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Abstract

We consider the parabolic Anderson model on Z¢ driven by fractional noise. We prove that it
has a mild solution given by Feynman-Kac representation which coincides with the partition
function of a directed polymer in a fractional Brownian environment. Our argument works in
a unified way for every Hurst parameter in (0, 1).

We also study the asymptotic time evolution of this solution. We show that for H < 1/2, almost
surely, it converges asymptotically to e*’ for some deterministic strictly positive constant ‘A’.
Our argument is robust for every jump rate and non-pathological spatial covariance structures.
For H > 1/2 on one hand, we demonstrate that the solution grows asymptotically no faster
than ek? \/10?, for some positive deterministic constant ‘k’. On the other hand, the asymptotic
growth is lower-bounded by e°’ for some positive deterministic constant ‘c’.

Invoking Malliavin calculus seems inevitable for our results.

Key words: Parabolic Anderson model, stochastic heat equation, fractional Brownian motion,
Feynman-Kac formula, Lyapunov exponents, Malliavin calculus
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Résumé

Nous considérons le modele parabolique d’Anderson sur Z sous I’environnement aléatoire
du bruit fractionnaire. On prouve qu’il a une solution faible donée par la formule de Feynman-
Kac qui coincide avec la fonction de partition d'un polymere dirigé en milieu aléatoire du
mouvement Brownien fractionnaire. Notre argumentation marche d'une maniére unifiée pour
tout parametre de Hurst dans (0, 1).

Ensuite, nous étudions I'évolution temporelle asymptotique de cette solution. Nous montrons
que pour H < 1/2, presque stirement elle converge asymptotiquement vers e*!, ‘A’ étant une
constante déterministe et strictement positive. Notre argument est solide pour tous les taux
de saut et toute structure de covariance spatiale non pathologique.

Pour H > 1/2, d'une part, nous démontrons que la solution se développe asymptotiquement
pas plus vite que e’ \/@, pour une constante positive et déterministe ‘k’. D’autre part, il est
facilement montré que sa croissance asymptotique a pour une borne inférieure la fonction
exponentiele e, ‘¢’ étant une constante déterministe et strictement positif.

Le calcul de Malliavin semble inévitable pour nos résultats.

Mots clefs : Modele parabolique d’Anderson, équation stochastique de chaleur, Mouvement
Brownien fractionnaire, Formule de Feynman-Kac, Exposant de Lyapunov, Calcul de Malliavin
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Introduction

The parabolic Anderson model (PAM) is the parabolic partial differential equation

0

Eu(t,x)z1<Au(t,x)+f(t,x) u(t, x), xEZd, t=0, (1)
where x > 0 is a diffusion constant and A is the discrete Laplacian defined by
Af(x):= ﬁ Z|y_x|:1 [f () = f(x)]. The potential {{(¢,x)};x can be a random or deterministic
field or even a Schwartz distribution.

The parabolic Anderson model, named after Philip Warren Anderson, the American physicist
and Nobel laureate, has applications and connections to problems in chemical kinetics,
magnetic fields with random flow and the spectrum of random Schrédinger operators, to
mention a few. The solution u(¢, x) of (1) has also a population dynamics interpretation as the
average number of particles at site x and time ¢ conditioned on a realization of the medium
¢ where the particles perform branching random walks in random media. In this case, the
first right-hand-side term of (1) signifies the diffusion and the second term represents the
birth/death of the particles. For more details, we refer to [17] and [3].

The parabolic Anderson model has been extensively studied, particularly in the last twenty
years. We refer to the classical work of Carmona and Molchanov [3], the survey by Gértner
and Konig [17] and to the very recent survey [26]. Many variants of PAM have been studied,
such as the cases where the potential is white Gaussian noise [3, 7], Lévy noise [8], a family
of independent random walks [14], exclusion process and Voter model [15, 16], to mention
a few. It should be noted that the former case is different from the rest, as the white noise is
not a real valued function but a distribution. PAM has also been considered for the case of
continuous space R4, for example in [6, 4].

The Feynman-Kac formula, named after the American theoretical physicist Richard Feyn-
man and the Polish mathematician Mark Kac, establishes a probabilistic solution to certain
parabolic partial differential equations, particularly the heat equation. This closed-form so-
lution has been proved to be an extremely useful tool in the investigation of these partial
differential equations. So it is natural to expect some Feynman-Kac representation for the PAM
which is a stochastic heat equation. The general form of the Feynman-Kac representation for
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the solution of the PAM is
3
u(t, x) = E*| u, (X (1) expf E(s, X(t- s))ds] ,
0

where 1, () := u(0, ) is the initial value at time ¢ = 0, X(:) is a simple random walk of jump rate
x started at x € Z4 and independent of ¢, and E* is expectation with respect to this random
walk.

Carmona and Molchanov in [3] proved that for a deterministic potential ¢ such that ¢(-, x) is
locally integrable in ¢ for every x, the Feynman-Kac formula is a solution to PAM if it is finite
for every x and t. They also showed that the Feynman-Kac representation is valid when the
potential is white Gaussian noise.

Fractional Brownian motion (fBM) which is a generalization of Brownian motion, is a suitable
process to incorporate long-range spatial and temporal correlations. Many phenomena in
physics, biology, economy and telecommunications show long range memory [38, 18, 24].

The PAM driven by fractional noise has not been much studied yet. The Feynman-Kac repre-
sentation of the solution to continuous sate-space PAM driven by fractional noise has been
proved for H > 1/2 in [21] and for H > 1/4 in [22]. The asymptotic behavior of the discrete
PAM driven by Riemann-Liouville fractional noise has been considered in [50].

The results of this thesis are in two directions. Firstly, in establishing the Feynman-Kac
representation for the discrete PAM driven by fractional noise in chapter 2. We were able to
extend the results of [22] and [21] to every H € (0,1) for the case of discrete space Z?. Then
in chapter 3, we will study the asymptotic behavior of the Feynman-Kac formula. There we
extend the results of [50] in several ways.

In [50] the following expression over a compact space y is considered
u(t,x):[Ex[efotBSX(s)ds] ;x€Eyx, >0,

where {B*} ¢y a family of Riemann-Liouville fractional Brownian motions of Hurst parameter
H, and X(-) is a simple random walk on y with jump rate x, and E* is expectation with respect
to the random walk.

They show that Elog u(¢, x), where E is the expectation with respect to the random environ-
ment, i.e. the fBM field, is almost super-additive (although their proof seems to have some
problems) and hence %[Elog u(t, x) converges to some non-negative extended-real number
A. Using some Malliavin concentration inequalities, they show that {%[Elog u(n, x)} ey and
{% log u(n, x)} e have the same asymptotic behavior and hence %[Elog u(n, x) converges over
the natural numbers to the same deterministic limit A. Then for H < 1/2 where the finiteness
of 1 is easy to show, its positivity is proved under strong conditions on x, H and the spatial
covariance. For H > 1/2 they try to show that 1 is co and hence log u(n, x) grows faster than
any linear function. In fact they try to show that log u(t, x) grows at least faster than %.

2
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We extend their results and also modify them as follows:

 We consider an unbounded non-compact space, namely Z<.

e We prove an approximate super-additivity of Elog u(t, x) which would suffice for our
conclusions.

e We show that the limit behavior of {% logu(t, x)}ter+ is the same as {% logu(n, x)} hew,
hence filling the gap between discrete and continuous time.

* We prove the strict positivity of A for any H € (0, 1) and without any restriction on «.
* For H <1/2itis easily shown that A is finite hence completely settling this case.

e For H > 1/2, although we haven’t been able to establish the finiteness of 1, we prove
that log u(t, x) grows no faster than Ct/log ¢, for some positive constant C.






|} Preliminaries

1.1 Fractional Brownian Motion

A Gaussian random process {B;};cR is called a fractional Brownian motion (fBM) of Hurst
parameter H € (0,1) if it has continuous sample paths and its covariance function is of the
following form:

1
E(B:Bs) = Ry(t,s) := 5(|r|2H+ Is1?H — |t — s|2H).

The non-negative definiteness of this function was first proved by Schoenberg [43] in a more
general setting. For a proof we refer to [41] for example.

This process was first introduced by Kolmogorov in [25], but the term “Fractional Brownian
motion” was coined by Mandelbrot and Van Ness in [31].

fBM is a self-similar process in the sense that for any a > 0, the process {a ' By;; t > 0} has
the same distribution as {B;; ¢ > 0}. Like Brownian motion, fBM has stationary increments
and its sample are almost all nowhere differentiable. Unlike the Brownian motion, fBM doesn’t
have independent increments, is neither a Markov process nor a semi-martingale [34].

A fractional Brownian motion {B;};, of Hurst parameter H € (0,1), can be represented as a
Voterra process [34]

t
Bt:f KH(t,S)dWs, (1.1)
0

where W; is a standard Brownian motion and K (¢, s) is a square integrable kernel. Here the
stochastic integration is in Itd sense (for Itd theory we refer to e.g. [39, 27]). For the other
representations of the fractional Brownian motion see e.g. [41, 31, 34].

This integral representation can be used to define stochastic integrations with respect to
fractional Brownian motion as in [34]. It is also useful for our analysis as It0 integrals are
straightforward and easy to work with. For Ito integrals we refer to for example [27] or [39].
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The value of Ky (t, s) for H > 1/2 is given by

t
KH(r,s):=ch (-1 (5 1du,
s s
and for H < 1/2 is given by

_1 1 1 1 t 1
Ku(t,8) = c;l((é)H 5(t—s)H‘i—(H—E)erf w3 (- 52 du),
S

where ¢y and ¢}, are positive constants that depend only on H.

For H < 1/2 we have 3K
H r\g-1 H_3
_ t’ — —_ 2 l- — 2 ,
5 (0 cu( S) (t—9)
where cp := ¢}, (H - %).
Although aaLtH is not properly integrable, in fact one can easily show that Ky (1, s) is the Cauchy

principle value integral [20, 51] of aaLtH, ie.

'K, 1
Ky (t,s) =lim —H(u,s)du+ch(ﬂ)H i(a_s)H—%_
als Jg at S

This shows that for any 0 < #; < » and any H € (0, 1) we have

I

0K
Ku(t2,8) = Kuy(t,s) = —H(u,s)du
f ot

I 3 U 1
=cy (w-s)f2 (=) 2du.
t N

We will frequently use this equality in chapter 3.
Arelated process is Riemann-Liouville fractional Brownian motion which has a simpler integral

representation and hence easier to handle than the fBM. A Riemann-Liouville fractional
Brownian motion of Hurst parameter 0 < H < 1 is the process defined by

I3
B, =f Ky (t,s)dWy, (1.2)
0

with
Ky(t,s) = V2H(t—s)H 2 .

It is a well-known fact that the increments of a fractional Brownian motion with Hurst parame-
ters larger than half are positively correlated and those of a fBM with H < 1/2 are negatively
correlated. Indeed, for disjoint intervals (£, 71) and (£, T») with lengths L and L, respectively
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and distance A,i.e. with Ty =t;+ Ly, b =T; + Aand T» = t» + Ly, where A <0, we have

E[(B1, = By) (B, — B,)] =
= (T — )+ (1 — T = (1, — 1) = (T - 1))
= (L1 + Lo+ AT+ (AT — (L1 + A — (1, + A

L, pLy
:2H(2H—1)f f (x+y+ A>T 2dxdy.
0 0

So for H > 1/2 the correlation is positive and for H > 1/2 it is negative. In fact this equation
shows other important properties of fBM. First it shows that the correlation depends only on
the interval distances and their lengths so it is translation invariant, which is nothing other
than stationarity of a fBM. Secondly, as 2H — 2 is always negative, the integrand is a decreasing
function of A, which means the correlation is a decreasing function of A for H larger than half
and an increasing function of A when H is less than half.

Now let A < [0, T] be the union of disjoint intervals {(¢;, T, ,-)};?:1 of lengths {L;};. Define
L:=Y;L;, the total length of A, and let

T
S::fO 14(s)dBs =) (Br,— By,).

1

When H > 1/2, as the increments are positively correlated, we have
var(S) =E(S*) = Y El(Br, - B,)*1 =) (T; — t)*".
i i

When H < 1/2, the increments are negatively correlated, so

var(S) =E(S*) < ) El(Br, — B,)* = (T - t)*".

It is also useful to have an upper bound on the variance of S when H > 1/2 and a lower bound
on it for the case H < 1/2.
We construct from A a new set A’ by simply gluing the adjacent intervals together while

keeping their orders. So A’ can be written as U; (], T}) with T} = ¢/, ,. We have

T
s :=f 14(s)dBs=) (By—By) =By ~By,
0 l 1 1

hence
var(8) = El(By, - By)*1 = (3 L™
i

As the correlation of disjoint intervals are translation invariant, and that it is a decreasing
(increasing) function of the distance between the intervals for H > 1/2 (H < 1/2), we have
var(S) < var(S") for H>1/2 and var(S) = var(S'") for H> 1/2.
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So in summary we have proved that for H > 1/2

Y 13 <var$) = (O L)*H, (1.3)
i i
and for H <1/2

O Ly* < vars) =y 137, (1.4)
i i

The positivity of the correlations is also true for the Riemann-Liouville fBm with H larger than
half. Indeed, for disjoint intervals [#;, T1] and [#», T»] we have

Br, — By, Zf [Ku(Ty,s) — Ky (f, 9)1dW; + Ky (Th, s)dWy,
0 151

and
[2)

_ _ _ _ T, _ _
Br,— By, = S [KH(TZ;S)_KH(tZ»S)]dWs"‘f [Ku(T3,8) — K (o, s)|dW;.

1)

As the It0 integrals over disjoint intervals are independent, using the It0 isometry we obtain

[E[(BT1 - Btl)(BTz - Btz)]
t h

=E( | (Rn(T3,9) = Rialr, 91AWs | Ry (T5,9) = K1, )W)

T1 _ Tl _ —
KH(Tl,S)dst [KH(Tz,S)—KH(fz,S)]dWs)

+ [E(
51 n

nho_ _ _ _
=f0 (K (Th,8) — Ku(ty, )] [Ku(T2, 8) — Kp(t2, 5)]ds

T _ _ _
+ Ky (Ty, 9)[Ku (T2, s) — Ky (tz, 5)]ds.

5]
As Ky is an increasing function of its first argument, it is clear that the integrands are all
positive and hence we obtain the positivity of the correlation.

Now let A < [0, T'] be again the union of disjoint intervals {(¢;, Ti)};?:l of lengths {L;}; with
L:=Y;L;, the total length of A, and let

T
S:=f0 14()dBs =) (Br,—By,).

i

We would like to show that for H larger than half the variance of S is bounded (up to a positive
multiplicative constant) by L?H.

Let’s first look at the integral over a single interval (z;, T;). We have
_ _ L _ _ T _
Br,— By, = A (Ku(Tj,8) = Ky (t3,8)dWs+ | Ky(T;,s) dW;

L
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Defining f(u, s) := %KH(u, s)=(H- %)\/ZH(u— s)H_%, we have

_ _ t; T; T; T;
Br, - By, :f f(u,s)dudWs+f f f(u,s)dudWs
0 t; ti s
T pT
:\/(‘) f l(ti,Ti)(u)f(u)S)dUdWS'
N
So for A=U, (¢;, T;), we have
T B T T
s:f lA(s)st:f f 14(w) f(u,s)dudw;.
0 0 s

Using the Ito calculus, and then Holder inequality with exponent p = % we have

T T 2
var(S):f (f lA(u)f(u,s)du) ds.
0 s
2

S[OT(([STIJ;’(u)du)H(fsTfllH(u,s)du)l_H) ds
SLZHfT(fo(u,s)llH du)z_ZHds.
0 s

It remains to show that last integral is a constant. Indeed, with the change of variables s :=

e

and u':= %, we get
T rT 1 2-2H 1o rl 1 2-2H
f(f f(u,s)ﬁdu) ds:[(f f(u',s’)ﬁdu') ds’ < oo.
0 N 0 N

1.2 Malliavin Calculus

The Malliavin calculus, named after Paul Malliavin [45, 30], extends the calculus of variations
from functions to stochastic processes, hence alternatively called the stochastic calculus of
variations. In particular, it allows a differential calculus on the space of random variables.
Malliavin’s motivation to initiate the theory was to provide a probabilistic proof of Hormander’s
sum of squares theorem. Since then the theory has been successfully developed to investigate
the existence and smoothness of a density for the solution of a stochastic differential equation.
See for example [42, 35, 23].

Let (Q, %, P) be a probability space and G a Gaussian linear space on it. Let also H be a Hilbert
space with the isometry W: H — G. Define . as the space of random variables F of the form:

F=f(W(p1),...,W(epn),

where ¢; € H, f € C*°(R"), f and all its partial derivatives have polynomial growth. The
Malliavin derivative of F, VF, is defined (see e.g. [21, 23, 35, 42]) as an H-valued random
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variable given by

0
VF := Z —f‘(“’((Pl)y---»w(‘pn))-(pi

i=1 0%i
The operator V is closable from L?(Q) into L?(Q; H) and one defines the Sobolev space D' as
the closure of ¥ with respect to the following norm [21, 23]:

IFIl2 = \/ECF2) + EQIVEIR).
The divergence operator 6, is the adjoint of the derivative operator V, determined by the
duality relationship|[21, 23]
E(w)F) =E(VFE u)y) foreveryFe D2

The space of H-valued Malliavin derivable 2 random variables with #? derivatives, denoted
by D2(H), is contained in the domain of §, and moreover for any u € D2 (H), we have

E(8(w?) <E(llull) +E(IVulldan) - (1.5)

For any random variable F € D'? and ¢ € H there holds the following equality called the
change of variable formula [21, 23]:

FB(p) =6(Fp) +(VE@)nu. (1.6)

For more on Malliavin calculus we refer to [23, 35].

Let {B(t,x); t € R}, .z« be a family of independent fractional Brownian motions indexed by
x € Z4 all with Hurst parameter H.

Following [21], let /2 be the Hilbert space defined by the completion of the linear span of
indicator functions 19 x(y for £ € R and x € Z¢ under the scalar product

(Lo, 11x(xp» 10,51 x {332 = Ru (£, 8) 6 x(y),

where 6 is the Kronecker delta. For negative ¢ we assume the convention 1o s x{x} := —1{1,0x{x}-
The mapping B(1j9,1x{x}) := B(f, x) can be extended to a linear isometry from # onto the
Gaussian space spanned by {B(t,x); t € R, x € Z%}. This is the only setting to which we will
apply Malliavin calculus in the following chapters.

1.3 Some useful theorems
In this section we assemble some basic results that we will need in the succeeding chapters.

The following lemma allows interchanging integration with a continuous linear operator.

10



1.3. Some useful theorems

Lemma 1.3.1. Let (M, ./, u) be a measure space and B, B' be Banach spaces. Let also A : B — B’
be a continuous linear operator and f : M — B a separably-valued measurable function, i.e.
there exists a separable subspace By of B such that f € By almost surely. If [ || fl|pdu < co then

Affdp=fAfdu.

Proof. As f is separably-valued, there exists [23, 12, 29] a sequence of simple functions {u,},
of the form Y ; 14, h; with A; € ./ and h; € B with the property that

fllun—fllgd,u—>0 as n— oo.

As A is linear, it commutes with integration on {u,},. As A is continuous we have
[IA(x)||g < Cl|x||p for some positive constant C. So

f||A(un_f)||B’dH5Cf||(un_f)||Bdﬂ

and also
A [ aen = P1dpl = O [ = Prdulls
= Cfllun - flipdu.
Hence A commutes with integration for f too. O

Let (Q, %, P) be a probability space, # be a Gaussian Hilbert space on it and % (#°) be the
sigma algebra generated by .#. The following theorem [48] shows that the distribution of a
Malliavin derivable random variable with bounded derivative has exponentially decaying tails.
We will this theorem in section 3.6 for establishing the quenched limits.

Theorem 1.3.2 (B.8.11in [48]). Suppose that ¢ € DVP for some p > 1 with V¢ € L2(Q; 7)), i. e.
[IV@l| 7 is almost surely bounded. Then we have the following tail probability estimate:

21|Vl

Plw; lp(w) —E[p]| > ¢} = 2exp{ } (1.7)

2
LX(Q;H0)

The same way Fubini’s theorem allows the interchange of classical (deterministic) integrals,
stochastic Fubini theorem [49, 37] allows the interchange of a classical integral with an Ito
integral. The following theorem gives two sufficient conditions that imply the possibility of
the interchange. The first one is quite classical [37], and is basically a special case of theorem
1.3.1. The second sufficient condition is a recent one due to Veraar [49].

Theorem 1.3.3. Let W(.) be a standard Brownian motion on the probability space (Q, %, P)
, (X, A, 1) be a o-finite measure space and T a positive number possibly +oco. Suppose v :
X x [0, T] x Q— R is jointly measurable and adapted, in the sense that for all x € X, the process

11
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w(x,-,-) is adapted. If either

T 1/2
f (Ef lw(x, t)|2dt) du(x) < oo
X 0

or
T 5 \1/2
f(f [y (x, 1) dt) du(x) <oco almost surely,
x\Jo

then the following integrals exist and are equal [49, 37]

T T
ff v(x, t)thd,u(x):[ ft//(x, du(x)dWy.
xJo 0 Jx

Separability is a property that enables us to deal with a random process basically as if it has a
countable domain. We need this concept for the two succeeding theorems.

Definition 1.3.1. A random process {X(#)};c7 on an arbitrary topological space T, is called
separableif T has a dense countable subset D such that almost surely

VteT : AtptpensD ; limt,=t and lim X(t,) = X(1)
n—oo n—oo

Dudley’s theorem or Dudley’s entropy bound [46, 29] is a strong tool for bounding the expecta-
tion of the supremum of a family of Gaussian random variables. Although it was Dudley who
defined the metric entropy integral (as an equivalent sum in [10], then explicitly in [11]), it was
Pisier [36] who actually proved the inequality. The proof uses a chaining argument [46].

Theorem 1.3.4 (Dudley). Let{X;}:;cT be a family of centered Gaussian random variables in-
dexed by some set T and p be the pseudo-metric on T defined by p(s, t) := \/E(X; — X)2. Then
for any finite subset F < T we have

E X)<K \/log N(¢)de, 1.8
(sup X;) < fo og N(e)de (1.8)

teF

where N (€) is the minimum number of p-balls of radius € required to cover T, and K is a
universal positive constant.

Remark 1.3.1. Inequality (1.8) holds also for any countable subset F < T. Indeed F being
countable, can be expressed as U, F,, for some finite increasing sets {F,,}. Using Fatou’s lemma

E(sup X;) =E(lim sup X;) = E(liminfsup X;) <liminfE(sup X;)
teF n—=00teF, n—00 teF, n—00  reF,

Remark 1.3.2. When T has a topological structure and X(.) is separable, Dudley’s theorem can
be expressed in the following stronger form

E X)<K \/log N(¢)de. 1.9
(sup X;) fo ogN(e)de (1.9)

teT

12



1.3. Some useful theorems

The reason is that in this case sup,;.; X; = sup,p Xr and the statement is established using
remark 1.3.1.

Borell’s inequality [28] shows that under some reasonably weak conditions, the supremum of
a family of Gaussian random variables concentrates only around its mean and its probability
tails away from its mean, decay exponentially.

Theorem 1.3.5 (Borell’s inequality). Let T be a countable set and { X} e be a family of cen-
tered Gaussian random variables indexed by T withsup,.r X; < oo almost surely. Then [28]
the expectation E(sup .t X;) is finite and for any ¢ > 0

/12

IP(Isup X —E(sup Xp)| = /1)5 2e ¥,
teT teT

where 02T I=SUPer [E(th).

This theorem can also be formulated using the median of supremum instead of its mean
[28, 1]. In fact the original result of Borell [2] which is in a much more general and abstract
setting, uses the median.

Remark 1.3.3. For T uncountable, the Borell’s inequality still holds true provided that T is
equipped with a topological structure and {X;} e is separable with respect to that topology.

The classical well-known Stirling formula gives the asymptotic value of the factorial function.
The following stronger version [40, 13] which gives tight lower and upper bounds on n!,
although not really necessary for our proofs, makes some of our proofs simpler in saving us an
unspecified multiplicative constant everywhere.

Theorem 1.3.6 (Stirling). For any n € IN we have [40, 13]

(n/e)*V2nn e < nl < (n/e)"V2nn e, (1.10)
In particular
(nle)"V2an < n! < e(nle)V2nrn. (1.11)
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4 Feynman-Kac representation

2.1 Introduction

Consider the following parabolic Anderson model(PAM) on Z¢

0 0 d
—u(t,x) =xAu(t, x) + u(t,x) —=B(t,x) xeZ",t=0,
ot ot

where x > 0 is a diffusion constant, A is the discrete Laplacian defined by

Af(x):= % Yly—x=1f (¥) = f(x)] and {B(:, )} yez« is a family of independent fractional Brow-
nian motions(fBM) of Hurst parameter H, indexed by Z¢.

As the paths of fBM are like Brownian motion paths, almost surely nowhere differentiable, this
equation doesn’t make sense in the classical sense and hence it should be reformulated in the
following mild sense

t

t
u(t,x)—u(O,x)=f Au(s,x)ds+[ u(s,x) B(ds, x)
0 0 , (2.1)

u(0,x) = uy(x)

where the stochastic integral is Stratonovich type in the sense that the fractional Brownian
motion is approximated by a sequence of smooth processes {B°}, and the integral [ udB is
given as the limit of the sequence { f udB¢}, . We assume that u,(-) is a bounded measurable
function. It should be noted that unlike the Brownian motion for which there are basically two
standard integral types namely It0 and Stratonovich, which are easily related to each other by
an additive ‘correction’ term, for the fractional Brownian motion there are several competing
approaches whose relation to each other has not been fully established yet. We refer to [32]
and [5].

We will show that the following Feynman-Kac representation gives a solution to (2.1):

t
u(t,x) =E* uO(X(t))expf B(ds,X(t—s))], (2.2)
0
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Chapter 2. Feynman-Kac representation

where X (1) is a simple random walk with jump rate k, started at x € Z¢ and independent of the
family {B(-, x)} c7z«. Here the stochastic integral is nothing other than a summation. Indeed,
suppose {f; ?:1 be the jump times of the time-reversed random walk {X (¢ —s), s € [0, t]}, and
{x; ;7:0 be the value of {X (¢ —-)} at time interval [¢;, t;;1). Then we have

t
fo B(ds, X(t-9)) = Z(B(ti+1,xi) - B(tj, x1)).

i=0

Carmona and Molchanov in their memoir [3] prove that for bounded u, and H = 1/2 i.e. stan-
dard Brownian motion, the Feynman-Kac representation (2.2) solves eqution (2.1). Nualart et
al. proved this result for PAM on R¢ driven by fractional noise of Hurst parameter H = 1/2 in
[22] and for H = 1/4 in [21]. Our method is able to prove this property without any restriction
on H due to the fact that in the discrete case one deals with locally constant random walk
instead of Brownian motion which is only locally a-Hélder continuous for a < 1/2.

In section 2.2 we explain the approximation scheme we are going to use. There we outline our
methodology without delving much into technicalities. We show that the problem reduces
to demonstrating the converge of three expressions u,, V1 and V.. In section 2.3, using
only elementary probability we prove that the piecewise-constant integrals with respect to
the approximation processes proposed in section 2.2, approach the integral with respect
to fractional Brownian motion. The proposition 2.3.1 serves as the building block of our
arguments.

The remaining chapters are devoted to the showing the convergence of u;, V; . and V..

2.2 Setting

As explained in the previous section we aim to approximate the fractional Brownian motions
with a family of smooth Gaussian processes. There are basically two natural ways to approx-
imate a (fractional) Brownian motion: The so-called Wong-Zakai approximation scheme
[47, 52] which is the piecewise linear approximation of (fractional) Brownian motion paths.
The second natural scheme is as follows: The time derivative of a fractional Brownian motion
does not exist in the classical sense but only in the distributional sense. The idea is to approxi-
mate the ‘derivative’ of the fractional Brownian motion and then integrate it. Indeed we define
the approximate derivative of B(-, x) as B, (-, x)

Bg(t,x)::2—1£(B(t+£,x)—B(t—£,x)). (2.3)

Proposition 2.3.1 shows in particular that the integral of this family of Gaussian processes
converges to fractional Brownian motion.

While the first scheme doesn’t seem to be easy to work with, the second one has been proved to
be very suitable in our setting where we use the Wiener space technics and Malliavin calculus

16



2.2, Setting

[21].

Now let first replace in equation (2.1), the fBM family {B(-, x)} .7« by a family of absolutely
continuous functions {Z(-, x)} ,cza, or equivalently replace the family of fractional noises
{%B(-, X)} ceza by afamily of locally integrable functions {{ (-, x)} .z« where E(f, x) = fot é(s,x)ds
for every x and t. Carmona and Molchanov in [3] showed that the Feynman-Kac formula

t t
F(E):=F uo(X(t))expf E(ds,X(t—s))]=[Ex[uo(X(t))expf f(s,X(t—s)ds]
0 0

solves the PAM driven by the potential {¢(-, x)} .7« if this expression is finite for every x and t.

If we approximate the fractional Brownian motions by the sequence of families {B® (-, X)} ,c 7
where every Bf(-, x) is a random process with absolutely continuous sample paths that con-
verges to B(-, x), we expect that & (B?) should also converge % (B). On the other hand, if we
denote by u? the solution of equation (2.1) with B replaced by B?, we also expect that u®
should converge to the solution of (2.1) with the integral understood in the Stratonovich sense.
The reason is that for the stochastic differential equations with Brownian motion or more
generally semi-martingale terms, if the Brownian motions are approximated by a sequence
of absolutely continuous processes, the sequence of solutions converge to the Stratonovich
solution of the original differential equation [44, 37]. Note that for each path of an absolutely
continuous processes, a solution in the classical sense exists due to the its differentiability.

The above intuitive explanation suggests that if this Feynman-Kac representation is possible
only if the integration is in Stratonovich sense.

So we consider the approximation scheme of equation (2.3). In the rest of this chapter without
any loss of generality, we assume x = 1.

Let

t

ug(t,x) :=E* uO(X(t))expf BE(S,X(I—S))ds], (2.4)
0

where B, is defined in (2.3).

By lemma 2.4.4, we have E|u,(t, x)| < oo for every x and t. So almost surely, u,(t, x) is finite for
every x and ¢. On the other hand, the sample paths of B, are locally integrable. So by the above
mentioned theorem of Carmona and Molchanov [3] the field {u. (¢, x)} x,; solves the following
equation

Oute Au, + u.B
=AU u,
ot £ eDe 2.5)

Ug (0, x) = Up(x).

We aim to show that (2.2) gives a solution to (2.1) with the Stratonovich integral fot u(s, x)B(ds, x)

17



Chapter 2. Feynman-Kac representation

defined in the following natural manner which was also used in [21].

Definition 2.2.1. For a random field u = {u(t, x); t € R, x € Z%}, the Stratonovich integral
t
f u(s,x)B(ds, x)
0

is defined [21] as the following %2 limit (if it exists)
I3

lim | u(s,x)Bg(s, x)ds.
e—0Jo

Using the same methodology of [21] we will show that the Stratonovich integral of the Feynman-
Kac formula (2.2) exists and moreover it satisfies (2.1).
Indeed equation (2.5) can be integrated to

t

t
Ue (£, X) — Uo(X) :f Aug(s,x)ds+f Ug (s, X)Be (s, x)ds. (2.6)
0 0

Once we show that u, (given by (2.4)) converges to u (given by (2.2)) in %2 sense and uni-
formly in t € [0, T] as € goes down to zero, along with equation (2.6), it would imply the £?-
convergence of [ (ugB;) to some random variable. If moreover one shows that [(ueB; — uBe)
converges in £? to zero, it would imply the convergence of [(uB;) and hence the existence of
the Stratonovich integral [ udB. But this means that u satisfies equation (2.1).

Let
. 1
8sx(1,2):= % Lis—e 546 (1) Ox(2). (2.7)
It is easy to show that g§_ (1, 2) is in A defined in section 1.2, and moreover
B(g{ ) = Bc(s,x).

So by the change of variable formula (1.6) we have

Ue (8, %) Be (5, %) — u(s, ) Be (5, x) = G (s, X)B(g§ )

= 8(1le(5,x)8E ) + (Vi (s, %), 86 )7
where @i, := u; — u.

Hence it suffices to show that Vi = [j 8(fis(s,x) g, )ds and Vo 1= [§ (Viie(s,X), 85 ) 7ds
both converge to zero as € goes to zero. In sections 2.4, 2.5 and 2.6 we will deal with the
convergence of u, V1 . and Vo .
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2.3. Approximation rate

2.3 Approximation rate

In this section we prove the following theorem that establishes the approximation of B(ds)
by Bg(s)ds. In the proof we will use some ideas of [21] as well as simple properties of random
walk.

Proposition 2.3.1. Let ¢, T, t, t, ..., N be some positive real numbers with ty:=0 < f; <
<IN < tyy1:=t< T and X(-) a jump function on [0, t] with values in Z.% and jump times
{t1,...,tn}, i.e. X(8) =x; € 7.4 forse(t;, tis1]. Then

L L 2 .
[EU Bg(s,X(s))ds—f B(ds, X(9))| = CNZemineit 1),
0 0

where C is a constant depending only on T and H and

t N
| Blds. x9) = X (Bain,x0 - B x).
i=0

Proof. First we show that for every f; and f, ; < t, < T, and any fractional Brownian motion
B(-) with Hurst parameter H € (0,1) we have

L | 2 .
E B(tz)—B(tl)—/ Bg(H)d0| < CeMin2H 1} (2.8)
151

where B, is the symmetric e-derivative of W:
. 1
Be(t) := 2—(B(t +&)—B(t—¢)
€

and C is some positive constant depending only on T and H. We have to calculate and bound

L | 2 2
[E‘B(tg)—B(tl)—ftl BE(G)dG’ =[E|B(t2)—B(t1)|

Y . 2.9)
+f f [E[Bg(e)Bg(n)]dedn—zf E[(B(tz)—B(tl))Bg(B)]dB.
51 151 151

Let & and &, be the first and second terms on the right hand side of this equation and &3 be
the third term without its —2 factor.

Using the following equality
1
E|(B(@ - B)(BO) - B@)| = 5 |[la=dP" + b= c* ~a-cP" - |- d*"|

we have:
20
S =-nl"",

i t 1
ezzf f —2[|s—n+zg|2H+|n—s+2e|2H—2|s—n|2H]dnds
n Jt 8¢
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Chapter 2. Feynman-Kac representation

and ,
]_ 2

&= [It2—9+£|2H+I6—t1+6|2H—|t2—9—8|2H—|9—t1—£|2H de.
EJn

We will show that both &, and &3 converge to | £, — t;>H.
Step I: Limiting behavior of G,

By a change of variable we can replace the integration interval with [0, £, — ;] with the integrand
remaining intact. But as the integrand is symmetric in s and 77, we may calculate the integral
over a triangular surface hence getting:

2 h—1h S
62=_f f [|s—n+25|2H+In—S+2£|2H—2|S—17|2H dnds.
8¢e2 Jo 0

By a change of variable of y = s —n we get:

S, = éfotm fos[|y+2g|2H+ ly - 2¢2H — 21y 2H ] dy ds. (2.10)
We will show that G, converges to |t — £;12H with the following rate of convergence for H < %

|82 1t — 11?7 | < 4(26)*" (2.11)
and

|G2— 12— 1% | = Ce (2.12)

for H > % Here C is some constant depending only on T and H . For the simplicity of notation
let := t, — 11. Defining g(s) := [y |r1*#dr, (2.10) can be written as:

t
62=i2f [g(s+2¢e)+g(s—2¢e)—2g(s)] ds. (2.13)
4e- Jo

As g' is continuous everywhere and g (r) = 2H sgn(r)|r|*"~! is continuous everywhere except
1

for the origin when H < % and everywhere when H > 3, this equation can be written as:

1 1 1 t
62:1[ f fg"(s+<f£+17£)dsdcfdn. (2.14)
-1J-1Jo

Let A := e +ne and first suppose that H < %
Casei) A=0:

t t
U (g"(s+A)-2Hs*1)ds :ZHf (s*H71 — (s + A 1)ds
0 0

= [ = (t+ 0] + A%H < A?H,
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2.3. Approximation rate

Caseii) —t<A<O0:

t -A
f(g”(s+A)—2H52H_1)ds:—2Hf ((=s— A1 4 2H-1)ds
0 o (2.15)
+2Hf ((s+A)2H1 - s?H-1)qs.
-A

The first term equals —2|A|*! and the second term equals (¢ + A)?H — 2/ + A?2H which is
bounded by 2|A|?1.

Caseiii) A< -t

t
U (g"(s+A)-2Hs*1)ds
0

t
= 2Hf ((=s=A)*H71 4 27 1)ds
0

_A (2.16)
< ZHf ((=s=A)H 14 P ds = 2|A) .
0
Noting that |A| < 2¢, inequality (2.11) is proved.
Now we consider the case of H > %
Casei) A=0:
t t
f (g"(s+A)—2Hs*H )ds = 2Hf ((s+A)2H1 - s2H-1)qs
0 0
t rA
= ZHf f QH-1)(s+a)*"2dads (2.17)
0 JO

A
= 2Hf ((t+a)* ! - a* 1) da.
0

As 2H —1 < 1 we have (¢ + a)?f~! — a?H~1 < t2H=1 which shows that the above integral is
bounded by 2Ht*"-1A| and hence by 2HTH-1|A.

Case ii) —f < A < 0: Equation (2.15) remains valid with its first term bounded by 2|A12H which
is smaller than 2|A|, assuming |A| < 1. As 2H —1 > 0, the absolute value of the second term
equals:

ZHf;(SZH_l —(s+A)*H Nds = 2HfAOftA(s+ a)* 2 2H - 1)dsda
= 2H[AO[(a+ D — A+ @) da
< ZH[AO(L‘+ N <2 AP A < 2HT?H AL
The last inequality is true because 2H — 1 < 1. So we get the bound (2 + 2HT?H-1)|A].
Case ii) A < —¢: Equation (2.16) works without any change and we get the bound 2|A|> < 2|A|.
Noting |A| < 2¢ the proof of inequality (2.12) is complete with C = 227 (2 + 2 HT?H~1),

In the H = 1 regime we can establish the following alternative bound which will be used in
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Chapter 2. Feynman-Kac representation

section 2.4

|G2— 12— 6112 =21t - 1|@H + DT (2.18)

It is shown case by case

* For casei), using the first equality in equation (2.17) and noting (s + A)2H-1 _ 2H-1 o A2H-1

we have the bound 2 HtA2H-1,

e For case ii), the second term on the right hand side in (2.15) can be bounded by
2H(t—|ADIAPH- < 2Ht|A|?H ! and the first term by 2|A]?H < 2¢|A]2H-1,

* In case iii), using the first equality in (2.16) it can be bounded by 4 H¢|A|?H71,

So we have the bound 2¢(2H + 1)|A]?H~! <2t (2 H + 1)1,
Step II: Limiting behavior of G3

By setting ¢ := 1, — t; and two changes of variables, &3 can be written as
2 t 1 t pte
—f (10+ 22~ 10— ) do = —f f 2H|0+ a2 dads.
4e Jo 2e Jo J-¢

So

1 +& pt
(&3 -1*) = Ef f 2H(10 + a1 —0*"1)doda. (2.19)
-£ JO

Let’s first assume € < t. Let’s break this integral into three sub-integrals:

ffffff

and call them A, B and C, respectively.
We bound these terms separately for H < % and H > %

; 1
First suppose H < 5.

1 +e pt
|Al = Z[ f 2H[0*" 71 - 0+ 0)*"!|dO da
0 0

+€
=— | [@*" —(a+0*"+*]da (2.20)
2e Jo
+& oH 1
<— | a*da =——&*
2¢e Jo 22H+1)
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2.3. Approximation rate

For the second term we have

1 0 pr-a
|B| < —f f 2H[0?H7 + (-0 - )*F 1] dO da
2e J-¢Jo

10 2H L om
=—| (—o)*da= e
€J-¢ 2H+1
Finally:
1 0 pt
IC| = — 2H[(0 +a)*™1 - 0?1710 da
2e J-eJ-a
1 0
=— | [t+@*" -7+ (~)*!]da
2e J ¢
0 1
<— | (ca)?fdg = ——2H
2¢ ). 2Q2H+1)
So for H < %:

2
165 — t2H| <_ S5 2H
2H+1

Now for H > %: we again examine each of the terms:

+& t
|A|=2_1€f [2H[(0+a)2H_1—02H_1]d6da
0
H +& Ot a
:—f ff QH-1)0+*12dédoda
€ Jo 0 JO
H [+ e 2H-1 2H-1
:?fo fo[(t+€) 211 de da

+& a
< Ef / i ld¢da = lHrZH—lg.
€ Jo 0 2

(2.21)

As equation (2.3) remains valid for H > 3, we have:

|B| < ! e < 1 €.
2H+1 2H+1

For |C| we use the same trick as in (2.21):
1 0 t
ICl =—f f 2H[6?H' - 0+ 0)*H7!|d8 da
2e J-¢J-a
H 0 -a pt
= f f CH-1)@+&*2dodéda
€ J-eJo -a

H (%@ 2H-1 2H-1
:?f_fo [(£+82H1 — (¢ - )2 dé da (2.22)

H 0 -a
<= f (t+a)*déda
0

€ J-¢
H

0 —-a 1
< —f f P2Hldeda = —HPH e,
E J-eJ0o 2
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Chapter 2. Feynman-Kac representation

Now we address the case where € > t. Here we need to break the integral in (2.19) into four

sub-integrals:
+e pt 0 p-a 0 pt -t pt
0 0 -tJ0 -tJ-a —& JO

Let’s call the terms as A, B/, C', D', respectively.

One can check easily that the same procedures used for bounding A and C work for A" and C’.
For B’ and D’ we have

1 0 p—a
|B'| < Ef f 2H[0*71 + (-0 - )*71|dO da,
-1J0

and L -t gt
ID'| < —f f 2H[0?H7 + (-0 - )*F 7] dO da
2e J-¢ Jo

1 -t p—a
<— f f 2H[0*7! + (-0 - 0?71 ]dO da.
2e J-¢ Jo

Hence
|B'| +|D'| <|B|

So in brief the same bounds found above for |S3 — t2| for the case € < ¢ remain valid for the
case € > t too. So inequality (2.8) is proved.

Now we turn back to the proof of proposition 2.3.1. we have:

t t 2
IEUO BE(S,X(S))ds—fO B(ds, X(9)|
s[E{(ng(tm)—B(ti)—f[:[+lBg(9)d9|)2}

< C|(N +1)2e™in2H1 < ¢, N2gminH1}

2.4 Convergence of u,

In this section, using simple random walk properties we prove that i, and its Malliavin
derivative both converge to zero in £?2.

Proposition 2.4.1. i, := u. — u converges to 0 in DV uniformly in [0, T), i.e.

sup [E[Iag(s,x)|2+IIVﬂg(s,x)IIZJf] —0 as €l0.
s€[0,T]

Let X :[0,T] — Z% be a piecewise constant function on the lattice 7.9 with jump times
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2.4. Convergence of 1,

h<th<---<ty. Letalso f:= 0 and ty4+; := T. For any given 6 > 0 we may chop up [0, T
into calm periods and rough ones. A calm period is defined as an interval in which all the
consecutive jumps are at least § apart, and a rough period as one in which all the consecutive
jumps are at most § apart. We additionally require that these intervals begin with a jump and
end with another.

We also define R as the number of jumps in [0, T'] that are within § distance of their previous
one. In other words, R is defined to be the cardinality of {i | t; — t;_1 <0, t; < T}

Lemma 2.4.2. Consider a Poisson process with intensity A and let R(=Rrt) be defined for any
sample path of the Poisson process as above. Then for any given 6 >0, we have

P(R=n) < (CH)",

where C is a constant that depends only on T and A.

Proof. Let A be the event of having at least one jump in [0, £] which is within 6 of a previous
one and B be the event of having at least one jump in [0,0]. Let also N(t) be the number of
jumps in [0, f] and % := 0. We have

o0
P(AUB)< ) P(tx—tx—1 <6 and f5_; < 1)
k=1

[18

Pt —th—1 <O | tr1 < OP(tp_1 < 1)
k

=(1-e )Y Pl <)
k=1

1l
—

=1-e) Y PN = k)
k=0

=(1-e ) (EWN(®) +1).

Using the fact that the expectation of N(¢) is A and noting the inequality 1 — e %% < A5, we
get P(AU B) < C;6, where C; = A6(1 + tA). In particular C; is increasing in .

Now we define o0 as the first jump time that is within 6 of the previous one, i.e.
o1 :=inf{t; > 0; t; — tx—1 < 0}. Having defined o, we define 0,4+ as the first jump time after
0, that is within 6 of the previous one, i.e. 0,41 :=inf{ty > 0, ; i — tr—1 < 6}. We have

0 if o;=T
Ploin1<Tloy =
CT_o'l» if o;<T.

As C; is an increasing function in ¢ we have the following uniform bound:
Plois1<Tlo)<(Créd)lig,<1y-
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Chapter 2. Feynman-Kac representation

So
P01 <T)=E[P(0i11 < T|0y)] < (Cr6)Plo; < T).

So by induction
Plop<T) < (Cro)k.

Now noticing that R = n implies 0, < T we get
P(R=n)<P(o,<T)=<(Crd".
O

Lemma 2.4.3. For a Poisson process of intensity A and for any given § > 0, let L be the total
length of its rough periods in [0, T] and K be the number of rough periods in [0, T]. Then there
exists a constant C depending only on T and A such that

P(K = n) < (CH)"

and
P(L=nd) < (CH"

Proof. As L< R6 and K < R, any of L = nd or K = n implies R = n. The result follows from the
previous lemma. O

Now we are ready to prove the following lemma.

Lemma 2.4.4. Forany p =1, there exists M > 0 such that E|u.(t,x)|P is bounded uniformly in
(¢,1,%) € (0, M] x [0, T] x Z2. Elu(t, x)|P is also bounded uniformly in (¢, x) € [0, T] x 74,

Proof. First consider E|u(t,x)|P.
t
Elu(t, x)|P < | uollfo[Ex[EeXp[pf B(ds, X(t-5))]
0
p? r
= ||u0||£o[Exexp(? Var[f B(dS,X(t—S))]).
0

So it is enough to find a uniform bound on var| f; B(ds, X (¢ - s))]. For any sample path X(-) of
simple random walk on Z¢ let t; < t, < --- < ty be the jump times of the reversed path X (¢ —-)
and xq, x, ..., Xny4+1 beits values. Let also #y:= 0 and .1 := t. We have

N+1

var[fOtB(ds,X(t—s)) = var| Z B(ds, x;)]

ti-1

N+1
= var| Z B(t;,xi) - B(ti-1,x1)] .
i=1
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2.4. Convergence of 1,

For H = % we have
N+1
var[ ) B(1;,x;) — B(ti—1, X;)]

i=1
N+1

<(N+1) ) var[B(t;,x;) — B(ti-1, ;)]
i=1
N+1

=(N+1 Y. (t;—ti-)* P = (N+D*H.
i=1

As N is a Poisson random variable, Eexp(CN) is finite for any constant C.

For H < % we use the well-known property that disjoint increments of a fractional Brownian
motion with Hurst parameter less than half are negatively correlated. So we have

N+1 N+1
var[ ) B(t;,xi) = B(ti-1,x))] < ) var[B(t;, x;) = B(ti-1,X:)]
i=1 i=1

N+1
=Y (ti—ti-)* T = (N+ )R
i=1

In the last inequality we have used the fact that for H < %, the expression x‘%H + x%H +oee+ x2H
achieves its maximum when all x;’s are equal and the maximum is hence m!=2H(y i x;)%H.

Again as N is Poisson, Eexp(CN¥%) is finite for any constants C and a < 1.

Now let us consider E|u, (¢, x)|P

t
Elu(t, x)|P < ||u0||f,’o[EX[Eexp[pf BE(s,X(t—s))ds]
0 (2.23)

t
= lluoll 5 E* exp(p— var[f Be(s, X (1 - s))ds])
2 0

Again we need to distinguish between H larger and less than half.

When H is larger than a half, var ( f t? Bg(s)ds) being equal to &, introduced in section 2.3, is

bounded by (£, — 11)?" +2(t, — 1) (2H + 1)e*H~! by inequality (2.18). With the above notation
t N+1 pt; .
var[f Be(s, X(t— s))ds] =var| ) Be(s,x;)ds]
0 i=1 Y1l
N+1 t; X
<(N+1) ) var(/ Be(s,x;)ds)
i=1 ti-1

N+1
<N+1) Y (a1 = 0 4201101 — 1) @H+ D)
i=1

<(N+ 1)(t2H+2(2H+ 1)£2H_1t).

Again we get a multiple of N and hence a finite bound.
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Chapter 2. Feynman-Kac representation

When H < %, the situation is more complicated. Let {t,—}f.\i , be the increasingly ordered jump
times of {X(t —s); s € [0, t]} with additional convention of 7y := 0 and ¢x1 := t. We decompose
[0, t] into calm and rough periods of X (¢ — ) with respect to 0 = 2¢. Let increasingly enumerate
the set of indices {i ; t; — t;—; = 6} as {¢;, }x. In other words, we single out and enumerate
those time intervals [#; — 1, t;] whose length is larger than or equal to § = 2¢. It is evident
that such intervals constitute the calm periods. Let also {Y;} be the integral of W, (-, x;,) over
the time interval [#;,_1, t;,], i.e. Yi:= [, é;’f_l W, (s, x;.)ds. Let also Z be the sum of the integrals
over all rough periods. Using equation (2.23), Cauchy-Schwartz and the simple inequality
E(X +Y)? <2EX? +2EY?, we have

2
Elue (1, )17 = o |14 E* exp(E-E(Z+ ¥ Yio?)
k

< luol% [E¥ exp(2p?E(Z%)]* [EX exp(2p?*E (Y ¥)?)]'2.
k

Once again we will use the negativeness of the covariance of disjoint increments of a fractional
Brownian motion with Hurst parameter less than half.

First we consider the integral over the rough periods, i.e. the first term above. Let I be the
union of all the rough intervals in [0, £].

We notice that for a, € [0, f], and a fractional Brownian motion B(:) of Hurst parameter
H < 1/2 we have
EB:(@)B:(f) <0  for |a—p|=2¢,

which is nothing but the negative correlation of non-overlapping increments of a fBM, and

. X 4(4 2H
I[EBe(a)Bg(ﬁ)Is% for |a—pl<2e,

which is easily followed by a simple calculation.

This shows that for a, § € [0, 7], there are only two possibilities: either B,(a, X(r — @)) and
Be(B, X (t — B)) have negative correlation or they are uncorrelated, depending on whether
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2.4. Convergence of 1,

X(t— a) is the same as X (¢ — f8) or not. So we have
E(Z?) :[E[fIB'S(a,X(t—a))dafIBg(ﬁ,X(t—ﬁ))dﬁ]
- f f E[Be (o, X(1— @) Be (B, X (1 — B)] dfda
aecl JPel
sf f E[Be(a, X(t— a))Be (B, X (£ = B))]1)q—pi<2edBda
aclJBel

5[ f IE(Be (@) B¢ (B)) 10— pj<2edfda
aecl JBel

282H
Sjt;c(—:ljp;ej 2 1\a—ﬁ|<2£dﬁda

2£2H

= Zf (4e)da < 8e2H71L,
&€ acl

where L is the total length of rough periods, i.e. the length of I.
So

E* exp(2p*E(Z%)) <E* exp(16p?e*L1e).
As L/e has exponential tail by lemma 2.4.3, the above expectation is finite for € small enough.

For the second term, E(} Yi)?, observe that the length of each time interval [£;, 1, t;,] is
larger than 2¢ which means the distance of every two non-neighboring such intervals is at
least 2¢. But this means that only consecutive Y;’s can be positively correlated because for
any two intervals I) and I, that are at least 2¢ apart, the integrals f L B.(s)ds and f b Be(s)ds
are negatively correlated which in turn is a consequence of the negative correlation of disjoint
intervals of a fractional Brownian motion with H < % So

E[Q] Y)?] S E(YY) +2E(Y1 Ya) + E(Y5) + 2E(Y2 Y3) + E(YE) + ...
k

+2E(Ypo1 V) +E(Y2)
< 2E(Y?) +3E(Y2) +3E(YE) +... + BE(Y2_ ) + 2E(Y}2)
<3) E(YD).

k

In the first inequality we have used the fact that for non-consecutive Y; and Y}, their covariance
E(Y;Y;) is negative and in the last inequality we have used 2E(XY) < E(X?) +E(Y?). Using
equation (2.11) we have

var < (tje1— ;)27 +42¢)%H .

liv1 .
f B:(s)ds

L

So noting m < N, where N denotes the number of jumps in [0, f] and using the fact that
xi‘H + x%H +eet x‘:‘nH is bounded by ml_ZH(Zl- xi)ZH for H < % which is a consequence of
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Chapter 2. Feynman-Kac representation

concavity of (-)?, we get
E[) Y] =3 Y [t — ti-1)* +4(2)*"]
3 k=1

m
<3m'2H1Y (4, - )1 +12m(2e)*H
k=1

<3(N+ D' 2H2H L 12(N+ 1) (26)%H.

PROOF OF PROPOSITION 2.4.1. We give the same argument used in [21].
Since u, is bounded, for simplicity and without any loss of generality we drop it from now on.

Let X(-) be an arbitrary but fixed sample path of the simple random walk on Z¢ started at x,
following [21] we define:

. 1
85 x(12) = El[s—e,ﬁe](’”) 6x(2) (2.24)
82 (r,2) := 119 g (1) b x(s-r) (2) (2.25)

&,X S 1
8sx (1n2) = fo % Li9—-¢,0+¢ (1) 0 x(5-6)(2) dO (2.26)

It can be easily shown that g5 ,.(, 2), gs)fx and gﬁf are all in the Hilbert space ./ introduced in

chapter 22, and moreover
B(g; ) = Be(s,x)

B(gX) :fo B(do, X(s-0))

and .
B(g5y) =f0 B.(6,X(s—6))do.

For p = 1 arbitrary, using the inequalities |e® — ebl < (e?+eP)a—bland (a+b)" < 2" 1(a"+b")
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2.4. Convergence of 1,

and also Holder’s and Jensen’s inequalities we get

Elu®(t, x) — u(t, x)|”
_ B () _ et

&,X X
< [Ex [E|eB(gt,x ) _ eB(gt,x) |p (227)

€, 1/2 1/2
< E¥(E(eP0) + €B600) %) ¥ (EIB(gl ) - Blgi I

£, 1/2
< C(Ex E(e2PBEr) 4 eZpB(gf,&))) E'EIB(g;) - B(g )%,

where in the second inequality we have used the fact that for Gaussian random variables all
the n-norms are equivalent to 2-norm.
So by applying lemma 2.4.4 and proposition 2.3.1 we obtain

sup [Elﬂg(t,x)lz—>0 as €]0.
t€[0,T]

For the convergence of Vii, we use the fact that for a separably-valued D'?-valued random
variable f € £'(%;D'?) with & a probability space independent of the underlying Gaussian
space of D2, we have EV f = VE f provided that E(|| f]|p12) < co, where the expectations are
taken with respect to &'. This follows from lemma 1.3.1.
So we have

Ve (t, x) = EX[g5X B8]

Vu(t,x) = E¥[g 5 B

So
EIVUE (£, %) - Vu(t, )%,

—EIE g eBE _ gfxeB(gifx)] 12,
< 2FE* [P g5 X — gX 112, ]
+ 2EE*[|eBE) — BElI 2 gX |12, ]
&X

e ) —B(gF)I?, along
with fact that for Gaussian random variables all norms are equivalent to the 2-norm, using

If we apply the Schwartz inequality and note that IIgf,’f -85 1%, =EB(g

equation (2.27), lemma 2.4.4 and proposition 2.3.1 we get

sup E|Vi(t, 0I5, —0 as €]O0.
tel0,T]
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Chapter 2. Feynman-Kac representation

2.5 Convergenceof V.

For V; . we use basically the same proof as in [21]. As one can easily show that

t
ﬁ ll e (s, x)gix”[pl,z(]g)ds <00,

where D'?(#) denotes the Sobolev space of #-valued £ random variables with £? Malli-
avin derivatives, we can apply lemma 1.3.1 to get:

Vl,s = 6(W€) )

where

t
{178 :=fO i (5, %) g5 ds.
So using inequality (1.5), we have
E(1V1,e*) = E(6(We)?) < E(lwell%,) + E(IVYellZpe ) -

For the first right hand side term we have

E(llvel%)

t ot
:fo fo [E(ftg(.n,x)L?g(SZ,x))(gfl,x,g;’xmslds2

t t
SleO fo |E(Bg (51, %) Be (52, X)) Ids1ds,

where M; = sup sefo,¢ Elte (s, x)|%. Here taking the integration out of the inner product is
justified by once more using lemma 1.3.1.

fot fOtI[E(BE(sl,x)BE(SZ, x)) |ds;ds» being the same as the term &, in equation (2.9), is uniformly
upper-bounded using equations (2.11) and (2.12). On the other hand, M; goes to zeroas € | 0.
So it follows that E(Jly¢|%,) converges to zero.
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2.6. Convergence of V, .

For the second term, applying lemma 1.3.1 to the derivative operator and inner product we get

E(IVYelZpe )

:[E(Vfotﬁg(sl,x)gfhxdsl,VfOtﬁg(s;g,x)g;’xdsﬁ

= [E([OtV(ﬂg(sl,x)) ®g§l’xdsl,f0[V(ﬁg(32,x)) ® g5 ds2)
:[Efotfot(v(ag(sl,x))®g§1’x,V(ag(sz,x))®g§2’x)dsldsz
:fotfot[EW(ﬂg(sl,x)),V(ﬁe(Sz,x)))(gﬁl_x,gﬁz,,c)dsldSz
<M, fo t fo t|<g§1,x’g§2,x>|d31d82
=MzfotfotuE(Bg(sl,x)B'e(sz,xm,

where M = sup (g, ElVic (s, ) (1%,

The same argument given for the first term above shows that E(|| Vi, | also converges to

)
HRA

2.6 ConvergenceofV,,

Establishing the convergence of V; . is more involved. First applying lemma 1.3.1 to u and u,
for the derivative operator we get

X
vué‘ (Sr x) = [Ex [uo (X(S)) eB(gS,x )gfy,f]

and
X
Vs, x) = E¥[uo(X(5) B8 gX 1.
Let
AX (s, %) 1= up(X (1) eBlE)
and

AX (5, %) 1= Up (X (5)) €BED),

Hence we have
t
Vz,ng (Vue(s,x) = Vu(s, x), g5 ds

0
t

:f [Ex[(AX(s, x)g;’fx—AE’X(s, x)g‘;’f, gfyx)]ds
0
t

:f EX[((AX_AE,X)gE,X,gf:) + <AX(gX_g£,X)’g€>]ds
0

t t
:\/(; EX[(AX_AE,X)<gE,Xyg£>]+j; [EX[AX<gX_g6,X’g£>]ds
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Chapter 2. Feynman-Kac representation

Let ,
Pei= f E*[(AY - A%¥) ("%, g")]ds
0

and .
Py ::f [Ex[AX(gX—gE'X,gEHds.
0

So we will show in two steps that each of these terms converge to zero in £2.
Step I: Convergence of P; .. For the first term, using Holder inequality for % + % =1 we have

E¥[(AX — A5%)(g5X, g% = (E¥|AX — 49X |9) V9 (E%) (g5, gy )P
In fact equation (2.27) also proves that for any p > 1

sup EE*| A% (s, x) - A%%(s,x)|P — 0 as ¢€]0.
sel0,1]

So if we can show that E*[(g®¥, g€)|? is bounded by some constant which depends only on H
and ¢ we are done because then

t 2
[E(f ﬂ_:x[(AX_AE,X)<g€,X,g€>]ds)
0
¢ 2

0
t

é[ E[E*|AX — ASX|912/4 g5,

0

where < means less than up to a positive constant.

So either g > 2, where we get [ [EE¥| AX — AX|9)2/9 d5 as an upper bound or g < 2, where we
get the upper bound [ EE¥|AX — 49X |2 ds.

Let {£;}}_, be the jump times of the path X(-) up to time s, f:= 0 and f, := s. Let then J be the
set of indices j for which X(-) stays at site x in the time interval [¢;, tj+1]. Now applying the
definitions (2.24)-(2.26) we get

S—t;
X €
" = —1p- do, —1_
<g 8 ) (; . 2¢ [0—¢€,0+¢] 2¢ [s E,s+£]>
1 S—1t;
=72 Z <1[6—£,9+£] ) l[s—s,s+e]>d0
4e ieJYs—tin

1 S—1t;
=172 | ElBore—Bp-c)(Bsre — Bs-)ld0

ieJYs—tin1

1 tiv1
- @Z [(y +28)2H + |y —2¢]* —2y*H]dy.

ieJdli
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2.6. Convergence of V, .

We split this expression into two terms
1 h
T;:= @fo [(y +28)* + |y —2¢/* —29*H ] dy (2.28)
and ) ,
i+1
Fpi=— Y f [(y +28)2H + |y —2¢]* —2y*H]dy.
ti

i€],i=2

For the first term, using the same reasoning as in (2.13) and (2.14), we have

1 1
I = %f f f"(r +Ee+ne)dédn, (2.29)
-1J-1

where f(s) := [y Ir1*dr and hence " (r) = 2H sgn(r)|r|*H1.
Letting A := ¢ + ne and noting that f; is exponentially distributed, we have

N
EX|f"(h +A)IP < 2Hf It + AP DPay
0
As we can restrict ourselves to € < 1 and hence |A]<1and as 0 < s < t, we have

s t+1
L |t +A|(2H_1)pdt1 Sf |l'1|(2H_1)pdf1.

So if we choose p > 1 such that 2H —1)p > —1, we get a finite bound on E*| f (#; + A)|P and
hence a bound on E*|T'; |P that only depends on ¢ and H.

Now for the second term, I'y, let
1
Féy) = @[(wzg)m +y —2¢el* —2y2H]. (2.30)

We have | f¢(y)| < 18y?"1~2 because either y < 4¢ which implies that |y — 2> < (2£)2H and
(y +2¢6)?H < (6€)%H and hence | f¢|(y) < 18y*H 2 or y > 4¢ in which case we may write f¢(y) as
the following

1 1 prl
féy) = Z[ / 2HQRH-1)(y + e +ne)?H2dédn. (2.31)
-1J-1
Letting again A := ¢ +n¢e, we have |A| < 2¢ and so
(y + A)2H2 <y 2H-2(1 4 pjy)2H-2 < p2-2H 2H-2

which gives | f¢(y)| < 8y*11~2,

So we have s s
=X | Iff(yldy = yZH_Zdy.
51 51

So T2 is bounded (up to a constant) by either #*~! for H < 3, or s*/~1 for H > 1. The case
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Chapter 2. Feynman-Kac representation

H = % can also be treated easily using the inequality In(x) < x® for any « positive. So as
(2H-1)p > —1, E*|I'2|P can be bounded by a constant only dependant on ¢ and H. So this
competes the proof showing that E*|({g&%, g%)|” < C, for some p > 1 and C a constant only
dependant on ¢ and H.
Step II: Convergence of P, .. For establishing the convergence of P, . we will use the domi-
nated convergence theorem.
In ‘step I" we showed that

@ g2y [ prrar,

2 ieJJti

where f* is defined in (2.30).

Now let {ti}lf’:ol and J be asin ‘step I i.e. {£;}]_ | be the jump times of the path X(-) up to time s,
tp:=0and t, := s and J the set of indices j for which X(-) stays at site x in the time interval
[£j,tj+1]. So we have

1
(g%,8% = 10,9 (N x(5-n)(2), oz Lis-e.se1 (1) 0x(2))

1
= Z(l[s—t,- 1,$—t]) _l[s—s,s+£]>
=y - 2¢e
_ i i 2H _ 4. 2H L el2H 4 L2H (232)
- [|tl+1+5| |tl+€| +|tl El |tl+1 El ]
ey 4€

1 1 L1
=—(n+eP =1 -+ Y f he(r)dr,
4e 2 ieTis17

where

2H-1

he(r):= 2H-1)

2H
[Ir+el —sgn(r—e)|r—e|
€

>
We will show that (g%, g%) — (g%, g°) converges to zero. For doing so we shall show that
[ (It +elH — |5 —e?H) = L [ f€(r)dr] converges to zero and that every fé"” (he = f&)(r)dr
also converges to zero.

By equations (2.28) and (2.29), we have

t1 1 1 1
f fg(r)drzzf f 2Hsgn(r + e +ne)|r + & +nel?H~1dédn.
0 -1J-1

So for a fixed positive #; this converges to 2H2#~!. On the other hand 3= (|t; +€[*" — |1 —¢[*H)
also converges to 32 H2H~1.

For |, é"“ (h® — f&)(r)dr, we will show that h® — f¢ converges to zero and then apply the domi-
nated convergence to the integral.
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2.6. Convergence of V, .

Using (2.31) it can be easily shown that
181%1 fE(r)=2HQRH-1)r*172,
By simply recognizing the definition of derivative we have
lim he(r)=2HQH-1r*"2,
So it remains to find an integrable e-independent upper bound. As shown in the paragraph

following (2.30), f¢(r) is bounded by 18)/2H ~2 and for hé(r), restricting € to be less than t‘i,
where i is the first index in J after 1, we have for all r = ;,

1 1
he(r) = E2H(2H— 1)/ Ir+ uelP2du. (2.33)
-1

But then as |r + ue|?H72 < (%)ZH_2 it gives gr2H-2

the proof for convergence to zero of (g%, g5 — (g%, g%).

as an upper bound on hf. This completes

Now, for applying the dominated convergence theorem to P, . we only need to find an &-
independent upper bound G on (g%, g&)— (g%, g°) having the property that E( fot E* (G))2 < oo.
For (g&%) — (g&%, g¥) such an upper bound has been established in step I above. It remains to
find an upper bound on (g%, g¢).

For 2H —1 = 0 the situation is quite trivial because using equation (2.32) we easily get

1 lit1
(g%,8% = 3 > he(r)dr.

ieJJli

When 2H -1 = 0, equation (2.33) remains valid for any value of € and r. As for any € < 1 we
have

1 r+1
f |r+u£|2H_2dusf w2 du,
-1 -1
hence we get an upper bound dependant only on t and H.

So we consider now the case of 2H — 1 < 0. For 2H < 1 and any r > 0 we have
1
p(r):i= —(Ir + e —|r —e|*H) < 272171,
4e
This is true because either r < 2¢ in which case

i 2H _ 2H
p(r)s4£((3£) e

2H-1 _ o 2H-1

= =
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or r > 2¢, where we have

1 1
p(r) = Zlf 2H(r+£u)2H_1dr
-1

< lefl (g)ZH_ldr <271,
-1
So by (2.32) we have
g g =2) (ZH 1+ #H Yy <ongH L
ief
where N is the number of jumps in [0, £].
Applying the Holder inequality with % + % + % =1 we have

[ExlAX<nggE>| 4 (lEx|AX|q)1/q(ﬂEer)1/r([Ex ti2H*1)P)1/p.

So we just need to picka p > 1 with 2H-1)p+1 > 0, in which case the exponential distribution
of t; implies
N
EX tiZH—I)p < fo t§2H—1)p Az = G@H-Dp+l _ (2H-Dp+1
In fact the proof of lemma 2.4.4 also shows that for any g = 1, EE* | AX|9 is uniformly bounded
in0<s<t.As N has a Poisson distribution E* N is also finite.
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Chapter 3. Asymptotic Behavior

3.1 Introduction

In this chapter we study the exponential behavior of the solution to parabolic Anderson model
(PAM) driven by fractional noise.

Let (QX, X (F tX ) ¢=0, PX)bea complete filtered probability space with pX being the proba-
bility law of the simple (nearest-neighbor) symmetric random walk on Z¢ indexed by ¢ € R,
started from the origin. We denote the jump rate of the random walk by « , the corresponding
expectation by EX and a random walk sample path by X(-).

We consider
T
u(T) ::[EX[expf B, (3.1)
0

where {Bf; t = 0},cza is a family of independent fractional Brownian motions (fBM) with
Hurst parameter H indexed by Z? and independent of the random walk. Here the stochastic
integral is nothing other than a summation. Indeed, suppose {#;}"_; are the jump times of
the random walk {X(s), s € [0, t]}, and for each i, {x; :?:0 is the value of {X (-)} at time interval
[t;, ti+1). Then we have

t
f B(ds, X () =
0

(B(ti+1,xi) — B(t;,x;)).-
=0

1

We also define
T
U(T):= [Elog[EX[expf B, (3.2)
0

where “E” is expectation with respect to the fBM’s.
Sometimes when there is no loss of generality and for the sake of simplicity we let x = 1.

Our goal is to show that u(f) behaves asymptotically as e}’ for some positive constant A. For
H < 1/2 we show this property in a very general setting. However, the situation for H > 1/2 is
more complicated. Here we just managed to show that u(f) grows asymptotically slower than
eM V1081 for some A1. This along with the fact that it grows faster than e*2’ for some positive
constant A,, strengthen the conjecture that the asymptotic behavior is exactly as e*?, for some
positive A. This remains an open problem.

The case of Brownian motion, i.e. H =1/2 was proved by Carmona and Molchanov in [3] using
simple subadditivity properties and independent increments of the Brownian motion. These
arguments do not apply to the general case of H € (0, 1).

Viens and Zhang in [50], study the PAM driven by Riemann-Liouville fractional noise (1.2)
with the space variable x running through a compact space y. For H < 1/2, and under some
strong conditions on H, k and spatial covariance, they prove that {% logu(n)} e converges
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3.1. Introduction

to some deterministic positive number. For H > 1/2, they try to prove that logu(¢) grows
[ZH

asymptotically faster than fogt’ which is in contrast with our results.

We consider the PAM driven by fractional noise over Z. Although we assume that the frac-
tional Brownian motions associated to different sites of Z¢ are independent, our results
remain valid for much more general spatial covariance structures.

In section 3.2, we demonstrate that the main contribution to U(f) comes from those random
walk occurrences that have restricted number of jumps over the time period [0, t]. This
basically turns our setup to the compact setting. We denote by U(¢) the part of U(z) that
comes from this kind of random walk occurrences.

In section 3.3, we show that the asymptotic behavior of {U(#)},cRr+ is not different from its
behavior over the positive integers, i.e. when 7 € Z*. Hence we can confine our attention to
this latter case.

In Section 3.4, we develop a Lipschitz inequality that will serve as a building block for all our
subsequent arguments.

In section 3.5, we prove an approximate super-additivity for U(-). This would then imply the
convergence of %17 (1) as t goes to infinity.

Section 3.6 is devoted to the quenched asymptotic behavior. In mathematical physics termi-
nology the quenched statements are those statements that are formulated almost surely. Here
we seek the almost sure behavior of log u(#) when t approaches infinity. In this section we
show that log (-) has the same asymptotic behavior as U(-). In particular we obtain limits over
the positive real t’s instead of integers.

In section 3.7, we establish a strictly positive asymptotic lower bound on {% U (1)}, for any k
and H € (0,1). Hence along with the super-additivity result, it shows that U(f) grows in  at
least as fast as At for some strictly positive A.

Section 3.8 deals with finding an asymptotic upper bound on {% U} - Although for the case
of H < 1/2 we easily find a finite asymptotic upper bound which settles the question for this
case, we didn’t manage to get such a finite upper bound for H > 1/2. In this latter case we
instead, established for {% U(1)},, the asymptotic upper bound Ct,/log for some positive
constant C.
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Chapter 3. Asymptotic Behavior

3.2 Approximation via constraining the number of jumps

In this section we justify the approximation via restricting the random walk to have a limited
number of jumps. We show that the greatest contribution comes from the random walk paths
that have a restricted number of jumps.

For T =1, let « be the event that the number of jumps of the random walk in the time interval
[0, T] is less than T2 for H > 1/2, and less than PxT for H < 1/2, where f:= max{eb, k11,
Define U(T) as follows

U := [Elog[EX[efOTdBfmld] .

Proposition 3.2.1. For any real positive function f :R* — R™ that grows at least as fast as a
linear function, we have

limsup —— =limsup v ,
t—oo  f(1) t—oo  f(1)
and R
liminfM =liminf v

i—oco  f(1) t—»g;l m

Proof. We would like to show that U(T) is close to U(T). We denote by .#y the integral
fOT dBf( o, Using the inequality log(1 + a) < a and then Cauchy-Schwarz we have

[EX[eyXIM])
EX[e”*1y]
([EX[eyxlde])

[EX[e‘yXl&g]

< \/[E(Ex[eyxldc])z\/[E([EX[eyxlﬂ])_z,

where /¢ is the complement of .

U(T) - O(T) = Elog(1+

As x~2is convex, we have
-2
[E([EX[eyX ld]) < p;s[E[EX[e—zyx ld] < p;?)[EX[eZvar(,Sﬁx) lm'],

where p , is the probability of <.
For the other term, again by Cauchy-Schwarz we have

2
E(EY (7 Luye] ) < p e EE¥ [ 1] < p X [27701 ],
where p_. is the probability of «/°.

i) For H>1/2:
In this case we have
var(Fx) < T2,
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3.2. Approximation via constraining the number of jumps

So
. 2m
[EX[62uar(=5”X)1d] < pde2T and [EX[eZU‘”(yX)ldc] <P 2T

hence
~ -1 2T2H
Ur-u(n < P, Pc€

For a Poisson random variable N with mean 1 we have the following tail probability bound

[33]
P(N=n) < e‘i(%)” forn>A.

Using this bound, for T = xe? we have

exT - 2
—xT T —-xT —-T
p,=e (_T2 )T <e e,

which implies p_, = 1/2. Hence

0<UT) -0 <2 T2 <@ 7).

ii) For H < 1/2: In this case we have
T
var(¥x) = n(—)*",
n

where 7 is the number of jumps in [0,T]. So

[EX[e2var(5”X)1%] <EX [eznl-z”TZHld] < [Ex[ez(ﬁKT)l-Z”TZHld]

1-2H
< eZ(ﬁK) T P,

and
IEX[eZUar(yX) lgfc] < [EX[eZn(%)ZHldC] < [EX [ezn(ﬁK)—ZH
x1)"

|
n>pxT n:

1se]

eZn <

_ _ 2
S[EX[lell&ﬂ] —e xT e KTee KT’

where we have used the fact that fx = 1.
Finally using 8 = e® and Poisson tail probability bound (3.3) we have

-xT exT kT —xT —5pxT
(——)PKT < oK T p=5PKT

. <e
P pxT

which also implies p , = 31/32.
Hence

0<U(T)-U(T) < (31/32) Lexp{(Bx)' 2HT -k T/2+ &>k T12 -5k T12}
~0(e "),

(3.3)

(3.4)

(3.5)
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Chapter 3. Asymptotic Behavior

where we have used 8 = €% and fx > 1.

So in any case and using ﬁ ~ O (1) we have

un _um _u Lo T

()~ f(m  f(n )

The statement follows by taking liminf and lim sup.
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3.3. Quantization

3.3 Quantization

In this section we show that restricting the time to be integer valued does not affect the
generality of the our results on the asymptotic behavior of U (1) and hence of U(t). Our
super-additivity arguments in section 3.5 hold only for the discretized time.

Proposition 3.3.1. For any real positive function f : R* — R™* that grows at least as fast as a
linear function, we have

limsup —— =limsup um ,
t—oo [(1) n—co fn)
and N N
liminf 2 = liminf 22

o f(0) e f(n)

Proof. For t = 1, we define <f; to be the event that as in the last section, the random walk
has at most N := 2 or N := fxt jumps on the interval [0, t] depending if H > 1/2 or H < 1/2
respectively, where 8 := max{e® x~1}. For 0 < #; < t, define €, , to be the event that the
random walk has no jump on the interval (#;, f,]. Let n € IN be the largest integer not greater
than ¢, i.e. n:=[¢], and for any x € 7% denote ABﬁ,t := B} — B;;. We have

R . X tng((s) be nng((s) tng((s)
a0 =X [eh B 71, | 2 EX [l 9557 1, 14, @/ndBT)
n X(s) X(n)
= EX [efo st l'dn 1 n,t eABn't ]

X7, [dBX® infi <y ABF
> [efo s lﬂfnl(gn,ze |xI=N n,r]

_ X[l a2 infox AB

1y, le, e

n X(s) : X
— [EX [efo dBS I,Q{n] PX (cgn,t) elnf|-‘7|5NABn,t .

So we have
U(t) =Elogti(t) = U(n) — k(t—n) +E i|n§VAB,§ ",
x|= !

Now as

E inf AB; ,=~Esup AB;,
lxI=N |xI<N

and noticing that for x, y e Z4, x # y
var(ABy ,—AB) ) =2var(AB; ) = 2(t—n)*",

So by Dudley’s theorem we have

va(t-mH
E sup AB;; ; < Kf \/1og(2N +1)4
0

|x|=sN

= K(t-m\[2dlog2N +1) <K'\ /log(n).
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Chapter 3. Asymptotic Behavior

It should be noted that one can show by elementary probability tools that the expectation
of the maximum of n Gaussian random variables is bounded by K /log  for some positive
constant K, and the whole machinery of Dudley’s theorem 1.3.4 is not needed at all. But
we apply Dudley’s theorem even for the finite case simply in order to have a single uniform
argument for both finite and infinite supremums.

So we have
Ut =U(n) - Ky/log(n).

We can similarly show that
Un+1)=U(t) - Ky/log(t).

So we have
U(n) - Ky/log(n) <U(t) < U(n+1)+K,/log(t),

and hence if { Uﬁl") }neln converges, @ also converges to the same limit. O
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3.4. Lipschitz continuity of residues of fBM increments

3.4 Lipschitz continuity of residues of fBM increments

In this section we consider the following stochastic process
n H-3 u H-1
Yn(u):=f (w—s)"2(-)" 2 dws,
0 s

and establish its Lipschitz continuity. This will play a vital role in the succeeding sections.
Indeed for n€ N=! and n+1 < 1; < £, we have

n
By, — By, :fo (KH(fZ,S)—KH(ﬁ,S))dWs"'Zn,tZ, (3.6)

where Z,, ;, is measurable with respect to the sigma field generated by
{Ws=Wy; s€n, 2]}
Applying the stochastic Fubini theorem 1.3.3 to the first right hand side term of (3.6) we get

n nork o3 U _p_1
f (KH(t2,s)_KH(t],S))dWS=f (M_S) _E(—) _EdudWS
0 0 Jy N

1)
:[ Y, (u) du.

51

For k,ne N®' and u € [n+ k, n + k + 1] we define the process Yy, r as Yy, i (1) := Yy, (1).
We denote by = and < respectively, equality and inequality up to a positive constant that only
possibly depends on H.

Proposition 3.4.1. Letk,ne N*! and u,v e [n+k,n+k+1]. Then
k
E[ Yo (1) = Yo @)]" % (14 > = 0, (3.7)
and

E(Y,r(w)® 2 (1+ %)ZH‘lkZH‘Z. (3.8)

Proof. Without loss of generality we may assume that u < v. Using the Itd isometry for
stochastic integrals we have

n 3 1 3 1)\2
E[Y 0= Vo) = [ (1= 9"~ -9 as
<2(L + 1),

where " ’ 5
L :=f (E)ZH‘l((u—s)H‘ﬁ—(v—s)H‘g) ds,
0 S

and " " ) )
L :=f (v—s)ZH‘3((—)H‘% - (—)H‘%) ds.
0 S S
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Chapter 3. Asymptotic Behavior

We use several times the following inequality which holds forany0 < a < fand H < 1
H_ gH P o H-1
la™ ~p |=f Yy dyX|f-ala”. (3.9)
a

We break I and I, into integrals over [0, 5] and [5, n] so that [y = 14, + Iy and I = Irq + Iy,
and will bound these terms.
Using inequality (3.9) we have

|u— vl

-9 2 (w-9H 22— (3.10)
(u—s)TH

Applying (3.10) we get
n 2
Ilb:fn (%)2H_1((M—S)H_%—(v—S)H_%) ds
2
n
4(u—v)2ﬁ (%)ZH_I(M—S)ZH_Sds.

Butforg<sandu<n+k+1,whenH> 1/2 we have

S nl2

and when H < 1/2 we have ‘
U o5 n+ _
n
So

k n
LpZ (u—v)? 1+ —)ZH‘lf (u—1s)*"H5ds
n n
2

n

For I 4, using the fact that u*~! < (n+k)*"~!, and thatfor s < % we have u—s = k+n/2 = k+n
and applying the inequality (3.10) we get

g 3 312
Ila:f (E)ZH_I((u—S)H_Z—(v—S)H_E) ds
0 S

< (u-v)? uZH_lf2 !
0

ds
S2H—1 (u- S)S—ZH

n

Z(u-v)?m+ k)M n+ lc)ZH_E’f2 si=2H 4
0

=(u-v)?n+ 220 < (y— )2 (n+ k)?H 4

<(u- v)2 K24,
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3.4. Lipschitz continuity of residues of fBM increments

For I, we need the following inequality which is a special case of inequality (3.9)

|u— vl

(w—-s)2 - (v-9H 2= _— .
(w—s)2~1

(3.11)

For I»,4, aswe have v —s = k+ n/2 > k+ n for s < n/2, using inequality (3.11) we get

n

Z(wu-v?m+ k)M 3m+ k)””’f5 si=2H s
0

2 (u-v)?(n+k)H-6p?2H

<(u-v?m+k*8m+ K221

< (u-v)?K*H,

For I}, applying (3.11) we have
n 2
b= [ (0= 9? 13- Dy s
z s s
n _ 102
<[ =g WV Myer-a g
z s s

n
<(u-v?mn+ k)ZH_gfn sl_ZH(v— S)ZH_3 ds.

2

But as for n/2 < s < n we have s'72H 2 n'=2H we get

n
Ly =X (u— )2+ k)ZH_3n1_2Hf (v—s9)2H3ds
3

So

k
n
So this completes the proof of Holder continuity.

Now for the variance bound using the similar technics used above we have

E[(Yyx(w)?] = fo (%)ZH‘I(u—s)ZH‘3ds=h+12,
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where
nl/2

M2 U g 2H-3 2H-3 U2H-1
i :f (;) (u—2s) ds=<(n+k) f (;) ds
0 0

nl2
Z(n+ k)" 3m+ k)ZH_lf st=2H 4
0

% (n+ kM 2 (1 K2 or2
n

and

n u k n
]2:=f ()2 - 2345 = (1+—)2H‘1f (u—s)2"73ds
ni2 S n n/2

4 (1 + §)2H71k2H72 dS,.
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3.5. Super-additivity

3.5 Super-additivity

In this section we will show that {U (1)} e, although not super-additive, has some super-
additivity properties and this way we prove that {@} nelN converges to some positive extended-
real number A.

Un)
n

Theorem 3.5.1. The sequence {
A€ [0, +oq].

}neln converges to some positive extended real number

While {U(n)} nelN is not super-additive in general as it is in the Brownian motion case, we seek
some approximate super-additivity. Although the super-additivity arguments in Viens and
Zhang [50] seem to have some problems, their idea of recognizing an approximate super-
additivity is a major observation. We will build our argument by following some of their
ideas.

Let {f(n)},e;w be a sequence of real numbers and {e(n)},c;v a sequence of non-negative
numbers with the property that

@ tim o, G >
n n=1

e2™
<00.
on

n—00

Then {f(n)} e is called almost super-additive relative to {€(n)} ;e if
fn+m)= f(n)+ f(m)—e(n+m)

for any n, m € IN. We have the following theorem [50, 9]

Theorem 3.5.2. Let {f(n)} e be almost super-additive relative to {€(n)} e as defined above.

(1) Ifsup,, % < +o00, thenlim,,_.o %

) If sup,, % =400, then {%} diverges to +oo.

exists and is finite.

Lemma3.5.3. Foranyn,me IN® we have

Un+m+1)=0Un) +Um) - c.g(m+n)f/logim +n),

Proof of Lemma. Take arbitrary n, m € IN’ and without loss of generality assume that n = m.
Let <7, be the event that the random walk on the time interval [0, n) has no more jumps than
Ny

n? for H>1/2

Pxn forH=<1/2,

mn::

where §:= max{e® x 1} and similarly %8,, be the event that the random walk has at most 91,
jumps on the interval [n+1,n+ m+1). Let also ¥ be the event that the random walk has no
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Chapter 3. Asymptotic Behavior

jump on the interval [n, n + 1). We have

VldBX(t)
efo t 1&{"

EX[el 95" 1]

n+m+1 X(1)
fn dBt

Om+n+1)-0n) z[Elog[EX( lggmncg'). (3.12)

Let & be the sigma field generated by the random walk up to time 7. Then the right-hand-side
of the above equation would be equal to

ol 4By

1., ntm+l 3 pX(6)
([EX[efo" dB;"y [EX(ef,, " 1%"”%"0;))’ (3.13)
' 'Q{U

For any t = n, let X(0):=X() - X(n). By the Markov property of the random walk, and then
the fact that {X ()} >, is independent of & we have

n+m+1dBX(t) n+m+ldBX(t)

EX (el 1,06l F) =EX () ¢ 1g,nelX(0)

+m+1 X(D)+X(n)
:EX(ef:m dBtt-v- n

13,,n¢1 X (1))

n

1%,,¢)

Ex(efnerHdBﬁ((tHX(n)

X rz+m+1dB)?(t)+Y
=EX (e C 1g,0%)

where Y := X(n).

Let {W*} .74 be a family of independent standard Brownian motions, which is independent
of the random walks X(-) and X(-), the fractional Brownian motions {B*},.,« and hence their
corresponding Brownian motions {W*}, .« appearing in their integral representation. For
any x € Z4 define WY as

wr for0<t<n

W)=
Wr-wy+ W, fort>n.

It is easily verified that W* is itself a standard Brownian motion.
We define the following family of fractional Brownian motions indexed by Z¢

t
Bf := fo Ky (t,s)dW. (3.14)
Itis clear thatfor t = n
- n P t
BY :fo Ky (t,s)dW{ +f Ky (t,s)dW{.
n
Let %o,y be the sigma field generated by {/st ; s€[0,n], x € Z% and 9, o) the sigma field
generated by (W - W ; s€[n,00), x € 7.%. Also denote by ¥, the sigma field generated by

{W{; s€[0,n], x € Z%. Tt is evident that for any ¢ > n the process B} is measurable with
respect to ¢ := @[0, nl vV 9n,00) Where v denotes the smallest sigma field containing the both.
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3.5. Super-additivity

So f nkmtl dB X4y 4 is also measurable with respect to ¢; which is independent of 4,.
Now denote by EY the expectation with respect to the random variable Y with the following

distribution 1 X0

elo dB; 1z, d

2557, 1X(n):y) Pooyezn.
1y,]

P(Y = y) :[EX(EX[ o
elo

So equations (3.12) and (3.13) imply

O(m+n+1)-0(n) =ElogE” (EX(e Sy By 15,6
(3.15)

n+m+1
= EE log EX (el " B 15 o).

Now let {t;};, t; = n+ 1, be the jump times of the random walk after time ¢ = n + 1, and for
every i let x; be the position of the random walk on the time interval [#;, ;+1). Then we have

n+m+1 7((1‘)+Y n+m+1 ~)~((t)+Y x

where .
X :Zj(; (KH(S’ tiv1) — Ku(s, ti))dWSxi
i

n
_Zf (KH(S) ti+l)_KH(S) tl'))dWSXi'
i J0
By the definition of K and using the stochastic Fubini we have
n X n ti+1 H_i u H_l Xi
f (Kp (s, tis1) — K (s, £;))dW;" = CHf f (w=—9)""2(=)" 2dudW’
0 0 Jt s
tiv1 pn
:CHf f (u—s)H’%(E)H’% dw du
t; 0 N
tiv1
= ch Y, (u)du,
ti
and similarly

n — Liv1 )
fo (Ku(s, tiv1) = Ku(s, 1)) AW = ch Y, (w)du,
ti

where "
?;‘f(u)=f (u—s)t-3 % )H“dwx'
0

So n+m+1 n+m+l _
AX = ch Y,f“”)(u)du—ch VX (w)du
n

+1 n+1

m
>CHZ inff  Yiw-cy), sup  Yi(w).
=1 [x]=N,+, k=1 |x[=s0N,+MN,
u€n+k,n+k+1] uen+k,n+k+1]
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On the event € we also have

el X()+Y Y
‘/’; dB _Bn+1 Bn

> inf (B),,-B)).
yl=o, n
So on the event %,, N € we have
n+m+1 % v n+1 % v n+m+1 ~% v
f dB; " :f dB* +f dB Y 4 A%
n n n+1l

n+m+1 ~% v
> f dBX Y 4 inf (Bn+1—BZ)
n+l [yl=N

m
+cH Z inf Yy —ch )y, sup Y, ().
k=1 [x]=9T,+0, k=1 1x|=N,,+N,
u€ln+k,n+k+1] uen+k,n+k+1]

Plugging this inequality into equation (3.15) we get

n+m+1 dEX(l)JrY

T(m+n+1)—U(n) = EEY log EX (el 14, n¢)

m
+F 1nf (B -B)+c E inf Y ()
yl=, b Hk; K=, +,
ueln+k,n+k+1]

m
—cyE Z sup Y, (w)
k=1 1xI=M,+MN,
ueln+k,n+k+1]

Fort=n+1,let X'(¢):= X(t) — X(n+1). Then we have

v n+m+1 SX(D+Y
[EEylogEX(ef dB;" 1%, %)

v n+m+1 5X'(0+Y
=EEY log [EX(ef dB; lggmmcg)
7 n+m+1
—EEY log EX (et 4B 1, Y +10gP ().
efOn dB;((t) 1
Let Ey, := E(-|%,) be the conditional expectation on the sigma field 4,. As ————22— is

EX[eo as 0 1,1
measurable with respect to %,, the expectations E¥ and g, can be interchanged by Fubini’s

theorem. So
n+m+1 dgx’(nw

EEY log EX' (efr1 12,)

n+m+1 dEX’ n+Y

= EEg, EY log EX' (/! 1,)

n+m+1 dEX (H+Y

= EE" Eg, log EX' (/i 1s,).

n+m+1 Bx(t m BX(t)

But EX' (e/n+1 14, ) has the same distribution as EX (eo 95: " 1., ). So we have

n+m+1 dEi{(tHY

Eqy, log [EX(ef'Hl ®,) = Um).
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3.5. Super-additivity

Hence we get the following conclusion
Um+n+1)-Umn =Um)-én,m,

where

m
2 ; y y : X
€(n,m):=-E inf (B] ,—-B;)—cy inf Y ()
lyl=o, b k; X<+, "
uen+k,n+k+1]

m
—logP(€)+cuE).  sup Y, (w)
k=1 |xI=0N,+N,
uen+k,n+k+1]

m
=Esup (B!, ,-B)+cyY E  sup Y (u

n+1
|)’|5mn i=1 [x]<=9T,+M,
uen+k,n+k+1]

m
—logP(€)+cyE ) sup Y ().
k=1 |xI=0N,+N,
uen+k,n+k+1]

We are going to bound these terms applying Dudley’s theorem 1.3.4.
For yy, s € 74 with [y1l,1y21 <D, and y; # y» we have
E [ (BJ’I

n+1

-5 - (5

n+1

-By))" =E(B,,, - By)" +E(B)

n+1

-B))?=2.

So by Dudley’s theorem 1.3.4 we have

2
E sup (B%H—Bfl’)sl(f \/10gM, de < ¢, ;;\/logn,
1=, 0 '

where K is a universal constant and c, ,; is some positive constant that can only possibly
depend on x and H.

For /e NN, let {ui}ﬁzl be the [ equally-spaced points on the interval (n + k, n+ k +1). Then for
any u € [n+k,n+ k+ 1] there exists a u; with |u— u;| < % Using the proposition 3.4.1 on the
Holder continuity of Y, and noting that k < m < n, for every x € Z¢ we have
1
E[Y,F () - Yo (u)]® < cark®™ ™ (u—up)? < chZH“‘W
and
E(Y; (w)* < Cyk?12,

where cy and Cy are some universal positive constants that can only possibly depend on H.

This means thatfor0 < ¢ < c}IkH_Z, where c}l :=/CH /2, we can cover
! 1.H-2
VEW); uen+kn+k+1],x€Z%, x| <N,y + My} by Oy, +N,y) Lo £-balls.

For ¢} k72 < ¢ < C}, k"1, where C}, := /2Cp, this set can be covered by M, + 91, e-balls.
And finally for € = C}{kH -1, the whole set can be cover with one single ball. So once again by
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Dudley’s theorem 1.3.4 we have

cp k=2 ch kH=2
E sup Y (<K f log((M, + M) )de
| x|+, 0 £
u€[n+i,n+i+1]
Ch kit
+K logM,, + M) de
ol =2

< k" el /log(n+m).

m m
Y E sup Y (u) < C,Z’H\/log(n+ m) ). KA1
kzl |x|5mn+mn kzl

< C,Z’HmH\/log(n+ m)

So

ueln+i,n+i+1]

In the same way we have

m
YE sup  Yyw<clym"\/logn+m).

k=1 |x|<D,+MN,
ue(n+i,n+i+1]

As we additionally have IP (%) = e™, we obtain

€(n,m) < cK,HmH\ /log(n+ m).

O

Proof of Theorem 3.5.1. Applying the above lemma we can easily see that {U (71 — 1)} pen is
almost-super-additive with respect to €(n) := ¢y, nl/log(n). Then theorem 3.5.2 implies that
{@} nelN converges to some positive extended real number and hence so does { qu") }helN-

O
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3.6 Quenched limits

In this section we consider the quenched limits.
We recall the notations

u(t) — EX[ejgdBSX(S)] i

t X(s)
a) :=EX[eh 4571, ],

and
U(t) :=Elogii(t)

where «/;, as in previous sections, denotes the event that the random walk has at most 91;
jumps in the time interval [0, #].

Ulny i to strictly positive A implies

In the first proposition we show that the convergence of {=;

k’g#}nem to A. Then in the second proposition we show that this result

logu(1)
t

the convergence of {

in its turn implies that { }tem+ converges to A as t goes off to +oo.

Proposition 3.6.1. For any real positive function f : R* — R™* that grows at least as fast as a
linear function we have

. (Um) logi(n)
1 - =
;]%o( fm ~ f) )

Proof. We will apply theorem 1.3.2 which provides concentration bounds on Malliavin deriv-
able random variables.
For X (-), an arbitrary but fixed sample path of the random walk and ¢ € R, let gff ‘RxZ%—TR
be the function defined as

g (5,) := 10,1 (8) L x(s) (%),

With the notions introduced in section 1.2 it can be easily seen that gff is in A and moreover

t
B(gX) :f dBX®,
0

which shows that ,
v f dBXS = gX.
0

Hence we have
n X(s)
Vi) = EX[elo 9871, gX]
and
1

1 n X(s
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Chapter 3. Asymptotic Behavior

For X;(:) and X»(-), independent random walks having the same law as X (), we have

Y n X(s) n X(s)
VAR, = (E¥e 7 1 ], EXe 1 X))
n X1(s) n X5 (s)
— <[EX1 [efo dB;! ldr} g’)l(l] ) Xz [eﬂ) dB;? ldy% anz]>J£

n X109 n X (s)
=ENE® [ef" B el B e (g, gr)z(2><]f]

n X1(9) n Xo(s)
S |EX1 |EX2 [efo dBS l'gfr} ej‘;) st ldr% ||g£l(1 ||<]€ ”gr)l(Z

< ([EX(efo”dBﬁ‘“’1dn||g§||%))2.

¢

But we have .
l1gX112, = [E([O dBXW)2,

So for H > 1/2 we have

X2 2H
g 15, = n™7,

and for H < 1/2 and under <,

n _
g 1% < Mu(—) 2 < n(pr)'2H.
Ny,

The fact that ||g.X || 7 has an upper bound that doesn’t depend on the random walk leads to
the following bound
IV (log @(m) I < l1giX 1%

So by theorem 1.3.2 we have
P(Ilog a(n)— Un)| >2nt/log n) <2e72l08n —pp=2,

As the right-hind-side of this inequality is summable we can apply Borel-Cantelli lemma to
conclude that almost surely there exists NV such that for any n € IN with n = N we have

[log ii(n) — Umn)| < ZnH\/logn,

which along with the assumption on the growth rate of f(-) implies the almost sure limit

i 088D Un)
n—co f(n)  f(n)

Proposition 3.6.2. For any real positive function f : R* — R™ that grows at least as fast as a

linear function we have
. logu(t) . logii(n)
limsu =limsu

p p
t—oo  f(1) n—co fn)

)
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3.6. Quenched limits

and | log @i
liminf og (D) =liminf ogu(n).
t—oo  f(1) e fn)

Proof. Forl,neNN, let {ti}ﬁzl be the [ uniformly spaced points on the interval (n—1, n). Itis
evident that for any x € Z< and for any t € [n — 1, n], there exists a t; with |t — ;| < % Then we
have
E((B - B - (B} - B"))2 =E(B; —B’f)z -
n t n t t (21)21_]
So for 0 < £ < 2~ we can cover the set {Bl’f -By; teln—-1,nl}byl= 25% e-balls and for

27H < ¢ the whole set can be covered by a single element. So by Dudley’s theorem we have

2~H 1
E| sup (Bf-B} st log——— =K,
(n—lsIt)Sn( ! n)) 0 gzgl/H !

where K and K; are some universal constants.
We also have [E(B;‘ - Bﬁ)2 < 1for every t € [n—1,n]. So by Borell’s inequality 1.3.5, for any
k € INg and any n large enough we have

P( sup (Bf - B =(k+2)(d+1)logn)
n-1<t<n
< e—2(k+2)(d+l)10gn — n—2(k+2)(d+1) .

So
P( U ( sup (Bf-Bp=(k+2)(d+1logn))

|x]=M, nk n-1<t<n

< (Zmnnk + l)dn—(k+2)(d+l) < n_(k+2) ’

and hence
P(U U ( sup (Bf-B)=(k+2)d+Dlogni)

keNg | x|, nk n—1=st=n

<> n k2 <2572,
3

By Borel-Cantelli lemma, almost surely there exists N} such that for any n = N; and for every
k € INy we have
sup sup (Bf—B;) <(k+2)(d+1)logn

|x|59’tnnk n-1<t<n

which is equivalent to

inf inf (Bf—BY)=-(k+2)(d+1)logn

|x|<N,nkn-1<t=n

For any ¢ € R™ and k € INy, let o7, ;. be the event that the number of jumps of the random walk
on [0, ¢] is larger than ‘J"(nnk but less than ‘ﬁnnk“, where 7n:= [f] is the smallest integer not
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Chapter 3. Asymptotic Behavior

less than . We use the following notations
izk(t) = [EX I:efot dB;X(S) ldt'k] ,
and
t X(s)
() := ¥ eh 451, |
For H > 1/2 we have

Ea(n) = EX |1y, Eeli 95 | < P(ot, )2

As in this case 91,, = n?, by the Poisson tail probability bound 3.3 we have

eKn _ k+2

P(dn,k) = (nk+2)n

For H < 1/2, where 01,, = Bxn, we have

n X(s) 1rn
Ea(n) = E¥ 1y, Eeld 95| <E[1,, 02/ D"

1 k+1 n 2H
<Pedye " T
where J is the number of jumps of the random walk on [0, ].
For this case again by the Poisson tail probability bound 3.3 we have

)ﬁknk+l

exn
Pl i) < (—

Brcnk+l

So in both the cases, for n large enough and every k € INy we have

~ _opk+2
Edlg(n) <e " .

So by Markov’s inequality for n large enough and every k € INy we easily get

= _pk+2 B
P(uk(l’l)ze n**?, (k+1)(d+1)10gn)5n (k+2)

and hence

P( U {ﬁk(n) > e_nk+2 e—(k+1)(d+1)logn}) < 27}_2.
ICE]N()

As the right hand side of this inequality is summable, Borel-Cantelli lemma implies that almost
surely there exists N, such that for any n = N, and for any k € INy we have

~ _ak+2
uk(n) <e " (k+1)(d+1)logn.

Using the same technic as above we can easily show that almost surely there exists N3 such
that for any n = N3 we have

inf inf (B*—B* )>-1 .
IxfgmnnfilsltSn( t n-1) ogn
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3.6. Quenched limits

For t1, > € R* let €y, be the event that the random walk has no jump in the time interval
[t1, Bo].
For any k € INy and any integer n = max{N;, N,, N3} We have

- X ndBSX(S)
i (n) = EX| el 1y, 1%,

. . X px n 3 pX(s)
= elnflxlsm”"k lllfn,lgsn(Bn Bt )[EX [ef() dB; ]-.th,k ]'(g[,’l ]

_ n 3 pX(s)
- (k+2)(d+1)10gn[EX[ef0 dB; 1dl_k1<€,,n]

— e—(k+2)(d+1)10gn P(Cgt,n) ﬁk(t)

hence

(k+2)(d+1)logn nk*? x Ke—nz(k+l)

(1) <éee pr(n) e e<e

In the same way we have

Ke(k+2)(d+1) logn (k+2)(d+1) i(n),

iH<e iin)=e*n
and

i) =ee” 8" gn-1).

So using the inequality log(a + 1) < @ we have
[e.¢]
k —logn+logii(n—1) <logu(t) = log(ﬁ(t) + Z ﬁk(t))
k=0

~ & —n?
slog(e“n(’”z)(d“) an) + e Z e (k+1))
k=0

~ 2
< log(eKn(k+2)(d+D i(n)+e e )

<logii(n)+ Ay,

where

Api=x+ (k+2)(d+1)logn+n~ *+D@+D gepy=lg=n’,

This, along with the fact that log Z @, converges to some strictly positive number (possibly
+oo for H > 1/2), proves the assertion of the proposition for any positive function f(t) growing

at least as fast as the identity function. O
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Chapter 3. Asymptotic Behavior

3.7 Lower Bound

In this section we prove the positivity of A = lim @ for any H € (0,1) and any «. This is
a much stronger result than what has been proved in [50] where they prove the positivity
of 1 under quite strong conditions on the covariance structure of the fBM’s and only when
H e (Hy,1/2] and x < x, for some H, and k,. Although we assume the independence of the
fractional Brownian motions associated to different sites of Z¢, our argument for the proof
of the following theorem holds true for much more general setting on the spatial covariance
structure.

Theorem 3.7.1. A =lim % is strictly positive for any H € (0,1) and any k.

The following well-known lemma (see for example [13, 19]), which is a corollary to the reflec-
tion principle, shows that the probability on a simple random walk started from the origin, of
returning to the origin for the first at time 2m, decays only polynomially in m, in contrast to
the first impression that it would decay exponentially.

Lemma 3.7.2 (First return to the origin). Let {S,}, be a discrete-time random walk on Z.
starting off the origin, i.e. S, = ZZ:I Xy where X; € {-1,+1} and Sy = 0. Let va,, be number of
different ways for the random walk to visit the origin for the first time at time2m, i.e. Sz, =0
but Sy #0 foranyke{l,---,2m—1}. We have

- 1 2m
2m_Zm—l m

Proof of Theorem 3.7.1. For the d-dimensional simple random walk X(-) on 74 Let ; be
the projection to the i-th coordinate; In other words if X = (x;);, then for each i we have
x;:=mjoX.

Let T :=2md/x with m € IN. For any k € INg, let 28 be the event that the random walk X (-)
has the following property: for each i € {1, -+, d}, the i-th projection, i.e. 7;0X be zero at time
kT, make 2m jumps in the time interval (kT, (k +1)T) and at its 2m-th jump returns to the
origin for the first time. It is clear that then for each i, 7;0X doesn’t change sign in the time
interval (kT,(k+1)T).

We have

Umr) 1 X( T dpx o
> —[ElogE"|elo s 1 .
nT nT & ( ,}:[0 ‘%k)
But

n g =1 n Nl
EX (el 95 T 1, ) = P(X(T) = 0) EX " 45 [T 15, | X(T) =0)
k=0

k=0

n S n_l
k=1

X(T) = 0)

T 1 5pX(s) nT {pX(s) n-1
= [EX (efo dBg 1%0) [EX(efT dB; H IQBk
k=1

X(T) =o).
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3.7. Lower Bound

Continuing this procedure, by induction we have

nT 9zl n-l (k+D)T s
[EX(efo 4B 1%) =y [Elog[EX(e By X (e = o).
k=0 k=0
So we have R .
UmnT 1 = (k+1)T D
D, 1 FlogE(e/ir " 451, | x(kT) = 0]
nT nT =,

1 x( )7 dBX®
= SElogE (e 0 1%0)

where we have used the time invariance of the random walk and the random environment, i.e.
the fBM’s.
Taking the limit when n goes to co we obtain

1 x( fFaBX®
Az ElogE (e 0 1@0).

So it suffices to show the positivity of the right-hand-side of this inequality.

Let D be the set of all possible paths of a 2md-step discrete-time random walk on Z started
at the origin with the property that their projections over each coordinate make exactly 2m
jumps and at its 2m-th jump returns to the zero for the first time. As % is an event that
concerns only the number of jumps and the positions of the random walk and not its jump
times, conditional on the number of jumps it is independent of the jump times. Let E' be the
expectation with respect to the jump times conditioned on the event that number of jumps
are 2md, i.e. the expectation with respect to the jump times f1,-- -, 2,,4 Which are uniformly
distributed on (0, T). Let also p,, be the probability that a simple random walk has 2md jumps
in the time interval [0, T].

We have

x( . [TdBX® B 1 Tdij(«‘)
E (efo E 1@0) = pm(zd)m]%[g(efo )

Where X represents the paths of the continuous-time random walk whose position path is
the same as j € ®. For each path j in © it is evident that —j € ©. So let ©/2 be a subset of
® with the property that from each pair (j, —j) contains only one; In other words it is the
equivalence class of © under the relation j ~i <= j = +i. Then we have

) -Xj(

T 1pX(s) 1 T 4% T
jeD/2
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Chapter 3. Asymptotic Behavior

hence

T s
[Elog[EX(efO stx”l%)

) =X

X;(s
)y [Et(ef"Tstj + el as.” )

1
=lo +Elog————

X;i(s) =X (s)
2 [Et[Elog&(ef"Tstj el B! )

=lo +—
gPm D] ieD (zd)Zmd+1

19| 2 t JraBd” | frap Y
=lo +log—————+— E'Elog|ele ™7 +elo ©5 .
gPm 8 (2d)2md+1 D] je%"lz g( )

Ifv;:=/ t?’”d dij “ and v, := J t?’"d st_Xj “ \ve have

I e1C)] T X n % T Xj@)
el dBT 4 ol BTl dB S, dBT Yy ooy
)

0o X T Xj(s
2efo dB;' "+ [, dB; e

max{Yy,Y>}

As Y7 and Y» are independent identically distributed zero-mean normal random variables we

have
Y1-Yl+Y1+ 1,

2 )=

Emax{Y;, Y2} = E(

=

where 02 is the variance of Y;. So we have

Xj(sJ
N

T T -Xi(s)

[Et[Elog(ef0 By | gy dB Y ) >E'(o/Vn).

Let A:=t; + (T — tp,,4), i.e. the total amount of time that the random walk spends at the origin

during the time interval [0, T]. As t1,--- f,4 are uniformly distributed in (0, T), it is clear that
tAY — T

E(A) = 25477

When H < 1/2, as the increments are negatively correlated, staying in a single site gives a lower

bound on the variance, i.e. 02 = (T — A)?#. But for any 0 < a < T, we have a’ = (%) T*. This

shows that in this case we have o = (£72) T and hence

T-
t t —
B =B ()1 =5

When H > 1/2, as the increments are positively correlated, visiting every site for no more than
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3.7. Lower Bound

once gives a lower bound on the variance, i.e. 0% = Y 2" (t; — t;_1)*" and hence

2md

E'(0) z[E‘\ > (ti—ti)?H

i=2

2md
> [Et\ @md—-1D2H( Y (1 - ti—l))ZH
i=2

=(@2md - 1)”2‘H[E‘(2id(t- —)"

= i—tic1))

=2

YAt - o)y

=T
T

2md +1

>(@2md -1V HEY

> @2md -1 H( =Vm.

where we have used a' = (%) T which is true for any @ = 0 and 0 < H < 1, and also the
following inequality that is easily proved by Holder’s inequality and holds for any H = 1/2 and
a;=20,i=1,---,N

2H

).

M=

1
2 o (L
l:Zial- EN(N.

1

N
ai

I
—

Hence we have shown that

1D

- Y
(2d)2md+1 +Cm’,

[Elog[EX(efOT dB; 1@0) =logp;, +log

where C is some positive constant and y :=1/2 for H>1/2 and y := H for H < 1/2.
P, is the probability that a Poisson random variable with average x T' = 2md hast 2md jumps.
So by Stirling formula (1.3.6) we have

_ama @md)’"? 1
@Cmd)!  2evnmd

Pm =

hence
logpm = —logm.

For determining |®|, first we notice that there are (

2n21mgm) = (é%?i! different ways of distribut-

ing the 2md jumps uniformly between the d coordinates. Foreach i =1,---,d, there are v,
different possible excursions for 7;0X such that it starts from zero, makes 2d jumps and at its
2d-th jump returns to zero for the first time. So we have

~ (Zmd)!vd _emdem? 1 @emd)! 1
T em)d T om)d m)d 2m-1)4  (m)i2d 2m-1)4’

D]

By Stirling’s formula we have
@md)! _ (@2d)*™
(m)12d — p2d-112’
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Chapter 3. Asymptotic Behavior

and hence
D]

IOgW = —logm.

This shows that
T X(s)
[Elog[EX(ef0 dB; lggo) >—-Cylogm+Cm?,

which guarantees the positivity of this expression for m large enough and hence completing

proof. O
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3.8 Upper Bounds

In this section we will establish upper bounds on U(T). For H < 1/2 this upper bound is linear
in T which shows that A is finite. For H = 1/2 the problem is much more complicated and
what we have been able to show is that U (T) and hence U(T) grow slower than T'/log(T).

This is in contrast to a result of Viens and Zhang in [50] asserting that U(T) grows faster than
TZH
logT*

Our arguments hold true for much more general spatial covariance structures than indepen-
dent fractional Brownian motions associated to each site of Z¢.
Theorem 3.8.1. For H<1/2, the limitlimr_ @ = A is finite.

Proof. By convexity of log and using Jensen’s inequality and then by the negative correlation
of the fBMs’ increments we have

~ T S
O(T) <logE* (Eeh 451, )
_ log[EX( e% var(f; dBX®) lgfr)

1yn o N2H
Slog[EX(QEZi=O(t,+1 t;) la{T),

where {#;}; are the jump times of the random walk X(-) in (0, T), including the end points, and

)ZH

n is the number of jumps. Then as the function (-)>"* would be concave, by Jensen’s inequality

we have

ZiAtl-)ZH_( T )ZH.

1
— Y @ < =
n+1%5 n+1 n+1

But as under the event <7 the number of jumps is smaller than 917 = BT, we have

ﬁ(T) < log[EX(E%(n-H)]_ZHTZH ldT)
< log[EX(e%(ﬁT“)ldT)

< %(ﬁT+1).

@ is finite. O

This shows that A =lim7_

When H > 1/2, we apply a more elaborate method.

Theorem 3.8.2. For H > 1/2, we have U(n) < ny/logn.

Proof. We chop up the interval [0, n] into n subintervals and decompose each integral |, llH dBf ()
into two parts: the residue part, that comes from the Brownian motions up to time /-1 and
the innovation part that comes from the Brownian motions in the interval [/ -1, + 1]. We
expect the innovation part to be the main contribution to the integral, and the residue part to
be reasonably small.
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Chapter 3. Asymptotic Behavior

We begin by the Volterra representation (1.1) of a fBM. For [ € N=2andl<ti<tr<l+1,we
have

-1
Btg_Bl’l =f0 (KH(t2vs)_KH(II)S))dWS—i_ZtZ_Z[1! (316)

where

I3
Zi=|  Ky(t,s)dWs. (3.17)
-1

For 0 < t <2 we also define Z; by
t
Zt::f Ky (t, s)dW;. (3.18)
0

Applying the stochastic Fubini theorem 1.3.3 to the first right-hand-side term of (3.16) we have

I-1 pt

-1 3 L
f (K22, 9) = K1, 9))dws = ch (u—s)H‘f(%)H‘f dudw;
0

Jo e (3.19)
2
=f Y (u) du,
h
where
-1 H 3 U H 1
Yl(u):=ch (u—9)""2(=)""z2dW;. (3.20)
0 S

Applying this procedure to the family {B*}, .54, there exists a family of independent standard
Brownian motions {W*}, .« such that

t
Bx(t)Zf Ky (t,s) W*(ds).
0

So for each site x € Z4, the processes Y" and Z* can be defined as above.

Back to the integral [’ dBSX ) it can be easily verified that

"oax _ (" axw N [T e
dB;'" = dz;""+ ) Y/ P (ndr. (3.21)
0 0 1=2 1

Our goal is to show that in some sense the first term grows linearly in 7 and the second term
grows no faster than n4/logn.

By adding and subtracting a reasonably small artificial term to f,' dZ tX @

we may turn it into a
summation of mostly independent terms and hence getting a linear upper bound.
Indeed, let {Wl’x }xezd, 1IN, be a family of independent standard Brownian motions, indepen-

dent of any process introduced so far, in particular independent of the random walk X(.),
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3.8. Upper Bounds

the fractional Brownian motions {B*} .7« and hence their corresponding Brownian motions
{W¥},c7a appearing in their integral representation. For any / € IN*? and x € Z? define whx

as
Al Wsl’x for sef0,l-1]

o7 lx
WE-WE + W for  se(l-1,00).
and for [ =0, 1, define Wh* .= W*.

It is easily verified that W is itself a standard Brownian motion and hence the following
expression

-1

t t
B = fo Ky (t,9)dW* = Ky (t, ) dW)* + fl IKH(t,s)dWSx , (3.22)

is a fractional Brownian motion of Hurst parameter H.
Note also that for any x € Z¢ and I < t < [ + 1, we have

t
=[ Ky (t, /AW,
-1

By the same procedure as in equations (3.16) through (3.20), for any ¢ € [/, [ + 1) we have

f dzX0 = f dBMX® fmfflxm(r)dr,

-1
?lx(t):chf (-2 )H“dW’x for te[l,l+1).
0

where

We therefore have

This along with (3.21) implies
1+1 N n-1 l+1A n-1 pl+l
f dBX® = Z dBMX® _ Zfl YIX(”(t)dHZfl v (nde.
1=2 =2

So we have

Un) = [Elog[E(efOn dp 1y, )

n-1 rl+l 151, nzl 3.23
=ElogEe™ [P N E( sup 17 wl+ sup 1Y ()] .
=2 |x|<n? |x|<n?
Isus<l+1 Isu<l+1

First we find an upper bound on the first right-hand-side term. Here we need an easy ob-
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Chapter 3. Asymptotic Behavior

servation. Let &' be the sigma field generated by {Wsl'x ; s€[0,1-1], x € Z% and o' be the

sigma field generated by {W} — Wlx L SE (I-1,1+1], x € Z%. It is evident by (3.22) that for

any l < t < [ +1 the process Bt’ is measurable with respect to o/ v & where v denotes the

I+1 dB‘l,X(t)

smallest sigma ﬁeld containing the both. So [, is also measurable with respect to

olval. Aso! vl and ok vk are independent for |k — I| = 2, this shows that fllJrl Bl XM and
K41 4BIX (™ are independent for |k — [ = 2. Hence, using the inequality EXY < 1 ([EX2 + [EYZ),
we have

n-1 pl+1 1 X(f n—1 I+1 ~1 X(t
Vaer dB; ”sBZvarf dB; LN
1=0 7! 1=0 l

We also notice that .
.
Varf dBi'Xm <1,
I

which follows from the positive correlation of increments of fMB implying that the upper
bound is obtained when the random walk stays in a single site on the whole time interval
[1,1+1). This can be equivalently deduced from (1.3) and the inequality ¥°; a7 < (¥; a;)*"
which is true for all H = 1/2 and a; = 0. Hence we have

[E( Zn 1 l+1d§lxr)) fvarZ” 1 l+1d§1X
1= =e2

< eg Z Varfllﬂ BIX

3
En
)

<e

Now turn to the second right-hand-side term of term equation (3.23).
Applying Dudley’s theorem as stated in remark 1.3.2, for any / € IN*? we have

[E( sup Ile(u)I)SKfOOO\/logN(s)ds,

|x|<n?
Isu<l+1

where K is a universal constant.
Using proposition 3.4.1, for any u, v € [[, ] + 1] we have

E[Yi(w) - V;(0)]* Z (u— )2

Particularly the upper bound doesn’t depend on .

So with the same argument given in section 3.5, it follows that there are positive numbers M;
and M, depending only on H, such that N(g) < % for0<e< My, N(¢) = n?? for My <e< M>
and finally N(¢) =1 for € > M, and. So there exists a positive constant M such that for any /

[E( sup Ile(u)I) < Kiy/logn.

|x|<n?
Isu<l+1
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3.8. Upper Bounds

The same is true for ?lx

[E( sup IIA/lx(u)I) < K»y/logn.

|x|<n?
Isus<li+1
Hence we have
Un) < 3/2n+ Kn,/logn,
where K is a positive constant that doesn’t depend on anything other than H. O
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