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1.1. H ist or y

± 1
VG G (σx )x∈VG
e− βH (σ) , β > 0 H

H (σ) = −
�

x∼ y σxσy
G

β 1
kB T

kB T

Z

Zd d ≥ 2

βc = 1
2 ln

�√
2+ 1

�

βc
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scaling limit

conformally invariant
Σ , Σ̃ ϕ : Σ → Σ̃

Σ̃
ϕ Σ

c

σ
�

H
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Car84

κ
c

+ −
κ = 3 Smi06

H oK y10

BuGu93 Car84
HoSm10

• �

10



• σ

•
•

+ −

• + −

HoK y10

•

•

Smi06 ChSm09 HoSm10 Smi07

K aCe71 n

•
•

•

•

•

1.2. N ot at ion
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1.3. Graph not at ion

G

• VG G EG
�EG FG

• x, y ∈ VG x ∼ y
〈x, y〉∈ EG

�xy ∈ �EG x y x y initial
final vertex �xy − �xy ∈ �EG y
x

•

• e1, e2 ∈ EG e1 ∼ e2
e1 ∩ e2 ∈ VG

• f 1, f 2 ∈ FG f 1 ∼ f 2
f 1 ∩ f 2 ∈ EG

1.3.1. D iscret e domains.

• Cδ δ > 0

VCδ = { j + ik : j , k ∈ Z} ,
ECδ = { 〈v1, v2〉 : v1, v2 ∈ VCδ , |v1 − v2| = δ} .

• induced Ωδ Cδ

Ωδ Cδ

discrete domains
• FΩδ ⊂ FCδ EΩδ

• inner boundary vertices Ωδ ∂0VΩδ ⊂ VΩδ

δ
√
2 · δ VCδ \ Ωδ

outer boundary vertices Ωδ ∂VΩδ ⊂ VCδ \ Ωδ
∂1VΩδ

δ
√
2 · δ VΩδ

• boundary edges ∂EΩδ ⊂ ECδ

∂0VΩδ ∂VΩδ ∂0EΩδ e∈ EΩδ

∂0VΩδ e FCδ \ Ωδ

∂0Ωδ ∂0VΩδ ∂0EΩδ

∂1EΩδ e∈ ECδ ∂1VΩδ e
FΩδ ∂1Ωδ ∂1VΩδ

∂1EΩδ

• simply connected Cδ \ Ωδ

•

1.3.2. Dual gr aph.

12



Figur e 1.3.1. Ωδ ∂0VΩδ

∂1VΩδ

∂0EΩδ ∂EΩδ

∂1EΩδ

• Ωδ m(f ) f ∈ FΩδ

Ω∗δ dual graph Ωδ

VΩ∗
δ
= {m(f ) : f ∈ FΩδ }

EΩ∗
δ
= { 〈m(f 1) ,m(f 2)〉 : f 1, f 2 ∈ FΩδ , f 1 ∼ f 2} ,

Ω∗δ

• inner boundary medial vertices ∂0VΩ∗
δ
⊂ VΩ∗

δ

FΩδ FCδ \ Ωδ

FCδ \ Ωδ
outer boundary medial

vertices ∂VΩ∗
δ
⊂ VC∗δ \ Ω∗

δ
∂1VΩ∗

δ

FCδ \ Ωδ
FΩδ FΩδ

• ∂EΩ∗
δ

EΩ∗
δ

∂0VΩ∗
δ

∂VΩ∗
δ

∂0EΩ∗
δ

e ∈ EΩ∗
δ

∂0VΩ∗
δ

e FC∗δ \ Ω∗
δ

∂0Ω∗δ
∂0VΩ∗

δ
∂0EΩ∗

δ
∂1EΩ∗

δ

e∈ EC∗δ ∂1VΩ∗
δ

e
FΩ∗

δ

• e∈ EΩδ e∗ ∈ EΩ∗
δ

Ω∗δ
e a ∈ EΩ∗

δ
a∗ ∈ EΩδ Ωδ

1.3.3. A pprox imat ion of cont inuous domains.
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Figur e 1.3.2. Ω∗δ Ωδ

VΩ∗
δ

∂1VΩ∗
δ

EΩ∗
δ
\ ∂0EΩ∗

δ

∂0EΩ∗
δ

∂EΩ∗
δ

∂1EΩ∗
δ

• (Ωδ)δ> 0 Ωδ ⊂ Cδ

δ > 0 approximates discretizes s Ω
δ > 0 Ωδ Cδ Ω

• Ω ⊂ C a straight part of the boundary ∂sΩ ⊂ ∂Ω

• smooth C1

• V ⊂ VGδ Gδ Ωδ Ω∗δ Ωmδ Ωm ∗δ
K ⊂ C V ∩ K V

δ K

1.3.4. L inear algebra and Pfaffi ans.

• Mn (R) Mn (C) n × n

• 2n × 2n A Pfaff (A )
Pfaffi an A

Pfaff (A ) =
1
2n n!

�

σ∈S2n

sgn (σ)
n�

j = 1

A σ(2j − 1) ,σ(2j ) ,

S2n { 1, . . . , 2n} sgn (·)

14



•

Pfaff

�
0 x
− x 0

�

= x.

• A ∈M2n (C) j , k ∈ { 1, . . . , 2n} A \ j k ∈
M2n− 2 (C) j k

Pfaff (A ) =
�

j = 1

(− 1)j A j 1Pfaff (A \ j 1) .

• A ∈M2n (C)

Pfaff (A )2 = det (A ) .

• A ∈ M2n (C) B ∈ M2n (C)

Pfaff
�
B tA B

�
= det (B ) Pfaff (A ) .

1.4. I sing model

± 1
β

1.4.1. W it h fr ee boundary condi t ion. with
free boundary condition G G Ωδ

Ω∗δ β > 0

ΞfreeG =
�
(σx )x∈VG : σx ∈ {− 1, 1} ∀x ∈ VG

�
,

spin configuration σ ∈ ΞfreeG

Pfree {σ} =
1

Z freeG,β

exp
�
− βH free

G (σ)
�
,

Hamiltonian energy H free
G σ

H free
G (σ) = −

�

〈x ,y〉∈EG

σxσy

partition function Z freeG,β

Z freeG,β =
�

σ∈ΞG

e− βH f r ee
G (σ) .

x ∈ VG σx ∈ { ± 1} spin x

15



Figur e 1.4.1.
Ωδ

1.4.2. W it h mixed boundary condit ions.

b = { b1, . . . , b2n } ∂0VΩm
δ

Ω∗δ with the (locally monochromatic) boundary condition b
ΞbΩ∗

δ

�
(σx )x∈VΩ ∗δ

∈ { ± 1} VΩ ∗δ
∪∂VΩ ∗δ : σv1 = σv2 ⇐⇒ 〈v1, v2〉

∗ /∈ b∀v1, v2 ∈ ∂VΩ∗
δ

�
,

H ∂
Ω∗
δ

H ∂
Ω∗
δ
= −

�

〈x ,y〉∈EΩ ∗δ ∪∂EΩ ∗δ

σxσy .

b
VΩ∗

δ
∪ ∂VΩ∗

δ
∂VΩ∗

δ

b
∂0Ωδ

b1, . . . , b2n ∈ ∂EΩδ boundary changing operators
b = ∅

P{σ} =
1

Z bΩ∗
δ ,β

e
− βH b

Ω ∗δ
(σ)

Z bΩ∗
δ ,β

�

σ∈Ξb
Ω ∗δ

e
− βH b

Ω ∗δ
(σ)
.
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Figur e 1.4.2.
Ω∗δ

Ω∗δ + boundary condition

Ξ+Ω∗
δ
=
�
(σx )x∈VΩ ∗δ

∈ { ± 1} : σv = 1∀v ∈ ∂VΩ∗
δ

�
,

H ∂
Ω∗
δ

−

alternating + / − boundary conditions
Ωδ

b1, . . . , b2m ∈ ∂EΩδ

s1, . . . , s2m ∈ { ± 1}
bs11 b

s2
2 . . . b

s2m − 1

2m − 1 b
s2m
2m

Ξ+Ω∗
δ
=
�
(σx )x∈VΩ ∗δ

∈ { ± 1} : σy = sj ∀y ∈ ∂VΩ∗
δ
∩bj bj + 1

�
,

bj bj + 1 bj bj + 1
2m

1.4.3. Cr i t ical I sing model. crit-
ical Ising model critical inverse temperature βc =
1
2 ln

�√
2+ 1

�

1.4.4. Observables. Ωδ

• x ∈ VΩδ σδ (x)
spin x

17



• e∈ EΩδ e = 〈x.y〉
�δ (e) energy density e

�δ (e) = µ − σxσy ,

µ =
√
2/ 2

Remar k . µ infinite-volume limit
σx σy δ→ 0

x y σxσy → µ

1.5. M ain result s

• Ω (Ωδ)δ> 0

• b = { b1, . . . , b2k } ∂Ω a1, . . . , an
Ω δ > 0 bδ = { b1,δ, . . . , b2k ,δ}
∂EΩδ { b1, . . . , b2k } a1,δ, . . . , an ,δ

EΩδ a1, . . . , an
• x1, . . . , x2p ∈ C K (x1, . . . , xp) ∈ Mp (R)

K (x1, . . . , xp)j k =

�
1

x j − x k
j �= k,

0 j = k.

T heor em . Let Ω bea finitely-connected domain with a collection b = { b1, . . . , b2k }
of boundary points, such that each connected component of ∂Ω contains an even
number of bj ’s, and let a1, . . . , an ∈Ω be a collection of distinct interior points.

There exists a correlation function 〈�(a1) · . . . · �(an )〉
b
Ω ∈ R, such that for any

conformal mapping ϕ : Ω→ Ω�, we have

〈�(a1) · . . . · �(an )〉
b
Ω =

�

�
n�

j = 1

|ϕ�(aj )|

�

� · 〈�(ϕ (a1)) · . . . · �(ϕ (an ))〉
ϕ (b)
Ω� ,

where ϕ (b) = {ϕ (b1) , . . . , ϕ (b2n )} and such that the following convergence result
holds:

I f Ω is smooth and all the boundary points of b are located on a straight part
∂sΩ ⊂ ∂Ω of the boundary, and if we consider the critical Ising model on Ωδ with
the above notation, we have

1
δn
EbδΩ∗

δ
[�δ (a1,δ) · . . . · �δ (an ,δ)] −→

δ→0
〈�(a1) · . . . · �(an )〉

b
Ω ,

uniformly on the compact subsets of

{ (b1, . . . , b2k ) ∈ ∂sΩ × . . . × ∂sΩ : bj �= bl ∀j �= l}
× { (a1, . . . , an ) ∈Ω × . . . × Ω : aj �= al ∀j �= l} .
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In particular, the limit is independent of the (horizontal or vertical) orientation of
the edges a1,δ, . . . , an ,δ.

On the upper half-plane, the correlation function is given by

〈�(a1) · . . . · �(an )〉
b
H =

1
(πi )n

·
Pfaff (K (a1 . . . , an , an , . . . , a1, b1, . . . , b2m ))

Pfaff (K (b1, . . . , b2m ))
,

where the matrix K is as defined above.

Cor ol l ar y . With the above notation, in the case of free boundary condition,
we have

1
δn
EfreeΩδ

[�δ (a1,δ) · . . . · �δ (an ,δ)] −→
δ→0

〈�(a1) · . . . · �(an )〉
free
Ω ,

where
〈�(a1) · . . . · �(an )〉

free
Ω = (− 1)n 〈�(a1) · . . . · �(an )〉

∅
Ω ,

where ∅denotes the locally monochromatic boundary condition with no boundary
changing operators. The convergence is uniform on the compact subsets of

{ (a1, . . . , an ) ∈Ω × . . . × Ω : aj �= ak ∀j �= k} .
Cor ol l ar y . With the above notation, if Ω is simply connected and we con-

sider the Ising model with + boundary condition on its discretizations, we have
1
δn
E+Ω∗

δ
[�δ (a1,δ) · . . . · �δ (an ,δ)] −→

δ→0
〈�(a1) · . . . · �(an )〉

+
Ω ,

where
〈�(a1) · . . . · �(an )〉

+
Ω = 〈�(a1) · . . . · �(an )〉

∅
Ω .

The convergence is uniform on the compact subsets of

{ (a1, . . . , an ) ∈Ω × . . . × Ω : aj �= ak ∀j �= k} .
Let ∂sΩ be a straight part of ∂Ω and b1, . . . , b2k ∈ ∂sΩ be distinct boundary points
appearing in counterclockwise order. With the above notation, consider the critical
Ising model with alternating + / − boundary condition aδ = b

+
1,δb

−
2,δ . . . b

−
2k− 1,δb

+
2k ,δ.

Then, we have
1
δn
EaδΩ∗

δ
[�δ (a1,δ) · . . . · �δ (an ,δ)] −→

δ→0
〈�(a1) · . . . · �(an )〉

(b+1 b−2 ...b+2k − 1 b
−
2k )

Ω ,

with

〈�(a1) · . . . · �(an )〉
(b+1 b−2 ...b+2k − 1 b

−
2k )

Ω = 〈�(a1) · . . . · �(an )〉
{ b1 ,b2 ,...b2k − 1 ,b2k }
Ω ,

where the right term is as in Theorem 1. The convergence is uniform on the compact
subsets of

{ (b1, . . . , b2k ) ∈ (∂sΩ) : bj �= bl ∀j �= l}
× { (a1, . . . , an ) ∈Ω × . . . × Ω : aj �= al ∀j �= l} .

Remar k . Ω
〈�(a1)〉

∅
Ω Ω a

HoSm10

Ω
(Ωδ)δ> 0 x1, . . . , x2n ∈

∂Ω δ > 0 x1,δ, . . . , x2n ,δ
∂0VΩδ x1, . . . , x2n

19



Theor em . Let Ω be a finitely-connected domain and let x1, . . . , x2n ∈ ∂Ω be
distinct boundary points on smooth parts of ∂Ω, such that each connected component
of ∂Ω contains an even number of xj ’s. Then there exists a correlation function

〈σ (x1) · . . . ·σ (x2n )〉
free
Ω ∈ R

such that for any conformal mapping ϕ : Ω → Ω� (with ϕ (x1) , . . . ,ϕ (x2n ) on
smooth parts of ∂Ω�), we have

〈σ (x1) · . . . ·σ (x2n )〉
free
Ω =

�

�
2n�

j = 1

|ϕ�(xj )|
1
2

�

� 〈σ (ϕ (x1)) · . . . ·σ (ϕ (x2n ))〉
free
Ω�

and such that the fol lowing convergence result holds:
I f Ω is a smooth bounded domain and the points x1, . . . , x2n are all on a straight

boundary part ∂sΩ, then with the above notation we have

1
δn
EfreeΩδ

[σδ (x1,δ) · . . . ·σδ (x2n ,δ)] −→
δ→0

〈σ (x1) · . . . ·σ (x2n )〉
free
Ω ,

uniformly on the compact subsets of

{ (x1, . . . , x2n ) ∈ ∂sΩ × . . . × ∂sΩ : xj �= xk∀j �= k}

On the upper half-plane, the correlation functions is given by:

〈σ (x1) · . . . ·σ (x2n )〉
free
H =

�
2
πα

�n
|Pfaff (K (x1, . . . , x2n ))| ,

with the matrix K as defined above and α =
√
2− 1.

1.6. Overal l st r at egy and summary

1.6.1. St r at egy.

•

•

•

n 2k
2n + 2k

2k

2n
fusion of observables

•

•

20



•

•

•

1.6.2. Summary.

•

•

∂δ ∂δ ∆ δ
�∇δ

∂ ∂ ∆ �∇

∂δ ∆ δ

∂δ

21
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∂δ

•
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•

1.7. M ore not at ion

1.7.1. Const ant s.

• α =
√
2− 1

• βc = 1
2 ln

�√
2+ 1

�

• µ =
√
2
2

• λ = eπi / 4

• η = eπi / 8

1.7.2. Or ient at ions and double-or ient at ions.

• S = { z ∈ C : |z| = 1}
S (simple) orientations

• (S)2 =
�
(z)2 : z ∈ S

�

(S)2 S
S

√
x

x ∈ (S)2 (z)2 (S)2�
(z)2 = z ∈ S S double

orientations
• S� ⊂ S { ± 1, ± i }
(S)2�

�
(± 1)2 , (± i )2 , (± λ)2 ,

�
± λ
�2�

.

S� (S)2� lattice simple double orientations

1.7.3. M ore graphs.

• Ωδ m(e)
e∈ EΩδ Ωmδ medial graph Ωδ

VΩmδ = {m(e) : e∈ EΩδ ∪ ∂EΩδ }

EΩmδ = { 〈m(e1) ,m(e2)〉 : e1, e2 ∈ EΩδ ∪ ∂EΩδ , e1 ∼ e2} ,

24



• ∂0VΩmδ ⊂ VΩm
δ

∂EΩδ

∂VΩmδ ⊂ VCmδ \ Ωm
δ

√
2
2 δ

VΩmδ
• VhΩmδ VvΩmδ

Ωδ

• x ∈ VΩm
δ

O(x) ⊂ S� admissi-
ble (simple) orientations x { ± 1} x ∈ VhΩm

δ
{ ± i }

x ∈ VvΩm
δ

(O)2 (x) ⊂ (S)2� admissible double orientations

x
�
(± 1)2 , (± i )2

�
x ∈ VhΩm

δ

�
(± λ)2 ,

�
± λ
�2�

x ∈ VvΩm
δ

• SΩm
δ

simply-oriented medial vertices

SΩmδ =
�
xo : x ∈ VΩmδ , o∈O(x)

�

DΩm
δ

doubly-oriented medial vertices

DΩmδ
=
�
xo : x ∈ VΩmδ , o∈ (O)

2 (x)
�
.

xo ∈ SΩmδ DΩmδ
x

• EΣΩδ
signed edges Ωδ

EΣΩδ
= { es : e∈ EΩ, s ∈ { ± 1} } .

es ∈
EΣΩδ

e

• x ∈ ∂0VΩm
δ

inward-pointing ori-
entation x o ∈ S� x + 1

2oδ ∈ ∂0VΩδ

o ∈ (S)2�

• HΩδ =
�
〈v, x〉 : v ∈ VΩδ , x ∈ VΩmδ

�
half-edges

Ωδ
�HΩδ oriented half-edges Ωδ e =

〈v1, v2〉∈ EΩδ 〈v1,m(e)〉, 〈m(e) , v2〉∈
HΩδ

•

∂0HΩδ =
�
〈v, x〉 : v ∈ ∂0VΩδ , x ∈ ∂0VΩm

δ

�
,

∂HΩδ =
�
〈v, x〉 : v ∈ ∂VΩδ , x ∈ ∂0VΩm

δ

�

boundary half-edges

∂ext �HΩδ =
�
�xv : x ∈ ∂0VΩmδ , v ∈ ∂VΩδ

�

∂int �HΩδ =
�
�xv : x ∈ ∂0VΩmδ , v ∈ ∂0VΩδ

�

outward-pointing boundary half-edges
x ∈ ∂0VΩm

δ
�νext (x) ∈ ∂ext �HΩδ

x �νint (x) ∈ ∂int �HΩδ

x

25



Figur e 1.7.1. Ωmδ Ωδ

EΩmδ
∂0VΩmδ

• (half-edge) configuration HΩδ

ω1,ω2 ω1 ⊕ω2
ω1 ω2 (ω1 ∪ω2) \ (ω1 ∩ω2)

• Ωδ Ωm ∗δ dual of the medial Ωδ

VΩm ∗
δ

= VΩδ ∪VΩ∗
δ

EΩm ∗
δ

=

�

〈x1, x2〉 : x1, x2 ∈ VΩm ∗
δ
: |x1 − x2| =

√
2
2
δ

�

.

• Gδ Ωδ Ω∗δ Ωmδ Ωm ∗δ Gδ closure
Gδ Gδ ∪ ∂Gδ ∂Gδ

26



Ωδ

Cδ = δZ2 δ

2.1. D iscret e diff erent ial operat or s

2.1.1. Definit ions.
VGδ Gδ Ωδ Ω∗δ Ωmδ

Ωm ∗δ �e= �xy ∈ �EGδ f : VGδ → C ∂�ef
f (y) − f (x)

Gδ Ωmδ Ωm ∗δ f : VGδ → C ∂δf : VG∗δ → C
∂δf : VG∗δ → C

∂δf (x) =
1
2

�

f

�

x +
δ
2

�

− f

�

x −
δ
2

�

− i

�

f

�

x + i
δ
2

�

− f

�

x − i
δ
2

���

,

∂δf (x) =
1
2

�

f

�

x +
δ
2

�

− f

�

x −
δ
2

�

+ i

�

f

�

x + i
δ
2

�

− f

�

x − i
δ
2

���

.

f : VGδ → C, Gδ Ωδ Ω∗δ �∇δf : VGδ → C2

�∇δf (v) = (f (v + δ) − f (v) , f (v + iδ) − f (v)) .

Gδ Ωδ Ω∗δ f : VGδ → C ∆ δf : VGδ → C

∆ δf (v) =
�

o∈{ ± 1,± i }

(f (v + oδ) − f (v)) .

v + oδ
v ∆ •

δ

VΩδ → C ∆ ◦
δ VΩ∗

δ
→ C

δ→ 0

1
δ
∂δ −→

δ→0
∂ =

1
2
(∂x − i∂y ) ,

1
δ
∂δ −→

δ→0
∂ =

1
2
(∂x + i∂y ) ,

1
δ2
∆ δ −→

δ→0
∆ = (∂x x + ∂yy ) ,

1
δ
∇δ −→

δ→0
∇ = (∂x , ∂y ) .
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∆ δ = 4∂δ∂δ = 4∂δ∂δ.

2.1.2. D iscret e formulae.

¨

Ω
∆ f =

ˆ

∂Ω
∂n f ,

n

Lemma . For any function f : VΩδ → C, we have
�

v∈VΩδ

∆ •
δf (v) =

�

�n∈∂ ex t �EΩδ

∂�n f .

Pr oof . Ωδ

f : VΩδ∪Ω̃δ
→ C

Ωδ ∩ Ω̃δ = ∅
�

�n∈∂ex t �EΩδ

∂�n f +
�

�n∈∂ex t �EΩ̃ δ

∂�n f =
�

�n∈∂ ex t �EΩδ ∪ Ω̃ δ

∂�n f ,

�

1
2i
·
¨

Ω
∂ f =

˛

∂Ω
f .

Lemma . For any function f : VΩm
δ
→ C, we have

1
2i
·

�

�
�

v∈VΩm ∗
δ

∂δf (v)

�

� =
�

�xy∈∂ 0 �EΩmδ

f (x) + f (y)
2

(y − x) ,

where ∂0�EΩm
δ
is the set of edges of EΩm

δ
between the midpoints of the edges in ∂0EΩδ

and those of ∂EΩδ , oriented counterclockwise on the outer component of ∂0Ω
m
δ and

clockwise on the inner components.

Pr oof . Ωδ

�
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Lemma . For any two functions f : VΩm
δ
→ C and g : VΩδ ∪ VΩ∗

δ
→ C, we

have
�

x∈VΩmδ

f (x) ·
�
∂δg

�
(x) = −

�

y∈VΩδ ∪VΩ ∗δ

�
∂δf

�
(y) · g (y)

+
1
2i

�

�e∈∂ 0 �EΩδ

f (m(�e)) · g

�

m(�e) +
i�e
2

�

·�e

+
1
2i

�

�e∈∂ �EΩ ∗δ

f (m(�e)) · g

�

m(�e) +
i�e
2

�

·�e,

where ∂0�EΩδ denotes the set of edges of ∂0Ωδ and ∂�EΩ∗
δ
the set of edges of ∂Ω∗δ, both

oriented counterclockwise on the outer component of ∂0Ωδ and ∂Ω∗δ and oriented
clockwise on the inner ones.

Pr oof . �

2.2. D iscret e harmonici t y and holomorphici t y

•
•

•

2.2.1. D iscret e harmonici t y .
∆ δ

Def init ion . Gδ Ωδ Ω∗δ Ωmδ Ωm ∗δ f : VGδ → C

• discrete harmonic Gδ ∆ δf (v) = 0 v ∈ VGδ
• discrete subharmonic Gδ ∆ δf (v) ≥ 0 v ∈ VGδ
• discrete superharmonic Gδ ∆ δf (v) ≤ 0 v ∈ VGδ

2.2.2. D iscret e holomorphici t y .
∂δ

Def init ion . Gδ Ωmδ Ωm ∗δ f : VGδ → C
discrete holomorphic discrete analytic ∂δf (x) = 0 x ∈ VG∗δ

∂δf (x) = 0 discrete Cauchy-Riemann equation
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Figur e 2.2.1. Cδ

Gδ Ωδ Ω∗δ f : VGδ → C
f

f : VGm ∗
δ

→ C

∂δf (x) = 0∀x ∈ VGmδ .

Gδ

2.2.3. S-holomorphici t y .
spin

C
Ωmδ

e∈ EΩm
δ

�(e) ⊂ C

�(e) = (m(e) − c(e))−
1
2 R,

m(e) e c(e) ∈ VΩδ

e Ωδ e
η,η, η3, η3

Def init ion . f : VΩm
δ
→ C s-holomorphic

e∈ EΩm
δ

x, y ∈ VΩm
δ

P�(e) [f (x)] = P�(e) [f (y)] ,

P� � C

Lemma . I f f : VΩmδ
→ C is s-holomorphic, then it is also discrete holomor-

phic.
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Pr oof . v ∈ VΩm ∗
δ

∂δf (v) = 0
v ∈ VΩδ v ∈ VΩ∗

δ

v1, vi , v− 1, v− i ∈ VΩm
δ

v + δ
2 , v + i

δ
2 , v −

δ
2 , v − i

δ
2

eλ , e− λ , e− λ , eλ ∈ EΩm
δ

〈v1, vi 〉, 〈vi , v− 1〉, 〈v− 1, v− i 〉, 〈v− i , v1〉

PηR [f (v1)] = PηR [f (vi )] ,

Pη3R [f (vi )] = Pη3R [f (v− 1)] ,

Pη3R [f (v− 1)] = Pη3R [f (v− i )] ,

PηR [f (v− i )] = PηR [f (v1)] .

f (v1) + λ f (v1) = f (vi ) + λf (vi ),

f (vi ) − λf (vi ) = f (v− 1) − λf (v− 1),

f (v− 1) − λf (v− 1) = f (v− i ) − λ f (v− i ),

f (v− i ) + λ f (v− i ) = f (v1) + λ f (v1).

λ√
2

λ√
2

− λ√
2

− λ√
2

0 = i (f (v1) − f (v− 1)) − (f (vi ) − f (vi )) = i · ∂δf (v) ,

�

2.2.4. D iscret e singular i t ies.

Def init ion . Gδ Ωδ Ω∗δ Ωmδ Ωm ∗δ f : VGδ → C
a ∈ VGδ f ∆ δ a ∆ δf (a) �= 0

f ∂δ a ∂δf (a) �= 0

Def init ion . ao ∈ VΩmδ f : VΩm
δ \ { a}

→
C f ao

f
�
ao+
�

f
�
ao−
�

front
rear values f

�
ao+
�

f
�
ao−
�

P�〈a,aoλ 〉f
�
ao+
�
= P�〈a,ao λ 〉f (aoλ )

P�〈a,ao λ 〉f
�
ao+
�
= P�〈a,aoλ 〉f

�
aoλ
�

P�〈a,a. oλ 〉f
�
ao−
�
= P�〈a,a− o λ 〉f (a− oλ )

P�〈a,a− oλ 〉
f
�
ao−
�
= P�〈a,a− oλ 〉

f
�
a− oλ

�

ax a +
√
2
2 xδ discrete residue ao o ·�

f
�
ao+
�
− f

�
ao−
��
∈ C
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Lemma . Let ao ∈ DΩm
δ
bea doubly-oriented medial vertex. Let f : VΩm

δ \ { a}
→

C be an s-holomorphic function with a simple pole with residue ρ at ao. I f we extend
f to VΩmδ by setting f (a) = τ , for any τ ∈ C, we have

�
∂δf

�
�

a +
oδ
2

�

+
�
∂δf

�
�

a −
oδ
2

�

= ρ,

�
∂δf

�
�

a + i
oδ
2

�

+
�
∂δf

�
�

a − i
oδ
2

�

= 0.

For any simple contractible counterclockwise γ ⊂ EΩm
δ \ { a}

path winding around a,
we have

�

�xy∈γ

f (x) + f (y)
2

· (y − x) .

Pr oof .
�

2.3. Green’s funct ions

∂δ ∆ δ

•

• δ

2.3.1. D ir ac Green’s funct ion.
∂δ

Theor em . Let a ∈ VCδ be a vertex. There exists a unique function VCmδ →

C, which we denote by G∂ δ (a, ·) and call the discrete Green’s function for the ∂δ
operator such that

�
∂δG

∂ δ (a, ·)
�
(v) = 0∀v ∈ VCm ∗

δ
\ { a1} .

�
∂δG

∂ δ (a, ·)
�
(a) = 1

G∂ δ (a, b) −→
b→∞

0

G∂ δ (a, ·) |VhCmδ
∈ R

G∂ δ (a, ·) |V v
Cmδ

∈ iR

Pr oof . K en00 ∂δ
C0 2 �
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v ∈ VC∗δ G∂ δ (v, ·) : VCmδ → C G∂ δ (v, w) =

G∂ δ
�
v − 1+ i

2 δ, w − 1+ i
2 δ
�

w ∈ VCmδ G∂ δ (x, ·) : VΩm ∗
δ

→ C

x ∈ VCmδ G∂ δ (x, ·) = G∂ δ
�
x − δ

2 , ·−
δ
2

�
x ∈ VhΩmδ

G∂ δ (y, ·) = G∂ δ
�
y − i δ

2 , ·−
i δ
2

�
y ∈ VvΩm

δ

Pr oposit ion . Near the point a, the function G∂ δ takes the following values:

G∂ δ

�

a, a +
δ
2

�

= −G∂ δ
�
a, a − δ

2

�
=

1
2

G∂ δ

�

a, a + i
δ
2

�

= −G∂ δ
�
a, a − i δ2

�
= −

i
2

G∂ δ

�

a, a +

�

1+
i
2

�

δ

�

= G∂ δ
�
a, a −

�
1− i

2

�
δ
�
=

i
2
−
2i
π

G∂ δ

�

a, a +

�

1−
i
2

�

δ

�

= G∂ δ
�
a, a −

�
1+ i

2

�
δ
�
=

2i
π
−
i
2

G∂ δ

�

a, a +

�
1
2
+ i

�

δ

�

= G∂ δ
�
a, a +

�
1
2 − i

�
δ
�
=

2
π
−
1
2

G∂ δ

�

a, a −

�
1
2
+ i

�

δ

�

= G∂ δ
�
a, a −

�
1
2 − i

�
δ
�
=

1
2
−
2
π
.

Pr oof . K en00 C0
G∂ δ G∂ δ (·, ·) =

2C0
�

∂δ

Pr oposit ion . Let Ωδ be a simply connected discrete domain and f : VΩm
δ
→

C a discrete holomorphic function. Then for each v ∈ VΩm
δ
, we have

f (v) =
1
2i

�

�
�

�

�e∈∂0 �EΩδ

f (m(�e)) ·G∂ δ

�

v,m(�e) +
i�e
2

�

·�e

+
�

�e∈∂ �EΩ ∗δ

f (m(�e)) ·G∂ δ

�

v,m(�e) +
i�e
2

�

·�e

�

�
� ,

where ∂0�EΩδ and ∂�EΩ∗
δ
denote the sets of edges of ∂0Ωδ and ∂Ω∗δ, oriented in coun-

terclockwise direction on the outer component of ∂0Ωδ and ∂Ω∗δ and in clockwise
direction on the inner ones.
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Pr oof . v ∈ VΩm
δ

G∂ δ (·, ·)

f (v) =
�

x∈VΩmδ

f (x) ·
�
∂δG

∂ δ (v, ·)
�
(x)

=
1
2i

�

�
�

�

�e∈∂ �0 �EΩδ

f (m(�e)) ·G∂ δ

�

v,m(�e) +
i�e
2

�

·�e

+
�

�e∈∂ � �EΩ ∗δ

f (m(�e)) ·G∂ δ

�

v,m(�e) +
i�e
2

�

·�e

�

�
� ,

�

2.3.2. Laplace Green’s funct ion.
∆ δ

Theor em . Let Gδ be Ωδ or Ω∗δ. Then there exists a unique function G
∆ δ
Gδ
:

VGδ × VGδ → R such that for each a1 ∈ VGδ the following properties are satisfied:
• The function a2 �→ G∆ δ

Gδ
(a1, a2) is harmonic on Gδ \ { a1} .

• For each a2 ∈ ∂Gδ, we have G
∆ δ
Gδ
(a1, a2) = 0.

∆ δu = f

Pr oposit ion . Let Gδ be Ωδ or Ω∗δ. The solution to the discrete boundary
value problem

∆ δu = f

u
�
�
�∂VGδ = 0,

where f : VGδ → R is the data and u : VGδ → R is the unknown is given by

u (v) =
�

w∈VGδ

G∆ δ
Gδ
(w, v) · f (w) .

2.4. Ful l -plane fermionic observables

∂δ

Def init ion . ao11 ∈ DCmδ
ful l-planediscrete complex fermionic observable hCδ (a

o1
1 , ·) : VCmδ \ { a1 } →
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C

hCδ (a
o1
1 , a2) = η ·

√
o1 · cos

�π
8

��

G∂ δ

�

a1 +
o1δ
2
, a2

�

+ G∂ δ

�

a1 −
i o1δ
2
, a2

��

− i ·η ·
√
o1 · sin

�π
8

��

G∂ δ

�

a1 −
o1δ
2
, a2

�

+ G∂ δ

�

a1 +
io1δ
2
, a2

��

,

G∂ δ ∂δ

hCδ

Pr oposit ion . Let ao11 ∈ DCmδ be a doubly-oriented medial vertex. Then
hCδ (a

o1
1 , ·) : VΩm

δ \ { a1 }
→ C is the unique s-holomorphic function such that

• As a2 → ∞ , we have hCδ (a
o1
1 , a2) → 0.

• The function hCδ (a
o1
1 , ·) has a discrete simple pole at a

o1
1 , of residue

1√
o1
.

The two front anb rear values h+ and h− of hCδ (a
o1
1 , ·) at a1 are given by

h+ (a
o1
1 ) =

1
√
o1

1+ µ
2

,

h− (a
o1
1 ) =

1
√
o1

µ − 1
2

,

where µ =
√
2
2 .

Pr oof . hCδ (a
o1
1 , a2) 0 a2 → ∞

VCmδ \ { a1 } → C
VCmδ → C

0
0 a2 �→ hCδ (a

o1
1 , a2)

Lemma . The functions

G1 : a2 �→ η ·
√
o1

�

G∂ δ

�

a1 +
o1δ
2
, a2

�

+ G∂ δ

�

a1 −
i o1δ
2
, a2

��

and

G2 : a2 �→ i ·η ·
√
o1

�

G∂ δ

�

a1 −
o1δ
2
, a2

�

+ G∂ δ

�

a1 +
io1δ
2
, a2

��

are both s-holomorphic on VCδ \ { a1 } .

c = cos(π/ 8) s = sin (π/ 8)
hCδ

G∂ δ (·, ·)
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hΩδ

�

ao11 , a1 + o1
1 + i
2

δ

�

=
η

√
o1

�

c

�
2
π
−
1+ i
2

�

− i · s ·

�

−
2i
π
+
1+ i
2

��

hΩδ

�

ao11 , a1 + o1
1− i
2

δ

�

=
η

√
o1

�

c

�
1+ i
2

�

− i · s ·

�
2i + 2
π

−
1+ i
2

��

hΩδ

�

ao11 , a1 − o1
1− i
2

δ

�

=
η

√
o1

�

c

�

−
2+ 2i
π

+
1+ i
2

�

+ i · s·

�
1+ i
2

��

hΩδ

�

ao11 , a1 − o1
1+ i
2

δ

�

=
η

√
o1

�

c

�
2i
π
−
1+ i
2

�

+ i · s·

�
2
π
−
1+ i
2

��

�
a1, a1 + o1 1+ i2 δ

�

P η 3
√
o1
R

�

hΩδ

�

ao11 , a1 + o1
1 + i
2

δ

��

=
1

√
o1
·
η3

2
(c + s)

=
1

√
o1
·
η3
√
2
· c

P η 3
√
o1
R

�

hΩδ

�

ao11 , a1 + o1
1− i
2

δ

��

=
1

√
o1
·
η3
√
2
· c

P η
√
o1
R

�

hΩδ

�

ao11 , a1 − o1
1− i
2

δ

��

= −
1

√
o1
·
η
√
2
· s

P η
√
o1
R

�

hΩδ

�

ao11 , a1 − o1
1+ i
2

δ

��

= −
1

√
o1
·
η
2
(c− s)

= −
1

√
o1
·
η
√
2
· s

P η 3
√
o1
R

�
1

√
o1

1+ µ
2

�

=
1

√
o1
·
η3

2
· c

P η 3
√
o1
R

�
1

√
o1

1+ µ
2

�

=
1

√
o1
·
η3

2
· c

P η
√
o1
R

�
1

√
o1

µ − 1
2

�

= −
1

√
o1
·
η
√
2
· s

P η
√
o1
R

�
1

√
o1

µ − 1
2

�

= −
1

√
o1
·
η
√
2
· c

�

Pr oof of Lemma 23. ao11

G1 (a2) = η ·
√
o1

�

G∂ δ

�

a1, a2 −
o1δ
2

�

+ G∂ δ

�

a1, a2 +
io1δ
2

��

G2 (a2) = i ·η ·
√
o1

�

G∂ δ

�

a1, a2 +
o1δ
2

�

+ G∂ δ

�

a1, a2 −
i o1δ
2

��

,

G∂ δ (a1, ·)
G∂ δ (a1, ·)
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e ∈ EΩm
δ

x ∈ VhCmδ \ { a1 }
, y ∈ VvCmδ \ { a1 }

x y
〈x, y〉∈ EΩm

δ

• �(e) = η ·
√
o1R x = y + 1+ i

2 o1δ

P�(e) [G1 (x)] = η ·
√
o1 ·G

∂ δ

�

a1, x −
o1δ
2

�

= η ·
√
o1 ·G

∂ δ

�

a1, y +
io1δ
2

�

= P�(e) [G1 (y)]

P�(e) [G2 (x)] = i · η ·
√
o1 ·G

∂ δ

�

a1, x −
i o1δ
2

�

= i · η ·
√
o1 ·G

∂ δ

�

a1, y +
o1δ
2

�

= P�(e) [G2 (y)] .

• �(e) = η3 ·
√
o1R x = y − 1+ i

2 o1δ

P�(e) [G1 (x)] = η ·
√
o1 ·G

∂ δ

�

a1, x +
io1δ
2

�

= η ·
√
o1 ·G

∂ δ

�

a1, y −
o1δ
2

�

= P�(e) [G1 (y)]

P�(e) [G2 (x)] = i ·η ·
√
o1 ·G

∂ δ

�

a1, x +
o1δ
2

�

= i ·η ·
√
o1 ·G

∂ δ

�

a1, y −
i o1δ
2

�

.

• �(e) = η ·
√
o1R x = y + 1− i

2 o1δ

P�(e) [G1 (x) − G1 (y)]

=
η
√
2
·
√
o1

�

G∂ δ

�

a1, x −
o1δ
2

�

+ iG∂ δ

�

a1, x +
io1δ
2

�

− iG∂ δ

�

a1, y −
o1δ
2

�

− G∂ δ

�

a1, y +
io1δ
2

��

=
η
√
2
·
√
o1 · i

�
∂δG

∂ δ (a1, ·)
�
(y)

= 0.
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P�(e) [G2 (x) − G2 (y)]

=
η
√
2
·
√
o1

�

−G∂ δ

�

a1, x +
o1δ
2

�

+ iG∂ δ

�

a1, x −
i o1δ
2

�

+G∂ δ

�

a1, y −
i o1δ
2

�

− iG∂ δ

�

a1, y +
o1δ
2

��

= −
η
√
2
·
√
o1
�
∂δG

∂ δ (a1, ·)
�
(x)

= 0.

• �(e) = η3 ·
√
o1R x = y − 1− i

2 o1δ

P�(e) [G1 (x) − G1 (y)]

=
η3
√
2
·
√
o1

�

G∂ δ

�

a1, x −
o1δ
2

�

− iG∂ δ

�

a1, x +
io1δ
2

�

+ iG∂ δ

�

a1, y −
o1δ
2

�

− G∂ δ

�

a1, y +
io1δ
2

��

= −
η3
√
2
·
√
o1
�
∂δG

∂ δ (a1, ·)
�
(x)

P�(e) [G2 (x) − G2 (y)]

=
η3
√
2
·
√
o1

�

−G∂ δ

�

a1, x +
o1δ
2

�

− iG∂ δ

�

a1, x −
i o1δ
2

�

+G∂ δ

�

a1, y −
i o1δ
2

�

+ iG∂ δ

�

a1, y +
o1δ
2

��

=
η3
√
2
·
√
o1 · i ·

�
∂δG

∂ δ (a1, ·)
�
(y) .

�

2.5. D iscret e int egrat ion

Pr oposit ion . Let f : VΩm
δ
→ C be an s-holomorphic function and x ∈

VΩm ∗
δ
. Then there exists a locally well-defined discrete analogue I x ,δ [f ] : VΩm ∗

δ
→ R

of the antiderivative

−�e

�ˆ

x
f 2
�

,

obtained by integrating:

I x ,δ [f ] (x) = 0

Ix ,δ [f ] (b) − I x ,δ [f ] (w) =
√
2 ·δ ·

�
�P�(e∗ ) [f (x)]

�
�2

=
√
2 ·δ ·

�
�P�(e∗ ) [f (y)]

�
�2 ,
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for each edge e = 〈b,w〉∈ EΩm ∗
δ
, with b∈ V•Ωm ∗

δ
and w ∈ V◦Ωm ∗

δ
, with e∗ = 〈x, y〉∈

EΩm
δ
and with �(e∗) denoting the complex line associated with e∗. The function

I x ,δ [f ] is globally well-defined if Ωδ is simply connected.
When the choice of the vertex x is not relevant, we wil l merely write I δ [f ] for

I x ,δ [f ].

Pr oof . v ∈ VΩmδ ρ ∈
�
± λ , ± λ

�

vρ = v + ρ δ√
2
∈ VΩmδ eρ = 〈v, vρ〉∈ EΩmδ

�
�P�(eλ ) [f (v)]

�
�2 +

�
�P�(e− λ ) [f (v)]

�
�2 =

�
�
�P�(eλ ) [f (v)]

�
�
�
2
+
�
�
�P�(e− λ ) [f (v)]

�
�
�
2
,

v
ρ ∈

�
± λ , ± λ

�

�(eρ) �(e− ρ)
�
�P�(eρ ) [f (v)]

�
�+
�
�P�(− eρ ) [f (v)]

�
�2 =

|f (v)|2 �

Iδ [·] −�e
�́
(·)2

�

Lemma . Let f : VΩδ → C be an s-holomorphic function. Then for any edge
〈b1, b2〉∈ EΩδ with middlepoint x ∈ VΩm

δ
, we have

Iδ [f ] (b2) − Iδ [f ] (b1) = −�e
�
f (x)2 · (b2 − b1)

�
.

and any dual edge 〈w1,w2〉∈ EΩ∗
δ
with middlepoint y ∈ VΩmδ , we have

Iδ [f ] (w2) − Iδ [f ] (w1) = −�e
�
f (y)2 · (w2 − w1)

�
.

I x [·]

Pr oposit ion . Let f : VΩm
δ
→ C be an s-holomorphic function. Then the

restr ictions I •δ [f ] : VΩδ → R and I ◦δ [f ] : VΩ∗
δ
→ R (identifying VΩδ with V

•
Ωm
δ
and

VΩ∗
δ
with V◦Ωm

δ
) are subharmonic and superharmonic respectively: we have

∆ •
δI
•
δ [f ] (b) =

√
2 ·δ · |∂δf (b)|

2 ∀b∈ VΩδ ,

∆ ◦
δI

◦
δ [f ] (w) = −

√
2 ·δ · |∂δf (w)|

2 ∀w ∈ VΩ∗
δ
.

Pr oof . τ ∈ C f − τ
∂δ (f − τ ) (x) = ∂δf (x) x ∈ VΩδ ∪ VΩ∗

δ

∆ δIδ [f − τ ](x) = ∆ δIδ [f ] (x) x ∈ VΩδ ∪VΩ∗
δ

39



x ∈ VΩδ ∪VΩ∗
δ

∆ δIδ [f − τ ] (x)

= �e

��

f

�

x −
δ
2

�

− τ

�2
−

�

f

�

x +
δ
2

�

− τ

�2�

+�e

�

i

�

f

�

x − i
δ
2

�

− τ

�2
−

�

f

�

x + i
δ
2

�

− τ

�2�

= �e

�

f

�

x −
δ
2

�2
− f

�

x +
δ
2

�2
+ i f

�

x − i
δ
2

�2
− i f

�

x + i
δ
2

�2�

+�e
�
4τ ∂ f (x)

�

= ∆ δIδ [f ] (x) ,

x ∈ VΩδ

∆ •
δI
•
δ [f ] (b) =

√
2 ·δ · |∂δf (b)|

2 ,

f
�
b− δ

2

�
= 0 f

|∂δf (b)|
2 =

�
�f
�
b+ δ

2

��
�2

∆ •
δI
•
δ [f ] (b) = −

1
2

�
�
�
�PηR

�

f

�

b+
δ
2

���
�
�
�

2

+
1
2

�
�
�
�Pη3R

�

f

�

b+
δ
2

���
�
�
�

2

−
1
2

�
�
�
�PηR

�

f

�

b+
δ
2

���
�
�
�

2

+
1
2

�
�
�
�Pη3R

�

f

�

b+
δ
2

���
�
�
�

2

−

�
�
�
�Pη3R

�

f

�

b+ i
δ
2

���
�
�
�

2

+

�
�
�
�Pη3R

�

f

�

b+ i
δ
2

���
�
�
�

2

−

�
�
�
�Pη3R

�

f

�

b− i
δ
2

���
�
�
�

2

+

�
�
�
�Pη3

�

f

�

b− i
δ
2

���
�
�
�

2

= −
1
2

�
�
�
�PηR

�

f

�

b+ i
δ
2

���
�
�
�

2

+
1
2

�
�
�
�Pη3R

�

f

�

b+
δ
2

���
�
�
�

2

−
1
2

�
�
�
�PηR

�

f

�

b− i
δ
2

����
�
�

2

+
1
2

�
�
�
�Pη3R

�

f

�

b+
δ
2

����
�
�

2

+

�
�
�
�Pη3R

�

f

�

b+ i
δ
2

���
�
�
�

2

+

�
�
�
�Pη3R

�

f

�

b− i
δ
2

���
�
�
�

2

,

Pη3R
�
f
�
b+ i δ2

��
= 0

Pη3R
�
f
�
b− i δ2

��
= 0

f
�
b− δ

2

�
= 0

�
�Pη3R

�
f
�
b+ i δ2

���
�=

�
�PηR

�
f
�
b+ i δ2

���
�
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�
�Pη3R

�
f
�
b− i δ2

���
�=

�
�PηR

�
f
�
b− i δ2

���
�

∆ •
δI
•
δ [f ] (b) =

1
2

�
�
�
�PηR

�

f

�

b+ i
δ
2

���
�
�
�

2

+
1
2

�
�
�
�Pη3R

�

f

�

b+
δ
2

���
�
�
�

2

+
1
2

�
�
�
�PηR

�

f

�

b− i
δ
2

���
�
�
�

2

+
1
2

�
�
�
�Pη3R

�

f

�

b+
δ
2

���
�
�
�

2

=
1
2

�
�
�
�PηR

�

f

�

b+
δ
2

���
�
�
�

2

+
1
2

�
�
�
�Pη3R

�

f

�

b+
δ
2

���
�
�
�

2

+
1
2

�
�
�
�PηR

�

f

�

b+
δ
2

���
�
�
�

2

+
1
2

�
�
�
�Pη3R

�

f

�

b+
δ
2

���
�
�
�

2

,

z ∈ C

|z|2 = = |PηR [z]|
2 +

�
�Pη3R [z]

�
�2 = |PηR [z]|

2 +
�
�Pη3R [z]

�
�2 ,

∆ •
δI
•
δ [f ] (b) =

�
�
�
�f

�

b+
δ
2

��
�
�
�

2

= |(∂δf ) (b)|
2 ,

∆ ◦
δI

◦
δ [f ] (w) =

− |(∂δf ) (w)|
2 w ∈ VΩ∗

δ
�

2.6. D iscret e R iemann-H i lber t boundary value problems

Def init ion . u : VΩm
δ
→ C

u (♠ Ωδ , f )
f : ∂0VΩm

δ
→ C x ∈ ∂0VΩm

δ

(u (x) − f (x)) �
1

�
�νext (x)

,

P i√
�ν ex t ( x )

R [u (x) − f (x)] = 0.

(♠ Ωδ , f )

Pr oposit ion . I f u : VΩm
δ
→ C solves the Riemann-Hilbert boundary value

problem (♠ Ωδ , f ), then we have

�

x∈∂ 0VΩδ
m

|u (x)|2 ≤ 2

�

�
�

�

x∈∂ 0 VΩδ
m

|f (x)|2

�

�
� .
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Pr oof . f f − P 1√
�ν ex t

R [f ]

x ∈ ∂0VΩm
δ

f (v) = P 1√
− �ν ex t ( x )

R [u (x)] ,

u (x) = f (x) + g(x)

g(x) = P 1√
�ν ex t ( x )

R [u (x)] .

Iδ [u] : VΩm ∗
δ

→ R
I •δ [u] : VΩδ → R VΩδ x ∈ ∂0VΩm

δ

∂�νex t (x ) I
•
δ [u] =

�
�
�
�P η 3√

�ν ex t ( x )
R
[u (x)]

�
�
�
�

2

−

�
�
�
�P η√

�ν ex t ( x )
R [u (x)]

�
�
�
�

2

.

�e
�
f (m)g(m)

�
= 0

1
δ
∂�νex t (x ) I

•
δ [u] =

√
2

�
�
�
�cos

�π
8

�
f (m) + cos

�
3π
8

�

g(m)

�
�
�
�

2

−
√
2

�
�
�
�cos

�
3π
8

�

f (m) + cos
�π
8

�
g(m)

�
�
�
�

2

= |f (m)|2 − |g (m)|2 .

I •x [u]
I x [u] diff erences

0 ≤
�

v∈VΩδ

∆ •
δI
•
δ [u]

=
�

x∈∂ 0VΩmδ

∂�νex t (x ) I
•
δ [u]

=
�

x∈∂ 0VΩmδ

�
|f (x)|2 − |g (x)|2

�
,

�

x∈∂0 VΩmδ

|g (x)|2 ≤
�

x∈∂ 0VΩmδ

|f (x)|2 ,

x ∈ ∂0VΩmδ |u (x)|2 = |f (x)|2 + |g (x)|2

�

Cor ol l ar y . Any discreteRiemann-Hilbert boundary valueproblem (♠ Ωδ , f )
has at most one solution.

Pr oof . (♠ Ωδ , 0)
(♠ Ωδ , 0) �

� 1√
�νex t
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Lemma . Let u : VΩm
δ
→ C be an s-holomorphic function and let l ⊂ ∂0Ωδ

be a connected part of ∂0Ωδ such that

u (x) �
1

�
�νext (x)

∀x ∈ ∂0VΩm
δ
∩ l .

Then Iδ [u] is locally constant on ∂0VΩ∗
δ
∩ l . In particular, if l = ∂0Ωmδ , then Iδ [u]

is globally well-defined on VΩm ∗
δ
and locally constant on ∂0VΩ∗

δ
.

For each x ∈ ∂0VΩm
δ
∩ l , we have

∂�νex t ( x ) (I
•
δ [u]) = − |u (x)|2 .

Pr oof .
x, y ∈ ∂0VΩ∗

δ
∩ l I ◦δ [u] (x) = I

◦
δ [u] (y) l = ∂0Ωδ

Iδ [u] ∂Ωδ

x ∈ ∂0VΩm
δ

1
δ
∂�νex t (x ) I

•
δ [u] =

√
2

�
�
�
�P η 3√

�ν ex t ( x )
R
[u (x)]

�
�
�
�

2

−
√
2

�
�
�
�P η√

�ν ex t ( x )
R [u (x)]

�
�
�
�

2

= − |u (x)|2 .

�

2.6.1. Boundary modificat ion t r ick. u : VΩm
δ
→ C

� 1√
�νex t

l ∂VΩm
δ

Iδ [u] ∂0VΩ∗
δ
∩ l

∂VΩδ ∩ l I •δ [u] ∂VΩδ ∩ l
∂0VΩ∗

δ
∩ l Ĩ •δ [u] VΩδ → R

I •δ [u] VΩδ \ (∂1VΩδ ∩ l ) x ∈ ∂1VΩδ ∩ l
y ∈ ∂0VΩ∗

δ
∩ l Ĩ •δ [u] (x) = I

◦
δ [u] (y)
I •δ [u]

boundary modification tr ick ChSm09
DHN09

∆̃ •
δ ∆ •

δ VΩδ → R

�
∆̃ •

δf
�
(v) =

��
y∈VΩδ :y∼ x

∂ �vy f + 2α
�

x∈∂VΩδ :x∼ v
∂ �vx f x ∈ ∂0VΩδ ∩ l ,

∆ δf (v)

α =
√
2 − 1 ∆̃ •

δ

Ĩ •δ [u]

Lemma . For each v ∈ VΩδ , we have that
�
∆̃ •

δ Ĩ
•
δ [u]

�
(v) = (∆ •

δI
•
δ [u]) (v).
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Pr oof . v ∈ ∂0VΩδ ∩ l
x ∈ ∂VΩδ x ∼ v

∂ �vx I
•
δ [u] = δ · |u (m〈vx〉)|2

∂ �vx Ĩ
•
δ [u] = δ ·

√
2 · cos

�π
8

�2
|u (m〈vx〉)|2

=
1
2α
· ∂ �vx I

•
δ [u]

(∆ •
δI
•
δ [u]) (v) =

�

y∈VΩδ :y∼ v

∂ �vy I
•
δ [u] +

�

x∈∂VΩδ :x∼ v

∂ �vx I
•
δ [u]

=
�

y∈VΩδ :y∼ v

∂ �vy Ĩ
•
δ [u] + 2α

�

x∈∂VΩδ
:x∼ v

∂ �vx Ĩ
•
δ [u]

=
�
∆̃ •

δI
•
δ [u]

�
(v) .

�
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ChSm08, ChSm09, K en00, K es87

3.1. Convergence of discret e harmonic and holomorphic funct ions

(Ωδ)δ> 0
Ω δ > 0 Ωδ Cδ

Ω

Gδ Gδ Ωδ Ω∗δ Ωmδ Ωm ∗δ Ω
x ∈ Ω f δ : VGδ → C f δ (xδ) xδ

VGδ x

hδ : SΩm
δ
→ C DΩm

δ
→ C

o ∈ S� (S)2� x ∈ Ω hδ (xo) hδ (x
oδ
δ )

xδ
o

Lemma . Let (Ωδ)δ> 0 bea discretization of a domain Ω, let (f δ : VΩδ → C)δ> 0
be a family of discrete holomorphic functions and let f : Ω → C be a continuous
function such that f δ → f uniformly on the compact subsets of Ω as δ→ 0. Then
f is holomorphic.

Pr oof . γ ⊂ Ω
Υ ⊂ Ω

∂Υ = γ
˛

γ
f (z) dz = lim

δ→0

�

�xy∈∂0 �EΥ mδ

f (x) + f (y)
2

(y − x) ,

δ > 0 ∂0�EΥ m
δ

EΩm
δ

∂0EΥ m
δ

∂EΥ m
δ
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lim
δ→0

�

�xy∈∂0 �EΥ mδ

f (x) + f (y)
2

(y − x) = lim
δ→0

�

�xy∈∂0 �EΥ mδ

f δ (x) + f δ (y)
2

(y − x)

�

�xy∈∂ 0 �EΥ mδ

f δ (x) + f δ (y)
2

(y − x) = 0

δ > 0 �

3.2. Green’s funct ions and harmonic measure convergence

∂δ

Theor em . Consider the full-planeGreen’s function G∂ δ
Cmδ
. Then, there exists

a universal constant C > 0 such that for each δ > 0 x ∈ VCδ we have
�
�
�
�
1
δ
G∂ δ
Cmδ
(x, y) − �e

�
G∂
C (x, y)

���
�
� ≤ C ·

δ

|x − y|2
∀y ∈ VhCmδ ,

�
�
�
�
1
δ
G∂ δ
Cmδ
(x, y) − �m

�
G∂
C (x, y)

���
�
� ≤ C ·

δ

|x − y|2
∀y ∈ VvCmδ ,

where VhCmδ and VvCmδ are the sets of horizontal and vertical medial vertices respec-
tively, and where

G∂
C (x, y) =

1
π(y − x)

.

Pr oof . K en00
1 �

∆ δ G∆ δ

G∆ δ ∆ G∆

Pr oposit ion . Let (Ωδ)δ> 0 be a family of discrete domains approximating
a bounded domain Ω as δ → 0 and let (Gδ)δ> 0 denote either (Ωδ)δ> 0 or (Ω

∗
δ)δ> 0.

Consider the Green’s function G∆ δ
Gδ
: VGδ × VGδ → R with Dirichlet boundary con-

ditions. Then there exists a universal constant C > 0 such that for any compact
subset K ⊂ Ω, there exists εK (δ) > 0 with εK (δ) −→

δ→0
0 such that

�
�
�G∆ δ

Gδ
(x, y) − G∆

Ω (x, y)
�
�
� ≤ C ·

δ2

|x − y|2
+ εK (δ) ∀x, y ∈ VGδ ∩K

�
�
�
�

�
1
δ
∇δG

∆ δ
Gδ
(x, ·)

�

(y) −
�
∇G∆

Ω (x, ·)
�
(y)

�
�
�
� ≤ C ·

δ

|x − y|2
+ εK (δ) ∀x, y ∈ VGδ ∩K .

where G∆
Ω is the continuous Dirichlet ∆ -Green’s function of Ω.
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Pr oof . (Gδ)δ> 0 = (Ωδ)δ> 0
G∆ •

δ
Ωδ
(x, y) = G∆ •

δ
Cδ
(x, y) − G̃Ωδ G∆ •

δ
Cδ

:
VCδ × VCδ → R ChSm08

�
∆ •

δG
∆ •

δ
Cδ
(x, ·)

�
(y) =

�
0 y �= x

1 y = x

G∆ •
δ

Cδ
(x, y) −

1
2π
log |y − x| −→

y→∞
0.

G̃Ωδ : VΩδ × VΩδ → R
�
∆ •

δG̃Ωδ (x, ·)
�
(y) = 0∀x ∈ VΩδ ,∀y ∈ VΩδ

G̃Ωδ (x, y) = G∆ δ
Cδ
(x, y) ∀x ∈ VΩδ ,∀y ∈ ∂VΩδ .

G∆
Ω (x, y) = G

∆
C (x, y) − G

∗
Ω (x, y) ,

G∆
C (x, y) =

1
2π
log |y − x| .

G̃Ω : Ω × Ω→ R
�
∆ G̃Ω (x, ·)

�
(y) = 0∀x ∈Ω,∀y ∈Ω.

G̃Ω (x, y) = G∆
C (x, y) ∀x ∈Ω,∀y ∈ ∂Ω

K en00 C0

�
�
�G

∆ •
δ

Cδ
(x, y) − G∆

C (x, y)
�
�
�≤ C0 ·

δ2

|x − y|2
∀x, y ∈ VCδ .

ChSm08 K ε̃K (δ)
ε̃K (δ) −→

δ→0
0 δ > 0

�
�
�̃GΩδ (x, y) − G̃Ω (x, y)

�
�
�≤ ε̃K (δ) ∀x, y ∈ VΩδ ,

C1

�
�
�
�
1
δ

�
∇δG

∆ •
δ

Cδ
(x, ·)

�
(y) −

�
∇G∆

C (x, ·)
�
(y)

�
�
�
�≤ 2C1 ·

δ

|x − y|2
∀x, y ∈ VCδ

C2
�
�
�
�
1
δ

�
∇G̃∆ •

δ
Ωδ
(x, ·)

�
(y) −

�
∇G̃∆

Ω (x, ·)
�
(y)

�
�
�
�≤

C2 · ε̃K (δ)
dist (K , ∂Ω)

.

�

G∆ δ ChSm09
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Cor ol l ar y . With the notation and assumptions of Proposition 34, there
exists a universal C > 0 such that for each d > 0, each δ > 0 suffi ciently small and
each v ∈ VGδ at distance at least d from ∂Ω, we have

�
�
�
�
�
�
�

�

x∈VGδ ∩D(v, 12 d)

G∆ δ
Gδ
(v, x) · δ2

�
�
�
�
�
�
�
≥ C · d2.

Pr oof . d v ∈ VGδ δ > 0

G∆ δ
Gδ
(v, x) ≤ G∆

Ω (v, x) +
1
4π
log (2) ∀x ∈ VGδ ∩

�

D

�

v,
2
3
d

�

\ D

�

v,
1
2
d

��

.

G∆
Ω (v, x) ≤ GD(v,d) (v, x) =

1
2π
log (|v| / d) ,

G∆ δ
Gδ
(v, ·) v

G∆ δ
Gδ
(v, x) ≤ −

1
4π
log (2) ∀v ∈ VGδ ∩D

�

v,
1
2
d

�

.

C > 0
�

x∈VGδ ∩D(v, 12 d)

G∆ δ
Gδ
(v, x) ·δ2 ≤ −C · d2,

�

L1 G∆ δ

Cor ol l ar y . With the notation and assumptions of Proposition 34, there
exists C > 0 such that for each v ∈ VGδ and each 0 < d ≤

dist (v ,∂Ω)
2 , we have

�

x∈VGδ ∩D(v,d)

�
�
�
�
1
δ
·
�
∇δG

∆ δ
Gδ
(v, ·)

�
(x)

�
�
�
�·δ

2 ≤ C · d,

uniformly with respect to δ.

Pr oof . x ∈ VGδ ∩D (v, d)

1
δ
·
�
∇δG

∆ δ
Gδ
(v, ·)

�
(x) ≤

�
�
�
∇G∆

Ω (v, ·)
�
(x)
�
�+ C ·

�
δ

|v − x|2
+ εd (δ)

�

C1 > 0
�

x∈VGδ ∩D(v,d)

�
�
�
∇G∆

Ω (v, ·)
�
(x)
�
�· δ2 ≤ C1

ˆ

D(v,d)

�
�
�
∇G∆

Ω (v, ·)
�
(x)
�
�dx,

�
∇G∆

Ω (v, ·)
�
(x) ∼ 1

v− x x → v
ˆ

D(v,d)

�
�
�
∇G∆

Ω (v, ·)
�
(x)
�
�dx ≤ M2 · d
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M2 > 0

�

x∈VGδ ∩D(v,d)

δ

|v − x|2
·δ2 ≤ C3 ·

ˆ

D(v,d)

1
|v − x|

dx

≤ M4 · d,

C3, C4 > 0 εd (δ)
δ �

Pr oposit ion . With the same notation as above, for each compact subset
K ⊂ Ω and each �> 0 there exists d (K ,�) > 0 such that

�
�
�G∆ δ

Gδ
(v1, v2)

�
�
�≤ �

for each v1 ∈ K and v2 such that dist (v2, ∂Gδ) ≤ d(K ,�), uniformly over all δ > 0.

Pr oof . K es87 �

Pr oposit ion . Let Ω be a domain, let l ⊂ ∂Ω be a boundary arc and let
(Ωδ)δ> 0 be a discretization of Ω. For each δ > 0, let ∆̃

•
δ with boundary modification

on ∂VΩδ ∩ l , as explained in Section 2.6.1. For each δ > 0, let H
◦
δ : VΩ∗

δ
→ R and

H̃ •
δ : VΩδ → R be the harmonic measures of ∂VΩ∗

δ
∩l and ∂VΩδ ∩l for the Laplacians

∆ ◦
δ and ∆̃

•
δ respectively, defined by

H ◦
δ (x) = 1∂VΩ ∗δ

∩l (x) ∀x ∈ ∂VΩ∗
δ

H̃ •
δ (y) = 1∂VΩδ ∩l

(x) ∀x ∈ ∂VΩδ ∩ l

∆ ◦
δH

◦
δ (x) = 0∀x ∈ VΩ∗

δ

∆ •
δH̃

•
δ (x) = 0∀x ∈ VΩδ

Then we have that

H ◦
δ −→

δ→0
H

H̃ •
δ −→

δ→0
H

uniformly on the compact subsets of Ω, where H is the continuous harmonic mea-
sure, defined by H |l = 1, H |∂Ω\ l = 0, ∆ H = 0.

DHN09

Lemma . Let R be a rectangle with horizontal and vertical sides, and denote
by l ⊂ ∂R its lower side. For each δ > 0, let ∆̃ •

δ be the Laplacian modified on
∂VR δ ∩ l , as defined in Section 2.6.1. Let H δ : VR δ → R and H̃ δ : VR δ → R be the
harmonic measures of ∂Rδ \ l with respect to the Laplacians ∆ •

δ and ∆̃
•
δ defined as

in Proposition 38. Then we have

H δ (x) ≤ H̃ δ (x) ∀x ∈ VR δ ,
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and there exists C1 > 0 such that

C2 ·δ ≤ H δ (z + iδ) ∀z ∈ ∂VR δ ∩ l .

and for each ε > 0, if we denote by lε ⊂ l the part of the segment l defined as
{ z ∈ l : dist (∂R \ l) ≥ ε} , there exists C3 > 0 such that

H̃ δ (z + iδ) ≤ C3 · δ∀z ∈ ∂VR δ ∩ lε .

Pr oof . u ⊂ ∂R R
H δ H̃ δ

∆ •
δ ∆̃ •

δ

H δ (x) ≤ H̃ δ (x) ∀x ∈ VR δ .

S l ∪ u ⊂ ∂S
HS

δ : VSδ → R H̃ S
δ : VSδ → R

S ∆ •
δ ∆̃ •

δ

HS
δ (x) ≤ H δ (x) ∀x ∈ VR δ .

S H S
δ (x)

H S
δ (z + iδ) =

δ
height (Rδ)

∀z ∈ ∂VSδ ∩ l ,

H ∗
δ, H̃

∗
δ : VR δ → R ∂Rδ ∩ u
∆ δ ∆̃ δ ∂VR δ ∩ l

H ∗
δ (x)

H δ (x)
=
H̃ ∗

δ (x)

H̃ δ (x)
≤ 1.

ε > 0
C3 > 0 δ > 0

H ∗
δ (z + iδ)

H δ (z + iδ)
≥

1
C3

∀z ∈ ∂VR δ ∩ lε .

H̃ S
δ

C4 > 0 δ > 0

H̃ S
δ (z + iδ) ≤ C4 · δ∀z ∈ ∂VSδ ∩ l ,

H δ (z + iδ) ≤ C3 ·H
∗
δ (z + iδ) ≤ C3 ·C4 · H̃

S
δ (z + iδ) ∀z ∈ ∂VR δ ∩ lε .

�
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3.3. Regular i t y est imat es for discret e harmonic and holomorphic
funct ions

Pr oposit ion . Let f δ : VGδ → Cδ> 0 be a discrete harmonic function (with
Gδ equal to Ωδ, Ω∗δ, Ω

m
δ or Ωm ∗δ ). Then there exists a universal constant C > 0

such that

|f δ (v1) − f δ (v2)| ≤ C ·
|v1 − v2| ·maxv∈∂0 VGδ |f δ (v)|

min (dist (v1, ∂VGδ ) , dist (v2, ∂VGδ ))
,

for all v1, v2 ∈ VGδ .

Pr oof . ChSm08 �

L1 L∞

Pr oposit ion . Let f δ : VΩmδ → C be a discrete s-holomorphic function.
Then there exists a universal constant C > 0 such that

|f δ (v)| ≤ C ·

�
w∈∂ 0 VΩmδ

∪∂− 1 / 2 VΩmδ

|f δ (w)| · δ

dist (v, ∂Ωδ)
,

�
�
�
�
1
δ
∇δf δ (x)

�
�
�
� ≤ C ·

�
w∈∂ 0 VΩmδ

∪∂− 1 / 2 VΩmδ

|f δ (w)| · δ

(dist (v, ∂Ωδ))
2 ,

where ∂− 1/ 2VΩm
δ
=
�
x ∈ VΩmδ : dist

�
x, ∂0VΩmδ

�
=

√
2
2 δ
�
.

Pr oof .

f δ (v) =
1
2i

�

�
�

�

�e∈∂ 0 �EΩδ

f (m(�e)) ·G∂ δ

�

v,m(�e) +
i�e
2

�

·�e

+
�

�e∈∂ �EΩ ∗δ

f (m(�e)) ·G∂ δ

�

v,m(�e) +
i�e
2

�

·�e

�

�
� ,

∂0�EΩδ ∂�EΩ∗
δ

∂0Ωδ ∂Ω∗δ

∇δf δ (x) =
1
2i

�

�
�

�

�e∈∂ 0 �EΩδ

f (m(�e))

�

∇δG
∂ δ

�

·,m(�e) +
i�e
2

��

(x) ·�e

+
�

�e∈∂ �EΩ ∗δ

f (m(�e))

�

∇δG
∂ δ

�

·,m(�e) +
i�e
2

��

(x) ·�e

�

�
� .
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C 1
δ

�
�
�G∂ δ (x, y)

�
�
� ≤

C
�
�
�G∂ (x, y)

�
�
�

1
δ2

�
�
�
�
∇δG

∂ δ (·, y)
�
(x)
�
�
�≤

�
�
�
�
∇G∂ (·, y)

�
(x)
�
�
�,

{ (x, y) ∈ C × C} �

L1

L∞

Pr oposit ion . Let f δ : VΩm
δ
→ Cδ be a discrete holomorphic function. Then

there exists a universal constant C > 0 such that

|f δ (v)| ≤ C ·

�
w∈VΩδ

|f δ (w)| · δ2

(dist (v, ∂VΩδ ))
2 ,

1
δ
�∇δuδ (v)� ≤ C ·

�
w∈VΩδ

|f δ (w)| · δ2

(dist (v, ∂VΩδ ))
3 ,

for each v ∈ VΩδ .

Pr oof . d = dist (v, ∂VΩδ )

�

Rk,δ =

�

v −
kδ
2
, v +

kδ
2

�

×

�

v − i
kδ
2
, v + i

δ
2

�

∩Cδ : k ∈
�
d
4δ
,
d
2δ

�

∩N

�

,

�

ChSm09

Pr oposit ion . Let f δ : VΩm
δ
→ C be an s-holomorphic function. Then there

exists a constant C > 0 such that for δ > 0 and any x ∈ VΩm ∗
δ
, we have

|f δ (v)| ≤ C ·

�
�
�
�
maxw∈VΩm ∗

δ
|Iδ,x [f δ] (w)|

dist
�
v, ∂0VΩm

δ

� ∀v ∈ VΩm
δ
.

1
δ
�∇δuδ (v)� ≤ C ·

�
maxw∈VΩm ∗

δ
|Iδ,x [f δ] (w)|

dist
�
v, ∂0VΩm

δ

�3
2

∀v ∈ VΩm
δ
.

Pr oof . M δ maxw∈VΩm ∗
δ
|Iδ,x [f δ] (w)|

Lemma . Thereexists a universal constant C0 > 0 such that for any v ∈ VΩm
δ
,

we have
�

w∈VΩδ ∩D(v, 34 ·dist (v,∂VΩδ ))

∆ •
δI
•
δ [f δ] (w) ≤ C0 ·M δ,

�

w∈VΩ ∗δ
∩D(v, 34 ·dist (v,∂VΩδ ))

∆ ◦
δI

◦
δ [f δ] (w) ≤ C0 ·M δ.
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Lemma . Thereexists a universal constant C1 > 0 such that for any v ∈ VΩm
δ
,

we have
�

x∈VΩmδ
∩D(v, 23 dist (v,∂VΩδ ))

|f δ (x)|
2 · δ2 ≤ C1 ·M δ · dist (v, ∂VΩδ ) .

C2 > 0
�

x∈VΩmδ
∩D(v, 23 dist (v ,∂VΩδ ))

|f δ (x)| · δ
2

≤ C2 · dist (v, ∂VΩδ ) ·

�
�
�
�

�

x∈VΩmδ
∩D(v, 23 dist (v ,∂VΩδ ))

|f δ (x)|
2 ·δ2

≤ C2 ·C1 ·
�
M δ · dist (v, ∂VΩδ )

3
2 .

C3 > 0

max
x∈VΩmδ

∩D(v, 12 dist (v,∂VΩδ ))
|f δ (x)| ≤ C3 ·

�
M δ

dist (v, ∂VΩδ )

max
x∈VΩmδ

∩D(v, 12 dist (v ,∂VΩδ ))
|(∇δf δ) (x)| ≤ C4 ·

√
M δ

dist (v, ∂VΩδ )
3
2

,

�

Pr oof of Lemma 44. d = dist (v, ∂VΩδ ) H •
δ , S

•
δ :

VΩδ → R I•δ [f δ] H ◦
δ , S

◦
δ : VΩ∗

δ
→ R

I ◦δ [f δ]

H •
δ (v) = I •δ [f δ] (v) ∀v ∈ ∂VΩδ ,

H ◦
δ (w) = I ◦δ [f δ] (w) ∀w ∈ ∂VΩ∗

δ

∆ •
δH

•
δ (v) = 0∀v ∈ VΩδ ,

∆ ◦
δH

◦
δ (w) = 0∀v ∈ VΩ∗

δ
,

H •
δ (v) + S

•
δ (v) = I •δ [f δ] (v) ∀v ∈ VΩδ ,

H ◦
δ (w) + S

◦
δ (w) = I •δ [f δ] (w) ∀w ∈ VΩ∗

δ
.

H •
δ H ◦

δ M δ

S•δ S◦δ 2M δ S•δ S◦δ

S•δ (v) =
�

x∈VΩδ

∆ δS
•
δ (x) G

∆ δ
Ωδ
(x, v) ∀v ∈ VΩδ ,

S◦δ (w) =
�

y∈VΩ ∗δ

∆ δS
◦
δ (y) G

∆ δ
Ω∗
δ
(y, w) ∀w ∈ VΩ∗

δ
.
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G∆ •
δ

Ωδ
(·, ·) ≤ 0
�

�
�

�

w∈VΩδ ∩D(v, 34 d)

S•δ (w)

�

�
� · min

x∈VΩδ ∩D(v, 34 d)
G∆ •

δ
Ωδ
(x, w) ≤ 2M δ.

w ∈ VΩδ
�

�
�

�

w∈VΩδ ∩D(v, 34 d)

S•δ (w)

�

�
� · min

x∈VΩδ ∩D(v, 34 d)

�

w∈VΩδ

G∆ •
δ

Ωδ
(x, w)

≤ C0 ·M δ · d
2,

C0 C1

min
x∈VΩδ ∩D(v, 34 d)

�

w∈VΩδ

G∆ •
δ

Ωδ
(x, w) ≥ C1 · d

2

�

�
�

�

w∈VΩδ ∩D(v, 34 d)

S•δ (w)

�

�
� ≤

C0
C1
M δ

�

Pr oof of Lemma 45. d = dist (v, ∂VΩδ )

|f δ (v)| =

�
�
�
�
1
δ
(∂δIδ [f δ]) (v)

�
�
�
�

Iδ [f δ]
C0 > 0

�

v∈VΩmδ
∩D(v, 23 d)

�
�
�
�
1
δ
(∂δIδ [f δ]) (v)

�
�
�
�·δ

2 ≤ C0 ·M δ · d

Ωδ Ωδ ∩ D
�
v, 34d

�
Ω̃δ Ωδ ∩ D

�
d, 23d

�
H •

δ, S
•
δ : VΩδ

→ R
I•δ [f δ] H ◦

δ, S
◦
δ : VΩ∗

δ
→ R

I ◦δ [f δ] H •
δ + S

•
δ = I •δ [f δ]

∆ •
δH

•
δ = 0 S•δ |∂VΩδ

= 0 H ◦
δ + S

◦
δ = I ◦δ [f δ] ∆

◦
δH

◦
δ = 0 S◦δ |∂VΩ ∗δ

= 0
C1 > 0

�
�
�
�
1
δ
∂δ

•
δ (x)

�
�
�
� ≤

C1 ·M δ

d
∀x ∈ VΩ̃δ

,
�
�
�
�
1
δ
∂δ

◦
δ (y)

�
�
�
� ≤

C1 ·M δ

d
∀y ∈ VΩ̃∗

δ
.

�

x∈VΩ̃ δ

�
�
�
�
1
δ
∂δ

•
δ (x)

�
�
�
� ≤ C1 ·M δ · d,

�

y∈VΩ̃ ∗δ

�
�
�
�
1
δ
∂δ

◦
δ (y)

�
�
�
� ≤ C1 ·M δ · d.
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�

v∈VΩ̃ δ

�
�
�
�
1
δ
· ∂δS

•
δ (x)

�
�
�
�·δ

2 ≤

�

�
�

v∈VΩδ

∆ •
δ
•
δ (v)

�

�

· max
z∈VΩ̃ δ

�

�
�

x∈VΩ̃ δ

1
δ
·
�
∂δG

∆ δ
Ωδ
(x, ·)

�
(z) · δ2

�

� ,

�

w∈VΩ̃ ∗δ

�
�
�
�
1
δ
· ∂δ

◦
δ (w)

�
�
�
�·δ

2 ≤

�

�
�

w∈VΩ ∗δ

∆ ◦
δS

◦
δ (w)

�

�

· max
z∈VΩ̃ ∗δ

�

�
�
�

y∈VΩ̃ ∗δ

1
δ
·
�
∂δG

∆ δ
Ωδ
(y, ·)

�
(z) · δ2

�

�
� .

C2 ·M δ C2
C3 · d �
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4.1. Cont inuous R iemann-H i lber t boundary value problems

Def init ion . Ω ⊂ C Ω �= C
f : Υ → C Υ ∂Ω
Ω u : Ω→ C continuous Riemann-
Hilbert boundary value problem (♠ Ω, f )

(u − f ) (z) �
1

�
�νext (z)

∀z ∈ ∂Ω

integral sense: a ∈Ω ζ �→ �e
�́

ζ
a (u (z) − f (z))

2 dz
�

(u − f )2 Υ Υ∪∂Ω
∂Ω z→ ∂Ω

(u − f )
� 1√

�νex t

Pr oposit ion . Let φ : Ω→ Ω̃ be a conformal mapping. Then there exists a
globally well-defined holomorphic function such that ψ : Ω→ C such that ψ2 = φ�,
which we denote by

√
φ�when its branch choice is clear or irrelevant. I f u : Ω→ C
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is a holomorphic function such that on a connected component b ⊂ ∂Ω of the
boundary, we have

u (z) �
1

�
�νext (z)

∀z ∈ l ,

in the sense that �e
�́
u2
�
is globally well-defined on a neighborhood of b and ex-

tends continously to a constant on b. Then for any branch choice of
√
φ�, we have

that

u
�
φ− 1 (ζ)

�
·
�
φ�(φ− 1 (ζ)) �

1
�
�νext (ζ)

∀ζ ∈ φ (l ) ,

in the same sense as above.

Pr oof . b ∂Ω

˛

b
d log (φ�(z)) =

˛

b
d log(φ�· τ (z)) − d log(τ (z))

= ± 2πi − 2πi ,

τ b φ : b→
φ (b)

0
− 4π

ψ (z) = exp

�
1
2
log(φ�(z))

�

ψ2 = φ�

�

Pr oposit ion . A Riemann-Hilbert boundary value problem (♠ Ω , f ) for given
Ω and f has at most one solution.

Pr oof .
(♠ Ω , 0) 0 Ω h : Ω→ C (♠ Ω, 0)

H (ζ) = �e
�́

ζ
a h (z)

2 dz
�

Ω ∂Ω

0 =
¨

Ω
∆ H (x + iy) dxdy

=
ˆ

∂Ω
∂�νex t (z)H (z) dz

=
ˆ

∂Ω
|h (z)|2 dz,

h 0 ∂Ω
Ω Ω
Ω̃ φ h ◦ φ− 1 ·

�
φ�◦ φ− 1

(♠ Ω̃, 0) �
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4.2. D iscret e R iemann-H i lber t boundary value problems: r egular i t y
and precompact ness

Pr oposit ion . There exists a universal constant C > 0 such that for each
δ > 0 and any s-holomorphic function uδ : VΩmδ → C solving the discrete Riemann-
Hilbert boundary value problem (♠ Ωδ , f δ) for f δ : ∂0VΩmδ → C, we have

|uδ (v)|
2 ≤ C ·

�
�
�
�

�
x∈∂ 0 VΩmδ

|f δ (x)| · δ

dist
�
v, ∂0VΩm

δ

� ∀v ∈ VΩmδ ,

1
δ
· �∇δuδ (v)� ≤ C ·

� �
x∈∂ 0 VΩmδ

|f δ (x)| ·δ

dist
�
v, ∂0VΩm

δ

�3
2

∀v ∈ VΩmδ .

Pr oof .
�

x∈∂ 0 VΩmδ

|uδ (x)|
2 ≤

�

v∈∂ 0VΩmδ

|f δ (x)|
2 .

y ∈ ∂0VΩδ I y ,δ [uδ] : VΩm ∗
δ

→ R
0 y Iy ,δ [uδ]

|I y ,δ [uδ] (z)| ≤ 2
�

x∈∂ 0VΩmδ

|f δ (x)|
2 · δ∀z ∈ ∂VΩδ .

I •y ,δ [uδ] I ◦y,δ [uδ]

sup
x
|I y ,δ [uδ] (x)| ≤ 2

�

x∈∂ 0 VΩmδ

|f δ (x)|
2 ·δ.

�

T heor em . Let (Ωδ)δ> 0 be a family of discrete domains approximating a

smooth domain Ω. Let P ⊂ Rn be a parameter space and let
�
upδ
�p∈P
δ> 0

be a family of
functions such that for each δ > 0 and each p ∈ P , upδ : VΩm

δ
→ C solves the discrete

problem
�
♠ Ωδ , f

p
δ

�
with f pδ : ∂0VΩm

δ
→ C. Then if the the family of functions

�
∂0VΩmδ × P � (x, p) :�→ (f δ (x))

p
δ

�
δ> 0

is uniformly equicontinuous and bounded, the family of functions
�
VΩm

δ
× P � (v, p) �→

�
upδ (v)

��
δ> 0

is uniformly equicontinuous and bounded for the topology of the convergence on the
compact subsets of Ω × P .
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Pr oof . d > 0 K d = { z ∈Ω : dist (z, ∂Ω) ≥ d} ε > 0
P ⊂ P

∂Ω M > 0 δ > 0
�
�upδ (v)

�
�≤ M ∀v ∈ VΩm

δ
∩K d

2
,∀p ∈ P.

C > 0
δ > 0

�
�upδ (v) − u

p
δ (ṽ)

�
�≤ C ·M · |v − ṽ| ∀v, ṽ ∈ VΩmδ ∩K d,∀p ∈ P.

ε > 0 τ > 0

�
�
�upδ (v) − u

p̃
δ (v)

�
�
�≤ �∀v ∈ VΩm

δ
∩K d ∀p, p̃ ∈ P : |p− p̃| ≤ τ .

�

4.3. R iemann-H i lber t boundary value problems: ident ificat ion of
subsequent ial l im it s

Pr oposit ion . Let Ω be a domain and (Ωδ)δ> 0 be a discretization of Ω and

let Υ ⊂ Ω be a neighborhood of ∂Ω such that ∂Ω ⊂ Υ . Let
�
gδn : VΥ m

δn
→ C

�

n≥ 0
be

a sequence of s-holomorphic functions such that

gδn (x) �
1

�
�νext (x)

∀x ∈ ∂0VΩm
δ
.

Suppose that, as n → ∞ , δn → 0 and, uniformly on the compact subsets of Υ , we
have gδn → g for some continuous function g : Υ → C. Then we have that g is
holomorphic and that �e

´
g2 is globally well-defined on Υ and extends continuously

to a locally constant function on ∂Ω, and has nonpositive outer normal derivative
there.

Cor ol l ar y . Let (Ωδ)δ> 0 be a family of discrete domains approximating a
domain Ω and let (uδ)δ> 0 be a family of s-holomorphic functions such that for each
δ > 0, uδ : VΩm

δ
→ C solves the discrete problem (♠ Ωδ , f δ), with f δ → f as δ→ 0.

Suppose that there exists a neighborhood Υ ⊂ Ω with ∂Ω ⊂ Υ such that for each
δ > 0, f δ : ∂0VΩmδ → C extends to s-holomorphic function f δ : VΥ m

δ
→ C, and such

that f δ → f uniformly on Υ for some holomorphic function f : Υ → C as δ→ 0.
Then any convergent subsequence of (uδ)δ> 0 (for the topology of uniform con-

vergence on the compact subsets) converges to the solution to the continuous problem
(♠ Ω , f ) as δ→ 0, which is in particular guaranteed to exist.

Pr oof of Cor ol l ar y 52.
u = limn→∞ uδn

(♠ Ω , f )
uδ → u δ→ 0 �
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Pr oof of Pr oposit ion 51.
g Υ �e

�́
g2
�

∂Ω b ⊂ ∂Ω Λ ⊂ Υ
b Ω ∂Λ \ ∂Ω Υ

Iδ [gδ] : VΛm ∗
δ

Vbm ∗
δ

Λm ∗δ

gδn → g Iδn [gδn ] → −�e
�́
g2
�

Ω ∩ Λ
n → ∞ �e

�́
g2
�

∂Ω

lim sup
n→∞

�
�Iδn [gδn ] (v) − I

◦
δn [gδn ] (bδ)

�
�−→
v→b

0.

I ◦δn [gδ] (bδ) Iδ [gδ] ∂0VΛ∗
δ
∩ ∂Ω

−�e
�́
g2
�

∂Ω
Ĩ •δ [gδ]

∂�νex t Ĩ
•
δ [gδ] ≤ 0 ∂0VΩm

δ

Ĩ •δ [gδ] ∂Ω −�e
�́
g2
�

∂Ω n → ∞ �

Lemma . Let Λ be a doubly-connected domain and denote by b one of the two
connected components of ∂Λ. Let (gδn )n> 0 be a family of s-holomorphic functions
with gδn : VΛδn

→ C such that we have

gδn (v) �
1

�
�νext (x)

∀x ∈ ∂0VΛδn
∩ b.

Then if gδn is uniformly bounded on the compact subsets of Λ, we have

lim sup
n→∞

�
�Iδn [gδn ] (v) − I

◦
δn [gδn ] (bδ)

�
�−→
v→b

0.

Pr oof .
δ∈ { δn : n ≥ 0} Ĩδ : VΛm ∗

δ
→ R gδ

∂VΛδ ∩b Ĩ •δ (x) = I
◦
δ [gδ] (bδ) x ∈ ∂VΛδ ∩b

∆̃ •
δ Ĩ
•
δ [gδ] ≥ 0 ∆̃ •

δ
Υ Λ ∂Υ ∩ ∂Λ = b

d ⊂ ∂Υ ∂Υ H̃ •
δ : VΥ δ → R

H ◦
δ : VΥ ∗

δ
→ R Ĩ •δ I ◦δ

H̃ •
δ (x) = Ĩ •δ [u] (x) ∀x ∈ ∂VΥ δ ,

H ◦
δ (y) = Ĩ ◦δ [u] (y) ∀y ∈ ∂VΥ ∗

δ
,

∆̃ •
δH̃

•
δ (x) = 0∀x ∈ VΥ δ ,

∆ ◦
δH

◦
δ (y) = 0∀y ∈ VΥ ∗

δ
.

VΥ ∗m
δ

Υ

H̃ ◦
δ (z) ≤ I

◦
δ [u] (z) ≤ Ĩ

•
δ [u] (z) ≤ H̃

•
δ (z) ∀z ∈ Υ .
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(gδn )n≥ 0
Λ I •δ I ◦δ d H ◦

δ

H̃ •
δ d b

Ĩ •δn I ◦δn Λ I ◦δn [gδn ] (bδn )

H̃ •
δn H ◦

δn
Iδn [u]

lim sup
n→∞

�
�
�̃H •

δn (z) − I
◦
δn [gδn ] (bδn )

�
�
� −→

z→b
0,

lim sup
n→∞

�
�H ◦

δn (z) − I
◦
δn [gδn ] (bδn )

�
� −→

z→b
0,

�

4.4. Ext ension of convergence t o t he boundary

straight

ChSm09

Pr oposit ion . Let (Ωδ)δ> 0 be a discretization of a domain Ω with a straight
boundary part ∂sΩ ⊂ ∂Ω. Let Υ ⊂ Ω be a neighborhood of ∂Ω with ∂Ω ⊂ Υ . Let�
gδ : VΥ m

δ
→ C

�
be a family of s-holomorphic function such that for each δ > 0, we

have

gδ (x) �
1

�
�νext (x)

∀x ∈ ∂0VΩm
δ

and such that as δ → 0, we have gδ → g uniformly on the compact subsets of Υ
for some holomorphic function g. Then the convergence extends uniformly to the
compact subsets of Υ ∪ ∂sΩ.

Cor ol l ar y . Let (Ωδ)δ> 0 be a family of discrete domains approximating
a domain Ω with a straight boundary part ∂sΩ ⊂ ∂Ω. Let

�
uδ : VΩm

δ
→ C

�
δ> 0

be a family of s-holomorphic functions that are the solutions to discrete problems
(♠ Ωδ , f δ). Suppose that there exists a neighborhood Υ ⊂ Ω of ∂Ω with ∂Ω ⊂ Υ such
that for each δ > 0, f δ extend to an s-holomorphic function VΥ m

δ
→ C and such

that f δ → f uniformly on Υ for some f as δ→ 0. Then if uδ → u uniformly on the
compact subsets of Ω, where u is the solution to (♠ Ω, u), we have that u extends to
Ω∪∂sΩ and that the convergence uδ → u extends uniformly to the compact subsets
of Ω∪ ∂sΩ.

Pr oof of Cor ol l ar y 55. gδ = uδ− f δ
gδ Υ ∪ ∂sΩ f δ

Υ uδ �
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Pr oof of Pr oposit ion 54.
∂sΩ

∂sΩ

Υ ∪ ∂sΩ

Lemma . With the notation and under the assumptions of Proposition 55,
we have that for each straight segment s compactly contained in ∂sΩ, there exists
a rectangle R ⊂ Ω with R ∩ ∂Ω = s such that the family of functions (uδ)δ> 0 is
uniformly bounded on R.

Lemma . Let (Rδ)δ> 0 be a family of discrete domains approximating a
rectangle R. Let s be a side of R and let

�
gδ : VRm

δ
→ C

�
δ> 0

be a family of s-
holomorphic functions such that for each δ > 0, we have the boundary condition

gδ (x) �
1

�
�νext (x)

∀x ∈ ∂0VR δ
m
∩ lδ.

Then if there exists a holomorphic function g : R → C such that

gδ −→
δ→0

g

uniformly on the compact subsets of R \ s and if (gδ)δ is uniformly bounded on R,
then the convergence gδ → g is uniform on the compact subsets of s.

�

Pr oof of Lemma 56. ChSm09 l
s ∂sΩ Λ

Υ ∩ Ω l R Λ
R∩∂Ω = l

�
gδ : VΛmδ → C

�
δ

δ > 0 gδ = uδ − f δ

gδ (x) �
1

�
�νext (x)

∀x ∈ ∂0VΛmδ ∩ ∂Ω

Ĩδ [gδ] : VΛδ → R Iδ [u]�
∂1VΛ∗

δ
∪ ∂1VΛδ

�
∩ ∂Ω VΛ∗

δ

VΛδ ∆̃ δ

Lemma . For each ε > 0, there exists C > 0 such that for each δ > 0 and
each v ∈ VRm ∗

δ
such that dist (v, ∂R \ l) ≥ ε, we have

�
�
�̃Iδ [gδ] (v) − Ĩ [gδ] (lδ)

�
�
�≤ C · dist (v, l ) .

Pr oof of Lemma 58.
γ ⊂ Λ ∂Λ∩∂Ω ∂Λ\ ∂Ω

Γ Λ \ γ ∂Λ∩∂Ω
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Ĩ •δ Ĩ ◦δ
Λ → C x ∈ Γ

min
�
Ĩδ [gδ] (lδ) ,mγ

�
≤ Ĩ ◦δ [gδ] (x)

≤ Ĩ •δ [gδ] (x)

≤ max
�
Ĩ [gδ] (lδ) ,M γ

�
,

mγ = infδ> 0 infz∈γ Ĩ [gδ] (z) M γ = supδ> 0 supz∈γ Ĩ [gδ] (z)

Ĩ [gδ] (lδ)− mγ Ĩ [gδ] (lδ)− M γ�
�
�̃Iδ [gδ] (v) − Ĩ [gδ] (lδ)

�
�
�

Ĩδ [gδ]

Ĩ [gδ] (lδ) = 0 MR = supδ> 0 supz∈R
�
�
�̃I [gδ]

�
�
� H •

δ : VR δ → R

∂1VR δ \ l δ Rδ ∆̃ δ H ◦
δ : VR ∗

δ
→ R

∂1VR ∗
δ \ l δ

R∗δ
z ∈ R

R → R

−MRH
◦
δ (z) ≤ Ĩ

◦
δ [gδ] (z) ≤ Ĩ

•
δ [gδ] (z) ≤ MRH

•
δ (z) .

ε > 0 C > 0
δ > 0 z ∈ R dist (z, R \ l) ≥ ε

H ◦
δ (z) ≤ Cdist (z, l ) ,

H •
δ (z) ≤ Cdist (z, l ) ,

�

R ⊂ R R ∩∂Ω = s Ĩδ [gδ] 0
s C δ > 0 v ∈ R

�
�
�̃Iδ [gδ] (v)

�
�
�≤ C · dist (v, ∂Ω) .

gδ �

Pr oof of Lemma 57. s
R

gδ (v) ∈ R ∀v ∈ ∂0VR m
δ
∩ sδ

g(v) ∈ R ∀v ∈ s.
g (v)

s
z ∈ s
lim sup
δ→0

sup
x∈[z− i ε ,z+ i ε ]

|gδ (x) − g(z)| −→
δ→0

0.

hδ : VR m
δ
→ C x �→ gδ (x) − g(z) h : R → C

x �→ g(x) − g(z)
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gδ g Ĩδ [hδ]
h2δ s�

∂0VR ∗
δ
∪ ∂0VR δ

�
∩ s Ĩ •δ [hδ] VR m

δ

Ĩδ [hδ] −→
δ→0

−�e

�ˆ
h2
�

,

R Ĩδ [hδ] −�e
�́
h2
�

0 s

− ∂x�e

�ˆ
h2
�

≤ 0

−�e
�́
g2
�

s
Ĩδ [gδ] → −�e

�́
g2
�

ε > 0 Rε = [z − ε] × [z − iε, z + iε]
R δ > 0

Ĩδ [hδ] (x) ≥ 0∀x ∈ VR m
δ
∩Rε

δ.

∂�νex t (x ) Ĩ
•
δ [hδ] = − δ · h2δ ∀x ∈ ∂0VR m

δ
∩ sδ

Ĩ •δ ε > 0

∂�νex t (x ) Ĩ
•
δ [hδ] ≤

�

max
y∈R ε

Ĩ •δ [hδ] (y)

�

·H • ε
δ

�

x −
δ
2

�

∀x ∈ ∂0VR m
δ
∩ [z − iε, z + iε] ,

H • ε
δ : VR m

δ
∩Rε → R ∂1VR δ ∂R

ε \
[z − iε, z + iε] VR δ ∩R

ε

C > 0 ε > 0 δ > 0

H • ε
δ

�

x −
δ
2

�

≤ C · δ∀x ∈ ∂0VR m
δ
∩
�
z − i

ε
2
, z + i

ε
2

�
.

ε > 0 δ > 0

h2δ ≤ C ·

�

max
y∈R ε

Ĩ •δ [hδ] (y)

�

,

lim sup
δ→0

�

max
x∈∂ 0VR m

δ
∩[z− i ε2 ,z+ i ε2 ]

�

≤ C0 lim sup
δ→0

�

max
y∈R ε

Ĩ •δ [hδ] (y)

�

,

0 ε → 0
hδ R \ s h 0

z z C1 > 0
0 < ε1 < ε δ0 (ε1) δ ≤ δ0 (ε1)

|hδ (x)| ≤ C1 |x − z| ∀x ∈ VR δ ∩ [z − ε, z − ε1] .

hδ R M > 0 h2δ
δ ≤ δ0 (ε1)

Ĩ •δ [hδ] (x) ≤ M
2ε1 +

1
3
C1 |x − z|

3 ∀x ∈ VR δ ∩R
ε .
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lim sup
δ→0

�

max
y∈R ε

Ĩ •δ [hδ] (y)

�

≤ M 2ε1 + C1ε
2.

ε1 → 0

lim sup
δ→0

�

max
y∈R ε

Ĩ •δ [hδ] (y)

�

≤ C1ε
2,

0 ε → 0 �

4.5. Convergence of solut ions t o R iemann-H i lber t boundary value
problems

Theor em . Let Ω be a smooth domain with (possibly empty) straight bound-
ary parts ∂sΩ ⊂ Ω, (Ωδ)δ> 0 a discretization of Ω. Let Υ ⊂ Ω be a neighborhood of

∂Ω such that ∂Ω ⊂ Υ and let P be a parameter space. Let
�
upδ
�p∈P
δ> 0

be a family of
s-holomorphic functions such that for each δ > 0 and each p ∈ P , upδ : VΩm

δ
→ C is

the solution to the boundary value problem
�
♠ Ωδ , f

p
δ

�
such that f pδ extends to an s-

holomorphic function VΥ m
δ
→ C. Then if f pδ (z) → f p (z) in a uniformly continuous

way on the compact subsets of
�
(z, p) ∈ Υ × P

�
, we have that

upδ (z) −→
δ→0

up (z)

uniformly on the compact subsets of { (z, p) ∈ (Ω∪ ∂sΩ) × P } , where up is the so-
lution to (♠ Ω, f p), the existence thereof in particular exists, which depends contin-
uously on p.

Pr oof .
�
upδ (z) : VΩm

δ
× P → C

�
δ

{ (z, p) ∈Ω × P }
upδ

upδ (z) −→δ→0
up (z) ,

{ (z, p) ∈Ω × P }
z p

{ (z, p) ∈ (Ω∪ ∂sΩ) × P }
z p �
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•
– low-temperature

– high-temperature

– Kramers-Wannier duality
–

• discrete fermionic observables

–
winding number

– real discrete fermionic observables

–

– discrete complex fermionic observables

Ωδ

Cδ = δZ2 contour (edge)
configuration EΩδ HΩδ

• CΩδ ω⊂ EΩδ

v ∈ VΩδ ω
CΩδ

• v1, . . . , vn ∈ VΩδ CΩδ (v1, . . . , vn )
ω⊂ EΩδ v ∈ VΩδ \ { v1, . . . , vn }

ω v ∈ { v1, . . . , vn }
ω

CΩδ (v1, . . . , vn )
n
2

v1, . . . , vn
n
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• h1, . . . , hn ∈ HΩδ

ao11 , . . . , a
on
n CΩδ (h1, . . . , hn )

ω⊂ HΩδ n
h1, . . . , hn v ∈ VΩδ

ω
• C ± 1 es11 , . . . , e

sm
m ∈

EΩδ C{ e
s1
1 ,...,esmm } C

C{ e
s1
1 ,...,esmm } = { γ ∈ C: ek ∈ γ ⇐⇒ sk = − 1∀k = 1, . . . ,m} .

5.1. Classical Cont our Represent at ions

5.1.1. Low-t emperat ur e expansion.

Ω∗δ
σ ∈ { ± 1} VΩ ∗δ ω(σ) ⊂ EΩ∗

δ

〈v, w〉∗ ∈ω(σ) ⇐⇒ σv �= σw ∀〈v, w〉∈ EΩ∗
δ
.

Pr oposit ion . The map σ �→ ω(σ) is a surjective two-to-one mapping be-
tween the set of spin configurations with locally monochromatic boundary condi-
tion on ∂Ω∗ and the set of contours CΩδ , and more generally between the spin
configurations with locally monochromatic boundary conditions b alternating at
b1, . . . , b2n ∈ ∂EΩδ (with an even number of bj ’s adjacent to each connected compo-
nent of ∂0Ωδ) and the set of contours CΩδ (x1, . . . , x2n ), where x1, . . . , x2n are the
endpoints in VΩδ of b1, . . . , b2n respectively.

Remar k . σ �→ ω(σ)
Ω∗δ

+ CΩδ

Pr oposit ion . The probabili ty on CΩδ (x1, . . . , x2n ) induced by the mapping
σ �→ ω(σ) is such that for each ω∈ CΩδ (x1, . . . , x2n ),

P{ω} ∝ α |ω|� ,

where |ω| denotes the number of edges of ω and α�= e− 2β , where β is the inverse
temperature of the Ising model. In particular at the critical inverse temperature
βc = 1

2 ln
�√
2+ 1

�
, we have α�= α =

√
2− 1.

b1, . . . , b2n ZΩδ (b1, . . . , b2n ) low-
temperature partition function

ZΩδ (b1, . . . , b2n ) =
�

ω∈CΩδ (b
×
1 ,...,b

×
2n )

α |ω| .
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Figur e 5.1.1.

EΩδ

es11 , . . . , e
sm
m restr icted low-temperature partition

function

Z
{ es11 ,...,esmm }
Ωδ

(b1, . . . , b2n ) =
�

ω∈C
{ es 11 , . . . , esmm }
Ωδ

(b×1 ,...,b×2n )

α |ω| .

5.1.2. H igh-t emperat ure expansion.

Pr oposit ion . Consider the Ising model on Ωδ with free boundary condition
at inverse temperature β and denote by Z freeΩδ

i ts parti tion function. Then we have

Z freeΩδ
= 2|VΩδ | (coshβ)|EΩδ |

�

ω∈CΩδ

α |ω|h ,

where αh = tanhβ and |ω| is the number of edges of ω. In particular, at the critical
value βc = 1

2 ln
�√
2+ 1

�
of β, we have αh = α =

√
2 − 1 . More generally, for

distinct vertices v1, . . . , v2n ∈ VΩδ , i f we denote by Z
free
Ωδ

(v1, . . . , v2n ) the partition
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function

Z freeΩδ
(v1, . . . , v2n ) =

�

σ∈{ ± 1} V Ωδ

σv1 · . . . ·σv2n · e
− βH (σ) ,

we have

Z freeΩδ
(v1, . . . , v2n ) = 2|

VΩδ | (coshβ)|EΩδ |
�

ω∈CΩδ (v1 ,...,v2n )

α |ω|h .

In particular, we have

EfreeΩδ
[σδ (v1) · . . . ·σδ (v2n )] =

�

�
�

ω∈CΩδ (v1 ,...,v2n )

α |ω|h

�

� /

�

�
�

ω∈CΩδ

α |ω|h

�

� .

In the critical case β = βc, we can rewrite this latter ratio as

ZΩδ (v1, . . . , v2n ) / ZΩδ ,

where ZΩδ is as defined in the previous paragraph.

Pr oof . �

5.1.3. K ramers-Wannier dual i t y.
Ω∗δ

Ωδ

• Ωδ Ω∗δ
• β β∗

•

•

Pr oposit ion . Consider both the critical Ising model on Ω∗δ with locally
monochromatic boundary condition and the critical Ising model on Ωδ with free
boundary condition. Let e1, . . . , em ∈ E(Ωδ) be distinct edges. Then we have

EfreeΩδ
[�δ (e1) · . . . · �δ (em )] = (− 1)

m E∅Ω∗
δ
[�δ (e

∗
1) · . . . · �δ (e

∗
m )] ,

where ∅denotes the locally monochromatic boundary condition with no boundary
changing operators.

In other words, the discrete energy field with free boundary condition is equal
to minus the discrete energy field with locally monochromatic boundary condition.

Pr oof . �
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5.2. D iscret e fermionic observables

•

•

5.2.1. W inding numbers and complex phases. a, b ∈ VΩm
δ

γ = 〈a, v1, . . . , vn , b〉 walk a b
v1, . . . , vn ∈ VΩδ vj ∼ vj + 1

j ∈ { 1, . . . , n − 1} a ∼ v1 v2n ∼ b
w (γ) γ γ a1 a2

〈a1, v1〉, 〈v1, v2〉, . . . , 〈vn− 1, vn 〉, 〈vn , a2〉
π
2 (n�− nr ) n� nr

γ
DΩm

δ

Ωδ
�
xo : x ∈ VΩm

δ
, o∈ (O)2 (x)

�

ao11 , a
o2
2 ∈ DΩm

δ

γ a1 a2
o1 o2 oriented winding phase γ

φ (γ, o1, o2) ∈ S

φ (γ, o1, o2) = i ·
√
o2

√
o1
· exp

�

−
i
2
w (γ)

�

.

winding phase ao11 , . . . , a
o2n
2n ∈ DΩmδ

CΩδ (a
o1
1 , . . . , a

o2n
2n )
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ω ∈ CΩδ (a
o1
1 , . . . , a

o2n
2n ) admissible choice of walks ω n

γ1, . . . , γn ⊂ ω a1, . . . , a2n

Def init ion . φ (γ1, . . . , γn )

φ (γ1, . . . , γn , o1, . . . , o2n ) = (− 1)
c(γ1 ,...,γn )

�

γ j :a ι j � aτ j

φ
�
γj , oι j , oτ j

�
,

(− 1)c(γ1 ,...,γn )

{ { ι j , τj } : j ∈ { 1, . . . , n} } { 1, . . . , 2n} γj
{ 1, . . . , 2n} ⊂ R

2 (− 1)c(γ1 ,...,γn ) 1
− 1

Remar k . (− 1)c(γ1 ,...,γn )

j ∈ { 1, . . . , n} (ι j )j
(− 1)c(γ1 ,...,γn ) = sgn

�
σ(γ1 ,...,γn )

�
σ(γ1 ,...,γn ) ∈ S2n

σ(γ1 ,...,γn ) (2k − 1) = ι k σ(γ1 ,...,γn ) (2k) = τk k = 1, . . . , n

Pr oposit ion . Let ao11 , . . . , a
o2n
2n ∈ DΩmδ

be doubly-oriented medial vertices.
Then for each configuration ω∈ CΩδ (a

o1
1 , . . . , a

o2n
2n ), thewindingphasesφ (γ1, . . . , γn , o1, . . . , o2n )

and φ (γ̃1, . . . , γ̃n , o1, . . . , o2n ) of any two admissible choices of walks on ω are the
same.

We denote by φ (ω, o1, . . . , o2n ) the winding phase of ω defined as the winding
phase of its admissible choices of walks. The winding phase is antisymmetric with
respect to the permutations of the indices { 1, . . . , 2n} .

Pr oof . �

x ∈ ∂0VΩm
δ

inward-pointing (simple) orientation x

o =
�νint (x)
|�νint (x)|

∈O(x) ,

õ ∈ (O)2 (x) inward-pointing
x

Pr oposit ion . Let a1, . . . , a2n ∈ ∂0VΩm
δ
be boundary medial vertices such

that each connected component of ∂Ωδ contains an even number of aj ’s let and
o1, . . . , o2n ∈ (S)2� be inward-pointing double orientations at a1, . . . , a2n . Then for
each ω∈ CΩδ (a

o1
1 , . . . , a

o2n
2n ), the winding phase φ (ω) is the same.

Pr oof . �
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Figur e 5.2.1. C
{ e+1 ,e−2 ,e−3 }
Ωδ

(a1, . . . , a10)

γ1 : a1 � a7 γ2 : a2 � a8 γ3 : a3 � a4 γ4 : a5 � a6
γ5 : a9 � a10 o1 = (1)2

o2 =
�
λ
�2

o3 = (− 1)2 o4 = (1)2 o5 =
�
− λ
�2

o6 = (1)2

o7 = (i )2 o8 = (λ)2 o9 = (λ)2 o10 = (− i )2 a1, . . . , a10
φ (γ1, o1, o7) = 1 φ (γ2, o2, o8) = i φ (γ3, o3, o4) = − 1

φ (γ4, o5, o6) = 1 φ (γ5, a9, a10) = 1 (− 1)c(γ1 ,...,γn ) = − 1
φ (γ1, . . . , γ5, o1, . . . , o10) = − 1

5.2.2. T he real fermionic observables.
ao11 , . . . , a

o2n
2n ∈ DΩm

δ
real fermionic
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observable f Ωδ (a
o1
1 , . . . , a

o2n
2n )

f Ωδ (a
o1
1 , . . . , a

o2n
2n ) =

1
ZΩδ

�

�
�

�

ω∈CΩδ (a
o1
1 ,...,a

o2n
2n )

α |ω|φ (ω, o1, . . . , o2n )

�

�
� ,

ZΩδ |ω|
ω 1

2
es11 , . . . , e

sm
m a1, . . . , a2n restr icted real

fermionic observable

f
{ es11 ,...,esmm }
Ωδ

(ao11 , . . . , a
o2n
2n ) =

1
ZΩδ

�

�
�
�
�

�

ω∈C
{ es 11 , . . . , esmm }
Ωδ

(ao11 )

α |ω|φ (ω, o1, . . . , o2n )

�

�
�
�
�
.

(. . .) { . . .}
(. . .) e1, . . . , em fused real fermionic observable

f [e1 ,...,em ]{ ...}Ωδ
(. . .)

f [e1 ,...,em ]{ ...}Ωδ
(. . .) = f

[e1 ,...,em − 1 ]{ ...,e+m }
Ωδ

(. . .) −
1+ µ
2

· f [e1 ,...,em − 1 ]{ ...}
Ωδ

(. . .)

µ =
√
2 − 1

e1, . . . , em

Remar k . f [e1 ,...,em ]Ωδ
(ao11 , . . . , a

o2n
2n )

2n + 2m 2m
e1, . . . , em

ao11 , . . . , a
o2n
2n

5.2.3. Complex fermionic obser vables and weight s.

{ . . .} [. . .]
ao11 , . . . , a

o2n
2n ∈ DΩm

δ
complex

fermionic observable h[...]{ ...}Ωδ
(ao11 , . . . , a

o2n
2n )

h[...]{ ...}Ωδ
(ao11 , . . . , a

o2n
2n ) = −

i
√
o2n

· f [...]{ ...}Ωδ
(ao11 , . . . , a

o2n
2n ) .

o2n o2n ∈ S (S)2

a2n ∈ VΩm
δ

ao11 , . . . , a
o2n − 1
2n− 1 ∈ DΩmδ

h[...]{ ...}Ωδ

�
ao11 , . . . , a

o2n − 1

2n− 1 , a2n
�

h[...]{ ...}Ωδ

�
ao11 , . . . , a

o2n − 1

2n− 1 , a2n
�
=

�

o2n ∈O(a2n )

h[...]{ ...}Ωδ

�
ao11 , . . . , a

o2n − 1

2n− 1 , a
o2n
2n

�
,

O (a2n ) a2n ± 1
± i fused

[. . .] unfused
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ao11 , . . . , a
o2n − 1

2n− 1 ∈ DΩmδ
a2n ∈ VΩm

δ
ω∈ CΩδ

�
ao11 , . . . , a

o2n − 1

2n− 1 , a2n
�

W h (ω, o1, . . . , o2n− 1) complex weight ω

W h (ω, o1, . . . , o2n− 1) =
i

√
o2n

·α |ω|φ (ω, o1, . . . , o2n )

o2n ω∈W h (ω, o1, . . . , o2n− 1)

h{ ...}Ωδ

�
ao11 , . . . , a

o2n − 1

2n− 1 , a2n
�
=

1
ZΩδ

�

�
�

�

ω∈C{ . . . }Ωδ
(ao11 ,...,a

o2n − 1
2n − 1 ,a2n )

W h (ω, o1, . . . , o2n− 1)

�

�
� .

Remar k .

K aCe71, M cWu73

5.2.4. Ful l -plane: r eal and complex versions.
hCδ (a

o1
1 , ·) : VCmδ \ { a1 } → C ao11 ∈ DCmδ

∂δ

Def init ion . hCδ (a
o1
1 , a

o2
2 ) ao11 , a

o2
2 ∈

DCmδ a1 �= a2

hCδ (a
o1
1 , a

o2
2 ) = P i√

o2
·R [hCδ (a

o1
1 , a2)]

real ful l-plane fermionic observable f Cδ (a
o1
1 , a

o2
2 )

f Cδ (a
o1
1 , a

o2
2 ) = i

√
o2 · hCδ (a

o1
1 , a

o2
2 ) .

hCδ (a
o1
1 , a

o2
2 ) o2

5.3. Represent at ions of discret e cor relat ion funct ions

Pr oposit ion . Consider the critical Isingmodel on Ω∗δ with locally monochro-
matic boundary condition with boundary changingoperators at theedgesb1, . . . , b2p ∈
∂EΩδ such that an even number of bj ’s are incident to each component of ∂0Ωδ, and
let a1, . . . , an ∈ EΩδ be interior edges. Then, if we denote by v1, . . . , v2p ∈ ∂0VΩmδ
the medial vertices m(b1) , . . . ,m(b2p), for any choice of inward-pointing normal
double orientations o1, . . . , op ∈ (S)2 at v1, . . . , v2p, we have

E(b1 ,...,b2p )Ω∗
δ

[�δ (a1) · . . . · �δ (an )] = (− 1)
n · 2n ·

f [a1 ,...,an ]Ωδ

�
vo11 , . . . , v

o2p
2p

�

f Ωδ

�
vo11 , . . . , v

o2p
2p

� .
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Pr oof . φ (ω, o1, . . . , o2p) ω∈ CΩδ

�
vo11 , . . . , v

o2p
2p

�

φ

CΩδ

�
vo11 , . . . , v

o2p
2p

�
〈v1, x1〉, . . . , 〈v2p, x2p〉 ∈

∂0HΩm
δ

vj = m(bj ) xj ∈ ∂0VΩδ bj j ∈ { 1, . . . , 2p}
α |·| αp

f [a1 ,...,an ]Ωδ

�
vo11 , . . . , v

o2p
2p

�

f Ωδ

�
vo11 , . . . , v

o2p
2p

� =
Z[a1 ,...,an ]Ωδ

(x1, . . . , x2p)

ZΩδ (x1, . . . , x2p)
,

ZΩδ (x1, . . . , x2p) Z[a1 ,...,an ]Ωδ
(x1, . . . , x2p)

f [...] (. . .)

Z[a1 ,...,an ]{ ...}Ωδ
(x1, . . . , x2p) = Z

[a1 ,...,an − 1 ]{ ...,a+n }
Ωδ

(x1, . . . , x2p)

−
1+ µ
2

· Z[a1 ,...,an − 1 ]{ ...}
Ωδ

(x1, . . . , x2p) ,

µ =
√
2
2

E(b1 ,...,b2p )Ω∗
δ

[�δ (a1) · . . . · �δ (an )] = (− 1)
n · 2n ·

Z[a1 ,...,an ]Ωδ
(x1, . . . , x2p)

ZΩδ (x1, . . . , x2p)
.

E(b1 ,...,b2p )Ω∗
δ

[�δ (a1) · . . . · �δ (an )] = (− 1)
n ·
Z〈a1 ,...,an 〉 (x1, . . . , x2p)
ZΩδ (x1, . . . , x2p)

,

Z〈a1 ,...,an 〉
Ωδ

(x1, . . . , x2p)

Z〈a1 ,...,an 〉{ ...}
Ωδ

(x1, . . . , x2p) = Z
〈a1 ,...,an − 1 〉{ ...,a+n }
Ωδ

(x1, . . . , x2p)

− Z
〈a1 ,...,an − 1 〉{ ...,a−n }
Ωδ

(x1, . . . , x2p)

− µZ〈a1 ,...,an − 1 〉
Ωδ

(x1, . . . , x2p) .

n = 1

Z〈a1 ,...,an − 1 〉 = 2n− 1 · Z[a1 ,...,an − 1 ]
Ωδ

(x1, . . . , x2p) ,

Z〈a1 ,...,an 〉 = 2n · Z[a1 ,...,an ]Ωδ
(x1, . . . , x2p) .

(x1, . . . , x2p)

Z
[a1 ,...,an − 1 ]{ a+n }
Ωδ

+ Z
[a1 ,...,an − 1 ]{ a−n }
Ωδ

= Z[a1 ,...,an − 1 ]
Ωδ
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Z〈a1 ,...,an 〉 (. . .)

= Z
〈a1 ,...,an − 1 〉{ a+n }
Ωδ

(. . .) − Z
〈a1 ,...,an − 1 〉{ a−n }
Ωδ

(. . .) − µZ〈a1 ,...,an − 1 〉
Ωδ

(. . .)

= 2n− 1
�

Z
[a1 ,...,an − 1 ]{ a+n }
Ωδ

(. . .) − Z
[a1 ,...,an − 1 ]{ a−n }
Ωδ

(. . .) − µZ[a1 ,...,an − 1 ]
Ωδ

(. . .)

�

= 2n− 1
�

2 · Z
[a1 ,...,an − 1 ]{ a+n }
Ωδ

(. . .) − (1 + µ) Z[a1 ,...,an − 1 ]
Ωδ

(. . .)

�

= 2n
�
Z[a1 ,...,an ]Ωδ

(. . .)
�
,

�

Pr oposit ion . Consider the critical Ising model on Ωδ with free boundary
condition and let v1, . . . , v2n ∈ ∂0VΩδ be boundary vertices such that there are an
even number of vj ’s on each connected component of ∂0Ωδ. Let w1, . . . , w2n ∈
∂0VΩm

δ
be the closest boundary medial vertices to v1, . . . , v2n . Then, for any choice

of inward-pointing normal double orientations o1, . . . , o2n ∈ (S)2� at v1, . . . , v2n , we
have

EfreeΩδ
[σδ (v1) · . . . ·σδ (v2n )] =

1
αn
|f Ωδ (w

o1
1 , . . . , w

o2n
2n )| .

Pr oof . w1, . . . , w2n
CΩδ

�
wo11 , . . . , w

op
p
�

f Ωδ

|f Ωδ (w
o1
1 , . . . , w

o2n
2n )| =

1
ZΩδ

�

�
�

ω∈CΩδ (w1 ,...,w2n )

α |ω|

�

� .

〈v1, w1〉, . . . , 〈v2n , w2n 〉
αn

1
ZΩδ

�

�
�

ω∈CΩδ (v1 ,...,v2n )

α |ω|

�

� .

EfreeΩδ
[σδ (v1) · . . . ·σδ (v2n )] .

�
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Ωδ ⊂ Cδ

Cδ = δZ2

δ > 0

• hΩ

– { . . .}
(. . .) h{ ...}Ωδ

(. . .)

– (. . .) h{ ...}Ωδ
(. . .)

–

• h[...]Ωδ
(. . .)

•

6.1. I nt egrabi l i t y

e ∈ EΩm
δ

κe ⊂ HΩδ corner at e
e

ω �→ ω⊕ κe
ω κe
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βc =
1
2 ln

�√
2+ 1

�

Lemma . Let ao11 , . . . , a
o2n − 1

2n− 1 ∈ DΩm
δ
be doubly-oriented medial vertices at dis-

tance at least δ from each other, let ao2n2n , ã
õ2n
2n ∈ SΩm

δ
be two adjacent simply-oriented

medial vertices distinct from a1, . . . , a2n− 1 and denote by e ∈ EΩmδ the medial edge
〈a2n , ã2n 〉. Let ω∈ CΩδ

�
ao11 , . . . , a

o2n − 1
2n− 1 , a2n

�
and ω̃∈ CΩδ

�
ao11 , . . . , a

o2n − 1
2n− 1 , ã2n

�
be

two configurations such that ω⊕ c(e) = ω̃. Then we have

P�(e) [W (ω, o1, . . . , o2n− 1)] = P�(e) [W (ω̃, o1, . . . , o2n− 1)] .

Pr oof . W (·) = W (·, o1, . . . , o2n− 1)
a2n ã2n
e2n ẽ2n a2n ã2n ã2n =

a2n + (1 + i ) δ2
o2n , õ2n ∈ S ω∈ CΩδ

�
ao11 , . . . , a

o2n − 1
2n− 1 , a

o2n
2n

�

ω̃∈ CΩδ

�
ao11 , . . . , a

o2n − 1
2n− 1 , ã

õ2n
2n

�
c1 ∈ Hh

Ωδ
ci ∈ Hv

Ωδ

κe v2n ∈ VΩδ c1 (e) ∩c2 (e)

• o2n = 1 õ2n = i W (ω) ∈ R
W (ω̃) = αλW (ω) ω∩κe = ∅ ω̃∩ κe = κe

ω α
ω a2n κe

ã2n
λ

• o2n = 1 õ2n = − i W (ω) ∈ R
W (ω̃) = − λW (ω) ω∩κe = ci ω̃∩ κe = c1

γ1, . . . , γn
ω j γj : aι j � aτ j
τn = n

– ẽ2n /∈ γ1∪. . .∪γn ẽ2n Λ ⊂
ω \ (γ1 ∪ . . . ∪ γn ) γ1, . . . , γn− 1, γ̃n

ω̃ γ̃n γn c1
Λ ã2n

w (γ̃2n ) = w (γ2n ) + 3π
2 W (ω̃) = − λW (ω)

– ẽ2n ∈ γn γ1, . . . , γn− 1, γ̃n
ω̃ γ̃n γ

ã2n ẽ2n γn
w (γ̃2n ) = w (γ2n ) + 3π

2 γ̃n γn v2n
c1 γn

a2n ã2n w (γ̃2n ) = w (γ2n )− 5π
2 + 4kπ

W (ω̃) = − λW (ω)
– ẽ2n ∈ γj j ∈ { 1, . . . , n − 1}

∗ ι n < ι j < τj ẽ2n γj
γ1, . . . , γj − 1, γ̃j , γj + 1, . . . , γn− 1, γ̃2n

γ̃j : aι n � aτ j γn
aι n a2n c1 γj v2n
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aτ j γn γj aι j
ã2n
{ 1, . . . , 2n} γ1, . . . , γn

w (γ̃j ) + w (γ̃n ) = w (γj ) + w (γn ) − π/ 2 + 4kπ
W (ω̃) = − λW (ω)

∗ ι n < ι j < τj ẽ2n γj
γ1, . . . , γj − 1, γ̃j , γj + 1, . . . , γn− 1, γ̃2n

γ̃j : aι n � aι j γn
aι n a2n e1 γj
v2n aι j γ̃n : aτ n � a2n γj

aτ n ã2n
{ 1, . . . , 2n} γ1, . . . , γn
w (γ̃j ) + w (γ̃n ) = w (γj ) + w (γn ) +

3π/ 2 + 4kπ W (ω̃) = − λW (ω)
∗ ι j < ι n < τj ι j < τj < ι n

• o2n = − 1 õ2n = i W (ω) ∈ iR
W (ω̃) = λW (ω) γ1, . . . , γn γn
a2n γ1, . . . , γn− 1, γ̃n γ̃n

c1 γn ci w (γ̃n ) = w (γn ) − π
2

• o2n = − 1 õ2n = − i W (ω) ∈ iR
W (ω̃) = α− 1λW (ω) ω∩κe = κe ω̃∩ κe = ∅

ω α
γ1, . . . , γn ω γn a2n

o2n = 1 õ2n = i
– ẽ2n ∈ γn ẽ2n γn
γ1, . . . , γn− 1, γ̃n γ̃n

γn ã2n
κe 1
w (γ̃n ) = w (γn ) + π/ 2 W (ω̃) = α− 1λW (ω) ẽ2n

γn v2n + δ
ẽ2n v2n v2n − iδ

a2n
v2n

γn
ẽ2n

– ẽ2n ∈ω\ (γ1 ∪ . . . ∪ γn ) γn vn vn − iδ
a2n

ω\ (γ1 ∪ . . . ∪ γn ) vn γn

– ẽ ∈ γ1 ∪ . . . ∪ γn− 1 γj : ι j � τj
γn v2n γn v2n v2n − iδ

γj v2n v2n− δ v2n + iδ

γ1, . . . , γj − 1, γ∗j , γj + 1, . . . , γn− 1, γ
∗
n ω γ∗j γ∗n

γj \ { v2n }
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Figur e 6.1.1. o2n = 1
ω�→ ω⊕ κe

γn \ { v2n }
γ∗n a2n

�

6.2. S-holomorphici t y

Pr oposit ion . Let es11 , . . . , e
sm
m ∈ EΣΩδ

be signed edges and ao11 , . . . , a
o2n − 1

2n− 1 ∈
DΩm

δ
be doubly-oriented medial vertices such that m(e1) , . . . ,m(em ) , a

o1
1 , . . . , a

o2n − 1
2n− 1

80



Figur e 6.1.2. o2n = − 1

are at distance at least δ from each other. Then the function

VΩmδ \ { m(e1 ) ,...m(em ) ,a1 ,...,a2n − 1 } → C

a2n �→ h
{ es11 ,...,esmm }
Ωδ

�
ao11 , . . . , a

o2n − 1
2n− 1 , a2n

�

is s-holomorphic.

Pr oof .

h
{ es11 ,...,esmm }
Ωδ

�
ao11 , . . . , a

o2n − 1

2n− 1 , a2n
�

=
1
ZΩδ

�

�
�
�
�

�

ω∈C
{ es11 , . . . , esmm }
Ωδ

(ao11 ,...,a
o2n − 1
2n − 1 ,a2n )

W (ω, o1, . . . , o2n− 1)

�

�
�
�
�
.
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a2n , ã2n ∈ VΩδ \ { m(e1 ) ,...,m(em ) ,a1 ,...,a2n − 1 }

ω�→ ω⊕ κ〈a2n ,ã2n 〉 C
{ es11 ,...,esmm }
Ωδ

�
ao11 , . . . , a

o2n − 1

2n− 1 , a2n
�

C
{ es11 ,...,esmm }
Ωδ

�
ao11 , . . . , a

o2n − 1

2n− 1 , ã2n
�

P�〈a2n ,ã2n 〉 [W (ω, o1, . . . , o2n− 1)] = P�〈a2n ,ã2n 〉
�
W
�
ω⊕ κ〈a2n ,ã2n 〉, o1, . . . , o2n− 1

��

ω∈ C{ e
s1
1 ,...,esmm }

Ωδ

�
ao11 , . . . , a

o2n − 1
2n− 1 , a2n

�

P�〈a2n ,ã2n 〉

�

�
�
�
�

�

ω∈C
{ es 11 , . . . , esmm }
Ωδ

(ao11 ,...,a
o2n − 1
2n − 1 ,a2n )

W (ω, o1, . . . , o2n− 1)

�

�
�
�
�

= P�〈a2n ,ã2n 〉

�

�
�
�
�

�

ω∈C
{ es 11 , . . . , esmm }
Ωδ

(ao11 ,...,a
o2n − 1
2n − 1 ,ã2n )

W (ω, o1, . . . , o2n− 1)

�

�
�
�
�

ZΩδ ∈ R �

6.3. Singular i t ies

m(e1) , . . .m(em ) a1, . . . a2n− 1

a2n �→ h
{ es11 ,...,esmm }
Ωδ

�
ao11 , . . . , a

o2n − 1
2n− 1 , a2n

�

Ωδ a1, . . . , a2n− 1

e1, . . . , em

Pr oposit ion . Let es11 , . . . , e
sm
m ∈ EΣΩδ

besigned edgesand let ao11 , . . . , a
o2n − 1

2n− 1 ∈
DΩm

δ
be doubly-oriented medial vertices, such that m(e1) , . . . , m(em ) , a1, . . . , a2n− 1

are at distance at least δ from each other.
For each j ∈ { 1, . . . 2n − 1} such that aj ∈ VΩmδ \ ∂0VΩm

δ
, the function

a2n �→ h{ e1 ,...,em }Ωδ

�
ao11 , . . . , a

o2n − 1
2n− 1 , a2n

�

has a discrete simple pole at aj , with front and rear values given by:

h+j =
(− 1)j + 1
√
oj

· f
{ es11 ,...,esmm ,e(aj )

+ }
Ωδ

�
ao11 , . . . , a

oj − 1

j − 1 , a
oj + 1
j + 1 , . . . , a

o2n − 1
2n− 1

�
,

h−j =
(− 1)j
√
oj

· f
{ es 11 ,...,esmm ,e(aj )

− }
Ωδ

�
ao11 , . . . , a

oj − 1

j − 1 , a
oj + 1
j + 1 , . . . , a

o2n − 1

2n− 1

�
,

where e(aj ) ∈ EΩδ denotes the edge whose midpoint is aj .
For each j ∈ { 1, . . . , 2n − 1} such that aj ∈ ∂0VΩm

δ
, the function

a2n �→ h
{ es11 ,...,esmm }
Ωδ

�
ao11 , . . . , a

o2n − 1
2n− 1 , a2n

�
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can be extended to an s-holomorphic function to aj , by setting the value at aj to

h+j =
1

√
oj
· f
{ es11 ,...,esmm }
Ωδ

�
ao11 , . . . , a

oj − 1

j − 1 , a
oj + 1
j + 1 , . . . , a

o2n − 1

2n− 1

�
.

Pr oof .
j ∈ { 1, . . . , 2n − 1} aj ∈ VΩmδ \ ∂0VΩmδ

vj , ṽj ∈ VΩm
δ

aj + oj · (1 + i ) δ2
aj + oj · (1− i ) δ2

C
{ es11 ,...,esmm ,e(aj )

+ }
Ωδ

�
ao11 , . . . , a

oj − 1

j − 1 , a
oj + 1
j + 1 , . . . , a

o2n − 1

2n− 1

�

ω �→ ω⊕ κ〈aj ,vj 〉 ω �→ ω⊕ κ〈aj ,ṽ j 〉

C
{ es11 ,...,esmm }
Ωδ

�
ao11 , . . . , a

o2n − 1
2n− 1 , vj

�

C
{ es11 ,...,esmm }
Ωδ

�
ao11 , . . . , a

o2n − 1
2n− 1 , ṽj

�

P�〈aj ,vj 〉 [W (ω, o1, . . . , o2n− 1)] = P�〈aj ,vj 〉 [W (ω⊕ 〈aj , vj 〉, o1, . . . , o2n− 1, oj )] ,

P�〈aj ,ṽ j 〉 [W (ω̃, o1, . . . , o2n− 1)] = P�〈aj ,ṽ j 〉 [W (ω̃⊕ 〈aj , ṽj 〉, o1, . . . , o2n− 1, oj )]

ω ∈ C
{ es11 ,...,esmm }
Ωδ

�
ao11 , . . . , a

o2n − 1
2n− 1 , vj

�
,

ω̃ ∈ C
{ es11 ,...,esmm }
Ωδ

�
ao11 , . . . , a

o2n − 1

2n− 1 , ṽj
�
,

ω⊕κ〈aj ,vj 〉 ω̃⊕κ〈aj ,ṽ j 〉

C
{ es11 ,...,esmm }
Ωδ

�
ao11 , . . . , a

o2n − 1

2n− 1 , a
oj
j

�
,

aj aj
aj W

W (ω⊕ 〈aj , vj 〉, o1, . . . , o2n− 1, oj ) =
(− 1)j + 1
√
oj

·α

�
�
�ω⊕κ 〈a j , v j 〉

�
�
�

·φ (ω⊕ 〈aj , vj 〉, o1, . . . , oj − 1, oj + 1, . . . , o2n− 1) ,

W (ω̃⊕ 〈aj , ṽj 〉, o1, . . . , o2n− 1, oj ) =
(− 1)j + 1
√
oj

·α

�
�
�̃ω⊕κ 〈a j , ṽ j 〉

�
�
�

·φ (ω̃⊕ 〈aj , ṽj 〉, o1, . . . , oj − 1, aj + 1, . . . , o2n− 1) .

ω⊕ κ〈aj ,vj 〉 ω̃⊕ κ〈aj ,ṽ j 〉

C
{ es11 ,...,esmm ,e(aj )

+ }
Ωδ

�
ao11 , . . . , a

oj − 1

j − 1 , a
oj + 1
j + 1 , a

o2n − 1

2n− 1

�
.

ω∈ C{ e
s1
1 ,...,esmm }

Ωδ

�
ao11 , . . . , a

o2n − 1

2n− 1 , vj
�

ω̃∈ C{ e
s1
1 ,...,esmm }

Ωδ

�
ao11 , . . . , a

o2n − 1

2n− 1 , ṽj
�

h+j = (− 1)
j + 1 i

√
oj
· f
{ es 11 ,...,esmm ,e(aj )

+ }
Ωδ

�
ao11 , . . . , a

oj − 1

j − 1 , a
oj + 1
j + 1 , . . . , a

o2n − 1

2n− 1

�
.
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wj , w̃j ∈ VΩm
δ

aj − oj · (1− i ) δ2
aj − oj · (1 + i ) δ2

P�〈aj ,w j 〉 [W (ω, o1, . . . , o2n− 1)] = P�〈aj ,w j 〉
�
W
�
ω⊕ κ〈aj ,w j 〉, o1, . . . , o2n− 1, oj

��
,

P�〈aj ,w̃ j 〉 [W (ω̃, o1, . . . , o2n− 1)] = P�〈aj ,w̃ j 〉
�
W
�
ω̃⊕ κ〈aj ,w̃ j 〉, o1, . . . , o2n− 1, oj

��

ω ∈ C
{ es11 ,...,esmm }
Ωδ

�
ao11 , . . . , a

o2n − 1
2n− 1 , wj

�
,

ω̃ ∈ C
{ es11 ,...,esmm }
Ωδ

�
ao11 , . . . , a

o2n − 1

2n− 1 , w̃j
�
,

ω⊕ κ〈aj ,w j 〉 ω̃⊕ κ〈aj ,w̃ j 〉

C
{ es11 ,...,esmm }
Ωδ

�
ao11 , . . . , a

o2n − 1
2n− 1 , a

oj
j

�
,

aj aj ± 2π
aj W

W
�
ω⊕ κ〈aj ,w j 〉, o1, . . . , o2n− 1

�
=

(− 1)j
√
oj

·α

�
�
�ω⊕κ 〈a j , w j 〉

�
�
�

·φ (ω⊕ 〈aj , wj 〉, o1, . . . , oj − 1, oj + 1, . . . , o2n− 1) ,

W
�
ω̃⊕ κ〈aj ,w̃ j 〉, o1, . . . , o2n− 1, oj

�
=

(− 1)j
√
oj

·α

�
�
�̃ω⊕κ 〈a j , w̃ j 〉

�
�
�

·φ
�
ω̃⊕ κ〈aj ,w̃ j 〉, o1, . . . , oj − 1, aj + 1, . . . , o2n− 1

�
.

ω⊕ κ〈aj ,w j 〉 ω̃⊕ κ〈aj ,w̃ j 〉

C
{ es11 ,...,esmm ,e(aj )

− }
Ωδ

�
ao11 , . . . , a

oj − 1

j − 1 , a
oj + 1
j + 1 , a

o2n − 1

2n− 1

�
.

ω ∈ C
{ es11 ,...,esmm }
Ωδ

�
ao11 , . . . , a

o2n − 1
2n− 1 , wj

�
,

ω̃ ∈ C
{ es11 ,...,esmm }
Ωδ

�
ao11 , . . . , a

o2n − 1

2n− 1 , w̃j
�
,

h−j = (− 1)
j i
√
oj
· f
{ es 11 ,...,esmm ,e(aj )

− }
Ωδ

�
ao11 , . . . , a

oj − 1

j − 1 , a
oj + 1
j + 1 , . . . , a

o2n − 1

2n− 1

�
.

j ∈ { 1, . . . , 2n − 1} aj ∈ ∂0VΩm
δ

a2n �→ h
{ es11 ,...,esmm }
Ωδ

�
ao11 , . . . , a

o2n − 1

2n− 1 , a2n
�

aj aj vj
ṽj

�

84



Figur e 6.3.1.
ω �→ ω⊕

κ〈aj ,aj + oδ ·(1+ i ) δ2 〉

Pr oposit ion . Let es11 , . . . , e
sm
m ∈ EΣΩδ

be signed edges and ao11 , . . . , a
o2n − 1

2n− 1 ∈
DΩm

δ
be doubly-oriented medial vertices such that m(e1) , . . . , m(em ) , a1, . . . , a2n− 1

are at distance at least δ from each other. Then for each aj ∈ VΩm
δ
\ ∂0VΩm

δ
, we

have that

a2n �→ h
{ es11 ,...,esmm }
Ωδ

�
ao11 , . . . , a

o2n − 1

2n− 1 , a2n
�

+ (− 1)j · f
{ es11 ,...,esmm }
Ωδ

�
ao11 , . . . , a

oj − 1

j − 1 , a
oj + 1
j + 1 , . . . , a

o2n − 1

2n− 1

�
hCδ

�
aojj , a2n

�

extends in an s-holomorphic way to aj . The value of the extension to aj is equal to

(− 1)j + 1
√
oj

· f
{ es 11 ,...,esmm } [e(aj ) ]
Ωδ

�
ao11 , . . . , a

oj − 1

j − 1 , a
oj + 1
j + 1 , . . . , a

o2n − 1
2n− 1

�
,

where e(aj ) ∈ EΩδ denotes the edge whose middlepoint is aj .

Cor ol l ar y . With the notation above, for each aj ∈ VΩmδ \ ∂0VΩmδ we have
that

a2n �→ h[e1 ,...,em ]Ωδ

�
ao11 , . . . , a

o2n − 1
2n− 1 , a2n

�

+ (− 1)j · f [e1 ,...,em ]Ωδ

�
ao11 , . . . , a

oj − 1

j − 1 , a
oj + 1
j + 1 , . . . , a

o2n − 1

2n− 1

�
hCδ

�
aojj , a2n

�

extends in an s-holomorphic way to aj and that the value of this extension at aj
equals

(− 1)j + 1
√
oj

· f [e1 ,...,em ,e(aj ) ]Ωδ

�
ao11 , . . . , a

oj − 1

j − 1 , a
oj + 1
j + 1 , . . . , a

o2n − 1
2n− 1

�
.

Pr oof of Pr oposit ion 77.
a2n �→ u (a2n ) aj

j = 1, . . . , 2n h
{ es11 ,...,esmm }
Ωδ

a2n �→ h
{ es11 ,...,esmm }
Ωδ

�
ao11 , . . . , a

o2n − 1
2n− 1 , a2n

�
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Figur e 6.3.2.
ω �→ ω⊕

κ〈aj ,aj − oj ·(1− i ) δ2 〉

aj

(− 1)j + 1
√
oj

· f
{ es 11 ,...,esmm }
Ωδ

�
ao11 , . . . , a

oj − 1

j − 1 , a
oj + 1
j + 1 , . . . , a

o2n − 1

2n− 1

�
.

a2n �→ hCδ

�
aojj , a2n

�

1√
oj

u

a2n �→ h
{ es11 ,...,esmm }
Ωδ

�
ao11 , . . . , a

o2n − 1
2n− 1 , a2n

�

(− 1)j + 1
√
oj

· f
{ es 11 ,...,esmm ,e(aj )

+ }
Ωδ

�
ao11 , . . . , a

oj − 1

j − 1 , a
oj + 1
j + 1 , . . . , a

o2n − 1

2n− 1

�
.
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a2n �→ hCδ

�
aojj , a2n

� µ+ 1
2

u (·)

(− 1)j + 1
√
oj

f
{ es11 ,...,esmm ,e(aj )

+ }
Ωδ

�
ao11 , . . . , a

oj − 1

j − 1 , a
oj + 1
j + 1 , . . . , a

o2n − 1

2n− 1

�

+ (− 1)j ·
1 + µ
2
√
oj
· f
{ es 11 ,...,esmm }
Ωδ

�
ao11 , . . . , a

oj − 1

j − 1 , a
oj + 1
j + 1 , . . . , a

o2n − 1
2n− 1

�

=
(− 1)j + 1
√
oj

· f
{ es11 ,...,esmm } [e(aj ) ]
Ωδ

�
ao11 , . . . , a

oj − 1

j − 1 , a
oj + 1
j + 1 , . . . , a

o2n − 1
2n− 1

�
,

�

6.4. Boundary condit ions

Pr oposit ion . Let es11 , . . . , e
sm
m ∈ E±Ωδ

be signed edges and ao11 , . . . , a
o2n − 1

2n− 1 ∈
DΩm

δ
be doubly-oriented medial vertices such that m(e1) , . . . , m(em ) , a1, . . . , a2n− 1

at distance δ from each other. Then for each a2n ∈ ∂0VΩmδ \ { a1, . . . , a2n− 1} , we
have

h
{ es11 ,...,esmm }
Ωδ

�
ao11 , . . . , a

o2n − 1

2n− 1 , a2n
�
�

1
�
�νext (a2n )

,

and for each a2n ∈ ∂0VΩδ ∩ { a1, . . . , a2n− 1} , we have, for the natural extension of
Proposition 76.

h
{ es11 ,...,esmm }
Ωδ

�
ao11 , . . . , a

o2n − 1
2n− 1 , a2n

�
�

i
�
�νext (a2n )

.

Pr oof . a2n ∈ ∂0VΩmδ \ { a1, . . . , a2n− 1}

h
{ es11 ,...,esmm }
Ωδ

�
ao11 , . . . , a

o2n − 1

2n− 1 , a2n
�
= h

{ es11 ,...,esmm }
Ωδ

�
ao11 , . . . , a

o2n − 1

2n− 1 , a
o2n
2n

�
,

o2n =
�ν i n t (a2n )
|�ν i n t (a2n ) |

a2n a2n + o2n δ
2

h
{ es11 ,...,esmm }
Ωδ

�
ao11 , . . . , a

o2n − 1

2n− 1 , a
o2n
2n

�

a2n ∈ ∂0VΩδ ∩ { a1, . . . , a2n− 1} �

6.5. D iscret e R iemann-H i lber t boundary value problem

hΩδ (. . .)
(♠ , . . .)

Pr oposit ion . Let ao11 ∈ DΩmδ
\ ∂0DΩmδ

be an interior doubly-oriented medial
vertex. Then we have that

a2 �→ hΩδ (a
o1
1 , a2) − hCδ (a

o1
1 , a2)
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extends to an s-holomorphic function VΩm
δ
→ C and is the solution to the Riemann-

Hilbert boundary value problem
�
♠ Ωδ ,− hCδ (a

o1
1 , ·) |∂VΩmδ

�
.

Pr oof . hΩδ (a
o1
1 , ·)− hCδ (a

o1
1 , ·)

VΩmδ → C hΩδ (a
o1
1 , ·) −

hCδ (a
o1
1 , ·)

�

Def init ion . hCδ
Ωδ

hΩδ − hCδ f Cδ
Ωδ
: DΩmδ

×

DΩm
δ
→ R f Ωδ − f Cδ f Cδ

Ωδ
discrete boundary eff ect fermionic

observable

2n
2(n − 1)

Pr oposit ion . Let ao11 , . . . , a
o2n − 1
2n− 1 ∈ DΩmδ

be doubly-oriented medial vertices.
Then we have that the function

a2n �→ hΩδ

�
ao11 , . . . , a

o2n − 1

2n− 1 a2n
�

−
2n�

j = 1

(− 1)j · f Ωδ

�
ao11 , . . . , a

oj − 1

j − 1 , a
oj + 1
j + 1 , . . . , a

o2n − 1

2n− 1

�
hΩδ

�
aojj , a2n

�

extends to an s-holomorphic function VΩmδ → C and is the solution of the Riemann-
Hilbert boundary value problem (♠ Ωδ , 0) and hence is identically equal to 0.

Cor ol l ar y .

f Ωδ (a
o1
1 , . . . , a

o2n
2n ) =

2n�

j = 1

(− 1)j ·f Ωδ

�
ao11 , . . . , a

oj − 1

j − 1 , a
oj + 1
j + 1 , . . . , a

o2n − 1

2n− 1

�
f Ωδ

�
aojj , a

o2n
2n

�
.

Pr oof of Pr oposit ion 82. r
�
ao11 , . . . , a

o2n − 1
2n− 1 , a2n

�

r
�
ao11 , . . . , a

o2n − 1

2n− 1 , a2n
�

= hΩδ

�
ao11 , . . . , a

o2n − 1

2n− 1 a2n
�

−
2n�

j = 1

(− 1)j · f Ωδ

�
ao11 , . . . , a

oj − 1

j − 1 , a
oj + 1
j + 1 , . . . , a

o2n − 1
2n− 1

�
hΩδ

�
aojj , a2n

�
.

a2n �→ r
�
ao11 , . . . , a

o2n − 1
2n− 1 , a2n

�

VΩmδ → C (♠ Ωδ , 0)

• a2n ∈ ∂0VΩmδ \ { a1, . . . , a2n− 1}

hΩδ

�
ao11 , . . . , a

o2n − 1

2n− 1 a2n
�
�

1
�
�νext (a2n )

hΩδ

�
aojj , a2n

�
�

1
�
�νext (a2n )

.
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f Ωδ

r
�
ao11 , . . . , a

o2n − 1
2n− 1 , a2n

�
∈ 1

�
�νext (a2n )

∀a2n ∈ ∂0VΩmδ \ { a1, . . . , a2n− 1} .

• a2n = ak ∈ ∂0VΩm
δ

k ∈ { 1, . . . , 2n − 1}

a2n �→ hΩδ

�
ao11 , . . . , a

o2n − 1
2n− 1 , a2n

�

− (− 1)k f Ωδ

�
ao11 , . . . , a

oj − 1

j − 1 , a
oj + 1
j + 1 , . . . , a

o2n − 1

2n− 1

�
hΩδ

�
aojj , a2n

�

a2n 0

r
�
ao11 , . . . , a

o2n − 1

2n− 1 , a2n
�
∈

1
�
�νext (a2n )

∀a2n ∈ ∂0VΩm
δ
∩ { a1, . . . , a2n− 1} .

r
�
ao11 , . . . , a

o2n − 1
2n− 1 , a2n

�
= 0 �

6.6. Pfaffi an formulae and fusion of observables

Pr oposit ion . Let ao11 , . . . , a
o2n
2n ∈ DΩm

δ
be doubly-oriented medial vertices

at distance at least δ from each other. Then we have

f Ωδ (a
o1
1 , . . . , a

o2n
2n ) = Pfaff (A Ωδ (a

o1
1 , . . . , a

o2n
2n )) ,

where A Ωδ (a
o1
1 , . . . , a

o2n
2n ) ∈M2n (R) is the antisymmetric matrix defined by

(A Ωδ (a
o1
1 , . . . , a

o2n
2n ))j k =

�
f
�
aojj , a

ok
k

�
if j �= k,

0 if j = k.

Pr oof .
�

Pr oposit ion . Let e1, . . . , em ∈ EΩδ be edges and a
o1
1 , . . . , a

o2n
2n ∈ DΩmδ

be doubly-oriented medial vertices such that m(e1) , . . . ,m(em ) , a1, . . . , a2n are at
distance at least δ from each other. Then for each choice of orientations q1 ∈
O(e1) , . . . , qm ∈O(em ) we have

f [e1 ,...,em ]Ωδ
(ao11 , . . . , a

o2n
2n ) = Pfaff

�
A Ωδ

�
eq11 , . . . , e

qm
m , e( i qm )

2

m , . . . , e( i q1 )
2

1 , ao11 , . . . , a
o2n
2n

��
,

whereA Ωδ

�
xξ11 , . . . , x

ξ2p
2p

�
∈M2p (R) is defined for (non necessari ly distinct) doubly-

oriented vertices xξ11 , . . . , x
ξ2p
2p ∈ DΩmδ

by

�
A Ωδ

�
xξ11 , . . . , x

ξ2p
2p

��

j k
=

�
���

���

f Ωδ

�
xξ jj , x

ξk
k

�
if xj �= xk ,

f Cδ
Ωδ

�
xξ jj , x

ξk
k

�
if xj = xk and ξj �= ξk ,

0 otherwise.

where f Cδ
Ωδ
= f Ωδ − f Cδ is the discrete boundary eff ect observable.

Pr oof .
m ≥ 0

89



• m = 0 n ≥ 0
• m − 1 ≥ 0
n ≥ 0 ao ∈ DΩm

δ

f [e1 ,...,em − 1 ]
Ωδ

(ao11 , . . . , a
o2n
2n , e

qm
m , ao)

Pfaff
�
A Ωδ

�
eq11 , . . . , e

qm − 1

m − 1 , e
( i qm − 1 )

2

m − 1 , . . . , e( i q1 )
2

1 , ao11 , . . . , a
o2n
2n , e

qm
m , ao

��
.

f [e1 ,...,em − 1 ]
Ωδ

(ao11 , . . . , a
o2n
2n ) f Cδ (e

qm
m , ao)

Pfaff
�
Ã Ωδ

�
eq11 , . . . , e

qm − 1
m − 1 , e

( i qm − 1 )
2

m − 1 , . . . , e( i q1 )
2

1 , ao11 , . . . , a
o2n
2n , e

qm
m , ao

��
,

Ã Ωδ = A Ωδ

�
eq11 , . . . , e

qm − 1
m − 1 , e

( i qm − 1 )
2

m − 1 , . . . , e( i q1 )
2

1 , ao11 , . . . , a
o2n
2n

�
⊕A Cδ (e

qm
m , ao) ,

M 1⊕M 2 ∈Mp+ r (R) M 1 ∈
Mp (R) M 2 ∈Mr (R) M 1 M 2

h[e1 ,...,em − 1 ]
Ωδ

(ao11 , . . . , a
o2n
2n , e

qm
m , ao) = −

i
√
o
f [e1 ,...,em − 1 ]
Ωδ

(ao11 , . . . , a
o2n
2n , e

qm
m , ao)

f [e1 ,...,em − 1 ]
Ωδ

(ao11 , . . . , a
o2n
2n ) hCδ (e

qm
m , ao) = −

i
√
o
f [e1 ,...,em − 1 ]
Ωδ

(ao11 , . . . , a
o2n
2n ) f Cδ (e

qm
m , ao)

h[e1 ,...,em ]Ωδ
(ao11 , . . . , a

o2n
2n ) = h[e1 ,...,em − 1 ]

Ωδ
(ao11 , . . . , a

o2n
2n , e

qm
m , em )

− f [e1 ,...,em − 1 ]
Ωδ

(ao11 , . . . , a
o2n
2n ) hCδ (e

qm
m , em )

= h[e1 ,...,em − 1 ]
Ωδ

�

ao11 , . . . , a
o2n
2n , e

qm
m , e

(i √ qm )2
m

�

− f [e1 ,...,em − 1 ]
Ωδ

(ao11 , . . . , a
o2n
2n ) hCδ

�

eqmm , e
(i √ qm )2
m

�

ao em em

f [e1 ,...,em ]Ωδ
(ao11 , . . . , a

o2n
2n ) = f [e1 ,...,em − 1 ]

Ωδ

�

ao11 , . . . , a
o2n
2n , e

qm
m , e

(i √ qm )2
m

�

− f [e1 ,...,em − 1 ]
Ωδ

(ao11 , . . . , a
o2n
2n ) f Cδ

�

eqmm , e
(i √ qm )2
m

�

,

qm

�
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•

•

• n

•

•

Ω DΩ =
�
ao : a ∈Ω, o∈ (S)2

�
doubly-

oriented points Ω SΩ = { ao : a ∈Ω, o∈ S} simply-oriented
points Ω

7.1. Cont inuous ful l -plane two-point observable

Def init ion . ao11 ∈ DΩ hC (a
o1
1 , ·) :

C \ { a1} → C

hC (a
o1
1 , a2) =

√
o1

a2 − a1
.

ao11 , a
o2
2 ∈ DΩ

hC (a
o1
1 , a

o2
2 ) = P i√

o2
·R [hC (a

o1
1 , a2)] =

√
o1

a2 − a1
−

1
√
o1 · o2

·
1

a2 − a1
,

f C (a
o1
1 , a

o2
2 ) = i

√
o2 · hC (a

o1
1 , a

o2
2 ) =

i
√
o1
√
o2

a2 − a1
−

i
√
o1
√
o2
·

1
a2 − a1

,

gC (a
o1
1 , a

o2
2 ) =

√
o1 · hC (a

o1
1 , a

o2
2 ) =

o1
a2 − a1

−
1/ o2
a2 − a1

.
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f C hC continuous real complex full-plane fermionic
observables gC two-point free fermion

hC (a
o1
1 , a

o2
2 ) o2

gC (a
o1
1 , a

o2
2 ) o1 o2

gC

T heor em . For each ε > 0, the (renormalized) discrete full-plane real
and complex fermionic observables (ao11 , a

o2
2 ) �→

1
δ · f Cδ (a

o1
1 , a

o2
2 ) and (a

o1
1 , a

o2
2 ) �→

1
δ ·hCδ (a

o1
1 , a

o2
2 ) converge uniformly on

�
(a1, a2) ∈ C2 : |a1 − a2| ≥ ε

�
to their con-

tinuous analogues f C and hC as δ→ 0.

Pr oof .
G∂ δ

�

7.2. Cont inuous domain two-point observable

Def init ion . Ω
ao11 ∈ DΩ hΩ (a

o1
1 , ·) : Ω \ { a1} → C

hΩ (a
o1
1 , a2) ∼

√
o1

2π(a2 − a1)

hΩ (a
o1
1 , a2) �

1
�
�νext (a2)

∀a2 ∈ ∂Ω,

hΩ (a
o1
1 , ·)

(♠ Ω , hC (a
o1
1 , ·) |∂Ω)

hΩ (a
o1
1 , a

o2
2 )

ao11 ∈ DΩ ao22 ∈ SΩ
hΩ (a

o1
1 , a

o2
2 ) = Pi √ o2R [hΩ (a

o1
1 , a2)] .

ao11 , a
o2
2 ∈ DΩ f Ω (a

o1
1 , a

o2
2 ) i ·

√
o2hΩ (a

o1
1 , a

o2
2 ) hΩ f Ω

continuous (two-point) complex and real fermionic observables.
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Pr oposit ion . I f Ω is bounded and simply connected, the two-point contin-
uous observables hΩ is given, for any conformal mapping ϕΩ : Ω → H and any
branch choice of

�
ϕ�Ω , by

hΩ (a
o1
1 , a2) =

�
|ϕ�Ω (a1)|

�
ϕ�Ω (a2)hH

�
ãõ11 , ã2

�
,

where ã1, ã2 = ϕΩ (a1) , ϕΩ (a2) and õ1 =
��

ϕ�Ω (a1)
√
o1
�2
/ |ϕ�Ω (a1)| and

hH (z
q1
1 , z2) =

√
q1

z2 − z1
+

i
√
q1

z2 − z1
.

Pr oof .

hH (z
q1
1 , z2) ∼

√
q1

z2 − z1
z2 → z1

hH (z
q1
1 , z2) �

1
�
�νext (z2)

∀z2 ∈ R.

�e

�ˆ ζ

0

�
hH (z

q1
1 , z2)

2 dz2
�
�

−→
ζ→∞

0

�
|ϕ�Ω (a1)|

�
ϕ�Ω (a2) · hH

�
ãõ11 , ã2

�
�

1
�
�νext (a2)

∀a2 ∈ ∂Ω,

a2 → a1

�
|ϕ�Ω (a1)|

�
ϕ�Ω (a2) · hH

�
ãõ11 , ã2

�
∼

√
o1

a2 − a1
,

�

Def init ion . f CΩ hCΩ continuous
real complex boundary eff ect observables DΩ × DΩ → C

f CΩ = f Ω − f C,

hCΩ = hΩ − hC.

ao11 ∈ DΩ a2 ∈Ω

hCΩ (a
o1
1 , a2) = h

C
Ω (a

o1
1 , a

o2
2 ) + h

C
Ω

�
ao11 , a

− o2
2

�
,

o2 ∈ S

hCΩ (a
o1
1 , ·)

(♠ Ω , hΩ)
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Theor em . Let Ω be a smooth finitely-connected domain with straight bound-
ary parts ∂sΩ ⊂ ∂Ω and (Ωδ)δ> 0 a discretization of Ω. Then we have that the
fol lowing limits exist:

1
δ
· f Cδ

Ωδ
(ao11 , a

o2
2 ) −→

δ→0
f CΩ (a

o1
1 , a

o2
2 ) ,

1
δ
· hCδ

Ωδ
(ao11 , a

o2
2 ) −→

δ→0
hCΩ (a

o1
1 , a

o2
2 ) ,

where the convergence is uniform on the compact subsets of

{ (a1, a2) ∈ (Ω × (Ω∪ ∂sΩ)) ∪ ((Ω∪ ∂sΩ) × Ω)} ×
�
(o1, o2) ∈ (S)2� × (S)

2
�

�
.

and that the following limits exist:

1
δ
· f Ωδ (a

o1
1 , a

o2
2 ) −→

δ→0
f Ω (a

o1
1 , a

o2
2 ) ,

1
δ
· hΩδ (a

o1
1 , a

o2
2 ) −→

δ→0
hΩ (a

o1
1 , a

o2
2 ) ,

where the convergence is uniform on the compact subsets of

{ (a1, a2) ∈ (Ω∪ ∂sΩ) × (Ω∪ ∂sΩ) : a1 �= a2}

×
�
(o1, o2) ∈ (S)2� × (S)

2
�

�
.

Pr oof .

1
δ
· hCδ

Ωδ
(ao11 , a2) −→δ→0

hCΩ (a
o1
1 , a2)

{ (a1, a2) ∈Ω × (Ω∪ ∂sΩ)} ×
�
o1 ∈ (S)2�

�

hCΩ (a
o1
1 , a2)

1
δ ·

hCδ
Ω (ao11 , ·)

�
♠ Ωδ ,

1
δ · hCδ (a

o1
1 , ·)

�

ao11

1
δ
· hCδ (a

o1
1 , ·) −→δ→0

hC (a
o1
1 , ·)

∂Ω
ao11 a1 ∂Ω

1
δ
· hΩδ (a

o1
1 , a2) −→δ→0

hΩ (a
o1
1 , a2) ,

{ (a1, a2) ∈Ω× (Ω∪ ∂sΩ) : a1 �= a2} ×
�
o1 ∈ (S)2�

�
,
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hΩ (a
o1
1 , a2) hCΩ (a

o1
1 , a2)

hΩδ f Ωδ (·, ·)

hΩδ (a
o1
1 , a

o2
2 ) = −

√
o1

√
o2
hΩδ (a

o2
2 , a

o1
1 ) ,

hΩδ

�
a(i

√
o1 )

2

1 , ao22
�

= −
i
√
o1

√
o2
hΩδ (a

o2
2 , a

o1
1 )

1 2

1
δ
· hΩδ (a

o1
1 , a2) −→δ→0

hΩ (a
o1
1 , a2)

{ (a1, a2) ∈ (Ω∪ ∂sΩ) × Ω : a1 �= a2} ×
�
o1 ∈ (S)2�

�
.

hΩδ (a
o1
1 , a2) �

1
�
�νext (a2)

∀a2 ∈ ∂0VΩm
δ
,

1
δ ·hΩδ (a

o1
1 , a2)

{ (a1, a2) ∈ (Ω∪ ∂sΩ) × (Ω∪ ∂sΩ) : a1 �= a2} ×
�
o1 ∈ (S)2�

�
.

�

Pr oposit ion . The continuous observables f Ω , hΩ , f CΩ , h
C
Ω exist on any

finitely-connected domain Ω and we have the following conformal covariance prop-
erties: i f ϕ : Ω → Ω̃ is a conformal mapping, for any branch choice of

√
ϕ�, we

have

f Ω (a
o1
1 , a

o2
2 ) =

�
|ϕ�(a1)| ·

�
|ϕ�(a2)|f Ω̃

�
ãõ11 , ã2

õ2
�
,

hΩ (a
o1
1 , a2) =

�
|ϕ�(a1)| ·

�
ϕ�(a2) · gΩ̃

�
ãõ11 , ã2

�
,

f CΩ
�
ao11 , a

( i
√
o1 )

2

1

�
= |ϕ�(a1)| · f

C
Ω̃

�

ãõ11 , ã
(i
√
õ1 )2s

1

�

,

hCΩ (a
o1
1 , a1) =

1
√
o1
· |ϕ�(a1)| · h

C
Ω̃

�
ãõ11 , ã1

�
,

where ãj = ϕ (aj ), õj =
��

ϕ�(aj ) ·
√
oj
�2
, for j ∈ { 1, 2} . We have the following

antisymmetry property:

f Ω (a
o1
1 , a

o2
2 ) = − f Ω (a

o2
2 , a

o1
1 ) .

Pr oof . Ω
o1 ∈ (S)2� hΩ (a

o1
1 , a2)

õ1 ∈ (S)2
√
õ1 = cosϑ

√
p1 + sin ϑ

√
q1

ϑ p1, q1 ∈ (S)2�
hΩ
�
aõ11 , ·

�
cosϑ · hΩ (a

p1
1 , ·) + sin ϑ · hΩ (a

q1
1 , ·) . Ω
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ϕ Ω̃
hΩ (a

o1
1 , a2)

hΩ (a
o1
1 , a2) =

�
|ϕ�(a1)| ·

�
ϕ�(a2) · hΩ̃

�
ãõ11 , ã2

�
,

ã1 = ϕ (a1) ã2 = ϕ (a2) õ1 =
��

ϕ�(a1)
√
o1
�2
/ |ϕ�(a1)|

√
ϕ�

hΩ̃
�
ãõ11 , ã2

�
Ω̃

hΩ (a
o1
1 , a2) �

1
�
�νext (a2)

∀a2 ∈ ∂Ω

a1

hΩ (a
o1
1 , a2) ∼

√
o1

a2 − a1
.

hΩ (a
o1
1 , a2)
hCΩ f Ω f CΩ

f Ω Ω

�

Def init ion . yζ11 , y
ζ2
2 ∈ SΩ domain

fermion gΩ

gΩ
�
yζ11 , y

ζ2
2

�
=
�
ζ1 · hΩ

�
yζ11 , y

ζ2
2

�
= − i ·

√
ζ1√
ζ2
f Ω
�
yζ11 , y

ζ2
2

�
,

ζ1 ζ2

Lemma . Let Ω be a finitely-connected domain any yζ11 , y
ζ2
2 be two simply-

oriented points. Then we have

gΩ
�
yζ11 , y

ζ2
2

�
= gΩ

�
yζ22 , y

ζ1
1

�
.

Also, we have that

gΩ
�
yζ11 , y

ζ2
2

�
+ gΩ

�
yζ11 , y

− ζ2
2

�

does not depend on ζ2, that

gΩ
�
yζ11 , y

ζ2
2

�
+ gΩ

�
y− ζ1
1 , yζ22

�

does not depend on ζ1, that

gΩ
�
yζ11 , y

ζ2
2

�
+ gΩ

�
yζ11 , y

− ζ2
2

�
+ gΩ

�
y− ζ1
1 , yζ22

�
+ gΩ

�
y− ζ1
1 , y− ζ2

2

�

does not depend on ζ1 or ζ2, and that

ζ1
�
gΩ
�
yζ11 , y2

�
− gΩ

�
y− ζ1
1 , y2

��

does not depend on ζ1.
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Pr oof . f Ω
gΩ

ζ2
gΩ hΩ

�
yζ11 , y

ζ2
2

�
+ hΩ

�
yζ11 , y

− ζ2
2

�
= hΩ

�
yζ11 , y2

�

ζ2 ζ1

7.2.4
�
gΩ
�
yζ11 , y

ζ2
2

�
+ gΩ

�
yζ11 , y

− ζ2
2

��
+
�
gΩ
�
y− ζ1
1 , yζ22

�
+ gΩ

�
y− ζ1
1 , y− ζ2

2

��

ζ2
�
gΩ
�
yζ11 , y

ζ2
2

�
+ gΩ

�
y− ζ1
1 , yζ22

��
+
�
gΩ
�
yζ11 , y

− ζ2
2

�
+ gΩ

�
y− ζ1
1 , y− ζ2

2

��

ζ1

ζ1
�
gΩ
�
yζ11 , y2

�
− gΩ

�
y− ζ1
1 , y2

��
= ζ1

��
ζ1hΩ

�
yζ11 , y2

�
− i ·

�
ζ1hΩ

�

y
(i
√
ζ1 )2

1 , y2

��

= ζ1
��

ζ1
�
ζ1hΩ

�
y(1)

2

1 , y2
�
− i ·

�
ζ1
�
ζ1hΩ

�
y(i )

2

1 , y2
��

= hΩ
�
y(1)

2

1 , y2
�
− i · hΩ

�
y(i )

2

1 , y2
�
,

ζ1 �

Def init ion . gΩ
�
yζ11 , y2

�
gΩ
�
y1, y

ζ2
2

�
gΩ (y1, y2) g×Ω (y1, y2)

gCΩ gΩ − gC

Lemma . On the upper half-plane H, we havef

gH
�
yζ11 , y

ζ2
2

�
=

1
4π

�
ζ1

y2 − y1
−

ζ2
y2 − y1

+
i

y2 − y1
−
i · ζ1ζ2
y2 − y1

�

,

gH
�
yζ11 , y2

�
=

1
2π

�
ζ1

y2 − y1
+

i
y2 − y1

�

.

gH
�
y1, y

ζ2
2

�
=

1
2π

�
ζ2

y2 − y1
−

i
y2 − y1

�

,

gH (y1, y2) =
i

π(y2 − y1)
,

g×H (y1.y2) =
1

π(y2 − y1)
.

7.3. Cont inuous general observables

Ω ao11 , . . . , a
o2n
2n ∈ DΩ
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Def init ion . fermionic matrix A Ω (a
o1
1 , . . . , a

o2n
2n ) ∈M2n (R)

�
A Ω

�
xξ11 , . . . , x

ξ2p
2p

��

j k
=

�
���

���

f Ω
�
xξ jj , x

ξk
k

�
xj �= xk ,

f CΩ
�
xξ jj , x

ξk
k

�
xj = xk ξj �= ξk ,

0 ,

f Ω f CΩ

Def init ion . continuous (unfused) real fermionic observable
f Ω (a

o1
1 , . . . , a

o2n
2n ) a1, . . . , a2n ∈Ω

f Ω (a
o1
1 , . . . , a

o2n
2n ) = Pfaff (A Ω (a

o1
1 , . . . , a

o2n
2n )) .

Pr oposit ion . Let Ω be a finitely-connected domain and let ao11 , . . . , a
o2n
2n ∈

DΩ be distinct doubly-oriented points. Let e1, . . . , em ∈ Ω \ { a1, . . . , a2n } be points
and let q1, . . . , qm ∈ (S)2 be double orientations. Then the Pfaffi an

Pfaff

�

A Ω

�

eq11 , . . . , e
qm
m , e

(i √ qm )2
m , . . . , e

(i √ q1 )2
1 , ao11 , . . . , a

o2n
2n

��

is independent of the choices q1, . . . , qm and is equal to

(2i )− n · im
√
o1 · . . . ·

√
o2n

Pfaff (X Ω (e1, . . . , em , a
o1
1 , . . . , a

o2n
2n )) ,

where, if we set v = (e1, . . . , em , a
o1
1 , . . . , a

o2n
2n ), we have

X Ω (v ) =

�

�
X 11

Ω (v ) X 12
Ω (v ) X 13

Ω (v )
X 21

Ω (v ) X 22
Ω (v ) X 23

Ω (v )
X 31

Ω (v ) X 32
Ω (v ) X 33

Ω (v )

�

� ,

and where X 11
Ω (v ) , X

12
Ω (v ) , X

21
Ω (v ) , X

22
Ω (v ) ∈ Mm (C), are defined for j , k ∈

{ 1, . . . , m} by

�
X 11

Ω (v )
�
j k

=

�
��

��

0 if j = k

g×Ω (ek , ej ) i f j < k

− g×Ω (ej , ek ) if j > k

�
X 12

Ω (v )
�
j k

=

�
− i · gCΩ (ej , ej ) i f j + k = m

− i · gΩ (ek , em − j ) i f j + k �= m

�
X 21

Ω (v )
�
j k

=

�
− i · gCΩ (ej , ej ) i f j + k = m

− i · gΩ (ek , em − j ) i f j + k �= m

�
X 22

Ω (v )
�
j k

=

�
��

��

0 if j = k

g×Ω (em − k , em − j ) i f j < k

− g×Ω (em − k , em − j ) i f j > k
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where X 13
Ω (v ) , X

23
Ω (v ) ∈Mm,n (C) are defined for j ∈ { 1, . . . m} and k ∈ { 1, . . . , n}

by

�
X 13

Ω (v )
�
j k

= gΩ (a
ok
k , ej ) ,

�
X 23

Ω (v )
�
j k

= i · g×Ω (a
ok
k , em − j ),

and X 31
Ω (v ) , X

32
Ω (v ) ∈Mn,m (C) are defined by X 31

Ω (v ) = −
�
X 13

Ω (v )
�†
and X 32

Ω (v ) =

−
�
X 23

Ω (v )
�†
(where † denotes the adjoint matrix) and X 33

Ω (v ) ∈Mn (C) is defined
by

�
X 33

Ω (v )
�
j k
=

�
��

��

0 if j = k

oj · gΩ
�
aokk , a

oj
j

�
if j < k

ok · gΩ
�
aokk , a

oj
j

�
if j > k.

In particular, X Ω (v ) is independent of the branch choices of o1, . . . , o2n .

Def init ion . f [e1 ,...,em ]Ω (ao11 , . . . , a
o2n
2n ) continuous (fused)

real fermionic observable

Pr oof of Pr oposit ion 99.

p =

�

eq11 , . . . , e
qm
m , e

(i √ qm )2
m , . . . , e

(i √ q1 )2
1 , ao11 , . . . , a

o2n
2n

�

,

q = (q1, . . . , qm ) .

A Ω (p) gΩ gCΩ

f Ω
�
xξ jj , x

ξk
k

�
= i

√
ξk�
ξj
gΩ
�
xξ jj , x

ξk
k

�
,

f CΩ
�
xξ jj , x

ξk
k

�
= i

√
ξk�
ξj
gCΩ
�
xξ jj , x

ξk
k

�
.

B (q) ∈M2m+ 2n (C)

B j j =

�
��

��

λ
√
qj 1 ≤ j ≤ m

λ
�
iqm − j m + 1 ≤ j ≤ 2m

λ
√
oj − 2m 2m + 1 ≤ j ≤ 2m + 2n

B (q) A Ω (p) B (q) = Ã Ω (p) Ã Ω

�
xξ11 , . . . , x

ξ2p
2p

�
∈

M2p (C)

�
Ã Ω

�
xξ11 , . . . , x

ξ2p
2p

��

j k
=

�
���

���

ξj gΩ
�
xξ jj , x

ξk
k

�
xj �= xk ,

ξj gCΩ
�
xξ jj , x

ξk
k

�
xj = xk ξj �= ξk ,

0 .
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C (q) ∈M2m+ 2n (C)

(C (q))j k =

�
���������

���������

oj ≤ j = k ≤ m

− i m + 1 ≤ j = k ≤ 2m

− i 1 ≤ j = 2m + 1− k ≤ m

− oj m + 1 ≤ j = 2m + 1− k ≤ 2m

1 2m + 1 ≤ j = k ≤ 2m + 2n

0

C (q) Ã Ω (p) C
T (q) = −X Ω (e1, . . . , em , a

o1
1 , . . . , a

o2n
2n ) .

Pfaff (QtRQ) = det (Q) Pfaff (R)

Pfaff (X Ω (p)) = det (C (q)) det (B (q)) Pfaff (A Ω (p)) .

det (B (q)) =
q1 · . . . · qm ·

√
o1 · . . . ·

√
o2n

i n

det (C (q)) = 2m
q1 · . . . qm

im
,

Pfaff (A Ω (p)) =
(2i )− n · im

√
o1 · . . . ·

√
o2n

Pfaff (X Ω (e1, . . . , em , a
o1
1 , . . . , a

o2n
2n ))

�

7.4. Convergence of general observables

T heor em . Let Ω be a smooth finitely-connected domain with straight
boundary parts ∂sΩ ⊂ ∂Ω and (Ωδ)δ> 0 a family of discrete domains discretizing
it. Then for any integers n,m ≥ 0, the renormalized discrete real fermionic observ-
able

(ao11 , . . . , a
o2n
2n , e1, . . . , em ) �→

1
δn
· f [e1 ,...,em ]Ωδ

(ao11 , . . . , a
o2n
2n )

converges uniformly, as δ→ 0, on the compact subsets of
�
(z1, . . . , z2n , w1, . . . , wm ) ∈ (Ω∪ ∂sΩ) × . . . × (Ω∪ ∂sΩ) × Ω× . . .Ω

: zj �= zk , ej �= ek ,∀j �= k, zj �= ek∀j , k

�

×
�
(o1, . . . , o2n ) ∈ (S)2� × . . . × (S)

2
�

�
,

where to its continuous counterpart

f [e1 ,...,em ]Ω (ao11 , . . . , a
o2n
2n ) .

Pr oof .

�
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Theor em . The continuous real fermionic observable f Ω satisfies the fol-
lowing conformal covariance properties: for any conformal mapping ϕ : Ω→ Ω̃ and
any branch choice of

√
ϕ�, we have

f [e1 ,...,em ]Ω (ao11 , . . . , a
o2n
2n ) =

�

�
m�

j = 1

|ϕ�(ej )|

�

�

�
2n�

k= 1

|ϕ�(ak )|
1
2

�

f [ẽ1 ,...ẽm ]
Ω̃

�
ãõ11 , . . . , ã

õ2n
2n

�
,

where ẽj = ϕ (ej ) for al l j = 1, . . . , m and ã1 = ϕ (a1), õ1 =

�√
ϕ �(o1 ) ·

√
o1
�2

|ϕ �(o1 ) |
.

Pr oof .
�

T heor em . Let a1, . . . , a2n ∈ R and e1, . . . , em ∈ H be distinct points.
Then for any choices of double orientations o1, . . . , o2n ∈ (S)2 such that oj = (± λ)2

for each j = 1, . . . , 2n, we have

f [e1 ,...,em ]H (ao11 , . . . , a
o2n
2n ) =

im

πn+ m
·
2n�

j = 1

1
2
√
oj

·Pfaff (K (e1, . . . , em , em , . . . e1, a1, . . . , a2n )) ,

where the antisymmetric matrix K (x1, . . . , x2p) ∈M2p (C) is defined by

(K (x1, . . . , x2p))j k =

�
1

x j − x k
i f j �= k,

0 if j = k.

Pr oof . f [e1 ,...,em ]H (ao11 , . . . , a
o2n
2n )

1
i n

�

�
2n�

j = 1

1
2
√
oj

�

� Pfaff
�
X Ω

�
e1, . . . , em , a

i
1, . . . , a

i
2n

��
,

o1, . . . o2n
i ∈ S X Ω

X H
�
e1, . . . , em , ai1, . . . , a

i
2n

�

K̃ (e1, . . . , em , em , . . . , e1 �a1, . . . , a2n ) K̃ (x1, . . . , x2q �y1, . . . , y2r ) ∈
M2q+ 2r (C)

�
K̃ (x1, . . . , x2q �y1, . . . , y2r )

�

j k
=

�
�������

�������

0 j = k
1

π(x j − x k )
1 ≤ j , k ≤ 2q, j �= k

i
π(x j − yk − 2q )

1 ≤ j ≤ 2q < k ≤ 2q+ 2r
i

π(yj − 2q− x k )
1 ≤ k ≤ 2q < j ≤ 2q+ 2r

− 1
π(yj − yk )

2q+ 1 ≤ j , k ≤ 2q+ 2r, j �= k
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D (2m, 2n) X H
�
e1, . . . , em , a

i
1, . . . , a

i
2n

�
D (2m, 2n) = K (e1, . . . , em , em , . . . e1, a1, . . . , a2n ) ,

D (2m, 2n) ∈ M2m+ 2n (C) 2m
1 2n − i

Pfaff (QtRQ) = det (Q) Pfaff (R) �

7.5. Proofs of t he t heorems of t he int r oduct ion

Pr oof of T heor em 1. 〈�(a1) · . . . · �(an )〉
b
Ω

〈�(a1) · . . . · �(an )〉
b
Ω = (− 1)

n · 2n ·
f [a1 ,...,an ]Ω (x1, . . . , x2k )
f Ω (x1, . . . , x2k )

.

x1,δ, . . . , x2k ,δ ∈ ∂0VΩm
δ

b1, . . . , b2p

E(b1, δ ,...,b2k , δ )Ω∗
δ

[�δ (a1,δ) · . . . · �δ (an ,δ)] = (− 1)
n · 2n ·

f [a1, δ ,...,an , δ ]Ωδ

�
xo1, δ1,δ , . . . , x

o2k , δ
2k ,δ

�

f Ωδ

�
xo1, δ1,δ , . . . , x

o2k , δ
2k ,δ

� ,

oj ,δ
xj ,δ ∂0VΩδ j = 1, . . . , 2k

1
δn

f [a1, δ ,...,an , δ ]Ωδ

�
xo1, δ1,δ , . . . , x

o2k , δ
2k ,δ

�

f Ωδ

�
xo1, δ1,δ , . . . , x

o2k , δ
2k ,δ

� −→
δ→0

f [a1 ,...,an ]Ω (x1, . . . , x2k )
f Ω (x1, . . . , x2k )

,

E(b1, δ ,...,b2k , δ )Ω∗
δ

[�δ (a1,δ) · . . . · �δ (an ,δ)] −→
δ→0

〈�(a1) · . . . · �(an )〉
b
Ω .

�

Pr oof of Cor ol l ar y 2.

EfreeΩδ
[�δ (a1,δ) · . . . · �δ (an ,δ)] = −E∅Ω∗

δ
[�δ (a1,δ) · . . . · �δ (an ,δ)]

�

Pr oof of Cor ol l ar y 3. σ �→ −σ �δ

E+Ω∗
δ
[�δ (a1,δ) · . . . · �δ (an ,δ)] = E

−
Ω∗
δ
[�δ (a1,δ) · . . . · �δ (an ,δ)] .

E+Ω∗
δ
[�δ (a1,δ) · . . . · �δ (an ,δ)] = E

∅
Ω∗
δ
[�δ (a1,δ) · . . . · �δ (an ,δ)]

E
(b+1 b−2 ...b+2k − 1 b

−
2k )

Ωδ
[�δ (a1,δ) · . . . · �δ (an ,δ)] = E

(b−1 b+2 ...b−2k − 1 b
+
2k )

Ωδ
[�δ (a1,δ) · . . . · �δ (an ,δ)] ,
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E
(b+1 b−2 ...b+2k − 1 b

−
2k )

Ω∗
δ

[�δ (a1,δ) · . . . · �δ (an ,δ)] = E
{ b1 ,b2 ,...b2k − 1 ,b2k }
Ω∗
δ

[�δ (a1,δ) · . . . · �δ (an ,δ)]

�

Pr oof of T heor em 5. 〈σ (v1) · . . . ·σ (v2n )〉
free
Ω

〈σ (v1) · . . . ·σ (v2n )〉
free
Ω =

1
αn
f Ω (w

o1
1 , . . . , w

o2n
2n ) .

〈σ (v1) · . . . ·σ (v2n )〉
free
Ω f Ω

w1,δ, . . . , w2n ,δ ∈ ∂0VΩmδ
v1,δ, . . . , v2n ,δ

EfreeΩδ
[σδ (v1,δ) · . . . ·σδ (v2n ,δ)] =

1
αn

�
�
�f Ωδ

�
wo11,δ, . . . , w

o2n
2n ,δ

��
�
�,

o1, . . . , o2n wo11,δ, . . . , w
o2n
2n ,δ

1
δn
· f Ωδ

�
wo11,δ, . . . , w

o2n
2n ,δ

�
−→
δ→0

f Ω (w
o1
1 , . . . , w

o2n
2n ) .

1
δn
· EfreeΩδ

[σδ (v1,δ) · . . . ·σδ (v2n ,δ)] −→
δ→0

〈σ (v1) · . . . ·σ (v2n )〉
free
Ω .

�
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Proof of Proposit ion 63

Pal07

Pr oposit ion . Consider the Ising model on Ωδ with free
boundary condition at inverse temperature β and denote by Z freeΩδ

i ts partition func-
tion. Then we have

Z freeΩδ
= 2|VΩδ | (coshβ)|EΩδ |

�

ω∈CΩδ

α |ω|h ,

where αh = tanhβ and |ω| is the number of edges of ω. In particular, at the critical
value βc = 1

2 ln
�√
2+ 1

�
of β, we have αh = α =

√
2 − 1 . More generally, for

distinct vertices v1, . . . , v2n ∈ VΩδ , i f we denote by Z
free
Ωδ

(v1, . . . , v2n ) the partition
function

Z freeΩδ
(v1, . . . , v2n ) =

�

σ∈{ ± 1} V Ωδ

σv1 · . . . ·σv2n · e
− βH (σ) ,

we have

Z freeΩδ
(v1, . . . , v2n ) = 2|

VΩδ | (coshβ)|EΩδ |
�

ω∈CΩδ (v1 ,...,v2n )

α |ω|h .

In particular, we have

EfreeΩδ
[σδ (v1) · . . . ·σδ (v2n )] =

�

�
�

ω∈CΩδ
(v1 ,...,v2n )

α |ω|h

�

� /

�

�
�

ω∈CΩδ

α |ω|h

�

� .

In the critical case β = βc, we can rewrite this latter ratio as

ZΩδ (v1, . . . , v2n ) / ZΩδ ,

where ZΩδ is as defined in the previous paragraph.
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Pr oof . σ ∈ { ± 1} VΩδ

exp (− βH (σ)) =
�

〈x ,y〉∈EΩδ

exp (βσxσy )

=
�

〈x ,y〉∈EΩδ

(cosh (βσxσy ) + sinh (βσxσy ))

=
�

〈x ,y〉∈EΩδ

(coshβ + σxσy sinh (β))

= (coshβ)|EΩδ |
�

〈x ,y〉∈EΩδ

(1 + σxσy tanh (β)) .

Z freeΩδ
(v1, . . . , v2n ) n = 0

Z freeΩδ
(v1, . . . , v2n )

=
�

σ∈{ ± 1} V Ωδ

�

�
2n�

j = 1

σvj

�

� · exp (− βH (σ))

= (coshβ)|EΩδ |
�

σ∈{ ± 1} V Ωδ

�

�
2n�

j = 1

σvj

�

�
�

〈x ,y〉∈EΩδ

(1 + σxσy tanh (β))

= (coshβ)|EΩδ |
�

σ∈{ ± 1} V Ωδ

�

�
2n�

j = 1

σvj

�

�
�

ω⊂EΩδ

�

〈x ,y〉∈ω

σxσy tanh (β)

= (coshβ)|EΩδ |
�

ω⊂EΩδ

tanh (β)|E |
�

σ∈{ ± 1} V Ωδ

�

�

�

�
2n�

j = 1

σvj

�

�

�

�
�

〈x ,y〉∈ω

σxσy

�

�

�

� .

ω⊂ EΩδ σv v ∈ VΩδ�� 2n
j = 1 σvj

���
〈x ,y〉∈ω σxσy

�

�

σ∈{ ± 1} V Ωδ

�

�
2n�

j = 1

σvj

�

�
�

〈x ,y〉∈ω

σxσy

σv
ω

v ∈ VΩδ \ { v1, . . . , v2n } ω
v1, . . . , v2n E

CΩδ (v1, . . . , v2n ) ω∈ CΩδ (v1, . . . , v2n )�
〈x ,y〉∈ω σxσy 1 σ ∈ { ± 1} VΩδ

�

σ∈{ ± 1} V Ωδ

�

�
2n�

j = 1

σvj

�

�
�

〈x ,y〉∈ω

σx = 2|
VΩδ |.
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Z freeΩδ
(v1, . . . , v2n ) = 2|

VΩδ | (coshβ)|EΩδ |
�

ω⊂CΩδ
(v1 ,...,v2n )

α |ω|h ,

EfreeΩδ
[σδ (v1) · . . . ·σδ (v2n )]

Z freeΩδ
(v1, . . . , v2n ) / Z freeΩδ

�

Proof of Proposit ion 64

Pr oposit ion . Consider both the critical Ising model on Ω∗δ
with locally monochromatic boundary condition and the critical Ising model on Ωδ

with free boundary condition. Let e1, . . . , em ∈ E(Ωδ) be distinct edges. Then we
have

EfreeΩδ
[�δ (e1) · . . . · �δ (em )] = (− 1)

m E∅Ω∗
δ
[�δ (e

∗
1) · . . . · �δ (e

∗
m )] ,

where ∅denotes the locally monochromatic boundary condition with no boundary
changing operators.

In other words, the discrete energy field with free boundary condition is equal
to minus the discrete energy field with locally monochromatic boundary condition.

Pr oof . B { 0, 1} m

b = (b1, . . . , bn ) ∈ B sb
(1− 2b1, . . . , 1− 2bm ) ∈ { ± 1} m pb { e1, . . . , em }

{ ej ∈ { e1, . . . , em } : bj = 1} v0 = (1, 0) v1 = (0, 1)

R2 (vb )b∈B
�
R2
�⊗m

b ∈ B vb

vb1 ⊗ . . .⊗ vbm ∈
�
R2
�⊗m

.

x1, . . . , x5 ∈
�
R2
�⊗m

x1 =
�

b∈B

E∅Ω∗
δ

�
�

e∈p b

�δ (e
∗)

�

· vb ,

x2 =
�

b∈B

E∅Ω∗
δ

�
�

e∈p b

(�δ (e
∗) + µ)

�

· vb ,

x3 =
�

b∈B

1
ZΩδ

· Z

�

e
(sb )1
1 ,...,e

( sb )m
m

�

Ωδ
· vb ,

x4 =
�

b∈B

EfreeΩδ

�
�

e∈p b

(�δ (e) + µ)

�

· vb ,

x5 =
�

b∈B

EfreeΩδ

�
�

e∈p b

�δ (e)

�

· vb ,
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µ =
√
2
2 Z{ ...}Ωδ

A 1,2, A 2,3, A 3,4, A 4,5 ∈M2m (R)

A 1,2 =

�
1 0
µ 1

�⊗m
,

A 2,3 =

�
1
2

1
2

1
2 − 1

2

�⊗m
,

A 3,4 =

�
1 1
α α− 1

�⊗m
,

A 4,5 =

�
1 0
− µ 1

�⊗m
.

A 4,5 · A 3,4 · A 2,3 · A 1,2

�
1 0
0 − 1

�⊗m
.

A 1,2x1 = x2,

A 2,3x2 = x3,

A 3,4x3 = x4,

A 4,5x4 = x5,

EfreeΩδ
[�δ (e1) · . . . · �δ (em )] =

�
x1
�
(1,...,1)

= (− 1)m
�
x5
�
(1,...,1)

(− 1)m E∅Ω∗
δ
[�δ (e

∗
1) · . . . · �δ (e

∗
m )] ,

A 1,2x1 = x2 A 4,5x4 = x5

m x2 x5 A 1,2

A 4,5

A 2,3x2 = x3 x2

�

b∈B

(− 1)
� m

j = 1 bj

ZΩδ

· Z

�

e
(sb )1
1 ,...,e

( sb )m
m

�

Ωδ
· vb ,

�δ (e∗) = 1 Z
{ e+ }
Ωδ

�δ (e∗) = − 1 Z
{ e− }
Ωδ

e∈ EΩδ

�
1 1
1 − 1

�⊗m
x3 = x2.

A 2,3

A 3,4x3 = x4 e = 〈y, z〉∈ EΩδ

e Z
{ e+ }
Ωδ

e Z
{ e− }
Ωδ

107



CΩδ (y, z)
CΩδ CΩδ (y, z) b ∈ B e�1 , . . . , e�k

pb

EfreeΩδ

�

�
k�

j = 1

�
�δ
�
e�j
��
�

� =
1
ZΩδ

�

�
�

ω∈CΩδ (y1 ,z1 ,...,yk ,zk )

α |ω|

�

�

ZΩδE
free
Ωδ

�

�
k�

j = 1

�
�δ
�
e�j
��
�

� =
�

ω∈CΩδ (y1 ,z1 ,...,yk ,zk )

α |ω|

=
�

(s1 ,...,sk )∈{ ± 1} k
α
� k

j = 1 sj
�

ω̃∈C

�

e
s 1
�1

, . . . , e
s k
�k

�

Ωδ

α |ω̃|

=
�

(s1 ,...,sm )∈{ ± 1} m
α
� k

j = 1 s�j
�

ω†∈C
{ es 11 , . . . , esmm }
Ωδ

α|ω
† |

=
�

(s1 ,...,sm )∈{ ± 1} m
α
� k

j = 1 s�j · Z
{ es11 ,...,esmm }
Ωδ

= A 3,4x3,

�
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Proof of Proposit ion 67.

Pr oposit ion . Let ao11 , . . . , a
o2n
2n ∈ DΩm

δ
be doubly-oriented

medial vertices. Then for each configuration ω ∈ CΩδ (a
o1
1 , . . . , a

o2n
2n ), the winding

phases φ (γ1, . . . , γn , o1, . . . , o2n ) and φ (γ̃1, . . . , γ̃n , o1, . . . , o2n ) of any two admissi-
ble choices of walks on ω are the same.

We denote by φ (ω, o1, . . . , o2n ) the winding phase of ω defined as the winding
phase of its admissible choices of walks. The winding phase is antisymmetric with
respect to the permutations of the indices { 1, . . . , 2n} .

Pr oof . a1, . . . , a2n
o1, . . . , o2n (1)2

π

ω∈ CΩδ VΩδ

ω

CΩδ

�
a(1)

2

1 , . . . , a(1)
2

2n

�
2n h1, . . . , h2n ∈

HΩδ hj = 〈aj , bj 〉 j ∈ { 1, . . . , 2n} CΩδ (b1, . . . , b2n )
2n

CΩδ (b1, . . . , b2n )

CΩδ

�
a(1)

2

1 , . . . , a(1)
2

2n

�

φ C→Ωδ
(b1, . . . , b2n ) ⊂ CΩδ (b1, . . . , b2n )

ω∈ CΩδ (b1, . . . , b2n ) 〈bk , bk + δ〉 ∈ ω

k ∈ { 1, . . . , 2n} CΩδ

�
a(1)

2

1 , . . . , a(1)
2

2n

�

n = 2

Lemma . Let ω∈ CΩδ (b1, b2) be a configuration with b1, b2 ∈ VΩδ . Then for
any two admissible extended walks γ, γ̃ : b1 � b2, we have φ (γ) = φ (γ̃).

Pr oof of Lemma 104.
CΩδ (b1, b2)

Θ
�

ρ ∈ SVΩ ∗δ : ρv ∈
�

± exp

�

−
i
2
(arg (v − b1) + arg(v − b2))

���

109



Θ+ {ρ ∈Θ : arg (ρb1 ) ≥ 0} arg
ω∈ CΩδ (b1, b2)

(ρ (ω)v )v∈VΩ ∗δ
∈Θ+

�e
�
ρ (ω)v ρ (ω)w

�
> 0 ⇐⇒ 〈v,w〉∗ /∈ω ∀〈v,w〉∈ EΩ∗

δ
.

ρ (ω) ∈Θ+
γ1, . . . , γL ∈ �EΩδ γ̃1, . . . , γ̃L̃ ∈ �EΩδ

γ γ̃ b1 b2 l1, . . . , lL ∈ VΩ∗
δ

l̃1, . . . , l̃L̃ ∈ VΩ∗
δ

γ1, . . . , γL
γ̃1, . . . , γ̃L̃ i1, . . . , iL ∈ VΩδ ĩ1, . . . , ĩL̃ ∈ VΩδ

γ1, . . . , γL ∈ VΩm
δ

γ̃1, . . . , γ̃L̃ ∈ VΩmδ m1, . . . ,mL ∈ VΩmδ
m̃1, . . . , m̃L̃ ∈ VΩm

δ
γ1, . . . , γL γ̃1, . . . , γ̃L̃

�e
�
ρ (ω)l j − 1

ρ (ω)l j

�
> 0

�e
�
ρ (ω)l̃ j̃ − 1

ρ (ω)l̃ j̃

�
> 0

j ∈ { 2, . . . , L } j̃ ∈
�
2, . . . , L̃

�

j ∈ { 1, . . . , L } j̃ ∈
�
1, . . . , L̃

�

ρ (ω)l j = ρ (ω)l 1

exp
�
− i
2

´
(γ [0,j − 1])∪[i j ,mj ]∪[mj ,l j ]

(d arg(ζ − b1) + d arg(ζ − b2))
�

exp
�
− i
2

´
[i 1 ,m1 ]∪[m1 ,l 1 ]

(d arg(ζ − b1) + d arg (ζ − b2))
� ,

ρ (ω)l̃ j̃ = ρ (ω)l̃ 1

exp
�
− i
2

´
( γ̃ [0,j̃ − 1])∪ [̃i j̃ ,m̃ j̃ ]∪[m̃j , l̃ j ] (d arg(ζ − b1) + d arg(ζ − b2))

�

exp
�
− i
2

´
[i 1 ,m1 ]∪[m1 ,l 1 ]

(d arg(ζ − b1) + d arg (ζ − b2))
� ,

ζ γ [0, j − 1] γ̃
�
0, j̃ − 1

�

j j̃ γ γ̃ b1 ij b1 ĩ j̃
x, y ∈ C [x, y] ⊂ C
ĩ1, m̃1, l̃1 = i1,m1, l1 j = L j̃ = L̃

ρ (ω)b2 = ρ (ω)l 1

exp
�
− i
2

´
γ∪[i L ,mL ]∪[mL ,l L ]

(d arg(ζ − b1) + d arg(ζ − b2))
�

exp
�
− i
2

´
[i 1 ,m1 ]∪[m1 ,l 1 ]

(d arg(ζ − b1) + d arg (ζ − b2))
� ,

ρ (ω)b1 = ρ (ω)l̃ 1

exp
�
− i
2

´
γ̃∪[i L ,mL ]∪[mL ,l L ]

(d arg(ζ − b1) + d arg(ζ − b2))
�

exp
�
− i
2

´
[i 1 ,m1 ]∪[m1 ,l 1 ]

(d arg(ζ − b1) + d arg (ζ − b2))
� ,

ĩL̃ , m̃L̃ , l̃L̃ = iL ,mL , lL
γ∗ : x1 � x2 x1, x2 ∈ VΩδ γ∗ ⊂ EΩδ

ˆ

γ ∗
(d arg(ζ − x1) + d arg(ζ − x2)) = w (γ) ,
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γ∗

exp

�

−
i
2
w (γ)

�

=
ρ (ω)l 1
ρ (ω)b2

exp
�
− i
2

´
[i L ,mL ]∪[mL ,l L ]

(d arg (ζ − b1) + d arg (ζ − b2))
�

exp
�
− i
2

´
[i 1 ,m1 ]∪[m1 ,l 1 ]

(d arg(ζ − b1) + d arg (ζ − b2))
� ,

exp

�

−
i
2
w (γ̃)

�

=
ρ (ω)l̃ 1
ρ (ω)b1

exp
�
− i
2

´
[i L ,mL ]∪[mL ,l L ]

(d arg (ζ − b1) + d arg (ζ − b2))
�

exp
�
− i
2

´
[i 1 ,m1 ]∪[m1 ,l 1 ]

(d arg(ζ − b1) + d arg (ζ − b2))
� ,

φ (γ) = exp

�

−
i
2
w (γ)

�

,

φ (γ̃) = exp

�

−
i
2
w (γ̃)

�

.

�

Lemma . Let ω∈ CΩδ (b1, . . . , b2n ) be a configuration with b1, . . . , b2n ∈ VΩδ .
Then for any admissible choice of extended walks γ1, . . . , γn , the phase

φ (γ1, . . . , γn )

is antisymmetric with respect to indices permutations of b1, . . . , b2n .

Pr oof of Lemma 105. k ↔
k + 1 k ∈ { 1, 3, . . . , 2n} 2n bk bk+ 1

γj γj
w (γj ) π

− 1 bk bk+ 1 γ1, . . . , γn
c (γ1, . . . , γn )

− 1 �

ω∈ C→Ωδ
(b1, . . . , b2n )

qv ∈ { l , r }
v ∈ VΩδ (qv )v

b1

ω { b1, . . . , b2n }
{ b1, . . . , b2n }

(qv )v γ1, . . . , γn
(qv )v ṽ ∈ VΩδ (q̃v )v

(qv )v ṽ γ̃1, . . . , γ̃n
(q̃v )

φ (γ1, . . . , γn ) = φ (γ̃1, . . . , γ̃n ) .

γ̃1, . . . , γ̃n γ1, . . . , γn
n = 2 γ1 : bi 1 � bt 1

γ̃1 : bi 1 � bt 1 ω⊕γ2⊕. . .⊕γn ∈ C→Ωδ
(bi 1 , bt 1 )

exp

�

−
i
2
· w (γ1)

�

= exp

�

−
i
2
· w (γ̃1)

�

.
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γ1 ∪γ2 = γ̃1 ∪ γ̃2 γ1 : bi 1 � bt 1 , γ2 : bi 2 � bt 2 γ̃1 :

b̃i 1 � b̃t 1 , γ̃2 : b̃i 2 � b̃t 2 (i1, t 1, i2, t 2) �=
�
ĩ1, t̃ 1, ĩ 2, t̃ 2

�
φ (γ1, . . . , γn )

φ (γ̃1, . . . , γ̃n )
b1, . . . , b2n i1 = 1 t 1 = 2 i2 = 3 t 2 = 4

w (γ1) + w (γ2) = w (γ̃1) + w (γ̃2) (mod 4π)

{ 1, . . . , 4} γ̃1 γ̃2

w (γ1) + w (γ2) = w (γ̃1) + w (γ̃2) + 2π (mod 4π)

γ̃1 : b1 � b3 γ̃2 : b2 � b4
b1 b2

ω π
γ̃1 : b1 � b4 γ̃2 : b2 � b3 γ̃1

γ1 b1 ṽ γ2 ṽ b4 γ̃2
γ1 b2 ṽ γ2 ṽ b3

w (γ̃1) − w (γ̃2) = w (γ1) + w (γ2) + 2π (mod 4π) ,

2π γ1, γ2
π w (γ1) + w (γ2) − π w (γ1) + w (γ2) ṽ

γ̃1 γ̃2 ṽ
− π w (γ̃1) − w (γ̃2) π w (γ̃1) − w (γ̃2)

ω
π �

Proof of Proposit ion 68

Pr oposit ion . Let a1, . . . , a2n ∈ ∂0VΩmδ be boundary medial
vertices such that each connected component of ∂Ωδ contains an even number of
aj ’s let and o1, . . . , o2n ∈ (S)2� be inward-pointing double orientations at a1, . . . , a2n .
Then for each ω∈ CΩδ (a

o1
1 , . . . , a

o2n
2n ), the winding phase φ (ω) is the same.

Pr oof . a1, . . . , a2n
o1, . . . , o2n = (1)

2

�

Lemma . For any piecewise smooth path γ : [0, 1] → C, let us define its
winding number w (γ) as

ˆ 1

0
d arg(γ̇ (t)) ,

where γ̇ denotes the time derivative of γ and the integration variable is t.
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Let Ω ⊂ C be a smooth domain and let a1, . . . , a2n ∈ ∂Ω be boundary points
such that on each connected component of ∂Ω there are an even number of aj ’s and
such that ∂Ω is vertical near each of the points a1, . . . , a2n and such that Ω is on
the right side of ∂Ω near those points. Let us call a
collection γ1, . . . , γn : [0, 1]→ Ω of simple, mutually avoiding paths linking pairwise
the points a1, . . . , a2n with γj { 0} = aι j and γj { 1} = aτ j such that ι j < τj for each
j ∈ { 1, . . . , n} , with γ̇1 (0) , . . . , γ̇n (0) > 0 and γ̇1 (1) , . . . , γ̇n (1) < 0.

For each admissible collection γ1, . . . , γn , let us define φ (γ1, . . . , γn ) by

φ (γ1, . . . , γn ) = (− 1)
c(γ1 ,...,γn ) · i n · exp

�

�−
i
2

n�

j = 1

w (γj )

�

� ,

where (− 1)c(γ1 ,...,γn ) is the crossing signature of the pair partition of { 1, . . . , 2n}
induced by the paths γ1, . . . , γn .

Then for any two admissible collections of paths γ1, . . . , γn and γ̃1, . . . γ̃n , we
have that

φ (γ1, . . . , γn ) = φ (γ̃1, . . . , γ̃n ) .

Pr oof of Lemma 106.

n = 1

exp

�

−
i
2
w (γ1)

�

= exp

�

−
i
2
(w ( �a1a2) + π)

�

,

�a1a2 ∂Ω a1 a2
n ≥ 2 n− 1 φ (γ1, . . . , γn )

φ (γ̃1, . . . , γ̃n )
{ 1, . . . , 2n}

a2n− 1 a2n ∂Ω
a2n− 1 a2n

a1, . . . , a2n− 2 γ1, . . . , γn γ̃1, . . . , γ̃n
a2n γn γ̃n γ1, . . . , γn

γ†1, . . . , γ
†
n− 1 a1, . . . , a2n− 2

• γn a2n− 1 a2n γ†1, . . . , γ
†
n− 1 γ1, . . . , γn− 1

exp

�

−
i
2
w (γn )

�

= exp

�

−
i
2

�
w
�
�a2n− 1a2n

�
+ π

�
�

φ
�
γ†1, . . . , γ

†
n− 1

�
= exp

�
i
2
w
�
�a2n− 1a2n

�
�

φ (γ1, . . . , γn ) .

• γn aι n a2n γk aι k a2n− 1 ι k < ι n
γ†1, . . . , γ

†
n− 1 γ1, . . . , γk− 1, γk+ 1, . . . , γn− 1, γ∗ γ∗

γk aι k a2n− 1 π/ 2
�a2n− 1a2n ∂Ω a2n− 1 a2n
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π/ 2 γn a2n aι n 4π

w (γ∗) = w (γk ) + π+ w
�
�a2n− 1a2n

�
− w (γn )

= w (γk ) + w (γn ) + w
�
�a2n− 1a2n

�
+ 3π,

w (γn ) π

(− 1)c(γ
†
1 ,...,γ

†
n − 1 ) = − (− 1)c(γ1 ,...,γn ) ,

φ
�
γ†1, . . . , γ

†
n− 1

�
= exp

�
i
2
w
�
�a2n− 1a2n

�
�

φ (γ1, . . . , γn ) .

• γn aι n a2n γk aι k a2n− 1 ι n < ι k
γ†1, . . . , γ

†
n− 1 γ1, . . . , γk− 1, γk+ 1, . . . , γn− 1, γ∗ γ∗

γn aι n a2n − π/ 2
∂Ω a2n a2n− 1 − π/ 2

γk a2n− 1 aι k 4π

w (γ∗) = w (γn ) − π− w
�
�a2n− 1a2n

�
− w (γk )

= w (γn ) + π+ w
�
�a2n− 1a2n

�
+ w (γk ) ,

w
�
�a2n− 1a2n

�
2π w (γk )

π

φ
�
γ†1, . . . , γ

†
n− 1

�
= exp

�
i
2
w
�
�a2n− 1a2n

�
�

φ (γ1, . . . , γn ) .

γ̃†1, . . . , γ̃
†
n− 1 a1, . . . , a2n− 2

γ̃1, . . . , γ̃n

φ
�
γ̃†1, . . . , γ̃

†
n− 1

�
= exp

�
i
2
w
�
�a2n− 1a2n

�
�

φ (γ̃1, . . . , γ̃n ) .

φ (γ1, . . . , γn ) = exp

�

−
i
2
w
�
�a2n− 1a2n

�
�

φ
�
γ†1, . . . , γ

†
n− 1

�

= exp

�

−
i
2
w
�
�a2n− 1a2n

�
�

φ
�
γ̃†1, . . . , γ̃

†
n− 1

�

= φ (γ̃1, . . . , γ̃n ) ,

�
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Pr oposit ion . Consider the critical Ising model on a simply connected
discrete domain Ωδ with free boundary condition and let v1, . . . , v2n ∈ ∂0VΩδ be
boundary vertices enumerated in counterclockwise order. Then we have that

EfreeΩδ
[σv1 · . . . ·σv2n ] = |Pfaff (ZΩδ )| ,

where ZΩδ ∈M2n (R) is given by

(ZΩδ )j k =

�
��

��

0 if j = k,

EfreeΩδ

�
σvj σvk

�
if j < k,

−EfreeΩδ

�
σvj σvk

�
if j > k.

Pr oof . w1, . . . , w2n ∈ ∂0VΩmδ
v1, . . . , v2n

o1, . . . , o2n v1, . . . , v2n

EfreeΩδ
[σv1 · . . . ·σv2n ] =

1
αn
|f Ωδ (w

o1
1 , . . . , w

o2n
2n )| ,

α =
√
2− 1

o1, . . . , o2n
f Ωδ

�
wojj , w

oj + 1
j + 1

�
> 0 j ∈ { 1, . . . , 2n − 1}

CΩδ

�
wojj , w

oj + 1
j + 1

�

f Ωδ

�
wojj , w

ok
k

�
> 0 j , k ∈ { 1, . . . , 2n} j < k

ω∈ CΩδ

�
wojj , w

ok
k

�
ωj ⊕. . .⊕ωk− 1 ωl ∈ CΩδ

�
woll , w

ol + 1
l + 1

�

l ∈ { j , . . . , k − 1} φ (ω, oj , ok )
φ (·, oj , ok ) CΩδ

�
wojj , w

ok
k

�

f Ωδ

�
wojj , w

ok
k

�
= 1

α ·E
free
Ωδ

�
σvj σvk

�

j < k

f Ωδ (w
o1
1 , . . . , w

o2n
2n ) = Pfaff (A Ωδ (w

o1
1 , . . . , w

o2n
2n )) ,

(A Ωδ (w
o1
1 , . . . , w

o2n
2n ))j k =

�
f
�
wojj , w

ok
k

�
j �= k,

0 j = k.
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