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Abstract – It is well known that a simplebinary feedbackrate–basedcongestionavoidancescheme
cannotensureafairnessgoalof theAvailableBit Rate(ABR) service,namely, max–minfairness.In this
paperweshow how theratesaredistributedfor thenetwork consistingof thebinaryswitches,andend–
systemsemployinganadditive–increase/multiplicativedecreaseratecontrol.Themodelingassumptions
fairly resemblesthe ABR congestionavoidance,and appliesto an arbitrary network topology. The
resultsare obtainedon the basisof a stochasticmodeling,upon which we obtain certainanalytical
results,andconducta numericalsimulation. We validatethe stochasticmodelingthrougha discrete–
eventsimulation.We believethatmodelingpresentedin thispaperenlighttheperformanceissuesof the
binaryABR schemes.
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1 Intr oduction

Six differentAsynchronousTransferMode (ATM) serviceclassesaredefinedby the ATM Forum: CBR
(constantbit rate),rt-VBR (real time VariableBit Rate),nrt-VBR (non–realtime VariableBit Rate),UBR
(unspecifiedbit rate),ABR (availablebit rate),andGFR(guaranteedframerate).All of themarespecified
in thetraffic managementspecification[1], excepttheGFRthatgainedattentiononly very recently. CBR,
rt–VBR, andnrt-VBR assumethat sometraffic characteristicsareknown beforedatatransmission,upon
which connectionadmissioncontrol andresourcereservationsareperformedin order to provide certain
quality of serviceguarantees.Dataapplicationshave aninherit propertythatthegeneratedtraffic is bursty
andit is very hard(or even infeasible)to specifytraffic characteristicsprior thedatatransmission.In ad-
dition, dataapplicationscantoleratedelayanddelayvariation,but aresensitive to dataloss. UBR is the
simplestsolutionwherethehigher–level packetsarefragmentedinto theATM cells,which aretransmitted
without any specificcongestioncontrol; thusit relieson thehigher–level congestioncontrol like TCPcon-
gestionavoidance[2]. On theotherhand,ABR is a far morecomplex with definedend–to–endrate–based
control.UBR doesnotprovideany guaranteesat all, while ABR provideslimited guaranteesin theform of
guaranteedminimumcell rate. Dueto complexity of theABR serviceandsomediscoveredshortcomings
to supportprevailing dataapplicationsbasedon TCP, recently, GFRserviceclassis proposed.Essentially,
GFR is an enhancedUBR to provide packet level guaranteesby combiningopen–loopUBR with packet
level discardingmechanisms.For a brief up-to-dateoverview of ATM traffic managementissuesreaderis
referredto anarticleby Ghani,Nananukul,andDixit [3].

In our previous work [4] we showed how the ratesare distributed for an additive–increase/multipli-
cative–decreasecongestioncontrolwith constantrateupdatingintervals associatedwith eachsource.The�
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resultholdsfor anarbitrarynetwork topologywith multiplebottlenecksandheterogeneousround–triptimes.
Underlying assumptionsare the regime of rare negative feedbackand rate proportionalfeedback. The
modelingis particularlysuitedto analysisof TCP congestionavoidance. In addition, in [5] and[6], we
addressedtransientbehavior of theexplicit–rateschemes,andimpactof thevariableavailablebandwidthon
therateallocationperformance,respectively.

It is well known thatasimplebinarycongestionavoidancescheme(Explicit ForwardCongestionIndica-
tion; EFCI,andRelative RateMarking;RRM [1]) cannotensurea fairnessgoalof theTM4.0 specification,
namely, max–minfairness.Throughouttheexisting literatureit is claimedthat theABR connectionstran-
versinga largernumberof links (hops)arediscriminated;it is referredto this phenomenaasa ”beat–down
problem”.This is commonlyargumentedwith aratherintuitive factthattheconnectionstranversingalarger
numberof links have a higherprobabilityof markingtheir cells. In this paperwe examinethis phenom-
enathroughstochasticmodeling,uponwhich we obtainsomeanalyticalresultsandconducta numerical
solving. Themodelingis basedon a theoryof stochasticapproximationalgorithms[7]. Themodelapplies
to an arbitrarynetwork topologyof multiple bottlenecks.Also, we comparethe model resultswith cor-
respondingresultsof the discrete–event simulation. It is an objective of this paperto clarify the fairness
issues,particularly, to evaluatedivergenceof the fairnessachieved with the binary feedbackandsimple
additive–increase/multiplicative decreaseratecontrol,from theonedeterminedby themax–minallocation.
Although, recently, therehasbeena growing interestfor explicit–rate (ER) schemes,due to superiority
in termsof performancein respectto the binary schemes,we believe that performanceissuesof the bi-
nary schemesarestill relevant, particularlydueto existing first generationbinaryswitches,andissuesof
interoperabilityof thebinaryandERschemes.

The remainderof the paperis structuredas follows. In Section2 we give an overview of the ABR
congestioncontrol.Section3 describesthestochasticmodelandappliesobtainedresultsto theparking–lot
network. In Section4 we validatethe stochasticmodelingresultsthroughboth numericalsimulationof
thestochasticmodel,anda discrete–eventsimulation.In Section5 we discussobtainedresultsandrelated
work. Thepaperis concludedwith someremarksin Section6.

2 An Outline of the ABR CongestionControl

In this sectionwe introducenotationanddefinitionsthatareusedthroughoutsubsequentpresentation.Let�
and � besetsof theconnectionsandlinks, respectively. With eachconnection��� � associatesourcerate	�
 ; similarly, to thelink ���
� associatethelink capacity��� . Routingsettingof theconnections(topology)

we defineby matrix ����� 
 ; ����� 
���� , if connection� doesnot tranverselink � , and ����� 
���� otherwise.
Subsequently, let � 
 and � 
 be an additive–increaseandmultiplicative–decrease parameters,respectively.
Let � 
 � � is abinaryindicationat the � th rateupdatingof connection� , with valuesin  �"!#�%$ .

In thecurrentform [1] ABR protocoloperatesasfollows. Sendingrateof theABR sourceis controlled
on thebasisof a close–loopcontrolthatconsistsof a binaryand/orexplicit–ratefeedback;theend–system
algorithmis definedto operatewith a mix of both feedbacks.Thecontrol loop is establishedby inserting
resourcemanagement(RM) cellseach&('*) datacellsinto thecell streamgeneratedby thesource.Bothdata
andRM cellscontainanindicatorbit thatis setto 0 by thesource;referredto asanEFCIandCI bit for data
andRM cells,respectively. In addition,RM cellscontaina no increase(NI) bit andexplicit rate(ER)field.
Specification[1] distinguishesthreetypesof switches:(1) Explicit ForwardCongestionIndication(EFCI),
(2) RelativeRateMarking(RRM),and(3) Explicit Rate(ER)switches.Along theforwardconnectionpath,
the EFCI switchessetEFCI bit of the datacells, the RRM switchessetCI andNI bits of the RM cells,
andtheER switchessettheER field of theRM cells. We refer to theEFCI andRRM switchesasbinary
switches(resp.to theratecontrolbasedon theEFCI andRRM feedbackasbinary schemes). Theforward
RM cellsareturnedaroundby thedestination,sendbackto thesource,andpotentiallyfurthermodifiedin
thebackward path. Basically, transmissionrateof the sourceend–system,referredto asan AllowedCell
Rate(ACR), is adjusteduponreceiptof thebackwardRM cellsasfollows.



Let usconsideranABR connection�+� � with initial, minimum,andpeakcell rateparameters�",.- 
 ,/ ,0- 
 , and 1(,0- 
 , respectively. Thendefine � 
 � -.�32 
 1(,.- 
 and � 
 � -.4�2 
 , where -.�32 
 ! -.4�2 
 are
respective rateincreaseandratedecreaseparameters,definedon 5 �"!#�76 1. Parameters

/ ,.- 
 , 1(,.- 
 , -.�32 
 ,
and -.482 
 arenegotiatedin the connectionsetupphase.The ACR of the connection� is adjustedupon
receiptof the � th backwardRM cell	�
 � 9 � �:,0- 
 !	�
 � �<;>= �@?(A BDCFEHG � I CFE�G�J  LKNMPOQ5 	�
 � �SR � 
 5 �UT � 
 � �:V T � 
W	�
 � � � 
 � � !YX - 
 � �ZV $[! �
\ �<! (1)

where X - 
 � � is theexplicit ratecontainedin the latestreceived backward RM cell, and ? A BDCFE�G � I CFEHG]J 5*^ V
denotesprojectionon theinterval _ / ,.- 
 ! 1`,.- 
 6 , i.e. ? BDCFEHG � I CFEHG 5*^ V � KaMPOF5bKac%de5*^ ! / ,.- 
 V ! 1(,.- 
 V .

Note that (1) is a simpleadditive–increaseand multiplicative–decreasealgorithm upperboundedby X - 
 � � $ �gf�9 andconstrainedon _ / ,0- 
 ! 1(,0- 
 6 . In principle,ABR sourceend–systemsetsER field of
theforwardRM cells to the 1(,0- value. Therefore,for a connectiontranversingno ER switches,onecan
ommit KaMPOF5*^ V and X - 
 � � in (1) andobtainasimpleadditive–increaseandmultiplicative–decreasealgorithm
constrainedon _ / ,0- 
 ! 1(,0- 
 6 .

It shouldbe notedthat the rateadjustment(1) is not completecomparingto [1] that definesseveral
mechanismsto alleviatecertainabnormalconditions,for instanceh exponentialbackoff dueto absenceof backwardRM cells(sourcerule6 [1]),h upperboundof therateadjustmentinterval (sourcerule3.a.i[1]).

In themodelinggiven later in this paperwe do not consideraforementionedspecialconditionsof the
rateadjustment.

Behavior of theABR sourceanddestinationsystemsis specifiedin detailby TM4.0[1], however, switch
behavior is not standardizedandis leftover to the equipmentvendorsto chooseoneparticularalgorithm.
Given a textual descriptionof ABR sourceanddestinationalgorithms[1], Lee, Ramakrishnan,andMoh
developedanextendedfinite statemachine(EFSM) in [8]. On thebasisof theEFSMmodel,correctness
of theTM4.0 specification,andinteroperabilityof EFCI andER schemesareexaminedin [9]. For a good
surveys of ABR protocolthereaderis referredto [10, 11, 12]. An extensive coverageof settingof theABR
end–systemparametersis givenby Fahmy, Jain,Goyal, andVandalorein [13].

2.1 Binary Schemes

Considerableamountof work hasbeenconductedonanalysisof thebinaryABR congestioncontrol.Funda-
mentalprinciplesof additive–increase/multiplicative–decrease areaddressedin ChiuandJain[14]. Bonomi,
Mitra, andSeery[15] modeleda singlebottleneckwith heterogeneousround–triptimesasa systemof the
first–orderdelaydifferentialequations.Ohsakiatal. [16] andRitter[17] analyzedasteady–stateof multiple
ABR connectionssharinga singlebottleneck,with equalend–systemparametersandnetwork propagation
delays;particularly, they identifiedphasesandmodeledcorrespondingrateevolutionswith differentialequa-
tions,uponwhichthey computedmaximumqueuelength.

Recently, Ait–Hellal andAltman [18] presentedanalyticalmodelingof theABR congestioncontrolfor
thetandemof multipleswitches.They showedthatit is notnecessarythatthebottlenecklink is theonewith
theslowesttransmissionrate.Also, it is shown thatthemaximumqueuelengthsmaybeunderestimatedby
approximatingthenetwork with asinglebottleneck.

In order to alleviate unfairnessof the simple binary schemestwo approachesappeared:(1) Per-VC
queueing,and(2) selectivefeedback.Theformerimposesignificantimplementationandstoragecomplexity
dueto per–VC queueing.Theselective feedbackwasproposedasa partof theseminalseriesof reportson
DECbitscheme[19].

1[1] definesRIF andRDFonadiscreteset i0jkblnmporqNs(qtovu�w .



2.2
x

Explicit–Rate Schemes

It wasrecognizedthatexplicit–rateschemesprovide superiorperformancethanthebinaryschemesin re-
spectto thesteady–stateratedynamics,speedof convergence,stability, andfairness.Oneof theearlypro-
posalsof distributedexplicit–ratescomputationwasdoneby Charny, Clark, andJain[20]. Lateron many
otheralgorithmswereproposed,e.g. [21, 22, 23], with objectives to improve performance,anddecrease
time/memorycomplexity of theERcomputation.

In the recentsequelof papers[24, 25], AbrahamandKumarconsideredthemax–minallocationwith
non-zeroMCRs; they proved that uniquemax–minallocationcanbe obtaniedasa solutionof a certain
vectorequation[24], andshowedhow themax–minallocationcanbecomputedin a distributedmannerby
applyinga theoryof stochasticapproximationalgorithms[25]. Also, a sliding–window estimationof the
availablebandwidth,basedona theoryof effective bandwidth,is proposedin [26] by thesameauthors.

2.3 FairnessIssues

The target fair rateallocation,selectedfor the ABR service[1], is centeredarounda max–minfairness.
Thereareseveraldefinitionsof themax–minfair rateallocation;maybethemostcommononeis thefollow-
ing. First, let 	 � 5 	H
 ! �y� � V bea vectorof rates,then, 	 is saidto belongto thesetof feasibleratevectors
if z 
W{}| 	�
�~ ��� , for all ����� . A vector 	 is saidto bemax–minfair if it is feasibleandfor each��� � , 	�

cannotbeincreasedwhile maintainingfeasibilitywithoutdecreasing	:� for someflow � for which 	:��~�	�

[27]. Notion of themax–minfairnesswasintroducedby Jaffe [28], who consideredtheratedistribution to
achieveanidealtrade–off betweenhighthroughputandlow delay. For atextbooktreatmentof themax–min
fairnessreferto [27]. Therearealsosomeothernotionsof thefairness;perhapsthemostprevailing oneis
theproportionalfairness[29]. A vector 	 is saidto beproportionalyfair if 	 maximizesz 
W{}|������ 	H
 within
the setof feasiblevectors. Recently, Mo andWalrand[30] defined 5�� !Y� V –proportionally fair allocation,
where� � 5�� 
 ! �0� � V , � 
�� � for all ��� � , and � � � . Amongotherresults,the authorsshowed that
max–minandproportionalfairnessarethe specialcasesof 5�� !Y� V –proportionalfairnessfor ��� � and����� , respectively. In this sectionwe briefly discussedthe max–minandproportionalfairnessthat are
furtherconsideredin thenext sections.

3 Modeling

Themainmodelingassumptionsare:(1) sourcesarepersistent(greedy, infinite), meaningthatthey always
have a cell awaiting for transmission,(2) routing settingis staticdeterminedby matrix � ; lifetime of the
connectionsspanthetime interval of concern.

Subsequently, webuild furthernotationanddefinitionson theoneintroducedin thebeginingof Section
2. Let subscripts� ! � of 	�
 � � denotethe � th temporalsampleof the � th componentof 	 . Let  L� 
 � � $ �g��9 be
a sequenceof updatingtimesof rate 	�
 . Then,defineanauxiliary variable �}� 
 � � equalto the � th updating
interval �L� 
 � � � � 
 � �<;>= T � 
 � � . Also, we introducetemporalquantities� 
 � � and �D��� 
 correspondingto delay
from the source� to the link � , andvice–versa,respectively. Then,we define � 
 � � as � 
 � � � � � � � R �D�P� 
 ;
clearly � 
 � 
 is a round–triptime of connection� . Let 	�
 5*^ V bea piece–wiseconstantinterpolationof 	�
 on
therealtime (or scaledrealtime), suchthat 	 
 5W� V � 	 
 , for � 
 ~ �+��� 
 ;>= . Then,we defineoverall loadat
thelink � presentat time � as � ��5W� V ����#{}| ���P� � 	:� 5W� T � � � � V��

Let 	 � 5 	�
 ! ��� � V beanasymptoticlimit, 	H
 � � M K ��¡0¢ 	�
 � � , for all ��� � , then,a setof feasiblerate
allocationscontainsall 	 suchthat ��£{%| ����� � 	:�S~ ��� !>¤ ��¥ c � � �¦�§� � (2)



KushnerandYin [7] obtaineda weakconvergenceresult(convergencein probability) for theclassof
asynchronousdistributedstochasticapproximationalgorithmswith a small constantgain ¨ . Specifically,
they consideredanalgorithmof theform	H
 � ��;>= �@? A ©ªG � « G�J 5 	H
 � �SR ¨n¬ 
 � � 5 	:� 5b� 
 � ��;>= T � 
 � � � �gV ! ��� � VvV �� 	 
 � � R ¨n¬ 
 � � 5 	 � 5b� 
 � ��;>= T � 
 � � � � V ! ��� � VFR ¨Q­ 
 � � ! �®� � ! (3)

where? A ©ªG � « G]J 5*^ V denotesprojectionof theargumenton _ ¯ 
 !ª° 
 6 ; for 	 constrainedon , � _ ¯ = !ª° = 6[± _ ¯g² !ª° ² 6[±�£�£� ± _ ¯"³ !ª° ³ 6 , and ­U´
 � � is a reflectionterm.Notethatin ourcontext ¯ 
eµ / ,.- 
 and ° 
eµ 1(,.- 
 .� 
 � � � � denotesalreadydefined� 
 � � at the � th updateof the � th componentof 	 . It is assumedthat the
communicationdelaysareboundedin thesense¨n� 
 � � � � �¶�"! c�·>¨ �¸� � (4)

The algorithm is asynchronoussincethe updatingof the � th componentis not alignedin respectto
updatingof othercomponentsof 	 , anddistributedsincethecomponentsaredelayeddueto communication
delays.

FromtheTheorem3.1 [7] Ch. 12.3,p. 364–365,it follows that theweakconvergencesubsequenceis
thelimit setof anordinarydifferentialequation(ODE)¹ 	H
¹ � �»º¼ 
 5 	 Vº½H
 5 	 V R¿¾ 
 ! ��� � ! (5)

where X 
 � � _ ¬ 
 � � 6p� ¼ 
 � � 5 	:� 5b� � � � T � 
 � � � �:V ! �N� � V !X 
 � � _À�}� 
 � ��;>= 6p� ½H
 � ��;>= 5 	:� 5b� 
 � ��;>= T � 
 � � � �<;>=YV ! ��� � V
and X 
 � � _Á^ 6 is a conditionalexpectationdefinedas X 
 � � _Á^ 6Q�ÂX _Á^ÄÃ 	 5ÆÅ V ! ÅÇ�È� 
 � � ! � � � � �È� 
 � ��;>= ! �8� � 6 . Thus,X 
 � � _Á^ 6 is a conditionalexpectationgiven all pastdatabeforetime � 
 � ��;>= , including 	 � � É£;>= and � � � É£;>= , for
all �Ê� �

. Then, let º¼ 
 5*^ V and º½ 
 5*^ V be respective asymptoticaveragesof
¼ 
 � � 5*^ V and ½ 
 � � 5*^ V , as ¨ � �

and � � � . For a completetreatmentof the underlyingtheoryrefer to [7], andits applicationto TCP
congestionavoidancereferto [4].

Basicprinciplebehindtheproofof theconvergenceis anobservationof theinterpolationof thediscrete
process	�
 on the real time scaledby the stepsize ¨ . Then, in the asymptoticcase,whereas̈ � � and
numberof iterations� �Ë� , oneneglectdelaysthatsatisfycondition(4).

Notethat for anunconstrained	 5*^ V , element¾ 
 in (5) is setto 0. It turnsout that the limit meanODE
is thesameasin thesynchronouscase;only exceptionis a factor �LÌ º½ 
 (5) thatcapturesdiversityof therate
updatingfrequency, i.e. inverseof therateupdatinginterval.

In thesteady–state,the frequency of the rateupdating �LÌ º½�
 5*^ V is proportionalto rate 	�
 5*^ V delayedby
a valuegreaterthanoneround–trippropagationdelay;strictly equalto propagationdelayif the queueing
delay, andotherdelaysinvolving processingtime at theswitches,source,anddestinationend–systemscan
beneglected.Thus,in theasymptoticcasethedelaysareomittedandwemaywrite

º½ 
 5 	 V � & 
	H
 � (6)

where & 
 standsfor end–systemparameter& 'Í) associatedwith connection�(� � . Herewe shouldnote
following. In several studies[16, 17] of the singlebottlenecklink of capacity � , with & identicalend-
systems,therateof thebackwardRM cellsis takenproportionalto theratedelayedby theround–triptime,
if thebuffer is empty, otherwise,therateis setto

=ÎFÏÑÐ�ÒÎ , if thebuffer is notempty. Therefore,it is assumed
thateachconnectioncontainsanequalshareof thequeuecontent.In thegeneralcaseof anarbitrarysetting
of end–systemparameters,it is reasonableto assumethattherateof thebackwardRM cellsis proportional



to 	 
 5W� T � 
 � 
 V shiftedby thequeueingdelay. Therefore,in bothcasesthe rateof thebackward RM cells
is proportionalto

=Î Ï�Ð 	�
 5W� T � 
 � 
 V . This assumptionis particularlyplausibleif the RM cells arequeued
separatelyandgivena higherpriority over thedatacells; in this case,obviously, therateof thebackward
RM cellsis independentof thequeuebacklogof thedatacells.

We assumethatparametersof additive–increaseandmultiplicative–decreasearesmall2, anddefine �%´

and � ´
 suchthat � 
 � ¨p� ´
 and � 
 � ¨p� ´
 . Then,on thebasisof (1) we identify function º¼ 
 as

º¼ 
 5 	 V � � ´
 T 5W� ´
 R � ´
 	�
 V 1 
 � � 5b� 
 � � ��� V ! (7)

thus,with agiven 1 
 � � 5b� 
 � � ��� V , (6) and(7) determinethelimit meanODE(5).
Queuebacklogat thelink � is goverenedby thefollowing differentialequation

ÓÔ �Ñ5W� V �ÖÕ � ��5W� V T ��� ! Ô 5W� V � �"!Kac%dQ5 �"! � �×5W� V T ��� V ! Ô 5W� V �@�"! (8)

with aninitial value Ô ��5 � V . Similarmodelingof thequeueingwasusedfor instancein [15] to modelasingle–
bottleneckcase. However, note that for an arbitrary topology

� �×5*^ V mustaccountall upstreamqueueing
delays,andhave to satisfyfeasibility constraints(2). With a congestiondetectionon the basisof queue
threshold(singleor doublethreshold)congestionis indicated,� 
 � � ��� , if Ô ��5b� 
 � ��;>= T �D�P� 
 V is exceedingthe
predeterminedqueuethreshold.Therefore,thesystemevolution is completelydeterminedby thecoupled
systemsof equations(5) and(8). However, analyticalanalysisbecomescumbersome,hence,we abstract
thequeuingthrougha notionof the link costfunction Ø���ÙÚ_ �"!�� V � _ �"!#�76 that is a functionof load

� �Ñ5*^ V .
Intuitively, onecanthink aboutthe link costfunctionasto be relatedto the tail distribution of the queue
length 1N5 Ô � �ÛÔ£Ü Ã � � V given a load

� � , Ô£Ü \ � , which correspondsto probability of settingthe congestion
indication � 
 � � . Indeed,the queuetail distribution is expressedin termsof an averageload, but for the
small variationsof the ratesin the steadystateit seemsreasonableto replacethe averagetotal load with
a valueof the currenttotal load. Otherwise,onecaninterpreteØ�� asa relationbetweenthe currentload
andprobabilityof markingthecells. Actually, in this case,congestiondetectionis basedon the load, i.e.
first derivative of the queuelength. Onesuchcongestiondetectionmechanism,namedEFCI-ECD(Early
CongestionDetection),wasproposedby Zhao,Li, andSigartoin [31].

It shouldbenotedthatthesystemevolutiondeterminedby (5) and(8), with agiveninital values,is fully
deterministic.However, with a modelingbasedon (5) anda conceptof thelink costfunctionsweshift to a
stochasticmodeling.Finally, replacing(6) and(7) into (5), weobtainaninitial valueproblem¹ 	�
¹ � � �& 
 	�
 _ � ´
 T 5W� ´
 R � ´
 	H
 V 1 
 � � 5b� 
 � � ��� V 6�! �®� � ! (9)

on _ �"! �vÝ 6 , with 	H
 5 � V � �:,.- 
 .
In thesequel,weassumetheprobabilityof negative feedbackof theform

1N5b� 
 ��� V ����T Þ�Pß àHáÁâ G f�9 5 �UT Ø<�×5 � � VvV ! (10)

thatcorrespondsto probabilityof markingasingledatacell alongtheconnectionpath.
Thelimit setof theODE(5) canbecomputedby identifyingaLyapunov function,whichmaximization

yieldsanattractortowardssolutionsof (5) converge[4]. Let uswrite (9) in theform¹ 	 
¹ � � 	 
� 
 R � 
Ä	H
äãã 	�
  L2 àpå E 5 	 V T¿æ 5 	 V $[! (11)

2Thisassumptionis lessrestrictive for thebinaryschemesfor which it is observedthatconservative smallervaluesof ç¦è#é andç¦ê�é aredesirableto avoid high rateoscillationsandcongestionloss[13].
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Figure1: A Parking–lotnetwork.

where 2 àpå E 5 	 V �Â�
W{}| � 
& 
 � 
 ����� 5W� 
 R � 
Ä	H
 V ! (12)

and æ 5 	 V is aprimitive of (10). Notethatthemaximizationof (12) is subjectto theconstraints(2).
Alternatively, onecansolvesystem(5) by numericalmethods;thisapproachis particularlyamenableto

incorporateconstraints_ / ,0- 
 ! 1(,0- 
 6 , �®� � . Notethatweareinterestedin anasymptoticsolution 	 5W�ÍÝ V ,
as �vÝ �Ë� , however, in reality, wecomputenumerically	 5W�vÝ V for largeenough�ÍÝÇ� � .

In thesequelof thepaperwereferto theratedistributionderivedfrom (12)asananalyticalresult; com-
putedthroughnumericalsolvingof (5) asa numericalresult; measuredthroughdiscrete–event simulation
asa simulationresult.

3.1 A Parking–lot

Wevalidateouranalyticalresultsthroughsimulationof theparking–lotnetwork topologydepictedin Fig.1.
The network consistsof a tandemof � links of capacity � andarbitrarypropagationdelay � . Let access
links be of an infinite capacityandarbitrarypropagationdelay. Particularly, we restrictourselves to the
two network scales;all accessdelaysequal to zero (HETRTT), and accessdelaysset suchthat all the
connectionstranversinga given link have equalsource–to–linkandlink–to–destinationdelay(HOMRTT).
We distinguisha multi–hopconnections(class� ) anda single–hopconnections(class� , � �ô�<!ªõ:! �£�£� ! � ).
In orderto shrinksetof parametersvalueswe assumethefollowing. Thereis ö connectionsof class� , and÷ connectionsof class� . Class� sourcesareassociatedwith � 9 , � 9 , and & 9 parameters,likewise,class�
connectionsareassociatedwith �Lø , �[ø , and &`ø parameters.

We express(12) in termsof 	 9 utilizing 	 ø � 5b� T ö 	 9#V Ì ÷ from (2). Then it is straightforward to
compute	 9 for whichmaximumof 2 àpå E 5 	 9LV is attained

	 9� �úùûü ûý
=vþZÿ Ï��� �������� � ø þF=
	���� ��� ;pÿ ø Ï � � �Ï � � � ! ' �
 � � =ÿ =ø þ � �����"! �������£¥�� MP· � � (13)

wherewe abuseprevious notationandwrite � 9 and �Lø to denoteadditive–increaseparametersnormalized
by � . Assumingidentical settingof the end–systemparameters,on the basisof (13), it is obvious that
class� connectionsgetnot morethroughputthentheonedeterminedby proportionalfairness(

=� ;pÿ ø ) [29].
Obviously, disparitybetween(13) andthe proportionalfairness,for identicalsettingof the configuration
parametersfor all sources,is particularlyemphasizedfor larger '
 ratio (where� 9 � �}ø � � and � 9 � �[ø �� ), largernumberof single–hopconnections÷ , andnumberof links � .

Henceforth,it is evident that thereis a strongbiasagainstconnectionstranversinga large numberof
hops,andtheratedistribution substantiallydiversefrom theonedeterminedby themax–minfair ratedis-
tribution ( =� ;pÿ ).
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Figure2: Numericalsimulation– fraction of load allocatedto the sourcesversus -.�g2 ; -.4�2 �Ëõ þ�� ,� � �� <� Mbps, 1(,.- � � , / ,0- � � Mbps, &�'Í) �"!�õ , � �Âõ , ö �#! , ÷ �"! , ¹ ��� �  , � �" (thick lines
indicatetheanalyticalresult).

4 Numerical and Simulation Results

We conductthe numericalsimulationof the limit meanODE (5) by usingthe Runge–Kutta methodcon-
tainedin the MATLAB ODE suite(ode45) [32]. All the numericalresultsareobtainedfor the link cost
functionof theform Ø��Ñ5 � � V ��� , for

� �r� � , Ø<�×5 � � V � � , for
� � � ��� , Ø��×5 � � V � 5 Ý×á%$ Ò áÄþ'&=vþ'& V)( , otherwise,where¹ � _ �"!#�76 , and� � � . This form of Ø<�Ñ5*^ V is alsousedin [4] andelsewhere.

Besidesnumericalsimulationof themodelwe performeda discrete–event simulationof thesystemso
thattheimpactof thequeueingis evaluated.Thesimulationmodelis built on thebasisof a discrete–event
classlibrary CNCL [33] thatweextendedwith ATM classes.

Themodelof ATM switch is a simpleoutput–queueingswitch,wherewe distinguishtwo servicedis-
ciplines. First, switch treatsdataandRM cells transparently, wherecells sharea commonper–PortFIFO
buffer. Later, dataandRM cellsarequeuedseparatelywith respective per–PortFIFObuffersthatareserved
giving higherpriority to theRM cells,i.e. whenever theRM buffer is non–emptythatbuffer is served. We
referto thelaterservicedisciplineasanexpressRM queueing.

Thecongestionis detectedonthebasisof theinstanteneousqueuelengthandadoublequeuethresholds;
low Ô � , andhigh Ô+* . Whenever theinstanteneousqueuelengthis largerthan Ô+* theport is in thecongestion
state.Theportmovesfrom thecongestionstateto thenon–congestionstatewhenthequeuelengthbecomes
lessthan Ô � . Objective of usingtwo thresholdsinsteadof a singleoneis to avoid oscillationsbetweenthe
two states.However, in order to shrink the parameterspace,in majority of the simulations,we assumeÔ � � Ô�* 5 � Ô Ü V , whichcorrespondsto thesinglethresholdcongestiondetectionmechanism.

We assumean infinite buffer size,hence,the cell loss is not occuringat the switches. In reality, this
correspondsto a well–engineerednetwork, wherein thesteadystatethequeuelengthis not exceedingthe
buffer sizeatany time.

The network parametersaresetas � � �� <� Mbps,and � �  �<!, <�:$ km. We refer to the respective �
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Figure3: Numericalsimulation– fraction of load allocatedto the sourcesversus-.482 ; -.�32 � õ þF=Ñ9 ,� � �� <� Mbps, 1(,.- � � , / ,0- � � Mbps, &�'Í) �"!�õ , � �Âõ , ö �#! , ÷ �"! , ¹ ��� �  , � �" (thick lines
indicatetheanalyticalresult).

valuesasa LAN andMAN cases.For � � õ scenariothesetwo casescorrespondto thefixedround–trip
time,of theclass� sources,of aboutõ�õ32 s,and � ms,respectively. Largerround–triptimecase(tensof ms),
correspondingto a WAN scale,is not consideredin this paperdueto time andspacelimitations. Relevant
ABR configurationparametersaresetasfollows: &('Í) �4!�õ , 1(,0- � � , / ,.- � � �  Mbps, �",.- �
randomuniformly distributedon _ �"! Ò� ;pÿ 6 , -.�32 �  õ þZ� ! � �65 !, :! �£�£� !#���%$ , -.482 ��õ þ�� .

The asymptoticrateallocatedto the class � sourcesis estimatedbasedon the averageof the last half
of thetrace;capturedover time interval takensufficiently large for theratesto converge. For themajority
of thesimulationstotal simulationtime is setto 2 seconds.Simulationexperimentsarerun 5 times,upon
which an averageand 7  08 confidenceinterval is computed.It shouldbe notedthat in orderto take into
accountdiversityof thelink utilization,theratesarenormalizedin respectto theaveragelink load. First,we
considerthenumericalsimulationresultsshown in Fig.2 andFig.3 for varying -.�g2 and -.482 parameters,
respectively. It canbe observed that discrepancy betweenthe analyticalandnumericalresultsis higher
as the additive–increase-.�32 is higher(fixed -.4�2 ), andas the multiplicative–decrease-.482 is lower
(fixed -.�32 ). This observation canbe explainedwith the fact that larger -.�32 to -.482 ratio movesthe
network operatingpoint towardshigherlink utilization,consequently, Ø�� becomeslarger, andimpactof theæ 5*^ V elementin (11) becomesmoresignificant. Relationof the -.�g2 ( -.482 ) andthe link utilization/cost
function is shown in Fig. 4a (resp. Fig. 4b). Additionally, it is evident that higher -.�32 and -.482 yield
fasterconvergenceto thesteady–staterates.

Second,we study the simulationresultsshown in Fig. 5 and 6; for a referencewe plotted also the
numericalresultsfor

¹ �¸� �:9 and � �; . For the LAN setting,Fig. 5a, and -.�g2 ~ �LÌ:�#õ 9 , thereis
a fair matchingof the analyticalresult and a simulationone for both non expressRM and expressRM
cases.For higher -.�32 values,the expressRM caseexhibits expectedbehavior, while the non express
RM casedeviatesfrom the non–increasingtrend. This is not suprisingsincethe interarrival timesof the
backwardRM cells,for thenonexpressRM case,areinfluencedby high periodicoscillationsof thequeue
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Figure4: Numericalsimulation– averageload and link cost function versus-.�32 ( -.4�2 �¸�LÌ:��< ), (b)-.4�2 ( -.�32 � �LÌ:�£�[õ35 ); � ���� <� Mbps, 1`,.- � � , / ,.- �@� �  Mbps, � ��õ , ö �=! , ÷ ��õ .
backlog,andconsequently, differ from the assumedrelation (6). Similar observationsalsohold for the
MAN setttingFig. 5bandFig. 5c. Notethatthebandwidthdelayproductfor theMAN settingis about !� <�
cells (countingonly fixedpropagationdelay);valuein betweenthequeuethresholdsõ� <� and  <��� (dueto
spacelimitations we ommit the resultsfor the later case).Note alsoan abnormalconfidenceinterval for-.�32 �Ë�LÌ:��< andMAN setting(Fig. 5b) that appeareddueto ratestarvation of the class � sourcesfor
certainsettingsof theinitial cell rates.Subsequently, resultsobtainedfor varying -.482 parameterandfixed-.�32 ���LÌ:�£�[õ35 , shown in Fig. 6, exhibit expectedbehavior. Highervaluesof -.482 , for identicalsettingof
theend–systemparameters,yield anallocationcloserto theproportionalfairness(asobservedon thebasis
of (13)). Also, again,it is evidentthatfor smallervaluesof -.4�2 thereis ahigherdiscrepancy betweenthe
numerical/simulationresultandthecorrespondinganalyticalone,dueto aforementionedreasons.

5 Discussionof the Resultsand RelatedWork

Onthebasisof theobtainedresultsweobserve following. Theanalyticalresult(12),andaspecialcase(13)
indicatethatratio

' G
 G playsanimportantrole in theratedistribution. First, it is a weight(dividedby & 
 ) of
therateutility functionof thesource� (12),thus,higher

' G
 G implieshigherrateutility. Second,it determines
significanceof theelementsin thesumationof the ����� 5*^ V argument.For a moment,let � 
 , � 
 , and & 
 beset
to equalvaluesfor all sources,then,for � 
 �0� � 
W	�
 ratedistribution is closeto theproportionalfairness.

Next, we observe that in respectto theasymptoticlimit ( � � � andsmall � 
 and � 
 parameters),rate
distribution doesnot dependexplicitly on the round–triptimes; this is not the casewith TCP congestion
avoidance(see[4]).

Theresultobtainedfor theparking–lotnetwork (13) suggestsfollowing selectionof theparametersin
orderto achieve max–minfair allocation.Ratio

' �
 � shouldbekeptsmall(relatively in respectto thenumber

of connections÷ andnumberof hops � 3), while settingof
' �
 � shouldbeequalto thevalue � timeslarger

than
' �
 � . This observation is validatedthroughsimulationfor the rangeof varying -.�32 9 parameterwith

fixed -.�g2>ø , seeFig. 7. The analytical,numerical,andsimulationresultsconformto eachother, andit is
shown thatdifferentfairnessobjectivescanbeachievedby properselectionof theend–systemparameters.
Validationof theabove reasoningfor amoreextensive setof parameters,andanarbitrarynetwork topology
remainsto bedone.

3Thiscertanlyimpliesscalabilityproblems.
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It is commonlyclaimedthatfor thebinaryABR schemes-.�g2 and -.482 parametershave to besetto

smallvalues[13]. However, on thebasisof our resultsweinducethat -.�g2 and -.4�2 shouldcomplyto the
following settingrules(relative within interval _ �"!#�76 )h speedof convergence– large -.�32 andlarge -.482 ,h utilization– large -.�32 andsmall -.482 ,h fairness– small -.�32 andlarge -.482 .

Obviously, thereis a trade–off in selectionof both -.�g2 and -.482 parameters.
Interoperabilityof EFCIandERSchemes– In practiceit is likely thatEFCI andER switchescoexist,

hence,interoperabilityof thesetwo schemesin theheterogeneousnetwork environmenthasdrawn attention
andit wascoveredin [34], andmorerecentlyin [35]. Lai andLin [35] addressedimpacton the useand
settingof a certainconfigurationparametersin themixedenvironment.Resultsregardingoptimal locality
of ER switch,in all EFCI network, givenin [34] and[35] areinconsistent.Furthermore,Plotkin andSydir
[36] identifieda ratemismatchproblem,occuringin a heterogeneousnetwork of oscillatory(binary) and
non-oscillatory(ER) schemes.This effect is explainedto occurdueto differencein rapidity of the rate
increasethat is causedby thenon-bottleneckswitchesthatcontrol therateduringtherate–increasephase;
theresultingeffect is unfairness.

TCPover ABR – Somework on performanceof TCPover ABR hasalreadybeendone. Theexisting
work mainly concentrateson comparative analysisof TCPperformanceover ABR, versusTCPover UBR
[37, 38]. In practice,ABR segementis rarelyemployedend–to–end;ratherit is commonlyasegmentwithin
acommunicationpathbetweensourceanddestination.Theformercorrespondsto anATM interconnection
of two ATM workstations,while the latercorrespondsto an interconnectionof two legacy LAN networks
throughATM backbone.It is known thatABR congestionmechanismpushescongestionpointstowardsthe
sourceend–system,i.e. edgeof thenetwork [37]. Henceforth,keepingin mindcomplexity of theABR and
inherit overheaddueto RM cells,it becamequestonablewheatherABR providesany benefitsin respectto
UBR accompaniedwith a packet level buffer management.Nevertheless,ABR couldremedyexisting bias
[4] againstTCPconnectionswith longround–triptimes.

FairnessIssues– In majorityof thework it is implicitly assumedthattheutility, relatingtheratealloca-
tion to userutility, is thesamefor all sources,or morerestrictive thattherelationshipbetweenutility andthe
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Figure 6: Fractionof load allocatedto class � sourcesversusmultiplicative–decrease -.482 ; -.�32 ��LÌ:�£�[õ35 , � � �� <� Mbps, 1(,.- � � , / ,.- �@� �  Mbps, � ��õ , ö �=! , ÷ ��õ .
rateis linear. Accordingly, mostof therateallocationschemesarebasedon bandwidthexclusively. How-
ever, therehasbeenanincentive to allocatebandwidthsothat theuserutility is taken into account,seefor
example[39, 40]. Thoseproposalsareoftenin conjuctionwith the integratedpricing,with anobjective to
maximizeasocialwelfare,definedasasubtractionof theuserutility andwillingness–to–pay, whichresultin
aneconomicallyefficientutilizationof network resources[40]. However, maximizingagivenoverallutility
function is often leadingto an unfair allocationof the bandwidthin respectto TM4.0 notion of fairness.
Recently, CaoandZegura[41] showedhow a bandwidthmax–mincanbegeneralizedto utility max–min,
in orderto take into accountdiversityof applicationutilities.

6 Concluding Remarks

We evaluatedfairnessof the rate distribution provided by the binary ABR schemethrougha stochastic
modeling. The model is derived undercertainreasonablesetof assumptions,andvalidatedthroughnu-
mericalsimulationof the associatedlimit meanODE, andthroughdiscrete–event simulation. Theresults
clarify intuitive argumentsexplaining the observed biasagainstthe ABR connectionstranversinga large
numberof binaryATM switches.Furtherwork might bedirectedtowardsa moreextensive validationof
theresultthroughsimulationover largersetof parameters;particularly, for largervaluesof thepropagation
delays.Nevertheless,thesettingof theABR parametersto improve fairnessof thebinaryschemesshould
bevalidatedfor othermultiple–bottlenecktopologies.Finally, anumericalsolvingof thecoupledsystemof
equations(rate(5) andqueueing(8) dynamics)deservesfurtherstudydueto speedof numericalsimulation
comparingto thediscrete–eventone.
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[4] M. Vojnović, J.-Y. Le Boudec,andC. Boutremans,“Global fairnessof additive–increaseandmultiplicative–decreasewith
heterogeneousround–triptimes,” in submittedto IEEEINFOCOM’2000, (Tel Aviv, Israel),March2000.



−11 −10 −9 −8

0.15

0.2

0.25

0.3

proportional

max−min

log
2
(RIF

0
)

x 0 (
fr

ac
tio

n 
of

 lo
ad

)
Analytical
Numerical
Simulation

−11 −10 −9 −8

0.15

0.2

0.25

0.3

proportional

max−min

log
2
(RIF

0
)

x 0 (
fr

ac
tio

n 
of

 lo
ad

)

Analytical
Numerical
Simulation

(a)LAN; nonexpressRM (left), expressRM (right)

−11 −10 −9 −8

0.15

0.2

0.25

0.3

proportional

max−min

log
2
(RIF

0
)

x 0 (
fr

ac
tio

n 
of

 lo
ad

)

Analytical
Numerical
Simulation

−11 −10 −9 −8

0.15

0.2

0.25

0.3

proportional

max−min

log
2
(RIF

0
)

x 0 (
fr

ac
tio

n 
of

 lo
ad

)

Analytical
Numerical
Simulation

(b) MAN; nonexpressRM (left), expressRM (right)

Figure7: Fractionof loadallocatedto class� sourcesversusadditive–increment-.�32 9 with fixed -.�g2>ø ��LÌ<õ<��5 9 ; -.4�2 9 � -.482>ø ���LÌ:��< , � ���� <� Mbps, 1`,.- � � , / ,.- �@� �  Mbps, � ��õ , ö �=! , ÷ ��õ .
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