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Intrinsic toroidal rotation in the scrape-off layer of tokamaks

J. Loizu,a) P. Ricci, F. D. Halpern, S. Jolliet, and A. Mosetto
Centre de Recherches en Physique des Plasmas (CRPP), !Ecole Polytechnique F!ed!erale de Lausanne (EPFL),
CH-1015 Lausanne, Switzerland

(Received 26 February 2014; accepted 26 May 2014; published online 18 June 2014)

The origin and nature of intrinsic toroidal plasma rotation in the scrape-off-layer (SOL) of
tokamaks is investigated both analytically and through numerical simulations. It is shown that the
equilibrium poloidal E!B flow, the sheath physics, and the presence of poloidal asymmetries in
the pressure profile act as sources of momentum, while turbulence provides the mechanism for the
radial momentum transport. An equation for the radial and poloidal dependence of the equilibrium
parallel ion flow is derived, and a simple analytical solution is presented. This solution reproduces
and explains the main experimental trends for the Mach number found in the SOL of tokamaks.
Global, three-dimensional fluid simulations of SOL turbulence in different limiter configurations
confirm the validity of the analytical theory. [http://dx.doi.org/10.1063/1.4883498]

I. INTRODUCTION

Tokamak plasmas have been observed to spontaneously
rotate toroidally even in the absence of momentum
injection.1–3 As sufficiently large rotation has been shown to
stabilize MHD instabilities4,5 and reduce turbulent trans-
port,6 understanding the origin and nature of intrinsic toroi-
dal rotation is of special importance for future fusion devices
such as ITER where the effective deposition of momentum
is expected to be small.7,8 While the experimental and theo-
retical research effort has mostly focused on toroidal rotation
inside the Last Closed Flux Surface (LCFS),9–20 there is
strong experimental evidence for the role of the Scrape-Off
Layer (SOL) in determining core rotation profiles.21 This is
consistent with the idea that any source of net toroidal mo-
mentum must come from the boundary, as implied by the
momentum conservation law.22 Recently, it was also found
that strong flows in the SOL set the boundary conditions on
the confined plasma and can even determine the low-to-high
confinement mode power threshold.23 While some theoreti-
cal and numerical studies have focused on SOL rotation
driven by classical flows,24,25 a revealing description of the
phenomena that takes into account the fundamental elements
of the SOL, such as turbulent momentum transport and
plasma sheaths, is still lacking. This is particularly important
since, as experimental data reveal,21 explaining parallel
flows requires a detailed description of turbulent transport.

Typically, the toroidal Mach number in the SOL of L-
mode plasmas is measured to be of order one and in the co-
current direction, even when the toroidal magnetic field26 or
the total magnetic field23 is reversed. This can be qualitatively
explained by the recirculation of classical flows (E!B, dia-
magnetic, or Pfirsch-Schl"uter) in the parallel direction. It has
been observed, nevertheless, that the magnitude and direction
of toroidal rotation are not exactly invariant with respect to
magnetic field reversal: rotation can become stronger or
weaker in the co-current direction,23,26 and under certain con-
ditions it can even become counter-current.27 Similar behavior

has been observed when the plasma is brought from a lower
single null to an upper single null configuration.23 These
observations have been related to the presence of transport
asymmetries. It remains unclear, however, how recirculation
of classical flows and transport asymmetries combine together
and give rise to the observed toroidal Mach number profiles in
the many different magnetic configurations explored experi-
mentally. This is also reflected by the fact that a theory is
missing able to describe all these effects simultaneously.

In this paper, the origin and nature of intrinsic toroidal
plasma rotation in the SOL of tokamaks is investigated both
analytically and through numerical simulations. We start by
showing that there is a net volume-averaged toroidal flow in
global simulations of SOL turbulence despite the fact that no
momentum is injected, therefore, implying that there are intrin-
sic toroidal flows established in the SOL. In order to understand
the origin of such flows, we provide an analytical description
of the generation and transport of toroidal plasma rotation in
the SOL, based on the plasma momentum balance, the turbu-
lent transport, and the sheath boundary conditions. Results sug-
gest that the equilibrium (i.e., time-average) poloidal E!B
flow, the sheath physics, and the presence of poloidal asymme-
tries in the pressure profile act as sources of parallel flow, while
turbulence provides the mechanism for the radial momentum
transport. We first derive an equation describing the radial and
poloidal dependence of the equilibrium parallel flow by provid-
ing, for the first time, a first-principle based estimate of the tur-
bulent momentum transport in the SOL. Second, we present an
approximate analytical solution of the equation that describes
the toroidal rotation profile in the poloidal plane. Then, the
result of global, three-dimensional turbulence simulations of a
limited SOL are presented, showing good agreement with our
theory. Finally, a first attempt to compare the theoretical pre-
dictions with experimental measurements is presented. We
show that the analytical solution reproduces fairly well experi-
mental trends for the direction and magnitude of toroidal rota-
tion. In particular, results indicate that intrinsic rotation is co-
current most of the time but can be reversed due to pressure
asymmetries under certain conditions that are consistent with
those observed in tokamaks.a)Electronic address: joaquim.loizu@ipp.mpg.de
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This paper is organized as follows. In Sec. II, we show
examples of three-dimensional turbulence simulations that
illustrate the existence of SOL intrinsic flows and motivate
the need for a theory that takes into account the physics of
turbulent transport. Such theory is the subject of Sec. III. In
Sec. IV, the analytical results for the toroidal Mach number
profile are contrasted with the results of SOL turbulence sim-
ulations in different limited configurations. A comparison
between the theoretical predictions and the observed experi-
mental trends is presented in Sec. V. The conclusions and
outlook follow in Sec. VI.

II. INTRINSIC FLOWS IN SOL SIMULATIONS

In this section, we show that intrinsic flows are present
in simulations of SOL turbulence. We carry out these simu-
lations with the GBS (Global Braginskii Solver) code, a two-
fluid code based on the drift-reduced Braginskii equations,
capable of performing global, three-dimensional, full- n,
flux-driven simulations of SOL turbulence.28 These simula-
tions can explore the self-consistent evolution and structure
of the plasma profiles in the presence of (i) plasma density
and heat input from the core of the fusion machine, (ii)
cross-field transport produced by plasma instabilities (inter-
change instability or drift waves, for example), and (iii) par-
allel losses at the sheaths where the magnetic field lines
terminate on the walls. We would like to remark that a fluid
description of the SOL dynamics with a model based on the
Braginskii equations may be limited to low-temperature
regimes such as the L-mode. In fact, high-temperature
events, such as the Edge Localized Modes (ELMs) observed
in H-mode plasmas,29 may require more sophisticated fluid
closures.30 As an example, we consider here the result of a
simulation of SOL electrostatic turbulence in the simplest
case of circular magnetic flux surfaces and a toroidal limiter
on the high field side (Figure 1). The corresponding equa-
tions solved by GBS are shown in Appendix A, together
with the magnetic presheath boundary conditions imposed at
the end of the field lines. Although no momentum is injected
into the system, a careful inspection of the equilibrium

parallel ion velocity reveals the existence of a net volume-
averaged parallel flow. Figure 2 shows a snapshot of the ion
parallel velocity, Vki, and its toroidal and time-average, #Vki,
in a poloidal cross-section. Since the pitch angle a" a/qR of
the magnetic field is very small, a # 1, #Vki represents to a
very good approximation the toroidal rotation. According to
the magnetic presheath boundary conditions, plasma out-
flows from the system at the limiter. Therefore, Vki is posi-
tive on the top side of the limiter, where the magnetic field is
directed towards the wall, and negative on the bottom side of
the limiter, where the opposite situation applies (Figure 1).
However, as Fig. 2 shows, the zero of #Vki is not half way
between the two faces of the limiter, namely at h" 0.
Instead, the SOL region where #V ki < 0 is larger than the
#Vki > 0 region, and a volume-average of #V ki gives a value of
approximately $0.3cs. Given the direction of the toroidal
and poloidal components of the magnetic field, we conclude
that the negative, net parallel flow corresponds to a toroidal
plasma rotation in the co-current direction, i.e., in the direc-
tion of the plasma current Ip (see Fig. 1). We would like to
notice that a conservation law for the total toroidal momen-
tum can be derived from the drift-reduced fluid equations
solved by GBS (see Appendix B). In particular, Eq. (B5)
shows that the source of intrinsic toroidal flow in the SOL is
determined both by the flow and pressure differences
between the two ends of the field lines, thus strongly regu-
lated by the sheath physics.

We now give a qualitative explanation for the origin of
this net co-current flow, based on the effect that the sheath
has on the parallel ion velocity. Since the equilibrium radial
electric field in the SOL is positive,31 Ex> 0, a stationary
poloidal E!B flow is directed from the bottom side of the
limiter to its top side (Fig. 1). As discussed in Ref. 32, the
poloidal E!B flow is recirculated at the magnetic presheath
entrance in the parallel direction, in such a way that the ion
flow perpendicular to the wall does not depend on the value
of the E!B flow. More precisely, at the magnetic presheath
entrance, the parallel ion velocity, Eq. (A12), is approxi-
mately given by

FIG. 1. Sketch of the SOL geometry with its magnetic topology. The direc-
tions of the toroidal magnetic field Bu, the poloidal magnetic field Bh, and
that of the corresponding plasma current Ip are indicated. Also the expected
direction of the equilibrium E!B flow is shown.

FIG. 2. Snapshot (left) and time-average (right) of the parallel ion velocity
in a poloidal cross-section of the tokamak SOL. Results are obtained from
GBS simulations with the following model parameters: major radius
R " 500q̂s, inverse aspect ratio a/R% 0.25, radial extension
Lx " xmax $ xmin " 100q̂s, safety factor q" 4, mass ratio mi/me" 200,
sheath coefficient K" 3, parallel resistivity !k " 0:1!̂ , parallel heat diffusiv-
ity vke " v̂, and viscosity g0e " ĝ. The pitch angle of the magnetic field is
such that tana " a=qR % 0:0625, corresponding to a% 3.68. The particle
and heat outflow from the core is modeled by density and temperature
Gaussian sources that are radially-localized at x " xs " xmin & 30q̂s and
have a width of 5q̂s. The snapshot covers a radial extension (xs, xmax). We
assume no magnetic shear, infinite aspect ratio, and cold ions.
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Vjji ’ cs 61$ K
a
qs
L/

! "
; (1)

where L/ is the equilibrium radial scale length of /, and we
have assumed e/ ' KTe at the magnetic presheath entrance.
The terms related to density and temperature gradients have
been omitted here, as they lead to smaller corrections than
the term related to /. The deviation from the sound speed in
Eq. (1) is of order one for typical SOL conditions. In our
simulation, which is representative of typical SOL experi-
mental parameters, Kqs=(aL/) % 0:5, since K" 3, a" 3.68,
and L/ % 100qs. Namely, the parallel flows at the bottom
and top sides of the limiter are expected to be supersonic and
subsonic, respectively. This is confirmed by Fig. 3, which
shows the poloidal profiles of the equilibrium parallel Mach
number, Mk " #Vki=cs , at different radial locations.
Moreover, we observe that the profiles are fairly linear and
thus almost entirely determined by the boundary conditions.
This implies the presence of a negative, net parallel flow as
given by the deviation from the sound speed at the bounda-
ries. We remark that there is an asymmetry in the deviation
of #Vki from cs , if one compares the two sides of the limiter.
This is due to the different radial profiles of #/ established at
the top and bottom sides of the limiter (data not shown).

However, the simple picture of the sheath boundary con-
dition offsetting a linear poloidal profile of #Vki cannot be

always used to describe intrinsic flows in the SOL. Figure 4
shows the results of a simulation carried out with the same
parameters as in Fig. 2 but with the limiter on the bottom of
the tokamak. For this configuration, the volume-average of
#Vki gives a value of approximately $0.05cs, hence the net
flow is almost zero, much smaller than in the high field side
(HFS)-limited case. This is despite the fact that the parallel
flows at the left and right sides of the limiter are, as before,
respectively subsonic and supersonic, with deviations from
the sound speed comparable to the previous case. The reason
is that the profiles of Mk are no longer linearly dependent on
the poloidal angle, as shown in Fig. 5. As shown later, other
mechanisms such as the turbulent momentum transport,
compete with the effect of the sheath in determining the rota-
tion profile, such that the resulting net flow is close to zero.

These observations motivate the analytical study of SOL
parallel flows in a more general framework that includes, in
particular, the description of turbulent momentum transport,
conservation of momentum, and sheath boundary conditions.
This study is the subject of Sec. III.

III. THEORYOF INTRINSIC ROTATION IN THE SOL

In this section, we provide an analytical description of
the generation and transport of toroidal plasma rotation in
the SOL, based on the plasma momentum balance, the turbu-
lent transport, and the sheath boundary conditions. We
derive an equation describing the radial and poloidal depend-
ence of the equilibrium parallel flow by providing, for the
first time, a first-principle based estimate of the turbulent
momentum transport in the SOL.

An electrostatic drift-reduced fluid model is suitable to
describe the SOL33,34 and we use it here for the description
of the plasma dynamics. In fact, the electron mean-free path
is much smaller than the connection length, ke # Lk, and
trapped particles play a minor role since !*i;e + 1.35 Also,
electrostatic low-frequency turbulence at small wave num-
ber, x # xci, k?qs< 1 and kkLk' 1, is believed to dominate
the cross-field transport of particles and heat in the SOL,
mainly driven by interchange-like modes such as resistive

FIG. 3. Poloidal profiles of the equilibrium parallel Mach number,
Mjj " #V ki=#cs, at different radial locations: at the source position xs " 30q̂s

(black), and at x " 50q̂s (blue), x " 70q̂s (magenta), and x " 90q̂s (red).
Results are obtained from GBS simulations with a limiter on the HFS
midplane.

FIG. 4. Snapshot (left) and time-average (right) of the parallel ion velocity
in a poloidal cross-section of the tokamak SOL. Results are obtained from
GBS simulations. The simulation parameters are the same as in Fig. 2 but
with the limiter on the bottom of the vessel.

FIG. 5. Poloidal profiles of the equilibrium parallel Mach number,
Mjj " #V ki=#cs, at different radial locations: at the source position xs " 30q̂s

(black), and at x " 50q̂s (blue), x " 70q̂s (magenta), and x " 90q̂s (red).
Results are obtained from GBS simulations. The simulation parameters are
the same as in Fig. 2 but with the limiter located on the bottom of the vessel.
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ballooning modes.27 Such modes are also responsible for the
turbulent momentum transport that arises from the presence
of sheared parallel flows, namely when @xMk 6" 0.

A. Two-dimensional equation for the equilibrium
toroidal flow

Let us describe the SOL of a tokamak of major radius R
by using a right-handed system of coordinates (y; x;u),
where u is the toroidal coordinate (counterclockwise direc-
tion when looking from the top) and (x, y) define the plane
perpendicular to the magnetic field B. The coordinate x is a
flux coordinate and extends over the full SOL width, with
x" 0 at the separatrix. The coordinate y is perpendicular to x
and B and follows the open flux surfaces, with y" 0 half
way from the two limiter sides or divertor plates, going from
y"$Ly/2 to y" Ly/2. In a circular plasma with infinite as-
pect ratio, x and y correspond to the radial and poloidal coor-
dinates, respectively. The equilibrium magnetic field can be
written as B " jBuj ruêu & arhêh

# $
, where a " jBh=Buj is

the pitch angle and ru;h " 61 gives the orientation of the
magnetic field in the toroidal and poloidal directions. For
simplicity, we consider the large aspect ratio limit, therefore,
the plane (x, y) coincides with the poloidal plane. We also
assume that the SOL width is much smaller than the tokamak
minor radius.

Within a drift-reduced fluid model, the evolution of the
parallel ion velocity can be obtained by summing the ion and
electron parallel momentum equations and neglecting elec-
tron inertia,

@Vjji

@t
& VjjirjjVjji & (VE ,r?)Vjji &

1

min
rjjp " 0; (2)

where p" pe& pi is the total scalar plasma pressure and VE is
the E!B velocity. We remark that the effect of finite ion
temperature is included without accounting for finite Larmor
radius effects. Equation (2) represents the conservation of
plasma parallel momentum. A detailed derivation of Eq. (2)
can be found, e.g., in Ref. 36. The absence of the ion diamag-
netic drift in the convection of parallel momentum is due to
the so-called diamagnetic cancellation which arises from the
lowest order term in the pressure tensor, in the limit L?/R #
1.37 Also, we have neglected terms of order qi/L?# 1,
(k?qs)

2 # 1, and si # Lk/cs. Here cs "
%%%%%%%%%%%%%%%%%%%%%%%%%
(Te & Ti)=mi

p
and si

is the characteristic time for momentum exchange under
ion-ion collisions. Finally, we notice that in this paper we do
not consider recycling, ionization or recombination processes,
therefore the validity of the model presented herein may be
limited to sheath-limited and low-recycling regimes.38

We now deduce from Eq. (2) an equation for the equilib-
rium parallel flow #V jji in the SOL. We will denote fluctua-
tions with a tilde, and equilibrium with an overbar, e.g.,
Vjji " #V jji & ~V jji. Time-averaging Eq. (2) leads to

#V jjirjj #V jji &r? , #C & 1

mi#n
rjj#p " 0: (3)

The cross-field momentum transport term has been written as a
divergence of a flux, i.e., (VE ,r?)Vjji " r? , C, where

Cx "
ru
jBuj

@/
@y

vjji; (4)

and

Cy " $ ru
jBuj

@/
@x

vjji (5)

correspond to, respectively, the radial and poloidal fluxes of
parallel ion velocity. In Eq. (3) we have assumed that

~V jjirjj ~V jji # #V jjirjj #V jji and similarly for the pressure term.

This is justified because the ratio of the fluctuating and equi-
librium terms is at most (if fluctuations correlate perfectly)

of the order of kjjLjj( ~V jji=cs)2, which is small in typical SOL

conditions where kkLk' 1 and ~V jji=cs ' 0:1$ 0:5.39

Assuming toroidal axisymmetry, equilibrium quantities only
depend on x and y, thus we can replace rk with arh@y and,
therefore,

arh #V jji
@ #V jji

@y
&r? , #C & arh

mi#n

@#p

@y
" 0: (6)

The time-average of the radial momentum flux is the
sum of a turbulent and an equilibrium term

#Cx " CT
x & CE

x " ru
jBuj

~V jji
@~/
@y

& ru
jBuj

#V jji
@#/
@y

; (7)

and an analogous expression is valid for #Cy. We first evalu-
ate CT

x , by starting with the estimate of the fluctuations of the
parallel ion velocity. Linearizing Eq. (2) around the equilib-
rium, and keeping the leading order terms, we have

c ~V jji '
ru
jBuj

@~/
@y

@ #V jji

@x
; (8)

where c is the linear growth rate of the mode dominating the
transport. From Eq. (8), it follows CT

x ' (@y~/)2 ; we are thus
led to estimate the amplitude of the poloidal electric field
fluctuations. Linearizing the pressure continuity equation,
which can be obtained by combining the density and temper-
ature equations, and keeping the dominant terms, we have

c~p ' ru
jBuj

@~/
@y

@#p

@x
: (9)

It is possible to relate the pressure fluctuations ~p with its
equilibrium value #p by assuming that the mode growth satu-
rates when the fluctuations are able to remove the instability
drive, which is provided by the pressure gradient, i.e. when
@x~p ' @x#p. Numerical simulations show that this saturation
mechanism can be used to accurately describe the properties
of SOL turbulence.34 Equation (9) can thus be written as

ru
jBuj

@~/
@y

' c
kx
; (10)

where kx gives the radial extension of the saturated turbulent
eddies. This can be estimated using non-local linear theory
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as kx "
%%%%%%%%%%%
ky=Lp

p
.40 Combining Eqs. (8) and (10), we get an

expression for the turbulent part of the time-averaged radial
momentum flux

CT
x " $ c

ky
Lp

@ #V jji

@x
: (11)

At this point, we need to give an estimate of the ratio
c/ky, which should be computed by using the values of c and
ky of the modes that play the dominant role in the transport.
As transport in the SOL is typically dominated by resistive
ballooning modes,27,33 one can use the corresponding bal-

looning growth rate cb " cs
%%%%%%%%%%%%%
2=RLp

p
and wavenumber

kb "
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
xciB=(cbq2R2en!k)

p
.41 However, it is also possible to

use the more general relation (see Appendix C for a
derivation)

Lp '
qR

cs

c
ky
; (12)

to express the ratio c/ky as a function of Lp. This relation
results from a pressure balance between parallel streaming
and perpendicular turbulent transport, and has been shown
to predict with high accuracy the pressure scale length Lp
in global simulations of SOL turbulence.33 Also, Eq. (12)
has been used to express Lp as a function of the SOL opera-
tional parameters, showing good agreement with experi-
mental data from a number of tokamaks.42 By using Eq.
(12), we can finally write the turbulent part of the time-
averaged radial momentum flux, valid for all SOL turbulent
regimes, as

CT
x " $Dturb

@ #V jji

@x
; (13)

where

Dturb "
L2pcs

qR
(14)

results from the net momentum transport arising from satu-
rated turbulence. An estimate of the order of magnitude of
Dturb for typical SOL parameters gives Dturb' 1 m2 s$1.
Notice that Eq. (13) is an expression that only involves equi-
librium quantities, and that Dturb can be written as a function
of the SOL operational parameters. From Eq. (13), we can
also evaluate the relative importance of the equilibrium and
turbulent parts of the radial momentum transport. A rough
estimate gives CE

x =C
T
x ' qs=Lp, thus the radial momentum

transport is mainly turbulent and we shall neglect the equilib-
rium contribution.

We now focus our attention on the time-average of the
poloidal momentum turbulent flux. From Eq. (8), we have

that CT
y ' @y~/@x~/ which is expected to average to approxi-

mately zero. In fact, if the potential perturbation has the

form ~/ " ~/0(x)exp i(kyy$ xt)
& '

, where ~/0(x) describes the
radial envelope of the mode, then @y~/@x~/ " 0. It follows

that #Cy ’ CE
y and Eq. (6) can finally be written as

$ @

@x
Dturb

@ #V jji

@x

( )
$ ru
jBuj

@#/
@x

@ #V jji

@y

& arh #V jji
@ #V jji

@y
& arh
mi#n

@#p

@y
" 0 : (15)

When taking the divergence of the flux, we have
neglected the curvature term that arises from the variation of
the magnetic field, as R/L?+ 1 in the SOL, and #V jji@

2
xy
#/ has

been neglected with respect to @y #V jji@x#/.
Equation (15) is a two-dimensional differential equation

for the equilibrium parallel ion flow, #V jji(x; y), which
describes the balance between radial diffusion due to the
time-averaged turbulent transport (first term), poloidal con-
vection (second term), parallel convection (third term), and
momentum generation by the pressure force (fourth term).
We remark that the radial dependence of Dturb leads to a
term that acts as an effective radial convection with velocity
vturb"Dturb/2LT> 0, thus directed radially outwards. Here,
L$1
T " j@x(Te & Ti)=(Te & Ti)j$1 corresponds to the radial

scale length of the temperature profile. In general, Dturb may
also have a poloidal dependence, Dturb(h), e.g., due to the
ballooning character of the turbulence.

The solution of Eq. (15) requires boundary conditions
for #V jji in the radial direction, at the separatrix and at the ves-
sel wall, and in the poloidal direction, at the limiter or diver-
tor plates. The latter are given by the magnetic presheath
entrance condition, Eq. (A12)

V6
jji " 6rhc6s & rhru

ajBuj
@/
@x

****
6

(16)

at y"6Ly/2, respectively (as before, the terms related to
density and temperature gradients are neglected). We note
that, as already discussed in Sec. II, the E!B drift correc-
tion in Eq. (16) introduces an asymmetry in the ion parallel
flow between the two limiter sides or divertor plates, thus
providing a mechanism for net toroidal flow generation.

Equation (15) can in principle be solved once #/(x; y)
and #p(x; y) are known. While these two quantities have been
studied in detail in Refs. 31, 42, and 43, their complete
knowledge is not necessary to capture the main physics of
rotation, and, as we show later, an estimate of those is
enough to obtain a good understanding and a quantitative
estimate of the toroidal rotation profiles.

B. Solution for non-strongly poloidally localized
transport

In this section, we derive an approximate analytical solu-
tion for #V jji(x; y), by assuming that the turbulent transport is
not strongly localized in the poloidal direction. More pre-
cisely, we assume that even in the case of ballooned transport,
the portion of poloidal angle in which the plasma is radially
transported by turbulence is a non-negligible fraction of 3608.
We remark that this has been suggested by measurements
obtained on the ISTTOK44 and Tore Supra45 tokamaks, where
the portion of poloidal angle is found to be of about 1208
and 608, respectively. Thus we assume Dturb(x, h)"Dturb(x)
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in Eq. (15), while poloidal asymmetries still persist in the
pressure force term.

We now make some further assumptions on the equilib-
rium profiles in order to progress analytically and find a solu-
tion #V jji(x; y) that satisfies Eq. (15) with boundary conditions
given by Eq. (16). Let us assume that the equilibrium profiles
can be Taylor expanded in the y direction, so that

#V jji(x; y) " u0(x) & u1(x)y& u2(x)y2 (17)

and similarly for #p(x; y) and #/(x; y). This choice is justified
by the following argument. The ion continuity equation is
given by rk(nVki) &r? , (nV?i) " 0, where the second
term includes both the equilibrium and fluctuating E!B
flows. Typically, in the literature,21,38,46 the contribution of
the Pfirsch-Schl"uter ion flow is assumed to modulate the #V jji
poloidal profile, leading to #V

PS
jji ' 2qVEcos h. However, the

contribution of turbulence in the continuity equation is larger
by a factor

Turbulence

Pfirsch$ Schl"uter
' Dturb #n=L2n

cos h #nVE=R
' 1

qcos h
cs
VE

' 1

qcos h
L?
qs

+ 1: (18)

Therefore, if turbulence in the SOL does not have a
strong poloidal dependence, as it has been revealed experi-
mentally44,45 and by numerical simulations of ballooning-
mode driven turbulence,47 also shown in Sec. IV, the conti-
nuity equation gives rk(nVki)' const and thus a poloidal
profile of #V jji close to linear, as taken into account in Eq.
(17). We remark that this has also been concluded from
multi-machine measurements of parallel flows.48 Imposing
the sheath boundary conditions, Eq. (16), we find the follow-
ing constraints for the Taylor coefficients

u1(x) " ( #V&
jji $ #V

$
jji)=Ly; (19)

u2(x) " 4 ush $ u0(x)( )=L2y ; (20)

where

ush(x) " ( #V&
jji & #V

$
jji)=2 (21)

represents the asymmetry in the poloidal profile of #V jji that is
introduced by the sheath boundary conditions. The only
unconstrained Taylor coefficient is then u0(x). An equation
for u0(x) can be obtained by inserting Eq. (17) into Eq. (15),
which leads to

$k2
@2u0
@x2

& k2

2LT

@u0
@x

" u10 $ u0 ; (22)

where

u10 " rhru
ajBuj

@/0

@x
$ rhp1
min0ju1j

; (23)

and

k "
%%%%%%%%%%%%%%%%%%%%%%
Dturb=aju1j

p
: (24)

We are thus left with a one-dimensional differential
equation for u0(x), Eq. (22), which represents the momentum
balance at the zeroth order in y.

Equation (22) can be solved analytically assuming that
both u10 and k remain about constant along x. The use of
these rough assumptions allows revealing the interplay
between the different mechanisms driving toroidal rotation.
Under these assumptions, in fact, the solution of Eq. (22)
that is regular at x ! 1 is

u0(x) " (us0 $ u10 )e$x=l & u10 ; (25)

where we impose us0 " u0(0) at the separatrix, and

l " k2

4LT
&

%%%%%%%%%%%%%%%%%%%%%%%%%%%

k2 & k2

4LT

 !2
vuut

: (26)

For typical SOL parameters, k' LT and therefore l' LT.
Equations (19), (20), and (25), provide the expression of u0,
u1, and u2 in Eq. (17), and thus of the function #V jji(x; y),
once us0; u

1
0 , and ush are known.

An estimate of ush can be obtained by assuming Te" T0,
Ti" sT0, and a potential of the order of the sheath potential
barrier e/0 % KT0. Here, T0 ' e$x=LT is the lowest order
coefficient in the Taylor expansion of Te, akin to that in Eq.
(17). This gives

ush ' $rhru
K

(1& s)a
qs0
LT

cs0 ; (27)

where cs0 "
%%%%%%%%%%%%%%%%%%%%%%%%%%
T0(1& s)=mi

p
.

An estimate of u10 can be obtained as follows. The pres-
sure poloidal asymmetry in Eq. (23) can be written as
p1=(min0ju1j) " cs0(dn& dT)=2, where dn" (n1/n0)Ly and
similarly for dT. Assuming for example that
n1 ' (n& $ n$)=Ly, we can estimate dn as the normalized
density difference between the two divertor legs or limiter
sides, namely dn" (n&$ n$)/n0, and similarly for dT. This
gives

u10 ' ush $
rh
2
(dn& dT)cs0 : (28)

On the other hand, the value of us0 cannot be justified
solely from SOL physics; a consistent choice should arise
from the matching of the solution of Eq. (15) with the toroidal
rotation profile in the closed-flux surface region. We remark
that an equivalent situation is encountered when studying rota-
tion in the closed flux surface region.49,50 In the following, we
explicit the solution of Eq. (15) and discuss a number of
implications that are independent of the choice of us0.

In order to easily interpret the toroidal plasma rotation
resulting from Eq. (15), we consider the function

M " $rhru
#V jji

cs0
; (29)

which is the parallel Mach number projected in the toroidal
direction along the plasma current Ip, such that M> 0 always
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FIG. 6. Time-averaged radial momentum flux in the unfolded poloidal plane, computed from GBS simulation results with the limiter on the HFS. (a) #Cx as
defined in Eq. (7), (b) its turbulent component CT

x , and (c) its equilibrium component CE
x .

FIG. 7. Time-averaged poloidal momentum flux in the unfolded poloidal plane, computed from GBS simulation results with the limiter on the HFS. (a) #Cy as
defined in Eq. (7), (b) its turbulent component CT

y , and (c) its equilibrium component CE
y .
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means co-current toroidal rotation. The approximate solution
of Eq. (15) gives

M(x; y) " Mse
$x=l & Msh &Ma( ) 1$ e$x=l( ) $ 2ru

y

Ly

&4 Msh &Ma $Ms( )e$x=l $Ma

h i y2

L2y
; (30)

where Ms " M(0; 0) " $rhruus0=cs0 is the toroidal Mach
number at the separatrix half way between the two limiter
sides or divertor legs, Msh " Kqs0=(a(1& s)LT) ' e$x=2LT

represents the effect of the sheath on plasma rotation, and
Ma " ru(dn& dT)=2 is due to the pressure poloidal asym-
metry. We remark that the sheath physics determines the
value of Msh by setting both the ion flow #V jji at the bounda-
ries and the radial electric field @x/ in the main plasma.
Also, the term Msh is always positive regardless of the mag-
netic field configuration, while the term Ma may be positive
or negative and therefore contribute to counter-current toroi-
dal flows, as we shall see later.

Equation (30) is an analytical expression for the toroidal
Mach number in the poloidal plane. We notice that since we
did not solve the ion continuity equation, our prediction
requires the knowledge of the density and temperature at the
end of the field lines, i.e., dn and dT. However, these are

typically measured in tokamaks23 and hence it is possible to
compare the prediction of Eq. (30) with experimental meas-
urements. But first, let us make a comparison with the GBS
simulation results, in order to assess the validity of the theo-
retical model derived herein.

IV. COMPARISON WITH SOLTURBULENCE
SIMULATIONS

In this section, we compare some of the main assump-
tions and theoretical predictions derived in Sec. III with the
results of GBS simulations carried out in a relatively simple
configuration, i.e., the limited configuration described in Sec.
II. We will consider four different limiter positions, namely,
on the HFS midplane, on the low field side (LFS) midplane,
and on the top and bottom of the vessel.

We start by considering the time-averaged radial and
poloidal momentum fluxes, #Cx and #Cy, as defined in Eq. (7).
In Sec. III, we assumed that the radial flux is mainly due to
turbulence while the poloidal flux is mainly due to equilib-
rium convection, namely #Cx ’ CT

x and #Cy ’ CE
x . Figure 6

shows the profile of #Cx in the unfolded poloidal plane, to-
gether with its components CT

x and CE
x , for the HFS-limited

case. The largest contribution to #Cx clearly comes from CT
x ,

except for the region close to the limiter plates, where the

FIG. 8. Time-average of the turbulent
radial momentum flux CT

x in the
unfolded poloidal plane, computed
from (a) GBS simulation results, and
(b) the theoretical prediction as given
by Eq. (13).
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presheath electric field, which is in the poloidal direction,
produces an E!B flow in the radial direction. We can
nevertheless conclude that the assumption #Cx ’ CT

x is rea-
sonable in most of the domain. Figure 7 shows the profile of
#Cy in the unfolded poloidal plane, together with its compo-
nents CT

y and CE
y , for the same simulation. The turbulent

component is negligible and hence the assumption #Cy ’ CE
y

is very good. The same conclusions apply to the other limiter
configurations (data not shown).

We now focus on the estimate of the turbulent momen-
tum flux, CT

x , which we assumed to result from the net trans-
port arising from saturated turbulence, Eq. (13). Figure 8
shows the theoretical prediction for CT

x as given by Eq. (13),
and compares it to the value obtained from GBS simulation
results in the HFS-limited case. The agreement is rather
good, and the same conclusion applies to the other limiter
configurations (data not shown).

Finally, we consider the equilibrium Mach number
M(x, y) as defined in Eq. (29). Figure 9 shows the

corresponding profile of M(x, y) and its analytical prediction
given by Eq. (30), for the four limiter positions. The agree-
ment is generally rather good, as the prediction captures both
the magnitude and the radial and poloidal structure of the
Mach number. For comparison, the profile of M(x, y) as
given by Eq. (30) in the limit of no turbulence, i.e., taking
Dturb ! 0, is also shown. This emphasizes the importance of
the turbulent momentum transport in the description of
the equilibrium rotation profiles. In particular, the volume-

FIG. 9. Poloidal profile of the time-
averaged Mach number M(x, y), for a
limiter on the HFS (first row), on the
LFS (second row), on the top (third
row) and on the bottom (last row).
From GBS simulations (left column),
as given by the prediction of Eq. (30)
(middle column), and as given by Eq.
(30) in the limit of Dturb ! 0 (right
column).

TABLE I. Volume-averaged Mach number, hMix;y, for different limiter
positions and as given by the simulation results (left column), from Eq. (30)

(middle column), and from Eq. (30) in the limit Dturb ! 0.

hMsimix;y hMthix;y hMth;noturbix;y

LFS 0.12 0.08 0.02

HFS 0.30 0.32 0.53

TOP 0.26 0.36 0.65

BOT 0.05 0.05 $0.06
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averaged Mach number, hMix;y, is only well reproduced
when using Eq. (30) with the appropriate value of Dturb, as
shown in Table I.

We conclude this section by discussing the main possi-
ble sources of discrepancy between the simulated Mach
number and its theoretical prediction given by Eq. (30).
First, the equilibrium component of the radial momentum
flux, Eq. (7), has been neglected. However, as shown in
Fig. 6, its contribution may become important in the vicinity
of the limiter. Second, the Taylor expansion of the equilib-
rium ion parallel velocity, Eq. (17), is not always very

accurate, especially when the poloidal asymmetries are
strong. Considering higher order terms in the expansion may
require to solve the continuity equation and to take into
account the poloidal dependence of the turbulence drive,
e.g., considering that Dturb"Dturb(h). Third, Eq. (22) has
been solved analytically by assuming that its right hand side
is about constant, although it has a radial dependence.
Finally, the term related to the effect of the sheath, Eq. (22),
has been computed by assuming that the radial electric field
has no poloidal dependence. However, as discussed in
Ref. 31, this is in general not true. In fact, strong poloidal
asymmetries yield significantly different radial electric fields
at the two sides of the limiter.

V. COMPARISON WITH EXPERIMENTALTRENDS

In this section, we show that the estimate of the toroidal
Mach number profile given by Eq. (30) provides an explana-
tion for the observed experimental trends for the toroidal
rotation in the SOL of tokamaks.

First of all, the direction of the toroidal rotation is typi-
cally measured to be in the co-current direction, even when
the toroidal magnetic field26 or the total magnetic field23 is
reversed. This is captured by the term Msh> 0 in Eq. (30)
which always contributes to co-current flow regardless of the
sign of B. Moreover, we can estimate the magnitude of the
toroidal rotation, which is typically measured to be M!1.

FIG. 10. Profile of M(x, 0) as given by Eq. (30), for rudn " 0:25 (red),
rudn " 0 (blue), and rudn " $0:25 (green). Top is for Ms"Msh(0) and
bottom is for Ms" 0. Here a" 28 and l"LT" 50qs.

TABLE II. Time and volume-averaged Mach number, hMix;y, for different
limiter positions and the corresponding sign of dn. For all cases ru " 1.

hMsimix;y dn

LFS 0.12 <0

HFS 0.30 >0

TOP 0.26 >0

BOT 0.05 <0

FIG. 11. The effect of the ballooned
transport on the poloidal pressure
asymmetry. The maximum of the den-
sity is always around the LFS.
Depending on the limiter or divertor
position, this gives dn ' (n& $ n$) <
0 (left) or dn ' (n& $ n$) > 0 (right).
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Taking typical SOL parameters, e.g., K" 3, a" 0.03 ’ 28
and qs/LT" 10$2,21 we get Msh ’ 0.5.

It has been observed, nevertheless, that the magnitude
and direction of toroidal rotation are not always exactly the
same when reversing the magnetic field: rotation can become
stronger or weaker in the co-current direction,23,26 and under
certain conditions it can even become counter-current.27 We
now show that this can be explained by the term Ma ' rudn
in Eq. (30), which represents the effect of a pressure poloidal
asymmetry. Far from the two divertor legs, y/Ly # 1, Ma

gives a co-current contribution if rudn > 0 and a counter-
current contribution if rudn < 0. The effect of this term is
illustrated in Fig. 10 where the function M(x, 0) is shown for
different values of rudn, and for two different values of Ms,
showing that the choice of the latter does not affect the
trends explored here. This effect explains the differences in
the net toroidal flow observed between SOL simulations
with different limiter positions. As Table II shows, in fact,
the net co-current toroidal flow is stronger when dn> 0 and
weaker when dn< 0 (ru " 1 in all cases). The mechanism
responsible for the sign of dn is, as a matter of fact, the bal-
looning character of turbulent transport, which leads to a
larger plasma pressure around the low field side, as sketched
in Fig. 11. Thus, the sign of dn depends on the relative posi-
tion of the limiter or divertor with respect to the poloidal
location of the pressure peak.

In a tokamak, if the plasma is diverted with a single
null, one expects dn< 0 for a lower X-point and dn> 0 for
an upper X-point (see Fig. 11), two configurations that have
been explored in Alcator C-Mod.27 As summarized in Fig.
12, in this tokamak it was concluded that favourable co-
current situations in the SOL of L-mode plasmas are those
with normal B, lower single null (ru < 0, dn< 0) and
reversed B, upper single null (ru > 0, dn> 0). Similarly,
favourable counter-current situations are those with normal
B, upper single null (ru < 0, dn> 0) and reversed B, lower
single null (ru > 0, dn< 0). Therefore these observations
are all consistent with the contribution of the term
Ma ' rudn. Similarly, this model may be used to explain the
trends observed in the SOL of other tokamaks, e.g., the TCV
tokamak26 or the Tore Supra tokamak.51

VI. CONCLUSIONS AND OUTLOOK

In this paper, we have presented a first-principle
based analytical theory to describe the generation and

transport of toroidal plasma rotation in the SOL. As
expected, the sources of intrinsic toroidal rotation reside
at the boundary. The presence of the sheath, equilibrium
poloidal E!B flows and pressure poloidal asymmetries
can explain the local generation of toroidal rotation, which
is radially transported by turbulence. The sheath physics nat-
urally leads to a co-current toroidal rotation, while the effect
of the poloidal pressure asymmetry (also regulated by the
plasma-sheath interaction) can explain the flow reversals
observed in tokamaks. Such flow reversals may occur when
either the magnetic field or the limiter/divertor position are
reversed, and this is explained by the ballooning character of
the turbulence. Our theoretical predictions agree rather well
with three-dimensional simulations of SOL turbulence.

The main limitation of our model is that ionization and
recombination processes, which may affect the poloidal pro-
file of #V jji, are not taken into account. This may restrict the
validity of the presented results to low-recycling regimes.
Also, the theory derived herein ceases to be valid in regimes
where turbulence is significantly suppressed and Pfirsch-
Schl"uter ion flows may play an important role, in particular in
modulating the poloidal profile of the parallel ion velocity.
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APPENDIX A: GBS EQUATIONS

The drift-reduced Braginskii equations36 implemented
in the GBS code describe the time-evolution of the plasma
density, n, the vorticity, x, the electrostatic potential, /, the
ion and electron parallel velocities, Vki and Vke, and the elec-
tron temperature Te.

With the definition of the Poisson bracket {f, g} and the
curvature operator C(f),

FIG. 12. Cartoon drawings of X-point
topologies, field directions, and poloi-
dal projections of the parallel flows
measured in the high field side SOL.
Reprinted with permission from.23

Copyright 2008, AIP Publishing LLC.
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ff ; gg - b , (rf !rg); (A1)

C(f ) - B

2
r! b

B

( )
,rf ; (A2)

where B is the magnetic field strength and b"B/B, the drift-
reduced Braginskii equations in the electrostatic, cold ion
limit are

@n

@t
" $ 1

B
/; nf g$rk nVke

# $
& 2

eB
C(pe) $ enC(/). / & Sn;

(A3)

en

Bxci

@x
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" $ en
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/;xf g$ en

Bxci
Vkirkx

&rkjk &
2e

B
C(pe); (A4)
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3eB
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;

(A5)
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3
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7

2
TeC(Te) &
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e

n
C(n) $ eTeC(/)

! "
& ST ;

(A7)

which are coupled to the Poisson equation r2
?/ " x. Here,

xci" eB/mi is the ion gyrofrequency, !k is the parallel
Spitzer resistivity, vke is the electron parallel heat diffusivity,
and g0e is the electron viscosity.52 Also, Sn and ST are the
density and temperature sources, and jk" en(Vki$Vke) is the
parallel current. We remark that the Poisson brackets are all
of the form f/; fg and represent the convection of the quan-
tity f with the E!B drift. The terms containing the curvature
operator C(f) arise from the divergence of the E!B and dia-
magnetic drifts, which is non-vanishing for a non-uniform
magnetic field.

The coordinate system is as follows. We define z as the
parallel coordinate and we denote the perpendicular coordi-
nates with x and y, being x the radial coordinate, and y the
coordinate perpendicular to both x and the magnetic field
(Figure 1). The coordinate system is such that (y, x, z) is
right-handed. For tokamak SOL electrostatic turbulence with
circular magnetic flux surfaces, no magnetic shear, and a
large aspect ratio, we have

C " 1

R
sin h

@

@x
& cos h

@

@y

( )
; (A8)

f ; gf g " @f

@y

@g

@x
$ @g

@y

@f

@x
; (A9)

r2
? " @2

@x2
& @2

@y2
; (A10)

rk "
@

@z
; (A11)

where h is the poloidal angle defined such that h" 0 at the
low-field-side midplane. Since a # 1, the (x, y) plane almost
coincides with the poloidal plane (x, h).

The GBS model equations, Eqs. (A3)–(A7), are com-
pleted with a set of boundary conditions at the end of the
field lines, as given by the magnetic presheath entrance
condition32

Vjji " cs 61& hn7
1

2
hTe $ 2

e/
Te

h/

! "
; (A12)

Vjje " cs 6exp(K$ e/=Te) $ 2
e/
Te

h/ & 2(hn & hTe)
! "

;

(A13)
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" $mics
e
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1

2
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! "
@Vjji

@y
; (A14)

@n

@y
" $ n
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61& hn6

1

2
hTe

! "
@Vjji

@y
; (A15)

@Te
@y

" ejT
@/
@y

; (A16)

r2
?/ " $mi

e
1& hTe( )

@Vjji

@y

( )2
"

&cs 61& hn6hTe=2
# $ @2Vjji

@y2

#

;

(A17)

where the upper signs apply if the magnetic field is directed
towards the wall, the lower signs apply in the opposite case.
Here K " log(

%%%%%%%%%%%%%%%%%%
mi=2pme

p
) and in the GBS geometry

hf " $ qs
2tan a

@xf

f
; (A18)

where qs" cs/xci. We remark that the electrostatic potential
/ in Eq. (A13) is measured with respect to the wall potential,
which is assumed to be zero. Also, the temperature gradient
is very small since jT% 0.1 (see Ref. 32).

Finally, GBS works with normalized quantities defined
through a reference temperature T̂ e, a reference density n̂,
and a magnetic field B̂. In particular, the electron tempera-
ture and the electrostatic potential are normalized such that
Te ! Te=T̂ e and / ! e/=T̂ e, and analogously for the den-
sity, n ! n=n̂. The perpendicular coordinates are normalized

with respect to q̂s " ĉs=x̂ci, where ĉs "
%%%%%%%%%%%%
T̂ e=mi

q
and

x̂ci " eB̂=mi. In the parallel direction, the macroscopic
length R is used. Finally, time is normalized such that
t ! t=(R=ĉs). The normalized system of equations evolved
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by GBS can be found in Ref. 28. We remark that within this nor-
malization, the parallel resistivity, heat diffusivity, and viscosity,

are respectively normalized to !̂ " miĉs=(e2nR); v̂
" nT̂eR=(ĉsmi), and ĝ " nT̂e(R=ĉs)(me=mi).

APPENDIX B: MOMENTUM CONSERVATION LAW

A conservation law for the ion momentum can be writ-
ten within the drift-reduced Braginskii equations considered
in the present paper. First, we notice that in the SOL of toka-
maks, where the safety factor q is large, the parallel direction
almost coincides with the toroidal direction, and therefore
one can assume vk ’ vu. We therefore consider the ion mo-
mentum density in the parallel direction, pki"minvki
(because of quasi neutrality, ni ’ n) and we evaluate

@pki
@t

&r , (vipki) " mivki
@n

@t
&r , (nvi)

! "

& min
@vki
@t

& (vi ,r)vki

! "
; (B1)

where, according to the drift-reduced approximation,
vi " vE!B & vpol & vkib, being vE!B " b!r/=B the E!B
velocity and vpol the ion polarization velocity (see, e.g., Ref.
36). The first term on the right hand side of Eq. (B1) can be
evaluated by using the electron density equation, Eq. (A3),
and the vorticity equation, Eq. (A4). In the source free
region, the one of interest to investigate SOL turbulence and
momentum transport, we find

mivki
@n

@t
&r , (nvi)

! "
" 0: (B2)

For the second term on the right hand side of Eq. (B1), by
neglecting vpol with respect to vE!B, as vpol=vE!B '
(qs=L?)

2 # 1 in the SOL, we have from the ion momentum
equation, Eq. (A6), that

min
@vki
@t

& (vi ,r)vki
! "

" $rkpe: (B3)

By introducing Eqs. (B2) and (B3) into Eq. (B1), we find

@pki
@t

&r , (vipki) " $rkpe: (B4)

We can therefore write a conservation law for the total
ion parallel momentum, Pki "

-
Vpkid

3x, by integrating Eq.
(B4) over the SOL volume, obtaining

@Pki

@t
" $

.

V
rkpe $

.

@V
pkivi , dS: (B5)

Equation (B5) shows that the net sources of momentum
in the SOL must come from the boundary. In fact, the first
term on the right-hand-side of Eq. (B5) gives a surface-
average of the pressure difference between the two ends of
the field lines (namely, the two sides of the limiter or
diverter legs). The second term has a contribution from the
surface-averaged momentum outflow at the limiters and a

contribution from the surface-averaged momentum inflow/
outflow at the radial boundaries. This result implies that the
source of intrinsic toroidal flow in the SOL is determined
both by the flow and pressure differences at the boundaries,
thus strongly regulated by the sheath physics.

APPENDIX C: SCALING OF THE EQUILIBRIUM
PRESSURE SCALE LENGTH

Within the drift-reduced fluid model, a pressure continuity
equation can be obtained by combining the density and temper-
ature equations, Eqs. (A3) and (A7). Assuming that the domi-
nant terms are the parallel convection and the radial turbulent
transport, we are left with an approximate pressure balance

@p

@t
& @Cp

@x
&rk(pVke) " 0 ; (C1)

where Cp " ~p@y~/=B is the turbulent radial flux of plasma
pressure. Writing

h@xCpit ' #Cp=Lp (C2)

and

hrk pVke
# $

it ' #pcs=qR ; (C3)

the time-average of Eq. (C1) leads to

Lp '
qR

cs

#Cp

#p
: (C4)

An estimate of #Cp " h~p@y~/it=B can be obtained as fol-
lows. Linearizing Eq. (C1) and keeping the dominant terms,
one has

c~p ' 1

B

@~/
@y

@#p

@x
; (C5)

thus relating the electric field fluctuations with the pressure
fluctuations. Therefore we have #Cp ' cLp=#p

# $
h~p2it. Finally,

we can relate ~p with #p by using the gradient removal hy-
pothesis, namely by assuming that the mode growth satu-
rates when the fluctuations are able to remove the
instability drive, which is provided by the pressure gradient,
i.e., when

@~p

@x
' @#p

@x
: (C6)

This condition can be written as kx~p ' #p=Lp, where kx
gives the radial extension of the saturated turbulent eddies.
This can be estimated using non-local linear theory as
kx "

%%%%%%%%%%%
ky=Lp

p
.40 We can therefore write

h~p2it '
#p2

kyLp
: (C7)

Hence, we are left with an expression for the radial pres-
sure flux, #Cp, as a function of equilibrium quantities
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#Cp ' #p
c
ky

( )

max

; (C8)

where the linear growth rate c and the wavenumber ky must
be chosen in order to maximize the ratio of c/ky, thus maxi-
mizing the transport. Finally, we can replace this expression
into Eq. (C4), leading to

Lp '
qR

cs

c
ky

( )

max

: (C9)
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