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We report numerical simulations of the chemical potential of a freely jointed 
chain molecule in a solvent of monomers, using a novel scheme to compute the 
chemical potential of arbritrary chain molecules. For short chains, the excess 
chemical potential increases linearly with the number of segments. However, as 
the chain length is increased, the slope of the chemical potential versus the 
number of segments suddenly increases. This change of slope is due to the solvent 
and appears to signal a solvent-induced collapse of the flexible molecule. 

Computer simulations have proven to be a very powerful tool to study the dynamic 
and structural properties of chain molecules in solution [1]. In contrast, there are only 
very few numerical studies of the phase behaviour of polymer solutions (see e.g., 
reference [2]). The reason is that such calculations usually require the availability of 
an efficient technique to compute the chemical potential, #, of an arbitrary chain 
molecule. For all but the shortest chains and the lowest solvent densities, such 
calculations are notoriously difficult. Yet, the "exact" knowledge of the chemical 
potential even of relatively short chain molecules (10-20 segments) would be of 
considerable interest because chain molecules of this length, in particular surfactants, 
exhibit very rich phase behaviour (see, for instance, reference [3]). 

In computer simulations of atomic and simple molecular fluids, the excess chemical 
potential/~x (referred to an ideal gas mixture at the same temperature, density and 
composition) is usually determined with the help of the "test-particle method" of 
Widom [4]. This method is based on the fact that ~ex is related to the change AU in 
potential energy of a system of N particles upon random insertion of a test particle [4]: 

fl#~x = _ In (exp ( -  flAU)), (1) 

where fl = 1/(kB T) is the inverse temperature and ( . . . )  denotes a canonical ensemble 
average. In principle, equation (1) is exact but, in practice, it is limited to relatively 
small molecules. In particular, equation (1) is effectively useless for flexible chains 
containing more than four segments [5]. 

In this paper, we report a novel method for calculating the chemical potential of 
arbitrary chain molecules. In contrast to most earlier schemes, our approach is not 
limited to lattice models of polymer solutions. Using this technique, we have com- 
puted the chemical potential of chains consisting of 1 to 30 segments in a solvent at 
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puted the chemical potential of  chains consisting of  I to 30 segments in a solvent at 
infinite dilution. We find that the excess chemical potential of the polymer shows a 
sudden kink as a function of the number of  segments. This kink is absent in the 
chemical potential of isolated chains. Hence, it is due to the presence of  the solvent 
molecules. Before presenting these results we first give a brief description of the 
method we have used to compute #. 

Our method is a generalization of Siepmann's method for calculating the chemical 
potential of chain molecules with a finite number of  conformations [6]. Siepmann uses 
an algorithm due to Rosenbluth and Rosenbluth to generate polymer conformations 
on a lattice [7]. In a particle insertion, the chain is grown segment-by-segment. During 
the addition of  a segment, all accessible orientations of this segment are probed. 
Clearly, exploring all possible orientations of  a new segment is no problem if we deal 
with a molecule that has only a finite number of  conformations. Such an approach 
would, however, fail for a continuously deformable, flexible molecule. Surprisingly, 
it turns out that it is nevertheless possible to construct a rigorous scheme to measure 
the chemical potential of any flexible molecule using only a random subset of  all 
possible segment orientations, even if the total number of conformations is infinite. We 
shall now proceed to prove this crucial result. 

It is most convenient to introduce the method by first considering a molecule with 
a finite number of  conformations. In particular, we assume that every segment can 
have b possible directions. Subsequently, we shall consider the limit b ~ or. 

Consider a system of  N solvent molecules in which we try to insert a polymer by 
sequential addition of segments. In the ith step of  this process, we generate a random 
subset ({mi}) of  all possible orientations starting from segment i - 1. Let us denote 
the number of  elements in {m~} by k(k <<. b). From this set, we select one particular 
orientation (/7,-) with a probability exp [ -  flUr,]/Y.k=l exp [-- flu(mj)], where u(mj) is the 
potential energy of  the ith segment in orientation mj. This procedure is iterated until 
all l segments have been grown. The probability of  generating a polymer of  length / 
in conformation F is 

exp [ -  flur,] "] 
Pr = ( I  ~ P{m,} y.~=, exp[-flur(mj)]_] '  

i= 1 {{mi}l&E {m~}} 
(2) 

where P~,,,~ denotes the probability of  generating the set {mi}. In equation (2), the 
summation runs over all possible sequences of k trial orientations, with the restriction 
that this sequence should include the actual sequence of  segments that corresponds to 
the conformation F. In particular, the set {mi} should include the ith segment of  F, 
denoted by F~. 

This scheme is strongly biased towards generating polymer conformations that 
can be successfully inserted in the solvent. In the computation of  the excess chemical 
potential using a particle insertion scheme, we must correct for this bias. This is done 
by relating the excess chemical potential of  the chain molecule to the average of a 
weight factor Wr, defined as 

Wr = ~ exp [-- flut;(mj)]. (3) 
i=1 j =  

We obtain an estimate of  the ensemble average of Wr by averaging over a large 
number of  chain conformations. The configurations of  the solvent are sampled using 
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standard constant-N, V, T Monte Carlo simulation. 

( ~ )  =_ .Ev~ErPr(~)WAq~)] exp [ -  tiU(q^')] 
E,~ exp [ -- flU(qU)] ' (4) 

where the first summation in the numerator runs over all configurations of the system 
qU and the second over all conformations of the test polymer. U(q u) is the energy of 
a configuration qU. Note that the test polymer does not form part of the N-particle 
system. Therefore the probability of finding the solvent particles in a configuration qU 
does not depend on the configuration F of the polymer. 

For a given configuration of the system qU, we can define an average weight factor 

l~t = 2 PrWr = 2 exp[-tiur~] 2 ~ P{ml} " (5) 
P T i = l  {{m~}[Ti~{mi} } 

Equation (5) has been obtained by combining equations (2) and (3). Note that we have 
dropped the argument q~. 

The probabilities e{mi) determine the relative a priori probability of the segment 
orientations. For completely flexible polymers, all segment orientations are generated 
with the same a priori probability, or P{m,) = 1 [b k. For polymers with strong intra- 
molecular interactions, for example, stiff polymers ("wormlike chains"), it is straight- 
forward to show [8] that the probabilities P{mi} c a n  be modified in such a way that the 
probability of generating a given segment orientation is dictated by the Boltzmann 
factor associated with the intramolecular energy. For the flexible polymer, the total 
number of possible sets of orientations which include orientation/7,, is kb k-t. This gives 
for the average weight factor in equation (5) 

kbk-' ~r 1 l~t = ~ exp[ - t iu r ]  ~ = ~7 exp[-t iUr].  (6) 
T i = l  

Upon substitution of this expression in equation (4) we obtain 

(Wt) = Ev~[exp [ -  flUr(qN)]] exp [ -  flV(qU)] 
Y.qNb t exp [-- tiU(qU)] (7) 

We recall that b t is simply the number of possible conformations of an ideal (non- 
interacting, nonself-avoiding) polymer. Therefore, the denominator in equation (7) is 
equal to the partition function of the N-particle system plus an ideal polymer, and the 
numerator is equal to the partition function of the N-particle system plus an interacting 
chain molecule. This shows that the average of the Wt factor is directly related to the 
excess chemical potential of a polymer 

ti#ex(1) = tilt(l) -- tilt(ideal pol, l) = ln(Wt). (8) 

Note that equation (8) does not depend on the number b of trial directions. This 
implies that the above expression remains valid if we consider any finite subset of k 
trial directions, even if b ~ c~. 

We have used the procedure outlined to compute the excess chemical potential at 
infinite dilution of a fully flexible chain molecule in a moderately dense atomic fluid. 
In our model, both the solvent and the polymer segments interact via a Lennard- 
Jones potential [9, 1(3]. Adjacent polymer segments are connected with an infinitely 
stiff spring with length a. We have considered two systems. In system l, the Lennard- 
Jones potential is truncated at Rc = 2.5a. At larger separations, the solvent is treated 
as a continuum (see e.g., reference [5]). System 2 is purely repulsive: the Lennard- 
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Table 1. The excess chemical potential (fl#,x) as a function of the number t of  beads for 
various values o f k  for system 1. The density is p* = pa 3 = 0.6, the temperature is T* = 
kB Tie = 1-2, the number of solvent molecules is 500, the number of MC cycles is 3000. 
The number of trial insertions per Monte Carlo cycle is 250. The small subscript gives 
the accuracy of  the results, so - 2-435 means - 2.43 + 0.05. 

l k =  1 k = 2  k = 10 k =  20 k = 50 k =  100 

1 - 2.455 - 2.45s - 2"434 - 2.456 - 2.444 - 2.435 
2 - 5-35 - 5"0s - 5"02 - 5"01 - 5-057 - 5.059 
3 - 8 2  -71  -7"33 -7"32 -7"32 -7"41 
4 - - - 9'54 - 9"84 - 9 " 9 2  - 9"95 
5 - - - 11"87 - 12"07 - 12"33 - 12"23 
6 - - - 13t - 141 -- 14"84 -- 14"55 
7 - - - 162 - 172 - 1 8 1  - -  1 7 1  

8 - - -- 182 -- 181 -- 19"79 -- 18"97 
9 . . . .  213 -- 222 -- 221 

10 . . . . .  233 -- 243 
l 1 . . . . .  262 -- 272 
12 . . . . .  282 -- 283 
13 . . . . .  3 0 2  - -  28j 
14 . . . . .  322 -- 292 

Jones po ten t i a l  is t runca ted  (and shifted) a t  its m i n i m u m  (R c = 2 1 / 6 o ' ) .  Technica l  
detai ls  o f  the s imula t ions  are  descr ibed  in a fo r thcoming  pub l i ca t ion  [8]. 

In  table  1, the results  for  the chemical  po ten t ia l  a re  given for  var ious  values  o f  k. 
A n  i m p o r t a n t  result ,  shown in table  1, is tha t  wi th in  the accuracy  o f  our  ca lcula t ions  
the results  are  indeed independen t  o f  the pa r t i cu la r  choice o f  k. In  cont ras t ,  the 
s tat is t ical  e r ror  depends  s t rongly  on  k. In  par t icu la r ,  table  1 shows tha t  the conven-  
t ional  W i d o m  par t ic le  inser t ion m e t h o d  (i.e., k = 1) on ly  yields a re l iable  es t imate  o f  
# for  cha ins  with less than  3 segments .  In  cont ras t ,  the present  m e t h o d  yields rel iable  
es t imates  o f  the chemical  po ten t ia l  for  cha ins  tha t  a re  an  o rde r  o f  magn i tude  longer.  
W e  have pe r fo rmed  several  tests to verify tha t  our  results  do  no t  depend  on  N, the 
n u m b e r  o f s o l v e n t  par t ic les  (the present  results  per ta in  to N = 500). F o r  more  detai ls ,  
the reader  is referred to reference [8]. 

In  figure 1, results  for  the excess chemical  po ten t ia l  as a funct ion o f  the chain  
length are  presented  for  system 2. This  figure shows tha t  the chemical  po ten t ia l  
increases l inear ly for  chains  with I < 11 but,  surpr is ingly,  the s lope of/~~ sudden ly  
increases as the chain  length is increased.  F o r  an  isola ted  po lyme r  chain  o f  the same 
length,  this effect is no t  observed  (see figure 2). This  indicates  tha t  the change  in s lope 
is a solvent  effect. This  conclus ion  is suppo r t ed  by the obse rva t ion  tha t  a t  a h igher  
solvent  dens i ty  (see figure 1) the change  o f  s lope occurs  for  a shor ter  cha in  length 
(l ,~ 8). Moreove r ,  we observe  a s imilar  effect in system 1 (see reference [8]). 

As  the excess chemical  po ten t ia l  de te rmines  the solubi l i ty  o f  the p o l y m e r  in the 
l iquid o f  monomers ,  our  calculat ions indicate a ra ther  sudden change in the dependence  
o f  po lymer  solubi l i ty  on  chain  length. The  obse rved  change  o f  s lope in #~ indicates  
that ,  b e y o n d  a cer ta in  length,  it  becomes  more  difficult to add  add i t iona l  segments  to 
a cha in  molecule.  As  the p robab i l i t y  o f  inser t ion decreases  rap id ly  with increasing 
densi ty,  the mos t  obvious  in te rp re ta t ion  is that ,  beyond  a cer ta in  length,  add i t i ona l  
segments  are  inser ted in a denser  fluid. The  sudden  change  in s lope in #~x suggests  tha t  
there  is a change  o f  the segment  dens i ty  o f  the p o l y m e r  in solut ion.  In  itself, such an 
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Figure 1. The excess chemical potential fl~u e~ as a function of the number I of beads of the 
chain for system 2: only repulsive interactions, e,  p* 0.5, and o, p* = 0.6. 

effect is not surprising. What is surprising is that this effect appears to take place quite 
abruptly, even for relatively short chains. At present, a quantitative explanation for 
this effect is lacking. It would, however, be interesting to see whether recent theories 
on dilute polymer solutions [11, 12] would reproduce this effect of  the solvent on the 
excess chemical potential of  polymers. Recently, Kumar  et al. [13] have proposed an 
approximate scheme to compute the chemical potential of  systems containing chain 
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Figure 2. The excess chemical potential fl/~ex of an isolated self-avoiding chain of repulsive 
Lennard-Jones particles, as a function of the number I of 'atoms' in the chain. 
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molecules. In the latter scheme, it is assumed that the excess chemical potential of  a 
chain molecule of I "beads" is simply I times the free energy required to add one extra 
segment. If  this assumption were correct, we would not observe the change of slope 
of pex versus l shown in figure 1. However, it seems plausible that the method of 
reference [13] works better for systems of longer chain molecules and for melts rather 
than solutions. Clearly, it would be of considerable interest to use the rigorous scheme 
presented above to determine the range of applicability of the method proposed in 
reference [13]. 
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