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Abstract

We prove that the critical Wave Maps equation with target S? and origin R?*! admits energy
class blow up solutions of the form

u(t,r)=QUA)r) +e(t,r)

where Q : R?> — S? is the ground state harmonic map and A(t) = ™!~ for any v > 0. This
extends the work [17], where such solutions were constructed under the assumption v > %
Also in the later chapter, we give the necessary remarks and key changes one needs to notice
while the same problem is considered in a more general case while .4 is a surface of revolution.
We are also able to extends the blow-up range in Carstea’s work [3] to v > 0. In light of a result

of Struwe [29], our results are optimal for polynomial blow up rates.

Key words: critical wave equation, hyperbolic dynamics, blow-up, scattering, stability, invari-
ant manifold.






Résumé

Nous montrons que I'équation critique de la carte d’'onde avec la cible S? et I'origine

[R2+1

admet des solutions pour I'explosion de la classe énergétique de la forme
u(t,r)=QW@r) +e(t,r)

ol1 Q : R? — S? est le plan harmonique de I'état fondamental et A(¢) = t~1= pour tout v > 0.
Cela étend le travail [17], ou de telles solutions ont été construites sous '’hypotheése v > % Dans
le chapitre suivant, nous offrons les remarques indispensables et les changements nécessaires
lorsque le méme probléme est considéré dans un cas plus général, tandis que .4 est une
surface de révolution. Nous sommes également en mesure d’étendre I'intervalle d’explosion
dans [3] a v > 0. Compte tenu d’un résultat de Struwe [29], nos résultats sont optimaux pour
des taux d’explosion polynomiaux.

Mots clés : équation d’onde critique, dynamique hyperboliques, blow-up, diffusion, stabilité,
variété invariante.
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Introduction

More than a hundred years ago, Poincaré wrote in his address to the first ICM (International
Congress of Mathematicians) the following

“.. The combinations that can be formed with numbers and symbols are an infinite multitude.
In this thicket how shall we choose those that are worthy of our attention? Shall we be guided
only by whimsy?...This would undoubtedly carry us far from each other, and we would rapidly
cease to understand each other. But that is only the minor side of the problem. Not only will
physics perhaps prevent us from getting lost, but it will also protect us from a more fearsome
danger...turning around forever in circles. History shows that physics has not only forced us to
choose from the multitude of problems which arise, but it has also imposed on us directions
that would never have been dreamed of otherwise... What would be more useful!”

In that article, he gave a inspiring analysis of the interactions between Mathematics and
Physics. Einstein also believe that any important advance in Physics will wake up a new major
developments in Mathematics, which he proved that point himself via his marvelous General
Relativity Theory. From the point of view of mathematicians in this context, in the end of his
Lecture notes on Differential Geometry, Chern also argued that

“.. without the theory of relativity, Riemannian geometry would hardly have enjoyed the status
it does among mathematicians.”

Looking into the connecting area between Mathematics and Physics, or we call Mathematical
Physics, PDE is an unavoidable and important subject. However in his article PDE as a unified
subject, Klainerman argued

“.. It is the passage from local to global properties which forces us to abandon any generality and
take full advantage of the special features of the important equations... The field of PDE, as a
whole, has all but ceased to exist, except in some old fashioned textbooks. What we have instead
is a large collection of loosely connected subjects... We can redraw the boundaries between the
two subjects (Mathematics and Physics) in a way which allows us to view PDE as a core subject
of Mathematics, with an important applied component.”

Most of the basic PDEs are derived for the sake of combining the simple first principles
with some of the underlying geometric principles of modern Physics. For example the heat,
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Schrodinger and wave operators 9, — A, %Ot — A and 0% — A are very simple evolution operators
one can form from a more basic operator, what we call Laplacian A. A is a fundamental
differential operator which is invariant under the group of isometries or rigid transformations
of R", the Euclidean space. The wave operator, which gives wave equations, my area of
doctoral study, has a similar way of association to the Minkowski space R"*! comparing to
how A associates to R”. Moreover, the solutions to the equation A¢ = 0 can be viewed as a
time independent solution to O¢ = 0, where O = 8% — A.

Making an agreement that the speed of light is 1, we can write the free wave equation in R" as

G i 0% ) u(t,x) =0
i=1
This equation describes the free motion of an n-dimensional surface in an ambient Euclidean
space (a string, the surface of a drum, or the atmosphere are examples while n = 1,2,3). If
we generalize this equation a bit, instead of considering the motion in Euclidean space, we
consider the free motion of a point in a Riemannian manifold, then the relevant equation in
this context is the geodesic flow equation

v@(t)—o
T

where V; is the covariant derivatives. The wave map equation
ou 1 ou
Vi(—(t,x) = V,.—(t,x
15, (%) ]ZZI x]axj( )

is the natural combination of the these equations. The motion of a string that is constrained to
lie on a sphere would be given as a wave map, as such, wave maps are one of the fundamental
equations of geometric motion.

A wave map is formally defined as a map u from n + 1 dimensional Minkowski space-time
with signature (-1,1,...,1) to a Riemannian Manifold 4. It is defined as a critical point of the
action functional, which is the following Lagrangian

ZL(u) :=f Oqu,0%uy 4 do, 0% = m“ﬁdﬁ
RZH

where a = 0,1, ..., n, and m®? is the Minkowski metric.

R3*1 — S3 has application to nonlinear sigma model[14] from quantum field

The wave map u:
theory in modern physics, so it is very interesting to study the cases when target manifolds
are spheres. The case u: R?**! — H? is a model problem arising from the study of Einstein’s
equation[4]. The curvature of the target manifold plays an important role in the global well-
posedness properties of the corresponding equation. One interesting fact is that because In the

energy critical case (we will explain below what is energy critical) global well-posedness fails
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for the S? target, while it holds for H? (see below theorem 0.0.1 and see[20, 21] and references
therein). Another important observation is wave maps are the natural hyperbolic analogues of
the much studied harmonic map heat flow, which in local coordinates is described by

n
oru' =Au'+ ) F;kaaufa"‘uk
a=1

Considering the following model equation
Ou=N(w,Vu), (u0:u)lt=0= (up, 1) (0.0.1)

for some smooth N(., .). Wave maps in local coordinates fall into this category. Major stud-
ies of this problem fall into the following directions: i) local existence theory(strong local
well-posedness); ii) small data global existence theory(weak global well posed-ness); iii) ap-
proaching the large data problem in the critical dimension n=2 and hyperbolic target; iv)
imposing symmetry: radial and equivariant wave maps in the case n=2; v) singularity forma-
tion in the critical dimension. For details of the main results upon to those domain, we refer
the reader to a very well-written survey paper on wave maps by Krieger [19] and the references
therein.

In this paper, we study the blow-up solutions of energy critical co-rotational wave map equa-

tion on R%*!

— & with polynomial blow-up rate in the case when .4 is a surface of revolu-
tion. Before we move further, we shall explain first about energy critical and definition of

co-rotational.

Scaling constraints. Assume that the set of solutions u(t, x) of (0.0.1) is invariant under the
scaling transformation u(t, x) — A%u(At, 1x).Then one introduces the critical Sobolev index

Sc = g — a. Observe that the norm

luoll gpse + llur ll gse—
is left invariant under the re-scaling. Note that

Sc =

2
for wave maps in the local coordinate formulation.

Energy constraints. A quantity
Elul Z llull o + llueell ot

which is preserved under the flow. Then one distinguishes between: i) energy subcritical
Sc < $p: one expects global well-posedness, provided strong local well-posedness in the full
subcritical range, or also just for some s; < s < sp; ii) energy critical s; = so: global well-
posedness hinges on fine structure of equation; iii) energy supercritical s > sy: no global
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well-posedness for generic large data expected.

Note that when the background is 2 + 1-dimensional, wave maps are energy critical. This
means explicitly the following quantity

é:(u):zf [luel® +1Vul®|] dx (0.0.2)
[RZ
is invariant under the intrinsic scaling (recall that s, = n/2 in the local coordinate formulation)

u(t,x) — u(At,A1x)

R2+1

Co-rotational wave maps. A wave map u: — M is called equivariant provided we have

u(t,wx) = plw)u(t,x),Vo € st

Here p(w) acts as an isometry on M and w € S! acts on R? in the canonical fashion as rotations.
For global well-posedness of equivariant wave maps we have the following important results
by Shatah, Tahvildar-Zadeh [33]

Theorem 0.0.1 (Shatah, Tahvildar-Zadeh). Let the target (M, g) be a warped product manifold
satisfying a suitable geodesic convexity condition. Then equivariant wave maps u:R**! — M
with smooth data stay globally regular.

However, the case u : R>*! — S? does not satisfy the hypotheses of the preceding theorem.
Thus the discovery of the singularity for this case is very crucial. We let S' act on S? by means
of rotations around the z-axis via p(w) = kw, k€ Z/{0}, w € Sl. Fixing a k, the wave map is then
determined in terms of the polar angle, and becomes a scalar equation on R'*! as follows:

_ 2 sin(2u)

1
— U+ Upp +—Uy = 0.0.3
tt rr r r 2r2 ( )

The case k =1 in particular is called co-rotational.

The wave maps equation has a remarkable so-called null-structure, as evidenced by its explicit
form

Ou=—upy+Au=—u(—|ul+|VeulP), ult,x) € > <R3 (0.0.4)

This null-structure is responsible for the fact that (0.0.4) enjoys an almost optimal local well-
posedness property: from [15], it is known that (0.0.4) is strongly locally well-posed (in the
sense of real analytic dependence of the solution on the data) in any space H®, s > 1. On
the other hand, from [1], it is known that (0.0.4) is ill-posed (however, only in the sense of
non-uniform continuous dependence of a local solution on the data) in any H®, s < 1. In the
delicate borderline case of data in H! (corresponding to the energy (0.0.2) ), it is known!, see

LFor an earlier result in the equivariant context, see [25].
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[30], and more recently [26], that for s > 1, H®-smooth data of small enough energy result in
a global H® -smooth solution. Furthermore, the solutions scatter at infinity like free waves,
provided the initial data are C*°-smooth and constant outside of a compact set, say. In fact,
the recent result [26] furnishes the optimal energy threshold, namely that of the minimum
energy non-trivial harmonic map Q from R? — S?, without any symmetry assumptions on the
map. An earlier result [5] derived such a result in the co-rotational context. See also [6], [7] for
developments in the context of energy much above the ground state.

M. Struwe’s fundamental work [29] on the structure of singularities of co-rotational Wave maps
shows that

Theorem 0.0.2 (Struwe). Ifu is a smooth co-rotational wave map which cannot be smoothly
extended past time T, 3t; — T, A; — +oo s.t. on each fixed time slice t = t;, we can write

u(t;, x) = QA(t)x) +&(t;, x)

where Q is ground state (harmonic map) Q : R?> — S, while the local energy? of € converges to 0.

Furthermore, Struwe established an upper bound on the blow up rate

lim A(£;)(T - t;) = +oco (0.0.5)
1—00

The other side of the coin is to consider the issue of building a polynomial blow up dynamics
for critical co-rotational wave maps from R?>*! into S?, the standard two-dimensional sphere.
Since the work [17], and later [23], it has been known that for any & > 0, there exist initial data®
of energy & (Q) + € and which lead to finite time singularity formation. See also [24] for blow
up solutions with energy > 4£(Q). In fact, the works [17], [23], produced different blow up
rates, the former exhibiting a continuum of blow up rates, the latter a more rigid rate but in
turn demonstrably stable (within the co-rotational class). The blow up rates exhibited in [17],
[23] obey the asymptotic behavior described in [28], and in fact we have

A =(T-0"!
with v > % for the solutions constructed in [17].

It then remains a very natural question to decide whether in fact all v > 0 are admissible. In
this thesis, we provide a positive answer to this. To formulate the main theorem, we recall that
co-rotational wave maps may be parametrized in terms of a function u(¢, r) — R which solves
the scalar wave equation

sin(2u)

1
04U+ 0, u+—-0,u=——— (0.0.6)
r 2r2

24 ocal’ refers to the area inside the light cone around the singular point.
3They may be chosen of any regularity HY, s > 1.
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In terms of this representation, the ground state harmonic map (which corresponds to a static
wave map) is given by

Q(r) =2arctanr

The function u(t, r) is to be thought of as a function on R?, thus the conserved energy is given
by

o0 sinz(u)
f [ +up|* + ———] rdr
0 r

Theorem 0.0.3. For anyv >0, there exist T > 0% and co-rotational initial data ( f,8) with
RN S
(f-mg€eH,* xHpy

which result in a® solution u(t,r), t € (0, T] which blows up at time t = 0 and has the following
representation:

u(t,r)=QA)r) +e(t,r)
where A(t) = t~'7", and such that the function
@,1) — (ee(t, 1), e%%,(t,1)) € H™ (R} x H'~(R?)
uniformly in t. Also, we have the asymptoticast — 0
Eloc(e(t,)) S (EA(D) log? t
This thesis will be organized as following: in Chapter 1, we give our approach to the main
theorem which is following closely the one in [17], with a key modification in the second part

which essentially follows [16]. Specifically, we recall that the construction in [17] has two
essentially distinct stages:

¢ In afirst stage, we construct an approximate solution, denoted by
Uapprox(t, 1) = QA()T) + u®(t,r)

where the correction term u°(t,r) is obtained by iteratively solving certain ’elliptic
approximations’ to the wave equation (0.0.6). While u4pprox(£, ) is not an exact solution
of (0.0.6), it is a very accurate solution, in that we can ensure that given N = 0, we can

4Note that we switch between forward and backward light cones from time to time, however, essentially the
arguments are in the same context.
5Here we use the identification of the wave map with a function u(t, r) as before.
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ensure that the error

Sin(zuapprox)

5 = o0u™).

1
_attuapprox +0rr Uapprox T ;ar Uapprox —
Of course the larger N, the more ’elliptic correction terms’ need to be added to Q(A(#)r).
It is important to observe here that the restriction v > % imposed in [17] does not come
in at this stage; in fact, any v > 0 will suffice.

* In a second stage, we complete the approximate solution ugpprox t0 an exact one by
adding a correction term £(¢, ). This latter correction term is now determined by solving
an actual wave equation, albeit one with a time dependent potential term. Dealing with
the latter forces one to develop some rather sophisticated spectral theory. To find ¢, one
implements a fixed point argument in a suitable Banach space, and it is here, in the
treatment of the nonlinear terms with singular weights, that the restriction on v comes
in. Indeed, in Lemma 9.5 in [17], the bound (notation to be explained further below)

3
IR2fgll o1 SIFI porllgl o1
H, 4 H, ? Hy ’

is derived which holds provided a > %. Since the iterates for ¢ live naturally in the space

1

3 used in [17] follows.

3ty .
Hg 2 | the condition v >
In the present work, we overcome this restriction as follows:

* First, we analyze the ’zeroth iterate’ (to be explained below) for (a suitable variant of)e,
and show that we can split this into the sum of two terms, one of which has a regularity
gain which lands us in the regime where the Lemma 9.5 in [17] is applicable, the other of
which does not gain regularity but satisfies an a priori L°°-bound near the symmetry axis
R =0. Note that the regularity requirement in Lemma 9.5 in [17] comes primarily from
the singular weight R?atR= 0, and so an a priori bound on the (weighted) L* norm
will be seen to suffice to estimate an expression such as R3¢, Intuitively, the reason
why we can control the part of the zeroth iterate near R = 0 comes from the fact that the
singular behavior of the approximate solution from the first part of the construction and
the error it generates is localized to the boundary of the light cone.

* Second, by writing the equation for the distorted Fourier transform of (a variant of ) € in
a way that subtly differs from the one in [17], we manage to show that the higher iterates
all differ from the zeroth iterate by terms with a smoothness gain. This will then suffice
to show the desired convergence.

In chapter 2 we will study the same problem in a different or more general case while .4 is a
surface of revolution with polynomial blow-up rate. We are able to extend the blow-up range
in [3] to v > 0. This work relies on and generalizes the result in Chapter 2, where the target
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manifold is chosen as the standard sphere. The blow-up range we prove there is also optimal
for polynomial blow up rates according to the result of Struwe [29].



1] Optimal polynomial blow up range
for critical wave maps

1.1 Construction of an approximate solution

Here we shall follow closely the procedure in [17], but also correct for certain (inessential)
algebraic errors in the latter reference. In particular, we shall slightly modify the function
spaces used (again without any major consequence). Denote

R=AOr A =t"1",v>0

Also, write uy(R) := Q(R) = 2arctan R. The reader should be aware that we are building the
approximate solution within the light cone. While picking a small enough neighborhood of 0,
R ~ O refers to the area around ¢ axis while R ~ oo refers to the inside part light cone.

We state the following, quite analogous to the result in [17]:
Theorem 1.1.1. Assume k € N. There exists an approximate solution uyy_1 (R) for (0.0.6) which
can be written as

Ck
(t1)?

(log(1 + R?))?

Clk )
(tA)?

(M)ZRlog(l +RY) +

Upk-1(2,7) = Q(R) +

+0(

with a corresponding error of size'

R(log(1 + R%))?
(IA)Zk

)

R 1
L =0--—)"2"0
er—1 = ( /1t) (

Here the implied constant in the O(...) symbols are uniform in t € (0,6] for somed = 6(k) >0
sufficiently small.

The construction of this solution follows very closely the treatment in [17]. Specifically, we

1
1The extra factor (1 - %)_5 here arises for v < %, and is not present in [17].



Chapter 1. Optimal polynomial blow up range for critical wave maps

shall arrive at the k-th approximation by adding k correction terms to ug:
k
U = Up + Z vj
j=1
Write

sin(Quy)

1
2 2
e =05ur—05ur— —0r U+
t r r r 272

From [17] we recall how the correction terms vy are computed inductively: for each k, we
employ a splitting

ex=e)+ep

where e,lC denotes certain higher order error terms relegated to a later stage of the inductive
process. Then depending on whether k is even or not, we define

1 cos(2up)
(6$’+;6r_T)v2k+1:e(2)k (1.1.1)
(—62+62+16 —i)u =) (1.1.2)
¢ T T O T ) Y2k = Cog -4

where we impose trivial Cauchy data at r = 0, resulting in the new error terms

1 2 1
€2k+1 = €y — 07 V2k 41 + Nogy1 (V2k41), €2k = €5 + Nog(V2g)

Here we have introduced the expressions

1—cosuisp_ Ny AT
Nop (v) = L2 C08@U2k-1) | SIN@U2)) (oo COSCUL) ) 00
r2 2r2 2r2
(1.1.3)
cos(2ugy) —cos(u sin(2 cos(2
Nojorq (v) = O82U0) —cOSQUar) | SINGUE) ([ o0y 4 SOSEUWK) 5 00y
r2 2r2 2r2
(1.1.4)

The key fact for this construction is that while (1.1.2) is a wave equation, the ansatz that we
will use to construct v, will allow us to reformulate this problem as a singular elliptic Sturm-
Liouville problem, which can be solved by standard ODE methods. It will then be seen that
the errors are in fact decreasing near ¢ = 0. The main challenge is to control the (increasingly
complicated) corrections vy by placing them in suitable function spaces.

We now define these spaces, implementing very subtle changes compared to [17], in the
definition of the ingredients of S™(R*(logR)!, 2,,) below:

2To be more precise in Step 2 below.

10



1.1. Construction of an approximate solution

Definition 1.1.2. Fori €N, let j(i) = i if v is irrational, respectively j(i) = 2i if v is rational.
Then

* 2 is the algebra of continuous functions q : [0, 1] — R with the following properties:
(i) q is analytic in [0,1) with even expansion around a = 0.
(ii) near a = 1 we have an absolutely convergent expansion of the form
o0 0 ,
4@ =qo(@+ ) 1-a)fV*2 ¥ g (@) (log(l - @)’
i=1 j=0
- _ i) ,
+Y (1-aPP*2 Y G (a)(log - @)’
i=1 j=0

with analytic coefficients qq, q;,j, and (i) = iv, E(i) =vi+ %

* 9, is the algebra which is defined similarly, but also requiring q; ;(1) =0 if i =2n+ 1.

We also define the space of functions obtained by differentiating 2,,:

Definition 1.1.3. Define 2' as in the preceding definition but replacing (i) by ' (i) := p(i) -1,
and similarly for 2),.

The next definition also differs slightly from the one in [17], see also [16]:

Definition 1.1.4. S”(Rk(logR)l) is the class of analytic functions v : [0,00) — R with the follow-
ing properties:

(i) v vanishes of order n at R = 0.

(ii) v has a convergent expansion near R = oo

v="Y ¢;;R""(logR)’
O<j<l+i
i20

Next, introduce the symbols

(log1+R®)> 1
2t ah?

1:

The final function space is also slightly different than the one in [17]:

Definition 1.1.5. Pick t sufficiently small such that both by, b», when restricted to the light cone
r < t are of size at most by.

o S™(R*(logR)!,2,) is the class of analytic functions v : [0,00) x [0,1) x [0, bg]® — R so that
(i) v is analytic as a function of R, by, by,

v:[0,00) x [0, by]? — 2,

11



Chapter 1. Optimal polynomial blow up range for critical wave maps

(ii) v vanishes to order m at R = 0.
(iii) v admits a convergent expansion at R = oo,

(R, b1,b))= Y. ¢ij(, b1, b)R¥ (logR)/
O<j<l+i
i=0

where the coefficients c;j : [0, bol? — 2,, are analytic with respect to by ;.

« IS™(R(logR)!,2,) is the class of analytic functions w inside the cone r < t which can
be represented as

w(t,r) = v(R,a, by, by), ve S"(RFlogR)!, 2,)

and t > 0 sufficiently small.

In the sequel, we shall show inductively that one can choose the corrections vy to satisfy the

following:
Vog_1 € ﬁISS'(R(IogR)Zk_I,Qk_l) (1.1.5)
eyt € ﬁISI(R(IogR)Zk_I,Q;C_I) (1.1.6)
Uok € WIS3(R3(logR)2k_l,Qk) (1.1.7)
Pes € (MI)Z,C [1S'(R™'(log R)*¥,2;) + (b1, bo) IS' (RUog B> 1, 2;)] (1.1.8)

and the starting error ey satisfying
eo€ ISY(R™Y

Here we denote by (b, b») the ideal generated by by, b, inside the algebra generated by by, b».
We first explicitly compute the first and second corrections v 2, and then automate the process
for the higher iterates. To begin with, from the calculation in [17], we find

2R
vv+1)——)

1(( 12 AR
eo=—((v —_—
0~ 72 (1+R2)?2 1+R?

12



1.1. Construction of an approximate solution

1.1.1 The first correction

If we try to make u; = 1 + € an exact solution, then € needs to solve

cos(2uyg) i sin(2uyg)

1
-0 +0: +—0r)e in2e + ——— (1 —cos(2¢)) = e 1.1.9
(=0 +0rr+-0r) 52 57 (26)) = e (1.1.9)
Introduce the operator
— 1 cosCuy) o, 1 1 1-6R?>+R*
L=+ —0p-——L =5+ O
RT ROR R2 RTRYR™ 2 (1+ R2)2

Now if we neglect the time derivatives —0;;¢ as well as the nonlinear term % (1 —cos(2¢))

in (1.1.9) and replace the exact correction ¢ by an approximate one v;, we obtain the following
relation

([/1)2§U1 = [260

which is a non-degenerate second order ODE and hence solvable by standard methods. Intro-
duce the conjugated operator < by means of

—.2(\/51/):\/?:?71/

Then one has

3 8
R, R —
R 4R2 " (1+R?)?2

and a fundamental system for the operator £ is given by (see [17])

S(R) = R3/2 Q(R)_—1+4R210gR+R4
1+ R? VR(1 +R2)

With this choice, we have W (¢, 0) = 2. We have the variation of constants formula
2 1 1 R / / N | R / / /
(th?v =R 29(R)f GRIWR'f(R)dR - SR 2¢(R)[ O(RWR'f(R)dR
0 0
where we have put f = t?ey. Then compute for large R and suitable constants c1, ¢2, ¢3, ¢4, d1, d2, d3, dy

R
R_”ZH(R)f G(R)VR t*ey(R")dR' (1.1.10)
0

—1+4R%logR+R* R c c c
- R(1+}g?2) fo (ct 1+;'2)(1 +§z'2 ' (1+;,2)2)d(1+3r2)
~1+4R%?logR+R* | ¢ o
T RU+RY (1+R2+(1+R2)2
=d\RlogR+doR +d3R 'log? R+ d,R™' + O(R%log? R).

+ c3log(1 + R?) + 04)

13



Chapter 1. Optimal polynomial blow up range for critical wave maps

and similarly (with re-labelled coefficients)

R
R‘”Z(/J(R)f 6(RVR't?ey(R")dR (1.1.11)
0
R (RR"+4R"”logR -1 , 4R"
= +1) —— +1 dR'
1+R2f0 1+ R? ( ez VYT R’2)
R csR"?1ogR’ Cs o
= +c(1+R?)+ d(1+R"
(1+32)f0 CRTLEYS 1+ R? )(1+R’2 (1+R’2)2) (1+ %)

0 ; dslog(1+R?) dslog(1+R? dg(log(l + R?))?
=R[ Y di(1+R>"+dslog(l+R?) + —
(l.zz_g L+ B+ dslog(l+ B+ =7 s (1+R2)? )

+O(R310g’R)
=eRlogR+eyR+e3logR+eys+ OR™! log2 R)

Furthermore, since e vanishes to first order at R = 0, it follows that v; vanishes to third order
at zero, Combining these observations, we find that indeed

Vi€ IS3(RlogR, 20)

1
(tA)?

as required from (1.1.5).

1.1.2 The error generated after the first correction
Here we calculate t?e;. This is given by

2 ,8in(2ug +2v1)

1
e ——tz(—a§+a§+;a,)(u0+ul)+t o7 (1.1.12)
in2
= 20,0, - 22280 (4 _cos2uy) —M(zu1 sin(2v1))
2r2 2r2
in2
= 120,,v, - SIERZUO (tA)2(1 = cos(2vy)) — %(M) @2v; —sin2wy))

Then we use that for [ =1

22t e —— 1S (RlogR,20), R2(tM)?*v3l e

( 1)2 (logz R)QO)»

( tA)?

which in addition to the fact that 1y admits an expansion in terms of inverse powers of R near
R = +ooleads to

L g3 !
(th)? ' (tA)2

tzel €

(RlogR,2y),

as required.

14



1.1. Construction of an approximate solution

1.1.3 The second correction

Now we intend to add a second correction v» in order to reduce the error e; from the first
stage. More precisely, this time we reduce this error near the light cone. Write t?e; in terms of
its expansion at R = oo:

[c1RlogR+ 2R+ c3logR+ ¢y + O(R !log? R)]

1
tPe) =
= e

for suitable coefficients cy, ..., c4. Neglecting the higher order error terms O(R™!log? R), we
have to solve the equation

1 1
2 2 2 2.0
r (—6t+6r+;6r——r2)v2:t e,

where we write

1
2e) = [c1RlogR+ caR+ c3logR + ¢4

(tL)?

Homogeneity considerations suggest making the following ansatz: v, = w, + 2, where

1

1 1 _
()2

wy = — (W (@) logR+ W, (@), i (W, (@)log R+ Wy, (@)).
To obtain the equations for the functions WZ1 (a), we match powers of R and log R. We arrive at

the following equations:

1 . 1 .
IZD(HWZI(Q)) = a(dcnl -Fi(a), i=10 (1.1.13)
1 —; 1 ~
2 — . —_ . ] —
r I:1((”1)2 W, (a)) = W(CHZ Fi(a)), i=1,0 (1.1.14)
where
1 1
D:—6§+6§+;6,—ﬁ

as well as

Fi(@ =0, Fyla)=((v+Dv+a HWy(a)+(a ' -1 +v)a)d, W, (@)
Fi@=0, Fo=QRv+1v+a >W,(a)+ (@' -{1+v)a)d,W, (a)

We conjugate out the power of ¢ and rewrite the equations in the a variable

LW (a) = aciyy — Fi(a)
Loy Wj (@) = cis2— Fi(a)

15



Chapter 1. Optimal polynomial blow up range for critical wave maps

where the one parameter family of operators £ is defined by
Lpi=(1-a")0%+(a ' +2ap-2a)0,+ (—f*+p—-a ) (1.1.15)

From [17], we know that there exist analytic solutions Wzi (a), WZ’ (a) for (1.1.13) on [0, 1), such
that

Wj(a),i=0,1,

admits an odd power expansion around a = 0 starting with a®, while Wzl (a) admits an even
expansion around a = 0, starting with a®. Moreover, for a near 1, as shown in [17], we have
expansions

Wi(a) = go(@) + g1 (@1 —a)**2 + g (@)1 - a)"* 2 log(l — )

W2 (@ = ho(@ +(1-@)"*2 Y Iy (@llog(l - @)1 + (1 - @?* (@ llog(1 - @),
=0

2
where we have taken into account the most general case (when v is irrational, there are fewer
terms in the expansion). The result for WZI'O(a) is of course analogous. The expressions for
wo, iy are not quite what we want, since we need ultimately functions which vanish to odd
order at R = 0, in order to ensure the desired smoothness. Furthermore, we also have the
logarithmic factors log R, which of course become singular at R = 0. In order to deal with these

issues, we now re-define the correction terms w.,, i, in the following manner:
Wy = — (Wy
2T

B 1

2= (1+R2)?

1
(@) log(1 + R%) + W, (@),

— 1 —
(Wzl(a)E log(1+ R?) + W, (@)).

Writing

110
W@ =

= RZ,*(a)

(tA)?

where now Zzl'o(a) € 2;, while from construction we have sz)(a) € 2,, and observing that
Z21’O(a), WZO (a) vanish quadratically at a = 0 we see that

1
(th)*

Vo= Wy + il € 1S3(R%logR, 21),

as required.
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1.1. Construction of an approximate solution

1.1.4 The error generated after the second correction v,
We write up = Uy + v = Ug + V1 + wo + s, and need to estimate

2

1 1
t?ey = t*(e; —ed) + tz(—af +0%+ -0, — —2)1}2— Y + 12 Ny (1)
r r

We check that each of the terms on the right satisfies the property (1.1.8) with k =1.

(1): The contribution of t*(e; — e(l)). From our choice of e(l), we immediately get

1

(M)ZISI(R_I(IogR)Z,Ql)

t* (e — e(l)) €

(2): The contribution of t*( — 85 + 8% + %6, - #) vy — 2 e(l). This error is produced by replacing

log R by % log(1 + R?), as well as by including the factor 22 . Thus we write this contribution
(1+R%)2
as’
120 [iwl(a)(llog(l +R%*) —logR)]
tA 22
1 — 1
2 1 2
+t°0 —— (W, (a)(=log(1 + R*) —1logR)
- tZD’[—LWI(a)llog(l +R%)]
(LA 14+ R2)s © 2
+(———-1)%e
((1 + R2) )i
where the notation 0’ means that at least one derivative falls on the factor 0 ;); . Since
+ 2

3log(1+ R?) —logR = O(R™?) as R — oo, and since W, () vanishes to third order at a = 0, we
obtain easily that the first three expressions are in the space

1/ p-1
(M)ZIS (R,2)

and since —&— — 1 = O(R™?), the same applies to the last term above. This is not quite

(1+R?)Z
of the form required for (1.1.8). However, we can rectify this by writing as in [17] for any

2 1 1p-1
tPe€ o IS' (R, 2))

RZ
tze:(l—az)tze+ e

(tA)?
This implies
1 1
ISY(R7!, 2! ISYRL,9)+b ISY(R, 2!
(t)\)z ( 1)C (l’ﬂ,)z ( 1)+ z(tﬂ,)z ( 1)

3Recall that 00 = —0% +0%+ %ar _ ,Lz

17



Chapter 1. Optimal polynomial blow up range for critical wave maps

(3): The contribution of 2N, (v,). Recall from (2.2.7) that we need to control three terms. First,
we have

.2 1- cos(Zul) vy

(M)Z(SI(R ,21) + S3(RlogR, Ql)) x Ss(R3(1ogR) 2))
(¢ A)Z (¢ /1)4
1 5 2 3 3
(M)z —— (SR dogR), 21) + T Mzs (R(og R, 21) + 1)4 (R*(logR)*, 21))
(b1, b2)

S3(R™1(logR), 2)) + —=-S°(R(logR), 91))

(M)z( (t)?

as required. Further, just as in [17], one checks that

2 sin(2uy)

572 (S' (R (log R)?,21) + (b1, b) S* (R(log R), 21))

(1-cos(2vy)) €

(t 1)2
and finally for the the cubic term

cos(2uy) , (b1, b2)
IZT (2vy —sin(21y)) € TE

S'(R(logR), 2,).

Combining all we have now, we conclude

tPe) € [S'(R™'(logR)?,21) + (b1, b2)S* (R(log R), 21)],

(tA)?

thus verifying (1.1.8) for k = 1.

1.1.5 The higher order corrections vy, k = 3.

Here we repeat the preceding steps, making sure that the corrections and errors remain in the
appropriate function spaces. We essentially use the same inductive procedure as in [17], with
the same subtle changes as before. We do this in a number of steps:

Step 1: Given uyi_o with generating error esy_», k =2, as in (1.1.8), choose v,_; as in (1.1.5)
with error eyi_; satisfying (1.1.6).

This is accomplished exactly as in Steps 1,2 in [17]. We repeat them here to make this work
self-consistent. The following arguments mimic those in [17].

If k = 3, we define the principal part ey;_, of €2, _ byletting b=0, i.e.,

2k-2

e)_»(R, @) := exx_»(R, a,0)

18



1.1. Construction of an approximate solution

we use to write

_ 0 1
€2k, = €rp_o T € _»

where
1
2 0 1 p-1 2k-2
r ezk_2€ WIS (R (IOgR) er—l)
b
2.1 1p-1 2k-2 1 2k-3
1“5 5 € o [IS" (R (logR)*" ™%, 2k_1) + IS (RIogR)** >, 2} _))]
1 2k-1 /
C W(R(IOgR) ’Qk—l)
we can see that e; (o canbeincluded in eyx—;. We define v,k by neglecting the a dependence
of eg k_p- In other words, a is treated as a parameter. Changing variables to R we need to solve

the same equation

1

1, p-1 2k-2
WIS (R (IOgR) ’Qk—l)

(tA 2L (vax-1) = t2e),_, €
where the operator was already defined above. Then (1.1.5) is the consequence of the following
ODE lemma which has been proved and identical to lemma 3.7 in [17]

Lemma 1.1.6. Let k =1, then the solution v to the equation
Pv=feS (R logR)?*?), v(0)=0v'(0)=0

has the regularity
ve S3(RlogR)*F 1.

Next we show that if v,;_; is chosen as above then (1.1.6) holds. Thinking of v,_; as a function
of t, R and a, we can write e,_; in the form

t
e2k—1 = Noj—1(V2x—1) + E' Vop—1 + E* Vg1

Here Nj_1(v2k-1) accounts for the contribution from the nonlinearity and is given by 2.2.7.
E'vyi_; contains the terms in 6% Vyk—1(t, R, a) where no derivative of variable a is applied,
while E%vj_; contains the terms in (—6% + 6? + %6,) Vo1 (t, R, a) where at least one derivative
applies to the variable a. The analysis will be the same as in [17], we briefly recall the main
results here. For the terms in Npj_;, summing over vj over 1 < j <2k-2

1
(tA)?

Upk—o — Up € IS3(RlogR, 2i_1).
And we need the following lemma to switch to trigonometric functions, which is identical to
lemma 3.8in [17]:

Lemmal.1.7. Let 1

(M)2153(RlogR,Qk_1).

VE
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Chapter 1. Optimal polynomial blow up range for critical wave maps

Then

sinve ISg(RlogR,Qk_l), cosveIS(1,2¢_1).

(tA)?

We repeat the results of computation from [17] here

5 €08(2Up) — cOS(2Upg—2) 1 5 k-1
t _1€ IS R(logR , D
2 V2k-1 TN (R(logR) k-1)
sin(2uyj_s)
tz%(l—cos@v%_l))e T Mzk(R(logR)Zk Lo )
cos(2uak—2) . 1 -
= QU ~sinRuag-)) € S (R0 R, 2¢)

this concludes the analysis of Noj_;(v2_1). To continue with the terms in Evy;_1, we can
neglect the a dependence. Therefore, it suffices to compute

2% —— IS (R(og B2

(Rlog R* 1)) c

(IA)Zk (t A)Zk

Finally, one needs to consider the terms in E*v,j_;. For

1
Va1 (61) = opw(R, ), we S’ (R(og R**!, 2 1)

we get
1
?E* VUoj—1 = W [2kvawa(R, a)— (v+1)Rawpgy(R, a) + 2Ra™! wgra(R, a)

+a 'wa(R, @)+ (1 - @) waa(R, @) — aw,(R, @)].
Because 2;._; are even in a, we conclude
a0q,a 104, (1-a*)0%: 211 — 2)_,.

Meanwhile the R™! factor simply removes one order of vanishing at R = 0. In the end, we
obtain

2 E%vyp_) € ——IS' (R(log R)** 1, 2] _)).

(t /’UZIC
which concludes the proof of (1.1.6).

Step 2: Given eyy—; as in (1.1.6), construct vy as in (1.1.7)

Here we have to diverge slightly from [17], since our definition of the algebra S™(R!log R') is
different. Thus assume

1
2 1 2k-1 ¢/
€1 € —(t/l)Zk IS*(R(logR) v 20)
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1.1. Construction of an approximate solution

is given. We begin by isolating the leading component €2, . which includes the terms of top

2k-1
degree in R as well as those of one degree less (which is where we differ from [17]). Thus we
write

2k-1 2k

R 1 N
2e) | = (M)Zk Z q](a)(logR)J+( G Z Gi@(ogRY, q;,Gic2, ,

which we can rewrite as

2k-1 1 2k
ey, = T & Z aq;(@)(logR) + —— TG Z g;j(a)(logR)’

Consider the following equation
20(vop) = tzegk_l.
Homogeneity considerations suggest that we should look for a solution v, which has the

form
2k-1

i 1
Vak = Z ) (@)(logR)! + )ZkZWZJk(a)(logR)f

(tA

The one-dimensional equations for W, W] are obtained by matching the powers of logR.

2k’
We get the following systems

~ 1
29 w - . .
' ((M)zk_l (@) = (£1)2k—1 (aqj(a) - Fj(@)

£20(

1 1 _
WWZ’CM)) (Mzk(%(a) Fi(a))

where Fj(a), ﬁi(a) are
Fi(@) =G+ DI(v+DvRk-1)+a W + @ - 1 +v)ad, Wi )]
+(+2GHD+ D2 +aywy!

Fi(@ =G+ DICW+Dvk+a W+ (@ -1 +v)ad Wi

+i+2)G+ D+ D2+ a W

Here we make the convention that W (a) W’ =0for j=2kandi=2k+1. Then we solve
the systems successively for decreasmg Values of j,i. Conjugating out the power of  we get

(2k—1)vy2 1 1 i
2 2 J —
g (_(a‘+ t ) +ar+?ar_rz)Wzk(“)—“qi‘Fj(“)

( (at + @) +02+ %a, - %)ng(a) =§: - Fi(a)
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Chapter 1. Optimal polynomial blow up range for critical wave maps

with the definition of ffﬁ we give in (1.1.15), we rewrite them in the a variable

Lok-1wWy, = aq;(@) - Fj(a)
Loy Wy = Gi(a) - Fi(@)

we claim that solving this system with Cauchy data at a = 0 yields solutions which satisfy

W) (@) e a2y, j=0,2k-1
W) ea’2, =02k

and this claim is established as in the computation of v, above, we repeat lemma 3.9 from

[17].

Lemma 1.1.8. Let0 < m(j) < j. Let f be an analytic function in [0, 1) with an odd expansion

at 0 and on absolutely convergent expansion near a = 1 of the form

m(2j-1)

f@=f@+y [1-a®""2 Y fim@llogl -a)”
j=1 m=0
m(2j)

+1-a*" Y fjm@logl-a)]™
m=0

with f;; analytic near a = 1. Then there is a unique solution w to the equation
Zok-npww=f, w(0)=0,0,w0)=0

with the following properties:

(i) w is an analytic function in [0,1)

(ii) w is cubic at 0 and has an odd expansion at 0

(iii) w has an absolutely convergent expansion near a = 1 of the form

o o lej
w@=wo(@+) [A-a@ " Y wy (@)llog(l - @)
j=1 1=0

Cep
+1-a@*" Y wyj(@llog - @)l
=0

(1.1.16)

(1.1.17)

(1.1.18)

with w; j analytic near a =1 and l(i) = m(i) with one exception, namely [(2k—1) = m(2k—1)+1.
If however foi_1 mek-1)(1) =0, then 12k —1) = m(2k —1). In that case also wy_1,; =0 if1 >0,
but not necessarily when 1 = 0. Finally, if f2;-1,j(1) = 0 for all i > k and all j, then also

wyi—1,,(1)=0foralli>k andall l.

We need to make a adjustment for vy} because of the singularity of logR at R = 0. Also, we
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1.1. Construction of an approximate solution

need to make sure that vy; has order 3 vanishing at R = 0. Thus we define v, as

U2k =
! Zkz_lwf (a)(llo (1+R2))j+
(2R P08

1 R 2k__, 1 N
LT j;)wzk(a)(ilog(1+R )

By doing this we get a large error near R = 0, but it is not very significant since the purpose
of the correction is to improve the error for large R. Since a = R/tA, it’s easy to pull out a a®
factor from W’s and a? from W's to see that we have (1.1.7).
Step 3: Show that the error ey generated by Uyy = Upp—1 + Vo Satisfies (1.1.8). Write

1 esr = 1% (ean—1 — €9 _;) + 1 (€9 — Dwa) + £* Nog (vaz)

where we recall (2.2.7). We begin with the first term on the right, which has the form

1

NG [1S' (R (log B)*K, 2! _ ) + (b1, bo) IS' (RAog R*¥ ™1, 2! )]

1 (e2k—1— €pp_,) €
and we conclude by observing that
18" (R (log B**, 2} ) c IS'(R™ (log R)*¥, 24._1) + (b1, bo) IS' (R(Iog RI** 1, 2, )

. The reason for this is that for w € IS' (R~ (log R)*¥, 2/_ ) we can write

R*w.

w=01-a>)w+ 1
(tA)?

For the second term in the definition of #2 €2k, we have that by the same computation as in (2)
of the preceding subsection

t2(€9,_, —DO(vap)) € [1S' (R (og R)*¥, 2;) + (b1, bo) (IS (RUog >, 2})

(t /UZk
Finally, for the contribution of 2 Nor.(v25), we use as in [17] that

1

(M)ZIS?’(RlogR,Qk)

Upg-1—Up €
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Chapter 1. Optimal polynomial blow up range for critical wave maps

and, reasoning as in [17], we find

;2 1-cos(Cupp-1)

2 U2k
3, p-1 2k-1 (b1, b2) _ 5 2k-1
e (1SR 10g R, 20 + TR IS (RU0g R, 20)
in(Quyy_
tz%(l—coawzk»
1
€ (131(3—1 (logRB**, 2p) + (by, by) IS® (R(logR)Zk‘l,Qk))
5 COS(2Upk—_1) . (b1,b2) 4 2k-1
t T(Zv%—sm(ZVZk))e NG IS (R(logR) ,Q;C)

This shows that e, has the desired form.

Iteration of Step 1 - Step 3 immediately furnishes the proof of Theorem 2.1.1.

1.2 The spectral analysis of the underlying strongly singular Sturm-
Liouville operator

Here we gather the spectral theory needed for the construction of the precise solution. This is
a summary of results contained in [17]. It is almost identical of the relevant section in [17]. In
the sequel, we shall often invoke the operator

d? L3 8
dr?  4r?  (1+r?)?

acting on (a subspace of) I2(0,00). The actual domain is given by
Dom(Z) = {f € L*(0,00) : f, f’ € AC0c((0,00)), Zf € L*((0,00))

The operator £ is then self-adjoint with this domain. The spectrum spec(Z) = [0, c0) is purely
absolutely continuous. We have the following key results, identically stated and proved in [17].

Remark 1.2.1. Here we will repeat all the proofs, which are identical to those in [17] to make
our work self-consistent, for those readers who are already familiar with these results or who
want to move on faster to see the construction of the precise solutions, this section can be
treated as a black box.

Theorem 1.2.2. (a) For each z € C there exists a fundamental system ¢(r, z),0(r, z) for £ — z
which is analytic in z for each r > 0 and has the asymptotic behavior

N =

1
(1, 2) ~ rz,0(r,z) ~ Er_ ,asr — 0.
In particular, their Wronskian W (¢(:,2),0(-,2)) = 1 for all z € C. Here ¢(-, z) is the Weyl-
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1.2. The spectral analysis of the underlying strongly singular Sturm-Liouville operator

Titchmarsh solution of £ — z at r = 0. The functions ¢(:, z), (-, z) are real valued for z € R.
(b) Foreach z € C, Imz > 0, lety™* (r, z) denote the Weyl-Titchmarsh solution of £ —z at r = +oo,
normalized such that

1
_1 .5 1
v (rz)~z 1e'"*""asr — +oo,Imz2 > 0.

Ifé >0, then the limitw™ (r,é + i0) exists point-wise for all r > 0 and we denote it by ™ (r,§).
Moreover, definey ™ (-,&) =y (-,&). Thenw™ (r,&),y™ (r,&) form a fundamental system of £ — &
iicf% r

with asymptotic behavior y* (r,&) ~ {‘i e asr — oo.

(c) The spectral measure of £ is absolutely continuous and its density is given by

1
pé) = ;Imm(£+ i0)x¢>0

with the generalized Weyl-Titchmarsh function

_ WO o),y (,8)
WG, 8,¢,8)

m(¢)
(d) The distorted Fourier transform defined as
R b
F i f—fl&):= ble fo oo frdr
is a unitary operator from L*(R,) to L?>(R,, p), and its inverse is given by
~ H -
g f = f= fim [ o0 F@p de

Herelim refers to the L2(R,, p), respectively the [2(R,) limit.

The next two propositions detail the precise analytic structure of the functions ¢(r, z), w*(r, z).
This will be pivotal for our arguments below.

Theorem 1.2.3. ([17]) For any z € C, the fundamental system ¢(r, z), 0(r, z) from the preceding
theorem admits absolutely convergent asymptotic expansions

$(r,2) = o)+ 772 Y. (P2 (1)
=1

0(r,z) =r2 %(1 -2 =Y (r*270;(r)) - 2+ %)(/)(r, z)logr
j=1

where the functions ¢ j,0; are holomorphicin U = {Reu > —%} and satisfy the bounds

()] <

(0} uf), u ogu i u
(j—l)! & ! 2 g
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Chapter 1. Optimal polynomial blow up range for critical wave maps

101 ()| < Clul, 10;(w)] <

(j—l)'(1+|u|)' uel.

Furthermore,
1 1 )
¢1(u):—zlogu+§+0(u log” u) as u— oo,

as well as

2

u u 3
¢1(u):—§+ﬁ+0(u ) as u— 0.

As for the functions y*(r, z), they admit Hankel expansions at infinity, as follows:

Theorem 1.2.4. ([17]) For any¢ > 0, the solutionw™ (-,&) from Theorem 1.2.2 is of the form
+ _ -1 irf% 1 1
w (r)é-)_é- ie O’(ré2rr)rr€221)
where o admits the asymptotic series approximation
1
1+ 72

olg,n)~Y. gy, vy =197 = El +O(——)
j=0

with zero order symbols w}r (r) that are analytic at infinity,

sup|(ro,)*y ()l <oo
r>0

in the sense that for all large integers jo, and all indices a, B, we have

oo .
sup|(rd,)*(q0q) [o(q,1) = 3. a7y (D]l < capja
r>0 j=0

forallg>1.
Finally, the structure of the spectral measure is given by the following
Theorem 1.2.5. ([17]) (a) We have
¢(1,6) = a©y (1, + @y (1,8,
where a is smooth, always nonzero, and has size
|a@)~ -2 logé, & < 1, 1a@)] ~ &2, E2 1
Moreover, it satisfies the symbol bounds
€00 a(®) < exlalé)l, vE > 0.
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1.3. Construction of the precise solution

(b) The spectral measure p(&)d¢ has density

1 -2
p&) = n|6l(f)|

and therefore satisfies

1
~ T o 1, ~6 2 1.
PO~ o 10O ~ 62

1.3 Construction of the precise solution

Our point of departure here is the assumption that an approximate solution uyy_1, k > 1,
has been constructed, with a corresponding error term e,;_; which decays rapidly in the
renormalized time 7 := v~!¢#~. Note that with respect to this time, we get

AT = D) = (V)

We also have the re-scaled variable R = A(7)r. We shall assume that

N

lear—1(t, ST, r<t

for some sufficiently large N, which is possible if we choose k large enough. We shall also
assume the fine structure of e;;_; as in section 1.1, and more specifically as in (1.1.6). We try
to complete the approximate solution u,;_; to an exact solution u = uyy_; + €, where € solves
the following equation:

A 1A 1. 2
(= @+ ZEROR> + = (552 + 20, (55))e - LE= A2R? (Nop 1 (R 28 +€1)  (13.1)
A 4 A 2 A
Our strategy is to formulate this equation in terms of the Fourier coefficients of € with respect

to the Fourier basis associated with .Z, the latter as in the preceding section, given by

3 8

L=t ———
R IR (1+ R2)2

To introduce the operator

!/
:_(§+np (n)

0o(&—n) + Ay,
2 p(n))o(f ) 0

see [17]. This operator is needed to describe the transition from (1.3.1) to the equivalent
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Chapter 1. Optimal polynomial blow up range for critical wave maps

formulation in terms of the Fourier coefficients:

F (0, + %R@R)z = (0, + %(—2665 + ) F

_ }LT 2 /lr /11
= (0, 7 280¢)°F +(0¢ 7 2£0;) THT
A A A
- fo(a, - fz&af)gr + (7’)212@ (1.3.2)

A 2 A A
= (0; - 7’2505) F +277l’(6, - 772565)37
Ar Az )
+ 0 (VK F 220806 KNTF + () KT

To proceed further, we have to precisely understand the structure of the 'transference operator’
L . Make the

Definition 1.3.1. We call an operator X to be smoothing, provided it enjoys the mapping
property

For the definition of the weighted L?-space L%’“, specifically we have

(NI

lull 2= ( fo (@I p(©) de)

The preceding definition means that applying .# we gain 1/2 power of ¢ of decay as & — oo.
For future reference, we will also use the following notation: if

FR) = fo SR OX(Op(E) dE,
then we write

£l g = ( fo PO (&) dE)?

Now according to Proposition 5.2 in [17], both operators %y, [{0¢, £p], are smoothing. 4 Our
strategy shall be to move terms involving a smoothing operator to the right hand side, and
keep those terms without smoothing property on the left, building them implicitly into the
parametrix. This procedure is different than that employed in [17], and mimics the strategy in
[16].

Write (see Theorem 1.2.2)

£, R) = fo B(R, ) x(1,E)p(E) dé

4This is not stated this way in the cited Proposition for the commutator term, but the same proof as for .%;
yields the smoothing property for [{0¢, £p].
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1.3. Construction of the precise solution

whence x(7,¢) = (F€)(1,¢). Then using F (£¢€) (1, &) = £x(7,¢), we get from (1.3.1) and (1.3.2)(all
functions are to be evaluated at (7, ¢))

/l‘l,' /11; A/
—(07—72505)2)6—5)6:27%’(6 ——2£6¢)x+( V[ A2 - 2[0s, K] x
1A
(e Lty A A (1.3.3)
(4(1) +2(3,(/1))x+6,(l){/7{x
+ 1_29[5{% (Nzk—1(R_%a +epp1) ]

Here we want to remove all linear terms that do not have the smoothing property from the
right hand side, which forces us to modify the left hand side. Observe the identity

/1 ,0 (6)5 AT 2
0; — —[280 + = 1—2— 0
( (280 +5 + o© )’ =(o §0¢)
At 3 p'(&)¢
- (0, —2— 0
( ¢ )1 27 0@ p(é)
/11 3 p "(&)é
-+ — 61—2— 0
TGt O I( &0¢)
ML TG
A2 pd)
It follows that we have the relation
3 P(é)f Ar Ar
- ——20 =25 Ao (0r - r2¢0
(0 = 1280+ 5 + G )x-éx 1 Ho(0r §0g)x

ﬁz 2 _ _ 2 _
QAT - - ) =200 Aol

1A
-G -a,( ))x+ar(—)«]fox
+/1_2=9[RZ(N2k—1(R Za+€2k—1)]
Here the linear expression

1 Ar o Ar I v+l 1v+l, 5
(( )2+ ar(/l))x ((v) 2v)x—.crx

still doesn’t have the smoothing property. However, x has better decay than the source terms
e2x—1, and so we will gain smoothness once we apply the parametrix to this term. We shall
therefore leave it on the right hand side. To simplify notation, introduce the operator

3 p'&)¢

D;:=0 ——20
T [564‘2 G

Then we can finally formulate (1.3.4) in the form

DPx+éx=f, (1.3.5)
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Chapter 1. Optimal polynomial blow up range for critical wave maps

where we have

A‘T A‘T A‘T
-f =27=1/0(61 - 72665)x+ (7)2[l,2 — (K — H)* = 2[E0¢, Ho | x

1 X X (1.3.6)
+ 61(71)1036 + A2 FR% (Nop_1 (R 28) + ep_1)] —cT 2x

In order to solve (22), we first formally replace 2; by d; and reduce to the simpler model
problem

Le x:=02x+ A2 (1)éx = f, (1.3.7)

The extra factor A72(7) comes from a change of scale. Introduce the symbol S(t, 0, ¢) as in [17],
via the requirements

028+ 172(1)ES =0, S(1,7,8) =0,0:S(7,0,) 1= = — 1.
We commence by noting that it suffices to consider the case ¢ = 1. In fact (see [17]),
Lemma 1.3.2. We have the scaling relation

S(r,0,8) =&28(1&2,0872,1)

Proof. We verify that the expression on the right has the desired properties. This follows from

0282 S(1E2,0¢72,1) =& 2 (02S) (1€ 2,0872,1)
TTNE(ER ST, 0, 1) = E @) TS, 082, ),

where we recall that A(1) ~ Tl#. O

We now construct S(,0, 1) via the following

Lemmal.3.3. (a)Letv =< % Then there exist two analytic solutions ¢o, ¢y of L1:¢;j =0, j =0,1,
which admit a Puiseux series type representation

) .
$j() = I;)CjkTJ_T, cjo=1,j€{0,1}.

The series converges absolutely for any T > 0. (b) There is a solution ¢ () for L, of the form
pa(1) =12+ v [1+a(")]

with a(0) = 0.

It implies the following key
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1.3. Construction of the precise solution

Proposition 1.3.4. ([17]) There is a constant C > 0 such that we have the bounds

15,0, < o(g)c(l +TTVE)72,10:8(1,0,8) < (%)C

We can now write down the explicit solution of (1.3.5):

Lemma 1.3.5. The equation (1.3.5) is formally solved by the following parametrix

3 1 22(1)
© 22 (1) P2(575,9) A2
x(1,8) =f 3 @ ?( ) S(T,G,/lz(r)rf)f(o,#ﬁ)do = (Uf)T,$) (1.3.8)
T Ai(0)  pr(E) A*(0)

This is a simple direct verification, as in [16]. For us, we will need the mapping properties of
this parametrix with respect to suitable Banach spaces. We have

Lemma 1.3.6. Introducing the norm
£l 2 := sup 7 Nifa, M pze,

T>To

we have
1uf IILZ,M%;IH S 12aN
4

provided N is sufficiently large.

Proof. This is a consequence of the bounds in the preceding proposition. Observe that

p*Grigg® _ Ao
piE) "~ A@

It follows that

1 12 p? ( 2(;)5 A2
@ 0 52,0, 42006 (0, 20
A@)  pE(®) A%(0)

AZ
SOt (M(T))) o)+ 79 f o ,Az(m)

c Ao) 2a-4, A (r) A2(1)
A()) ‘(> f(’AZ()

1(§y**2

9]

<a(Z)¢ ( ol
T

It follows that

o /1(0') 2(x+f -
U 2 2< 2a; N 2[ T Nd
I f|| arhive NSUP”f”Lp NEBTIZT . 0(_[) (A(T)) 7
< sup f 1l 2an

0>T
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Chapter 1. Optimal polynomial blow up range for critical wave maps

provided N> 2a +3)“ + C+2.

O

The goal is now to formulate (1.3.5), (1.3.6) as an integral equation and find a suitable fixed
point, which will be the desired x(z,¢). The issue is that x will only have very weak regularity a

1, v_

priori, in fact x(z,-) € L?,’TE is optimal, see [17], and this does not suffice for good algebra

estimates provided v < % We thus have to find some better space to place x into. The key for

this will be the zeroth iterate for solving (1.3.5), (1.3.6). Thus solve these via
x(7,8) = U f)(7,8)

with f asin (1.3.6). To find such a fixed point, we use the iterative scheme
xj(T,8) = U fj-1)@,¢8), j=1

where we put

Ar

)
A

4 a,(TT)JJOxj + A2F[R? (Nap_1 (R2E)) + ep_1)] — c12x;

Ar Ar
~fj :277(0(6 280¢)xj + (7)2 [H2 = (K — Hp)? - 2[E0¢, Hol ] x;

and of course we put

o
&/(1,R) = f S(R,&)x;(1,6)p(&) dE
0
The zeroth iterate in turn is defined via

X0(1,8) = (UL 2[R (25— ) (7, 6);

(1.3.9)

here we may also replace eyx_; by a function which co-incides with it in the backward light

cone r < t, in light of Huyghen’s principle. This shall be handy below.

1.3.1 The zeroth iterate

We claim in effect the following:

Proposition 1.3.7. There exists é;;._1 € H }%(;R such that éx_1lr<; = exr—1, and such that if we

put
X0(1,8) = UA2F R (€-1) (1, 6),
we can write
o, @

Xo =Xy tX5,

32



1.3. Construction of the precise solution

where we have

1 v
1) o ~Ny23+tz—
X, €T Lp

as well as

1raE (@, R) = ypar fo SR OV (1,0)p@) dé e TNRIL™

while also
@ -N 2,1+%—
X, €T Lp

Remark 1.3.8. Note that for R = 1, we actually have the bound
@, RISt

e P 1+v
since g (t,) € HdR .

Proof. Recall from structure of the error e,;_; of the approximate solution u,;_; that esf_;
can be written as a sum of terms involving the singular expressions

1N 21— @) 2 ogl - @), j < j(), i1,

multiplied by smooth (in ¢z, r) functions. In fact, up to an error of class Hﬂi;"_ (namely when
(2i —1)v > 2 +v), there are only finitely many such expressions. We now define €,;_; by
replacing each of the above expressions by their truncation

V21— @) 2 (log(1 - @) |13

and the rest of e,;_; is smoothly truncated to a dilate of the light cone r < t. Thus, specifically,
we shall write

~ _ 5D ~2)
€2k-1=€yp_1 T €

where we may assume

22

“N-2 py24v—
2k-1 57 Hpgp

~(1)
€1

Since & o T_I(H[gz) = Lf)'i, where T is the map

while is a sum of singular terms of the above form with smooth bounded coefficients.

u(R) — e R 7 u(R),
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Chapter 1. Optimal polynomial blow up range for critical wave maps

we see from lemma 1.3.6 that we have the bound

|UA27 [ R2 (2?2

2k—1)] ||L§1+%7;N <1

)] into x2.

2k-1
Next, consider the more difficult contribution of é{zlk)_l, where a more detailed analysis of the

parametrix becomes necessary. For general f, consider the decomposition

and so we can include UA"2.% Rz (82

o 2} P2 (D¢ 2
f M@ P o) S(T,o,az(r)f)f(a,@é)da
T A20)  pr(d) A%(0)
o0 S P2 (A8 2
=f y /13 @ ? e S(T,U,AZ(T)é)f(U,gf)dU
max{t,CA2(0?} A2 (0)  p2(E) A4 (o)
max(r,CA2MO 2} 13 () p2 (A &) 2
v P@ P R0 1,0, 4200 fl0, 2 28y do
4 Az(o)  p2(&) A(0)

=wun+wn®
for some large constant C. In the first integral, we have
0= CA*(MY)?,
whence we obtain
o 2, _
(= (VA
It follows that

1
I )IIL?%;N S 2y,
19

and so we have gained smoothness for this terms at the expense of temporal decay. It thus
remains to consider the term (U f) @ which in fact requires most of the work. On account of
lemma 1.3.2, we have

S(1,0,A2(1)¢) = A2(1)&)2 ST (1)E) 2,0 (A3 (1)¢) 2, 1)
Then from the proof of lemma 8.1, [17], we can write

ST 72,0(A2(1)E)77,1) = Im (P (T (A2 (1)) 2)ha(d (A2 (1)) 2))

L1 1
and so using the factorization® ¢, (t) = 13+ eV "7 7 [1+a(r+)] as in lemma 8.1[17], we obtain

1
5Here we correct a typo in [17]: we replace a factor v by the correct v™ v
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1.3. Construction of the precise solution

A @OST A M™%, 0(A2(1)é)2,1)

=1t e (A2 ()8 2 sin (vErT(1 - (1)5))(1 + a8~ H)(1+alcA?1)§) 1))
(0}

=(=

T

)i e et sin (vebT(1- (;) )1+ a2 @& )(1+ale (@8 75)
(1.3.10)

Here the function a(r) is smooth with bounded derivatives.
Our task now consists in checking how the oscillations of this expression potentially cancel
against the oscillations of f (o, /’112 (((TI) &) in (U )@, Recall that

A (1)
A%(0)

2()

TS A @F R (&), 0.)] (G5 5

2k1

flo, )

We need to analyze the large frequency asymptotics of this expression. We recall from theo-
rem 1.2.5 that

O(R,E) = al&yt (R, &) +al®)y*(R,E)

where we have the large frequency asymptotics |a ()| ~ £ -3 , &> 1. The function a(¢é) is smooth
and in fact obeys symbol behavior, see theorem 1.2.5. Furthermore, the oscillatory function
w™* can be written in the form

wH R = & 1e ™ g(REE,R), RE: 21,

where we have a symbolic expansion, see theorem 1.2.4,

alg,) =Y qlyim
j=0

and the functions 1//; are uniformly bounded and smooth with symbol behavior. We insert
these asymptotics into the formula for the Fourier transform, using the singular source term

A2RzeN = N2y ar(1-a)V z(log(l - @), iz 1.

In fact, we may replace all additional factors Rk (log R)! by (A(o) - o)k (log(A(o)0o)) l, since the
errors committed thereby gain one degree of smoothness, and are thus in H[éjv‘. By the same
token, we can also include a smooth cutoff y ;1.
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Chapter 1. Optimal polynomial blow up range for critical wave maps

We now find that (with f(o,¢) = 9(/1‘2}?% g

oi-1(0,))(&) as well as a = 35-)

v

g 1 iprd 1 1 . .
f,8)=0~N"2 f a©& 1R o (REL, Ry 41 a? (1— )2 (log(1 - )/ dR
0 2

vo 1 B i 1 .1 .
+ a‘N‘Zf a(&)E 1 R o(REZ, R)Y g=1a% (1~ @) "2 (log(1 - @)/ dR
0

Using the asymptotic expansion

1 1
o(RE2,R) = ¢p+ O(

),

&
where the O-term enjoys symbol behavior, we get
o ~1 iRgh 1 1 iv-1 '
| @t ot Ry 0t - @™ log - @) dR
0
vo 1 - 1 1 . 1 .
= ¢ f a©¢ 1™ y pora2(1- @)™ (log(1 - @)/ dR
o >

+f a@©¢ 1™ O(R™E D)y 21 a7 (1~ @)™ 7% (log(1 - @) dR
0 2

To bound the second term, observe that
ve “1 iRED el po ] 1 iv—1 ‘
| i om ey, at - o) ogi - ani R
0
ve _1 Rl 1.1 _1 iv—1 ;
=/ a)s 1e’™ " O(R 2¢ 2)(vo) 2Xaz1(1—a) 2(log(1 - a))! dR
o >

=0(¢™)

after integration by parts with respect to R. In short, we have now shown that

f0,8)=co fo a@& 1™ y a2 (1-a)" 2 (log(1 - @) dR

+¢o f a@& teiRety 1 at(1- @)V (log(l - @)] dR
O 2
+O(E™T)

We now analyze the integrals more closely. We introduce the variable x = vo — R. Then we can
write

vo 1 :pri 1 . .
f a@)¢ s elR”xaz%“i(l —a)"" "2 (log(1 - @)’ dR
0

VoED _1 1 [ . % X\l _1o2iv
=e"7 " a(§)¢ 1 (vo)? Wf e e (1= =)2a7
0

X
1 iRV
vO ( Og( vOo )) dx
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1.3. Construction of the precise solution

1
Changing variables to y = x¢2 allows us to express this expression in the form

eVt q(&)E TV E(0,8),

where we have

F(a,é):z(vo)%‘”f ey 4 (1-—L0)yE (log—
0 ysrgZ volz voé?

) dy

Observe that F(o,¢) € C*°, and we have

|aé% F(0,6)] < vo) 2 VE2, 10, F(0,8)] < (vo)z VoL,

Here it is of course important that we have the restriction y < f . We thus now have the
representation
. 1 .
f(0,8) =coo Vet a()¢ TV F(0,¢)
. 1 .
+ oo Nelvoé? q(&)E~ "1V E(a, ) (1.3.11)

)

where we keep in mind the restriction that ¢ > 1, as we only care about the large frequency
case. We shall now use this in the context of (U f)®, see above, with

f=22@F[R: (@D _(0,9]©

Begin by writing
min{C(A2(1)§) v 1) 2 ( 2 2
wnPwo=[ A0 PGD o s, 20 6 do
T M) pr@) o)
max{r,C(A2(0)&) 7} 2 (/lz( )'f) A2
+f V Az (1) P2 (G2 S, 0, 2@ f (0, 2( )E)dcr
min{CA2(1)&) ¥ £ 207 7} M(a) pi(f) A*(o)

= UNHYV T, +WUH* 1,8

In the second integral, we have

5<(€)M

T

and so we get
II(Uf)(22)||L21N<IIfII 2 Y-i-2»

provided N is sufficiently large in relation to v.
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Chapter 1. Optimal polynomial blow up range for critical wave maps

We have now reduced things to (U f) @D (7,¢), where we have 2

AZ( )€> 1, and so we can use

(1.3.11). We shall combine this with the asymptotic relation (1.3.10). Just recording the
integrand of the resulting expression and omitting constants, we find the schematic expression

/12 p:2 ( 2 6) 1 L 2
(7) A(U) Tyatavg- 2 sin (véz7(1 _(1);)) [T (1+ax@A*@&)™2))
M) pi@) T 7 weme

-N _lVO'M—;)f% T) AZ(T) _,_”, /12(‘[)
co” Vet 6)()12( )f) F(o ,/12(0)

%)

and so (U f)?V(z,¢) is obtained by applying /; min(CAZ(@)§) ¥ 717 1)

serve that the decay of this expression with respect to large ¢ is

' do to this integrand. Ob-

oE vy,

. . . 2,1+3—N oV
but in order to obtain the desired L, 2 -decay, we would need at least {272, The only
way to eke out this extra decay in ¢ is to exploit the integration in o, for which the product of
the oscillatory factors

1 1 1 1
1 eilvezr 1-(H)v ) _ —ilvezr(1-(D)v !
sin(vé%r(l_(é)%)) lVUM E ( ( )) 26 ( ( )) e—“’”u 'f

is key. The resulting phase functions (upon developing this product) are either of the form

. 1 a1
eil(v€2 1(1—2(;) v )) ,
1
in which case we gain a factor {2 via integration by parts with respect to o, or else of the form
+w€2 T

e ’

in which case the o-oscillation has been destroyed.

It is this last case we now investigate more closely. We shall essentially put

W\ =WhH® T,

Nh—‘
+
N}

5N . . . .
Then the required inclusion x(l) Lp is immediate, and so we now need to verify the
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1.3. Construction of the precise solution

sufficient vanishing of E(()D (1,R) at R = 0. Thus consider

&, R = fo $(R,O)xy) (7, 9)p(©) d¢

= fo Tea bR, OxV (1, )p(&) dé (13.12)
+ fo Xi<e<r2 PR, (T,)p (&) dé (1.3.13)
+ fo Xezr2 PR, EXS (1,8 p(&) dé (1.3.14)

We have included smooth cutoffs to dilates of the indicated regions. Here the first term (1.3.12)

clearly is in L%’I;N and hence negligible. It remains to control the other two terms, for which

we use the asymptotic expansions of ¢(R, ¢). For the last term, use
PR, =a@)y" (RO +al)y*(R,S)
with
+ -1 iRe? ! !
Y (RE=¢"1e" " 0(Rs2,R), RE2 2 1,

as well as |a(¢)| < 2. Then keeping in mind the structure of x = (U HPY(7,8), we can write
(schematically)

fo Temr2 G (RO (1, 6)p(6) dé

0 . I 1 1 x(1,8)

= fo a@)E T g2 BEEET g (RE2, R)( f Gi(0,7,8)do)p () dé (1.3.15)
oo . o) 1 ®(7,6)

+f0 a@)E T yempe’® a(R€2,R)(f Gz(0,7,8)do)p(&) dé (1.3.16)

T

where we have used the notation

K(7,&) = min{CA?(1)&)?, £ 7}

as well as
3 1 22(1)
A2 (1) P2 (375 6) 1,1 v
Gi(0,7,6) = 3(” PO (Zyerzgs [T (1+acBP@O ™)
Az(o) pz(é) T K=T,0
N A@ AP 1 A% (1)
. N AL 3—iv AT
o a(AZ(a) f)(ﬂ(a) ¢) F(o, 20 $)
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Chapter 1. Optimal polynomial blow up range for critical wave maps

Further, for the oscillatory second integral, we have

2 ( 2 é) 1 1 1 41 v
Gy(o,1,8) = 1w Pt MU) U) Vf_ie’(iv‘f”(l_z(E)v)) [T (1+axA*@H ™))
}L2(o’) 02 (gf) T K=T,0
Nl A A% 1 A% (1)
N lv
f (/12( )f)(/lz( )f) F(o ,/12(0)5)

The idea now is that in the first integral (1.3.15), we can perform an integration by parts with
respect toéz, 2 provided the phase R + vt is large, which is certainly the case if we restrict to
R < YL. More precisely, this becomes possible once we split the ¢-integral into two, where the
limit K(T, ¢) is a smooth function of é. Observe that

G1(0,7,8)| < Alo, 1)

for a suitable A(o, 7). Performing an integration by parts with respect to ¢ 2 in (1.3.15) and
assuming N to be large enough (in relation to v), as well as using the bound y ¢~ g-2¢ -1 < R?,
we then find

1

0o . % £t K(7,6)
ez [ @@ Heree " 2ot ([ Gio,m 0 do)o)
T

< D3

Next, consider the integral (1.3.16). Here we perform the integration by parts inside the
o-integral, due to the oscillatory phase

pi(zvete(1-20)7))
Indeed, we have

pi(xvete(1-2)7)) _ (I (21-6%)—160(ei(ivf%‘r(l—Z(g)%)))
T

and so we gain one inverse power ¢ =7 at the expense of a weight (%) 1+V*1, and this is enough
to force absolute integrability with respect to ¢ since p(&) ~ ¢ for large €. It follows that

00 1 ‘el 1 x(7,8)
| fo AOE yeag2e™ o (RE2, B f Galo,7,8) do)p(©) dé|

51—(1\/—1)33,

even irrespective of the size of R. This concludes the estimate for the term (1.3.14).

It remains to deal with (1.3.13), where we use the expansion

GR,E) = po(R)+R™2 Y (R2)Ip;(RD),
j=1
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1.3. Construction of the precise solution

where the functions ¢ ; are smooth with very good bounds:
lpj(w)l = 3¢/ log(1 + |ul)
(W)= —— ul),
EGTe
see Theorem ?2. Then as in (1.3.15), (1.3.16), we decompose
o0 H
[ teen-o o) @ 0p@ as

x(7,8)

=f0 X5<R—2</J(R,6)e”m(f Gi(0,7,8)do)p(&) d& (1.3.17)

o kK (1,6)
+ fo Xe<r2P(R,&)( f Ga(0,7,8)do)p(§) dé (1.3.18)

In the first integral on the right, we perform integration by parts with respect to ¢ 2, gaining a
factor 771. If the derivative falls on the function ¢(R, &), we obtain the differentiated series

Y jREITIRIE2 ¢ (RY)
j=1

which is bounded in absolute value by

1Y j(R2EITIR2 €2 (RD)| S R2 log(2 + R)
j=1

When the derivative falls on the inner integral, the bound is the same as before, and the last
integral (1.3.18) is also bounded just like (1.3.16). This concludes the proof of the proposition.
O

For later reference, we need somewhat more refined information, which however easily follows
from the preceding proof. We mention
Corollary 1.3.9. Denote by P) the frequency localizers

F(Paf)© = xaO(Ff)©

where y <) (&) is a smooth cutoff function localizingtoé < A, asin [17]; here A is a dyadic number.
Then we have

xra1P<aEy) e T VRIL®

uniformly in A > 1. Furthermore, for any integer | = 0, we have
VLR P = 0N

uniformlyin A > 1.
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Chapter 1. Optimal polynomial blow up range for critical wave maps

1.3.2 Analysis of the nonlinear source terms

From (1.1.3), we recall the following formula for the main source term:

2,1 ~1
A R2Ny_1(R 2€) =

4sin(ug — upy) sin(ug + usg)
€

2L (1.3.19)
2

+51n( uzk)(l cos(2R zg)) (1.3.20)
2R
2

4 SOSCU0) o ple GineR19)) (1.3.21)
2R

According to the preceding proposition, we have

_ 2’l+1_
X0ET NLp2 2

whence

1, v
~ N ity
go(t,)er VHE?

This means that for the source terms, we need at least H, 3 ~ -regularity. In fact, we can do much
better for the term (1.3.19). Recall that

2k
Upk = Ug+ )_ Uj
j=1

where we have

v2j-1 € ——=IS*(RlogR* ™, 2;1), 12 € ———IS*(RUog R 1, 2))

1
(M@ (Mﬁﬂ
This implies in particular that

sin(up — uog)
R

€ AD2IS(ogR, 2), w e ISR, 2)

Then we recall lemma 8.1 from [17]:

Lemma 1.3.10. [[17]] Assume |a| < 5 + %, fe€IS(,2). Then we have

||gf||Hg < 1N e

Application of this lemma yields the bound

4sin(ug — uog) sin(ug + Usy) o
(1o — uzg) sin(uy 2k)£” Ly S 2180 1oy (1.3.22)
RZ H2 HZ 2

o 17
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1.3. Construction of the precise solution

To deal with the truly nonlinear source terms (1.3.20) and (1.3.21), we need the following
multilinear estimates:

1iv_
Lemma 1.3.11. Assume f,g € Hl§+2 ARZL™, P f,P.ag€ log/lR%L"o uniformlyin A > 1. If
also XR<1VI(R_%P<Af) € L™ uniformlyin A > 1, 1 = 0, then we have

R fge B2 20T ARIL®,

for arbitrarily small € (0, ﬁ] (with implicit constant depending on 8), and we also have

R—%pd(R‘%fg) elogAL*™, R_1P</1(R_%fg) €L®

y_
+5-0

1 _
uniformly in A > 1. If f € H} mR%LOO, P\ f € log)lR%Loo uniformly in A, but g €

v
1+%-

26—
H, ,0 € (0, 1551, then

2T ARIL®, R 2Py (R™2fg) €logAR?L™® R™'P_;(R"? fg) € L®

v
+3-6

. . 5=26— . 1 - 3
The same conclusion obtains if both f,g € H;+2 20, Further, if f,g € (H; AR2L®), as

well as
Poyf € RL®, P.yg € RL®, ypa1VL(R™'Poy f) € L%, 120,

. . Y_o§5— .
uniformlyinA > 1, orelseoneof f,g € H;+2 ,wegetforj=0,1

-

. 1 _ .
RfgeH: > " nRL®, P, (R fg)e RL™,

the latter inclusion uniformly in A > 1.

Proof. Throughout A, »,0 are dyadic numbers. We mimic the proof of lemma 8.5 in [17]. Write

Rifg=Y ¥ Po(RIPLIPLE)+Y X Po(RIPy[Pig)

A2 o<max{l; »} A1,2 o=zmax{d o}

To bound the first term, write

Z PU(R_%P/llfpllzg)

/112 a<max{/1],2}

=) ) Ps(R:P)fPyg) (1.3.23)

A <Ay o<maxid, »}

+Y Y P, (R 2Py fPy,g)

),1 2/12 o<max{/11,2}
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Chapter 1. Optimal polynomial blow up range for critical wave maps

Then we get for the first term (after summing over A, only)

+Y_

LY

_ _3
*IOTRTIPy, fPy, 8l <02 E 0 ||R 2P<A2f||Lm||PA2g||Lz

o1, 3
ST A IR Pa, flin Pl s

2

N\»—

o

which is more than acceptable in the case o < A, (allowing for square summation over o, 1,),
3
even taking into account the logarithmic loss from the factor |[R™2P.), fll;~ on the right,

1,v_

thus controlling the first term on the right of (1.3.23) in case g € H;; 27 If on the other hand
1+3-26—

g€ H, , we get

l +V 3

oI i |R2P_), [Py, gl 2 <02 ET|RIP Azfnponngny

\ —

1

o, l,v
=()" A, IR 2P<Mf||Loo||PA2gn

Here, we can again square-sum over o, A,. Next, for the case 1; = 1, in (1.3.23), the argument

l,v_ 3 3
is identical to the one above provided g € Hj T2 AR, P.,f,gelog AR L uniformly in

A >1. On the other hand, if g € Hf1,+5_26_, we have

M\H

L _3

2Py fllp2 IR 2Py, 8l oo
1yv_

Sozt: ||P,11f||L2/12||PA2g||Lz

1

o, l,v
N /1—)2 2", # ||P/11f||

~

liv_
o2 27 |R” ZPAIfPA2g||L2<0

- ||P/12g|| 1+§—26—

1.y
2 2
p

by lemma 8.3 in [17]. Again this is more than enough to square-sum over o,1; and sum over
A2. These observations handle the case of small 0. We note that the L?-type estimates for

R fg jeio,1}

are just the same and in fact easier under the corresponding assumptions in the lemma.

3
Next, consider the case o = max{A,»}. If )(R<1VIIQ(R_§P<,1f) € L* uniformly in A > 1, then we
get

_3
1L*(xra1R™2 P<o fP1,8) 12 SASIPY, gl 12

Here we have used lemma 8.4 in [17]. It follows that

_3 Aokl vy
IPs(xr<1R 2P<afP/128)||Hé+%,,§(;) 22 IIPAZgIIHé%,

which suffices to square-sum over o. On the other hand, including a smooth cutoff y -1, and
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1.3. Construction of the precise solution

assuming 1, = 1; as we may, we get

_3
1L*(Xr=1 R 2Py, fPL,E) I S Y. IVEPA, Fllie VP, 8l 2

m+l<k

S 2 AUIVEPLAN )

m+l<k P

IVEPy, gl 2

v
2

1_v
-0 —5—5% 1
SAMTATET Y A ALIP S %+%7||PA2g||H%+%7

m+i<k Hy P

whence

_3 _ /17_ -Li_v
1Py (Xt B2 Py FP2, ) gy SATTT ()22 1P £

1 x_||P/lzg|| 1oy .
k 2 HZ 2

1
5+
2

Hy P

13

This again suffices to square-sum over o and ['-sum over A;. If g€ H 1+3-20- we note that

the argument for lemma 8.5 in [17] furnishes the bound
_3 1
1L (R™2Pa, P2, 8) e SATASIPA, £y 1P, 8l s,
19
and so we get

2
P

_3 1 l,v_
| £* Py (R™2 P, [Py, 8) RS M50 PG FIL 1Pl
The duality argument in [17] then yields (provided o > A, = 1)

-3 1 —¥426
1Py (R szlfPazg)nHé%_ S ||th||H§+%_||P12g||H;+%_25_

which suffices for the case 1; < 1, < g, and the necessary summations. For the case 1 = A,
one instead uses that

_3
IL*(R™2 Py, P, &)l 2 SAK AP, Fll 2 1Py, gl 12,

which implies that

NI

_3 -1-
1P, (R zpﬂlfplzg)llH%fS(;)k :

+ —%+25
) A NP s VPagl s o

P

This is again enough to sum over all dyadic frequencies. Finally, to obtain the inclusion
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Chapter 1. Optimal polynomial blow up range for critical wave maps

R‘%fg € R2L*, we observe that

lg(R)| =
| f °°¢(R,é)x(f)p(£) dé| < R: ( f T ()&~ p(&) dE)E f oo<f>_2_v+2‘5+p(€) dg)
0 0 0

D=

S gl 14y_26-
H, ?
whence [g(R)| < R? ||g||H1+%-za—- This implies
p

R73 < Y o5
IR gl S IIfIIHé%,ﬂR%LwIIgIIH;g - p3 0

We also need to control |[R™2 P. A(R‘% f8) Il for arbitrary dyadic A > 1. Write

R 2P, (R77fg)

=R 2P (xp R 2 f8) (1.3.24)
+R2P_ (Y peR 2 f8) (1.3.25)
+R2P (Y a2 f8) (1.3.26)

for smooth cutoffs y , _z etc. To bound the first term on the right, we use that the operator P,
is given by integration against the kernel

K (R,R) = XR~§[0 PR, Oxead(R, &) dS (1.3.27)

for a smooth kernel function y¢.;. We claim that this kernel maps L continuously into L*.
Taking this for granted, we obtain for the term (1.3.24) the bound

3 _3 ~_
IR™2Pep(Xp-gR72 f&)ll S sup I Pa(xgR™° &)l o0
R~27

SIFI s

R ||g||H;+%—26—+R%LOO

To get the L*°-boundedness of (1.3.27), write

Yroi fo PEOGR) ecrd(R,E) de

= ) Xr-R-n f PEPR,E) X eeminia, -2 PR, &) dE
N dyadic 0

£ Y tmiw fo PEOGR Y N2t 1 (R, &) dE

N dyadic

46



1.3. Construction of the precise solution

Using theorem 1.2.3, one infers for the first term on the right the bound

Y e f POPR O Kecminit -9 R, dél < LT,
Ndyadic 0

and this kind of kernel is easily seen to act boundedly on L*°. For the oscillatory integral kernel
above, write schematically, using theorem 1.2.4, theorem 1.2.5

XReFeN fo PE)PR, Oy N2 PR, E) dE
1

Reh ))ZXN*2<§<)L d¢

= XR~§~NL p(&)a(E)2E2 X REFEIRE (14 o

- . R+R_ Xp_#-
= n-i-n| - NT(NGR £ R) + ATIAGR )] + O(log(——) | XE=E=N,

for a suitable smooth and compactly supported function y;, and the L*°-boundedness of the
(sum over dyadic N of) these operators follows easily. This concludes the estimate for (1.3.24).
To bound the term (1.3.25), we break it into a number of constituents, using theorem 1.2.2 -
theorem 1.2.5. Write

R_% P<A(XR<<}?§_%fg)

=R} fo fo TreiR 2 FRER 1A bR, OPR,Op(E) dEAR

with smooth cutoffs y , 5, Ye<1. We further split this as

[NIBY

R: fo fo LreiR 2 FRER 1A bR, OPR Op(E) dEAR
s fo fo Yreilrees1 B2 fB g yeard(B PR E (@ dEdR (13.28)
B [ tnentascen B B8R 1adROSROpEAEAR  (1329)

B[ tpentiea B B8 RIad R OGR DPQ dEdR (1.3.30)

For the first term on the right, (1.3.28), both functions ¢(R, ¢), (/)(ﬁ, ¢), are in the oscillatory
regime, and can thus be written schematically as

1 L, ipsh 1 ~ _1 LiRed 1
H(R,&) = a@)E e R (14 0(—)), p(R, &) = a@)& 1R (1+ 0(=)).
Réz Réz

By applying integration by parts with respect to the variable ¢ 2, we find

00 R _ _ _ _
1(1.3.28) < fo Xrei( VR BlIg R dR
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Chapter 1. Optimal polynomial blow up range for critical wave maps

and from here we get

< v
103280 S 113 N8 s s

For the intermediate term (1.3.29), one uses the expansions

~ 1, hrd 1
B(R,&) = do(R) + ho(ROREY), p(R,6) = a(O)& e 1RE7 (1 + 0= 1)

and then uses again integration by parts with respect to ¢ %, obtaining bounds just as in the
preceding case. Finally, for the remaining integral (1.3.30), using the expansions

G(R, &) = Po(R) + Po(R)O(RE?), (R, &) = o (R) + Ppo (R) O(RE?),

we find
)
|(1.3.30)I§(f @@ 2 A L1 el Bl
0 R2 R2
gloglllillpo ||~£§”L°°

53
2 2

If we replace here the outer factor R by R™1, one instead gets the bound

A 9
S (j(’) P(f)(@_i df) ”E_fi“L‘x’ ||%”LOO’

and so we no longer get a logarithmic correction for || R7p_ 1 (R_% .

Observe that in order to bound ||[R"!P.,R™! fg||;~, and under the assumption f € RL®, g €
RL*, proceeding just as before, we encounter instead of (1.3.30) a similar expression with the
factors R™2, R~ 2 replaced by R!, R~!. This we can then bound by

R*dR< ||I
R

LSl

f g =5 g
Sl oof R2R ool = Ml o0,

gireIglee | = L=l L

thus without logarithmic correction. It is clear that the remaining cases occuring in the bound
for (1.3.25), as well as for (1.3.24), are easier for the expression IIR_1P<,1(R_1fg) ll;00, and
hence omitted. The bound for (1.3.26) is more of the same. This completes the proof of the

lemma. O

v

1iv_
Lemma 1.3.12. Assume that all of f, g, h are either in H§+2 ARZL*® as well as with their
frequency localized constituents P (-) € log/lR%L‘X’ and )(R<1V§? (R_%Pd(-)) €L*®, =0, uni-

+3-26—
2 . Then we have

. . 1
formlyinA>1,orin H,
R3fghe H*3 20~ qRI[® P_(R3fgh) e logAR2 L™, P, (R 3 fgh) € RL™®
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1.3. Construction of the precise solution

liv_
with the latter two inclusions uniformly in A > 1. Also, if hj € Hp2+2 ARZL*® and further

y_ 5_
P_yhjeRL™ as wellaSXRquQ(R_lPdhj) € L®,1=0, uniformlyin A, orelse hj € H;+2 2 ,

forj=1,2,...,2N, then we have

N

1 .

R feh[l(gheihzjn) e 23720
j=1

We also get

EER A | 1yv_5_
R zfgn(Ethth—l)EHZ 2
j=1

For the proof of this, one notes that by the preceding lemma,
_3 1yv_5_ 3 oo o3 _3 0o
R 2fge H2 29" AR2L® R2P_;(R"2fg) € logAL
uniformly in A > 1. Also, we have
RPL(R:fg)el™

uniformly in A > 1. By another application of the preceding Lemma, we obtain the conclusions
concerning R3 fgh. The conclusion concerning

N
_ 1
R3fgh H(Ethth—l)
j=1

then follows by further iterative application of the preceding lemma. The last statement of the
lemma follows similarly.

We can now complete the estimate for the remaining two nonlinear source terms. Observe
that we can write the first of these, (1.3.20) in the form

sin(2u sin(Qu
( 32](:) (1 _COS(ZR_%?)) _ ( 3Zk) (R_%?f)zq(R_l'éz)
2R2 2R>
sin(2uak) 3. 12
=——"R28°g(R ¢
R q( )

where ¢(-) is real analytic. By combining Lemma 1.3.12 and Lemma 1.3.10 (with a = % +3)
and using

in(2
M €1S(1,2),

we find
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Chapter 1. Optimal polynomial blow up range for critical wave maps

Lemma 1.3.13. We have the source term bound

sin(2uy ) _1 ~
I——=—=(1-cos@R™2®)Il .y, SIE*,,,
2R? Hy HZ 2 nR2L™
provided we have
~ - DI I I
121 4oy SLIR 2Pl SLIxra V(R 2 Pad)li= $1,120 (133D
n o]

P

+

NI~

uniformly in A > 1. The same bound obtains with the space H 2" AR2L™ on the right replaced
by H;+§_26_, and the bounds (1.3.31) replaced by

hs)

Ell ey < 1.
|| IIH; Y-
To deal with the last source term (1.3.21), we write

=3

cos(2u €
C0SCU20) () -t — sin2R9)) = cos(2uz) 75 (R &)

2R?

where again ¢g(-) is real analytic. Combining Lemma 1.3.12, and Lemma 1.3.10, we infer

Lemma 1.3.14. We have the source term bound

cos(2uyy)

1 . _1 ~
I (2R 2 -sin(2R Za)”H%*%*”*SHEHS 1oy

3
2R2 ; H} 2 NR2L*
provided we have

~ _3 ~ _3 ~
Bl gy SLIRPGE . SLIra V(R Pod)l~ S1L120  03.32)
o NR2 L%

~

1hv_
uniformly in A > 1. The same bound obtains with the space H, "2TARIL® on the right replaced

by H;+g—25—, and (1.3.32) replaced by

||;§|| 1+¥ 26— S 1.
H, ?

1.3.3 The first iterate

Recall that we have constructed the zeroth iterate via
X0(1,8) = (UA2F[R? (8p-1) D (7, 6),

so that Proposition 1.3.7 applies. Now we construct the first iterate via
x1(7,$) = (U fo)(7,¢),
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1.3. Construction of the precise solution

where we have
/11 AT /11 2 2 2
~fo =2710(6T—72€65)x0+(7) [H° = (F — Hp)” —2[€0¢, Ho | X0
A _ 1 1 _
+0: (5 Hoxo + A 2F[R% (Noj_1 (R™280) + 82k_1)] — T 20
Observe that we have
A AT 2’1_
(61—%2565)%67 N

Due to the smoothing property of .%j, we conclude that

A A N 2yl v_
277%0(6,—%2665)x0€7 N ZLPZ+2

Further, we get the even better bounds (which however we won't fully exploit)
A ae oo 2 ~N-27 2143~
) [H° = (H — Ho)” —2[E0¢, Hol | Xo € T~ “Ly

_N_ZLZ,%+%—
)

’

A
aT(TT)Jfoxo — CT_Zxo €T

while from Lemma 1.3.13, Lemma 1.3.14 as well as (1.3.22), we infer

-2 1 1 —N-=2
IA~*F[R2 (Nok—1 (R™28p) ||L%+%7257 ST
7

The key conclusion of all this is then the following

Lemma 1.3.15. The difference Ax) := x1 — x¢ satisfies the bound

—-1_-N
lAx(7,-) ||L2,1+%—25— S N 177,
o

M
)

The implicit constant is independent of N, whence picking N large enough makes the overall

(0 280;)Ax (1,7 ”Li'%%_ < NlpN-

constant on the right < 1.

Note that the key aspect here is the gain of one derivative (which translates to a 1/2 weight in
terms of ¢). This is essential in order to replicate the reasoning used above for the new source
term

A2 [R% (Nak—1 (R_%gl)]
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Chapter 1. Optimal polynomial blow up range for critical wave maps

where we define the first iterate on the physical side via

# (0, R) = fo SR, E)x1 (1, E)p (&) dE = fo SR, E)Ax, (1, )p(&) dé

+f°°¢(R,é)xo(r,£)p(~f) ¢
0

Thus from Proposition 1.3.7, the remark following it, as well as Corollary 1.3.9 and the preced-
ing lemma, we infer that we can write

ar,) =8, )+8?(,,
where we have
1,v_
e, et N(H T AR L®), VLR P (r,)) e v NI®, 120,

the latter inclusion uniformly in A > 1, while we have
~ _ y-26-
£, e VNH, 2

This is precisely the kind of structure necessary to invoke the bound (1.3.22) as well as

Lemma 1.3.13, Lemma 1.3.14.

1.3.4 Higher iterates
Here we have
xj(T,8) = Ufj-1)7,8), j=2,
and we have
—fi-1 =2%Jfo(0r - %Zfaf)qu + (%)2 [ % = (K = H)? = 2[E0¢, Hol ] xj1
+ 01(%)%3@'—1 + A72F[R? (Nopoy (RT2Ej-1) + 8 )| — €12

Then using induction on j and exactly the same bounds as in the preceding subsection, one
infers with

ij = x]- - x]'_l
the bounds

—i N
||ij(Ty')” 2,1+%—25—,§N It )
Ly

52



1.3. Construction of the precise solution

A o
||(61—TTZfﬁg)ij(T,-)||L2%+%,25, <N/gNAL
o

The desired fixed point of (1.3.4) is now obtained via

o0

x(1,8) = %o(1,8) + ) Ax;j(1,8)

Jj=1

l,v_ y_
and is a function in Hf§+2 , such that 0, x(7,-) € H; . Due to Lemma 9.1 of [17], the corre-

sponding
er,R):=R? fo PR, Ex(T,6)p(&) dé

satisfies £(7,-) € 7~V H ¥, as well as 0;(z,-) € TV~ ' Hy; . This is the desired solution.
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y4 Full blow-up range for co-rotaional
wave maps to surfaces of revolution

It is also interesting to consider the same problem in a more general situation when the target
manifold is a surface of revolution. A work on this case which is parallel of [17] was due to
Carstea [3]. However, as in [17], the blow-up range in [3] is not optimal. In this paper, we will
indicate how to combine the techniques of [3, 13] to obtain the optimal blow-up range in this
setting. For more detailed references concerning the blow-up dynamic of wave maps one can
refer to [13].

Let A be a surface of revolution equipped with a Riemannian metric
ds? = dp® + g(p)*do

for A& being produced by rotating the graph of a function y = f(z) around the z-axis.

Remark 2.0.16. A detailed discussion of what properties g shall satisfy can be found in [3].
Those properties will give the relevant properties of the ground state (harmonic map) which
one needs to use when proving some intermediate conclusions when building the approximate
solutions. What this paper will focus on is the main difference and changes raised because
of the new setting of target manifold we have. However, no changes are required according
to the parts of proofs relevant to g. Thus, we refer the reader to [3] for the details about what
properties g need to satisfy.

In the case of surfaces of revolution, the equation for co-rotational wave maps takes a form
similar to (0.0.3). A simple computation (see [3]) gives

—0%u+0%u+ %Oru = %, fw) =gwg (w). (2.0.1)

Pick a stationary solution with finite energy for (2.0.1) as was shown in [3]. We state our result

Theorem 2.0.17. For anyv >0, there exist T > 0 and co-rotational initial data (f, g) with
e T
(f-mg €Hy?* xHg,
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Chapter 2. Full blow-up range for co-rotaional wave maps to surfaces of revolution

a' solution u(t,r), t € (0, T] which blows up at time t = 0 and has the following representation:
u(t,r)=QWMr)+e(t, 1)

where A(t) = t 717V, and such that the function
@,1) — (ee(t, 1), e, (t,1)) € H™V" RY) x H'~(R?)

uniformly in t. Also, we have the asymptoticast — 0

Eloc(e(t,)) StV log? t

2.1 Anoverview of the proof for theorem 2.0.17

In the work on co-rotational wave maps to S? target by Krieger, Schlag, and Tataru [17], it was
found that solutions exist with the blow-up rate A(f) = 177, for the continnum of blow-up
rates of any v > 1/2. In a joint work of the author and Krieger [13], this range was extended
to v > 0. Since the construction to be described in this paper is based heavily on that of the
previously mentioned works, we recall for the convenience of the readers the basic scheme.

The method of construction relies on building approximate solutions starting from the initial
guess u(t,r) = Q(A(f)r) where Q(r) is the stationary ground state. If one naively plugs in
Q(A(1)r) into the equation, the error term generated is (rA'(£))?Q"(A(t)r) + rA” (£)Q' (A(H)r),
which turns out to be “large”. Thus one cannot directly use perturbative techniques to find the
solution. Instead, we first correct the error (within the past light cone from the singularity)
using an iterative scheme, until the error becomes sufficiently small. In the following we will
using the notation R = A(#)r."

Theorem 2.1.1. Assume k € N. There exists an approximate solution uyi_1(R) within the
backwards light cone from the singularity for (2.0.1) which can be written as

(log(1 + R%))?

Cr )
(tA)?

2
RlOg(].-l‘R )+WR+O(

Ck
(tA)?

Upk—1(8, 1) =Q(R) +

with a corresponding error of size

[ ugk-1)
2r2
R(log(1 + RZ))Z)

(M)zk

1
€2f—1:= (—6% +6% + ;ar)uzk_l -
R .

_ __—§+V
=a-gpmrol

Here the implied constant in the O(...) symbols are uniform in t € (0,0] for some 6 = 6(k) >0
sufficiently small.

1Here we use the identification of the wave map with a function u(z, r) as before.
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2.1. An overview of the proof for theorem 2.0.17

This is proved by means of an iterative scheme (see section 2.3) that improves the error at each
double step. Actually at each step we approximately solve the wave equation first close to r =0
then close to the light cone r = t. In both cases it will reduce to solve an ODE (a Sturm-Louville
equation). It is important to observe here that the restriction v > % imposed in [3] does not
come in at this stage; in fact, any v > 0 will suffice. For the sake of readability, only theorem
2.1.1 as well as the finer representation of the errors as specified in (2.3.8) will be used in the
final proof of the main theorem (the exact solution) in section 2.2. The reader can treat section
2.3 as a black box if desired only up to these statements.

In section 2.2, we complete the approximate solution to the exact one by adding correction via
the ansatz u(t,r) = upp—1 (¢, r) + £(t, r). Before giving the relevant PDE of such term e. We first
renormalize the time ¢ into 7 := v~'#~", note that with respect to this time, we get

A1) = At(@) = (vr) v
We also have the re-scaled variable R = A(7)r respectively. We shall assume that
lesk—1 (5, NI ST N, r<t

for some sufficiently large N, which is possible if we choose k large enough. We shall also
assume the fine structure of e»_; as in section 2.3, and more specifically as in (2.3.8). We can
complete the approximate solution uyj_; to an exact solution u = uyx_; + €. , where € solves
the following equation:

Ar 2 A Ag , 1 f(Q(R))
_ [(6-[ + TRaR) + T(ar + TROR)]E + (6R + EOR — T)E
1
= _F[QZIH + Npj_1(€)], (2.1.1)
where
1
Nyj_1(e) = ﬁ[f’(uo)e—f(uzk_g +)+ fup_2)]. (2.1.2)

After change of function &(r, R) = RY?¢(z, R), (2.1.1) becomes

A 1A, 1. A
(—(6,+TTROR)2+Z(TT)2+EOT(%))E—,‘%E:A_ZR%(Ngk_l(R_%é)+32k_1) 2.1.3)

The strategy is to formulate this equation in terms of the Fourier coefficients of € with respect
to the generalized Fourier basis associated with £ given by

3 1
L ==0p+ Tz + VIR, VR = -3 [1- fQR)]
with Q(R) the ground state. Dealing with (2.1.3), one needs to develop some rather sophisti-

cated spectral theory. The spectral theory of £ follows from [3] (more exactly [17]), we refer
the reader to [17] to see a detailed discussion. To find €, one employes a fixed point argument
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Chapter 2. Full blow-up range for co-rotaional wave maps to surfaces of revolution

in suitable Banach spaces, and it is here, in the treatment of the nonlinear terms with singular
weights, that the restriction on v comes in (see [3, 17]). More precisely (see lemma 7.2 in [3]),
this condition is needed there to make sufficient embedding between suitable function spaces
to control the nonlinear terms.

In [13], the authors overcome this restriction (in the case while target manifold is sphere). We
will employ this method in our problem (while target manifold is surfaces of revolution) in
section 2.2 which is as following:

Firstly, by a more closely analysis of the ’zeroth iterate’ (to be explained below) for €. We show
that one can split this into the sum of two terms, one of which has a regularity gain which lands
us in the regime in [17] is applicable, the other of which does not gain regularity but satisfies
an a priori L* bound near the symmetry axis R = 0. So the relevant terms with a singular
weight R~3/2 at R = 0, such as R~3/22? (see section 2.2) can be estimated without adding any
conditions for the regularity. The reason why they can control the part of the zeroth iterate
near R = 0 comes from the fact that the singular behavior of the approximate solution from
the first part of the construction and the error it generates is localized to the boundary of the
light cone. Then, by writing the equation for the distorted Fourier transform of € we will show
that the higher iterates all differ from the zeroth iterate by terms with a smoothness gain. This
will then suffice to show the desired convergence.

Remark 2.1.2. The proof of Theorem 2.0.17, unsurprisingly, has large overlap with the con-
structions of [3, 13]. For brevity we will only indicate in this note the modifications necessary,
and will refer the reader to [3, 13] for the proofs of many intermediate steps.

Remark 2.1.3. In the new situation, the main difficulty for proof of Theorem 2.0.17 is that
we can not write the nonlinear term explicitly. Thus in the relevant step (see step 3 below)
when constructing the approximate solutions and in the second part where the ‘perturbative
scheme’ is introduced for the exact solutions, one needs to redo or adjust the proofs for the
new nonlinear source term. In [13], the authors correct the inaccuracies in [17] according to
the approximate solution step such as the omission of some logarithm factors in the algebra
of the special function spaces. In out paper here, the different function spaces are used
correspondingly to fix such inaccuracies in [3]. So some part of the arguments need to be
restated during the construction of the approximate solutions.

2.2 Construction of the exact solutions

This is the very end of the proof of the main theorem. However this is where the ‘key structure’
is introduced following [13] to make it possible to relax the constraint on v. For the readers
who are interested in the construction of the approximate solutions, we give the proof in
section 2.3.

On the base that an approximate solution has been constructed with a corresponding error
term which decays rapidly in the renormalized time 7 := v~'#~¥, we can complete the approxi-
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2.2. Construction of the exact solutions

mate solution u,;_; to an exact solution u = uy_1 + €. After changing of function (which gives
us a new relevant , see section 2) and applying a distorted Fourier transform? to the equation
of € ((2.1.3) in section 2):

Ar
5 =

)~ L= A2RE(Npjoy (R™28) + 1) (2.2.1)

Ar 9 5 1
— (07 +—ROp)"+- + -0
(-0 1 R) 1 ) > z(
One shall get a equation of the Fourier coefficients, which we call the transport equation.

The main difficulty is caused by the operator Rdg which is not diagonal in the Fourier basis.
To deal with this, we replace the distorted Fourier transform of ROgu with 2{d; modulo an
error which will be treated perturbatively. We define the error operator £ by

ROpu = 28011+ K 1
where f = % f is the distorted Fourier transform.
To proceed further, we have to precisely understand the structure of the 'transference operator’

J . Make the

Definition 2.2.1. We call an operator % to be smoothing, provided it enjoys the mapping
property

= 2,a+1
H L3 — L,

P P Va

For the definition of a weighted L2-space Lf;“, we have

lulge = ([ @@ p(@) )’

If we put the terms with a ‘smooth’ property to the right hand side of the equality in the
transport equation. Then the Fourier coefficients (we call them x(7,¢)) of € with respect to the
generalized Fourier basis satisfy

Drx+Ex = f(x,8), (2.2.2)

2Here the distorted Fourier transform is defined via combining one function ¢(r, z) from the fundamental
system for £ — z and its inverse is given using the density function p(¢{) of the spectral measure of £, where £ is a
key operator raised from the exact solution’s equation and z € C.
More precisely, the distorted Fourier transform is

F ﬁ(é’):/(; d(r,O)h(r)dr

when the inverse is

(o9) —~
FU hi) = fo B, ORE (&) dE.

The detailed explanation for ¢(r, z) and p(¢) is in [13, 17].
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Chapter 2. Full blow-up range for co-rotaional wave maps to surfaces of revolution

where we have the operator

A 3 p')¢
Dy :=0; — — (280 + = +
2! ety 163) ]
and
AT AT AT 2 2 2
—f:27Z0(61—72665)x+(7) [ = (H — Hp)” —2[E0¢, o) | x

1 X X (2.2.3)
+ GT(TT)J,’OJC + /1_29[1{5 (Ngk_l (R 28) + egk_l)] - CT_ZX

For %), according to [3] we give it as (see theorem 5.1[3])

= _(§ A0

O0o(&— £.
3 p(n))o(f ) + Ao

Remark 2.2.2. Although the problem dealt in [13] is different than ours, the process at this
stage is very close. We refer the readers to [13] for those technical details we omit here when
deducing the final transport equation (mainly the straightforward computation) and below
for brevity.

The explicit solution of (2.2.2) is given as:

Lemma 2.2.3 ([13]). The equation (2.2.2) is formally solved by the following parametrix

3 122
0 12 P2 (52 &) 22
x(1,6) = f 0 LV §1,0,A2@000) f 0, —Z(T) & do = (Uf)(1,8) (2.2.4)
T Aio) p2(d) A(0)

One key fact from [13] is we have the following mapping property of the parametrix with
respect to suitable Banach spaces:

Lemma 2.2.4 (lemma 5.6, [13]). Introducing the norm
1f 1l 2an == sup TV £ (7, )l 2,
P T>T 4

we have
” Uf||L2'a+%;N—2 5 ”f”L%a;N
o

provided N is sufficiently large.

For the future reference, we will use the following norm:
® 2 2 3
= ([P @@ pe a2)’
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2.2. Construction of the exact solutions

where

h(R) = fo ~ SR, X p(© de.

2.2.1 Zeroth, first and higher iterative schemes

After formulating (2.2.2) as an integral equation, we need to find a suitable fixed point, which
will be the desired x(7,¢). We construct these via

x(7,8) = (Uf)(7,8) (2.2.5)
with f(x,€) asin (2.2.4). To find such a fixed point, we use the iterative scheme
xj(7,6)=Ufj-1)(7,8),j=1

The function f; is given as

_ A

A
A/ 1 1

+ a,(%)xoxj + A2 F[R? (Nog—1 (R™2E)) + 1) ] — €T 2x;

A A
~fj :27’%(6 280¢)xj + (7)2 [ % — (K — H)? - 2[E0s, Hol ] x; (2.2.6)

The zeroth iterate in turn is defined via
X0(1,8) = (UA2F R (eax-1) (1, 6);
We have the following proposition proved in [13]

Proposition 2.2.5 (proposition 5.7, [13]). Replacing esy—1 witheés_; € H ;;R whereesj_1lr<t =

erx—1, We can write

X0 = x(()l) + x(()z)

where
2, liv_

x(l) € T_NLP 2727, x(2) € T_NL

2,1+35-
p

and also

oo
XRr<1E5 (T, R) = yr<1 fo OR,OXL (1, OpO)dé e T VRIL®, ypo1 BV SN

We can rephrase it as following, which is identical to Corollary 5.9 in [13].
Proposition 2.2.6. Denote by P, the frequency localizers
F(Pf)E) =1 @(F )@
where y <7 (&) is a smooth cutoff function localizing toé < A, as in [17]; here A is a dyadic number.
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Chapter 2. Full blow-up range for co-rotaional wave maps to surfaces of revolution

Then we have
Xra1P<aEy) e T VRIL®

uniformly in A > 1. Furthermore, for any integer | = 0, we have
VLRI P40 = 0@V

uniformlyin A > 1.

Remark 2.2.7. This is the key structure from [13], with which the we are able to invoke lemma
2.2.11 to control the nonlinear term and prove (2.2.7) (see below).

Based on lemma 2.2.4, we know

”Ufj_lHLf,‘“% N ||fj—1||Li_%+%,

For the first iterate, the estimate for the most terms in (2.2.6) follows the same arguments in
[13]. We list the unchanged results (see [13] for proof) as following

A N2, o
(0,—%2&05)16061 R

A A _N_9 24y
27710(6,—712665)x0<—:r N=2p o2

(%)sz (K~ )2 —2(60s, Aol xp e TV 2LE T

A, _ RN 2'l+1_
ar(f)foxo—cr Zxoer N 2Lp2 ’

For the nonlinear term, which is the key of the whole argument, we will prove the following in
the next section (according to Lemma 3.4)

1, v
o ts

A2RE N (R e N 2L 2" 2.2.7)

Let us for now accept the facts above and conclude here the key conclusion in this step

-1_-N
l21(7,) = %0 (T, I 21y SN,
o

A 1 _-N-
100 = 2808 (317, ) = 20z, I oy SN

P

Then we define
£ = fo B(R,6)(x1(1,) — xo(T, )) (O dE + fo B(R, &) x0T, E)p () dE
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2.2. Construction of the exact solutions

which will allow us to write
a=eV,)+8%@,)

gW(1,-) and £? (1,-) satisfy exactly the kind of structure we need to invoke the bound for
nonlinear source term in lemma 2.2.11. Continuing running the iterate scheme will give us
the bounds

—j_-N
lxj(T,) = X1, 200y- SNTT7H,
J J s
o

Av -j.—N-1
I(0: - 72565)(361 (r,) - xj-1(7, .))||Lf,'%+%_ SNt
This will close the fix point argument which proves we have
Xrg € H2im, O X € H .

Through lemma 7.1 in [3] (it was proven in [17]):

Lemma 2.2.8. Assume |a| < % +3, g€ IS(1,2). Then we have

g fllmg SN f g

Itindicates the existence of the exact solution e(,-) € TN Hﬂ%g V= aswellasd;e(r,) € N _1Hu¥2_ .

2.2.2 The nonlinear source terms

We will give an analysis to the new nonlinear source term to complete our work in this section.
We recall the following formula for the main source term:

1
A™2R: Ny (R™28) = = [ (0)E~ f g +RTIER? + f(upp_z)R?] 2.2.8)
1 1 1 _1
= —[f'wo) - fwn-2) e~ — ¥+ fPun)(R728)  (2.2.9)
R Rz =l
According to the preceding proposition, we have

_ 2’l+1_
X0ET NLp 202

whence
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Chapter 2. Full blow-up range for co-rotaional wave maps to surfaces of revolution

This means that for the source terms, we need at least H, 3 ~ -regularity. In fact, we can do much
better for the term # [f"(u0)€ — f(upk—2)€]. Recall that

2k-2
Upk—2 =Up+ Y V]
=

where we have

1 _
Uok—1 € —ZkISS(R(logR)Zk L9r1), vore

I1S3(R3(log R)?¢ 1 2
) (R*(ogR) k)

1
(t/l)zk+2

which implies
IS3(RlogR, 2)

Upk-2—Up € t 1)2

Moreover, we recall some useful results in [3, 17].

Lemma 2.2.9 (lemma 3.9-10, [3]). %% (ug) € ISY(R™Y) and f®**V (up) € 18°(1). Moreover; if

yAS

(t1)?

then

R (up+z(R) € IS'(R(logR), 2)

1
(tA)?
and

F@RU (4o + 2(R) € 18°(1, 2).

Thus for—[f’(u0)£ f'(uz—2)€], we have

[ o) = f(ugr—2)  Li=2 ll!f(l)(uo)(uﬂc—2_ up)’ . 1
R? B R? (tA)?

1§(1,2)

and lemma 2.2.8 will give us the following bound

||—[f (Uo)E — f' (upk—-2)E] | 3oy- S TV TNEN 30y (2.2.10)
To deal with the rest ‘truly’ nonlinear terms, we first split them into two parts
El; f(l)(uzk 2)(R™ )l=
Ez; f<21>(u2k (R 25) 21 (2.2.11)
Elgi f(21+1 (u2k_2)(R—%g)2l+l 2.2.12)
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2.2. Construction of the exact solutions

We can write (2.2.11) in the form

3
R 28

l f(ZZ)(uo + Up_o — Up) (R_lgz)l—l
=1 I R

and meanwhile write (2.2.12) as

1 -
RT3 Z ﬁf(zm)(u() +Uopo— uo)(R‘l’éz)l 1
I=1°

According to Lemma 2.2.9, we observe that

@D (up + upr—n — uo)

- i f(2l+1)(u0 + Upp_n — uo) € ISO(ly Q)-

Thus via Lemma (2.2.8), we can estimate the Hg norm of (2.2.11) and (2.2.12) by the H;j‘ norm
of
RI82g(R'#®), R3BgR '

where «a here is % +7—and q(*) is a real analytic function.

We recall a very technical and crucial lemma proved in [13]

+3- 3100
o NR2L*® as well

as with their frequency localized constituents P, (-) € log AR 3L and X R<1V§ (R‘%P< A()) L™,

1
Lemma 2.2.10 (lemma 5.12, [13]). Assume thatallof f, g, h are eitherin H}

1 =0, uniformlyinA > 1, orin H;,Jrr. Then we have

R3fghe H2**" AR2L™®, P, (R 3 fgh) elogAR? L™, P_,(R3fgh) € RL®

y_
2

ARZL*® and further

P_phje€ RL™ as well as xp<1VH(R™'P<yhj) € L, 1 2 0, uniformly in A, or else hj € H;Jrr,for
j=12,...,2N, then we have

1
with the latter two inclusions uniformly in A > 1. Also, if hj € Hp2+

N
1 ,
R3fgh]] (ghejhzj-1) € HE*E
j=1

We also get

3 A | 1,v
R:fg H(Ethth—l) €eH2"z"
j=1

Invoke the conclusion from lemma 2.2.10, one can prove:

Lemma2.2.11. Providing

~ _3 ~ _3
Il 3oy pd e ST IR2PGEI S1, xR VR(R™2Pi@)le S 1
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Chapter 2. Full blow-up range for co-rotaional wave maps to surfaces of revolution

uniformlyinA >11=0, we have

||—[f (uo)E — f' (a2l _yoy- SEDNEN py

Hg P
21

Z f@’ (ar_2) (R728)?

~112
| gy SR, .,

Rz l>1 HPZ ’ Hy nR2 L>
1
21+1 21+1 =113
=y - f( Mtgr_o) (R 25) Iy  STER o
R 1>1l H] HZ % nR2L®

The last two estimates’ right hand side space can be replaced by H 25~ witha change of the
bound of € by

2%z~

€l 1.v Sl.
Hy

2.3 The construction of the approximate solutions

To build the approximate solution as in theorem 2.1.1, we follow the scheme in [17]. We start
from the stationary harmonic map3 Q(R). Setting R = A(f)r we take uy(t, x) = Q(A(#)x) for
A(t) = t717" and then add corrections vy, iteratively uy = ug + 27:1 Vk. In a first approximation
we linearize the equation for the correction € = u — u; around ¢ = 0 and substitute uy by ug.
Then we have the linear approximate equation

(- 02+02+ 6 )6——f (up)e = —e

From here we split into two different cases: considering the case r <« t when we expect the
time derivative to play a lesser role thus we neglect it (where (2.3.1) below comes from);
considering the case r = t when the time and spatial derivative have the same strength. We
can identify another principal variable, namely a = r/¢ and think of € as a function of (¢, a)
so we can reduce this case to a Strum-Liouville problem in a which becomes singular at a = 1
(where(2.3.2) comes from). After each step of adding the correction, we also estimate the size
of the errors. This makes each round of the scheme with four steps to go. For odd and even
steps, we have different equations for the corrections vy:

(0% + a ——f (o)) Vak+1 = — €9, 2.3.1)

1
(-0t +53 + ;ar ——3)V2ks2 = ~€ke1 (2.3.2)

3 The properties of ground state are needed to prove the spectral theory of £. Since we will employ the same
spectral theory as it is in [3], we refer the reader to section 2 [3] for the discussion of properties of such ground
states,
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2.3. The construction of the approximate solutions

with Cauchy zero data* at r = 0, and® where

1 1
ey = (—a§+ai+;a,)u - S (2.3.3)
€2k+1 = €y — 07 Uakr1 + Nogr1 (Vaks1), €2k = €35y + Nog(V2g) (2.3.4)
]' !
Nojg-1(v) = ) [f (uo) v — fuzr—2 + ) + f(Uzk-2)] (2.3.5)
v 1
Noy(v) = 2 ﬁ[f(umc—l +v) = fuzg-1)] (2.3.6)

Remark 2.3.1. Note here a technical detail is we split e} into ey = eg + ellc where ‘32 is the
so-called principle part and the rest e,lc, the so-called higher order part, will be left and merge
into the next step while analyzing the error vy, (will be precise below in step 1 and 3). Also
we will switch to the principle variable ‘@’ for equation (2.3.2) in step 3 as already mentioned in

the above section.

To formalize this scheme we need to define suitable function spaces in the light-cone
Go=1{(t,r):0<r<t,0<t<1p}

to put our successive corrections and errors. They are following closely from those in [13].

Definition 2.3.2. Fori €N, let j(i) = i if v is irrational, respectively j(i) = 2i if v is rational.

Then

* 2 is the algebra of continuous functions q : [0, 1] — R with the following properties:
(i) q is analytic in [0,1) with even expansion around a = 0.
(ii) near a = 1 we have an absolutely convergent expansion of the form

0 L da ,
g@=qol@)+ Y 1-a)’P*2 Y g; j(a)(log(l - @)’

im1 =0
0o ~ j@) N .

+Y 1-aPP*2 Y G j(@(log - @)’
i=1 =0

with analytic coefficients qq, q;,j, and (i) = iv, E(i) =vi+ %

* 9, is the algebra which is defined similarly, but also requiring q;,j(1) =0 if i =2n +1.

We also define the space of functions obtained by differentiating 2,,:

4The coefficients are singular at r = 0, therefore this has to be given a suitable interpretation below (see remark
2.3.6).

5There is a typo in [3] for the sign of the term f (155_»). This does not influence the result in [3] but it matters
for our analysis for the nonlinear source terms in later section.

60ne shall note that those definitions are very natural according to a direct computation for the first round of
the iterative scheme (see [13] for the case when target manifold is sphere).
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Chapter 2. Full blow-up range for co-rotaional wave maps to surfaces of revolution

Definition 2.3.3. Define Q' as in the preceding definition but replacing (i) by ' (i) := (i) — 1,
and similarly for 2.

Definition 2.3.4. S"(R*(logR)!) is the class of analytic functions v : [0,00) — R with the follow-
ing properties:

(i) v vanishes of order n at R = 0.

(ii) v has a convergent expansion near R = oo

V= Z Cink_i(IOgR)j
O<j<l+i
i=0

The final function space S™(R*(logR)}, Q,,) is defined slightly different than Definition 3.5 in
[13] where we add an extra ‘b’ into it. This is simply for applying the results from [3] later. We
state it here precisely.

Definition 2.3.5. (Definition 3.5, [13]) Introduce the symbols

(log1+R»)*  (logQ+R®) 1
2 7T (2

= (Z-A)Z , b1 =

Pick t sufficiently small such that all b, by, b,, when restricted to the light coner < t are of size
at most by.

. Sm(Rk(logR)l,Qn) is the class of analytic functions v : [0,00) x [0, 1) x [0, bol® — R so that
(i) v is analytic as a function of R, b, by, b,
v:[0,00) x [0, bo]3 -2,

(ii) v vanishes to order m at R = 0.
(iii) v admits a convergent expansion at R = oo,

U(R)') b) bl) bz) = Z Cij(') b) bl) bZ)Rk_l(logR)]
O<j<l+i
i=0

where the coefficients c;j : [0, bol® — 2,, are analytic with respect to b, b ».

o ] Sm(Rk(logR)l ,2p) is the class of analytic functions w inside the cone r < t which can
be represented as

w(t,r) = v(R,a,b, b1, by), ve S (R*(logR), 2,)
and t > 0 sufficiently small.

Remark 2.3.6. The functional spaces S”*(R*(logR), Q,,) satisfy some good asymptotic behav-
iors (for example, they vanish in order m at R = 0) so the existence of the solutions to equation
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2.3. The construction of the approximate solutions

(2.3.1) and (2.3.2) will make sense in those spaces although the coefficients are singular at
R =0in general.

Following the method in [17], the idea for proving theorem 2.1.1 is to inductively show that we
can choose the corrections vy to be in relevant function spaces:

Vok_1 € ﬁl&* (RlogR** 1, 2, 1) 2.3.7)
Pes_; € ﬁlsl (RlogR** 1,2, ) (2.3.8)
Usj € Wlss (R*logR)*1, 2;) (2.3.9)
t2eyy € T [1S* (R (log R)*¥, 2k) + (b, by, by) [IS* (RUog B> 1, 2;)] (2.3.10)

and the starting error ey satisfying

eo€ ISY(R™H

Here we denote by (b, by, by) the ideal generated by b, by, b, inside the algebra generated by
b, by, b,. Now we give a brief outline of the proof for 2.0.17:

Proof. Firstone shall check eg € IS 1(r~1, this can be done by a direct computation (see step
0in [3]). Then assuming (2.3.7 —2.3.10) hold up to k — 1, the first task would be proving (2.3.7)
for k.

Step 1: For exr—2, k = 1, proves vyy_; satisfies (2.3.7).

For this one first needs to choose the right ‘principal part’ of e,;_» which we call eg k2" This is
1

>k and which belong to the
same space as eyk—1. The way to do it is as following: when k = 1 we let eg =eg, ifk>1,we
let eg p := €2k-2(R, a,0) with the setting b, by, b, = 0. By changing into variable R, equation
(2.3.1) becomes:

done by throwing away the ‘higher order parts’, which we call e

2 2.0
(t/l) Ll/zk_l =—t ezkfz.

Here the operator L is
1 (uo)
R2

1
L:=a§+§aR—
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Chapter 2. Full blow-up range for co-rotaional wave maps to surfaces of revolution

To get the desired result, one needs to prove the following lemma:

Lemma 2.3.7. The solution of Lv = ¢ € S'(R"'(logR)**~2), with v(0) = v'(0) = 0, has the
regularity
ve S3(RlogR)** M.

This is already proven as Lemma 3.11 in [3], so we conclude (2.3.7).
Step 2: Choose v,;_1 as in (2.3.7) with error eyr_; satisfying (2.3.8).

According to the definition of e;;_; above, we have
2 2.1 222 2
17exk—1 = 1"€y_p — 1707 V2g—1 + 1" Nog—1 (V2k-1)

Since in the former step we treat a as a parameter and now we will defreeze it, some extra

terms will show up while calculating the error e;;_;. To be more precise, the amended term

1

t*es—1 we need to deal with is as following (note that t*e},

to the assumptions)

is proved automatically thanks

2 2 t a
t7esp_1 = " Nog_1(Vog—1) + E" Vop—1 + E¥Vop1

where E?v,;_; is the term in 82 vy, with no derivation on the a variable, and the term
E%vyp_q is the terms in (—6% +02 + %6,) U»r—1 Where derivative hits the a variable (the extra
terms from defreezing of a are included here). To prove all those terms in 2.3.8, we refer the
reader to step 2 in [3].

Step 3: Given eyi—, as in (2.3.8), construct vy as in (2.3.9)

Here we have to diverge slightly from [3], since our definition of the algebra Sm(Rk logRl) is
different (we follow the definition in [13]). Since the equation (2.3.2) for vy is identical with
equation (3.2) for v, in [13]. We follow the same arguments of step 2 in [13].

Assume

1
2 1 2k-1 o
t“exp_1 € —(t/l)Zk IS (R(logR) v 20)

0
2k-1
degree in R as well as those of one degree less (the rest will merge into ey, see step 4 below).

is given. We begin by isolating the leading component e which includes the terms of top
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2.3. The construction of the approximate solutions

Thus we write
zegk 1= ;Zki‘,laq'(ﬂ)ﬂogmj + — % gj(a)(logR)!
- (£))2k-1 = J (t1)2k = J
Consider the following equation
tzf(UZk) = tzegk_1

where L is

Homogeneity considerations suggest that we should look for a solution v, which has the
form (notice here we already switched into R)

1 2k-1 . ) 1 2k o .
=——— Y W/ (@logR) + W/ (a)(logR)’
vai = et &, War @008 R+ g ) Way(@(logh)

The one-dimensional equations for W, W] are obtained by matching the powers of logR.

2k’
Then we conjugate out the power of ¢ and rewrite the systems in the a variable, we get (see

step 2 in [13] for details)

ZLok-1wW,,. = aqjla) - Fj(a)
Loky 2k:qi(a)_Fi(a)

the definition of Zp is following [13]. Solving this system with Cauchy data at a = 0 yields
solutions which satisfy

W) (@ea’2, j=02k-1
Wzik €a’9, =02k

This is guaranteed by lemma 3.9 from [17]

To finish this step, we need to make a adjustment for v,; because of the singularity of log R at
R =0. Also, we need to make sure that v,y has order 3 vanishing at R = 0. Thus we define vy
as

Vof =
1 2k-1 . : 1

J
T Z k(a)( log(1+ R?)| +

j
(@) =1og(1 + R?)
(l’l)Zk (1+R2) ]Z 2k ( g )

We will get a large error near R = 0, but it is not very important since the purpose of the
correction is to improve the error near large R. Since a = R/tA, it’s easy to pull out a a® factor
from W's and a? from W's to see that we have (2.3.9).
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Chapter 2. Full blow-up range for co-rotaional wave maps to surfaces of revolution

Step 4: Show that the error ey generated by Uy = Upp—1 + Vo Satisfies (2.3.10).

Write
2 2 0 20,0 2, 2 1 1 2
t“ep = t°(e2p—1 — €yp_q) + 1€y — (07 + 07 + ;ar - ﬁ)(Vzk)) + 1" Nog (v2k)

where we recall that except the nonlinear term * N, (v,) the rest is proved satisfying (2.3.10)
following the same arguments as step 3 in [13]. For the term tZNZk(UZk), the main method
here is to split the nonlinear term in three parts

—tzNzk(ng) =]+I1I+1I1 :a_z [(f(uzk_l + Vo) — f(uzk_g) —f/(qu_l)) l}gk]

+a”? [(f,(uzk—l) - f(up)) Uzk] +a? [(f/(uo) -1) l}2k]

and prove each of them lies in a sub-space of what we need in (2.3.10)

led—_ ¥ pIS' (RUog B>, 2} ]

(tA)Zk ﬁ:h'bl,Z

1
IHea®—— Y BIS'(RlogR)*, 2!
(t1)2k B=b,by, ( k)

1
1€ d 15 (R ™ G0g 7, 2

tA)Zk

The arguments to prove those mimic section 3.8.3 in [3].

Remark 2.3.8. One might have doubts since the function space IS*(R™(logR)!) we are using
here is different than [3]. To verify this, one just needs to see that the function spaces defined
in [3] are the subspaces of our new defined function space in [13]. Thus the argument in [3]
applies to our case.

Iteration of Step 1 - Step 4 immediately furnishes the proof of Theorem 2.1.1 .
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