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Abstract
The Attitude Determination and Control System (ADCS) is responsible for the orbital
behavior and pointing precision of stabilized satellites. The ADCS of three-axis stabilized
spacecraft requires a minimum of three Reaction Wheels (RWs), but in practice, four
wheels are common for optimization and redundancy purposes. As potential alternative,
reaction spheres were introduced more than 60 years ago, but none of the suggested
designs has reached a level of performance comparable to that of a four-wheel scheme.
The leading idea is to replace the four rotating masses of RWs by a single spherical
(hollow) mass, which can be levitated inside the surrounding stator and torqued about
any direction to provide three-axis attitude control with a unique device.

In this thesis, we study a novel concept of reaction sphere actuator, in which the spher-
ical rotor is supported by magnetic bearing and can be torqued electronically about
any desired axis. The proposed reaction sphere is composed of an 8-pole permanent
magnet spherical rotor and of a 20-pole stator with electromagnets. One of the key
challenging aspects of permanent magnet spherical actuators consists in determining the
orientation of the rotor inside the stator. In this thesis, we introduce a novel approach to
parametrize the orientation of the rotor by considering the “magnetic orientation” rather
than the “mechanical”. This approach constitutes an essential ingredient for the models
proposed throughout this work and it allows reducing the computational complexity,
which represents another important element for the experimental demonstration.

Magnetic flux density models, necessary for design optimization and to derive force
and torque models, are developed using both analytical and hybrid FEM-analytical
approaches. In these models, properties of spherical harmonics under rotation are em-
ployed to parametrize the orientation of the rotor inside the stator. Hence, the proposed
approach allows expressing the force and torque as linear combinations, in which spherical
harmonic decomposition coefficients (the magnetic state) include all the information
relative to the orientation of the rotor. Then, the proposed procedure to determine
the magnetic state, required to update force and torque models in real-time, is based
on measuring the radial component of the magnetic flux density to subsequently solve
the associated linear estimation problem. This procedure requires a minimum of seven
measurements collected at different locations equidistant from the rotor surface. To
measure the magnetic flux density, sensors are arranged to minimize the condition number
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of the linear estimation problem so as to reduce the impact of measurement noise and
high-order harmonics on force and torque relative errors. Subsequently, for closed-loop
angular velocity control of the reaction sphere, algorithms are proposed to determine the
back-EMF voltage induced in the stator coils and the angular velocity of the rotor. These
two procedures, derived by applying the Faraday law of electromagnetic induction and
the energy conservation principle, are linear and are expressed in closed-form. Finally,
magnetic bearing and angular velocity control algorithms are experimentally validated
using the developed laboratory prototype showing the ability of simultaneously levitating
the rotor while rotating it about a given arbitrary axis.

We believe that this work represents a step forward concerning the study of reaction
spheres. However, the development of these actuators remains an important challenge
for future research, especially concerning the demanding manufacturing requirements,
the estimation and control techniques, as well as the spatialization aspects.

Keywords: satellite attitude control, reaction sphere, spherical actuator, electromagnetic
modeling, magnetic flux density model, spherical harmonics, force and torque model,
magnetic state, magnetic bearing, design optimization.
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Résumé
Le Système de Commande d’Attitude et d’Orbite (SCAO) est responsable du comporte-
ment orbital et de la précision de pointage des satellites stabilisés. Le SCAO des satellites
stabilisés à trois axes nécessite un minimum de trois roues de réaction, toutefois, dans la
pratique, quatre roues sont utilisées pour des raisons d’optimisation et de redondance.
Comme alternative potentielle, les sphères de réaction ont été introduites il y a plus de 60
ans, mais aucune des solutions proposées n’a atteint un niveau de performance comparable
à celui d’une approche basée sur quatre roues. L’idée principale est de remplacer les
quatre masses tournantes des roues de réaction par une seule masse sphérique (creuse),
pouvant être soutenue sans contact ainsi qu’entraînée dans toutes les directions possibles
par un stator, permettant de contrôler l’attitude des trois axes du satellite avec un seul
actionneur.

Dans cette thèse, nous étudions un nouveau concept de sphère de réaction, dans lequel
le rotor est soutenu par un palier magnétique et peut être entraîné électroniquement
dans toutes les directions possibles. La sphère de réaction proposée est composée d’un
rotor sphérique ayant 8 pôles à aimants permanents et d’un stator ayant 20 pôles avec
électroaimants. Un des défis essentiels des actionneurs sphériques basés sur des aimants
permanents réside dans la détermination de l’orientation du rotor à l’intérieur du stator.
Dans cette thèse, nous introduisons une nouvelle approche afin de paramétrer l’orientation
du rotor considérant l’orientation « magnétique » plutôt que celle « mécanique ». Cette
approche constitue un ingrédient essentiel pour les modèles proposés dans ce travail et
permet de réduire la complexité de calcul, représentant un aspect fondamental pour la
démonstration expérimentale.

Les modèles de champ magnétique, nécessaires pour l’optimisation du design et pour
dériver les modèles de force et couple, sont développés en utilisant une approche analy-
tique ainsi qu’une méthode hybride (éléments finis et analytiques). Dans ces modèles, les
propriétés des harmoniques sphériques sous rotation sont employées afin de paramétrer
l’orientation du rotor dans le stator. Ainsi, les approches proposées permettent d’expri-
mer la force et le couple comme combinaisons linéaires, dans lesquels les coefficients de
décomposition sphérique (état magnétique) englobent toute l’information concernant
l’orientation du rotor. Ensuite, la procédure proposée pour déterminer l’état magnétique,
requise pour la mise à jour des modèles de force et couple en temps réel, est basée sur une
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mesure de la composante radiale du champ magnétique pour ensuite résoudre le système
d’estimation linéaire associé. Cette procédure nécessite un minimum de sept mesures
collectionnées à des endroits différents et équidistants de la surface du rotor. Pour mesu-
rer le champ magnétique, les capteurs sont disposés en minimisant le conditionnement
du problème d’estimation linéaire afin de réduire l’impact du bruit de mesure et des
harmoniques d’ordre supérieur sur les erreurs relatives de force et couple. Ensuite, pour
le contrôle de la vitesse angulaire de la sphère en boucle fermée, des algorithmes sont
proposés afin de déterminer les tensions induites dans le stator et la vitesse angulaire du
rotor. Les deux procédures, dérivées en appliquant la loi de Faraday et le principe de
conservation d’énergie, sont linéaires et sont exprimées en forme fermée. Pour terminer,
les algorithmes de contrôle de sustentation magnétique (contrôle de position) et de vitesse
angulaire sont validés expérimentalement utilisant le prototype développé. Cela a démon-
tré l’habilité de faire léviter le rotor et simultanément le faire tourner sur un axe arbitraire.

Nous sommes persuadés que ce travail représente un pas en avant concernant les études des
sphères de réaction. Cependant, le développement de ces actionneurs reste un défi impor-
tant pour la recherche future, notamment au niveau des besoins exigeants de fabrication,
des techniques d’estimation et de contrôle avancées, ainsi que des aspects de spatialisation.

Mots-clés : contrôle d’attitude des satellites, sphère de réaction, actuateur sphérique,
modélisation électromagnétique, modèle de champ magnétique, harmoniques sphériques,
modèles de force et couple, état magnétique, palier magnétique, optimisation de design.
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1 Introduction

This document concentrates on modeling, estimation, and control aspects of a novel reaction
sphere actuator for satellite attitude control. This chapter begins with an introductory section
on satellite attitude control, which is intended to provide general aspects to define the framework
for the application of the reaction sphere. Then, we review the existing literature concerning
reaction sphere actuators. Subsequently, since the reaction sphere considered in this thesis can be
classified into the family of 3-DOF electromagnetic spherical actuators, a literature review of this
kind of actuators is presented. Afterwards, we introduce the reaction sphere concept that is under
investigation in this thesis. Finally, we provide the motivation of the research performed in the
frame of the thesis and we conclude the chapter with an outline of the remainder of this document.

1.1 Concepts of Satellite Attitude Control

Satellites can be classified in a number of ways such as by orbit altitude or according
to the final application. Based on the intended applications, the satellites are broadly
classified as communication satellites, navigation satellites, weather forecasting satellites,
earth observation satellites, scientific satellites, and military satellites [2]. Irrespective
from the intended application, the spacecraft can be divided conveniently in two principal
elements, the payload, and the bus [3]. The payload is the combination of hardware and
software on the spacecraft that interacts with the subject (the portion of the outside
world that the spacecraft is looking at or interacting with) to accomplish the mission
objectives. Payloads are typically unique to each mission and are the fundamental reason
that the spacecraft is flown [4]. In order that the payload may function it requires certain
resources that are provided by the bus. Requirements on the bus lead on the breakdown
into subsystems that are summarized in Table 1.1 [2, 3, 5] (note that in [2] the authors
include the payload in the subsystems).
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Chapter 1. Introduction

Table 1.1. Spacecraft subsystems.

Subsystem Function

Mechanical
structure

Provide the framework for mounting other subsystems of the
satellite and also an interface between the satellite and the
launch vehicle [2].

Propulsion Provide the translational velocity necessary to establish and
maintain the required orbit. Provide vehicle rotation about
all axes at the command of the attitude control system [5].

Thermal control Maintain temperature of all spacecraft equipment within
allowable limits for all mission modes [5].

Power supply Generate, store, regulate, and distribute electrical power for
all equipment in all mission modes. Switch all spacecraft
equipment as required by the command system [5].

Telemetry,
tracking,
and command

Monitor and control the satellite from the lift-off stage to
the end of its operational life in space. The tracking part of
the subsystem determines the position of the spacecraft and
follows its travel using angle, range, and velocity information.
The telemetry part gathers information on the health of
various subsystems of the satellites. The command element
receives and executes remote control commands to effect
changes to the platform functions, position, and velocity [2].

Attitude
determination
and control

Determine vehicle attitude and correct it to desired attitude.
Implement and control commanded changes in velocity or
attitude [5].

Telecommunication Receive commands from the ground communication facility
(uplink). Transmit payload and engineering data to the
ground facility (downlink). Receive and re-transmit signals
for navigation and tracking [5].
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1.1. Concepts of Satellite Attitude Control

Among these subsystems, the Attitude Determination and Control System (ADCS) will
be illustrated in more details because of its relevance for the thesis.

1.1.1 Attitude Determination and Control System

The motion of a rigid spacecraft is specified by its position, velocity, attitude, and attitude
motion. The first two quantities describe the translational motion of the center of mass
of the spacecraft. The latter two quantities describe the rotational motion of the body of
the spacecraft about the center of mass and are relevant for the ADCS [6].

Typically, the purpose of putting a satellite in orbit is to point an instrument (payload) at
something. For example, for an astronomy mission, the objective is to point a telescope at
a distant solar star or some other astronomical feature. For an earth observation satellite,
the purpose is to point a camera, radar or other instrument toward a desired location on
the earth below. For a communication satellite, the transmitting and receiving antennas
need to point toward the earth. What it means is that the attitude (orientation) of the
spacecraft needs to be stabilized to some desired attitude [7].

Attitude determination is the process of forecasting the future orientation of the spacecraft
relative to either an inertial reference or some object of interest, such as the earth. This
typically involves several types of sensors and sophisticated data processing procedures [6].
Attitude control is the process of orienting the spacecraft in a specified, predetermined
direction. It consists of two areas: attitude stabilization, which is the process of main-
taining an existing orientation and attitude maneuver control, which is the process of
controlling the reorientation of the spacecraft from one attitude to another [6].

The ADCS stabilizes the vehicle and orients it in desired directions during the mission
despite the external disturbance torque acting on it [4]. As matter of fact, any uncontrolled
body in space, for example an asteroid, will tumble about all axes in response to natural
forces, notably solar pressure, gravity gradients, and magnetic torques [5]. Natural
tumbling is not normally acceptable for a spacecraft because solar panels must be pointed
at the sun for power, antennas must be pointed at an earth station for communication,
and science instruments must be pointed at their targets. As a result, spacecraft attitude
must be controlled. A spinning spacecraft tends to hold one axis, the spin axis, fixed in
inertial coordinates. Having one axis fixed is already adequate for many missions. For
example, if the spin axis is perpendicular to the sun vector the body can be populated
with solar cells to provide the power needs. Omnidirectional antennas can be used, and
some payloads need no more than one fixed axis. In today’s complex missions, many
spacecraft have requirements too diverse for the one-axis control. It is not unusual for
spacecraft to need solar panels pointed to the sun, science payload (a camera for example)
pointed at the planet surface, and a high-gain antenna pointed at the ground station.
For complex situations three-axis control is required [5]. Finally, in addition to rejecting
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disturbances, for many spacecraft, the ADCS must control vehicle attitude during firing
of large liquid or solid rocket motors, which may be used during orbit insertion or for
orbit changes. Large motors create large disturbance torques, which can drive the design
to larger actuators than needed once on station [4].

1.1.2 Attitude Control Methods

Several methods of controlling the spacecraft have been proposed. This can be done
both actively or passively, depending on the desired attitude, and how accurately it must
be maintained. Passive methods of attitude stabilization make use of the spacecraft’s
natural dynamics to ensure a stable equilibrium at the desired attitude, and are useful
when accuracy requirements are coarse. For active control, actuators capable of affecting
the attitude are installed on the spacecraft. In many cases, passive control methods are
augmented by active control methods [7]. The most common attitude control systems
include spin-stabilized systems, dual-spin systems, gravity-gradient systems, three-axis-
stabilized systems, and momentum bias systems [5]. A spin-stabilized spacecraft is one
in which the entire spacecraft spins around the axis with the highest moment of inertia.
A dual-spin spacecraft has a spinning segment and an inertially fixed section. Gravity-
gradient control is completely passive and takes advantage of the spacecraft tendency to
align the long axis with the gravity gradient. A three-axis controlled spacecraft actively
controls the inertial position of all the three axes. A momentum bias system uses a
momentum wheel to provide stiffness in two axes and wheel speed to control the third
axis [5]. In the next section, we present in more detail three-axis-stabilized systems, to
which this thesis is mostly concerned.

Three-axis-stabilized System

A three-axis-stabilized system actively maintains the vehicle axis system aligned with a
reference system, usually orbital reference or nadir reference [5]. Spacecraft stabilized
in three axes are more common today than those using spin gravity gradient. They
maneuver and can be stable and accurate, depending on their sensors and actuators [4].
In a zero-momentum system, Reaction Wheels (RWs) respond to disturbances on the
vehicle. For example, a vehicle pointing error creates a signal which speeds up the wheel,
initially at zero. This torque corrects the vehicle and leaves the wheel spinning at low
speed, until another pointing error speeds the wheel further or slows it down again. If
the disturbance is cyclic during each orbit, the wheel may not approach saturation speed
for several orbits. Non-periodic disturbances (secular disturbances), however, cause the
wheel to drift toward saturation. We then must apply an external torque, usually with a
thruster or magnetic torquer, to force the wheel speed back to zero. This process, called
desaturation, momentum unloading, or momentum dumping, can be done automatically
or by command from the ground [4]. When high torque is required for large vehicles or
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fast slews, a variation of three-axis control is possible using control moment gyroscopes
(CMGs).

Advantages of three-axis stabilized systems include an unlimited pointing capability in
any direction and the best pointing accuracy, limited only by sensor accuracy. Pointing
accuracy of greater than 0.001◦ can be achieved [5]. Solar panels can make full use of the
available solar energy. This type is the most adaptable to changing requirements. On the
other hand, ADCS hardware (gyros, RWs, star scanner, computers) are complex, heavy,
high-power consumers, failure sources, and expensive. Moreover, redundancy schemes are
more complex. Examples of three-axis-controlled spacecraft are Magellan, INTELSAT
VIII, the Hubble Telescope, and GPS.

1.1.3 Actuators for Attitude Control

There are at least four distinct means of producing torque for the attitude control of
spacecraft, based on [8]:

1. earth’s magnetic field (magnetic torqrods);

2. reaction forces produce by expulsion of gas or ion particles (thrusters);

3. solar radiation pressure on spacecraft surfaces; and

4. rotating bodies inside the spacecraft (momentum exchange devices).

The first three techniques listed are inertial controllers (or external), in the sense that
they change the overall inertial angular momentum of the satellite. The remaining option
is based on rotating masses inside the spacecraft body, so that that angular momentum
is transferred between different part of the satellite without changing its overall inertial
angular momentum [8].

Magnetic Torqrods

Magnetic actuations is generally obtained using torqrods (also known as torque rods,
torque bars, or magnetotorquers), which consist of a magnetic core and a coil. When the
coil is energized, the torqrod generates a magnetic moment. Torqrods are extensively
used in the attitude control of spacecraft. However, the level of torques that can be
achieved with magnetic torqrods is normally low (in the range of 1mNm to 10mNm)
and generally insufficient for fast attitude maneuvers. Moreover, magnetic torques are
also dependent on the chosen orbit inclination and they are excluded for spacecraft not
revolving about the earth, since it its based on the earth’s magnetic field [8].
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Thrusters

Most spacecraft use reaction forces obtained using thrusters as actuators. They provide
momentum to the spacecraft by ejecting mass overboard in the form of high velocity
exhaust gas. Thrusters can be used directly to control the spacecraft attitude or used
as momentum desaturation actuators for the RWs. Primary thruster control can be
very costly in terms of propellant mass if there are noticeable disturbance torques [5].
Moreover, reaction controllers are not linear, in the sense that they provide reaction
torques of constant amplitude and modulated time duration [8]. The level that can be
achieved with reaction pulses is almost unbounded. However, no smooth control can be
achieved due to the inherent nature of thrusters [8].

Solar Pressure

Torques obtained from solar pressure cannot be used for attitude maneuvering since the
level of torques that can be produced (when the spacecraft sees the sun) are of the order
of tens of µNm only, which are insufficient for attitude maneuvers [8]. Moreover, they
cannot produce torques about the three spacecraft axes.

Momentum Exchange Devices

The remaining option is based on rotating masses inside the spacecraft body, so that
angular momentum is transferred between different parts of the satellite without changing
its overall inertial angular momentum. The resulting actuators are called momentum
exchange devices, and include RWs, momentum wheels, and Control Moment Gyroscopes
(CMGs) [8]. With CMGs (used in manned spacecraft) torques of 200Nm are achievable.
However, such CMGs are very heavy and are seldom used in the ADCS of ordinary-sized
satellites [8]. Momentum wheels are used primarily to provide the spacecraft with the
momentum bias necessary for inertial stability. As a byproduct, the momentum wheel
can also develop torque for controlling the attitude of the satellite’s axis that is parallel
to the momentum wheel’s axis of rotation. The range of angular momentum provided by
such wheels is 1Nms to 300Nms [8]. For very accurate attitude control systems and for
moderately fast maneuvers, the RWs are preferred because they allow continuous and
smooth control of torque with the lowest possible parasitic disturbing torques. The level
of torques that can be achieved with RWs is of the order of 0.05Nm to 2Nm [8].

Reaction wheels are simply small flywheels powered by an electrical motor, which
exchanges momentum with the spacecraft by changing wheel speed. The flywheel is
designed to increase the motor’s angular momentum of inertia. The rotating wheel may
have an initial constant momentum. By accelerating the wheel in one direction about
the wheel spin-axis, the wheel applies a reaction torque to the spacecraft structure in the
opposite direction (also about the wheel spin axis). This is the principle of conservation of
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angular momentum [7]. In the absence of an external torque acting on the spacecraft, the
total angular momentum of the spacecraft remains constant. Therefore, in the absence
of external torques, if the angular momentum of the wheels is changed, there must be a
corresponding opposite change in the angular momentum of the spacecraft structure [7].
External disturbance torques result in a change in overall spacecraft angular momentum.
When the spacecraft attitude is controlled using RWs, this change in overall spacecraft
angular momentum manifests itself as a change in stored angular momentum in the
wheels. Therefore, external disturbances result in a build-up of wheel angular momentum.
In the case of secular disturbances, wheels may drift toward saturation. External thruster
or magnetic torquer are necessary for desaturation.

For three-axis control, three orthogonal RWs, with each one’s rotational axis parallel
to one of the spacecraft body axes, make up the simplest control system. However, if
one of the assemblies becomes damaged then the satellite’s attitude can no longer be
adequately corrected. For this reason, a fourth RW is installed in order to increase the
reliability of the entire system [8]. The additional wheel is installed with its axis “off”
the three principal spacecraft axes, enabling (reduced) torque control about any one of
those axes. Reaction wheels are also used in a four-wheel pyramid scheme, with the spin
axes pointing normal to the faces of a pyramid. This configuration provides redundancy
as well as greater flexibility in the distribution of wheel angular momentum [9].

The rotor bearings of momentum exchange devices deserves special attention: we dis-
tinguish between mechanical and magnetic bearings. Momentum exchange devices are
designed to work without interruption for long time periods (5–12 years). In the space
environment of subpressure, lubrication of (mechanical) ball bearings is a major problem
that has not been completely solved. Moreover, the ball bearing suffers from excessive
friction loading. In recent years, the development of magnetic bearings has taken a
decided upturn, with good prospects for the future [8]. Magnetic bearings improve the
torque-to-noise ratio by eliminating the parasitic torque noises characteristic of ball
bearing [8].

Multi-axis Momentum Exchange Devices

Multi-axis momentum exchange devices capable of producing torque in any direction
have also been proposed although their credibility has still to be demonstrated in space.
The idea behind these devices is to provide a compact solution for three-axis attitude
control by combining the four-wheel scheme in a unique actuator.

A fully active magnetic bearing wheel with five actively controlled axes is presented
in [10]. The wheel can be actively tilted by 1◦ enabling to use it simultaneously as a RW
and CMG. This enables three-axis attitude control of the spacecraft with only one wheel.
The five degrees of freedom are actively controlled and a special decoupling tilt control
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law assures that the tilt responses are not deteriorated by gyroscopic effects. Furthermore,
the magnetic bearing wheel can be used as actuator for active damping of structure
oscillations since active damping forces can be generated by moving the rotor within the
mechanical gap. Another attractive feature of the magnetic bearing wheel is the active
vibration suppression, enabling the rotor to rotate about its natural axis of inertia and
to suppress all the resulting noise components without affecting the suspension stability.
The work reported in [10] is continued in [11,12] under the same principle and general
architecture. The rotor gimballing capability has been increased to ±1.7◦ and special
signal processing techniques are employed to enhance the microvibration signatures due
to both static and dynamic imbalance of the wheel. The above discussed actuator, which
is displayed in Fig. 1.1, is currently offered as a product under the name of MWI Magnetic
Bearing Momentum and Reaction Wheels by Rockwell Collins Deutschland GmbH.

In the next section, we discuss a special kind of multi-axis momentum exchange devices,
which are called reaction spheres.

Figure 1.1. Five axes magnetic bearing reaction wheel developed by Rockwell Collins [12].

1.2 Literature Review of Reaction Sphere Concepts

In line with the effort of dealing with the RW problematic aspects such as bearing and
gyroscopic cross coupling between axes, reaction spheres were proposed more than 50
years ago, in 1960, three years after the launch of Sputnik 1 [13–15]. The leading idea
was to replace the three rotating masses of RWs by a single spherical (hollow) mass,
which can be torqued about any direction to provide three-axis attitude control with a
unique device.

A spherical reaction member for a three-axis attitude control is described in [15]. Control
of the space vehicle with the spherical reaction member, torquing of the sphere, its
bearing, and its angular velocity measurement are discussed. The author points out the
advantage of using a sphere to avoid coupling effects commonly present with three RWs
and to reduce the number of actuators from three to one. For the suspension of the
sphere, air bearing and magnetic levitation are proposed. Magnetic bearing in vacuum
conditions is indicated as most promising due to lower losses. As depicted in Fig. 1.2, a
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set of four or more stabilizing coils allow the proper centering of the sphere, which has to
be made of ferromagnetic material. For torquing the sphere about the three orthogonal
axes, the author proposes to use air nozzles and electrical means. Air nozzles require
considerable power and torques are produces inefficiently. Hence, the most promising
torquing method is by electrical means with two or more phase AC torquers that can
produce torque due to hysteresis and eddy current effects on the magnetic sphere.

Figure 1.2. Suspension coils in tetrahedron configuration proposed by Haeussermann.
Drawing adapted from [15].

The author in [13] considers and inertial sphere consisting of a spherical conducting
shell positioned by a high-frequency magnetic field, and subject to torques by another
magnetic field rotating at lower frequency. The configuration has the advantage that
only one system is needed and the gyroscopic effects that appear with multiple rotating
wheels are absent.

An outgrowth of the study in [13] is proposed by [16] for attitude control of earth satellites.
In this study the sphere would be suspended with the aid of a spatially nonuniform, high
frequency alternating magnetic field. The force is produced by the interaction between the
applied magnetic field and the eddy current induced in the sphere. To generate the torque,
three set of mutually perpendicular coils are proposed. The difference from [13] is that
the accumulated angular momentum is passively dumped by eddy currents interaction
with the earth’s magnetic field.

An electrically suspended free reaction sphere was firstly invented in [14]. The principle is
to suspend a spherical metal rotor by electric field attraction forces and transfer angular
momentum from the satellite to the rotor through the spin coils. Electric, magnetic, and
air bearing suspension have been considered. Magnetic suspension has been discarded
due to retarding torques acting upon the spinning rotor. Air bearing requires gas to
be stored on board and was also discarded. As depicted in Fig. 1.3, the spherical rotor
is held at the center of the spherical cavity by the forces of attraction from mutually
orthogonal electrodes. Three pairs of induction motor stator windings are located in the
orthogonal planes to provide for generating control torques around the three axes (in
Fig. 1.3 only two windings are displayed). Equipment to demonstrate single-axis electric
field suspension for the free reaction sphere was developed.
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Suspension
electrodes

Spin coils

Figure 1.3. Illustration of the free reaction sphere by Ormsby. Drawing adapted from [14].

A similar reaction sphere concept is discussed by the same authors in reference [17].
The authors present some important characteristics of an electrically suspended reaction
sphere designed with three induction motor stator winding in orthogonal planes to provide
attitude control of the spacecraft about any axis. As illustrated in Fig. 1.4, the stator
has eight available areas to provide four pairs of electrodes which can be paired to obtain
four independent suspension forces. The electrodes cover the surface of the stator sphere
except for the areas needed for the motor stators. The major limitation of the electric
field suspension was the maximum positioning force which can be generated. The torque
system constitutes a set of three orthogonal stators, any one of which resembles a short
electric induction motor stator in its electric and geometric characteristics. Despite the
detailed analysis of the design, there is no evidence of any manufactured prototype or
experimental result.

Figure 1.4. Four-point suspension geometry for reaction sphere presented by Ormsby
and Smith. Drawing adapted from [17].

The same configuration of [17] is proposed in [18] by another group. The basic elements of
the reaction sphere are a thin-walled spherical rotor within a spherical cavity bounded by
eight electrodes and three motor stators. As in [17], the electrode arrangement perfectly
suits the necessary orthogonal arrangement of stators, which divide the surface into
octans. Each of the orthogonal stators consists of a two-phase induction motor that
creates a rotating magnetic field in the suspension gap, torquing the sphere about any
axis. Authors reported two major problems concerning voltage breakdown in a vacuum
and dynamic stability of the four-point suspension servo loop. A bench model of the
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controller was constructed to provide a four-point suspension system and an analogue
computer was utilized to mechanize the analytic configuration of the suspension system.
Despite any evidence of experimental results, authors claim that dynamic suspension
was achieved.

The use of reaction sphere for satellite attitude stabilization was also discussed some
years later in [19]. The author recognizes that the advantages provided by the use of a
reaction sphere come with the price of a relatively complex bearing, which is identified
as the greatest difficulty. Moreover, the author classifies the conceptual problems into
the following categories: a) type of bearing, b) storage capacity for angular momentum,
c) torque resolution and maximum torque, d) cross-coupling in the three dimensional
drive, e) vectorial rpm measurement, f) mechanical stability, g) testing possibilities before
blastoff, h) reliability. Various bearing possibilities are discussed. Gas bearing and
fluid bearing are not identified as possible solutions due to excessive friction. The main
drawback of magnetic bearing suspension is identified as the coupling of the magnetic
moments with the drive motor (at that time inductive). Electrostatic bearing seemed
to be the preferred solution despite the lower supporting forces. Concerning the drive
motor, the author discusses only the stator composed of three separate winding arranged
in three perpendicular planes (as above [14, 17, 18]). The measurement of the angular
velocity is also discussed and author seems to be in favor of using the stator coils as
tachometer. Motor windings serve simultaneously as exciter and sensings windings.

Twenty years later, in 1986, author in [20] patented the idea of a single magnetically
supported torqued reaction sphere mounted in a spherical housing without physical
contact with the housing. The rotor comprises a massive spherical body having at least
an outer layer, which is both electrical conductor an a magnetizable material. Three
pair of sectors mounted mutually orthogonal comprise and accurate set of laminations
carrying a centering winding (bearings) and a torquing winding. Centering of the rotor
(bearing) is accomplished by automatic regulation of the current in centering windings of
the sectors as the inner spherical rotor moves off center. Rotation of the spherical rotor
in this unit is accomplished by a three-axis torque motor as depicted in Fig. 1.5. The
forces acting to produce the torque result from the interplay of eddy currents, induced in
the sphere by the magnetic flux of the centering winding, reacting with fluxes produced
by the torquing winding.

In 1990, the idea of a magnetic bearing suspension system with the rotor that can be
gimballed about 360 degrees was patented in [21]. Rotor includes annular magnet and
a flywheel attached to the magnet. The flywheel is machined to a spherical shape to
provide constant gap width between it and spherical housing. As shown in Fig. 1.6, three
orthogonal pairs of ring inductive motors are used to control the bearing of the rotor.
Three additional orthogonal pairs of coils with cylindrical shape are employed to apply
torques to the flywheel to control direction of the rotating axis. It is claimed that by
providing a gyroscope in which the flywheel can completely gimballed without contact
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Centering and
torquing
windings

Figure 1.5. Schematic of reaction sphere with centering and torquing windings proposed
by Isely. Drawing adapted from [20].

with the housing, the spin axis of the flywheel can be placed as desired to properly turn
the spacecraft.

Bearing rings Torquing coils

Figure 1.6. (Left) Schematic of reaction sphere with bearing rings proposed by Downer
et al. (Right) Torquing coils. Drawing adapted from [21].

A general concept for multi-freedom motion that can also be used as attitude control
actuator is proposed in patent [22] in 1995. Authors provide various embodiments of
their invention. In general, the electrical motor includes a spherical (hollow) rotor with
a plurality of magnets disposed on an outer surface of the rotor with polarities of the
respctive adjacent magnetic poles being different from one another. The stator is provided
along the outer surface of the rotor, and a plurality of magnets opposed to the magnets
of the rotor are disposed on an inner surface of the stator. Either magnets on the rotor
or stator could be electromagnets. Several bearings are proposed: hydrostatic bearing,
magnetic bearing, sliding bearing, and roller bearing.

In 2006, author in [1] patented the idea of a reaction-gyro sphere with magnetic bearing.
The reaction-gyro sphere may consist of a concentric assembly of a spherical rotor and
a spherical stator. The rotor has magnetic poles such that, when radially projected on
a concentric octahedron, the same symmetrical pattern is obtained on all faces of the
octahedron, the polarity of the poles projected on two opposite faces of the octahedron
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being opposite. The rotor is perfectly isotropic regarding its dynamic properties. The
stator has at least twenty poles magnetized with coils and such that, when radially
projected on a concentric icosahedron, the same symmetrical patterns is obtained on
all faces of the icosahedron. As the rotor has a constant source of magnetic field, on
the one hand, the system is linear, allowing the decoupling of the motor and bearing
functions by superposition, and on the other hand, the efficiency is potentially better
with the possibility to recover the kinetic energy stored in the rotor. In one of the
possible embodiment shown in Fig. 1.7, the rotor has eight permanent magnet poles
located at each faces of an octahedron (vertexes of a cube), with two opposite faces of
the octahedron having opposite polarity. The stator has twenty poles located at the
center of each face of a iscosahedron (vertexes of a dodecahedron).

Coil

Rotor

Figure 1.7. Schematic of rotor and stator arrangement proposed by Chételat [1].

The reaction sphere concept proposed in invention [23] consists of an electromagnetic
stator that surrounds a spherical conductive rotor to provide rotation of the rotor in
a frictionless environment, as well as allows the rotor to be driven in any axis. In one
embodiment displayed in Fig. 1.8, the stator includes twenty ferrites poles pieces. Each
pole piece has a copper wire winding about the pole and the twenty poles are arranged
to form the shape of a truncated icosahedron around the spherical rotor. The rotor in
this embodiment is a hollow copper sphere.

Figure 1.8. Schematic of the conductive rotor contained in stator with 20 ferrite pole
pieces proposed by Doty [23].

13



Chapter 1. Introduction

1.3 Literature Review of 3-DOF Spherical Actuators

Reaction spheres can be classified into the family of spherical actuators, which are
devices capable of performing three degree-of-freedom (3-DOF) rotational motion in a
single joint. Spherical actuators are especially presented in the robotic literature, where
researchers investigate new solutions to design compact and high performance 3-DOF
rotary actuators without the inconvenient of combined multi-DOF actuators, such as
friction and backlash, low dynamic performance, and kinematic singularities [24].

A variety of different designs have been proposed in the last five decades. In general,
the proposed designs consist in a rotating spherical rotor enclosed in a stator. Then,
a mechanical shaft emerges from the rotor to export the torque. Although ultrasonic
and piezoelectric spherical drives have been developed [25–31], electromagnetic devices
are the most common and have attracted the attention of several research groups and
industries throughout the world. We will first rapidly review inductive and variable
reluctance electromagnetic spherical actuator concepts to subsequently focus our attention
on Permanent Magnet (PM) synchronous actuators, which are more concerned with this
thesis.

The first 2-DOF spherical induction motor has been designed by Williams et al. in
1959 [32]. As depicted in Fig. 1.9, the motor is composed of a conductive spherical
barrel-shaped rotor and two stator winding blocks. Conduction of the rotor surface in
any directions is achieved by wounding rotor slots with conducting rings joined at all
points to form a grid. The stator block is wound with a polyphase winding designed to
produce a rotating magnetic field. The interaction between the induced current and the
stator magnetic field produces a 2-DOF motion of the rotor. The speed of the motor is
changed by modifying the direction of the moving magnetic field relative to the direction
of movement of the rotor surface by twisting the stator about an axis perpendicular to
the axis of the rotor. A method for field analysis and torque prediction based on Maxwell
stress tensor for this kind of spherical induction motor is presented by [33]. Vachtsevanos
et al. [34] proposed a robotic manipulator incorporating a spherical motor capable of
three degrees of motion in a single joint. The rotor consists of a conducting ball filled
with a high permeability material. The rotor is driven by three sets of windings mounted
on the stator and excited to generate induced current on the rotor surface. No prototype
has been constructed for this conceptualized spherical actuator due to the complexity
in mechanical design [24]. Despite magnet technology has improved with high powered
permanent rare earth magnets now being commonly available, spherical induction motors
are still subject of investigation. For example, a double excited spherical motor with
three-phase excitation coils in the stator placed perpendicularly to each other has been
modeled and simulated by Ruan et al. [35]. More recently, Dehez et al. developed a
2-DOF spherical induction motor prototype whose stator is obtained by superimposing
two sets of three-phase windings placed orthogonally to each other. The rotor consists of
a two-layer spherical shell with teeth and is held in position by aerostatic bearings [36].
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The developed prototype is displayed in Fig. 1.10. Driven by specifications without high
dynamics and precision, a preliminary model design of a spherical induction motor is
proposed by Zenter [37]. The first spherical induction motor operated in closed-loop is
claimed by [38] and reported in Fig. 1.11. This 3-DOF actuator is capable of 300 rpm
rotation in arbitrary axis with 4Nm torque on the spherical rotor of 246mm diameter.
The rotor is a two-layer copper-over-iron spherical shell. The stator has four independent
inductors that generate thrust forces on the rotor surface. The motor is also equipped
with four optical mouse sensors that measure surface velocity to estimate the rotor’s
angular velocity, which is used for vector control of the inductors and control of angular
velocity and orientation.

Figure 1.9. A 2-DOF spherical induction motor proposed by Williams et al. [32]. (Left)
Rotor and stator block. (Right) Structure of the stator. Drawing taken from [24].

Figure 1.10. Prototype of 2-DOF spherical induction motor proposed by Dehez et al. [36].

A hybrid permanent magnet and variable reluctance spherical stepper motor with 3-DOF
has been investigated by Lee et al. [39, 40]. The motor consists of a hemispherical stator
housing iron-cored coils and a rotor with a pair of permanent magnets.

Subsequently, a Variable Reluctance Spherical Motor (VRSM) has been studied and
developed by Lee et al. [41–45]. This motor is illustrated in Fig. 1.12. In general, the
motor consists of a hemispherical stator housing a distribution of electromagnets and a
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Figure 1.11. Prototype of 3-DOF spherical induction motor proposed by Kumagai and
Hollis [38].

rotor with a number of poles made up of ferromagnetic materials or permanent magnets.
By energizing the coils individually, a magnetic energy function of the relative positon of
the rotor and stator is created in the airgap. The motion of the rotor is generated as
the rotor tends to move to a minimal energy position. First rotor dynamic and torque
models as well as a motion control strategy for this actuator have been developed in [41].
The torque model of the VRSM actuator is expressed in a quadratic form with respect
to the stator current and is function of the permanence and its derivative. Permeance
functions are determined experimentally by measuring the static torque at a series of
positions as a function of the current input. Hence, the current vector is calculated using
an inverse problem, solved by nonlinear optimization and stored in look-up tables. A
reaction-free control strategy for the spherical stepper to establish a non-contact support
mechanism through partial magnetic levitation has been proposed [42]. More recently,
the interest to derive a closed-form solution to the inverse torque model has led to
consider alternative configurations of the VRSM characterized by a linear torque-current
relationship. To this end, iron rotor poles have been replaced by high coercitive PMs
whereas coils are wound on non-ferromagnetic cores [43]. Six cylindrical PMs with their
magnetization axes meeting at the center of the rotor are adjusted on the rotor equator
with alternate polarity. Two different configurations of the coils are suggested. The
resulting torque-current is approximately linear and it is function of a torque constant,
which is computed using Finite Element Method (FEM). The optimal control input
to generate a requested torque is computed by minimizing the dissipated energy using
weighted least squares. A design study based on Computer-Aided Design (CAD) and
FEM iterative procedures to optimize this kind of actuators are discussed in [44,45].

Subsequently, Lee et al. have proposed a particular form of VRSM that is referred as
Spherical Wheel Motor (SWM) [46, 47]. Unlike VRSM, where the focus has been on
controlling the three-DOF angular displacements, the SWM offers a means to control in
open-loop the orientation of its rotating shaft with a single spherical joint. As shown in
Fig. 1.13, the SWM consists of a spherical rotor with cylindrical magnets and a stator
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Figure 1.12. Veriable reluctance spherical motor proposed by Lee et al. [41–45]. (Left)
Exploded view. (Right) Prototype. Drawing taken from [24].

with aluminum-core electromagnets. Permanent magnets and electromagnets are placed
at locations following the vertices of a regular polygon. The setup consists of two layers
of 8 equally-spaced magnetic poles placed alternatively (for a total of 16 permanent
magnets) and two layers of 10 stator coils (for a total of 20 coils). A dynamic model
of the rotor is derived to predict its dynamics. As in [43], the resulting torque-current
characteristic is approximately linear, with the torque constant computed using FEM.
Then, an open-loop method based on switching sequences to control the rotor orientation
while allowing it to spin continuously is proposed and experimentally validated using
the prototype. An alternative approach to characterize torque models, while reducing
the computational time, was proposed by Lee et al. and consists in modeling both the
stator coils and the permanent magnets as Distributed Multipoles (DMP) [48]. Unlike
the Lorentz force or the Maxwell stress tensor methods that require integration, the
dipole force computation is expressed in closed form. An alternative open-loop control
strategy to decouple the spin from the inclination of the rotating shaft is proposed by
Son et al. [49]. Specifically, the open-loop controller combines a multispeed switching
control law for controlling the spin motion and a dynamic model-based control law for
regulating the rotor inclination.

Yan et al. [50] proposed a prototype of ball-joint-like 3-DOF PM spherical actuator
that is depicted in Fig. 1.14. The rotor has eight PMs assembled evenly spaced with
alternate polarities around the rotor equator. Each magnet has the shape of a dihedral
cone. Then, two layers of 12 air-core coils for each layer are assembled on the stator.
The magnetic flux density in the spherical actuator is formulated solving the Laplace
equation in spherical coordinates and resulted in a torque model, which connects linearly
a set of currents to a torque vector. Details of this design can be found in [51] and [24].
Then, Yan et al. [52] studied the effect of an iron stator on the magnetic field and torque
output of this spherical actuator. Their results show that the iron stator can increase the
radial component of the flux density and thus the actuator torque output significantly.
In parallel, driven by the high manufacturing costs and system complications, Yan et
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Figure 1.13. 3-DOF spherical wheel motor proposed by Lee et al. [46,47]. (Left) Actuator
assembly. (Right) Rotor assembly.

al. [53,54] proposed to substitute the dihedral-shaped magnets with a specific distribution
of stacked cylindrical magnets. One layer of eight cylindrical-shaped PM poles are
mounted along the rotor equator, and two layers of air-core coils (12 per layer) are fixed
on the stator symmetrically with respect to the stator equator. The developed prototype
is displayed in Fig. 1.15. Torque output of the spherical actuator is formulated with
a hybrid method, i.e., using both analytical and experimental methodologies. Yan et
al. [55] also presented a generic design concept of 3-DOF spherical actuator with a rotor
consisting of multiple layers of PM poles that is concentrically housed in a spherical-
shell-like stator with multiple layers of air-core coils. It is shown that the tilting torque
in double-layer configuration is higher than that of single-layer configuration whereas the
single-layer configuration has a higher spinning torque about the rotor shaft.

Figure 1.14. Prototype of ball-joint-like 3-DOF spherical actuator proposed by Yan et
al. [50].

A permanent magnet spherical motor for haptic applications in presented by Bai et
al. [56] and reported here in Fig. 1.16. The device can be operated in rotational and
displacement modes. With the two-mode configuration, the actuator can offer 6-DOF
motion commands for manipulating a target in a virtual computer-aided engineering
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Figure 1.15. Prototype of ball-joint-like 3-DOF spherical actuator with cylindrical-shaped
PM poles proposed by Yan et al. [53, 54].

environment while providing force/torque feedback in real-time. The spherical motor
consists of 24 cylindrical electromagnets housed on the outer surface of the ball like
stator which concentrically supports the socket-like rotor (where 24 cylindrical PMs
with alternating polarities are embedded on its inner surface) by means of a low-friction
spherical bearing. The magnetization axes of both stator EMs and rotor PMs radially
pass through the spherical center. A direct mapping based on an artificial neural network
is used to compute the magnetic torque and provide the required force/torque feedback
without explicit orientation measurements in real-time. A direct field-feedback control
of this actuator is presented by Bai and Lee [57]. Specifically, unlike other spherical
actuators based on rotor orientation feedback [58], magnetic flux density measurements
(uniquely corresponding to the rotor orientation) are used for feedback, allowing parallel
computation of the control law and computation of the torque model, which is computed
using flux density measurements through an artificial neural network. Magnetic flux
density measurements are provided by 24 single-axis or two-axis Hall sensors, which are
adjusted on the middle of each coil.

Figure 1.16. CAD model of the two-mode 6-DOF permanent magnet spherical motor
proposed by Bai et al. [56].
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Chirikjian and Stein [59] developed a spherical stepper actuator consisting of a plastic
rotor with 89 PMs that is partially encapsulated in the stator, which is composed of
16 iron-cored coils arranged on a hemisphere. The developed prototype is displayed in
Fig. 1.17. The rotor and stator pole arrangement is carried out using recursive semi
regular packing, which resulted in an octahedral symmetry for the rotor and icosahedral
symmetry for the stator. Difference in rotor-pole and stator-pole symmetry allows to
change the orientation of the rotor when the coils are appropriately energized. The
commutation problem is addressed by approximating the interaction of the magnetic fields
of one rotor pole and one stator pole as potential functions. These potential functions
are approximated using spherical harmonics and thanks to rotational invariant properties
of the latter the computations are simplified. Experimental results are presented in
reference [60]. The measurement of the orientation of the rotor uses a vision-based
approach combined with a recursive nonlinear optimization algorithm [61,62].

Figure 1.17. Prototype of 3-DOF stepper actuator proposed by Chirikjian and Stein [59].
(Left) Stator. (Center) Rotor. (Right) Assembly. Figure adapted from [24].

A similar electromagnetic spherical actuator was developed by Li et al. [63]. The rotor
consists of two half spheres each placed symmetrically by 80 rare-earth magnets along
the inside surface. The stator consists of 16 coils with soft iron cores. A model of the
magnetic field inside the permanent magnet spherical motor is developed using integral
equation method (IEM). Subsequently, the analysis of the electromagnetic system for
robust control based trajectory algorithm development is done considering individual
rotor and stator pair interactions [64]. The structure of the torque model is similar
to that of the SWM [46, 47] and the resulting torque-current characteristic is linear.
Then, based on the latter model, a fuzzy inference system is used to predict the rotor
orientation and perform the activation operation of the stepping motor [65]. Finally,
based on a nonlinear system dynamic model, a robust neural network control scheme
is presented to eliminate uncertainties and to improve the trajectory tracking [66, 67].
Finally, using 3-D FEM simulations, Li et al. have analyzed the magnetic flux density
distribution and the torque of a novel structure. The rotor is composed of four PM parts
with alternate polarity distribution (see [58, 68]) and the stator has two layers of four
electromagnets [69].
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Another geometrical design scheme to arrange stator and rotor poles in order to achieve
a fine discretized motion is presented by [70]. The design resulted in a rotor with 212
permanent magnet poles and a stator with 58 electromagnet poles. Finite element
simulations for force computation and control algorithm design for motion planning
are also reported. A fuzzy control algorithm is used to map the motor inputs (motor
orientations and coil currents of the activated EM pole) to the motor output represented
by the resulted torque that determines rotor dynamic conditions.

Wang et al. created a 2-DOF spherical actuator composed by a 2-pole rotor with PMs
diametrically magnetized and a stator with 3-phase winding arrangement [71]. The tilt
excursion is limited to ±45◦ and the continuous torque estimated to 0.15Nm. Kinematic
and dynamic equations are derived in terms of Euler angles. The derived dynamic
equations possess the same properties of those in robot manipulators. A robust outer
Proportional-Derivative (PD) position-control law is used in conjunction with an inner
Proportional-Integral (PI) current-control law. The role of the inner current-tracking
loop is to minimize the effects of back-EMF and current transients on the outer position-
servo loop. Subsequently, thanks to a 4-pole PM rotor formed by two pairs of parallel
magnetized quarter spheres, they obtained a 3-DOF actuator capable of a continuous
torque of 0.25Nm [72]. In this case, the stator has four sets of windings, which are
arranged so that three independently controllable torque components can be developed.
The rotor bearing is a low-friction surface coating. An image of the developed prototype
is shown in Fig. 1.18. Based on the latter design, Wang et al. presented an analytical
model of the magnetic field for force and torque prediction based on the Laplace equation.
They also developed a model for the rotor dynamics and proposed rotor position sensing
and control algorithms [58]. As the actuator has four coils and only three independent
torque inputs, the extra degree of freedom is used to minimize the power consumption
of the command using a generalized Moore-Penrose inverse of the torque matrix. An
application of this spherical actuator as high-fidelity force-feedback joystick can be found
in [73].

Figure 1.18. Prototype of 3-DOF spherical actuator proposed by Wang et al. [58, 72].

Kahlen et al. [74] developed a spherical machine with 3-DOF and variable pole pitch.
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As can be observed in Fig. 1.19, the spherical rotor is composed by 112 magnets with
dihedral shape that are arranged in seven rows each having 16 magnets with alternating
north and south orientation. A total of 96 electromagnet poles are arranged on the stator
yoke, which is made of a soft magnetic powder composite with relative permeability
equal to 500. The movement of the rotor is limited to ±60◦ and the specified torque is
40Nm in all positions. With an air gap of 40 µm, the rotor is supported by hydrostatic
oil bearings built into the stator case. The position control is realized by an outer control
loop with position feedback whereas the torque control is in open-loop with no feedback
because torque sensors are not available. Force characteristics are carried out using
FEM simulations. The force characteristics are stored in look-up tables for the high
nonlinearity.

Figure 1.19. Prototype of 3-DOF spherical machine proposed by Kahlen et al. [74].

Xia et al. [75] studied a variation of the design proposed in [50], where a Halbach array
of PM is located on the rotor. Multiple layers of air-core coils are mounted on the
stator along different latitudes. The permanent magnets on the rotor have the shape
of a dihedral cone and are placed around the rotor equator according to a discrete set
of Halbach array. Each magnet segment is parallel magnetized. There are a total of
four poles and 3/4/5 Halbach segments per pole are used. It is found that, compared
to a conventional parallel magnetized array, the Halbach array PM spherical motor
has greater torque and its magnetic field distribution is more sinusoidal. A similar
study, employing Halbach-like PM array with only radial and tangential magnetized
variable arcs is proposed in [76]. Based on a harmonic model of the magnetic flux density
distribution, the optimization of four-pole magnet array is performed in which the higher
harmonics of the radial airgap flux density are minimized to reduce the torque ripple.

Chen et al. [77] studied and manufactured a spherical actuator consisting of a rotor with
eight PM poles and a two-layer stator with a total of 24 air-core coils. The rotor shell
is made of aluminum with PM poles arranged in an alternative polarization pattern
along the rotor equator. An image of the developed prototype is reported in Fig. 1.20.
Maximum tilt angle is ±15◦. The study covers actuator design, torque modeling, and
motion control. The orientation of the rotor is measured by a rotary encoder and two-axis
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tilt sensor incorporated with the joint.

Figure 1.20. Prototype of 3-DOF spherical actuator proposed by Chen et al. [77].

To maximize the field interaction with the stator coils, Jinjun et al. [78] proposed a
new design concept and procedure for utilizing rotor PMs both inside and outside of
stator coils, which are arranged in a two-layer configuration. The optimization of design
parameters to maximize the inclination torque without spinning is carried out using
finite element numerical analysis.

Yano et al. [79] manufactured a multi-pole synchronous motor with rotor supported by
gimbals and a stator with two pair of air-cored poles placed perpendicularly to each
other (four electromagnets in total). The developed prototype is depicted in Fig. 1.21.
The rotor, which has a diameter of 130mm, consists of a pavement 260 small cylindrical
permanent magnets attached on its surface so that the north and south poles appear
on concentric circles alternately. The maximum torque of the motor is 0.49Nm and the
working area is ±45◦ about two axes. Subsequently, this group developed a polyhedron
based spherical stepper motor [80–82], where regular polyhedra are used to place the
poles on the rotor and the stator. As illustrated in Fig. 1.22, the rotor consists of eight
PMs attached on the spherical shell at the vertex of a (virtual) hexahedron so that the
north and south poles are located alternately. Six iron cores are also attached on the
spherical shell at the center of the faces of the hexahedron inscribed in the rotor for the
purpose of fixing rotation axis. The spherical shell is made of iron covered with acrylic
spherical shell with thickness 4mm. Twenty-five air-cored coils are attached on the
stator, which is an acrylic spherical shell. The configuration of the coils on the (virtual)
octahedron is the following: six of these coils are adjusted at the vertexes, 12 coils are
attached at the center of the edges, and the remaining seven of them attached at the
center of the faces. Thus, the upper face is open for the output shaft. The actuator is
called 6-8 spherical stepping motor, since there are six faces on the hexahedron (rotor),
and eight faces on the octahedron (stator). As pointed out in [83], if the number of
vertexes of the polygon of the rotor is the same as the number of vertexes of the polygon
of the stator, then the rotor would develop some singularities when the two polygons
are face to face. A three-phase sinusoidal current excitation provided to six pairs of
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armature coils will rotate the rotor about the axis passing to the center of the three
coils (Figure 2 in [81]). Finally, rotational characteristics on the 6-8 spherical stepping
motor are obtained by 3-D electromagnetic and motion coupled simulations [84]. Static
torque, frequency-velocity, and torque characteristics are reported. In parallel to this
development, Yano et al. [83, 85] developed a polyhedron based spherical stepper motor
that can rotate about six axes. The developed prototype is shown is Fig. 1.23. The rotor
is a spherical shell with 24 PMs and 12 iron bolts covered by an acrylic spherical shell.
Permanent magnets are arranged at the vertices of a truncated regular octahedron with
two facing faces having opposite polarities. An iron bolt is placed at the gravity center
of each face, square or hexagonal, for the purpose of fixing rotation axis. The stator is
an acrylic shell with 62 electromagnets to generate the rotation force. Electromagnets
are placed at the vertices, the midpoints of the edges, and at the gravity center of a
regular dodecahedron. The actuator is called 14-12 spherical stepping motor, since there
are 14 faces on the truncated octahedron, and 12 faces on the dodecahedron. Because
two given parallel faces of the truncated octahedron (rotor, square or hexagon) and the
dodecahedron (stator, pentagon) have different number of vertexes, rotation about an
axis passing through the middle of the dodecahedron face is possible using a five-phase
excitation. There are a total of six possible rotation axis (one for each face of the
dodecahderon). Basic experimental results using this actuator are presented in [85,86].

Figure 1.21. Prototype of multi-pole synchronous motor developed by Yano et al. [79].

We conclude this literature review on spherical actuators by mentioning the three-axis
micro magnetic bearing device developed by Boletis [87] that we report in Fig. 1.24. The
stator consists of five vertically arranged electromagnets; the central electromagnet and
the four later electromagnets actively control the axial and radial position of the rotor,
respectively. Moreover, the four lateral electromagnets are simultaneously employed as a
two-phase induction motor, making it possible to accelerate the rotor about the vertical
axis. The rotor consists of a steel spherical ball with diameters ranging from 1mm down
to 0.4mm. The position of the rotor inside the airgap is measured with two orthogonally
arranged optical subsystems. Each subsystem is composed of a red laser source and a
four-segment photodiode. With a 1mm diameter rotor, the maximum achieved rotating
speed is 180 000 rpm at atmospheric pressure and 2.88 · 106 rpm at 5 · 10−5 bar.
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Figure 1.22. Polyhedron based 6-8 spherical stepper motor proposed by Yano et al. [80–82].
(Left) Rotor. (right) Stator.

Figure 1.23. Developed prototype of polyhedron based 14-12 spherical stepper motor
proposed by Yano et al. [83, 85]. (Left) Rotor. (Right) Stator without coils.

4-segment
photodiode

Ferrite cores

Motor bearing
coils

Rotor

Axial bearing coil

Motor/Radial bearing coil

Figure 1.24. (Left) Top-view of prototype (without central coil). (Right) Levitation of
the 0.6mm rotor. Drawing adapted from Boletis [87].
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1.4 The Proposed Reaction Sphere

This thesis deals with modeling, estimation, and control issues of a novel concept of
reaction sphere that is based on invention [1]. In this reaction sphere concept, a permanent
magnet solution was preferred to reluctant and inductive approaches because it guarantees
linearity, i.e., decoupling of the motor and bearing function (see Section 3.5), and a
potential better efficiency with the possibility to recover the kinetic energy stored in the
rotor. In this section, we provide a general description of the proposed reaction sphere
concept as well as we present the manufactured hardware and prototype.

1.4.1 General Description

The reaction sphere is a PM synchronous spherical actuator whose rotor is magnetically
levitated and can be accelerated about any desired axis. The 3-DOF motor is synchronous
and has PMs and electromagnets placed at the vertices of regular polyhedra. A schematic
representation of the reaction sphere and its elements is presented in Fig. 1.25. The
permanent magnet rotor in Fig. 1.25a is composed of eight poles, each of them being
either a north pole if xyz > 0 or a south pole otherwise (x, y, and z are the coordinates of
a given point of the sphere). As shown in Fig. 1.25b, permanent magnets have a spherical
shell shape and are adjusted on a back-iron hollow spherical shell. The rotor is hollow to
optimize the inertia-moment-to-mass ratio. The stator has 20 air-core electromagnets,
each corresponding to one vertex of a virtual dodecahedron as displayed in Fig. 1.25c. As
illustrated in Fig. 1.25d, electromagnets are mounted on a spherical support, which could
possibly be ferromagnetic. Notice that a ferromagnetic stator increases the actuator
forces and torques and at the same time provides an important shielding role [52].

Before selecting the eight-pole permanent magnet configuration of the rotor, several
alternative arrangements have been considered. A two-pole rotor, obtained by diving a
sphere into two equal hemispheres, one of them being the north pole of a magnet and the
other the south pole, cannot be used because no torque can be applied about the pole axis.
Therefore, only a 2-D motor can be realized with such configuration. A two-pole rotor
was used by Wang et al. in [71]. The four-pole rotor proposed in [58, 68, 69], obtained by
splitting the sphere into four equal segments, is capable of 3-DOF motion. However, such
a PM pole arrangement would most likely lead to an anisotropic inertia tensor, which
is not acceptable for the reaction sphere, as the rotor dynamics would depend on the
instantaneous rotation axis. Therefore, in order to keep as much symmetry as possible,
rotor and stator poles were arranged following the vertices of regular polyhedra, among
which possible choices are the tetrahedron (4 vertices), the octahedron (6 vertices), the
cube (8 vertices), the icosahedron (12 vertices), and the dodecahedron (20 vertices).
Of these five polyhedra, only the cube has faces with an even number of edges and
only its vertices can alternatively be the north and south poles of a PM. Therefore,
a cubic (eight-pole) distribution was selected for the spherical rotor, which is ideally
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split into eight quarters, each of them being either a north pole if xyz > 0 or a south
pole otherwise. The eight-pole permanent magnet rotor is displayed in Fig. 1.25a and
Fig. 1.25b. An eight-pole arrangement was also considered by Ninhuijs et al. for their
spherical permanent magnet gravity compensator [88,89].

Given the 8-pole PM spherical rotor, numerical simulations performed using different
stator pole arrangements on regular polyhedra have shown that the minimum necessary
number of vertices is 20 [1,90]. As a matter of fact, using a lower number of poles, for
instance with the icosahedron (12 vertices), resulted in ill-conditioned torque characteris-
tics matrices (see Section 3.5 for definition of these matrices) or singular configurations,
where no torque could be exported in certain directions for given randomly-generated
rotor orientations [90]. Monitoring the condition number of the torque characteristic
matrix to study workspace non-singularity of spherical actuators was also proposed
in [24]. Therefore, 20 air-core electromagnets were arranged on the stator following the
vertices of a virtual dodecahedron as displayed in Fig. 1.25c. Finally, notice that these
20 electromagnets are simultaneously employed to levitate the rotor inside the stator
and, at the same time, to accelerate it about any desired axis in order to produce the
appropriate torque. The 20 air-cored electromagnets are rigidly attached to a stator
spherical shell.

The rotor arranged in the stator is depicted in Fig. 1.25e where, for illustrative purposes,
only a half stator is shown. A section view of the complete reaction sphere is displayed
in Fig. 1.25f.

Contrary to many of the discussed spherical actuators in Section 1.3, as in the aimed
application the torque is exported to the satellite by conservation of the angular mo-
mentum [8], the structure of the proposed reaction sphere is symmetric with no physical
constraints on the rotation. Moreover, thanks to its magnetic and mechanical symmetric
design, the reaction sphere rotor is isotropic, i.e., the inertia matrix is diagonal and
all of the diagonal terms are equal. An isotropic rotor guarantees the same behavior
independently from the axis of rotation. Finally, the reaction sphere rotor is magnetically
levitated, and no friction occurs during operation.
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Permanent magnet

(a) Rotor.

Permanent magnet
Back-iron

(b) Rotor section view.

Stator coil

(c) Stator coils.

Stator support

(d) Stator section view.

(e) Rotor and a half stator assembled. (f) Rotor and stator assembled in section view.

Figure 1.25. Components of the reaction sphere actuator discussed in the thesis.
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1.4.2 Developed Hardware and Prototype

A first laboratory prototype of the reaction sphere that includes a permanent magnet
rotor, a stator, and a control electronics was initially manufactured to validate some
of the postulated characteristics. The objective of this section is to provide a general
overview of the hardware and prototype, which have been developed before this thesis
work. For a detailed description of these components we refer the reader to Reference [91].

Rotor

The selected eight-pole PM rotor with some relevant dimensions is displayed in Fig. 1.26a.
In this conceptual configuration, the eight PM poles are ideally radially magnetized
with the strength of magnetization modulated according to the octupole harmonics (real
spherical harmonic of degree three and order two), which we report in Fig. 1.26b. An
analytical model of the magnetic flux density corresponding to this configuration will be
discussed in Section 2.3.

R1

R2

R3

(a) Ideal eight-pole rotor with dimensions. (b) Fundamental octupole harmonic.

Figure 1.26. Section view of the reaction sphere ideal rotor and fundamental octupole
spherical harmonic.

Notice that manufacturing permanent magnets with the spherical shape depicted in
Fig. 1.26a to obtain the proposed theoretical distribution in Fig. 1.26b is both technolog-
ically challenging and expensive. Therefore, in order to obtain a valid approximation of
the desired magnetic distribution, the spherical permanent magnet has been discretized
using a mosaic of 728 cylindrical magnets glued on the surface of the rotor back-iron
spherical shell. As depicted in Fig. 1.27, these permanent magnets have the same mag-
netic remanence and their height is varied to approximate the desired spherical harmonic
distribution.

The back-iron hollow spherical shell in Fig. 1.26a is manufactured with iron material.
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Figure 1.27. Illustration of the developed rotor composed of a mosaic with 728 cylindrical
permanent magnets.

The inner back-iron radius R1 is equal to 75mm and the outer back-iron radius R2 is
80mm. Permanent magnets are made of Neodymium iron boron (NdFeB) with magnetic
remanence equal to 1.4T. Their diameters are 10.1mm and their height is varied from
0.8mm to 9.0mm. The rotor during the assembly phase is displayed in Fig. 1.28 (left).
Permanent magnets are glued on the back-iron hollow sphere using a pattern of pre-
machined support composed of non-magnetic Acrylonitrile Butadiene Styrene (ABS)
material. Then, the rotor is surrounded by a non-magnetic cover to protect the PMs
and to obtain a smooth spherical surface, which is necessary to measure the position of
the rotor inside the stator. Finally, six balancing masses could be used for the dynamic
counterbalance of the rotor. The total rotor mass is 5.5 kg.

Permanent magnet Rotor

Figure 1.28. (Left) Spherical rotor during assembly showing cylindrical permanent
magnets with different heights. (Right) Final rotor.

Stator

The selected stator comprises 20 air-core electromagnets arranged at the vertxes of a
dodecahderon. A section view of the stator configuration with some relevant dimensions
is depicted in Fig. 1.29. Initially, the spherical shell of the stator was manufactured using
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a magnetic material to benefit from a higher magnetic flux density in the airgap and
a sufficient shielding capability, which is essential for the electromagnetic compatibility
of the reaction sphere. However, with the use of a magnetic stator, we experimented
strong sticking reluctant forces between the stator and the rotor when the latter was not
centered. For this reason, we manufactured a non-magnetic spherical shell using ABS.
There are several advantages using a non-magnetic stator including the absence of iron
losses due to eddy currents, less density and thus less weight, no rotor-stator sticking
forces leading to easier assembly and control, no saturation effects, and less perturbations
of coil currents on magnetic flux density measurements. On the other hand, however, the
disadvantages with respect to a magnetic stator include a reduced magnetic flux density
in the airgap (weaker motor), the necessity of a supplementary external magnetic shield,
and less thermal conductivity.

Rin
Rout

R4
R5

θout θin

Figure 1.29. Section view of the reaction sphere 20-pole stator with relevant dimensions.

In Fig. 1.30 (left) we display one half stator composed of a hemispherical shell manu-
factured with ABS material and 10 air-core coils, which have been manufactured with
the desired spherical shape. Moreover, the stator is equipped with a total of 12 ABS
cells, which besides protecting the coils they also support magnetic flux density sensors
necessary to compute force and torque models for any possible orientation of the rotor
(see Chapter 4). Relevant geometrical measurements of rotor and stator are summarized
in Table 1.2. Coil resistances and inductances are approximately 5.40 Ω and 6.65mH,
respectively.

Table 1.2. Geometrical parameters of reaction sphere rotor and stator.

Inner back-iron R1 75mm Outer back-iron R2 80mm
Inner stator R4 99mm Outer stator R5 103mm
Inner coil Rin 92mm Outer coil Rout 99mm
Inner coil angle θin 3.7◦ Inner coil angle θout 16.0◦
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Spherical shell

Sensor cell with coil protection

Coil with spherical shape

Figure 1.30. One of the two plastic stator hemispheres with air-cored coils and sensor
cells with plastic protections.

Control Electronics

The control electronics is composed of a dedicated control rack electronics combined with
a commercial DSpace DS1005 PowerPC external computational platform, on which the
control algorithms are embedded for real-time control. The control rack electronics, which
is displayed in Fig. 1.31, includes 20 linear PI current regulators responsible to supply
the necessary current to the coils. The closed-loop bandwidth of the current regulators is
approximately 1.2 kHz. The power supply voltage is ±36V. Additionally, the control rack
comprises an analogical treatment of various sensor signals, including temperatures, coil
currents, optical displacement measurements, and magnetic flux density measurements.
These pre-processed signals are dispatched to the DSpace platform for digital conversion
and processing.

Figure 1.31. Developed control rack electronics for the reaction sphere prototype.

1.5 Motivation and Problem Definition of the Thesis

As discussed in Section 1.2, a reaction sphere is a valuable alternative to a four-wheel
configuration for spacecraft attitude control. However, none of the presented designs or
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concepts have reached the technology readiness level needed for a commercial product.
The difficulty is in the 3-DOF motor, the bearing, and its combination. Recent advances
in simulation and modeling, power electronics, sensing, and especially in high-power
space-qualified processors give a totally new chance to the concept.

Among the challenges related to the proposed reaction sphere concept, the magnetic
bearing of the rotor has to be taken in serious consideration. Although magnetic bearing
in single-axis rotatory devices [92] and ferromagnetic spheres [87] is already successfully
established, to the knowledge of the author, no magnetic bearing of PM spherical
actuators has been reported yet. Therefore, development of a magnetic bearing control
strategy will be of pivotal importance for a possible employment of the proposed reaction
sphere as a momentum exchange device.

In order to address magnetic levitation, modeling aspects of the spherical actuator have to
be investigated. In particular, force and torque models need to be available to understand
the relation between a given set of stator currents and the resulting force and torque
outputs. A crucial aspect of these models is the real-time implementability. As a matter
of fact, although terrestrial validation can be carried out with state-of-the art computing
platforms leading to large computational capabilities, available computational power in
space is generally more limited due to lag of space qualified processors.

The derivation of force and torque models requires knowledge of the magnetic flux
density model of the actuator, which is also important for model-based rotor orientation
determination. Because a model describing the magnetic flux density distribution relative
to the proposed rotor architecture is not available in the literature, this model needs to
be addressed.

One of the most critical aspect related to forces and torques developed by the actuators is
their dependence to the orientation of the rotor inside the stator. The estimation of the
orientation of the rotor (not necessarily the physical/mechanical orientation but possibly
also the magnetic orientation) in magnetic bearing motor technology is an essential
aspect for the automatic control [92], which is responsible for closed-loop performance
and stabilization of the actuator. Therefore, the orientation of the rotor is measured, or
estimated, at each sampling interval and used to compute the actuation for the bearing
and motor control loops. Furthermore, the rotor estimation accuracy for a spherical
actuator used as momentum exchange device will have a dramatic impact on the pointing
performances and exported vibrations as rotor estimation errors would result in undesired
force and torque components. Therefore, a precise and reliable information of the rotor
orientation at every sampling time is highly desired and necessary for the automatic
control of the reaction sphere.

Furthermore, to manage the stored angular momentum, and for attitude control purposes,
measurement of the angular velocity of the rotor inside the stator is required by the
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ADCS. Therefore, techniques to estimate the angular velocity of the rotor should also
be considered as fundamental ingredients for a potential use of the reaction sphere in
space. Similarly to force and torque models, real-time implementation should be a driving
constraint for the investigation of possible estimation schemes.

1.6 Outline of the Thesis

In Chapter 2 we present two distinct approaches to develop expressions of the magnetic flux
density produced by the PM rotor. First, the magnetic flux density distribution is derived
using an analytical approach, which assumes a purely octupole radial magnetization of the
rotor as discussed in Section 1.4 above. The derivation of the analytical model is based
on solving Laplace’s and Poisson’s equations. Second, to take into account higher order
harmonics, the magnetic flux density model is derived using a hybrid FEM-analytical
approach, in which FEM or measured derived values are combined with other boundary
conditions on a known analytical structure. Finally, the developed models are validated
using FEM simulations.

Chapter 3 discusses the development of forward and inverse force and torque analytical
models for the reaction sphere actuator. The development of these models is based on the
Lorentz force law taking into account a general expression of the magnetic flux density
within the airgap derived in Chapter 2. To derive these models, we first consider the
interaction between the rotor magnetic flux density and one stator coil and subsequently
invoke the superposition principle to calculate forces and torques generated by the
complete set of coils. Afterwards, we discuss force and torque inverse models, which allow
calculating a minimum-energy current vector to satisfy a given force and torque pair. To
conclude, we validate the developed force and torque models using FEM simulations.

Chapter 4 presents a method to estimate the magnetic state of the rotor and an optimal
arrangement of magnetic flux density sensors. As will be shown, the magnetic state
is defined as a vector of spherical harmonic decomposition coefficients, which deliver
to force and torque models all the information relative to the orientation of the rotor
inside the stator. To estimate the magnetic state, several magnetic flux density sensors
are necessary. Therefore, in Chapter 4 we also propose an optimization strategy to
position these sensors so that the influence of the measurement noise on force and torque
relative errors is minimized. To conclude, we perform numerical simulations to verify the
effectiveness of the proposed optimization strategy.

Chapter 5 is dedicated to the estimation of the back-EMF voltage and the rotor angular
velocity, both necessary for closed-loop operation of the reaction sphere actuator and,
as discussed above, requested by the ADCS for angular momentum management. The
estimation of the back-EMF voltages is based on using Faraday’s law of electromagnetic
induction whereas the rotor angular velocity is determined using the energy conservation

34



1.6. Outline of the Thesis

principle. Finally, the estimation procedures are validated using FEM simulations.

Chapter 6 presents the design optimization of a new concept of spherical rotor, which
consists of eight bulk PM poles with truncated spherical shape that are parallel magnetized
and adjusted on the back-iron structure, which has truncated octahedral shape. This
new concept of spherical rotor was proposed as an alternative to the first developed
rotor introduced in Section 1.4 with the objective of improving its manufacturability.
The optimization of the rotor is performed using FEM simulations based on a set of
specifications that are defined taking into account the previously developed stator and
power electronics presented in Section 1.4.

In Chapter 7 we report a variety of experimental activities related to the material devel-
oped throughout the document including rotor magnetic flux density measurements, force
and torque measurements, and results obtained during the first closed-loop experimental
validation campaign.

Chapter 8 concludes the document with an overview of this thesis. Main contributions
of this thesis and research perspectives are discussed.
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2 Magnetic Flux Density Models

In this chapter magnetic flux density models for the reaction sphere rotor are presented. To begin
with, we discuss various approaches to derive such models that are available in the literature
related to permanent magnet spherical actuators. Then, we describe the rotor and stator reference
frames as well as the locations of the stator/rotor pole coordinates. Subsequently, the magnetic
flux density distribution is derived using an analytical approach, which assumes a purely octupole
radial magnetization of the rotor. Next, to take into account higher order harmonics, the magnetic
flux density model is derived using a hybrid FEM-analytical approach. To develop these models, we
employ spherical harmonic functions and exploit their properties, which we introduce in Appendix A.
Finally, the developed magnetic flux density models are validated using FEM simulations.

2.1 Introduction

The magnetic flux density model of a spherical actuator denotes the formulation of the
spatial distribution of the magnetic flux density produced by the permanent magnet
rotor.

The magnetic flux density model is a necessary ingredient for the formulation of force
and torque models, which are necessary for position and angular velocity control of
the spherical actuator. As it will be discussed in the next chapter, force and torque
models are generally based on utilizing the Lorentz force law or the Maxwell stress tensor,
which require knowing the spatial distribution of the magnetic flux density within the
airgap. An additional motivation to develop a magnetic flux density model is the process
of design optimization of the spherical actuator. In this case, knowing the magnetic
flux density distribution allows the designer to find optimal parameters to satisfy given
specifications.

Depending on the practical case, the magnetic flux density model can be formulated with
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a variety of methods.

An analytical model of the magnetic flux density can be derived by solving Maxwell’s
equations under certain boundary conditions, which generally results in Laplace’s or
Poisson’s equations in spherical coordinates [50, 52, 55, 58, 71, 72, 75, 76, 93–97]. The
analytical solution is conveniently expressed as a series of space spherical harmonics
functions.

An alternative approach to characterize the magnetic flux density model consists in
modeling both the stator coils and the permanent magnets as DMP [48, 56, 98–101].
The method utilizes an assembly of appropriately distributed dipoles to account for
the shape and magnetization of the physical magnet. The distribution and number of
dipoles can be obtained by minimizing an error function between the magnetic potential
at any point given by all the dipoles of the model and a known solution of magnetic
potential. As it will be recalled in the next chapter, with the DMP formulation the dipole
force computation is expressed in closed-form. To account for the effects of magnetic
conducting materials on the DMP method, an image method can be applied [102].

The Magnetic Equivalent Circuit (MEC) method has also been employed to analyze the
magnetic flux density of a spherical actuator [103]. Similarly to FEM, the model of PM
spherical motor is evenly meshed into a lumped element network, and the expressions of
reluctances in the element are deduced. Changes in PM topology require construction of
a new MEC model.

The charge model is another analytical method to derive a magnetic flux density model
[89,104,105]. In this technique, PMs are replaced by an equivalent spatial (volume or
surface) distribution of “magnetic charges”. Then, the charge distribution is used as a
source term in the magnetostatic field equations. If the PM is in free space, its magnetic
flux density is obtained by integration of the volume and surface charge densities [106].
Since this method requires integration, it is not suitable for complex pole geometries.

Finally, Finite Element Analysis (FEA) is widely adopted in the design optimization,
model verification of spherical actuators. Examples of references employing this method
are [68,69,107,108].

Magnetic flux density models are generally derived in a reference frame attached to
the rotor. Then, because forces and torques are produced by the interaction of the
rotor magnetic flux density with the stator coil currents, a change of coordinates is
performed to express the magnetic flux density in the stator reference frame. Generally,
this change of coordinates is parametrized with a set of three Euler angles to account for
the orientation of the rotor [41,43,48,51,58,97,98,109].

To derive the magnetic flux density model for the reaction sphere, we consider in this
chapter two distinct approaches. The first approach is purely analytical, and it is based
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on solving Laplace’s and Poisson’s equations. Thanks to the selected octupole cubic
magnetization, the magnetic flux density distribution within the airgap can be expressed
as a linear combination of a finite number of spherical harmonic functions. In the second
approach, we adopt a hybrid FEM-analytical method, in which FEM or measured derived
values are combined with other boundary conditions on a known analytical structure to
derive expressions for the magnetic flux density. This hybrid FEM-analytical approach
was proposed to derive an expression of the magnetic flux density for highly complex
rotor geometries. In both approaches, the magnetic flux density is initially derived in
rotor coordinates. Subsequently, two distinct change of coordinates are proposed. In the
first one, the change of coordinate frame is performed by exploiting spherical harmonic
properties under rotation. The second method is based on the conventional change of
reference frames operated with a rotation matrix (parametrized using Euler angles or
quaternions).

2.2 System Description

2.2.1 Rotor and Stator Reference Frames

Definitions

As depicted in Fig. 2.1, let B be the rotor fixed reference frame with a corresponding
triad of mutually orthogonal base vectors { x̂b, ŷb, ẑb } with origin at OB. Similarly, let
S be the stator fixed reference frame with base vectors { x̂s, ŷs, ẑs } with origin at OS .
Note that for the derivation of the magnetic flux density model, the origin of the rotor
reference frame coincides with the origin of the stator reference frame. Then, a position
vector r can be written in the stator reference frame as

r = Sr =

xsys
zs

 = xsx̂s + ysŷs + zsẑs, (2.1)

where {xs, ys, zs } are the Cartesian coordinates of S. The notation Sr is used to specify
that the vector components of r are taken along the unit directions vectors of the S
coordinate systems. Similarly, r can be written in the rotor reference frames as

Br =

xbyb
zb

 = xbx̂b + ybŷb + zbẑb, (2.2)
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where {xb, yb, zb } are the Cartesian coordinates of B. Then, a vector-valued function A
can be expressed in the stator and rotor frames as

SA =

Axs(xs, ys, zs)
Ays(xs, ys, zs)
Azs(xs, ys, zs)

 = Axs(xs, ys, zs)x̂s +Ays(xs, ys, zs)ŷs +Azs(xs, ys, zs)ẑs, (2.3)

and

BA =

Axb
(xb, yb, zb)

Ayb
(xb, yb, zb)

Azb
(xb, yb, zb)

 = Axb
(xb, yb, zb)x̂b +Ayb

(xb, yb, zb)ŷb +Azb
(xb, yb, zb)ẑb. (2.4)

The stator and rotor spherical polar coordinates (rs, θs, φs) and (rb, θb, φb) of a point P
are defined in Fig. 2.1. As shown in this figure, the two angles θs and φs completely
define the orientation of the unit vectors r̂s, θ̂s, and φ̂s relative to { x̂s, ŷs, ẑs }. Similarly,
the two angles θb and φb completely define the orientation of the unit vectors r̂b, θ̂b, and
φ̂b relative to { x̂b, ŷb, ẑb }.

Two spherical coordinate systems are defined for the rotor and stator reference frames.
The stator spherical coordinate system SS is defined through the triad of unit vectors
{ r̂s, θ̂s, φ̂s }. Similarly, we define the rotor spherical coordinate system BS with the triad
of unit vectors { r̂b, θ̂b, φ̂b }. Then, any vector A in the stator frame can be expressed in
terms of SS as

A = SS A =

Ars

Aθs

Aφs

 = Ars r̂s +Aθs θ̂s +Aφsφ̂s, (2.5)

where { r̂s, θ̂s, φ̂s } are also spatially-varying functions that can be written in terms of
the Cartesian unit vectors { x̂s, ŷs, ẑs }. Transformations from and to stator spherical
coordinates are summarized in Table 2.1 and Table 2.2. The notation and transformations
are similar for the rotor spherical coordinates.

Table 2.1. Transformations from Cartesian to spherical coordinates [106].

Cartesian Spherical

x̂s = sin θs cosφsr̂s + cos θs cosφsθ̂s − sinφsφ̂s
ŷs = sin θs sinφsr̂s + cos θs sinφsθ̂s + cosφsφ̂s
ẑs = cos θsr̂s − sin θsθ̂s
xs = rs sin θs cosφs
ys = rs sin θs sinφs
zs = rs cos θs
Axs = sin θs cosφsArs + cos θs cosφsAθs − sinφsAφs

Ays = sin θs sinφsArs + cos θs sinφsAθs + cosφsAφs

Azs = cos θsArs − sin θsAθs
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Table 2.2. Transformations from spherical to Cartesian coordinates [106].

Spherical Cartesian

r̂s = sin θs cosφsx̂s + sin θs sinφsŷs + cos θsẑs
θ̂s = cos θs cosφsx̂s + cos θs sinφsŷs − sin θsẑs
φ̂s = − sinφsx̂s + cosφsŷs
rs =

√
x2
s + y2

s + z2
s

θs = cos−1 zs
rs

φs = tan−1 ys

xs

Ars = Axs sin θs cosφs +Ays sin θs sinφs +Azs cos θs
Aθs = Axs cos θs cosφs +Ays cos θs sinφs −Azs sin θs
Aφs = −Axs sinφs +Ays cosφs

Finally, in nominal orientation, the rotor frame is superimposed to the stator frame.

x̂s

ŷs

ẑs

θ̂s

φ̂s

r̂s

φs

θs

P

r

OS

xs
ys

zs

x̂b

ŷb

ẑb

θ̂b

φ̂b

r̂b

φb

θb

P

r

OB

xb
yb

zb

Figure 2.1. (Left) Rotor reference frame. (Right) stator reference frame.

Transformation between Rotor and Stator Reference Frames

The unit vectors of the stator reference frame are related to those of the rotor reference
frame by

RS→B { x̂s, ŷs, ẑs } = { x̂b, ŷb, ẑb } , (2.6)

where RS→B ∈ R3×3 is a rotation matrix beloning to the rotation group SO (3). The
rotation matrix RS→B can be parametrized, for example, using Euler angles or quaternions.
For a complete description of rotation matrix parametrizatrion see [8]. In this section, to
be consistent with the theory of spherical harmonics rotation, we adopt the ZYZ Euler
parameterization using angles α, β, and γ.
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2.2.2 Twenty-pole Stator

Figure 2.2 shows the motor with the rotor in nominal position. The stator comprises
20 poles evenly spread on the sphere and arranged at the vertices of a dodecahedron.
The coordinates of the stator coils Pk, with k = 1, 2, . . . , 10, are expressed in the stator
reference frame S as

P1 = 1√
3

 0
1−G
−G

 , P2 = 1√
3

 0
G− 1
−G

 , P3 = 1√
3

−1
−1
−1

 , (2.7)

P4 = 1√
3

 1
−1
1

 , P5 = 1√
3

−1
1
−1

 , P6 = 1√
3

 1
1
−1

 , (2.8)

P7 = 1√
3

 −G0
1−G

 , P8 = 1√
3

 G

0
1−G

 , P9 = 1√
3

1−G
−G
0

 , (2.9)

P10 = 1√
3

G− 1
−G
0

 , (2.10)

where G is the golden ratio defined as G = 1+
√

5
2 . As the 20 poles are evenly spread on

the sphere, each pole faces another. Therefore, the remaining coil coordinates can be
computed as P20+1−k = −Pk, with k = 1, 2, . . . , 10.

2.2.3 Eight-pole Rotor

The rotor is a cubic arrangement of four north and four south magnetic poles. The
coordinates Q1, . . . ,Q4 of the south poles expressed in the rotor frame are given by

Q1 = 1√
3

1
1
1

 , Q2 = 1√
3

 1
−1
−1

 , Q3 = 1√
3

−1
1
−1

 , Q4 = 1√
3

−1
−1
1

 . (2.11)

Note that there is a north pole opposite to any south pole and vice-versa. Hence, the
coordinates Q5, . . . ,Q8 of the north poles can be computed as Q8+1−k = −Qk, with
k = 1, . . . , 4. In nominal position and orientation, as shown in Fig. 2.2, the rotor poles
exactly match height stator poles.
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Figure 2.2. Rotor and stator reference frames with pole locations.
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2.3 Analytical Model with an Ideal Octupole Rotor

In this section we derive the magnetic flux density model assuming that the rotor is
ideally magnetized radially with the strength of magnetization modulated according to
the octupole spherical harmonics (real spherical harmonic of degree three and order two).

2.3.1 Region Definitions and Relevant Dimensions

For the formulation of the analytical model, we use the rotor and stator model reported
in Fig. 2.3 with the respective relevant dimensions. The reaction sphere is composed of a
rotor back-iron (region 2) a permanent magnet (region 3), an airgap that includes the
coils (region 4), and an iron stator (region 5). The rotor back-iron is hollow (region 1)
and the reaction sphere is surrounded by air (region 6).

Region 1

Region 2

Region 3

Region 6
Region 5

Region 4

R1

R2

R3

R4R5

RinRout

θinθout

Figure 2.3. Section view of the reaction sphere for development of analytical model with
ideal octupole rotor.
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2.3.2 Constitutive Relations

The constitutive relations describing the magnetic effects inside the six regions are
characterized by

BS Bi =

Bi,rb

Bi,θb

Bi,φb

 =


µ0Hi, for i = 1, 4, 6
µ0µRHi, for i = 2, 5
µ0µPMHi + Brem, for i = 3

(2.12)

where the subscript i denotes the region numbers; B and H are the magnetic flux density
and the magnetic field respectively; µ0 is the vacuum magnetic permeability while µR is
the magnetic permeability of the rotor back-iron and the stator; µPM is the magnetic
permeability of the permanent magnet material. Finally, Brem is the remanence of the
permanent magnet.

2.3.3 Rotor Magnetization

In order to obtain an eight-pole spherical rotor, the remanence of the permanent magnet
expressed in rotor spherical coordinates BS is

BS Brem (θb, φb) =

Brem,rb

Brem,θb

Brem,φb

 (2.13)

=


Y 2

3 (θb, φb)− Y −2
3 (θb, φb)

Y 2
3 (θpole, φpole)− Y −2

3 (θpole, φpole)
0
0

Brem, (2.14)

where Brem is the constant magnetic remanence modulated by the complex spherical
harmonics Y −2

3 (θb, φb) and Y 2
3 (θb, φb), while θpole = cos−1

(
1/
√

3
)
and φpole = π/4

are the coordinates defining a pole. For convenience, the radial component of the
magnetization of the immobile rotor in equation (2.14) is decomposed in terms of
spherical harmonics of degree three as

Brem,rb
(θb, φb) = Brem

3∑
m=−3

cm3,immY
m

3 (θb, φb) , (2.15)

where, by the orthogonality property of spherical harmonics, the decomposition coefficients
cm3,imm for the immobile rotor can be expressed as

cm3,imm =

 ±
1

Y 2
3 (θpole, φpole)− Y −2

3 (θpole, φpole)
, if m = ±2

0, otherwise.
(2.16)
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Therefore, the remanence of the permanent magnet expressed in rotor spherical coordi-
nates BS can be rewritten as

BS Brem (θb, φb) =

Brem
∑3
m=−3 c

m
3,immY

m
3 (θb, φb)

0
0

 . (2.17)

2.3.4 Governing Equations

Starting from the magnetostatic field equation for current-free regions ∇×H = 0, the
magnetic field H in region i is calculated as the gradient of a magnetic scalar potential
ϕ (rb, θb, φb) [106]

BS Hi (rb, θb, φb) =

Hi,rb

Hi,θb

Hi,φb

 = −∇ϕi (rb, θb, φb) =


−∂ϕi
∂rb

− 1
rb

∂ϕi
∂θb

− 1
rb sin θb

∂ϕi
∂φb

 . (2.18)

Then, substituting the constitutive relations in equation (2.12) into ∇ · B = 0, and
employing equation (2.18), we obtain the Laplace equations for regions i = 1, 2, 4, 5, 6

∇2ϕi (rb, θb, φb) = 0 (2.19)

and the Poisson equation for the permanent magnet in region i = 3

∇2ϕ3 (rb, θb, φb) = 1
µ0µR

∇ ·Brem (θb, φb) . (2.20)

With definition (2.17), the Poisson equation (2.20) for the permanent magnet can be
rewritten as

∇2ϕ3 (rb, θb, φb) = 2
µ0µR

1
rb
Brem

3∑
m=−3

cm3,immY
m

3 (θb, φb) . (2.21)

The solutions ϕi (rb, θb, φb) of equations (2.19) and (2.21) are the magnetic scalar poten-
tials inside the six regions that are expressed in rotor spherical coordinates BS . Once
these equations are solved, the magnetic flux density within region i can be calculated
by first employing definition (2.18) and subsequently applying the respective constitutive
relations (2.12).
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2.3.5 General Solution to Laplace’s and Poisson’s Equations

The general solution of the Laplace equation in spherical coordinates BS characterizing
region i = 1, 2, 4, 5, 6 is [24]

ϕi (rb, θb, φb) =
∞∑
n=0

n∑
m=−n

(
κmn,ir

n
b + ξmn,ir

−(n+1)
b

)
Y m
n (θb, φb) , (2.22)

where κmn,i and ξmn,i are coefficients to be defined using boundary conditions while
Y m
n (θb, φb) are complex-valued spherical harmonic functions. The general solution

to the Poisson equation (2.21) is obtained by including an additional term to solution
(2.22) so as to satisfy the conditions imposed by the excitation term on the right-hand
side of equation (2.21). Therefore,

ϕ3 (rb, θb, φb) =
∞∑
n=0

n∑
m=−n

(
κmn,3r

n
b + ξmn,3r

−(n+1)
b

)
Y m
n (θ, φ)

− rb
5µ0µR

Brem

3∑
m=−3

cm3,immY
m

3 (θb, φb) . (2.23)

2.3.6 Boundary Conditions

A set of boundary conditions is necessary to determine coefficients κmn,i and ξmn,i, i =
1, 2, . . . , 6, that provide particular solutions to (2.19) and (2.21). Boundary conditions
for the reaction sphere configuration can be summarized as

B6,rb
|rb→∞ = 0, B6,θb

|r→∞ = 0, B6,φb
|rb→∞ = 0, (2.24)

B1,rb
|rb=0 6=∞, B1,θb

|rb=0 6=∞, B1,φb
|rb=0 6=∞, (2.25)

Bi,rb
|rb=Ri

= Bi+1,rb
|r=Ri

, and (2.26)
Hi,θb

|rb=Ri
= Hi+1,θb

|r=Ri
, Hi,φb

|r=Ri
= Hi+1,φb

|r=Ri
. (2.27)

Expressions (2.24) and (2.25) are the boundary conditions to be satisfied at the far field
and at the origin, where the magnetic flux density approaches zero when rb →∞ and
must be finite at rb = 0. Furthermore, boundary conditions (2.26) specify that the radial
component of B must be continuous across the interface i and i+ 1. Finally, conditions
(2.27) indicate that, in absence of a free surface current density, the tangential component
of H must also be continuous at the interface [106].

2.3.7 Solution

Forces and torques are produced by the interaction of the magnetic flux density with
the stator coils located in region 4. Hence, only the magnetic scalar potential ϕ4 within
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the airgap will be calculated. Invoking the orthogonal property of spherical harmonics,
using the definition in equation (2.18) together with general solutions (2.22) and (2.23),
boundary conditions (2.24)-(2.27) result in

κm3,6 = 0
ξm3,1 = 0
κm3,1R

3
1 − κm3,2R3

1 − ξ3,2R
−4
1 = 0

κm3,2R
3
2 + ξm3,2R

−4
2 − κ

m
3,3R

3
2 − ξm3,3R−4

2 = 0
κm3,3R

3
3 + ξm3,3R

−4
3 − κ

m
3,4R

3
3 − ξm3,4R−4

3 = 0
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3
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3µRκ
m
3,2R
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2 − 3µPMκ
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2 + 6Brem/µ0c

m
3,imm = 0

3µPMκ
m
3,3R

2
3 − 4µPMξ

m
3,3R

−5
3 − 6Brem/µ0c

m
3,imm − 3κm3,4R2

3 + 4ξm3,4R−5
3 = 0

3κm3,4R2
4 − 4ξm3,4R−5

4 − 3µRκ
m
3,5R

2
4 + 4µRξ

m
3,5R

−5
4 = 0

3µRκ
m
3,5R

2
5 − 4µRξ

m
3,5R

−5
5 + 4ξm3,6R−5

5 = 0
(2.28)

that is a system of 12 linear equations for the 12 unknowns coefficients κm3,i and ξm3,i,
i = 1, 2, . . . , 6. Defining

K1 =
ξm3,4

Bremcm3,imm
µ0, K2 =

κm3,4
Bremcm3,imm

µ0, (2.29)

and solving the system of linear equations (2.28) for the desired coefficients κm3,4 and ξm3,4,
expression (2.22) for the magnetic scalar potential within the airgap can be rewritten as

ϕ4 (rb, θb, φb) = r−4
b

(
K1 +K2r

7
b

) Brem
µ0

3∑
m=−3

cm3,immY
m

3 (θb, φb) . (2.30)

Note that K1 and K2 in (2.30) are constant and their dependence to the spherical
harmonic order m is removed by dividing ξm3,4 and κm3,4 (both proportional to cm3,imm) in
(2.29) by cm3,imm. Although easily calculated using a program of symbolic calculation,
expressions for K1 and K2 are excessively long for a finite value of the permeability µR.
Therefore, we will assume that the back-iron and stator material is infinitely permeable
(µR →∞). Notice that with this assumption, the number of conditions in (2.28) reduces
to 4 and coefficients κm3,i = 0 and ξm3,i = 0, ∀i 6= 3, 4. Therefore,

K1 = R5
3

5
K̂1

Ǩ1
, K2 = −K1R

−7
4 , (2.31)
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with

K̂1 =

(
1 + 3/4R−7

2 R7
3

) (
1−R−2

2 R2
3

)
(
1 + 3/4R−7

4 R7
3

) (
1−R−7

2 R7
3

) +
3/2

(
1− 1/2R−2

2 R2
3

)
(
1 + 3/4R−7

4 R7
3

) , (2.32)

and

Ǩ1 = 1− µPM

(
1 + 3/4R−7

2 R7
3

) (
1−R−7

4 R7
3

)
(
1 + 3/4R−7

4 R7
3

) (
1−R−7

2 R7
3

) . (2.33)

Then, the magnetic scalar potential (2.30) becomes

ϕ4 (rb, θb, φb) = r−4
b

(
1−R−7

4 r7
b

) K1Brem
µ0

3∑
m=−3

cm3,immY
m

3 (θb, φb) . (2.34)

Finally, the magnetic flux density in the airgap is calculated using expression (2.18) and
the constitutive relation in air B4 = µ0H4 as

BS B4 (rb, θb, φb) = K1Brem

3∑
m=−3

cm3,imm∇
[
r−4
b

(
R−7

4 r7
b − 1

)
Y m

3 (θb, φb)
]
, (2.35)

which can also be expressed as the sum of the magnetic flux densities Bm
4,3 generated by

each spherical harmonic of degree 3 and order m as

BS B4 (rb, θb, φb) =
3∑

m=−3
cm3,immBm

4,3 (rb, θb, φb) , (2.36)

where
Bm

4,3 (rb, θb, φb) = K1Brem∇
[
r−4
b

(
R−7

4 r7
b − 1

)
Y m

3 (θb, φb)
]
. (2.37)

2.3.8 Solution for Rotated Rotor (Stator Coordinates)

During operation, the reaction sphere rotor reference frame B is constantly changing with
respect to the stator reference frame S. Forces and toques are generated by the interaction
of the rotor magnetic flux density with the stator coils. Therefore, in order to compute
the force and torque models, the magnetic flux density has to be expressed in the stator
(fixed) reference frame. As introduced, two distinct change of coordinates are proposed.
In the first one, the change of coordinate frame is performed by exploiting spherical
harmonic properties under rotation. The second method is based on the conventional
change of reference frames operated with a rotation matrix (parametrized using Euler
angles or quaternions).
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Rotation Operation Parametrized with Spherical Harmonic Coefficients

The magnetic scalar potential within the airgap in (2.34) is expressed in rotor coordinates
and depends on the evaluation (application) point defined by rb, θb, and φb. The magnetic
scalar potential expressed in terms of stator coordinates S can be calculated by considering
the effect of a rotation operator R (α, β, γ), parametrized using ZYZ Euler angles α, β,
and γ. Then, writing spherical harmonic functions in terms of stator coordintates as
developed in (A.17), the magnetic scalar potential (2.34) is expressed in stator inertial
coordinates as

ϕ4 (rs, θs, φs) = r−4
s

(
1−R−7

4 r7
s

) K1Brem
µ0

3∑
m=−3

cm3,imm

n∑
m′=−n

Dn
m′m(R)Y m′

n (θs, φs).

(2.38)
However, by also taking into account the expansion property of spherical harmonic
introduced in Section A.3.2, and considering the effect that a rotation operator R (α, β, γ)
has on spherical harmonic coefficients cm3,imm, the magnetic scalar potential (2.34) is more
conveniently expressed in stator inertial coordinates as

ϕ4 (rs, θs, φs) = r−4
s

(
1−R−7

4 r7
s

) K1Brem
µ0

3∑
m=−3

cm3 (α, β, γ)Y m
3 (θs, φs) , (2.39)

with cm3 (α, β, γ) given by expression (A.22), which we report here for convenience,

cmn (α, β, γ) =
n∑

m′=−n
Dn
m′m (α, β, γ) cm′

n,imm. (2.40)

Then, similarly to (2.35), the magnetic flux density in the airgap expressed in the stator
spherical coordinates SS can be written as

SS B4 (rs, θs, φs) = K1Brem

3∑
m=−3

cm3 (α, β, γ)∇
[
r−4
s

(
R−7

4 r7
s − 1

)
Y m

3 (θs, φs)
]
. (2.41)

Again, this result can also be expressed as the sum of the magnetic flux densities Bm
4,3

generated by each spherical harmonic of degree 3 and order m as

SS B4 (rs, θs, φs) =
3∑

m=−3
cm3 (α, β, γ) Bm

4,3 (rs, θs, φs) , (2.42)

where
Bm

4,3 (rs, θs, φs) = K1Brem∇
[
r−4
s

(
R−7

4 r7
s − 1

)
Y m

3 (θs, φs)
]
. (2.43)
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Rotation Operation Parametrized with Rotation Matrix

The magnetic flux density in (2.36) can be expressed in the stator frame S by means of the
rotation matrix RS→B (α, β, γ) defined in (2.6). To do this, first, BS B4 (rb, θb, φb) in (2.36)
needs to be transformed from rotor spherical coordinates BS to rotor cartesian coordinates
B. Hence, for example, BB4 (xb, yb, zb) can be computed from (2.36) by using transfor-
mations rb =

√
x2
b + y2

b + z2
b , θb = cos−1 zb

rb
, φb = tan−1 yb

xb
listed in Table 2.2, and by

employing the gradient operator in cartesian coordinates as∇ =
[
∂/∂xb ∂/∂yb ∂/∂zb

]ᵀ
.

Other methods to compute BB4 (xb, yb, zb) are proposed in Table 2.2. Finally, the mag-
netic flux density expressed in cartesian coordinates can be calculated as

SB4 (xs, ys, zs) = RS→B (α, β, γ) BB4 (xb, yb, zb) (2.44)

with xbyb
zb

 = RS→B (α, β, γ)ᵀ
xsys
zs

 (2.45)

2.3.9 Verification with FEM Simulations

Simulation Setup

In this section, the magnetic flux density model is verified using FEM simulations.
Electromagnetic 3-D FEM simulations are performed using the AC/DC module of
COMSOL Multiphysics v4.3 running on a Win7 64-bit system equipped with two Intel
six-core 3.33-GHz CPUs and 48-GB RAM. Simulation parameters are summarized in
Table 2.3. Notice that the verification is performed using a non-ferromagnetic stator.
Hence, the analytical expression of the magnetic flux density without the metallic stator
can be easily obtained from equation (2.35) by calculating the limit for the inner stator
radius R4 →∞.

Table 2.3. Parameters for FEM verification of magnetic flux density model with an ideal
octupole rotor.

Inner back-iron R1 75mm Outer coil Rb 99mm
Back-iron R2 80mm Inner coil angle θa 3.7◦

Magnet R3 89mm Inner coil angle θb 16◦

Inner stator R4 99mm Iron permeability µR 500
Outer stator R5 103mm Magnet permeability µR 1.0
Inner coil Ra 92mm Magnet remanence Br 1.4T
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Simulations

The three components of the magnetic flux density are evaluated about a parametric
circular path, which is described in spherical coordinates as rb,pr̂b+θb,pθ̂b+φb,pφ̂b, where
rb,p = 95.5mm and φb,p ∈ [0◦, 360◦]. The evaluation is repeated about four different
values of the polar angle θb,p = {45◦, 55◦, 65◦, 75◦}. Therefore, for an immobile rotor
with a non-ferromagnetic stator, the expected radial component of the flux density about
these parametric circular paths can be calculated in rotor spherical coordinates from
(2.34) as

B4,rb
(rb,p, θb,p, φb,p) = lim

R4→∞

{
K1Brem

∂

∂rb

[
r−4
b

(
R−7

4 r7
b − 1

)]∣∣∣
rb=rb,p

}
·

3∑
m=−3

cm3,immY
m

3 (θb,p, φb,p)

= lim
R4→∞

(K1) 6
√

3Brem
r5
b,p

sin2 θb,p cos θb,p sin 2φb,p. (2.46)

The tangential componentsB4,θb
andB4,φb

can be derived in a similar way. For illustration,
a surface plot of the simulated magnetic scalar potential at the surface of the rotor with
the four circular paths is reported in Fig. 2.4a. A surface plot of the radial component of
the simulated magnetic flux density with arrows is shown in Fig. 2.4b.

Simulated values of the magnetic flux density are compared to the analytical model in
Fig. 2.5-2.8. As one can notice, all the three components of the simulated flux density
are in strong accordance with the analytical expression of the model.
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(a) Surface plot of the simulated magnetic scalar poten-
tial at the surface of the rotor (maximum value in red is
6870Vs/m). The four circular paths for evaluation of mag-
netic flux density are shown in magnenta.
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(b) Surface plot of the radial component of the simulated
magnetic flux density at the surface of the rotor (maximum
value in red is 0.49T). Arrow plot showing the magnetic
flux density is displayed in black.

Figure 2.4. Surface plots of the simulated magnetic scalar potential and radial component
of magnetic flux density with ideal octupole rotor.
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Figure 2.5. Analytical and simulated magnetic flux density at polar angle θp = 45◦ with
ideal octupole rotor.
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Figure 2.6. Analytical and simulated magnetic flux density at polar angle θp = 55◦ with
ideal octupole rotor.
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Figure 2.7. Analytical and simulated magnetic flux density at polar angle θp = 65◦ with
ideal octupole rotor.
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Figure 2.8. Analytical and simulated magnetic flux density at polar angle θp = 75◦ with
ideal octupole rotor.
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2.4 Hybrid FEM-Analytical Model

2.4.1 Region Definitions and Relevant Dimensions

For the derivation of the magnetic flux density model using the hybrid FEM-analytical
approach, we use the rotor and stator schematic in Fig. 2.9 with the respective relevant
dimensions. The difference between this schematic and the one used for the ideal octopule
magnetization in Fig. 2.3 is that, in Fig. 2.9, the rotor is treated as a black-box, with
given mechanical and magnetic symmetries. As before, we are interested in computing
the magnetic flux density in the airgap (region 4), which is enclosed in the stator (region
5), which in turn is surrounded by air (region 6).

Region 6
Region 5

Region 4

R3

R4R5

RinRout

θinθout

Rotor (black-box)

Figure 2.9. Section view of the reaction sphere for development of hybrid FEM-analytical
model.
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2.4.2 Constitutive Relations

As with the ideal octopule magnetization, the constitutive relations describing the
magnetic effects inside the three regions are characterized by

Bi =

Bi,rb

Bi,θb

Bi,φb

 =
{
µ0Hi, for i = 4, 6
µ0µRHi, for i = 5 (2.47)

where the subscript i denotes the region numbers.

2.4.3 Governing Equations

The magnetic scalar potential inside the airgap, the stator, and the surrounding air
satisfies the Laplace equations (2.19)

∇2ϕi (rb, θb, φb) = 0. (2.48)

Potentials ϕi (rb, θb, φb), with i = 4, 5, 6, are expressed in rotor coordinates BS . Once
these equations are solved, the magnetic flux density within region i can be calculated
by first employing definition (2.18) and subsequently applying the respective constitutive
relations (2.47).

2.4.4 General Solutions

The general solution of the Laplace equation in spherical coordinates BS characterizing
region i = 4, 5, 6 is given in (2.22) and is reported here for convenience

ϕi (rb, θb, φb) =
∞∑
n=0

n∑
m=−n

(
κmn,ir

n
b + ξmn,ir

−(n+1)
b

)
Y m
n (θb, φb) . (2.49)

2.4.5 Analytical Boundary Conditions

A set of boundary conditions is necessary to determine coefficients κmn,i and ξmn,i, i = 4, 5, 6,
that provide particular solutions to (2.49). Boundary conditions can be summarized as

B6,rb
|r→∞ = 0, B6,θb

|rb→∞ = 0, B6,φb
|rb→∞ = 0, (2.50)

Bi,rb
|rb=Ri

= Bi+1,rb
|rb=Ri

, and (2.51)

Hi,θb
|rb=Ri

= Hi+1,θb
|rb=Ri

, Hi,φb
|rb=Ri

= Hi+1,φb
|rb=Ri

. (2.52)

As before, expressions (2.50) are the boundary conditions to be satisfied at the far field,
where the magnetic flux density approaches zero when rb →∞. Furthermore, boundary
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conditions (2.51) and (2.52) specify that the radial component of B must be continuous
across the interfaces and that, in absence of a free surface current density, the tangential
component of H must also be continuous [106].

2.4.6 Measured or Simulated Boundary Conditions

In the proposed hybrid approach, the analytical expression of the magnetic flux density
within the rotor cannot be calculated because the rotor is treated as a black-box, with
some given mechanical and magnetic symmetries. Therefore, no analytical expression
of the magnetic flux density is available as boundary condition at the surface of the
rotor, where rb = R3. Similarly as [110,111], in absence of an analytical expression, the
boundary condition can either be simulated (for instance during the design optimization
phase) or measured. Suppose that the simulated (or measured) radial component of the
magnetic flux density Bdec

4,rb
is available on the entire spherical surface at rb = Rdec with

Rdec ∈ [R3, R4]. Then, we can decompose Bdec
4,rb

on a spherical harmonic basis up to
degree Nh as

Bdec
4,rb

=
Nh∑
n=0

n∑
m=−n

cmn,imm (Rdec)Y m
n (θb, φb) , (2.53)

where cmn,imm are spherical harmonic decomposition coefficients for the immobile rotor.
These coefficients can be computed using integration as

cmn,imm (Rdec) =
∫ 2π

0

∫ π

0
Bdec

4,rb
(Rdec, θb, φb)Y m

n (θb, φb) sin θb dθbdφb. (2.54)

Notice, however, that if Bdec
4r is only available at discrete points, for instance on the equian-

gular latitude-longitude grid, the computation of cmn,imm (Rdec) can also be performed
using the sampling theorem [112]. Hence, by comparing the measurement equation (2.53)
to

B4,rb
|rb=Rdec

= −µ0
∂ϕ4
∂rb

∣∣∣∣
rb=Rdec

, (2.55)

the measured boundary condition for the immobile rotor can be expressed as

cmn,imm (Rdec) = −µ0nκ
m
n,4R

(n−1)
dec + µ0 (n+ 1) ξmn,4R

−(n+2)
dec . (2.56)

As mentioned above, although in the proposed hybrid approach the rotor is treated as
a black-box, we will assume that any of its practical realization has some symmetry
properties. These symmetries result from the intention to obtain a rotor with a scalar
inertia tensor and possibly a magnetic flux density profile similar to the octupole cubic
harmonic. By considering these symmetries, as it will be shown in the next section, only
harmonic of a given degree and order can appear in the spectrum.
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Spectral Content of Octupole Cubic Symmetry

We define the function f (rb, θb, φb) to be the radial component of the magnetic flux
density within the airgap. Then, expression (2.53) can be reformulated as

f (rb, θb, φb) =
Nh∑
n=0

n∑
m=−n

cmn,immY
m
n (θb, φb)

=
Nh∑
n=0

n∑
m=−n

cmn,immK
m
n P

m
n (cos θb) eimφb . (2.57)

Because in the proposed reaction sphere concept the rotor has eight permanent magnet
poles located at each faces of an octahedron, with two opposite faces of the octahedron
having opposite polarity [1], the following properties need to be satisfied in the proposed
octupole cubic rotor:

1. f (rb, θb, φb) = f (rb, θb, φb + π),

2. f (rb, θb, φb) = −f (rb, θb, φb + π/2),

3. f (rb, θb, φb) = −f (rb, π − θb, φb).

For any n and |m| < n in equation (2.57), the term eimφb is the only that depends on the
azimuthal angle φb. Therefore, to satisfy symmetry property 1, the following shall hold

cos(mφb) + i sin(mφb) = cos(mφb +mπ) + i sin(mφb +mπ). (2.58)

Thus, by equating the real parts in (2.58) we obtain

cos(mφb) = cos(mφb +mπ). (2.59)

Therefore, since cos(φb) = cos(φb + k2π) for k ∈ Z, it follows that symmetry 1 holds
for m = 2k = 0,±2,±4,±6, . . .. The same condition can be obtained by equating the
imaginary parts in (2.58).

For symmetry property 2, for m = 2k , the following holds

cos(2kφb) + i sin(2kφb) = − cos(2kφb + 2kπ/2)− i sin(2kφb + 2kπ/2),
= − cos(2kφb + kπ)− i sin(2kφb + kπ), (2.60)

which is satisfied for k ∈ Z∗ and odd, namely for k = ±1,±3,±5, . . .. Therefore, by
combining the first two symmetry conditions, we conclude that only spherical harmonics
with order m = 2k = ±2,±6,±10,±14 . . . can appear in the spectrum. Hence, for k ∈ Z,
m = 4k + 2.
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Symmetry property 3 is related to polar angle θb. Therefore, the only polar-dependent
terms in (2.57) are the associated Legendre polynomials Pmn (cos θb) previously defined in
(A.4). To satisfy symmetry property 3, we look for spherical harmonic degree satisfying

Pmn (cos (θb)) = −Pmn (cos (π − θb))
= −Pmn (− cos (θb)) . (2.61)

From definition of associated Legendre polynomials in (A.3) and because Pn (−x) =
(−1)n Pn (x) [113], we have that Pmn (−x) = (−1)n+m Pmn (x). Therefore, condition (2.61)
is rewritten as

Pmn (cos (θb)) = − (−1)n+m Pmn (cos (θb)) , (2.62)

from which we see that n + m must be odd (and positive since |m| < n). Therefore,
because m = ±2,±6,±10,±14 . . ., n = 1, 3, 5, 7, . . .. Finally, since |m| < n, spherical
harmonics can only occur for n = 3, 5, 7, 9, . . ., namely n odd and n ≥ 3.

Based on the above findings, we can introduce the following two sets

Im = {m ∈ Z | m = 4k + 2, k ∈ Z } = {±2,±6,±10,±14,±18, . . . } , (2.63)
In = {n ∈ N0 | n = 2k + 3, k ∈ N } = { 3, 5, 7, 9, 11, 13, 15, 17, 19, . . . } , (2.64)

and rewrite (2.53) as

Bdec
4,rb

=
∑
n∈In
n≤Nh

∑
m∈Im
m≤n

cmn,imm (Rdec)Y m
n (θb, φb) . (2.65)

2.4.7 Solution

Invoking the orthogonal property of spherical harmonics, using the definition in equation
(2.18) together with general solution (2.49), analytical boundary conditions (2.50)-(2.52)
and measured boundary condition (2.56) result in

κmn,6 = 0

nµRκ
m
n,5R

n−1
5 − (n+ 1)µRξ

m
n,5R

−(n+2)
5 = nκmn,6R

n−1
5 − (n+ 1) ξmn,6R

−(n+2)
5

nκmn,4R
n−1
4 − (n+ 1) ξmn,4R

−(n+2)
4 = nµRκ

m
n,5R

n−1
4 − (n+ 1)µRξ

m
n,5R

−(n+2)
4

κmn,5R
n
5 + ξmn,5R

−(n+1)
5 = κmn,6R

n
5 + ξmn,6R

−(n+1)
5

κmn,4R
n
4 + ξmn,4R

−(n+1)
4 = κmn,5R

n
4 + ξmn,5R

−(n+1)
4

cmn,imm (Rdec) = −µ0nκ
m
n,4R

n−1
dec + µ0 (n+ 1) ξmn,4R

−(n+2)
dec ,

(2.66)

which is a system of 6 linear equations for the 6 unknown coefficients κmn,i and ξmn,i,
i = 4, 5, 6. Although the values of κmn,i and ξmn,i can be easily calculated using a program
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2.4. Hybrid FEM-Analytical Model

of symbolic calculation to solve the linear system of equations (2.66), their expressions are
relatively long for a finite value of stator permeability µR. Therefore, solving (2.66) for
an infinitely permeable stator (µR →∞), using general solution (2.49), and expression
(2.18), the magnetic scalar potential within the airgap (region 4) can be formulated as

ϕ4 (rb, θb, φb) = 1
µ0

∑
n∈In
n≤Nh

∑
m∈Im
m≤n

cmn,imm
r
−(n+1)
b

(
1−R−(2n+1)

4 r2n+1
b

)
nRn−1

dec R
−(2n+1)
4 + (n+ 1)R−(n+2)

dec
Y m
n (θb, φb) .

(2.67)
Finally, using constitutive relations (2.47), the magnetic flux density becomes

BS B4 (rb, θb, φb) =
∑
n∈In
n≤Nh

∑
m∈Im
m≤n

cmn,immB̃m
4,n, (2.68)

where

B̃m
4,n = ∇

 r
−(n+1)
b

(
R
−(2n+1)
4 r2n+1

b − 1
)

nRn−1
dec R

−(2n+1)
4 + (n+ 1)R−(n+2)

dec
Y m
n (θb, φb)

 . (2.69)

It is worth observing that solution in (2.68) and (2.69) have the same structure of the
solution calculated in (2.36) and (2.37) for the analytical model with ideal octupole
magnetization. As a matter of fact, solution in (2.36) is a special case of (2.68), in which
we consider only the fundamental harmonic of degree n = 3 and with

B̃m
4,3 = Bm

4,3
1

K1Brem
(
3R2

decR
−7
4 + 4R−5

dec

) . (2.70)

2.4.8 Solution for Rotated Rotor (Stator Coordinates)

Rotation Operation Parametrized with Spherical Harmonic Coefficients

Following the same procedure explained in Section 2.3.8, which exploits spherical har-
monics properties under rotation, the magnetic scalar potential in terms of stator inertial
coordinates can be written as

ϕ4 (rs, θs, φs) = 1
µ0

∑
n∈In
n≤Nh

n∑
m=−n

cmn (α, β, γ)
r
−(n+1)
s

(
1−R−(2n+1)

4 r2n+1
s

)
nRn−1

dec R
−(2n+1)
4 + (n+ 1)R−(n+2)

dec
Y m
n (θs, φs) .

(2.71)
Therefore, the magnetic flux density in stator inertial coordinates can be readily written
as

SS B4 (rs, θs, φs) =
∑
n∈In
n≤Nh

n∑
m=−n

cmn (α, β, γ) B̃m
4,n, (2.72)
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where

B̃m
4,n = ∇

 r
−(n+1)
s

(
R
−(2n+1)
4 r2n+1

s − 1
)

nRn−1
dec R

−(2n+1)
4 + (n+ 1)R−(n+2)

dec
Y m
n (θs, φs)

 . (2.73)

Rotation Operation Parametrized with Rotation Matrix

Precisely like with the ideal octopule case in Sec. 2.3.8, the magnetic flux density in the
stator reference frame can be expressed as

SB4 (xs, ys, zs) = RS→B (α, β, γ) BB4 (xb, yb, zb) (2.74)

with xbyb
zb

 = RS→B (α, β, γ)ᵀ
xsys
zs

 (2.75)

where BB4 (xb, yb, zb) is expressed in rotor cartesian coordinates.

2.5 Summary

In this chapter we derived models of the magnetic flux density distribution relative to a
PM spherical rotor with octupole magnetization pattern. Two different approaches to
derive these models have been proposed.

In the first approach, we adopted a pure octupole magnetization of the rotor permanent
magnet. This magnetization is presently challenging to achieve in practice but this model
will serve as an ideal reference for validation of methodologies presented in the remaining
part of this document. This first approach is purely analytical and it is based on solving
Laplace’s and Poisson’s equations. Finally, thanks to properties of spherical harmonic
functions under rotation, the magnetic flux density distribution is expressed as a linear
combination of seven spherical harmonic components, with decomposition coefficients
conveying to the model all the information relative to the rotor orientation.

The second approach is based on a hybrid FEM-analytical method and it allows deriving
expressions of the magnetic flux density for highly complex rotor geometries, taking into
account higher order components of the magnetic flux density. In this approach, FEM or
measured derived values are combined with other boundary conditions, and the magnetic
flux density can again be expressed as a linear combination of a finite number of spherical
harmonic components. We have shown that the magnetic flux density distribution derived
with the first analytical approach is a special case of the general solution developed using
the hybrid FEM-analytical method. Finally, the hybrid FEM-analytical model will be
validated experimentally in Chapter 7.
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3 Force and Torque Models

In this chapter forward/inverse force and torque models for the reaction sphere actuator are
presented. We start by motivating the necessity of these models and by discussing the various
approaches presented in the literature. Then, we introduce the coil reference frame and propose
transformations to and from the rotor and stator reference frames. Force and torque forward
models are derived in stator coordinates. First, we derive force and torque models for a rotor
orientation parametrized using spherical harmonic coefficients. Subsequently, the same models
are derived for the rotor orientation parametrized with a rotation matrix. Afterwards, we discuss
force and torque inverse models, which allow calculating a minimum-energy current vector to
satisfy a given force and torque pair. To conclude, we validate the developed force and torque
models using FEM simulations.

3.1 Introduction

Force and torque models are necessary for design analysis and real-time control of
spherical actuators as they allow relating a given set of stator currents to force and torque
outputs. First, the use of these models in combination with actuator dynamic equations
allows simulating the actuator dynamic motion. Moreover, force and torque models are
necessary for the design of closed-loop dynamic controllers. We use the term “forward
model” to indicate the model that provides the force and torque output for a given input
current vector. Then, an “inverse model” computes an optimal set of currents to deliver
the requested force and torque pair. On one hand, the force is required to control the
position of the rotor inside the stator. On the other hand, the torque allows controlling
the rotation of the rotor so as to influence the attitude of the satellite.

Depending on the architecture of the design, force and torque forward models between
stator coils and the permanent magnet rotor can be obtained with multiple approaches.
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To begin with, force and torque analytical models can be derived using the coenergy (or
virtual work) method, which is based on the conservation of energy [106]. Forces and
torques are obtained by differentiating the coenergy with respect to the linear or angular
displacement parameters [24]. This approach was used by Lee et al. to derive the torque
of the VRSM [41]. In [43,46], the coenergy method is employed in combination with FEM
simulations, which are performed to determine the torque characteristic as a function
of the separation angle between a stator pole and two permanent magnet pole pairs. A
similar approach is proposed in [67,77,78]. One prerequisite of the implementation of
coenergy method for force and torque modeling is that the magnetic energy stored in the
airgap of the actuator can be formulated readily [24]. As a matter of fact, due to the
existence of large airgap or air-core coils in some cases, the magnetic energy cannot be
formulated analytically and the coenergy method becomes ineffective [24].

Another method to derive analytical force and torque models is the Maxwell stress tensor
approach. With this method, force and torques are computed by integrating the so called
Maxwell stress tensor over the surface surrounding the body [106]. This approach is
particularly useful for evaluating the force and torque on soft magnetic materials that
have high permeability in free space and it is widely employed in FEM simulations.
References of authors that derived the torque model of a spherical actuator using the
Maxwell stress tensor include [34, 36, 114]. This method was also adopted by Ninhuijs et
al. [89] to compute the torque of a multi-degree-of-freedom spherical permanent magnet
gravity compensator and by Lee et al. [48, 100] as a comparative approach.

One of the most employed method to derive force and torque models is based on the
Lorentz force law. Lorentz force law is especially useful when the force/torque is generated
by a current-carrying conductor laying in the magnetic field of PM [24]. Examples of
reference that adopted this method to compute the force and torque models of a permanent
magnet spherical actuator include [50,52,55,58,71,72,75,94,97,105,115–117].

Both the Maxwell stress tensor and the Lorentz force methods require knowing the
magnetic flux distribution in the region of interest. An alternative method is to compute
the magnetic force using the Lorentz force law in analogy to that on an electric charge,
which provides closed-form solution if PMs and electromagnets and their magnetic
boundaries can be modeled as dipoles [48,98,100]. With both the PMs and electromagnets
modeled as DMP, the magnetic forces on the system can be calculated using the Maxwell
stress tensor method or the dipole force equation [48]. Unlike the commonly used Lorentz
force equation and the Maxwell stress tensor method, the dipole force equation, which
replaces integrations with summations, can reduce the computation time [48].

FEM simulations to compute force characteristics between a stator coil and the rotor of a
spherical machine with variable pole pitch were proposed in [74]. The force characteristics
are stored in look-up tables for the high nonlinearity. FEM simulations are extensively
used in combination with experimental measurements as a verification approach.
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Another category of approaches to derive expressions for the force and torque are
the so-called hybrid methods, in which FEM or measured derived values are used in
combination with an analytical model [53, 54]. For instance, in case of reference [54], an
analytical torque model of spherical actuator with dihedral-shaped PM poles is derived.
Then experimental torque measurements are performed using a research prototype with
cylindrical-shaped PM poles. Since the torque characteristic using two different types of
PM poles with respect to the rotor orientation is similar, parameters in the analytical
model are adjusted to fit with the experimental measurements. The resulting torque
model can be employed for real-time motion control of the actuator.

To our understanding, a common characteristics of these modeling techniques is that
force and torque models are intrinsically dependent on the orientation of the rotor. Thus,
force and torque calculations are carried out by applying a change of coordinates in the
derived magnetic flux models, generally parametrized with a set of three Euler angles to
account for the orientation of the rotor. To this end, several non-contact based methods
were proposed to measure the orientation of the spherical rotor. An overview of these
methods is proposed in the next chapter. Computing the orientation is not an easy task.
In general, although the relation between current and force and torque is linear, the
relation between the rotor orientation parameters and the force and torque is nonlinear.

The difficulty of estimating the rotor orienation has led Bai et al. [57] to develop a direct
field-feedback control strategy. As the direct field-feedback control system requires only
measured magnetic fields, it eliminates the need of an external orientation sensing system.
In the paper, the method for determining the bijective relationship between the rotor
orientation and measured magnetic field is presented, which enables the replacement of
the orientation error, see for instance [58], by the magnetic field error in the control law.
Moreover, a direct mapping based on an artificial neural network is used to compute
the magnetic torque model given magnetic flux density measurements provided by 24
single-axis or two-axis Hall sensors adjusted on the middle of each stator coil.

In this chapter we propose a development of forward and inverse force and torque
analytical models for the reaction sphere actuator based on the Lorentz force law. As
studied in the previous chapter, the rotor magnetic flux density can be expressed in stator
coordinates by operating the change of coordinates directly on the spherical harmonic
decomposition coefficients or through a classical change of coordinates carried out with a
rotation matrix. Similarly, in this chapter we develop force and torque analytical models
in stator coordinates with both coordinate transformations treated separately. Moreover,
because the magnetic flux density relative to the ideal octupole magnetization in (2.36)
is a special case of the general solution in (2.68), force and torque models will be derived
by considering the distribution of the magnetic flux density in (2.68). Force and torque
models are derived by first considering the interaction between the rotor magnetic flux
density and one stator coil and by subsequently invoking the superposition principle to
calculate forces and torques generated by the complete set of coils. For the derivation of
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force and torque models, we assume that the rotor is positioned exactly at the center
of the stator. Finally, we present the derivation of the force and torque inverse model,
which allows computing the optimal current vector to satisfy a given force and torque
pair.

3.2 Definitions

3.2.1 Coil Reference Frame

As depicted in Fig. 3.1, we define a coil reference frame with the ẑc-axis passing through
the center of the coil. Moreover, to calculate the force and torque produced by a single
coil, we consider the latter as a spherical portion about the ẑc-axis delimited by angles
θin and θout, and by the spherical radii Rin and Rout as illustrated in Fig. 2.3 and Fig. 2.9.
In the following section, we define the coordinate transformations to and from stator and
rotor reference frames.

x̂c

ŷc

ẑc
J (θc, φc)

φc

θc

x̂s

ŷs

B4 (rc, θc, φc)

Rotor

Coil
ẑsrc

RC→S

Figure 3.1. Coil reference frame for development of force and torque analytical models.

3.2.2 Coordinate Transformations

Stator↔Coil Reference Frames

The angular position of the coil k = 1, 2, . . . , 20 in the stator frame S can be described
by a rotation matrix RC→S,k (ζk, ηk), which combines a rotation ζk about the ẑs-axis,
followed by a rotation ηk about the x̂s-axis. This rotation allows bringing the stator
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ẑs-axis parallel to the coil ẑc-axis. This rotation matrix takes the form

RC→S,k (ζk, ηk) =

1 0 0
0 cos ηk − sin ηk
0 sin ηk cos ηk


cos ζk − sin ζk 0

sin ζk cos ζk 0
0 0 1

 (3.1)

=

 cos ζk − sin ζk 0
sin ζk cos ηk cos ζk cos ηk − sin ηk
sin ζk sin ηk cos ζk sin ηk cos ηk

 . (3.2)

Then, given the coil location Pk, which is expressed in stator coordinates, the following
condition shall hold

RC→S,k (ζk, ηk) Pk =

0
0
1

 , (3.3)

which can be used to compute ζk and ηk given Pk. Finally, the unit vectors of the stator
reference frame are related to those of the coil reference frame by

RC→S { x̂c, ŷc, ẑc } = { x̂s, ŷs, ẑs } . (3.4)

Note that the matrix RC→S,k (ζk, ηk) is constant and does not vary with the rotor
orientation.

Coil↔Rotor Reference Frames

For the derivation of force and torque models when the rotor orientation is parametrized
using the rotation matrix RS→B (α, β, γ), which relates the rotor fixed reference frame
and the stator reference frame, we introduce a new matrix transformation RC→B. This
matrix relates the unit vectors of the rotor reference frame to those of the coil reference
frame. As above, the angular position of the coil k in the rotor frame B can be described
in the coil frame by a rotation matrix RC→B,k (ζk, ηk), which combines a rotation ζk about
the ẑb-axis, followed by a rotation ηk about the x̂b-axis. This rotation allows bringing
the rotor ẑb-axis parallel to the coil ẑc-axis. As for the stator↔coil transformation, this
rotation matrix takes the form

RC→B,k (ζk, ηk) =

 cos ζk − sin ζk 0
sin ζk cos ηk cos ζk cos ηk − sin ηk
sin ζk sin ηk cos ζk sin ηk cos ηk

 . (3.5)

Notice that we will parametrize RC→B,k using the same angles as above since the two
matrices will be used in two separated frameworks. Therefore, for a given orientation of
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the rotor described by the matrix RS→B (α, β, γ), the following condition shall hold

RC→B,k (ζk, ηk)RS→B (α, β, γ)ᵀ Pk =

0
0
1

 , (3.6)

and can be used to compute ζk and ηk given Pk. Contrary to the angles in (3.3), which
do not vary with the rotor orientation, RC→B,k (ζk, ηk) is orientation dependent. Finally,
the unit vectors of the reference frame are related to the unit vectors of the coil frame
through the following relation

RC→B { x̂c, ŷc, ẑc } = { x̂b, ŷb, ẑb } . (3.7)

3.3 Rotor Orientation Parametrized with SH Coefficients

3.3.1 Force Generated by a Coil

The force CF̃k generated by the coil k and expressed in the coil reference frame C depicted
in Fig. 3.1 can be calculated using the Lorentz force law as

CF̃k =
∫ Rout

Rin

∫ θout

θin

∫ π

−π
Jk × CB4 (rc, θc, φc) r2

c sin θc dφc dθc drc (3.8)

=
∫ Rout

Rin

∫ θout

θin

∫ π

−π
Jk ×RC→S,kSB4 (xs, ys, zs) r2

c sin θc dφc dθc drc, (3.9)

with xsys
zs

 = Rᵀ
C→S,k

rc sin θc cosφc
rc sin θc sinφc
rc cos θc

 . (3.10)

The current density in the coil reference frame is expressed by

Jk = Jk

− sinφc
cosφc

0

 , (3.11)

where Jk is the amplitude of the vector field. The magnetic flux density for any orientation
is calculated using equation (2.72). Therefore, from (3.9), we obtain the force generated
by a coil and by the spherical harmonic of degree n and order m as

CF̃m
k,n =

∫ Rout

Rin

∫ θout

θin

∫ π

−π
Jk ×RC→S,kSBm

4,n (xs, ys, zs) r2
c sin θc dφc dθc drc. (3.12)

Then, the net force generated by a single coil is obtained by summing forces generated
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by each spherical harmonic as

CF̃k =
∑
n∈In
n≤Nh

n∑
m=−n

cmn (α, β, γ) CF̃m
k,n. (3.13)

Recall that In is the set of possible spherical harmonic degree of the rotor magnetic
flux density previously defined in (2.64) and Nh is the maximum spherical harmonic
degree taken into account. Finally, notice that the integral (3.12) can be expressed in
closed-form using a program of symbolic computation.

3.3.2 Torque Generated by a Coil

Following the same development used to calculate the force, the torque CT̃k generated
by coil k and expressed in its reference frame is obtained by making the cross product of
the application points of the infinitesimal forces by their values

CT̃k =
∫ Rout

Rin

∫ θout

θin

∫ π

−π
r× Jk × CB4 (rc, θc, φc) r2

c sin θc dφc dθc drc (3.14)

=
∫ Rout

Rin

∫ θout

θin

∫ π

−π
r× Jk ×RC→S,kSB4 (xs, ys, zs) r2

c sin θc dφc dθc drc, (3.15)

where

r =

rc sin θc cosφc
rc sin θc sinφc
rc cos θc

 . (3.16)

Then, the torque generated by a single coil and by the spherical harmonic of degree n
and order m becomes

CT̃m
k,n =

∫ Rout

Rin

∫ θout

θin

∫ π

−π
r× Jk ×RC→S,kSBm

4,n (xs, ys, zs) r2
c sin θc dφc dθc drc. (3.17)

Finally, the net torque provided by the coil is calculated summing the contribution of
each spherical harmonic as

CT̃k =
∑
n∈In
n≤Nh

n∑
m=−n

cmn (α, β, γ) CT̃m
k,n. (3.18)

3.3.3 Complete Force and Torque Model

Given a set of 20-coil coordinates Pk, each having a current density norm Jk, the force
CF̃k and torque CT̃k generated by a coil can be computed using expressions (3.13) and
(3.18), respectively. Summing forces and torques given by each individual coil in the
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stator frame S results in the complete force and torque models

SF =
20∑
k=1

Rᵀ
C→S,k

CF̃k (Jk) =
∑
n∈In
n≤Nh

n∑
m=−n

cmn (α, β, γ)
20∑
k=1

Rᵀ
C→S,k

CF̃m
k,n (Jk) (3.19)

and

ST =
20∑
k=1

Rᵀ
C→S,k

CT̃k (Jk) =
∑
n∈In
n≤Nh

n∑
m=−n

cmn (α, β, γ)
20∑
k=1

Rᵀ
C→S,k

CT̃m
k,n (Jk) . (3.20)

By applying the current density norm substitution

Jk = 2Nt(
R2

out −R2
in
)

(θout − θin) , (3.21)

where Nt is the number of turns in each coil, expressions (3.19) and (3.20) can be written
as

SF =
∑
n∈In
n≤Nh

n∑
m=−n

cmn (α, β, γ)Km
F,ni, and ST =

∑
n∈In
n≤Nh

n∑
m=−n

cmn (α, β, γ)Km
T,ni, (3.22)

where i ∈ R20×1 is a current vector, and Km
F,n ∈ R3×20 and Km

T,n ∈ R3×20 are respectively
force and torque matrices for the harmonic of degree n and order m and are defined as

Km
F,n =

[
Rᵀ
C→S,1

CF̃m
1,n Rᵀ

C→S,2
CF̃m

2,n . . . Rᵀ
C→S,20

CF̃m
20,n

]
, and

Km
T,n =

[
Rᵀ
C→S,1

CT̃m
1,n Rᵀ

C→S,2
CT̃m

2,n . . . Rᵀ
C→S,20

CT̃m
20,n

]
. (3.23)

We emphasize that in (3.22), forces and torques are expressed as a linear combination of
forces and torques provided by each spherical harmonic of degree n and order m, with
the coefficients cmn delivering to the models all the necessary information relative to the
orientation of the rotor. Notice that the matrices Km

F,n and Km
T,n given by (3.23) are

constant and can be computed offline. Finally, defining force and torque characteristic
matrices KF ∈ R3×20 and KT ∈ R3×20 as

KF =
∑
n∈In
n≤Nh

n∑
m=−n

cmn (α, β, γ)Km
F,n, and KT =

∑
n∈In
n≤Nh

n∑
m=−n

cmn (α, β, γ)Km
T,n, (3.24)

equations (3.22) can be rewritten in a compact form as

SF = KF (c) i, and ST = KT (c) i, (3.25)
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with

c =
[
c−3

3 c−2
3 c−1

3 c0
3 c1

3 c2
3 c3

3 . . . c−Nh
Nh

c−Nh+1
Nh

. . . cNh
Nh

]ᵀ
. (3.26)

3.4 Orientation Parametrized with Rotation Matrix

When the change of reference frame from the rotor to the stator is carried out using a
rotation matrix, we follow precisely the same procedure used above to develop the force
and torque models.

3.4.1 Force Generated by a Coil

We begin to calculate the force CF̃k generated by the coil expressed in the coil reference
frame as

CF̃k =
∫ Rout

Rin

∫ θout

θin

∫ π

−π
Jk × CB4 (rc, θc, φc) r2

c sin θc dφc dθc drc (3.27)

=
∫ Rout

Rin

∫ θout

θin

∫ π

−π
Jk ×RC→B,kBB4 (xb, yb, zb) r2

c sin θc dφc dθc drc, (3.28)

with xbyb
zb

 = Rᵀ
C→B,k

rc sin θc cosφc
rc sin θc sinφc
rc cos θc

 . (3.29)

Notice that, contrary to equation (3.9) where the magnetic flux density is expressed in
the stator frame, in (3.28) the flux density is expressed in the rotor frame.

The current density Jk in the coil reference frame is expressed by (3.11). Again, we
consider the force generated by coil k and by the spherical harmonic of degree n and
order m as

CF̃m
k,n =

∫ Rout

Rin

∫ θout

θin

∫ π

−π
Jk ×RC→B,kBBm

4,n (xb, yb, zb) r2
c sin θc dφc dθc drc. (3.30)

Then, the net force generated by a single coil is obtained by summing forces generated
by each spherical harmonic as

CF̃k =
∑
n∈In
n≤Nh

n∑
m=−n

cmn,imm
CF̃m

k,n. (3.31)
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3.4.2 Torque Generated by a Coil

Similarly, the torque CT̃k generated by coil k and expressed in its reference frame can be
written as

CT̃k =
∫ Rout

Rin

∫ θout

θin

∫ π

−π
r× Jk × CB4 (rc, θc, φc) r2

c sin θc dφc dθc drc (3.32)

=
∫ Rout

Rin

∫ θout

θin

∫ π

−π
r× Jk ×RC→B,kBB4 (xb, yb, zb) r2

c sin θc dφc dθc drc, (3.33)

with r given by (3.16). Then, the torque generated by a single coil and by the spherical
harmonic of degree n and order m becomes

CT̃m
k,n =

∫ Rout

Rin

∫ θout

θin

∫ π

−π
r× Jk ×RC→B,kBBm

4,n (xb, yb, zb) r2
c sin θc dφc dθc drc. (3.34)

Finally, the net torque provided by the coil is calculated summing the contribution of
each spherical harmonic as

CT̃k =
∑
n∈In
n≤Nh

n∑
m=−n

cmn,imm
CT̃m

k,n. (3.35)

Notice that in this expression, as in (3.31), spherical harmonic coefficients cmn,imm are
constant and do not depend on the rotor orientation.

3.4.3 Complete Force and Torque Model

The force CF̃k and torque CT̃k generated by coil k, and expressed in the coil reference
frame can be computed using expressions (3.31) and (3.35), respectively. Now, the force
and torque given by each coil have to be summed in the stator reference frame. To do
this, we first express forces and torques in the rotor frame using the matrix RC→B and
subsequently express them in the stator frame using RS→B. Therefore, given a set of
20-coil coordinates Pk, each having a current density norm Jk, the complete force and
torque models are written as

SF = RS→B

20∑
k=1

Rᵀ
C→B,k

CF̃k (Jk) = RS→B
∑
n∈In
n≤Nh

n∑
m=−n

cmn,imm

20∑
k=1

Rᵀ
C→B,k

CF̃m
k,n (Jk)

(3.36)
and

ST = RS→B

20∑
k=1

Rᵀ
C→B,k

CT̃k (Jk) = RS→B
∑
n∈In
n≤Nh

n∑
m=−n

cmn,imm

20∑
k=1

Rᵀ
C→B,k

CT̃m
k,n (Jk) ,

(3.37)
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where RC→B,k shall satisfy (3.6).

By applying the current density norm substitution (3.21), expressions (3.36) and (3.37)
can be written as

SF = RS→B
∑
n∈In
n≤Nh

n∑
m=−n

cmn,immK
m
F,ni, and ST = RS→B

∑
n∈In
n≤Nh

n∑
m=−n

cmn,immK
m
T,ni,

(3.38)
where, as above, i is a current vector, and Km

F,n and Km
T,n are respectively force and

torque matrices for the harmonic of degree n and order m and are defined as

Km
F,n =

[
Rᵀ
C→B,1

CF̃m
1,n Rᵀ

C→B,2
CF̃m

2,n . . . Rᵀ
C→B,20

CF̃m
20,n

]
, and

Km
T,n =

[
Rᵀ
C→B,1

CT̃m
1,n Rᵀ

C→B,2
CT̃m

2,n . . . Rᵀ
C→B,20

CT̃m
20,n

]
. (3.39)

We emphasize that in (3.38), forces and torques are expressed as a linear combination of
forces and torques provided by each spherical harmonic of degree n and order m. Notice
that the matrices Km

F,n and Km
T,n given by (3.39) are constant and can be computed

offline. Finally, defining force and torque characteristic matrices KF and KT as

KF (RS→B) = RS→B
∑
n∈In
n≤Nh

n∑
m=−n

cmn,immK
m
F,n, and (3.40)

KT (RS→B) = RS→B
∑
n∈In
n≤Nh

n∑
m=−n

cmn,immK
m
T,n, (3.41)

equations (3.38) can be rewritten in a compact form as

SF = KF (RS→B) i, and ST = KT (RS→B) i. (3.42)

3.5 Force and Torque Inverse Models

In the previous two sections we have derived force and torque forward models using differ-
ent parametrizations for the rotor orientation. Independently from the rotor orientation
parametrization, force and torque models resulted in the following structure

F = KFi, and T = KTi, (3.43)

which can also be written compactly as[
F
T

]
=
[
KF
KT

]
i = KF,Ti. (3.44)
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For control purposes, an inverse model that determines a current vector i for a desired
force F and torque T needs to be derived. The difficulty of the inverse model is that
there are 20 degrees of freedom for the current and only 6 degrees of freedom for forces
and torques making the system (3.44) underdetermined.

Because forces and torques generated by the stator span a three-dimensional space, the
rank of the matrices KF and KT is equal to three. For the proposed stator configuration,
where coils are located at the vertexes of a dodecahedron, this rank property remains
valid for any possible orientation of the rotor (it can be shown with numerical simulations
that this is not the case if we consider a stator with only 12 coils located at the vertexes
of a icosahedron). Next, we introduce the following proposition.

Proposition 1. Force and torque are mutually orthogonal. Therefore, given KF ∈ R3×20

and KT ∈ R3×20, we have that KFK
ᵀ
T = 0.

Illustration. The illustration is proposed in Appendix B.1.

Therefore, because force and torque characteristic matrices are mutually orthogonal,
i.e., KFK

ᵀ
T = 0, the matrix KF,T in (3.44) is full rank (the rank is equal to six), which

implies that (3.44) has infinitely many solutions. In other words, there are infinitely
many current vectors i that satisfy a given force and torque pair. Therefore, to calculate
the current vector i, we consider the least-squares solution of (3.44)

iLS = Kᵀ
F,T

(
KF,TK

ᵀ
F,T

)−1
[
F
T

]
. (3.45)

Notice that
(
KF,TK

ᵀ
F,T

)−1
exists because KF,TK

ᵀ
F,T is full rank since KF,T is full rank

(KF,T is full rank as dicussed above).

Proposition 2. Solution iLS is the unique least-squares solution that minimizes the
electrical energy.
Illustration. The illustration is proposed in Appendix B.2.

Proposition 2 guarantees that the current vector computed using (3.45) is the unique
minimum-energy least-squares solution of (3.44). The least-squares solution approach to
compute the current vector satisfying a given torque reference has also been adopted by
other authors [48,49,56,58,77,98,118].

The minimum-energy solution in (3.45) can be expanded as

iLS =
[
Kᵀ

F Kᵀ
T

]([KF
KF

] [
Kᵀ

F Kᵀ
T

])−1 [F
T

]
(3.46)

=
[
Kᵀ

F Kᵀ
T

] [KFK
ᵀ
F KFK

ᵀ
T

KTK
ᵀ
F KTK

ᵀ
T

]−1 [F
T

]
. (3.47)
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Since KFK
ᵀ
T = 0 (see Proposition 1), (3.47) can be rewritten as

i = MFF +MTT, (3.48)

where
MF = Kᵀ

F (KFK
ᵀ
F)−1 and MT = Kᵀ

T (KTK
ᵀ
T)−1

. (3.49)

As discussed above, the rank of the matrices KF and KT is equal to three, and so is the
one of KFK

ᵀ
F and KTK

ᵀ
T. Therefore, MF andMT always exist. Finally, as can be noticed

in 3.48, because of the decoupling characteristic of Proposition 1, force and torque can be
controlled independently, which is an attractive feature to control the spherical actuator.

Proposition 3. A current vector computed to generate a desired reference force Fref
using the force model taking into account only the fundamental harmonics of degree
n = 3 does not generate any torque, and vice versa. To this end, from (3.24) we
define K3

F = ∑3
m=−3 c

m
3 (α, β, γ)Km

F,3 to be the force characteristic matrix with only the
fundamental harmonic taken into account and KNh

T = ∑
n∈In
n≤Nh

∑n
m=−n c

m
n (α, β, γ)Km

T,n

to be the torque characteristic matrix with all the harmonics up to Nh. Subsequently, from
(3.49) define M3

F =
(
K3

F
)ᵀ [

K3
F
(
K3

F
)ᵀ]−1

. Hence, our proposition says that if i = M3
FFref ,

then KNh
T i = KNh

T M3
FFref = KNh

T

(
K3

F
)ᵀ [

K3
F
(
K3

F
)ᵀ]−1

Fref = 0. In other words, since
the matrix K3

F
(
K3

F
)ᵀ is nonzero, KNh

T

(
K3

F
)ᵀ = 0.

Illustration. The illustration is proposed in Appendix B.3.

Proposition 3 has important practical consequences. As a matter of fact, as it will be
discussed in the following chapter, because of the limited number of sensors, only the
fundamental spherical harmonic of degree n = 3 can be taken into account in the force
and torque models of our experimental environment. Therefore, Proposition 3 guarantees
that a current vector computed through the force model considering the fundamental
harmonic only does not generate torque, any vice versa.

3.6 Verification with FEM Simulations

3.6.1 Simulation Setup

The objective of this section is to illustrate the ability of the developed force and
torque analytical models to produce suitable current vectors to satisfy reference forces
and torques for four randomly-generated orientations of the rotor. This verification
is performed using FEM simulations employing the model with ideal octupole rotor
magnetization. For each of the four rotor orientations, parametrized using ZYZ Euler
angles α, β, and γ, force and torque characteristic matrices are computed using (3.24),
in which spherical harmonics coefficients cmn are computed according to (2.40) using
(2.16). Then, these four pairs of force and torque characteristic matrices are employed to
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compute a suitable current vector by applying the inverse model (3.48) to satisfy three
randomly-generated pairs of reference forces and torques. Forces and torques are chosen
with random direction but with norm equal to 25N and 1Nm respectively. Therefore,
force and torque inverse models are verified for a total of 12 configurations. Simulations
are performed by applying to the stator coils the current vector generated with the inverse
model. Finally, simulated forces and torques are computed using the Maxwell stress
tensor method in COMSOL Multiphysics and compared to the expected reference values.
The simulation setup for this verification is identical as for flux density in Section 2.3.9.
Parameters are the same as in Table 2.3.

3.6.2 Results

The three components of the reference and simulated forces for the studied configurations
are reported in Fig. 3.2. Similarly, the three components of the torques are displayed in
Fig. 3.3. As can be observed, forces and torques resulting from the proposed simulated
model are in agreement with the reference values. Finally, for illustrative purposes, the
radial component of the simulated magnetic flux density at the surface of the rotor
together with coil currents are depicted in Fig. 3.4.

3.7 Summary

In this chapter we presented forward/inverse models of the force and torque resulting
from the interaction of the rotor magnetic flux density with stator coil currents. These
models are linear and relate a set of stator currents to the output forces and torques.

Forces and torques depend on the orientation of the rotor inside the stator, which is
parametrized using two distinct approaches. In the first approach, which is commonly
employed in the spherical actuator literature, the rotor orientation is described using a
rotation matrix, generally parametrized with Euler angles or quaternions. In the second
apporach, the rotation of the rotor magnetic flux density is parametrized using a set of
spherical harmonic coefficients. With this approach, forces and torques are expressed as
a linear combination of forces and torques provided by each spherical harmonic degree n
and order m taken into account.

Afterwards, we discussed force and torque inverse models, which allow calculating a
minimum-energy current vector to satisfy a given force and torque pair. We have shown
that force and torque characteristic matrices are orthogonal, which allows controlling
forces and torques independently. With the proposed parametrization using spherical
harmonic coefficients, as it will be discussed in the next chapter, the minimum-energy
current vector can be computed linearly and in closed-form using several measurements
of the radial component of the magnetic flux density. For instance, if we consider the
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Figure 3.2. Three components of reference and simulated forces for validation of force
inverse model with ideal otucpole rotor.
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Figure 3.4. Surface plot of the radial component of the simulated magnetic flux density
at the surface of the rotor with arrow coil currents relative to configuration 1. The
maximum magnetic flux density at the surface of the rotor is 0.37T while the maximum
current is 1.16A.

ideal octupole magnetization of the rotor as studied in Section 2.3, seven coefficients
parametrize the rotor orientation and thus only seven measurements are theoretically
required.
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4 Magnetic State Estimation and
Optimal Sensor Placement

In this chapter we present the magnetic state estimation and an optimal strategy to place magnetic
flux density sensors. The magnetic state estimation is defined as the process of estimating
spherical harmonic decomposition coefficients cmn , which deliver to force and torque models all
the information relative to the rotor orientation. The proposed magnetic estimation strategy
is based on measuring the radial component of the magnetic flux density at multiple locations
equidistant from the rotor surface to subsequently solve a linear inverse problem using least-squares.
The proposed procedure is linear and it is expressed in closed-form. Afterwards, we present an
optimization strategy to position magnetic flux density sensors that are necessary to estimate the
magnetic state. The proposed optimization procedure consists in minimizing the condition number
related to the linear estimation problem of the coefficients so as to minimize the influence of the
measurement noise on force and torque relative errors. Finally, numerical simulations confirm
the effectiveness of the proposed optimization strategy.

4.1 Introduction

As discussed in the previous chapter, the force and the torque depend on the orientation
of the rotor inside the stator. In the proposed force and torque models, the information
relative to the rotor orientation can be delivered to the models with two different
approaches. In the first approach, force and torque models are parametrized using
spherical harmonic decomposition coefficients cmn as expressed in (3.25) and (3.24).
Alternatively, in the second approach, information relative to the rotor orientation is
conveyed through a rotation matrix RS→B as expressed in (3.42) and (3.41). To employ
force and torque models for real-time control operation, either the spherical harmonic
coefficients or the rotor orientation matrix have to be computed at each sampling time.

Conventionally, in the 3-DOF spherical actuator literature, force and torque calculations
are carried out by applying a change of coordinates in the derived magnetic flux models,
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parametrized with a set of three Euler angles to account for the orientation of the
rotor. Several non-contact based methods were proposed to measure the orientation of
the spherical rotor. For instance, a vision based approach combined with a recursive
non-linear optimization algorithm was proposed in [62]. However, the non-linear nature
of the problem to solve requires a fairly good initial guess of the orientation. In [119], the
authors proposed a laser-based orientation measurement but the apparatus requires a
flat reflecting plate that cannot be embedded in our design. An optimization strategy for
position and orientation tracking of moving objects in 3-D space is proposed in [120]. The
method is based on a distributed multiple pole model of the moving object but requires
3-axis Hall sensors. Another proposed approach consists in a direct method that maps
distributed 2-axis and 3-axis magnetic flux density measurements to the instantaneous
orientation of the rotor [121]. The proposed mapping is based on an artificial neural
network.

For the proposed reaction sphere actuator we proposed an estimation method of the seven
spherical harmonic decomposition coefficients [122]. Conversely from [121], where 2-axis
and 3-axis magnetic flux density measurements are necessary, the proposed estimation
method is based on measuring the radial component of the magnetic flux density at
multiple locations equidistant from the rotor surface. Moreover, differently from [110],
where the radial component needs to be measured on all the boundary surface, the
magnetic flux density in the airgap can be reconstructed with only Nm ≥ 7 measurements.
In addition, contrarily to the estimation of a set of three Euler angles in [62], the
proposed procedure is linear and it is expressed in closed-form. Finally, conversely from
the estimation of the rotor orientation, where due to the rotor cubic symmetry 12 different
orientations can correspond to a given vector of magnetic flux density measurements, the
magnetic state is unique and implicitly takes into account all the symmetries of the rotor.

In other words, for the same seven coefficients cm3 , the rotor could be about 12 different
physical orientations that could not be distinguished using magnetic measurements.
However, distinguishing these orientations is currently not important since in all of these
12 orientations the rotor has exactly the same force and torque characteristics and will
consequently, for a given current vector, produce the same force and torque. In linear
algebra words, one would be tempted to say that the space of magnetic configurations is
much smaller than the one of physical/mechanical configurations. For the presented force
and torque models, the actual physical/mechanical orientation of the rotor is not relevant;
what it is important, is the magnetic state, which is completely and uniquely specified
by the decomposition coefficients cmn . A similar effort to avoid estimating the rotor
orientation was recently proposed by Bai et al. [57]. In the proposed approach, magnetic
flux density measurements (uniquely corresponding to the rotor orientation) are used
for feedback, allowing parallel computation of the control law and computation of the
torque model, which is computed using flux density measurements through an artificial
neural network. Magnetic flux density measurements are provided by 24 single-axis or
two-axis Hall sensors.
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In this thesis, we named the process of estimating spherical harmonic decomposition
coefficients cmn as “magnetic state estimation”. Therefore, in Section 4.2 we introduce a
technique to measure the magnetic state of the rotor for offline analysis and real-time
control. Then, in Section 4.3 we present an optimization strategy to position magnetic
flux density sensors that are necessary for the estimation of the spherical harmonic
coefficients. The proposed optimization procedure consists in minimizing the condition
number related to the linear estimation problem of the coefficients so as to minimize
the influence of the measurement noise on force and torque relative errors. Finally,
in Section 4.3.4 we study the influence of the number of sensors, high-order spherical
harmonics, and measurement noise on force and torque errors.

4.2 Magnetic State Estimation

4.2.1 Introduction

The magnetic flux density expressed in stator spherical coordinates was calculated in
Chapter 2 and its is given by (2.72) and (2.73), which we report here for convenience

B4 (rs, θs, φs) =
∑
n∈In
n≤Nh

n∑
m=−n

cmn B̃m
4,n, (4.1)

where

B̃m
4,n = ∇

 r
−(n+1)
s

(
R
−(2n+1)
4 r2n+1

s − 1
)

nRn−1
dec R

−(2n+1)
4 + (n+ 1)R−(n+2)

dec
Y m
n (θs, φs)

 . (4.2)

To simplify the notation, we have dropped the dependence of spherical harmonic coeffi-
cients cmn on Euler angles α, β, and γ. It is intended, however, that these coefficients
vary as a function of the rotor orientation. Recall that Rdec is the radial distance where
the spherical harmonic decomposition coefficients of the immobile rotor are computed
using FEM simulations. Starting from (4.1), the radial component of the magnetic flux
density becomes

B4,rs (rs, θs, φs) =
∑
n∈In
n≤Nh

n∑
m=−n

Πn (Rdec, rs, R4) cmn Y m
n (θs, φs) (4.3)

where

Πn (Rdec, rs, R4) = nrn−1
s R

−(2n+1)
4 + (n+ 1) r−(n+2)

s

nRn−1
dec R

−(2n+1)
4 + (n+ 1)R−(n+2)

dec
. (4.4)

Our goal here is to compute spherical harmonics coefficients cmn given measurements of
the radial component of the magnetic flux density B4,rs .

To predict forces and torques during the actuator design optimization procedure, for
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analysis purposes, or for offline operation, these spherical harmonics decomposition
coefficients cmn can be determined from cmn,imm using rotation property (2.40) or by
integration as

cmn =
∫ 2π

0

∫ π

0
B4,rs (rs, θs, φs)Y m

n (θs, φs) sin θs dθsdφs, (4.5)

which is essentially the Fourier transform of B4,rs on the unit sphere. Procedures for
numerical integration of (4.5) were proposed, for instance, in [112,123,124].

For real-time and control operation, computing these coefficients by integration is not
practical because of the large amount of data required and the consequential computa-
tional effort. Nevertheless, notice that for band-limited functions, the sampling theorem
allows the decomposition coefficients to be computed exactly from measurements taken
on the equiangular latitude-longitude grid [112,125,126]. This approach is very attractive
as it requires a limited number of measurements but forces the sensors to be placed on
the latitude-longitude grid, which is not very practical for the reaction sphere because
of the presence of the stator coils. Moreover, according to the sampling theorem [112],
and taking into account symmetries of the magnetic flux density, 4B2 measurements are
theoretically necessary to completely reconstruct a band-limited function with bandwidth
B. For instance, in our situation, if we take into account a maximum spherical harmonic
degree Nh, the total number of necessary measurements will be 4 (Nh + 1)2.

We propose to solve the spherical harmonic decomposition problem using least-squares
techniques as originally suggested in [127], and subsequently adopted for a variety of
applications [128–131]. For the fundamental harmonics of degree n = 3, sampling the
radial component of the magnetic flux density at Nm ≥ 7 mutually non-collinear locations
equidistant from the rotor surface to subsequently solve the decomposition problem using
least-squares techniques was proposed in [122]. Extending this technique for higher
spherical harmonic degrees is possible but currently not practical. As a matter of fact,
the number of necessary measurements to reconstruct up to a given degree Nh is equal
to ∑ n∈In

n≤Nh

(2n+ 1). Hence, for example, 22 measurements are necessary with Nh = 7.
Therefore, reconstructing the magnetic flux density within the airgap to determine
the spherical harmonics coefficients cmn for n > 3 requires a considerable number of
measurements and will not be taken into consideration here. For this reason, for the
real-time control model of the force and torque, only the fundamental harmonic of degree
n = 3 will be reconstructed and only coefficients cm3 will be computed.
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4.2.2 Least-squares Determination of Magnetic State

For Nh = 3, expressions (4.3) and (4.4) simplify to

B4,rs (rs, θs, φs) = Π3 (Rdec, rs, R4)
3∑

m=−3
cm3 Y

m
3 (θs, φs) (4.6)

where
Π3 (Rdec, rs, R4) = 3r3

sR
−7
4 + 4r−5

s

3R3
decR

−7
4 + 4R−5

dec
. (4.7)

As mentioned above, to compute the spherical harmonic decomposition coefficients cm3 ,
we sample the radial component of the magnetic flux density at Nm ≥ 7 mutually
non-collinear locations equidistant from the rotor center and subsequently solve the
decomposition problem using least-squares techniques. Therefore, suppose that Nm
1-axis magnetic flux density sensors are placed at Sk = (Rsens, θk, φk), k = 1, 2, . . . , Nm.
Then, defining the kth measurement as

B⊥4,k = B4,rs (Rsens, θk, φk) , (4.8)

and decomposing cm3 in its real and imaginary parts as

cm3 = am3 + ibm3 , |m| ≤ 3, (4.9)

we can write

B⊥4,k
Π3 (Rdec, Rsens, R4) = c0

3Y
0

3 (θk, φk) +
3∑

m=1

[
c−m3 Y −m3 (θk, φk) + cm3 Y

m
3 (θk, φk)

]

= c0
3Y

0
3 (θk, φk) +

3∑
m=1

[
cm3 Y

m
3 (θk, φk) + cm3 Y

m
3 (θk, φk)

]

= c0
3Y

0
3 (θk, φk) + 2

3∑
m=1

Re [cm3 Y m
3 (θk, φk)]

= a0
3

2 R
0
3 (θk, φk) +

3∑
m=1

am3 R
m
3 (θk, φk) +

3∑
m=1

bm3 I
m
3 (θk, φk) , (4.10)

where Rm3 (θk, φk) = 2Re [Y m
3 (θk, φk)] and Im3 (θk, φk) = −2Im [Y m

3 (θk, φk)]. Therefore,
define a vector of Nm magnetic flux measurements as

B⊥4 =
[
B⊥4,1 B⊥4,2 . . . B⊥4,Nm

]ᵀ
, (4.11)
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and the Nm × 7 matrix A (Γ) as

A (Γ)ᵀ =



1
2R

0
3 (ς1) 1

2R
0
3 (ς2) . . . 1

2R
0
3 (ςNm)

R1
3 (ς1) R1

3 (ς2) . . . R1
3 (ςNm)

R2
3 (ς1) R2

3 (ς2) . . . R2
3 (ςNm)

R3
3 (ς1) R3

3 (ς2) . . . R3
3 (ςNm)

I1
3 (ς1) I1

3 (ς2) . . . I1
3 (ςNm)

I2
3 (ς1) I2

3 (ς2) . . . I2
3 (ςNm)

I3
3 (ς1) I3

3 (ς2) . . . I3
3 (ςNm)


, (4.12)

where Γ is a parameter set of sensor spherical angular coordinates

Γ = { ς1, ς2, . . . , ςNm } , (4.13)

with ςk = (θk, φk) , k = 1, 2, . . . , Nm. Then, the desired coefficients (the magnetic state)

x =
[
a0

3 a1
3 a2

3 a3
3 b13 b23 b33

]ᵀ
(4.14)

can be computed solving
Π3A (Γ) x = B⊥4 (4.15)

using the left-inverse matrix of A (Γ) as

x = 1
Π3

(AᵀA)−1AᵀB⊥4 . (4.16)

The matrix AᵀA is nonsingular if the sensors are placed so that they are mutually
non-collinear. Observe that the matrix

P = 1
Π3

(AᵀA)−1Aᵀ (4.17)

of equation (4.16) is constant and can be computed offline. Hence, force and torque
characteristics for the rotor in any possible orientation can be determined in closed-form
by projecting the measurements of the radial component of the magnetic flux density on
the column space of P .

4.2.3 Update of Force and Torque Models

Force and torque models are defined in (3.24) by their characteristic matrices KF and
KT, whose structure is reported here for convenience

KF =
∑
n∈In
n≤Nh

n∑
m=−n

cmn K
m
F,n, and KT =

∑
n∈In
n≤Nh

n∑
m=−n

cmn K
m
T,n. (4.18)
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As mentioned above, only coefficients cm3 are available from magnetic state estimation.
Therefore, with Nh = 3, force and torque characteristic matrices become

KF =
3∑

m=−3
cm3 K

m
F,3, and KT =

3∑
m=−3

cm3 K
m
T,3. (4.19)

In the previous section, we proposed a method to measure the 7 necessary spherical
harmonic decomposition coefficients cm3 , with |m| ≤ 3. Hence, given these coefficients,
force and torque characteristic matrices are calculated using (4.19). However, apply-
ing definition (4.9) and invoking the properties employed to derive (4.10), the force
characteristic matrix KF in (4.19) can be rewritten as

KF = a0
3

2 K
0
F,R +

3∑
m=1

am3 K
m
F,R +

3∑
m=1

bm3 K
m
F,I (4.20)

where
Km

F,R = 2Re
(
Km

F,3

)
, and Km

F,I = −2Im
(
Km

F,3

)
. (4.21)

Therefore, the force characteristic matrix can be calculated directly from (4.16) as

KF = x1
2 ·K

0
F,R + x2 ·K1

F,R + x3 ·K2
F,R + x4 ·K3

F,R

+x5 ·K1
F,I + x6 ·K2

F,I + x7 ·K3
F,I, (4.22)

where xk is the kth entry of the solution vector x. Similarly, defining

Km
T,R = 2Re

(
Km

T,3

)
, and Km

T,I = −2Im
(
Km

T,3

)
, (4.23)

the torque characteristic matrix can be expressed as

KT = x1
2 ·K

0
T,R + x2 ·K1

T,R + x3 ·K2
T,R + x4 ·K3

T,R

+x5 ·K1
T,I + x6 ·K2

T,I + x7 ·K3
T,I. (4.24)

We emphasize that the matrices Km
F,R, Km

F,I, Km
T,R, and Km

T,I are constant and are
computed offline.

4.2.4 Implementation Procedure

The implementation procedure to compute force and torque characteristic matrices for
the rotor about any possible orientation is summarized by dividing the operations to be
performed as offline and online.
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Operations performed offline

1. Place Nm ≥ 7 mutually non-collinear single-axis magnetic flux density sensors
equidistant from the rotor surface so that the matrix AᵀA in (4.16) is full-rank. An
optimal placement strategy is proposed in the following section.

2. Given the set of selected sensors, compute the spherical harmonic projection matrix
P ∈ R7×Nm using definition (4.12) and (4.17).

3. Compute force and torque characteristic matrices Km
F,R ∈ R3×20, Km

F,I ∈ R3×20,
Km

T,R ∈ R3×20, and Km
T,I ∈ R3×20 using expressions (4.19), with definitions (4.21)

and (4.23). These matrices can be computed with a program of symbolic computa-
tion.

Operations performed online

1. Measure the radial component of the flux density and combine theNm measurements
in the vector B⊥4 ∈ RNm×1 defined in (4.11).

2. Compute the decomposition coefficients x ∈ R7×1 projecting the measurement
vector B⊥4 on the matrix P previously computed offline. Hence, x = P ·B⊥4 .

3. Compute force and torque characteristic matrices KF ∈ R3×20 and KT ∈ R3×20

as linear combination of matrices Km
F,R, Km

F,I, Km
T,R, and Km

T,I and the measured
decomposition coefficients x as expressed in (4.22) and (4.24).

The diagram of the procedure to compute the force characteristic matrix is reported in
Fig. 4.1. Although not reported, the diagram for the torque characteristic matrix has
exactly the same structure. Therefore, force and torque characteristic matrices KF and
KT are expressed as linear combination of the matrices Km

F,R, Km
F,I, Km

T,R, and Km
T,I with

the decomposition coefficients x1, x2, . . . , x7. The matrices Km
F,R, Km

F,I, Km
T,R, and Km

T,I
as well as the projection matrix P are constant and are computed offline. Hence, we
emphasize that force and torque characteristic matrices for the rotor about any possible
orientation are computed non-iteratively and in a linear fashion. Finally, it should be
noted that the magnetic flux density measurements will be affected by the field due
to stator currents. However, as illustrated in [58], the measured radial components of
the flux density are linear with respect to coil currents. Therefore, the influence of the
stator currents on the sensor measurements can be compensated for by using current
measurements and the information obtained in a calibration procedure.
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x = P ·B⊥4

B⊥4,1

x2 x3 x4 x5 x6 x7x1

1
2K

0
F,R

B⊥4,2 B⊥4,Nm

K1
F,R K2

F,R K3
F,R K1

F,I K2
F,I K3

F,I

+ + ++ +++ ++++ +++++

KF

Figure 4.1. Diagram for the computation of the force characteristic matrix KF ∈ R3×20.
The matrices Km

F,R and Km
F,I as well as the projection matrix P are constant and are

computed offline.

4.3 Magnetic Flux Density Optimal Sensor Placement

A minimum of 7 single-axis magnetic flux density sensors is necessary to determine the
seven spherical harmonic decomposition coefficients cm3 , which completely define force
and torque characteristics in (4.19). In this section, we propose an optimal strategy to
position the magnetic flux density sensors necessary to estimate the magnetic state of the
rotor. This strategy is based on minimizing the relative error between a desired reference
force (or torque) and the actual force obtained in presence of possible modeling errors
and measurement noise.

The optimal sensor placement problem for state or parameter estimation has been intensely
investigated in several domains of engineering such as, for instance, aerospace [132],
biomedical imaging [133], engine health monitoring [134], model identification [135], and
robotics [136]. Although the choice of the performance indexes for the optimization could
be based on minimizing a certain error statistics [134, 137], in the present section we
adopt a purely deterministic approach minimizing the maximum difference between the
perturbed and non-perturbed system given bounds on the largest values attainable by
the modeling errors and measurement noise [138].
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4.3.1 Perturbed Measurement Equation

Given Nm ≥ 7 non-collinear magnetic flux density measurements collected in the vector
B⊥4 , the spherical harmonic decomposition coefficients x, which represent the magnetic
state, can be computed using (4.15). In practice, however, modeling errors, uncertainties
related to the position of the sensors, and measurement noise lead to perturbations of
the measurement equation (4.15), and consequently to its inconsistency [138]. Assuming
additive modeling errors ∆A and measurement noise ∆B⊥4 , we define the perturbed
measurement equation as

[Π3A (Γ) + ∆A] x̂ = B⊥4 + ∆B⊥4 , (4.25)

whose least-squares solution is given by

x̂ = [Π3A (Γ) + ∆A]+
(
B⊥4 + ∆B⊥4

)
, (4.26)

where + denotes the Moore-Penrose pseudoinverse, which for a full-rank matrix M ∈
Rm×n, m ≥ n, is expressed as M+ = (MᵀM)−1Mᵀ [139]. Notice that the least-squares
estimation x̂ in (4.26) is equivalent to the best linear unbiased estimator (BLUE) in
the special case where ∆B⊥4 is a zero-mean uncorrelated normally distributed random
vector and is also equivalent to the maximum-likelihood estimator if ∆B⊥4 is normally
distributed [140].

4.3.2 Derivation of an Optimization Criterion

For an arbitrary current vector i ∈ R20×1, the force F relative to the measurement
equation (4.15), and the force F̂ relative to the perturbed measurement equation (4.25)
can be calculated using (3.25) and (4.22) as

F = KF (i) x, and F̂ = KF (i) x̂, (4.27)

where

KF (i) =
[

1
2K

0
F,Ri K1

F,Ri K2
F,Ri K3

F,Ri K1
F,Ii K2

F,Ii K3
F,Ii
]
. (4.28)

Then, supposing that A (Γ) is full rank with smallest and respectively largest singular
values σmin (A (Γ)) and σmax (A (Γ)), and assuming that

ε = max

 ||∆A||2
||Π3A (Γ)||2

,

∣∣∣∣∣∣∆B⊥4
∣∣∣∣∣∣

2∣∣∣∣∣∣B⊥4 ∣∣∣∣∣∣2
 <

σmin(A(Γ))
σmax(A(Γ))

, (4.29)
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the maximum relative error for the solution x becomes [139]

||x− x̂||2
||x||2

≤ 2κ2 (A (Γ)) ε, (4.30)

where κ2 (A (Γ)) = σmax(A(Γ))
σmin(A(Γ))

denotes the 2-norm condition number of A (Γ). Then,
substituting (4.27) in the inequality (4.30) results in∣∣∣∣∣∣K+

F (i) F−K+
F (i) F̂

∣∣∣∣∣∣
2∣∣∣∣∣∣K+

F (i) F
∣∣∣∣∣∣

2

≤ 2κ2 (A (Γ)) ε. (4.31)

Finally, since K+
F (i) is full-rank by design, using the fact that∣∣∣∣∣∣K+

F (i) F
∣∣∣∣∣∣

2
≤
∣∣∣∣∣∣K+

F (i)
∣∣∣∣∣∣

2
||F||2 = σmax

(
K+

F (i)
)
||F||2 (4.32)

and that ∣∣∣∣∣∣K+
F (i) F−K+

F (i) F̂
∣∣∣∣∣∣

2
≥ σmin

(
K+

F (i)
) ∣∣∣∣∣∣F− F̂

∣∣∣∣∣∣
2
, (4.33)

inequality (4.30) can be rewritten as∣∣∣∣∣∣F− F̂
∣∣∣∣∣∣

2
||F||2

≤ 2κ2
(
K+

F (i)
)
κ2 (A (Γ)) ε. (4.34)

Therefore, in order to minimize the force relative error, sensors are placed so as to
minimize the condition number κ2 (A (Γ)). Similar design performance indexes, for
different applications, were selected in [129,133,141]. Moreover, the condition number
is a measure of the eccentricity of the error ellipsoid and minimizing it automatically
makes all singular values become more similar in magnitude and makes the hyperellipsoid
closed to a hypersphere [136]. Finally, notice that, although not derived in this section,
the upper bound for the relative error of the torque is equivalent to (4.34). Therefore,
minimizing the condition number leads to minimal relative errors for both forces and
torques.

4.3.3 Problem Defintion

As derived in (4.34), the problem of finding an optimal location for Nm ≥ 7 magnetic
flux density sensors can be formulated as finding an optimal parameter vector Γopt of
sensor coordinates that solves the minimization problem

Γopt = argmin
Γ∈ΓP

κ2 (A (Γ)) , (4.35)
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where, adopting the terminology presented in [142], ΓP is the set of possible parameter
vectors defined as

ΓP = { Γ | Γ ∈ V, rank (A (Γ)) = 7 } , (4.36)

in which V is the set of parameter vectors expressed as

V = {Γ = { ς1, ς2, . . . , ςNm } | ςk ∈ S, ςk 6= ςm∀k, m = 1, 2, . . . , Nm } (4.37)

and S is the set of coordinates where the sensors could potentially be arranged. In this
study, sensors shall be placed within the airgap (region 4 in Fig. 2.3) in a number of
locations limited by the presence of the stator coils, which occupy a significant portion
of the airgap.

4.3.4 Results

Optimization for Various Configurations and Number of Sensors

Possible sensor locations for the first illustrative example are reported in Fig. 4.2 and are
divided into three different sets:

SD = {D1, D2, . . . , D10} , (4.38)
SI = {I1, I2, . . . , I6} , and (4.39)
SS = {S1, S2, . . . , S30} . (4.40)

SD includes the centers of 10 coils in a half stator, which are located about the vertexes
of a half dodecahedron. SI represents the vertexes of an half icosahedron dual of the
dodecahedron. Finally, SS consists in locations about branches of embedded sensor stars,
which have already been employed for previous activities. Therefore, the minimization
problem (4.35) is of combinatorial nature and will be solved for S = SD, with Nm =
7, 8, . . . , 10, and for S = SD ∪ SI and S = SS, for Nm = 7, 8, . . . , 16. For SD and SD ∪ SI
there are at most 120 and respectively 12870 possible combinations (10 choose 7 and
16 choose 8 binomial coefficients). Thus, the optimal configuration can be found by
brute force. However, for SS, the magnitude of the 30 choose Nm binomial coefficient
is large and the optimization problem will be solved using the Genetic Algorithm (GA)
distributed with the Optimization Toolbox of MATLAB R©.

The 2-norm condition number κ2 (A (Γ)) as a function of the number of sensors Nm for
best and worst configurations within sets SD and SD ∪ SI is reported in Fig. 4.3. Only
the best configurations are reported for the set SS. As it can be observed, for a given
number of sensors Nm, their configuration plays an important role on the optimization
criterion. The condition number of the problem can be made smaller by increasing the
number of sensors but more importantly by arranging them properly. As a matter of
fact, a more favorable performance could be obtained by employing a reduced number of
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Figure 4.2. Possible locations of magnetic flux density sensors in the reaction sphere
stator. (Top-left) Center of coils about dodecahedron vertexes. (Top-right) Vertexes of
icosahedron dual of dodecahedron. (Bottom-left) Branches of embedded sensor stars.
(Bottom-right) Detail view of an embedded sensor star.
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sensors provided that they are arranged carefully. For example, within the set SD∪SI, an
appropriate arrangement of 7 sensors has a better condition number than an inaccurate
placement of 12 sensors.

Number of sensors Nm (–)

C
on

di
tio

n
nu

m
be

r
κ

2
(–
)

7 8 9 10 11 12 13 14 15 16
1

2.5

5

10

20 Worst SD
Best SD
Worst SD ∪ SI
Best SD ∪ SI
Best SS

Figure 4.3. Optimization results showing the condition number κ2 (A (Γ)) as a function
of the number of sensors Nm placed for best and worst configurations within sets SD,
SD ∪ SI, and SS.

The first reaction sphere prototype was equipped with a total of 12 sensor stars as the
one in Fig. 4.2 (bottom-right) for a total of 60 sensors. The design of these sensors
was performed to obtain a uniform covering of the surface of a sphere and was verified
using numerical simulations, without using the presented optimization strategy. However,
because the sensing electronics of the first prototype was limited to the acquisition of
nine sensor measurements only, the proposed strategy was employed afterwards to select
those nine sensors that provided the best result in terms of the selected optimization
criterion.

More recently, the proposed optimization strategy was employed to place the sensors for
the future prototype of reaction sphere, which will allow the acquisition of 15 sensors.
Because of manufacturing constraints, it was decided to distribute the sensors about
the three sensor stars as depicted in Fig. 4.4 (top-left). To begin with, we have studied
the influence that the number of sensors and αs have on the condition number κ2. As
illustrated in Fig. 4.4 (top-left), αs is defined as the angle between the vector pointing
at the center of the sensor star and the vector pointing at a specific sensor in the
star. Note that in the first prototype sensors where arranged considering an angle αs
of approximately 17◦. Results of this study are reported in Fig. 4.5. The minimum
condition number κ2 ≈ 1.83 is obtained for αs ≈ 31.71◦, which is the angle corresponding
the the arrangement depicted in Fig. 4.4 (top-right), where the nine external sensors are

94



4.3. Magnetic Flux Density Optimal Sensor Placement

located between two coils. Notice that in this situation, only Nm = 12 sensors are used
because three central sensors are superimposed. Therefore, to use all the 15 acquisition
channels, we have added three additional sensors that we have arranged at the center
of the three sensor stars as displayed in Fig. 4.4 (bottom). With this arrangement, the
condition number is κ2 ≈ 1.73.

αs

Figure 4.4. Possible locations of magnetic flux density sensors for future reaction sphere
prototype.

Influence of Measurement Perturbations

The objective of this section is to illustrate by means of numerical simulations the influence
of measurement noise on force relative error for various sensor configurations. This will
show that the condition number κ2 is indeed a suitable indicator for measurement noise
sensitivity on the relative error. For this illustration, best and worst configurations of
the set SD ∪ SI are taken into account. Moreover, the magnetic flux density model of the
rotor is computed employing the hybrid FEM-analytical method proposed in Chapter 2
on the new developed spherical rotor that will be presented in Chapter 6. The magnetic
flux density is computed using (4.3) taking into account only the fundamental octupole
harmonic (Nh = 3).

The scheme for this illustration is depicted in Fig. 4.6. For any given sensor configuration,

95



Chapter 4. Magnetic State Estimation and Optimal Sensor Placement

Figure 4.5. Optimization results showing the condition number κ2 (A (Γ)) as a function
of the number of sensors Nm and the angle αs.

which results from the optimization procedure presented in the previous section, the
relative error between the reference force Fref and the actual force F̂ is computed. This
evaluation is repeated for 2 · 103 randomly-generated rotor orientations parametrized
using ZYZ Euler’s angles (α, β, γ). For each orientation, a vector of currents i is computed
within the controller subsystem so as to satisfy five randomly-generated reference forces
Fref chosen with random direction but with same norm. Hence we have a total of 10 · 103

rotor orientation and force direction combinations. To compute the current vector i, a set
of noise-corrupted magnetic flux density measurements B⊥4 + ∆B⊥4 is first decomposed
into the spherical harmonic basis to derive x̂ using (4.26) and subsequently KF with
(4.22). Finally, the minimum-energy current vector is obtained as i = K+

F Fref . In the
model subsystem, the actual force F̂ is computed from the current vector i using (4.18), in
which spherical harmonics coefficients cmn are computed according to (2.40). Finally, the
non-perturbed magnetic flux density B⊥4 is computed for the current orientation (α, β, γ)
using (4.1), in which cmn are computed according to (2.40). For illustration purposes,
and although spatial correlation among measurement errors cannot be excluded a priori,
in the present study the measurement noise ∆B⊥4 is a random vector whose entries are
zero-mean uncorrelated normally-distributed random variables. The measurement noise
standard deviation is fixed to 8mT.

To compare the randomly-generated reference forces Fref to the actual vectors F̂, we
introduce the norm relative error defined as

Relative error (%) =

∣∣∣∣∣∣F̂∣∣∣∣∣∣− ||Fref ||
||Fref ||

· 100%, (4.41)
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Controller
Fref

Modeli

(α, β, γ)

F̂

B⊥4

∆B⊥4

Figure 4.6. Schematic diagram for numerical simulation of the influence of the measure-
ment noise on the force relative error.

and the angle error defined as

Angle error (◦) = cos−1

 F̂ᵀFref∣∣∣∣∣∣F̂∣∣∣∣∣∣ ||Fref ||

 · 180
π
. (4.42)

The norm relative and angle errors corresponding to the torque are defined similarly.

The mean and variance of the 10 · 103 force relative errors for best and worst sensor
configurations as a function of the number of sensors is reported in Fig. 4.7. As it can
be noticed, the relation between mean force relative error and the number of sensors
is similar to the one between condition number and the number of sensors previously
depicted in Fig. 4.3, which confirms the usefulness of using the condition number as a
possible optimization criterion.

Influence of Rotor High Order Harmonics

Similarly to the above example with the measurement noise, in this section we look at
the relation among higher order harmonics of the rotor magnetic flux density, number of
sensors, and their arrangement. The hybrid FEM-analytical magnetic flux density model
is computed as proposed in Chapter 2 using again the new developed spherical rotor
that will be presented in Chapter 6. Best and worst configurations of the set SD ∪ SI are
taken into account. The analysis is performed for a number of sensors varying from a
minimum of 7 to a maximum of 15. Sensors are located at Rsens = 97mm.

The schematics for this example is similar to the one reported in Fig. 4.6. For the control
model, the maximum harmonic degree remains equal to Nh = 3. However, in the reference
model, to study the influence of higher order harmonics, the magnetic flux density is
computed using (4.3) with Nh = 11. The procedure to compute the current vector is also
similar but we do not consider the sensor noise. The evaluation is repeated for 2 · 103

randomly-generated rotor orientations and a current vector is computed to satisfy 20
randomly-generated reference forces resulting in a total of 40 · 103 configurations.
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Figure 4.7. Mean force relative error of best and worst sensor configurations for the set
SD ∪ SI as a function of the number of sensors. Magnetic flux density measurements B4
are perturbed with with zero-mean additive measurement noise ∆B⊥4 having standard
deviation equal to 8mT.
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4.4. Summary

The mean and variance of the 40 · 103 force relative errors for best and worst sensor
configurations as a function of the number of sensors is reported in Fig. 4.8. Once again,
the number of sensors as well as their arrangement have an important influence in both
norm relative errors and angle errors. Therefore, a careful arrangement of the sensors,
employing for instance the proposed procedure, is an important aspect to minimize the
negative influence of high order harmonics or sensor measurement noise.
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Figure 4.8. Mean force relative error of best and worst sensor configurations for the set
SD ∪ SI as a function of the number of sensors in presence of high-order harmonics of the
rotor magnetic flux density (Nh = 11 harmonics are used in the reference model).

4.4 Summary

In this chapter we proposed a technique to estimate the magnetic state of the reaction
sphere, which was defined as the process of determining the spherical harmonic decompo-
sition coefficients that deliver to force and torque models all the information relative to
the rotor orientation. The proposed estimation strategy is based on measuring the radial
component of the magnetic flux density at multiple locations equidistant from the rotor
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surface to subsequently solve a linear inverse problem using least squares. Conversely
from the estimation of the rotor orientation, the estimation of the magnetic state is linear,
it is expressed in closed-form, and it implicitly takes into consideration non-uniqueness
of solutions due to the cubic symmetry of the rotor magnetic flux density. The magnetic
state corresponding to the ideal ocutpole model can be reconstructed with a minimum of
seven measurements. Subsequently, we summarized the implementation procedure for the
online computation of force and torque models, highlighting the attractive computational
structure, in which several ingredients are computed offline.

Next, we presented an optimization strategy to position magnetic flux density sensors
necessary to determine the magnetic state. The proposed optimization procedure consists
in minimizing the condition number related to the linear estimation problem of the
coefficients so as to minimize the influence of the measurement noise and high-order
harmonics on force and torque relative errors. We have shown that this placement
procedure can be used during the design phase to find optimal sensor locations as well as
to select a subset of sensors among various pre-determined locations, the latter resulting
in a combinatorial optimization problem.
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5 Back-EMF and Rotor Angular
Velocity Estimation

In this chapter we present a method to estimate the back-EMF voltage and the rotor angular
velocity, both necessary for closed-loop operation of the reaction sphere actuator as well as requested
by the ADCS for angular momentum management. The estimation of the back-EMF voltages is
based on using Faraday’s law of electromagnetic induction, in which the time-varying magnetic flux
density of the rotor is parametrized with spherical harmonic decomposition coefficients estimated
as described in the previous chapter. The technique does not require any additional measurements
of the coil voltages or actuations. Then, the rotor angular velocity will be determined from
the estimated back-EMF voltages using the energy conservation principle. Both procedures to
determine the rotor angular velocity and the back-EMF voltages are linear and are expressed in
closed-form. To conclude, the estimation procedures are validated using FEM simulations.

5.1 Introduction

In this chapter we present a technique to estimate the back-EMF voltage induced in the
coils and the rotor angular velocity. These two quantities are necessary for a variety
of reasons. To begin with, the magnetic flux density of a spinning rotor induces a
back-EMF voltage in the coils that acts as a disturbance in the loop responsible to
control the current flowing in the coils. Therefore, knowledge of the back-EMF voltage is
important for feedforward compensation in the current control loop to achieve a better
performance [8, 58]. Moreover, as it will be shown in this section, the back-EMF voltage
allows estimating the rotor angular velocity using the energy conservation principle. The
rotor angular velocity is necessary for at least two important reasons. First, a momentum
exchange device (in this case the reaction sphere) can be commanded in the so called
speed mode, where the ADCS provides the device with a pair of speed and acceleration
references. In this mode, the angular velocity of the rotor must be measured and fed to
the controller for accurate angular velocity control [8]. Second, knowledge of the angular

101



Chapter 5. Back-EMF and Rotor Angular Velocity Estimation

velocity is necessary to determine the reaction sphere total angular momentum, which is
an information requested by the ADCS for momentum management [8].

To the best of our knowledge, measurement of the rotor angular velocity in the 3-DOF
spherical actuator literature is only rarely addressed because, due to the proposed
applications, these actuators are mostly driven in open-loop [46,47,49] or using closed-
loop position control [43,44,57,58,74,77]. Nevertheless, closed-loop control of the angular
velocity can be found in some references. Kumagai and Hollis equipped their 3-DOF
induction spherical motor with four optical mouse sensors that measure the surface
velocity to estimate the rotor’s angular velocity, which is used for vector control of
the inductors and control of angular velocity [38]. Wang et al. employed a robust PD
position control law, in which references are Euler angle trajectories and their derivatives.
Euler angles are measured with a combination of magnetic flux density and optical
measurements [58]. Chen et al. proposed a trajectory tracking algorithm and the desired
torque is be obtained from the inverse dynamics, where orientation and angular velocity
is used as feedback [77]. The orientation of the rotor is measured by a rotary encoder
and two-axis tilt sensor incorporated with the joint. Finally, Lee and Velinsky presented
a method that uses magnetic sensors to determine the angular velocity of a spherical
body for the trajectory of one of its points [143]. The approach involves tracking the
time-varying magnetic field of a permanent disc magnet embedded at the center of the
spherical rotor to determine the absolute orientation of the magnet axis and subsequently
the instantaneous axis of rotation and the angular speed of the sphere about this axis.

The above mentioned techniques for angular velocity estimation require knowing the
orientation of the rotor inside the stator. As discussed in Chapter 4, measuring the rotor
orientation results in a nonlinear and iterative process with possible non-uniqueness and
convergence problems. In that case, the magnetic state of the rotor was adopted to convey
to force and torque models all the information relative to the rotor orientation inside the
stator. Recall that the magnetic state estimation procedure is linear and it is expressed
in closed-form. For this reason, in this chapter we propose to estimate the rotor angular
velocity using the energy conservation principle and the estimated back-EMF voltages.
The developed technique to measure the back-EMF voltages is based on using Faraday’s
law of electromagnetic induction, in which the time-varying magnetic flux density of the
rotor is parametrized with spherical harmonic decomposition coefficients estimated as
described in the previous chapter. The advantage of this approach is that the magnetic
state is already available because necessary to update force and torque models, and does
not require any additional measurements of the coil voltages or actuations. Finally, the
proposed procedure is linear and it is expressed in closed-form.

An alternative and powerful approach for estimation of the rotor angular velocity is based
on the so called Extended Kalman Filter (EKF), which is a recursive state estimator
for nonlinear processes and does not require differentiation of the measurements [140].
The EKF is widely employed in a variety of different applications including, for instance,
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spacecraft attitude determination [144,145], sensorless control of synchronous motors [146],
and human motion tracking and orientation determination [147,148]. A perspective to
employ the EKF to estimate the angular velocity of the reaction sphere will be provided
in the conclusive chapter.

In this chapter, in Section 5.2, we present the electromechanical model of the reaction
sphere, which consists of a dynamic and kinematic model and an electrical model. Then,
techniques to estimate the rotor angular velocity and the back-EMF voltage are proposed
in Section 5.3 and 5.4, respectively. Finally, these techniques will be validated using
FEM simulations in Section 5.5.

5.2 Electromechanical Model

5.2.1 Dynamic and Kinematic Rotational Model

In this section we derive a dynamic and kinematic model of the rotational motion of the
reaction sphere rotor. In Chapter 2 we have defined rotor and stator reference frames.
Recall that B denotes the rotor inertially fixed reference frame with a corresponding
triad of mutually orthogonal base vectors { x̂b, ŷb, ẑb } with origin at OB. Moreover, S
denotes the stator fixed reference frame with base vectors { x̂s, ŷs, ẑs } with origin at
OS . Throughout we will assume that the rotor is a rigid body with its center of mass
coinciding with the origin OB. Moreover, similarly to the derivation of force and torque
models, we will assume that the origin of the rotor OB coincides to the one of the stator
OS .

The derivation of the RS dynamic model is developed in stator coordinates, which defines
our inertial reference frame. The rotational dynamics of a body are governed by the rate
of change of its angular momentum as [149]

d

dt
h = T, (5.1)

where h is the angular momentum of the body with respect to the inertial frame and T is
the torque applied to the body. The angular momentum can be expressed as h = Jrotω,
where Jrot is the inertia tensor of the rotor and ω is the angular velocity of the rotor
expressed in stator coordinates. By design, the inertia tensor Jrot is diagonal with all
its elements J having the same value. Thus the dynamic model of the rotating rotor
becomes

J
d

dt
ω = T. (5.2)

To derive the kinematic model, let RS→B be a rotation matrix relating stator and rotor
reference frames as { x̂b, ŷb, ẑb } = RS→B { x̂s, ŷs, ẑs }. Then, the kinematic equation can
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be formulated as [150]
d

dt
RS→B = ω ×RS→B. (5.3)

An alternative kinematic model can also be derived using quaternions. Finally, the
mechanical power associated to the rotational motion of a body is defined as [151]

Prot = ωᵀT. (5.4)

5.2.2 Electrical Model

The electrical model of a stationary circuit is given by the general expression [106]

u = Rci + Lc
d

dt
i + uemf , (5.5)

where u ∈ R20×1 is the coil voltage vector, Rc is the coil resistance, Lc ∈ R20×20 is the
coil inductance tensor, and uemf ∈ R20×1 is the coil back-EMF voltage vector. The coil
resistance can be determined as

Rc = ρN2
t
Vc
Ab

, (5.6)

where ρ is the specific resistance of the coil material, Nt is the number of turns, Vc is the
volume of the coil, and Ab is the section of the coil, which are calculated as

Vc = 2π
3
(
R3

out −R3
in

)
(cos θin − cos θout) (5.7)

Ab = 1
2
(
R2

out −R2
in

)
(θout − θin) . (5.8)

Proposition 4. Due to energy conservation, the coil back-EMF voltages can be expressed
as

uemf = Kᵀ
Tω. (5.9)

Illustration. The illustration is proposed in Appendix B.4.

Proposition 5.9 guarantees that the angular velocity of the rotor can be computed using
measured or estimated values of the back-EMF voltages induced in the stator coils.

5.3 Rotor Angular Velocity Estimation

Employing Proposition 4, given the back-EMF voltage uemf , the rotor angular velocity
can be computed as

ω = (Kᵀ
T)+ uemf =

(
K+

T

)ᵀ
uemf = Mᵀ

Tuemf , (5.10)
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where + denotes the pseudoinverse operator. Notice that the matrix MT does not need
to be computed again to estimate ω because it is available from the inverse torque model,
which is necessary for real-time control. Therefore, in order to determine the angular
velocity of the rotor, we need to know the back-EMF voltage in the coils, and this will
be the topic of the next section.

5.4 Back-EMF Estimation

The procedure presented in this section consists in first deriving the back-EMF indepen-
dently for each coil by considering the interaction between the rotor magnetic flux density
and the stator coil. Subsequently, we invoke the superposition principle to express the
back-EMF induced in the complete set of coils in matrix form.

5.4.1 Back-EMF in a Single Coil

Similarly to the development of force and torque models using the Lorentz force law, to
calculate the back-EMF in a specific coil we consider the latter as a spherical portion
delimited by angles θin and θout, and by the spherical radii Rin and Rout as illustrated in
Fig. 5.1. The position Pk of the coil k in the stator frame S, with k = 1, 2, . . . , 20, is
again described by a rotation matrix RC→S,k (ζk, ηk), which combines a rotation ζk about
the ẑs-axis, followed by a rotation ηk about the x̂s-axis. The matrix RC→S,k (ζk, ηk) shall
satisfy condition (3.3), which we report here for convenience

RC→S,k (ζk, ηk) Pk =

0
0
1

 . (5.11)

This condition can be used to compute ζk and ηk given Pk.

The voltage induced in a circuit can be calculated using Faraday’s law of electromagnetic
induction as d

dtΛ, where Λ is the flux linkage through the circuit of area S, which is
calculated as Λ =

∫
S B · dS [106]. However, the calculation of the back-EMF of air-cored

coils presents the difficulty that not all the windings of the coil have the same flux
linkage. Therefore, the proposed approach, which we have inspired from the back-EMF
calculation of a rotary actuator for a two degree-of-freedom zφ-module [152], consists in
first calculating the average back-EMF of a single turn in the coil and then in calculating
the total back-EMF of the coil by multiplying the average back-EMF with the number of
turns in the coil. To this end, as depicted in Fig. 5.1, consider a single circular turn with
cross-sectional area dA positioned at radius rc, with declination angle αt and spanning φ
from 0 to 2π. The flux linked by this turn, which is a spherical cap with surface St, can
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be expressed as

ΨdA,k (rc, αt) =
∫
St

CB4 · dS

=
∫ αt

−αt

∫ 2π

0
B4,rc (xs, ys, zs) r2

c sin θc dφc dθc, (5.12)

where B4,rc (xs, ys, zs) = 1
rc

[
xs ys zs

]
SB4 (xs, ys, zs) is the radial component of the

magnetic flux density evaluated at the observation point (xs, ys, zs), withxsys
zs

 = RTC→S,k

rc sin θc cosφc
rc sin θc sinφc
rc cos θc

 . (5.13)

Then, by assuming that the coil contains a large number of turns, the total flux linkage
(rotor only) can be calculated as

Ψk =
∫
Ab

ΨdA,k (rc, αt) dA

=
∫ Rout

Rin

∫ θout

θin
ΨdA,k (rc, αt) rc dαt drc. (5.14)

Hence, the average flux linkage per turn can be expressed as

Ψav,k = Ψk

Ab
, (5.15)

where Ab is the cross-sectional area of the coil (see Fig. 5.1) and is calculated according
to (5.8). Finally, the average back-EMF voltage for the entire coil with Nt turns is given
by

uemf,k = −Nt
d

dt
Ψav,k. (5.16)

The magnetic flux density within the airgap in (2.72) is parameterized using spherical
harmonic coefficients cmn that convey to the model all the information relative to the
orientation of the rotor inside the stator. These coefficients are the only time-dependent
components in (2.72). Therefore, by taking into account the fundamental component of
degree n = 3 only (see discussion in Section 4.2) and invoking linearity, expression (5.16)
can be reformulated as

uemf,k =
3∑

m=−3
Ψm

av,k

(
d

dt
cm3

)
, (5.17)

where Ψm
av,k is the rotor flux linked by the spherical harmonic of degree 3 and order m

expressed as

Ψm
av,k = −Nt

Ab

∫ Rout

Rin

∫ θout

θin

∫ αt

−αt

∫ 2π

0
Bm

4,rc
r3
c sin θc dφc dθc dαt drc, (5.18)
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with Bm
4,rc

= 1
rc

[
xs ys zs

]
SBm

4 (xs, ys, zs). Therefore, similarly to force and torque
models in (3.24), the back-EMF voltage induced in coil k is be expressed as a linear
combination of the flux linkage given by each spherical harmonic of degree 3 and order m
taken into account and the time derivative of the relative spherical harmonic coefficients
cm3 . We emphasize that Ψm

av,k in equation (5.17) are constant and can be computed
offline.

Ab

θin

θout

rc Rin

Rout

zc

θ̂cφ̂c

r̂c
dAαt

Figure 5.1. Schematic view of the coil for calculation of back-EMF.

5.4.2 Complete Back-EMF Model

The back-EMF voltage induced in the 20 coils is defined as

uemf =
[
uemf,1 uemf,2 . . . uemf,20

]ᵀ
. (5.19)

Using expression (5.17) relative to the back-EMF induced in a single coil, by invoking
linearity, the back-EMF voltage vector is expressed as

uemf =
3∑

m=−3

[
Ψm

av,1 Ψm
av,2 . . . Ψm

av,20

]ᵀ d

dt
cm3 , (5.20)

or in matrix form as
uemf = Φ d

dt
c3, (5.21)

where Φ ∈ R20×7 is given by

Φ =


Ψ−3

av,1 Ψ−2
av,1 · · · Ψ3

av,1
Ψ−3

av,2 Ψ−2
av,2 · · · Ψ3

av,2
...

... . . . ...
Ψ−3

av,20 Ψ−2
av,20 · · · Ψ3

av,20

 (5.22)
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and c3 =
[
c−3

3 c−2
3 . . . c3

3

]ᵀ
. Note that the matrix Φ is constant and is computed

offline.

5.5 Verification with FEM Simulations

5.5.1 Simulation Setup and Verification Procedure

For FEM validation, we employ the model of the reaction sphere with ideal octupole
cubic magnetization originally proposed in Chapter 2 and verified with FEM simulations
in Section 2.3.9. The advantage of using this model is that FEM dynamic simulations
are greatly simplified due to the fact that we can analytically rotate the magnetization of
the rotor but leave the geometry of the model unchanged throughout all the simulations.

To simulate rotation at a given angular velocity ω (t) about a constant rotation axis
ρrot, we consider a rotation operator R (ρrot, ϕ (t)), where ϕ (t) is the angle of rotation
about the axis ρrot and is computed as ϕ (t) =

∫ t
0 ω (t) dt. From this matrix, at each

time t we retrieve the ZYZ Euler angles α, β, and γ and use them to compute the
rotated coefficients cm3 using (2.40). Then, with coefficients cm3 , we compute the back-emf
voltage using equation (5.20) and the torque characteristic matrix with expression (3.24).
Finally, the angular velocity is estimated according to (5.10). Geometrical dimensions
and parameters for the simulation model are given in Section 2.3.9.

5.5.2 Results

In Fig. 5.2, the simulated back-EMF voltage in the first eight coils is compared to
that computed using the developed technique. For this simulation, we have considered
the rotation axis ρrot =

[√
3/4 1/4

√
3/2

]ᵀ
and the angular velocity profile ω (t) =

ω0 + ∆ω (1− exp (−t/τ)), with ω0 = 1000 rpm, ∆ω = 500 rpm, and τ = 0.0385 s. To
compute values using the developed technique we assumed a sampling frequency of
20 kHz. Finally, the three angular velocity components are compared to the estimated
values in Fig. 5.3. As can be observed, the estimated values are in good agreement with
the simulated velocity profiles.

5.6 Summary

In this chapter we concentrated on methods to estimate the back-EMF voltage induced
in the coils and the rotor angular velocity.

To estimate the back-EMF voltage we applied the Faraday’s law of electromagnetic
induction, where the time-varying component of magnetic flux density is conveyed to the
model through the magnetic state, which can be determined as discussed in the previous
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Figure 5.2. Simulated back-EMF voltage with ideal octupole rotor compared to developed
analytical model.
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chapter. This technique allows estimating the back-EMF voltage without additional
measurements of the coil voltage or actuations, which are presently not available in
the existing prototype (see Chapter 7). As mentioned above, the advantage is that
the magnetic state is already available because necessary to update force and torque
models. Nevertheless, the inconvenience is that the estimated magnetic state is affected
by high-order harmonics of the rotor magnetic flux density and the derivative operation
acting on it has a negative effect on the estimated angular velocity.

Subsequently, we have shown that the rotor angular velocity can be determined using
the energy conservation principle by multiplying the estimated back-EMF voltage vector
with the transpose of the torque characteristics matrix, which is a multidimensional
equivalence to classical motor theory.

Both procedures to determine the back-EMF voltages and the rotor angular velocity are
linear and are expressed in closed-form.
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6 Design Optimization of a
Spherical Rotor

In this chapter we present the design optimization of a new concept of spherical rotor, which
consists of eight bulk PM poles with truncated spherical shape that are parallel-magnetized and
adjusted on the back-iron structure, which has truncated octahedral shape. We will start by outlying
the rotor specifications and by defining the design optimization problem. Due to the highly complex
geometry of the spherical rotor, a pure analytical approach for the optimization problem is not
practicable. Therefore, given a set of specifications, the optimization of design parameters is
performed using FEM simulations to minimize the rotor magnetic flux density distortion with
respect to the fundamental harmonic. The resulting optimized rotor is fully compliant with design
specifications.

6.1 Introduction

As mentioned in Section 1.4.2, in the first developed laboratory prototype, the eight PM
poles of the spherical rotor were discretized using a mosaic of 728 cylindrical magnets to
approximate the desired fundamental spherical harmonic. Then, more recently, a new
spherical rotor optimized to improve its manufacturability was designed and manufactured.
As illustrated in Fig. 6.1, the rotor has eight bulk PM poles with truncated spherical
shape that are parallel-magnetized and adjusted on the back-iron structure, which has
truncated octahedral shape. Design parameters are the radius RPM of the PM poles,
the height h of the truncated octahedron structure, the rotor pole eccentricity δ, which
is the distance between the rotor center OB and the pole center OPM, as well as the
back-iron thickness HR. Finally, Rrot is the outer radius of the spherical rotor. This new
concept of spherical rotor based on bulk PM poles was preferred to the firstly proposed
discrete approach for a variety of reasons including an improved mechanical stability,
manufacturing repeatability, and a reduced assembly time. On the other hand, the
proposed monoblock concept has a more distorted magnetic flux density profile, which
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originates from the use of eight permanent magnets that can only be parallel-magnetized.
Moreover, with respect to the discrete cylindrical magnets, in the monoblock concepts
PMs have a truncated spherical shape, which increases the part and tooling costs.

In this chapter we present a procedure to find optimal design parameters for a given
set of specifications concerning the new monoblock reaction sphere rotor. Because a
pure analytical approach was not practicable due to the highly complex geometry of
the rotor, the optimization was performed using FEM simulations. In Section 6.2 we
define the rotor specifications and formulate the design optimization problem. Then, in
Section 6.3 we present the design optimization performed using FEM simulations. As it
will be seen, because of the highly complex problem to solve and of manufacturability
aspects and constraints, the design optimization is separated into different subproblems,
which eventually result in a set of design parameters making the rotor compliant with
the specifications.

ẑb

x̂b

ŷb

r̂b

θ̂b

φ̂b

δ

h

OB

OPM

HR

Rrot

RPM

Back-iron

Permanent
magnet

Rotor surface

Figure 6.1. Schematic illustration of the optimized spherical rotor of the RS.

6.2 Rotor Specifications and Design Optimization Prob-
lem Definition

6.2.1 Rotor Magnetic Flux Density over Mass Ratio

The BRMS
rb

/mrot is the ratio between the radial component of the magnetic flux density and
the rotor mass. A minimum value of BRMS

rb
/mrot will be specified so that the interaction

of the rotor magnetic flux density with the stator coil currents produces sufficient force
to levitate the rotor in presence of gravity. The value of BRMS

rb
is computed using the
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Root Mean Square (RMS) value of the radial component of the magnetic flux density
evaluated along a horizontal parametric circular path defined in spherical coordinates as
rb,pr̂b + θb,pθ̂b + φbφ̂b, where rb,p = 95.5mm is the radial center of the coils, which span
a distance from Rin = 92mm to Rout = 99mm, and θb,p = tan−1√2 is the polar angle
of a pole. Therefore, yielding

BRMS
rb

=
√

2
√

1
2π

∫ 2π

0
Brb

(rb,p, θb,p, φb)2 dφb. (6.1)

6.2.2 Model Agreement Criterion

As discussed in Chapter 4, the real-time estimation strategy of the rotor magnetic flux
density can reconstruct only the rotated fundamental spherical harmonic of degree n = 3
and m = 2. Consequently, spherical harmonics with higher degree introduce force and
torque errors. Therefore, in order to minimize these errors, the model agreement criterion
d is introduced as a quantitative evaluation of the global distortion of the magnetic flux
density with respect to the spherical harmonic of degree 3 and order 2. To compute d,
the radial component of the simulated magnetic flux density Brb

(rb,p, θb, φb), evaluated
at rb,p = 95.5mm, is decomposed on the basis of spherical harmonics up to the maximum
degree Nh = 20 as

Brb
(rb,p, θb, φb) =

Nh∑
n=3

n∑
m=−n

cmn,immY
m
n (θb, φb) , (6.2)

where Y m
n (θb, φb) is a complex-valued spherical harmonic of degree n and order m, while

cmn,imm the decomposition coefficients computed as (see also Chapter 4)

cmn,imm =
∫ 2π

0

∫ π

0
Brb

(rb,p, θb, φb)Y m
n (θb, φb) sin θb dθb dφb. (6.3)

Therefore, the model agreement criterion d is defined as the ratio between the desired
harmonic coefficient c2

3,imm and the sum of the other harmonic coefficients up to Nh = 20
as

d =

∣∣∣c2
3,imm

∣∣∣√∑Nh
n=3

∑n
m=0

∣∣∣cmn,imm

∣∣∣2 . (6.4)

Note that, thanks to the properties of spherical harmonic functions under rotation
studied in Chapter 2, maximizing the model agreement d for the immobile rotor will
automatically minimize the magnetic flux density distortions for any possible orientation
of the rotor. Finally, since c−mn,imm = (−1)m cmn,imm, where cmn,imm denotes the complex
conjugate of cmn,imm, only the one-sided spectrum (m ≥ 0) is considered in (6.4).
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6.2.3 Rotor Specifications and Problem Definition

The reaction sphere rotor specifications are summarized in Table 6.1. These specifications
are defined taking into account the previously developed stator and power electronics
presented in Chapter 1. The rotor optimization consists in finding suitable design
parameter values h, δ, RPM, and HR, so as to maximize the model agreement d ∈ [0, 1]
while taking into account the constraints imposed by the specifications.

Table 6.1. Specifications of the monoblock spherical rotor.

Maximum rotor mass mrot 10 kg
Maximum rotor outer radius Rrot 90mm
Minimum magnetic flux density
over mass ratio BRMS

rb
/mrot

0.04T/kg

Minimum angular momentum 7.1Nms
Model agreement d ∈ [0, 1] to be maximized

6.3 Design Optimization with FEM Simulations

6.3.1 Influence of Rotor Pole Eccentricity and Permanent Magnet
Mass on the Radial Component of the Flux Density

The objective of these simulations is to study the influence of the rotor pole eccentricity δ
and the PM mass mPM on the flux density BRMS

rb
. Neodymium iron boron (NdFeB) PMs

are modeled by applying their linear constitutive relation B = µPMµ0H +Brem, where
B and H are the magnetic flux density and the magnetic field, respectively. The relative
magnetic permeability µPM is fixed to 1 while the remanent magnetic flux density Brem
is equal to 1.4T. Finally, µ0 is the vacuum permeability. The back-iron is modeled using
the linear B-H relation B = µRµ0H, with the relative magnetic permeability µR equal
to 10000. No saturation is taken into account at this stage of the design (saturation will
be considered from Section 6.3.3 to optimize the back-iron geometry).

Simulations are repeated for several values of design variables h and δ ranging from 90mm
to 122mm and from 0mm to 30mm, respectively. The radius RPM of the magnets is
adjusted consequently to satisfy the constraint RPM + δ = 88.5mm, which is introduced
to reduce the number of degree of freedoms for the design parameters.

The radial component of the magnetic flux density computed using (6.1) as a function of
the PM mass mPM for various values of the rotor pole eccentricity δ is reported in Fig. 6.2.
As it can be observed, the value of BRMS

rb
increases with the PM mass mPM. However,

BRMS
rb

is not significantly influenced by the rotor pole eccentricity δ for a fixed permanent
mass within the region where mPM ≤ 6 kg. Therefore, within this region, the magnetic
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6.3. Design Optimization with FEM Simulations

flux density distortion can be minimized by varying δ without significantly affecting
BRMS
rb

/mPM. Finally, notice that a mPM equal to 6 kg was identified as the maximum
permanent magnet mass to obtain a rotor with total mass m ≤ 10 kg. This maximum
permanent magnet mass was estimated using the simplified computer-aided design (CAD)
geometry and by taking into consideration a back-iron thickness proportionally scaled
with respect to the one employed in our current prototype (back-iron thickness equal to
5mm for BRMS

rb
= 0.18T [122]).
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Figure 6.2. Radial component of the magnetic flux density BRMS
rb

as a function of PM
mass mPM and rotor pole eccentricity δ.

6.3.2 Influence of Rotor Pole Eccentricity on Model Agreement Crite-
rion and Rotor Magnetic Flux Density over PM Mass Ratio

The objective of this section is to study the influence of the rotor pole eccentricity
parameter δ on the BRMS

rb
/mPM ratio (at this stage only the PM mass mPM is considered)

and on the model agreement d. Three different sets (A, B, and C) of configurations with
the same PM mass mPM and with the rotor magnetic outer radii (RPM + δ) summarized
in Table 6.2 are analyzed. Sets of different RPM + δ are defined with the purpose of
studying the influence of the rotor magnetic outer radius on the BRMS

rb
/mPM ratio and

the model agreement d.

For set A, simulations are performed for a rotor pole eccentricity δ ranging from 0mm
to 35mm with steps of 5mm. The octahedron base-structure height h is adjusted to
maintain mPM = 6kg, which is the maximum permanent magnet mass to obtain a rotor
with total estimated mass compliant with specifications (less than 10 kg). Notice that,
for set A, we have selected this maximum permanent mass to obtain the highest rotor
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Table 6.2. Definition of sets A, B, and C for design optimization of monoblock rotor.

set A set B set C
RPM + δ (mm) 88.5 86.0 83.5
mPM (kg) 6.0 5.5 5.0

inertia. As a matter of fact, the higher the rotor inertia the lower is the maximum
angular velocity to obtain the minimum required angular momentum (see Table 6.1). A
lower maximum angular velocity has several beneficial effects for the design including
reduced back-EMF voltages, lower controller bandwidths, and weaker centrifugal forces
(that are critical for the retention of PMs on the back-iron). Finally, note that with
mPM = 6kg, the estimated total rotor mass is approximately 10 kg, but BRMS

rb
/mrot is

larger than the required value of 0.04T/kg (see Fig. 6.2).

For set B and set C, the rotor pole eccentricity δ and the octahedron structure height h
of the different configurations of set A are proportionally scaled (shrunk) as follows:


δset B,C
δset A

=
(RPM + δ)set B,C
(RPM + δ)set A

hset B,C
hset A

=
(RPM + δ)set B,C
(RPM + δ)set A

.

(6.5)

Finally, simulations are performed using linear constitutive material relations as described
in Section 6.3.1.

A summary of the model agreement d and the BRMS
rb

/mPM ratio as a function of the rotor
pole eccentricity δ for all the three sets is reported in Fig. 6.3 and Fig. 6.4, respectively.
For set A, the model agreement d reaches its maximum at approximately δ = 25mm
(corresponding to a height h = 112mm). The maximum value of d can be increased
by decreasing the outer rotor radius (set B and C) and is obtained for slightly lower
eccentricities δ. Thus, the smaller the rotor the better is the model agreement. The
BRMS
rb

/mPM behavior in Fig. 5 shows that varying the eccentricity parameter δ does
not influence BRMS

rb
/mPM significantly and that the smaller the rotor is the worse is

the BRMS
rb

/mPM. Hence, BRMS
rb

/mPM and d show opposing trends in the sense that, for
instance, the highest model agreement d achieved within set C has the poorest scores in
terms of BRMS

rb
/mPM. Finally, the three configurations with the highest model agreement

within each set are summarized in Table 6.3.

6.3.3 Back-iron Thickness Optimization with Nonlinear Simulations

The mass of the back-iron plays an important role on the total rotor mass. This mass
shall be reduced to obtain a total mass of the rotor mrot < 10 kg, but without affecting
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Figure 6.3. Summary of model agreemenet d as a function of rotor pole eccentricity δ for
set A, set B, and set C.
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Table 6.3. Optimal Conifugrations for set A, B, and C.

set A set B set C
RPM + δ (mm) 88.5 86.0 83.5
Rotor pole eccentricity δ (mm) 25.0 24.3 18.9
Height h (mm) 112.0 108.8 107.4
BRMS
rb

/mPM 0.085 0.080 0.076
Model agreement d 0.9937 0.9953 0.9966

BRMS
rb

/m and the model agreement d negatively. In this section, the influence of the
back-iron thickness HR on BRMS

rb
/mrot and the model agreement d is analyzed. The total

mass of the rotor mrot including also the back-iron is considered and calculated using the
CAD model. Simulations are performed for the three preferred configurations within set
A, B, and C reported in Table 6.3. The nonlinear magnetic properties of the back-iron
material X46Cr13 are modeled by its nonlinear B-H curve and its relative permeability,
taking into account saturation.

The model agreement d and the BRMS
rb

/mrot ratio as a function of the back-iron thickness
HR are reported in Fig. 6.5 and Fig. 6.6, respectively. Reducing the back-iron thicknessHR
has a negative effect on the model agreement d but allows increasing the BRMS

rb
/mrot ratio.

Notice that the simulated configurations for set B and C, although having good model
agreement values, have in most of the cases an insufficient BRMS

rb
/mrot (< 0.04T/kg).

Configurations of set A give encouraging results in terms of BRMS
rb

/mrot. However, the
rotor mass of configurations of set A is above specifications (> 10 kg). An additional
simulation effort is therefore required to reduce the mass. This is the topic of the next
section.

6.3.4 Back-iron Mass Optimization with Non-linear Simulations

The norm of the magnetic flux density at the back-iron surface for the optimal configu-
ration of set A in Table 6.3 (with HR = 5mm) is depicted in Fig. 6.7, where its value
ranges from 0.04T (blue) to 2.10T (red). As one can observe, the flux is significantly
lower in the center of the pole than at the external edges. Therefore, the mass of the
back-iron could be reduced by removing some material at the center of the pole. Hence,
as proposed in Fig. 6.8, the amount of material to be removed is parameterized by an
additional design variable HC, which denotes the depth of the conical cut. Thus the
larger HC is, the more material will be removed. In this section, non-linear simulations
are performed to study the impact of HC on the BRMS

rb
/mrot ratio and on the model

agreement d.

During the rotor optimization process, measurements of the inner radius of the existing
stator showed that the radius of the rotor had to be reduced by 1mm with respect to
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Figure 6.5. Model agreement d as a function of back-iron thickness HR for set A, set B,
and set C.
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mass mrot for set A, set B, and set C.
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2.10T
0.04T

Figure 6.7. Magnetic flux density norm evaluated at the surface of the rotor back-iron
surface.

HC

1mm

Conical cut
Permanent magnet

Centering cylinder

Back-iron

� = 70mm
� = 10mm

HR

Figure 6.8. Geometry of the rotor back-iron and PM with relevant dimensions and
indicating the design variables HR and HC.
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the value specified in Table 6.1. Therefore, the remaining part of the study is performed
introducing a new configuration, which is a scaled version of the preferred configurations
in Table 6.2, and which has an outer radius RPM + δ equal to 87.5mm. The octahedron
height h is equal to 111.1mm while the rotor pole eccentricity δ, obtained through
interpolation, is equal to 23.7mm.

Graphical illustrations of the model agreement d and the BRMS
rb

/mrot ratio for various
values of HR and HC are reported in Fig. 6.9 and Fig. 6.10, respectively. We observe
that, for a given HR, the model agreement criterion d remains unchanged for all values
of HC. Furthermore, as desired, the BRMS

rb
/mrot ratio increases for higher values of HC.

Hence, removing material from the center of the back-iron has a beneficial effect on the
BRMS
rb

/mrot leaving the model agreement d unaffected. As it can be noticed in Fig. 6.10,
the simulated configurations with HR = 7.5mm and HR = 10mm have to be discarded
because their mass is higher than 10 kg, which is not compliant with the specifications in
Table 6.1. Hence, the only acceptable configurations from those simulated are relative to
HR equal to 5mm and the optimal configuration would be with HC equal to 4mm. Using
these values results in a BRMS

rb
/mrot = 0.0444T/kg and a model agreement d = 0.9883.
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Figure 6.9. Model agreement d as a function of back-iron in-depth HC and for various
values of the back-iron thickness HR.

Since the model agreement d decreases rapidly if HR tends to 5mm (see Fig. 6.5) and
that model agreement d is nearly unaffected by the cut of the back-iron (see Fig. 6.9),
an HR of 6mm instead of 5mm is chosen and the shape of the back-iron is adapted
as depicted in Fig. 6.11. Notice that in this back-iron geometry we have removed the
pole centering cylinder, initially foreseen to mount and center the pole (see Fig. 6.8). In
the back-iron design of Fig. 6.11, the mounting and centering of the pole are directly
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Figure 6.10. BRMS
rb

/mrot ratio as a function of back-iron in-depth HC and for various
values of the back-iron thickness HR.

implemented using a thicker centering ring and three mounting holes. Moreover, a cut of
HC equal to 3.5mm was decided so as to guarantee enough mechanical stability near
the pole center. Finally, this design was not further optimized but verified by simulation
against the previously computed BRMS

rb
/mrot and d. With the selected back-iron shape,

the resulting values are BRMS
rb

/mrot = 0.0433T/kg and d = 0.9901. The design of the
rotor compliant with the specifications has the parameters listed in Table 6.4.

HC

4mm

� = 70mm
� = 30mm

HR

Permanent magnet
Back-iron

Centering ring

Figure 6.11. Final geometry of the rotor back-iron and PM with relevant dimensions and
indicating the design variables HR and HC.

The manufactured optimized rotor is presented in Fig. 6.12 (top). To obtain a spherical
rotor surface, which is necessary for position measurement, two hemispherical shells
(bottom-right) are glued on the rotor.
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Table 6.4. Parameters of the selected design after optimization.

Selected Value
Outer magnetic radius RPM + δ 87.5mm
Rotor pole eccentricity δ 23.7mm
Magnet radius RPM 63.8mm
Octahedron structure height h 111.1mm
Back-iron thickness HR 6mm
Back-iron in-depth HC 3.5mm
Rotor mass mrot 9.64 kg
Rotor angular momentum 7.1Nms at 1842 rpm

Balancing
mechanism

Protection

Permanent magnet Hemispherical shell

Figure 6.12. (Top) Manufactured rotor without hemispherical shells. (Bottom-left)
Machined permanent magnet. (Bottom-right) Hemispherical shell.
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6.4 Spherical Harmonic Analysis

In this section we perform a spherical harmonic analysis of the rotor magnetic flux
density. As discussed in Section 2.4, to compute the harmonic content we consider
the simulated magnetic flux density Bdec

4,rb
available on the entire spherical surface at

rb = Rdec = 97.345mm and we decompose it on a spherical harmonic basis as

Bdec
4,rb

=
Nh∑
n=0

n∑
m=−n

cmn,imm (Rdec)Y m
n (θb, φb) , (6.6)

where cmn,imm are spherical harmonic decomposition coefficients for the immobile rotor
computed using integration as

cmn,imm (Rdec) =
∫ 2π

0

∫ π

0
Bdec

4,rb
(Rdec, θb, φb)Y m

n (θb, φb) sin θb dθbdφb. (6.7)

The module of the normalized spherical harmonic decomposition coefficients with Nh = 20
is illustrated in Fig. 6.13. As it can be observed, the fundamental component of the
magnetic flux density corresponds, as desired, to the spherical harmonic of degree 3 and
order 2 (octupole). However, as it was studied in Section 2.4.6 and expression (2.64),
high-order harmonics with degree n equal to 7, 9, 11, 13, 15, 17, and 19, and order m
equal to 2, 6, 10, 14, and 18 also appear in the spectrum.

Figure 6.13. Spherical harmonic anaylsis using optimized monoblock rotor.
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6.5 Summary

In this chapter we presented the design optimization of a permanent magnet spherical
rotor for the proposed reaction sphere actuator. Contrary to the first developed spherical
rotor introduced in Chapter 1, where the eight permanent magnet poles were discretized
using a mosaic of 728 cylindrical magnets to approximate the desired fundamental
spherical harmonic, the new rotor consists of eight bulk poles with truncated spherical
shape that are parallel-magnetized and positioned on the back-iron structure.

Given a set of specifications on the mass, the flux density strength, the outer radius,
and the angular momentum, the rotor design optimization problem consisted in finding
suitable design parameters to minimize the distortion of the magnetic flux density with
respect to the desired fundamental harmonic. Because a pure analytical approach was
not practicable due to the highly complex geometry of the rotor, the optimization was
performed using FEM simulations. Several linear and nonlinear simulations have been
performed allowing us to obtain a design compliant with the specifications.

Experimental verification on the magnetic flux density as well as closed-loop rotor position
and orientation control using the manufactured rotor have been performed and will be
presented in the next chapter.
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7 Experimental Results

In this chapter we present a variety of experimental activities related to the material developed
throughout the document. We start with measurements of the magnetic flux density of the rotor
and compare them to the developed analytical model and to FEM simulated values. Then, force
and torque inverse models combined with the proposed magnetic state estimation procedure are
experimentally validated demonstrating the capability of producing a current vector to generate a
given pair of forces and torques. Next, we validate the developed magnetic state estimation method
and show how the rotor magnetic flux density can be reconstructed starting from a finite number
of magnetic flux density measurements. Subsequently, we validate the developed algorithm to
estimate the back-EMF voltage and the rotor angular velocity. After that, by using measured flux
density values, we will show that the newly developed monoblock rotor is indeed compliant with the
specifications. Finally, we will present results obtained during the first closed-loop experimental
validation campaign showing the ability of simultaneously levitating the rotor while rotating it
about a given axis.

7.1 Introduction

This chapter is dedicated to experimental activities performed using the reaction sphere
developed prototype. On one hand, these activities will provide an experimental validation
of the theoretical models and techniques developed in this thesis. On the other hand,
practical challenges will also be unveiled providing a perspective for future research.

To begin with, we focus on validating the hybrid FEM-analytical magnetic flux den-
sity model with both measurements and FEM simulations using the newly developed
monoblock rotor presented in Chapter 6. Subsequently, force and torque inverse models
are validated using both the discrete rotor and the monoblock rotor. In particular, for
different orientations of the rotor inside the stator, we apply the proposed magnetic
state estimation and compute a current vector to satisfy a given force and torque ref-
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erence pair. Then, we report results concerning magnetic state estimation in which
the optimal sensor placement technique is applied to select a number of sensors among
various locations available in the prototype. Moreover, in this activity, we present a
procedure to calibrate the radial and angular position of the operating magnetic flux
density sensors and conclude with an illustration on how the magnetic flux density
distribution can be reconstructed using flux measurements. After that, we validate the
developed algorithm to estimate the rotor angular velocity. Next, with the magnetic
flux density measurements, we compare the model agreement and the magnetic flux
density over mass ratio to FEM values showing that the developed rotor is compliant
with specifications. Finally, all the developed techniques are combined together in an
illustrative closed-loop campaign. In this activity, we develop dynamic controllers for the
magnetic bearing and the angular velocity and show that the rotor can simultaneously
be levitated and rotated about a given axis. Closed-loop measurements are performed
using the optimized monoblock rotor.

7.2 Magnetic Flux Density Model - Monoblock Rotor

7.2.1 Introduction

The objective of this section is to validate the hybrid FEM-analytical magnetic flux density
model. To this end, we employ both measurements and FEM simulations performed
with the developed monoblock rotor and compare them to the proposed model about
horizontal and vertical paths for different number of harmonics Nh. Finally, to compare
measurements and values computed using the hybrid FEM-analytical model we introduce
the Mean Normalized Relative Error (MNRE) metrics and study the relation between
this error and the number of harmonics Nh taken into consideration in the model.

7.2.2 Experimental Setup

The experimental setup for the magnetic flux density measurement is depicted in Fig. 7.1.
The magnetic flux density is measured with a teslameter (MAGNET-PHYSIK FH55)
equipped with an axial Hall probe (HS-AGB5) that can be placed at multiple declination
angles θb and at various distances from the rotor surface. The axial probe can be
positioned to measure the radial component of the magnetic flux density Brb

and both
tangential components Bθb

and Bφb
, which all contribute to generate the Lorentz force.

The magnetic flux density is measured at 8 polar angles θb = {15◦, 25◦, . . . , 85◦}. The
rotor is supported by a rigid guiding axis and connected to an AC electric motor so that,
for each angle θb, a total of 600 points equally distributed on the interval φb ∈ [0◦, 360◦]
are recorded. The radial component of the magnetic flux density is measured at 4 radial
distances rb = {92mm, 94mm, 96mm, 98mm}. Finally, at rb = 95.7mm both the radial
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component Brb
and the tangential components Bθb

and Bφb
are recorded.

For FEM simulations, parameters are identical to those used in Chapter 6.

AC motor

Hall probe

Support plate
Rotor

θb
φb

Figure 7.1. Experimental setup used to measure the magnetic flux density of the rotor.

7.2.3 Results

Horizontal Profiles

From Fig. 7.2 to Fig. 7.7 we report the three components of the measured magnetic
flux density at rb = 95.7mm as a function of the azimuthal angle φb compared to FEM
simulations and values derived using the developed model at polar angles θb equal to
25, 35, 45, 55, 65, and 75◦. Values computed using the developed model are reported
for maximum spherical harmonics degrees Nh = 3 and Nh = 19. As can be observed,
measurements are in good agreement with the expected simulated values. Furthermore,
the magnetic flux density profiles are sinusoidal although higher order harmonics are
observed for θb equal to 65 and 75◦. These fluctuations are due to the gaps at the vertexes
of the truncated octahedron structure. Finally, notice that the profiles computed using
the hybrid FEM-analytical model with Nh = 3 and Nh = 19 are in good agreement with
measured values for θb equal to 55 and 65◦. For θb equal to 65 and 75◦, where fluctuations
due to the vertexes occur more significantly, with Nh = 3 the model can only capture the
fundamental component of the profile, which is completely approximated using Nh = 19.
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Figure 7.2. Measured magnetic flux density compared to FEM simulations and values
derived using the developed model at polar angle θb = 25◦.
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Figure 7.3. Measured magnetic flux density compared to FEM simulations and values
derived using the developed model at polar angle θb = 35◦.
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Figure 7.4. Measured magnetic flux density compared to FEM simulations and values
derived using the developed model at polar angle θb = 45◦.
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Figure 7.5. Measured magnetic flux density compared to FEM simulations and values
derived using the developed model at polar angle θb = 55◦.
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Figure 7.6. Measured magnetic flux density compared to FEM simulations and values
derived using the developed model at polar angle θb = 65◦.
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Figure 7.7. Measured magnetic flux density compared to FEM simulations and values
derived using the developed model at polar angle θb = 75◦.
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Vertical Profiles

In Fig. 7.8 we display the radial component of the measured magnetic flux density as a
function of the polar angle θb compared to FEM simulations and values derived using
the developed model at azimuthal angle φb = 45◦. In this image we can clearly observe
the fluctuation due to the gap at the vertex of the rotor. Measurements are in close
agreement with simulated values. With Nh = 3, the proposed model does not capture the
fluctuation originating from the gap at the vertex (between 0 and 30◦), but is completely
captured using Nh = 19.
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Figure 7.8. Measured magnetic flux density compared to FEM simulations and values
derived using the developed model at azimuthal angle φb = 45◦.

Profiles at a Pole

In Fig. 7.9 we report the radial component of the measured magnetic flux density at a
pole (θb ≈ 55◦ and φb = 45◦) as a function of the radial distance rb ranging from 90mm
to 100mm. The measured magnetic flux density is compared to FEM simulations and
values derived using the developed model.

Mean Normalized Relative Error

Given values of the radial component of the measured magnetic flux densityBrb,meas (r, θb, φb)
and values of the developed model BNh

rb
(rb, θb, φb) computed as in (2.68), we define a

MNRE as

MNRE (%) =
4∑
i=1

8∑
j=1

600∑
k=1

ε (rb,i, θb,j , φb,k)
4 · 8 · 600 · 100 %, (7.1)
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Figure 7.9. Measured magnetic flux density compared to FEM simulations and values
derived using the developed model at pole.

where

ε (rb,i, θb,j , φb,k) =

∣∣∣BNh
rb

(rb,i, θb,j , φb,k)−Brb,meas (rb,i, θb,j , φb,k)
∣∣∣

max
j,k
|Brb,meas (rb,i, θb,j , φb,k)|

. (7.2)

The MNRE can be computed similarly for the remaining tangential components of the
flux density, which are evaluated using FEM simulations.

In Fig. 7.10 we report the MNRE values computed using (7.1) as a function of the
maximum spherical harmonic reconstruction degree Nh. As expected, the higher the
number of harmonics taken into account in the model is, the smaller the MNRE becomes.

7.2.4 Conclusions

In this section magnetic flux density measurements and FEM simulated values are
compared to the proposed hybrid FEM-analytical model. We have observed that mea-
surements are in good agreement with values calculated using the hybrid model although
distortions of the measured field are observed in the proximity of the rotor vertexes, which
require a higher number of harmonics to be fully approximated. Finally, the MNRE
metric was introduced to analyze the global error between measurements and values
given by the model for different maximum spherical harmonic reconstruction degrees Nh
taken into account in the model. We observed that this MNRE becomes smaller as we
increase the maximum spherical harmonic degree Nh.
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Figure 7.10. MNRE as a function of the maximum spherical harmonic degree.

7.3 Force and Torque Models

7.3.1 Introduction

The objective of this section is to verify force and torque inverse models using both the
developed prototype and FEM simulations. This experimental program is divided into
three parts. In the first phase, force and torque inverse models are verified using the
discrete spherical rotor and estimation of the spherical harmonics coefficients (magnetic
state) is performed using an external teslameter. Then, because in the experimental setup
we can only measure forces and torques parallel to the guiding axis, in the second phase
we employ FEM simulations to verify force and torque models about several randomly
generated rotor orientations and corresponding random force and torque vectors. Finally,
in the third phase, force and torque models are verified using the optimized monoblock
rotor and estimation of the spherical harmonic coefficients is carried out using embedded
flux density sensors.

7.3.2 Experiments with Discrete Rotor

Introduction

Force and torque models have first been validated using the discrete spherical rotor
in [122]. In this reference, we have employed the analytical model with ideal octupole
cubic magnetization presented in Section 2.3. Notice that, however, because in this
section we validate force and torque inverse models employing magnetic state estimation,
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the same results would have been obtained by using the hybrid FEM-analytical model,
since the magnetic state estimation does solve the Laplace equation using measured
boundary conditions. Before concentrating on force and torque model validation, we
present measured and simulated magnetic flux density values corresponding to the discrete
rotor. Then, the experimental setup and procedure to validate force and torque models
is described. Finally, we present results obtained using the laboratory prototype.

Magnetic Flux Density

The experimental setup and procedure for the magnetic flux density measurement is the
same presented in Fig. 7.1.

In Fig. 7.11 we report the three components of the measured magnetic flux density
measured at rb = 95.5mm as a function of the azimuthal angle φb compared to FEM
simulations at polar angles θb equal to 45, 55, 65, and 75◦. As can be observed,
measurements are in good agreement with the expected simulated values.
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Figure 7.11. Measured magnetic flux density compared to FEM simulations at polar
angles θb equal to 45◦, 55◦, 65◦, and 75◦.
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Experimental Setup and Procedure

The experimental setup for force and torque measurements is reported in Fig. 7.12. The
sphere is maintained centered inside the stator by a temporary rigid guiding axis to allow
the measurement of forces and torques. Only force and torque components parallel to
the axis will be measured. We emphasize, however, that this test axis is purely arbitrary
and that the procedure to obtain force and torque models is applied as presented in
Chapter 4 without a priori information on the choice of the rotation axis. For force
measurements, the rotor is suspended to a load cell (HMB Typ Z8) that continuously
measures the rotor weight. The permanent magnet rotor is mounted inside a plastic
stator that also supports the coils. To measure the torque, the rotor is suspended and
the torque is measured with a load cell through a cantilever of length d equal to 14.3 cm.

The measurement procedure consists in illustrating the ability of the developed force and
torque analytical models to produce suitable current vectors to obtain the desired forces
and torques for the rotor about various orientations. For each orientation, described by
a rotation of α about the axis, the magnetic flux density is measured at the center of
each stator coil P1 to P9 at Rsens = 99mm and the online procedure in Section 4.2.4
is followed to compute KF and KT. For each orientation, a set of currents iF and iT is
computed using the inverse model to produce vertical forces of 9.81N and torques of
0.4Nm as

iF = Kᵀ
F (KFK

ᵀ
F)−1 ·

[
0 0 9.81

]ᵀ
kp (7.3)

iT = Kᵀ
T (KTK

ᵀ
T)−1 ·

[
0 0 0.4

]ᵀ
kp (7.4)

where kp is a scalar factor, which will be varied to verify the linearity.

Results

The measured radial components of the magnetic flux density at the center of the nine
coils for various values of the angle α are summarized in Table 7.1.

Then, in Table 7.2 and 7.3 we report the current vector for angle α computed to satisfy
the requested forces and torques, respectively, and considering a proportionality factor
kp = 3. The same current vectors are displayed in Fig. 7.14 and 7.15, respectively. As
discussed in Section 3.5, because two facing coils Pk and P20+1−k produce the same force,
one has iF,k = iF,20+1−k, k = 1, 2, . . . , 10. Therefore, since coil P10 and P11 are not used
in this experiment, only current from P1 to P9 are displayed. For each angle α, Fig. 7.14
and Fig. 7.15 indicate the maximum current intensity defined by the vector infinity-norm
as |iF| = max |ik| , k = 1, 2, . . . , 10, and the total electric power P relative to all 20 stator
currents. As can be noticed, the current of each coil depends on the orientation of the
rotor described by α. Moreover, although the current vector iF is computed to minimize
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Load cell

Guiding axis

Plastic stator

Load cellCantilever

Figure 7.12. Force and torque experimental setup.

Hall probe

Spacer

Interface

Figure 7.13. Setup to measure the radial component of the magnetic flux density at the
center of a coil for experimental validation of force and torque inverse models.
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the dissipated energy for each orientation α, the total electric power varies among the
orientations indicating the existence of preferred configurations.

Finally, measured forces and torques for different values of the proportionality factor
kp and for the rotor about different orientations are reported in Fig. 7.16 and 7.17,
respectively. Measured values confirm the linearity between stator currents and forces
and torques. Moreover, forces and torques obtained about various orientations of the rotor
are in good agreement with the analytical models. Differences between the experimental
values and the analytical model are mainly caused by fabrication and measurement errors
as well as residual features due to the discretization of the magnet.

Table 7.1. Measured radial components of the magnetic flux densities at sensor locations
for various orientation of the rotor.

Angle α (◦) B4,rb
(mT)

S1 S2 S3 S4 S5 S6 S7 S8 S9

0 -25.4 -129.9 141.5 -65.8 3.9 68.3 131.1 140.1 22.5
20 -92.6 -74.6 98.5 -100.6 -49.6 15.6 134.5 132.7 -44.9
40 -133.5 3.2 19.3 -88.9 -91.4 -46.3 78.8 65.9 -110.3
60 -112.5 84.0 -69.5 -43.3 -93.7 -92.8 -2.6 -20.0 -124.8
80 -30.3 138.5 -137.0 28.3 -47.0 -94.0 -87.2 -109.5 -74.1
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Figure 7.14. Currents computed to satisfy given reference forces for various orientations
of the rotor (kp = 3).

Conclusions

In this section we performed measurements to validate force and torque inverse models
together with the magnetic estimation procedure. We have shown that given measure-
ments of the magnetic flux density collected at multiple locations equidistant from the
rotor surface we can compute a current vector to generate a force and torque reference
pair along the guiding axis. Finally, we demonstrated the linearity between the applied
current vector and the measured forces and torques.

7.3.3 Simulations with Discrete Rotor

Introduction

In this section we employ FEM simulations to verify force and torque models about several
randomly generated rotor orientations and corresponding random force and torque vectors.
This FEM validation is complementary to the experimental measurements presented
in the previous section. As a matter of fact, at present, with the current laboratory
prototype we can only measure forces and torques parallel to the guiding axis. Moreover,
the possible rotor orientations are constrained about the guiding axis.
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Figure 7.15. Currents computed to satisfy given reference torques for various orientations
of the rotor (kp = 3).
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Figure 7.16. Measured forces for different orientations of the rotor and different magni-
tudes of the current vector. Measurements performed with discrete rotor.
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Figure 7.17. Measured torques for different orientations of the rotor and different
magnitudes of the current vector. Measurements performed with discrete rotor.

Simulation Setup and Procedure

In this simulation we illustrate the ability of the developed force and torque analytical
models to produce suitable current vectors to satisfy reference forces and torques for 4
randomly-generated orientations of the rotor. For illustrative purposes, 10 single-axis
magnetic flux density sensors are placed at the center of each stator coil P1 to P10. Hence,
the projection matrix P as well as force and torque characteristics matrices Km

F and Km
T

are computed as presented in the offline procedure in Section 4.2.4. Subsequently, the
simulated magnetic flux density is used to compute matrices KF and KF as described in
the online procedure. Then, for each of the 4 orientations, force and torque characteristic
matrices are employed to compute a suitable current vector by applying the inverse
model (3.48) to satisfy 3 randomly-generated pairs of reference forces and torques. Forces
and torques are chosen with random direction but with norm equal to 25N and 1Nm
respectively. Therefore, force and torque inverse models are verified for a total of 12
configurations. Simulations are performed by applying to the stator coils the current
vector generated with the inverse model. Finally, simulated forces and torques are
computed using the Lorentz integral in COMSOL Multiphysics and compared to the
expected reference values. In these simulations, permanent magnets are modeled applying
their linear constitutive relations B = µPMµ0H + Brem, where the relative permeability
µPM is fixed to 1 and the norm of the remanent magnetic flux density Brem is equal
to 1.4T. The back-iron is simulated using a linear B-H relationship B = µRµ0H, with
the relative permeability µR equal to 10000. For illustration, in Fig. 7.18 we report the
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meshed model used for the simulations.

Figure 7.18. Meshed model used for FEM validation of force and torque models using
discrete rotor.

Results

The three components of the reference and simulated forces and torques for the studied
configurations are reported in Fig. 7.19 and 7.20, respectively. As can be observed,
forces and torques resulting from the proposed simulated model are in agreement with
the reference values. To compare the randomly-generated reference forces Fref to the
simulated vectors FFEM, we introduce the norm relative error defined as

Relative error (%) = ||FFEM|| − ||Fref ||
||Fref ||

· 100%, (7.5)

and the angle error defined as

Angle error (◦) = cos−1
(

Fᵀ
FEMFref

||FFEM|| ||Fref ||

)
· 180
π
. (7.6)

The norm relative and angle errors corresponding to the torque are defined similarly.

Norm relative errors and angle errors corresponding to the studied configurations for
force and torques are reported in Fig. 7.21 and 7.22, respectively. As it can be observed,
the norm relative error is below 5% whereas the angle error is below 3◦. Possible reasons
of these differences include numerical errors in FEM simulations and distortions of the
rotor magnetic flux density due to the discretization of the permanent magnets.
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Figure 7.19. Three components of reference and simulated forces for FEM validation of
force inverse model with discrete rotor.
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Figure 7.20. Three components of reference and simulated torques for FEM validation of
torque inverse model with discrete rotor.
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Figure 7.21. Norm and angle errors between reference and simulated forces for FEM
validation of force inverse model with discrete rotor.
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Figure 7.22. Norm and angle errors between reference and simulated torques for FEM
validation of torque inverse model with discrete rotor.
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Conclusions

In this section numerical FEM simulations have been performed to validate force and
torque inverse models and the magnetic state procedure for various randomly-generated
rotor orientations and force and torque pairs. As a comparison metrics between reference
and simulated force and torque vectors we employed the relative error of the norms and
the angle between these vectors.

7.3.4 Experiments with Monoblock Rotor

Introduction

In this section we report force measurements performed using the newly developed
monoblock rotor to validate the force inverse model employing magnetic state estimation
similarly to activities reported in Section 7.3.2. Note, however, that torque measurements
have not been performed in this activity due to constraints in the experimental setup.

Experimental Setup and Procedure

The experimental setup for force measurement is similar to the one presented in Fig. 7.12
in Sec. 7.3.2. Likewise, we verify the ability of producing suitable current vectors to
obtain desired forces for the rotor about various orientations about the guiding axis.
However, contrary to the previous experiments, where the magnetic flux density was
measured at the center of each stator coil P1 to P9 using an external teslameter, here we
will use the embedded magnetic flux density sensors arranged as described in Fig. 7.24 in
Section 7.4.2. This is a necessary verification in view of closed-loop experiments that will
be presented in Section 7.7. Therefore, for each orientation of the rotor about the guiding
axis, which is again described with an angle α, the magnetic flux density is measured and
the online procedure in Section 4.2.4 is followed to compute KF. For each orientation,
a set of currents iF is computed using the inverse model to produce vertical forces of
magnitude 9.81N.

Results

Measured forces for different values of the proportionality factor kp and for the rotor
about different orientations are reported in Fig. 7.23. As it can be observed, the measured
forces are in good agreement with the reference forces.
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Figure 7.23. Measured forces for different orientations of the rotor and different magni-
tudes of the current vector. Measurements performed with monoblock rotor.

Conclusions

In this section we validated the force inverse model using the monoblock rotor. In
particular, the magnetic state estimation to compute the force characteristic matrix was
employed with measurements collected through magnetic flux density sensors embedded
in the enclosing stator. This validation is of pivotal importance for closed-loop operation
as it will be described in Section 7.7 below.

7.3.5 Conclusions

Force and torque inverse models and the magnetic state estimation procedure for offline
(Section 7.3.2) and online (Section 7.3.4) operation have been validated using measure-
ments and FEM simulations. We have shown that we can compute a current vector to
generate force and torque reference pairs given any orientation of the rotor. Moreover,
the linearity between the applied current vector and generated forces and torques was
demonstrated with measurements.
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7.4 Magnetic State Estimation

7.4.1 Introduction

In this section we report general results concerning magnetic state estimation and
optimal sensor placement developed in Chapter 4. We begin by presenting the Hall
sensor arrangement computed using the proposed placement strategy. Then, because
both the angular and radial positions of each sensor inside the stator are only known
approximately, we propose a model-based calibration procedure relying on multiple
measurements of the radial component of the magnetic flux density at multiple rotor
orientations. This calibration provides us with the sensor coordinates that best describe
the observed data and are computed by minimizing a certain error criterion. Finally, we
conclude by showing the reconstructed magnetic flux density about various orientations
of the rotor.

7.4.2 Optimal Sensor Placement

The proposed optimal sensor placement strategy is applied to arrange nine magnetic
flux density sensors similarly to the illustrative activity in Section 4.3. Here, because of
pre-processing constraints, sensors can only be arranged in three different sensors stars.
The selected optimal configuration is depicted in Fig. 7.24 and has a condition number
κ2 = 4.06.

Figure 7.24. Optimal configuration of magnetic flux density sensors after optimization.

7.4.3 Sensor Position Calibration

The experimental setup for the calibration of the angular and radial position of the
magnetic flux density sensors is presented in Fig. 7.25. In this setup, the rotor is supported
by a rigid guiding axis and is free to rotate about it. The orientation of the rotor about
the guiding axis is measured with a magnetic angle sensor. In this setup, magnetic flux
density sensors are arranged as described above and depicted in Fig. 7.24. Measurements
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are collected by the real-time embedded platform DSpace and recorded manually by the
test operator.

Starting from the general expression in (4.3) and (4.4) and taking into account only the
fundamental spherical harmonic of degree n = 3, the radial component of the magnetic
flux density within the airgap for a non-magnetic stator can be formulated as

B4,rs (rs, θs, φs) =
(

rs
Rdec

)−5 3∑
m=−3

cm3 (α, β, γ)Y m
3 (θs, φs) . (7.7)

Therefore, the proposed calibration procedure consists in finding optimal sensor co-
ordinates {Rsens,k, ςk }, with ςk = (θk, φk) , k = 1, 2, . . . , Nm, by solving the following
optimization problem

{Rsens,k, ςk } = argmin
Rsens,k,ςk

∣∣∣∣∣∣B⊥4,k − B̂4,rs (Rsens,k, ςk)
∣∣∣∣∣∣2

2
, (7.8)

where B⊥4,k is a vector containing measurements corresponding to sensor k and collected
for various orientations of the rotor, whereas B̂4,rs (Rsens,k, ςk) is the measurement model
evaluated at the respective rotor orientations where the measurements are taken and
parametrized by sensor radial position Rsens,k and angular coordinates ςk. Measurements
are performed for angles ranging from 0◦ to 352.8◦ with steps of 7.2◦ for a total of 50 rotor
orientations about the guiding axis. The optimization problem is solved for each sensor
independently using nonlinear least-squares implemented in the MATLABR© function
lsqnonlin.

Sensor coordinates before and after calibration are summarized in Table 7.4 and 7.5,
respectively. Then, the magnetic flux density measurements taken by the nine sensors
are compared to the values computed using the developed model with and without
calibration in Fig. 7.26

Table 7.4. Coordinates of magnetic flux density sensors before calibration.

S1 S2 S3 S4 S5 S6 S7 S8 S9

Rsens (mm) 95.00 95.00 95.00 95.00 95.00 95.00 95.00 95.00 95.00
θs (◦) 90.0 75.2 99.0 133.7 115.9 106.2 134.9 135.0 164.0
φs (◦) -16.2 -26.8 -44.4 -77.4 -106.4 -90.0 12.8 -12.8 0
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Chapter 7. Experimental Results

Hall sensor

Rotor

Guiding axis

Angle sensor

interface

Figure 7.25. Experimental setup for calibration of the angular and radial position of
magnetic flux density sensors.

Table 7.5. Coordinates of magnetic flux density sensors after calibration.

S1 S2 S3 S4 S5 S6 S7 S8 S9

Rsens (mm) 94.99 94.98 94.98 94.96 95.11 94.97 94.98 95.00 95.32
θs (◦) 92.7 73.8 101.6 137.9 115.5 105.1 132.6 129.0 167.4
φs (◦) -13.11 -26.2 -46.5 -73.9 -115.1 -88.3 15.4 -16.1 9.2
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Chapter 7. Experimental Results

7.4.4 Magnetic Flux Density Reconstruction

In this section, starting from the magnetic flux density measurements collected about
various orientations of the rotor, spherical harmonics decomposition coefficients cm3 are
estimated using the magnetic state estimation strategy. Then, using the developed
magnetic flux density model in (7.7), the radial component of the magnetic flux density
can be reconstructed about the entire rotor surface. The reconstructed magnetic flux
density for three different rotor orientations is compared to the true magnetic flux density
in Fig. 7.27, where the true flux density is computed using (7.7) but with spherical
harmonics decomposition coefficients computed by rotating the immobile coefficients.

7.4.5 Conclusions

In this section we have presented general results concerning the magnetic state estimation
and the optimal sensor placement procedures. We started by employing the optimal
sensor placement strategy to select a set of nine magnetic flux density sensors among all
possible sensor locations available on the stator. This arrangement of sensors was used in
Section 7.3.4 to validate the force inverse model and will be adopted also in the following
sections for rotor angular velocity estimation and closed-loop experiments. Then, we
also provided a model-based procedure to calibrate the position of each magnetic flux
density sensor. Finally, given measurements of the radial component of the magnetic
flux density collected at these nine sensor locations, we have illustrated how the field
distribution can be reconstructed on the entire spherical surface.

7.5 Back-EMF and Rotor Angular Velocity Estimation

7.5.1 Introduction

In this section we present a preliminary evaluation of the rotor angular velocity estimation
technique presented in Chapter 5. Experimental measurements are performed using the
monoblock spherical rotor.

7.5.2 Experimental Setup

The reaction sphere setup used for this activity is similar to the one displayed in Fig. 7.25.
In this test setup, the rotor is centered inside the stator with a rigid guiding axis along the
gravity direction and it is free to rotate about it. In this framework, the reaction sphere
is controlled by a DSpace platform at sampling frequency of 5 kHz. For this experimental
validation, the rotor will be accelerated about its guiding axis using the open-loop rotating
field proposed in [153]. Nine single-axis Hall sensors are employed to measure the radial
component of the magnetic flux density at different locations, which allows computing the
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7.5. Back-EMF and Rotor Angular Velocity Estimation

(a) Angle 0◦.

(b) Angle 14.4◦.

(c) Angle 28.8◦.

Figure 7.27. Surface plots of the estimated and true radial component of magnetic flux
density about various rotor orientations.
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Chapter 7. Experimental Results

spherical harmonic coefficients cm3 using least-square techniques developed in Chapter 4,
and to compute the torque characteristic matrix KT at each sample interval. Then,
given the estimated coefficients cm3 , the angular velocity is computed using (5.10), in
which uemf is computed according to (5.20), where derivation is approximated using
finite differences.

The estimated angular velocity is affected by rotor magnetic flux density high-order
harmonics. Consequently, the derivative acting on coefficients cm3 in (5.20) has a negative
effect on the estimated angular velocity. Therefore, to reduce the error, a low-pass
filter is applied to the estimated angular velocity (note that for a fixed rotation axis
the estimation error is a periodic function whose average should be closed to the actual
angular velocity). A cut-off frequency of 5 rad/s was identified as the lowest possible
frequency to avoid perturbing the ADCS, which also requires measurement of the angular
velocity.

Since the test bench is currently not equipped with a reference measurement of the
angular velocity (the angle sensor is not connected to our real-time platform), the latter
will be computed from Hall sensor measurements taking into account that the rotation
axis is fixed and the flux density measurements are periodic for a constant angular
velocity. As a matter of fact, since the direction of the angular velocity is known, we
only need to compute its magnitude, which can be easily computed using zero-crossing
techniques on the flux density measurements. Notice, however, that the rotation axis is
not taken into account for the validation of the developed algorithm, which is applied
identically as presented in Chapter 5.

7.5.3 Results

The measured angular velocity along the guiding axis is compared to the estimated
angular velocity in Fig. 7.28. We notice that the estimated values are in agreement
with the measured angular velocity. However, the estimated profile undergoes undesired
residual oscillations, which result from the approximation of the derivative operation
and from residual rotor magnetic flux density high-order harmonics. The measured
angular velocity in Fig. 7.28 is computed using zero-crossing techniques on the flux
density measurements as illustrated in Fig. 7.29.

7.5.4 Conclusions

We have reported preliminary experimental results to validate the rotor angular velocity
estimation technique. This activity serves to complement the FEM simulations in
Chapter 5, where the ideal octupole model of the rotor was employed to validate
the algorithm. Contrary to the ideal model, here the estimation is affected by high-
order harmonics that can partially be suppressed using low-pass filtering. For future
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Figure 7.28. Measured angular velocity compared to estimated value.

Time (s)

M
ag

ne
tic

flu
x
de

ns
ity

(T
)

30 31 32 33 34 35 36 37 38 39 40
-0.4
-0.3
-0.2
-0.1

0
0.1
0.2
0.3
0.4

Figure 7.29. Measured magnetic flux density profiles to determine the reference angular
velocity using zero-crossing.
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Chapter 7. Experimental Results

investigations, the test bench setup should be equipped with a rotary encoder to provide
a reference value of the angular velocity, which in the presented validation has been
derived offline from zero-crossing intervals in the measured magnetic flux density profiles.

7.6 Design Optimization of a Spherical Rotor

7.6.1 Introduction

In this section we present experimental results aiming at verifying the FEM characteristics
of the manufactured optimized rotor. Specifically, the radial component of the magnetic
flux density of the rotor is measured and compared to FEM simulations of the optimized
rotor introduced in Chapter 6. Finally, from these measurements, the BRMS

rb
/mrot ratio

and model agreement criterion d are computed and also compared to their expected
values given by the optimization.

7.6.2 Experimental Setup and Method

The setup for the rotor magnetic flux density measurement is the same as the one
displayed in Fig. 7.1. The rotor is supported by a rigid guiding axis and connected to an
AC-electric motor to measure the flux about φb ∈ [0◦, 360◦]. An axial Hall probe, which
can be adjusted on a support plate at 16 inclination angles θ = {15◦, 25◦, . . . , 165◦},
measures the radial component of the magnetic flux density. The flux is recorded using a
teslameter (MAGNET-PHYSIK FH55) connected to a computer. For each angle θb, a
total of 600 points equally distributed on the interval φb ∈ [0◦, 360◦] are recorded.

The magnetic flux density is measured at rb = 89.075 + 0.27 + ∆rb, where ∆rb =
{2mm, 4mm, 6mm, 8mm}. Therefore, each sample of the measured radial magnetic
flux density of the rotor can be denoted as Brb,meas (θb,j , φb,k), with j = 1, 2, . . . , 16 and
k = 1, 2, . . . , 600. In order to evaluate the error between measured Brb,meas (θb,j , φb,k) and
simulated Brb,FEM (θb,j , φb,k) data, similarly to (7.1), we use a MNRE metric defined as

MNRE (θb,j) = 1
600

600∑
k=1
|LNRE (θb,j , φb,k)| , (7.9)

where LNRE (θb,j , φb,k) is the Local Normalized Relative Error (LNRE) defined as

LNRE (θb,j , φb,k) = Brb,meas (θb,j , φb,k)−Brb,FEM (θb,j , φb,k)
max |Brb,FEM|

, (7.10)

where max |Brb,FEM| is the maximum radial component of the magnetic flux density
attained about a rotor pole at θb = tan−1√2 and φb = 45◦.
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7.6.3 Results

The horizontal profiles have been reported in Section 7.2 above and compared to the
developed hybrid FEM-analytical model. The MNRE computed using (7.9) at different
polar angles and various distances from the rotor is summarized in Table 7.6. As can be
read in this table, the MNRE for various polar angles θb is always below 1 %.

Finally, the global model agreement d resulting from projecting the magnetic flux density
measurements on the basis of spherical harmonics and the BRMS

rb
/mrot ratio are compared

with the simulated values in Table 7.7. As observed, both the measured BRMS
rb

/mrot ratio
and the model agreement d are in strong correspondence with the respective simulated
values.

Table 7.6. Computed MNRE at different declination angles expressed in (%)

Distance ∆rb (mm) θb (◦)
25 35 45 55 65 75

2 0.4296 0.7210 0.7461 1.0018 0.6792 0.7086
4 0.4493 0.7524 0.8597 0.9880 0.7258 0.6137
6 0.3498 0.7299 0.8481 1.0429 0.6348 0.5864
8 0.3479 0.6620 0.8712 1.0602 0.6993 0.5507

Table 7.7. Simulated and measured BRMS
rb

/mrot and model agreement d

FEM Measured
BRMS
rb

/mrot (T/kg) 0.0433 0.0447
Model agreement d 0.9901 0.9934

7.6.4 Conclusions

In this section we reported experimental investigations on the optimized monoblock
spherical rotor. Specifically, the radial component of the magnetic flux density is measured
about horizontal profiles at various polar angles and distances from the rotor surface.
As a comparison metric, a MNRE is evaluated showing a good correspondence between
measurements performed on the manufactured rotor and expected values computed using
FEM simulations. Then, using these measurements we derived the model agreement d
and the BRMS

rb
/mrot ratio showing a strong correspondence with the respective simulated

values.

159



Chapter 7. Experimental Results

7.7 Closed-loop Levitation and Angular Velocity Control

7.7.1 Introduction

In this section we report results obtained during the first closed-loop experimental
validation campaign. The objective of this campaign is to first illustrate the ability of
levitating the rotor inside the stator at zero angular velocity and then to rotate it about
a given axis. We begin by describing the main control scheme, a strategy to measure the
position of the rotor inside the stator, as well as designs of magnetic bearing and angular
velocity controllers. Then, we present the experimental setup and discuss a calibration
procedure to center the rotor inside the stator. Finally, we report experimental results
for the two activities described above and provide a conclusion.

7.7.2 Control Scheme and Design

Control Scheme

A simplified control scheme is presented in Fig. 7.30. The goal of the closed-loop control
is to levitate the rotor inside the stator and to rotate it about some desired axis. In this
control scheme there are two loops. The first loop controls the rotor position inside the
stator (magnetic bearing), and it is based on a state-space controller with displacement
velocity estimator. Then, a second loop controls the angular velocity of the rotor. To
validate rotation, we initially employed a proportional controller with an angular velocity
estimator. The inputs of the magnetic bearing controller are the reference position pref (in
nominal operation this should correspond to the center of the stator), the estimated rotor
position p̂, which is measured according to the method presented below in Section 7.7.2,
and the estimated force characteristic matrix KF, which is computed as presented in
Chapter 4. The force output F is subsequently transformed into a vector of currents iF
through the general inverse matrix MF according to the inverse model (3.48). The inputs
of the angular velocity controller are the reference ωref , the magnetic state ĉ, estimated
as described in Chapter 4, and the torque characteristics matrix KT. The torque output
T is multiplied with the torque general inverse matrix MT to produce the relative vector
of currents iT, which summed with iF gives the total control current iF,T.
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Chapter 7. Experimental Results

Rotor Position Measurement

The position of the rotor inside the stator is necessary for closed-loop control. In
this section, we present a method to measure the rotor position based on optical linear
displacement sensors. To illustrate the process of rotor position measurement, we consider
the 2-D schematics in Fig. 7.31. In this figure, the position p =

[
pxs pys pzs

]ᵀ
of the

sphere is expressed with respect to the orthonormal stator reference frame S.

To measure the rotor position, we consider a set of three laser displacement sensors
(µEpsilon optoNCDT 2300 LL) placed in a tetrahedral configuration at a distance Rpsens
along Pa, Pb, and Pc, such that ||Pi|| = 1 with i = a, b, c.

These sensors measure the distance between a sensor and the rotor surface, which in
Fig. 7.31 we express as µ0

i + ∆µi, µ0
i being reference measurements corresponding to a

centered rotor (p = 0). Then, we can define the distance λi as

λi = Rpsens −
(
µ0
i + ∆µi

)
= Rrot + µ0

i −
(
µ0
i + ∆µi

)
= Rrot −∆µi. (7.11)

(pxs , pys )

PaPb

x̂s

ŷs

λb
λa

Rstat

Rrot

µ 0
b +

∆
µ
b

µ
0

a
+

∆µ
a

Stator Rotor

Figure 7.31. Schematic illustration of the rotor position measurement.

Three methods of computing the rotor position p are proposed and briefly introduced
in the following list. The first method is an exact method in the sense that it takes
into account the real spherical geometry of the rotor. The remaining methods are
approximations.

Method 1 The first method consists in computing the exact center p of the sphere given
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7.7. Closed-loop Levitation and Angular Velocity Control

three points λa, λb, and λc, which can be easily reconstructed from the values
∆µa, ∆µb, and ∆µc according to (7.11). Therefore, using the equation of a
sphere, the center p is computed by solving the following system of three
nonlinear equations

(λiPi − p)ᵀ (λiPi − p)−R2
rot = 0, i = a, b, c. (7.12)

The solution of this system of equations can be easily computed using a
program of symbolic computation.

Method 2 The second method aims at linearizing the three equations given in method 1
about the origin and solving the resulting linear system. Linearization should
be fairly accurate because the feasible displacement of the sphere (airgap) is
very little compared to its radius. Therefore, defining

Fi (p) = (λiPi − p)ᵀ (λiPi − p)−R2
rot, i = a, b, c, (7.13)

and linearizing it about the origin yields

Fi (p) = Fi (0)+ ∂Fi
∂pxs

(0) pxs + ∂Fi
∂pys

(0) pys + ∂Fi
∂pzs

(0) pzs , i = a, b, c, (7.14)

whose solution can be expressed in matrix form as

p =

pxs

pys

pzs

 = −1
2

λaP
ᵀ
a

λbPᵀ
b

λcPᵀ
c


−1 λ

2
a −R2

rot
λ2
b −R2

rot
λ2
c −R2

rot

 . (7.15)

Method 3 In the third method, the center of the rotor p is projected directly on the
three unit-norm axes to retrieve the three sensor readings. This is again
motivated by the fact that the feasible displacements of the rotor are small
compared to its radius. Therefore,

−

∆µa
∆µb
∆µc

 =

Pᵀ
a

Pᵀ
b

Pᵀ
c

p (7.16)

and the center of the rotor can be expressed as

p = −

Pᵀ
a

Pᵀ
b

Pᵀ
c


−1 ∆µa

∆µb
∆µc

 . (7.17)

Clearly, the inverse matrix is constant and can be computed offline.
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We have performed numerical simulations considering 5000 randomly-generated rotor
displacements with maximum norm equal to 1mm, which is approximately the airgap
length. Results show that method 2 has a mean error of approximately 16.9± 8.2 µm
whereas method 3 has an error of 11.6± 6.3 µm. Method 1 is error-free because is exact.
Considering its computational simplicity and taking into account results of numerical
simulations, method 3 was selected for the following experimental activity.

Design of a Magnetic Bearing Controller

To begin with, the dynamic model of the translational motion of the reaction sphere
rotor can be described using Newton’s law as

mrot
d2

dt2
p = F + Fg, (7.18)

where mrot is the mass of the rotor, p =
[
pxs pys pzs

]ᵀ
is the rotor position expressed

in stator coordinates, F the electromagnetic force applied to the rotor, and Fg the force
of gravity. The design of the magnetic bearing controller is carried our by considering
each of the three axis independently. Define the state vector

[
p v

]ᵀ
, where p and v

are the position and velocity of the rotor, respectively, with p = pxs and v = vxs if we
consider the xs−axis, p = pys and v = vys for the ys−axis, and p = pzs and v = vzs

if we consider the zs−axis. Then, the continuous-time second-order state-space model
corresponding to the transational motion along any of the three axis can be expressed as

d

dt

[
p

v

]
= Ac

[
p

v

]
+BcF, (7.19)

where F is the applied force along the considered axis and

Ac =
[
0 1
0 0

]
, Bc =

[
0

1/mrot

]
. (7.20)

The corresponding discrete-time state-space model can be expressed as[
pk+1
vk+1

]
= Ad

[
pk
vk

]
+BdF, (7.21)

where

Ad = eAcTs =
[
1 Ts
0 1

]
, Bd =

(∫ Ts

0
eAcτ dτ

)
Bc =

[
1/2T 2

s /mrot
Ts/mrot

]
, (7.22)
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7.7. Closed-loop Levitation and Angular Velocity Control

and Ts is the sampling time. Since only the rotor position can be measured, the output
equation becomes

yk = Cd

[
pk
vk

]
, (7.23)

with
Cd =

[
1 0

]
. (7.24)

The Bode diagram of the transfer function between the force and the position of the
state-space model (7.19) is displayed in Fig. 7.33 and corresponds to a double-integrator
plant.

Numerous techniques have been proposed to control the rotor position in the literature of
active magnetic bearings [92]. PD controllers are among the most common and simplest
schemes available to stabilize an active magnetic bearing system [92,154,155]. In this
case, controller parameters can be selected equivalently to a mass spring damper system.
However, to compensate for static disturbances, such as gravity or modeling errors, a
Proportional-Integral-Derivative (PID) solution is frequently proposed [87,92,154]. In
this experimental section, the magnetic bearing controller is based on a state-feedback
controller with integral control as depicted in Fig. 7.32. This control architecture is
equivalent to a PID scheme. In Fig. 7.32, the controller parameters are the integral gain
Ke ∈ R and the state-feedback matrix Ks ∈ R1×2. The speed estimator is a reduced-
order observer and will be explained below. Details concerning this kind of controller
and observer design can be found in [156, 157]. Controller parameters Ke and Ks are
computed so that Ãd − B̃d

[
Ks Ke

]
has poles corresponding to the desired closed-loop

dynamics, where

Ãd =

 Ad 0

−CdTs 0

 , and B̃d =
[
Bd
0

]
. (7.25)

Therefore, two dominant poles are placed to satisfy a generic second-order dynamics
specified with natural frequency ωn and damping ξ. The integral pole is placed so that it
does not influence the desired dynamics. Hence, we select the following poles

ν1,2 = e

(
−ξωn±iωn

√
1−ξ2

)
Ts (7.26)

ν3 = e
4Re
[(
−ξωn+iωn

√
1−ξ2

)
Ts

]
. (7.27)

In our design, the sapling time is equal to Ts = 1/fs, where fs = 3.5 kHz. The desired
closed-loop bandwidth is fcl = 10Hz, thus ωn = 2πfcl. The damping ξ is 0.95.

The discrete-time reduced-order observer estimates the rotor displacement speed given
the measured position and applied force. Considering the plant model in (7.21) and
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Speed
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p̂
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Plant

Ksv̂

-
Ke · Ts

z − 1

p̂

p

Position

Estimator
Magnetic Bearing Controller

Controller Fd

Figure 7.32. Schematic diagram of the magnetic bearing controller.

(7.23), the observer takes the form of{
wk+1 = (1− LTs)wk +

(
Ts
mrot
− L1

2
T 2

s
mrot

)
Fk +

(
−L2Ts

)
pk

v̂k = wk + Lpk
(7.28)

where wk is the state, v̂k the estimated speed, and L ∈ R the observer gain. The observer
gain is selected so that its pole is located 1.2 times to the left with respect to the
closed-loop plant dynamics (ideally higher than 1.2 but limited by noise). Thus

νredobs = e
1.2Re

[(
−ξωn+iωn

√
1−ξ2

)
Ts

]
. (7.29)

Then, the observer gain can be computed as

L = −νredobs + 1
Ts

. (7.30)

In Fig. 7.33 we depict the Bode diagram corresponding to the closed-loop transfer function
from reference position pref to output positon p, which also includes the reduced-order
observer. Then, the Bode plot of the open-loop transfer function with controller and
reduced-order observer is reported in Fig. 7.35. The corresponding gain and phase
margins are −15 dB and 47.7◦, respectively. Next, the Bode of the dynamic stiffness
transfer function is illustrated in Fig. 7.36. The dynamic stiffness is the inverse of the
dynamic compliance, which is the transfer function between the disturbance input Fd and
output position p [92,154]. The higher the gain of the dynamic stiffness, the lower the
amplification of an external disturbance excitation at a particular frequency becomes [92].
Finally, in Fig. 7.37 we report the step responses of the closed-loop system from the
reference input pref = 1mm (left) and from the disturbance force Fd = 1N (right) to the
output position.
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Figure 7.33. Bode plot of the plant.
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Figure 7.34. Bode plot of closed-loop system with reduced-order observer.
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Figure 7.35. Bode plot of open-loop system with reduced-order observer. The gain and
phase margins are −15 dB and 47.7◦, respectively.
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Figure 7.36. Bode plot of closed-loop dynamic stiffness with reduced-order observer.
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Figure 7.37. (Left) Step response with reference equal to pref = 1mm. (Right) Force
disturbance rejection with step disturbance force Fd = 1N.
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Design of an Angular Velocity Controller

The dynamic model of the rotating rotor was proposed in Section 5.2 and is reported
here for convenience

Jrot
d

dt
ω = T, (7.31)

where Jrot is the inertia tensor of the rotor, ω is the angular velocity of the rotor expressed
in stator coordinates, and T is the torque applied to the rotor. As above, the design of
controller will be carried out by considering each of the three axis independently. Then,

J
d

dt
ω = T, (7.32)

where J = 0.0368 kgm2 is the inertia of the rotor about the considered axis, ω the angular
velocity, and T the torque. The discrete-time open-loop transfer function becomes

ω (z)
T (z) = Ts/J

z − 1 . (7.33)

For illustration, a simple proportional controller is employed to control the angular
velocity of the rotor. The closed-loop transfer function is

ω (z)
ωref (z) = Ts/JKp

z − (1− Ts/JKp)
. (7.34)

For this experiments, we selected Kp = 4, which corresponds to a closed-loop bandwidth
of approximately 6Hz.

7.7.3 Experimental Setup

The test bench setup for closed-loop validation is displayed in Fig. 7.38. The test bench
is equipped with three optical sensors for position measurements and nine Hall sensors
to estimate in real-time the spherical harmonic decomposition coefficients, which are
necessary to update force and torque models and to estimate the rotor angular velocity.

For closed-loop position control, the rotor position inside the stator is measured using
three optical sensors. As discussed in Section 7.7.2, each optical sensor delivers a relative
distance ∆µi from a programmed zero position µ0

i , which should correspond to the center
of the stator. Therefore, to program the zero position in each of the three sensors, the
rotor has to be positioned precisely at the center of the stator. The rotor centering is a
crucial activity as it will have a direct impact on the performance in closed-loop. Ideally,
the center of the stator corresponds to the center of the rotor, its center of gravity and its
magnetic center. Any error between these four centers will generate undesired vibrations
and other negative effects during operation.
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Rotor centering
device

Optical sensor

Optical sensor

Rotor inside
stator

Stator

Figure 7.38. Experimental setup for closed-loop magnetic bearing and angular velocity
control.

The procedure to perform this activity is briefly described. As depicted in Fig. 7.39,
using a coordinate measuring machine (FARO), we collect several measurements on the
stator and on the rotor, with respect to a predefined reference system (situated on the
test bench). Then, we perform a fitting of a sphere using the points collected from the
stator and do the same thing with the points collected from the rotor. These two fittings
provide the centers of the spheres with respect to an absolute reference system on the
test bench. If the error between the two centers is not satisfactory, the rotor is guided
manually through its axis so as to reduce the error and the acquisition of the rotor
points is performed again. The process is repeated until a satisfactory result is obtained.
Finally, the guiding axis connected to the rotor is removed. Ideally, the stator and rotor
centers coincides. However, measurements taken on the sphere allowed us to estimate
the stator non-sphericity, which is defined as the maximum variation of its radius, and is
approximately 0.50mm. The non-sphericity of the rotor is 0.28mm. One consequence of
these non-spericities is that during rotation the rotor center depends on the orientation
of the rotor.

7.7.4 Results

Magnetic Bearing at Zero Angular Velocity

The first test consists in levitating the rotor inside the stator at zero angular velocity and
subsequently in changing its position by providing position references along the three
orthogonal axes. This is certainly something not foreseen during normal operation of the
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Figure 7.39. Illustration of the rotor centering procedure. (Left) Acquisition of points on
the stator. (Right) Acquisition of points on the rotor.

reaction sphere, where the rotor should remain centered inside the stator. However, this
activity allows us to verify the magnetic bearing.

The three measured rotor positions as a function of time are reported in Fig. 7.40. Taking
into account this figure, the procedure of this test can be summarized in three phases:

1. The rotor is initially supported by the centering devices and its center is located at
approximately 0.7mm below the stator center.

2. At 10 seconds we activate the position closed-loop and from 15 to 30 s we provide
a gentle trajectory to bring the rotor to the center. It is important to observe that,
because of asymmetries and coupling between force and torque for an uncentered
rotor, once the rotor starts levitating it begins to tumble randomly. Therefore,
at approximately 25 s we activate the angular velocity loop at 0 rpm, which will
maintain the angular velocity near to zero.

3. Once the rotor is immobile we provide references along the three axes (variation of
±0.7mm). As we can notice, the measured position and reference are in a good
agreement.

The estimated angular velocity as a function of time is depicted in Fig. 7.41. Once again
we can observe the random tumbling after levitation between 20 and 30 s and the effect
of the angular velocity controller.

Magnetic Bearing and Angular Velocity

The objective of this second test is to levitate the rotor and simultaneously make it
rotate about a given axis. The three measured rotor positions as a function of time are
reported in Fig. 7.42. The procedure is similar to the one presented above:

1. The rotor is initially located at approximately 0.9mm below the stator center.
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Figure 7.40. Rotor position as a function of time for the magnetic levitation at zero
angular velocity.
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Figure 7.41. Rotor angular velocity as a function of time for the magnetic levitation at
zero angular velocity.
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2. At 10 s we activate the position closed-loop and from 15 seconds to 30 s we gently
bring the reference to the center of the stator.

3. At 30 s we activate the angular velocity controller at 0 rpm (this stops the random
tumbling).

4. Finally, at 50 s we give a reference angular velocity along the vertical axis of 12 rpm.

As we can observe in Fig. 7.42, the magnetic bearing performance is severely affected by
rotation. There are several possible sources of this performance degradation:

1. Force and torque errors due to rotor distortion. As we have discussed in previous
chapters, high-order harmonics of the magnetic flux density of the rotor, which
cannot be taken into account into our estimation procedure due to the limited
number of flux density sensors, introduce errors in force and torque models. More-
over, these errors are rotor-orientation-dependent, which means that the position
controller has to compensate for them.

2. Rotor non-sphericity, zero position, and mechanical/magnetic unbalance. As we
have mentioned above, the rotor and stator are not perfectly spherical. Therefore,
during rotation, the center of gravity of the rotor is continuously displaced, which
could possibly lead to undesired behavior.

3. Cross-coupling between force and torque when the rotor is not centered. This
could be a serious issue although we expect a higher coupling from force to torque
than from torque to force (the force-generating currents are higher than torque-
generating currents). To clarify this issue, we point out that force and torque
models are derived considering a perfectly centered rotor (see Chapter 3). In this
condition, we concluded that no coupling occurs between force and torque. In
other words, a current vector to generate a torque will not produce any force and
vice versa. However, when the rotor is not centered in the stator, this condition is
no longer satisfied and a coupling will occur (we do not know the severity of this
coupling since there is no analytical model for an uncentered rotor).

4. Test bench alignment problems.

5. Deformation of the stator due to rotor weight.

In Fig. 7.42 we also note that, during rotation, variations of the rotor position are periodic
for a constant angular velocity. Adaptive control techniques could be used in future
research.

Finally, the rotor estimated angular velocity and the reference angular velocity as a
function of time are reported in Fig. 7.43. Similarly to the previous experiment, the

173



Chapter 7. Experimental Results

angular velocity is initially equal to 0 rpm. Then, once the rotor start levitating it
begins to rotate randomly. The angular velocity goes back to 0 rpm once we activate the
controller. Finally, the angular velocity follows the reference up to 12 rpm. It is important
to mention that, contrary to the position of the rotor, the angular velocity is not directly
measurable but it can only be estimated using flux density sensors. Consequently, the
estimated angular velocity using the proposed method is affected by rotor magnetic
flux density high-order harmonics. Hence, errors in the estimated angular velocity will
automatically be propagated in the loop. As a matter of fact, the estimation of the
rotor angular velocity is based on the estimated spherical harmonic coefficients, which in
turn are estimated from rotor magnetic flux density measurements. Since the magnetic
estimation procedure can only take into account the fundamental harmonic, the estimated
spherical harmonic coefficients will be affected by high-order harmonics. The derivative
operation acting on these coefficients has a negative effect on the estimated angular
velocity. A low-pass filter at approximately 5 rad/s reduces the estimation error (observe
that for a fixed rotation axis the estimation error is a periodic function whose average
should be closed to the actual angular velocity). In parallel to these efforts, advanced
filtering techniques such as the Kalman filtered should be assessed as alternative methods
for angular velocity estimation.

7.7.5 Conclusions

Closed-loop tests have been performed. First, we validated the magnetic bearing loop
using time-varying position references along the three orthogonal axes. The performance
is qualitatively good when the rotor angular velocity is zero. However, we observed
that the performance of the bearing deteriorates for non-zero angular velocities. Several
possible reasons have been outlined to explain this degradation including force and torque
errors due to rotor distortion, rotor non-sphericity and mechanical/magnetic unbalance,
cross-coupling between force and torque when the rotor is not centered, test bench
alignment problems, and deformations of the stator due to rotor weight.

7.8 Summary

This chapter was dedicated to experimental activities performed using the manufactured
prototypes with the aim of validating the developed techniques.

First, we focused on the hybrid FEM-analytical magnetic flux density model and reported
measurements and FEM simulations that showed a good correspondence to values
computed using the proposed model. The MNRE between experimental and values
provided by the proposed model is approximately 6 % when only the fundamental
harmonic is taken into account. We observed that this error can be reduced below 1 %
by increasing the number of harmonics taken into account.
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Figure 7.42. Rotor position and position norm as a function of time for the magnetic
levitation with rotation.
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Figure 7.43. Rotor angular velocity as a function of time for the magnetic levitation with
rotation.
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Second, experimental and simulation activities were performed to validate force and
torque inverse models and the magnetic state estimation procedure. Given measurements
of the radial component of the magnetic flux density collected at several locations
equidistant from the rotor surface, a current vector was computed to generate given
force and torque references. Measured forces and torques are in good agreement with
their reference values. As expected, we observed that the electrical power necessary to
produce a given force or torque varies as a function of the rotor orientation. Moreover,
the linearity between the applied current vector and the resulting forces and torques was
confirmed by experiments.

Then, we looked at experimental aspects related to magnetic state estimation. Specifically,
we introduced a model-based calibration procedure to determine the position of each
magnetic flux density sensor, which is initially only approximately known. With these
calibrated coordinates and taking into consideration a finite number of measurements
only, we illustrated the ability of reconstructing the distribution of the magnetic flux
density on the entire spherical surface at a desired distance. Distributions computed
using the reconstructing technique were compared to those computed using the analytical
method and a good correspondence was observed.

Subsequently, we performed preliminary experimental measurements to examine the
algorithm proposed to estimate the angular velocity of the rotor. Although further
investigations are required to completely validate this method (e.g. rotations at higher
angular velocity), we observed that the proposed algorithm is capable of providing
estimated values of the angular velocity. To alleviate the influence of high-order harmonics,
low-pass filtering has been applied to the estimated values.

Afterwards, we reported measurements performed using the monoblock rotor recently
developed. Specifically, we evaluated the MNRE metric between magnetic flux den-
sity values computed using FEM simulations and experimental measurements on the
manufactured rotor. The MNRE is below 1 % for all the polar angles and radial distances.

Finally, for illustrative purposes, we performed the first experimental closed-loop mea-
surements using the developed prototype. First, we executed magnetic bearing tests and
demonstrated that position of the rotor inside the stator can be controlled adequately.
These tests were performed keeping the angular velocity regulated to 0 rpm. Then, with
the rotor levitated, rotations of 12 rpm were achieved about an arbitrary axis. During
rotation, we observed that the performance of the bearing deteriorates importantly.
Possible reasons that have been identified include force and torque errors due to rotor
distortion, rotor non-sphericity and mechanical/magnetic unbalance, cross-coupling be-
tween force and torque when the rotor is not centered, test bench alignment problems,
and deformations of the stator due to rotor weight. We observed that the variation of
rotor position during rotations seems to be periodic for a constant angular velocity, which
in future research could be addressed with advanced adaptive control techniques.
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8 Conclusions

In this final chapter we summarize the main results achieved throughout this thesis and outline our
technical and experimental contributions. Finally, we provide a list of possible future directions of
research.

8.1 Overview

In this thesis we addressed electromagnetic modeling and control aspects of a reaction
sphere actuator for satellite attitude control.

As discussed in the introduction in Chapter 1, reaction spheres are multi-axis momentum
exchange devices and consist of a single spherical mass that can be torqued about any
direction to provide three-axis attitude control with a unique device. Reaction spheres
were firstly proposed in 1960, however, none of the presented designs or concepts have
reached the technology readiness level needed for a commercial product, especially due
to the complexity of the 3-D motor, the bearing, and its combination.

Although aiming at a different application, we have seen that reaction spheres can be
classified under the family of spherical actuators, which are devices studied in robotics
and are capable of performing 3-DOF rotational motion in a single joint. Consequently,
the study of electromagnetic modeling and control aspects of reaction sphere shares many
challenges and related techniques with the spherical actuator literature, to which we
believe this thesis was mostly addressed. As a matter of fact, the majority of models and
developed solutions can directly be transferred to this field of research.

The reaction sphere studied in this thesis is based on invention [1]. The proposed reaction
sphere is a permanent magnet spherical actuator whose rotor is magnetically levitated
and can be accelerated about any desired axis. The actuator is composed of an 8-pole
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permanent magnet spherical rotor and of a 20-coil stator. Initially, a reaction sphere
laboratory prototype was manufactured to validate force and torque analytical models
presented in Chapter 3. In this prototype, the eight PM poles of the spherical rotor
were discretized using a mosaic of 728 cylindrical magnets to approximate the desired
fundamental spherical harmonic. However, closed-loop experiments using this rotor were
at that time not possible due to manufacturing issues.

More recently, a new spherical rotor optimized to improve its manufacturability was
designed and manufactured. The design optimization was presented in Chapter 6. This
monoblock rotor has eight bulk permanent magnet poles with truncated spherical shape
that are parallel-magnetized and adjusted on the back-iron structure, which has truncated
octahedral shape. Because of the highly complex geometry of this newly manufactured
rotor, a pure analytical method to express the magnetic flux density of the rotor was not
practicable. For this reason, in Chapter 2 we adopted a hybrid FEM-analytical approach,
in which FEM or measured derived values are combined with other boundary conditions
on a known analytical structure. Thanks to this approach, high-order spherical harmonics
of the rotor can be taken into account in the magnetic flux density, force, and torque
models.

One of the most critical aspects of the proposed reaction sphere, and of spherical
actuators in general, is that forces and torques depend on the orientation of the rotor
inside the stator, which needs to be determined for closed-loop control. In this thesis,
rather than using the “mechanical” orientation of the rotor, which generally requires
solving a nonlinear and iterative process with possible non-uniqueness and convergence
problems, we focused on the “magnetic” orientation and introduced the term “magnetic
state”. The magnetic state is a set of spherical harmonic decomposition coefficients that
parametrize the magnetic flux density, and thus the force and torque, for any possible
orientation of the rotor. More specifically, thanks to spherical harmonic properties under
rotation, the magnetic flux density of the rotor can be “decomposed into a direct sum of
orthogonal subspaces which are globally invariant under rotation [123]”. Consequently,
the magnetic flux density for any possible orientation of the rotor can be expressed
as a linear combination between spherical harmonics coefficients (the magnetic state)
and spherical harmonic functions. As described in Chapter 4, the proposed method
to determine the magnetic state is based on measuring the radial component of the
magnetic flux density at multiple locations equidistant from the rotor surface and project
them on a basis of spherical harmonic functions. In other words, the proposed method
consists in solving the Laplace equation (online) with its general solution expressed as
a series of spherical harmonic functions (invariant under rotation) and with boundary
conditions expressed using measurements of the radial component of the magnetic flux
density. The advantage is that the magnetic estimation procedure is linear and it is
expressed in closed-form.

As studied in this thesis, measurement of the rotor angular velocity is necessary for closed-
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loop control and it is also required by the ADCS for angular momentum management.
A possible solution to determine the angular velocity was proposed in Chapter 5. The
underlying idea behind the proposed principle was to exploit the magnetic state of the
rotor and avoid computing the rotor “mechanical” orientation. Therefore, the proposed
approach is based on determining the angular velocity from the back-EMF voltage
induced in the coils, which can be determined using Faraday’s law of electromagnetic
induction, in which the time-varying magnetic flux density is parametrized with the
magnetic state.

Finally, in Chapter 7 we reported experimental results to validate the proposed techniques
and we discussed preliminary experiments of closed-loop magnetic bearing and angular
velocity control.

8.2 Summary of Results and Contributions

Main results and contributions of this thesis can be summarized in the following points:

• An analytical magnetic flux density model of an eight-pole permanent
magnet spherical rotor: an analytical model of an eight-pole permanent magnet
spherical rotor with ideal octupole magnetization was presented. The novelty
consists in exploiting powerful properties of spherical harmonic functions under
rotation to express the magnetic scalar potential corresponding to a rotated rotor
as an expansion of spherical harmonic functions, in which spherical harmonic
decomposition coefficients (the magnetic state) convey to the model all the infor-
mation relative to the orientation of the rotor. The advantage with respect to
traditional models parametrized using the rotor orientation (e.g. Euler angles or
quaternions), which generally require solving nonlinear and iterative problems or
using bulky external apparatuses, is that these coefficients can be measured using
linear techniques and that force and torque characteristic matrices can be expressed
in closed-form for any possible orientation of the rotor. These results were published
in the IEEE Transactions on Mechatronics [122]. More recently, parametrization of
the rotated magnetic flux density using spherical harmonic coefficients was also
adopted by our colleagues to develop a model of the eddy currents generated in
presence of a ferromagnetic stator. Results were reported in the IEEE Transactions
on Magnetics [158].

• A Hybrid FEM-analytical magnetic flux density model of an eight-pole
permanent magnet spherical rotor with complex geometry: this model was
proposed to obtain an accurate description of the magnetic flux density distribution
of a permanent magnet spherical rotor with complex pole geometry for which an
analytical approach is inadequate. The innovation is to combine FEM simulations
performed to compute boundary conditions (typically inside the airgap) for the
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immobile rotor and spherical harmonic properties under rotation to obtain a generic
structure of the flux density distribution, in which spherical harmonic decomposition
coefficients carry all the information relative to the orientation of the rotor. The
proposed method allows taking into account high-order spherical harmonics of the
rotor. Results were presented at the 2013 IEEE Electrical Machines and Drives
Conference (IEMDC) [159]. Finally, we point out that the proposed procedure to
obtain the magnetic flux density model is also a powerful tool for design optimization.
Specifically, for a given potential design, instead of performing a large number of
time-consuming FEM simulations to study the effect of rotor distortions on forces
and torques, here we only perform one FEM simulation to generate the complete
magnetic flux density model and then the force and torque models. Therefore, we
can perform numerical simulations using a large number of randomly-generated
rotor orientations and evaluate the effect of rotor high-order harmonics on force
and torque errors. In this case, we use a reference model in which all the harmonics
are taken into account and study the errors with a working model, in which only
a subset of harmonics are considered. The advantage is that we can predict the
performance of a given design in a shorter time.

• Force and torque models for an 8-pole permanent magnet spherical rotor
and 20-pole stator with coils: force and torque forward/inverse models for the
proposed rotor/stator architecture were developed. Thanks to the parametrization
of the rotated magnetic flux density with spherical harmonic coefficients, forces
and torques for any orientation of the rotor are expressed as a linear combination
of force and torque characteristic matrices provided by each spherical harmonic of
given degrees and orders (these matrices are computed offline), with the spherical
harmonic coefficients delivering to the models all the necessary information relative
to the orientation of the rotor (these coefficients can be determined online non-
iteratively and in a linear fashion by measuring the radial component of the magnetic
flux density from at least seven different locations). Force and torque models are
linear and are expressed in closed-form. These results were published in the IEEE
Transactions on Mechatronics [122].

• A magnetic state estimation as relevant procedure to express the orien-
tation of the rotor inside the stator: a procedure to estimate the magnetic
state of the rotor was proposed and it is based on measuring the radial component
of the magnetic flux density at multiple locations equidistant from the rotor surface
to subsequently solve a linear inverse problem using least-squares. Conversely from
the estimation of the rotor orientation, the estimation of the magnetic state is
linear, it is expressed in closed-form, and it implicitly takes into consideration
non-uniqueness of solutions due to the cubic symmetry of the rotor magnetic flux
density. The magnetic state corresponding to the ideal ocutpole model can be
reconstructed with a minimum of seven measurements that can be collected using
single-axis magnetic flux density sensors. The magnetic state estimation procedure
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for an ideale octupole magnetization was presented in the IEEE Transactions on
Mechatronics [122]. A discussion relative to the influence of high-order harmonics
is proposed in [159].

• An optimal placement of magnetic flux density sensors: we have presented
an optimization strategy to position magnetic flux density sensors necessary for mag-
netic state estimation. The proposed optimization procedure consists in minimizing
the condition number related to the linear estimation problem of the coefficients so
as to minimize the influence of the measurement noise and high-order harmonics
on force and torque relative errors. The proposed placement strategy can be used
in the design phase to study the impact of both the number of sensors and their
arrangement. Results have been presented at the 2012 International Conference on
Electrical Machines (ICEM) [160].

• An algorithm to estimate the back-EMF voltage and the rotor angular
velocity: the proposed algorithm to estimate the back-EMF voltage induced in
the coils is based on Faraday’s law of electromagnetic induction. Application of the
law of electromagnetic induction to compute the back-EMF voltage had already
been proposed for example for a brushless DC motor [161]. In this reference, for
instance, the time-varying component of the magnetic flux density within the coils is
parametrized with the angular velocity of the rotor. In our approach, this method is
extended to the case of 3-DOF rotations and the novelty is to parametrize the time-
varying component of the magnetic flux density with the magnetic state, which can
readily be determined as mentioned above. The proposed approach to determine
the back-EMF voltage does not require additional measurements of the coil voltages
or actuations. Subsequently, we have shown that the rotor angular velocity can be
determined using the energy conservation principle by multiplying the estimated
back-EMF voltage vector with the transpose of the torque characteristics matrix,
which is a multidimensional equivalence to classical motor theory. Both procedures
to determine the back-EMF voltages and the rotor angular velocity are linear
and are expressed in closed-form where several components are computed offline.
Results will be presented at the 2014 IEEE/ASME International Conference on
Advanced Intelligent Mechatronics (AIM) [162].

• Optimization of a permanent magnet spherical rotor: the design of a
new permanent magnetic spherical rotor with eight poles was presented. The
optimization was performed using FEM simulations in which several linear and
nonlinear simulations have been performed allowing us to obtain a design compliant
with the specifications. In order to minimize high-order harmonics, the model
agreement criterion d is introduced as a quantitative evaluation of the global
distortion of the magnetic flux density with respect to the spherical harmonic of
degree three and order two (octupole). These results were presented at the 2012
International Conference on Electrical Machines and Systems (ICEMS) [163] and
published in the IEEE Transactions on Industry Applications [164].
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• Algorithms to determine the position of the rotor inside the stator: meth-
ods to determine the rotor position inside the stator were presented based on a
set of three optical linear displacement sensors. For instance, in the preferred
method, the rotor position is computed in closed-form through a simple change of
coordinates, which relates the sensor position expressed in the stator frame and
measurements provided by the three optical sensors (the change of coordinates is a
matrix multiplication and the matrix is computed offline).

• Closed-loop experimental validation: using dedicated dynamic controllers for
the magnetic bearing and the angular velocity, we showed that the rotor can
simultaneously be levitated and rotated about a given axis in closed-loop. To
the best of our knowledge, there is no evidence of closed-loop magnetic bearing
and rotation in the PM-based spherical actuator literature. Results have been
submitted to the IEEE Transactions on Mechatronics [165].

• Numerical FEM simulations of spherical actuators: FEM simulations have
been extremely useful to validate the developed methods and to design the new
spherical rotor. To this end, we first created a 3-D simulation model of the discrete
rotor, which consists of a pavement of 728 permanent cylindrical magnets fixed to
an iron sphere and a set of 20 coils. Then, for design optimization we developed
also the 3-D simulation model of the monolock rotor. Results were presented at
the 2011 and 2013 COMSOL conferences [166,167].

8.3 Research Perspectives

In this thesis we touched several aspects related to modeling and control of the reaction
sphere actuator. These opened new possibilities of future research among which we
identify the the following list.

• Force and torque inverse models: force and torque inverse models have been
presented in Chapter 3. Considering the force only, the current vector i to satisfy a
given reference force F can be computed as (see equation 3.48)

i = MFF (8.1)

where
MF = Kᵀ

F (KFK
ᵀ
F)−1

. (8.2)

Considering the fundamental harmonic only, force and torque characteristic matrix
in (8.2) can be computed as (see equation (8.3))

KF =
3∑

m=−3
cm3 (α, β, γ)Km

F,3. (8.3)
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Therefore, to compute i, a 3 × 3 matrix inversion is required in (8.2) at each
iteration. It would be interesting to study the possibility of avoiding this matrix
inversion by looking at alternative structures, for instance,

i =
3∑

m=−3
f (cm3 (α, β, γ)) M̃m

F,3F, (8.4)

where f (·) is a generic (possibly simple) function and M̃m
F,3 are matrices computed

offline.

• Design of advanced controllers for magnetic bearing and angular ve-
locity: presently, closed-loop magnetic bearing is achieved with a state-feedback
controller in combination with an integral compensation. Control of the angular
velocity is performed with a proportional controller. As we have observed, magnetic
bearing performances deteriorate significantly for non-zero angular velocities. We
noticed that variation of the rotor position during rotations seems to be periodic
for a constant angular velocity. As mentioned, among the various reasons for
this behavior, we identified force and torque errors due to rotor distortion, rotor
non-sphericity, and mechanical/magnetic unbalance. Therefore, in future research
these challenges could be addressed with advanced adaptive control techniques in a
way to automatically adapt the model/controller online using closed-loop measured
values. Moreover, vibrations could be minimized by intelligently filtering actuations
to avoid changing the position of the center of gravity due to rotor mechanical and
magnetic non-sphericity [11,12,92].

• Extended Kalman filter framework: in this thesis we have presented non-
iterative models to estimate the magnetic state and the angular velocity of the
rotor. These methods have the advantage of being computationally simple and
straightforwardly implementable in real-time. An alternative and powerful approach
for estimation of the magnetic state, the rotor angular velocity, and possibly the
rotor position is based on the EKF, which is a recursive state estimator for nonlinear
processes and does not require differentiation of the measurements [140]. In parallel
to the work presented in this thesis, some preliminary work was performed to
introduce the EKF as a control framework for the reaction sphere. In one of
the proposed structures, the EKF is based on the following nonlinear state space
differential equation

d

dt
ω = J−1

rot (gTc + w)
d

dt
q = 1

2Ωq

d

dt
g = 0,
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where ω is the angular velocity, Jrot is the rotor tensor of inertia, q is the quaternion
vector corresponding to the orientation of the rotor, Tc is the command torque, w
is the process noise vector, and the matrix Ω is given by

Ω =


0 −ωx −ωy −ωz
ωx 0 ωz −ωy
ωy −ωz 0 ωx
ωz ωy −ωx 0

 .

An additional state variable g is included in this model to partially overcome the
fact that the difference between the torque generated and the command torque
T−Tc does not have zero mean. The measurement equation is given by

z = h3 (q) + v,

where h3 (·) is a function relating rotor orientation to measurements and takes
into account only the fundamental spherical harmonic of degree 3. Finally, v is
the output noise vector. The noise vector v represents the measurement noise
of the sensors, which is probably white and therefore well filtered by the EKF,
and the noise produced by unmodeled high-order harmonics of the rotor. One
attractive approach proposed to reduce the negative influence of unmodeled high-
order harmonics is to use a covariance matrix in the EKF measurement update
that is expressed as the difference between the estimated sensor output, which is
computed taking into account high-order harmonics starting from the estimated
quaternion, and the estimated output taking into account the fundamental harmonic
only. Although not consistent with the definition of the noise covariance matrix
(defined for white noise), this method allows “weighting” the measurements in a
smart way. Some preliminary simulations show the stability of this method.

• Rotor position determination with magnetic flux density measurements:
in this thesis we proposed to measure the rotor position using three optical dis-
placement sensors. This approach is computationally simple and the theoretical
accuracy seems adequate. However, the proposed measurement procedure relies on
the assumption that the rotor is perfectly spherical, which is not the case in practice.
The consequence of rotor non-sphericity are orientation-dependent measurement
errors, which may have a dramatic impact on the magnetic bearing performance.
One highly challenging alternative is to measure the rotor position using magnetic
flux density sensors, which are already necessary to determine the magnetic state.
The complexity of this approach lies on the fact that the relation between the radial
component of the magnetic flux density measured at a given point and the position
of the rotor depends on the orientation of the latter. Therefore, to process flux
density measurements for position determination one has to first compute the rotor
orientation (the EKF above is a possible solution). Finally, errors related to rotor
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orientation measurement are propagated in the magnetic bearing loop introducing
unwanted couplings.

• Force/torque coupling for uncentered rotor: in Chapter 3 we showed that if
the rotor is perfectly centered inside the stator then force and torque are uncoupled,
allowing us to control magnetic bearing and angular velocity independently. This
assumption is based on the fact that, in nominal operation, the magnetic bearing
loop maintains the rotor centered. However, in the experimental chapter we stated
that coupling between forces and torques is among the possible reasons of magnetic
bearing performance degradation during rotation. Hence, a possible future activity
is to perform a quantitative evaluation of this coupling between currents generating
forces and currents generating torques. To this end, FEM simulations could be
used. Coupling between forces and torques is a particularly important aspect for
on-earth performance validation of the reaction sphere. As a mater of fact, on
earth, the currents necessary to levitate the rotor are significantly higher than those
requested to produce a given torque for precise attitude control. Consequently, for
an uncentered rotor, the current generating forces (magnetic bearing) are going to
influence negatively the torque production. A possible solution to counteract this
limitation is to employ hydrostatic bearing to partially compensate for the weight
of the rotor in presence of gravity.
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A Spherical Harmonics

A.1 Introduction

Spherical harmonics are a frequency-space basis for representing functions defined over
the sphere. They are the spherical analogue of the 1-D Fourier series [168].

Spherical harmonics are important in a variety of theoretical and practical applications
including computational chemistry [124], quantum mechanics, where they are used to
model the electron configuration in atoms and to model quantum angular momentum
[168–170], and geomagnetics, where they appear to model magnetic field of the earth as
well as other planetary bodies [171]. Spherical harmonics are also widely employed in
3-D computer graphics for example in interactive graphics and lighting [168,169,172],
image registration [123,173,174], and surface parameterization [127,175], which include
several applications in biomedical imaging [131,176–179] and signal processing [128]. The
authors of these references make an extensive use of spherical harmonics properties under
rotation, which represent an essential instrument for the development of the magnetic flux
density model in Chapter 2. Finally, in the spherical actuators literature, as mentioned
in Section 2.1, spherical harmonics characterize the angular portion of the solution to
Laplace’s equations, which result from Maxwell’s equations [50,52,55,58,71,72,75,76,93–
97,180].

In this Appendix, we briefly discuss the spherical harmonics and introduce several
important properties for the thesis.

A.2 Definition

Let (θ, φ) be spherical coordinates and η (θ, φ) = (cosφ sin θ, sinφ sin θ, cos θ) a point on
the 2-D unit sphere. Then, θ ∈ [0, π] is the polar angle, which is the angle between the
z-axis and the vector corresponding to η; φ ∈ [0, 2π] is the azimuthal angle and is defined
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as the angle between the positive x-axis and the projection of η onto the x–y plane.
Then, for any integer n ≥ 0 and integer m, with |m| ≤ n, the complex-valued spherical
harmonic of degree n and order m ≥ 0 is defined in spherical coordinates (θ, φ) as [181]

Y m
n (θ, φ) = Km

n P
m
n (cos θ) eimφ, (A.1)

where Km
n are normalization constants

Km
n =

[(2n+ 1) (n−m)!
4π (n+m)!

]1/2
, (A.2)

and Pmn (x) are the associated Legendre polynomials defined as [181]

Pmn (x) =
(
1− x2

)m/2 dm

dxm
Pn (x) (A.3)

= (−1)m

2nn!
(
1− x2

)m/2 dn+m

dxn+m

[(
x2 − 1

)n]
. (A.4)

In expression (A.3), Pn (x) are Legendre polynomials, and are defined using Rordigues
formula as [181]

Pn (x) = 1
2nn!

dn

dxn

[(
x2 − 1

)n]
. (A.5)

A numerically robust evaluation of these polynomials can be obtained through a set of
recurrence relations [168,172]. The degree n determines the frequency band of the basis
functions over the sphere. Each band is equivalent to polynomials of that degree and
there are 2n+ 1 functions in a given band [168,169]. For m < 0, spherical harmonics are
expressed as [181]

Y −mn (θ, φ) = (−1)m Y m
n (θ, φ), (A.6)

where Y m
n (θ, φ) is the complex conjugate of Y m

n (θ, φ).

Spherical harmonics of degree n = 3, whose relevance is pivotal in the proposed reaction
sphere models, are summarized in Table A.1 in both spherical and Cartesian coordinates.

Spherical harmonics are complex-valued functions and, as will be seen in the following
section, provide a complete basis of orthonormal functions over the sphere. In the 3-D
computer graphics literature, authors have adopted real-valued spherical harmonics,
which are defined as [124,168,172]

ymn (θ, φ) =


[
Y m
n (θ, φ) + (−1)m Y −mn (θ, φ)

]
/
√

2, if m > 0,
Y 0
n (θ, φ) , if m = 0,
−i
[
Y
|m|
n (θ, φ)− (−1)m Y −|m|n (θ, φ)

]
/
√

2, if m < 0,
(A.7)

=


√

2Re {Y m
n (θ, φ)} , if m > 0,

Y 0
n (θ, φ) , if m = 0,√
2Im {Y m

n (θ, φ)} , if m < 0.
(A.8)
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Table A.1. Spherical harmonics of degree n = 3 in spherical and Cartesian coordinates.

Spherical Cartesian

Y −3
3 (θ, φ) 1

8

√
35
π
e−3iφ sin3 θ

1
8

√
35
π

(x− iy)3

r3

Y −2
3 (θ, φ) 1

4

√
105
2π e

−2iφ sin2 θ cos θ 1
4

√
105
2π

(x− iy)2 z

r3

Y −1
3 (θ, φ) 1

8

√
21
π
e−iφ sin θ

(
5 cos2 θ − 1

) 1
8

√
21
π

(x− iy)
(
4z2 − x2 − y2)
r3

Y 0
3 (θ, φ) 1

4

√
7
π

(
5 cos3 θ − 3 cos θ

) 1
4

√
7
π

z
(
2z2 − 3x2 − 3y2)2 z

r3

Y 1
3 (θ, φ) −1

8

√
21
π
eiφ sin θ

(
5 cos2 θ − 1

) −1
8

√
21
π

(x+ iy)
(
4z2 − x2 − y2)
r3

Y 2
3 (θ, φ) 1

4

√
105
2π e

2iφ sin2 θ cos θ 1
4

√
105
2π

(x+ iy)2 z

r3

Y 3
3 (θ, φ) −1

8

√
35
π
e3iφ sin3 θ

−1
8

√
35
π

(x+ iy)3

r3

Real-valued spherical harmonics from degree n = 0 to degree n = 3 are displayed in
Fig. A.1. However, even though in this thesis we are concerned with real-valued functions,
complex-valued spherical harmonics will be employed in accordance to the magnetic
community [106, 180] and the literature of spherical actuators (see references in the
introduction of this section). After all, as can be read in (A.7), real-valued spherical
harmonics are expressed as linear combinations of complex-valued harmonics.

n = 0

n = 1

n = 2

n = 3

m = −3 m = −2 m = −1 m = 0 m = 1 m = 2 m = 3

0.6

−0.6

0.0

Figure A.1. Real-valued spherical harmonics from degree n = 0 to degree n = 3.
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A.3 Properties

A.3.1 Orthonormality

Spherical harmonics Y m
n (θ, φ) are orthogonal for different n and m on the 2-D unit

sphere. Therefore [181],

∫ π

0

∫ 2π

0
Y m
n (θ, φ)Y j

k (θ, φ) sin θ dθ dφ =
{

1, n = k, m = j,

0, otherwise. (A.9)

A.3.2 Projection and Expansion/Reconstruction

Spherical harmonics define a complete basis of orthonormal functions over the sphere.
Hence, any suitable function f defined over the sphere can be expanded in a spherical
harmonics series of the form [181]

f (θ, φ) =
∞∑
n=0

n∑
m=−n

cmn,immY
m
n (θ, φ) , (A.10)

where the coefficients cmn,imm of expansions are calculated by projecting the function f
onto each basis function Y m

n (θ, φ) as

cmn,imm =
∫ 2π

0

∫ π

0
f (θ, φ)Y m

n (θ, φ) sin θ dθdφ. (A.11)

Notice that if f is a real function, then c−mn,imm = (−1)m cmn,imm. As a matter of fact [125],

c−mn,imm =
∫ 2π

0

∫ π

0
f (θ, φ)Y −mn (θ, φ) sin θ dθdφ

=
∫ 2π

0

∫ π

0
f (θ, φ) [(−1)m Y m

n (θ, φ)] sin θ dθdφ

= (−1)m
∫ 2π

0

∫ π

0
f (θ, φ)Y m

n (θ, φ) sin θ dθdφ

= (−1)m
∫ 2π

0

∫ π

0
f (θ, φ)Y m

n (θ, φ) sin θ dθdφ

= (−1)m cmn,imm. (A.12)

Equivalently to Fourier series, expansion in (A.10) is exact as long as n goes to infinity.
However, by limiting the number of bands to n = Nh − 1, we obtain the Nh−th order
band-limited approximation f̃ of the original function f as [168]

f̃ (θ, φ) =
Nh−1∑
n=0

n∑
m=−n

cmn,immY
m
n (θ, φ) . (A.13)
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As can be observed, an Nh−th order approximation requires N2
h coefficients.

A.3.3 Rotation

Properties of spherical harmonics under rotation are particularly important for the
development of rotation invariant magnetic flux density, force, and torque models.

Consider (θ, φ) to be spherical coordinates corresponding to a rotating reference frame
(for instance a frame fixed to the rotor). Similarly, (θ′, φ′) are spherical coordinates
corresponding to a fixed reference frame (for instance a frame fixed to the stator). Let
η (θ, φ) = (cosφ sin θ, sinφ sin θ, cos θ) be a point on the 2-D unit sphere expressed in
rotating spherical coordinates. The rotation of a point η′ (θ, φ) from the fixed reference
frame to the rotated reference frame is performed by an element R ∈ R3×3 of the
rotation group SO (3), which is defined as the group of all rotations about the origin of
three-dimensional Euclidean space, or equivalently as the group of all matrices R such
that RᵀR = I with detR = 1. Using ZYZ Euler’s angles, this rotation operator can be
expressed as [173]

R (α, β, γ) = Rz (γ)Ry (β)Rz (α) , (A.14)

where Rz (α) and Ry (β) are rotation matrices representing a rotation around the z−axis
by α and y−axis by β. Hence, for any R ∈ SO (3) and a function f (η′), we define f ′(η′)
as the rotated version of f(η′) with the operator ΛR such that

f ′(η′) = ΛRf(η′) = f(R−1η′), (A.15)

where
η = R−1η′ (A.16)

corresponds to the point η′ expressed in the rotating reference frame.

We are interested in examining the effect that a rotation of the function f has on its
representation in the frequency space. Spherical harmonic functions transform among
themselves under rotation according to [124,173,182]

ΛRY m
n (η′) = Y m

n (R−1η′) =
n∑

m′=−n
Dn
m′m(R)Y m′

n (η′), (A.17)

where Dn
m′m are unitary rotation matrices due to Wigner and are expressed as

Dn
m′m (α, β, γ) = e−im

′αdnm′m (β) e−imγ , (A.18)
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where

dnm′m =
[
(n+m′)!(n−m′)!(n+m)!(n−m)!

]1/2
×

min(n−m′,n+m)∑
k=max(0,m−m′)

(−1)m′−m+k (cosβ/2)2n+m−m′−2k (sin β/2)m
′−m+2k

(n+m− k)!(m′ −m− k)!(n−m′ − k)!k! . (A.19)

Substituting (A.17) into (A.10) gives f expressed in fixed frame spherical coordinates

f
(
η′
)

=
∞∑
n=0

n∑
m=−n

cmn,imm

n∑
m′=−n

Dn
m′m (α, β, γ)Y m′

n

(
η′
)
. (A.20)

Now, taking into account (A.10), the function f can be expanded in fixed coordinates as

∞∑
n=0

n∑
m=−n

cmn (α, β, γ)Y m
n

(
η′
)

= f ′(η′)

= ΛRf(η′)

= ΛR
∞∑
n′=0

n′∑
m′=−n′

cm
′

n′,immY
m′
n′
(
η′
)

=
∞∑
n′=0

n′∑
m′=−n′

cm
′

n′,immΛRY m′
n′
(
η′
)

=
∞∑
n′=0

n′∑
m′=−n′

cm
′

n′,imm

n′∑
l=−n′

Dn′
lm′(α, β, γ)Y l

n′(η′). (A.21)

Then, multiplying both sides by Y j
k (η′), with k varying from 0 to ∞ and j from −k to

k, and integrating over the sphere, all terms vanish except at k = n′ = n and j = m = l.
Therefore,

cmn (α, β, γ) =
n∑

m′=−n
Dn
m′m (α, β, γ) cm′

n,imm. (A.22)

This result tells us that coefficients in one frequency band of the unrotated function f
only influence the same band of coefficients in its rotated version.
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Equation (A.22) has the following block diagonal sparse structure [123]



c0
0

c−1
1
c0

1
c1

1
c−2

2
c−1

2
c0

2
c1

2
c2

2
...



=



D0 (α, β, γ) 0 0 0 0 0 0 0 0 . . .

0 0 0 0 0 0 . . .

0 D1 (α, β, γ) 0 0 0 0 0 . . .

0 0 0 0 0 0 . . .

0 0 0 0 . . .

0 0 0 0 . . .

0 0 0 0 D2 (α, β, γ) . . .

0 0 0 0 . . .

0 0 0 0 . . .
...

...
... . . .





c0
0,imm
c−1

1,imm
c0

1,imm
c1

1,imm
c−2

2,imm
c−1

2,imm
c0

2,imm
c1

2,imm
c2

2,imm
...



. (A.23)

Hence, the spherical harmonic basis functions are decomposed into a direct sum of
orthogonal subspaces that are globally invariant under rotation. Properties of spherical
harmonics under rotations are widely exploited in computer graphics for example to
compute the orientation between two objects (images, organs, molecules, or other shapes)
[123,124,173,174], to construct rotation invariant representations of 3-D shape descriptors
[175], or in 3-D interactive graphics to provide stable lighting under rotations [169,172].
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B Illustration of Propositions

B.1 Illustration of Proposition 1

To begin with, we will show that, for any orientation of the rotor, two opposite coils
produce the same forces but opposite torques. In other words, we will show that
Fk = F20+1−k and that Tk = −T20+1−k, for k = 1, 2, . . . , 10. The force produced by coil
k can be described in a spherical coordinate frame attached to the coil as

CS Fk =
∫
Vcoil

CS Jk × C
S B4 dV, (B.1)

where Vcoil is the volume of the coil, CS Jk is the current density vector with norm Jk in
spherical coordinates defined as

CS Jk = Jkφ̂c, (B.2)

and CS B4 is the magnetic flux density of the rotor in the airgap defined as

CS B4 = Brc r̂c +Bθc θ̂c +Bφcφ̂c. (B.3)

Similarly, the torque produced by coil k is calculated as

CS Tk =
∫
Vcoil

rcr̂c × C
S Jk × C

S B4 dV. (B.4)

The force and torque produced by coil 20 + 1− k can be calculated in the reference frame
of coil k as

CS F20+1−k =
∫
Vcoil

(
−CS Jk

)
×
(
−CS B4

)
dV = CS Fk. (B.5)

In equation (B.5), the current density is taken with minus sign because coil 20 + 1− k
is facing coil k. Furthermore, the magnetic flux density is also taken with minus sign
because of the cubic symmetry of the rotor magnetic flux density. Similarly, the torque
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produced by coil 20 is calculated in the reference frame of coil 1 as

CS T20+1−k =
∫
Vcoil

(−rcr̂c)
(
−CS Jk

)
×
(
−CS B4

)
dV = −CS Tk. (B.6)

Therefore, Fk = F20+1−k and Tk = −T20+1−k, for k = 1, 2, . . . , 10. Hence, the total
force produced by the actuator can be described as

F = F1 + F2 + . . .+ F20 = KF,1i1 +KF,2i2 + . . .+KF,20i20 = KFi, (B.7)

where ik is the current flowing in coil k and where

KF =
[
KF,1 KF,2 . . . KF,20

]
(B.8)

=
[
KF,1 KF,2 . . . KF,10 KF,10 . . . KF,2 KF,1

]
∈ R3×20 (B.9)

is the force characteristic matrix. Similarly, the torque characteristic matrix can be
expressed as

KT =
[
KT,1 KT,2 . . . KT,20

]
(B.10)

=
[
KT,1 KT,2 . . . KT,10 −KT,10 . . . −KT,2 −KT,1

]
∈ R3×20. (B.11)

Therefore, defining the entries of KFK
ᵀ
T ∈ R3×3 as

KFK
ᵀ
T =

KFK
ᵀ
T(1, 1) KFK

ᵀ
T(1, 2) KFK

ᵀ
T(1, 3)

KFK
ᵀ
T(2, 1) KFK

ᵀ
T(2, 2) KFK

ᵀ
T(2, 3)

KFK
ᵀ
T(3, 1) KFK

ᵀ
T(3, 2) KFK

ᵀ
T(3, 3)

 (B.12)

and the entries of KF,k ∈ R3×1 and KT,k ∈ R3×1, k = 1, 2, . . . , 10, as

KF,k =
[
KF,k(1) KF,k(2) KF,k(3)

]ᵀ
(B.13)

and
KT,k =

[
KT,k(1) KT,k(2) KT,k(3)

]ᵀ
, (B.14)
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it is verified that

KFK
ᵀ
T(1, 1) =

[
KF,1(1) KF,2(1) . . . KF,20(1)

]
·


KT,1(1)
KT,2(1)

...
KT,20(1)


=
[
KF,1(1) KF,2(1) . . . KF,10(1) KF,10(1) . . . KF,2(1) KF,1(1)

]

·



KT,1(1)
KT,2(1)

...
KT,10(1)
−KT,10(1)

...
−KT,2(1)
−KT,1(1)


= 0,

(B.15)

and that

KFK
ᵀ
T(1, 2) =

[
KF,1(1) KF,2(1) . . . KF,20(1)

]
·


KT,1(2)
KT,2(2)

...
KT,20(2)


=
[
KF,1(1) KF,2(1) . . . KF,10(1) KF,10(1) . . . KF,2(1) KF,1(1)

]

·



KT,1(2)
KT,2(2)

...
KT,10(2)
−KT,10(2)

...
−KT,2(2)
−KT,1(2)


= 0.

(B.16)

It can be easily verified that also the remaining entries of KFK
ᵀ
T are zero. There-

fore, KFK
ᵀ
T = 0 confirming that force and torque characteristic matrices are mutually

orthogonal.
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B.2 Illustration of Proposition 2

For this illustration see for example [183].

To see that iLS is the unique solution minimizing ||i||22, suppose there is another solution
i satisfying (3.44). Hence, KF,T (i− iLS) = 0 and

(i− iLS)ᵀ iLS = (i− iLS)ᵀKᵀ
F,T

(
KF,TK

ᵀ
F,T

)−1
[
F
T

]
(B.17)

= [KF,T (i− iLS)]ᵀ
(
KF,TK

ᵀ
F,T

)−1
[
F
T

]
(B.18)

= 0, (B.19)

which means that (i− iLS)ᵀ is orthogonal to iLS. Therefore,

||i||22 = ||iLS + i− iLS||22 = ||iLS||22 + ||i− iLS||22 ≥ ||iLS||22 , (B.20)

i.e., iLS is the minimum-energy solution of (3.44). Hence, the resulting current vector is
the minimum-norm solution and the unique vector minimizing the dissipated energy.

B.3 Illustration of Proposition 3

In Proposition 1 we have shown that Fk = F20+1−k and that Tk = −T20+1−k, for
k = 1, 2, . . . , 10. Therefore, from (B.8) and (B.10) we can write

K3
F =

[
K3

F,1 K3
F,2 . . . K3

F,20

]
(B.21)

=
[
K3

F,1 K3
F,2 . . . K3

F,10 K3
F,10 . . . K3

F,2 K3
F,1

]
∈ R3×20 (B.22)

and

KNh
T , =

[
KNh

T,1 KNh
T,2 . . . KNh

T,20

]
(B.23)

=
[
KNh

T,1 KNh
T,2 . . . KNh

T,10 −KNh
T,10 . . . −KNh

T,2 −KNh
T,1

]
∈ R3×20. (B.24)

Therefore, similarly to (B.12) defining

KNh
T

(
K3

F

)ᵀ
=

K
Nh
T
(
K3

F
)ᵀ (1, 1) KNh

T
(
K3

F
)ᵀ (1, 2) KNh

T
(
K3

F
)ᵀ (1, 3)

KNh
T
(
K3

F
)ᵀ (2, 1) KNh

T
(
K3

F
)ᵀ (2, 2) KNh

T
(
K3

F
)ᵀ (2, 3)

KNh
T
(
K3

F
)ᵀ (3, 1) KNh

T
(
K3

F
)ᵀ (3, 2) KNh

T
(
K3

F
)ᵀ (3, 3)

 (B.25)

and the entries of K3
F,k ∈ R3×1 and KNh

T,i ∈ R3×1, k = 1, 2, . . . , 10, as

K3
F,k =

[
K3

F,k(1) K3
F,k(2) K3

F,k(3)
]ᵀ

(B.26)
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and
KNh

T,k =
[
KNh

T,k(1) KNh
T,k(2) KNh

T,k(3)
]ᵀ

(B.27)

it is verified that

KNh
T

(
K3

F

)ᵀ
(1, 1) =

[
KNh

T,1(1) KNh
T,2(1) . . . KNh

T,20(1)
]
·


K3

F,1(1)
K3

F,2(1)
...

K3
F,20(1)


=
[
KNh

T,1(1) KNh
T,2(1) . . . KNh

T,10(1) KNh
T,10(1) . . . KNh

T,2(1) KNh
T,1(1)

]

·



K3
F,1(1)

K3
F,2(1)
...

K3
F,10(1)

−K3
F,10(1)
...

−K3
F,2(1)

−K3
F,1(1)


= 0,

(B.28)

and that

KNh
T

(
K3

F

)ᵀ
(1, 2) =

[
KNh

T,1(1) KNh
T,2(1) . . . KNh

T,20(1)
]
·


K3

F,1(2)
K3

F,2(2)
...

K3
F,20(2)


=
[
KNh

T,1(1) KNh
T,2(1) . . . KNh

T,10(1) KNh
T,10(1) . . . KNh

T,2(1) KNh
T,1(1)

]

·



K3
F,1(2)

K3
F,2(2)
...

K3
F,10(2)

−K3
F,10(2)
...

−K3
F,2(2)

−K3
F,1(2)


= 0.

(B.29)
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It can be easily verified that also the remaining entries of KNh
T
(
K3

F
)ᵀ are zero. Therefore,

KNh
T
(
K3

F
)ᵀ = 0 confirming our proposition. Finally, by applying the same illustration

we can show that a current vector computed to generate a desired reference torque using
the torque model taking into account only the fundamental harmonics of degree n = 3
does not generate any force.

B.4 Illustration of Proposition 4

We start with the energy balance relation [106]

dWe = dWloss + dWfld + dWmech, (B.30)

where We is the electrical energy input, Wloss the energy dissipated, Wfld the energy
stored in the magnetic field, and Wmech the mechanical energy. Using (5.5) we can write

d

dt
We = uᵀi = Rciᵀi + d

dt

1
2 iᵀLci + uᵀ

emf i, (B.31)

where Rciᵀi = d
dtWloss is the dissipated power while d

dt
1
2 iᵀLci = d

dtWfld is the variation of
the energy stored in the magnetic field (coils). Therefore, uᵀ

emf i is equal to the mechanical
power, i.e.

d

dt
Wmech = uᵀ

emf i. (B.32)

Then, by employing proposition in (5.9) and the inverse model in (3.48), where the
force is equal to zero since we only consider rotational motion, expression (B.32) can be
reformulated as

d

dt
Wmech = ωᵀKTi

= ωᵀKTMTT = ωᵀT, (B.33)

which is indeed the mechanical power calculated in (5.4) and confirms Proposition 4.
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Acronyms

Symbol Description

ABS Acrylonitrile Butadiene Styrene.

AC Alternating Current.

ADCS Attitude Determination and Control System.

CAD Computer-Aided Design.

CMG Control Moment Gyroscope.

CSEM Centre Suisse d’Electronique et de Microtechnique.

DC Direct Current.

DMP Distributed Multipoles.

DOF Degree-of-freedom.

EKF Extended Kalman Filter.

EM Electro Magnet.

EMF Electromotive-Force.

EPFL École Polytechnique Fédérale de Lausanne.

ESA European Space Agency.

FEA Finite Element Analysis.

FEM Finite Element Method.

LAI Laboratoire d’actionneurs Intégrés.

LNRE Local Normalized Relative Error.
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MEC Magnetic Equivalent Circuit.

MNRE Mean Normalized Relative Error.

NdFeB Neodymium iron boron.

PD Proportional-Derivative.

PI Proportional-Integral.

PID Proportional-Integral-Derivative.

PM Permanent Magnet.

RMS Root Mean Square.

RS Reaction Sphere.

RW Reaction Wheel.

SWM Spherical Wheel Motor.

VRSM Variable Reluctance Spherical Motor.

List of symbols

Symbol Unit Description

A Matrix with spherical harmonics evaluated at magnetic flux
density sensor locations.

Ab m2 Section of a coil.

α, β, γ rad ZYZ Euler angles.

B Rotor reference frame.

BS Rotor spherical coordinate system.

B T Magnetic flux density vector.

B⊥ T Vector of Magnetic flux density measurements.

Brem T Permanent magnet remanence.

Brem Permanent magnet remanence vector.

δ m Rotor pole eccentricity.

C Coil reference frame.

CS Coil spherical coordinate system.
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c Vector of spherical harmonic coefficients.

cmn Spherical harmonic coefficient of degree n and order m.

cmn,imm Spherical harmonic coefficient of degree n and order m of immo-
bile rotor.

D Unitary rotation matrix.

d Model agreement.

F N Force vector.

f Generic function.

Γ Parameter set of sensor spherical angular coordinates.

H A/m Magnetic field vector.

h Nms Angular momentum vector.

HC m Depth of the conical cut.

h m Height of the truncated octahedron structure.

HR m Thickness of back-iron.

i A Vector of currents.

I Identity matrix.

In Set of spherical harmonic degrees n.

J A/m2 Current density vector.

Jrot kgm2 Tensor of inertia of the rotor.

κ Coefficient of general solution of Laplace’s equation.

Km
n Normalization factor of degree n and order m.

kp Proportionality factor for force and torque experiments.

KF Force characteristic matrix.

KT Torque characteristic matrix.

ΛR Rotation operator.

Lc H Electrical inductance of a coil.

m Spherical harmonic order.
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MF Pseudoinverse of force characteristic matrix.

mrot kg Mass of the rotor.

MF Pseudoinverse of torque characteristic matrix.

µ0 Vs/(Am) Vacuum permeability.

∆µa,∆µb,∆µc m Relative position of rotor displacement sensors a, b, and c.

µ0
a, µ

0
b , µ

0
c m Calibrated zero of rotor displacement sensors a, b, and c.

µPM Relative permeability of permanent magnet.

µR Relative permeability of iron.

n Spherical harmonic degree.

Nh Maximum spherical harmonic degree.

Nt Number of turns of the coil.

Nm Number of magnetic flux density measurements.

ω rad/s Angular velocity vector.

OB Origin rotor reference frame.

OC Origin coil reference frame.

OS Origin stator reference frame.

OPM Center of the permanent magnet with truncated spherical shape.

P Normalized coordinate of a stator coil.

P Spherical harmonic projection matrix.

Pn Legendre polynomials of degree n and order m.

Pmn Associated Legendre polynomials of degree n and order m.

Φ Wb Matrix of average magnetic flux.

p m Position of the rotor with respect to the center of the stator.

Ψ Wb Magnetic flux.

r̂b, θ̂b, φ̂b Unit vectors rotor spherical coordinate system.

r̂c, θ̂c, φ̂c Unit vectors coil spherical coordinate system.

r̂s, θ̂s, φ̂s Unit vectors stator spherical coordinate system.
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R Rotation matrix.

r, θ, φ Generic spherical coordinates.

Rc Ω Electrical resistance of a coil.

rb, θb, φb Rotor spherical coordinates.

rc, θc, φc Coil spherical coordinates.

rs, θs, φs Stator spherical coordinates.

R1 m Inner radius of back-iron.

R2 m Outer radius of back-iron.

R3 m Outer radius of permanent magnet.

R4 m Inner radius of stator.

R5 m Outer radius of stator.

RC→B Rotation matrix between coil and rotor reference frames.

RC→S Rotation matrix between coil and stator reference frames.

Rdec m Radius of spherical harmonics decomposition.

Rin m Inner radius of the coil.

Rout m Outer radius of the coil.

RPM m Radius of permanent magnet with truncated spherical shape.

Rrot m Radius of the rotor.

RS→B Rotation matrix between rotor and stator reference frames.

Rsens m Hall sensor radial location.

S Stator reference frame.

SS Stator spherical coordinate system.

σ Singular value.

φpole rad Azimuthal angle relative to a permanent magnet pole.

θpole rad Polar angle relative to a permanent magnet pole.

T Nm Torque vector.

t s Time.
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θin rad Inner angle of the coil.

θout rad Outer angle of the coil.

Ts s Sampling time.

uEMF V Back-EMF voltage vector.

ϕi Vs/m Magnetic scalar potential in region i.

Vc m3 Volume of a coil.

x̂b, ŷb, ẑb Unit vectors rotor reference frame.

x̂c, ŷc, ẑc Unit vectors coil reference frame.

x̂s, ŷs, ẑs Unit vectors stator reference frame.

ξ Coefficient of general solution of Laplace’s equation.

xb, yb, zb Rotor cartesian coordinates.

xc, yc, zc Rotor cartesian coordinates.

xs, ys, zs Stator cartesian coordinates.

Y m
n Spherical harmonic function of degree n and order m.

Mathematical operators

Symbol Description

Im (·) Imaginary part operator.

κ2 (·) 2-norm condition number.

∇ (·) Gradient operator.

∇2 (·) Laplace operator.

∇× (·) Curl operator.

∇ · (·) Divergence operator.

(·)+ Pseudoinverse matrix.

Re (·) Real part operator.
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