thin layer of boron nitride and the salt is poured in the
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alumina mold. Heating is switched on and when the salt is completely molten, a piece
of alloy of 5vol.% of the salt is placed in the crucible. Once the alloy is molten, the
high-shear waveless mixer (an IKA© T18 basic ULTRA-TURRAX©) is turned on at a
speed of 15’000 rpm and lowered in the salt-alloy mixture using a small lab-lift. After
30s of mixing, and while the mixer is still running, samples are produced by sucking up
the salt-alloy mix in 2 mm inner diameter/ 3 mm outer diameter quartz cylinders using
a pipette bulb. The produced samples can then be directly put in the X-ray tomography
beamline or in a furnace for heat treatment.
The advantages in applying this production technique of precursor specimen in order to
observe the solid-liquid equilibrium shape compared to a bulk specimen are multiple:

• The first and most obvious advantage in using small drops is that the equili-
bration time is reduced given the decreased size of materials that has to be in
thermodynamical equilibrium.

• The effect of the TGZM [17] (see Section 2.1.4) is almost non-existing compared to
a larger bulk sample since the temperature at the scale of a small drop insulated in
a salt matrix can be considered as homogeneous.

• The last advantage of this type of specimen is particularly linked to the observation
method used in the body of this work. As one of the main aims of this thesis is to
observe the "real" equilibrium shape of liquid droplets within its solid in-situ and
not after quench, the specimens have to fit in the X-ray microscopic tomography
setup that will be described later in this chapter (section 3.5.3). However, one of
the problem of zinc in such a setup is that it is highly X-ray absorbing and therefore,
it is difficult to observe through Zn samples thicker than 300 µm. The emulsion
technique allows to produce drops of a desired size in a mainly X-ray transparent
salt matrix. Furthermore, the existence of the salt allows us to transport and place
with ease the sample in the X-ray microscopic tomography beamline.

The choice of the salt is a key parameter to the success of this method. The three
characteristics that should have the salt are:

• Chemical and thermal stability both during the drops production and in contact
with the molten alloy.

• A higher melting temperature than the alloy as we want it to be still in the
solid state while the alloy drops are partially remelted in the X-ray microscopic
tomography beamline.

• The alloy drops produced should be nearly spherical with possibly very few defects
(such as porosity). This characteristic of the drops is controlled by the salt-alloy
interaction and therefore also depends on the choice of the salt.

Two types of salts have been used in this setup based on experimental observations
and previous experiments by Perepezko et.al. [102]. It is the left and right eutectic
compositions of the K2SO4 − Li2SO4 salt mixtures (the K2SO4 − Li2SO4 phase diagram
is presented in Annex A ).
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3.4.1 Solidification time during the sampling of the salt-alloy in 2mm
inner quartz cylinders

The heat extraction during the quench of the samples is limited by the salt, as the
samples are mainly made out of K2SO4 and Li2SO4 with about 5vol.% of alloy drops
and thus the cooling rate of the samples will not be influenced much by the latent heat
of the alloy.
Therefore, the solidification time of the drops is determined by the heat extraction of the
surrounding salt. The heat transfer equation in this case is given by

msaltcp,salt
dT

dt
= −h (Tliq − Text)S (3.1)

where the presumption of T ∼ Tliq has been made to calculate the heat flux. Therefore,
the cooling rate is

dT

dt
= −h (Tliq − Text)S

msaltcp,salt
(3.2)

wheremsalt is the mass of salt, cp,salt, the specific heat capacity of the salt (∼ 1150Jkg−1K−1

[106]), h, the heat transfer coefficient, Tliq, the liquidus temperature of the Zn-2wt.%
alloy, Text, the external temperature and S, the exchange surface. The heat transfer
coefficient is made out of three different contributions:

• The natural air convection around the quartz tube (hc ≈ 100Wm−2K−1 [107]).

• The heat transfer through the quartz cylinder (hSiO2 = κSiO2/eSiO2 = 1.4/10−3 =
1400Wm−2K−1 [108], where κSiO2 and eSiO2 are the thermal conductivity and the
thickness of the quartz tube, respectively).

• The heat transfer through a small air gap formed as the salt solidifies (hair =
κair,600K/eair = 0.0457/0.05 · 10−3 ≈ 900Wm−2K−1 [108]).

These heat transfer processes acting in series, the equivalent heat transfer coefficient, heq
is

heq = 1
1
hc

+ 1
hSiO2

+ 1
hair

≈ 84Wm−2K−1 (3.3)

The exchange surface and mass of salt are respectively given by

S = 2πRl (3.4)

msalt = ρsaltπ (r)2 l (3.5)

where r and R are respectively the inner/outer diameter of the quartz tube, l, its length
and ρsalt, the salt density is given by:

ρsalt = 1
fK2SO4
ρK2SO4

+ fLi2SO4
ρLi2SO4

(3.6)
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where fi denotes the mass fraction of component i. Substituting Eqs.(3.3), (3.4), (3.5)
and (3.6) in Eq.(3.2) and solving gives a cooling rate of the salt of

dT

dt
= −37°Cs−1 (3.7)

and therefore a solidification time of the drops in the order of

t = ln
[
Teut − Text
T0 − Text

] 1
hS
mcp

≈ 8.5s (3.8)

This theoretical result has been compared with experimental characterization of the
temperature during the sampling. These lasts have been performed by inserting a 0.5
mm diameter type K thermocouple in the quartz tube prior to the sampling of the right
eutectic composition of the K2SO4 − Li2SO4 salt mixture. The experiment has been
repeated three times and the obtained cooling curves are presented in Fig. 3.8.
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Figure 3.8: Cooling curves measured during the sampling of the right eutectic composition
of the K2SO4 − Li2SO4 salt mixture.

Discrepancies can be seen between the different curves, mainly at the beginning of the
measurement. This can be explained by the fact that the quartz tube are not preheated
prior to the sampling and therefore, their thermal condition are not exactly the same.
However, the cooling rate at T = Tliq,Zn-2wt.%Sn is ∼ −10°Cs−1, four time smaller than
the calculated value and decreases to ∼ −4°Cs−1 at Teut,Zn-Sn for a total solidification
time between Tliq,Zn-2wt.%Sn and Teut,Zn-Sn of 30 s. Therefore, the observed value is 6
times larger than the calculated value. This difference could be explained by a probable
overestimation of the heat transfer coefficient of the air convection around the tube.
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3.5 Characterization
The characterization techniques used during this work can be separated in two classes,
2D and 3D characterization methods. While the dendrite growth direction, solute
composition and features of the microstructure can be easily assessed in 2D, 3D analysis
methods are essential for the measurement of the equilibrium shapes and analysis of the
complicated growth morphologies encountered in this work.

3.5.1 Sample preparation
After BS and DS, the samples have been cut in the desired observation plane using a
diamond saw. For metallographic observations, the samples were mechanically polished
with SiC papers of increasing grades (500, 1000, 2400 and 4800) and water as a lubricant.
This first polishing was followed by a mirror polish with diamond emulsions with particles
of 6, 1 and 0.25 µm in diameter on soft cloth with ethanol as a lubricant. The samples
were then etched with a 1% HNO3 in ethanol solution (a 1% Nital attack) for 20 s. The
same procedure was applied for Electron BackScattered Diffraction (EBSD) analyses,
except for the etching time which was reduced to 10 s and followed by a plasma cleaning
of the samples for 2 min, enabling a nearly perfectly flat surface.

3.5.2 Microscopy
Two types of microscopes were used. An optical one for conventional metallography and
a scanning electron microscope for assessment of growth directions and control of the
chemical composition of the alloy.
Optical observations of the samples were carried out on a Leitz Metallovert microscope
connected to a colorviewI camera (2080×1544 pixels). Pictures were recorded using the
analySIS 3.2 program. Both the program and the microscope have been developed by
Olympus.
Electron microscopy observations were made on a Philips FEI XLF30-FEG scanning
electron microscope (SEM), at the Interdisciplinary Center for Electron Microscopy
(CIME) of EPFL. This SEM is equipped with an Everhart-Thornley Secondary-Electron
(SE) detector, a Backscattered electron (BSE) detector and a EDAX Si(Li) EDS (Energy-
Dispersive X-ray Spectroscopy) detector. The SE detector enables topographic analysis
of the sample surface as the electrons detected with this method are coming from regions
very near to the surface of the sample (∼ 2 nm deep) and are characterized by a low
energy. The BSE detector, on the other hand, measures high energy electrons after their
scattering event in an interaction volume of 10 nm to 2 µm, depending on the energy of
the incident electron beam. The contrast obtained reflects the chemistry of the top layer
and the resulting grey scale intensity distribution is a function of the atomic number
Z of the elements present in the sample. The EDS detector was used to quantify the
chemical composition of the specimens with a spatial resolution on the order of 1µm and
a relative precision of ∼ 2%.
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Electron backscattered diffraction
Assessment of the crystallographic growth directions of columnar dendrites has been
made by using the Electron Backscattered Diffraction technique (EBSD). This technique
is based on the elastic interactions of electrons with the crystallographic planes of the
crystals. The backscattered electrons are diffracted along precise directions according to
Bragg’s law:

2dhkl sin θB = nλ (3.9)

where dhkl is the distance between the (hkl) crystallographic planes, θB is the incident
beam angle, n is the order of diffraction and λ is the wavelength of the (backscattered)
electrons. After diffraction, the backscattered electrons exit the sample by forming
cones that intersect a phosphor screen. A tilt of 70° of the sample with a detector-
sample distance of 12-17 mm maximizes the signal-to-noise ratio of such a method. The
resulting pattern is formed of nearly parallel lines called pseudo-Kikuchi lines [109],
corresponding to specific crystallographic (hkl) planes which intersect on zone axes. By
comparing the obtained pattern with a database, the crystal nature and its orientation
are automatically identified. The EBSD measurements made during this work were
performed with a NordlysS II EBSD detector composed of a phosphor screen and a
CCD camera (1300×1000 pixels) developed by HKL Technology. The patterns formed
were automatically acquired and indexed using the HKL Channel 5 software with an
acceleration voltage of 20keV and a spot size of a few µm.

3.5.3 X-ray microscopic tomography
X-ray microscopic tomography is becoming more and more important in the characteriza-
tion of specimens with complicated 3D morphologies. It has been used lately in numerous
studies with topics varying from characterization of growth morphologies [11], evolution
of the solid liquid interface [110], coarsening of morphologies [111], remelting [112] or
deformation of semi-solids [113] to cite only a few examples. The X-rays are emitted by
electrons turning in the synchrotron annulus at a velocity close to that of light. By using
filters and monochromators if needed, particular wavelengths of the synchrotron light
are focused along beamlines tangent to the synchrotron annulus. The X-ray beam then
passes through the sample and, depending on the sample-detector distance, two different
types of contrast can be observed:

• Phase contrast if the distance between the sample and the detector is large (usually
a few cm). The contrast is based on the phase change of the X-ray beam induced
by the specimen (and specifically the different refractive indexes of its components)
and its use is suited when the chemical numbers of the elements of the samples are
close.

• Absorption contrast when the sample-detector distance is small. In this case, the
contrast is generated by the different attenuating power of materials in the sample.
Two basic principles are important in this type of contrast; the Beer-Lambert law
and the Radon transform [114]. The Beer-Lambert law relates the absorption of
light to the properties of the material it goes through, such as the atomic number,
Z, and the molar density. The Radon transform, on its side, is the mathematical
formulation of a projection, i.e, the integral of a function over straight lines, and its
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inverse transform allows to reconstruct an object based on its projections [115,116].
Therefore, by combining these two principles, one can reconstruct in 3D a sample
made of various materials having different absorption coefficients from a set of
projections.

All tomography experiments (proposals ID 20110266, 20100869, 20111006 and 20140253)
were run in the TOMCAT (TOmographic Microscopy and Coherent rAdiology experi-
menTs) beamline at the Swiss Light Source (SLS) of the Paul-Scherrer Institute, Villigen,
Switzerland. This facility, described in depth in reference [117], offers an energy range
from 8 to 45keV with a voxel size from 0.37 to 0.74 µm. After transmission through
the sample, the beam hits a scintillator, converting the X-ray to visible light which is
recorded by a 2048×2048 CCD camera via a 20× objective giving a 757 µm field of view.
The pixels on the CCD camera can be binned (combined two by two), multiplying the
pixel size by two, but decreasing the exposure time by a factor four. The sample detector
distance is around 5 mm and the contrast is in absorption since Zn and Al or Sn have
very different Z numbers. A typical scan is made by rotating the sample 180° at constant
velocity while taking 1000 to 1500 projections in a time frame between 2 and 20 min
depending on the case. The raw projections are aligned by using the sinograms of the
data (the result of the Radon transform) and the whole volume is reconstructed with the
aid of complex computer algorithms either based on the Filter Back projection approach
or on a faster code based on the Fourier Transform method [118].

Ex situ characterization of Zn-Al growth morphologies
Even though the beamline limitation allows the use of an incident X-ray beam with an
energy of 45 keV, the optimum beam flux is at around 20 keV. It is of course possible to
perform experiments with a higher energy X-ray beam, but the flux will decrease and
therefore, the exposure time will increase. Furthermore, a good tomogram quality is
observed when ∼ 20% transmission of the incident beam is achieved. The absorption of
X-rays being dependent on their energy as well as on the composition and the thickness
of the sample, the choice of the ex situ sample diameter is a balance between what is
possibly machinable and the constraints of the tomography beamline. Zinc being highly
X-ray absorbent, the sample should be smaller than 600 µm in diameter. This size is the
largest thickness a 45 keV X-ray beam can travel through with a 20% transmission as
calculated using the Beer-Lambert law [12]. In order to increase the beam flux compared
to a 600 µm thick sample, the specimens were machined down to 300 µm diameter, 5
mm long cylinder in the analyzed region with a 3 mm diameter base at the bottom to fit
the mounting in the endstation. This size of specimen is the smallest one that could be
machined from a Bridgman sample ( and considering also the size of the microstructure, in
particular the primary dendrite trunk spacing). The region of interest has been chosen in
the vicinity of the tip of the quenched microstructure which has been located beforehand
precisely in a longitudinal micrograph. This enables observation of the microstructure
while it was growing, without the effect of backdiffusion or of coarsening during further
slow cooling. The 300 µm diameter of the specimen, on the other hand, imposed the
choice of the Bridgman solidification conditions. The specimen is only representative
if at least a few dendrites are observed and therefore, it should contain a few primary
trunks. For the small details to be resolved, the pixel size should be at least half the
secondary arms spacing, λ2, near the dendrite tip. As will be shown in Chapter 5, a BS
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pulling speed of 4 mm/min showed formation of dendrites whose characteristic lengths
matched the criterion for tomographic observations.

In situ characterization of Zn equilibrium shape
A recently developed laser-based heating system has been used for in situ X-ray tomog-
raphy at the TOMCAT beamline of the Swiss Light Source (see Fig. 3.9). The system
is fully described in reference [119] and will only be presented here to a depth relevant
to this work. The furnace is powered by two class 4 (near-infrared) diode lasers. Each
laser has a rectangular spot of 0.2×1 mm at a working distance of 40 mm. They are
positioned 180° apart with the 1 mm dimension of the spot horizontally, reducing the
radial temperature gradient. The beam dumpers and the inclination of the lasers are
for safety purposes, so that portion of the beams that do not hit the sample can be
absorbed by the blockers. The temperature is read from a class 2 laser pyrometer that
filters out IR and near-IR wavelength, so that the two heating lasers are invisible to the
temperature reading. However, no temperature reading is possible for T < 350°C.

Figure 3.9: (a) Three-dimensional schematic and (b) photograph of the laser system
mounted on the TOMCAT beamline.The sample shown in (b) is 2 mm in diameter [119]
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Both the heating lasers and the pyrometer can be placed on the sample independently,
allowing for various measurement configurations. For instance, a nearly isothermal
condition can be achieved in the middle of the field of view (FOV) by placing the two
heating lasers at the top and at the bottom of the FOV, while the pyrometer measures
the temperature at the middle of the specimen. On the other hand, a Bridgman-type
solidification can be obtained by heating the sample with the lasers at the same height
with a fixed power while the specimen moves at a constant velocity in a user-defined
gradient. The heating lasers can be either operated manually or automatically. In manual
mode, the user chooses the intensity of the electrical current powering the laser to attain
the desired temperature, whereas, in automatic mode, the user specifies a particular
temperature evolution that will be followed using a PID (Proportional Integral Derivative)
controller, adapting the power of the laser to the desired temperature evolution based on
the readings of the pyrometer.

For the particular work presented here, one wants to partially remelt the alloy drops
produced using the emulsion technique in a very stable thermal environment. Therefore,
the near isothermal approach was chosen, where the heating lasers were placed at the top
and bottom of the FOV while the pyrometer was placed in the middle. However, given
the low liquidus temperature of the Zn-2wt.% Sn alloy, the pyrometer did not give any
temperature reading and the equilibration temperature was deduced after the experiment
from the liquid volume fraction in the alloy drops during the in situ observations. In
order to shorten the acquisition time for each projection, and therefore decrease the
influence of a possible thermal fluctuation during scanning of the sample, the X-ray beam
has been changed from monochromatic to polychromatic (5% white-beam 1) as the flux
of photons increases by two orders of magnitude. The different scan conditions for the ex
situ and in situ experiments are summarized in table 3.1.

The experimental procedure for the in situ observation was as follow: the salt-alloy drop
sample was placed in a 2 mm inner/3 mm outer diameter boron nitride cylindrical crucible.
The sample was first fully melted (the alloy drop and probably the surrounding salt) with
a laser current of 15A. The current was then decreased to 14A, where observation of the
sample showed that the alloy drops were in a solid-liquid state. Scans were then made
every 10 min for a total equilibration time of 1h30min. In between scans, the sample
was continuously rotating at the same speed than the scan rotation. Therefore, the
temperature is radially homogenized and no hot spots should be observed. The heating
lasers were then turned off and a final scan of the quenched structure was made.

3-Dimensional reconstruction of the X-ray tomography data
The reconstructed X-ray tomography stack is a file containing the information of the grey
value (integer from 0 to 255) as a function of the pixel position. In this reverse-contrast
figure, dark regions corresponds to a low absorbent elemental composition whereas light
regions represent material with a high absorption coefficient. An ex-situ observation of
Zn-Al dendrites and an in-situ cross section of equilibrated Zn-Sn droplets are presented

1A white beam is a beam whose energy is not filtered, i.e. all the X-ray energies are present, thus
allowing for a larger transmission. However, in order to limit the total energy of the beam, a part of its
flux is blocked. In our case, a filter allowed to block 95% of the total beam flux.
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Table 3.1: Scan conditions for ex situ and in situ microscopic tomography observation
on the TOMCAT beamline of PSI.
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Figure 3.10: (a) Cross section of a typical Zn-4wt.%Al-0.17wt.%Pb sample observed ex
situ by X-ray tomography and (b) Cross section of a Zn-2wt.%Sn drop observed in situ
by X-ray tomography.

in Fig. 3.10 (a) and (b), respectively. In the ex situ stack, dark regions correspond to
the Al-Zn quenched eutectic and light ones to primary zinc. On the contrary, in the in
situ cross section, the dark region represents the solid Zn and the white regions are the
Zn-Sn liquid droplets.
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As one can see the signal to noise ratio is very different for these two cases and the final
3D reconstruction of the formed microstructure should be handled differently, depending
on the X-ray tomography setup. Both ImageJ [120] and Avizo (a software developed by
FEI, Hilsboro, Oregon) were used for image processing.

Ex situ In the case of ex situ experiments, a median filter with a radius of 2 pixels
was applied in the plane of the cross section presented in Fig. 3.10 as well as in the plane
perpendicular to it (parallel to the gradient). The obtained images were then binarized
using a threshold in order to separate the eutectic from the dendritic microstructure.
A final despeckle filter (a 3×3 median filter) was finally applied in order to remove the
remaining outliers 2. The 3D microstructure was finally visualized using Avizo.

In situ For the in situ experiment, the stack has been first cropped around the observed
liquid droplets in order to isolate them. An anisotropic diffusion filter was applied in
order to reduce the noise observed in the data. This filter consists in a conventional
diffusion filter between pixels whose grey level difference is smaller than a set value (here
chosen as the maximum grey level difference in the solid Zn). The stack is then binarized
using the value at mid-height between the grey level of the solid zinc and that of the
Zn-Sn liquid as the threshold number. Once the equilibrium shape is reconstructed in 3D
using Avizo, its mass center is calculated and set as the origin of the coordinate system.
The droplets were then rotated so that their (still) hypothesised basal plane was parallel
to the XY reference plane. A cut through the droplet was then made in the XZ plane
(perpendicular to the hypothesised basal plane of the droplet) and the cross contour was
extracted. A gradient-based optimization method in Matlab is then used to find the best
fit between the experimental cross contour and a 2D ξ-vector formulation in the

(
112̄0

)
plane in order to find the best a0

2 and a0
4 anisotropy coefficients of Eq. (2.15).

3.5.4 Serial sectioning
Even though X-ray tomography enables observation of the microstructure with a fairly
high resolution, its main drawbacks in the case of zinc are the size of the observed volume
(∼ 0.2mm3) and the impossibility to distinguish between the quenched microstructure
and the primary phase near the dendrite tip. The use of serial sectioning allows to
have a larger volume observed and a better resolution near the dendrite tip compared
to X-ray microscopic tomography. The method used during this work is not exactly a
serial sectioning in itself, but should rather be called a serial polishing as an automatic
polishing machine (Struers Abramin) was used. Three Vickers indentations were made
in the sample to control the planarity and parallelism of the polishing and to measure
the height difference between each picture. Each metallography has been taken after
30s polishing with a 0.25 µm diamond solution and a force applied on the sample of 200
N. The resulting height difference between the sections is 7 µm with a large standard
deviation of 3 µm which can be explained by a difference in diamond particles density on
the top of the satin drap and/or a change in ethanol quantity applied on the drap during
polishing. These two effects render this method hardly reproducible between sections.
The sample surface was then etched, as for standard metallography, and placed under the

2An outlier is an isolated point. For example, in our case, it would be a point (pixel) characteristic of
the liquid encircled by solid
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microscope, blocked in a reproducible position so that registration (transformation of the
different images obtained into one stack of data) of the images was possible. Parallelism
of the polishing was well observed as difference in height in the same section was only
10%.
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4 Alloy drops and liquid droplets
characterization
The goal of this chapter is to present the results concerning the measurement of the
solid-liquid interfacial energy anisotropy of Zn. As a reminder, this was done using the
emulsion technique described in Section 3.4.
In order to avoid confusion in this part of the work, metal alloy drops in suspension in
the salt produced by the emulsion technique will be simply called "drops", while the
liquid regions produced in the alloy drops during equilibration in the solid-liquid region
will be called "droplets".
This chapter is separated into three parts. The first one is focused on the characterization
of the emulsion technique in terms of drops size and aspect ratio. The second part will
present the in situ measurements of the droplets shape with first the assessment of the
equilibration temperature, then the study of the droplets evolution between scans and
finally, the droplets characterization with calculation of the γs` anisotropy coefficients.
The third part of this chapter will present the effect of the quench, when the laser heating
is turned off, on the observed liquid droplets shape.

4.1 Characterization of the emulsion technique
4.1.1 Size and shapes of the produced alloy drops
In order to characterize the drops shape and size produced by the emulsion technique, the
salt matrix was first dissolved in distilled water, enabling the recovery of the alloy drops
by filtration of the obtained solution. The drops were then embedded in a graphite-filled
phenolic thermoset matrix for a careful polishing by layers of 10 µm. Between each layer,
the diameter of several drops was measured, thus giving access to the evolution of the
drops diameter as a function of the polished height. Once the drop size evolution of
a few selected drops as a function of the height was minimal, i.e., when the polished
plane was close to the mid-section of the average drops, the diameter was measured on
55 individuals. Figures 4.1(a) and (b) present typical alloy drops produced with the
emulsion technique for a Zn-2wt.%Sn alloy and measured in this specific cross section.

As can be seen, the drops cross section is not perfectly circular and therefore, both the
largest and the smallest diameters (dmax and dmin, respectively) were recorded for each
drop. Their size was characterized by the mean of their two diameters, while a sphericity
factor (Fs = dmax/dmin which is equal to 1 for a perfect sphere) was introduced in order
to quantify their shape. As the diameters are measured in a cross section, the largest
and smallest diameters of a particular drop in 3D do not necessarily correspond to those
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Figure 4.1: (a) and (b) Zn-2wt.%Sn alloy drops produced with the emulsion technique,
(c) Zn-4wt.%Al-0.17wt.%Pb alloy drops produced with the emulsion technique.

observed. However, under the condition that the drops do not present a preferential
orientation with respect to the polished plane, the mean diameter and sphericity factor
of a large collection of drops can be statistically representative of the actual diameters
and aspect ratio. Drops were found to have a mean diameter of 315 µm with a large
standard deviation of 56 µm, while their sphericity factor was equal to 1.4± 0.3. Even if
a few individuals tend to be nearly circular, most of the observed drops are elongated in
one direction. This could be explained by a possible effect of the sampling method, i.e.
elongation of the drops in the direction of the liquid flow when the salt-alloy mixture is
sucked in the quartz tubes. This case would be ideal for X-ray tomography observations,
since the beam would have to travel through the smallest diameter of the drops, i.e.
minimal absorption. Some porosity can be seen in the drops shown in Figs. 4.1(a) and
(b), however, their relative size is small and they are mainly observed near the surface of
the Zn-Sn drops. For comparison, Zn-4wt.%Al-0.17wt.%Pb drops produced using the
same technique are presented in Fig. 4.1(c). Even though some of them may be suitable
for producing droplets (such as the one on the right), most of them were found to be
very porous, with complex and sometimes tortuous shapes (such as the one on the left of
Fig. 4.1(c)) and therefore not appropriate for in situ observation of droplets equilibrium
shapes.
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4.1.2 Salt:Zn-Sn alloy interaction
Given the fact that the observed equilibrium shape depends on the composition of the
alloy, it is important to verify that the salt does not react and contaminate the produced
drops by chemical interactions. An EDX elemental mapping (see Fig. 4.2(a) and (b))
has been made in order to control the composition and the element localisation near the
alloy-salt interface. Given the very low energy of X-rays emitted by lithium (Li Kα =

10 µm
Drop

Zn

O

Sn

K

a b

Figure 4.2: (a) Zoom on the Zn-Sn drops surface. The white rectangle represents the
area over which the EDX element mapping was performed (b) Elemental EDX mapping.
Zinc is represented in yellow, tin in green, oxygen in turquoise and potassium in red.

54eV), detection of this element was not possible by EDX and only potassium, oxygen, tin
and zinc were analyzed. As can be seen, while the bulk of the drop is mainly composed of
zinc, some tin can be found at the surface as well as oxygen. However, it seems that the
whole sample is contaminated with potassium. Furthermore, the potassium composition
seems to be correlated with the presence of tin. Given this observation, a closer look has
been taken at an EDX spectrum located in the light grey area on the surface of the drop
presented in Fig. 4.2(a) (see Fig.4.3).
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Figure 4.3: EDX spectrum of a point situated in the light grey area in the middle of Fig.
4.2 (a).

As can be seen, the first potassium peak coincides with the first carbon peak and the
two other possible K peaks (Kα = 3.312 keV and Kβ = 3.689 keV) are next to Sn peaks
(Lα1 = 3.44 keV and Lβ1 = 3.662 keV). Therefore, since the EDX software analyzes
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K from its Kα and Kβ peaks, it makes a misinterpretation of its presence by actually
counting the peaks of Sn, thus explaining the correlation between potassium and tin
locations. Therefore, it is highly probable that the observed potassium distribution is
a false positive and only appears because the EDX software was specifically asked to
search for this element. It can be concluded that the K2SO4 − Li2SO4 salt mixture does
not react with the Zn-Sn alloy, as only zinc, tin and their oxides are observed at the
drops surface.

4.2 Liquid droplets characterization
4.2.1 Assessment of the temperature during the in situ experiments
As stated in the presentation of the in situ X-ray tomography setup (Section 3.5.3), no
temperature reading with the pyrometer is possible when the sample temperature is lower
than 350°C. Furthermore, accurate temperature measurements using the TOMCAT setup
is hard to achieve, since the pyrometer has to be calibrated in terms of the sample holder
emissivity. Furthermore, it measures the temperature of the specimen holder surface
and not that of the alloy inside. Calibration is normally done by melting the sample
and adjusting the emissivity used by the pyrometer until the displayed temperature
corresponds to that of the liquidus of the alloy. Therefore, the temperature cannot
be accurately assessed in our case. Given the fact that temperature control is a key
parameter for the observation of equilibrium shape and that no temperature reading was
possible during the in situ X-ray tomography experiments, the equilibration temperature
was deduced from the volume fraction of liquid in the drops. This was obtained simply
by counting for a given drop the number of pixels of the tomography stacks whose grey
level corresponds to the liquid phase and those representative of the solid. Table 4.1
presents the volume fraction of liquid present during the in situ observation of the alloy
drops as a function of the equilibration time.

Equilibration time 20[min] 30[min] 40[min] 50[min]
Volume fraction of liquid [%] 0.0702 0.0698 0.07 0.0722

60[min] 70[min] 80[min] 90[min]
0.0753 0.0714 0.0722 0.0732

Table 4.1: Liquid volume fraction in the Zn-Sn drops during in situ observations as a
function of equilibration time

As can be seen, the liquid volume fraction is fairly stable, with a mean value of 7.18% and
a standard deviation of 0.18%. The maximal liquid volume fraction difference between
two scans is 0.39%, which represents a change of around 5% of the total Zn-Sn liquid
present in the sample. For a spherical droplet of 40µm in diameter (the approximate size
of the equilibrium shapes analyzed hereafter), a 5% expansion of its volume represents
an increase of its radius of less than 0.33 µm, a value corresponding to the pixel size of
the setup used in this work. Therefore, the temperature fluctuations observed during
the in situ characterization of equilibrium droplets shape will induce liquid volume
fluctuations corresponding to the resolution of the observations. Therefore, they should
not induce noticeable difference over time in the shape of the observed droplets. Based
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on the assumption that the sample is at thermodynamical equilibrium, the lever rule
can be applied to the Zn-Sn phase diagram (shown in Fig. 3.2 with a close-up on the
hypoeutectic region in Fig. 4.4) in order to find at which equilibration temperature the
observations were made. Given the fact that the liquid fraction measured are in vol.%,
the mass liquid fraction calculated from the phase diagram is converted into vol.% (g`)
using the relationship:

g` =
f`
ρ`

f`
ρ`

+ 1−f`
ρZn

(4.1)

The density of the Zn-Sn liquid was calculated from [121]:

ρl (T ) = a+ b (T − Tref ) (4.2)

with a = 6.987, b = −8.577 · 10−4, ρ expressed in g/cm3, the temperature in °C and
Tref = 0°C. Using the values of table 4.1, these relationships and the Zn-Sn phase
diagram, the equilibration temperature was found to be in the range 375.8 - 377.7°C (see
Fig. 4.4).
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Figure 4.4: Close-up on the hypoeutectic region of the Zn-Sn phase diagram.
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Chapter 4. Alloy drops and liquid droplets characterization

However, due to edge enhancement artifacts 1 in tomography observation of the sample,
the grey level of the drop surface is higher than in the bulk, as can be seen in Fig. 4.5.
Such areas count as liquid regions as they have comparable grey level and thus interfere
with the obtained results. Therefore, the temperature obtained is overestimated and
the actual temperature should be lower than the one calculated. Given the difficulty to
estimate and isolate the influence of the edge effect, we will discuss an extreme case where
it accounts for 50% of the liquid volume measured. Making the same calculation with a
volume fraction reduced by half, the equilibration temperature would be in the range
365.9 - 367.9°C. Given that the scan and reconstruction parameters were the same for all
the scans, the edge effect of the drops should have the same impact between observations.
Therefore, the maximal liquid volume difference of 0.39% mentioned before between 2
scans can only be ascribed to a real change of the liquid fraction.
As the changes in temperature observed in the in situ setup induces changes in the
diameter of the droplets that are hardly observable with the given resolution, it can be
concluded that this setup is well adapted to the equilibration of liquid particles in a solid
matrix, at least from a thermal point of view.

4.2.2 Temporal difference between droplets
Figure 4.5 (a) presents a sequence of regularly spaced tomography slices of a Zn-2wt.%Sn
drop equilibrated at ∼ 370°C during 90 minutes and observed in situ in the TOMCAT
beamline. As can be seen, a liquid droplet can be observed at the center of the drop.
However, the whole drop is not under full equilibrium condition as a larger liquid volume
at the bottom left of the drop does not present a regular shape. Note that we have not
verified that the drop is a single crystal. This large elongated drop could be located at a
grain boundary, similar to observations made by Terzi et.al. in Al-10%Cu alloys [122].
Figure 4.5 (b), (c) and (d) present the 3D reconstruction of the droplet located at the
center of the drop in Fig. 4.5 (a) and its projections in the XY and XZ plane, respectively.
The droplet is very anisotropic in the XZ plane and nearly circular in the basal (XY)
plane as observed in previous ex situ experiments [8, 9, 12]. However, it does not present
any edge.
In order to verify whether or not this droplet is locally under thermodynamical equilibrium,
at least in the timeframe of the experiment, its cross section contour in the XZ plane has
been extracted and compared with those of previous scans in Fig. 4.6.
As a result, the cross section contour of this droplet after 80 min and 90 min of thermal
equilibration shows a very good superposition with a difference of less than 0.33 µm,
which is the voxel size. Even though it might seem odd that the difference between the
droplets over time is smaller than the voxel size, it can be explained by the fact that the
surface is reconstructed, and thus smoothed, using Avizo. Therefore, it can be concluded
that this observed droplet is in thermodynamical equilibrium at least during the period
over which it is observed since it does not evolve. It is considered to be representative of
the equilibrium shape of the studied Zn-Sn alloy at this temperature.

1The edge enhancement artifact is created by the distance between the sample and the detector. The
distance set in these experiments allows the X-rays to propagate (like waves) after penetrating the sample
and before being captured by the detector. This will cause the edges to be enhanced, especially in places
where the density difference is significant (e.g., in our case, at the salt-alloy drops interface)
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b c d

a

150 µm

Figure 4.5: a) Sequence of tomography slices separated by a height of 6.5µm of a Zn-Sn
drop at around 371°C. Two liquid droplets (in light grey) are visible at the center and
bottom left of the drop; b) 3D reconstruction of the droplet observed in the center of the
drop of (a); c) projection in the XY plane; d) projection in the XZ plane.
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Figure 4.6: Cross section contour in the XZ plane of the droplet presented in Fig.4.5
after an equilibration time of 80 min in blue and 90 min in red.

4.2.3 Droplets characterization
The droplets shape characterization has been performed on four different droplets, which
showed no evolution of their cross section in the XZ plane over time. The first droplet
was located 222 µm from the bottom of the Field Of View (FOV) (the so-called bottom
droplet), the second and third ones were situated 82 µm above (middle droplets) while
the last droplet was found at a total height of 375 µm (top droplet). Their cross sections
in the XZ plane, scaled so that their thickness is the same, are presented in Fig.4.7.
As can be seen, their aspect ratios, which are presented in table 4.2 are slightly different.
The possible explanations for such differences are:

• The resolution and contrast (see Fig. 4.5), together with the extraction technique
to isolate the liquid droplets, introduce some uncertainty. These measurements,
like ex situ ones, are very delicate and sensitive.

• The temperature fluctuates over time (within the estimated temperature range
deduced from the liquid fraction) and tends to make the droplets slightly more
round than "static" ones. This effect will depend on the droplet size.

• The observed droplets may not yet be under strict thermodynamical equilibrium.
It has to be reminded that while most ex situ equilibrium shapes measurements
have been made after 72-150 h of isothermal holding [8, 12, 29, 30], the droplets
observed in this work only underwent a total equilibration time of 1.5h. However,
given the small volume to put in equilibrium, the very small solubility of tin in zinc
and the very high solid-liquid interfacial energy anisotropy of zinc alloys, such a
small treatment time should be sufficient. The solutal fourier number of the liquid
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Figure 4.7: Cross-contour in the XZ plane of the different droplets characterized after a
total equilibration time of 90min.

droplets for such a heat treatment is:

Fo` = D` · t
l2

= 1.5 · 10−9 · 5000
(20 · 10−6)2 ≈ 20000 (4.3)

Therefore, the solute is homogeneously distributed in the liquid droplet. On the
other hand, the solutal fourier number for the alloy drops is given by:

Fos = Ds · t
l2

= 5.5 · 10−13 · 5000
(150 · 10−6)2 ≈ 0.1 (4.4)

However, as the solubility of tin in zinc is almost nil (CSn = 0.039), the solute can
be considered homogeneously distributed in the solid and the droplets coarsening
should be very limited as it is controlled by diffusion of tin in the solid zinc
matrix. Furthermore, given the fact that the evolution of the liquid droplets
shape is controlled by solute diffusion in the liquid, it can be concluded that
near-equilibrium conditions should be observed locally in our sample.

Therefore, a mean aspect ratio has been calculated for these four droplets with a value
equal to 1.54±0.05, which is in fairly good agreement with previous experiments reporting
an extrapolated aspect ratio of ∼ 1.5 at 370°C [9] and experimental measurements
reporting an aspect ratio of 1.6 for equilibration at 396.7°C.
The a0

2 and a0
4 anisotropy coefficients have then been extracted from these cross section

contours by fitting a 2D ~ξ formulation in the
(
112̄0

)
plane (see Eq.(2.5)), optimized by

a gradient-based method. Table 4.2 presents the obtained coefficients as well as the
residuals of the difference between the experimental cross contour and the ~ξ-based fit.
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Chapter 4. Alloy drops and liquid droplets characterization

The residuals is equal to the mean difference in radius between the fit and the measured
points defined as:

Residuals = 1
N

N∑
i=1

(
rfit

(
i∆θ

360

)
− rmeas

(
i∆θ

360

))
(4.5)

where ∆θ = 360
N and θ is the angle around the Y-axis.

Droplet Bottom Middle 1 Middle 2 Top Mean
Aspect ratio 1.49 1.56 1.53 1.6 1.52 ± 0.035

a0
2 -0.3744 -0.4325 -0.4169 -0.4487 -0.42 ± 0.043
a0

4 -0.0211 -0.0152 -0.0041 -0.0113 -0.013 ± 0.009
Residuals [µm] 0.2599 0.2938 0.276 0.228

Table 4.2: Aspect ratio and extracted anisotropy coefficients for the droplets observed in
situ and that did not show any sign of evolution with time.

Figure 4.8 presents the superposition of the cross section contour in the XZ plane of the
top droplet (in red) and the ~ξ-plot fit calculated with the mean anisotropy coefficients
extracted from in situ measurements. As can be seen, even though this fit was not
purposely done on this specific drop (as it is a mean of the four fits done on the droplets),
it still is in fairly good agreement with the measurements.
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Figure 4.8: Cross section contour in the XZ plane of the top droplet (in red) with
superposition of the ~ξ-plot fit with calculated with the mean a0

2 and a0
4 anisotropy

coefficient extracted from in situ observations of equilibrium shapes (in black).

While the a0
2 coefficient is the dominant factor of the anisotropy with a relative error of

∼ 10% , the a0
4 coefficient is much smaller and has a very large error. The four anisotropy

coefficients pairs presented in Table 4.2 produce smooth equilibrium shape. While this
method is fairly accurate for extracting the largest anisotropy coefficient, its usage for the
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4.2. Liquid droplets characterization

accurate measurement of small anisotropy coefficients is still hindered by the resolution
of the tomography setup. It has to be noted that the aspect ratio difference between
the larger and the smaller droplets is only due to a difference of 5 pixels in the analyzed
tomography reconstruction. Therefore, even though the feasibility of this equilibrium
shape measurement method is clearly established, the accuracy and reliability of the
results is still very sensitive to the resolution of the beamline used for the data acquisition.

The anisotropy in the basal plane being only a few percents, it is highly probable that
the 6-fold symmetry will not be observable due to resolution limitation. A typical cross
contour in the basal plane of an equilibrated droplet is presented in Fig.4.9(left).
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Figure 4.9: Left): Cross section contour in the XY plane of the top droplet; right)
Frequency spectrum of rφ.

The equilibrium shape is slightly elongated along the X-axis compared to the Y-axis,
but with a difference of less than 1 µm. This difference can be induced by a very small
misorientation of the cross-section with respect to the basal plane (less than 1 degree).
In order to see if another symmetry could be observed in the basal plane, a Fourier
transform was performed on the radius of the observed cross contour as a function of
the angle rφ. It has to be noted that the Fourier transform decomposes a function into
varying sinusoidal components having each a particular amplitude and frequency. This
allows to obtain the frequency spectrum of rφ presented in Fig. 4.9 (right), which is the
plot of the amplitude of the Fourier transform as a function of the "circular frequency" 2

as rφ is expressed as a function of an angle and not as a function of time. This type of
plot allows to know what are the important sinusoidal functions which compose the initial
function (in our case rφ) as indicated by their amplitude and what are their frequency.
Only the X-elongation seen by the eye beforehand clearly appears and therefore, the
basal plane anisotropy if any is too weak to be observed with the experimental setup
used in this work. For an equilibrium shape of 18 µm in radius, an anisotropy coefficient
a6

6 of -0.04 (such as the value chosen by A. Mariaux in his PhD to model Zn spangles
formation in coatings [6]) produces a difference in radius of only 0.69 µm. This length is

2which represents the number of occurrences of a repeating event on a circle
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Chapter 4. Alloy drops and liquid droplets characterization

just above the resolution of the beamline used in this work and thus, would be hardly
observable. It should also be noted that J. Friedli in his thesis measured a difference
of length in the Zn basal plane between

〈
101̄0

〉
and

〈
112̄0

〉
(by ex situ method) equal

to −0.022 ± 0.02, i.e., a measurement associated with an error of the same order of
magnitude. Furthermore, such a length variation would predict a growth along

〈
112̄0

〉
whereas the opposite should be observed.

Sensitivity analysis
As the a0

2 and especially a0
4 coefficients change fairly drastically with small equilibrium

shape differences, it is important to assess the effects of the different parameters used to
reconstruct the droplets surface on the deduced anisotropy coefficients. In this sensitivity
analysis, four sources of uncertainties will be studied: (i) the number of iterations and
(ii) the threshold value of the anisotropic diffusion filter (Table 4.3); (iii) the original
rotation of the droplet in the reference coordinate system (Table 4.4) and (iv) the final
grey value threshold of the equilibrium shape surface reconstruction (Table 4.5) 3. The
sensitivity analysis has been performed on the top droplet and the chosen parameters for
the final reconstruction of the equilibrium shapes are in bold.

Number of iterations of
the anisotropic diffusion filter 25 iterations 50 iterations 75 iterations 100 iterations

a0
2 -0.4493 -0.4487 -0.4499 -0.4455
a0

4 -0.0116 -0.0113 -0.0106 -0.012
Residuals 0.274 0.228 0.239 0.221

Extremum threshold value of
the anisotropic diffusion filter 5 7 9 11 13

a0
2 -0.4573 -0.4459 -0.4487 -0.4488 -0.4485
a0

4 -0.0054 -0.0105 -0.0113 -0.0103 -0.0116
Residuals 0.325 0.243 0.228 0.22 0.228

Table 4.3: Effect of the anisotropic diffusion filter parameters on the anisotropy coeffi-
cients.

Misorientation 4 -2° -1° 0° 1° 2°
a0

2 -0.446 -0.4484 -0.4487 -0.4465 -0.4475
a0

4 -0.0106 -0.086 -0.0113 -0.0121 -0.0116
Residuals 0.451 0.353 0.228 0.155 0.181

Table 4.4: Effect of a small droplet rotation misorientation on the obtained anisotropy
coefficients.

3As a reminder, the anisotropic diffusion filter consists in a conventional diffusion filter (with a set
number of iterations) between pixels whose grey level difference is smaller than a set value (the threshold
value). The stack is then binarized using the value at mid-height between the grey level of the solid zinc
and the one of the Zn-Sn liquid as the final threshold number
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4.3. Effect of the quench on the observed equilibrium shapes

Final threshold 130 135 140 145 150
a0

2 -0.4181 -0.434 -0.4487 -0.4683 -0.487
a0

4 -0.0072 -0.0078 -0.0113 -0.0125 -0.0168
Residuals 0.282 0.265 0.228 0.2663 0.33

Table 4.5: Effect of the final grey value threshold on the anisotropy coefficients.

As a result, the anisotropy coefficients a0
2 and a0

4 are not too sensitive to a small
misorientation of the equilibrium shape or to the choice of the anisotropic diffusion filter
parameters. The a0

2 coefficient is stable within 3% of its value, while a0
4 is stable with

a relative precision of 20% (which is less important than the a0
4 difference between the

droplets). The choice of the threshold value is more important as a clear increase of
the anisotropy coefficients is observed with an increasing grey-level value. However, the
deviation of the anisotropy coefficients observed on this single droplet is smaller or on the
same order of magnitude than the differences between the four droplets for a0

4 (deviation
of 60%) and a0

2 (deviation of 10%). Therefore, it can be concluded that the choice of
the cleaning filter parameters and the final threshold value do not influence significantly
the obtained anisotropy coefficients, as compared with the observed deviations between
droplets.

4.3 Effect of the quench on the observed equilibrium shapes
The use of the laser heaters to partially melt the alloy drops also enables to study
the effect of the quench on the solidified liquid droplets. Such a quenched droplet was
observed by doing a final scan after the heating lasers were switched off. Its shape after
solidification is compared with the in situ observations, when the droplet was still liquid.
Figure 4.10 presents the cross section difference between a liquid droplet before (plain
line) and after quench (dashed line).
The equilibrium shape post quench is smaller than the liquid droplet observed in situ and
also displays a higher anisotropy (with aspect ratios ranging from 1.6 to 1.65). However,
if a part of the droplets size difference can be explained by the volume contraction due
to solidification which is less than 7% for the Zn-2wt.%Sn alloy, it does not explain the
total volume difference between the droplets observation before and after quench which
ranges from 32.3% to 38.2%. This volume difference can be explained by the solidification
of zinc epitaxially from the solid matrix between the equilibration temperature (in the
366-376°C range as the temperature could not be accurately assessed, see Section 4.2.1)
and the eutectic temperature (198°C). The liquid composition at 366 and 376°C is
equal to C`(366°C) = 42.1 wt.%Sn and C`(376°C) = 25.8 wt.%Sn, respectively. The
application of the lever rule (as k0 ≈ 0 in the hypoeutectic Zn-Sn system) in order to
know the mass fraction of solid formed at the eutectic temperature gives a value of
72.2wt% of solid for C`(376°C) and 54.5wt.% for C`(366°C). Using Eqs. (4.1) and (4.2),
the solid volume fraction formed is between 53.4 vol.% and 71.2 wt.%.
The difference between the expected volume of primary Zn and the observed one can be
explained by:

• Uncertainties related to the estimation of the equilibration temperature as it has
only been calculated from experimental observations.
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Figure 4.10: Cross-contour in the XZ plane of the bottom droplet observed in situ (plain
line) and after quench (dashed line).

• Small temperature fluctuations during the X-ray tomography scans which will
induce a change in liquid volume fraction and thus, might blur the solid-liquid
interface as it will slightly move during the scan. As can be seen in Fig. 4.11,
the solid-liquid interface is well defined when observed ex situ, however, in situ
observations of liquid droplets yields a less well defined droplet shape and therefore,
it is possible that the "real" liquid droplet volume is underestimated due to the
segmentation method used in this work.

Therefore the growth of a Zn front prior to the eutectic solidification can explain the
decreased size of the droplets after quench. Such formation of primary phase during the
quench of liquid droplets has already been observed in the Al-Zn system [12], however to
a smaller extent given the lower solidification interval of such alloys and the equilibration
temperature much closer to the eutectic temperature.

The hypothesis of zinc growth is further supported by observation of the tomography
reconstruction (see Fig.4.11). The scan parameters being the same for the two recon-
structions presented, the difference in the grey level value of the tin-rich regions before
and after the quench is only due to a composition difference. As the figures are in reverse
contrast, the mean composition in tin of the clear regions after the quench is larger than
before. A difference in mean composition that can only be explained by a rejection of tin
in the liquid droplets during solidification of primary zinc.
The Zn formation prior to the eutectic transformation is suspected to be planar as
no evidence of dendritic growth can be seen. Given the high Zn anisotropy in γs`,
dendrites grows preferentially along

〈
101̄0

〉
and therefore, the obtained shapes post

quench should display a lower aspect ratio instead of a larger one such as observed.
Given the thermal Fourier number of the alloy drop for a characteristic time of 1 s
FoT = αt/l2 = 1 · 3.45 · 10−5/(1.5 · 10−4)2 = 1533, the temperature can be considered
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Figure 4.11: a) Cross section of a Zn-2wt.%Sn drop observed in situ by X-ray tomography;
b) Cross section of a Zn-2wt.%Sn drop observed after the laser heating is turned off by
X-ray tomography

homogeneous in the whole drop. Therefore the planar solidification front should advance
at the same speed independently of the orientation in the droplet, at least from a thermal
point of view.
The difference in the droplets shape before and after the quench can be due to three
different factors:

• An anisotropic thermal conductivity. As the heat balance at the solid-liquid
interface is given by ρLfv∗ = κG, a different thermal conductivity depending on
the orientation will give a different interface speed. Unfortunately, no research
has been made on the orientation dependency of the thermal conductivity in zinc.
However, as the thermal Fourier number is very high in the case of the drop, the
interface velocity is not limited by this parameter.

• The interface speed is limited by the solute rejection and diffusion. The solute
diffusion is governed by Fick’s first law of diffusion: v∗C∗` (1 − k0) = −D`

∂C`
∂x

∣∣∣∗.
It has to be noted that in the case of the Zn-Sn alloy, as the solubility of tin in
zinc is very low, the partition coefficient is especially low with a value of 0.0009≈ 0
at the eutectic temperature. The solutal Fourier number in the droplets is given
by Fos = D`t/l

2 = 1 · 1.59 · 10−9/(1.5 · 10−5)2 = 1.76, a value indicating that
even though the solute is well distributed in the droplets, the solute composition
within them cannot be expected to be totally homogeneous. Therefore, the solute
rejection during the solidification of the droplets might induce a change in the
observed shape. This effect would be particularly important in places where the
surface-volume ratio is large, i.e., where the curvature of the equilibrium shape is
maximal as the volume of rejected solute is maximal in such areas. Therefore, this
phenomenon could explain the shape difference of the droplets observed before and
after the quench.

• A distortion due to the solidification shrinkage stresses that arise during droplet
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quenching. Normally, such a volume change is accommodated by fine cracks or
porosity such as observed by Liu et.al [30]. Furthermore, as solidification of the
droplets begins from the surface and goes inward, the cracks and porosity forms
near the center of the droplets and thus, does not influence the observed shape.
However, in our case, no porosity or cracks could be observed in the droplets
when they are solidified. Under the assumption that the solidification shrinkage
is not accompanied by any stress release mechanism such as void formation, the
surrounding zinc matrix should be in tension. A difference in zinc Young’s modulus,
E, along the 〈0001〉 direction and the basal plane might justify the observed shape
difference. Pei et.al [123] studied the mechanical properties of zinc thin films using
nanoindentation on zinc grains with surface orientation with respect to the c-axis
ranging from 3° to 84°. They found a value of the Young’s modulus nearly parallel
to 〈0001〉 equal to 39 GPa while its value increases up to 124 GPa when measured
at 84° from the c-axis. In the hypothesis of an isotropic contraction, the stress can
be considered equivalent over all the surface of the droplets and thus, due to the
difference in E, the observed strains are larger along the c-axis than perpendicular
to it. Therefore, this effect might also contribute to the difference in shape observed.
Unlike the possible decrease of the planar front growth rate due to solute rejection
as most equilibrium shapes measurements are performed just above the eutectic,
this effect might also affect equilibrium shapes observed in previous studies [8,9,12].

The a0
2 and a0

4 anisotropy coefficients have been extracted for the droplets produced after
quench (see table 4.6).

Droplet Bottom Middle 1 Middle 2 Top
a0

2 -0.5073 -0.4736 -0.4674 -0.34734
a0

4 0.0316 0.0152 0.0122 -0.0055
Residuals 2.9441 0.9157 5.7228 1.7384

Table 4.6: Aspect ratio and extracted anisotropy coefficients for the droplets observed
after quench.

All these coefficients do not give any sharp edges when using the ~ξ-formalism. The
obtained a0

2 coefficients are slightly larger than before quench whereas the a0
4 coefficients

becomes positive. The different droplets present the same general shape with difference
between them on the order of 0.33 µm.
Given the high sensitivity of the equilibrium shape on the anisotropy coefficients and the
lack of resolution to observe the possible edge in the basal plane, the optimization code
used to fit the droplets cross-contour has been improved so that points that are located
in the vicinity of the basal plane (in this case 15° around it) are excluded from the fit.
Fig. 4.12 presents such a fit on a droplet which produces ears using the ~ξ formulation.
The length difference in the X-axis between the edge that can be seen in the fit and
the experimental observation is less than 3 pixels (0.84µm). Therefore, it cannot be
excluded that the produced equilibrium shapes present an edge in the basal plane. The
coefficients obtained using this modified version of the code are presented in table 4.7.
The results presented in bold corresponds to coefficients producing equilibrium shapes
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Figure 4.12: In black, cross contour of a droplet after the quench and in red, the best
~ξ-based fit when excluding points that are located 15° around the X-axis

with forbidden directions when using the ~ξ-formalism.

Droplet Bottom Middle 1 Middle 2 Top
a0

2 -0.5791 -0.492 -0.5127 -0.457
a0

4 0.0658 0.0244 0.0339 -0.0129
Residuals 0.2713 0.1513 0.3782 0.2084

Table 4.7: Aspect ratio and extracted anisotropy coefficients for the droplets observed
after quench when excluding points located 15° around the basal plane.

In summary, the equilibrium shapes produced after the quench are presenting an aspect
ratio of 1.6-1.65, when we assume that edges observation is hindered by the tomography
beamline resolution. These results are in good agreement with previous observations [9,12].
The mean a0

2 and a0
4 coefficients extracted from in situ observations will be used as an

input for the phase-field model. In the ex situ case, only the coefficients giving edges
when using the ~ξ formalism will be used in order to simulate dendritic growth. As these
coefficients have been obtained late during the thesis, the results of these calculations will
be compared with detailed phase-field simulations using coefficients extracted from [8] in
chapter 6.

In conclusion, the emulsion technique has been found to be particularly suited for
the production of preliminary samples in terms of drops size, porosity and salt-alloy
interactions. While the feasibility of the method has been clearly established, the in situ
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observation of equilibrium shape has still to be slightly improved in order to produce
accurate results. The setup temperature control has been found to be reliable with
differences of only 1-2°C over time and the resolution is sufficient for measurements of
large anisotropy coefficients with a relative precision of 10%. However, the measurement
of small anisotropy is hindered by the resolution limitation of the setup and further
improvement either in the size of the liquid droplets produced or in terms of resolution
is needed in order to have accurate measurements of the a0

4 and a6
6 coefficients. The

obtained droplets have been found to be stable over time with a similar shape and
an aspect ratio comparable to that previously observed [9, 12]. However, the droplets
observed in situ do not present any edge (forbidden orientation). After the quench of
the sample, the equilibrium shapes are found to be more anisotropic and are suspected
to present edges, as previously observed [8,9, 12]. However, edges could not be directly
observed and are thought to lie in the resolution limitation of the observation setup. The
in situ droplet shape observation is supposedly hindered by an effect of small thermal
fluctuations during the X-ray tomography scans produced by the heating setup used.
These small fluctuations in temperature will lead to small movements of the solid-liquid
interface which will actually induce a blurring the observed droplets shape. In other
words, small thermal fluctuations produce an "average" droplet Zn shape which is not
truly static. The use of a more stable thermal environment (such as a conventional
furnace) might help to reduce the thermal fluctuations and thus, lead to a more accurate
observations of the droplets shape.
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5 Experimental results

In the previous chapters, the solid-liquid interfacial energy formulation has been presented
for hexagonal metals and its anisotropy coefficients have been extracted for zinc both
from a previous research [8] and from in situ and ex situ experimental observations of
equilibrium shapes. This chapter will present the effect of the γs` anisotropy on the
microstructure formation of Zn-Al alloys. The growth morphologies of Zn-Al alloys in
BS samples at relatively low pulling velocity (vp = 4mm/min) will first be addressed
and explained at the light of the large γs` anisotropy displayed by such alloys. The DS
microstructure formation at higher speed will then be presented and the unexpected
growth competition between 〈0001〉 and

〈
101̄0

〉
dendrites will be treated. The chapter

will finally close with a discussion on the formation and stable growth of unanticipated
〈0001〉 dendrites when the cooling rate and the thermal gradient are increased.

5.1 Bridgman solidification
A typical microstructure in a longitudinal section of a BS Zn-4wt.% Al-0.17wt.% Pb alloy
is shown in Fig. 5.1 (a). Since Zn dendrites grow along the

〈
101̄0

〉
directions [3,5,41,55],

this longitudinal section is almost parallel to the basal plane and the thermal gradient ,G,
coincides with

〈
101̄0

〉
, as indicated by the pole figure of Fig. 5.1 (b). One can see that

the dendrites appearance is similar to fcc or bcc dendrites, however, given the dendrite
growth directions in Zn, the secondary arms grow with an angle of 60° with respect to
the primary trunks.

Experimental measurements of the angles between the primary trunk and the secondary
arms on 15 arms of the dendrites situated in the middle of Fig. 5.1(a) gives an angle of
59 ± 2.5 deg.. Figure 5.1 (c) presents a sample solidified under the same experimental
conditions, but in a section almost corresponding to a

(
112̄0

)
plane, as indicated by

the pole figure of Fig. 5.1 (d). In this section,
〈
101̄0

〉
arms are not directly apparent

and the columnar dendrites look very much like thin plates from which a few arms are
emitted, first along a 〈0001〉 direction but then quickly becoming primary

〈
101̄0

〉
trunks.

One can see that the microstructure is very different in these two sections, reflecting
the large anisotropy of the solid-liquid interfacial energy of Zn alloys. It can also be
observed that the indexed EBSD points in the pole figures exhibit a large misorientation
along a rotation axis perpendicular to the c-axis in the basal plane (i.e.,

〈
112̄0

〉
direction).

This misorientation can be understood by taking a closer look at a longitudinal section
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500µm

a

G
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c

〈
101̄0

〉

〈0001〉

G

〈
101̄0

〉

〈0001〉

b

d

Figure 5.1: a) Optical metallography in a longitudinal section of a Zn-4wt.% Al-0.17wt.%
Pb specimen solidified in a Bridgman furnace with a pulling velocity of 4mm/min
corresponding to a (0001) plane; b) corresponding pole figures; c) Similar specimen
viewed in a section corresponding to a

(
112̄0

)
plane; d) corresponding pole figures.

with a higher magnification and performing EBSD analysis with a smaller step size
such as presented in Fig. 5.2. The columnar dendrites shown in this figure do not
present a single orientation, but in fact two, as observed in Fig. 5.2 (b) and (e). As
can be seen on the

〈
112̄0

〉
pole figure, these two crystallographic orientations share a

common
〈
112̄0

〉
direction shown by a red ellipse, an indication that we have a twinning

relationship. The deformation in hexagonal metals is mainly made by twinning as
deformation by slip is limited since Burger vectors other than 1/3

[
112̄3̄

]
and 1/3

[
112̄0

]
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G

50µm

〈0001〉
〈
101̄0

〉 〈
112̄0

〉

a b

e

c d

Figure 5.2: a) SEM picture in a longitudinal section corresponding to a
(
112̄0

)
of a BS

Zn-4wt.% Al-0.17wt.% Pb specimen solidified at 4mm/min; b) Corresponding EBSD
map. The colorscale is a function of the Euler angle and the red line denotes grain
boundaries with a twin relationship; In (c) and (d), the EBSD points corresponding to
the left, respectively right rectangles of the pole figure shown in (e) are highlighted ; e)
〈0001〉,

〈
101̄0

〉
and

〈
112̄0

〉
pole figures associated with (b).

are rarely observed [124]. Specifically, the most common twin system in hexagonal metals
corresponds to K1 =

(
101̄2

)
, η1 =

[
1̄011

]
, K2 =

(
101̄2̄

)
, η2 =

[
101̄1

]
[125, 126]. The

classical definition of twinning requires that the twin and the parent lattices are related
either by a reflection in one plane (the shear plane) or by a rotation of 180° around an
axis. It can be described by a shear of the crystal lattice along one direction. K1, K2, η1
and η2 are depicted in Fig. 5.3. In this figure, the open circles represents lattice points
before the shear, whereas the filled circles are the lattice points after the shear. The
twin plane normal is parallel to K1 and the direction of the twin shear is along η1 with a
magnitude s. Out of the 12 equivalent rotations that describe this twin system, two of
them display a common

〈
112̄0

〉
direction for the two crystals and a rotation angle around

this axis of 85.59° or 94.41° between them.
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s
K1

K2

η1

η2

Figure 5.3: Twinning schematic showing K1, K2, η1 and η2 [127].

Figure 5.2 (b) presents the map of EBSD points where grain boundaries exhibiting a
rotation of 90° ± 6° deviation around a common

〈
112̄0

〉
direction between the two grains

are in red. As can be seen, all the grain boundaries observed in the sample fulfill this
criterion and therefore the twins observed are deformation twins, probably produced
during the sample preparation (induced either during cutting or mechanical polishing of
the specimen).

The intragranular misorientation of the c-axis of zinc grains with a rotation along a
〈
112̄0

〉
direction has as well been studied. Intragranular misorientation have been reported to
be due to:

• Thermomechanical stresses during the cooling of the material (in the mushy zone
or below) leading to small plastic deformation of the solid. In particular, it has
been found that in Ni-base single grains, γ′ precipitation slightly below the solidus
temperature of the alloy could build up stresses high enough for these intragranular
deformations to appear [128].

• A difference in the solute composition of the solid. Sémoroz et.al. showed that the
misorientation observed in Al-Zn-Si coatings can be explained by lattice spacings
variations associated with dendritic microsegregation (as solute elements can display
a larger or smaller atomic radius than the solvant elements) [129].

• In hot-dip Al-Zn-Si coatings, Niederberger et.al. showed that the intragranular
misorientations can be explained by the solidification shrinkage [130]. This leads
to an increase of the surface roughness and thus, of the surface area of the coating.
Therefore, tensile stresses develop in the oxide skin at the surface of the melt that
will translate into forces applied to the dendritic network, giving the observed
misorientation. However, this mechanism requires a large contact area between the
dendritic network and the free surface and thus, cannot be directly applicable to
misorientations observed in bulk materials.
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5.1. Bridgman solidification

Figures 5.2 (c) and (d) emphasize the indexed EBSD points for the left and right
orientation regions delimited by the two rectangles in the

〈
112̄0

〉
pole figure, respectively.

One can see that very few points produce the observed misorientation. Points on the
left of the distribution correspond to area very close to the twins and thus the crystal
might be slightly deformed around them. On the other hand, points on the right of the
distribution are mostly located at the surface of the secondary arms. The misorientation
observed cannot be accounted for by solute microsegregation as the misorientation is
not observed homogeneously at the surface of the formed dendritic structure but only
on part of it. Therefore, the slight misorientation they exhibit could be explained by
a deformation due to the eutectic transformation. It can thus be concluded that the
large misorientation that can be observed for the c-axis appears after and not during the
solidification of Zn dendrites.

1mm

200 µm 50 µm

〈
101̄0

〉

〈0001〉

a

b c d

G

Figure 5.4: a) Optical metallography in a transverse section at 5mm from the dendrite
tip of a BS Zn-4wt.% Al-0.17wt.% Pb specimen solidified at 4mm/min; b) Zoom in a
part of (a) where three different grains separated by a dotted line can be seen; c) SEM
picture of a particular grain and (d) associated pole figures.
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Figures 5.4 (a) and (b) present a transverse section (i.e. perpendicular to the thermal
gradient) of a similar BS Zn-Al specimen solidified at 4 mm/min. The cross section
has been taken 5 mm from the quenched dendrite tips front and nearly corresponds to
a
(
101̄0

)
plane. The basal plane and the c-axis are represented in the SEM zoom (in

Fig. 5.4(c)) by a plain line and an arrow, respectively. The microstructure produced is
really uncommon and again reflects the large anisotropy of the solid-liquid interfacial
energy of zinc. As can be seen, the dendrites are elongated along

〈
112̄0

〉
directions

and/or restrained along the 〈0001〉 directions. The elongation along
〈
112̄0

〉
is due to the

preferential growth of dendrite trunks and arms along this direction. Since the secondary
arms are at 60 deg. from the trunks, their cut in transverse section appears linked to
the trunk as schematically indicated in Fig. 5.5.

〈
101̄0

〉
primary trunk

〈
101̄0

〉
secondary arm

〈
101̄0

〉
secondary arm

Figure 5.5: Schematic representation of a Zn dendrite cut in a
(
101̄0

)
plane.

The growth restriction along the c-axis can be understood by looking at either the ~ξ-plot
(or the S-plot) presented in Fig. 2.7. Both plots predict a faster growth in the basal
plane compared to the c-axis since the equilibrium shape display a larger curvature
in the basal plane, thus allowing solute to diffuse more easily. Another feature of the
dendritic microstructure in this transverse section is worth noticing: the dendrites look
as if they grow in groups of two or more with a thin liquid layer in between (i.e., almost
as doublons [15, 16]), as already observed by Sémoroz in his PhD thesis [3]. This type of
morphology will be called in the following "doublet" microstructure. The question raised
by such a microstructure is why and how this doublet structure is formed. Is it due to a
tip-splitting and the natural growth of a doublon or to the formation of a new primary
trunk from a small secondary arm initially growing along the c-axis?

In order to answer this question, X-ray tomographic microscopy has been performed on
a BS sample. This method has the advantage to give direct access to the 3 dimensional
morphology of the microstructure. The 3D reconstruction of a Zn dendrite is presented
in Fig. 5.6 (a), while a computed longitudinal cut in a

(
112̄0

)
plane is displayed in Fig.

5.6 (b).
As can be seen, the secondary arms along the c-axis do not grow with the theoretical
angle of 90 deg. they should exhibit with the

〈
101̄0

〉
trunk direction. Second, one can

see that the dendrite presented in Fig. 5.6 (a) and (b) has one primary trunk at the
bottom of the picture and three at the top. As can be seen, instabilities along the c-axis
give arms that quickly change their growth direction toward

〈
101̄0

〉
. Some of them

become new primary trunks very close to the one they stem from. These new primary
trunks close to the initial one are responsible of the doublet microstructure observed
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5.1. Bridgman solidification

300 µm

G

〈0001〉

〈
101̄0

〉

a b c d

Figure 5.6: a) 3-dimensional reconstruction by microscopic tomography of a BS Zn-4wt.%
Al- 0.17wt.% Pb specimen solidified at 4mm/min; b); c) and d) longitudinal cuts in the(
112̄0

)
plane of three different reconstructed data stacks.

in transverse cuts. Third, the primary trunks are not well aligned with the thermal
gradient and exhibit an angle with G on the order of 10 deg. This change in morphology
orientation (called trunk orientation in the following text) has not not be confused
with the intragranular misorientation described before in this chapter. Furthermore,
secondary arms initiated along 〈0001〉 directions and turning along

〈
101̄0

〉
grow faster

on the "upper" side of the primary trunks with respect to the thermal gradient, proving
that the misorientation observed is real and not an artifact associated for example with
a bending of the tomography specimen during machining or transportation.
The trunk orientation with respect to the thermal gradient can be explained by two
different phenomena:

• A probable tip-splitting at the early beginning of dendritic growth creating two new
primary trunks. Unfortunately, due to the effect of backdiffusion which is fairly
important in the bottom part of the sample, it has not been possible to observe
the tip-splitting in itself.

• The outgrowth of secondary sidearms along the c-axis. Figure 5.6 (d) presents
a longitudinal cut where a secondary arm along 〈0001〉 develops and form a new
primary trunk (encircled in red). As can be seen, the growth speed of this last is
large enough to block the growth of other secondary sidearms. Therefore, this arm
forms a new primary trunk, at least before it is blocked by another dendrite.

In both cases, as a result, the two trunks are growing apart from each other. This
"repulsion" is due to their solute field interacting with each other explaining the observed
trunk orientation compared to the direction of the thermal gradient.
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5.1.1 Doublet microstructure formation
Based on the experimental observations presented in the previous pages, a doublet
microstructure formation mechanism can be proposed. The formation of this particular
growth morphology is suspected to happen in three steps as indicated in Fig. 5.7:

〈
101̄0

〉
〈0001〉

a b

c d

Figure 5.7: a) Schematic growth mechanism of a Zn dendrite primary trunk. The
forbidden directions dictated by the solid-liquid interfacial energy are indicated by the
dashed line triangle; b) initiation of secondary arms along the c-axis; c) upon further
growth of the c-arms, some normals to its surface become forbidden (dashed arrow); d)
bending of the c-arms toward the

〈
101̄0

〉
trunk direction with the possibility of becoming

a new trunk.

1. Secondary arms are initiated along the c-axis on the "upper side" of a
〈
101̄0

〉
primary trunk. At the beginning, the normal to the surface (represented as a
plain arrow in Fig. 5.7 (a) and (b)) of such a secondary arm is within the allowed
directions of the ~ξ-plot (the forbidden directions being represented as a dotted
triangle in Fig. 5.7 (a)).
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5.1. Bridgman solidification

2. As these arms grow, their lateral surface start to have a normal which is no longer
allowed by the ~ξ-plot (represented by a dashed arrow in Fig. 5.7 (a) and (c)).
Therefore, the side arms start bending along the closest possible growth direction,i.e.
the

〈
101̄0

〉
direction of the trunks they originate from.

3. If the solute field in the liquid associated with the growth of the primary trunk or
of the side arms located above stop the growth of a secondary c-branch, it remains
a bent side arm. If not, it becomes a new

〈
101̄0

〉
primary trunk very close to the

parent trunk.

In summary, the doublet microstructure of Zn-Al alloys is not due to doublons, but to the
difficulty of growing side arms along the c-axis. Yet, branching mechanisms are needed
along this direction to fill the space.

5.1.2 Serial sectioning
In an attempt to observe the dendrite tip shape as well as the doublet morphology
formation statistically (as the observed volume is larger than with X-ray tomography),
serial polishing 1 has been performed in the vicinity of the quenched dendrite tip front.
Results of such experimental method at 2 mm and 70 µm from the top of the dendrite
can be seen in Fig. 5.8 (a) and (b), respectively.

500 µm

a b

50 µm

Figure 5.8: 3D serial polishing reconstruction of a BS Zn-4wt.%-0.17wt.% alloy solidified
at 4 mm/min (a) 2 mm from the dendrite tip and b) 70 µm behind the tip front

The colors represent the volume connectivity, i.e. each color represents a volume which
is connected at least by one pixel. The plain line and the arrow represents the basal
plane and the c-axis respectively. The height of the left reconstruction is 210 µm, while
it is 70 µm on the right figure.
As can be see in Fig. 5.8 (a), for each doublet, the two dendritic trunks forming this
specific dendritic morphology are connected in a thin thickness. Therefore, it can be

1The sample was polished by layer of 7µm (±3 µm). After each polishing, the sample was etched and
placed under an optical microscope in a reproducible position so that registration (transformation of the
different images obtained into one stack of data) is possible. Given a sufficiently good contrast between
the primary phase and the eutectic, these two phases can be distinguished by their grey levels.
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concluded that the doublet microstructure formation mechanism explained earlier in
this chapter is valid as it is also observed on a larger number of doublets and not only
a few individuals. Unfortunately, as can be seen specifically on the green or light blue
volume, some doublets are not accurately separated and thus are connected even though
they should not display such a connection. This inaccuracy can be accounted to phase
separation related difficulties, such as insufficient contrast difference between the solid
and the eutectic or by a limited vertical resolution. Figure 5.8 (b) shows that at 70 µm
behind the tip, the whole volume around the dendrite is connected. This is mainly due to
the quench which is not sufficiently efficient to freeze the microstructure, and thus quench
dendrites will grow epitaxially from BS dendrites. This effect unfortunately renders
the observation of the dendrite tip shape in itself impossible. However, an interesting
phenomenon should be particularly noted: secondary arms along the c-axis (such as
displayed under the arrow) display large and stable growth (without forming a new
primary trunk) when the specimen is quenched. An observation that can also be made
in transverse metallography (see Fig. 5.9 (a)).

400 µm 400 µm

a b

〈
101̄0

〉
secondary arms〈

101̄0
〉
primary trunk

Figure 5.9: a) Optical metallography in a transverse section 200 µm behind the dendrite tip
of a BS Zn-4wt.%Al-0.17wt.%Pb alloy solidified at 4 mm/min; b) Optical metallography
in a transverse section 70 µm behind the dendrite tip front of the same specimen.

This can be explained by the fact that near the tip, the microstructure has a much lower
volume fraction of solid than far from the tip, leaving space for 〈0001〉 dendrite arms
to develop during the quench. Another explanation for the formation of such dendritic
side arms is that they display a larger growth rate at higher cooling rates. This specific
feature will be investigated in the next section (section 5.2) by trying to grow 〈0001〉
dendrites in DS, enabling faster solidification conditions than BS. Figure 5.9 (b) presents
the quenched microstructure in a transverse section 70 µm behind the dendrite tips.
The microstructure is still very similar to what can be seen down below in the mushy
zone (see Fig. 5.4), i.e.

〈
101̄0

〉
dendrites elongated along the

〈
112̄0

〉
direction and/or

restrained along the 〈0001〉 direction, showing a clear stability of the microstructure
formed and indicating a highly probable anisotropy of the dendrite tip shape in itself.
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5.1.3 λ1 and λ2 measurements and comparison with theory and previ-
ous measurements

The primary dendritic arm spacing (λ1) have been measured in transverse sections in
two different ways, taking each doublet (sometimes triplet) as an individual entity:

• Measuring in a transverse section the λ1 along the 〈0001〉 and the
〈
112̄0

〉
directions,

taking into account the anisotropy of the microstructure. These two values will be
compared with the theoretical λ1 calculated using the LGK model for the calculation
of Rtip [43] and assuming a 2D hexagonal dendritic array for the calculation of λ1
(Eq.(2.22)). This theoretical result is repeated here for convenience:

λ1 =
(

72π2Γs`D` (T ∗ − Tbase)2

k0∆T0

)1/4

(v∗)−1/4G−1/2 (5.1)

• Measuring an average value of λ1 from the density of doublets (triplets) observed in
a crosse section of area S. The reverse of this density, S/N, where N is the number
of doublets (triplets) will be compared with a theoretical value for a 2D hexagonal
dendritic array with λ1 obtained using Eq. (5.1):

S

N
= 3
√

3λ
2
1

8 (5.2)

The secondary
〈
101̄0

〉
arms spacing has been measured from X-ray microscopic tomog-

raphy reconstruction sections, which enables an accurate numerical cut parallel to the
(0001) plane. They will be compared with theoretical λ2 values obtained using the
coarsening model developed by Kattamis et al. [46] (Eq. (2.23)). Again, this model is
recalled here:

λ2 = 5.5

− Γs`D` ln
(
Ceut
C0

)
m` (1− k0) (Ceut − C0)


1
3 (

∆T

Gv∗

) 1
3

(5.3)

Please note that the very small contribution of Pb is ignored in these analytical models
of both λ1 and λ2. All measurements have been made with about 50 dendritic primary
and secondary arms spacings. The S/N ratio has been calculated from 440 doublets
(triplets) observed in a 7.79 mm2 surface area. The results are summarized in Table 5.1.

As can be seen, measurements of λ1 are different along the
〈
112̄0

〉
and 〈0001〉 directions,

even when taking each doublet/triplet as single entity. Furthermore, a large difference can
be seen between theoretical and experimental results. Two main reasons can explain this
deviation with the theory. The first one, and the most likely, is that as the dendrite tip
is not a paraboloid of revolution due to the high anisotropy of the solid-liquid interfacial
energy (the tip being edgy in the

(
112̄0

)
plane and having a finite curvature in the basal

plane), the Ivantsov solution for the solute transport [44] does not apply to this specific
case. Furthermore, another part of the discrepancy observed can be explained by the
fact that the dendritic array is not purely hexagonal. These observations are confirmed
by the differences in the S

N ratio as well. On the other hand, results and theoretical
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Results Units Values
λ1,〈112̄0〉,exp µm 148± 22
λ1,〈0001〉,exp µm 104± 25
λ1,th µm 225
S
N exp

µm2 17718
S
N th

µm2 33000
λ2,〈101̄0〉,exp µm 58± 12
λ2,〈101̄0〉,th µm 54.5

Table 5.1: λ1 and λ2 measurements and calculations for Zn-4wt.% alloy solidified in a
BS furnace at 4 mm/min.

calculations for the value of λ2 are in good agreement with theoretical results being in
the error range of the experimental results. This is expected as the λ2 value is mainly a
result of coarsening, and not directly of growth.

5.1.4 Influence of convection
When dealing with metallic alloys having solvent and solute element characterized by
a large difference in density comes always the question to know whether or not the
microstructure observed is affected by solutal convection 2.
In Bridgman solidification experiments, the thermal gradient is upward and thus the
liquid layers are stagnant from a thermal point of view. However, the rejected Al solute
elements are much lighter than zinc and as the liquid becomes richer in Al (k0 < 1),
solutal convection might occur. In order to analyze the situation, it is necessary to
calculate βC , the volumetric solutal expansion coefficient, as well as B = βC/ (m`βT ),
where m` is the slope of the liquidus and βT is the thermal expansion coefficient [18].
The slope of the liquidus for Zn-Al is −7.5°C/wt.% while the thermal expansion coefficient
of pure zinc is 1.41 ·10−4°C−1 [131]. The solutal expansion coefficient βC can be estimated
as follows. The liquid density at 420°C is given by:

ρ`,C`
= 1

C`
ρ`,Zn,T =420°C

+ (1−C`)
ρ`,Al,T =420°C

(5.4)

where ρ`,Zn,T=420°C = 6.57·103 kg/m3 and ρ`,Al,T=420°C = 2.45·103 kg/m3 [21]. Therefore,
ρ`,C`=0.04 = 6.16 · 103 kg/m3 and ρ`,C`=0.05 = 6.07 · 103 kg/m3. βC is defined as:

βC = −ρ−1 ∂ρ

∂C`
= −ρ−1

`,Zn,T=420°C
ρ`,C`=0.05 − ρ`,C`=0.04

0.01 = 1.52 (5.5)

2In BS, when the hot zone is on the top of the cold zone, thermal convection can be induced if the
isotherms are not planar, i.e. when a small radial component of the thermal gradient can be observed. A
previous analysis [92] of the BS used in this work with larger samples and crucibles (5/9 inner/outer
diameter) found a radial thermal gradient on the order of 0.1°C/cm. Therefore, as in our case the sample
and crucible diameter is decreased (4/6 inner/outer diameter), the radial thermal gradient should be
negligible
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Accordingly, we are in a case where βC > 0 and B = −14.2 < −1, meaning that the
decrease of the liquid density due to Al segregation dominates the increase associated
with the temperature decrease in the furnace [18]. Therefore, one should expect to have
natural convection induced by the solute field. The importance of this convection is
difficult to estimate since it occurs essentially in the mushy zone, and to some extent in
the thin boundary layer ahead of the dendrite tips front.
If we take the composition between the roots of the dendrites (about 5.2wt.% Al) and the
tips (about 4wt.% Al), the Rayleigh number associated with this solidification interval,
∆T0/G is very large.

RaC = gβC∆C`l
3

νD`
(5.6)

where ∆C` is the composition difference in the liquid, g is the gravitational acceleration,
l, the characteristic length of the process (here the specimen radius), ν, the kinematic
viscosity of the liquid and βC , the volumetric solutal expansion coefficient. Using the
properties listed in Table 5.2, RaC = 3.43 · 106.
In other words, we should have convection. However, this region is mushy and one should
rather use a modified criterion to know if there is for example freckles formation (see
chapter 14 of [18]). Apparently, the microstructure observed in our Bridgman specimens
does not show any signs of freckles formation and convection is probably limited in these
alloys which exhibit a fairly short solidification interval.

Properties, Units Values
exp. conditions

g
[
m/s2] 9.81

l [m] 0.003
ν

[
m2/s

]
5.93 · 10−7 [132]

∆C` [wt.%] 1.2
D`

[
m2/s

]
1.8 · 10−9 [21]

ml [°C / wt.%] −7.5
∆T0 [°C] 8.5
k0 [−] 0.252
Ceut [wt.%] 5.2
C0 [wt.%] 4
Γs` [°Cm] 1.65 · 10−7 [21, 28]
v∗ [m/s] 6.67 · 10−5

G [°C/m] 2600

Table 5.2: Material properties and experimental conditions.
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5.2 Water-cooled directional solidification
As stated in the previous section, DS experiments have been made in order to study the
effect of a larger cooling rate and thermal gradient on the microstructure formation in
Zn-4wt.%Al-0.17wt.% Pb alloys. The experimental setup and thermal characteristics
have been presented in Section 3.3

Figure 5.10 presents metallographies of a DS ingot taken 2 cm from the chill plate
in longitudinal section (a) and transverse sections (b). At this height, temperature
measurements give a growth speed on the order of 1 cm/min and a thermal gradient
G = 52°C/cm

In both images, two dendrites are outlined and their corresponding
〈
101̄0

〉
and 〈0001〉

orientations are shown with the same color in the corresponding pole figures shown on
the right. As can be seen, different dendritic morphologies and orientations are present
in these sections. In the longitudinal section, two different morphologies are observed:

• A
〈
101̄0

〉
dendrite with

〈
101̄0

〉
secondary arms growing at 60 deg., as already

observed in BS specimens at low speed (delineated in blue). Such a dendrite cut
in a

(
112̄0

)
with secondary side arms along the c-axis can also be seen in the

longitudinal section as indicated by the white arrow,

• A dendrite with a 〈0001〉 primary trunk with
〈
101̄0

〉
secondary arms growing at 90

deg. from the trunk (delineated in red).

Similar observations can be made in the transverse section presented in Fig. 5.10 (b).
This transverse cut presents two different types of dendrites:

• The doublet morphology already described in the preceding section, which is formed
by
〈
101̄0

〉
dendrites (delineated in blue),

• Dendrites showing a 6-fold symmetry side arms which have grown with a trunk
parallel to the c-axis and which are cut in the basal plane. The

〈
101̄0

〉
secondary

dendrite arms are represented by white lines on the dendrite encircled in red.

Therefore, it can be concluded that it is possible to grow 〈0001〉 Zn dendrites under DS
conditions (i.e., v ≈ 1 cm/min and G = 52°C/cm). Furthermore, such dendrites are
stable as they are observed at a height of 2 cm from the chill surface of the DS setup.
However, they are still in competition with

〈
101̄0

〉
dendrites as both can be observed in

the sample. It has to be emphasized that such a primary growth direction should not be
observed from a theoretical basis considering the equilibrium shape of zinc. Indeed, the
c-axis corresponds to a local, but not an overall, minima of the stiffness tensor trace as
shown in Fig. 2.7. Normally, only

〈
101̄0

〉
dendrites should be observed as such directions

display the largest γsl value, the higher curvature of the equilibrium shape and the overall
minima of the stiffness tensor trace.
In order to characterize the texture evolution in DS ingots, the angle θ between the c-axis
of the observed grains and the thermal gradient has been measured using EBSD. For
θ = 0 deg., dendrites are growing along 〈0001〉, whereas when θ = 90 deg., they have
a
〈
101̄0

〉
primary trunk. Figure 5.11 (a) presents the unit sphere where G, 〈0001〉 and

θ are defined. The probability of having a randomly oriented grain with a c-axis at an
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5.2. Water-cooled directional solidification
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Figure 5.10: Optical metallographies of a DS Zn-4wt.%Al-0.17wt.%Pb alloy taken 2 cm
from the bottom plate and its corresponding pole figures in (a) a longitudinal section
and (b) a transverse section.
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Chapter 5. Experimental results

angle θ with respect to the thermal gradient is proportional to the circle in dotted line,
i.e., 2π sin θ. Therefore, the probability of having a randomly oriented dendrites whose
c-axis matches the gradient direction is nil, whereas it is maximal for dendrites growing
along

〈
101̄0

〉
.
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Figure 5.11: a) Unit sphere where G, 〈0001〉 and θ, the angle between them, are
represented for hexagonal Zn. The probability in a random distribution to have a grain
with a specific θ angle with respect to the gradient is given by the arc length represented
with a dotted line (2π sin θ) divided by the total surface area of the unit half sphere (2π);
b) Distribution F (θ) (in red) and FC (θ) (in blue) for a random population of grains.
F (θ) is the distribution and FC (θ) =

∫ θ
0 F (θ′) dθ′, the cumulative distribution. The

actual distribution of Zn grains measured by EBSD in DS specimens are shown for two
heights from the chill plate: 350 µm (c) and 3 cm (d).

Figures 5.11 (b), (c) and (d) present the θ distribution for a population of randomly
oriented grains, Zn-Al grains observed in a DS sample located at 350 µm from the
chill surface and at 3 cm from the chill surface, respectively. For the two measured
distributions, a surface of about 170 mm2 was analyzed by EBSD.
In these three figures, two type of distributions are presented: (i) the standard distri-
bution (F (θ) = sin θ, in red) and (ii) the cumulative distribution (FC (θ) = (1− cos θ),
in blue). The standard distribution is obtained by sorting the measured c-axis orienta-
tions with respect to the thermal gradient and grouping the EBSD indexed points in
30 classes of 3 deg. width. The number of points in each class are then counted and
the result is divided by the total number of indexed points. Therefore, the obtained
result is the probability to observe a particular c-axis orientation with respect to the
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5.2. Water-cooled directional solidification

gradient (i.e., if F = 0.01 for class # 1 , this means that 1% of the analyzed surface
is such that 0 deg. ≤ θ < 3 deg., etc.). The cumulative distribution being the integral
of F , it describes the probability (FC) that a point has a c-axis orientation lower or
equal to θ , e.g. if FC = 0.5 for class # 10, this means that a random point on the
surface has a probability of 50% to have 0 deg. ≤ θ < 30 deg.. The median of the
orientation distribution (i.e., the angle θ for which FC = 0.5) is indicated in dashed
line in the different theoretical and experimental distributions as it is a powerful tool
to discuss the overall texture. As can be seen in Fig. 5.11 (b), FC = 0.5 for θ = 60
deg. is characteristic of a random orientation distribution. Smaller and larger values
of θ for which FC = 0.5 denote a more pronounced 〈0001〉 and

〈
101̄0

〉
texture, respectively.

The texture observed at 350 µm (Fig. 5.11 (c)) is nearly random with a very good
agreement between its cumulative distribution and that of a random distribution (with
FC = 0.5 for θ = 58.5 deg.). Therefore, it can be concluded that there is no preferential
nucleation orientation in this specific case unlike what was observed and modeled by A.
Mariaux for the nucleation process in galvanization when the oxygen partial pressure is
low [4,6].
However, at 3 cm from the chill plate (Fig. 5.11 (d)), it can be seen that the overall
surface is strongly textured along 〈0001〉 since the median value FC = 0.5 corresponds
to θ=15 deg. only. As a matter of fact, 62% of the surface is due to grains having a θ
angle smaller than 20 deg., while only 10% of the surface corresponds to grains having a
c-axis misorientation with respect to the thermal gradient larger than 70 deg.. Thus, it
is concluded that the DS sample develops a preferential 〈0001〉 texture as growth proceeds.

As already mentioned in Chapter 2 but shortly repeated here, regular cubic metals such
as Ni develops a 〈100〉 texture over the first centimeter of directional solidification [76,77]
This is the result of well-known growth competition mechanisms associated with 〈100〉
dendrites. When the 〈100〉 direction is inclined with respect to the thermal gradient, the
corresponding dendrites have to grow faster in order to follow the isotherms. Therefore,
their tip undercooling is larger than well-oriented dendrites. At converging grain bound-
aries, such dendrites are stopped by well-aligned dendrites and cannot grow further. At
diverging grain boundaries, the complex branching mechanisms on both sides lead to
a boundary that is nearly the bisector of the two 〈100〉 directions of the grains. Under
such conditions, misoriented grains with respect to the thermal gradient are naturally
eliminated. In the present case of Zn, although some grains having a

〈
101̄0

〉
orientation

are still present 3 cm from the chill surface, it is fairly evident that, unlike BS conditions
(4 mm/min), faster growth in DS favours the growth of 〈0001〉 dendrites. This change
of orientation is further analyzed and discussed in this work. In order to further study
the grain competition between

〈
101̄0

〉
and 〈0001〉 dendrites, EBSD analysis has been

performed on smaller surfaces (3 mm×3 mm) at different heights from the chill surface.

Figure 5.12 presents the θ distributions counterclockwise, beginning at the bottom left
for heights from the chill of 0.35 mm, 2 mm, 6 mm, 10 mm, 20 mm, and 30 mm, as
well as a longitudinal section of a DS ingot in which a Columnar-to-Equiaxed Transition
(CET) can be observed at 35 mm from the chill surface.
As can be seen,

〈
101̄0

〉
and 〈0001〉 orientations are both selected in the first mm
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Figure 5.12: Longitudinal section of a DS Zn-4wt.%Al-0.17wt.%Pb ingot and θ-
distributions at various heights from the chill plate; 0.35 mm, 2 mm, 6 mm, 10 mm, 20
mm and 30 mm. As for Fig. 5.11, the orientation distribution F (θ) (in red) and the
cumulative distribution FC (θ) (in blue) are shown. The median value is shown with a
dotted line.
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5.2. Water-cooled directional solidification

of growth as the 2 mm θ-distribution is nearly bimodal compared to the 350 µm θ-
distribution which is nearly random. The orientation distribution of the c-axis with
respect to the thermal gradient then slowly evolves towards a larger proportion of c-axis
oriented dendrites with a median of the distribution equal to 22 deg., 18.5 deg. and 16.2
deg. for a height of 1 cm, 2 cm and 3 cm, respectively . The only distribution which
does not follow this trend is observed at 6 mm from the chill plate, but it is also bimodal.
This discrepancy can be explained by the size of the analyzed surface which is maybe
not large enough to be statistically representative at this height.

While the growth and stability of 〈0001〉 Zn dendrites is unexpected from a solid-
liquid interfacial energy anisotropy point of view, two hypotheses can be made based
on experimental observations to explain the observed Dendrite Orientation Transition
(DOT):

• An attachment kinetic anisotropy contribution. While the effect of the attachment
kinetic is normally relatively small for low growth rates in metals (<0.1 m/s), its
importance in the growth of edgy dendrites such as in Zn alloys has never been
studied. Therefore, it is not impossible that the attachment kinetics plays a role
in the growth of zinc dendrites, decreasing the tip kinetics of

〈
101̄0

〉
dendrites

compared to smoothed c-axis dendrites.

• The difference in c-axis and
〈
101̄0

〉
dendrite tip shape. Because of the large γsl

anisotropy,
〈
101̄0

〉
dendrites are expected to have an edgy tip in a plane perpendic-

ular to the basal plane and a smooth radius of curvature in the basal plane. On the
other hand, c-axis oriented dendrites have two equal radii of curvature. Thus, when
the growth rate is increased,

〈
101̄0

〉
dendrites have only one "adaptable radius"

while the angle in the perpendicular plane is nearly fixed by that of the edge of the
equilibrium shape. On the other hand, 〈0001〉 dendrites have two "adaptable" (and
equal) dendrite tip radii of curvature. As shown in Chapter 2, the radius should
decrease with v∗−1/2, where v∗ is the growth speed. Therefore, at some velocity, it
becomes easier for 〈0001〉 dendrites to reject solute compared to

〈
101̄0

〉
dendrites,

since their mean curvature becomes higher than that of
〈
101̄0

〉
dendrites 3.

The next chapter (Chapter 6), which presents the phase-filed simulations, will further
analyze this DOT by modeling Zn dendrite growth without any attachment kinetic
anisotropy contribution. The aim is to observe, when increasing the supersaturation, if
at one point 〈0001〉 dendrites display a faster growth velocity than

〈
101̄0

〉
dendrites, at

a fixed undercooling, or vice-versa, a smaller undercooling at fixed velocity.

In conclusion, at low growth velocity, only
〈
101̄0

〉
dendrites are observed. The specific

doublet (or triplet) microstructure which is formed can be accounted for by the very
large solid-liquid interfacial energy anisotropy in zinc (and thus the presence of forbidden
orientations). This limits the extension of c-side branches which quickly reorient along〈
101̄0

〉
directions and give new trunks very close to the parent ones. Under faster

solidification conditions, the microstructure displays a mix of grains with two principal
3One principal radius of curvature of an edgy dendrite is ill-defined, but as we will see in the phase-field

chapter, the angle fixed by the edge fixes an apparent radius of the solute layer around it
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growth directions ,
〈
101̄0

〉
and 〈0001〉, these lasts accounting for more than 60% of the

surface area (with an angle θ between 0 deg. and 20 deg. with respect to G) while
〈
101̄0

〉
dendrites (with 70 deg. ≤ θ ≤ 90 deg.) only occupy 10% of the surface after 3 cm of
growth. While the growth of c-axis oriented dendrites is unexpected from the stiffness of
the equilibrium shape, it can be explained by two mechanisms: (i) an attachment kinetic
anisotropy contribution which will act oppositely to the interfacial energy anisotropy or
(ii) a mean "solute-diffusion apparent" radius of curvature of

〈
101̄0

〉
edgy dendrites that

decreases slowlier than that of c-dendrites. At some velocity, solute rejection becomes
easier along 〈0001〉 directions.
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6 Phase-field modeling

The aim of this chapter is to describe simulations of dendritic growth of Zn-Al alloys
and to compare the calculated microstructures with those obtained experimentally as
described in the preceding chapter. The phase-field (PF) model described in Section 2.5
provides insight that complements experimental observations. The growth of Zn dendrites
can be simulated without any attachment kinetics at different supersaturations in order
to see if the experimental DOT can be modelled. The simulations can also identify the
shape of the dendrite tip during growth, which is difficult to observe experimentally.
This chapter will be separated into three sections. The first will focus on the parametric
study and scaling of the input parameters used in the simulations. It will treat the choice
of the a6

6 parameter and the convexification of the solid-liquid interfacial energy. The
choice of the simulations parameters, such as the grid size and the interface width, will
be determined by a convergence analysis. This section will be followed by calculations
using the γs` parameters extracted by Mariaux [6] from experimental observations made
by Miller and Chadwick [8]. The growth velocity of

〈
101̄0

〉
and 〈0001〉 dendrites will be

extracted for different initial supersaturations. This part will be followed by a detailed
analysis of the

〈
101̄0

〉
dendrite tip shape. Finally, the last section will address the

simulation of Zn dendrite growth using the solid-liquid interfacial anisotropy parameters
obtained during this work (see Chapter 4) and compare it with the detailed analysis of
the preceding section. The phase-field code used in this work has been provided by J.A.
Dantzig and the implementation of the hexagonal anisotropy function in the code as well
as the calculations were done with his close collaboration.

6.1 Parametric study and scaling
This section treats the technical aspects of the phase-field (PF) model used. In particular,
an explanation of the anisotropy formulation and its convexification will be made, as
well as a discussion of the choice of the initial seed and the range of a6

6 coefficients that
can be used. The section will close with a convergence study in order to validate the
model used to simulate the growth of Zn dendrites.

6.1.1 The anisotropy function and its convexification
The anisotropy function A (~n) and its derivatives with respect to the components of
∇φ = (φx, φy, φz) are needed. The normal to the solid-liquid interface is given by:

~n = ∇φ
|∇φ|

(6.1)
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The hexagonal harmonics presented in Table 2.1 are expressed as functions of nx, ny and
nz using the following conversion function between the spherical coordinate angles, θ and
ϕ and the unit vector components, nx, ny and nz:

cos θ = nz (6.2)

cos 6ϕ =
n6
x − 15n4

xn
2
y + 15n2

xn
4
y − n6

y

(1− n2
z)

3 (6.3)

Results of the conversion and their respective derivative with respect to nx, ny and ny
are presented in Table 6.1

l m Hm
l (~n) ∂Hm

l /∂nx

2 0 1
4

√
5
π

(
3n2

z − 1
)

0

4 0 3
16
√
π

(
9− 30n2

z + 35n4
z

)
0

6 6 1
32

√
3003
π

1
32

√
3003
π(

n6
x − 15n4

xn
2
y + 15n2

xn
4
y − n6

y

) (
6n5

x − 60n3
xn

2
y + 30nxn4

y

)
l m ∂Hm

l /∂ny ∂Hm
l /∂nz

2 0 0 3
2

√
5
πnz

4 0 0 3
16
√

(π)

(
−60nz + 140n3

z

)
6 6 1

32

√
3003
π 0(

−30n4
xny + 60n2

xn
3
y − 6n5

y

)
Table 6.1: Hexagonal harmonics and their derivatives with respect to the unit vector
components

The anisotropy function with hexagonal symmetry is given by:

A (~n) = 1 + a0
2H

0
2 (~n) + a0

4H
0
4 (~n) + a6

6H
6
6 (~n) (6.4)

where the anisotropy coefficients aml are material properties and the Hm
l are the hexagonal

harmonics, defined in Table 6.1. The derivatives of A (~n) in terms of φx, φy and φz are
obtained by the chain rule:

∂A (~n)
∂φi

= ∂A (~n)
∂nx

∂nx
∂φi

+ ∂A (~n)
∂ny

∂ny
∂φi

+ ∂A (~n)
∂nz

∂nz
∂φi

(6.5)

The formulation is completed by obtaining the derivatives of nx, ny and nz with respect
to φx, φy and φz (see Table 6.2).
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i ∂ni
∂φx

∂ni
∂φy

∂ni
∂φz

x
(

1
|∇φ| −

φxφx

|∇φ|3
)

− φxφy

|∇φ|3 − φxφz

|∇φ|3

y − φxφy

|∇φ|3
(

1
|∇φ| −

φyφy

|∇φ|3
)

− φyφz

|∇φ|3

z − φxφz

|∇φ|3 − φyφz

|∇φ|3
(

1
|∇φ| −

φzφz

|∇φ|3
)

Table 6.2: Derivatives of nx, ny and nz with respect to φx, φy and φz

The convexification of the solid-liquid interfacial energy formulation is made following a
three steps method as proposed by A. Mariaux [6]:

• First, the nz for which the z component of ~ξ is equal to 0 (i.e., where the ~ξ-plot
crosses the basal plane) are computed as a function of the azimuthal angle ϕ. The
obtained function (nz,lim (ϕ)) is fitted using a third order least squares polynomial
fit in cos 6ϕ in order to get the coefficients C̃k :

nz,lim (ϕ) =
4∑

k=1
C̃k cosk−1 (6ϕ) (6.6)

• The solid-liquid interfacial energy values for these particular nz,lim points are
computed as a function of ϕ, and fitted to a third order polynomial of the following
form:

Aconv (ϕ) =
√

1− n2
z

4∑
k=1

Ĉk cosk−1 (6ϕ) (6.7)

• When nz < nz,lim (ϕ) for a particular surface orientation, the anisotropy function
A (~n) is replaced by the convexified anisotropy function Aconv (ϕ)

The derivatives of Aconv with respect to ni are given in this case by:

∂Aconv
∂nx

=
[√

1− n2
z

4∑
k=2

(k − 1) Ĉk cosk−2 (6ϕ)
]
∂ cos (6ϕ)
∂nx

(6.8)

∂Aconv
∂ny

=
[√

1− n2
z

4∑
k=2

(k − 1) Ĉk cosk−2 (6ϕ)
]
∂ cos (6ϕ)
∂ny

(6.9)

∂Aconv
∂nz

=
[√

1− n2
z

4∑
k=2

(k − 1) Ĉk cosk−2 (6ϕ)
]
∂ cos (6ϕ)
∂nz

− nzAconv
1− n2

z

(6.10)

91



Chapter 6. Phase-field modeling

where

∂ cos (6ϕ)
∂nx

=
6n5

x − 60n3
xn

2
y + 30nxn4

y

(1− n2
z)

3 (6.11)

∂ cos (6ϕ)
∂ny

=
−6n5

y + 60n3
yn

2
x − 30nyn4

x

(1− n2
z)

3 (6.12)

∂ cos (6ϕ)
∂nz

=
−6nz

(
n6
x − 15n4

xn
+
y 15n2

xn
4
y − n6

y

)
(1− n2

z)
4 (6.13)

= −6nz cos 6ϕ
1− n2

z

(6.14)

6.1.2 Choice of the initial seed
All the calculations are run in one octant with symmetry conditions applied on all faces
(zero-flux boundary conditions). The initial seed approximates the equilibrium shape1

by placing a small sphere whose center is slightly below the basal plane (outside the
simulation domain), leaving a disc shaped-seed . The distance by which the spherical
seed has to be displaced depends both on the aspect ratio of the equilibrium shape (Ar)
and on the spherical seed radius, R, which is on the order of a few W0. The geometrical
construction is presented in Fig. 6.1 (a), also showing h and r, the height and the radius
of the spherical cap.

The variables r, R and h are related by the following equation:

R2 = (R− h)2 + r2 (6.15)

where (R− h) is the distance by which the seed must be moved in order to produce a
lenticular seed. The spherical cap radius r and its height h are related by the aspect
ratio:

r = Arh (6.16)

where Ar is the aspect ratio. Substituting Eq. (6.16) into Eq. (6.15) and rearranging the
terms gives:

h = 2r(
1 +Ar

2
) (6.17)

and thus, the distance by which the seed has to be moved is:

R− h = R− 2r(
1 +Ar

2
) (6.18)

Figure 6.1 (b) shows the spherical cap seed created after its displacement along the

1Two different methods have been used: (i) creation of a compressed ellipsoid whose center is placed
at the origin of the simulation coordinate system and (ii) creation of 1/8th of the equilibration shape by
displacement of a sphere such as described in the following
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Figure 6.1: a) Spherical cap geometry; b) Displacement of the spherical seed along the
z-axis where the XY, XZ and YZ plane cross-section of the seed is in blue, green and red,
respectively; c) From left to right, initial seed placed at the corner of the simulation box
in the XZ, YZ and XY planes for R = 5W0 and (R− h) = 3W0.

z-axis of the computational domain where the XY, XZ and YZ plane cross-section of the
seed is in blue, green and red, respectively. The displacement is made along the Z-axis
as the solid is oriented such that the basal plane corresponds to the XY plane of the
simulation domain, and a

〈
101̄0

〉
direction is along the X-axis. Figure 6.1 (c) shows from

left to right the computed initial seed shape in the XZ, YZ and XY planes. In this figure,
the solid is in red and the liquid is in blue. The computational grid is represented by
dark blue lines. As can be seen, the grid spacing is not uniform in the computational
domain (see for example the top left part of Fig.6.1 (c), where the grid is coarser than at
the bottom right region). This is an adaptive grid feature of the PF code used, which
was implemented by Jeong et.al. [58]. This particularity of the PF code used in this
work allows high resolution calculations in the solid-liquid interface region as the finest
grid will always be located at this position. The grid density then evolves in the solid
and the liquid to larger grid spacings far from the interface, where lower resolution is
needed (no difference in the phase-field parameter and very small to no differences in
the concentration). The adaptive grid adapts using local errors estimation. See Jeong
et.al. [58] for details.
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6.1.3 Choice of the grid anisotropy coefficient
Since the aim of this chapter is to study the effect of the γs` anisotropy on the mi-
crostructure formation in Zn-Al alloys, it is important to measure and correct for grid
anisotropy, which is inevitable due to the cubic symmetry of the grid. To correct for
grid anisotropy, a cubic anisotropy, Acubic, has to be added to the anisotropy formulation
described in Eqs.(6.4) and (6.7). We take Acubic to be proportional to the first cubic
spherical harmonic:

Acubic (~n) = agrid

(
n4
x + n4

y + n4
z −

3
5

)
(6.19)

In order to determine the value of agrid, equiaxed Zn dendrites were grown with a
〈
101̄0

〉
direction oriented along the X-axis. The agrid parameter was then varied until the length
of the nearest

〈
101̄0

〉
dendritic arms was the same, and appeared at an angle of 60

deg. to the X-axis. The value agrid = −0.005 was found to give the desired result for
∆x = 0.4W0.

6.1.4 Range of possible a6
6 anisotropy coefficients

While the a0
2 and a0

6 anisotropy coefficients have been assessed by ex situ and in situ
measurements, the anisotropy in the basal plane was too small to be measured. However,
a small contribution must be present, as clear dendritic growth is observed in the basal
plane along the

〈
101̄0

〉
directions [3, 40, 41, 55]. The only measurement that has been

reported up to now is a difference of -2.2% ± 2% in radius between
〈
101̄0

〉
and

〈
112̄0

〉
directions measured by Friedli [12] in quenched droplets. As can be seen, the error is of
the same order of magnitude as the measurement. Further, the reported value is negative,
predicting a growth along the

〈
112̄0

〉
directions (a growth that has never been observed

in these alloys). This leaves an open question as to what is a reasonable range of a6
6 to

use in the PF calculations.

In order to answer this question, the Cahn-Hoffman ~ξ-vector [25] (which is homothetic to
the equilibrium shape) has been plotted in the basal plane for the anisotropy coefficients
extracted by A. Mariaux [6] (a0

2 = −1.026 and a0
4 = 0.195) and various a6

6 coefficients
ranging from 0 to -0.08 (see Fig. 6.2). As expected, the basal plane of ~ξ is completely
circular for a6

6 = 0 and becomes increasingly hexagonal as a6
6 increases. The deviation

can only be seen by the mere eye when the anisotropy coefficient in the basal plane
exceeds a6

6 = −0.04, a value already reported to be large enough to produce dendrites
when using the phase-field method to simulate dendritic growth [6].
In order to further characterize the anisotropy induced in the equilibrium shape by the
a6

6 coefficient, the variation of length, dvar, between
〈
101̄0

〉
and

〈
112̄0

〉
is introduced:

dvar =

∣∣∣~ξ (π2 , π6 )∣∣∣− ∣∣∣~ξ (π2 , 0)∣∣∣∣∣∣~ξ (π2 , π6 )∣∣∣ (6.20)

where
∣∣∣~ξ (π/2, π/6)

∣∣∣ and ∣∣∣~ξ (π/2, 0)
∣∣∣ correspond to the radius of ~ξ along

〈
101̄0

〉
and

〈
112̄0

〉
,

respectively. As can be seen on the graph presented in Fig. 6.2 (f), dvar is linearly
proportional to the a6

6 coefficient, dvar = 0.2561 ·
∣∣a6

6
∣∣. Therefore, an anisotropy coefficient
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Figure 6.2: ~ξ-plots cut in the basal plane for a0
2 and a0

4 extracted by A. Mariaux [6] and
a6

6 values of 0 (a), -0.02 (b), -0.04 (c), -0.06 (d) and -0.08 (e); f) Relative variation in
length (dvar) between the
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101̄0

〉
and
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〉
directions as a function of the absolute

value of a6
6.
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Chapter 6. Phase-field modeling

in the basal plane a6
6 = −0.04 will produce a difference in length between the

〈
101̄0

〉
and

〈
112̄0

〉
directions in an equilibrium shape of only 1%, a difference hardly observable.

Based on experimental observations reporting no visible anisotropy in the basal plane [8],
a6

6 coefficients larger than -0.04 can be safely discarded as reasonable values. However,
all a6

6 coefficients comprised between −0.04 and −0.01 are good candidates. The effect
of a6

6 on the microstructure formation in Zn alloys will be treated in the next section by
simulating dendritic growth with various basal plane anisotropy values in section 6.2.4.

6.1.5 Convergence study

Dantzig performed a systematic study to determine the grid and simulation parameters
that led to converged results [133]. The results are presented here to provide assurance
that the calculations presented later are representative of the physics being modeled,
without numerical artifacts. A series of calculations was performed in order to determine
the computational parameters that provide converged results,i.e. results depend only on
the physical parameter and not on the simulation parameters. In equiaxed growth, for a
given alloy, there are essentially two simulation parameters: (i) the ratio of the interface
width W0 to the capillary length d0, ε = W0/d0 and (ii) the ratio of the minimum grid
spacing, ∆x, to the interface width, ∆x/W0.
The parameter ε enters the PF model through the definition of the scaled diffusivity, D̃`,
defined below. All the calculations are dimensionless, i.e., length is expressed in units of
W0 and the time is measured in units of τ0, the time scale. The dimensionless diffusion
coefficient, D̃` is related to the physical diffusivity by:

D̃` = D`

(
τ0
W 2

0

)
(6.21)

However, D` also appears in the attachment kinetic terms β (Eq.2.49), repeated here:

β = a1
τ

λW0

[
1− a2

λW 2
0

τ0Dl

]
(6.22)

where a1 = 0.8839 and a2 = 0.6267 are constants of the phase-field model used [79]. The
attachment kinetic contribution is set to zero in our simulations by choosing λ (a model
parameter) equal to D`τ0/

(
a2W 2

0
)
. Substituting this value for λ into the expression for

the capillary length, d0 (Eq.2.48) gives:

d0 = a1
W0
λ

= a1a2
W 3

0
D`τ0

= a1a2
W0
D̃`

(6.23)

thus the dimensionless diffusion coefficient is proportional to ε:

D̃` = a1a2
W0
d0

= a1a2ε (6.24)

The phase-field interface width can therefore be formulated as:

W0 = D̃`d0
a1a2

(6.25)
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6.1. Parametric study and scaling

Property value
C∞ 0.03 [wt.%Al]
m` -7.48 [°C/wt.%]
k0 0.23
Tf 420 [°C]
Γs` 1.65 · 10−7 [°C/m] [21]
D` 1.8 · 10−9[m2/s]

Table 6.3: Material properties chosen for the phase-field simulations

Substituting Eq.(6.25) into Eq.(6.21) and rearranging terms gives the time scale, τ0:

τ0 = W 2
0 D̃`

D`
= D̃3

`d
2
0

D` (a1a2)2 (6.26)

Therefore, changing the value of ε (and thus, also D̃`), the units of W0 and τ0 change as
well, so that comparison of length, time and all simulation values for different values of ε
(or D̃`) must be scaled accordingly. In particular:

t = t̃τ0 = t̃D̃3
`

(
d2

0
D` (a1a2)2

)
(6.27)

Rtip = R̃tipW0 = R̃tipD̃`

(
d0
a1a2

)
(6.28)

vtip = ṽtip
W0
τ0

= ṽtip

D̃2
`

(
D`a1a2
d0

)
(6.29)

R2
tipvtip = R̃2

tipṽtip
W 3

0
τ0

= R̃tipṽtip

(
d0D`

a1a2

)
(6.30)

(6.31)

Notice that the structure evolves faster for larger values of D̃`, as t ∝ D̃3
` in Eq. (6.28).

Thus, we would like to use as large a value of D̃` as possible, consistent with obtaining
results that are independent of D̃`.

A series of calculations was performed using the input parameters presented in Table
6.3. Simulations were performed for various D̃` ranging from 3 to 8, and ∆x/W0 ranging
from 0.375 to 0.75. Given the anisotropy of the

〈
101̄0

〉
dendrite tips shape that will

be described later in this chapter, the tip radius and velocity of 〈0001〉 dendrites were
measured. Graphs of the tip radius, tip velocity and tip selection parameter, R2

tipvtip
are presented in Fig. 6.3. Based on these results, we chose D̃` = 4 and ∆x/W0 = 0.375.
Thus, the structure will evolve faster, without changing its morphology, as compared
with D̃` = 3 as t depends of D̃3

` (see Eq. (6.28)).

A dimensionless diffusion coefficient D̃` = 4 gives an ε ratio of:

ε = D̃`

a1a2
= 4

0.8839 · 0.6267 = 7.22 (6.32)
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Figure 6.3: Convergence study for (a), the tip radius, (b), the tip velocity and (c) the tip
selection parameter for 〈0001〉 dendrites and various values of D̃` and ∆x

As ε = W0/d0 where:

d0 = Γsl
|m`| (1− k0) c0

= 9.55 · 10−9m (6.33)

the interface width parameter unit can be expressed as:

W0 = εd0 = 7.22 · 9.55 · 10−9 = 6.9 · 10−8m (6.34)

The time scale unit, on its side is calculated from the dimensionless diffusion coefficient
(Eq.(6.26)):

τ0 = W 2
0 D̃`

D`
=
(
6.9 · 10−8)2 · 4

1.8 · 10−9 = 1.05 · 10−5s (6.35)
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6.2 Calculations
All calculations were run in a 384W0 × 384W0 × 384W0 simulation box with symmetry
boundary condition on all faces. This box size is large enough to ensure that the
solute field remains far from the box boundaries as can be seen in Fig. 6.4. Thus, the
solidification takes place in what is effectively an infinite medium. If that were not
the case, the dendrite growth speed would be artificially decreased due to solute field
interactions with the symmetry boundary condition of the box.

〈0001〉

〈
101̄0

〉
Figure 6.4: Computed equiaxed dendrite for Ω = 0.30 and t = 3.1 · 10−2s.

6.2.1 Effect of Ω on the dendritic growth
Equiaxed dendrites were grown with an a6

6 coefficient set to -0.03, kinetic anisotropy set
to zero, and initial supersaturation (Ω), i.e. proportional to the initial undercooling,
ranging from 0.15 to 0.65. The equivalence between undercooling (∆T ≈ m` (C0 − C∗` ))
and supersaturation (Ω = (C0 − C∗` ) / (C∗` (k0 − 1))) is given by:

∆T = m`C0

(
1− 1

1− (1− k0)Ω

)
(6.36)

Table 6.4 gives the undercooling corresponding to the different initial supersaturation
values simulated in this work.

Ω 0.15 0.2 0.25 0.3 0.35 0.45 0.5 0.55 0.6 0.65
∆T [°C] 2.9 4 5.3 6.7 8.3 11.9 14 16.5 19.3 22.5

Table 6.4: Relation between the supersaturation, Ω, and the undercooling, ∆T .

Larger undercooling leads to an increase in the dendrite growth velocity, for example as
given by the approximate analytical relation in Eq.(2.21), repeated here:

v∗ = D`

5.51π2 (−m` (1− k0))1.5 Γs`

(
∆T 2.5

c1.5
0

)
(6.37)
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Figure 6.5 presents the simulated equiaxed dendrites using a0
2 and a0

4 anisotropy coeffi-
cients determined from the experimental observations of Zn equilibrium shapes by Miller
and Chadwick [8] and fitted by Mariaux [6]. As noted earlier, the basal plane anisotropy
coefficient (a6

6) was set to -0.03 and the interface kinetic coefficient was set to zero. The
following qualitative observations can be made from these microstructures:

• The relative growth speed of 〈0001〉 (c-oriented) dendrites compared to
〈
101̄0

〉
(basal) dendrites increases with the supersaturation, Ω. Given that these simulations
were run without any attachment kinetics, it can be concluded that this difference
in growth speed is probably due to the growth kinetics associated with the different
tip shapes of these two types of dendrites. The growth velocity dependence of〈
101̄0

〉
and c-axis dendrites with respect to the gradient will be further analyzed in

the next section (section 6.2.2).

• As Ω increases, the
〈
101̄0

〉
dendrite tips split. As can be seen, for supersaturation

equal or higher than 0.35, the microstructure presents not 1, but two primary
trunks along each

〈
101̄0

〉
. This particular feature will be discussed in section 6.2.3.

• For Ω values of 0.45 and higher, the
〈
101̄0

〉
primary trunk deviates from the X-axis

of the simulation box, even though the
〈
101̄0

〉
crystallographic orientation lies along

the X direction. Note that this observation has already been made in experimental
samples, where

〈
101̄0

〉
dendrites were found to grow at an angle with respect to

the thermal gradient, even though the
〈
101̄0

〉
crystallographic direction was almost

parallel to G (see section 5.1).

• The formation of the doublet microstructure is as well observed in the PF calcu-
lations, as can be seen in simulations run at Ω = 0.5, 0.6 and 0.65. Due to the
misorientation of the

〈
101̄0

〉
primary trunk, newly formed arms grow from the

upper side of the primary trunk and eventually will become new primary trunks.
Unfortunately, due to the amount of interface area formed in these simulations, it
was not computationally feasible to grow these microstructures further in order to
observe the formation of such new primary trunks. It can thus be concluded that
the doublet microstructure is forms in three steps: (i) First, tip-splitting of

〈
101̄0

〉
dendrites is observed with formation of two trunks. (ii) The two primary trunks
previously formed then grow apart from each other due to interactions between
their solute fields, leaving an empty liquid region between them. (iii) Secondary
arms then grow in this empty region from the trunk, and can eventually form
new primary trunks. Note that in this case, the simulations and the experimental
observations diverge. In the simulations, newly formed trunks grow directly from
the primary trunk, without a visible preliminary formation of c-axis secondary
arms. However, in the experiments, the doublet microstructure formation is clearly
due to the outgrowth of 〈0001〉 secondary arms forming new

〈
101̄0

〉
trunks (see

section 5.1.1).

6.2.2 Dendrite speed in function of the supersaturation
The dendrite speed of c-oriented and

〈
101̄0

〉
dendrites with respect to the supersaturation

is presented in Fig. 6.6. As can be seen, the 〈0001〉 and
〈
101̄0

〉
dendrites display different

types of behaviour with respect to the supersaturation. As Ω increases, both
〈
101̄0

〉
and
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〈0001〉

〈
101̄0

〉

Ω = 0.15 Ω = 0.25 Ω = 0.30

Ω = 0.35 Ω = 0.45 Ω = 0.50

Ω = 0.60

t = 1.5 · 10−2s t = 4.2 · 10−3s t = 3.2 · 10−3s

t = 2.1 · 10−3s t = 1.7 · 10−3s t = 1 · 10−3s

t = 1 · 10−3s

10 µm〈
112̄0

〉

Figure 6.5: Computed equiaxed dendrites for various values of the initial supersaturation,
Ω. a0

2 and a0
4 extracted from experiments of Miller and Chadwick [8] by Mariaux [6]

and a6
6=-0.03. The microstructure scale is the same for all simulations presented here,

but the simulated time is different, given the fact that dendrites grow faster at a higher
undercooling.
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Chapter 6. Phase-field modeling

〈0001〉 dendrites display a higher growth velocity. However, the rate of increase in v∗
with Ω of c-oriented dendrites is larger than that of basal dendrites. Therefore, at a
given supersaturation, 〈0001〉 dendrites eventually will have a larger growth velocity than〈
101̄0

〉
dendrites. This discrepancy between the two behaviours observed can only be

accounted for by the dendrites tip shape difference. 〈0001〉 dendrites, which are "regular"
dendrites, in the sense that they display two equal radii of curvature, have a behaviour
very similar to the theoretical paraboloidal dendrite (with a solute field described by the
Ivantsov solution [44]) as indicated by the very close agreement between its v∗ - Ω curve
and that of the theoretical speed, v∗th. The latter was obtained by solving Eq. (6.37)
using the approximate undercooling values given in Table 6.4. The

〈
101̄0

〉
dendrites, on

the other hand, have a totally different behaviour. The slope of the speed decreases with
increasing Ω. Thus, the exponent of ∆T in the equivalent form to Eq.(6.37) is less than
1. Due to the large anisotropy in γs`, these dendrites have a smooth curvature in the
basal plane and an "edgy" tip (a slope discontinuity), perpendicular to it. While this
particular shape enables

〈
101̄0

〉
dendrites to grow at larger speed than c-axis dendrites

at low to medium supersaturation, as can be seen in Fig. 6.6, the impossibility for the
edgy tip to decrease its "apparent" radius of curvature reduces its ability to go faster at
higher supersaturation.

0.2 0.4 0.6

0.000

0.002

0.004

0.006

0.008

0.010

v
∗ [
m
/s
]

Ω

〈0001〉

〈
101̄0

〉

v∗th

Figure 6.6: Growth speed of
〈
101̄0

〉
(in black) and 〈0001〉 dendrites (in red) as a function

of the supersaturation. The theoretical dendrite speed (in blue) is obtained by solving
Eq. (6.37) using Table 6.4 to get approximate undercooling values.
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6.2.3
〈
101̄0

〉
dendrite tip shape

In order to characterize the
〈
101̄0

〉
dendrite tip shape perpendicular to the basal plane,

we extracted the points for which φ = 0 in the
(
112̄0

)
plane through the dendrite tip.

The results are plotted for various values of Ω in Fig. 6.7. The region near the tip
corresponds to 50W0 in height and 15W0 in width with a total of ∼ 500 plotted points.
A zoomed-in view of the tip region itself (∼ 5W0) is also shown on the right of the figure.

As can be seen, for low supersaturations where the tip did not split, all of the dendrite
tips observed are edgy. Furthermore, the opening angle of the tip (its inner angle) is
similar for all dendrites with a value equal to 82 ± 2 deg.. This value is very close to
the theoretical lenticular angle of the equilibrium shape (85 deg.) and thus, it can be
concluded that the hexagonal anisotropy for-non convex solid-liquid interfacial energy
has been well captured in the code. Therefore, even though the solid-liquid interface is
diffuse in our phase-field model, it can be used in order to simulate edgy dendrites.

Ω = 0.15
Ω = 0.2
Ω = 0.25
Ω = 0.3

Z [µm]

X
[µ
m
]

-1 1

1

2

x = 1.9 · 10−7 + 3.3 · 106z2

x = 1.3 · 10−7 + 5 · 106z2

x = 9.4 · 10−8 + 7.3 · 106z2

x = 5.3 · 10−8 + 9.7 · 106z2

-0.1-0.2 0.1 0.2

0.3

0.2

0.1
∼ 49°

Figure 6.7: Computed
〈
101̄0

〉
dendrite tip shape perpendicular to the basal plane for

various values of Ω. Paraboloidal fits are in dashed lines.

Another interesting fact to observe is that while the tip itself is the same for all of the
different initial supersaturations presented, at a short distance behind the tip (∼W0),
a difference of width of the trunk can be noted. As the supersaturation increases, the
trunk width becomes narrower (as observed for "regular" dendrites).

The data in Fig. 6.7 were fitted to parabolic forms (x = k + a (z − h)2) and are also
presented as dashed lines in Fig. 6.7. Several observations can be made on the effect of
an increase of the supersaturation on the fitted parabolas:
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• As Ω increases, so does the a coefficient and thus, the parabolas become narrower.

• The tip of the fitted parabola becomes closer to the tip of the dendrite with
increasing Ω.

• The radius of curvature of the parabolas tip decreases with Ω: 1.52 · 10−7, 1 · 10−7,
6.8 · 10−8 and 5.16 · 10−8 for Ω = 0.15, 0.20, 0.25 and 0.3, respectively. Thus, this
radius of curvature is characteristic of the

〈
101̄0

〉
dendrite solute field and will be

called the "apparent radius of curvature".

These observations made on the
〈
101̄0

〉
dendrite tip shape in the

(
112̄0

)
plane also give

insight on the tip-splitting observed. As the supersaturation increases, the dendrite
growth speed should increase and thus, the apparent dendrite tip radius must decrease
(i.e., a smaller radius of curvature of the parabola describing the dendrite should be
observed). However the dendrite is constrained by the solid-liquid interfacial energy
anisotropy to have an edgy tip with a 85 deg. opening angle. At a given supersaturation
(in our case, between Ω = 0.3 and 0.35), the edgy tip becomes unstable when the dendrite
requires a smaller tip radius in order to accommodate the transport field than the
constraint of the edgy tip can allow. It is at this point that the tip splits to accommodate
for the imposed supersaturation.

6.2.4 Effect of a6
6 on the dendritic growth

The effect of a6
6 on dendritic microstructure formation has been studied by varying the

value of the basal plane anisotropy for Ω = 0.4, a value large enough to display tip-
splitting. Cross-sections in the

(
112̄0

)
plane of the microstructures formed are presented

in Fig. 6.8.

As can be seen, even though the anisotropy is small (so small that no difference be-
tween the projection of the ~ξ-plot in the basal plane and a circle could be observed as
described in section 6.1.4), it has a noticeable effect on the dendritic microstructure
formation. Variations in a6

6 has almost no effect in the time range simulated on the
dendritic microstructure formation along the c-axis. As can be seen, the microstructure
formed for these particular dendritic arms is very similar for the range of anisotropy coef-
ficient studied. On the other hand, a6

6 has a strong effect on the
〈
101̄0

〉
dendrite formation.

As a6
6 increases in absolute value, the

〈
101̄0

〉
dendrite growth speed decreases slightly,

as seen from the length of the
〈
101̄0

〉
dendrites and their misorientation to the X-axis

increases as well. This decrease in growth speed with an increasing value of the solid-liquid
interfacial energy anisotropy is unexpected from an anisotropy point of view. As a6

6
increases in absolute value, σ∗ (the parameter of the marginal stability theory) increases
which will lead to a decrease of the dendrite tip radius, and thus, to an increase of the
dendrite growth speed which is opposite to what is observed. However, even though
the exact mechanism leading to a decreased dendrite speed is still unclear, it should be
kept in mind that the a6

6 parameter only controls the dendrite tip radius in the basal
plane and that the other principal radius of curvature in a perpendicular plane is not
directly controlled by this parameter. At present, there is no solvability theory for a
dendrite tip with two unequal radii of curvature, even more so when the dendrite tip
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−a6
6 = 0.01

−a6
6 = 0.02

−a6
6 = 0.03

〈0001〉

〈
101̄0

〉

Figure 6.8: Cross contour of computed
〈
101̄0

〉
dendrites in the

(
112̄0

)
plane for a6

6 ranging
from -0.01 to -0.03 and Ω = 0.4. The simulated time is t = 1.5 · 10−3 s.

is edgy (i.e., a discontinuity of the first derivative) in one direction. As a6
6 increases

(in absolute value), it appears that the tip in a plane perpendicular to the basal plane
become "less edgy", thus increasing the solutal field interaction between the two tips.
This increased interaction between the solute fields of the

〈
101̄0

〉
dendrites also leads to

a higher misorientation of the primary trunks with respect to the X-axis.

Even though the a6
6 coefficient has a clear influence on the detailed dendritic growth

kinetics, its effect is not large enough to change the growth morphology observed.
Therefore, the conclusions drawn in the previous sections are still valid for values of a6

6
chosen between -0.01 and -0.03.

6.2.5 Comparison with simulations using the anisotropy coefficients
extracted from in situ and ex situ observations of equilibrium
shapes

Simulations were run with γs` anisotropy coefficients extracted from in situ and ex situ
measurements of equilibrium shapes (from now on called in situ and ex situ coefficients,
respectively) as described in section 4 and repeated in table 6.5

Results for simulations using the in situ and ex situ coefficients are presented in Fig.
6.9 and 6.10, respectively. As can be seen for the in situ parameters, the use of a
γs` formulation whose ~ξ-plot does not present forbidden orientation is very unlikely to
produce the observed DOT and the doublet microstructure without any attachment
kinetics anisotropy. The dendrites formed in the time frame investigated in this work
did not display any sign of a clear faster 〈0001〉 dendritic growth compared to

〈
101̄0

〉
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〈0001〉

〈
101̄0

〉

Ω = 0.2 Ω = 0.25 Ω = 0.30

Ω = 0.35 Ω = 0.45 Ω = 0.50

Ω = 0.55 Ω = 0.6

5 µm〈
112̄0

〉
Figure 6.9: Computed equiaxed dendrites for various values of the initial supersaturation,
Ω, a0

2 and a0
4 extracted from in situ observations of equilibrium shape presented in

Chapter 4 and a6
6=-0.03. The microstructure scale and the simulated time (1 · 10−3 s)

are the same for all simulations presented here.
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〈0001〉

〈
101̄0

〉

Ω = 0.35 Ω = 0.45 Ω = 0.50

Ω = 0.55 Ω = 0.6

10 µm

〈
112̄0

〉

t = 4.2 · 10−3 s t = 2.1 · 10−3 s t = 2.1 · 10−3 s

t = 1.5 · 10−3 s t = 1.3 · 10−3 s

Ω = 0.2 Ω = 0.25 Ω = 0.30
t = 5.2 · 10−3 s t = 5.2 · 10−3 s t = 5.2 · 10−3 s

Figure 6.10: Computed equiaxed dendrites for various values of the initial supersaturation,
Ω, a0

2 and a0
4 extracted from ex situ observations of equilibrium shape presented in Chapter

4 and a6
6=-0.03. The microstructure scale is the same for all simulations presented here.
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Chapter 6. Phase-field modeling

Simulation a0
2 a0

4 a6
6

In situ -0.42 -0.013 -0.03
Ex situ -0.58 0.066 -0.03

Table 6.5: γs` anisotropy coefficients extracted from in situ and ex situ observations of
equilibrium shape in Chapter 4 used to simulate dendritic growth

dendrites when increasing the supersaturation. Furthermore, the initial tip-splitting,
leading to the formation of the doublet microstructure is not clearly observed. Even
though indication of a tip-splitting can be seen for supersaturation equal and higher than
0.5, the two tips observed seem stable and show no tendency to develop two new primary
trunks diverging one from one another due to interactions between their respective solute
fields. Thus, only an attachment kinetics anisotropy favouring the growth of 〈0001〉 at
high cooling rate could explain the observed DOT when using the in situ coefficients.

On the other hand, simulations using the ex situ coefficients display a behaviour similar
to that observed in section 6.2.1:

• The growth of an edgy tip along
〈
101̄0

〉
is observed for relatively low supersatu-

ration (0.2-0.35) with an opening angle 122±2 deg. (the theoretical angle for the
equilibrium shape is of 127 deg.).

• Tip-splitting is observed for values of Ω larger than 0.35, with two stable dendritic
trunks growing apart from each other for high values of the supersaturation. The
explanation for this tip-splitting was given in Section 6.2.3, and is characteristic of
edgy tips. Furthermore, the new trunks are found to grow from the upper side of
the primary trunk.

• Finally, the growth speed of c-oriented dendrites is found to increase with Ω faster
than that of

〈
101̄0

〉
dendrites, leading to the DOT observed in experiments.

In summary, the phase-field model has been found to be a very powerful tool to char-
acterize the growth morphologies and the experimentally observed dendrite orientation
transition from

〈
101̄0

〉
to 〈0001〉. Even though the use of a model where the solid-liquid

interface is diffuse over a few tens of nm might be debatable in order to simulate the
growth of an edgy tip, it has been found to be reliable, as the computed dendrite tip
opening angle corresponds to that of equilibrium shapes experimentally observed.

The tip-splitting of edgy dendrites observed is explained by an instability of the tip
induced by an incompatibility between the theoretical edgy tip shape and the need to
reduce the tip radius to satisfy the transport solution when the growth speed increases.
It was found that edgy dendrites can be characterised by an apparent dendrite tip radius
for the diffusion field, which is the radius of the parabola fitting the dendrite a few tenth
of µm behind the tip.

The
〈
101̄0

〉
dendrites do not follow the Ivantsov solution as they are edgy (i.e., they

have only one adaptable radius of curvature) and cannot be described by a paraboloid of
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revolution. The growth kinetics of the c-oriented dendrites, on other hand, are in very
good agreement with the LGK model presented in section 2.2.1. Thus, at a sufficiently
large Ω, it becomes easier for c-oriented dendrites to reject solute compared to basal
dendrites. This difference in behaviour with increasing undercooling can explain the
experimentally observed DOT.

We should note, however, that the existence of a possible attachment kinetics anisotropy
cannot be discarded, as simulations ran with in situ coefficients does not give the
expected behaviour. It has to be noted that measurements of equilibrium shape is an
extremely delicate process and small difference in the anisotropy coefficients used can
change drastically the microstructure simulated as observed in section 6.2.5. In order to
completely discard the existence of a kinetic effect, in situ measurements of equilibrium
shapes has to be made with a setup allowing for a better resolution, better temperature
control and fewer thermal fluctuations than the setup used in this work.
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7 Conclusion

Three goals were defined in the introduction:

• The in situ measurements of equilibrium shapes in order to determine the anisotropy
coefficients of the solid-liquid interfacial energy of zinc.

• The characterisation of directionally solidified Zn-Al dendritic growth morpholo-
gies for various solidification conditions and explanation of the observed growth
morphologies formation.

• Implementation of the hexagonal anisotropy for non-convex γs` formulation in the
phase-field code and simulation of Zn dendritic growth for various supersaturations.

In the first part of this work, the literature and theories related to the present research
have been presented in order to provide sufficient understanding of dendritic microstruc-
ture formation. Chapter 3, on its side, introduced the experimental setups, procedures
and the characterisation methods needed to properly analyze the produced samples.

While the feasibility of the in situ observation of equilibrium shape has been clearly estab-
lished, the method has still to be improved in order to have accurate results. The setup
temperature has been found to be relatively stable over time with thermal fluctuations
of around 1-2°C. While the a0

2 anisotropy coefficient has been assessed with a reasonable
accuracy (-0.42±0.0043), the a0

4 coefficient is associated with an error of the same order
of magnitude than the measurement (-0.013±0.009) and no 6-fold anisotropy could be
observed in the basal plane. This is mainly due to the resolution limitation of the setup
used with a pixel size of 0.33 µm. The obtained droplets have been found to be stable over
time with a similar shape and an aspect ratio comparable to previous observations [9,12].
However, the droplets observed in situ are not lenticular (and thus, do not present any
edges). After the quench of the sample, the equilibrium shapes are more anisotropic
and are suspected to present edges, but the droplets were too small compared with the
resolution of the tomography technique to be really affirmative. Extracted anisotropy
coefficients omitting the points located 15 deg. around the basal plane and giving edges
when using the ~ξ-formalism are a0

2 = −0.5459± 0.0332 and a0
4 = 0.04985± 0.01595. This

change of shape after the quench is supposedly due to the joined effects of solidification
and growth by epitaxy of Zn and solute rejection limitations in the most highly curved
part of the droplet before the eutectic transformation. The newly developed emulsion
technique has been found to be particularly suited for the production of preliminary in
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situ samples in terms of drops size, porosity and salt-alloy interactions.

The large γs` anisotropy measured on equilibrium shapes has several implications on the
dendritic microstructure formation of Zn Alloys:

• At low growth velocity (v∗=4 mm/min), only
〈
101̄0

〉
dendrites are observed. The

specific doublet microstructure which is formed can be accounted for by the very
large solid-liquid interfacial energy anisotropy in zinc (and thus the presence of
forbidden orientations). This specific microstructure originates from c-axis sidearms.
As these arms grow, their lateral surface starts to have a normal which is no longer
allowed by the ~ξ-plot. Therefore, they start bending along the closest growth
direction, i.e.,

〈
101̄0

〉
and eventually form new primary trunks.

• Under faster solidification conditions (v∗ ≈ 2 cm/min), the microstructure displays
a mix of grains with two principal growth directions (

〈
101̄0

〉
and 〈0001〉). After

3 cm of growth c-oriented dendrites occupy more than 60% of the surface area
while

〈
101̄0

〉
dendrites only accounts for 10% of the surface. While the growth of

〈0001〉 dendrites should not be observed based on the stiffness of the equilibrium
shape which predicts a faster growth along

〈
101̄0

〉
, it can be explained either by an

attachment kinetic anisotropy acting opposite to the solid-liquid interfacial energy
anisotropy or by a solute rejection limitation of the

〈
101̄0

〉
tip at some velocity due

to the constraint of having an edgy tip with a nearly-fixed angle in one plane. Both
these effects can result in a decrease of the

〈
101̄0

〉
dendrite growth speed compared

to 〈0001〉 dendrites, these last ones having two identical radii of curvature which
can both decrease as the solidification rate increases.

After performing the assessment of the grid anisotropy and the convergence study, and
thus, discarding the presence of numerical artifacts in the simulations, equiaxed zinc
dendrites have been grown in silico for various supersaturations, i.e. various growth
rates. These simulations were found to be of high interest in order to explain the Zn
growth morphology formation as well as the dendrite orientation transition

〈
101̄0

〉
to

〈0001〉 experimentally observed. In particular:

• At low supersaturation,
〈
101̄0

〉
dendrites display an edgy tip in the

(
112̄0

)
plane.

Furthermore, the opening angle of the tip corresponds to that of the equilibrium
shape experimentally measured. For a supersaturation Ω equal or larger than 0.35,
basal dendrites display a tip splitting. This last is provoked by an incompatibility
between the need of the dendrite to reduce its apparent radius of curvature, when
its growth rate is increased, and its theoretical edgy tip shape.

• The doublet microstructure formation is as well observed in the PF calculations
and happens in three steps: (i) Tip-splitting of

〈
101̄0

〉
dendrites as described in the

last point; (ii) The two trunks formed are growing apart from each other due to
interactions between their solute fields leaving an open empty liquid region between
them; (iii) Secondary arms grow in this liquid region from the primary trunks, and
can eventually form new trunks.

• The growth kinetics of 〈0001〉 dendrites are in very good agreement with the
LGK model and thus can be described as "regular" dendrites (approximated by
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a paraboloid of revolution). The
〈
101̄0

〉
dendrites, on the other hand, do not

follow the Ivantsov solution as they are edgy and only have one adaptable radius of
curvature. If their growth kinetics is strongly favoured compared to c-axis dendrites
at low supersaturation due to their particular tip shape, the impossibility for the
edgy tip to reduce its angle (and thus the associated diffusion layer in the liquid)
reduces its ability to go faster at high supersaturation.

While the use of the γs` anisotropy coefficients extracted from ex situ observations gives
a behaviour similar to that described beforehand, simulations ran with in situ coefficients
do not display any signs of faster growth of 〈0001〉 dendrites compared to

〈
101̄0

〉
dendrites.

Therefore, the existence of a possible attachment kinetics anisotropy cannot be discarded.

7.1 Perspectives
Even though this work has helped to understand the growth behaviour of edgy dendrites
and how the existence of forbidden directions in the ~ξ-plot induces the formation of
specific microstructures, some questions remain unanswered.
First and foremost, the use of a X-ray tomography setup with a higher resolution (or
observation of larger liquid droplets) might help to get more accurate values of a0

2 and
a0

4 and ultimately answer the question: do the equilibrium shapes of droplets present
edges when observed in situ? If so, the existence of an attachment kinetics term can
be safely discarded in order to describe the observed DOT. Besides the resolution, it is
also desirable to study equilibrium shapes at various temperatures (and compositions),
since it is known that the solid-liquid interfacial energy depends on such parameters.
The Zn-Sn system, with a partition coefficient almost nil and a low eutectic temperature,
offers excellent opportunities from that point of view.
While tip-splitting of

〈
101̄0

〉
dendrites is clearly observed in phase-field simulations, this

is not so clear from experimental observations. The use of in situ X-ray tomography at
the early stage of directional solidification might help to obtain experimental data on the
suspected tip-splitting. Furthermore, this observation technique is also the method of
choice in order to observe the experimental

〈
101̄0

〉
dendrite tip shape. Effectively, even

though strong indication of an anisotropy of the dendrite tip shape could be observed in
experiments, the tip itself could not be resolved due to the growth of quenched dendrites
by epitaxy from the primary trunk.
Due to computational limitations (the code is efficient until 2-4·106 nodes are created)
and to the high amount of surface area created in Zn alloys, directional growth could
not be reasonably simulated using the phase-field code provided. Therefore, the doublet
microstructure formation could not be resolved in the simulations (especially the out-
growth of c-axis secondary arms along

〈
101̄0

〉
trunks). Such computations should be

possible in the near future as computational power increases and/or by parallelizing the
provided code. Finally, one of the results missing in the present work is the solidification
of samples uniquely formed of 〈0001〉 dendrites at high cooling rates. Such result, even
if not vital to the understanding of the present work, would close the gap between
phase-field computations and experimental observations.
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A Appendix A: K2SO4 − Li2SO4
phase diagram
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Figure A.1: K2SO4 − Li2SO4 phase diagram [134].
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B Appendix B: Table of symbols

Roman alphabet

A(~n) solid-liquid interfacial energy anisotropy function
a0

2, a
0
4, a

0
6, a

6
6 γs` anisotropy coefficients

a1, a2 numerical constant of the phase-field model
C mass fraction of solute in a binary alloy
CJ mass fraction of species J in a mixture
C∗

s , C∗
` mass fractions of solute in the solid and liquid phases of

a binary alloy at the solid-liquid interface
Ceut mass fraction of solute at the eutectic composition
C0 nominal composition
cp specific heat at constant pressure
D`, Ds solute diffusion coefficients
d0 capillary length
F phase-field free energy functional
Fos, FoT solutal, thermal Fourier number
Fs sphericity factor
f mass fraction
G thermal gradient
GC composition gradient
g acceleration due to gravity
gs volume fraction of solid
Hm

l (θ, ϕ) Hexagonal harmonics
h heat transfer coefficient
Iv3D Ivantsov function in 3-D
~j anti-trapping current
k0 partition coefficient (mass)
K1, K2 principal curvatures
Lf latent heat of fusion per unit mass
m` slopes of the liquidus curve (mass)
m mass
~n, (nx, ny, nz) unit vector normal to a surface and its Cartesian com-

ponents
n1, n2 principal curvature directions
PeC , PeT solutal, thermal Péclet number
Pm

l (cos θ) Legendre polynomial
Rtip dendrite tip radius
r, θ, ϕ spherical coordinates
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S surface
Sg (~n) generalized stiffness
S3D stiffness tensor
S trace of the stiffness tensor
T temperature
T ∗ solid-liquid interface temperature
Tbase temperature at the base of the dendrite
Teut eutectic temperature
Tf equilibrium melting temperature of pure material
Tliq liquidus temperature
Tref reference temperature
t time
tf local solidification time
Ũ local dimensionless supersaturation
V, V m total and molar volume
v∗ dendrite tip velocity
vp pulling velocity through the Bridgman furnace
W0 phase-field interface width
Y m

l (θ, ϕ) spherical harmonics

Greek alphabet

α thermal diffusivity (= k/(ρcp))
β kinetic attachment anisotropy
βC volumetric solutal expansion coefficient
Γs` Gibbs-Thomson coefficient (= γs`Tf/(ρsLf ))
γgb grain boundary energy
γs`, γ0 surface energy between solid and liquid; value of isotropic

surface energy
∆sf specific entropy of fusion
∆T total undercooling
∆T0 equilibrium freezing range (= Tliq − Tsol)
∆TR curvature undercooling
∆TC solutal undercooling
∆TT thermal undercooling
ε1, ε2 anisotropy coefficients of the first two cubic harmonics
κ thermal conductivity
λ phase-field model parameter
λmin wavelength of instability
λ1, λ2 primary, secondary dendrite arm spacing
λ0

2 initial secondary arm spacing
µ chemical potential
µk kinetic attachment coefficient
ν kinematic viscosity
~ξ Cahn-Hoffmann vector
ρ density
σs` interfacial tension
σ∗ dendrite tip selection constant
τ dimensionless time
τ0 time scale factor in phase-field model
ψ phase-field order parameter
Ω supersaturation
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