EIGENFUNCTION EXPANSIONS OF ULTRADIFFERENTIABLE
FUNCTIONS AND ULTRADISTRIBUTIONS

APARAJITA DASGUPTA AND MICHAEL RUZHANSKY

ABSTRACT. In this paper we give a global characterisation of classes of ultradiffer-
entiable functions and corresponding ultradistributions on a compact manifold X.
The characterisation is given in terms of the eigenfunction expansion of an elliptic
operator on X. This extends the result for analytic functions on compact man-
ifold by Seeley [See69)], and the characterisation of Gevrey functions and Gevrey
ultradistributions on compact Lie groups and homogeneous spaces by the authors
[DR14al.

1. INTRODUCTION

Let X be a compact analytic manifold and let £ be an analytic, elliptic, positive
differential operator of order v. Let {¢;} and {\;} be respectively the eigenfunctions
and eigenvalues of F, i.e. E¢; = X;¢;. Then acting by £ on a smooth function
f= Zj fj®; we see that it is analytic if and only if that there is a constant C' > 0
such that for all £ > 0

ST < (h))PCH,

j
Consequently, Seeley has shown in [See69] that f =}, fj¢; is analytic if and only if

the sequence {A’\JI'/V f;} is bounded for some A > 1.

The aim of this paper is to extend Seeley’s characterisation to classes more general
than that of analytic functions. In particular, the characterisation we obtain will cover
Gevrey spaces extending also the characterisation that was obtained previously by the
authors in [DRI4a] in the setting of compact Lie groups and compact homogeneous
spaces. The characterisation will be given in terms of the behaviour of coefficients
of the series expansion of functions with respect to the eigenfunctions of an elliptic
positive pseudo-differential operator E on X, similar to Seeley’s result in [See69],
with a related construction in [See65]. Interestingly, our approach allows one to
define analytic or Gevrey functions even if the manifold X is ‘only’ smooth.

Global characterisations as obtained in this paper have several applications. For
example, the Gevrey spaces appear naturally when dealing with weakly hyperbolic
problems, such as the wave equation for sums of squares of vector fields satisfying
Hormander’s condition, also with the time-dependent propagation speed of low reg-
ularity. In the setting of compact Lie groups the global characterisation of Gevrey
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spaces that has been obtained by the authors in [DR14a] has been further applied
to the well-posedness of Cauchy problems associated to sums of squares of vector
fields in [GR14]. In this setting the Gevrey spaces appear already in R" and come
up naturally in energy inequalities.

More generally, our argument will give a characterisation of functions in Komatsu
type classes resembling but more general than those introduced by Komatsu in
[Kom73, Kom77]. Consequently, we give a characterisation of the corresponding
dual spaces of ultradistributions. We discuss Roumieu and Beurling type (or injec-
tive and projective limit, respectively) spaces as well as their duals and a-duals in
the sense of Kothe [K&t69] which also turn out to be perfect spaces.

In the periodic setting (or in the setting of functions on the torus) different function
spaces have been intensively studied in terms of their Fourier coefficients. Thus,
periodic Gevrey functions have been discussed in terms of their Fourier coefficients
by Taguchi [Tag87] (this was recently extended to general compact Lie groups and
homogeneous spaces by the authors in [DR14a]), see also Delcroix, Hasler, Pilipovié
and Valmorin [DHPV04] for the periodic setting.

More general periodic Komatsu-type classes have been considered by Gorbachuk
[Gor82], with tensor product structure and nuclearity properties analysed by Petzsche
[Pet79]. See also Pilipovié¢ and Prangoski [PP14] for the relation to their convolution
properties. Regularity properties of spaces of ultradistributions have been studied
by Pilipovié¢ and Scarpalezos [PS01]. We can refer to a relatively recent book by
Carmichael, Kaminski and Pilipovi¢ [CKPQO7] for more details on these and other
properties of ultradistributions on R™ and related references.

The paper is organised as follows. In Deﬁnitionwe introduce the class I'(p, 3 (X)
of ultradifferentiable functions on a manifold X, and in Theorem [2.3| we give several
alternative reformulations and further properties of these spaces. In Theorem
we characterise these classes in terms of eigenvalues of a positive elliptic pseudo-
differential operator £ on X. Consequently, we show that since the spaces of Gevrey
functions 7° on X correspond to the choice M) = (k!)®, in Corollary we obtain
a global characterisation for spaces v°(X). These results are proved in Section
Furthermore, in Theorem we describe the eigenfunction expansions for the cor-
responding spaces of ultradistributions. This is achieved by first characterising the
a-dual spaces in Section 4] and then relating the a-duals to topological duals in Sec-
tion [f] In Theorem [2.7] we describe the counterparts of the obtained results for the
Beurling-type spaces of ultradifferentiable functions and ultradistributions.

We will denote by C' constants, taking different values sometimes even in the same
formula. We also denote Ny := N U {0}.

The authors would like to thank Jens Wirth for a discussion.

2. FORMULATION OF RESULTS ON COMPACT MANIFOLDS

Let X be a compact C* manifold of dimension n with a fixed measure. We fix
to be a positive elliptic pseudo-differential operator of an integer order v € N on X,
and we write £ € ¥ _(X) in this case. The eigenvalues of £ form a sequence {\;},
and for each eigenvalue )\; we denote the corresponding eigenspace by H;. We may
assume that \;’s are ordered as 0 < A\; < Ay < --- . The space H; C L*(X) consists
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of smooth functions due to the ellipticity of £. We set
dj = dimHj, HO = ker E, )\0 = 0, do = dim Ho.

Since the operator E is elliptic, it is Fredholm, hence also dy < oco. It can be shown
(see [DRI4d, Proposition 2.3]) that

d <C(1+\)v (2.1)
for all j, and that

Zdj(l + ;)9 <oo ifandonlyif ¢> L (2.2)
i v

We denote by e, 1 < k < dj, an orthonormal basis in H;. For f € L*(X), we denote
its ‘Fourier coefﬁ01ents by

[, k) = (f,€5)
We will write
f(,1)
7G) = : e C%, (2.3)
fG.dy)
for the whole Fourier coefficient corresponding to H;, and we can then write
1/2
1F ) les = (FG) - FG)Y? = ZI
We note the Plancherel formula
o dj 00
117200 = DD PG RIP =D IFG) s (2.4)
§=0 k=1 §=0

We refer to [DR14c|, and for further developments in [DRI14b] for a discussion of
different properties of the associated Fourier analysis. Here we note that the elliptic-
ity of £ and the Plancherel formula imply the following characterisation of smooth
functions in terms of their Fourier coefficients:

feC®(X) <= YNICx: |f(, k)| <COxAN forall j > 1,1 <k <d;. (25)

If X and F are analytic, the result of Seeley [See69] can be reformulated (we will give
a short argument for it in the proof of Corollary as

£ is analytic <= 3L >03C: [f(j, k)] < Ce ™" forall j > 1,1 < k < d;. (2.6)

The first aim of this note is to provide a characterisation similar to and
for classes of functions in between smooth and analytic functions, namely, for Gevrey
functions, and for their dual spaces of (ultra)distributions. However, the proof works
for more general classes than those of Gevrey functions, namely, for classes of func-
tions considered by Komatsu [Kom73|, as well as their extensions described below.
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We now define an analogue of these classes in our setting. Let { M} be a sequence
of positive numbers such that
(M.0) My =1
(M.1) (stability)
M1 < AHFM,,, E=0,1,2,. ..
For our characterisation of functional spaces we will be also assuming condition
(M.2)
My, < AH*M?, k=0,1,2,...
We note that conditions (M.1)+(M.2) are the weaker version of the condition assumed
by Komatsu, namely, the condition

My < AH® min M,M;_,,k=0,1,2,...,
0<g<k

which ensures the stability under the application of ultradifferential operators. The
assumptions (M.0), (M.1) and (M.2) are weaker than those imposed by Komatsu in
[Kom73| [Kom77] who was also assuming

(M.3") 32, Mt < o

Thus, in [Kom73, Kom77, Kom82] Komatsu investigated classes of ultradifferentiable
functions on R™ associated to the sequences { My}, namely, the space of functions
Y € C*(R™) such that for every compact K C R™ there exist h > 0 and a constant
C such that

sup [0°¢(z)| < ChlYI Mg, (2.7)

zeK
Sometimes one also assumes logarithmic convexity, i.e. the condition
(logarithmic convexity) M2 < My 1My, k=1,2,3,...

This is useful but not restrictive, namely, one can always find an alternative collection
of M,’s defining the same class but satisfying the logarithmic convexity condition,
see e.g. Rudin [Rud74, 19.6]. We also refer to Rudin [Rud74] and to Komatsu
[KomT73] for examples of different classes satisfying . These include analytic and
Gevrey functions, quasi-analytic and non-quasi-analytic functions (characterised by
the Denjoy-Carleman theorem), and many others.

Given a space of ultradifferentiable functions satisfying we can define a space
of ultradistributions as its dual. Then, among other things, in [Kom77] Komatsu
showed that under the assumptions (M.0), logarithmic convexity, (M.1) and (M.3'),
f is an ultradistribution supported in K C R" if and only if there exist L and C' such
that

|f(E)] < Cexp(M(LE)), & E€R”, (2.8)
and in addition for each € > 0 there is a constant C. such that
F(Q)] < Ceexp(Hi(C) +€l]), ¢ eC, (2.9)

where f(¢) = (e7%*, f(x)) is the Fourier-Laplace transform of f, M(r) = sup,y log &—1
and Hg (() = sup,cx Im(z, (). There are other versions of these estimates given by,
for example, Roumieu [Rou63] or Neymark [Ney69]. Moreover, by further strengthen-
ing assumptions (M.1), (M.2) and (M.3") one can prove a version of these conditions
without the term €[¢| in (2.9), see [Kom77, Theorem 1.1] for the precise formulation.
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We now give an analogue of Komatsu’s definition on a compact C'* manifold X.

Definition 2.1. The class I'y,3(X) is the space of C* functions ¢ on X such that
there exist h > 0 and C' > 0 such that we have

| E*¢||2x) < Ch My, k=0,1,2,... (2.10)
We can make several remarks concerning this definition.

Remark 2.2. (1) Taking L?-norms in 1s convenient for a number of reasons.
But we can already note that by embedding theorems and properties of the sequence
{ My} this is equivalent to taking L°°-norms, or to evaluating the corresponding action
of a frame of vector fields (instead of the action of powers of a single operator E) on
functions, see Theorem [2.5

(2) This is also equivalent to classes of functions belonging to the corresponding
function spaces in local coordinate charts, see see Theorem (v). In order to
ensure that we cover the cases of analytic and Gevrey functions we will be assuming
that X and E are analytic.

(3) The advantage of Deﬁm’tion 18 that we do not refer to local coordinates to
introduce the class T'iay(X). This allows for definition of analogues of analytic or
Gevrey functions even if the manifold X is ‘only’ smooth. For erxample, by taking
M, = k!, we obtain the class Iy (X) of functions satisfying the condition

|E*¢||2x) < Ch* My, k=0,1,2,... (2.11)

If X and E are analytic, we will show in Corollary[2.5 that this is precisely the class of
analytic functionﬂ on X . However, if X is ‘only’ smooth, the space of locally analytic
functions does not make sense while definition given by still does. We also note
that such space Iy (X) is still meaningful, for example it contains constants (if E
is a differential operator), as well as the eigenfunctions of the operator E.

We summarise properties of the space I'(yz,1(X) as follows:

Theorem 2.3. We have the following properties:
(i) The space (a1 (X) is independent of the choice of an operator E € W/ (X),

i.e. ¢ € Iy (X) if and only if (2.10) holds for one (and hence for all)
elliptic pseudo-differential operators E € WY (X).

(ii) We have ¢ € 'y (X) if and only if there exist constants h > 0 and C' > 0
such that
| E*@|| 1o x) < CR* My, k=0,1,2,... (2.12)

(iii) Let O1,---,0n be a frame of smooth vector fields on X (so that Zjvzl 9% is
elliptic). Then ¢ € Uiy (X) if and only if there exist h > 0 and C' > 0 such
that

10%@|| oo (x) < ChI*I M4, (2.13)
for all multi-indices o, where 9% = 05 --- 97X with 1 < jy,--+ ,jx < N and
la| = a1+ -+ + ak.

L An alternative argument could be to use Theorem for the characterisation of this class in

terms of the eigenvalues of F, and then use Seeley’s result [See69] showing that this is the analytic
class.
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(iv) We have ¢ € I'(ar,1(X) if and only if there exist h > 0 and C' > 0 such that
10%¢ || 22(x) < ChI* M, (2.14)

for all multi-indices a as in (iii).

(v) Assume that X and E are analytic and that there is a constant C' > 0 such
that My > CE! for all k. Then the class T'ipy(X) is preserved by analytic
changes of variables, and hence is well-defined on X. Moreover, in every
local coordinate chart, it consists of functions locally belonging to the class

Liary (R™).

The important example of the situation in Theorem [2.3|, Part (v), is that of Gevrey
classes v*(X) of ultradifferentiable functions, when we have v*(X) = I'(j;,3(X) with
the constants My, = (k!)* for s > 1. By Theorem [2.3| Part (v), this is the space of
Gevrey functions on X, i.e. functions which belong to the Gevrey classes v*(R"™) in
all local coordinate charts, i.e. such that there exist h > 0 and C' > 0, such that

10°¢ | ey < CRII (1),
for all localisations v of the function ¢ on X, and for all multi-indices «.

If s =1, this is the space of analytic functions.

For the sequence { My}, we define the associated function as

vk
M(r) :=suplog - , >0,
keN vk

and we may set M(0) := 0. We briefly establish a simple property of eigenvalues A,
useful in the sequel, namely that for every ¢, L > 0 and > 0 there exists C' > 0
such that we have

_ 1/v
e 6M(L)" ) < C uniformly in [ > 1. (2.15)

Indeed, from the definition of the function M it follows that

5
q —oM (LA . My,
Ao M (P >§A5Lupw6’
l

for every p € N. In particular, using this with p such that pé = ¢ + 1, we obtain

0
q —5M(L)\ll/y) MI/p
Ave < Towry, =€

uniformly in [ > 1, implying .

Now we characterise the class Iy, (X) of ultradifferentiable functions in terms of
eigenvalues of operator E. Unless stated explicitly, we usually assume that X and F
are only smooth (i.e. not necessarily analytic).

Theorem 2.4. Assume conditions (M.0), (M.1), (M.2). Then ¢ € 'y (X) if and
only if there exist constants C' > 0, L > 0 such that

H&UHHS < C’exp{—M(LAll/V)} forall 1 >1,

where M (r) = sup,, log %
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For the Gevrey class v*(X) = I'{ns3(X) of (Gevrey-Roumieu) ultradifferentiable
functions we have M(r) ~ r'/. Indeed, using the inequality % < e' we get

M(r) 1 o ] [(Tl/syr < supl [ S’“”S] 1/s
r) = suplo sup 1o sup 1o, e = Sr .
1plog (e < suplog | = < suplog

On the other hand, first we note the inequality
S
inf (2p)%P5r 2P < ex (——T1/5> ,
inf (2p) < exp (— o

see [DR14a, Formula (3.20)] for the proof. Using the inequality (k + v)*™ < (4v)kk*
for k > v, an analogous proof yields the inequality

s
inf (vp)"Pr= <e (——T1/3> .
pEN( ?) = &P 4ue

This and the inequality p! < pP imply

vk ]
exp(M(r)) = PR T b (r )R (k) )
> ey > s~ )
Combining both inequalities we get
irl/s < M(r) < spl/s (2.16)

4re
Consequently, we obtain

Corollary 2.5. Let X and E be analytic let s > 1. We have ¢ € v*(X) if and
only if there exist constants C > 0, L > 0 h that

~ 1
lo(D)]lus < Cexp (—LA”)  forall 1> 0.
In particular, for s = 1, we recover the characterisation of analytic functions in ([2.6).

We now turn to the eigenfunction expansions of the corresponding spaces of ultra-
distributions.

Definition 2.6. The space I, \(X) is the set of all linear forms u on I'y}(X)

such that for every e > 0 there exists C. > 0 such that
u(0)] < Csup e} sup | B (o)
holds for all ¢ € T'(ag,3(X).

We can define the Fourier coefficients of such u by

— — 14
u(ey) := u(ef) and U(l) := t(e;) := [u(ef)hl :
-1
Theorem 2.7. Assume conditions (M.0), (M.1), (M.2). We have u € Iy, (X) if
and only if for every L > 0 there exists K = Ky > 0 such that
(@) s < K exp (ML)

holds for all l € N.
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The spaces of ultradifferentiable functions in Definition [2.1] can be viewed as the
spaces of Roumieu type. With natural modifications the results remain true for spaces
of Beurling type. We summarise them below. We will not give complete proofs but
can refer to [DR14a] for details of such modifications in the context of compact Lie
groups.

The class I'(a,)(X) is the space of C'*° functions ¢ on X such that for every h > 0
there exists C}, > 0 such that we have

|E* || 12(x) < Chh*" Mg, k=0,1,2,... (2.17)
The counterpart of Theorem holds for this class as well, and we have
Theorem 2.8. Assume conditions (M.0), (M.1), (M.2). We have ¢ € I'p)(X) if
and only if for every L > 0 there exists C, > 0 such that

(D) |las < Cpexp{—M(LN'")}  for all 1> 1.
For the dual space and for the a-dual, the following statements are equivalent
(i) v e F/(M )(X);
k

(it) v & [Py (X))
(iii) there exists L > 0 such that we have

Zexp (—M(L)\ll/y)> llvg]|us < o0
=1

(iv) there exist L >0 and K > 0 such that
lenlls < K exp (M(LA"))
holds for all | € N.

The proof of Theorem is similar to the proof of the corresponding results for
the spaces I'fj,3(X), and we omit the repetition. The only difference is that we
need to use the Kothe theory of sequence spaces at one point, but this can be done
analogous to [DR14a], so we may omit the details. Finally, we note that given the
characterisation of a-duals, one can readily proof that they are perfect, namely, that

A A
Loy (O] = (Liany (X)) and [Fagy ()" = (Lo (X)), (218)
see Definition and condition (4.1]) for their definition. Again, once we have, for
example, Theorem and Theorem [4.2 the proof of (2.18) is purely functional
analytic and can be done almost identically to that in [DR14al, therefore we will
omit it.

3. PROOFS

First we prove Theorem [2.3| clarifying the definition of the class I'fa,3(X). In the
proof as well as in further proofs the following estimate will be useful:

led]| ey < CA® for all I > 1. (3.1)

This estimate follows, for example, from the local Weyl law [H6r68, Theorem 5.1],
see also [DR14b, Lemma 8.5].
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Proof of Theorem[2.3. (i) The statement follows from the observation that if Ey, Ey €
U?(X), then there is a constant A > 0 such that

BTl 2 x) < AM[DPllz2cx) (3.2)
holds for all k € Ny and all ¢ € C*(X). In turn, follows from the fact that
the pseudo-differential operator E¥ o E;* € W9(X) is bounded on L*(X) (with E,*
denoting the parametrix for EY), and by the Calderon-Vaillancourt theorem its op-
erator norm can be estimated by AF for some constant A depending only on finitely
many derivatives of symbols of E; and E,.

(ii) The equivalence between and follows by embedding theorems but
we give a short argument for it in order to keep a more precise track of the appearing
constants. First we note that implies (2.10) with a uniform constant in view
of the continuous embedding L>®(X) < L*(X). Conversely, suppose we have (2.10).
Let ¢ € I'{a,3(X). Then using we can estimate

d;

»> Jef L)
=

k=1

<8

Pl o (x)

d;

ZZ\ B llef e (x
=1
Jj= o
< ClAOs+C S S 186G N

7=1 k=1

<7

IN

[ele} d] 1/2 o] dj 1/2
n=l_o9¢
< Clollan +C [ D166 k)N IPIRE :
j=1 k=1 J=0 k=1

where we take ¢ large enough so that the very last sum converges, see (2.2)). This
implies

i 1/2

[l (x) < Cllollp2(x) + € Z [6(j, k)N

1 k=1

<D

< C'(Illaex) + 1E@ll2cx)) - (3:3)

by Plancherel’s formula. We note that (3.3) follows, in principle, also from the local
Sobolev embedding due to the ellipticity of E, however the proof above provides us
with a uniform constant. Using (3.3) and (M.1) we can estimate

IE"¢llx) < CIE™@ll12(x) + C' I BTl 2x)
ChumMVm + C//hl/(éer) Mu(f+m)
C///hz/(erm) hHu(Equ)flMy(H_m)_l

IA

C///hu(f-‘rm) hVZHBg—I—VZmMVm
CA"™ M,

VAN VAN VAN VAN VAN
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for some A independent of m, yielding .

(iv) We note that the proof as in (ii) also shows the equivalence of and
(2:14). Moreover, once we have condition (2.13)), the statement (v) follows by using
M, > Ck! and the chain rule.

(iii) Given properties (ii) and (iv), we need to show that or are
equivalent to (2.13)) or to . Using property (i), we can take E = ZNzl 832

To prove that (2.13) implies (2.12)) we use the multinomial theoremﬁ with the
notation for multi-indices as in (iii). With Y; € {01,...,0n}, 1 <j <|a|, and v = 2,
we can estimate

O -0 re(a)| < CZ \W Y2 0(2)]

j=1 =k &

VAN
Q
|w
=
B
5
B

A
Q
=,
=

g

N IA
2
2

=

¥

with A; = 2N A, implying ([2.12]).

Conversely, we argue tha implies . We write 9% = P, o E* with P, =
0“0 E~*. Here and below, in order to use precise calculus of pseudo-differential oper-
ators we may assume that we work on the space L?(X )\ Hy. The argument similar to
that of (i) implies that there is a constant A > 0 such that || Py r2(x) < A*||@]| r2(x)
for all |a| < vk. Therefore, we get

10%0|| 12 = || Pa 0 E¥¢||12 < CAF||E*¢||2 < C"AFW* M, < C'AYF M4,

where we have used the assumption (2.10), and with C’ and A; = Ak independent
of k and a. This completes the proof of (iii) and of the theorem. O

Proof of Theorem[2.4 “Onmly if” part. Let ¢ € I'1p,3(X). By the Plancherel for-
mula (2.4]) we have

IE™B|IZz ) = ZHE% )las = ZIIAm Mis =D X"loG s (34)

j
Now since ||Emgz§||Lz(X) < Ch"™ M, from (3.4]) we get

N6 lns < CR™ My
which implies
16(7)||ss < Ch"™M,mA;™  forall j > 1. (3.5)

2But we use it in the form adapted to the noncommutativity of vector fields, namely, although
the coeflicients are all equal to one in the noncommutative form, the multinomial coefficient appears
once we make a choice for o = (g, ..., an).
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Now, from the definition of M (r) it follows that
inf 7" M, = exp (=M(r)), r>0. (3.6)

keN

Indeed, this identity follows by writing

,r.l/k’ T’Vk Tl/k‘
exp(M(r)) = exp (sgp log Myk) = s%p (exp 1OgM,,k> = sgp (Myk)

1/v
1 J

and using the identity inf, r=% = Setting r = )\h , from (3.5) and (3.6 we

supy, rk

can estimate

-~ hl/m
] < ] R — : —vm
13 = € jut, {5} = € int

m>1

1

= Cexp <—M (%)) = C'exp (—M (L)\}/V>) ,
where L = h™1.

“If” Part. Let ¢ € C°°(X) be such that
||$(])||HS < Cexp <—M (LAJV”))

holds for all 7 > 1. Then by Plancherel’s formula we have

B0l 52y = D A" 160 s
j=0

< C i A2 exp (—M(LA;/ ”)) exp (—M(LA;/ ”)) . (37

Now we observe that
¥ A2m A2
2m v J j
A7 exp (—M(L)\j )> < 7y < Tor )\ M,,
SUDpeN 37, J

(3.8)

for any p € N. Using this with p = 2m + 1, we get

2m
>\]2 exp <_M(L/\] )> S LV(2m+1) (}\2‘;7n+1>MV(2m+1)'
J

Then, by this and property (M.1) of the sequence { My}, we get

m = 1 )\27” 1/v
|E ¢||2L2(X) < Cz Tr@mtD (AZ‘Z%H)MV(MH) exp <—M(L/\j )>
=1 j

< CLAH*™ Moy i A7t exp (-M(LAJV ”)) , (3.9)

J=1

for some A, H > 0. Now we note that for all j > 1 we have
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XM, M, 1
-1 1/v J vp vp
A texp (—M(LA))) < T = T (3.10)
J
In particular, in view of (2.2)), for p such that p+ 1 > n/v we obtain
= M, <~ 1
_ 1/v 1%
S A7 exp (—M(L)\j ))) <=2y T < 0.
Jj=1 Jj=1"7
This, (M.2) and (3.9) imply
”Em¢||L2(X) < AﬁumMym
and hence ¢ € I'p,3(X). O

Now we will check that Seeley’s characterisation for analytic functions in [See69]
follows from our theorem.

Proof of Corollary[2.5 The first part of the statement is a direct consequence of
Theorem and , so we only have to prove . Let X be a compact manifold
and E an analytic, elliptic, positive differential operator of order v. Let {¢;} and
{A\r} be respectively the eigenfunctions and eigenvalues of E| i.e. E¢p = Apop. As
mentioned in the introduction, Seeley showed in [See69] that a C'*° function f =
> ; Ji®; is analytic if and only if there is a constant C' > 0 such that for all £ > 0 we
have

STOBILP < (h)PC,
J
By Plancherel’s formula this means that

1E* fllFacx) = Y AU < ((wk))?CPH2,

J

For the class of analytic functions we can take M) = k! in Definition 2.1, and then
by Theorem [2.4 we conclude that f is analytic if and only if

1F () lss < C exp(—LAY")

or to
i < C'exp(=L/A}"),
with M(r) = sup, log% ~ r in view of (2.16). This implies (2.6) and hence
also Seeley’s result [See69] that f = > ; J7¢; is analytic if and only if the sequence
1/v
{A%" f;} is bounded for some A > 1. O

4. a-DUALS

In this section we characterise the a-dual of the space I';5;,3(X). This will be in-
strumental in proving the characterisation for spaces of ultradistributions in Theorem

27
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Definition 4.1. The a-dual of the space I'(a,3(X) of ultradifferentiable functions,
denoted by [Ty (X)), is defined as

co d;
{ (v1)ieng - ZZM); ||¢lj)|<oo v, € Ch, foralquGF{Mk}(X)}

=0 j=1
We will also write v(l,5) = (v;); and ||v||lus = (Zjlzl lo(l, 1)[2)V2.
It will be useful to have the definition of the second dual ([I'az;(X )]/\)A as the

space of w = (w;)ien,, w; € C% such that

o0 dl

SN lw)ill(w);] < oo for all v € [Ty (X)) (4.1)

=0 j=1

We have the following characterisations of the a-duals.

Theorem 4.2. Assume conditions (M.0), (M.1) and (M.2). The following statements
are equivalent.

(i) v € [y (X))
(ii) for every L > 0 we have

Zexp (=M (LA fullss < oo

(iii) for every L > 0 there exists K = K, > 0 such that
Jullss < K exp (M(LN))
holds for all | € N.
Proof. (i) = (ii). Let v € I3 (X)), L > 0, and let ¢ € C*°(X) be such that

(E(l,j) _ e—M(L)\l/u)'
We claim that ¢ € I'p,3(X). First, using (2.1)), for some ¢ we have

13)llss = /26 MUN") < oagemsM(EAT) e (21 7) (4.2)

1/v

for all [ > 1. Estimates (2.15) and (4.2)) imply that )\fe_%M<L>‘l

—~ 1/v
6(0)ls < ' H4(N)
holds for all [ > 1. The claim would follow if we can show that
eféM(L)\ll/ Y) L
VAH'

where A and H are constants in the condition (M.2). Now, substituting p = 2q, we
note that

) < C and hence

< M) holds for Ly = (4.3)

1/2 M1/2

e BM(IN) g Mo Mo (4.4)
peN Lup/2>\flo/2 & Lyq)\lq
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Using property (M.2) we can estimate
Mayg < AH* M.
This and (4.4]) imply

e_%M(L)‘ll/y> < My

ST
where Loy = ﬁ. Taking infimum in ¢ € N, we obtain
e_%M(L)‘ll/V> < inf My — M)
~ qeN L3N]

Therefore, we get the estimate
6(0)lss < C"exp (~M(LN"))
which means that ¢ € (y;,3(X) by Theorem Finally, this implies that

d;
S e Myl < 303 e MOy ()
I g=1

= > > lo v, )] < oo

=1
is finite by property (i), implying (ii).
(ii) = (i). Let ¢ € I';3;,3(X). Then by Theorem [2.4] there exists L > 0 such that
16(0) s < Cexp (—M(IN))

Then we can estimate

oo d; o0
DD sl Nl < > oillasllo0) s

< Y ew (—M(LA}”’)) l[on]las < 00
=0

is finite by the assumption (ii). This implies v € [[{a7,3(X)]".
(ii) = (iii). We know that for every L > 0 we have

> exp (—M(IN)) fullss < oo.

!
Consequently, there exists K, such that

exp <_M(L/\zl/y)> |v]las < K1,

holds for all [, which implies (iii).

(iii) = (ii). Let L > 0. Let us define Ly as in (4.3)). If v satisfies (iii) this means,
in particular, that there exists K = Ky, > 0 such that

lllss < K€ exp (M (LoA)) (45)
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We also note that by (4.4) we have
1/2

1 v M,y
——M(LA < —— f Il peN.
exp( 5 ( I )) > LVP/Q)\f/Q or all p

From this, (4.3) and (4.5) we conclude
> exp (~M(LA")) s
1=0

< S e (A exp (~3MEN))
=0

< S e (U)o (~MEN)) il
=0

< ngxp (-%M(LA}”))

< K+K§;Lﬁiﬂ

=1
=1 "M

is finite provided we take p large enough in view of ([2.2)). O

5. ULTRADISTRIBUTIONS

In this section we prove that the spaces of ultradistributions and a-duals coincide.

Together with Theorem [4.2] this implies Theorem [2.7]

Theorem 5.1. Assume conditions (M.0), (M.1) and (M.2). We have v € I}, 1 (X)
if and only if v € [Ty (X))

Proof. “If” Part. Let v € [I'qp,3(X)]". For any ¢ € I'(p,1(X) let us define

o dl

v(@) =Y o) v =D ol ul).

1=0 j=1
Given ¢ € I'1py,3(X), by Theorem [2.4 there exist C' > 0 and L > 0 such that
[6(0)lss < Ce™ AT,
Consequently, by Theorem [4.2] we get

~ 1/v
(@) < D16 lusllvilles < C Y e EN D luglas < oo,
l l

which means that v(¢) is a well-defined linear functional. Next we check that v is
continuous. Suppose ¢; — ¢ in I'gpy,3(X) as j — oo, which means that

sup e‘“'Ml;ou su)[? |El* (¢;(x) — p(x))| — 0 as j — o0.
a xre
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It follows that
1B (¢(z) = ¢(2)) |z x) < CGAI My,
where C; — 0 as j — oo. From the proof of Theorem [2.4] it follows that

-~ -~ _ 1/v
16;(1) — (1) ||as < Clhe™MENT)
with C’{ — 0. Hence

_ 1/v
v ( P)| < Z 16(1) — (D) lusllvillas < C Z MEN vy |lus — 0

l

as j — oo. This implies v € Iy, (X).

“Only if” Part. Let v € I'},, ,(X). By definition, this implies

{My}
lv(0)] < C. smpe| |M sup|E| ‘gzﬁ( )|

for all ¢ € I'(p7,1(X). In particular,

w(e))| < Cosupellar,] sup|E'a'e7<x>|
[0

< C.supe M Ia\)‘| 'sup |g(x)|
«a reX

Ia\)\|a|+
< C. sup—
«a My|a|
Here in the last line we used the estimate (3.1)). Consequently, we get
—_ n—1 €|O¢|A|a‘ €|a|)\‘a|+k
vie)| < C\? su L < sup —L— 5.1
(e < CA sup L < Clnp S 6.0

with k := [%1] + 1. By property (M.1) of the sequence {Mj,} we can estimate

v(|a|+k)—1
ARVIFR N
2 rr2v(la|+k)—1-2
AP eI

My (1a)+k)

IA A

AVkHuk\a|Hf(k)MV|a|’

for some f(k) = f(v, k) independent of . This implies
1 vk 17 f(k) rrvk|al 1

M, < A™H VEvE M (al+k)-

This and (j5.1]) imply

_ |al+k ( pgvkylal ylol+k
o(e)] < CF e Ak p ) gy © U TA
o My (jal+k)

1/v irk\v(lo|+k) ylol+k ,
(VTN < on, M0, (5.2)

<G ASP My (jaj+k)
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with L = €//VH*. At the same time, it follows from (4.3)) that

L3
VAH

6M(L,\ll/”> im(Lsn)

holds for L =

<e

This and ({2.1]) for some ¢, and then (2.15)) imply

1/v

||i}\(6l)|lHS < Cdll/zeM(LAll/u) < C)\;IB%M(Lgx\l ) < CBM(L3)\Z1/V)

9

that is v € [F{Mk}(X)}A by Theorem . O
REFERENCES
[CKP07] R. D. Carmichael, A. Kaminski, and S. Pilipovié¢. Boundary values and convolution in

[DHPV04]

[DR14a
[DR14Db)]
[DR14c]
[Gorg2]
[GR14]
[Hor68]
[Kom73]
[Kom?77]
[Kom8?2]

[K5t69)

[Ney69]
[Pet79]
[PP14]
[PSO1]
[Rou63]
[Rud74]

[See65]

ultradistribution spaces, volume 1 of Series on Analysis, Applications and Computation.
World Scientific Publishing Co. Pte. Ltd., Hackensack, NJ, 2007.

A. Delcroix, M. F. Hasler, S. Pilipovi¢, and V. Valmorin. Embeddings of ultradistribu-
tions and periodic hyperfunctions in Colombeau type algebras through sequence spaces.
Math. Proc. Cambridge Philos. Soc., 137(3):697-708, 2004.

A. Dasgupta and M. Ruzhansky. Gevrey functions and ultradistributions on compact
Lie groups and homogeneous spaces. Bull. Sci. Math., 138(6):756-782, 2014.

J. Delgado and M. Ruzhansky. Fourier multipliers, symbols and nuclearity on compact
manifolds. arXiv:1404.6479, 2014.

J. Delgado and M. Ruzhansky. Schatten classes on compact manifolds: kernel conditions.
J. Funct. Anal., 267(3):772-798, 2014.

V. 1. Gorbachuk. Fourier series of periodic ultradistributions. Ukrain. Mat. Zh.,
34(2):144-150, 267, 1982.

C. Garetto and M. Ruzhansky. Wave equation for sums of squares on compact lie groups.
arXiw:1403.1370, 2014.

L. Hérmander. The spectral function of an elliptic operator. Acta Math., 121:193-218,
1968.

H. Komatsu. Ultradistributions. I. Structure theorems and a characterization. J. Fac.
Sci. Univ. Tokyo Sect. IA Math., 20:25-105, 1973.

H. Komatsu. Ultradistributions. II. The kernel theorem and ultradistributions with sup-
port in a submanifold. J. Fac. Sci. Univ. Tokyo Sect. IA Math., 24(3):607-628, 1977.
H. Komatsu. Ultradistributions. III. Vector-valued ultradistributions and the theory of
kernels. J. Fac. Sci. Univ. Tokyo Sect. IA Math., 29(3):653-717, 1982.

G. Kothe. Topological vector spaces. I. Translated from the German by D. J. H. Garling.
Die Grundlehren der mathematischen Wissenschaften, Band 159. Springer-Verlag New
York Inc., New York, 1969.

M. Neymark. On the Laplace transform of functionals on classes of infinitely differentiable
functions. Ark. Mat., 7:577-594 (1969), 1969.

H.-J. Petzsche. Die Nuklearitat der Ultradistributionsrdume und der Satz vom Kern. II.
Manuscripta Math., 27(3):221-251, 1979.

S. Pilipovi¢ and B. Prangoski. On the convolution of Roumieu ultradistributions through
the e tensor product. Monatsh. Math., 173(1):83-105, 2014.

S. Pilipovi¢ and D. Scarpalezos. Regularity properties of distributions and ultradistribu-
tions. Proc. Amer. Math. Soc., 129(12):3531-3537 (electronic), 2001.

C. Roumieu. Ultra-distributions définies sur R™ et sur certaines classes de variétés
différentiables. J. Analyse Math., 10:153-192, 1962/1963.

W. Rudin. Real and complex analysis. McGraw-Hill Book Co., New York-Diisseldorf-
Johannesburg, second edition, 1974. McGraw-Hill Series in Higher Mathematics.

R. T. Seeley. Integro-differential operators on vector bundles. Trans. Amer. Math. Soc.,
117:167-204, 1965.



18 APARAJITA DASGUPTA AND MICHAEL RUZHANSKY

[See69] R. T. Seeley. Eigenfunction expansions of analytic functions. Proc. Amer. Math. Soc.,
21:734-738, 1969.
[Tag87] Y. Taguchi. Fourier coefficients of periodic functions of Gevrey classes and ultradistri-

butions. Yokohama Math. J., 35(1-2):51-60, 1987.

APARAJITA DASGUPTA:

ECOLE POLYTECHNIQUE FEDERALE DE LAUSANNE
FACULTE DES SCIENCES

CH-1015 LAUSANNE

SWITZERLAND

E-mail address aparajita.dasgupta@epfl.ch

MICHAEL RUZHANSKY:

DEPARTMENT OF MATHEMATICS

IMPERIAL COLLEGE LONDON

180 QUEEN’S GATE, LONDON SW7 2A7Z
UNITED KINGDOM

E-mail address m.ruzhansky@imperial.ac.uk



	1. Introduction
	2. Formulation of results on compact manifolds
	3. Proofs
	4. -duals
	5. Ultradistributions
	References

