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1. ISING MODEL AND CONFORMAL INVARIANCE

The Ising model is one of the most investigated models for order-disorder phase
transitions: having a simple formulation, it exhibits a rich and interesting behavior.
In two dimensions, the model can be understood at a high level of precision from
both mathematical and physical viewpoints, using a variety of techniques.

Recall that the Ising model on a graph G is defined by a Gibbs probability
measure on configurations of +1 (or up/down) spins located on the vertices of G: it is
a random assignment (o), c, of =1 spins to the vertices V of G and the probability
of a state is proportional to its Boltzmann weight e~ #H, where 8 > 0 is the inverse
temperature of the model and H is the Hamiltonian, or energy, of the state o. In
the Ising model with no external magnetic field, we have H := — %" . 0,0;, where
the sum is over all the pairs of adjacent vertices of G.

The model favors lower energy configurations, and hence local alignment of spins:
if two adjacent spins are aligned, their contribution to the energy is smaller than
if they are different. The strength of this alignment effect is modulated by 8. The
central question is whether this local interaction gives rise to a long-range order as

i~j
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ISING INTERFACES AND FREE BOUNDARY CONDITIONS 1109

we take a large graph or whether its effects remain confined to a small scale. This
question turns out to depend crucially on 8: in dimension greater than or equal
to 2, there exists 8. > 0 such that for § < (., the system is basically disordered
(except on small scales), while for 8 > f., a long-range ferromagnetic order arises
(spins retain a positive correlation at arbitrarily large distance).

The Ising model was introduced by Lenz in 1920 [Len20] and its one-dimensional
version was studied by Ising [Isi25]. In 1936, Peierls showed the existence of a
phase transition in the Ising model in dimensions two and higher by looking at the
interfaces between clusters (connected components) of up and down spins [Pei36].
In 1941, Kramers and Wannier determined the value of the critical temperature
on Z?%, thanks to a remarkable duality result, which also deals with interfaces and
is now named after them [KrWa4l]. In 1944, Onsager computed exactly the free
energy of the model at arbitrary temperatures, thus allowing for a derivation of the
thermodynamic properties of the model [Ons44]. Since then, the two-dimensional
Ising model has attracted a lot of attention, and great progress has been made,
making it possible to understand the model at a rather unique level of precision
[Bax89], [McWu73], [Pal07].

Arguably, the most intriguing and physically relevant phase of the Ising model is
the critical phase and its vicinity. The advent of the renormalization group in the
1960s (see [Fis98] for a historical exposition) yielded a deep physical understanding
(though nonrigorous) of this regime and suggested the existence of a scaling limit
of the model, a universal object with continuous symmetries.

The idea that the critical scaling limits in two dimensions are conformally in-
variant, together with the introduction of an operator algebra for the Ising model
[KaCeT1], suggested the description of the Ising model by conformal field theory
(CFT), a theory initiated by Belavin, Polyakov, and Zamolodchikov [BPZ84a],
[BPZ84b]: there should be a quantum field theory underlying the critical scaling
limit, invariant by conformal transformations.

One of the most spectacular results of CFT is the prediction of exact formulae
for the correlation functions of various models, in particular the Ising model. The
development of boundary CFT, initiated by Cardy [Car84], subsequentially allowed
us to understand in a precise way the effect of the geometry of the surface on which
the model lives and the effect of various boundary conditions. One of the most
emblematic successes of boundary CFT was Cardy’s crossing probability formula
for percolation in a conformal rectangle [Car92], whose numerical verification gave
one of the most convincing pieces of evidence of the full conformal invariance of that
model, that is, the invariance by the infinite-dimensional family of the conformal
mappings.

The introduction of Schramm’s SLE curves [Sch00] in 1999 was the starting point
of the development of the mathematical subject of conformally invariant processes.
A precise meaning of conformal invariance of statistical mechanics models was given,
in terms of the (scaling limit of the) curves arising in the models. Shortly thereafter,
the conformal invariance of the scaling limit of critical percolation on the triangular
lattice was proven by Smirnov [Smi01], and similar results were derived for a number
of other models [Ken00], [LSWO04], [Mil10], [ScSh09]. More recently, major progress
has been realized for the Ising model and its random-cluster representation (also
known as FK representation for Fortuin and Kasteleyn), where the interfaces arising
with so-called Dobrushin boundary conditions at criticality have been shown to be
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1110 CLEMENT HONGLER AND KALLE KYTOLA

conformally invariant in the scaling limit by Chelkak, Smirnov and collaborators
[Smi06], [SmilOa], [SmilOb], [ChSm12], [CheSmi], [CDHKS13].

While being definite breakthroughs, these results do not answer directly all ques-
tions about the conformal invariance of the Ising model. They show conformal
invariance of scaling limits of the interfaces arising in a particular setup. From
these results, much information can be inferred, and other scaling limit results
for other types of interfaces can be obtained: for instance the convergence of all
the interfaces arising with certain boundary conditions can then be expected and in
principle proved, as was done for percolation [CaNe07b], [Smi09]. However, proving
such results is in general highly nontrivial. Moreover, there is one type of boundary
conditions, conjectured to be conformally invariant, which is not directly tractable
from the existing results: the free boundary conditions, which do not appear in the
setup of the result of [CDHKS13].

In this paper, we generalize the result of [CDHKS13] to the case when free
boundary conditions enter the picture. To prove our result, we relate it to the
rigorous computation of a (dual) boundary CFT correlation function, which is
obtained by using both recent results concerning the boundary correlation functions
of the model and existing SLE results (for dual models). Our result relies mostly
on the following recent results:

e The convergence of critical FK-Ising interfaces to SLE(16/3) [Smi06],
[CDHKS13].

e The scaling limits of Ising and FK-Ising fermionic observables [ChSm12],
[Honl10a], [HoSm10b].

e The precompactness and Lowner regularity of interfaces satisfying crossing
estimates [KeSm12].

e Crossing estimates for critical Ising and FK-Ising models [ChSm12],
[DHN11].

A first promising application of our theorem is the conformal invariance of crossing
probabilities investigated by Langlands, Lewis, and Saint-Aubin [LLS00]: we can
represent the crossing events that they consider in terms of an exploration pro-
cess, whose conformally invariant scaling limit can be identified using our result.
A second potential application is the proof that the collection of the Ising model
interfaces converges to the conformal loop ensemble (CLE) introduced by Sheffield
[She09]. This also suggests the introduction of a new object to describe the collec-
tion of interfaces with free boundary conditions. These applications, and the steps
that remain to complete their proofs, are discussed in more detail in Section 3.

2. MAIN RESULT

2.1. Statement of the main theorem. The most natural setup to study the Ising
model interfaces consists in the Dobrushin boundary conditions: take a suitable
discretization of a simply connected domain, split the boundary into two connected
pieces, and consider the Ising model at critical temperature on this discretization,
conditioning the spins on one piece to be +1 and the ones on the other piece to
be —1. An interface naturally arises between the + and — spin clusters of the two
pieces of the boundary (see Figure 2.1); for a more precise definition, see Sections
2.2, 2.3, and 2.4 below.

The conformal invariance of the scaling limit of the interfaces appearing in the
critical Ising model on the square lattice (as well as on more general graphs) with
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FIGURE 2.1. On the left: Ising interface with Dobrushin bound-
ary conditions. On the right: Ising interface with free boundary
condition on [r, ¢], — boundary condition on [/, b], and + boundary
condition on [b, r].

these boundary conditions was recently shown by Chelkak and Smirnov. At sub-
critical temperature (8 > f.), these interfaces were shown by Pfister and Velenik
to converge to a straight line [PfVe99].

Our result is the proof of a conjecture of Bauer, Bernard, and Houdayer [BBHO05].
The result deals with what appears to be the most natural setup involving free
boundary conditions, expected to be the third type (in addition to + and —) of
conformally invariant boundary conditions [DMS97].

Theorem 1. Let (Ds,75,45,b5)5+¢ be a family of (simply connected) discrete square
grid domains of mesh size § with three boundary marked points approximating a
continuous domain (D,r,£,b) as § — 0.

Consider the Ising model at critical temperature on the faces of (Ds,rs,{s,bs)
with free boundary condition on the counterclockwise arc [rs,{s], — boundary con-
dition on [ls,bs], and + boundary condition on [bs,rs] (see Figure 2.1).

Then, as 6 — 0, the law of the initial segments of the interface vs emanating at
bs, which separates the — spin cluster of [€s,bs] and the + spin cluster of [bs,rs]
and ends on [rs,{s], converges to the law of dipolar SLE(3) in (D,r,¢,b).

The convergence is locally uniform with respect to the domains.

The discrete domains are defined in Section 2.2, the Ising model with boundary
conditions in Section 2.3, the interface s in Section 2.4, and dipolar SLE in Section
2.5. The notions of convergence and uniformity involved are briefly discussed in
Section 2.6.

Remark 2. With the recently announced results in [Chel2], [CDH11], one can
consider the scaling limit of the whole discrete interface 5 and not just of its initial
segments (see Section 4.1).

Remark 3. In this article we only consider square grid domains for simplicity, al-
though our result can be generalized to other lattices as well, using techniques
introduced in [ChSm11], [ChSm12].
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1112 CLEMENT HONGLER AND KALLE KYTOLA

2.2. Graph and domain. Let us now give the notation that will be used through-
out this paper:

e For § > 0, we denote by Cs := §Z2 the square grid of mesh size 6.

e A discrete square grid domain §25 is a simply connected graph made of the
union of faces of Cg; its boundary 9Qs is a simple closed curve made of
edges of Cs; when necessary we will identify Qs with the Jordan domain of
C bounded by 9.

e For any two vertices x,y € 95, we denote by [z,y] C 9€Qs the counter-
clockwise arc between x and y.

e When needed, we will identify each edge of 9 with the face of Cjs \ Qs
that is adjacent to it.

e We denote by (Qg, a};, ceey alg ) a discrete domain €5 with k& marked vertices
a};7 . ,alg € 005 appearing in counterclockwise order.

e We call an arc [zs,ys] C 0Qs whose edges are all vertical a vertical arc.

We will omit a number of § subscripts when they are clear from the context, in
particular when we are discussing purely discrete statements.

2.3. Ising model. For concreteness and simplicity we only define here the Ising
model in the setup needed for our result, that is, the critical Ising model on the
faces F of a discrete domain Ds with free boundary condition on [r, £], — boundary
condition on [¢,b], and + boundary condition on [b,r]. We call these boundary
conditions dipolar boundary conditions on (Ds,r,¢,b). The probability space is

S := {(af)fe}-: o € {£1} Vf € ]:}.

The probability of a spin configuration o € § is given by P{c} := %B_BH(U), where

e the inverse temperature ( is equal to its critical value % In (\/5 + 1);
e the energy H (o) is defined by

(2.1) H(o):=- Zofag—F Z of — Z oy

f~g frlb,r] fr[e,0]

where the first sum is over all pairs of adjacent faces in F, the second and
third ones are, respectively, over all faces adjacent to an edge of [b,r] and
[¢,0] (a face appears several times in the sum if it is adjacent to several such
edges);
e the partition function Z is defined as ) _.gexp (—SH (0)).
Notice that the boundary conditions appear in the expression for the energy H
(and via H, they also affect the partition function Z and the probability measure
P). Another way of formulating the boundary conditions is to say that there is a
+1 spin at the faces identified with [b, r], that there is a —1 spin on those identified
with [£,b], and that there are no spins on the faces identified with [r, ¢].

2.4. Interface. The boundary conditions of the Ising model in (Ds,r, ¢,b) defined
in the previous subsection (dipolar boundary conditions) naturally generate an
interface between the — cluster of the arc [¢,b] and the + cluster of the arc [b,r].
For any configuration o € S (where S is as in Section 2.3), we can find a path ~;
made of edges of Dy that starts at b and ends on [r,¢] and such that s has only
faces with — spins on its left (possibly including the faces identified with [¢, b]) and
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ISING INTERFACES AND FREE BOUNDARY CONDITIONS 1113

faces with + spins on its right (possibly including those identified with [b,r]), as
shown on Figure 2.1. We call such a path an admissible interface.

As the square grid is not a trivalent graph, there might be different admissible
choices of the interfaces, yielding ambiguities in the definition of the interface ~s.
These ambiguities turn out to be irrelevant in the scaling limit, but for definiteness,
we will make the following convention.

Definition. We define the interface 75 to be the left-most admissible interface.

Exactly the same arguments as the ones we use in this paper give that the right-
most admissible interface converges to the same limit as the left-most one, and hence
all admissible choices also converge to the same limit. Convergence with respect to
Hausdorff topology follows directly, and convergence with respect to curve topology
follows using [KeSm12, Proposition 3.13], since the conditions needed are satisfied
by any admissible interface due to the crossing estimates of [DHN11].

For technical reasons, we will consider initial segments of the interface, that is,
the interface stopped as it hits an e-neighborhood of [r, £], for an € > 0 fixed. The
scaling limit of the initial segments hence means that we let the mesh size § — 0
with € > 0 fixed and after that we let ¢ — 0.

2.5. Dipolar SLE and Loewner chains in the strip. Schramm-Loewner evolu-
tions [Sch00] are the natural candidates for the conformally invariant scaling limits
of discrete curves in two dimensions, as shown by Schramm’s principle (see also
[Kem10] for an extension of this principle relevant for our setup). See [Law05] for
a reference about SLE processes.

We now define the variant of SLE suited for our purposes, which is called dipolar
SLE(k) (see [BBHO05]). It can be viewed as a particular case of the more general
SLE(k; p) processes [Wer04], [ScWi05], which will be introduced in Section 10.

Dipolar SLE(x) has been shown to be the scaling limit of the loop-erased random
walk from a point to an arc (when x = 2) [Zha04] and of discrete Gaussian free field
level lines with certain symmetric boundary conditions (when xk = 4) [ScSh09].

2.5.1. Dipolar SLE(x). For x > 0, dipolar SLE(x) is naturally defined on the strip
S:={2€C:0<S8m(z) <7}, as a Loewner chain (see Figure 2.2).
A Loewner chain in the strip is defined by the flow equation

e () = coth(M),

90 (2) = 2z,
where (U;),s, is a continuous real-valued function, called the driving function.
Consider the Loewner chain obtained by taking as driving function (VEBL)>0-
where B; is a standard one-dimensional Brownian motion. We call this chain the
dipolar SLE(k) Loewner chain. For each t > 0, let S; C S be the set of points for
which the flow is well-defined up to time ¢. The following properties are valid at all
times ¢t > 0:
e g : Sy — Sis a conformal mapping, with lim, ;. g: (2) —2 —¢t =0 and
lim, o9t (2) — 2+t =0.
e S; is the unbounded connected component of S\ v[0,#], where v C Sis a
curve, called the trace, which is such that g; (7 (¢)) = Us.
e 7(0) =0 and v (¢) tends to a point on the upper side of S as t — oc.
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1114 CLEMENT HONGLER AND KALLE KYTOLA

Gt

U,
FIGURE 2.2. Loewner chain in the strip.

Dipolar SLE(x) in the strip S is the trace , considered as an (oriented) un-
parametrized curve.

In a domain (D, r,¢,b), dipolar SLE(k) is defined as the image of dipolar SLE(x)
by the conformal mapping ¢ : S — D, with ¢ (0) = b, p(c0) =7, p(—00) =£. In
the case we are interested in (i.e. kK = 3), dipolar SLE(x) is almost surely a simple
curve—this is true for all x € [0,4] (see [Law05] for a proof in the case of chordal
SLE(x)—chordal and dipolar SLE(k) are absolutely continuous with respect to each
other [ScWi05]).

2.5.2. Loewner chain in the strip. As explained above, given a real-valued contin-
uous function (Uy),, we can generate a Loewner chain in S and hence a family of
shrinking subdomains (St)y>q of S, with S; C Sy for any ¢t > s and Sy = S. Con-
versely, it can be shown (see [Law05]) that any such family of subdomains (S;),~,
satisfying a certain local growth property can be realized (after time reparametriza-
tion) as a Loewner chain in the strip, guided by a continuous driving function

(Vt)tZO’

2.6. Convergence and uniformity. As for most SLE convergence results, there
are actually several types of convergence results that can be obtained with our tech-
niques: the strength of the result we get depends on how well (in which topology)
the discrete domains (Ds, 75, {5, bs) approximate the continuous domain (D, r, ¢, b).
For definiteness and simplicity, we will use a rather strong topology, which is best
suited for applications.

For two oriented simple curves 71, 72 in the complex plane, we define d, (71,72)
by

doo (71,72) = inf [[¢1 = Colles,
GG
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ISING INTERFACES AND FREE BOUNDARY CONDITIONS 1115

where the infimum is taken over all orientation-preserving parametrizations (; and
(5 of 41 and ~s, respectively. Let C be the completion of the set of simple curves for

this metric. For two domains (D1, al,...,a;) and (D2, ai,...,a2) with n marked
boundary points (prime ends) in counterclockwise order, such that 9D, 0Dy € C,
we define

= dos (0D1,0D2) + Zdoo ([azla11+1]’ [azza’zzﬂ]) g
i=1

where [afa¥, ] are the counterclockwise boundary arcs of Dy (k = 1,2), and we

take the indices ¢ modulo n. We can now define the type of convergence we will
work with:

e We say that (D(s, rs, Us, b(s) — (D, rf, b) if deo [(D(s, rs, Us, b5) , (D, r 0, b)] —
0asd—0.

e We say that the interface -5 converges in law to the dipolar SLE trace ~y
as & — 0 if for any € > 0, there exists dg > 0 such that for any § < &,
there exists a coupling of 75 and ~ such that P{de (ys,7) > €} < e. This
is equivalent to saying that s converges weakly to ~.

What we mean by locally uniform convergence in Theorem 1 is that for any R > 0
and any € > 0, there exists dg, €9 > 0 such that for any § < §p, for any discrete
domain (Dy, s, ¢s5,bs) of diameter smaller than R, such that

deo [(Ds, 75, 45,bs) , (D, 7, £,b)] < e,

we have that there exists a coupling of the interface v5 in (Ds,rs, s, bs) and the
SLE ~ in (D, r,£,b) such that

P{de (75,7) > €} < e

2.7. Interesting features of the proof. Although our proof follows a classical
strategy for proving convergence results to SLE, it involves a number of ideas that
are new in the subject. In particular, we find the following features worth pointing
out:

e Our new martingale observable is not a discrete holomorphic or discrete
harmonic function, for it does not satisfy local relations. Instead, it is
merely defined on the boundary of the domain where we are considering it.
For that reason, it requires more than discrete complex analysis to show
the convergence of the observable to a conformally invariant limit.

e To understand the scaling limit of the Ising model, one introduces and
studies the scaling limit of a dual Ising model.

e One uses SLE(16/3) to obtain a convergence result to SLE(3): scaling
limits of correlation functions of the dual Ising model can be expressed as
SLE(16/3) integrals that can then be computed using It6’s calculus.

e The proof illustrates the usefulness of obtaining exact results for quanti-
ties like the spin correlations to derive a qualitative result, the conformal
symmetry of certain Ising interfaces.

e The nonuniversal (lattice-dependent) multiplicative constants appearing in
the exact formulae for the correlation functions that we compute turn out
to be useful to show the convergence to a universal limit.
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1116 CLEMENT HONGLER AND KALLE KYTOLA

e The proof demonstrates the possibility of using local Riemann charts to-
gether with discrete complex analysis to understand boundary correlation
functions for the Ising model on rough domains.

2.8. Structure of the paper. In Section 3, we give two possible applications of
our result, to the computation of crossing probabilities and to the convergence of
the Ising interfaces to conformal loop ensembles.

The rest of this paper is then devoted to the proof of Theorem 1. The global
strategy is the following:

e In Section 4, Theorem 1 is reduced to a key theorem (Theorem 6), which
is the existence of a so-called continuous martingale observable available in
the scaling limit, following a path that has now become standard in the
SLE subject.

e In Section 5, one constructs a discrete martingale observable for the in-
terface (Proposition 9, proven in Section 6). The heart of the matter to
prove the key Theorem 6 is to show that the discrete martingale observable
converges to the continuous one. This convergence result is decomposed
into four ingredients (Propositions 11, 12, 14, and 16), which are proven in
Sections 7, 8, 11, and 12, respectively.

e The proofs of the convergence results of Section 11 use the convergence of
simpler observables, treated in Section 9, and the convergence of interfaces
of a random cluster representation of the Ising model, recalled in Section
10.

e The discrete complex analysis techniques required to prove the results of
Section 9 are finally presented in Section 13.

3. POSSIBLE APPLICATIONS

3.1. Crossing probabilities and free boundary conditions. In [LLS00], Lang-
lands, Lewis, and Saint-Aubin investigated numerical evidence for the conformal
invariance of the Ising model, taking an approach similar to the one of [LPS94] for
percolation. They considered probabilities of crossings made of + spins in conformal
rectangles (simply connected domains with four marked boundary points), with free
boundary conditions, and concluded the conformal invariance of the scaling limit
of these probabilities. More precisely, they gave numerical evidence suggesting the
following:

Problem. Show that for any simply connected domain with four marked bound-
ary points (D, a',a?, ad, a4), there exists a correlation function C (D, a',a?, a3, a4)7

which is conformally invariant in the sense that
Cp(D),¢(a'),p(a®) ¢ (a®). ¢ (a")) =C(D,a",a% a® a")

for any conformal mapping ¢ : D — ¢ (D) and such that if (Ds,a}, a3, a, a}) is

a family of discrete domains approximating (D, a',a?,a’, a4) and we consider the

critical Ising model on (Dg, a%, a%, ag , a§) with free boundary conditions, we have

P there is a crossing of +spins [a},a?] ! a3, a}]l — C(D,at,a?, a®, a) .
b { g of +spins [ag, a5] ! [ag, 5]} — C( )
We say that there is a crossing of + spins [a};7a§] ! [agﬁag] when there is a

connected component of Dy that is adjacent to [a};, a?] and [a?,a%‘]; the spins at
the vertices thereof are all +1.
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FI1GURE 3.1. Depending on whether there is or there is not a cross-
ing of 4 spins [a%, ag] ! [a?;, a§]7 the exploration process t5 (dot-
ted) first hits [ag, ajﬂ or [a?;, ag]; if there is no + crossing, there is

a star-crossing (see [Werl0]) of — spins [a?,a3] !  [a},a}].

In a subsequent paper, the authors and Hugo Duminil-Copin will show this con-
formal invariance result, whose proof relies on Theorem 1. The strategy resembles
the SLE-based derivation of Cardy’s formula for percolation (see [LSWO1]):

e One translates the crossing events in terms of hitting probabilities for a
discrete exploration path: construct an exploration process 5 started at a(lg
that has — spins on its left and 4 spins on its right and which “pretends”
that there are — spins on [a%,a(ﬂ and that there are + spins on [a};,a%].
Depending on whether ¢ first hits [a‘rg,ag‘] or [a%,a‘rg], there is or there is
not a crossing of + spins [af,a?] ! [a3,a}] (see Figure 3.1).

e One shows that the discrete exploration path converges in law to a confor-
mally invariant continuous process: using a priori estimates, one gets that
the subsequential scaling limits of the process are instantaneously reflected
on dDs and, using the main result of the present paper, that the excursions
are described by dipolar SLE(3).

3.2. Conformal loop ensembles. The most natural geometrical object to de-
scribe an Ising model configuration on a discrete domain Ds (with 4+ boundary
conditions, say) is probably the collection of all interfaces between + and — spin
clusters (in other words: put a dual edge between any pair of spins with opposite
signs), which form a collection of nested loops on the lattice. The study of such
contours dates back to Peierls, who showed the existence of a phase transition by
such considerations [Pei36] (see also the contours of Lemma 17).

At critical temperature, it is natural to expect these random loops to have a
scaling limit and the limiting loops to look like a variant of SLE(3). This limit,
called conformal loop ensemble (CLE) with x parameter equal to 3, is indeed a
random collection of continuous loops that can be constructed from SLE.

The CLE(k) processes, introduced in [She09], are defined for « € (8/3, 8], and
they are the conjectural scaling limits of loops arising in various lattice models; for
K € (8/3,4], they also can be constructed from a Brownian loop soup [ShWel2].
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A very useful characterization result gives that the CLE(k)’s are the unique ob-
jects satisfying conformal invariance and an analog of the domain Markov property
(that many lattice models satisfy on the discrete level) [ShWel2].

It is reasonable to expect that the convergence of all the loops of a lattice model
to CLE(k) follows from the convergence of a single interface between the marked
boundary point to SLE(x). This has been worked out in detail for the case of
percolation (k = 6) [CaNe07b], and it is a work in progress for the FK-Ising model
(k = 16/3) [KeSm13]; there is also a closely related work in progress for the uniform
spanning tree (k = 8) [BeDull].

For the Ising model, the situation seems more complicated, although it might
be possible to derive the convergence to CLE(3) directly from the convergence of
interfaces with +/— boundary conditions to chordal SLE(3).

The core idea for both percolation and FK-Ising is to construct an exploration
process on the discrete level that starts from a point on the boundary and explores
all the loops of the model; what makes this idea work is that macroscopic loops
touch the boundary with probability tending to 1 as the mesh size § — 0. This way,
the discrete process enters the bulk automatically and is instantaneously reflected
on the boundary; its excursions can be identified using the convergence results to
chordal SLE(k).

The problem is that such an approach with chordal SLE cannot work, at least
without modification, for the Ising model: indeed, with probability tending to 1,
there are no macroscopic loops touching the boundary, as is witnessed by the fact
that the CLE(3) loops do not touch each other, or simply that the SLE(3) trace
is a simple curve (and that our interface has a limit independent of the choice
of admissible interface). Hence, if we use the same discrete construction as for
the FK-Ising model, the exploration process will get stuck on the boundary of the
domain and will find no loop. It is reasonable to expect that this construction
works if one introduces small jumps in the exploration process, or if we introduce
some randomization procedure, but this seems rather subtle to handle.

We propose here an alternative approach, which allows us to explore the loops of
the model with an exploration process. It relies on the following two convergence
results:

e The convergence of the FK-Ising interfaces to CLE(16/3) (result of Kemp-
painen and Smirnov [KeSm13]).
e The identification of the arcs appearing for the Ising model with free bound-
ary conditions, using dipolar SLE(3).
Let us explain how from these two ingredients one can show the conformal invari-
ance of the loops of the model. The Ising model with + boundary conditions can
be coupled with an FK-Ising model with wired boundary conditions; through this
coupling, the Ising model spin configurations are obtained by assigning indepen-
dent random =+1 values (with probabilities 1/2 — 1/2) to the vertices of each FK
cluster (see Theorem 19). If we look at the wired cluster I' attached to the bound-

ary of the domain, then the (inner) boundary of this cluster consists of disjoint
loops 7§1), e ,fyé”). Conditionally on él), e ,’ygn), the law of the spins (obtained
through the coupling) in the domains le), ceey an) is the law of independent crit-
ical Ising models with free boundary conditions (see Figure 3.2). The spins of T'
are all set to +. Hence, we know that there are no Ising loops in I': all the Ising

loops (having + spins outside and — spins inside) appear inside the domains ng).
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FicURE 3.2. Coupling of FK-Ising and Ising interfaces. The
dashed loops, which are bounding white regions, are part of the

boundary of the FK cluster I" (they are the véj ) loops). Condition-
ally on these loops, the boundary conditions for the Ising model
inside them are purely free. The boundaries of the black areas are

the )\gk;j ) loops (they have + spins outside and — spins inside).

Let us denote by )\gk;j) (1 <j < k) the loops appearing in ng)‘ A number of the

loops )\gk;j ) touch the loop v, and they can be reconstructed by pasting boundary
arcs with parts of ~g.

The point is that the loops {’yél) : z} converge to CLE(16/3) loops as 6 — 0
and that the arcs on the loops {'ygz) : z} converge to a free SLE(3) tree, discussed
below. Hence, we can construct the scaling limit of the loops )\gkﬂ), which are
the outermost loops of the Ising model with + boundary conditions in the original
domain. The process can then be iterated inside the loops thus obtained, and all
the loops will eventually be discovered. As the whole construction is conformally
invariant, so is the scaling limit of the collection of the loops arising in the model,
by the characterization of [ShWel2], we deduce that the collection of all the loops
is CLE(3).

Let us now describe the free SLE(3) tree in a domain §2, which describes the
scaling limit of the arcs linking the boundary with free boundary conditions. It is
a continuous tree, such that any two points z,y € 92 are linked by a branch which
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is an exploration process that “pretends” there is a + boundary condition on [z, 3]
and a — boundary condition on [y,z]. For any three points z,y,z € 99, we can
couple the branch t* ¥ from z to y and the branch *7% from x to z in such a way
that they are the same, up to the first time 7 when x and z are disconnected by
that branch; the remainder of the curve is independent.

Note that our technique also allows us to describe the scaling limit of the collec-
tion of all the interfaces appearing with various boundary conditions, in particular
purely free boundary conditions.

4. PROOF OF THE MAIN RESULT

We now outline the proof of our main result, Theorem 1. The key argument
is the martingale observable result (Theorem 6 in Section 4.2). Together with
the precompactness result given in Section 4.1, the key theorem is used to prove
Theorem 1 in Section 4.3.

4.1. Precompactness. The first ingredient in the proof of Theorem 1 is a pre-
compactness result, which allows us to extract subsequential limits.

Theorem 4. With the assumptions and the notation of Theorem 1, the laws of
the initial segments of the interfaces s form a tight family, and their subsequential
scaling limits are almost surely curves.

This result follows from standard estimates (Russo-Seymour-Welsh-type (RSW)
crossing bounds) and its proof is exactly the same as the one for the Dobrushin
setup [CheSmi|, [CDHKS13]. These are a priori uniform estimates for some crossing
probabilities following from [ChSm12], [DHN11]. The framework built in [KeSm12]
gives the result. By these arguments, one shows that the law of the curves stopped
upon reaching an e-neighborhood of [r, £] is tight and by diagonal extraction one
can let € — 0.

To interchange the limits (which allows us to consider the scaling limit of the
discrete interfaces and not just initial segments thereof), one needs additional con-
trol on the end of the interface: one has to ensure that the discrete interface s
hits the arc [r, ] with high probability once it gets close to that arc. This can be
deduced from strong RSW a priori estimates, which have been recently announced
[Chel2], [CDH11].

4.2. Martingale observable. This subsection contains the key result for proving
the main theorem: it is the part which is really specific to our setup.

Let us first define what is known as an observable in the SLE literature and as a
correlation function in the CFT literature: it is a function of a domain with marked
points. This observable will play a crucial role in the proof of the main theorem.

Definition 5. For any domain (Q, 7, ¢, z, z) such that z is on a smooth part of 99,
we denote by ® (Q, 7, ¢, z,2) € R the quantity defined by

O (Qr b, z) = % |’ (Z)|§— coth <@)

where v is the conformal map from  to the strip S:= {z € C:0 < Sm(z) < 7}

such that ¢ (z) =0, ¥ (1) = 400, ¥ ({) = —cc.
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The key theorem to prove the convergence of the interface to SLE is the martin-
gale property of the function ®. It brings to the continuous level all the information
about the Ising model that we need to identify the curve.

Theorem 6. Assume that the arc [b,r] contains a vertical part v and that for each
0 > 0 the discretization (Dgs,rs,l5,bs) contains a vertical part vs C [bs,rs] that
converges to v as 6 — 0. Let vy have the law of any subsequential limit of (the
initial segments of ) discrete interfaces s, for a sequence (6y,),~, with 6, — 0 as
n — oco. Let Dy be the connected component of Q\ v; containing the arc [r,f]. Let
T € [0,00] be the first time t when ~ hits v U [r, .

Then for any z € v, we have that

(® (Dt/\T7 T, ga v (t A T) ’ z))tZO
is a continuous local martingale.

In physical terms, the observable ® hence plays the role of a one-parameter
family of (stochastic) conservation laws, indexed by z. The proof of this theorem
is discussed in Section 6.

4.3. Identification of the scaling limit. The following technical lemma, proved
in Appendix A, allows us to fit within the framework of Theorem 6:

Lemma 7. To prove Theorem 1, we can assume that the domain D is such that
the arc [b,r] contains a vertical part v and that the discrete domains Ds are such
that the arc [bs, 75 contains a vertical part vs converging to v as 6 — 0.

We can now give the proof of the main theorem:

Proof of Theorem 1. By Theorem 4, we can extract subsequential scaling limits
of the (initial segments of the) discrete interfaces (7s5)s55, as & — 0. It remains
to identify any subsequential scaling limit v as dipolar SLE(3) in (D, £,b). Let
us assume that we have a vertical part of the boundary v C [b,r] as in Lemma
7. Thanks to the key Theorem 6, we can follow a procedure which has become
standard in the subject of SLE [Smi06], [MaSmO09] to identify the scaling limit of
the interface:

e We describe the growing random curve by its complementary, and look,
for each time ¢ > 0, at the domain D slit by the curve « [0,¢] (we pick an
arbitrary parametrization of 7). Our interface is now described by shrinking
domains (Dy,7,¢,7(t)),~o, Where Dy C D is the connected component of
D\ [0, that contains [r,¢].

e For any z € v, the process (® (Dy,7,¢,7(t), %)), stopped as 7 (t) hits
v U [r, /], is a continuous local martingale (Theorem 6).

e We map D to the strip S by the conformal mapping v : D — S such that
P (b) =0, 9 (r) = o0, ¢ (£) = —o0.

e We look at the process (S¢),~q, where for any ¢ > 0, S; is the unbounded
connected component of S\ 9 (v [0,]).
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e As explained in Section 2.5.2, we can encode (S;),~, by a strip Loewner
chain (g¢ : S¢ = S),~, with driving process (V;),s,: after time reparame-
trization, we have

Oege (2) = coth(W»

g (z) = =z

e By the conformal covariance of ® and its explicit formula on the strip, we

deduce that
, L 1
(1t 1 ot (5 0 ) - 1) )
t>0

is a continuous local martingale for any z € ¥ (v).

e Since g (z) and g, (z) are differentiable in time (and hence of finite varia-
tion) and since g; () never vanishes, we deduce that (V;),- is a continuous
semimartingale.

e Using that (V}),-, is a continuous semimartingale, we can apply It6’s cal-
culus to get that

a(1gk 1t com (£E 1))

L gt (z)—W
/ 2 2d cosh qlz
— |gt (Z)| V;f 4 < 2 ) (d<Vt,V;g>—3df)

4 sinh2 (gt (Z;—Vt ) sinh3 (gt (Z;—Vt )

for any z € 9 (v). We obtain that V; is driftless and that d (V;, V;) = 3dt.
e Since we moreover have Vy = 0 (as ¢ (y) starts growing at 0), it follows
from Lévy’s characterization theorem that (V;), has the law of (\/gBt)
where (By), is a standard Brownian motion.
e This shows that % () has the law of dipolar SLE(3) in (S, co, —00,0) and
hence that v has the law of dipolar SLE(3) in (D, r,¢,b). 0

t7

5. PROOF OF THE KEY THEOREM: THE MARTINGALE OBSERVABLE

5.1. The discrete martingale observable. In this section we give the main steps
for the proof of the key theorem (Theorem 6). Let us first define a discrete version of
the observable ® introduced in Section 4.2, which allows us to make the connection
with the Ising model:

Definition 8. Let (Qs,7, ¢, 2, z) be a discrete domain with four marked boundary
points. We denote by @5 (Qs, 7, ¢, x, 2) the quantity defined by

Z (9577"7&132)

(p(; (9577"7[,:]:,2) = Z(Qd r E x) )

where

o Z(Qs,r, ¢, x) is the partition function of the critical Ising model on the
faces of (Qs, 7,4, z) with dipolar boundary conditions (free on [r,¢], — on
[¢,z], and + on [z,7]), as defined in Section 2.3;
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¢ free free free 14 free free

free

+ + + Dj

FIGURE 5.1. The boundary conditions for the partition functions
Z(Qs,r,0,x) and Z (5,7, ¢, , 2).

« Z (Qs,7, 4,2, 2) is the partition function of the critical Ising model on the
faces of (Qs, 7, ¢, x, z) with the following modified boundary conditions: free
on [r,£], —on [¢,z], + on [z, ], and — on [z, r]; more precisely, it is obtained
by replacing [b, ] by [z, z] and [, ] by [¢,x] U [z, 7] in equation (2.1).

The following proposition is the analogue of the key theorem for ®5 and the
discrete interface.

Proposition 9. Let (75 (n)),,o have the law of the interface emanating at a in the
critical Ising model on (Ds,a,b, c) with dipolar boundary conditions, parametrized
by the number of steps. For any z € [a,b], we have that

((1)5 (D5 \ Vs [07 n] T 57 Vs (n) 3 Z))n/\r(z)
is a discrete time martingale, where
7(2) :=inf{n:vs(n) € [z,4]}.

See Section 6.2 for a precise definition of Dj \ 75 [0,n]. The proof of Proposition
9, which is in essence combinatorial, is also given in Section 6.2. See [LSWO04],
[BBHO5], [ChSm12] for similar constructions of martingales as ratios of partition
functions.

The key theorem, which is the martingale property of ® for the subsequential
scaling limits of (7s)s, is hence a consequence of the following observable conver-
gence theorem, as it is inherited from the discrete level:

Theorem 10. If (5,75, 45, 25, 25) — (Q, 7,0, x,2) as § — 0, then
1
Ve

The convergence is locally uniform with respect to the domains.

D5 (967r5a€5a'rtstzts) (:S o (Q,’I",E,Z‘,Z) .

We are now in a position to prove the key theorem:

Proof of Theorem 6. By Proposition 9, ®4 is a discrete martingale with respect to
the Ising interface, when parametrized by the lattice steps. Since %@5 converges

to ® as 6 — 0, we deduce that t — ® (D \ v[0,t],7,£,7 (t), 2) is a local martingale.
The time continuity follows from the continuity of ® with respect to the domain. [J
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The heart of the matter, namely the connection between discrete and continuous
worlds, is therefore contained in Theorem 10. The proof thereof exploits special
features of the Ising model, both combinatorial and analytical. It is discussed in
the following subsections.

5.2. Four ingredients. In this subsection, we give four propositions, which to-
gether allow us to deduce the observable convergence theorem (Theorem 10), as
will be explained in Section 5.3.

5.2.1. Correlation function representation. The first proposition allows for a repre-
sentation of ®; in terms of discrete correlation functions on a dual Ising model:

Proposition 11. If we consider the Ising model on the vertices of (Qs,7,¢,x,2)
with + boundary condition on the arc [r,£] and free boundary condition on the arc

[¢,7], we have
Eg’g]* [0502]
. (D(; (95,7",6,33,2’) :
[Taé]+
Eo " low]

The proof is given in Section 7.

5.2.2. FK representation. The second proposition makes use of the Fortuin-
Kasteleyn (FK) representation of the dual Ising model (defined in Section 8.1)
to give an expression for ®;(Qs,75, 05, x5, 25) in terms of expectations over FK
interfaces of simple correlation functions:

Proposition 12. We have
D5 (s, 1, 4,2, 2) = E(;A (Qs,7, 4,2, 2) + ES (Qs,7, 0,2, 2),

where
E6A Efree [UxUz]
E$ (Qs, 7 0,2, 2) = [ [S:l})\ ]
Ey 7 [o4]
B (1 t2,2) = EP[ESTL [02]],
where

e the expectation Eg“ is taken owver the realizations \s of a critical FK-Ising
interface in Qs from £ to r;

e the expectation E¥ is taken over all realizations As of a critical FK interface
in Qg from £ to r, conditioned to pass through x, stopped at x;

e the correlation Egei/\ [cz02] is the correlation of the spins at x and z of
the critical Ising model on Y5 with free boundary conditions, where Y5 is
the connected component of Qs \ As (the graph Qs with the edges crossed by
As removed) containing x and z;

[r.x],

Q-\A

model on the connected component of Qs \5\5 that contains z, with + bound-

ary condition on [r,x] and free boundary condition on [x,r].

e the correlation E [0.] is the magnetization at z of the critical Ising

The proof of this proposition, as well as the definition of the FK model and of
its interface, are given in Section 8.
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5.2.3. From discrete to continuum. Let us now introduce the continuous analogues
of the discrete objects appearing in Proposition 12: the correlation functions and
the curves. The convergence of the discrete correlation functions to the continuous
ones is dealt with in Section 9.

Definition 13. If Q is a simply connected domain, we define the correlation func-
. free (4],
tions (0,0.)q  and (0z)g, ~ by

free 1 T fr
(020:)0 = @7 1 @) (Ou@)Tum) )y
N R GRS I
mYm/H : T |771_772|’
[r,e], [n(r)m(O)].
(o)~ = )IF (e )7

( ol /\/_+1 00 — Mo
U7)1>H
171 — 70 [71 — Moo

for any conformal mapping n :  — H and any z,y,r,¢ € 99, provided the right-
hand sides are well-defined (these definitions are independent of the choice of 7).

The FK-Ising interfaces converge to variants of SLE(16/3) that are defined in
Section 10.

The third proposition gives the convergence of the discrete expectations E? and
EP as § — 0 to continuous expectations. The definitions of chordal SLE(k) and
SLE(k; p) are given in Section 10.

Proposition 14. As § — 0 and (Qs,75, s, x5, 25) — (Q, 1,4, 2, 2), we have

1
EA (Qs, 75,45, 5,25) —> EA (Qrt x,z),

%6 Y 5—0

1
EP (Qs,75, 05, 5,25) — EB(Qr 0 z,2),

% Y 5—0

where the continuous expectations B (Q, 7,0, z,2) and EB (Q, 7,0, x,2) are defined

by
A A <0$02>g(€\
(Qnrlxz) = E — A
<Uz>Q :
[r.0].
B (Q,’I", E,JT,Z) = EB |:<O'Z>Q\:\ ] 1)
where

e the correlation functions are as in Definition 13;

e the expectation EA is over the realizations \ of a chordal SLE(16/3) trace
from £ to r;

o the expectation EB is over the realizations A of an SLE(16/3; —8/3) trace
starting from ¢, with observation point r and force point x, stopped upon
hitting x;

e the integrand in E® is defined as 0 if x and z are in different connected
components of Q\ .

The convergence is locally uniform with respect to the domains.

The proof is given in Section 11.
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Remark 15. Notice that the ratio

f
(0 0z)f§$

[r:€].

(02)q

is well-defined even if z lies on a rough part of 92; on the other hand, recall that
we assumed that z is on a vertical part of 0f.

5.2.4. Computations in the continuum. The fourth and last proposition is the ex-
plicit computation of EA and EB:

Proposition 16. We have

EA (Qr l2,2) = |h (2)]7 A (Hm0 () 10 (6) .m0 (2) ,n0 (2))

2)|
EB(Q’T’ENT’Z> = |77/Q(z>|;_EB(H7779(r)=779(£)777ﬂ($>7779(2))7

O lx,2) = ENQrlxz2)+EB QL 2)

for any conformal mapping ng : Q@ — H. On H, we have that if ne, < ng < n1 < M2,

“n) (19
EA (H7n007770,7]1,772) = CA (771 noo) / dé_’
(n2 — T]oo)l/2 (n2 — 771)1/2 X C3/4 (= X)3/4
_ 1/2
E® (H, 00,0, m1,1m2) = Chg (M — Moo)
(772 - 7700)1/2 (772 — 771)1/2
1 ! 41/2

i d¢,
X (C—1+ )" - ‘

where the cross-ratio x is defined by

N0 — Moo M2 — T
N2 —No M — Mo

X =

and the constants Cpa and Cg are

cn o V2v2+42T(3)

b T I(3)
2V1+V2

CB = T

5.3. Convergence of the discrete martingale observable. From the four pro-
positions of the previous subsection, we obtain the proof of Theorem 10:

e By Proposition 11, we can represent ® as a ratio of discrete spin correlation
functions of the dual Ising model.

e By Proposition 12, we can represent the discrete spin correlation functions
as expectations of simple correlation functions computed on random do-
mains determined by FK interfaces.

e By Proposition 14, the FK expectations, renormalized by %, converge to
SLE expectations.

e By Proposition 16, the sum of the two SLE expectations is equal to ®.

We hence deduce the theorem: %@5 (Qs,75, 05, x5,25) = P (Qr, l,x,2) as § — 0.
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6. THE DISCRETE MARTINGALE PROPERTY

In this section, we prove the martingale property of the discrete observable.

6.1. Low-temperature expansion. Let us first give a graphical representation
of the discrete observable ®s (5,7, ¢, z, 2) defined in Section 5.1 as

2’; (Qg,nf,ﬂ; Z)
Z(Qs,r,0,1)

where the denominator is the partition function of the critical Ising model with
dipolar boundary conditions and the numerator is the partition function of the
critical Ising model with modified boundary conditions (see Definition 8).

We call a collection of edges of Q5 a contour. The following lemma gives a
contour representation of ®5, known as the low-temperature expansion:

Lemma 17. We have
Z(Qs, 1,0, x, 2) B Ssec ol
Z (Q(S:T:gwr) B ZwEC OAW' ’

where a = exp (—28,) = V2 — 1 and where

o C is the set of contours arising as interfaces (between + and — spins) of
the configuration of spins appearing in Z (Qs, 7,0, ) (treating the spins on
[0, 2] as — and the spins on [x,r] as +): C is the set of contours w such
that each vertex of Qs \ ({z} U [r, £]) belongs to an even number of edges of
w and such that x belongs to an odd number of edges of w;

o C is the set of contours arising as interfaces of the spin configurations ap-
pearing in Z (Qs, 7,0, x, 2) (treating the spins on [(,z] U [z,7] as — and the
spins on [x,2] as +): C is the set of contours & such that each vertex of
Qs \ {z, 2z} U[r, £]) belongs to an even number of edges of & and such that
x and z belong to an odd number of edges of @.

Proof. Let £ denote the set of edges of Qs that are not on [r, £].

By definition of the contour sets as interfaces between the spins, each edge e € £
present in a configuration w € C corresponds to a pair of adjacent spins ¢ ~ j that
are of opposite signs and hence the contribution —o;0; to the energy (defined by
equation (2.1)) of that pair of spins is +1 (the pairs of spins possibly include the
spins on [/, z] and the ones on [x,7]). On the other hand, each vacant edge in a
configuration w € C (i.e. each edge of Qs that does not belong to w) corresponds to
a pair of adjacent spins that have the same sign, and the corresponding contribution
of that pair to the energy is —1.

As the number of pairs we are summing over is || (the number of elements in &),
we have that the energy H (o) of a spin configuration o corresponding to a contour
w € C is equal to 2 |w| — |€]. By exactly the same considerations, the energy of a
spin configuration & corresponding to a contour & € C is equal to 2 || — |£|. Hence,
we obtain

Z (Qév T, é: x, Z) o Z&Eé exp (75 (2 |"‘~j| - |5|))
Z s, lx)  Yecexp (=0 (2wl —[€])
Yo al®!

= &eeC — O
ZWEC a|w|
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FIGURE 6.2. Schematic sketch of the contours in C.

Remark 18. The contours in C contain (possibly nonsimple) loops, with an interface
from z to [r,¢] and possibly arcs pairing vertices of [r,¢] (see Figure 6.1). The
contours in C contain loops and arcs, plus either an interface from z to z or two
interfaces, emanating at « and z, and both ending on [r, ¢] (see Figure 6.2).

6.2. Proof of Proposition 9. Thanks to the low-temperature expansion detailed
in the previous subsection, we can now prove the discrete martingale property,
Proposition 9, which we repeat here for convenience.

Proposition (Proposition 9). Let (75 (n)),,>o have the law of the interface arising
at b in the critical Ising model on (Ds,r,¢,b) with dipolar boundary conditions,
parametrized by the number of steps. For any z € [b,r],

(®5 (Ds \ 75 [0,n], 74,75 (n) , 2))ponr(z)
s a discrete time martingale, where
7(2):=inf{n:v5(n) € [z,4]}.
The discrete domain Dy \ 75 [0, n] is defined as the connected component of

Ds \ (%I;eft Side | ,y(l;{ight Side)
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that contains r, £, and z, where

o ~Left Side ig the set of faces of Dy that either share an edge or a vertex with
the left side of s [0,n — 1];

. 'y};“ght Side i5 the set of faces of Dy that share an edge with the right side of
vs [0, n].

Proof of Proposition 9. We prove that, conditionally on the event that 0 < n <
7(2) (if n > 7 (2), there is nothing to prove),

E[(I)zs (Dé\’)’é [O,Tb-l— 1] 7T7£,’}/5 (n+ 1)12) |’75 [O,TL]]
= &5 (Ds \ 75 [0,n] ,7, 4,75 (n) , 2) .

By Lemma 17, we obtain

Z~(D5\75 [O:n]7r7€a75 (n),z) _ ZwGéalwl
Z (D5 \75 [O' Tl] T Ea s ('Il)) ZwGC a|w| ’
where @ = 2 — 1 and C.C are as in Lemma 17 (where the domain Qs is now

D5 \’75 [O,Tl])
Let L, S, R be the three adjacent vertices that are the possible values for

s (n + 1), if the interface turns left, goes straight or turns right after s (n) (see
Figure 6.3) and let e, eg,er be the edges from ~s (n) to L, S, R. Every contour
configuration in C or C contains an interface emanating from s (n), and we hence
split C as C;, UCs UCgr and C as Cr, UCs U Cgr, where

Cr:={weC:e cw},

Cs ={wel:es€w,er ¢ w},

Cri={weC:ep €w,eL ¢ w}
and

éL = {wEé:eLGw},

Cs ::{wEé:eSEw,eLgéw},

Cr = {wEé:eREw,eLgéw}

Notice that the slight asymmetry of these definitions follows our convention of
turning left whenever there is an ambiguity. Writing

ZL = Z Oz‘wl, ZL = Z Oélwl, ZS = Z Oz‘wl,‘.‘,

weClL weCL weECs

we get Z2 = Zp + Zg 4+ Zr and Z=2Z+ Z~S + Z,;R and it is easy to check that we

have
Zr
Pro = Pl (n+1) = Lhs 0n]] = 2%,
Z
PStraight = P['Y(S (TL + 1) = S|75 [07 'n]] = 787
Z
Prignt := Py (n+1) = Rlys [0,n]] = 712.
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FIGURE 6.3

Now remark that

2~'_t on event L,
@5 (D\ v [0,n+1]) = Z~—: on event S,
g—i on event R.
The martingale property is thus verified by the following calculation:
E[(I)5 (D\’Yé [O,TL-l— 1] 7T7€,’75 (n+ 1)72) |’75 [O,TL]]
Z~L ZNS ZNR
= PLeftZ—L + PStraightZ_S + PRightZ—R
- Z Z Z Zg Z Zr Z
(I)é(D\'Vﬁ[O»n]97'»6175(77‘)12)’ U

7. KRAMERS-WANNIER DUALITY AND SPIN CORRELATIONS

In this section, we use Kramers-Wannier duality [KrWa41] to represent the ob-
servable ®;5 (s, 7,4, z,2) as a ratio of spin correlations on the vertices of 25 with
dual boundary conditions. This section uses in a crucial way the fact that we are
at the critical temperature. For more details about Kramers-Wannier duality, see
[KaCe71] or [Pal07, Chapter 1].

To understand the quantity ®5 (5,7, ¢, z, 2), which is a ratio of partition func-
tions of Ising models living on the faces of Q5 (as in Figure 6.3), we need to introduce
a dual Ising model (see Figure 7.1), which lives on the vertices of ;: it is defined
exactly as before, with the probability of a spin configuration (o), ., proportional
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FIGURE 7.1. Dual Ising model living on the vertices of 5, with
dual boundary conditions.

to exp (—SH (o)), where

H(o):=- Zamay,

T~y

the sum being over all pairs of adjacent vertices. The boundary conditions that we
will need are somewhat simpler: we simply condition the vertices on the arc [r, /]
to +1 and let the spins be free on the arc [¢, 7]\ {¢,r} (which we will denote [¢,r]
for convenience).

For convenience, we repeat the statement of Proposition 11, and then give its
proof.

Proposition (Proposition 11). If we consider the Ising model on the vertices of the
graph Qs with + boundary condition on the arc [r,f] and free boundary condition
on the arc [¢,r], we have

[r.e].
E 202
2 7 [O—O—]:(I)5(Q(57717€7xaz)'
E[Ta ]+
Q [04]

Proof. We use the Kramers-Wannier duality technique, also known as the high-
temperature expansion of the Ising model. Starting from the left-hand side, we
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have
],
E[Q ] [020.] _ 6 020 H(iﬂ')eg exp (Beoioj)
E[;KL (0] >0 0 i jyee exp (Beoioy)

Y 020z H(z‘,j)es (cosh . + ;0 sinh 3.)
>0 0z [1i jyee (cosh e + oi0; sinh )
>0 020 i jyee (L + aoio))
Yo 0a H<i’j>e£ (14 ao,0;)
ZU 020z ZECE al! H(i,j)eE 0i0
20 0u D pce al®l H(Lj)eE 0i0j
Ypce al?l Y6 020 H(i,j)eE 0i0;
Ypce P, 00l jyer 0i0)
ZEeéalEl

> Eec al®l
= 5 Q5,1 0,2, 2).

For the second equation, we used that exp = sinh + cosh, parity of sinh and cosh,
and o;0; = £1. For the third one, we used that o = V2 — 1 = tanh B.. For the
fourth, we expanded the product over all the edges.

The subtle point is the sixth; let us first look at the denominator. We used
that if £ C & is such that a vertex v € Q\ [r, {] arises an odd number of times in
the product o, [] (i.jyer Ti05) then the sum over all the spin configurations of this
product vanishes by symmetry; hence the only E C £ giving a nonzero contribution
(which is then the number of possible spin configurations) are the contours in C
(defined in Lemma 17): the vertex x must belong to an odd number of edges,
the vertices in Qs \ ([r, £] U {z}) must belong to an even number of edges, and the
vertices on the arc [r,£] are free to belong to an arbitrary number of edges (since
we are not summing over the spins at these vertices, which are set to +1, because
of the boundary condition). Hence, it is easy to see that the E C £ which have
nonzero contributions are precisely the £ € C. Similarly, the terms giving a nonzero
contribution to the numerators are the F C & such that the vertices x and z belong
to an odd number of edges of E, the vertices in Q5\ ([r, £] U {x, z}) belong to an even
number of edges of F, and the vertices in [r, ] are free to belong to an arbitrary
number of edges: those are precisely the contours in C (defined in Lemma 17). [

8. FK REPRESENTATION AND CONNECTION EVENTS

In the previous section, we showed (Proposition 11) that

ngL [020.]

Eq" o]
In this section, we use the Fortuin-Kasteleyn representation of the Ising model
to express the correlation functions of the right-hand side as a sum of correlation
functions of simpler form (in the sense of boundary conditions) computed on random
domains. Notice that this part does not use the fact that the temperature is critical.

¢§ (967r7£71‘72) =
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8.1. The FK model. The Fortuin-Kasteleyn (FK) model on a graph G = (V,€) is
a bond percolation model (i.e. a random subset of edges of £) with two parameters
p € [0,1] and ¢ > 0, where the probability of an edge configuration w C & is

proportional to
#edges(w)
( p ) Fclusters(w)

T q )

L—p
where the clusters of w are the connected components of the graph (V,w) (the graph
with vertices V and edges w). Given a (deterministic) subset b of V (typically a
part of the boundary of V, if V is a domain), one can introduce wired boundary
condition, by declaring the vertices of b to be in the same cluster (even if they are
not linked by an edge in £). When we do not wire boundary vertices, we call them
free.

We will be interested in connection events for the FK model: for two vertices
a,b €V, we will denote by {a! b} the event that a and b belong to the same
cluster of the FK configuration. We will denote, for B C V, by {a! B} the event
that {a! b} occurs for some b € B.

When ¢ = 2, the FK model provides a graphical representation of the Ising model
: _ 1 ; _1
at inverse temperature 8 = In < \/Tp)—the p corresponding to . = 5 In (\/§ + 1)
V2
V241”
only be interested in the p = p, case.

is hence p., = In this paper, we will always assume that ¢ = 2, and we will

Theorem 19 (Fortuin-Kastelyn). Let w C E have the law of an FK configuration
on the domain (Qs,r,¢) with parameters p = 1 — e 28 and q = 2, with wired
boundary condition on [r,£] and free boundary condition on [¢,r]. Assign the spin
value +1 to each of the vertices of the cluster containing [r,¢]. For each other
cluster of w, assign the same 1 wvalue to the spin at the vertices of this cluster,
with probability % — %, independently of the other clusters. Then the law of the spin
configuration o € {:I:l}Q obtained via this procedure is that of an Ising model with
inverse temperature 3, + boundary condition on [r,£], and free boundary condition
on [£,7].

See [Gri06, Chapter 1] for a proof.
We call the FK model with ¢ = 2 the FK-Ising model, or just the FK model for
short. When in addition p = p., we will refer to it as the critical FK-Ising model.

8.2. Correlation functions as connection probabilities. In this subsection,
we use Theorem 19 to give an FK representation of the Ising spin correlations: the
FK-Ising model allows us to understand how the influence between spins spreads
through the graph.

Lemma 20. If we consider the Ising model (at any temperature) on (Qs,r,£) with
+ boundary condition on [r,f] and free boundary condition on [¢,r] and the cor-
responding FK model on (Qs,r,£) with wired boundary condition on [r,£] and free
boundary condition on [¢,r], then for any x,z € Qs we have

[T’2]+ "'JW
EoY [oa] = PR {at [0},
Eg’éL [0z0.] = Pg’aw {z! =z}

= PUOigar 2t gy PN p 2y )
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FIGURE 8.1. Discrete vertex domain.

Proof. We use the FK representation of the Ising model (Theorem 19), sampling
an Ising configuration from an FK-Ising configuration.

To obtain the first identity, it suffices to see that, conditionally on {z !  [r,{]},
the spin o, takes the value 1 (and hence is of expectation 1), and conditionally
on {x Y [r,£]}, the spin o, takes the values —1 and +1 with equal probabilites
(hence is of expectation 0).

To obtain the second identity, notice that, conditionally on {z ! 2}, the spins
o, and o, are the same (and hence their expected product is 1), that conditionally
on {xl}/ =z}, they are independent (and since a centered +1 is sampled for either
x or z or both, the expected product is 0). 0

8.3. Discrete vertex domains. We will need to consider graphs that are slightly
more general than the discrete domains defined in Section 2.2. Let Cs be the square
grid of mesh size 9.

e We call a subgraph Qs of Cs a discrete vertex domain if it is connected and
simply connected (i.e. each face of Qs is a face of Cs).
e We denote by 0€25 the Jordan curve that lives between 25 and the comple-
mentary of its dual (see Figure 8.1).
e When needed, we will identify 25 with the Jordan domain bounded by 9€s.
e We denote by 9p€)s the set of vertices of €25 at distance less than g to the
curve J€)s.
e We identify any given arc [v, w] C 92 with the vertices of 9yQ2s at distance
less than & to [v, w].
e When there is no ambiguity, we identify the vertices of Jy{2s with the closest
points of 0.
Let us remark that all the discrete domains (as defined in Section 2.2) are discrete
vertex domains but that the converse is not true.

8.4. Interfaces, screening effects, and random domains. The FK setup of
Theorem 19 and Lemma 20, with wired boundary condition on an arc [r,¢] of
a discrete domain (s,7,¢) and free boundary condition on the other arc [¢,r]
naturally generates an interface A\s, which is the boundary of the FK cluster of
the arc [r,¢], which links r and ¢; we will always orient it from ¢ to r. The FK
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FIGURE 8.2. The FK interface.

interface lives between Qs and its dual graph (see Figure 8.2) and is qualitatively
very different from an Ising model interface: at critical temperature, its scaling
limit is SLE(16/3).

The FK interface has convenient properties and is very well understood thanks
to discrete complex analysis techniques introduced by Smirnov [SmilOal, [Smi06],
which is the reason why it plays a crucial role in our analysis. We will in particular
make essential use of the following properties:

e The domain Markov property (also known as spatial Markov property): we
have equivalences between:

(1) the conditional law of the FK model in (5,7, £), knowing the interface
A5 [0,n] (or an initial segment of it);

(2) the law of the FK model on the connected components of {25\ As [0, n],
with each connected component disconnected from As (n) having either
purely wired or purely free boundary conditions, depending on whether
it is on the left or the right of As [0, n].

Hence, we can split a domain with mixed boundary conditions into a
collection of random subdomains with simpler boundary conditions. The
domain Markov property is a direct consequence of a fundamental screening
property of the FK model, which asserts that the conditional law of an FK
configuration outside of some domain can be encoded through boundary
conditions (describing which boundary vertices are in the same cluster).

e The boundary hitting probabilities: the event that the FK interface As
hits a point y on the free arc [¢,r] (or, more precisely, is such that As U
[r,f] disconnects y from oo) is the same as the event that {y! [r,{]}
(i.e. that y belongs to the same cluster as [r,¢]). The boundary hitting
probabilities can then be computed in the scaling limit thanks to discrete
complex analysis results concerning this interface: the discrete holomorphic
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observable introduced in [SmilOa], which is a complexified version of the
passage probability, gives exactly this passage probability on the boundary
of the domain.

From the above properties, we immediately deduce the following lemma, which will
be instrumental in the next subsection:

Lemma 21. With the notation of Lemma 20, we have
Pgﬂw {z! [} = Pg’é]w {As passes at =},
Pgﬂw {fzl 20t [rd]} = F’g’é]‘” {\s passes at © and z} .

8.5. Proof of Proposition 12. Let us first recall Proposition 12 (see Figures 8.3
and 8.4).

Proposition (Proposition 12). We have
D5 (Qs,7, 0,2, 2) = B (Qs,7, 0,2, 2) + EF (5,7, 0,2, 2)

where
E5A Egee [020.]
\A 0z
E6A (Qg,’l‘,ﬁ,x,z) = [ 0. ]
Eo " [o]
B} (@5, 60,2) = EF[EqT: 0],
where

e the expectation E5A is taken over the realizations \s of a critical FK-Ising
interface in Qs from £ to r;

e the expectation E is taken over all realizations As of a critical FK interface
in Qs from £ to r, conditioned to pass through x, stopped at x;

e the correlation Egee\/\ [cz0;] is the correlation of the spins at x and z of
the critical Ising model on Y5 with free boundary conditions, where Y5 is
the connected component of Qs \ As (the graph Qs with the edges crossed by
As removed) containing x and z;

. [rz],
e the correlation EQ \i

model on the connected component of Qs \5\5 that contains z, with + bound-
ary condition on [r,x] and free boundary condition on [x,r].

[02] is the magnetization at z of the critical Ising

Remark 22. The correlation Egee\ \ [0z02] is equal to 0 if 2 and z lie in two different
connected components of 5\ As.

Remark 23. The graphs Qs\ A\s and Qs \s are discrete vertex domains; notice also
that there is no ambiguity in the definition of the arc [r,z] in Q5 \ A5 (see Figure
8.4).

Proof. By Lemmas 20 and 21, we have
0],
E[Q ! [0202]
= Pg,z]w {x! 2z} Nn{\s does not pass at x or z}|
(8.1) + Pg’é]w {As passes at = and z}.
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FicURE 8.4. Expectation E?: the FK boundary conditions know-
ing the interface As.
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Because of the domain Markov property, we have that
P[M {x! 2z} Nn{\s does not pass at x or z}|
(8.2) = B [P, et 2},

where E? is as in the statement of the proposition and the probability
Pgei s {z! 2z} iszero whenever z and z lie in two different components of Q5\A\s—
this happens in particular when A5 passes at x or z.

Also using the domain Markov property and the topological fact that the inter-
face emanating at {5 cannot hit zs before x5, we obtain

PM] {\s passes at = and z}

P[T’e]w {\s passes at z}
(8.3) M] [{As passes at z} | {\s passes at z}]
[r.z],
(8.4) = EﬂaHA{! r.al}] .

where EP is as in the statement of the proposition.
The proposition directly follows from equations (8.1), (8.2), (8.4) (and Lemma
21 for the denominator) and the representation of ®5 given by Proposition 11:

[r.€],
P _ Eq " log0]
5(95,7",£,ZL’72)—W. 0
Eq [02]

8.6. Law of the conditioned FK interface. Let us finish this section with the
following characterization of the conditioned FK interface, which will be useful in
Section 10 to pass to the scaling limit.

Lemma 24. Let (Qs,r,¢,x) be a discrete domain, let \s have the law of a critical
FK-Ising interface from { to r, and let \s have the law of a critical FK-Ising
interface from £ to r, conditioned to pass at x, stopped as it hits x. For any € > 0,
let 7§ € NU {00} be the first time that As hits Dq_ (x,€), the connected component
of {z € Qs : |z — x| < €} containing =, and let 75 € N be the first time that Xs hits
Dgq (z,¢€). Let Ps and P§ denote the laws of \s [0,75] and s [0,75]. Then we have

Supp (Isg) = {u € Supp (P§) : u hits Do, (x,€) in finite time and pN [z,7] = 0},

and for any us [0,n] € Supp (ﬁ’g) , we have the following expression for the Radon-
Nikodym derivative:
E["'vﬂ (n)], [Jz]

5 (5 [0,m]) = T
E["'aé]+ [0_ ]
Q T

dPs
dP§

Proof. The first part of the statement is obvious. Using the domain Markov prop-
erty and Doob’s transform, for any p;[0,n] € Supp (Isg) we obtain

dpe P[f;”<u(n)]w {)\:g passes at x}

5 _
dPg (:u5 [01 n]) - rl]

{\s passes at z}
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ISING INTERFACES AND FREE BOUNDARY CONDITIONS 1139

where )\}; is a critical FK interface in Qs \ us [0,n] from s (n) to r (with wired
boundary condition on [r, us (n)] and free boundary condition on [us (n),r]).
By Lemmas 20 and 21, we get

P[r,# (n)], {)\(’E passes at $} E[T,N (n)], [0_$]

Qo\p Q-\p
(4], e - (4],
Po ™ {As passes at x} Eq " [04]
Hence the result follows. O

9. SCALING LIMIT OF ELEMENTARY CORRELATIONS

In this section, we discuss the scaling limit of the correlation functions appearing
in Proposition 12:

e The boundary spin-spin correlation with free boundary conditions: it is the
numerator of the integrand in the expectation E4.

e The boundary magnetization with mixed 4+ and free boundary conditions:
it is the integrand in the expectation E‘;B

The continuous counterparts of these quantities, the CFT correlation functions

i e . . .-
(0,0.)6% and <oz>g ] , are given in Definition 13.

The convergence of the discrete correlation functions to the continuous ones is
obtained by using discrete complex analysis techniques. The first correlation func-
tion appears in [Honl0a] and is closely related to the observable used in [ChSm12]
to prove the convergence of the critical Ising interfaces to chordal SLE(3). The sec-
ond correlation function is directly derived from the observable studied in [Smi06],
[Smil0a], [ChSm12] and used in [CDHKS13] to prove the convergence of the critical
FK-Ising interfaces to chordal SLE(16/3).

Boundary correlation functions are very sensitive to the local geometry of the
boundary: they both depend on the geometry of the limiting continuous domain
(as they depend on the derivatives of the conformal mappings on the boundary)
and of the way the domain is discretized. These issues are important, since we
need to prove the convergence of the observable ®; in domains that can a priori
be very rough, since they are slitted by an interface, which tends to a continuous
fractal. The point is that the observable ®5 is a ratio of two correlation functions:
the dependences of the numerator and the denominator on the fine geometry of the
continuous domain and its discretization compensate each other, and this allows us
to obtain the desired result.

Another related issue is the uniformity of the convergence which is needed for
the proof of Proposition 14: the convergence should be uniform with respect to the
shape and the discretization of the domain; indeed, in the end, we want to be able
to say that for § small enough, the discrete observable ®s is close to its continuous
counterpart ®, uniformly over all the possible realizations of the dipolar interface
As-

The discrete complex analysis details required to prove these results are presented
in Section 13.

9.1. Two-point function. The scaling limit of the boundary spin correlations on
discrete vertex domains with free boundary conditions (see Section 2.2) is given by
the following theorem.
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1140 CLEMENT HONGLER AND KALLE KYTOLA

Theorem 25. Let (Q,x,z) be a domain such that x and z lie on vertical parts
of 02 and let (5,25, 25) 55 be a family of discrete vertex domains approzimating
(Q,z,2). Then we have

1
)
fr

where (0,0,)5"° is as in Definition 13.

f
Egee (0205 ] (:6 <‘7m0’z>g§eea

This result is derived in [Honl0a, Theorem 1], when the discretization € is the
largest connected component of 2 N §Z% and when € is assumed to be C'. The
question of the convergence for more general domains is discussed in Section 9.3.
The article [ChSm12] gives (using the Kramers-Wannier duality) the convergence
of ratios of such spin correlations at different locations on the boundary. The
nonuniversal constant % appearing in Definition 13 is however not obtained there,
while it is important for our purposes.

Remark 26. If x and z lie on a smooth part of €, it is easy to check that (0,0, )0

is equal (up to a constant factor) to v/ Eq (x, z), where E is the excursion Poisson
kernel defined by

0 0
E : = 7P ) = 7P r.
Q (/L‘? Z) ayin (.’L') Q (‘Z? ) ann (Z) Q (T7 ) I
where Pq (+,+) : 92 x Q@ — R is the Poisson kernel and ﬁ(m) denotes the inward

normal derivative at x. From the monotonicity properties of the Poisson kernel
with respect to the domain, we easily get that if T C 2 are two domains coinciding
in smooth neighborhoods of  and z, we have

<O'a:(7z>fTree < <O'a:(7z>gee

9.2. One-point function.

Theorem 27. Let (Q,7,¢,2) be a domain such that x lies on a vertical part of
0Q and let (5,75, 05, 25) 5+ be a family of discrete vertex domains approzimating
(Q,r,¢,x). Then we have

1
Ve
).

where (03)g,  1s as in Definition 13.

[ra,£cl, [r:€],
e a2 g™

This result follows essentially from [SmilOa, Remark 2.4]: using the FK inter-
pretation of the boundary magnetization of Lemmas 20 and 21, we obtain that

Eg ol [02.] = Pg ol [vs passes at x5],

where 75 is the FK interface defined in the previous section. The right-hand side is
the absolute value of Smirnov’s observable, whose convergence is the main theorem
(Theorem 2.2) of [SmilOa]. That article proves the convergence in the bulk, but
as explained in [ChSm12], it is not too difficult to extend the convergence to the
straight parts of the boundary (see [Honl0a] for a version of this result specialized
to the square lattice).

Notice that it is again important for our purposes to obtain the correct lattice-
V2+1

2m
using the lattice construction detailed in [SmilOa].

dependent constant appearing in Definition 13; it is quite easy to derive
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Remark 28. Notice that if « lies on a smooth part of 01, it is easy to check that

<01>g,f]+ is equal to a multiple of

0
\/mHQ (-, [r, €)),

is the inner normal derivative at x and Hgq (z, [r,]) is the harmonic

where =——2—
Wi (x)

measure of the arc [r, £] in €2, viewed from z (the probability that a 2D Brownian
motion starting at z exits Q on [r, ¢]).

9.3. Rough boundaries and uniformity. A significant technical difficulty is to
extend the convergence results of Theorems 25 and 27 to a setup that we can use
to prove the convergence of the observable ®5. Most of the time these convergence
results will not hold true for more general boundaries.

However, the convergence of the ratio of such correlation functions will be true
if the same points on the same rough parts of the boundary appear both in the nu-
merator and the denominator, even if the domains that are considered are different,
or even if one divides a two-point function by a one-point function.

Let us state the two particular cases of this phenomenon that we will need. Notice
that the right-hand sides are well-defined for any x, since we can use the same local
conformal charts to look at the derivatives of the conformal maps involved in the
numerator and the denominator.

Theorem 29. Let (0,y,t,x), ((:),gj,f7 x), and (2, z, s) be domains which coincide
in a neighborhood of the boundary point x. Suppose that s lies on a vertical part
v of O=. Let (Os,ys,ts5,Zs), ((:)57335755,x5>, and (Es, x5, 8s) be discretizations of
these domains coinciding in a neighborhood of xs, converging to their continuous
counterparts in the sense of the metric of Section 2.6. Suppose that for each § > 0,

0=5 contains a vertical part v§ around ss and that as &6 — 0, vg5 converges to v.
Then we have

\/SEE)’ stals (02 ] 50 <%>[y,t1+ ’

1 EEf®[o, o4 ] (0p05)0e
—>

(C]
[5:8]. 5.8,
SO ()]
—_ — ———.
E[é/ tols [Ux ] 5—0 <O_m>[élvt]+

The convergence is locally uniform with respect to the domains.

To prove this result, the main idea is to cut the domains near x, obtaining a
domain (T, p, q,x) such that T C eN6NE, [p, q] is made of straight segments, and
[q,p] C 90NONH=. The discrete correlation functions of the left-hand sides come
from discrete holomorphic observables and in particular are the boundary values
of discrete holomorphic functions, with the same type of boundary values on (the
discretizations of) [g, p].

It turns out that we can use this fact to represent the discrete holomorphic
functions involved as the convolution of their boundary values on [p, g] (which are
well-controlled, since they are not on the boundaries of the original domains) with
the discrete holomorphic observable of [ChSm12]. The convergence of the ratios of
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1142 CLEMENT HONGLER AND KALLE KYTOLA

this latter observable is addressed by Chelkak and Smirnov [ChSm12], and hence
we can use their result to obtain ours.
The details are presented in Section 13.

10. SLE VARIANTS AND SCALING LIMIT OF FK INTERFACES

In the previous section, we discussed the convergence of the elementary correla-
tion functions. The other main ingredient to prove Proposition 14 is the conver-
gence of the FK interfaces to variants of SLE(16/3). Let us recall that there are
two interfaces that are considered, both in the discrete domain (Qs, 75, s, 5, 25):

e The interface As, which has the law of an FK interface from rs to £s.
e The interface As, which has the law of an FK interface from rs to /s,
conditioned to pass at xs, stopped upon hitting xs.

10.1. Chordal SLE(x) and SLE(k; p).

10.1.1. Chordal SLE(x). We now recall the definitions of the simplest and most
standard variant of SLE, which is chordal SLE(k); it is most naturally defined on
the upper half-plane H := {z € C: Sm(z) > 0}, in the same manner that dipolar
SLE(x) is most naturally defined on the strip. Chordal SLE(x) in H from 0 (the
source) to oo (the destination) is defined by the half-plane Loewner chain (the
half-plane counterpart of the strip Loewner chain)

2

et (2) 9 (2) — Uy’
9o (Z) = %
where the driving function (Uy),s, has the law of (\/kBi),~,, where (By),~, is
a standard Brownian motion. It can be shown that for any time t > 0, g; is
a conformal map from H; C H to H, where H; is the unbounded component of
H\ A [0,¢], where A is a curve from 0 to oo, called the (chordal) SLE trace, and
that g (A (¢)) = U;. By (chordal) SLE we mean the trace A (as an oriented un-
parametrized random curve).

For k € [0,4], SLE(k) is almost surely a simple curve; for k € (4,8), it has almost
surely double points (but it does not cross itself); and for k > 8, it is almost surely
space-filling [Law05], [RoSc05].

In an arbitrary simply connected domain (€2, a,b), SLE(k) is defined as the con-
formal image of chordal SLE in (H,0,00) by a conformal mapping ¢ : (H, 0, 00) —
(Q,a,b). Almost sure continuity of the SLE(k) trace in arbitrary domains is shown
in [GRS12)].

10.1.2. SLE(k;p). A very useful variant of SLE(k) is SLE(k; p), which is a process
defined in a domain with three marked boundary points. It is defined in (H, 0, z, c0),
where z € R\ {0}, by a half-plane Loewner chain (g;),-, with driving force (Ut

>0’
which is defined by the following It0 stochastic differential equations:

~ pdt
dU; = +kdB:+ = ,
t VEdB, A
2dt
dO; = =
Oy — Uy
O() = xX.

Licensed to Ecole Polytech Fed de Lausanne. Prepared on Fri Jul 18 08:41:27 EDT 2014 for download from IP 128.178.14.165.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



ISING INTERFACES AND FREE BOUNDARY CONDITIONS 1143

The process is defined up to the first time 7 when U; = O;. As before it can be
shown that, for each 0 < t < 7, g; is a conformal map H; — H, where H; is
the unbounded connected component of H \ A[0,#], where X is a curve, called the
SLE(k; p) trace. The SLE(k; p) trace emanates at 0 and is well-defined up to the
first time when it disconnects = from oo.

By Girsanov’s theorem, we have that the initial segments of the SLE(k; p) trace,
before the time when x and co get disconnected by the trace, are absolutely contin-
uous with respect to the initial segments of chordal SLE(x) in (H, 0, 00); see Lemma
95 in Appendix B. We will simply refer to the SLE(x; p) trace as SLE(k; p).

In an arbitrary domain (2, a, b, ¢), SLE(k; p) from a (the source) to ¢ (the obser-
vation point) with force point b is defined as the image of SLE(k;p) in (H,0,x, c0)
by the conformal mapping ¢ : (H,0,z,00) — (2, a,b,c).

10.1.3. Useful variants. The following variants of SLE(k;p) (on (H,0,z,00) for
definiteness) are relevant in this paper:

o SLE(k;x —6): for K > 0, it has the same law as a chordal SLE(x) in
(H, 0, z), until the first time = gets disconnected from oo by ¥ (see [ScWi05,
Theorem 13)).

e SLE(k; £ — 8): has the law of a chordal SLE(k), conditioned to hit the point
2 (more precisely, to hit a ball of radius € around z, as ¢ — 0). As we will
only be interested in the x = 16/3,p = —8/3 case (see Theorem 32), we
will not make use of this general result (note that it is used in [Belz12] for
the x = 6 case).

e SLE(k; #5%): has the law of a dipolar SLE in (H, 0, z, 00) [Kyt06a], [ScWi05].
Although we do not make use of this fact, it is worth mentioning: in view
of Lemma 95, it tells us in particular that chordal and dipolar SLE(3)’s are
absolutely continuous with respect to each other.

The following lemma provides a useful characterization of SLE(x; k — 8), in the case
when k = 16/3. It is a continuous version of Lemma 24. Let us use, for definiteness,
the time parametrization of the SLE trace inherited from the half-plane Loewner
chain via the conformal map ¢ : (H,0,1,00) — (Q,r, ¢, x). Denote by Dq, (z, €) the
connected component of {z €Q:lz—x < e} containing x.

Lemma 30. Consider the domain (2, 7,¢,2). Let A have the law of an SLE(16/3)
curve in Q0 from € to v and let A have the law of an SLE(16/3; —8/3) curve in Q
with starting point £, observation point r, and force point x.

For e > 0, let 7¢ be the (possibly infinite) first time that A hits Dq (x,€), and let
7€ be the first time that X hits Dq (z,€). Let P< be the law of X[0,7¢] and let P be
the law of X[0,7€]. Then we have

Supp (ﬁ’e) = {u € Supp (P°) : p hits Dq (z,€) in finite time and pN [z,r] = 0},

and for any curve w[0,t] € Supp (IE”) we have the following expression for the
Radon-Nikodym derivative:

ru(t)],
<J£>[ w(t)]

dPe _ {ow)ovuion
dPe (:U/ [07t]) - re,
<Ux>Q

The proof is given in Appendix B.
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1144 CLEMENT HONGLER AND KALLE KYTOLA

10.2. Convergence of the FK interfaces. The convergence of ~; is a celebrated
theorem of Smirnov et al. [Smi06], [CDHKS13].

Theorem 31 ([Smi06], [CDHKS13]). If (Q,r,£) is a domain and (5,75,45)s is a
vertex domain discretization of it, the critical FK-Ising interface vs from rs to £
converges in law to v as § — 0, where 7 is a chordal SLE(16/3) trace in Q from r
to £. The convergence is locally uniform with respect to the domains.

The convergence of the FK interface from r5 to £5, conditioned to pass through
the point x4, can then be derived from Theorem 31.

Theorem 32. Let (Q,r, ¢, z) be a domain and let (s, 75,45, x5) be a vertex domain
discretization of it, and let \s have the law of a critical FK-Ising interface in Qs
from €5 to rs, conditioned to pass at x5, stopped as it hits x5. Then s converges in
law to X as 8 — 0, where X is an SLE(16/3; —8/3) trace in (Q, 7,4, x), with source
r, force point x, and observation point £. The convergence is locally uniform with

respect to the domains (Q,r, ¢, x).

Proof. Let \s have the law of a critical FK-Ising interface in 25 from ¢5 to rs and
let A have the law of an SLE(16/3) in 2 from ¢ to r. For ¢ > 0 and for ¢ small
enough, let Dg (zs,€) be the connected component of Qs N{z€ C:|z—z| <€}
containing x5, let 7§ be the first time that As hits Do (25, €), and let 75 be the first
time that As hits Dg (zs5,€); denote by 7¢ and 7€ the corresponding stopping times
for A and X, as in Lemma 30. Let Ps, Isg, P, and P¢ denote the respective laws of
A5 [0,7¢], As[0,75], A[0,7¢], and A[0,7¢]. We can now put together the following
four results:
e Let us [0,n] € Supp (Isg). By Lemma 24, we have

E[T s (n)]+ [Um ]

(15 [0,m])) = =2
E ’ +
Q [0z ]

dPs
dPs

e By Theorem 29, if ps[0,n5] — 1[0,t] € Supp <|5€>7 we get

o (), o
Bove  loa]  (0w)av

[T ’é ]+ [T7€]+
Eq [0z ] 00 (02)q

locally uniformly with respect to p and (Q,r, ¢, ).
e From Theorem 31 and standard arguments, we get

5 P
6—0

locally uniformly with respect to (Q,r, ¢, z).
e By Lemma 30, for any p[0,¢] € Supp (IE’E), we have
<O_z>[rrﬂf(t)]+

dpe (u[0,4]) = Q\u[0,¢] .

€ [r.e].
P <Um>sl

From these four results, we easily deduce that

5P
6—0

Licensed to Ecole Polytech Fed de Lausanne. Prepared on Fri Jul 18 08:41:27 EDT 2014 for download from IP 128.178.14.165.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



ISING INTERFACES AND FREE BOUNDARY CONDITIONS 1145

locally uniformly with respect to (2,7, ¢, z). Finally, thanks to Lemma 33 below,
we can pass to the e — 0 limit and complete the proof of the theorem: we get that
for small € > 0, with uniformly high probability, A\s will always remain close to z;
after time 75 and similarly that X will remain close to = after time 7¢. O

Lemma 33. For any R > 0, the probability that \s exits Dq_ (x5, R) after the time
75 tends to 0 as € — 0, uniformly with respect to (Q5,75,4s5,x5). Similarly, for any

p > 0, the probability that X ezits D (z,p) after the time 7€ tends to 0 as € — 0,
uniformly with respect to (Qs,7s5, 45, Ts).

The proof is given in Appendix C.
11. FrRoM FK EXPECTATIONS TO SLE EXPECTATIONS

In this section, we put together the results of the two previous sections to obtain
Proposition 14, which is the convergence of the FK-Ising expectations Eg“ and E5B
to SLE expectations. Recall that Ef and EP are defined by

EgeiA (02,0, ]

E? (Q5,7"5,£5,$5725) = E5A [T ; ]+ 5
Eq [0z ]
EB (Q /¢ o EB E[r AN
s (Qs.76,05,75,25) = E; QX o= 1],

where s has the law of an FK interface from rs to £5 and Xs has the law of \g
conditioned to pass at x5 and stopped when it hits x5. Let us also recall the
statement of Proposition 14.

Proposition (Proposition 14). As § — 0 and (Qs, 75,45, Ts,25) — (Q, 1,0,z 2),
we have

1
E? (Q5vr57£57x5725) — EA (Q7T7£,$72),

% —0

1
E5B (Q5vr57£57x5725) — EB (Q,’I’,&ZE,Z),

% —0

where the continuous expectations EA (Q, 7,0, z,2) and EB (Q, 7,0, 2, 2) are defined

by
A A <O'$O-Z>gii
E*(Q,rl,x,2) = E —
<U:v>Q :
B L B [0,
E°(Q,rl,z,2) = E [<O’Z>Q\/~\ ] ,
where

e the correlation functions are as in Definition 13;

e the expectation EA is over the realizations \ of a chordal SLE(16/3) trace
from £ to r;

e the expectation EP is over the realizations A of an SLE(16/3;—-8/3) trace
starting from £, with observation point r and force point x, stopped upon
hitting x;

o the integrand in E® is defined as 0 if x and z are in different connected
components of Q\ .

The convergence is locally uniform with respect to the domains.
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The proof of the first part of the proposition (convergence of E?) is given in
Section 11.1 and the proof of the second part (convergence of E6B) is given in
Section 11.2.

11.1. Proof of convergence of E3.

Proof of Proposition 14, part A. There are three ingredients (the types of conver-
gence are as in Section 2.6):
e Convergence of the probability measure: from Theorem 31, we have that
the discrete FK interface A\s converges to the chordal SLE(16/3) trace A.
e Convergence of the integrand: from Theorem 29, for any fixed curves Aj
converging to a A* as § — 0, we have

1 Egeix [02,02.] (0202)
V3 gtk
Vo S (o, (02)q
where the convergence with respect to Aj and €2 is locally uniform.
e The integrand is uniformly bounded: by monotonicity of spin correlations

with free boundary conditions (which follows from FKG inequality; see
[Gri06]), we have

(11.1)

)

(11.2) o< LB omoe] 1 E*lowo.]
' - [ro.£cl. - [ra,Lcl, '
Vo Eq [0z ] \/SESZ [0z ]

As the right-hand side is uniformly convergent, the left-hand side is uni-
formly bounded.

We deduce the convergence as follows: by the first point, for any ¢y > 0, there
exists a 09 > 0 (locally uniform with respect to ) such that for any 6 < dy, we
have

P{de (A5, ) > €0} < €o.
Combining this with the second point, we deduce that for any e€; > 0, there exists
01 > 0 (locally uniform with respect to ) such that for any § < §;, we have

1 Eftee o, 0., Og0,
(11.3) P{|— Q[T\Ae ][ I {oaoz)an >e1 b < e
Vo gDl 5 (02)q

Together with the third point, this allows us to obtain that for any es > 0 there
exists 63 > 0 (locally uniform with respect to Q) such that for any § < d5, we have
|E? (9577’576571’572)7}31& (Q,T,£,$,Z)| < e

Indeed from the uniform bound (11.2), we get that the contribution to the expec-
tation of the event appearing in (11.3) can be made arbitrarily small. 0

11.2. Proof of convergence of E}.

Proof of Proposition 14, part B. As in the proof of convergence of E?, there are
three ingredients (the types of convergence are as in Section 2.6). All statements
are locally uniform with respect to €.

e Convergence of the probability measure: from Theorem 32, we have that
the conditioned discrete FK interface A\s converges to the SLE(16/3; —8/3)
trace A.
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e Convergence of the integrand: from Theorem 29, for any fixed curves S\E
converging to A* as § — 0, we have
[ro,zal. €],
%EQ W ol eE)g s
where the convergence is locally uniform with respect to 5\§
e Uniform integrability of the integrand: for any € > 0, let N§ be the event
that As hits the e-neighborhood Dgq_ (z5,€) (as is defined in Lemma 24).
Then, we get the uniform integrability from the following observations:
— On the complementary of N§ (i.e. the event that A; does not hit

Dg,, (zs,€)), the integrand \/—Eg \g: I [c..] is uniformly bounded with

respect to § > 0. This follows directly from Lemma 35 below.

1l
—As e — 0, \[EQ\A

We write N§ = A§ U Aj
Al :=NI\NV2

— By Lemma 34, as 7 — 0, the probability of A} behaves like O (n)
uniformly with respect to . By Lemma 35, on A, the integrand is

@l [O’Z Iy ] — 0, uniformly with respect to .

42 §/4U~~,Whereforanyn>O,Weset

bounded by O <ﬁ), uniformly with respect to &; hence

el [ | = owvm.

Summing this over the scales n = e€€¢/2,¢/4,...,0 (there are
O (log, (€/6)) such scales), we get the result.

Using exactly the same sequence of arguments as in the conclusion of the proof of
part A of the proposition (in the previous subsection), we get the result. [

Let us now give the two a priori estimates used in the proof above, which follow
from results in [DHN11] (notice that we can directly use the results from this paper,
as the boundary of Qs near zs is straight).

Lemma 34. The probability that As gets e-close to zs behaves like O (¢€), uniformly
with respect to §, locally uniformly with respect to Q.

Proof. This follows readily from Proposition 12 in [DHN11] 0
Lemma 35. If Y5 C Qs is an e-neighborhood (in Qs) of zs, then

bt io()

uniformly with respect to 9, locally uniformly with respect to €.

Proof. This estimate follows directly from Proposition 18 in [DHN11]. O

12. COMPUTATION OF SLE EXPECTATIONS

In this section, we compute the SLE expectations EA and EB, defined as

free
040,
<Uz>QM+
B(Q rl.x z) = EB [<O’ >[r,z~]+:|
s [y Ly by - Q\/\ ’
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1148 CLEMENT HONGLER AND KALLE KYTOLA

where \ has the law of a chordal SLE(16/3) from r to s and X has the law of an
SLE(16/3; —8/3) with starting point r, observation point s, and force point z, and
where the integrands are as in Definition 13. Let us now define the following two
Coulomb gas correlation functions which will be useful to compute EA and EB.

Definition 36. For a simply connected domain (2,7, ¢, x, z) such that z is on a

smooth part of 9Q and given any conformal mapping 1o : © — H, we define m*
and m® by
m* (Qrloa,2) = g (@) g ()P m™ (Hyng (1), ng (0) .1 (2) 00 (2))
mB (Q/ T, f’ z, Z) = |77§l (Z)F mB (Hv Uiy} (T) » 11 (f) ) T (iE) » 11 (Z)) )
mA (thooaTIO:nlaT]Q) = CK 1 (no 77’00)17 T
(M2 =m)* (N2 = Mec)? (11— 10)*
1
1—
[0
x GM(C=x)
1/2
mB (H7n0077707n11772) = Cg (771 _7700)
(12— 100) 2 (02 = m)'/*
1 1 C1/2

— d
VX iy (¢ -1+ ) - ¢

where Y is the cross-ratio defined by
Mo — Moo M2 — T
M2 — Mo M — Moo
and the constants C}{' and CJ are defined by

X =

cm o= @L%)
TRy
. 2v1+V2
CB = —7'('3/2 .

Remark 37. These definitions are independent of the choice of ngq.
With this notation, Proposition 16 simply becomes:

Proposition (Proposition 16). We have

m? (Q,r, ¢,z 2)

(12.1) EM Q7 0 x,2) =
[r.f],
(02)q
(12.2) EB(Q,r 0z 2) = mP(Qrl oz 2)),
O lx,2) = ENQrlxz2)+EB(Qr el 2).

Notice that the right-hand side of (12.1) is well-defined also when z is on a rough
boundary: the derivative terms in the definition of m® and (o) cancel each other.
On the other hand, it is required that z be on a smooth part of 9S.

Proof. To compute EA and EB, notice that by the conformal invariance of SLE
and by the conformal covariance of the correlation functions in the integrand, it is
sufficient to compute EA and EB on the upper half-plane, and that we can choose
the locations of three of the four boundary marked points. Hence the result follows
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ISING INTERFACES AND FREE BOUNDARY CONDITIONS 1149

from the computation for EA (H, —1,0,1,y), for any y € (—oo, —1) performed in
Section 12.1, and the one of EB (H,00,0,1,w) for any w € (1,00) performed in
Section 12.2.
To obtain the formula for @, we use the following hypergeometric representations
L 3
16CR (M0 — Moo)” (112 = Noo) ™ (111 — 10)

of m® and mB:
5 5 T 2F1(Z727%71X>
(M = Neo)® (N2 —m0)* (M2 —m1)?
or (3)* om _ 133
m® (H, 700, 10, 71, m2) = (2) Ci (m 1_%0) T 2Fl(——7_§_§X>a
VT (= 1s)” (1 — 1) 2°4°2

where the branch of the hypergeometric function o F; on C\ [1, 0c] is the usual one.
Then, from the formula in [AbSt64, equation (15.3.6)], we get

IS

m™ (H, o0, 10, 11, 12) =

IS

o=

mB(Hﬂ?ooﬂ?OJh,??z)
T @) e =)’ 12F1(1’§;1;1 >
4 (n2 = Moo)? (12 —m)? 2’4 4
5vm B(lefﬁoo)%(w*ﬂl)%Z Ty

1
(o, 1l _ [V2+1 (10 — Noo)?
Ty = 9 T g
T (m—=m0)* (M — Noo)?

we notice a cancellation in the sum

mA (anooa 770777177’2)

[ ’ ]+
< 7)1>|-7|]1 "

and then write the result of the sum, which simplifies to

\/5"-1 (771_7700);_ F ( 1 3 1.1 X)
T T281\ 755 o+ .
V2T (g — o) (2 — ) 274 4

Finally, using that
13 1 1
o F1 ( ; —‘z> S

Recalling that

—|—Il’1B (H7n0077707n11772)

274y Vi-z
and mapping conformally to the strip S, we obtain EA + EB = &. [

12.1. Computation of EA.

Proposition 38. For any y € (—o0, —1), we have
mA (H7 _1707 17y)

EA (H7_170117y) = [=1,0],
<‘71>H

Proof. By SLE coordinate change (Section 10.1), we can take E* to be the expec-
tation of
l <‘710y>|f—|r§i ]
El——a | -

[71)0]4r
<01>H
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1150 CLEMENT HONGLER AND KALLE KYTOLA

—

FIGURE 12.1. Setup for EA (H, —1,0,1,y).

where A has the law of an SLE(k; x — 6) (with k = 16/3) in H with source 0, obser-
vation point oo, and force point —1; again the integrand is set to 0 if A disconnects
y from 1 before disconnecting —1 from oco. Parametrize A by the standard half-
plane capacity viewed from oco. For each ¢ > 0, let H; be the unbounded connected
component of H\ A [0,#]. Let 7 be the (almost surely finite) first time when 1 and

—1 are disconnected by A. Define (Mf) >0 PY

M i=m? (Hopor , — LA (EATH) 1y).

By conformal covariance, if we denote by g; : H; — H the conformal mapping with
normalization lim, . g¢ (2) — 2 = 0, we have, for t < 74,

M; = Vgi (1)V gt (Dm* (H, g (=1),Us, 9 (1), 9: () »
where U; = g; (A (t)) is the driving force of the Loewner chain. The process M2
has the following properties, shown further in this subsection:

e M2 is a local martingale (Lemma 39);
e M2 is bounded (Lemma 40);
e M2 has the correct endvalue (Lemma 41):

A free
M7, = <010y>H\)\[0,7A] J

where the right-hand side is zero if y and 1 are disconnected by A [0, 74].

From these three lemmas, we deduce that M2 is a uniformly integrable martingale
and by the optional stopping theorem, we hence obtain

M2, M§ AH,-1,1
EA(H,l,O,l,y)E{ TA] o _m2(H -1, ’y),
(e)ul (o) (1)
which concludes the proof of the proposition. N

Let us show the three lemmas used in the proof of Proposition 38.

Lemma 39. M2 is a local martingale.
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ISING INTERFACES AND FREE BOUNDARY CONDITIONS 1151

Proof. With the same notation as in the proof of Proposition 38, for t < 7o we

have
M = /g; (1) Vgi (Dm™ (H, g (=1), Up.ge (1), 9¢ () ,
where
2dt
dgs (2 _—
gt ( ) Gt (Z) 7 Ut
pdt
dUu; = kdBy + —————
t VkdBy U, — g0 (<1)

where x = 16/3 and p = —2/3. By Ito’s calculus, we get that the drift of M2 is
proportional to

(1 1 ) 2 9
- +

(i —10)° (12 —1m0)° Mo — 10O 11 — 10 Oy

2 9 2 1 6+862
N2 —1m0Ona  31M0 — o O 3 O

> m® (H, 1eo, M0, 115 72) 5

evaluated at 1o = g (—1), 7o = Uy, g1 (v), g¢ (1). From the explicit form of m*, it
is easy to check that this expression vanishes. N

Lemma 40. M2 is bounded.
Proof. By Remark 26, we have the following monotonicity property for the inte-
grand:
£ £
<010y>|j(<i[o,t] < <010y>|jee

for any . Hence, we obtain that M2 is bounded by the right-hand side. O

Lemma 41. On stopping time 7, M2 has the endvalue

free
MfA = <UlUU>H\A[O,TA] .

Proof. Recall that

M} = /g, (1)\/g; (y)m™ (H; g (1), Uz, g9 (1) . 91 (%)) -
We should show that

: A free
tLHB\ M} = <‘71‘7y>H\,\[0,rA] .

Denote by x; the cross-ratio defined by

X = Ui —g: (1) 9:(1) —g: (y)
YT Ui—a () g:(1) —g: (=1)

As t — 7, there are three possibilities:

e ) reaches the interval (y, —1]: in this case, Uy — g+ (—1) — 0 while other
distances remain positive, so in particular x; — 0. Using the same hyper-
geometric representation as in the proof of Proposition 16 and the identity
(see [AbSt64, equation (15.3.6)])

3 9 5 3 3
Bl2,2,51— = —I,R (225
21(4/747 X) 42 1(47727X>
5yrT(3) 1 311
—_ N/ F ..
e et P \zaiaiY)
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1152 CLEMENT HONGLER AND KALLE KYTOLA

FIGURE 12.2. Setup for EB (H, 00,0, 1, w).

we see that in this case, M/ tends to

cm \/7_TF (%) g./,—A (1) g;—A (y)
A r (%) Gra (1) — Gra (y) ’

which is equal to (alay>erii[0 T

e )\ reaches the interval [1,00): in this case, g: (1) — Uy — 0 while other
distances remain positive, so x; — 1. Observing that |g; (1)] < 1 and
l9; ()| < 1 and using the explicit expression for m?, we see that in this
case M2 — 0. We have that 1 and y get disconnected from each other by
A [0, TA], SO

. A o free
tLHE* My =0= <‘710y>H\A[o,TA] :

e ) reaches the interval (—oo, y]: in this case, both Uy — g (y) and Uy — g (—1)

tend to zero and considerations of harmonic measure show that

Ui — gt (—1)
Ut — 9: (y)
so x¢ — 1. As in the previous case, one concludes that both the limit of

— 1,

M# and the spin correlation (amﬁﬁii[o ;4] AT€ ZeTo. 0
12.2. Computation of EB.
Proposition 42. For any w > 1, we have
EB (H,00,0,1,w) = m®(H,00,0,1,w).

Proof. The proof is similar to the one of Proposition 38. Let X have the law of an
SLE(16/3,—8/3) trace with source point 0, observation point co, and force point
1. Consider the standard half-plane capacity parametrization of the curve and for
each t > 0, let H; be the unbounded connected component of H \ A [0,#]. Let 75
be the (almost surely finite) hitting time of 1. Let MP be defined by

M? =mP" (Ht/\TB , 00, A (t A TB) , 1, w) .

By conformal covariance, if we denote by ¢g; : H; — H the conformal mapping with
normalization lim, o g¢ (2) — 2 = 0, we have for t < 7

MtB = gllt (w)mB (H7OO7Utagt (1)7gt (’U))),
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ISING INTERFACES AND FREE BOUNDARY CONDITIONS 1153

where Uy = g+ (A (t)) is the driving process of the Loewner chain. We then have the
following properties, shown later in this subsection:

e MP is a local martingale (Lemma 43);
e MP is uniformly integrable (Lemma 44);
e MP has the correct endvalue (Lemma 45):

[—OO,lL

B _
M7 = (0w) 30,00

From these properties, we deduce, by the optional stopping theorem:
EB(H,oo,O71,w)=E[MTBB]zMoBsz(H,oo,O,Lw). 0
Lemma 43. M2 is a local martingale.

Proof. Writing, as in the proof of Proposition 42, for t < 7B,

MtB =V gzlt (w)m? (Hv 00, Utagt (1) ) gt (’LU)) ’

and using that

2dt
dg: (= _
9 (2) 9¢(2) = U
pdt
AU, = rdB;+ 2
t VrdB; T, — gr (D
where k = 16/3 and p = —8/3, Itd’s calculus gives that the drift of MP is propor-

tional to

L2928
(e —mo)> M —mdm 12 —no O
510 88
310 —m dno 39

)mB (H,00,m0,m1,7m2) s

evaluated at g = Uy, m1 = g¢ (1), 2 = g¢ (w). From the explicit formula for m®,
we get that this expression is zero. N

Lemma 44. M} is uniformly integrable

Proof. The proof of this is completely analogous to the one of the convergence of
E? in Section 11.2. It indeed follows from Lemmas 34 and 35, passed to the § — 0
limit, using Theorems 25 and 27: the probability that the curve A gets e-close to w

decays like O (¢€), while the blow-up of the integrand as the curve gets e-close to w

is only O (%) 0

Lemma 45. MP has the endvalue:

[700)1]+
M7 = {Tw i 5j0,721 -
Proof. By continuity, we should show that
[_0071]+

B
Mt t:; <Uw>H\5\[O,TB] .

By conformal covariance, we have that

Mf’ =g (w>mB (H,00,Ut, 9: (1), g¢ (w))

Licensed to Ecole Polytech Fed de Lausanne. Prepared on Fri Jul 18 08:41:27 EDT 2014 for download from IP 128.178.14.165.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1154 CLEMENT HONGLER AND KALLE KYTOLA

and since as t — 75, we have g; (1) — U; — 0 (as the tip of the curve A (t) tends to
1) and g; (w) — U; remains bounded away from 0, it is enough to show (again by
conformal covariance) that for any w > 1,
; B _ [—00,0],
Zlg(ri m” (H, 00,0, z,w) = (0uw)y .

To obtain these asymptotics, we use the same hypergeometric representation of m®
and then the same decomposition formula for the hypergeometric function o F; as
in the proof of Proposition 16:

B(H,OO,(LZ,’U]) -

—00,0],
= (ouhy .

13. DISCRETE COMPLEX ANALYSIS

In this section, we show the convergence of the ratios of elementary Ising cor-
relation functions to CFT correlation functions stated in Section 9 (Theorem 29).
We first recall the statement.

Theorem (Theorem 29). Let (0,y,t, ), <é,g,f,x), and (Z,x,s) be domains
which coincide in a neighborhood of the boundary point x. Suppose that s lies
on a vertical part v of OZ. Let (Og,ys,ts, xs), (é(g,g(;,f(;,:c(;), and (Zs,xs,85) be
discretizations of these domains coinciding in a neighborhood of x5, converging to
their continuous counterparts in the sense of the metric of Section 2.6. Suppose
that for each 6 > 0, =5 contains a vertical part vs around ss and that as § — 0,
vs converges to v. Then we have

1 EfEree [Ux Os ] <0_x0_s>f:ree

(13.1) VAt s oA
e) [0 ] <0'm>®

[#-:%4], g,

el o) ()]

(13.2) - e

[yestal, 50 [yostal,

E(—) [0z ] <Ux>(—)

The convergence is locally uniform with respect to the domains.

The proof of Theorem 29 is given in Section 13.9. The key tool, introduced in
[SmilOa] and further developed in [ChSm11], [ChSm12], [HoSm10b] is (a type of)
discrete complex analysis. More precisely, the structure of this section is as follows:
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ISING INTERFACES AND FREE BOUNDARY CONDITIONS 1155

e In Section 13.1, we precisely define the graphs and notation that are suited
for the discrete complex analysis tools that we use.

e In Section 13.2, we define and give basic properties of the discrete holomor-
phic observables that are instrumental to compute the discrete correlation
functions of Theorem 29.

e In Section 13.3, we obtain the discrete correlation functions as the boundary
values of the discrete holomorphic observables.

e In Section 13.4, we formulate a discrete Riemann boundary value problem
which provides a convenient local representation of the discrete holomorphic
observables in terms of a convolution kernel.

e In Section 13.5, we introduce the continuous counterpart of the discrete
holomorphic observables.

e In Section 13.6, we obtain the CFT correlation functions appearing in The-
orem 29 as boundary values of the continuous holomorphic observables.

e In Section 13.7, we formulate the continuous Riemann boundary value prob-
lem which gives a local representation of the continuous observables.

e In Section 13.8, we derive the convergence (in the bulk and on straight parts
of the boundary) of the discrete holomorphic observables to the continuous
ones.

e In Section 13.9, we prove Theorem 29. To do this, we extend to the bound-
ary the convergence results of Section 13.8 for appropriate ratios.

e In Section 13.10, we prove the a priori estimates which were used in Section
13.9 to prove Theorem 29.

13.1. Graphs, notation, and definitions. Let {25 be a discrete vertex domain:
a connected subgraph of the square grid Cs := §Z2.

e We denote by Vg the set of vertices and by £ the set of edges of Q5.
e We denote by Int (s) the complex domain bounded by the dual circuit
made of edges of £co\q- (see Figure 13.1), by 0€2s the set of its prime

ends, and by Qs its Carathédory compactification (for a definition of these
notions, see [Pom92, Chapters 1, 2], for instance).

e We denote by 0&, the set of edges of Ec_\ Eq  that are incident to a vertex
of Vo , counted with multiplicity: if an edge e € &, \ £q. is incident to
two vertices of Vg , it appears as two distinct elements of 9&q ..

e We denote by Vg the set of vertices of Vg \ Vg, incident to 0q , counted
with multiplicity: if two edges of O&s are incident to a vertex v € Vg \ Vo,
that vertex counts as two elements of 9Vq .

e We define vg =Vq UdVq. .

e We denote by €25 the dual graph of (25, whose vertex set V- consists of
the midpoints of the bounded faces of {05 and whose edge set £q- consists
of all pairs of dual vertices of Vg corresponding to adjacent faces of 5.

e We denote by Vg the set of dual vertices of Voo \ Vo that are adjacent
to a face of Vg, counted with multiplcity: a face of Voo \ Voo appears in
as many elements of 0Vq as there are faces of Vg that it is adjacent to.

e We define Vo = Vqr UdVqr.

e We denote by Q' the medial graph, whose vertex set Vom consists of the
midpoints of edges of £o U 0Eq, and whose edge set Egm consists of all
pairs of medial vertices Vom corresponding to incident edges of £ U0Eq. .
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FiGURE 13.1. Vertex domain, its medial, and its dual.

e We denote by dpVaom the set of midpoints of edges of g . The vertices of

doVam get naturally identified with prime ends of 9.

e We denote by dy€qm the set of medial edges incident to a medial vertex of
OoVam .

e We denote by QF** the dual of the medial graph, whose vertex set Vom - is
identified with Vo U Vq:o.

e For two boundary medial vertices vy, v2 € 9pVam , we denote by 9oV, v,)m
C 0gVam the set boundary medial vertices identified with prime ends of the
counterclockwise arc [vy,ve] C 9. We denote by &, v,m C Qo€qm the
set of boundary medial edges incident to a vertex of 9gVy, v,

e With cach medial edge e € Egm , we associate a line £ (e) C C in the complex
plane, defined by £(e) := (m — c)_% R, where m is the midpoint of e and
c € Vg  is the vertex of s that is the closest to e.

e We say that a vertex v; and a medial vertex vy are adjacent if vy is incident
to the edge whose midpoint is vs.
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e For a line £ = ¢R in the complex plane, we denote by P, the orthgonal
projection onto that line, defined by

Py [z] := % (z +€*?z) VzeC.

e Given two complex numbers z1,20 € C, we write z1 || 22 if 2 is a real
multiple of z5.

e For each boundary medial vertex z € JyVqm , we denote by Voys (2) the unit
outward-pointing normal of Dq_ at z, i.e. the complex number % (z —v),
where v € Vg is the vertex incident to the edge e € 9Egm whose midpoint
is z. We define vy, (2) as —vout (2)-

e We say that a function f : Vgm — C is s-holomorphic if for each e =
(v1,v2) € Egm , we have

Poey [f (v1)] = Pyey [f (v2)] -

13.2. Discrete holomorphic observables. We now define the two discrete holo-
morphic observables that are instrumental in our analysis. These functions are
defined on the medial graph of a discrete vertex domain, and their boundary values
give the correlation functions appearing in Theorem 29. As one of these observables
is more naturally defined in terms of the FK-Ising model and the other in terms of
the high-temperature expansion of the spin correlations of the Ising model, we will
refer to these as the FK(-Ising) and spin observables.

13.2.1. FK observable. The FK observable was originally introduced in [Smi06]
and studied in [Smil0Oa], [ChSm12] to show the convergence of the critical FK-Ising
interfaces to SLE(16/3). The key result in this proof is the scaling limit of the
observable (see Theorem 81 below). The observable has also proven to be useful
to obtain estimates for crossing probabilities [DHN11]. Its boundary values are of
particular interest, as they give the boundary magnetization with mixed +/free
boundary conditions (see Section 13.3).

Let (Qs,7,¢) be a discrete domain and consider the FK-Ising model on Qs, with
wired boundary condition on [r,¢] (see Section 8). Let 7,4y, € JgVam be the

medial vertices separating [r, ] from 9 \ [r, €] (see Figure 13.2).

Definition 46. We define the FK-Ising observable g5 ¥ (Q5, 7,4, -) on Eqm \ Oo&jy gm
by

4 i
9FK Q5,70 €) = eﬁ ) Eg’z]w [leevejw@\ rme)|
where 7 is the FK interface linking 7, to ¢,,, rounded as in Figure 13.2, and
W (As : 7y O e) is the winding (i.e. the total turning) of the interface As (run-
ning backwards) from 7, to the midpoint of e (hence we have W (As : 7, [] €) €
{Z+kZ:keZ}).

Remark 47. The factor % is introduced in order to follow existing conventions.
Definition 48. We define

1
f;K (957r7£7 6) = —Q(I;K (Q5,T, 67 6) )
Vin (’rm>

where we take the following branch of the square root Vei := e'T for 6 € (=, 7).
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FI1GURE 13.2. Setup for the FK observable. On the figure, we have
W(yirpOe)=—7.

Remark 49. The branch choice of /v, (ry,) is somewhat arbitrary and is made for
definiteness.

Lemma 50. We have
TR (Qs,7,0,e) €L(e) Vec€ Egm \ Q& gm -
Proof. This follows from topological considerations (see [SmilOa, Lemma 4.1]). [

Lemma 51. Let exg, exw,esw,ese € Eqn be the four medial edges incident to a
medial vertex v € Vom \ 0gVaom as in Figure 13.3. Then we have

TE Q5,7 L eng) + FEE (5,7, L esw) = f1 5 (Qs, 7, esp) + FEE (5,7, 4 exw) -

Proof. The proof of this is based on combinatorial considerations (see [SmilOa,
equation (12)]). 0

This lemma allows us to define ff% on Vom \ 9oVjp,qm in the following way:

Definition 52. For each medial vertex z € Vom \0oV gm , we define K (Qs,7,0, 2)
as the unique complex number such that for each medial edge e € Eqm \ [r, /], that
is incident to z, we have

(133) ;K (9577.7 g? 6) = Pf(e) [ ;‘K (Qg,’f’, 67 Z)] :

Remark 53. For any z € Vom having four neighbors in Vom \ 9V, gm , if we denote
by exg; exw, esw, esg € Eqm \ Qo€ gm the medial edges incident to z, we have the
following orthogonal decompositions:

ng (Q§ara 67 Z) = EK (957T7 67 eNE) + ng (Q§ara 67 eSW)

= 6FK (Q%T? év eSE) + ffK (Qg,r, £7 eNVV) .
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FI1GURE 13.3. Medial vertex and edges in Lemma 51.

We will also use a rephased version of the FK observable:

Definition 54. We define gf* (Qs,7, 4, ) on the medial vertices by
95 (s, 0) = v (r) 55 Q5,7 8,)
where \/vi, (T,) is as in Definition 48.

The most fundamental analytical property of the FK observable is the following:
Lemma 55. The function fF¥ (Qs,r,0,-) : Von \ o Vrqm — C is s-holomorphic.
Proof. This follows directly from the construction of fF¥ (equation (13.3)). 0
Lemma 56. We have

fER(Qs,7m,0,2) € Vo_ué; (2)R Vz € 0V -

Remark 57. Near 0gV ¢ , a boundary condition analogous to the one of Lemma
56 holds (see [SmilOa, Lemma 4.12] or [ChSm12, Remark 2.3]), but we will not
need to study it for our purposes.

13.2.2. Spin observable. We now define the spin observable, first introduced in
[Smi06] and studied in [ChSm12], which is instrumental in the original proof of
Chelkak and Smirnov to obtain the convergence of the spin interfaces of the Ising
model (with + and — boundary conditions) to chordal SLE(3). A variant of this
observable can be used to derive the correlation functions of the energy field of the
Ising model [HoSm10b], [Honl0a]. Like the FK observable, its boundary values
are particularly interesting as they give boundary spin-spin correlations with free
boundary conditions (see Section 13.3 or [Hon10al).

Let Q5 be a discrete domain. We denote by Z (Q5) the low-temperature expan-
sion of the partition function of the critical Ising model on the faces of €15, defined

by
Z(Qs) = > all
weC(2)
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1160 CLEMENT HONGLER AND KALLE KYTOLA

where C (§25) is the set of contours w C £ | such that every vertex of Vg,  is incident
to an even number of edges of w and where o := /2 —1 and |w| is the total number
of edges of w.

Let x € 9gVam be a boundary medial vertex and let z € Vgom be a medial vertex.
We define the collection C (s, z, 2) as the set of 4’s consisting of edges of £q_\ {2z}
and of two half-edges (half of an edge, between its midpoint and one of its ends)
such that

e one of the half-edges is the unique half-edge incident to x;

e the other half-edge is incident to z;

e cvery vertex v € Vo _ belongs to an even number of edges or half-edges of

7.

For a contour v € C (s, x, z), we define its winding W () as the total rotation
(the cumulative angle of turn) of the walk on the edges and half-edges of v from
x to z, which turns left whenever there is an ambiguity (i.e. we arrive at a vertex
such that it belongs to four edges or half-edges of 7). See Figure 13.4.

Remark 58. As shown in [HoSm10b, Lemma 4], the complex number e WO g
essentially independent of the choice of the walk on ~.

Definition 59. We define the spin observable g?PIN by

Z alle=t W)

~yEC(Q,2,2)

95 ™ (5,2, 2) =

Z(Qs)

for any z € Vom \ {2}, where |v| is the number of edges in 7, with the two half-edges
of v contributing % each. We set

95" (Qs,2,m) = 1.
We define f(;SPIN by
1

féSPIN (957‘7;1 Z) =
Vin ()

QEPIN (951 T, Z) )
where /v, (z) is the principal determination of the square root as in Definition
46.

Remark 60. If z € 0gVqam , by symmetry, we get

QEPIN (95755, Z) = QEPIN (957 Z,:’E)~

Lemma 61. For any x € 9oVanm , the function fST™N (Qs,z,:) : Vom — C is s-
holomorphic.

Proof. This follows from combinatorial considerations. See [ChSm12, Proposition
2.5] or [Hon10a, Proposition 74]. 0

Lemma 62. For any x € 0gVan and all z € 9gVam \ {x}, we have
f(SSPIN (Qs,7,2) € V(:u% (z)R.

Proof. This follows from topological considerations. See [ChSm12, equation (2.11)]
or [Honl0a, Proposition 78]. 0
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FIGURE 13.4. A configuration v € Cq, (z, z) with three ambigui-
ties and with W (y) = —7.

13.3. Discrete correlation functions. What makes the FK and spin observables
particularly relevant to our analysis is that their boundary values give the correla-
tion functions appearing in Theorem 29.

Lemma 63. Let (Q5,7,0) be a discrete domain. For z € 9gVaom and any boundary
medial edge e € 0gEqm incident to z, we have

cos (%)'Ua”{ (Q,m,0,2)] = [f55 (7, Lse)]
= P[g?[]w {\s separates z from [¢,r]}
= PP e
= E5 o).

Proof. The first identity follows from the definition of ff* (equation (13.3)) and the
boundary condition (see Lemma 56). For the second identity, see [Smi06, Remark
2.4] or [DHN11, proof of Proposition 5.6]. The remaining identies are derived in
Lemma 21 in Section 8.4. 0

Lemma 64. Let (Q5,a,2) be a discrete domain. Let a,, € OgVam and 2z, € JpVaom
be boundary medial vertices that are adjacent to a and z. Then we have

1
a |f(§SPIN (Qg, Am Zm)| = Egee [Uagz] 5

where o = /2 — 1.

Proof. This lemma, which can be found in [Honl0a, Proposition 71], follows from
the fact that the winding W (v) is the same for all v € Cq (am, 2m) and from the
high-temperature expansion of the spin correlations (the techniques of Proposition
11 can be adapted to get the result). The a denominator comes from the fact
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1162 CLEMENT HONGLER AND KALLE KYTOLA

that we have to remove the two half-edges incident to a,, and z,, to get the same
contours as in the high-temperature expansions. N

13.4. Convolution representation of discrete Riemann BVP. In this sub-
section we discuss the Riemann-type boundary values taken by the observables.
These boundary values, together with the s-holomorphicity, allow for a local repre-
sentation of the observables in terms of a convolution kernel, which happens to be
the spin observable.

13.4.1. Conwvolution kernel.

Definition 65. Let Q5 be a discrete domain and let ug : 9gVom — C. We denote
by Ks[Qs,us] : Van — C the function defined by

Ks [, us](2) = Y P

$€80V m

2t ) [us ()] - g5 (R, 2, 2) -

13.4.2. Uniqueness. The kernel Ky provides us with a local representation of s-
holomorphic functions.

Lemma 66. Let Qs be a discrete domain and let ug : dgVaom — C be any given
function. Then Ks[Qs,us] : Vam — C is the unique s-holomorphic function such
that

1

(13.4) (K5 [Q5,U5] - u(5) (Z) S l/;uz (Z) R Vz € 0ypVam

Proof. By Lemma 61, we easily obtain that Kgs[Qs,us] is s-holomorphic, as

b )[116 (z)] - g§¥™N (Q5,2,-) is a real multiple of f$F™N (Q4,2,-) for any x €
l/i" x

0oVam . From Lemma 62, we have that Ks [Qs, us] satisfies the boundary condition
(13.4): for z € JyVam , notice that we have

P

1
Vin : (Z)

1

since v, > and v,,; are orthogonal. For the uniqueness, see [Honl0a, Proposition

48]. O

Let us reformulate the above lemma in a form that will be directly useful later.

Lemma 67. Let Q5 be a discrete domain, suppose that OyVom = O5Vaom U JpVam ,
and let vs : Vom — C be an s-holomorphic function such that

1

vs (2) € vyl (2)R Vz € OfVam .

Let us (z) : OgVam — C be defined by

-

1 [vs (2)] Vze O5Vanm,
us ()= § Lt 0 VROV

0 Vz € Vo .

Then we have
Vs (z) =Ky [Q(s,u(;] (z) Vz € Vanm .
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13.5. Continuous holomorphic observables.

13.5.1. Continuous FK observable. Let us now define the continuous FK observ-
able, following [Smil0Oa]. By Theorem 81 in Section 13.8.1, it is the scaling limit of
the discrete FK observable.

Definition 68. Let (2,7, ¢) be a simply connected domain and let ¢ be a con-
formal map (Q,7,¢) — (S, —00,00). We define the square of the continuous FK
observable fFX by

2 1
() (@)= Lt ).
Remark 69. As the conformal map ¢q is unique up to an additive constant, ¢f, is
independent of the choice of pgq.

Remark 70. We prefer to define ( f FK)2 rather than fFX in order to avoid choosing
a square root, branch.

13.5.2. Continuous Spin observable. To properly define the continuous observable
5PN (Qs, 2, 2) as the continuous counterpart of the discrete observable introduced
in Section 13.2.2, we need to make an assumption on the regularity of the boundary
of Q near the point . Notice that the normalization in [ChSm12] is different (see
Remark 72 below).

Definition 71. Let (2, z) be a simply connected domain, with 2 being on a smooth
part of 9. Let ng be a conformal mapping from (€, z) to (H,0). We define the
continuous spin observable ¢gST™N by

$T (Q.2) = o @)y () — .

this definition being independent from 7q and from the branch choice of /75, .
We define fSPIN by

1

SPIN —
f (Qv €, Z) T Vin (LB)

N (Qz,2),

where we take the principal branch of the square root (i.e. setting vre® := \/FeiT7
where 6 is chosen in (—m,7]).

Remark 72. In [ChSm12], a normalization based on the following observation is
used: if (©2,y) is a simply connected domain, with y being on a smooth part of 9
and x € 910, we have that

2y Tt
gSPIN(Q, z,y)

is well-defined on ©, even if gST™N (z, -) might not be well-defined (the possibly ill-
defined derivative 7, (z) in Definition 68 appears in both the numerator and the
numerator and hence cancels).
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1164 CLEMENT HONGLER AND KALLE KYTOLA
13.6. CFT correlation functions. Let us now give a representation of the CFT

correlation functions in terms of the continuous observables:

Lemma 73. Let (0,y,t), (é,g],f), and (E,x,s) be domains as in Theorem 29.

Then we have

b

(0,05)2¢ (V2+1) ‘ FSPIN (2 5, 2)

il cos(3) |/P(©,4.7,7)

—~

Og)
Y

], FFK (é’
]

Proof. This follows from the definitions of the continuous observables f¥K and
fSPIN (Definitions 68 and 71) and of the continuous correlation functions (Definition
13). Notice that all these ratios are well-defined, even when z is on a rough part of
the boundary. [

13.7. Convolution representation of continuous Riemann BVP. In this
subsection, we discuss the continuous version of the Riemann boundary value prob-
lems introduced in Section 13.4. For those, we will only introduce a restricted
framework, which is enough for our purposes.

13.7.1. Continuous convolution kernel. Let us first introduce the continuous version
of the operator Ky introduced in Section 13.4.1.

Definition 74. Let Q be a simply connected domain, with 92 = 9*Q U 0" Q2, 9°Q
being compact and piecewise smooth. Let u : 9°Q — C be an arbitrary continuous
function. We denote by K [Q,u] : @ — C the function defined by

K[Q,u](z) := / P

[ Py @) N @z dlel.

[

13.7.2. Local conformal charts. Let us first define the continuous version of the

1
Riemann-type boundary condition f (z) € v} (2) R discussed in Section 13.4. As
the normal vector is not necessarily well-defined anymore, we use local conformal
charts.

Definition 75. Let Q be a domain and let f : Q@ — C be a holomorphic function.
Let b C 992 be an arc of the boundary. We say that

f(2) el (2)R onb

out

if there is a simply connected domain Y coinciding with €2 in a neighborhood of b
and a point a on a smooth part of Y \ 9 such that for any p € b, we have that

: f(z)

Remark 76. When 0f) is smooth, this boundary condition is equivalent to having
_1L
f extending continuously to b and satisfying f (z) € v} () R for each z € b.

out

Thanks to the following lemma, the above definition does not depend on the
choice of T or of a.
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Lemma 77. If there exist such a domain Y and a point a € T on a smooth part
of 0T\ 09, then for all T coinciding with Q in a neighborhood of b and any a € oY
on a smooth part of O \ 0, the condition of equation (13.5) is satisfied.

Proof. 1t is enough to prove that for any p € b, we have

SPIN
(13.6) lim S (Ya,z)

2P fSPIN (ia’ z) €R

It is enough to prove (13.6) in the following two cases:

e When a =g and T, T moreover coincide in a neighborhood of a, to prove
(13.6), we can assume that T C T (otherwise replace T by T NY). Let
Yy : T — D(0,1) be a conformal map. Setting D := 1y (T) c D(0,1),

by conformal covariance of gSTN (which follows from its definition), we

have (noticing that the derivative terms cancel):
PN (Ya,z) ¢S (Toa,2)  gSTN(D(0,1), 9 (@), Yy (2))

FSPIN (T,d,z) B gSPIN (T P z) B gSPIN (15;1/}1( (a) , (z))

As z — p, ¥y (2) = 9D (0,1) N OD, and as D (0,1) is smooth, it is easy
to check that the right-hand side tends to a purely real number.
e When T = 7T, taking a conformal map ¢y : T — D (0,1), by conformal

covariance of gSPIN7 we get
fSPIN (Tv a, Z) _ Vin (&) gSPIN (Ta a, Z)
JSPIN(T, a4, 2) Vin (@) 957N (Y, @, 2)

Vin (¥ (@) VIYE (a)] ¢3T™ (D (0,1),9x
VVin (Ur (@) /195 (@] 9°7™ (D (0,1), T() T(Z))
L VIUR )|fSPIN( ( 1,9y (a) ¥y (2))

VIPE @] PN (D (0,1) ¢y (@), ¥y (2)
where the £ sign comes from the branch of the square root. Since 9D (0, 1)

is smooth, it is easy to check that the the right-hand side tends to a purely
real number as z — p. N

Lemma 78. Let (Q(l),r, 6) be a simply connected domain. Then the function
K (Q(l),r, l, ) satisfies the boundary condition

frK <Q(1),r, l, z) € 1/01% (2) R on the compact subsets of [¢,r]\ {¢,7}.

Let (Q(Q),:c) be a simply connected domain such that x is on a smooth part of
003 . The function fSPN (Q(Q),a:, ) satifies the boundary condition

foPIN (Q(Q),x, z) € 1/;1% ()R on the compact subsets of Q2 \ {z} .

Proof. The proof is essentially the same as the one of Lemma 77: we obtain a rep-
resentation of the observables in terms of the same conformal map and the possibly
ill-defined derivative terms appearing in the numerator and the denominator of the
fractions cancel. 0
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1166 CLEMENT HONGLER AND KALLE KYTOLA

13.7.3. Conwolution representation and uniqueness. We now give the lemma which
provides us with a local representation of functions satisfying Riemann-type bound-
ary conditions in terms of the convolution kernel K.

Lemma 79. Let Q be a simply connected domain with 0 = *Q U 0* ), I°Q
being compact and piecewise smooth. Let u : 0°Q — C be an arbitrary continuous
function. Then the function K [Q,u] : Q@ — C is the unique holomorphic function

satisfying
(13.7) K] (2) —u(z) € vl (2) Vz e,
K[Qul(z) € Z/O_u% (z) on 9" Q.

Proof. We have that K [, u] is a real convolution of fSFIN. Tt follows from Lemma
78 that K [, u] satisfies the boundary condition (13.7). Now, for uniqueness, sup-
pose there are two holomorphic functions solving this problem and denote by f
their difference. Fix a € 9°Q2. We have that

f(z)
fSPIN(Q, a, 2)
extends continuously to z = a (where it is equal to 0, as ‘fSPIN (Q,q, z)‘ — oo when

z — a) and that its imaginary part tends to 0 as z — 9. Hence this function is
identically equal to 0. 0

g

13.7.4. Well-definedness of ratios on the boundary. Thanks to Lemmas 78 and 79
above, we get a convenient convolution representation of the observables introduced
in Section 13.5 in a neighborhood of the boundary. We can now access the boundary
values of these observables taking ratios with a given reference observable (it is
convenient to choose the spin observable for our purposes).

Lemma 80. Let 2 be a simply connected domain with 02 = 0°QU 0* ), °Q being
compact and piecewise smooth. Let u : 9°Q — C be a continuous function and let
x € 0°Q be on a smooth part of 0°Q. Then the ratio

K[, u] (2)
fSPIN(Q), 2, 2)
extends continuously to 0"Q and is purely real there. This ratio varies continuously
with respect to u.

The ratio (13.8) is also Carathéodory-stable with respect to the perturbation of
0"Q: fix a smooth curve vy, a continuous function u : v — C, a compact set K such
that v C OK, x € v, and w € Int (K); for any € > 0, there exists u > 0 such that if
QW and Q@ are two domains such that K C Q1 NQy and v C 0 NNy that are
p-close in Carathéodory metric with respect to w, then

K [Q(l),u] (2) K [9(2)7U] (2)
FSPIN (M) 7, 2)  fSPIN (Q®) 5 2)

(13.8) zZ

<e Vzelk.

Proof. This follows from Lemma 78. The Carathéodory-stability follows from the
definitions of the observables in terms of conformal mappings. O

13.8. Convergence of observables. In this subsection, we discuss and adapt
some results of [SmilOa], [ChSm12], [HoSm10b], [Honl0a] to get the convergence
of the discrete observables to their continuous counterparts.
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13.8.1. Scaling limit of the FK observable. Let us now state the important result
concerning scaling limit of the FK observable [SmilOa]. In [Smi06], it is the key
result allowing for the proof of Theorem 31.

Theorem 81. Letd,D > 0. Let (Qs,7,£) be a discrete domain with diam (Qs) < D.
Then for any € > 0, there exists a 6o > 0 function of d, D only such that for any
0 < 6o and any z € Vom with dist (z,00s) > d, we have
1
5 () Qart2) - (1) (@r2)| <
Proof. This is the main result of [SmilOa, Theorem 2.2]. It is generalized in
[ChSm12, Theorem 4.3] in a form closer to the form that we use here. Note that the
normalization is slightly different there: the mesh size ¢ in our paper corresponds
to /26 with the notation of [Smil0a]. 0

13.8.2. Scaling limit of the spin observable. To obtain the scaling limit of the spin
observable, we merge two existing results: in [HonlOa], the convergence of the
observable is derived, with the additional assumption that the boundary is piecewise
smooth, while in [ChSm12], the convergence is derived for general domains, but with
a different normalization (see Remark 72 above).

Let us first specialize a result of [Hon10a] to the case of a straight domain, i.e. a
polygonal domain with horizontal and vertical sides only. Such a domain will serve
us as reference domain. This result will be used in the proof of Theorem 84, both
to get precompactness of the spin observable on general domains and to identify
the limit.

Lemma 82. Let Q be a straight domain. Let a € 0Q be at the midpoint of a side.
For each 6 > 0, denote by Qs the discrete domain defined by Qs := QN 6Z% and by
as € OpVq., the boundary medial vertex that is the closest to a and let {c};, ceey cg’}
be the corners of Qs. Let d > 0. Then for each € > 0, there exists 6g > 0 such that
for any 6 < &g, we have

1
gfaspm (Qs, a5, 25) — fT™N(Qs, a6, 25)

Vzs € Vq : dist (25, {a(;,c(%, .. .,c}"}) >d.

Proof. Suppose for definiteness that a is the midpoint of the left side of Q. We
can apply Theorem 90 in [HonlOa], which holds for piecewise smooth domains.
The function f(SSPIN (Qs, as, z5) corresponds, in the notation of [HonlOa], to the

2 2
function hg (a§1)27z§\/5) ) + hs (agl)z,za(ﬁ) ), where /o = 1 if zs is the

< e

midpoint of a horizontal edge and /o = €™/* if it is the midpoint of a vertical
one. From [Hon10a, Theorem 90], we obtain the convergence of f$*™N (Qs, as, ) to
3PN (Q, a, ). To obtain the lemma, notice that fST™N (Q, a,-) and fSP™N (Qs, as, -)

are uniformly close (see Lemma 80 above). O

The next result that we need is the convergence of ratios of the spin observable
in arbitrary domains, obtained in [ChSm12].

Theorem 83. Let o, D > 0. For each § > 0, let (s, as,25) be a discrete domain
with 0Qs = sgUrs such that sg is made of a finite number of horizontal and vertical

segments {[pg,qg} I 1,...,n}, diam([pg,qg]) > o for each j € {1,...,n},
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FI1GURE 13.5. The domain 2 and the straight domain Q.

as € 15, dist (ag,85) > o, and diam (Qs) < D. Then for any d > 0 and any ¢ > 0,
there exists g > 0 (a function of d, D, e only) such that for any § < dg, we have

[P (Qs,a6,25) ST (Qs, a5, 25)

FSPN(Qs,a5,95)  FSTN (Qs, a5, ys)
for any zs € Vo such that

<e

n
dist | zs5,15 U U {pg,qg} >d.
j=1

Proof. This follows from Theorem 5.9 and Corollary 5.10 in [ChSm12]. 0

Thanks to Lemma 82 and Theorem 83, we can derive the following convergence
theorem for the spin observable when a is on a straight part of the boundary:

Theorem 84. Let d,D > 0. For each § > 0, let (Qs,ps,as5,qs) be a discrete
domain such that [ps,qs] is either horizontal or wvertical with dist (ps,qs) > d,
dist (as, [¢s,ps]) > d, and with diam (Qs) < D. Then for any € > 0, there ex-
ists 8o > 0 (a function of d, D, e only) such that for § < §

1
gféSPIN(Q57a§7z§)_fSPIN(Q§7a§,25) S €,
1
‘EQEPIN (2,05, 25) — g°"™ (5,05, 25)| < e

Jor all z5 € Vom with dist (zs,005) > d.

Proof. The statements for fSP™N and ¢SP™N are obviously equivalent. Suppose for
definiteness that [ps, gs] is vertical and that the domain Qs lies on the right of
[ps, qs)- Set fs := fSPIN = gSPIN and f = fSPIN = ¢SPIN. Take a straight domain
Q as in Lemma 82 containing 2 (see Figure 13.5), with a being the midpoint of one
of its sides, and denote by Qj its discretizations as in Lemma 82, aligned in such a
way that the [ps, ¢5] C 0Qs and that the points as of 9yVqgm and dyVom coincide.

To prove the result, we proceed by contradiction, as in the proof of [ChSm12,
Theorem 5.9]. Suppose that we can find an € > 0 and a sequence ({5, ,as,) of

Licensed to Ecole Polytech Fed de Lausanne. Prepared on Fri Jul 18 08:41:27 EDT 2014 for download from IP 128.178.14.165.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



ISING INTERFACES AND FREE BOUNDARY CONDITIONS 1169

discrete domains of mesh size §,, — 0 satisfying the assumptions of the theorem and
a sequence of points z5, — 2z such that the conclusion fails. For each n > 0, we can
moreover choose a point ys, such that ys, € [as, ,qs, ] such that dist (ys, , as,) > 5d

: 1
and dist (y(Sn ’ [QKSn y Pén ]) Z gd

(1) Notice first that the sequence of discrete domains (s, , ps, » @5, s Ys, > @60 ) >0
is precompact in Carathéodory topology with respect to z and hence that
there is a continuous domain (2, p,a,y,q) such that (a susbsequence of)
this sequence converges to (2, p, a,y,q).

(2) Precompactness: we show that the family of functions is uniformly bounded

(a) We have |f5k (Q(Sk’aék ) Yo )| < |f5k (Q5k y A8y 5 Yoy )|7 by Lemma 64, as
we have

|f5k (Qék s A5y s Yoy )| - (ﬁ - 1) Egef [0 (a5k ) o (y5k )]
< (V2-1)EE® [o(as) 0 (v,
= |f5k (Q5kaa5k7y5k)|v

where we used on the second line that {15, C Qs and that two-spin
correlations with free boundary conditions are monotone increasing
with respect to the domains (this follows from FKG inequality; see
[Gri06]).

(b) Hence %f(;k (Qs, , as, , Ys, ) is uniformly bounded as %fgk (Qs, s as, s Ysy )
is uniformly bounded by Lemma 82, being uniformly convergent.

(¢) By Theorem 83 and Lemma 80, we have that

f(5k (Q(Sk ; Agy )
Jso (s, as, Ysi )

(13.9)

is uniformly convergent on every compact set of Q\ ([g, p] U {a}), in the
sense that for each compact set K C Q\ ([g,p] U {a}), the restriction
of (13.9) to K NVq is uniformly convergent. Hence, by the previous
point, we deduce that the family % fs. (s, ,as,,+) is precompact for
the topology of uniform convergence on the compact subsets of Q \

(lg; p] U {a}).

(d) By once more extracting a subsequence, we can suppose that
1
5_f5k (Qék y Aoy s )
k

is uniformly convergent on the compact subsets of Q \ ([g,p] U {a}).
Denote this limit by f . ~
(3) Identification of the limit. Let us now show that f(-) = f(Q,a,:). We
show the following two properties: both functions have the same boundary
conditions and the same pole at a and this characterizes them uniquely (to
check this, take the difference of two functions satisfying these properties
and get that it is equal to 0 using Lemma 79).
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1170 CLEMENT HONGLER AND KALLE KYTOLA

FIGURE 13.6. The rectangle Rs, C s, .

(a) The function f satisfies the boundary condition f (z) € V;}; (2)R on
00N\ {a}: this follows directly from [ChSm12, Theorem 5.9] as

fa (s, as,°) N f(Q,a,)
f5k (Qﬁk y Ay 5 Yo ) f (Qa a, y) /
and f(Q,a,y) € R.

(b) The function v := f(-) — f(Q,a,-) is uniformly bounded in a neigh-
borhood of a: take indeed a small rectangle Rs C Qs such that
ORs, = 95 VO3 with 95 C Qs, and as, € 93 C [ps, ; 45, ] (see Figure
13.6). On 8§k , we have that vs, = % (fs. (s 506,,7) — fs. (Qs.50a,°))
is uniformly bounded. On 8§k, we have the boundary condition

Vs, (2) € v (2)R Wz € 02,

as v, (as, ) = 0. We then have that the restriction of vs, to Rs, is
equal to

K [Rak s 96 |alk} :

Hence, it follows easily from the representation of K4, (the integrands
appearing in it being uniformly bounded) that vs, is uniformly bound-
ed near a, and hence limy,_, oo v, = f(-) — f(Q, a,-) is also uniformly

bounded.
Finally, using Lemma 80, we obtain %f(;k Qs 5 as, ,25,) = f(Q,a,2) as k — oo,
which contradicts the definition of z;5, . 0

13.9. Proof of Theorem 29. In this subsection, we prove the main convergence
theorem of Section 9 (Theorem 29). The central idea is to localize the convergence
results of Theorems 81 and 83 on the boundary, by representing them in terms of
the convolution kernel introduced in Section 13.4.1.

Let us first introduce some notation. Recall that =, ©, and © are domains
coinciding in a neighborhood of a boundary point .
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I
QEu (XU7 0, SJ)

FIGURE 13.7. Localization near the point z;.

Definition 85. Let =5 be a discrete vertex domain. Let 25 € =5 and let s5 € Z;.
We denote by Qs (x5, 0) the discrete domain consisting of the square of sidelength
o, centered at x5, with horizontal and vertical sides. Let As be the connected
component of Z5 N Q (x5, o) containing x5, and suppose ¢ > 0 is small enough so
that s5 ¢ As. Denote by 5 the arc of 9As that separates x5 from ss in Z5. We
denote by Qg (ws,0,ss) the connected component of =5 \ I5 containing x5 (see
Figure 13.7). We denote by I" (I5) the set of corners of ls, i.e. the points of [5 where
a horizontal and a vertical segment of /5 intersect.

Proof of Theorem 29. First make the following observations:

e By Lemmas 63 and 64, we have

ES " 0w ] = cos (5) 15 (05w, ts.ws)].
Eilo, 05] = (\/§+ 1) |57 (5,85, 25)] -
e By Lemma 73, we have
(amosgee B V241 | fSPIN(Z s, 1)
BT (D) [Py 1|
R Pl CY %))
e B A CRNAED

e By Theorem 81 we have that
1 2 2

5 ( 5FK) (@5>y5>t67 ) 53 (fFK) (@7y1t7 ) ’

on the compact subsets of ©. By changing the sign of ff¥ if necessary

(and choosing an arbitrary branch of the square root to define fFX), we
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1172 CLEMENT HONGLER AND KALLE KYTOLA

can suppose that

1
< EK(G(S;y:ta') (:SfFK(@ay;tv')‘

Vo

e By Theorem 84, we have

1 — -
gféSPIN (‘:‘57857') 5 fSPIN (‘:‘787')
—0

on the compact subsets of =.
We now want to localize our observables in a neighborhood of z;.

e Take ¢ > 0 small enough so that Qe (zs, 0,ys5) = Q=_ (x5, 0, s5) (see Defi-
nition 85 and Figure 13.7).

e Set Q5 := Qo (75, 0,Ys)-

e Let 0"Qs C 095 (the “rough part of the boundary”) be such that

0" Qs = 005 NOOs = INs N O=5.

In other words, the arc 9"(; is the arc of the boundary of €25 that is common
to ©5 and Zs.

o Let 0°Qs be 085 \ 0"Qys: it is the arc which is made of the sides of the
square Qs (x5, 0) (it is equal to ls in Definition 85).

e Let D > 0 be such that Q5 € D (0, D) for all § > 0.

e Let d > 0 be such that dist (z5,0°Qs) > d for all § > 0 and such that we
can choose a point ws away from the corners and the “rough part of the
boundary”, with dist (ws, 0"Qs UT (I5)) > d for all § > 0.

Define UEK : 0gVam — C by

P 1 L PR (9;,9,t, 2 z € BVam ,
PO O s
0 z € JyVam

P .. FK(Q5,y,t, 2 z € OgVanm |
JFK (2) = vt [f (©s,9,t, )] 0VQ

0 S (96ng .

Assume without loss of generality that vy, (ws) = 1, so that fSTIN (Qs,ws,) =
GSPIN (5, w5, ) and FSPIN (0,15, ) = gSFIN (25, w5, .

Let € > 0. We want to show that there exists a g (depending only on p,d, D)
such that for any ¢ < dg,

%féFK (@6,yat:936) fFK (@§,y7t,$5) <
€.

13.10 _
( ) %fzSSPIN(Qé:W:%) fSPIN(Qs, ws, 25) | —

Let us first use the convolution representations introduced in Sections 13.4.1 and
13.7.1.
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e By Lemma 67, we have that

%f(gK (@§7y7t7'776) K5 [Q5au6FK|38V m (xé)
LESPIN(Q5, w5, w5) 395N (Q5, ws, 5)
_ FK QEPIN (957Z57-736) 5
= Z ug - (25) 9PN (O ws, a5
v m S 5, Ws, T
_ FK 95PN (Q5, ws, 25)
- Z us (20) =5 0.
zZ 688\7 m 96 (Q&,.’If&,w(;)

e Similarly, by Lemma 79, we have

fFK ((—:)572/71;"7:5) _ K [Q7UFK|SSQ ] (1‘5)
[N (Qs,w5,5)  gSPIN(Q5, w5, 25)
SPIN (Qg, Z7£E5)

F g
= u z z
»/6(5]9 ( ) gSPIN (95,71]57.735) | |

SPIN (()
- [ el B 202) g1y,
90 g5PIN (Q5, 25, ws)

where u¥K : 95Q5 — C is defined by

UFK (Z) = Pl/m (Z) [fFK (867 Y, t? Z)] .

In order to prove the theorem, we prove the convergence of the discrete convolution
representation above to the continuous one. The integrand in the convolution con-
verges away from the “rough part” and the corners (Theorems 81 and 83), so we just
need to control the values of this integrand near the corners and the “rough part”.
For this, we use a priori estimates which will be proven in the next subsection.

Now, set 5 (+) == g5*™ (Q5, 25, ) and ¢ () := ¢5PN (Qs, 25, ). All the estimates
below will be depend on g, d, D only.

e By Lemma 86 in the next subsection, there exist C¥¥ and 9 > 0 such that
CFK
dist (zs, [ts, ys])

lus™ (z5)] <

—9°

[

e By Lemma 87 in the next subsection, there exists C' > 0 such that

Vs (25)
Vs (ws)

C
~ /dist (25,07 UT (I5))

Hence, for any € > 0, we can find § > 0 and can split 9°Qs into 9*Q5 U Qs in such
a way that for any § > 0:

(1) dist (9'Q5, 0705 UT (25)) > 6,
(2) 2. capvom |ug™ (25)] ‘ﬁéj;‘ S

(3) Jopo [0 ()] |2y  ale1 < £
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1174 CLEMENT HONGLER AND KALLE KYTOLA

‘We obtain
%f;K (@5,y,t,$65) - fFK (657y7tax5)
5PN (Qs,ws, ms)  fSPIN(Qs, w5, 25)
= us X (25 Vs (20) -6—/ u™ (2 LACIFYS
2 T G 0 L O
€
< —4+A
< 3+ 5
where

Aj; = Z ug‘K (26) d)zs (2’5) '5_/&9 U,FK(Z) 7/)(2) d|Z| )

e Vs (ws) Y (ws)
We can write
A;s; < Bs + Gy,

where

B: — FK ¥s (25) 5 FK ¥ (2) sl

5 z E%} ) ug (25) s (08) Z E%} m u ™ (z5) v lws) 0]
— FK ¥ (26) s FK Y (2)
Cs = z E%} ] U (25)1!}(105) 1) /aiQ U (z)w(wls)d|z| )

Let us estimate B first. From the following two observations, we get that there
exists dg > 0 such that for any § < ig, Bs < ¢/3.

e By Theorem 81, for any €; > 0, we have that there exists §; > 0 such that
for § < 47, ‘UEK (2) — uFK (z)’ < 41 on JyVan .
e By Theorem 83, for any e; > 0, there exists do > 0 such that for § < ds,

Vs (25) ¥ (z5)

- < e Yz € OhVanm .
Vs (ws) G (ws)| ~ 7 o
From standard calculus, there exists dc > 0 such that for any § < dc, Cs < €/3.
Hence taking dy = min (éB, dc), we obtain the desired inequality (see (13.10)). We
therefore obtain

%J%FK (©s5.9s,t5,2)  fFK(Q, 4, ¢, 2)

%
LSPIN (Qs, w5, ws) PN (Qw, @)

noticing that the right-hand side is Carathéodory-stable (see Lemma 80).
Repeating the arguments above, replacing

(13.11)

]' —
o 5 (©s,s,t5,25) by 3 SPIN (25, 56, T5) |
we obtain
(13.12) 1PN (25, 55,5) | fSUIN(E,5,2)

% .
1PN (Qs,ws, ) fSPIN(Qw, 2)
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Taking the ratio of the convergence results (13.11) and (13.12) and noticing that
the limits are both nonzero (Lemma 78), we obtain the first convergence result of
the theorem. The second one is obtained by using exactly the same method. O

13.10. A priori estimates for holomorphic observables. In this subsection, we
derive the technical lemmas that have been used in Section 13.9. Most importantly,
these estimates are uniform with respect to the mesh size § > 0.

Lemma 86. There exists a universal 9 > 0 such that for any d,D,o > 0, there
exists C¥¥ (d, D,r) such that for any discrete domain (Qs,7s,4s), we have

CFK
(dist (5, 0025))* 7
for any zs € Vom with dist (25, {rs, €s}) > d. Similarly there evists CST™N (d, D, r)
such that for any discrete domain (Qg,p};, ag,pﬁ) with dist (p};,p?) > d,

dist (as, [p2,p§]) > d, and with diam (Qs) < D, and for any zs € Von with
dist (z5,as) > o, we have

<

1
‘%J?K (Qs, 75,05, 25)

CSPIN

< —.
(dist (25, 95))7 "

1
‘gféSPIN (Q§7a5,2’5)

The proof is given in Section 13.10.4.
Lemma 87. Letr, R > 0. Let (Qg,p};,pg,ajg) be a discrete domain with diam (Qs)
< R, with [pé,p?] being a straight part of 0Qs, with dist (p};,pg) >r,ws € [p%,p?;] s
dist (wg, [p?,p%]) > r, dist (:c5, [pé,pg]) > r. Then there exists C, dependent on
r, R only such that
g5 (R, w5, 25) | _ c
957N (Qs, x5, ws) | — \/dist (25, {pL, p2})

for all z5 on [p},p?].

The proof is given in Section 13.10.4.

13.10.1. Discrete complex analysis techniques.

Definition 88. For a function f : Vo — C, we define the Laplacian A, f : Voo —
C by

Acf)i= S flw)— ).

wEV D v~w

For a function f : Vo — C and an arc a C 9Vq_ following [ChSm12] (see also
[Hon10a, Section 2.6.11 for a setup closer to the one employed here), we define the
(modified) Laplacian Asf : Vo — C by

Aufs (v) == 2a o fw—f) |+ > fw) = fv),

wEIV 1w~ weVy rw~v

where o = v/2 — 1 as usual.
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1176 CLEMENT HONGLER AND KALLE KYTOLA

13.10.2. Discrete integral of the square. Except in specific cases, the product (or
even the square) of s-holomorphic functions is no longer discrete holomorphic. How-
ever, a remarkable feature of s-holomorphic functions is that the (real part of the)
antiderivative of the square of an s-holomorphic function can still be defined. It
turns out to be particularly useful to integrate the square of the observables gf¥
and g?PIN, as the boundary of values of the resulting functions are much simpler.

The following lemma was introduced in [SmilOa, Lemma 3.6]. An important

simplification of the boundary value was introduced in [ChSm12, Section 3.6].

Proposition 89. Let (Qs,7,£) be a discrete domain and set

1
fs () = 7

There erists a unique function | fs : Vo UVa UV}, — R such that:

(gK (Q(s:r:g:')'

o | f5 is equal to 0 on Vi,

o | fs5 is equal to 1 on Vi, 4.

o Ife=(x,y) € Eqm is an edge and b € Vo and w € Voo UV}, are such
that (b,w) = e*, then

(1313)  1fs(0) — 1 fi (w) = V25 [Pygey [fs (@) = V25 |Pagey [s )]

e For any v,w € Vo with v ~ w or any v,w € Vo UV, with v ~ w,
we have | f5 (v) — 1 f5 (w) = —Re (fZ (m) (v —w)), where m € Vom is the
midpoint of (v, w).

o The function | fs can be extended to OV by setting its value to O there,
in such a way that:

— Aol fs(2) <0, for all z € Vo \ Vi,
— A f5(2) >0, for all z € Vo \ Vjyg.-

Proof. This follows from [ChSm12, Remark 3.15]. The boundary modification trick
that we use is of the same form as in [Hon10a, Section 2.6.1]. O

Remark 90. The function | f can also be extended to 9V}, » by the value 1 but we
will not need this here.

Similarly, we can construct the antiderivative of the square of the spin observable.

Proposition 91. Let (Qs,z) be a discrete domain and set fs () :== 5 5™ (Qs, z,-).
Denote by xi, € Vo, and Touy € Vg the endpoints of the edge of 0Eq. whose mid-
point is x. There exists a unique function | f5: Vo U Vo UdVq: — R such that:
o | f5 is equal to 0 on OVq
o Ife=(x,y) € Eqm is an edge and b € Vo and w € Voo U Vg are such
that (b,w) = e*, then

(1814)  1f5 (0) = 1fs (w) = V26 [Peo [fs @)]|” = V25 [Pace) Ufs W]

e For any v,w € Vo with v ~ w or any v,w € Voo U V- with v ~ w,
we have | f5 (v) — 1 f5 (w) = —Re (fZ (m) (v —w)), where m € Von is the
midpoint of (v, w).

o The function | fs can be extended to OVaq. \ {%out}, by the value 0, in such
a way that:

— Aol fs (2) <0 for all z € Voo
— AJfs(2) >0 for all z € Vo \ {Zin}-

Licensed to Ecole Polytech Fed de Lausanne. Prepared on Fri Jul 18 08:41:27 EDT 2014 for download from IP 128.178.14.165.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



ISING INTERFACES AND FREE BOUNDARY CONDITIONS 1177
Proof. See [ChSm12, Remark 3.15] or [Honl0a, Section 2.6.1]. 0

Definition 92. Given a discrete domain €25 and an s-holomorphic function hs :
Vom — C, we define the discrete antiderivative of g2 as the function on Vo UVqo U
0Vq obtained by integrating equation (13.14) and denote it by lhs

Remark 93. It is always possible to integrate equation (13.14) if g is s-holomorphic,
and this defines |g uniquely, up to an additive constant.

13.10.3. Control of s-holomorphic functions. Let us give a very useful lemma, in-
troduced in [ChSm12], that allows us to control the s-holomorphic functions given
the integral of their square.

Proposition 94. Let f5 : Vomn — C be an s-holomorphic function and let | f5 be

a discrete antiderivative of f2. Then there exists a constant C > 0 such that for
6 >0 and any x € Vom 1, we have

o - dist (’U, 80VQm ) v 2

1 maxyey. m - || [f5] (w)]

=< IVsfs (73)”2 < : 3 Vr € Vo UVqr,

6 dlSt (I.U, aOVQm )
where

) 0 6 )
Vats() = (45 (2 5) <t (25) s (2435 ) s (= 5) )

Proof. See [ChSm12, Theorem 3.12] or [HoSm10b, Proposition 27]. O

13.10.4. Proofs of the lemmas. We can now give the proofs of the lemmas given at
the beginning of this subsection.

Proof of Lemma 86. Set FY¥ :=| [fFK(Q—\/gZ)} and FSPIN .= | [W]
(as in Propositions 89 and 91).

By Proposition 89 and the maximum principle, we have that Ff'¥ is uniformly
bounded by 1. By the discrete Beurling estimate [ChSm11, Proposition 2.10], we
have

[FFS (2] < O dist (25, [65,75))*”

for any zs € Vom with dist (25, {rs,€s}) > r. Proposition 94 allows us to deduce
the first estimate.

Let us first show that FésPIN is uniformly bounded for (Q(;,p%,a(;,pg) and z4
satisfying the conditions above. By Theorem 84 we have that % (SSPIN is uniformly
bounded on a contour separating as from z;, and by Proposition 91, FSPIN is
constant on Voo U (0Vq, \ {a}). By subharmonicity and superharmonicity of
the respective restrictions of FF™N to Voo and Vo \ {a}, we obtain the uni-

form boundedness of F(SSPIN. Hence, again by the Beurling estimate, F (SSPIN (2z) =
@) (dist (zs, 895)219) as z — 0f2. By using Proposition 94, we obtain the second
estimate. 0
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1178 CLEMENT HONGLER AND KALLE KYTOLA

Proof of Lemma 87. Note that

QEPIN (Q5a Xs, )

P

f&SPIN (QéwTé: )
| fSPIN(Q5, 5, ws) |

so we will instead estimate the right-hand side. Suppose without loss of generality
that [p};, pg] is a vertical part and that s lies on the right of [p%, p?;]. Consider
SPIN (5
defined by Proposition 91. By [ChSm12, proof of Theorem 5.9], we have that at
distance r/2 from x5, Fs is bounded by a constant M = M (r, R). Let S5 be a
square of sidelength dist (25, {p%, p?;}) such that zs lies at the middle of the left
side of S5. Let Hy be a harmonic function with respect to a modified Laplacian
(as discussed in [ChSm12], [Hon10a], [DHN11]) on Vs , with boundary value 0 on
the left side of S5 and boundary value M on the remaining three sides of S;5. We
have that |F| < Hs (Fy is the restriction of Fs to Vg ), by subharmonicity and
monotonicity of harmonic measure (as Fy takes boundary value 0 on Vg ). Hence,
by standard harmonic measure estimates (see [DHN11, Lemma 3.5] for instance),
we deduce that there exists an absolute constant C; > 0 such that

0 CiM
F2lz4+=|| < —= .
’ < 2> = dist (25, {p}, P3})

By again using Proposition 94 and noticing that

1)
Fglz4+ <) —-0|=
VoI ( 2) ’
we obtain that there exists an absolute constant Coy > 0 such that

ST (Qs, w5, ) C M
|f(SSPIN(Q(;’x57w6)| =2 dist (25, {p: p3})’

which is the desired result. O

Qé:x5aw5)

the antiderivative Fjs of the square of with 0 boundary value, as

1 (SSPIN (957$57')

| /SPIN(Qs, 5, ws) |

APPENDIX A. ASSUMPTION ON THE VERTICAL PART OF THE BOUNDARY

In this subsection, we prove Lemma 7, which is used in Section 4.3 to get our
main result. We recall the statement.

Lemma (Lemma 7). To prove Theorem 1, we can assume that the domain D is
such that the arc [b,r] contains a vertical part v and that the discrete domains Dj
are such that the arc [bs,rs5] contains a vertical part v converging to v as § — 0.

Proof. This follows from the following monotonicity property of the Ising model: if
we

e take (D((sl), rs, Ls, b5> and (D((SQ), rs, Ls, b5) to be two discrete domains such

that Dgl) - D((sz) such that the domains Dgl) and D((;z) share the same

boundary arcs [rs, £5] and [rs, bs] (but not necessarily [bs, 7s]),

e consider the Ising models on (Dgl),rg,f(s,b(;) and (D((;Z),r(;,&;,x(;) with

dipolar boundary conditions (free on [rs, £5], — on [¢s, bs], and + on [bs, 7s]),
at the same inverse temperature,
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then we find a coupling ((aé”) 0 (0‘?(42)> (2)> of both Ising models in such
yeD yeD
a way that

(A1) a?(f) > U?(f) Yy € Dgl)

and hence that 'ygl), the dipolar interface on (D((;l), rs, Ls, b(;), is always to the left

of 7§2), the dipolar interface on (D((;Q), re, Ls, b(;).

We can construct a coupling of two Markov chains

Y0 s (50
(Uy ® yeDV t>0" o () yeD? >0

such that O'g(ll) (t) > 01(,2) (t) for any y € Dél) and any time ¢ > 0, and such that the

laws of (01(41) (f)) and (c®? (t))yeD(z) converge, as t — 0o, to the Ising model
ye ‘

ptH

probability measures (o'g(,l)) S On Dgl) and <a§2)) Dgz). To construct this
ye

yeD?
Markov chain coupling, we can use Glauber dynamics, starting from a configuration
with all spins set to +1, for instance.

(
From the above coupling, we deduce that for any increasing function f : {:l:l}D

LR

[ (04 oo )| = dmE | ((90®), 00 )
€ 1 ((70) 0 )]
= [/ ((),00)]

In other words, (03(,1)) ,, dominates (03(,2)) stochastically. By Strassen’s
yED( ) yeD( 1)

v

theorem [Stra65], this is equivalent to the existence of a coupling satisfying the
inequality (A.1) above.

With this monotonicity property, we can now approximate from inside and out-
side the domain D (and its discretizations) by domains having a vertical part on
[b,7]. We obtain convergence to dipolar SLE(3) on those domains. The desired re-
sult follows readily (the interface can be squeezed between two interfaces whose limit
is dipolar SLE(3), and these two interfaces are arbitrarily close to each other). [

APPENDIX B. SLE(k;p) LEMMAS

In this subsection, we prove the characterization of SLE(16/3; —8/3) provided by
Lemma 30. Let us first give the following general characterization of the SLE(k; p)
processes.

Lemma 95. Let~y be a chordal SLE(k) in H from 0 to oo, and let 5 be an SLE(k; p)
in H starting from 0 with force point x > 0 and observation point co. For ¢ > 0
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1180 CLEMENT HONGLER AND KALLE KYTOLA

and o > 0, let ¥¢ (respectively 156) be the first time that v (respectively ) hits
1
{z Dz > —} U {z: dist (2, [z,00)) < €}.
€

Let P€ be the law of v [0,9¢] and let P be the law of & [0,156].

Then P¢ and P¢ are absolutely continuous with respect to each other, and for
any 1 [0,t] in their support, we have the follow expression for the Radon-Nikodym
derivative:

De T p/K
(B.1) e A

where h = W and Gy is the conformal mapping from (the unbounded com-
ponent of) H\ wu[0,t] to H, normalized such that G¢(z) ~ z as z — oo and

Gy (n (1) = 0.

Remark 96. When k = 16/3 and p = —8/3, by a straightforward computation, we
obtain that the right-hand side of equation (B.1) can be expressed as

[—oo,u(t)]

e (%2)" =

x T )y

where H; is the unbounded connected component of H \ 1 [0, ¢].

Proof of Lemma 95. This result is a consequence of Girsanov’s theorem. Proofs
of similar statements can be found in [Wer04, Section 3] or in [Kyt06b, Section
1.2.4]. 0

We can now prove Lemma 30. For definiteness, we take the time parametrization
inherited from the time parametrization in the half-plane via the conformal map-
ping ¢ : (H,0,2,00) — (2,7, ¢, 2). Also recall that we denote by Dq («, €) the con-
nected component of {z € Q0 : |z — z| < €} that contains z. Also set Bg (z,7,() :=
Uze[x,r] Dq (Z, C)

We first recall the statement.

Lemma (Lemma 30). Consider the domain (2, r,¢,x). Let X have the law of an
SLE(16/3) curve in Q from ¢ to r and let X have the law of an SLE(16/3;—8/3)
curve in Q with starting point £, observation point r, and force point x.

For e > 0, let 7¢ be the (posszbly infinite) first time that A hits Dq (x,€) and let
7€ be the first time that X hits D (z,¢). Let P be the law of X [0,7¢] and let P be
the law of X[0,7€]. Then we have

Supp <|5€> = {u € Supp (P°) : p hits Dq (z,€) in finite time and pN [z,r] = 0},

and for any curve 11 [0,t] € Supp (ﬁ”)

. [ru (D)),
dp (2) o\ ulo,f
=3 (:U'[ ]) - [,

(02)q
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Dq(x,¢) Bq(x;r;D

FIGURE B.1. The domain (,r,¢,2) and the neighborhoods
Dg (z,€) and Bg (z, 7, ().

4

FIGURE B.2. Harmonic measure Ho 0,4 (-, [1; 1 (t)]) (dark gray
is 1, and white is 0).

Proof. For € > 0 and ¢ > 0, let us denote by P¢ (respectively |5€<) the law of A
(respectively of \) stopped as it hits

Dg (z,e) UBgq (¢) .
It is the enough to show that:

e P<¢ and P are absolutely continuous with respect to each other and for
any 4 [0,¢] in their support,

- [r,u(t)].
Ne O
(B.2) P ot = Tlewd
dPe:¢ [r.€],
(02)q
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By the conformal invariance of SLE and of the right-hand side of this

formula, it is enough to show this on the half-plane and the result follows

from Lemma 95 and Remark 96 above. _

e As ( — 0, P9¢ — P¢: in other words, [0, 7] almost surely does not hit

[, r]. This gives

Supp (f:e) C {w € Supp (P°) : p hits Dq (z,¢) and pN [z, 7] = 0} .

The inclusion in the other direction immediately follows from Lemma 95.
To conclude the proof, it hence remains to show that for any fixed e > 0, we have

(B.3) pe< {Z\ [0,7¢] NBg (z,7,() # (Z)} = 0.

By conformal invariance, it is sufficient to prove this when 2 is the rectangle
{z€C:Re(z) € (-1,1),8m(z) € (0,1)},

with £ = —1, 2 = 0, and r = 1. For u[0,¢] € Supp (I5E7<)7 by equation (B.2) and
Remark 28, we have

ape< (o) uo 0
apec ([0,2]) = W = const. - mHQ\p[O,t] (- [ro e (D)),

z/Q
where Hoy 0,4 (2, [, ¢ (2)]) is the harmonic measure of [r, p ()] in Q\ p [0, ] viewed
from z (see Figure B.2) and ﬁt(@ is the inward normal derivative at x.

By standard harmonic measure estimates, we have that if u(t) € Bq (z,7,(),
then the right-hand side is bounded by const. - (¢ for some « > 0, uniformly with
respect to 1 [0,¢]. From there, we immediately deduce (B.3). 0

APPENDIX C. CONTROL OF THE END OF THE CONDITIONED INTERFACE

The goal of this subsection is to prove Lemma 33, which is used to conclude the
proof of Theorem 32. Recall that As has the law of a critical FK-Ising interface in
(Qs,75,¢5,25), from £5 to rs, conditioned to pass at xs, stopped as it hits x5 and
that A has the law of an SLE(16/3; —8/3) in Q with starting point ¢, observation
point r, and force point x.

For € > 0, we defined Dq_ (25, €) as the connected component of {z € Q5 : |z — z
< ¢} that contains zs and we define Dgq (z,€) as the connected component of
{2 €Q: |z — x| < ¢} containing z. For p > € > 0 let us also define Aq(z5,¢, p) as
DQ (335, p) \ DQ (335, 6) .

We recall the statement of Lemma 33.

Lemma (Lemma 33). For any p > 0, the probability that As exits Do (zs,p) after
the time 75 tends to 0 as € — 0, uniformly with respect to (Qs,7s, s, x5). Similarly,
for any p > 0, the probability that A ezits Dq (z,p) after time 7€ tends to 0 as
e — 0, uniformly with respect to (2, r, ¢, x).

To prove these lemmas, we will use the following property of FK interfaces
conditioned to pass at a boundary point (see Figure C.1).

Lemma 97. Let (Q5,75,05,%5) be a discrete domain and let X5 have the law of an
FK interface from £s to rs, conditioned to pass at xs. Let )\f; denote the part of A}
from L5 to x5 and let Ny denote the part of Ay from x5 to r5. Then, conditionally
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X

Ficure C.1. Law of )\f; knowing A5 and conversely.

on \j, )\f; has the law of an (unconditioned) FK interface in (Qf;,ég,:c(;) from £s to
x5, where QU is the connected component of Q5 \ Ni containing €5. The law of \§
conditionally on \§ is described symmetrically (exchanging r and £).

Proof. This is a direct consequence of the domain Markov property of the FK
model. 0

We will also use the following uniform lemma concerning the behavior of the
(unconditioned) FK interface near their endpoints:

Lemma 98. Let (Qs,75,L5) be a discrete domain and let As have the law of a critical
FK-Ising interface from fs to rs. Then for any p > 0, the probability that \s ezits
Dq (r5.p) after entering Dq. (rs.€) is bounded by C (¢/p)°, for some universal
constants C,; 9 > 0.

Proof. The result follows from standard techniques, using RSW crossing type es-
timates, as explained in [KeSm12, Section 3.3]. The RSW estimates are given by
[ChSm12] or [DHN11]. The idea is to show that once A has crossed an annulus, with
uniformly positive probability, one can guarantee that A will not cross this annulus
anymore, and to do this for a family of concentric annuli (see Figure C.2). 0

The third ingredient we will need is the following monotonicity lemma:

Lemma 99. Let (le), 7"5,65) and (ng),rg,%) be two discrete domains such that
ng) C le) and such that the arcs [{s, 5] in le) and in fo) are the same. Consider
the FK-Ising interfaces /\((51) mn (le),r(;,&;) and )\gz) n (ng),r(s,&;), both oriented
from £s to rs. Then there is a coupling of )\gl) and )\552) such that )\552) 1s always to
the right of )\((51) (i.e. )\((52) separates )\gl) from [ls5,75] in le)).

Proof. This follows from the strong positive association property of the FK model
(see [Gri06]). 0

Using the three lemmas we can now prove the desired result:

Proof of Lemma 33. Let us first prove the discrete statement. Denote by Aj the
full interface from £5 to rgs, conditioned to pass at xs; denote by /\f; the part of A}
from #5 to x5 (hence )\f; is the same as \s in the statement) and by A} the part of
A; from x5 to 5.
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1184 CLEMENT HONGLER AND KALLE KYTOLA

F1GURE C.2. Nested family of annuli near the target point.

If )\f; exits Dq. (x5, p) after the time 7§, it either exits on the left or on the
right of \§ [0, 7€, i.e. in the connected component of Aq (7s,€,p) \ A5 [0,7§] that
is bounded by the left side (respectively the right side) of A§ (see Figures C.3 and
C.4). Let us decompose along these two cases:

e The probability of the event L that A\§ exits Do (z4,p) on the left of
N5 [0, 7] can be bounded as follows (see Figure C.3).
— If we condition on (the whole path) A§ and on s [0, 75], then by Lemma
97, the remaining part of )\f; has the same law as an unconditioned FK
interface )\((;2) in (Qj;, A5 (T5) ,x5> from As (7§) to x5, where Qg is the
connected component of Qs \ (A5 [0, 75] U A}) containing As (75).
— By Lemma 99, the interface )\((52) can be coupled to always be on
the right of an unconditioned FK interface )\((51) in (Qs \ As[0,75],
As (7§),x5), oriented from As (75) to 5. Hence, the probability that
)\((52) exits Do (24, p) on the left of A [0, 7¢] is smaller than the proba-
bility that )\((51) exits Dg (x5, p) (through the coupling, the first event
implies the second one).
— By Lemma 98, the probability that )\((;1) exits Dgq., (s, p) is bounded
by C (¢/p)”, where C and ¥ are universal positive constants.
e The probability of the event R that A exits Dq (zs,p) on the right of
A5 [0, 7€) can be bounded in the following way (see Figure C.4).
— For ¢ > ¢, let E:f be the event that A} exits Dg (s, ¢) to the right of
A} after entering D (2s,€) (we parametrize A\j from r to z). By the
bound of the previous paragraph, applied to A}, the probability of Eg’

is bounded by C' (%)ﬁ.

— By Lemma 97, for 0 < € < ¢ < p, conditionally on A§ and on the
event that E? does not occur, the probability that )\g exits Dq_ (25, p)
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o

]

f [0; ] €

FiGURE C.3. Event L: exit on the left of A% [0, 7).

after time 75 is bounded by the probability that an unconditioned
FK interface (in Qf, from £; to xs) exits D (z5,p) after entering

o
Dgor (x5,2¢). By Lemma 98, this probability is bounded by C (%) .
— Writing Ej for Egkf and summing over successive scales, we get

[log, (p/¢€)]
> P{RIE:\Ex1} P{Ex \Exy1}
k=0
[log, (p/€)]
> P{RIEx \Exi1} P{Ex}
k=0

[log, (p/€)] k—1.\ Y
3 o () ()
C (%)19 (1 + log (g)) :

Given the two uniform bounds for the probabilities of L and R above, we obtain
the desired result for the conditioned FK interface \s.

For the SLE(16/3; —8/3) curve \, we get the same uniform bound as for the FK
interface. For €, p > 0, let us denote by Ts (e, p) (respectively T (e, p)) the possibly
infinite first time when \s (respectively ) exits D (24, p) (respectively Dg (x, p))
after time 7§ (respectively 7¢). We have

P(R)

IN

IN

IN

P{7¢ < T (e p) < o}

Pl U {F<T(ep) <}
a€(0,¢)

= sup P{7* < T(ep) <7°}.
a€(0,¢)
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10; 1] e 00

FIGURE C.4. Event R: exit on the right of \§ [0, 7§].

But for any a € (0,¢), as A[0,7%] is the scaling limit of A5 [0, 7¢], we have
P{7¢ <T(ep) <7} < limsupP{75 < Ts(ep) <75}
6—0
< limsupP {75 < Ts5 (e, p)}.
6—0
But P{7§ < Ts(e,p)} — 0 uniformly as e — 0 by the first part of the lemma, so
we obtain the desired result. O
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