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FURTHER REFINEMENT

OF STRONG MULTIPLICITY ONE FOR GL(2)

NAHID WALJI

Abstract. We obtain a sharp refinement of the strong multiplicity one theo-
rem for the case of unitary non-dihedral cuspidal automorphic representations
for GL(2). Given two unitary cuspidal automorphic representations for GL(2)
that are not twist-equivalent, we also find sharp lower bounds for the number
of places where the Hecke eigenvalues are not equal, for both the general and
non-dihedral cases. We then construct examples to demonstrate that these
results are sharp.

Introduction

Given a number field F , letA0(GLn(AF )) be the set of cuspidal automorphic rep-
resentations for GLn(AF ) with unitary central character. For π ∈ A0(GLn(AF )),
at any finite place v of F where π is unramified we denote the Langlands conjugacy
class by Av(π) ⊂ GLn(C), which we represent by the matrix diag{α1,v, . . . , αn,v}.
Let av(π) denote the trace of this matrix.

Let us now set n = 2. Given π, π′ ∈ A0(GL2(AF )), one can compare local data
to determine whether π and π′ are globally isomorphic. In this context we ask the
following question: if we have a set S such that av(π) = av(π

′) for all v �∈ S, what
property of S is sufficient to establish that π and π′ are globally isomorphic?

One approach involves establishing a condition on the size of S. The strong
multiplicity one theorem of Jacquet–Shalika [10] states that it is sufficient for S to
be finite. In 1994, D. Ramakrishnan [22] proved that a set S of density less than
1/8 is sufficient. This bound is sharp, as shown by an example of J.-P. Serre [26]
of a pair of dihedral automorphic representations (see Section 4.4 for details).

This naturally leads to the question of whether the bound can be increased if we
exclude dihedral automorphic representations. Given π, π′ ∈ A0(GL2(AF )), let us
define the set

S = S(π, π′) := {v | v unramified for π and π′, av(π) �= av(π
′)}.

We will show:

Theorem 1. Let π, π′ ∈ A0(GL2(AF )) be distinct non-dihedral representations.
Then, if δ(S) is the lower Dirichlet density of the set S = S(π, π′), we have

δ(S) ≥ 1

4
.
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Remark 1. This bound is sharp, as established in Section 4.1 by a pair of octahedral
automorphic representations.

The question of what bound can be established when exactly one of the repre-
sentations is dihedral is addressed later by Theorem 3.

A related question involves weakening the requirement of global isomorphism
to that of twist-equivalence. Specifically, we can ask: given a set S such that
av(π) = av(π

′) for all v �∈ S, what property of S is sufficient to establish that π
and π′ are twist-equivalent?

We will prove:

Theorem 2. Let π, π′ ∈ A0(GL2(AF )) be representations that are not twist-
equivalent. For S = S(π, π′), we have

δ(S) ≥ 2

9
.

Remark 2. This bound is sharp, as demonstrated by a pair of dihedral automorphic
representations associated to the group S3 (see Section 4.2).

We ask if the bound can be increased if we specify that one, or both, of the
cuspidal automorphic representations is non-dihedral. We obtain

Theorem 3. Let π, π′ ∈ A0(GL2(AF )) be non-twist-equivalent. For S = S(π, π′):
(i) If exactly one of the representations is non-dihedral, then

δ(S) ≥ 2

7
.

(ii) If both of the representations are non-dihedral, then

δ(S) ≥ 2

5
.

Remark 3. The second bound is sharp, as demonstrated by a pair of odd icosahedral
automorphic representations (see Section 4.3).

Note that the first bound applies to all pairs consisting of a dihedral automorphic
representation and a non-dihedral cuspidal automorphic representation, since the
representations will always be twist-inequivalent. It does not appear that this bound
is sharp. This may be because, unlike in the other three cases, we have forcibly
broken the symmetry in the pair - one is dihedral and the other is not.

Given that Theorem 1 is sharp, one might ask what analogous theorem to expect
if we only consider cuspidal automorphic representations that are neither dihedral
nor octahedral. Following the same method as in the proof of Theorem 1 does not
seem to lead to improved bounds in this case. However, based on examples, we
expect that there would be a lower bound of 3/8 for δ(S), which would be sharp in
both the tetrahedral and icosahedral cases.

Beyond that, if we restrict ourselves to non-polyhedral cuspidal automorphic
representations, it is natural to conjecture that two such representations are globally
isomorphic if they agree locally for a set of places of density greater than 1/2. This
would be sharp due to the following example: Let π be a cuspidal automorphic
representation that corresponds to a non-dihedral holomorphic newform of weight
greater than 1. We observe that the condition on the weight, along with being
non-dihedral, then implies that the newform is of non-polyhedral type. One knows
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FURTHER REFINEMENT OF STRONG MULTIPLICITY ONE FOR GL(2) 4989

that the set of primes where the Hecke eigenvalue of π is zero has density zero [27].
Thus π and π⊗χ, where χ is a quadratic Hecke character, provide an example of a
pair of non-polyhedral cuspidal automorphic representations that agree locally for
a set of places of density exactly 1/2. Note that the holomorphy condition is needed
here: if π were associated to a non-dihedral Maaß form, then the best known upper
bounds on the density of places at which the Hecke eigenvalue is zero is 1/2 [31].

In the case of Theorem 3, restricting further to cuspidal automorphic repre-
sentations that are neither dihedral nor icosahedral does not seem to yield better
bounds under the current approach. However, examples indicate that it may be
reasonable to expect the existence of a lower bound of 15/32 for δ(S), which would
be optimal in the tetrahedral case. For two non-polyhedral cuspidal automorphic
representations that are not twist-equivalent, it is natural to conjecture that they
agree locally for a set of places of density 0.

We collect all the examples implicit in the discussions above:

Theorem 4. We note the existence of the following cuspidal automorphic repre-
sentations for GL(2):

• (due to Serre [26]) A pair of dihedral representations with δ(S) = 1/8.
• A pair of dihedral representations that are non-twist-equivalent and where
δ(S) = 2/9.

• A pair of tetrahedral representations with δ(S) = 3/8.
• A pair of tetrahedral representations that are non-twist-equivalent and where
δ(S) = 15/32.

• A pair of octahedral representations with δ(S) = 1/4.
• A pair of icosahedral representations with δ(S) = 3/8.
• A pair of icosahedral representations that are non-twist-equivalent and where
δ(S) = 2/5.

• A pair of non-polyhedral representations with δ(S) = 1/2.

These statements will be proved in Section 4.
The idea of the proof of Theorems 1, 2, and 3 relies on the examination of the

asymptotic properties of certain suitable Dirichlet series. We achieve this by estab-
lishing various identities of incomplete L-functions and determining their behaviour
when real s → 1+ (s being the variable in each incomplete L-function) by using func-
toriality and non-vanishing results. We make use of the work of Gelbart–Jacquet [7]
and Kim–Shahidi [16] on the symmetric second and third powers (respectively) of
cuspidal automorphic representations for GL(2) with regard to their existence and
possible cuspidality (note however that the symmetric fourth power lift of Kim [15]
is not needed). We also require the results of Ramakrishnan [24,25] on the adjoint
lift and the automorphic tensor product. Our approach is related to, though is not
a straightforward extension of, work of Ramakrishnan in [22, 23].

In constructing our examples in Theorem 4, we rely on various cases of the strong
Artin conjecture. The first of these cases is implicit in the work of Hecke and
Maaß, and subsequent cases were proved by Langlands [19], Tunnell [30], Khare–
Wintenberger [13, 14] and Kisin [18]. (Note that we do not actually need the full
force of Khare–Wintenberger and Kisin, and can instead make do with one of the
earlier examples available in the literature; see Section 4.)

We also note a result of Murty–Rajan [20] that is related to strong multiplicity
one. For π1, π2 ∈ A0(GL2(AQ)) with the property that the L-functions of the
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Rankin–Selberg convolutions of Symn(π1) and Symm(π2), for n = m and n = m+2,
are entire, have suitable functional equations, and satisfy GRH, then #{p ≤ x |
ap(π1) = ap(π2)} = O

(
x5/6+ε

)
.

The structure of this paper is as follows. In Section 1, we establish notation and
recall relevant theorems on the properties of certain types of L-functions associated
to automorphic representations. In Section 2, we prove the non-dihedral results. In
Section 3, we prove the dihedral cases of Theorems 2 and 3. Finally, in Section 4
we construct the examples from Theorem 4.

1. Preliminaries

We begin by introducing some notation. Let F be a number field and let S be
a set of primes in F . Then the lower and upper Dirichlet densities of S are

δ(S) = lim
s→1+

inf

∑
p∈S Np−s

− log(s− 1)

and

δ(S) = lim
s→1+

sup

∑
p∈S Np−s

− log(s− 1)
,

respectively.
When the lower and upper Dirichlet densities of S coincide, we say that S has a

Dirichlet density.

Polyhedral automorphic representations. We will call a cuspidal automor-
phic representation π for GL(2)/F (where F is a number field) polyhedral if it
corresponds to a 2-dimensional irreducible complex representation ρ of the Weil
group WF . This means that the L-functions of the two objects are equal:

L(s, π) = L(s, ρ).

Recall that these 2-dimensional irreducible complex representations fall into four
different categories, namely dihedral, tetrahedral, octahedral, and icosahedral (for
example, see the Proposition in Section 4.3 of [6]). An associated cuspidal auto-
morphic representation then inherits the same nomenclature.

Given a 2-dimensional irreducible complex representation ρ, the strong Artin
conjecture states that it corresponds to a cuspidal automorphic representation for
GL(2). This is known when ρ is dihedral (implicit in the work of Hecke and Maaß),
tetrahedral [19], octahedral [30], and odd icosahedral [13,14,18] (note that a repre-
sentation ρ is odd if detρ(c) = −1, where c is complex conjugation). Note that there
were a number of examples of modular odd icosahedral representations already in
the literature before the work of Khare–Wintenberger and Kisin. The first example
came from Buhler [3] (which made key use of the correspondence established by
Deligne–Serre [5]), which was followed by, amongst others, the work of Buzzard,
Dickinson, Shepherd-Barron, and Taylor [4], and Taylor [29].

Cuspidal automorphic representations of solvable polyhedral type can be charac-
terised by means of their symmetric power lifts (see [16]): A cuspidal automorphic
representation for GL(2) is said to be dihedral if it admits a non-trivial self-twist
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by a (quadratic) character. It is tetrahedral if it is non-dihedral and its symmetric
square admits a non-trivial self-twist by a cubic character. It is octahedral if it is
not dihedral or tetrahedral and if its symmetric cube admits a non-trivial self-twist
by a quadratic character. Presently known cases of functoriality are not sufficient
to determine whether or not icosahedral automorphic representations admit such a
description.

Given π ∈ A0(GLn(AF )) there is the associated L-function

L(s, π) =
∏
v

Lv(s, π),

where, for finite v at which π is unramified, we have

Lv(s, π) =det
(
In −A(πv)Nv−s

)−1

=
n∏

j=1

(
1− αj,vNv−s

)−1
.

The L-function L(s, π) converges absolutely for Re(s) > 1, and furthermore it is
non-vanishing on Re(s) = 1 [11].

Now let T be the set of all ramified and infinite places. We define the incomplete
L-function

LT (s, π) =
∏
v �∈T

Lv(s, π),

and the incomplete Dedekind zeta function

ζTF (s) =
∏
v �∈T

(1−Nv−s)−1.

Rankin–Selberg L-functions. Given automorphic representations π and π′ for
GLn(AF ) and GLm(AF ), respectively, we have the Rankin–Selberg L-function

L(s, π × π′) =
∏
v

Lv(s, π × π′),

where for finite v at which both π and π′ are unramified, we have

Lv(s, π × π′) = det
(
Inm − (Av(π)⊗Av(π

′))Nv−s
)−1

.

This global L-function converges absolutely for Re(s) > 1. When π′ is dual to
π, one knows that L(s, π × π′) has a simple pole at s = 1 [10]. Otherwise, it is
invertible at s = 1 [28].

Given π, π′ ∈ A0(GL2(AF )), by [24], one knows of the existence of the auto-
morphic tensor product of π and π′, which is an automorphic representation for
GL4(AF ) that we write as π � π′. When π and π′ are both dihedral, there is a
cuspidality criterion (from [24], and later refined in [25]) which we will make use of
later:

For two dihedral automorphic representations π, π′ ∈ A0(GL2(AF )), the auto-
morphic product π� π′ is not cuspidal if and only if π and π′ can be induced from
the same quadratic extensionK of F . In this case, let us write π, π′ as IFK(ν), IFK(μ),
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respectively, where ν and μ are Hecke characters for K. Then

π � π′ = IFK(νμ)� IFK(νμτ ),

where τ is the non-trivial element of Gal(K/F ) and μτ signifies precomposition
with τ .

Remark 4. Note that a given dihedral automorphic representation may be induced
from more than one quadratic extension. See also Theorem A of [21].

Cuspidality of symmetric powers. For π ∈ A0(GL2(AF )), one knows, by
Gelbart–Jacquet [7] and Kim–Shahidi [16], that the symmetric second and third
power representations are isobaric sums of cuspidal automorphic representations.
One also knows that Sym2π is cuspidal if and only if π is non-dihedral and that
Sym3π is cuspidal if and only if π is not dihedral or tetrahedral.

Adjoint lift. Given π ∈ A0(GL2(AF )), there exists the adjoint lift Ad(π) which
is an automorphic representation for GL3(AF ). This lift is in fact isomorphic to
Sym2(π) ⊗ ω−1, where ω is the central character of π. The adjoint lift (and thus
the symmetric square lift) is cuspidal if and only if π is non-dihedral [10]. We
make use of this lift to address possible twist-equivalence for cuspidal automorphic
representations for GL(2): Given π =

⊗′
v πv, π

′ =
⊗′

v π
′
v ∈ A0(GL2(AF )), they

are twist-equivalent if

Ad(πv) 	 Ad(π′
v)

for almost all v [24].

2. Proof of Theorems 1 and 3(ii)

Throughout this section, the cuspidal automorphic representations are assumed
to be non-dihedral.

For the proofs of Theorems 1 and 3(ii) we require the following identities of
incomplete L-functions:

Lemma 5. Given π, π′ ∈ A0(GL2(AF )) with (unitary) central characters ω, ω′

(respectively), let T be the set of all the infinite places as well as the finite places
at which either π or π′ is ramified. Then we have

LT (s, π � π × π � π) =LT (s,Ad(π)×Ad(π))LT (s,Ad(π))
2
ζTF (s),

LT
(
s, π � π × π � π′

)
=LT

(
s, (ω ⊗ Sym3(π))× π′

)
LT

(
s, π × π′

)2
,

LT
(
s, π � π × π′ � π′

)
=LT (s,Ad(π)× (Ad(π′)⊗ ωω′))LT

(
s, ωω′ ⊗Ad(π)

)
· LT

(
s, ωω′ ⊗ Ad(π′)

)
LT

(
s, ωω′

)
,

LT
(
s, π � π × π′ � π′

)
=LT (s,Ad(π)×Ad(π′))LT (s,Ad(π))LT (s,Ad(π′)) ζTF (s).

Proof. This follows from the Clebsch–Gordon decomposition of tensor powers of
two-dimensional representations. Here and in later proofs, we use the fact that the
contragredient representation π̃v is isomorphic to the complex conjugate represen-
tation πv [8].

By way of example, we elaborate on the case of LT
(
s, π � π × π′ � π′

)
. At a

finite place v of F where both π and π′ are unramified, we represent the associ-
ated Langlands conjugacy classes Av(π) and Av(π

′) as diag{α, β} and diag{γ, δ},
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respectively. Consider the tensor product Av(π)⊗Av(π), which we express as(
α

β

)
⊗
(

α
β

)
which is equivalent to

αβ ⊗

⎛⎝⎛⎝ α/β
1

β/α

⎞⎠⊕ 1

⎞⎠ ,

and we observe that this is a representative of Av(ω ⊗ (Adπ � 1)).
For Av(π′)⊗Av(π′), we have

γδ ⊗

⎛⎝⎛⎝ γ/δ
1

δ/γ

⎞⎠⊕ 1

⎞⎠ ,

which is a representative of Av(ω′ ⊗ (Adπ′ � 1)).
Therefore

Av(π)⊗Av(π)⊗Av(π′)⊗Av(π′)

can be expressed as

Av

(
ωω′ ⊗ ((Adπ ×Adπ′)�Adπ �Adπ′ � 1)

)
.

Observing that

Lv

(
s, π � π × π′ � π′

)
=det

(
I16 −

Av(π)⊗Av(π)⊗Av(π′)⊗Av(π′)

Nvs

)−1

=det

(
I9 −

ωω′ ·Av(Adπ)⊗Av(Adπ′)

Nvs

)−1

det

(
I3 −

ωω′ ·Av(Adπ)

Nvs

)−1

· det
(
I3 −

ωω′ ·Av(Adπ′)

Nvs

)−1

det

(
I1 −

ωω′

Nvs

)−1

=Lv(s, ωω′ ⊗Adπ ×Adπ′)Lv(s, ωω′ ⊗Adπ)Lv(s, ωω′ ⊗Adπ′)Lv(s, ωω′),

we obtain our L-function identity. �

Remark 5. The purpose of the lemma above is to establish the asymptotic behaviour
of various Dirichlet series as real s → 1+. For example, using [2] we observe that,
as real s → 1+,

logLT (s, π � π × π′ � π′) =
∑ |av(π)|2|av(π′)|2

Nvs
+O (1) ,

and similarly for the other incomplete L-functions on the left-hand side of the
equations in Lemma 5.

Proof of Theorem 1. Let us begin by fixing both π and π′ to be non-tetrahedral (as
well as non-dihedral, as mentioned at the beginning of this section) so that we can
assume that the symmetric cubes of π and π′ are both cuspidal. At finite places v
where both π and π′ are unramified, we denote the trace of Av(π) as av and the
trace of Av(π

′) as bv.
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By considering the behaviour of the incomplete L-functions in Lemma 5, and
using the results stated in the previous section on Rankin–Selberg L-functions,
symmetric powers, and adjoint lifts, we obtain∑ aivav

jbkvbv
l

Nvs
=k(i, j, k, l) · log

(
1

s− 1

)
+ o

(
log

(
1

s− 1

))
as real s → 1+, where k(i, j, k, l) is a non-negative integer such that

k(i, j, k, l) ≤

⎧⎪⎪⎨⎪⎪⎩
0 for (i, j, k, l) = (2, 1, 0, 1), (0, 1, 2, 1), (1, 2, 1, 0),

and (1, 0, 1, 2),
2 for (i, j, k, l) = (1, 1, 1, 1), (2, 2, 0, 0), (0, 0, 2, 2), (2, 0, 0, 2)

and (0, 2, 2, 0).

Note that we are using the fact that the logarithms of incomplete L-functions
such as those in Lemma 5 are asymptotically equivalent (as real s → 1+) to the
Dirichlet series above.

Let C = CS be the characteristic function of the set S = {v | av �= bv}. We
have, for real s > 1:

∑
v

|av − bv|2C(v)

Nvs
≤

(∑
v

|av − bv|4
Nvs

)1/2 (∑
v∈S

1

Nvs

)1/2

,(2.1)

where the inequality above arises from applying Cauchy–Schwarz.
We divide inequality (2.1) by log (1/(s− 1)), take the limit inferior as s → 1+,

and examine the asymptotic properties of the series. We obtain

2 ≤ (16)1/2 · δ(S)1/2,
which gives

1

4
≤ δ(S).

Now let us consider the case when at least one of the cuspidal automorphic
representations, say π, is tetrahedral. We apply Theorem 2.2.2 of [17] which states
that

Sym3(π)⊗ ω−1(π) 	 (π ⊗ ν)� (π ⊗ ν2),

where ω is the central character of π and ν is a (cubic) Hecke character that satisfies
Sym2(π) 	 Sym2(π)⊗ ν. Since

LT (s, ω ⊗ Sym3(π)× π′) = LT (s, (π ⊗ ν)× π′)LT (s, (π ⊗ ν2)× π′),

the L-function on the left-hand side only has a (simple) pole at s = 1 when π′ 	 π⊗ν
or π⊗ν2. If this is the case, then k(i, j, k, l) = 1 for (i, j, k, l) = (2, 1, 0, 1), (0, 1, 2, 1),
(1, 2, 1, 0), and (1, 0, 1, 2). This gives us a lower bound of 1/2 for the density of places
at which av(π) �= av(π

′). Thus the lower bound of 1/4 still holds. �

Proof of Theorem 3(ii). Here the non-dihedral automorphic representations π and
π′ are non-twist-equivalent.

Following a similar approach to the one used before, we obtain∑ aivav
jbkvbv

l

Nvs
=k(i, j, k, l) · log

(
1

s− 1

)
+ o

(
log

(
1

s− 1

))
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as real s → 1+, where k(i, j, k, l) is a non-negative integer such that

k(i, j, k, l)≤

⎧⎪⎪⎨⎪⎪⎩
0 for (i, j, k, l) = (2, 1, 0, 1), (0, 1, 2, 1), (1, 2, 1, 0), and (1, 0, 1, 2)
1 for (i, j, k, l) = (1, 1, 1, 1)
2 for (i, j, k, l) = (2, 2, 0, 0) and (0, 0, 2, 2)
c for (i, j, k, l) = (2, 0, 0, 2) and (0, 2, 2, 0),

with c = c(ω, ω′) equal to zero if ω �= ω′ and equal to one otherwise.
Again we divide inequality (2.1) by log (1/(s− 1)), take the limit inferior as

s → 1+, and examine the asymptotic properties of the series given our condition of
non-twist-equivalence. We obtain

2 ≤ (8 + 2c)1/2 · δ(S)1/2,

which implies

2

4 + c
≤ δ(S).

Thus δ(S) is greater than or equal to 2/5 if ω = ω′, and 1/2 otherwise. �

3. Proof of Theorems 2 and 3(i)

In this section, any pair of cuspidal automorphic representations π,π′ will always
be non-twist-equivalent.

Since the non-dihedral cases have been covered by the proof of Theorem 3(ii)
in the previous section, we now need to consider the situation where at least one
out of the pair of cuspidal automorphic representations in question is dihedral.
Let us briefly recall our notation for dihedral automorphic representations. Given
a dihedral automorphic representation π for GL2(AF ), one knows that it can be
induced from a Hecke character μ of K, where K is a suitable quadratic extension
of F . Then we will denote it as IFK(μ), or I(μ) if K and F are understood.

We split the proof into four cases. The first three cases will account for the
situation where both cuspidal automorphic representations are dihedral, and we
distinguish between these three cases based on whether a certain property P holds
for none, one, or both of the representations. The fourth case addresses the situation
when exactly one of the cuspidal automorphic representations is dihedral.

We shall say that a cuspidal automorphic representation π has property P if it is
dihedral and, furthermore, that if we express π as IFK(μ), then the Hecke character
μ/μτ is invariant under τ , the non-trivial element of Gal(K/F ). Such π can be
induced from exactly three different quadratic extensions of F .

We begin with the case of two dihedral automorphic representations that do not
satisfy property P. Here, the general strategy of the proof follows as in the previous
section, though the approach to the analysis needs to be altered. The asymptotic
properties of the L-functions as real s → 1+ may be different from before, in that
we expect a higher order pole in certain cases. By way of example, we will discuss
two particular incomplete L-functions in detail, namely LT (s, π � π × π′ � π′) and
LT (s, π � π × π � π).

With regard to the first incomplete L-function, we shall explain why it has a pole
of order at most two. If π, π′ cannot be induced from the same quadratic extension,
then the automorphic tensor product π�π′ is cuspidal, and so LT (s, π�π′×π�π′)
has at most a pole of order one. If π, π′ can be induced from the same quadratic
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extension, then let us denote this extension as K. We write π = IFK(ν) = I(ν) and
π′ = IFK(μ) = I(μ), where μ, ν are Hecke characters of K. We obtain

π � π′ 	 I(νμ)� I(νμτ )

and thus

LT (s, π � π′ × π � π′) =LT (s, I(νμ)× I(νμ))LT (s, I(νμ)× I(νμτ ))2

· LT (s, I(νμτ )× I(νμτ )).

If neither I(νμ) nor I(νμτ ) is self-dual, then the right-hand side has a pole of order
at most two. Now let us consider the case when exactly one of them is self-dual.
We note that the middle L-function on the right-hand side will contribute to the
order of the pole of the overall expression if and only if I(νμ) and I(νμτ ) are
dual. However, this is not possible, given that one is self-dual and the other is
not. Lastly, we have the case when both are self-dual, in which case the middle
expression contributes to the order of the pole if and only if I(νμ) 	 I(νμτ ). This
means that either ν = ντ or μ = μτ , implying that either I(ν) or I(μ) is not
cuspidal, in contradiction to our original assumption.

Note that in the analysis above, the issue of whether ν/ντ (or μ/μτ ) is invariant
under Gal(K/F ) did not arise. This is not the case for the next incomplete L-
function that we address, where we need to make the assumption that both ν/ντ

and μ/μτ are not Gal(K/F )-invariant.
We now consider LT (s, π � π × π � π) and show that, under our assumption, it

can only have a pole of order at most three. Note that

π � π 	 I(1)� I(ν/ντ )

	 1� χ� I(ν/ντ ),

where χ is the quadratic Hecke character associated toK/F . Since we have assumed
that ν/ντ is not Gal(K/F )-invariant, we know that I(ν/ντ ) is cuspidal. Thus

LT (s, π � π × π � π) =ζT (s)LT (s, χ)2LT (s, χ× χ)LT (s, I(ν/ντ ))

· LT (s, χ× I(ν/ντ ))LT (s, I(ν/ντ )× I(ν/ντ )).

On the right-hand side, the first and third L-functions have simple poles at s = 1.
The last L-function has a simple pole at s = 1 if I(ν/ντ ) is self-dual, otherwise it
is invertible at that point. The remaining L-functions on the right-hand side are
all invertible at s = 1. Therefore the L-function on the left-hand side has a pole of
order at most three.

Taking a similar approach to the analysis of the remaining incomplete L-functions,
we obtain ∑ aivav

jbkvbv
l

Nvs
=k(i, j, k, l) · log

(
1

s− 1

)
+ o

(
log

(
1

s− 1

))
as real s → 1+, where k(i, j, k, l) is a non-negative integer such that

k(i, j, k, l) ≤

⎧⎪⎪⎨⎪⎪⎩
1 for (i, j, k, l) = (2, 1, 0, 1), (0, 1, 2, 1), (1, 2, 1, 0),

and (1, 0, 1, 2),
2 for (i, j, k, l) = (1, 1, 1, 1), (2, 0, 0, 2), and (0, 2, 2, 0),
3 for (i, j, k, l) = (2, 2, 0, 0) and (0, 0, 2, 2).
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Continuing with our proof, we divide inequality (2.1) by log (1/(s− 1)), take the
limit inferior as s → 1+, and examine the asymptotic properties of the series given
our non-twist-equivalent condition. We obtain

2 ≤ (18)1/2 · δ(S)1/2,

which gives

2

9
≤ δ(S).

Thus π and π′ differ locally at a set of places of lower Dirichlet density at least 2/9.
We now consider the case where both dihedral automorphic representations sat-

isfy property P. Again we write π = IFK(ν) and π′ = IFK(μ), where μ, ν are Hecke
characters for K; this time both ν/ντ and μ/μτ are Gal(K/F )-invariant.

Note that

π � π 	I(1)� I
( ν

ντ

)
	1� χ� ν

ντ
�
( ν

ντ
· χ

)
.

We also know that π � π 	 1�Adπ, so

Adπ 	 χ� ν

ντ
� (

ν

ντ
· χ),

and similarly,

Adπ′ 	 χ� μ

μτ
� (

μ

μτ
· χ).

We now want to consider the lower Dirichlet density of the set

S := {v | av(Adπ) �= av(Adπ′)},

as this will give us a lower bound for the lower Dirichlet density of the set

S′ := {v | av(π) �= av(π
′)}.

We first determine the decompositions of the relevant incomplete L-functions.

Lemma 6. Given π = IFK(ν) and π′ = IFK(μ), where μ and ν are Hecke characters
for K such that both ν/ντ and μ/μτ are Gal(K/F )-invariant, we have

LT (s,Adπ ×Adπ) =ζT (s)LT
(
s,

ν

ντ
· χ

)2

LT
(
s,

ν

ντ

)2

LT
(
s,

ν

ντ
· ν

ντ

)2

· LT
(
s,

ν

ντ
· ν

ντ
· χ

)2

,

LT (s,Adπ ×Adπ′) =ζT (s)LT
(
s,

ν

ντ
· χ

)
LT

(
s,

ν

ντ

)
LT

(
s,

μ

μτ
· χ

)
· LT

(
s,

ν

ντ
· μ

μτ

)2

LT

(
s,

ν

ντ
· μ

μτ
· χ

)2

LT

(
s,

μ

μτ

)
,

LT (s,Adπ′ ×Adπ′) =ζT (s)LT

(
s,

μ

μτ
· χ

)2

LT

(
s,

μ

μτ

)2

LT

(
s,

μ

μτ
· μ

μτ

)2

· LT

(
s,

μ

μτ
· μ

μτ
· χ

)2

.
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Proof. As in the proof for Lemma 5. �

Since ν/ντ and μ/μτ are Gal(K/F )-invariant, we deduce that they are quadratic
characters. Neither of them is equal to χ, as this would imply that

I(ν) 	 ν � (ν · χ),

or the same for μ, and thus either π or π′ would not be cuspidal. So LT (s,Adπ ×
Adπ) and LT (s,Adπ′ × Adπ′) have a pole of order three at s = 1. We also note
that ν/ντ cannot be equal to μ/μτ or χ · μ/μτ , otherwise π and π′ would have
adjoint lifts that agree locally almost everywhere and thus be twist-equivalent, in
contradiction to the assumption made at the beginning of this section. Therefore,
LT (s,Adπ ×Adπ′) has a pole of order one at s = 1.

We apply this to the following inequality which has been obtained via the applica-
tion of the Ramanujan bound (which is known to hold for dihedral representations)

∑
v �∈T

|av(Adπ)− av(Adπ′)|2
Nvs

≤ 16
∑
v∈S

1

Nvs
.

Dividing by log(1/(s− 1)), taking the limit inferior as s → 1+, and examining the
asymptotic properties of the resulting inequality, we obtain 1/4 ≤ δ(S). The same
bound then holds for the lower Dirichlet density of the set S′, which is sufficient
to claim that π and π′ differ locally for a set of places of lower Dirichlet density
greater than 2/9.

We move on to the case where exactly one of the dihedral automorphic represen-
tations satisfies property P, and we use the same notation as before. Without loss
of generality, let us say that property P holds for π = I(ν) (i.e., ν/ντ = (ν/ντ )τ ).
We will compare π = I(ν) and π′ = I(μ) and show that av(π) and av(π

′) differ at
a set of places of density at least 1/4.

Note that for any place w of K, we have that ν(w) = ±ντ (w). For a place v of F ,
this implies |av(I(ν))| = 0 or 2. On the other hand, μ/μτ �= (μ/μτ )τ , so μ2/(μτ )2

is not the trivial character. Then there exists a set of density 1/4 of places v of F
which split in K and at which μ2/(μτ )2 �= 1 for w | v. Thus μ(w) �= ±μτ (w), and
so |av(I(μ))| �= 0 or 2. Therefore, I(ν) and I(μ) differ locally at a set of places of
density at least 1/4.

Lastly, we address the case where exactly one of the cuspidal automorphic rep-
resentations is not dihedral. This follows in a similar manner to the proof of The-
orem 3(ii) in the previous section (as well as the first case of this proof). We will
elaborate on this for LT (s, π � π × π′ � π′).

Let us say that π is non-dihedral and π′ = I(μ). Then

π′ � π′ 	 I(μ2)� I(μμτ )

	 I(μ2)� μμτ � μμτ · χ.

Note that I(μ2) may or may not be cuspidal, depending on the properties of μ.
One knows that

π � π 	 Sym2π � ω,
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where ω is the central character of π, and Sym2π is cuspidal. Making use of these,
we find that

LT (s, π � π × π′ � π′) =LT (s, Sym2π × I(μ2))LT (s, Sym2π × μμτ )

· LT (s, Sym2π × μμτ · χ)LT (s, ω × I(μ2))

· LT (s, ω × μμτ )LT (s, ω × μμτ · χ).
The first three L-functions on the right-hand side will be invertible at s = 1. The

fourth L-function will either be invertible at s = 1 or have a simple pole there. At
most one of the last two L-functions (on the right-hand side) can have a (simple)
pole at s = 1. So the L-function on the left-hand side has a pole of order at most
two.

The analysis of the remaining quadruple-product L-functions follows in a similar
way, and we obtain∑ aivav

jbkvbv
l

Nvs
=k(i, j, k, l) · log

(
1

s− 1

)
+ o

(
log

(
1

s− 1

))
as real s → 1+, where k(i, j, k, l) is a non-negative integer such that

k(i, j, k, l) ≤

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0 for (i, j, k, l) = (2, 1, 0, 1), (0, 1, 2, 1), (1, 2, 1, 0),

and (1, 0, 1, 2),
1 for (i, j, k, l) = (1, 1, 1, 1),
2 for (i, j, k, l) = (2, 2, 0, 0), (2, 0, 0, 2), and (0, 2, 2, 0),
4 for (i, j, k, l) = (0, 0, 2, 2).

Divide inequality (2.1) by log (1/(s− 1)) and take the limit inferior as s → 1+.
Then

2 ≤ (14)1/2 · δ(S)1/2,
giving

2

7
≤ δ(S),

which completes the proof of Theorem 3.

4. Examples

We begin by constructing examples to establish that Theorems 1, 2, and 3(ii)
are sharp. We then describe the example of Serre which demonstrates that Ra-
makrishnan’s refinement of strong multiplicity one [22] is also sharp. We finish by
addressing the remaining examples from Theorem 4.

4.1. An octahedral example for Theorem 1. We prove the existence of a pair
of non-isomorphic octahedral automorphic representations that agree locally for a
set of places of density 3/4, proving that Theorem 1 is sharp.

Let S̃4 denote the binary octahedral group, which is a double cover of the octa-
hedral group S4 and has presentation

〈α, β, γ | α4 = β3 = γ2 = −1〉.

The conjugacy classes are [1], [−1], [αi], [βj ], [γ], where i = 1, 2, 3 and j = 1, 2. They
have sizes 1, 1, 6, 8, and 12, respectively.
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Two of the 2-dimensional complex irreducible representations of the binary oc-
tahedral group have the following character table:

[1] [−1] [α] [α2] [α3] [β] [β2] [γ]

η 2 −2
√
2 0 −

√
2 1 −1 0

η′ 2 −2 −
√
2 0

√
2 1 −1 0

Given number fields K and F such that Gal(K/F ) 	 S̃4 and given the complex
representations ρ, ρ′ associated to this Galois group which arise from η, η′ (respec-
tively), we apply the Chebotarev density theorem to determine that

trρ(Frobv) = trρ′(Frobv)

holds for a set of finite places v of density exactly 3/4. Applying the Langlands–
Tunnell theorem (see [30]), we obtain the corresponding cuspidal automorphic rep-
resentations π and π′ with the required properties.

4.2. A dihedral example for Theorem 2. We shall establish the existence of a
pair of dihedral cuspidal automorphic representations that are not twist-equivalent
but agree locally for a set of places of density 7/9.

Consider two number fields K,K ′ which are S3-extensions of a number field
F such that K ∩ K ′ is a degree 2 (Galois) extension of F (for example, K =

Q(ζ3,
3
√
5), K ′ = Q(ζ3,

3
√
7), and F = Q). Note that S3 has a complex irreducible

representation of degree 2 that has the following character table:

[(1)] [(12)] [(123)]
τ 2 0 −1

Fixing isomorphisms

Gal(K/F ) 	 S3 	 Gal(K ′/F )

we obtain two dihedral Artin representations ρ, ρ′.
We now establish the density of the set of primes at which the respective Frobe-

nius conjugacy classes are equal and determine that the two representations are not
twist-equivalent. Since

Gal(KK ′/F ) 	 {(φ, ψ) ∈ Gal(K/F )×Gal(K ′/F ) | φ|K∩K′ = ψ|K∩K′}

and

Frobv,KK′/F |K(′) = Frobv,K(′)/F ,

we apply the Chebotarev density theorem to determine the density of places at
which pairs of the form (trρ(Frobv,K/F ), trρ(Frobv,K′/F )) occur:

φ, ψ (trρ(Frobv,K/F ), trρ(Frobv,K′/F )) density
(1),(1) (2,2) 1/18
(1),(123) (2,−1) 2/18
(123),(1) (−1,2) 2/18
(123),(123) (−1,−1) 4/18
(12),(12) (0,0) 9/18

Examining the table, we conclude that the respective traces of Frobenius agree
exactly for a set of places of density (1 + 4 + 9)/18 = 7/9. The strong Artin
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conjecture for solvable groups [1] then implies the existence of dihedral automorphic
representations π, π′ that agree locally for a set of density 7/9.

Now we determine that the automorphic representations are not twist-equivalent.
Observe that, for a positive density of places v, both

av(π) = 2,

av(π
′) = −1

hold. The quotient of their absolute values is not equal to 1, and so π and π′ cannot
differ by a unitary Hecke character. Therefore, we can conclude that Theorem 2 is
sharp.

4.3. An icosahedral example for Theorem 3(ii). We construct a pair of non-
twist-equivalent (odd) icosahedral automorphic representations whose Hecke eigen-
values are equal at a set of places of density 3/5, which will imply that Theorem 3(ii)
is sharp.

To address the structure of icosahedral Artin representations, we make use of
the following proposition from [32, Proposition 2.1]:

Proposition 7 (Wang). Let

r : Gal(Q/Q) → GL2(C)

be an icosahedral representation, and denote its image as G. Then

G 	 (Ã5 × μ2m)/± (1, 1),

where Ã5 is the binary icosahedral group (which is isomorphic to SL2F5), and μ2m

is the group of roots of unity of order 2m.
An irreducible representation ρ of G can be decomposed uniquely into a pair

(ρ0, χ) where ρ0 = ρ|
˜A5

is an irreducible representation of Ã5, χ = ρ|μ2m
is a

(1-dimensional) representation of μ2m, and we have the condition

ρ0(−1)χ(−1) = I.

Every such pair of irreducible representations gives an irreducible representation of
G.

Let us now consider the 2-dimensional irreducible representations for the binary

icosahedral group Ã5. This group has presentation

〈α, β, γ | α5 = β3 = γ2 = −1〉.

The conjugacy classes are [1], [−1], [αi], [βj ], and [γ], where i = 1, 2, 3, 4 and j = 1, 2.
Their sizes are 1, 1, 12, 20, and 30, respectively. The binary icosahedral group has
exactly two complex irreducible representations of dimension 2, with character table

{1} {−1} [α] [α2] [α3] [α4] [β] [β2] [γ]
η 2 −2 c −c′ c′ −c 1 −1 0
η′ 2 −2 c′ −c c −c′ 1 −1 0

where

c =
1 +

√
5

2
and c′ =

1−
√
5

2
.
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Fix an Artin representation

τ : Gal(Q/Q) → GL2(C)

that is of odd icosahedral type. Now Proposition 7 implies that τ factors through
a finite Galois group G which is isomorphic to

(Ã5 × μ2m)/± (1, 1)

for some m.
Decomposing the representation into the pair (τ0, χ) of irreducible representa-

tions on Ã5 and μ2m (respectively), we note that τ0 must be isomorphic to either η
or η′ from the character table above. Let τ ′0 correspond to the other representation.
We construct another icosahedral Artin representation τ ′, corresponding to the pair
(τ ′0, χ), which is also odd. We then apply the Chebotarev density theorem, which
implies that

tr τ (Frobv) = tr τ ′(Frobv)

holds for a set of places v of density 3/5.
To these two representations τ and τ ′ we apply the strong Artin conjecture for

odd icosahedral representations (due to Khare–Wintenberger [13,14] and Kisin [18])
and obtain corresponding icosahedral automorphic representations, which we de-
note as π and π′, respectively.

We now determine that they are not twist-equivalent. There exist a positive
density of places v where

av(π) = c · χ(α),
av(π

′) = c′ · χ(α)

both hold simultaneously. The quotient of their absolute values is not 1, so π and
π′ cannot differ by a unitary Hecke character.

As mentioned earlier, we point out that we do not need to rely on the work of
Khare–Wintenberger and Kisin in order to produce a suitable pair of icosahedral
representations. Instead we can make use of one of the earlier examples of (odd)
icosahedral representations, such as the one whose modularity is addressed by [4]
and is described in [12]. This representation ρ is associated to the polynomial
(which describes the splitting field) x5 − 8x3 − 2x2 +31x+74, has conductor 3547,
and odd quadratic determinant. It corresponds to a weight one modular form that
we will denote as f = f(ρ).

As before, we write ρ as (ρ0, χ) and construct another icosahedral Artin rep-
resentation ρ′ which corresponds to (ρ′0, χ), where ρ0 corresponds to one of the
complex irreducible 2-dimensional representations η or η′ in the character table
above, and ρ′0 corresponds to the other. Now tr(ρ(Frobp)) ∈ Q(

√
5), and this new

representation ρ′ can also be constructed by precomposing ρ with the non-trivial
automorphism τ of Gal(Q(

√
5)/Q). On the modular side, fτ is the weight one

icosahedral modular form that corresponds to ρ′. By the same reasoning as earlier,
we note that f and fτ are not twist-equivalent. Applying the Chebotarev den-
sity theorem, we see that the set of primes at which f and fτ have equal Hecke
eigenvalues has density 3/5.
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4.4. An example of Serre. Here we briefly describe the dihedral example of
J.-P. Serre [26] which demonstrates that D. Ramakrishnan’s refinement of strong
multiplicity one [22] is sharp.

The quaternion group Q8 has a unique 2-dimensional complex irreducible repre-
sentation, which we will denote as τ . Consider the group

G = Q8 × {±1}

and define two representations of G, denoted by ρ and ρ′, as τ ⊗ 1 and τ ⊗ sgn,
respectively. We note that both ρ and ρ′ are irreducible. The quaternion group, and
thus G, are known to appear as a Galois group of a finite extension of number fields.
Therefore, any representation of G can be lifted to a representation of Gal(Q/Q).

Now let S be the subset {(+1,−1), (−1,−1)} of G. The traces of ρ and ρ′ agree
exactly outside S, and note that |S|/|G| = 2/24 = 1/8. Since G is nilpotent, by
Arthur–Clozel [1] the strong Artin conjecture holds for ρ and ρ′, so there exist corre-
sponding (dihedral) cuspidal automorphic representations π and π′. One concludes
that D. Ramakrishnan’s theorem is sharp.

4.5. Further examples. We construct the three remaining examples from Theo-
rem 4.

The twist-equivalent icosahedral pair of automorphic representations can be con-
structed as follows: Consider the icosahedral cuspidal automorphic representation
π from subsection 4.3 and let χ be a quadratic Hecke character. Using the character
table from that subsection and the Chebotarev density theorem, we see that the
pair π and π ⊗ χ agree locally exactly at a set of places of density 5/8.

For the construction of the two examples of pairs of tetrahedral representations in
Theorem 4, we will need to make use of the character table for the binary tetrahedral
group. First, define i, j, and k to be the quaternions and let ω = − 1

2 (1 + i+ j + k)
(note that ω has order 3). Then the binary tetrahedral group is generated by i, j, ω.
The character table for the irreducible representations of dimensions one and two
is:

{1} {−1} [i] [ω] [−ω] [ω2] [−ω2]
χ0 1 1 1 1 1 1 1
χ1 1 1 1 ζ ζ ζ2 ζ2

χ2 1 1 1 ζ2 ζ2 ζ ζ
ρ 2 −2 0 −1 1 −1 1

ρ⊗ χ1 2 −2 0 −ζ ζ −ζ2 ζ2

ρ⊗ χ2 2 −2 0 −ζ2 ζ2 −ζ ζ

where ζ = e2πi/3. Note that the conjugacy class [i] has size 6, and the conjugacy
classes [ω], [−ω], [ω2], and [−ω2] all have size 4.

Since ρ has tetrahedral image in PGL2(C), it corresponds, by Langlands [19], to
a tetrahedral automorphic representation π for GL(2). If we twist π by a quadratic
Hecke character χ, we note that π and π ⊗ χ agree locally at a set of places of
density 5/8.

We move on to the example of the non-twist-equivalent pair of tetrahedral repre-
sentations. Now an Artin representation of tetrahedral type which factors through
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a binary tetrahedral Galois group Gal(K/F ) has the structure

K

2

L

4

k

3

F

where L/F and k/F are Galois extensions with groups isomorphic to A4 and Z/3Z,
respectively.

We consider two tetrahedral representations ρ1 and ρ2 such that they factor
through Galois groups Gal(K1/F ) and Gal(K2/F ), respectively, with structure

K1 K2

L1

��
��

��
��

L2

��
��
��
��

k

F

where L1 �= L2 and K1 �= K2.
We now need to establish the Galois group of the compositum K1K2. We make

use of the embedding

Gal(K1K2/F ) ↪→ Gal(K1/F )×Gal(K2/F ),

σ �→ (σ|K1
, σ|K2

),

which has image

H = {(φ, ψ) | φ|K1∩K2
, ψ|K1∩K2

}.
Expressing Gal(K1K2/F ) as a subset of Gal(K1/F ) × Gal(K2/F ), we see that

it consists exactly of:

• pairs of the form (a, b) where a, b ∈ {±1,±i,±j,±k},
• pairs of the form (a, b) where a, b ∈ {±ω,±iω,±jω,±kω},
• pairs of the form (a, b) where a, b ∈ {±ω2,±iω2,±jω2,±kω2}.

Since

Frobv,K1K2/F |Ki
= Frobv,Ki/F

for i = 1, 2 (as mentioned earlier), we now just need to count the occurrences of
pairs whose components have the same trace. These are:

• pairs (1, 1) and (−1,−1),
• pairs (a, b) where a, b ∈ {±i,±j,±k},
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• pairs (a, b) where a, b ∈ {ω,−iω,−jω,−kω},
• pairs (a, b) where a, b ∈ {−ω, iω, jω, kω},
• pairs (a, b) where a, b ∈ {ω2, iω2, jω2, kω2},
• pairs (a, b) where a, b ∈ {−ω2,−iω2,−jω2,−kω2}.

Counting the number of these pairs (1+1+36+16+16+16+16), out of a group
of order 192, we obtain a density of 17/32 (using the Chebotarev density theorem)
for those primes whose image of Frobenius under the two different representations
have equal traces.

We lift these representations to Gal(F/F ), and by Langlands [19] we obtain the
existence of tetrahedral cuspidal automorphic representations π, π′ such that the
set

{v | v unramified for π and π′, av(π) = av(π
′)}

has a density of 17/32.
The element (1, i) in Gal(K1K2/F ) has components which have traces 2 and 0,

respectively. This means that there exist places v of F where both

av(π) = 2,

av(π
′) = 0

hold. Therefore, π and π′ cannot be twist-equivalent by a unitary Hecke character.
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