Modeling capillary forces for large displacements
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Originally applied to the accurate, passive positioning of submillimetric devices, recent works proved capillary
self-alignment as effective also for larger components and relatively large initial offsets. In this paper we
describe an analytic quasi-static model of 1D capillary restoring forces that generalizes existing geometrical
models and extends the validity to large displacements from equilibrium. The piece-wise nature of the model
accounts for contact line unpinning singularities ensuing from large perturbations of the liquid meniscus and
dewetting of the bounding surfaces. The superior accuracy of the generalized model across the extended
displacement range, and particularly beyond the elastic regime as compared to purely elastic models, is
supported by finite element simulations and recent experimental evidence. Limits of the model are discussed
in relation to the aspect ratio of the meniscus, contact angle hysteresis, tilting and self-alignment dynamics.

I. INTRODUCTION

Liquid bridges connecting adjacent surfaces'? find ex-
tensive use in assembly® and precision engineering?. A
common example is represented by a liquid droplet bridg-
ing a flat (e.g. surface—mount5’7) component onto a sta-
tionary bottom surface. The position of the droplet—
and hence that of the floating component—can be con-
strained by patterning a receptor site onto the substrate®.
A single state of globally minimal energy exists for this
capillary system?, provided that the surface of the com-
ponent matches in shape and size that of the bottom site
and that the volume of the droplet is sufficiently small
to avoid tilting'®!'. In this equilibrium state the com-
ponent stands parallel to the substrate and its edges are
aligned to those of the site”. Upon formation of the ver-
tical liquid bridge, capillary forces®'2 and torques” 314
act on the component. Capillary self-alignment refers
to the motion of the component towards the absorbing
state across an initial lateral offset. The same capillary
forces tend to restore the system into the equilibrium
state against perturbations and displacements®. Self-
recovery of rest position and intrinsic mechanical compli-
ance sparked interest in droplet-based capillary systems
for relevant technological applications, such as conformal
joints'® 17, compliant handling*, precise registration of
components'®19 and self-assembly®. Thereby the focus
has mainly been on sub-millimetric components actuated
by droplets of similar size, and correspondingly on dis-
placements from equilibrium of relatively small magni-
tude. Elastic models accurately capture the response
of the capillary system to such small lateral displace-
ments?!2:20-22In this type of models the restoring cap-
illary forces arise exclusively from the shear deformation
of liquid interfaces pinned to bounding solid surfaces. Re-
cently however capillary self-alignment was successfully
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demonstrated also for centimeter-sized components”?3

across relatively large lateral offsets?42%. Accounting
for such evidence prompts an expansion of the reach of
purely elastic models through wetting arguments.

In this paper we present a generalized quasi-static
model of lateral capillary restoring forces valid for a sig-
nificantly extended range of relative component displace-
ments as compared to elastic models. By accounting for
both liquid meniscus’ partial wetting of solid surfaces
(earlier attempted?®:27) and limited angle hysteresis over
edges, the model portraits more accurately the behav-
ior of finitely-deformable solid/liquid interfaces. For dis-
placements larger than the elastic limit, we show that
this behavior is distinctively characterized by the unpin-
ning of triple contact lines. These wetting discontinuities
are integral to the presented model, and supported by
recent experimental evidence?*?®>. We claim for the first
time that the discontinuities divide the capillary response
of the meniscus into three sequential regimes and pose
the physical justification of the piece-wise nature of the
model. The proposed model coincides with the purely
elastic one for small displacements, and it describes the
system with signicantly better accuracy otherwise. It
thus bridges the gap with abstract geometrical models?®
which tend to hold in the domain of large displacements.

An intuitive formulation of the model and its finite el-
ement simulation are presented respectively in Sect. IT A
and IIB. Comparative results are illustrated in Sect. III,
followed by a discussion of experimental support and
limitations of the model (Sect. IV), and by conclusions
(Sect. V). Full derivation of the model is described in
the Appendix.

Il. MODEL FORMULATION
A. Analytical model

We consider the system geometry sketched in figure 1.
We refer to the solid bounding objects as pads, and to
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FIG. 1. Geometrical sketches (upper rows, not to scale) and SE snapshots with inset views (lower rows, L = 1 mm, h = 50 pum)
of sequential regimes R; with 0 < 6; < 6, < 7/2. a) Global equilibrium, b) full elastic regime, ¢) mized regime, d) full sliding
regime. During capillary self-alignment the regimes are traversed in the reverse order with respect to model derivation.

the liquid bridge interchangeably as meniscus. Top (t)
and bottom (b) pads have the same square shape of side-
length L. The meniscus has constant volume V', density
p, surface tension v and height or gap h. Starting from
the equilibrium position ug = 0 (figure 1a), a quasi-static
horizontal displacement u > ug of the top relative to the
bottom pad is imposed along a main orthogonal direction
(figure 1b). Null relative tilt of the top pad is assumed
for all u values considered. Lateral, front and rear sides
of the meniscus, and parallel and perpendicular edges of
the pads, are defined by their respectively parallel or per-
pendicular orientation with the direction of deformation
(vefer to figure 1b). The shearing perturbation u induce
an asymmetrical deformation of the meniscus. The model
describes the capillary response of the system to increas-
ing deformations.

The following simplifying model assumptions are used:

1. quasi-static equilibrium, i.e. the system is originally
in global equilibrium and arbitrarily close to local
equilibrium in every perturbed configuration. In-
ertial and viscous effects are therefore neglected by

assuming We < 1 and Ca < 1, respectively;

2. constant gap h(u) = hg = h, and smaller than the

capillary length L. = \/v/pg (i.e. Bo < 1) to
neglect gravitational effects;

3. ideally straight surfaces of meniscus sides, including
negligible weight of the top pad;

4. ideal smoothness and chemical homogeneity of solid
surfaces, i.e. null contact angle hysteresis except
along edges, and smooth unpinning of triple contact
lines upon dewetting;

5. no liquid overflow beyond pad edges.

Given the previous hypotheses, which define the quasi-
static model framework, contact angles 6, can be defined
everywhere on each solid surface (except over discontinu-
ities such as edges) by the corresponding Young-Dupré

equation?®:

Yoy — Va1 = Y cos O (1)



where the pedexes s, [, v refer to solid, liquid and vapor
phases, respectively, and * stands for ¢ and b. Top and
bottom pads are partially wetting. They have differing
interfacial energies v and 77, for generality, and all its
sides have the same surface energies. Given the contact
angles 0, # 0; (with 0 < 0, < 7/2), we define Opin =
min(6y, 0p) and Oy, = max(6y, 6y).

Upon relative displacement u > 0 of the pads the
meniscus deforms to accomodate the shear stress. The
capillary reaction against the perturbation is mainly ex-
erted through the front and rear sides of the meniscus.
For increasing values of u, the reaction assumes one of
two sequential types depending on the degree of menis-
cus deformation. For each of the perpendicular sides of
the meniscus, the transition between the two types of re-
action is signaled by the unpinning of one contact line.
At pad level, the contact line that undergoes unpinning is
specifically the one on the perpendicular edge subtending
the smallest edge angle. The opposite edge bears no un-
pinning since overflow is geometrically avoided according
to hypothesis 5 (and as detailed below). The elastic re-
action takes place before this discontinuity. In the elastic
response the sides stretch their surfaces and incline for-
ward due to edge angle hysteresis. Over the edges of the
pads the contact lines work like hinges maintaining their
position fixed. Unpinning is prompted by reaching the
receding value of the contact angle, here coinciding by
assumption with 6,. Beyond this point, the shear defor-
mation of the meniscus is accomodated by its unpinned
side(s) by sliding the unpinned contact line across the
surface of the pad. In this sliding response the surface
area and inclination of the unpinned side(s) remain con-
stant.

The complete response of the meniscus as function of
the relative displacement u of the pads is thus divided
into three sequential regimes R;. In the first regime R,
(full elastic, figure 1b), both perpendicular sides of the
meniscus enact elastic response and have the same incli-
nation; in the second regime Ry (mized, figure 1lc), the
perpendicular sides enact either responses; in the third
and last regime R3 (full sliding, figures 1d) both perpen-
dicular sides are sliding. The separation between regimes
is intrinsically set by the unpinning discontinuities. The
discontinuities tend to happen for the same u instead
of sequentially—i.e. the second regime disappears—in
the limit of equal surface energies of the pads. For each
of the perpendicular sides, the elastic and sliding force
components have respectively the form (see Appendix)
F, = 'yLﬁ and Fgz = yLcos6,. Hence the cap-

illary restoring force F'(u) is described by the following
piece-wise equation:

—2vL 0<u<u

VRztu?
—7L(cos Omax + Zmz)
—YL(cos Omax + €08 Onin)

F(u) = up < u < ug

Uz < U < Umax

(2)

where umax is defined in Appendix and relates u to L
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FIG. 2. Meniscus confinements by edge angle hysteresis for
0, # 0,. For case (a) developed in the text the quasi-static
model assumes 0, = 0, = 0. and the canthotaxis spans an
angular sector of m — ¢ (see eq. 4). Case (b) is considered in
the Appendix.

rather than to h. The domain boundary values:
u1 = hcot O and us = hcot Opin (3)

can be obtained by imposing force continuity between ad-
jacent regimes (smooth transitions, hypothesis 4). They
satisfy the geometric interpretation shown in figures 1b
and lc, respectively.

Overflow (of) avoidance (hypothesis 5) sets additional
contraints on u and 6,. The liquid meniscus is con-
strained within the edges of top and bottom pads. Along
the pad edges the contact line is pinned and the angles
formed by the meniscus with the surfaces of the pads (i.e.
edge angles) can assume a multiplicity of values. Edge
angle hysteresis is measured by the range of angles coex-
isting over the same contact line position (i.e. the can-
thotaxis sector?®, figure 2). While the lower limit of the
edge angle coincides with the receding contact angle 67,
the higher limit #°/ is determined by case-specific bound-
ary conditions. Exceeding the higher limit of edge angles
prompts overflow of the liquid bridge beyond the edges of
the pads. This evenience represents a major failure mode
for capillary self-alignment®—and coincides with the ulti-
mate limit of validity of the model. Meniscus confinement
can be enforced chemically or topographically. In the for-
mer case, surface chemistry is tailored to make the pads
more wettable than the surrounding areas??, and 6°F is



set by the advancing contact angle of the surrounding
area (figure 2(b)). In latter case (figure 2(a)) the cantho-
taxis sector is extended by edge confinement?%3°, and #°f

is imposed by the Gibbs’ criterion!?:

0 =0, +7—¢ (4)

¢ being the slope angle of the pad’s edge. Accordingly,
overflow takes place when the edge angle reaches the
value of the advancing contact angle with respect to the
surface of the pad’s sloped side. In the following we con-
sider and model the case of topographical confinement
with vertical pad sides (i.e. ¢ = m/2, figure 2a). The
analytical model for the chemical confinement case can
be similarly derived, and is described in the Appendix.
Consistency with the Gibbs’ criterion (eq. 4) to avoid
meniscus overflow imposes coupled constraints on the val-
ues of 6, with respect to eq. 3. Specifically, transitions
between R; and R, and between R; and Rz can take
place without overflow for corresponding u; only if:

emin 2 77/2 - emax
emax Z 7T/2 - emin

2 to R
These model boundary conditions prescribe a mutual re-
lation between the surface energies of the pads for phys-
ical consistency. Hence overflow avoidance implies that
the full sequence of reaction regimes be conditional to the
coupled choice of #,. The case of perfect pad wettability,
normally assumed in elastic models, is trivially excluded
in presence of edge confinement, and only possible for
chemical confinement. Liquid overflow due to enhanced
wettability of pads with topographical edge confinement
was recently evidenced in self-alignment experiments?®.

B. Finite element model

The capillary system was simulated by a quasi-static
finite element numerical model in Surface Evolver3!
(sE) (figure 1). Water™923 (v = 72 mN/m, p =
1000 kg/m3, L. = 2.7 mm) was chosen for the liquid
bridge constrained within square pads of L = 1 mm
(Bo = pgL?/y = 0.14), thickness of 125 um and den-
sity of 1380 kg/m3. Domain constraints were used to
confine the triple contact lines of the meniscus strictly in
the planes and within the perimeters of the pads. The
weight of the top pad (173 pg) had negligible impact on
the model. The simulations proceeded by the displace-
ment of the top pad within the range ug < u < Uy, in
steps of 1 pm. Umax < Uim < L was chosen to check the
limits of validity of the model within a physically realis-
tic range of u. Values of hl,, = 25, 50 and 100 pm were
simulated using corresponding values of liquid volume
V = 25,50 and 100 nL. They correspond to h/L aspect
ratios (AR) of 1/40,1/20 and 1/10, respectively, span-
ning the AR range used in applications. Several combi-
nations of 6, and 6; values were simulated for each AR,
with 6, € {0°,10°,35°,50°,65°,80°}. The case of perfect

4

wetting (. = 0°) was considered, in spite of its incon-
sistency with edge confinement (eq. 5), as reference for
the purely elastic scenario. .. was defined for each
0. pair and h values according to eq. 12 (see Appendix).
Mesh refinement and geometry evolution made repeated
use of the built-in Hessian of the energy function. En-
ergy convergence was assumed to be attained at its fifth
significant digit for all simulated configurations. The SE
model complied with all assumptions stated in Sect. ITA,
except for the straight surface of the sides of the menis-
cus (see figure 1) and the constancy of h(u). After every
update of u, h(u) was updated through a local-search
routine based on Newton’s method to keep the system
in local equilibrium!®. The non-constancy of h(u) was
implemented in SE for physical consistency with 1) the
time scale separation due to the dominance of vertical
over lateral capillary forces for this system?6, 2) the ten-
dency of the liquid bridge to assume the geometry locally
closest to a section of a sphere!®?®, and 3) conservation
of the meniscus volume, which upon contact line unpin-
ning(s) induces an increase of h to partially compensate
the decrease of wet pad surface(s). After setting h(u), the
lateral capillary force F'(u) was computed by the method
of virtual works?? implemented using central finite dif-
ferences.

Il. RESULTS

SE simulations evidenced the continuity and mono-
tonicity of F(u) and h(u), and their sensitivity to the
energy of the solid surfaces as lumped in the 6, pairs
(see figures 3(a) and 3(b), respectively, for hg = 25 pm).
Higher surface energies (i.e. lower 6,) yield higher to-
tal system energies and energy gradients (i.e. forces,
shown below) as well as smaller variations in h(u). As
for the latter, values of 6, > 0 induce an increase of h(u),
whereas perfect wetting (6, = 0°) causes a decrease.

An instance of the capillary forces predicted by the an-
alytical and SE models is shown in figure 4. For this case
(h = 25 pm, 0, = 65° and 6; = 50°) all regimes are en-
countered. The sequential unpinning discontinuities are
seen to coincide with the sharp beginning of linear de-
crease of the wet areas A, of the pads. The accuracy
of the match between proposed and SE model across all
range of u can be appreciated—particularly with respect
to the purely elastic model represented by Fj(u). The
small deviations are attributed to the non-constancy of
h(u) and to the hysteresis of edge angles simulated in
SE. As the gap increases with u the lateral sides of the
meniscus may deform and curve, contributing elastically
to the total energy and the ensuing capillary force in ways
not accounted for analytically. The edge angle hystere-
sis in SE is larger than what considered in the analyt-
ical counterpart. Such hysteresis retards the unpinning
of the contact lines. Consequently the u; predicted by
the analytical model tend to be smaller than the simu-
lated ones—a relatively small error over 6, may produce



~+-0°-0°
305 |~-65°-10°)
65°-35°)
__ 257 |-+ 50°-50°| 1
2 ~65°-50°)
520" |-65°-80° 7
w
L5k > ]
=
w
10+
5-
0 50 50 200 250

0 1
u [um]

(a) Total energy E(u) — E(0) versus u

Normalized h [%]

u [um]
(b) normalized gap (h — ho)/ho versus u

FIG. 3. SE simulations for hg = 25 pm (AR = 1/40) param-
eterized by 0p,—0; pairs.

g
©
]
= ©
el B
I Q
g ]
2 2
: = g
—-100r :‘0‘“ FZ E
‘ D, 92 ©
—120f : : e, F
‘ : .
R, [ Ry Ry e N
-140 — : : 0
0 20 40 60 80 100
u [pm]

FIG. 4. SE and analytical predictions of F'(u) versus u for
ho = 25 pm (AR = 1/40) with 6, = 65° and 6; = 50°. Vertical
lines correspond to u; and signal contact line unpinning from
pad edges by the decrease in wet pad area (A.). Analytic
forces Fj, holding in respective domains R;, are shown across
the entire domain of w for comparison. Relative error for
F(u = umax) is 4.3%.

large effects given that W = fsingw). The force

predicted, particularly for large displacements, is hence
cumulatively affected by both unaccounted effects. For
instance, for the case of figure 4 the analytical values of
u; = 11.7 and us = 21 wm compares with u; = 13 and
ug = 24 um obtained from SE, leading to a relative error
of about 4% over the value of F3(umqs). Figure 5 further
exemplifies the verification of the model for other cases
with h = 25 pm and significant combinations of 6, val-
ues. The error over F3(u) remains small and bounded for
larger 6., while that of the purely elastic model increases.

IV. DISCUSSION

As shown by the relative errors over F(umax(0«,h))
summarized in Table I, for larger AR values the discrep-
ancy between analytical and SE models increases, and
several effects undermine the validity of the former. As
mentioned in the previous section, SE simulations show
that for receding contact lines the edge angle hysteresis
tend to slightly deviate from the analytical description.
This may be attributed to the finite length of the pads in
the direction perpendicular to u, since the ensuing cur-
vature of the contact line is not considered in the deriva-
tion of Gibbs’ criterion'?. Moreover, the hypothesis of
straight meniscus sides holds fairly well in SE except ex-
pectedly at the pads’ corners (figures 1b—1c). This is
permitted by and consistent with the updating of h(u)
by time scale separation (see Sect. II B) and, importantly,
the unpinning of the contact lines upon reaching the lim-
its of the elastic responses. Contact line unpinning al-
lows preserving the inclination of the unpinned meniscus
sides independently of further increments of u—in con-
trast to purely elastic and perfect wetting cases. Yet the
curvature and deformation of the sides of the meniscus
becomes evidently less negligible as v and AR increase.
As a result, contact line unpinning becomes less sharp
and resembles unzipping, as it takes place not at once
but rather gradually, starting from the extremities of the
edges toward the center. This fuzzyfies the boundaries
between the regimes, since the u; can not be univocally
identified. Therefore the model tends to loose accuracy
for increasing values of AR besides of .

It can additionally be argued by the Hauksbee princi-
ple?® that for relative displacements of the order of Uqz
the condition of strictly horizontal translation of the top
pad (see Section IT A) may break down, as tilting of the
same may intervene to accomodate the relevant pertur-
bation of the meniscus. Together with meniscus overflow,
tilting is reportedly a significant failure mode in capillary
self-alignment®. In presence of tilting the self-aligning
process is compromised because the capillary forces are
opposed by friction between solid surfaces!'!»'®:23, More-
over, the tilt mode provides limited restoring torque®,
and the system may effectively escape from the state
of local energy minimum only through external agita-
tion'™?2. The incidence of tilting can be lessened and
even avoided by optimizing the volume!'%?3 and wetting?*
of the liquid meniscus—as confirmed by the experimental
evidence provided below and, incidentally, by the disap-
pearance of pad tilt during evaporation of the meniscus!'®.

The models, consistently with earlier instances, fol-
low the progressive displacement of the capillary system
from its state of global equilibrium opposed by restor-
ing forces. Hereby the work of displacement is used
to stretch the meniscus and eventually dewet solid sur-
faces. Through this approach, our extended model al-
lows to predict the parabolic regime we earlier reported
in experimental high-resolution tracking of capillary self-
alignment dynamics?*. The parabolic regime ensues from
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TABLE 1. Relative errors for F(umax(0«,h)) *
0y - 0; |ho = 25 pm|ho = 50 pm|ho = 100 pm]

0°-0° 2.7% 4.2% 7.4%
65° - 10° 2.8% 5.5% 16%
65° - 35° 3.1% 4.3% ™%
50° - 50° 3.2% 5.4% 3. 7%
65° - 50° 4.3% 7.3% 7.4%
65° - 80° 8.6% 14.7% 17.1%

2 See eq. 12 in the Appendix for the numerical values of umaz-

a constant acceleration imparted by the relaxing liquid
bridge to the top pad. The constant acceleration is con-
sistent with the constant restoring capillary force pre-
dicted by eq. 2 for large relative displacements.
However, in its present form the proposed model can
not frame the actual experimental dynamics of capil-
lary self-alignment?*. This can be illustrated through
sequential snapshots from a high-speed recording of a
capillary self-alignment experiment, shown in figure 6.
In this realization a transparent top pad (polyethylene
naphthalate, water contact angle 6; = 65°) was control-
lably dropped onto a thin water layer (h = 125 pum)
pre-coated over the entire bottom receptor site (silicon
dioxide surface, 0, = 10°) except for its corners® (fig-
ure 6(a)). Chemical edge confinement was used as the

bottom pad was surrounded by non-wetting areas with
water contact angle 6,5 = 120°?3. Edge confinement is
exemplified elsewhere?®. In spite of the optimized pre-
coating?3, conformal coverage of both pads by the lig-
uid bridge is achieved along the self-alignment process
only after a sequence of dynamic regimes. In the ini-
tial transient wetting regime?* the meniscus deforms and
spreads until its contact lines pin on the edges of the
pads3? (figure 6(b)). Only then can the capillary forces
exerted by the meniscus be applied to the pads, causing
their relative translation. Henceforth the self-aligning
motion starts and proceeds along a predictable spatio-
temporal trajectory across the aforementioned parabolic
regime (figure 6(c)) and subsequent underdamped har-
monic oscillations?* (figure 6(e)). In case of partial wet-
ting, it is only after crossing the receptor site for the first
time that the surfaces of both pads are fully wet by the
liquid bridge (figure 6(d)). After transient wetting, the
front side of the meniscus was pinned throughout the pro-
cess on both pads. Hence the mixed Ry regime predicted
by the model extended from the inception of the transla-
tional motion of the top pad through the constant accel-
eration regime (figure 6(c)) till first crossing of the target
position. The rear side of the meniscus remained un-
pinned, as expected from the model. Fully elastic regime
R, appeared during all subsequent overshoots conducing
the oscillating top pad to the final equilibrium position
in accurate alignment with the bottom site (figure 6(f)).



Notably, in our consistently repeatable experiments®® no
tilt of the top pad was recorded even for very large initial
offsets?> (1.5 mm in the illustrated instance, i.e. about
30 % of L)—i.e. also for offsets larger than the limiting
value of w4, correspondingly estimated in the model.
This evidence further suggests that the incidence of tilt
is also significantly dependent on the contingent dynam-
ics through which the rest position is approached.
Importantly, during the actual dynamics of self-
alignment the reaction regimes I?; described by the pro-
posed model are traversed in a different, generally reverse
temporal sequence, so that R represents the absorbing
state of the dynamics instead of the initial state as as-
sumed in the modeling. A comprehensive dynamic model
of the process would therefore need to consider advanc-
ing rather than receding contact angles (dependent on
line velocity®*) in the sliding regimes—together with in-
ertia, fluid flow and viscosity?® and possibly energy dis-
sipation at the moving contact lines®*. The proposed
model provides an extended quasi-static scenario toward
the development of such as yet elusive??:2* description.

V. CONCLUSIONS

We introduced an analytic description of restoring cap-
illary forces accounting for an extended range of lateral
perturbations of a confined liquid bridge. The proposed
model provides a simple and accurate description of the
capillary system by integrating the effect of partial wet-
ting of the bounding solid surfaces by the liquid bridge.
Thanks to this, important physical and geometrical pa-
rameters of the system—such as surface energies, pad
dimensions and type of edge confinement against liquid
overflow—are additionally accounted for, which further
distinguishes the present from earlier models. The ana-
lytic description is supported by physically consistent fi-
nite element simulations. The numerical simulations also
highlight the physical limits of validity of the model, co-
herently with its stated assumptions and boundary con-
ditions. Predictions concerning the effect of surface ener-
gies on meniscus overflow?® and transiently constant ac-
celeration of the top pad during capillary self-alignment?*
are supported by recent experimental evidence.

The model bridges the domain of small displacements
of purely elastic models with that of large displacements.
The latter is captured by computationally efficient mod-
els based on two-dimensional convolutions of the shapes
of the bounding pads®® (figure 7). The analytical formu-
lation of the model, hereby developed for identical square
shapes of the pads, can be trivially adapted to rectangu-
lar pads. A generalization for polygonal pad shapes of
higher order may also be conceived?!.

Experimental benchmarking of the analytical force
model may be envisioned, for instance through the adap-
tation of an earlier setup for lateral capillary force mea-
surement'? which could notably impose a strictly hori-
zontal displacement of the top pad.

Pivotal to the formulation of the model is the energetic
description of contact line unpinning and subsequent slid-
ing. Under model assumptions, this has the simple form
derived from the Young-Dupré’ equation. A similar for-
mulation could be adopted to describe more realistic sce-
narios involving finite contact angle hysteresis, provided
substitutive descriptions of the energy and force balance

at the triple contact lines34.
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APPENDIX: MODEL DERIVATION

In this section we present the full derivation of the
analytical model presented in the main text.

With reference to the geometry sketched in figure 1, we
subsume the partial wetting of the surfaces of the pads in
considering 0 < 6; < 6, < 7/2, yielding u; = hcot 8, and
ug = hcot 8y according to eq. 3. The alternative case of
0 < 6y < 0; < /2 differs only in the sequence of contact
line unpinnings over the pads, its formulation being the
same upon mutual replacement of ¢ with b. Figure 8
provides the reference geometries for the estimation of
the updated values h’ and h” of h(u) upon transitions
between regimes under conservation of meniscus volume.

The following holds under model assumptions:

1. the surface energy F(u) coincides with the total free
energy of the capillary system, and it is invariant
under swapping of the surface energies of pads;

2. partial wettability of the surfaces of the pads deter-
mines the existence of finite relative displacements
u; causing the sequential unpinning of the extremal
contact lines (i.e. those whose vertical projection
lies outside the opposite pads’ surface).

The analytical formulation of the model proceeds from
the calculation of the energy E;(u) of the system?® for
each regime R; determined by sequential unpinning dis-
continuities. The lateral capillary force F;(u) and stiff-
ness k;(u) of the meniscus are computed by subsequent
partial derivatives over u of the energy function.

The energy of the global equilibrium state Ry is (up to
an additional arbitrary constant):

1%
Eg = E(ug =0) = L*(v4 + %) + 437 (6)
— NI,

pads Y
meniscus
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video available in Supporting Information.
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For the deformed states Ry and Ra:

E1:E(0§u§u1)

v
= L(y +74) + 277 + 29 LV h2 + u?
———— L ———

lateral

=FEo— 2%7 +2vL\/h? 4+ u?

(7)

pads front & rear

E2 = E(u1 S U S UQ)
= L®9 + L(u— )y, + LIL — (u — u1)]yg
N——

top pad bottom pad

v
+ 275 + L/ W2+ u +yLV 2+ u?
~—_——
v front (8)

lateral rear
= Fi(u1) + yL(V 2 +u? — /2 +u?)
+ (% = 9L —un)
= const + yLv/ h? + u? + yL(u — uy ) cos(y)

using eq. 1 and the following approximation for the con-
stancy of h (see Figure 8(a)):

h':h%
L—"=5
=h(1+ U;Lul)—l—oQ(u—ul) ©)

=~ b for u < 2L +uy; = 2L + hcot 6,
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FIG. 8. Sketches (not to scale) for geometrical estimation of
k' and h” under model assumptions upon transitions between
adjacent regimes: (a) from R; to R, (a) from Rs to Rs.

Similarly for Rs:

b3 = E(’U,g <u< umax)

:2%7_’_7[/ ’h”2+u%+'yL /h”2+u§

~
lateral rear front
+ L(u—u1)yg, + LIL = (u—w)g (10)

bottom pad

+ L(u — ug)y, + LIL — (u—u2)

top pad
& Fy(ug) + vL(u — usz)(cos Oy + cos )

using the approximation (see Figure 8(b)):

L
h// =h u1tuz
L— (u— wium)

Uy + Uuo

= hforu<< L+ 5

NS

= L+ —(cot ), + cot 6;)
(11)

Eq. 11, more stringent than eq. 9, sets the strict limit
of validity of the model over u under the assumptions of
constant V' and h. This condition assumes and is con-
sistent with choices of coupled pairs of 6, satisfying the
condition set by eq. 5 for overflow-less transition between
adjacent capillary regimes. Eq. 11 defines g4 (0x, h)

and relates it to the pad size L rather than to h (L > h
in general) as in purely elastic models. Given L = 1 mm,
h and 0,, the relative errors in capillary force estimates
between analytical and numerical models for each of the
cases reported in Table I of the main text were evaluated
for the corresponding value:

1 h
Umaz = E[L + §(cot Op + cot 6)] (12)

From egs. 7, 8 and 10 it follows respectively:

o OF:1(u) __ w
A =-"5"="Ml7g=
R {hau) = =250 = S5 (13)
_ 1 - u
= 1l 7mr (h2+u?)3
0 u
Fo(u) =-— %75 ) — —27L(7F:;+u2 + cosBy)
p, e =T = o
_ 1
= 'YL( Vhitur (h2fu2)% )
_ k()
2
(14)
F5(u) = —a%su) = —vyL(cos b + cos b;)
2
Ry { ks(u) =200 — & 0sfw) (15)
=0

The formulation is consistent with energy and force
continuity across adjacent domains, since Fj;iq(u;) =
E7(’U,7) and Fi_;,_l(ul') = Fl(Uq) hold for all i = 0,172.
Note that for Rj|o<u<p the small displacement values
Fy = =29Ly and k; = 27% of linear elastic models
are recovered”1%20:29  Conversely, the absence of elas-
tic work in Rj3 is evidenced by the null constant value
of k3. Also, 8; — 0, implies a singular domain for R,
as ug — wuy. Particularly, for the limiting case of full
wetting of both pads—i.e. for 6, = 0, = 0—u; — o0,
i.e. the domain of R; extends indefinitely. The purely
elastic regime is thus recovered, whereby partial dewet-
ting of the surface of the pads is not possible. In this
ideal condition further model convergence is given by
Filush = F3lo,—0,—0. Plots of energy, gap and restor-
ing force versus u for AR = 1/20 and 1/10 (h = 50 and
100 pm, respectively) are shown in figures 9 through 14—
complementing those for AR = 1/40 presented in the
main text.

Finally, by considering meniscus confinement within
the pads by chemical contrast (figure 2(b)) rather than
by topographical step, the formal derivation shown above
can be adapted to account for the case of liquid bridge
overflow?. Overflow is here supposed to take place be-
yond the edge of the bottom pad onto an adjacent and
less wettable surface (see figure 15). The case of over-
flow beyond the top pad is energetically equivalent. We
assume that the two (pad and adjacent) surfaces are at
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the same level, and that the energetic barrier to overflow
is only chemical in nature. For the less wettable surface
the validity of a specific Young-Dupré equation is also
assumed, yielding a contact angle 92f > 7/2 > 0. The
overflow happens when the edge angle of the meniscus
reaches the advancing value of the contact angle on the
adjacent surface (hereby again assumed to coincide with
its static value Qg’f ), prompting the unpinning of the con-
tact line toward the adjacent surface. Unpinning takes
place for v > u,; and signals the transition to a regime
akin to either the mixed (Rgf ) or the full sliding one
(RY'). oy can be either larger or smaller than uy, yet
not larger than us because in R3 the inclinations of both
perpendicular sides of the meniscus remain constant. For

10

the former case of 0 < u,r < uy (fig. 15(a)):

o 8E0f u o
Fyf(u) =250 = (gt — cos ;)
kel (u) = -2 ) _ 2By ()
R;’f 2 Ou ou?
= ’YL(\/hz’l 2 « 3
I Gk
1(uw
= 5
(16)
For the latter case of uq < u,s (fig. 15(b)):
of
; Fg',’f(u) = 78E(297}L(u) = ﬂLf(coseb — cos@Zf)
0 o 27 (u 2B (u
Ry’ Skl (u) = -2 _ 25 (v
=0
(17)
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