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Understanding the Loading Dependence of Self-Diffusion in Carbon Nanotubes
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The influence of flexible walls on the self-diffusion of CH4 in an isolated single walled carbon
nanotube, as an example, is studied by molecular dynamics simulations. By simulating the carbon
nanotube as a flexible framework we demonstrate that the flexibility has a crucial influence on self-
diffusion at low loadings. We show how this influence can be incorporated in a simulation of a rigid
nanotube by using a Lowe-Andersen thermostat which works on interface-fluid collisions. The repro-
duction of the results of a flexible carbon nanotube by a rigid nanotube simulation is excellent.
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Carbon nanotubes (CNTs) can be aligned in a polymer
film to form a well-ordered nanoporous membrane struc-
ture [1] which can be incorporated in a macroscopic struc-
ture [2] for separation devices. It is therefore of practical
interest to understand the diffusive behavior of molecules
adsorbed in these materials [3–7]. A particularly interest-
ing observation is the remarkable increase of the diffusion
coefficient of simple molecules at low densities observed
by Skoulidas et al. [3]. These molecular simulations pre-
dict a diffusion coefficient higher than the corresponding
gas phase value, resulting in fluxes that are orders of
magnitude greater than in crystalline zeolitic membranes
[3]. These results have subsequently been reproduced by
other groups [8,9] and are explained in terms of the
smoothness of the nanotube [3].

From a computational point of view, simulations at the
low density limit are surprisingly expensive; one needs an
increasingly long nanotube to reach the low density limit.
This poses no difficulty if one assumes a rigid substrate.
However, if one has a material in which the flexibility
cannot be ignored and a full atom simulation of the mate-
rial is required, the calculation becomes many orders of
magnitude more expensive and is completely dominated
by the substrate. Therefore, most simulation studies use a
rigid lattice.

A novel algorithm that takes the most important aspects
of flexibility into account at a fraction of the costs of a fully
flexible CNT simulation is presented, resulting in effec-
tively the same diffusivities and other effects as obtained
from the flexible CNT simulations. This algorithm can be
applied to other confined systems (zeolites, ion channels,
membranes, etc.).

Interestingly, whether or not it is reasonable to assume a
rigid lattice in adsorption [10] or diffusion studies [11] is
far from being understood. An obvious hypothesis would
be that only in the case of narrow passages is flexibility
very important, while in the case of gas molecules in
carbon nanotubes, or other nanoporous materials, a rigid
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lattice is a very reasonable assumption. As we will show in
this Letter, this assumption is the explanation of the re-
markable increase of the diffusion coefficient at low load-
ing. Molecular dynamics simulations of a fully flexible
nanotube give a diffusion coefficient that is more than 1
order of magnitude lower than that reported by Skoulidas
et al. [3].

It is instructive to consider a collision of a gas molecule
with a wall in detail. We can distinguish two extremes; a
perfectly smooth wall or a very corrugated wall. If the wall
is perfectly smooth, the collisions of the gas particles are
completely elastic and the component of the velocity par-
allel to the wall remains constant and hence the parallel
motion would be ballistic. Diffusive behavior can then only
arise from collisions with other gas particles, which is
negligible at low density. If, on the other hand, we have a
sufficiently corrugated wall, these corrugations introduce
sufficient randomness in the collisions to observe diffusive
behavior without the need for collisions with other ad-
sorbed gas particles. Diffusion in zeolites is a typical
example of the latter. CNTs are very smooth and are there-
fore closer to a perfectly smooth wall. However, in a real
nanotube there are always some thermal fluctuations of the
wall atoms that interact with the adsorbed molecules.
These fluctuations are a cause of randomness that will
lead to diffusive behavior which should dominate the
ballistic motion at sufficiently low densities; i.e., one
would observe a constant diffusion coefficient in the limit
of low density. This argument could suggest that the low
density results of Skoulidas et al. [3] are not physical.
However, as this argument is only qualitative, this plateau
could occur (far) below the density that is studied by
Skoulidas et al. [3]. To test this hypothesis we performed
molecular dynamics simulations of methane in a flexible
isolated single walled (20,0) CNT.

The fully flexible CNT is modeled with the potential
given in [12]. Methane is modeled as a united-atom with
the Lennard-Jones (LJ) parameters taken from [13] and the
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carbon LJ parameters taken from Ref. [14]. Each simula-
tion was performed with 64 methane molecules. To simu-
late different loadings, the carbon nanotube length is
adjusted. To confirm that 64 fluid particles are sufficient,
some simulations have been repeated with twice as many
molecules and with double the tube length. These simula-
tions showed that the choice of 64 guest molecules is
justified. For simulations containing a rigid CNT, a time
step �t of 2 fs was used. For the flexible CNT, the revers-
ible reference system propagation algorithm was used,
with the short time step (�tS � 0:5 fs) for bond stretching
potential and the long time step (�tL � 2 fs) for the re-
mainder of the interactions. Only the atoms of the flexible
CNTs are coupled to a Nosé-Hoover thermostat [15,16].
The methane molecules are thermostated indirectly via
collision with the atoms of the CNT. All self-diffusion
coefficients DS are calculated for 300 K and only for
motion parallel to the pore axis (see Fig. 1) by means of
the Einstein equation [16]. Errors are obtained by averag-
ing over five independent simulations. In the figures, the
error bars are not shown when they are smaller than the
symbol size.

Self-diffusion coefficients were calculated for load-
ings ranging from near saturation down to nearly zero
loading. Simulations were performed using the methodol-
ogy of Skoulidas et al., that is, with a rigid tube and a
Nosé-Hoover thermostat coupled to the CH4 molecules.
Although we used a slightly different model, Fig. 2 shows
that our results for the rigid CNT are in excellent agree-
ment with the results of Skoulidas et al.. These simulations
confirm the pronounced (3 orders of magnitude) increase
of the diffusion coefficient with decreasing pressure.

We observe a completely different loading dependence
for a fully flexible CNT. At high loading intermolecular
collisions determine the diffusion coefficient and one
would expect little influence, which is indeed the case, as
is shown in Fig. 2. When the pressure decreases, an in-
crease in diffusion is observed, but this increase is far less
pronounced than for the rigid CNT. By a further reduction
of the density, the diffusion coefficient becomes constant
again. This plateau region is not observed when simulating
a rigid CNT, neither in this work, nor in other publications
[3,8,9,17]. By lowering the loading, the number of fluid-
fluid collisions approaches zero. The diffusion becomes
independent of the loading and only CNT-fluid collisions
have an influence on the diffusion. This independence is
FIG. 1 (color online). Sketch of the carbon nanotube methane
system.
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much more realistic than the results obtained by using a
rigid CNT. A comparison with the adsorption isotherm
shows that the results start to deviate at the transition to
the Henry regime (not shown here). By definition,
adsorbate-adsorbate interactions do not take place in the
Henry regime [18].

Clearly, our simulations of the flexible nanotube show
that the assumption of a rigid lattice leads to unphysical
results. The most important contribution that is ignored in
the rigid structure is that at each collision of a gas molecule
with the wall there is an exchange of energy and momen-
tum. Because of the thermal motion of the carbon atoms in
the tube, some randomness is induced in the behavior of
the gas molecules that is not taken into account in the rigid
tube simulations. Because of the large number of carbon
atoms, these fully flexible CNT simulations are very ex-
pensive. It is therefore important to develop an algorithm in
which the CPU time is reduced.

The central idea of our novel algorithm is that, due to the
collisions with the wall, some randomness is introduced
into the system. At the level of the flexible framework
simulations, this randomness, related to thermal fluctua-
tions, is treated exactly, but this effect can also be mim-
icked stochastically, such that each gas molecule that hits
an atom of the wall has a probability of exchanging mo-
mentum. This is similar in spirit to the Lowe-Andersen
(LA) thermostat for constant temperature (bulk) dissipative
particle dynamics simulations [19,20]. The LA thermostat
is modified such that it works on interface-fluid collisions.
The parameters of this Lowe-Andersen interface-fluid col-
lision (LA-IFC) thermostat can be obtained from simula-
tions of a flexible CNT. In this way, the influence of a
flexible interface is introduced in a simulation of a rigid
CNT, which is considerably faster than simulating a flex-
ible CNT.

The LA thermostat works on pairs of particles. A new
relative velocity for each pair of particles is taken from a
 0

 20

 40

 0.001  0.01  0.1  1  10  100

se
lf

-d
if

fu
si

on

pressure [bar]

this work flexible CNT
this work rigid CNT
Skoulidas et al. (2002)

FIG. 2 (color online). Self-diffusion coefficients of CH4 in a
(20,0) carbon nanotube calculated with a rigid CNT and with a
flexible CNT. The inset is a section of the data on an expanded
scale. Lines are added to guide the eye.
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FIG. 3 (color online). Heating curves for heating ideal CH4 in
a (20,0) carbon nanotube from 100 to 300 K, calculated with a
flexible CNT (thick lines) or with a rigid CNT (thin lines) by
using the LA thermostat (as described in the text). The LA
curves are calculated with the rLA � 7:8 �A data set (see legend
of Fig. 4). T is the conventional temperature T � f�vx; vy; vz),
Tx the temperature for the x direction and Tz for the z direction.
The temperature switch is defined to take place at a time t �
0 ps. All heating curves are averages over 100 independent
simulations.
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Maxwell distribution, so that the total momentum is con-
served [19]. In real systems, heat is transferred via the
system boundaries only, i.e., for the present system via a
collision of a gas molecule with the CNT. This can be
mimicked stochastically via a LA thermostat that only acts
when there are fluid-wall collisions. As in the simulations
the carbon atoms are kept fixed, only the velocity of a
carbon atom is changed. If the shortest distance d between
a particle and the wall (defined by the position of the
carbon nuclei) is shorter than rLA, the velocity of a mole-
cule is updated with a probability ��t and the new velocity
is given by

vnew
f;� � vold

f;� �

mf

 
�1

���������
kBT
mC

s
� vold

f;�

!
� �2

�������������
kBT

m2
f

s
(1)

where � represents the direction of the velocity v, m is the
mass of a particle, the subscript f indicates a fluid mole-
cule, whereas the subscript C stands for carbon,  is the
reduced mass, kB is the Boltzmann constant, T is the
temperature, and �1 and �2 are independent random num-
bers from a Gaussian distribution with zero mean and unit
variance.

The collision frequency � and the LA radius rLA have to
be chosen such that our algorithm optimally describes a
truly flexible CNT. The CNT geometry (see Fig. 1) results
in a different mobility of the carbon atoms in different
directions [21] and hence the collision frequency should be
different for collisions orthogonal and parallel to the tube
axis. The x and y (orthogonal) components of the particle
velocity are updated [see Eq. (1)] with a probability �xy�t,
and the z (parallel) component is updated with a probabil-
ity �z�t.

The parallel collision frequency can be obtained from
the velocity autocorrelation function (VACF). Within the
Markovian approximation, neglecting correlation effects
that are normally small in a gas [22], the Langevin equation
relates the decay of the VACF to a friction coefficient �:

hvz�0�vz�t�i � �kBT=mf� exp���t=mf	: (2)

This friction coefficient is directly related to our collision
rule (1): � � �. Because in our simulation collisions
only take place within the LA radius, we have: �z�rLA� �
�z�rLA � rCNT�=P�rLA�, where P gives the probability that
a molecule is located in a spherical shell specified by rLA.
P can be calculated from the radial distribution function,
which in turn can be calculated in a molecular dynamics or
Monte Carlo simulation.

We use these expressions to obtain the parallel collision
frequency. The VACF requires a simulation with a fully
flexible CNT. Because we only need the short time limit at
vanishing density, to exclude gas-gas collision, such a
completely flexible simulation is relatively cheap and has
to be done only once for a given temperature. The parallel
collision frequency �z is fitted to a VACF in the range 0–
100 ps, and the particle dynamics are followed for 8 ns. A
04450
comparison with the results of a much longer simulation
justifies these choices.

As the VACF immediately drops to zero in the orthogo-
nal direction, a different procedure is used to obtain the
orthogonal collision frequency �xy. This frequency is ob-
tained by fitting to a heating experiment, in which we
change the temperature of the flexible CNT at t � 0 and
monitor the time it takes the gas to reequilibrate at the new
temperature. As we only thermostat the atoms of the CNT,
the heating of the adsorbed gas takes place via collisions
with the atoms of the flexible CNT. As these heating curves
are different for the orthogonal and parallel directions, they
also provide a check for the consistency of the parameters
that have been obtained from the fit to the VACF. Figure 3
shows that the LA thermostat nicely reproduces the heating
curves of the flexible CNT, also for the parallel direction
for which the value of �z is obtained from the VACF.

For the approach introduced, it is necessary to predefine
a Lowe-Andersen radius rLA. As this choice is to some
extent arbitrary it is important to ensure that any reasonable
description should give consistent results. To investigate
the influence of the parameters, the loading dependence of
self-diffusion was calculated with four different parameter
sets (see legend of Fig. 4). As expected, the frequencies �
increase with decreasing LA radius, because less particles
take part in the thermalization process.

By definition the LA-IFC thermostat should only work
on fluid-interface collisions and a reasonable choice of rLA
is one where only particles near the wall are thermalized.
The LA radius of 4 Å represents the minimum of the LJ
carbon-CH4 interaction energy and the LA radius of 3.6 Å
1-3
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FIG. 4 (color online). Self-diffusion coefficients obtained with
the different LA parameter sets (rigid CNT), compared to results
obtained with a flexible CNT. The line is added to guide the eye.
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represents the maximum of the radial distribution function.
Within these parameter sets we can nicely reproduce the
flexible simulations (see Fig. 4), which illustrates that our
method gives very reasonable results that do not crucially
depend on the parameters that have to be specified. At this
point it is important to note that if we take such a large
value of the radius (rLA � 7:8 �A) that all particles take part
in the thermalization no matter where they are located, we
do see systematic deviations. But even in this extreme case
the deviation is less than 10%. Therefore, our local Lowe-
Andersen thermostat correctly incorporates the influence
of the flexibility of the CNT on the diffusion and also the
heat transfer is accurately reproduced. Once the parameters
of the LA-IFC thermostat have been determined the algo-
rithm is equally efficient as a rigid CNT simulation.

In the present work we have shown that the flexibility of
a smooth pore cannot be neglected in the low loading
regime. Simulations, in CNTs or certain other nanoporous
materials, that neglect this influence [3,8,9,17] can lead to
an overprediction of the self-diffusion coefficient by orders
of magnitude. The computed self-diffusion coefficients in a
flexible CNT are still higher than for zeolites, but not 2
orders of magnitude as suggested by a simulation in a rigid
CNT. The diffusion coefficients are also significantly lower
than the corresponding diffusion coefficients in the gas
phase.

A novel very efficient algorithm was introduced which
incorporates stochastically the effects of a flexible CNT
into a simulation using a rigid CNT, such that computations
employing a flexible CNT can be avoided. These simula-
tions are significantly faster (factor 25 to 5 orders of
magnitude; these estimates depend on loading and details
of the implementation) and lead to the same self-diffusion
04450
coefficients and give the same heat transfer across the rigid
interface as across a flexible interface.
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