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More precisely, if we assume that () is supported on

we have
(4.9)

=
while if we consider

to be the support of () we get a di erent system of equations,
=

(4.10)

=
=1
,
We note that if all the coe cients have the same value, that is
then all the ACF elements have the same coe cient as well,
=
. In this case, (4.9) and
(4.10) are equivalent and we cannot distinguish between the two possible supports,
and .
Note that the set of signals having
=
form a 1-dimensional subspace in the coe cient
domain. In what follows, we show that this is the only subspace where
and
cannot be
distinguished from the coe cients.
and
. This intersection
Consider the intersection between the two columns spaces of
contains all the coe cients of the ACF that could be equivalently generated by two signals, one
supported on and the other on . The dimensionality of this intersection can be computed as
dim(span(

)

rank(

span(

)) =

) + rank(

)

(4.11)

rank([

]) = 1

] is a symbol representing the concatenation of the columns of two matrices
where [
and
. It is possible to verify that (4.11) holds for the example of Bloom and by linearity to
any other element of the set of counterexamples.
We deduce from (4.11) that the ACFs with coe cients
that can be generated
by the two di erent supports lie on a 1-dimensional subspace. Given that we have already
characterized this 1-dimensional subspace as the one where all the
have the same
value, this concludes the proof.

4.8.2

Proof of Proposition 4.1

First, we de ne the projection fl ( ) of the signal () over the subspace indicated by
the following inner product
fl ( ) =

(

) ()

=

(

as

)

Then, we compute the ACF of the projected signal as
( ) = fl ( )

fl (

=
=

)
(

(

)
)

( +

)
(4.12)
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where the δ(s) are located on the 1-dimensional domain deﬁned by the projection. Finally, we
compute the projection of the ACF according to (4.3) as
ā(s) =
RD

=
RD

=

δ(s − P y)a(y)dy
δ(s − P y)

2
N
−N

2
N
−N

d(n) δ(y − y (n) )dy

n=0

d(n) δ(s − P y (n) ),

n=0

that is equal to (4.12), which proves the proposition.

4.8.3

Proof of Theorem 4.4: [Uniqueness condition for the D-dimensional
PR problem]

N −N
First, we introduce some notation. The projected deltas are located on {w(n) }n=0
. These
locations can be computed with the following matrix vector multiplications
⎡
⎤
w(0)
⎢ w(1) ⎥
⎢
⎥
w=⎢
⎥
..
⎣
⎦
.
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⎢ y0
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⎢
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.. ⎥
..
..
..
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.
.
.
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2
2
2
(N −N )
(N −N )
(N −N )
pD−1
y
··· y
y
2

0

1

D−1

=YP ,
T

N 2 −N

where Y is a matrix containing on each row the locations of the points y (n) n=0 . Note
that the set of all possible projections from a D-dimensional to a 1-dimensional space forms a
rank(Y )-dimensional space. More precisely, unless the locations of the deltas of f (x) are lying
on a lower dimensional subspace, it forms a D-dimensional subspace.
Similarly to the analysis proposed in Section 4.5.1, we can geometrically characterize the
supports of the ACFs for which we cannot solve the turnpike problem uniquely. We build
a linear model Q from the diﬀerence set induced by X , or Y equivalently. Then, we deﬁne
a permutation matrix Πp to match the ordering given by the linear model with the ordering
chosen for the set of points representing the ACF support. Assume that the projected points
 (n) N 2 −N
w
are supported on a set of points without a unique PR. Then, we have
n=0
w = ΠA,p Qp,
where Q spans a 2-dimensional linear subspace and when combined with the p-dependent permutation ΠA,p , it deﬁnes a 2-dimensional manifold. Note that we have either A = X or A = Y,
depending on which one of two counterexamples of the turnpike problem we have found.
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The permutation is ﬁxed by p and we have an intersection between the D-dimensional subspace spanned by Y and the 2-dimensional subspace spanned by Q. We analyze the possible
cases with respect to the dimensionality of the original ACF, given by rank Y :
– If the ACF is 1-dimensional and we have an intersection between span(Y ) and span(Q),
this intersection has necessarily the size of all the possible projections rank(Y ∩ Q) = 1.
Changing the direction of the projection has no eﬀect beside a scaling. In this case, the
original signal is not uniquely recoverable from the support (see Theorem 4.1).
– If the ACF is 2-dimensional and the intersection is 1-dimensional, there is only one projection that does not have a unique reconstruction and we can pick any other P to have a
unique PR. On the other hand, if the intersection is 2-dimensional, then the signal subspace
is the same as the one spanned by the matrix Q. However, we can change p such that
the permutation Πp changes and the projected points have a unique 1-dimensional PR.
Given the structure of the manifold induced by the permutations, the good projections are
relatively easy to ﬁnd.
– If the ACF is D-dimensional and D > 2, the set of projections P that generates projected
PR problems with a unique solutions is dense in the set of the projections. In fact, the set of
projections without a unique solutions is a 2-dimensional manifold while all the projections
are a D-dimensional set. We always ﬁnd suﬃcient projections to recover the support of
f (x) and therefore all the f (x) without collisions have a unique PR.

4.8.4

Recovering the amplitudes of deltas from the support and the ACF

In general, the problem of recovering the amplitudes {c(n) }N
n=1 of a N sparse signal f (x)
given the support {x(n) }N
and
its
ACF
a(x)
is
not
trivial.
It
is
equivalent to solve a system of
n=1
quadratic forms and a possible convex relaxation is given in [71], for which it is not possible to
guarantee the success of reconstruction.
The problem has the same formulation whether the domain is discrete or continuous. In what
follows we derive an algorithm that recovers the coeﬃcients of a sparse signal whose support and
ACF are both known while we assume the absence of collisions in the ACF.
Let c = [c(1) , c(2) , . . . , c(N ) ] be a vector containing the coeﬃcients of the N -sparse signal
f (x) and deﬁne a rank-one matrix C = cc∗
Given that we know the ACF and the support of f (x), then we know all the oﬀ-diagonal
elements of the matrix C. Therefore, we can reformulate the task of recovering the coeﬃcients
from the support as follows.
Problem 4.7
Consider a rank-one matrix C whose elements are all known except the ones on the main
diagonal. Can we uniquely reconstruct the elements on the main diagonal?
There exists many alternative approaches to solve Problem 4.7. We choose to describe a
method that requires a single matrix inversion.
Let αk  |ck |2 ∀k = 1, . . . , N , and deﬁne a matrix A = C − diag(α1 , . . . , αN ). Note that
A is known and we aim to recover the matrix C. The following result describes a method that
requires a single matrix inversion to ﬁnd the unique solution of Problem 4.7.
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Proposition 4.2
Assume that N > 2, then
Ck,k = |ck |2 =

1
N −2
,
1 − N A−1 k,k

where Ck,k and A−1 k,k are the k-th element on the main diagonal of C and A−1 , respectively.
Proof.
Denote by D = diag(α1 , . . . , αN ), then we have A = −D + cc∗ . Applying the matrix inversion
lemma, we obtain
A−1 = −D−1 − (D−1 c)(1 − c∗ D−1 c)−1 (c∗ D−1 )
1
.
= −D−1 − (D−1 c)(c∗ D−1 )
1−N
We conclude the proof noticing that the k-th element on the main diagonal of A−1 is a function
of N and αk ,
A−1 k,k =

1
1
1
N −2 1
−
=
.
αk
1 − N αk
1 − N αk

Once we have recovered C, we obtain the coeﬃcients c by taking the eigenvector of C corresponding to the largest eigenvalue. Note that all the matrices are invertible by construction.
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Table of notations
x, x, s
t
ω
f (x)
fK (x)
f¯(x)
a(x)

aK (x)
ā(x)
f(x)
fω
D
c(n)

c(n)
x(n)
x(n)
d(n)
y (n)
N
L
e(x)
φ(x)
p(i) (x)
φ(i) (x)
M
(i)
pk
f (t)
p(t)
u(t)
uk
K
{Fi }i=1
K
{wi }i=1
D
P
ΠX , Π Y , Q X , Q Y , p
P
P
rK (x)
x
∗1 , x
∗2
n n

c1 , 
c2
K

ξ
l
C X , CY

spatial variables
temporal variable
Fourier domain variable
signal to recover
partial estimate of the signal f (x)
projection of the signal f (x)
autocorrelation function of f (x)
partial estimate of the autocorrelation function a(x)
projection of the autocorrelation function a(x)
Fourier transform of f (x)
Fourier series of f (x)
dimensions of f (x)
amplitude of the nth delta of f (x)
amplitude of the estimated nth delta of f (x)
location of the nth delta of f (x)
location of the estimated nth delta of f (x)
amplitude of the nth delta of a(x)
location of the nth delta of a(x)
number of deltas of f (x)
number of deltas of a(x) for x > 0
unit cell of a crystallyzed molecule
kernel interpolating the deltas the signal f (x)
speckle images measured by a telescope
time-varying kernel of the telescope and the atmosphere
number of speckle images or samples of a channel outputg(t)
discrete speckle images sampled by a telescope
communication channel impulse response
input of the channel
output of the channel
samples of the channel output
a generic frame
expansion coeﬃcients of the frame ΠX
sets of diﬀerences
sets of products
matrices and vectors used to model the uniqueness condition
projection matrix
projection matrix
residual of the autocorrelation function
candidate locations in an iteration of the PA
nth estimated amplitude in an iteration of the PA
set of estimated deltas
regularization parameter of the PA
noise amplitude in the locations
length of a discrete f (x)
matrices used to model the supports of non-unique supports

Chapter 5

Conclusion
This thesis proposed and discussed a set of results having a common thread: inverse problems
stemming from real-world sensing scenarios. Here, we review our results, emphasizing the open
problems and possible future work.
1. Sensor placement optimization: we introduced a new regularization technique based
on the optimization of the sensor locations for linear inverse problems. More precisely, we
are given a linear inverse problem, a set of N possible sensing locations and we would like
to choose the L locations that minimize the ill-conditioning of the inverse problem. We
proposed FrameSense, a near-optimal greedy algorithm based on the frame potential. We
show with experiments on synthetic dataset, that FrameSense improves in reconstruction
precision and computational complexity the state of the art. Moreover, we extend FrameSense to parameters lying on a union of subspaces, an interesting model for applications
like the thermal monitoring of many-core processors. Last, we study the application of
FrameSense to two real-world applications: the thermal monitoring of many-core processors and the adaptive sampling scheduling for environmental sensor networks. For both
applications, we show that our method is signiﬁcantly better in terms of reconstruction
precision and computational complexity with respect to the state of the art. Last, we describe a proof of concept for a new thermal monitoring architecture based on tomographic
measurements collected by interconnection wires.
Future work should be focused on the following aspects:
– FrameSense assumes that each sensor has the same sensing “energy”; we would like
to improve FrameSense for sensor networks where each sensor has diﬀerent signal-tonoise ratios.
– FrameSense could have a signiﬁcant impact to improve the sensing strategies after
environmental disasters. For example, many sensors were deployed in the ocean to
measure the water contamination surrounding the Fukushima’s nuclear power plant.
Unfortunately, their locations were not well-chosen and many measurements carried
little information. Knowing the meteorological conditions, the sea currents and the
location of the leak, we could have modeled the transport of the radioactive material
using a linear model Ψ and choosen better sensing locations.
– The tomographic thermal monitoring architecture introduced in Section 2.6.8 is extremely interesting in theory but we did not study the problem suﬃciently in depth to
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declare it feasible in practice. We should design integrated circuits measuring the wire
resistance, simulate them and compare their signal-to-noise ratio to the traditional local sensors. Once this aspect is properly investigated, we could obtain signiﬁcant
experimental results showing an improvement of the performance suﬃcient to motivate further research on real hardware.
2. Source placement optimization: we considered a physical ﬁeld that is linearly controlled by a set of possible sources with the aim of controlling the future states of the
ﬁeld. We introduced a diﬀerent view on the control of this forward problem based on an
optimized choice of the source locations and we proposed an algorithm that ﬁnds the nearoptimal source placement given the linear forward problem. This is a brand-new problem
and it does not appear in the scientiﬁc literature, therefore it was hard to compare it and
understand its performance with respect to other methods.
In the future,
– We plan to evaluate its performance in a real-world application such as the thermal
management of many-core processors. More precisely, we would like to study if it
is possible to choose the locations of the main components, such as the cores and
the caches, such that the control of the temperature distribution at runtime is more
eﬀective.
– We will study the noisy source placement problem, where the current state of the
ﬁeld is only known with a certain precision. A possible strategy could be to use a
combination of the approximation error used for the noiseless source placement and
of the frame potential used in FrameSense.
3. Source placement and vaccination on graphs: we considered a graph modeling the
transmission of an information between entities to model phenomena such as epidemics
and rumors on a social network. We analyzed two dual problems: the selection of a
set of nodes to spread the information faster and the removal of a set of nodes to slow
the spreading. For the ﬁrst problem, we proposed a greedy algorithm and proved its nearoptimal performance in terms of the average time of spreading. For the second problem, we
were able to design a greedy algorithm with a good performance but without a theoretical
guarantee about the quality of the solution. We compared the two algorithms with other
approaches on synthetic data and highlighted the obtained improvements. These results
are just scratching the surface of a very interesting problem.
In the future, we would like to:
– Test the algorithms on real-world datasets, such as the social network of a population
in a given region, and analyze if we can improve the vaccination policies. These
improvements could lead to a cost reduction for vaccination campaigns.
– Design an algorithm for the vaccination problem with bounds guaranteeing the performance for the worst-case scenario.
4. Uniform sampling and reconstruction of diﬀusion ﬁelds: we demonstrated that
diﬀusion ﬁelds, at least for three diﬀerent source models, are approximatively bandlimited.
Therefore, it is possible to interpolate uniformly collected samples and reconstruct the
entire ﬁeld with a bounded aliasing error. More precisely, the aliasing error decreases
exponentially fast with a linear increase of the spatial sampling density.
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5. Reconstruction of the sources of a diﬀusion ﬁeld: we considered a sensor network
collecting spatio-temporal samples of a diﬀusion ﬁeld induced by point sources appearing at
unknown times and locations. We designed an algorithm, that under the assumptions given
in Section 3.5, is guaranteed to recover the sources exactly. Such an algorithm works in a
streaming fashion and recovers the sources one by one whenever they appear on the ﬁeld.
Future work should be focused on designing a stronger algorithm, that directly estimates
all the parameters of the sources at once. During the redaction of this thesis, we were
informed by Pier Luigi Dragotti and John Murray, that they will soon submit a paper
describing a result in this direction.
6. Reconstruction of time-varying atmospheric emissions: we considered a physical
ﬁeld generated by localized time-varying sources non-uniformly sampled in space and time
by a sensor network. We designed two algorithms to recover the time-varying emission
rates when the sources are modeled either as ﬁnite rate of innovations signals or as signals
lying on low-dimensional subspaces. We showed the feasibility of the proposed algorithm
on synthetic data, using a diﬀusion-advection equation to model the dispersion.
As future work, it would be interesting to test the proposed algorithm on a real-world
sensing scenario. For example, we could pick a region with a set of known smokestacks,
measure with a sensor network the pollutant density at diﬀerent locations of the region
and attempt to recover the emission rates with our method. Last, we should compare our
estimates with the real emissions, that could be obtained having access to the smokestacks.
Note that we could model the atmospheric dispersion using FLEXPART [152], a numerical
tool used in environmental engineering.
7. Sparse phase retrieval: we discussed this classical non-linear inverse problem, where we
would like to recover a signal from the magnitude of its Fourier transform. An everlasting
open problem of the phase retrieval problem is the deﬁnition of conditions on the signal so
as we have guarantees for a unique solution to the phase retrieval problem. Here, we assume
that the original signal is a stream of Dirac’s deltas and derive a suﬃcient condition for the
uniqueness of the solution based on the support of the autocorrelation function of the signal.
Such a condition applies to 1-dimensional and multi-dimensional signals and signiﬁcantly
extends the class of sparse signals with a unique solution to the phase retrieval. In addition,
we proposed the peeling algorithm, a sparse phase retrieval algorithm that reconstructs the
signal on the continuous domain. Note that the peeling algorithm is sensitive to noise in
the measurements and we propose a possible regularization to mitigate this issue. Future
work will be focused on the following topics:
– Design a reconstruction algorithm with an improved stability with respect to the
measurements noise. A possible approach could be inspired by the recent results on
near-optimal algorithms for combinatorial problems via convex relaxation proposed
by Fogel et al. [56].
– Design a algorithm that takes as an input the samples of the magnitude of the Fourier
transform and as an output the parametric description of the Dirac’s delta in the original signal. Our current strategy is to recover the ACF using the collected samples
and then solve the phase retrieval problem with the ACF. Unfortunately, this approach tends to be extremely unstable to noise. Therefore, we should try to directly
estimate the parameters of the signal of interest from the collected samples, without
the intermediate estimation of the ACF.
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[63] J. Hadamard, “Sur les problèmes aux dérivées partielles et leur signiﬁcation physique,”
Princeton university bulletin, vol. 13, no. 49-52, p. 28, 1902.

Bibliography

187

[64] P. M. Hall, D. Marshall, and R. R. Martin, “Incremental Eigenanalysis for Classiﬁcation,”
in Proc. Proc. BMVC, pp. 286–295, 1998.
[65] C. Hansen, Rank-Deﬁcient and Discrete Ill-Posed Problems: Numerical Aspects of Linear
Inversion. Soc. for Industrial Math., 1987.
[66] M. H. Hayes, “The reconstruction of a multidimensional sequence from the phase or magnitude of its Fourier transform,” IEEE Trans. Acoust. Speech Signal Process., vol. 30, no. 2,
pp. 140–154, 1982.
[67] M. H. Hayes, J. S. Lim, and A. V. Oppenheim, “Signal reconstruction from phase or
magnitude,” IEEE Trans. Acoust. Speech Signal Process., vol. 28, pp. 672–680, Dec. 1980.
[68] M. Hirsch, S. Harmeling, S. Sra, and B. Schölkopf, “Online multi-frame blind deconvolution
with super-resolution and saturation correction,” Astron. Astrophys., vol. 531, p. A9, May
2011.
[69] W. Huang, M. R. Stan, K. Sankaranarayanan, R. J. Ribando, and K. Skadron, “Many-Core
Design from a Thermal Perspective,” in Proc. Design Automation Conference (DAC), p.
746. New York, New York, USA: ACM Press, 2008.
[70] F. Ingelrest, G. Barrenetxea, G. Schaefer, M. Vetterli, O. Couach, and M. Parlange, “SensorScope: Application-speciﬁc sensor network for environmental monitoring,” ToSN, vol. 6,
Mar. 2010.
[71] K. Jaganathan, S. Oymak, and B. Hassibi, “Recovery of sparse 1-D signals from the magnitudes of their Fourier transform,” ISIT, pp. 1473–1477, 2012.
[72] J. B. Johnson, “Thermal agitation of electricity in conductors,” Physical Review, vol. 32,
no. 1, p. 97, 1928.
[73] S. Joshi and S. Boyd, “Sensor selection via convex optimization,” IEEE Trans. Signal
Process., vol. 57, no. 2, pp. 451–462, 2009.
[74] I. Jovanovic, L. Sbaiz, and M. Vetterli, “Tomographic approach for parametric estimation
of local diﬀusive sources and application to heat diﬀusion,” ICIP, vol. 4, pp. IV–153–IV–
156, Aug. 2007.
[75] D. Kandaswamy, T. Blu, and D. Van De Ville, “Analytic Sensing: Noniterative Retrieval
of Point Sources from Boundary Measurements,” SIAM J. Sci. Comput., vol. 31, no. 4, pp.
3179–3194, Jan. 2009.
[76] I. Kang, M. P. Fitz, and S. B. Gelfand, “Blind estimation of multipath channel parameters:
a modal analysis approach,” IEEE Trans. Commun., vol. 47, no. 8, pp. 1140–1150, 1999.
[77] S. M. Kay, Fundamentals of statistical signal processing: estimation theory. Prentice-Hall,
Inc., Mar. 1993.
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