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Abstract

This thesis is concerned with the definition and the study of properties of
homotopic Hopf-Galois extensions in the category Ch[fO of chain complexes
over a field k, equipped with its projective model structure.

Given a differential graded k-Hopf algebra H of finite type, we define
a homotopic H-Hopf-Galois extension to be a morphism ¢ : B — A of
augmented H-comodule dg-k-algebras, where B is equipped Wit}laghe trivial

H-coaction, for which the associated Galois functor (G,). : MZV“’ — MZV”
and the comparison functor (i,)* : Mod gncor — Modp are Quillen equiv-
alences. Here A"°H denotes the object of homotopy H-coinvariants of the
dg-algebra A, and Mod 4reon denotes the category of right modules over
Aheoll iy Chfo, endowed with the model category structure right-induced
by the forgetful functor from Ch]f0 (and similarly for B). The categories

Mzgm and MZV’J denote, respectively, the categories of right A ®p A- and
A ® H-comodules in the category Mod 4, and they are equipped with the
model category structures left-induced from Mod 4 by the forgetful functor.

We investigate the behavior of homotopic Hopf-Galois extensions of com-
mutative dg-k-algebras under base change. First, we study their preservation
under base change. Given a homotopic H-Hopf-Galois extension ¢ : B — A,
with B, A commutative, and a morphism f : B — B’ of commutative dg-
k-algebras, we determine conditions on ¢ and f, under which the induced
morphism ¢ : B’ — B’ ®p A is also a homotopic H-Hopf-Galois extension.
Secondly, we examine the reflection of such extensions under base change.
We suppose that the induced morphism @ : B’ — B’ ®p A is a homotopic H-
Hopf-Galois extension, and we specify conditions on ¢ and f that guarantee
that ¢ : B — A was a homotopic H-Hopf-Galois extension.

The main result of this thesis establishes one direction of a Hopf-Galois
correspondence for homotopic Hopf-Galois extensions over co-commutative
dg-k-Hopf-algebras of finite type. We show that if ¢ : B — A is a homotopic
H-Hopf-Galois extension, and g : H — K is an inclusion of co-commutative
dg-k-Hopf-algebras of finite type, then A"°K — A is always a homotopic K-
Hopf-Galois extension, and B — A"°K is a homotopic H"°X_Hopf-Galois
extension, provided that A is semi-free as a B-module.

We end with an example, derived from the context of simplicial sets,
which offers interesting possibilities of application of our main result to prin-
cipal fibrations of simplicial sets.

Key words: Hopf algebra, homotopic Hopf-Galois extension, Hopf-
Galois correspondence, homotopic descent, coring, category of comodules
over a coring, homotopy coinvariants.



Résumé

Cette thése élabore une définition et étudie les propriétés des exten-
sions de Hopf-Galois homotopiques dans la catégorie Chu%0 des complexes de
chaines sur un corps k, munie de sa structure de catégorie modéle projective.

Etant donné H une k-algébre de Hopf différentielle graduée de type fini,
on appelle H-extension de Hopf-Galois homotopique un morphisme ¢ : B —
A de dg-k-algébres augmentées, ott B est munie avec une H-coaction triviale,

pour lequel le foncteur de Galois associé (3,)« : MZV“F;M — M;V” et le foncteur
de comparaison associé (iy)* : Mod gneor — Modp sont des équivalences
de Quillen. Ici, A"°H dénote Iobjet des H-coinvariants homotopiques de
'algébre A, et Mod gueorr est la catégorie des A"°"_modules a droite dans

Chﬂfo, munie de sa structure de catégorie modéle induite a droite par le

. . WCU"IZ
foncteur oubli depuis Ch]f0 (et de méme, pour B). On note par M, ¥ et

MZV" , respectivement, la catégorie des A @ g A- et A ® H-comodules a droite
dans la catégorie Mod 4. Elles sont toutes les deux équipées de structures
de catégorie modéles induites & gauche par le foncteur oubli depuis Mod 4.

Nous examinons le comportement des extensions de Hopf-Galois homo-
topiques de dg-k-algébres commutatives sous changement de base. Dans un
premier temps, nous étudions leur préservation sous changement de base.
Etant donné une H-extension de Hopf-Galois homotopique ¢ : B — A, avec
B, A commutatifs, et un morphisme f : B — B’ de dg-k-algébres commuta-
tives, nous déterminons les conditions sur ¢ et f, sous lesquelles le morphisme
induit p : B — B’ ®p A est aussi une H-extension de Hopf-Galois homo-
topique. Dans un deuxiéme temps, nous considérons la question de réflexion
de telles extensions sous un changement de base. Nous supposons que le
morphisme induit  : B’ — B'®p A est une H-extension de Hopf-Galois
homotopique, et nous spécifions les conditions sur ¢ et f qui garantissent
que ¢ : B — A était une H-extension de Hopf-Galois homotopique.

Le résultat principal de cette thése établit une direction d’une corre-
spondance de Hopf-Galois pour des extensions de Hopf-Galois homotopiques
sur des dg-k-algébres de Hopf co-commutatives de type fini. Nous démon-
trons le résultat suivant: si ¢ : B — A est une H-extension de Hopf-Galois
homotopique et g : H — K est une inclusion de dg-k-algébres de Hopf co-
commutatives de type fini, alors A"°K — A est toujours une K-extension
de Hopf-Galois homotopique, et B — AM°K est une H"°K_extension de
Hopf-Galois homotopique, & condition que A soit un module B-semi-libre.

Nous terminons avec un exemple, issu du contexte des ensembles simpli-
ciaux, qui offre des possibilités intéressantes d’application de notre résultat
principal aux fibrations principales des ensembles simpliciaux.

Mots-clés: algébre de Hopf, extension de Hopf-Galois homotopique,
correspondance de Hopf-Galois, descente homotopique, coanneau, catégorie
des comodules sur un coanneau, coinvariants homotopiques.
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Notations

AcoH
AhcoH
Algy,
Auty (E)
B(B)
g Bimod,, g Mod 4
C(X,Y)
Ch°
Coalgp
Comodg
ngod}%0
Homy (X,Y)
MUON
<
M X
MY
Mod4
Set
sSet
XC
x/
G
Q(A; H; k)
Q(A;H; H)
Q(0)
~
—

S

H-coinvariants of A

homotopy H-coinvariants of A

category of augmented H-comodule algebras

group of k-automorphisms of

bar construction on B

category of B-A-bimodules

hom-set of morphisms from X to Y in a small category €
category of non-negatively graded chain complexes over a field k
category of R-coalgebras

category of C-comodules

category of graded R-modules

k-homomorphisms from X to Y

cotensor product of M and N over C

M 1is semi-free on X

category of W-comodules in the category Mod 4

category of A-modules

category of sets

category of simplicial sets

X is a cofibrant object

X is a fibrant object

G-fixed points of X

one-sided cobar construction on an H-comodule algebra A
two-sided cobar construction on an H-comodule algebra A
cobar construction on C

weak equivalence

fibration

cofibration
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Introduction

The origins of (homotopic) Hopf-Galois theory

It is certainly classical Galois theory that lies at the origin of (homotopic)
Hopf-Galois theory. Given a finite algebraic field extension « : k — E, an
important object associated to « is the group of automorphisms of the field E
that fix k, which we denote by G. The extension « : k — E is called G-Galois
if it is normal and separable. In this case, the Galois correspondence

{fields M : k C M C E} «— {subgroups N < G}

holds. To a field M it associates the group Auty(E) of automorphisms of
E that fix M, and to a group N it associates the field of fixed points EV,
thus defining a bijection between the set of intermediate field extensions of
«a: k — E, and the set of subgroups of the Galois group G.

The first generalization of the Galois theory goes back to the sixties and

the work of Auslander and Goldman | |, who were the first to gen-
eralize the notion of Galois extension to commutative rings. This theory
was developed further by Chase, Harrison and Rosenberg in | |, who

proposed six equivalent ways of characterizing a Galois extension of com-
mutative rings. One of these equivalent characterizations was formulated in
terms of two particular maps associated to this extension. Namely, an inclu-
sion of commutative rings o : R — S was called G-Galois for G < Autg(S),
finite, if certain maps

i:R<— S¢ and ﬁ:S@RS%HS’
G

(see Section 2.4.2) are isomorphisms of R-algebras, where S¢ is the ring of
G-fixed points in S and [[S is the set of all G-indexed sequences of elements
G

in S, equipped with point-wise multiplication.

In the case where S and R are fields, the definitions of Auslander and
Goldman, and Chase, Harrison and Rosenberg coincide with the original def-
inition of a finite Galois extension of fields. This not only offered a different,
“zoomed-out” perspective on what it means for a finite field extension to be
Galois, but it also turned out to be fruitful for proving a version of Galois

13



correspondence for commutative rings (| |) and crucial for the future
developments of Galois and (homotopic) Hopf-Galois theory in various con-
texts.

A dualization of the theory started with the emergence of Hopf-Galois
extensions of (not necessarily commutative) algebras over a commutative
ring R. This notion was first developed in a purely algebraic context, by
Chase and Sweedler in | | and by Kreimer and Takeuchi in | |. The
idea was to dualize the framework, by replacing the action of a group G by
a coaction of a Hopf R-algebra H. Hopf-Galois data consist of a morphism
of H-comodule R-algebras ¢ : B — A, where B is augmented and has the
trivial H-coaction. One should not be surprised to learn that ¢ will be an
H-Hopf-Galois extension, if a relevant pair of maps, associated to ¢, are
isomorphisms. These maps are the Galois map

A®pp ra®H

By ARpA—> ARp A®H A®H,

defined in Section 2.2.2, and the comparison map
i, B — Al

Here p is the H-coaction on A, and A®H denotes the H-coinvariants of A.

Hopf-Galois extensions are noteworthy for numerous reasons. It turns out
that a Hopf-Galois extension arises naturally from a free group action on a
set, as we will explain in Example 2.4.11, and they can also be used as a tool
in the study of the structure of Hopf algebras themselves (| |). Moreover,
Hopf-Galois extensions have an important relation to descent theory.

The classical descent problem for rings can be informally formulated as
follows. Given an inclusion of (not necessarily commutative) ringsi : B — A
and an A-module M, what extra structure on M guarantees that there exists
a B-module N, such that N@g A= M?

In order to answer this question, one needs to work with the category
D(i) of descent data, associated to i, which is actually isomorphic to the cat-
egory M;Vican of right A ®p A-comodules in Mod 4. Given a Hopf algebra
H that is flat over a commutative ring R, Schneider’s structure theorem, es-
tablished in | |, states that i : B — A is an H-Hopf-Galois extension,
such that A is faithfully flat over B, if and only if the category Modp is
equivalent to the category My" of right A ® H-comodules in Mody (i.e., ¢
satisfies effective descent).

The philosophy of homotopy theorists consists in studying objects and
concepts up to homotopy. So, a homotopic Hopf-Galois extension, “living”
in whichever category, will take into account the homotopical information
contained in the model structure of this category.

14



The first homotopic analog of Galois theory was studied in | | by
Rognes, in the category of structured ring spectra. He formulated the defi-
nition of a Galois extension of ring spectra (which mimicked the definition
from | |) and studied many of their properties, such as their behavior
under cobase change. Rognes also proved a full version of homotopic Galois
correspondence for ring spectra.

He discovered that the unit map from the sphere spectrum S to the com-
plex cobordism spectrum MU, can not be realized as a Galois extension, for
any group spectrum G, but rather constitutes an example of a homotopic
Hopf-Galois extension for the Hopf algebra given by ¥°°BU ., the unreduced
suspension spectrum of BU.

Motivated by the desire to provide a general framework in which to study
homotopic Hopf-Galois extensions, Hess laid the foundations of a theory
of Hopf-Galois extensions in monoidal model categories in | |, gener-
alizing both the classical case of rings and its extension to ring spectra.
Just as in the algebraic case, there exists a close relation between homo-
topic Hopf-Galois extensions and homotopic descent theory, for which a new
homotopy-theoretic framework was developed by Hess in | | for simpli-
cially enriched categories, and by Miiller in | | for categories enriched in
an arbitrary model monoidal category V. In this spirit, Berglund and Hess
established in | | that a homotopic analog of Schneider’s result holds
and allows one to view homotopic Hopf-Galois extensions of dg-k-algebras
as an interesting class of morphisms, satisfying effective descent.

In | | homotopic Hopf-Galois extensions in two particular examples
of categories were briefly studied. These were the category of simplicial
monoids and the category of finite-type chain algebras of k-vector spaces.
The topic of this thesis takes its roots in | | and develops in yet another
category of interest, the category of chain complexes of k-vector spaces. It
also takes its inspiration from the work of Rognes | |.

The goal of this thesis is to refine the definition of homotopic Hopf-
Galois extensions proposed in | | (see Definition 2.4.12), which allows us
to study the behavior of homotopic Hopf-Galois extensions in ChﬂfO under
cobase change and to prove successfully one direction of homotopic Hopf-
Galois correspondence. We show that if ¢ : B — A is a homotopic H-
Hopf-Galois extension, and ¢ : H — K is an inclusion of co-commutative
dg-k-Hopf-algebras of finite type, then A"°K — A is always a homotopic K-
Hopf-Galois extension, and B — A"°K is a homotopic H"°X_Hopf-Galois
extension, provided that A is semi-free as a B-module.

15



Organization of the thesis

Chapter 1 gathers the categorical, algebraic and model-theoretic background
material that we will need for studying homotopic Hopf-Galois extensions.
In particular, the model category section contains all the right- and left-
transfer results that we will need to ensure that our categories of interest are
equipped with the appropriate model structures. The left-transfer results
appear in a very recent preprint | .

One can formulate reasonable conditions under which a quasi-isomorphism
of algebras (respectively, of corings) induces a Quillen equivalence on the cat-
egories of modules (respectively, the categories of comodules over corings).
Reciprocally, one can determine when having a Quillen equivalence implies
that the underlying morphism is a quasi-isomorphism. These characteriza-
tions, some of which were established in | |, are given in Chapter 1 and
will prove extremely useful to us throughout the thesis.

The goal of Chapter 2 is to introduce our definition of homotopic Hopf-
Galois extensions. This definition involves the homotopy coinvariants of a
coaction of a Hopf algebra, so we will first need to know how to calculate the
homotopy coinvariants A"°H of an H-comodule algebra A. To be able to do
this, it is important to have valid models for fibrant replacements in the cate-
gory Algg; of augmented H-comodule algebras in Chfo. They will be given
by the two-sided cobar construction Q(A; H; H), so that A"°H is modeled
by the one-sided cobar construction Q(A; H;k). The twisted multiplication,
defined in Corollary 3.6 | |, allows us to endow both Q(A; H; H) and
Q(A; H; k) with a natural differential graded algebra structure.

We explain the construction of the Galois functor (5, )s : M;V‘;an — MZV’J
and the comparison functor (i,)* : Modneon — Modp, which are es-
sential to our definition of a homotopic Hopf-Galois extension (Definition
2.3.1). To make connections between this definition and other concepts of
(non-homotopic) (Hopf)-Galois extensions, mentioned earlier in this Intro-
duction, we end Chapter 2 with a more detailed panorama of (homotopic)
Hopf-Galois theory.

Chapter 3 explores the behavior of homotopic Hopf-Galois extensions of
commutative algebras under cobase change. The commutativity assumption
guarantees that the pushout of two algebras B’ and A over an algebra B, is
given by the coequalizer B’ ® g A. Given a homotopic H-Hopf-Galois exten-
sion ¢ : B — A and its pushout ¥ : B — B’ ®p A along a map f, we explain
in detail how the pairs of associated Quillen equivalences ((ﬁ@)*, (i@)*) and
((Bz)+, (ip)*) are related. After that, we address the question of preser-
vation “if ¢ is H-Hopf-Galois, when is » H-Hopf-Galois?” (Proposition
3.2.7), followed by the question of reflection “if  H-Hopf-Galois, under
which conditions was ¢ H-Hopf-Galois?” (Proposition 3.3.5). In both cases,

16



we work under conditions such that the results from Chapter 1 on relation
between quasi-isomorphisms and associated Quillen equivalences are appli-
cable, which facilitates our task. We need primarily to impose semi-freeness
and homological faithfulness assumptions on some of the algebras.

The fourth chapter of this thesis is devoted to establishing the backward
direction of homotopic Hopf-Galois correspondence in ChZO. We will need
to work in the framework of “conormality”, developed in | | and dual to
the Galois framework.

An important observation is the following. Since we are working up to
homotopy, studying a homotopic H-Hopf-Galois extension ¢ is equivalent
to studying the normal basis extension associated to o, 1y : Q(A; H; k) —
Q(A; H; H), which is also homotopic H-Hopf-Galois. So, instead of working
directly with the factorization B — A"°K — A we work with a certain
commuting diagram of cobar constructions.

Here is the exact statement of our Hopf-Galois correspondence result.
We refer the reader to the body of the thesis for the necessary definitions
and terminology.

Theorem 0.0.1 (Theorem 4.3.6). Let k be a field and g : H — K a mor-
phism of co- commutative, 1-connected, degree-wise finitely generated Hopf
algebras in Ch , such that Ko = 0. Let o : B — A be a homotopic H-

Hopf-Galois extension in Ch]f0 and consider the following diagram

QA H k)~ Q(A; H; H)

\/

Q(A; K; k)

QA K K),

where vy and v denote the normal basis homotopic Hopf-Galois extensions,
associated to Hopf algebras H and K, respectively. If

(1) A is semi-free as a left B-module on a generating graded k-module X,
such that X, is finitely generated for all n > 0; and

(2) g : (H,Ap,dy) — (K,Ag,dg) is an inclusion of differential graded

k-coalgebras,

then the map
w: QA4 H; k) — Q(A; K; k)

is a generalized homotopic Q(H; K;k)-Hopf-Galois extension in Chfo.

Using results from Chapter 1 on the relation between quasi-isomorphisms
and associated Quillen equivalences, the proof proceeds by establishing that

17



the comparison map i,, and the Galois map (3, are quasi-isomorphisms, which
is done in several steps. In particular, properties of twisted extensions and
of semi-free extensions allow us to apply spectral sequence techniques to es-
tablish the existence of some of the intermediate quasi-isomorphisms.

Finally, Chapter 5 contains a few open questions.

18



Chapter 1

Background material

1.1 The zoo of categories

Notation 1.1.1. The following notation is used throughout this thesis. If
A is an object of a small category C, we write A € C. The set of morphisms
from A € € to B € C is denoted by C(A, B). The identity morphism on an
object A is denoted by A or Id 4.

1.1.1 Monoidal categories’ language

The goal of this section is to clarify the categorical context we are working
in, and also to fix notation. It starts with a brief reminder about monoidal
categories, as well as related categories, such as the categories of (co)modules
in a monoidal category, and then describes our categories of interest in this
project.

Definition 1.1.2. A monoidal category (M, ®,1) is a category M, to-
gether with a bifunctor —® — : M x M — M, called the monoidal prod-
uct and an object I € M, called the unit, such that — ® — is associative
and unital with respect to I. More precisely, this means that for every triple
A, B,C € M, there is given an isomorphism

aapc:(A®B)@C — A®(B®C),
natural in A, B, C, and for all A € M, there exist isomorphisms

l4:I®A—A and ryp:AR1— A,
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natural in A, such that the diagram

XA ® B,C,D
_—

(A B)®@C)® D
OCA,B,C®Di

(A®(B®C))® D QA,B,C®D

(A®B)®(C® D)

QA B® C,Di

AR(BeC)® D)

A®ap,c,D

AR(B®(C®D))

commutes for all A, B,C, D € M, and the diagram

(A®T)® B fALE A®(1® B)
M A
A® B

commutes for all A, B € M.

A monoidal category (M, ®,1) is called symmetric if, for all A,B €
M, there is given an isomorphism twap : AQ B — B® A, natural in A
an B, appropriately compatible (see Chapter 7, §7 in | |) with the
associativity isomorphism a and the unit isomorphisms [ and r, and such
that twp 4 = th}B, i.e., such that the diagram

twp, A

B®A

A®B

R

B®A

commutes.

A monoidal category (M, ®,1) is called closed if for any X € M, the
functor —® X : M — M has a right adjoint, denoted Homp¢(X,—) : M —
M.

Notation 1.1.3. To avoid heavy notation, we will omit the names of the
natural isomorphisms «, I, r and tw in the diagrams and simply write the
symbol = when necessary.

Example 1.1.4. Our main underlying closed symmetric monoidal cate-
gory in this project is the category of non-negatively graded chain com-
plexes of k-modules over a field k, with differential of degree —1, denoted
(Chfo, ®,]k[0]). Here, ® is the usual tensor product of chain complexes,
and k[0] stands for the chain complex with value k, concentrated in degree
0.

Occasionally, we will work in the category ( Ch%o, ®, R[0]) of chain com-
plexes over a commutative ring R.
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Notation 1.1.5. For any X € ChZO7 if © € X,;,, we say that the degree
of z, denoted deg(x), is equal to m, for all m > 0. Moreover, we adopt the
notation

Xem :={z € X : deg(x) < m},

and will sometimes identify this set of elements with the chain complex
Xem o X2 X1 — - — X1 — Xog— 0.

Remark 1.1.6. Note that, given X, Y € ChZO, the symmetry isomorphism
is defined by

tw: XY - Y@X:z@y— (—1)is@deW)y, g 4
forallz e X, yeY.

Notation 1.1.7. For any X € Chzo, we will denote by §.X the underlying
graded k-module of X.

Terminology 1.1.8. A chain complex X € Chﬂf0 is connected if Xy =k,
and is 1-connected if Xy =k, X1 = 0.

Definition 1.1.9. Let (M, ®,I) be a symmetric monoidal category.

e A monoid (A, p4,1n4) in M consists of an object A € M, equipped
with two morphisms pug : A® A — A and 14 : I — A such that the
following diagrams commute.

A

AQAQA 81 4w A

MA®Al lﬂA
A® A Ha A
A®na na®A

ARl ——— A A<—"1I® A

|1

A

1%
1%

The monoid A is commutative if the diagram

tw
A@A—%AwA
o 2
A———A4

commutes. The category of monoids in (M, ®, 1) will be denoted Alg.
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Remark 1.1.10. Under suitable assumptions on M, the forgetful functor
U : Alg — M, given on objects by U(A, ua,n4) = A, for any monoid
A, admits a left adjoint Fajg : M — Alg, called the free monoid
functor, so that there exists an adjunction

Falg

M_—_—Alg.
U

For example, if M has all coproducts and is closed monoidal, then for
all X e M, —® X : M — M preserves coproducts. In this case,
Falg(X) :== (Up>0X®", ux,nx), for all X € M, with X9 := I, where
px is given by concatenation of tensors, and 7y is the inclusion of the
summand .

A comonoid (C, A¢,e¢) in M consists of an object C' € M, equipped
with two morphisms A¢ : C — C®C and g¢ : C — I such that the
following diagrams commute.

C Ac CeC
e
coc—C22 . cocec

C®€c €c®c

Cl=———C(C———Ix(C

1%
>
Q
—_—
1R

The comonoid C' is co-commutative if the diagram
C  ———— C

twe.c

CoC—25CeC

commutes.

A bimonoid (H, pg,ng, A, ep) in M consists of an object H € M,
such that (H, pg,ng) is a monoid in M, (H, A, ep) is a comonoid in
M, ppr and ng are morphisms of comonoids, where H ® H is equipped
with the comonoid structure given by

A A H®t ®H
HeH HEO HoH®H® H ——t!!

H®H®H®H

o

ApeH
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and
eEgVen =

EH®H

HoH

and, moreover, g o ng = Idy.

Remark 1.1.11. The condition “up and 1y are morphisms of comonoids” is
equivalent to the condition “A g and e are morphisms of monoids”; one just
changes the viewpoint on the corresponding commuting diagrams.

Definition 1.1.12. Let A be a monoid in (M, ®,I). The category Mod 4
of right A-modules has as objects pairs (M,r), where M € M and r :
M ® A — M is a morphism that makes the following diagrams commute.

re A Xna

MoAs A MoA Mol—22". veA

wou| | o

M®A

The morphisms in Mod 4 are morphisms in M that respect the structure
maps r.
For any monoid A € M, there exists an adjunction

® A
M ——>Mody,
U

where — ® A is the left adjoint, which sends X € M to (X @ A, X @ ua) €
Mody, and U denotes the forgetful functor, given by (M,r) +— M, for all
(M,r) € Mod 4.

One defines similarly the category 4 Mod of left A-modules in M.
Definition 1.1.13. Let (M, ®,I) be a monoidal category that admits co-
equalizers. Given (A, ua,na) € Alg, (M,r) € Mod4 and (N,l) € 4 Mod,

one defines the tensor product of M and N over A to be the coequalizer

rQQN

M®AN::coequal<M®A®N M®N),

M@l
computed in M.
Note that if (M, ®,I) admits coequalizers, then one can define the cat-

egory ( AModg,®4, A) of A-bimodules, with the monoidal structure given
by the tensor product ® 4.
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Definition 1.1.14. Let C be a comonoid in (M, ®,I). The category Comod¢
of right C-comodules has as objects pairs (M, p), where M € M and
p: M — M®C is a morphism, making the following diagrams commuta-
tive.

p

M M&C M M&C
pi o iM@MC Ni %
MeC—2- MeCxC Ml

The morphisms in Comod¢ are morphisms in M that respect the structure
maps p.
For any comonoid C' € M, there exists an adjunction

U
Comodc — M,
-®C
where —® C' is the right adjoint, sending X € M to (X ®C, X ®A¢) €
Comod¢, and U is the forgetful functor, given by (M,p) — M, for all
(M, p) € Comodc.

Definition 1.1.15. Let (M, ®,I) be a monoidal category that admits equal-
izers. Given (C,A¢,e¢) a comonoid in M, (M, p) € Comod¢ and (N, o) €
¢ Comod, one defines the cotensor product of M and N over C to be
the equalizer

PN

MgN;:equal(Me;N M®C®N),

M®o
computed in M.

Definition 1.1.16. Let (M, ®,I) be a symmetric monoidal category and H
a bimonoid in M. The category of right H-comodule algebras in M will
be denoted Algy. Its objects are monoids (A, pua,n4) in M, that are also
equipped with a compatible H-comodule structure (A, p), i.e., such that the
H-coaction p : A — A® H is a morphism of monoids. Here, the monoid
structure on A® H is defined by

pasn (A9 H)9(AH) 2 Ao Ao He H M Ag

and

NAQNH
_—

Nagu :I1=I®I1 A® H.

There exists a cofree-forgetful adjunction
U
-®H
similar to the one in Definition 1.1.14.
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Definition 1.1.17. Let (M, ®,I) be a monoidal category and A be a monoid
in M. An A-coring (W,%,¢) is a comonoid in (A Mody, ®4, A). In other
words, W is an object in M, equipped with

e aleft A-actionl: AQW — W,

e aright A-actionr: W® A —- W,

e a comultiplication ¥ : W — W ®4 W,
e acounite: W — A,

where [ and r are compatible, v is co-associative and counital with respect
to €, and 9 and € are both morphisms of A-bimodules.

We now introduce two examples of corings that are essential for the rest
of this project.

Examples 1.1.18.

(1) Let ¢ : B — A be a morphism of monoids in (M, ®,I). The canonical
coring associated to ¢ is denoted by WZ*" and has as underlying
A-bimodule A®@p A. It is endowed with the comultiplication ¢&™" that
given by the composite

ARQpRA
ARAZARBR®A B B
B B B

can

5" is the morphism

The counit ¢
n:A®pA— A

induced by the multiplication gy : A® A — A, using the definition of
the tensor product A ®p A and the universal property of coequalizers.
The left and right A-actions [ and 7" on A®p A are both induced

by pa-

(2) Let (H, pm,nu, Ag,em) be a bimonoid in a symmetric monoidal cate-
gory (M, ®,1) and let (A, pa,na,p) be an H-comodule algebra. The
tensor product A® H can naturally be endowed with the structure of
an A-coring, denoted W), and called the coring associated to p. Its
left A-module action [, is given by

A@(A®H) = (Ag A)o H 42

A®H,
and its right A-module action 7, by
(Ao H) oA 22120 Ao oA H~ A9 Ao He H M 24, Ag H,
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where we have used the symmetry isomorphism in the second compos-
ite. The comultiplication v, is

Ao H ARA

ARH®H = (A H)®a(A® H),

and the counit ¢, is defined by

A
A H 2255 401~ A.

Definition 1.1.19. Let A be a monoid in a symmetric monoidal category
(M, ®,1) that has coequalizers, and let (W, ,¢) be an A-coring, with right
A-action r : WA — W. We denote by MK/ the category of right W-
comodules over the coring A, i.e., the category of right W-comodules in
MOdA.

An object of MY is a triple (M,~,6), where M € M, v: M®A — M
is the right A-action on M and 8 : M — M ®4 W is the W-coaction on
M. Recall that the object M ®4 W is computed as a coequalizer in M (see
Definition 1.1.13).

Depending on the context, we will use for objects of MZV the notation
(M,~,0), or (M,0), when the A-action +y is not relevant.

Later on in this project, adjunctions of the form

W4U>
Ml Mod.,
—-Qa W

will play an essential role (namely, in obtaining a model category structure on
the category MY ). Here, — ®4 W is the right adjoint, which sends (M, r) €
Moda to (M @AW, M @71, M @41) € MZV, and U is the forgetful functor,
given by (M,~,6) — (M,~), for all (M,~,0) € M.

Remark 1.1.20. We found helpful to end this section with a diagram offering
a general view of our “zoo of categories” and adjunctions between them,
with right adjoints always beneath and to the right of the corresponding left
adjoints.

U
Algy —— Alg

-QH
Faig | |U
U -®A U W
Comody M Mods =™ M}
—®H U —@aW

Here M is a symmetric monoidal category, (e.g., M := Chfo), A, H are,
respectively, a monoid and a bimonoid in M, and U denotes the forgetful
functor.
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1.1.2 Lifting adjunctions

In Section 3.1.2 of this thesis, we will need to show the existence of (right)
adjoints of certain functors. Different adjoint functor theorems exist and
give methods for finding adjoints. Our situation will be somewhat particular,
since we will be interested in [lifting an existing adjunction. In other words,
given an adjunction (F,G) between a pair of categories € and D, we will
need to establish the existence of an adjunction (F’ , G’) between another pair
of categories € and D that are related to € and D in a special way. Because
of the particular nature of the adjunctions and functors involved, we will
be able to use the Adjoint lifting theorem for comonadic functors, presented
below.

Remark 1.1.21. Let K = (K, A, €) be a comonad on a category €. We denote
by Ck the Eilenberg-Moore category of K-coalgebras in C. Its objects
are pairs (C,0), where C' € € and ¢ € €(C, KC) is a morphism satisfying

K(§)od=Acod and ecod=Ido.

A morphism in Cg from (C,4d) to (C’,d’) is a morphism f : C — C’ in €
such that K(f)od =4 o f.

Definition 1.1.22. A functor ¥ : W — Cis called comonadic if there exists
a comonad K = (K, A, ¢) on € and an equivalence of categories J : W — Ck,
such that the composite of functors Ug o J : W — € is naturally isomorphic
to ¥, where Uk : Ck — C denotes the left adjoint of the cofree coalgebra
functor Fx : € — Ck, i.e., Uk is the forgetful functor.

Theorem 1.1.23 (Dual version of Theorem 4.5.6, | |). Let
A—2 s
U \%
e—=—0D

be a diagram of functors, where
(i) LoU=VoQ;
(i) the functors U and V are comonadic;
(1ii) the category A has all equalizers.
Then the functor Q has a right adjoint, whenever L has a right adjoint.

Francis Borceux offers in his book | | a detailed proof of the dual
result about lifting a left adjoint in a monadic context. The entry “Adjoint
lifting theorem” on nLab can also be enlightening, because it reformulates
and highlights the key steps of Borceux’s proof.
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Remark 1.1.24. Observe that the forgetful functor Uk : Cg — € is comonadic,
for any comonad K on €. Therefore, Theorem 1.1.23 is useful, for example,
if one wishes to prove the existence of a right adjoint R in the following
situation

L
Ck o ... Dy
R
Uk | | Fx U | | Fr
L
e D,
R

where K, K’ are comonads on € and D, respectively, and left adjoints are
displayed on top and on the left.

1.1.3 Digression on Hopf algebras

A few words should be said about the concept of a (graded) Hopf algebra
over a field or a commutative ring, as there are a few subtleties.

The classical “algebraic” definition of a Hopf algebra over a field is the
following.

Definition 1.1.25. A Hopf algebra (H, upg,ng, Ag,em, Sy) over a field k
consists of an k-vector space H, together with five k-linear morphisms, such
that

(1) (H,pm,nm) is a k-algebra;
(2) (H,Am,eq) is a k-coalgebra,

(3) the maps pup, ng are morphisms of k-coalgebras (or, equivalently, A,
eg are morphisms of k-algebras); and

(4) the morphism S : H — H, called the antipode, makes the following
diagram commute.

S
HoH—2°"  nen
> X
H Sl R o H

S
HoH—12%" _nen

Example 1.1.26. Let G be any group and k a field. The group ring

H:=k[G]:={) ky-g:ks €k, forall g€ G}
geG
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is a k-vector space with basis given by the set of elements of G. The algebra
structure on k[G] is given on basis elements by the group structure on G, and
then extended k-linearly to all of k[G]. One defines a coalgebra structure on
k[G] on basis elements by

Agig) : k[G] = k[G]@k[G] : g — g®g

and

exja) “k[G] — kg1,
for all g € G, and then extends it k-linearly to all of k[G]. The antipode
S : k[G] — k[G] is given by S(g) := g1, for all g € G.

Example 1.1.27. If the group G is finite, then the dual of the group ring
H := Homg (k[G], k)
is also a Hopf algebra. Its algebra structure is defined by
1+ Homy (k[G], k) ® Homy (k[G], k) — Homy (k[G], k) : f@h — pu(f ®h),

with u(f ®@h)(g) = px o (f @h) o A (g), for all g € G. TIts coalgebra
structure is given by the formal dual of the algebra structure:

A : Homy (k[G], k) — Homy (k[G], k) @ Homy (k[G]. k) : f — A(f)
with A(f)(g®¢’) := f(g9q'), for all g, ¢’ € G. The antipode is
S : Homg (k[G], k) — Homg (k[G], k) : f — S(f)
with S(f)(g) := f(Sk(g)), for all g € G. Note that H = Homy(k[G], k) is

always commutative, and is co-commutative, if the group G is abelian.

This example truly is a “fundamental” example for constructing Hopf
algebras, in the sense that many Hopf algebras arise by dualizing a group
structure.

Example 1.1.28. A beautiful example of a Hopf algebra that is of interest
to algebraic topologists is given by the direct sum Hy = €D, 5 Hn(X) of all
homology groups of an H-space X. It is a graded Hopf algebra.

In | |, Milnor and Moore introduced the definition of a graded
Hopf Algebra H, = (H., pig«, NH,, A, ,€H,) over a commutative ring R.
It consists of a non-negatively graded R-module H,, equipped with four mor-
phisms of graded R-modules, which satisfy properties, analogous to proper-
ties (1) — (3) in the Definition 1.1.25, only in the graded setting. Observe
that the antipode S is not explicitly part of the definition of a graded Hopf
algebra, so that H, is actually only a bialgebra in the category of graded
R-modules.

However, if a graded R-bialgebra H, is connected (see Terminology 1.1.8),
then the bimonoid structure on H, is sufficient to define an antipode map
S : H, — H,, recursively for all x € H,, and all n > 0 (see Proposition 3.8.8

in | D).
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Terminology 1.1.29. Since we will mainly work in the symmetric monoidal
category ( Ch]fo, ®,]k[0]) of differential graded k-modules over a field k, by
a Hopf algebra H we will mean a bimonoid (H, pum,ng, Ag,en) in Chu?0
(which, eventually, will be taken to be connected).

More precisely, a Hopf algebra is an object (H, dg, i, N, Am, €m), such
that

(i) (H,dp) is a non-negatively graded chain complex, with differential
d: H — H of degree —1, satisfying d? = 0;

(ii) (H,dg, pm,nm) is a unital, associative, differential graded algebra, i.e.,
a monoid in Chﬂfo, with pup and np of degree 0, and the Leibniz rule

di(hh') = dg ()R + (—1)%M hd g (1)
holds for all h, k' € H;

(iii) (H,dg,Am,eq) is a counital, coassociative, differential graded coalge-
bra, i.e., a comonoid in Chfo, with Ap and ep of degree 0, and the
“dual Leibniz” rule

Agodu(h) = (dg @ H +two (dy ® H) o tw) o Ag/(h)

holds for all h € H (see | |, Definition 0.3 (7)), i.e., dy is a
coderivation;

(iv) pg and ny are morphisms of comonoids;
(V) en onu = ldy).

Remark 1.1.30. We will see other topologically interesting examples of graded
co-commutative k-Hopf-algebra in Section 4.4.2.

1.2 Algebraic tools

1.2.1 Cobar construction and twisted structures

The classical cobar construction (—) is a functor from the category Coalg?_-i’1
of 1-connected, coaugmented differential coalgebras in Ch%O to the category
Alg‘;{’0 of connected, augmented differential algebras in Ch%o.

We will use the cobar construction in Chapter 2, in order to build valid
models for fibrant replacements in the categories Comod¢ and Alg., which
will allow us to define valid models for homotopy coinvariants of C-comodules
and C-comodule algebras, under mild hypotheses on the coalgebra C.

Before introducing the definition of the cobar construction for coalgebras
of chain complexes, we recall some preliminary constructions. Our references
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for this section are | |, Chapter 10 in | | and Chapter 0 in | .

We fix a commutative ring R and denote by gI‘Mod%0 the category of
non-negatively graded modules over R.

Whenever we need to commute elements of a graded module past each
other, or commute a morphism of graded modules past an element in its
source, we will apply the Koszul sign convention. For instance, if X and
Y are graded algebras, then for all z®y, ¥’ ®y" € X ®Y their product is
given by

(z@y) ('@y) = (-1)"zz'@yy
if ' € X, and y € Y,. Also, if f: X — X" and g: Y — Y’ are morphisms
of graded modules, of degree p and ¢, respectively, then we have

(feg)(zey)=(-1)"f(z)®g(y),
forallz®y € X,,®Y,.
Reminder 1.2.1.

(1) Let X € ngod%O. The tensor algebra on X, denoted T'(X), is
defined as follows. As a graded R-module, it is given by

T(X)=R0OXBXX)o(X0XRX)®... .

We write T(X) = @,,507"(X). An element of T(X), coming from
the summand 7" (X), will be denoted by x1|...|z,,. The multiplication

w:TX)eT(X)—T(X)

is given on elementary tensors of length n by concatenation

/

p(@] o) @(2h] -
for all n,m >0, zq|-- - |z, € T"(X), 24|+ |2), € T™(X).
The unit

n: R0] — T(X)

is simply the inclusion. Moreover, the algebra T'(X) is augmented via
e:T(X)— R[0]

defined by e(r) =r, for all r € R and e(v) =0, for all v € X.

(2) For any (X,d) € Ch%o, the desuspension of X is a chain complex
(s71X, D) given by (s71X), = X,,11, for all n > 0 and D(s7(x)) =
—s7Yd(z), for all z € X
(Note that the suspension of X is a chain complex (sX, D) given by
(sX)n = X,—1, for all n > 0, where X_1 = 0 and where D'(s(x)) =
—sd(z), for all z € X).
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(3) Given a coalgebra (C, A, ¢) in Ch%o, the associated reduced coalgebra
is defined to be
C =ker(e : C — R[0]).

If the coalgebra C' is coaugmented, i.e., has a unit n : R[0] — C, then
e on = Idgjp) and we have a direct sum decomposition

C2ConR)=CPR.
The comultiplication A : C'— C ® C can be described by

A)=1®1 and A(Q)=c@l+10c+ Y aad,

1

for all ¢ € C, and where ¢;, ¢! € C. Thus, the reduced comultipli-
cation A : C — C®C is given for all ¢ € C by

Alc) = Zci ® .

(4) An element ¢ € C of a coaugmented coalgebra C' is called primitive
if A(c) =c®1+4+1®c. A coalgebra C is primitively generated if
any ¢ € C can be expressed as an R-linear combination of primitive
elements in C.

Now we can state the definition of the classical cobar construction. Al-
though this construction is defined for any coaugmented coalgebra C, we
will assume our coalgebras to be 1-connected. This choice makes the cobar
construction Q(C') easier to handle in degree 0.

Definition 1.2.2. Let R be a commutative ring. The cobar construction

functor
Q : Coalg’' — Alg3’

is defined as follows.
e For any (C,dc¢) in Coalg%l, its cobar construction
(QC, Dac, pac, nacs ac)
has the following description. As an augmented graded algebra,
QC = (T(s_la),,ugc,n(zcﬁﬂc)

i.e., it is the tensor algebra on the desuspension of the reduced coalge-
bra C'. The differential Doc makes Q2C into a dga and is given by

Doc =d; + dE,
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where dy is the internal differential, specified on generators by
dr(s7te) = —s1(dg(e)), for all ¢ € C,
and dg is the external differential, specified on generators by

dp(s™tc) = Z(—l)degcis_lci|s_lci, for all ¢ € C.

e Amap f € Coalg%’l(C’, C’) induces a map Qf € Alg%’o(QC, QC’),
satisfying Qf (s~tc) = s71 f(c).

In addition to classical cobar construction, we will need a few other in-
gredients for constructing fibrant replacements and homotopy coinvariants
in Comod¢ and Alg. in Chapter 2.

Definition 1.2.3. Let (C,dc) € Coalgh" and (A,d4) € Alg5’. A twist-
ing morphism from (C,d¢) to (A,d4) is a morphism ¢ : C' — A of graded
R-modules, of degree —1, such that

daot+todo =pao(t®t)oAc.

Example 1.2.4. The universal twisting morphism, associated to a con-
nected augmented chain coalgebra C' is the morphism tg : ¢ — QC specified
by to(1) = 0 and to(c) = s~!(c), for any c € C.

Twisting morphisms allow one to define twisted extensions.

Definition 1.2.5. Let (C,dc) € Coalgl', (A,d4) € Alg3 and let ¢ : C —
A be a twisting morphism. Let (IV,dy) be a right C-comodule with coaction
p: N — N®C and (M,dy) aleft A-module with action A : A® M — M.

e The twisted extension of N by M is
(N,dn) @e(M, dar) == (N ® M, Dy),
where
Di=dy@M+N®dy +(N@XN)o(N@t®M)o (pM).

In other words, the twisted extension of N by M has N ® M as its un-
derlying graded R-module, and its differential has an additional term,
involving the module and the comodule structure maps and ¢.

e Let v: C — (' be a morphism of coalgebras, and (N, p) € Comod,
(N',p') € Comod¢r. Note that v induces a C’-coaction (N ®+) o p
on N. Let

g: (N, (N®@7)op)— (N, p)
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be a morphism of C’-comodules. Let also o : A — A’ be a morphism
of algebras, and (M,\) € 4Mod, (M',N) € 4 Mod. Similarly, «
induces an A-action \ o (¢ ® M') on M’. Let

g (MA) = (M, N o (@ M'))
be a morphism of A-modules. Suppose now that we are givent : C — A

and t' : C" — A’ two twisting morphisms. If aot = t' o v, then g and
¢’ induce a morphism of twisted extensions

9g@g : (N@M,D;) — (N'®@M',Dy): 2@y — g(z) © g (y)

which is a morphism of chain complexes from (N ® M, D;) to (N’ @ M, Dy/).

Notation 1.2.6. To simplify notation slightly, we will write N ®; M instead
of (N ® M, D;). Thus, a morphism of twisted extensions induced by g and
g’ as above will be written

g2¢ N M — N' @y M.

Example 1.2.7. The twisted extension (C,d¢) ®q,(Q2C, Doc) = C &, QC,
associated to a connected augmented chain coalgebra C' is called the acyclic
cobar construction. The reason for this terminology is that there exists a
contracting homotopy ¢ : C' ®;, QC — C @y, QC of chain complexes, such
that C ®q,, QC =, RJ0] is a homotopy equivalence (see Proposition 10.6.3

in [Neil0]).

Proposition 1.2.8 (Proposition 3.5(2), | ). Let (C,dc) € Coalg}gl
and (A,dy) € Algiéo. There is a functorial, bijective correspondence

{twistmg morphisms t : C' — A} — {morphims of algebras 0; : QC — A},
where

o t:C — A gives rise to 0; : QC — A, determined by 0;(s~1c) = t(c),
for all c € C;

e 0, :QC — A gives rise to tg : C' — A, given by the composite

c 200 -% 4

Example 1.2.9. The morphism of algebras, associated via this correspon-
dence to the universal twisting morphism to : C' — QC, is 0y, =1d : QC —
QC.
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Remark 1.2.10. Let C € Coalg}gl. If the comultiplication Ag on C is co-
commutative, then one can define a comultiplication on QC', which makes
the cobar construction into a co-commutative Hopf algebra. We will now
explain the construction.

First of all, the fact that A¢ is co-commutative ensures that the map
Ac : C — C®C is a map of coalgebras, because then the diagram

Ac

C CeC
AC Ac@Ac

CxC (CC)x(CxC) |Acsc

CRtwe C |
Ac®Ac

CeCCeC
commutes. The desired comultiplication map
Aqc : QC — QC @ QC
is constructed as the composite

Aoc - 20 222009 0) 2= 00 0C,

where m : Q(C®C) — QCRQC is a morphism of chain algebras, called
the Milgram map. It is the map of algebras associated to the twisting
morphism

toxtqg:=t®nacoecc+nacoecc®t: CRC — QC ROQC

using the correspondence described in Proposition 1.2.8. Unravelling the
definition, we see that m is defined on generating elements of Q(C' ® C) by

0, if deg(c1) > 0,deg(c2) > 0,
m(sHe1®e)) =4 1®s ey, ifep =1,Ver € C,
sTleg®1, ifep =1,Ve € C,

for all s71(c1 ® ¢) € Q(C® C).

Theorem 1.2.11 (Theorem A.1, | ). Let C and C' be coaugmented dif-
ferential graded coalgebras in Ch%o. There exists a strong deformation re-
tract of chain complezes

Q080 == Q(CC) O h.
In particular, m is a chain homotopy equivalence.
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Remark 1.2.12. Theorem 1.2.11 is an improvement of the original result
of Milgram (Theorem 7.4 | |), which stated that the Milgram map m
is a quasi-isomorphism of chain complexes, under the assumption that the
coalgebras C' and C’ are 1-connected (and not necessarily coaugmented).

Finally, Aqc : QC — QC®QC is given on an arbitrary generating
element s~'c € QC by
Age(s7le)=1®s et s lewl,
where we use that s~! is additive and the expression of A¢ from Reminder
1.2.1 (3). More generally, for any s~ 'ci|...|s7te, € (s71C)®™,

-1

Agc(s™tey|. .. s e,) =

n—1
Z Z i(s_lca(1)| s |S_1ca(p)) ®(S_1ca(p+1)‘ s ‘S_lca(n))>

p=1 Uesp,n

where 8§, ,, is the collection of all (p,n — p) shuffles, for n > 1.
The map Agc makes QC' into a co-commutative Hopf algebra in Ch%0

(see | D

An immediate consequence of the previous remark is that for any co-
commutative Hopf algebra H € ChZO, its cobar construction Q2H can be
endowed with a co-commutative Hopf algebra structure, too.

1.2.2 Semi-free modules in Ch%0

Definition 1.2.13 (| |, Ch, §6). Let (A, d) be a dg-algebra in Ch7’.
A left A-module (E,dg) in Ch%0 is semi-free on a generating graded R-

module Z, denoted by E = Aé Z, if the following properties hold.
(@) Z =Dy Z(k), where Z(k) is a graded R-free module, for all k > 0.

(b) The A-module F is equipped with a filtration

{0} =E(-1)CE(0)C---CE(k-1)CE(k)C---CE=|]JE(k)
k>0

of A-submodules such that E(k)/E(k—1) = (A,da) ®(Z(k),0), as dg
A-modules, for all £ > 0. It follows that there is an isomorphism of
graded R-modules

Ek)2Ek-1)® (Ao Z(k)), withdp(A®Z(k)) C E(k—1),
for all £ > 0, so that £ = P, A® Z(k), as graded R-modules.

(c) In addition to the conditions in | |, we require that the induced
filtration on Z satisty Z(k), = 0, for all & > n.
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Lemma 1.2.14. Let R be a commutative ring, (A,da) a differential graded
R-algebra and (B,dp) a chain complex over R, such that By = R and B is
degree-wise R-free and finitely generated.

The tensor product complex (A® B, D), where

D(a®b) = da(a)b + (—1)*5Wa @ dp(b),

forall a € A, b € B, is semi-free as a left A-module on a generating graded
R-module that is degree-wise finitely generated.

Proof. The left A-module structure on A® B is given by A®(A® B) =
A A9 B ™ AgB.

The graded module, that generates A ® B as A-semi-free, is the underly-
ing graded module of (B, dp). It satisfies B = @~ Bk, where we identify
By with the graded R-module with value By in degree k and 0 everywhere
else. In particular, for all k£ < n, (By)r = 0. By hypothesis, B is degree-wise
R-free and finitely generated.

Define a filtration F on the A-module A ® B by setting

k(A ® B) = A® By,

for all £ > 0 (recall Notation 1.1.5). Every A® B<y, is a graded A-submodule
of A® B, and

{0} CACA®B<1 C---CA®B<j_1 CA®B<j C -+,
so that (J,~o Fx(4A ® B) = A® B, as graded A-modules. The differential D

satisfies D(By,) C Fp_1(A® B), for all k > 0, since for all k£ > 0 and for all
b € By,

D(1®b) = (-1)*1@dp(b) € A® By_;.
Therefore, the quotient

Te(A ®B)/Fp1(A ®B) = (A® B<)/(A® B<g—1)

is isomorphic, as a differential graded A-module, to the tensor product
(A,da) ®(By,0), for all k£ > 0. O

Lemma 1.2.15 (Lemma 6.3, | ). Let (T,dr) be a differential graded
algebra. Suppose a (T,dr)-module (M,dyr) is the union of an increasing
sequence

{0}cMO)cMA)C---CMk—-1)CM(k)C---
of submodules, such that M(0) and each M(k)/M(k — 1) are (T,dr)-semi-
free. Then (M,dyy) itself is (T, dy)-semi-free.

Remark 1.2.16. The proof of Lemma 6.3 in | | ensures that conditions
(a) and (b) of Definition 1.2.13 hold for (M,dps). A careful investigation of
this proof shows that the condition (c¢) of Definition 1.2.13 is also satisfied
for (M, dyr).
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1.2.3 A toolbox of spectral sequences

This section mainly assembles some spectral sequences that will be useful to
us for making calculations throughout the thesis. For the basic definitions
and terminology used in the world of spectral sequences, we refer the reader
to | ].

Notations 1.2.17.
e By “a graded object” we mean “a non-negatively graded object”.

e In this section it will be important to make a distinction between
graded and non-graded objects. Therefore, we will take special care of
notation, and decorate graded objects with subscript . when necessary.

e Given a differential graded module M,, we will denote by {M(p).},
a filtration on M, and by {FPH,(M,)}, the induced filtration on its
homology. These filtrations are increasing.

The following spectral sequence is useful when one works with semi-free
modules.

Theorem 1.2.18 (Homological version of Theorem 2.6, | ). Each
filtered differential graded module (M, dpr, M(—).) determines a spectral se-
quence, {E7 ,,dy}, r = 1,2,... with d, of bidegree (—r,r — 1), and the first
page given by

E;,q = Hpyy (M(p)*/M(p - 1)*)

If the filtration is bounded, i.e., for each degree n, there exist s = s(n) and
t =t(n) so that

{0} € M(s)p C M(s+1), C -+ C M(t— 1), C M(t), = My,
then the spectral sequence converges to H,(M,,dyy), i.e.,
EpS = FPHy (M, dpr) [ FP~ Hyy (M, dr).

On many occasions, we will use Zeeman’s comparison theorem, which is
a standard tool in the application of spectral sequences.

Theorem 1.2.19 (| |). Suppose {EY,,d.} and {E;*,ET} are first quad-
rant spectral sequences of homological type (that is, d, and d, are of bidegree
(—r,r —1)), such that for all p,q > 0 there exist short exact sequences

0—Ep,® Ef, Eyq Torg, (B340, B ) —>0

and
—2 =9 —2 1 =2 —2
0 Epo®Eg, Epq Torg (EP+170’ EO,q) 0.
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Suppose that A = ©X A, A = 2 A, are filtered graded R-modules
such that their associated graded R-modules satisfy, respectively, Gr(A) =

oa>0Epgs Gr(A) = @;?qZOE;?q. Moreover, suppose that there is a homo-

morphism f between the spectral sequences {E} ,,d,} and {E;*,Er}, i.e.,
there are sets of homomorphisms

f;ﬂ:E;vq—)E;,qa (T:2,3,...,OO, andp,q20)7

fa i An— Ay (n20),
f;? : Ez,o - Ep,()’ (p Z O)a
qu : Eg,q - EO,q: (q > 0)

and that the following diagram commutes.

0 i EIQI,O ® an Equ Tory, (E1§+170’ Equ) 0
f§®f§i ff,,ql Tor}%(fz?-ﬁ—l,mfg,q)l

0——=E, ®Eq,—> E.y— Tork (Eny10,Eoy) —>0
Then any two of the following conditions imply the third:
(1) fg : EZ,O — E;O is an isomorphism for all p > 0;
(2) fg : an — Eg,q is an isomorphism for all ¢ > 0;

(3) fA: A, — A, is an isomorphism for all n > 0.

Theorem 1.2.18 applied to the context of twisted extensions gives the fol-
lowing spectral sequence. Here, we formulate a slightly more general version
of it than the one described in §10.4 in | |.

Theorem 1.2.20 (Generalization of §10.4, | ). Let (C,dc) € Coalg%’l,
(A,da) € Alg‘}‘};o and lett : C' — A be a twisting morphism. Given (N,dy) a
right C-comodule in Ch%0 and (M, dyr) a left A-module in Ch=", consider
the twisted extension N ®; M .

If N is degree-wise flat over R, then the filtration

{Fk(N Qi M) = Ngk ®M}k20

of N ®¢ M by differential graded submodules defines a first quadrant homology

spectral sequence {Ej;*, d,}. Its initial pages are given by

E), =N, ®M,, d =1d®dy,
E),=Ny®Hy(M), d" = dy ®]1d,
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B2, = Hy(N @ Hy(M), dy ©1d),

for all p,q > 0, and the sequence converges to H,(N ®; M).
If, in addition, Hy(M) is flat over R for all ¢ > 0, then the second page
simplifies to
B2, = H,(N) @ Hy(M),

for allp,q > 0.

Remark 1.2.21. The spectral sequence given in | | is formulated in the
particular case where the C-comodule N is equal to C', and the A-module
M is equal to A. However, the construction of the spectral sequence requires
neither having a coalgebra structure on NV nor having an algebra structure on
M. What really matters for defining the twisted extension N ®; M and for
building the associated spectral sequence is having a structure of a differential
C-comodule on N and a structure of a differential A-module on M.

Remark 1.2.22. Note that the spectral sequence of Theorem 1.2.20 admits a
short exact sequence of the form required in Theorem 1.2.19, by the Universal
Coeflicient Theorem.

Finally, Zeeman’s comparison theorem gives the following result for twisted
tensor products.

Proposition 1.2.23 (Generalization of Proposition 10.4.6, | ). Let~:
C — C' be a morphism of coalgebras, N € Comods, N’ € Comodcr,
a: A — A" a morphism of algebras, M € 4Mod and M' € 4, Mod. In
addition, let t : C — A and t' : C' — A’ be two twisting morphisms and

g@%g’ : N®@¢ M — N'®@y M’ be a morphism of twisted extensions. Suppose
that N and N’ are degree-wise flat as graded modules over R.

If two out of g, ¢, gég’, are quasi-isomorphisms, then so is the third.

Remark 1.2.24. In the context of twisted tensor products, a morphism g (EN@ q :
N®; M — N' @y M’ of twisted extensions is a morphism of filtered objects,
respecting the filtrations {Fy,(N ®; M)}i>0, {FL(N' ®@¢ M')}>0. Therefore,

g (§) ¢’ will induce a homomorphism of the associated spectral sequences, de-
scribed in Theorem 1.2.20. In particular, it will induce homomorphisms on
the homology groups

fi = Ha(g®¢): Ay = Ho(M @, N) = Hy(M' &, N') = A,

for all n > 0, using notation of Theorem 1.2.19.

1.2.4 Homologically faithful modules in Chjz%O

Definition 1.2.25. Let B be a dg-algebra in Chﬁo. A left B-module M is
homologically faithful (over B) if for any right B-module N such that
H,(N®p M) =0 for all n > 0, we have H,(N) =0 for all n > 0.
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Examples 1.2.26.

o If M =2 B® X, ie., M is free as a left B-module on a generating graded
R-module that is degree-wise R-free and finitely generated, then M is
homologically faithful over B.

Indeed, if H,(N®p M) = H,(N®X) = 0, for all n > 0, then the
Kiinneth formula implies that H,(N) = 0 for all n > 0.

e Let B(B)®y, B denote the acyclic bar construction, defined for any
dg-algebra B. Here, B(B) denotes the bar construction on B and
tg : B(B) — B denotes the couniversal twisting cochain. All these
objects and constructions are dual to the ones that we described in
Section 1.2.1 (see Section 6.3 in | | for their definitions).

If M = B®t, BB®¢, B, then N®pM = N ®, BB ®y, B, and we
have N ®;, B B ®, B = N, since N ®;, B B ®,, B is a proper pro-
jective resolution of N over B, by Proposition 7.8 in | |. Thus,
H,(N®p M) = 0if and only if H,(N) = 0, i.e., M is homologically
faithful over B.

We mention the following standard fact from homological algebra.

Lemma 1.2.27 (| |, Chapter 9). A morphism g: X — Y in Ch%0 is a
quasi-isomorphism if and only if its associated mapping cone C(g) is acyclic.

Lemma 1.2.28. Let B, B’ be two dg-algebras in Ch%o. Suppose that B’
1$ a left B-module that is homologically faithful over B and is also semi-free
on a generating graded R-module Z that is degree-wise finitely generated.
Then, for any morphism g : X — Y of right B-modules, the map g @ B’ :
X ®pB' — Y®pB' is a quasi-isomorphism in Modpg: if and only if g :
X — Y is a quasi-isomorphism in Modp.

Proof. Suppose that g : X — Y is a quasi-isomorphism in Ch%o. By Lemma
1.2.27, the mapping cone C(g) is then acyclic. Consider the short exact
sequence of chain complexes

0—-Y —C(g9) — s(X)—0,
where s(X) denotes the suspension of X (see Reminder 1.2.1). It is easy to
check that C(g) ®p B' = C(g®p B'), so if we apply — @p B’ to the sequence
above, we obtain the sequence

0—-Y®pB — C(9®pB') — s(X)®pB —0

that is short exact, because B’ is semi-free, hence flat over B. It remains to
show that Hn(C(g QB B’)) & Hn(C(g) QB B’) =0 for all n > 0.
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By assumption, the dg-algebra (B’,dpg/) is semi-free as a left B-module
on a generating graded R-module Z, and Z is degree-wise finitely generated.

Using the notation B’ = B ® Z, we have

~

H,(Cg)®p B') = H,(Clg) ®p B® Z) = H,(Clg) ® Z),

~

for all n > 0. To conclude that all the homology groups H, (C(g)@Z)
vanish, we will apply Theorem 1.2.18.

The graded module M := C(g) ® Z inherits a filtration of R-submodules
{0} =M(-1)c M(O)C---C M(k—1)C M(k) C--- C M = Ug>oM(k)

such that

M(k)/M(k —1) = (C(g), d) ®(Z(k),0) for all k > 0.

Since Z, is finitely generated for all n > 0, the filtration on M is bounded.
Moreover, the differential on M satisfies dps : M (k) — M(k — 1), for all
k> 0.

Applying Theorem 1.2.18, the first page of the spectral sequence associ-
ated to the filtration of (M, d) is given for all p,q > 0 by

1

E,, Hypq(M(p)/M(p — 1))

H,1q(C(9)® Z(p),d®1d+1d ®0)
@ H,(C(g)) ® Z(p), using that (Z(p),0) is degree-wise R-free,
Y=p+q
P H,(Cl9)) @ Z(p), since v,p,q >0,
v2p
0, since C(g) is acyclic.

1

12

12

~

The first page being null, E)% = 0 as well for all p,q > 0, and therefore

H,(M,d) = Hn(C(g)(EN{)Z) =~ (, for all n > 0, as desired. So, we can
conclude that the map g ®pg B’ is a quasi-isomorphism, by Lemma 1.2.27.
Reciprocally, suppose that ¢g®@g B’ : X®p B’ — Y ®p B’ is a quasi-
isomorphism in Modpg/. Lemma 1.2.27 tells us that in that case for all
n >0,
H,(C(9®pB')) = H,(C(9)®p B') =0.

Since by assumption B’ is homologically faithful as a B-module, this implies
that H,(C(g)) = 0, for all n > 0, which means that g is a quasi-isomorphism.
O]

Remark 1.2.29. We observe that Lemma 4.3.2 (a) in | |, analogous
to Lemma 1.2.28 in the case of ring spectra, also needs the (homotopical)
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faithfulness condition on B’, but does not require the semi-freeness condition
(or, at least, it is not mentioned explicitly). A possible reason for this may be
that Rognes assumes an implicit cofibrancy of all objects. (Therefore, given a
quasi-isomorphism g : X¢ — Y¢ between cofibrant objects, the fact that the
map g®p B : X°®p B’ — Y°®p B’ is a quasi-isomorphism, too, will follow
by Ken Brown’s lemma, whenever the functor — ®g B’ : Mod : B — Modp:
is left Quillen.)

1.3 Model category theory

We assume that the reader is familiar with the definition of a model category
and the definition of a Quillen pair between model categories. Otherwise,
we invite him or her to look in | | for a good introduction to the basics
of model categories.

Notation 1.3.1. Given a model category M, we denote by WExg, Fibyg
and Cofy, respectively, the classes of weak equivalences, fibrations, and
cofibrations. In terms of arrows, — denotes a weak equivalence, — denotes
a fibration and — denotes a cofibration.

1.3.1 Recognizing Quillen equivalences

Why is recognizing Quillen equivalences particularly important for us in this
thesis? It is because our main objects of study - homotopic Hopf-Galois
extensions - will be characterized in terms of pairs of Quillen equivalences
that are induced by two special maps associated to them. Consequently, the
more tools we have for identifying Quillen equivalences, the better.

Let
F:C—D:G

be a Quillen pair between model categories € and D. We denote by

LF:HoC<——HoD:RG
the associated derived adjunction on the homotopy categories.

Definition 1.3.2. A Quillen pair (F, G) is called a Quillen equivalence if
for all cofibrant X¢ € € and all fibrant Y € D, a morphism f : FX¢ — Y/
is a weak equivalence in D if and only if its transpose f#: X¢ — GY7/ is a
weak equivalence in D.

The key property of a Quillen equivalence (F,G) is that it induces an
equivalence of categories (L F,RG) on the homotopy categories. We will
now see two useful criteria that allow one to recognize Quillen equivalences.
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Let X¢ be a cofibrant object in € and let r : FX¢ — R(FX€) be a
fibrant replacement of F X¢ in D. The map fjxc : X¢ — GRFX¢, which is
the transpose of r, represents the homotopy unit, i.e., the unit of the derived
adjunction (L F,RG).

Dually, let Y/ be a fibrant object in D and let ¢ : Q(GY /) = GYf be
a cofibrant replacement of GY/ in €. The map &y : FQGY ¥ — Y/ which
is the transpose of ¢, represents the homotopy counit, i.e., the counit of the
derived adjunction (L F,RG).

Proposition 1.3.3 (Corollary 1.3.16, | ). A Quillen pair
F:C—D:G
is a Quillen equivalence if

(1) the homotopy unit fxe : X¢ — GRF X is a weak equivalence in C for
all cofibrant X¢ € €, and

(2) the functor G reflects weak equivalences between fibrant objects;
or, dually, if

(1°) the homotopy counit &ys : FQGY ! — Y7 is a weak equivalence for all
fibrant YT € D, and

(2°) the functor F reflects weak equivalences between cofibrant objects.

1.3.2 Some relevant model structures

The model structure we will equip the category Ch%0 with is the projective

model structure. As shown in | |, it is specified by
WE ;>0 = quasi-isomorphisms;
R
Fib, >0 = degree-wise surjections in strictly positive degrees;
R

Cof 20 = degree-wise monomorphisms with degree-wise projective coker-
R
nel.

Convention 1.3.4. Throughout this project, the category Chl%0 is equipped

with the projective model structure, described above. Similarly, when k is a
field, the category Chu%0 is equipped with the projective model structure

44



Right-induced model structures on categories of modules and al-
gebras

Given a model category M and an adjunction F' : M = D : G, we say
that D inherits a right-induced model structure if there exists a model
structure on D such that the right adjoint G creates the weak equivalencies
and fibrations in D, i.e., if WEp := G™Y(WEy) and Fibp := G~1(Fibyy).
In this case, (F,G) becomes a Quillen pair with respect to these model
structures on M and D.

Let (M, ®,1) be a cofibrantly generated monoidal model category. In
[ |, S. Schwede and B. Shipley have established conditions under which
the category of modules over a monoid in M, and the category of monoids
in M both inherit a right-induced model structure from M. The following
two theorems state these results in the special case where M := Ch%o.

Theorem 1.3.5 (follows from Theorem 4.1(1), | ). Let R be a com-
mutative ring. For any differential graded algebra A in Ch%o, there is a
cofibrantly generated model structure on the category Moda, obtained by

right transfer of the projective structure on Ch%0 via the adjunction

-®A

Ch7’ Mod 4,

where U denotes the forgetful functor.

Theorem 1.3.6 (follows from Theorem 4.1(3), | ). Let R be a commu-
tative ring. There is a cofibrantly generated model structure on the category
Alg of differential graded R-algebras, obtained by right transfer of the pro-
jective structure on Ch%0 via the adjunction

Z;‘Alg

>0
Ch3; Alg,

Ualg

where Falg denotes the free monoid functor and Upyg denotes the forgetful
functor.

Remark 1.3.7. In early October 2013, Tobias Barthel, J.P. May and Emily
Riehl submitted a new article to the arXiv (see | |), in which they
describe six projective-type model category structures on the category of
dg-modules over a dg-algebra A over a commutative ring R, which “offer
interesting alternatives to the model structures in common use”. We will
need one of these, namely the r-model structure, to prove the existence of a
model category structure on the categories MEV and Alg3;, where the latter
denotes the category of augmented H-comodule algebras.
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Left-induced model structures on categories of comodules

Let us dualize the setting above. Given a model category M and an adjunc-
tion F': G 2 M : G, we say that C inherits a left-induced model structure
if there exists a model structure on € such that the left adjoint F' creates
the weak equivalences and cofibrations in €, i.e., if WEe := F~Y(WEy)
and Cof e := F~1(Cof ). In this case, (F,G) becomes a Quillen pair with
respect to these model structures on M and C.

To determine conditions under which there exist left-induced model struc-
tures on the categories that are relevant to us, we will need two crucial
left-transfer results from | .

In order to understand their statements, we need first to introduce some
terminology.

Definition 1.3.8. A category M is locally presentable if it is locally
small, has all small colimits and there exists a set S C ObM that generates
M under colimits (i.e., every object M € M can be written as a colimit over
a diagram with objects in S).

Definition 1.3.9. A model structure on a category M is combinatorial if
it is cofibrantly generated and the underlying category is locally presentable.

Convention 1.3.10. From now and until the beginning of Section 1.4, we
work over a field k (see Remark 1.3.14).

(1) Model structure on the category of comodules over a coring in
Ch°

Theorem 1.3.11 ([Hes|). Let k be a field and A an augmented differential
graded k-algebra. Endow the category Mod 4 with the model category struc-
ture right-induced from the projective model structure on Ch]f0 (see Theorem
1.3.5). If V is an A-coring that is semi-free as a left A-module on a graded
k-vector space X of finite type, then the adjunction

U
MY = Mod4

A<——

-®aV

left-induces a combinatorial model category structure on the category MX of
V -comodules in Mod 4.

(2) Model structure on the category of comodules over a comonoid
in Ch;’
k

Observe that if A := k[0] and V := H, a Hopf algebra, the category MY is
the category Comody. So Theorem 1.3.11 gives the following result.
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Theorem 1.3.12 ([Hes|). Letk be a field and H a differential graded k-Hopf
algebra that is finite-dimensional in each degree. Endow the category Chﬂ%0
with the projective model category structure. The adjunction

U
Comody —— ChZ°

-®H

then left-induces a combinatorial model category structure on the category
Comodpy of H-comodules.

(3) Model structure on the category of augmented H-comodule
algebras in Ch]f0

Let Alg® denote the category of augmented differential graded k-algebras,
over a field k. Equip it with the model category structure right-induced from
the projective structure on Chﬂ%O (see Theorem 1.3.6).

Theorem 1.3.13 (Theorem 3.8, | ). Ifk is a field, and H is a
differential graded k-Hopf algebra that is finite-dimensional in each degree,
then the adjunction

U
Algy ——~ Alg°
“eH

left-induces a combinatorial model category structure on the category Algy
of augmented right H-comodule algebras.

Remark 1.3.14. It is highly likely that the left transfer results 1.3.11, 1.3.12
and 1.3.13 can be generalized to an arbitrary commutative ring R, but to
do this one needs an enriched version of Theorem 2.21 in | |.

1.4 Quillen pairs and Quillen equivalences between
categories of modules

Remark 1.4.1. In Section 1.4 we work over a commutative ring R.

1.4.1 Quillen pairs induced by morphisms of algebras

Let a : C — E be a morphism of dg-algebras in Ch%o. It induces an
extension-restriction of scalars adjunction — ®¢ F : Modg &= Modg : a*.
When is (— ®¢ E, a*) a Quillen pair?

Lemma 1.4.2. Let R be a commutative ring and suppose that the category
Ch%0 s equipped with the projective model structure. Let oo : C — FE be a

morphism of dg-algebras in Ch%o, Then the adjunction

- QcE
Modc ——— Modg
Oé
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1s always a Quillen pair with respect to the model structures on Modg and
Modg, right-induced from Ch%o.

Proof. It is easy to see that the right adjoint a* preserves fibrations and
acyclic fibrations. Indeed, by the definition of the right-induced model struc-
ture on Modg and Modc, f € Fibmeq,, if and only if its underlying mor-
phism is a fibration of chain complexes if and only if o*(f) € Fibmod, -
Similarly, f € WEwmoa,, if and only if its underlying morphism is a quasi-
isomorpism of chain complexes if and only if a*(f) € WEMod,. - O

1.4.2 Quillen equivalences induced by quasi-isomorphisms of
algebras

In this section we would like to understand the relationship between the
situation where a morphism of algebras is a quasi-isomorphism and the sit-
uation where the extension/restriction of scalars adjunction induced by this
morphism on the categories of modules is a Quillen equivalence.

Knowing more about this relationship will allow us to investigate ques-
tions about the behavior of the comparison functor (i,)*, which plays an
essential role in the definition of a homotopic Hopf-Galois extension ¢, at
least in a particular case where the underlying comparison map i, happens
to be a quasi-isomorphism.

The next Proposition comes from | .

Proposition 1.4.3. Let R be a commutative ring. If g : B — A is a
morphism of augmented dg-R-algebras in Ch%0 such that

(1) A = B®X is semi-free as a left B-module on a generating graded
R-module X that is degree-wise finitely generated, and

(2) g is a quasi-isomorphism,

then the adjunction
-®pA
Modg Z—— Mody
~
is a Quillen equivalence with respect to the model structures on Mod 4 and
Modg, right-induced from the projective model structure on ChZO, as i
Theorem 1.3.5.

Sketch of the proof: One can use the criteria (1) and (2) from Proposition
1.3.3. The restriction of scalars functor ¢* : Mody — Modp obviously
preserves and reflects weak equivalences. Since all objects in Modp are
fibrant, it remains to show that the homotopy unit

Nage : M€ — " (M°®p A)
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is a weak equivalence in Mod4 for all cofibrant M¢ € Mod,, which is
equivalent to showing that

ME — S0*(]\40(%)()

is a weak equivalence in Mod 4, using assumption (1). The idea is to use
a few spectral sequence arguments, involving the acyclic bar construction
B(B) ®t, B (see Example 1.2.26). Here are the main steps of the argument.
There exists a homotopy equivalence ngp) @15 @ R[0] — B(B) ®t, B (see
Proposition 10.6.1 in | 1), so

H.(B(B) @iy B) = R[0] = H.((B(B) @1, B) ©p B).

Sinceg: B — B éX is a quasi-isomorphism by assumption, and since
the acyclic bar construction B(B) ®y, B is right B-semi-free, it follows from
Lemma 1.2.28 that the map

Id®pg: (B(B) @y, B)®s B — (B(B)®y, B) ®5(B & X)

is a quasi-isomorphism, too.

By Theorem 1.2.18, a filtration of the domain (B(B)®:, B) @ B =
B(B) ®t, B of Id®p g by the length in the bar construction B(B) will in-
duce a spectral sequence {E7 .}, converging to H.(B(B) ®y, B). Similarly,

a filtration of the codomain (B(B) ®¢, B) ®B(B<§N§>X) = B(B) Oty B®X
of Id®p g by the length in B(B) will induce a spectral sequence {E:’*},
converging to H,(B(B) ®t, BéX), with the second page given by Ei’q =
H,(B(B)®t, B)® Hy(X), for all p,¢g > 0. One can then use the Zeeman
comparison Theorem to conclude that H.(B(B) @, B(;@X) >~ H(X) =
RJ0].
Now, consider the map
MC%)g - -
M€ =~ MC®BB —_— MC®BB®X >~ M X.

Because the graded R-module M C(%)X is a semi-free extension of M by
X, which is degree-wise finitely generated, it is equipped with a filtra-
tion. Theorem 1.2.18 tells us that there exists a spectral sequence E ,

converging to H, (M€ 2 X ), of which the second page will simplify to Eiq =
H,(M°¢) ® Hy(X), for all p,g > 0. Similarly, a filtration of M¢ by degree
will give rise to a spectral sequence converging to H,(M€¢). Using that

~

H,(X) = R[0] and the Zeeman comparison Theorem once again, one will
be able to conclude that the map M€ ® g is a quasi-isomorphism, as de-
B

sired. O

Here is the converse result.
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Proposition 1.4.4. Let R be a commutative ring and let g : A — B be
a morphism of dg algebras in Ch%o, If the induced functor g* : Modg —
Mod 4 is a Quillen equivalence with respect to the model structures on Modpg
and Moda that are right-induced from the projective model structure on
Ch%o, as in Theorem 1.3.5, then g : A — B is a quasi-isomorphism.

Proof. By Lemma 1.4.2, the extension /restriction of scalars adjunction ( —
®a B, g*) is a Quillen pair. By assumption, this is a Quillen equivalence, so
condition (1) from Proposition 1.3.3 holds, i.e., the homotopy unit

e : M€ — g*(R(Mc®AB))

is a weak equivalence in Mod 4, for all cofibrant M € Mod,. Here R(—)
denotes the fibrant replacement functor. Because of the definition of the
right-induced model structure on the categories Modp and Mod 4, this
condition is equivalent to saying that the maps

five : M® — g*(M°®4 B)
are quasi-isomorphisms of chain complexes, for all M¢ € Mod 4, since all
objects are fibrant in Mod 4.

Now, A is cofibrant as a A-module in Mod 4, so A° = A and the (homo-
topy) unit evaluated at A factors in Mody4 as

A—"2 ~g*(A®4B)

so g is a quasi-isomorphism, as desired. O

1.5 Adjunctions between categories of comodules
over corings

1.5.1 Quillen adjunctions induced by bimodules

This section is based on | |. It briefly introduces the concept of adjunc-
tions between categories of comodules over corings, induced by adjunctions
between categories of modules. This type of situation will be relevant later
on, because it will allow us to justify the existence of certain Quillen pairs
between certain model categories of interest.

Let A and B be monoids in a monoidal category (M, ®,I). It follows
from | | that, up to isomorphism, every adjunction

F
Mody4 Z— " Modgp
G
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is induced by a bimodule 4 Xp € 4 Bimodp in M, and is of the form

7®AX

Mod 4 Modgp .

Homp (Xv_)

Here, for any Y € Modp, the right A-module structure on the set of left
B-module morphisms Hompg(X,Y') is given by

¢ :Homp(X,Y)® A — Homp(X,Y): f®a— (f-a),

where (f-a): X — Y is given by (f - a)(z) := f(ax), for all z € X.
Let (V,9v,ey) and (W, ¢y ,ew) be corings in the categories 4 Mod 4

F
and p Modp, respectively. A fixed adjunction Mod 4 ~ Modpg can

F

be lifted to a relative adjunction MX M%V between the categories

€
of comodules over corings, in the sense that the diagram of left adjoints (or,
equivalently, the diagram of right adjoints) in

F

My M

G
Ua —®aV Up - W

F
Mod4 Z— " Modgp
G

commutes, up to natural isomorphism.

Definition 1.5.1. A braided bimodule is a pair (4 X5, T)‘(/’W), where 4 Xp
is an A-B-bimodule in M and

Ty VeaX - XopW
is a morphism of A-B-bimodules such that the diagrams

(Pentagon axiom)

VW

VoaX X XQgW
le@)AX X®B¢Wl
VoaVesX XeopWepW
VeaXepW

51



(Counit axiom)

V,W
VeaX XepW
5V®Axl iX®BEW
AR X —>X<— X®pB

commute. The map T)‘(/’W will sometimes be referred to as a V-W-braiding
morphism.

Braided bimodules classify relative adjunctions, in the sense of the next
Proposition, which follows form Proposition 2.5 in | |.

Proposition 1.5.2 (| |). Using the notation above, if the monoid A
admits a V-comodule structure, e.g., if V' is coaugmented, then, up to iso-
morphism, every adjunction (1*:', @) between Mx and Mg, relative to a given
adjunction (F,G) between Mod 4 and Modpg, is given by a braided bimodule
4Xp in M.

The following Proposition holds for M := Chﬂﬁo.

Proposition 1.5.3. Consider the category Ch]fo, endowed with the projec-
tive model structure. Let (A, V') be a coring in 4 Moda and (B,W) be a
coring in g Modp, such that

(i) there exist model structures on the categories Mod 4 and Modp, right-
mduced from M, as in Theorem 1.5.5;

ii) there exist model structures on the categories MY, and MW , left-induced
A B
from Mod 4, respectively, Modp, as in Theorem 1.5.11.

Let (AXB,T)‘(/’W) be a braided bimodule in M. If X is cofibrant as right
B-module, then the adjunction

—~—

M} My,
Rx
18 a Quillen pair.
Proof. In the diagram
-®aX
MYy My
Rx

Ua| | —®aV Up||—-®W

-®aX
Mod 4 ~ Modpg
HomB(X’f)
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the left adjoints are displayed on top and on the left and they commute.
Moreover, the model category structures on MY and MY are left induced
via U4 and Upg, respectively. So, —TG_TX : MX — M%V is a left Quillen
functor if —®4 X : Mod 4 — Modgp is.

Now, observe that the diagram of adjunctions

commutes, where left adjoint are displayed on top and on the left. Since
the model structure on Mod, is right induced from M via the vertical
adjunction, the horizontal adjunction is a Quillen adjunction if and only if
the diagonal one is. By definition of a left Quillen functor, this happens if

and only if for every (acyclic) cofibration 7 : K = Lin M, the induced map

i®X: K®X — L®X isa (acyclic) cofibration in Modg. By assumption,
X is cofibrant as right B-module, so this condition is satisfied. Indeed,
the category Modp is model monoidal, because M is (see Theorem 1.3.5).
Hence, the push-out product axiom holds in Mod g, which implies that ¢ ® X
is an acyclic cofibration. d

1.5.2 Quillen equivalences induced by quasi-isomorphisms of
corings

In this section we work in the underlying category M := Chfo, where k is
a field. We would like to understand the relationship between the situation
where a morphism of corings is a quasi-isomorphism and the situation where
the functor induced by this morphism on the categories of comodules over
corresponding corings is a Quillen equivalence.

Knowing more about this relationship will allow us to investigate ques-
tions about the behavior of the Galois functor (8, )+, which plays an essential
role in the definition of a homotopic Hopf-Galois extension ¢, at least in a
particular case where the underlying Galois map (3, happens to be a quasi-
isomorphism.

Remark 1.5.4. Throughout this section we suppose that k is a field, A is an
augmented dg k-algebra and g : V' — W is a morphism of A-corings in Chfo.
Moreover, we assume that V' and W satisfy the semi-freeness hypothesis of
Theorem 1.3.11, so that the categories M, and M} inherit the left-induced
model structure from Mod 4, as described in Theorem 1.3.11.
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Remark 1.5.5. Let g : V — W be a morphism of A-corings as in Remark
1.5.4. The induced functor g. : MY — M"Y preserves and reflects all weak
equivalences, hence it automatically satisfies condition (2') in Proposition
1.3.3.

The next Proposition comes from | ].

Proposition 1.5.6. Suppose that g : V. — W is a quasi-isomorphism of
A-corings (i.e., a quasi-isomorphism of underlying chain complexes), where
V and W are semi-free as left A-modules on generating graded k-modules
that are degree-wise finitely generated. Then the adjunction

gx

M4 MY

—Hg«(V)

1s o Quillen equivalence, whenever the categories MX and MZ‘V are equipped
with the model structure left-induced from Mod 4, as in Theorem 1.5.11.

How much can be said about the converse? In other words, if the induced
functor g, : MX — MK‘V is a Quillen equivalence, can one find reasonable con-
ditions that would guarantee that ¢ was a quasi-isomorphism of A-corings?
It turns out that conditions of Remark 1.5.4 are sufficient to guarantee this.

Proposition 1.5.7. Let k, A, V and W be as in Remark 1.5.4 and let
g: V. — W be a morphism of A-corings. Suppose that the functor g, : MX —
MZV 15 a Quillen equivalence. Then g : V. — W is a quasi-isomorphism of
A-corings.

Proof. Since g, is a Quillen equivalence, criterion (1) from Proposition 1.3.3
implies that for all fibrant N/ M% the homotopy counit

Eny :Q<g*(NfVDVg*(V))> — N/

is a weak equivalence in M{/I‘/, i.e., a quasi-isomorphism of underlying chain
complexes, where Q(—) stands for the cofibrant replacement functor.

Note that all objects are fibrant in the right-induced model structure on
Mody. In particular, the dg-algebra A is fibrant as a right A-module. Now,
the functor — ®4 W : Mod 4 — ME{/ is the right member of a Quillen pair,
by Theorem 1.3.11, so it preserves fibrant objects. Therefore, the object
A4 W =2 W is fibrant in JV[ZV, and the associated homotopy counit &y is
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a quasi-isomorphism. We now look at the commutative diagram

Q9 (W Qg (v)) — 2w

EW

~

9-(W L g-(V))

IR

and conclude that g is a quasi-isomorphism, as desired. O

Propositions 1.5.6 and 1.5.7 combine together to give the following corol-
lary.

Corollary 1.5.8. Let g : V. — W be a morphism of A-corings and let
s ° MX — MKV denote the induced functor. Suppose that V. and W are
semi-free as left A-modules on generating graded k-modules that are degree-
wise finitely generated. Then g : V. — W is a quasi-isomorphism of A-corings
if and only if the functor g, : MX — MZV s a Quillen equivalence.
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Chapter 2

Foundations of homotopic
Hopf-Galois extensions

2.1 (Homotopy) C-coinvariants

Convention 2.1.1. In this section, we will work over a field k.

To understand the definition of a homotopic H-Hopf-Galois extension
¢ : B — A of H-comodule algebras in Ch’, for a given bimonoid H, it
is important to know how to calculate the object of homotopy coinvariants
Aheol of A,

Actually, in the most general case, (homotopy) coinvariants of a coac-
tion are defined for coactions by a coaugmented comonoid C. Therefore,
this section starts with the definition of the (non-homotopy) C-coinvariants
of C-comodules, for a coaugmented comonoid C, and then considers their
homotopic analog.

2.1.1 Calculating C-coinvariants

Definition 2.1.2. Let (C, A¢,ec, n¢) be a coaugmented coalgebra in Ch]fo.
Given a left C-comodule (X, p) in Chfo, the object of C-coinvariants of
X is defined to be the cotensor product X<¢ := X %I k[0], calculated in

Chf0 (see Definition 1.1.15).

The previous definition is functorial, so that one can define the coin-
variants functor

Coinv : Comodc — ChZ’: (X, p) — X°C
and its left adjoint, the trivial coaction functor
Triv : Chﬂ%0 — Comod¢ : X — Triv(X) = (X, X ®n¢),
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where X ® n¢ is the composite X =2 X @ k[0] e x g .

However, things become slightly more complicated when it comes to cal-
culating homotopy coinvariants of C-comodules. To be able to do this, it is
important to have valid models for fibrant replacements in Comod.

2.1.2 Homotopy C-coinvariants in Comodg

Convention 2.1.3. In this section, we suppose that C' is a coaugmented, 1-
connected comonoid in the category ChZO, i.e., that C € Coalgﬁ’l, and that
C is also degree-wise finitely generated.

In this situation, Theorem 1.3.12 guarantees that there exists a left-
induced model category structure on Comod¢, coming from the adjunction

U >0
Comod¢ _ Chi",
-®C

such that the weak equivalences and the cofibrations in Comod¢ are the
same as in Chﬂfo, equipped with the projective model structure. In this
situation, it is easy to see that the adjunction

>0 Triv
Chi" _—~ Comodg
Coinv

is a Quillen pair. It turns out that a good model for fibrant replacements in
Comodc is given by two-sided cobar constructions.

Definition 2.1.4. Let k be a field and C' a comonoid in Chfo, satisfying
Convention 2.1.3. Let (X, pc) € Comodc. The two-sided cobar con-
struction on X is an object in Comod¢, defined by the following twisted
tensor product of chain complexes

AX;C:0) = (X 8QC© C Do)

(see Definitions 1.2.2, 1.2.3 and 1.2.5 and Example 1.2.4). The differential
Dy, o, is given by

Diyot, = dx@QCRC+X®@Doc@C+X0QC@do
+ (XQpac®C)o(X@tag®@QC®C)o (pc®QC®C))
— (X®uac®C)o (X 2QC0tg®C)o (X @0C®A0))

(see also Definition 7.6 in | ). The right C-coaction on Q(X;C;C) is
given on the underlying graded module by

XRQC R Ac
_— =

pax;c;o) X QO C XAU(CCO) =2 (X200)xC.
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Notation 2.1.5. We will often omit the differential D;, s, but keep spec-
ifying the twisting morphisms. So, the two-sided cobar construction on X
will be denoted either Q(X;C;C) or X @, QC &4, C.

Remark 2.1.6. The homotopy equivalence X — Q(X;C; C) is not a cofi-
bration in the model structure in Comod¢ we are working with. However,
it suffices for computing right derived functors. In the commutative diagram

= X k[0]
25

X, C

X7 denotes a fibrant replacement of a C-comodule X. It is obtained by
factoring the map X — Q(X;C;C) as a trivial cofibration, followed by a
fibration that is necessarily trivial. Since the map X/ — Q(X;C;C) is
a weak equivalence between fibrant objects, for any right Quillen functor
G : Comod¢ — G, the map G(Xf) — G(Q(X;C;C)) is a weak equivalence
in C.

Lemma 2.1.7. Letk be a field and C' a comonoid in Ch=?, satisfying Con-
vention 2.1.3. For any (X, p) € Comodc, the two-sided cobar construction
Q(X;C;C) is a fibrant replacement of (X, p) in the left-induced model struc-
ture on Comodc, as described in Theorem 1.3.12.

Proof. This Lemma follows from §7 in | | and from | . O

Using Definition 2.1.4 and Notation 2.1.5, for any (X, p) € Comod¢ we
have

QX;C;0) gk[O] = (X @, QC @y, C) OK[0]

—~
—
~—

12

c
X @10 QC @4 (C I K[0])

—~
N
~

I

X ®, C ® ]k[()]

toonc

—
w
=

12

X &, QC,

where (1) uses that C' is degree-wise k-flat, (2) follows from Chapter 1 in
[ |, and (3) holds because QC ®@k[0] = QC' as chain complexes and
toonc =0.

Remark 2.1.8. Note that the chain complex X ®;, QC' is actually the one-
sided cobar construction (X ® QC, D,,) on (X, pc). The differential Dy,
is given by

Dy, = dx ®QC + X ® Doc + ((X ® pac) o (X @to®Q0) o (pe ® Q0)).
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Notation 2.1.9. We will also use the notation X ®;, QC := Q(X; C; k).

Remark 2.1.10. Given (X, p) € ¢ Comod, a left C-comodule, one defines
symmetrically the two-sided cobar construction Q(C;C;X), and the
one-sided cobar construction Q(k; C; X).

We are finally ready to define the homotopy coinvariants functor on the

category of C-comodules.

Definition 2.1.11. Let k be a field and C a comonoid in Chlfo, satisfying
Convention 2.1.3. The homotopy coinvariants functor on Comod¢ can
be explicitly defined by

(—)hwc : Comod¢ — Ch]f0

(X, p) — X0 = Q(X;C;k)
for all (X, p) € Comodc.

2.1.3 Homotopy H-coinvariants in Alg%,
Convention 2.1.12. From now on, we suppose that H is a 1-connected Hopf
algebra in ChZ’, such that H,, is finitely generated for all n > 0.

By Theorem 1.3.13, if H satisfies the conditions of Convention 2.1.12,
then there exists a model structure on the category Alg%,;, left-induced from
the category of augmented monoids Alg® via the adjunction

Algy Alg’,

-Q®H

such that the weak equivalences and the cofibrations in Alg%; are the same
as in Alg®, equipped with the right-induced model structure from Ch]f0 (see
Theorem 1.3.6). In this situation, it is easy to see that the adjunction

Triv

Alg® Alg%;

Coinv

is a Quillen pair. Using the free-forgetful adjunctions on both source and
target categories, the previous adjunction fits into the following diagram of
Quillen adjunctions (left adjoints are on top and on the left).

Triv

- Algff

Coinv

Algy;

Falg,r | |Unag,n Fag| |Ualg

Tri >0
Comody = Chi-
Coinv
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This diagram commutes, because all limits of algebras are created in the
underlying category, and then equipped with a multiplicative structure. So,
for any (A, p) € Alg3; we have

UAlg(COinV(A, p)) = UAlg(ACOH) = COinV(UAlgVH(A, p))

In particular, given an augmented H-comodule algebra (A, p), the associated
object of H-coinvariants A°H | can be calculated in the underlying category
Chﬂf0 and then equipped with an algebra structure.

We now turn to a discussion on how to calculate the homotopy coinvari-
ants of an augmented H-comodule algebra (A, p) € Alg3. If we forget the
multiplication, (UA, p) is an H-comodule, and we have seen in the previ-
ous section that the one-sided cobar construction Q(UA; H;k) gives a good
model for homotopy coinvariants of (UA, p) in Comody.

On the other hand, Corollary 3.6 in | |, shows how the free right
QH-module structure on Q2(A; H; k) can be extended to a natural differential
algebra structure. In other words, there exists a functor Cobar : Alg7 —
Alg® that makes the following diagram commute.

Alg% Cobar Algg

Unig,u Ualg
Comodyr “2 ~ ChZ°
Remark 2.1.13. The idea used in | | for defining the multiplication

MA@, QH On A®y, QH is the following. Suppose that one wants to de-
termine the product
(a1 @5 hy| - |s thy)(dy @ s Ry |-+ |s7th])

of two arbitrary elements a1 ® s7thy|---|s 7 hy,, aj@s IR+ |s7iR], €
A ®q4, QH. Using the fact that the multiplication on QH is free and associa-
tive, one can rewrite this product as a product of simpler terms of the form
a®1 and 1® s 'h, for some a € A, s~'h € QH. The key observation now
is that it is sufficient to know how to multiply two terms (1® s 'h)(a®1)
to obtain the expression of the initial product.

Moreover, the partial product (1® s™1h)(a ® 1) must be compatible with
the differential Dy, : A® QH — A® QH, if one wants it to induce a differ-
ential algebra structure on A ®;, QH.

A careful investigation of the Leibniz rule then shows that one must set

(1@8_1]1)(&@1) — (_1)deg(h+1)deg(a)a®s—1h
+ (_1)deg(h/)1 Q S—l(h ) h/)
+ (_1)deg(a)+deg(h) deg(h'?) Z a4 ® Sil(h . h/i),

)
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for all a € A, h € H, where pa(a) =a®1+ 1@~ + Y ,a; @', and also
require that
(a®1)(d®1)=a-d &1,

for all a,a’ € A and that
(a®1)(1®sh)=a®s 'h,

foralla e A, h € H.
An analogous construction holds for any left H-comodule A, and defines
a differential algebra structure pop Ry A OD QH @y, A.

It is also possible to endow the two-sided cobar construction Q(A; H; H)
with a multiplication pq(4;m.m), making it into a differential H-comodule
algebra. Observe that

QA H; H) = Ag QH @1 H = (Ao QH) @ (U &1, H),

and that Remark 2.1.13 tells us how to define multiplications w4 D1y UH and
HOH Rt A

Given two elements a® s 'h1 @ h', a’ @ s~ the @ h” in Q(A; H; H), their
product can be written as

(a®s thi@h)(d ®@s thy@h") =

(a®11)(1®s 'h @k ) (a®s thy@1) (11 h"),

using the fact that the multiplication on QH is free and the conditions re-
quired for pa Q1 QH and pop D1 A- Applying this decomposition and taking
into account all conditions on multiplications required by Remark 2.1.13, one
defines a partial multiplication on Q(A; H; H) by setting

1esthi ol ) a®s thy®1l) =

(1@s'h)(a®1l)®@1)(1e1eh) (s the® 1)),
(a21@1)(d ®@s'h1@h) =ad @s 'hi @1,
(a@s Thi@h)(1@10h") =a®s Thi @R,
for all a,a’ € A, h,h',h1,ho € H. This partial product satisfies the Leibniz

rule, because partial multiplications on A ®;, QH and QH ®;, A do, and
therefore generates the multiplication (. g, m) on Q(A; H; H).

Lemma 2.1.14. Let k be a field and H a Hopf algebra in Ch]fo, satisfying

Convention 2.1.12. For any (A,p) € Algy, the two-sided cobar construc-
tion Q(A; H; H) is a fibrant replacement of (A, p) in the left-induced model
structure on Alg%;, as described in Theorem 1.5.13.
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Proof. This follows from Example 7.9 in | | and from | |. O

We can finally give a definition of the homotopy coinvariants functor on
the category of augmented H-comodule algebras.

Definition 2.1.15. Let k be a field, and H a Hopf algebra in ChZO, satis-
fying Convention 2.1.12. The homotopy coinvariants functor on Alg%;
can be explicitly defined by

(=)ot Algy — Alg®
(A, p) = AMT = Q(A; H; k),
for all (A, p) € Alg5;.

2.2 Special maps associated to a morphism of aug-
mented H-comodule algebras ¢

Let k be a field and let H be a Hopf algebra in Ch=", satisfying Convention
2.1.12. Let (A, p) be an augmented H-comodule algebra.
2.2.1 The comparison map i,

Let ¢ : Triv(B) — A be a morphism of augmented H-comodule algebras.
Observe that, by definition, ¢ induces the map £ in the equalizer

PRk
AcoH A;ﬁA@H@k,
A®nu
E!Tg ’
Triv(B)

computed in Chﬂfo. The comparison map associated to ¢ is the morphism
of augmented H-comodule algebras

iy Triv(B) — Aot

that fits into the following commutative diagram in Alg%;.

Triv(B) —— A

/
/A
iy \ ACOHC—> A

Vo
(RA)CO — AhcoHC_5 p A
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Here, R(—) stands for the fibrant replacement functor in the model cat-
egory Alg3;,. Note that the two-sided cobar constructions Q(A; H;k) and
Q(A; H; H) can be chosen as explicit models for A"°H and RA, respectively,
as explained in Definition 2.1.15 and Lemma 2.1.14.

2.2.2 The Galois map 3,

Recall from Examples 1.1.18 the definition of A-corings (W;‘m, lfo‘m, rf;‘m, f;“”, Egm)
and (W, lp, 7p, p, €p)-

The Galois map g, : WS — W, is a morphism of A-corings, given
explicitly by the composite

®Bp

AgpA-_288r RILLN

AQpA® H A®H,

Be
where 11 denotes the map induced in the coequalizer by the multiplication
A on A.

Remark 2.2.1. To check that 3, is indeed a morphism of A-corings, one
needs to show that it respects all the structure maps, i.e., that the following
four diagrams commute.

Be

can can
W w, |

By Wp
wJ« J«% % %
o ®4 By A

wen @ wen 845y o, w,

A® By Be ®A

Agwen AW, Were A W,® A
Lk
ngan ﬁ‘/’ Wp W[;an 6¢' Wp

While verifying compatibility of 3, with the left and right A-actions is
quite straightforward, establishing its compatibility with the coactions 1),
1, and counits £,, €, turns out to be a rather tedious and long exercise,
especially if one decides to check this property in an arbitrary monoidal
model category (M, ®,1) (i.e., without the possibility of “taking elements”).

One difficulty is that many of objects and maps involved here have tensor
products over A and over B in their definition. So, breaking the above
diagrams into smaller pieces to check their commutativity, one immediately
has to deal with a lot of coequalizers and induced maps, and the number of
intermediate diagrams increases quickly.

On the other hand, taking M := ChZO, “element arguments” will quickly
allow one to see that the four diagrams above commute.
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2.3 The definition of homotopic Hopf-Galois exten-
sions

Before giving the definition of homotopic Hopf-Galois extensions, we need
to introduce two functors, induced by the two special maps from above.
The comparison functor

(Z@)* : MOdAhcoH — MOdB
is the right adjoint of the extension/restriction of scalars adjunction

—®p AhcoH

MOdB MOdAhcoH 3

(o)
induced by the morphism i, : Triv(B) — A" in Alg5,.

The Galois functor

WCCI/VL
(ﬂtp)* : MA ¢

is induced by the morphism of A-corings B, : W™ — W), and is given on
objects by

— M

(M7990) = <M7 (M @4 By) 0990)7

for all (M, 0,) € MZ‘V‘EM. Observe that (3,). does not change the underlying
A-module M, but only equips it with a new coaction.

Definition 2.3.1. Let k be a field, and let H be a Hopf algebra in Chzo,
satisfying Convention 2.1.12. A morphism ¢ : Triv(B) — A of augmented
H-comodule algebras in Chﬂf0 is called a homotopic H-Hopf-Galois ex-
tension if both the Galois functor
WC(ITL W

(Bo)s : M7 — My”

and the comparison functor
(zlp)* . MOdAhcoH — MOdB

are Quillen equivalences with respect to the model structures given by The-
orems 1.3.5 and 1.3.11.

Remark 2.3.2. To make the definition of a homotopic H-Hopf-Galois exten-
sion ¢ meaningful, it is important that the extension/restriction of scalars

adjunction
-®pA

MOdB MOdA,

*

©

induced by ¢, be a Quillen pair. Lemma 1.4.2 actually tells us that this is
the case whenever the categories of modules are equipped with the model
structures right-induced from the projective model structure on Ch]f0 (as in
Theorem 1.3.5).
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Example 2.3.3. Let k be a field, H a Hopf algebra satisfying Convention
2.1.12, and A € Alg5;. The map of H-coalgebras

v s QA Hy k) — QA H H)

is a homotopic H-Hopf-Galois extension, called the normal basis exten-
sion. Here, Q(A; H;k) is equipped with a trivial H-comodule structure, and
the H-coaction on Q(A; H; H) is defined similarly to the coaction described
in Definition 2.1.4. We explained in Section 2.1.3 how to equip the objects
Q(A; H; k) and Q(A; H; H) with algebra structures.

Now, observe that

QA;H;H) © QAH;H) = (ARQH®H) © (ARQH®H)
Q(A;H k) to to A%QH to to

>~ (A9QH® H)®H

[29) ta

= QA H;H)®H,
so the Galois map
Biy + UA H H) @qamp) UAH H) — QA H H) @ H

is an isomorphism in Chﬂ%o. This implies that the Galois functor (8, )« is
an equivalence of categories.
On the other hand, since Q(A; H; H) is fibrant in Alg% (see Lemma
2.1.14), we can write
QA H;H)'! = QA H H)!
= Q(A;H;H) %Hk[()]

=~ Q(A; H;k),
which shows that the comparison map
iy - QA H; k) — Q(A; H; H)'eoH
is an isomorphism in Chfo. This implies that the comparison functor (i,,, )«
is an equivalence of categories, as well.
2.4 Connections to other works

In the previous section, the definition of homotopic Hopf-Galois extensions,
as it will be used in this thesis, was given. It is a good moment to make
connections between this definition and the concepts of (non-homotopic)
(Hopf)-Galois extensions, which have been widely studied in other contexts
and which are at the origin of Definition 2.3.1.

66



2.4.1 Brief reminder of Galois extensions of fields

Our reference book for this subsection is | |. Recall that an extension
of fields a : k — E is an inclusion k C E, where k is a sub-vector space of E.
We will assume that all our field extensions are finite. This will guarantee,
in particular, that they are algebraic. i.e., that for every e € E, there exists
a non-zero polynomial p € k[X], such that p(e) = 0.

Definitions 2.4.1. Let o : k — E be a finite field extension.

e The extension « is called normal if the minimal polynomial min(e; k) €
k[X] of every element e € E splits completely over the field E.

e Suppose that the extension « is normal. Then it is called separable if
for all e € E, its minimal polynomial min(e; k) € k[X] is non-constant
and all its roots are simple in E.

e The extension « is called a Galois extension if it is normal and
separable.

Given a finite field extension « : k < [E, one can associate to it the
corresponding Galois group defined by

Gal(E;k) = {f:E — E: f is an automorphism and f(k) = k, for all k € k}.

This is a finite group, where the group law is given by composition, and the
neutral element is Idg : E — E.

2.4.2 Galois extensions of commutative rings

Auslander and Goldman were the first to define the notion of Galois ex-
tensions of commutative rings in | |. We will need to introduce some
terminology and notation before we can state their original definition, for-
mulated in terms of two particular maps associated to such an extension.

An inclusion « : R — S of commutative rings is an eztension if R is a
subring of S. Observe that o endows S with the structure of an R-algebra.
Denote by Autr(S) the group of automorphisms of S that fix R. For any
finite subgroup G < Autgr(95),

S¢.={seS:gs=s, forall g € G}

is the ring of G-fixed points in S. Note that i : R < S© is an inclusion of
rings.
Define the twisted group ring by setting

S(G) := {ng~g:sg € S, for all g € G},
geG
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with at most finitely many s, # 0. It is an S-algebra, where the addi-
tion and the scalar multiplication are given component-wise, and where the
multiplication is “twisted” and defined by

(s00) (X sid) = 3 (54-9(sy)) - 99,
geG g eG g9,9'€G

for all g,¢" € G, sg, 57, € S.
On the other hand, consider the endomorphism ring Endg(S) with its
usual S-algebra structure, defined component-wise. The map

§:S(G) — Endg(S) :55- g+ (0s,g : S — 5),
where
559.9(3’) = Sg - g(s")
is a homomorphism of S-algebras, for all g € G, s4,5 € S.

Definition 2.4.2 (| ). An extension of commutative rings a: R — S
is G-Galois for a finite subgroup G < Autg(S) if S is a finitely generated
projective R-module and the maps

i:R— SY and §:S(G) — Endg(S)
are isomorphisms of rings.

Let us define another map, 3, as follows. Consider the tensor product
S®gr S, endowed with an S-algebra structure by multiplication on the left.
Let [IS := {(sq)gec} be the set of all G-indexed sequences of elements in

G

S. It is also an S-algebra, where the addition, multiplication and scalar
multiplication by S are all defined component-wise. The map

B:50rS — [[5:s@s = (s 9(s"))gec
G

is then a homomorphism of S-algebras, for all s,s" € S.
Remark 2.4.3. Observe that the map §: S®r S — [[S is an isomorphism
G

of rings if and only if § : S (G) — Endgr(S) is an isomorphism of rings and
S is finitely generated and projective as an R-module. Indeed, using that G
is a finite group, and that

S®g—: Mods = Modg : Hompg(—, S)

is an adjunction, one checks that
om S
Homg ( g S, S) _Homs(8,5) Homg (S ®g S, S)

| -

Homg(S, Hompg(S,.5)) = Endg(S),
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where Homg(A, S) denotes the set of all homomorphisms of S-modules from
any S-algebra A into S.

Definition 2.4.4 (follows from Definition 2.4.2 and Remark 2.4.3). An ex-
tension of commutative rings o : R — S is G-Galois for a finite subgroup
G < Autpr(S) if the maps

i:R<— S¢ and ﬂ:S@RS%HS
G

are isomorphisms of rings.

Remark 2.4.5. Definition 2.4.4 was proposed by Chase, Harrison and Rosen-
berg in | | as one of the six equivalent ways of defining a Galois exten-
sion of commutative rings (see | |, Definition 1.4). In this paper, the
theory of Galois extensions of commutative rings was developed further and
a version of Galois correspondence was proven.

In the case where S and R are fields, Definition 2.4.2 coincides with
the original definition of a finite G-Galois extension of fields o : k — E
(see | |, p.-396 and Remark 1.5 in | ). Thus, it gives a way of
characterizing o in terms of the isomorphisms of rings i : k — E® and
ﬁ - E Rk E — H E.

G

Proposition 2.4.6 (Proposition 1.2, | ). For any finite Galois exten-
sion of fields a : k — E with Galois group G, the maps

ik EC and 0 :E(G) — Endg(E)

are isomorphisms of rings.

2.4.3 Hopf-Galois extensions of algebras

The theory of classical (i.e., non-homotopic) Hopf-Galois extensions was de-

veloped by Chase and Sweedler in | | (who considered coactions of Hopf
algebras on commutative k-algebras, for a fixed commutative ring R), and
by Kreimer and Takeuchi in | | (who considered coactions of finite-

dimensional Hopf-algebras on k-algebras, for a fixed commutative ring R).
It offers a generalization of the Galois theory of fields and commutative
rings, by studying coactions of a Hopf (or bi-) algebra H on an algebra over
a commutative ring R.

Notation 2.4.7. Throughout this thesis we will sometimes use the notation
ACH to mean that A is an H-comodule algebra with a non-trivial H-coaction.

The definition of a classical Hopf-Galois extension requires the following
data:
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R, a commutative ring,

e H. an R-bialgebra,

B, an augmented R-algebra, endowed with trivial H-coaction,
e A, an H-comodule algebra with coaction p: A - AQ H,
e ©: B — A% 3 morphism of H-comodule algebras.

Moreover, two associated homomorphisms are important, namely, the Ga-
lois map

A®pp na®H

B,:A®p A

ARpA®H AR H,

defined exactly as in Section 2.2.2, and the comparison map
ip: B — A" :={aec A:p(a) =a®1}.

Definition 2.4.8. Using the notation above, the H-comodule algebra mor-
phism ¢ : B — A is an H-Hopf-Galois extension if both 3, and i, are
isomorphisms .

Remark 2.4.9. Observe that the Definition 2.3.1 of a homotopic Hopf-Galois
extension is “homotopified” (homotopy coinvariants, rather than simple coin-
variants) and also “categorified” (Quillen equivalences, rather than isomor-
phisms) in comparison to Definition 2.4.8 of a classical Hopf-Galois extension.

Example 2.4.10 (Example 2.3, | ). A finite G-Galois extension of
fields a : k — E is an H-Hopf-Galois extension for the Hopf algebra H :=
Homy (k[G], k) (see Example 1.1.27), where k[G] denotes the usual group
ring on G.

Example 2.4.11 (Example 2.11, | |). Here is another motivating ex-
ample, which explains how a Hopf-Galois extension arises from a free group
action on a set.

Let G be a finite group acting on a finite set X viar : X xG — X :
(,9) — x-g. Let Y := X be the set of G-orbits of X and denote the
quotient map by ¢ : X — Y. Given a commutative ring R, consider the dual
objets

e H := Hompg(R[G], R), which is a Hopf algebra, by Example 1.1.27;
o A := Set(X,R), the R-algebra of functions from X to R;

e B := Set(Y,R), the R-algebra of functions from Y to R (i.e., the
functions from X to R that have constant value on G-orbits).
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Both A and B are equipped with point-wise addition and multiplication.
The right G-action on X induces a left G-action on A given by

r« : G x Set(X,R) — Set(X,R) : (9, f) — rf : X — R,

with 7.(f)(x) := f(z - g), for all z € X, g € G. In turn, r, induces a right
H-coaction on A

p: Set(X,R) — Set(X, R)® Homp(R[G],R) : f — p(f),

with p(f)(x®g) == f(z-g), forallz € X, g € G.
The map ¢ induces then a morphism of H-comodule algebras

q¢*: B=Set(Y,R) — Set(X,R) = A,

where B has a trivial H-coaction and, moreover, ig- : B — A®H is an
isomorphism.
Now, consider the following diagram

XxG

N AxG

\ ((1xgx1)o(X xA)) xr
al X xy X x GC XxXxG XxYxXxG
: (Ixgx1)o(Ax X)) xr

éXXyT' X xr X XY Xr

V (I1xgx1)o(X xA)
X xy XC€ XxX XxY xX,
(I1xgx1)o(AxX)

where A X G : X x G — X x X x G satisfies the equalizer condition, since
A is coassociative. One can check that the dual of the map « is actually the
Galois map associated to ¢* : Set(Y, R) — Set(X, R), i.e.,

o = By : Set(X, R) ®get(v,r) Set(X, R) — Set(X, R) ® Homg(R[G], R).

It follows that ¢* is a Homp(R[G], R)-Hopf-Galois extension if and only if
By« is an isomorphism. le., if and only if o™ is an isomorphism, which is
equivalent to a : X X G — X Xy X being an isomorphism. This happens if
the G-action r is free.

A few more examples of Hopf-Galois extensions can be found in | ],

which is a very good survey paper on (classical) Hopf-Galois theory by Susan
Montgomery.
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2.4.4 Homotopifying (Hopf-)Galois extensions
“Brave new” Galois and Hopf-Galois extensions

Homotopic Hopf-Galois extensions were first introduced by John Rognes in
his monograph on Galois extensions of structured ring spectra | |.

Among other things, Rognes formulated in | | the definition of Ga-
lois extensions of spectra, investigated the behavior of Galois extensions
under cobase change (which inspired Chapter 3 of this thesis) and was able
to establish a full version of Galois correspondence for ring spectra (which
inspired Chapter 4 of this thesis).

He also observed that the unit map n : S — MU from the sphere spec-
trum S to the complex cobordism spectrum MU was a Hopf-Galois extension
in a homotopical sense, for the Hopf algebra spectrum >*°BU,, the unre-
duced suspension spectrum of BU (Proposition 12.2.1, | ). Rognes
noticed that 7 could not be a G-Galois extension for any G (Remark 12.2.2

[ D).

Foundations of homotopic Hopf-Galois theory

Motivated by the desire to provide a general framework in which to study
homotopic Hopf-Galois extensions, Kathryn Hess laid the foundations of a
theory of Hopf-Galois extensions in monoidal model categories in | ],
generalizing both the classical case of rings and its extension to ring spectra.
This article of K. Hess is at the origin of this thesis.

We use the same notation as in Definition 2.3.1.

Definition 2.4.12 (Definition 3.2, | ). Let (M,®1I) be a monoidal
model category and let H be a bimonoid in M. A map ¢ : Triv(B) — A of
H-comodule algebras is a homotopic H-Hopf-Galois extension if

(1) the associated Galois map f,: A®p A — A® H is a weak equivalence
in M, and

(2) there is a choice of fibrant replacement j : A = A in Alg; such that
the comparison map i, : B — AheeHl induces a Quillen equivalence

_ ®B AhCOH . MOdB MOdAhcoH : ’szp

Observe that, in the spirit of Remark 4.22 from | |, condition (1) of
the definition above was “categorified” in Definition 2.3.1 and transformed
into the requirement for the Galois functor (8,)x : MK/‘;M — MZ‘V” to be a
Quillen equivalence (at least, as far as one works in the case where M :=
Ch").

In | |, the conditions for having model structures on the categories
Comody, Algy, MZ‘V that are left-induced from a suitable category M with
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Postnikov presentation (X, Z) were already under investigation (Theorems
1.13,1.17, 410 in | |) The difficult problem was to prove the existence
of required factorizations in Comodp, Alg,;, MZ‘V, as well as to characterize
fibrant replacements therein. More progress on these questions was done in
| |, and also in | | during the Banff project in August 2013.

However, the existence of required factorizations and the form of fibrant
replacements were well-understood in a number of particular cases, which
made it possible in | | to study examples of homotopic Hopf-Galois
extensions in the categories of simplicial monoids and of finite-type chain
algebras of k-vector spaces.

K. Hess also conjectured in | | that a homotopic version of Schnei-
der’s theorem (see Theorem 2.4.14 below) should hold for homotopic Hopf-

Galois extensions, which turned out to be true, at least in the category
Ch°.
Kk

2.4.5 Relation to (homotopic) Grothendieck descent

There is an interesting relation between the theory of (homotopic) Hopf-
Galois extensions and the Grothendieck descent theory. We will only give
a brief sketch of it here, and invite the reader to find more details in the
mini-course “Homotopic Hopf-Galois extensions and Descent” | |, given
by K. Hess in September 2013 in Louvain-la-Neuve.

Any ring homomorphism ¢ : B — A induces an adjunction

-®pA
Modp Z—Mod,.
(P*

In this situation, the classical descent problem for modules over (com-
mutative) rings tries to answer the following two questions.

e Given an A-module M, what extra structure on M guarantees that
there exists a B-module NNV, such that N ®@p A = M?

e Given f: N®@gp A — N'®p A, what extra structure on the B-modules
N, N’ guarantees that there exists a map of B-modules g : N — N’,
such that f = g®pg A?

In order to formalize answers to these questions, one needs to work with
the category of descent data, associated to (. This category is sometimes

can

. . . w,
denoted D(p) and is actually isomorphic to the category M, *  of wgen-
comodules in Mody4, where W2*" is the canonical coring associated to ¢
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(see Examples 1.1.18, (1)). There is a commutative diagram of functors

-®pA

Modp Mod 4

®p

Prim | | Cany,

Wean
©
My

can

where Can, : Modp — MX/“’ is the canonical functor, defined for all
N € Modpg by Can,(N) = (N ®p A, pn), with px given by the composite

19p®1
N®BA§N®BB®BA B N®BA®BA§ (N®BA)®A(A®BA)

See Definition 4.15 in | | for the definition of the right adjoint Prim to
Can,,
This allows one to formulate the following definition for classical descent.

Definition 2.4.13. A morphism of rings ¢ : B — A satisfies descent if the
functor Can,, is fully faithful, and satisfies effective descent if the functor
Can,, is an equivalence of categories.

For example, a homomorphism of rings ¢ will satisfy descent if A is
faithfully flat as a B-module, i.e., if M@ A =0« M =0, for all M €
Modp (see Theorem 4.16, | 1.

Schneider’s structure theorem given below relates H-Hopf-Galois exten-
sions of rings ¢ : B — A to the category ME/”, where, W, = A® H, see
Examples 1.1.18, (2). Peter Schauenburg provides in | | a proof of this
theorem, based on the characterization of faithfully flat ring extensions in
terms of descent.

Theorem 2.4.14 (| ). Let R be a commutative ring, and let H be
an R-flat Hopf algebra. The following are equivalent for any H-comodule
algebra A, with coinvariant algebra B = AH

1. The inclusion i : B — A is an H-Hopf-Galois extension, and A is a
faithfully flat B-module.

2. The categories Modp and MZ‘V’J are equivalent via the adjunction

Can, pyean
%)

A )

MOdB

Prim

i.e., @ satisfies effective descent.
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Once all the categories in the triangular diagram above are endowed with
“appropriate” model structures, the classical definition of effective descent
can be “homotopified” as follows.

Definition 2.4.15. A morphism ¢ : B — A of algebras in Ch]fO satisfies
effective homotopic descent if the adjunction

Ca can
Mody, — MA

Prim

is a Quillen equivalence, where the category Mod 4 is endowed with a model

structure, right-induced from Ch>0 and M 47 is endowed with a model
structure, left-induced from Mod 4.

The following result establishes a homotopic version of Schneider’s result
and allows us to view homotopic Hopf-Galois extensions as an interesting
class of morphisms of differential graded algebras, satisfying effective descent.

Theorem 2.4.16 (| ). Letk be a field and H a 1-connected dg-k-Hopf
algebra of finite type. Let ¢ : B — A be a morphism of augmented H -
comodule algebras in Chko, where B is endowed with a trivial H-coaction.
If the functor iy, : Mod greon — Modp is a Quillen equivalence, then ¢
1s a homotopic H-Hopf-Galois extension if and only if ¢ satisfies effective
homotopic descent.

2.4.6 Bujard’s Master Thesis

We end our panorama with a short comment on Chapter 5 of the Master
thesis of Cédric Bujard | |. His work took place in a general cofibrantly
generated symmetric monoidal model category €. However, he made a lot
of assumptions and conjectures throughout his project, and many gaps re-
mained to be filled in.

Given a morphism ¢ : Triv(B) — A" of commutative monoids in €,
where A has a coaction of a commutative bimonoid H, Bujard used two
models for the object of homotopy coinvariants A" and worked under the
assumption that suitable (functorial) fibrant replacements existed.

One of them was given by the totalization of a fibrant replacement of the
Hopf cobar complex

C(H;A) :=tot(RC*(H; A)),

under the assumption that such fibrant replacements exist in the category of
cosimplicial commutative B-algebras (see Definition 5.1.6 in | ]). The
other model was given by the totalization of a fibrant replacement of the
Amitsur complex

C(A/B) :=tot(RC*(A/B)),
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also assuming that such fibrant replacements are given in the category of
cosimplicial commutative B-algebras (see Definition 5.1.12 in | D).

A morphism ¢ : Triv(B) — A®H was defined to be a homotopic H-
Hopf-Galois extension if both the Galois map 3, : A®p A — A® H and the
comparison map i, : B — C(H; A) were weak equivalences in C.

Working under assumptions, Cédric Bujard attempted to characterize
homotopic Hopf-Galois extensions in terms of faithfulness and dualizability
(Theorem 5.2.18 in | |), and also to investigate their behavior under
cobase change (Propositions 5.3.1, 5.3.2, Theorem 5.3.4 in | |), which
leads us smoothly to the subject of our next chapter.
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Chapter 3

Behavior of homotopic
Hopf-Galois extensions under
base change

Remark 3.0.17. In this chapter, we work over a field k. All dg-k-algebras are
assumed to be commutative, except the algebra underlying the bialgebra
H. The commutativity assumption on dg-algebras ensures that the pushout
of two commutative dg-algebras B’ and A over a commutative dg-algebra B,
is given by the coequalizer B’ @ g A.

3.1 The context

This chapter is inspired by results in Section 1 of Chapter 7 in | | on
preservation and reflection of (faithful) G-Galois extensions of commutative
ring spectra under base change along arbitrary maps. Our goal is to see
whether and how these results translate into our context.

Let H be a dg-k-Hopf algebra in Chﬂ%0 and consider a pushout of com-

mutative augmented H-comodule algebras in ChfO

Sy

Remark 3.1.1. Observe that the category Algj; is the Eilenberg-Moore cat-
egory of coalgebras over the comonad —® H : Alg® — Alg® (see Remark
1.1.21). It has all colimits that exist in Alg®, and they are created by the
forgetful functor U : Alg3 — Alg®. The same is true in the commutative
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case, so the pushout (H) is actually a pushout in the category of commutative
augmented H-comodule algebras.

Firstly, we will suppose that the map ¢ is a homotopic H-Hopf-Galois
extension, and we will investigate under which conditions on the initial data
in the pushout (M) the map ¥ is again a homotopic H-Hopf-Galois extension.
This is the question of preservation of Hopf-Galois extensions under base
change.

Secondly, we will assume that the map ¥ is a homotopic H-Hopf-Galois
extension, and we will find conditions on the initial data in the pushout
(M) that guarantee that the map ¢ was initially a homotopic H-Hopf-Galois
extension. This is the problem of reflection of Hopf-Galois extensions under
base change.

Remark 3.1.2. In | |, Avramov and Halperin provide an existence result
for a semi-free replacement of a morphism of commutative differential graded
I-algebras (i.e., commutative dga’s equipped with an assigned system of di-
vided powers (see Definition 1.3 in | ])). More specifically, if follows from
the “Existence Property” and Lemma 2.2(i) in | | that every morphism
of dg-I"-algebras f : B — A admits a factorization

B ! A
N A
B (X)

in the category of dg-I-algebras, where the graded B-module, underlying
B (X) is B-semi-free.

3.1.1 Some comments on the comparison maps i,, iz and
their induced functors

We first make a useful observation on the relation between the comparison
maps i, : B — AM°H and i : B’ — (A’)teoH,

Remark 3.1.3. Consider the pushout of the comparison map i, along f:

B B’

AhcoH — B’ Rp AhcoH_
f

Recall from Section 2.1.3 that if H satisfies conditions of Convention 2.1.12,
then the homotopy H-coinvariants of A can be modeled via the cobar con-
struction by A"°? = A®,, QH. Therefore, one can write

B @p At =~ B'@p(A®,, QH) = (B' ®@p A) @4, QH
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o (B/ ®p A)hcoH _ (Al)hcoH'

In other words, the previous pushout square becomes

B B’

N

AhcoH 7 B’ ®p AhcoH ip

|

( A/)hcoH

and shows that the comparison map iz : B’ — (A’ yheotl is obtained from iy

by pushout along f. In particular, since B’ = B’ ®pg B, the two comparison
maps are related via iz = B’ ®p i,.

The induced comparison functors (i,)* and (iz)* are right adjoints of

two extension /restriction of scalars adjunctions, which will be discussed in
more detail in Section 3.2.1.

3.1.2 The context in which the Galois functors (3,). and (35).
arise

The Galois functors (f,). and ()« arise in a slightly complicated context.
It will be useful to have a good understanding of the situation before studying
the reflection and preservation of homotopic Hopf-Galois extensions.

The commutative diagram below gives a general picture and helps to
understand what the categories of interest are, when studying the Galois
functors, and also how these categories are related. The left adjoints are
displayed on top and on the left.

Wwean _— ®4a AILP Ww.ean
M, ¢ My
/4 AN
ol|rawem o] e
— Qa4 A \
(8,)- Mods_—_~Mody ()-|| (4)
f*
Ul —®We U 7§Wp’
AN /
N —®a A v /
G M,

Remark 3.1.4. Recall from Examples 1.1.18 that WZ*" = A@p A and W, =
A®H. Also, it follows from the pushout (M) that W5 = A’®p A" and
W5 =A'"®H, where A’ = B'®p A.
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We will now explain how all the functors involved in the diagram (¢) are
defined.

The definition of functors in the diagram (¢)

e The Galois functor (f,)«, described in Section 2.3, admits a right ad-
joint
— O (Bp)-(WE™) : M — M~
P

For all (M',0)) € Mf", its value (M’,0)) V% (Bp)«(Wgm) is given by
the equalizer
oW

equal (M’ & W M@ W, @ W),
A ’ can ’ A A
(@B, W™ )o(M 1)

computed in MZV‘EM (see | |, Remark 4.7). Since we will be work-

ing under conditions that guarantee the existence of a model structure
WE(ln

on the category M, “ , all such equalizers will exist.

e The definition of the adjoint pair ((3z)«, — VE (%)*(Wgan)) is similar.

p

The top and the bottom adjunctions in the diagram (#) are relative to
the central adjunction ( —®aq A, f*), in the sense that in both squares, the
diagrams of left adjoints (or equivalently, the diagrams of right adjoints)
commute up to natural isomorphism.

. L. —_— Y Wean Wgan .
e More precisely, the left adjoint —®4 A" : M, ¥ — M,” is defined
WCCLTL
for all (X,v,0,) € M,? by

WC(ZTL can
’

(]
—®a A (X,7,0,) = (X®AA/7X®AMA’7(X®AT

The map

W‘gan ’W%an can / !/ can
Ty LW @4 A — Al ©a WE

is the (W, WS )-braiding morphism, associated to A" € 4 Bimod
(see Definition 1.5.1). Use Remark 3.1.4 to see that

Wi @aA'=(AgpA)@a A= Agp A’

and

T o8, @4 A1),

A & ar W%an = A,®A’(A,®B’ A/) >~ A Rpr Al = A,®B/(B/ Xp A) >~ A XpB A.
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One can check that the symmetry isomorphism

Wcan7W£an ™)
TA,SO ® :A®BA/—>A/®BA

satisfies the axioms of Definition 1.5.1 and gives a braiding morphism.

e On the other hand, the left adjoint — ® 4 A’p : MZVP — MZV,F’/ is defined
for all (X,7,6,) € M"\* by

“oaA(X,7,0,) = (X @A A, X @ppa, (X@aTy" " " Vo0, @4 A’)).

Here the map

Wy,W
TA,p7 r :Wp®AA/—>A/®A/WpI

is the (W,, W, )-braiding morphism, associated to A" € 4 Bimod 4.
Use Remark 3.1.4 to see that

W,04A'=(AQH)®@4 A" and A/ @4 Wy = A'@xy(A'@H) = A ®H.
The braiding morphism
WP,WP/

Ty (A9 H)@s A — A'®@H

is induced in the coequalizer

(Aa®@pur®1)o(1R1®pR1)

(A9 H) @ A® A (AH)® A (AH)®4 A
(1®1®ua)o(1®1® f®1)
Wp, W
3 Ta
A'®H,

where £ is the composite

1®

,1® o’ , o , 1®1Qun ,
AQHRA ———AQHRQA QH —AQA QHRQIH —AQA QH

ARQAQH
1®f®1
AAQH
par ®1

A ®H.

When showing that ¢ satisfies the coequalizer condition the crucial facts
are that p and f are morphisms of algebras, and that the multiplication
w4 is commutative.
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Wy, W ..  1s
To see that the map T,,"" * defined above is indeed a braiding mor-
phism, one needs to check that the associated diagrams for Pentagon

axiom
VN
(A H)®q4 A’ A @4 (A"® H)
Pp@a A A’ @ 41w
(AQH)QA(AQH)®4 A’ A@uAA9H)®4 (A @ H)
(A® H) ®ATA, Wl TZ:’J’W” ® 4/ (A’ ® H)

(A9 H)@s A @4 (AR H)

and for Counit axiom

TWp,Wp,

(AR H)@q A —= A @x(A'®H)

6PI®AA/\L lA/®A/€p/
A ®A Al = A/ = A/ ®A’ A/

commute. The Pentagon axiom is quite quick to check. It holds, thanks
to the coassociativity of p’ and the compatibility of g and Agy. The
counit axiom is slightly more tedious to verify; and it uses the fact
that A’ is an augmented H-comodule algebra, i.e., the compatibility
between € 4 and both p4 and p’ (the explicit definition of € 4/ is given
in the proof of Proposition 3.1.8).

The remaining right adjoints R¥ and R in the diagram (¢)

Recall that adjunctions induced by bimodules were introduced in Section
1.5.1. Consider 4A’;, € 4 Bimodys with the right A-action on A" induced
by f: A — A’ and the left A’-action induced by multiplication 4. We will
discuss the existence and sketch the definition of the right adjoint R in the
following situation

—®aA ,
MY oMW
R
_ _ ’
ol |-ew o | |-ew (0)
—®a A
MOdA MOdA/
Hom 4/ (A’,—)



assuming some conditions on the algebras A, A’ and on the corings W, W’.

can WCD.’IL

The existence and the definition of right adjoints R¥ : MZ‘% —M,4% and
RP: MZV,'” g MK" in the diagram (¢) will then follow as two special cases,
by setting W' := W5*", W, and W = W W,

Lemma 3.1.5. Let f : A — A’ be the map of algebras as in the pushout
(W). Let W = (W,4,e) be an A-coring and W' = (W' ¢/ &") be an A’-

coring. Consider the diagram of categories and functors

OV
MA [T MA’
R
— _ /
ul|-ew vr| | -ew (0)
—®a A
MOdA . MOdA/,
HOmA/(A/,—)

where the lewoints are displayed on top and on the left, and where we
have U o (—®@4 A") = (—®4 A") o U. Assume moreover that the A-coring
W is semi-free as a left A-module on a generating graded k-module that is
degree-wise finitely generated. Then the right adjoint R : MZ{// — MZV exists.

Proof. Observe that we are in the situation described in Remark 1.1.24.
Indeed, it is easy to check that the category MZ‘V of W-comodules in Mod 4
is isomorphic to the category (Mod A )KW of Kyy-coalgebras in Mod 4, for
the comonad Ky := (—®A W, —®av,—®2a 5). The fact that W is assumed
to be A-semi-free allows us to apply Lemma 6.8 from | | to establish that
all limits in MZ‘V are created in Mod 4. Since Mod 4 is complete, it follows
in particular that M"] admits all equalizers. We can therefore use Theorem
1.1.23 and conclude that the right adjoint R : MZV,/ — MY exists.

Dualizing carefully Borceux’s proof, one can see that R is defined on any
(X',0") € MY by the equalizer

O)
R(X/) — HomA/(A’,X/) ®AW€HOIHA/(A’,X,®A/ W’) Qq W.

Here
@ .= (9/)* RKaW : HOHIA/(A,,X,) RKaW — HOHlA/(A/,X/ X ar W/) @A W,
and the map @ is the composite

— ; W/ w
HomA/(A’,X’) ®a W( ® 4 )®a

HOHIA/(A/®A/ W/,X/ X aAr W/) Ra W
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!
@) @aw

HOmA/(W(X)AA/,X/@A/ W/) KA W

d
IQiiﬁHomA/(VV®AA’,X’@AI W @QaWRa W

#
6MHOIHA/(A/7 X/ ®A/ W/) ®A W,

where TX,/’W/ : Wea Al — A@a W' is the (W, W’)-braiding morphism
associated to A’ € , Bimod 4/ and

ev : Homy (W @4 A, X' @0 W) @4 W — Homu (A", X' @4 W)
is the adjoint of the evaluation map
ev: Homy (W4 A, X @4 W @AW @4 A — X @40 W
The important facts for establishing the definition of R are the following.

e Every object (X',~/,0") € M% can be written as a split equalizer of
cofree W'-comodules (see | D).

e Since the diagram () must commute, R must satisfy
R(—®u W/) = HOHIA/(A,, —) @AW
and preserve limits.

e At this point, one will be able to define a collection of functions R :
Ob(M) — 0b(MY). In order to complete this family into a functor,

—_——

having —®4 A’ : MK‘V — M%/ as a left adjoint, one uses Theorem

IV.1.2 (iv) in | | and constructs a family of —®4 A’-couniversal
arrows.

O

Remark 3.1.6. Our results on the behavior of homotopic Hopf-Galois exten-
sions in Sections 3.2 and 3.3 will all be formulated under the assumption that
the algebra A is semi-free (as a left B-module) on a generating graded k-
module X that is degree-wise finitely generated. This hypothesis will imply
(see proof of Proposition 3.1.7) that the A-corings WS and W), satisfy the

semi-freeness condition of Lemma 3.1.5, which will give us the existence and

. . . . waen wgen W
construction of right adjoints R¥ : M, — M,* and R : M,/ — MZV”.
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Existence of model structures and Quillen pairs in the diagram (¢)
(p.79)

We will see that, under reasonable conditions on the initial data given by
the pushout (M), all adjunctions in the diagram (#) are Quillen pairs with
respect to suitable model structures.

Recall that the categories of modules Mod 4 and Mod 4/ are both equipped
with the right-induced model structure from Chﬂf0 (see Theorem 1.3.5).
The fact that the adjoint pair

—®a4 A
MOdA ; MOdA/

f

is a Quillen pair follows directly from Lemma 1.4.2.

To determine conditions;a}lmder which there exisi{:}v induced model struc-
tures on the categories M, ¥ | MZ‘VF' , M7 and M,/ ", we apply Theorem
1.3.11.

We first concentrate on the adjunction ((8,)«, — VE (ﬁ@)*(Wf,“")) from
P
the diagram (¢).

Proposition 3.1.7. Let k be a field, and let H be a Hopf algebra satisfying
Convention 2.1.12. Suppose that

(1) A is an augmented k-algebra; and

(2) A is semi-free as a left B-module on a generating graded k-module X,
such that X, is finitely generated for all n > 0.

. . wgaen .
Under these assumptions the categories M 4% and MK/” admait model struc-

tures, left-induced from the category Mod 4 by the forgetful functor. More-
over, the adjoint pair

1s then a Quillen pair.
Proof. Using assumption (2), one can write A = B @X. So, the A-coring
Wen = Aop A= Aop(BOX) = A®X

is semi-free as a left A-module on X. It follows f%(/)glnTheorem 1.3.11 that
there exists a model structure on the category M, , left-induced by the
forgetful functor U from Mod 4.
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On the other hand, by hypothesis the A-coring W, = A® H is free as a
left A-module on the generating graded k-module H, satisfying Convention
2.1.12, and thus satisfying the conditions of Theorem 1.3.11. Hence, there
exists a model structure on the category MZV” , left-induced by the forgetful
functor U from Mody.

It remains to show that the adjunction ((ﬂ@)*, - I/ID/ ([3@)*(W5an)) is a

p

Quillen pair with respect to these model structures. Let (M, ~,0,) € MZV‘;M.
From the definition of (,)x, it follows that applying this functor to M does
not change the underlying A-module (M, ), but only modifies its comodule
structure. Jyean

Therefore, if j : M — N is a cofibration in M 4 ¥ , i.e., a cofibration in
Mod 4, the map of A-modules underlying (8,)«(j), remains the same and

is a cofibration in J\/[AW”, by Theorem 1.3.11. Similarly, if j : M = N is a

can

weak-equivalence in M, “ | i.e., a quasi-isomorphism of chain complexes,
the map of A-modules underlying (5,).(j), remains a quasi-isomorphism
of chain complexes and is a weak-equivalence in MK/” , again by Theorem
1.3.11. Consequently, the functor (f,)« preserves cofibrations and acyclic
cofibrations, so it is left Quillen. O

Now we study conditions under which the adjunction ((8z)«, — 0 (Bg)« (Wg‘m))
o
from the diagram (4) is a Quillen pair.
Proposition 3.1.8. Let k be a field, and let H be a Hopf algebra satisfying
Convention 2.1.12. Suppose that

(1) A is an augmented k-algebra;

(2) A is semi-free as a left B-module on a generating graded k-module X,
such that X, is finitely generated for all n > 0;

(3) B’ is an augmented k-algebra.

can

Ww. W, .
Under these assumptions the categories M ,,°  and M,/ admit model struc-
tures, left-induced from the category Mod 4 by the forgetful functor. More-
over, the adjoint pair

is then a Quillen pair.
Proof. We show this result by applying Proposition 3.1.7 to A/, Wg‘” and
W,. By assumption (2), one can write A = B 2 X, so that

A=BopA=~B opBX =B X,

86



i.e., A’ is semi-free as a left B’-module on a generating graded k-module X,
where X, is finitely generated for all n > 0. This gives us condition (2) of
Proposition 3.1.7 for A’.

Since both algebras A and B’ are augmented by hypotheses (1) and
(3), the pushout algebra A’ is augmented via the map €4/ induced in the
coequalizer

(hpr ®1)o(1® f®1)

B'@B®A B'®A B'op A
(1®pa)o(1®p®1)
Epr Vea LEAI
R.

Therefore, condition (1) of Proposition 3.1.7 is satisfied for A’ and it follows

can

WX ’
that there exist model structures on the categories M ,,” and MZ” , left-
induced from Mod 4+ by the forgetful functor U.
It is not difficult to show that the adjunction ((8z)s, — Mg]/ (ﬂg)*(Wgzn))

P
is a Quillen pair with respect to these model structures. To do this, one

proceeds in exactly the same way as in the proof of Proposition 3.1.7 for the
adjunction ((Bp)«, — Vg (ﬁ@)*(Wéa”)). O
P

It remains now to see when the top and the bottom adjunctions in the
diagram (4) are Quillen pairs.
Lemma 3.1.9. Under the conditions that guarantee the existence of the left-

. . wgean wean w, w
induced model structures on the categories M %, M ,* , M " and JV[A,"/

(for example, under hypotheses of Proposition 3.1.8) both adjunctions

Wean ®a Alw Wean —®a Alp w

M,y P — M7 and D m—
A < / A < ’
re A4 Re A

are Quillen pairs.

Proof. Since A’ is cofibrant as a right A’-module in the right-induced model
structure on Mod 4/, Proposition 1.5.3 applies and allows us to deduce that

both adjunctions (— ®q A’ ,RW) and (— Q4 A’ ,Rp) give rise to Quillen
pairs. O

3.2 Preservation of homotopic Hopf-Galois exten-

sions under base change

We recall the following result in | | on preservation of faithful G-Galois
extensions of commutative ring spectra under base change along arbitrary
maps.
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Lemma 3.2.1 (Lemma 7.1.1, | ). Let f : A — B be a map of com-
mutative S-algebras and ¢ : A — C be a faithful G-Galois extension. Then
the induced map @ : B — B A C in the pushout is also a faithful G-Galois
exrtension.

A B
‘Pl l@p

Our goal is to prove an analog of this result for homotopic H-Hopf-Galois
extensions in the closed symmetric monoidal model category ( Chfo, ®, ]k[O]).
See Proposition 3.2.7 for the final result.

3.2.1 The behavior of the comparison functor (iz)*

As Definition 2.3.1 shows, the comparison functor (i,)* is crucial for defin-
ing a homotopic H-Hopf-Galois extension ¢ : B — A. Let us first de-
termine conditions under which the adjunctions ( — ®p Aheot [(5)*) and
(— ®@p/(A)'H (iz)*) are Quillen pairs.

Lemma 3.2.2. Let k be a field. If the category Ch]f0 s equipped with the
projective model structure, then both adjunctions

—-Q®B AhcoH
MOdB MOdAhcoH

%
(ip)*
and
_ ®B/ (A/)hcoH
MOdB/%MOd(AI)hCOH
(ig)”
are Quillen pairs with respect to the right-induced model structures from
Ch]f0 on, respectively, Modp, Mod gneor, and Modp/, Modgryheor , for

AhcoH (A/)hcoH

any models of the homotopy coinvaraints.

Proof. This is a direct consequence of Lemma 1.4.2. O

We now state conditions under which (iz)*

Proposition 3.2.3. Let k be a field and H o Hopf algebra in Chzo, sat-
isfying Convention 2.1.12. Consider the following pushout of commuta-
tive objects in Algy;, where B and B’ have trivial H-coactions, and where
@ : B — A is a homotopic H-Hopf-Galois extension.

f

is a Quillen equivalence.

B

B/
L%ﬂ ()
A 4?) BopA:=A

)
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If

(1) A is semi-free as a left B-module on a generating graded k-module X,
such that X,, is finitely generated for all n > 0; and

(2) B’ is semi-free as a right B-module on a generating graded k-module Z,
such that Z,, is finitely generated for all mn > 0,

then the comparison functor associated to P,
(’L@)* : MOd(A/)hcoH — MOdB/,
18 a Quillen equivalence.

Proof. The strategy is to apply the criterion from Proposition 1.3.3 to the
adjunction (— ®@p(A")"H (iz)*). We must show that

(a) the homotopy counit
g/Mf . QB’((lE)*(Mf)) ®B/(A/)hCOH N Mf

is a weak equivalence in Mod4/yrcon for all fibrant M7 e Modgryneon ,
where @ p/(—) stands for the cofibrant replacement functor in Modpgr;
and that

(b) the functor — @ p/(A") < : Modp — Mod  yyneon reflects weak equiv-
alences between cofibrant objects.

In view of the model structure on Mod 4ryeon , every object in MOd(A/)hcoH
is fibrant. So, point (a) amounts to showing that

e'm 2 Qp ((ip)" (M) @p(A)'H — M

is a quasi-isomorphism of chain complexes, for any (A’)"°"_-module M.
Using Remark 3.1.3, we have (A")"°H =~ B'@p A @, QH, and therefore

Qp ((ig)*(M)) @ p (A')reoH &' M v
Qp ((iz)" (M) ©p B'@p A®r, QH /

e

£*(Qe ()7 (M) ) @5 Ar QH,

IR

IR

where f* : Modg — Modg equips Qp ((ip)*(M)) € Modpg with a B-
action. It follows from assumption (2) that B’ is cofibrant as a B-module,
which implies that f* (QB/ ((z@*(M))) is cofibrant in Modp.
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Now, observe that the composite of functors
f* o (’L@)* : MOd(A/)hcoH — MOdB
is equal to the composite

(ip)* o f* : Mod ayneon — Modp,

since f oi, = iz o f (see Remark 3.1.3). Therefore, f* (QB/((Z.E)*(M))>

gives a cofibrant replacement of (z@)*(?*(M)), as a B-module. Thus, the
homotopy counit €’p; can be rewritten as

&+ Q ()" (F (M) @5 Ay QH — M,

where @ p(—) stands for the cofibrant replacement functor in Modp.

Now, by hypothesis, ¢ : B — A is a homotopic H-Hopf-Galois extension,
so its comparison functor (i,)* : Mod greor — Modp is Quillen equivalence.
This means that the homotopy counit

en Qs ((i,)"(N)) @ Ay, OF — N

of the adjunction ( — @p AhcoH (z}p)*) is a quasi-isomorphism of chain com-
plexes, for all N € Mod grecorn. By setting N := 7 (M), the fact that ey is
a quasi-isomorphism follows.

It remains to show point (b). Let g : M — M’ be a map of B’-modules
and suppose that the morphism

g®B/(A/)hCOH . M®B/(A/)hCOH N M/ ®B/(Al)hCOH

is a weak equivalence (i.e., a quasi-isomorphism of underlying chain com-
plexes), with both M @ g/ (A’)"°H and M’ @ (A")"°H cofibrant in Modgryneot -
We want to show that g : M — M’ is a quasi-isomorphism, too.

Using the definition of A’, the explicit model for the coinvariants (A’)"H
and the hypothesis that A is semi-free as a B-module on a generating graded
k-module X, we can write

M @p/(AYH = M @p B' @p(B® X) @, QH = M & X @, QH,

and, similarly, M'®p (A")reoH =~ M’éX@tQ QH. So we have a quasi-
isomorphism

9OX @y, QH : M@ X @y, QH — M' & X @y, QH.

90



Observe that the following square commutes in Ch]f0

M&X @, QH@ H—— M & X
géX@tQQHQ?tQHiN &lgéx
M'®X @, QH @ H—> M’ X.

The left vertical map is a quasi-isomorphism, because H is degree-wise k-free,
and the horizontal maps are quasi-isomorphisms induced by the homotopy
equivalence QH ®;, H — k[0] (see Proposition 10.6.3 in | | and Propo-
sition 7.8 in | |). So, by 2-out of-3 property, the right-hand map ¢ ®X
is also a quasi-isomorphism.

We will use Theorem 1.2.18 and the Zeeman comparison Theorem 1.2.19,
to conclude that g is a quasi-isomorphism, too.

Because the graded k-module N = M éX is semi-free on X, which
is degree-wise finitely generated, it is equipped with a bounded filtration.
Theorem 1.2.18 then tells us that there exists a spectral sequence {E] ,}

converging to H*(MQN@X) For similar reasons, for N/ = M’éX there
exists a spectral sequence {E:*} converging to H,(M'® X).

By definition, the quasi-isomorphism g %)X M é X - M é X induces
isomorphisms on all homology groups

Hyg®X): H(M®X)— H (M &X),

for all n > 0. Because both spectral sequences converge, the collection of

isomorphisms {Hn(gg@X ) }n>0 gives the isomorphism
~ 500
(9@ X)>* By — B,

On the second pages, we have Ez,o = Hp(X) = E;,o and E(Q)vq = H,(M),

an = H,(M'), for all p,qg > 0. it follows form the Universal Coefficient
Theorem that Ei,q = Ef;,o ®E(2)’q, and the Tor part in the diagram of The-
orem 1.2.19 is zero, since we are working over a field k. Therefore, we can
conclude that an = Hy (M) — Hy(M') = Eg,q is an isomorphism for all
q>0. O

3.2.2 The behavior of the Galois functor (33).

Our goal in this section is to determine when the Galois functor (3g). asso-
ciated to P is a Quillen equivalence, assuming that the Galois functor (8, )
associated to ¢ is a Quillen equivalence, by hypothesis.

To begin with, we observe that Proposition 1.5.6 allows us to formulate
the following Corollary.
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Corollary 3.2.4. Let k be a field, and let H be a Hopf algebra satisfying
Convention 2.1.12. Let ¢ : B — A be a map of commutative H-comodule
algebras, where

(1) A is an augmented k-algebra;

(2) A is semi-free as a left B-module on a generating graded k-module X,
such that X,, is finitely generated for all n > 0.

Suppose that the map By : W™ — W, is a quasi-isomorphism of A-corings

. Wcan . . .
and that the categories M ,*  and Mz‘v” are equipped with the induced model

structures, as in Proposition 3.1.7. Then the functor

Bo)e : M2 — 'V

is a Quillen equivalence.

Proof. As was already observed in the proof of Proposition 3.1.7, assumption

(2) implies that the A-coring WZ*" = A® X is semi-free as a left A-module
on X. Also, the A-coring W, = A® H is free as a left A-module on H. By

Proposition 1.5.6, it follows that the functor (4y). : M;V‘;an — MZV" is a
Quillen equivalence. O

Remark 3.2.5. Note that this Corollary works for a morphism ¢ that is not
assumed to be a homotopic H-Hopf-Galois extension. This is crucial if one
wants to apply it to @ in Proposition 3.2.6.

Suppose now that ¢ : B — A is a homotopic H-Hopf-Galois extension.
The next result gives conditions under which S, : W™ — W, will be a
quasi-isomorphism and (3g), will be a Quillen equivalence.

Proposition 3.2.6. Let k be a field, and let H be a Hopf algebra satisfying
Convention 2.1.12. Consider the following pushout of commutative objects
in Alg;, where B and B' have trivial H-coactions, and where ¢ : B — A is
a homotopic H-Hopf-Galois extension.

B f
@l
A

Bl
A
? B/®B A=A

Suppose that

(1) A is semi-free as a left B-module on a generating graded k-module X,
such that X, is finitely generated for all n > 0;
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(2) B’ is semi-free as a right B-module on a generating graded k-module Z,
such that Z,, is finitely generated for allm > 0,

then
e the Galois map By : W™ — W, is a quasi-isomorphism, and

e the functor
wean W
(ﬁ@)* : MA/W - MA/p

18 a Quillen equivalence.

Proof. Since ¢ : B — A is a homotopic H-Hopf-Galois extension, the func-
tor (B,)« is a Quillen equivalence, by Definition 2.3.1. As was observed in
the proof of Proposition 3.1.7, assumption (1) also implies that the A-coring
Wg is semi-free as a left A-module on a generating graded k-module X
that is degree-wise finitely generated. The coring W, = A® H is free as a
left A-module. Therefore, the assumptions of Proposition 1.5.7 hold for A,
Wgr, Wy, and we can deduce that the Galois map B, : W™ — W, is a
quasi-isomorphism, which shows the first statement in this Proposition.

We now prove the second statement. By assumption (1), we know that
A’ is semi-free as a left B’-module on a generating graded module X that is
degree-wise finitely generated, as we saw in the proof of Proposition 3.1.8. It
follows from the proof of Corollary 3.2.4 that the A’-corings W and Wy
are then semi-free as left A’-modules.

On the other hand, we have

Wi = (B'op A)®@p/(B'®p A) = (B'@p A)@p A= B @p(A®p A) = B' ®p " (W)

and
Wy = (B @pA)@oH =B ®@p(A® H) = B' @5 ¢"(W,),

where we used the fact that the tensor product — ®pg — is associative, and
the functor ¢* to equip the A-corings with left B-actions, being careful with
notation. Therefore, the two Galois maps associated to ¢ and @ are related
via Bz = B’ ®p ¢*(0,). Since the morphism 3, is a quasi-isomorphism and
in view of assumption (2), we can apply Lemma 1.2.28 to deduce that (5 is
a quasi-isomorphism, too. .

WX W,
Assumption (1) guarantees that the categories M ,,” and M,/ are
equipped with the induced model structures as in Proposition 3.1.8. To

can

WX /
conclude that the induced functor (Gz)« : M~ — MZV," is a Quillen
equivalence, we can apply Corollary 3.2.4 to @ : B’ — A’ since all required
hypotheses for doing so have been fulfilled. O

In conclusion, the following Proposition gives the conditions under which
a homotopic H-Hopf-Galois extension ¢ will be preserved under base change.
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Proposition 3.2.7. Let k be a field and H o Hopf algebra in Ch=°, sat-
isfying Convention 2.1.12. Consider the following pushout of commutative
objects in Algy;, where B and B’ have trivial H-coactions.

B
(pt
A

If o : B — A is a homotopic H-Hopf-Galois extension in Ch=’, and

B/
Lso (W)
*?) B, ®B A = A,

(1) A is semi-free as a left B-module on a generating graded k-module X,
such that X, is finitely generated for all n > 0;

(2) B’ is semi-free as a left B-module on a generating graded k-module Z,
such that Z, is finitely generated for all n > 0,

then @ : B' — A’ is also a homotopic H-Hopf-Galois extension in Chfo.

Proof. This follows from Proposition 3.2.3 and Proposition 3.2.6. O

3.3 Reflection of homotopic Hopf-Galois extensions
under base change

We return to the pushout of commutative augmented H-comodule algebras

in Chy’
B
1
A

This time, we assume that the map P is a homotopic H-Hopf-Galois ex-
tension, and would like to find conditions on the initial data in the pushout
(M) that guarantee that the map ¢ was a homotopic H-Hopf-Galois exten-
sion.

We are inspired by the following result in | | on reflection of (faith-
ful) G-Galois extensions of commutative ring spectra under base change
along arbitrary maps.

Bl
A
?B/ ®Rp A = A

Lemma 3.3.1 (Lemma 7.14., | ). Let o : A— C and f: A — B be
maps of commutative S-algebras, with B a faithful and dualizable A-module,
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and let G be a stably dualizable group acting on C through A-algebra maps.
Consider the following pushout

R

® ls@

C—=BnyC.
f

(a) If o : B — BAAC is a G-Galois extension, then ¢ : A — C is a
G-Galois extension;

(b) If o: B — BAAC is a faithful G-Galois extension, then ¢ : A — C' is
a faithful G-Galois extension.

Just as we did in the previous section, we will split our investigation into
two parts and analyze separately the behavior of the Galois functor and the
behavior of the comparison functor “under reflection”.

3.3.1 The behavior of the Galois functor (f,).

Proposition 3.3.2. Let k be a field, and let H be a Hopf algebra satisfying
Convention 2.1.12. Consider the following pushout of commutative objects
in Alg5;, where B and B’ have trivial H-coactions.

f

B B’
l%@ ()

A?B’@BAizA,.

@

Suppose that p : B' — A’ is a homotopic H-Hopf-Galois extension. If

(1) A is semi-free as a left B-module on a generating graded k-module X,
such that X, is finitely generated for all n > 0;

(2) B’ is homologically faithful as a B-module,

then the functor

Wean

(Bo)e s MG — ML

18 a Quillen equivalence.

Proof. Since ¢ : B’ — A’ is a homotopic H-Hopf-Galois extension, the func-
tor (Bz)« is a Quillen equivalence, by Definition 2.3.1. Note that assumption
(1) implies that the A-corings WS*" and W, are A-semi-free. In this situa-
tion, Corollary 1.5.8 tells us that showing that the functor (5, ). is a Quillen
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equivalence is equivalent to showing that the map (3, is a quasi-isomorphism
of A-corings. This is what we will do.

It also follows from assumption (1) that the A’-corings WZ" and W, are
A’-semi-free. Since (3p)« is a Quillen equivalence, Proposition 1.5.7 tells us
that the map 35 is a quasi-isomorphism. By definition, the Galois maps are
related via Gz = B’ ®@p ¢*(3,) (where the functor ¢*(—) permits to view [,
as a map in Modp), so assumption (2) allows us to conclude that 3, is a
quasi-isomorphism, as desired, using Lemma 1.2.28. O

3.3.2 The behavior of the comparison functor (i,)*
Remark 3.3.3. Under conditions of Lemma 3.2.2, all categories of modules
Modp, Mod yheonr, Modp and Mod  4/yreon in adjunctions

- QB AhcoH
MOdB MOdAhcoH

(ip)"

and
_ ®B/ (A/)hcoH
Modp: MOd(Al)hcoH

(i)*

are equipped with the right-induced model structures from Chfo, where
the weak equivalences are quasi-isomorphisms, i.e., quasi-isomorphisms of
underlying chain complexes. In this situation, both comparison functors
(ip)* and (igp)* preserve and reflect all weak equivalences. It follows that
they both automatically satisfy condition (2) in Proposition 1.3.3.

We obtain the following “reflection result” for the comparison functor.
Proposition 1.4.3 is crucial here.

Proposition 3.3.4. Let k be a field and H o Hopf algebra in Ch]fo, sat-
isfying Convention 2.1.12. Consider the following pushout of commutative
objects in Algy;, where B and B’ have trivial H-coactions.

B
(PL
A

Suppose that p : B' — A’ a homotopic H-Hopf-Galois extension. If

B/
L@ (W)
? B’ QB A:= A

(1) A is semi-free as a B-module on a generating graded k-module X that
18 degree-wise finitely generated;

(2) B’ is homologically faithful as a B-module,
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then the comparison functor associated to @,
(iW)* : MOdAhcoH — MOdB,
1s a Quillen equivalence.

Proof. The adjunction (— ®@pr (A’)heoH | (ig)*) is a Quillen pair, as explained
in Lemma 3.2.2. Because @ is a homotopic H-Hopf-Galois extension, its asso-
ciated comparison functor (iz)* : Mod gyreonr — Modpr is a Quillen equiv-
alence, by definition. It then follows that the map i3 is a quasi-isomorphism,
according to Proposition 1.4.4.

Since the coinvariants maps associated to ¢ and @ are related via iz =
B’ ®p(iy,) (as observed in Remark 3.1.3), and since B’ is homologically faith-
ful over B, Lemma 1.2.28 implies that i, is a quasi-isomorphism, as well.

To conclude that the functor (i,)* is a Quillen equivalence, we can apply
Proposition 1.4.3. Indeed, it follows from assumption (1) that A"cof =

B®X ®t,, QUH is B-semi-free. The underlying graded k-module X ® QH is
degree-wise finitely generated, because for all n > 0

(X@QH),= @ X,2(QH),
prg=n
has a finite number of summands (since the underlying chain complexes are
bounded below), with X, finitely generated for all p > 0 by hypothesis, and
(QH), = T(s"'Hp) finitely generated for all ¢ > 0, because H satisfies
Convention 2.1.12. O

Summarizing the results above, the following Proposition gives conditions
under which a homotopic Hopf-Galois extension @ is reflected under base
change.

Proposition 3.3.5. Let k be a field and H a Hopf algebra in Ch]fo, sat-
1sfying Convention 2.1.12. Consider the following pushout of commutative

objects in Algy;, where B and B’ have trivial H-coactions.

f

B B’
lw ()

A?B/(X)BA::A/

®

Assume that ¢ : B' — A’ is a homotopic H-Hopf-Galois extension. If

(1) A is semi-free as a left B-module on a generating graded k-module X,
such that X, is finitely generated for all n > 0;

(2) B’ is homologically faithful as a B-module,
then ¢ : B — A is also a homotopic H-Hopf-Galois extension in Chlfo.
Proof. This follows from Propositions 3.3.2 and 3.3.4. O
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Chapter 4

One direction of the homotopic
Hopf-Galois correspondence

4.1 Generalized situation

The notion of a homotopic Hopf-Galois extension can be seen from a slightly
more general perspective, for which we need the following setup. This gen-
eralized setup will be important in our Main Theorem (Theorem 4.3.6).

Let v : H — H be a morphism of dg-k-Hopf algebras. Let B € Algyy,
A € Algy, and let ¢ : B — A be a morphism of dg-k-algebras, such that

the diagram
©

. >
commutes in Chﬂgo.

Remark 4.1.1. The morphism ¢ underlying a homotopic H-Hopf-Galois ex-
tension ¢ : Triv(B) — A in the sense of Definition 2.3.1, can be seen as
part of the general setup above, in the special case where H' := k[0] and
(v:H — H) = (ng : k[0] — H).

The morphisms ¢ : B — A and v : H — H induce a morphism of
dg-algebras o7 : BeoH " — A®H between the objects of coinvariants, which
arises from the diagram

PB

BcoH’C—>B B H'
B®@ngr
@ 3! » lap@w
\ PA
AHC—— > 4 A®H.
AQny
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On the other hand, to identify the map o7 ; Bheol" _, ghcoll i qyced
by ¢ : B — A and v : H — H on the objects of homotopy coinvariants
can be more difficult, in general. However, if one works under conditions
allowing the use of the particular models A" >~ Q(A; H;k) and BheoH =
Q(B; H'; k) for the homotopy coinvariants (see Section 2.1.3), then the map
©he7 is given precisely by

Qpsvik) : UB; H'; k) — Q(A; Hi k).
Remark 4.1.2. Observe that in the special case of Remark 4.1.1, the map

(’OhconH . tho]k[()] ~ B, pAhcoH

is the comparison map i, associated to the homotopic H-Hopf-Galois ex-
tension ¢ : Triv(B) — A.

4.2 A brief reminder of Galois correspondence for
fields

We follow the notation and terminology of Section 2.4.1.

Let a: k < E be a finite field extension, and let G := Gal(E; k) denote
its Galois group. For all subgroups N < G, one defines the object of fixed
points in E by

EN :={e € E:n(e)=e, forall n € N},

called the fixed field of N. It is easy to show that EV is a subfield of E
(see | |, Section 7.1).
The following result is known as the Fundamental Theorem of the Galois

Theory. It recovers the classical Galois correspondence in the case of finite
fields.

Theorem 4.2.1 (Theorems 7.3.1 and 7.3.2, | ). Let @ : k — E be a
finite Galois extension of fields and denote by G := Gal(E; k) its associated
Galois group.

(a) For any sub-extensionk C M C E, we have
Cal(E;M) < G and ECGaIEM) — p,

K G—Galois B

(67

. Gal(E;M)— Galois

M = EGal(]E;M)
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(b) For any subgroup N < G, we have
kCENCE and Gal(E;EN) = N,

K G- Galois B

«

- N—Galois YVN<G
EN
(c) The correspondence given by
{fields M : k C M C E} «— {subgroups N < G}
M +— Gal(E; M)
EN «— N
s a bijection of sets. Both maps reverse the order of inclusions.

(d) Suppose we are given a diagram

k — G- Galois E,

[0}

N—Galois

N

M
where the field M and the group N are related via Gal(E;M) = N (or,
equivalently, via M :=EV, by (c)). The field extension k C M is then

a Galois extension if and only if N is a normal subgroup of G. In this
case, Gal(M; k) = G/N.

K : G- Gglois E
G/N—-Galois, iff NG N—Galois ()
RN
M = EV

Terminology 4.2.2. Sometimes authors speak about the “forward” and the
“backward” parts of the Galois correspondence. According to our choice of
notation in (¢) of Theorem 4.2.1 (i.e., the set of field extensions is on the
left, the set of subgroups is on the right), the directions are interpreted as
follows.
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Given a Galois extension k — E and an intermediate sub-field M, the
“forward” part consists of identifying the sub-group of the Galois group
Gal(E; k) that corresponds to M under (c¢) of Theorem 4.2.1.

Reciprocally, given a Galois extension k < E and a sub-group N of the
Galois group Gal(E;k), the “backward” part consists of identifying the sub-
field extension between k and E that corresponds to H under (c¢) of Theorem
4.2.1.

Warning: the choice of notation for these directions in | | is opposite!

4.3 One direction of homotopic Hopf-(GGalois corre-
spondence

Remark 4.3.1. In this Section, we will sometimes omit the word “homo-
topic” when talking about homotopic Hopf-Galois extensions, especially in
diagrams. Without doubt, we will always mean “homotopic” implicitly, and
we kindly ask the reader to keep this in mind.

Here is the backward part of the Galois correspondence for E-local com-
mutative S-algebras, established in | | by John Rognes. The object
B"G denotes the homotopy fixed points of a spectrum B under the action of
a stably dualizable group G.

Theorem 4.3.2 (Theorem 7.2.3, | ). Let A — B be a faithful G-Galois
extension and N C G any allowable subgroup. Then BN — B is a faithful
N-Galois extension.

If furthermore N C G is an allowable normal subgroup, then A —
is a faithful G/N-Galois extension.

BhN

A- G- Galois B

T _G/N—Galois

if N<G allowable " —Galois

BEN
BhN

Theorem 4.3.2 inspired us to investigate and provide an answer to the
question: how could one formulate the backward part of a homotopic Hopf-
Galois correspondence problem, and what are the conditions under which
this problem be solved?

4.3.1 The setting

Let k be a field and g : H — K a map of Hopf algebras in Ch]fo. Consider
a homotopic H-Hopf-Galois extension ¢ : Triv(B) — A and recall from
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Section 2.2 that the diagram of augmented H-comodule algebras

AhcoHC—> RA

Aheoll i5 5 quasi-isomorphism,

commutes. Here, the comparison map i, : B —
by Proposition 1.4.4, because the functor (i,)* : Mod gneor — Modp is a
Quillen equivalence, by definition of a homotopic Hopf-Galois extension.
Choosing explicit models for A"°H and RA, given respectively by two-
sided cobar constructions Q(A; H;k) and Q(A; H; H) (see Section 2.1.3),
and adding to this diagram the normal basis extension tx associated to the
Hopf algebra K (see Example 2.3.3), we obtain the following commutative

diagram.

R

Q(A;9:9)
—

Q(A;H;k)%Q(A;H;H) —> QA K K) (k%)

Q(A; K3 k)
Let us make a few comments.

e Recall from Section 2.1.3 that Q(A; H; k), Q(A; H; H), Q(A; K;k) and
Q(A; K; K) can all be endowed with a structure of a dga.

e We consider this diagram in the category Alg% of augmented K-
comodule algebras, using the map g : H — K to endow each of the
augmented H-comodule algebras A, B, Q(A; H;k) and Q(A; H; H)
with K-coactions, by post-compostion with g.

e The map Q(A4;g; g), induced by g on the two-sided cobar constructions,
is a weak equivalence, by 2-out-of-3 property.

e Homotopically speaking, this diagram indicates that, up to homotopy,
studying the homotopic H-Hopf-Galois extension ¢ is the same as
studying the normal basis extension ¢g.
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The last point above allows us to reformulate the homotopic Hopf-Galois
correspondence problem. Recall Notation 2.4.7 and consider the lower sub-
diagram of (**) in Alg%-.

H—-Hopf-Galois

LH

Q(A; Hy k)©

Q(A; H; H)O" QA; K; K)OF

w LK

?7—Hopf-Galois K—Hopf-Galois
Q(A; K;k)©

It was shown in Example 2.3.3 that the normal basis extensions ¢z and tx are
homotopic H- and K-Hopf-Galois, respectively. The goal of the subsequent
sections is to find the appropriate candidate for the Hopf algebra 7 and to
formulate conditions on the Hopf algebras H, K, and on the algebra A,
under which the map

w: QA H; k) — Q(A; K; k)o?

will be a homotopic ?-Hopf-Galois extension.

4.3.2 The candidate Hopf algebra and the Main Theorem

Convention 4.3.3. From now on, we suppose that both H and K are co-
commutative, 1-connected, degree-wise finitely generated Hopf algebras in
Ch]fo. Moreover, we assume that Ky = 0.

We remind the reader that the co-commutativity assumption on H and
K guarantees that their respective cobar constructions QH and QK both
inherit (co-commutative) comultiplications (see Remark 1.2.10).

Let g : H — K be a morphism of Hopf algebras. It endows H with a
right K-comodule structure

pux HES HeoH 229 oK,

and therefore makes it meaningful to consider the one-sided cobar construc-
tion Q(H; K;k) on (H,pny k) € Comodyg. We use Remark 2.1.8 to see
that

Q(H; K;k) := (H®QK, Dy,) € Ch=".

The differential D, is given by
Dy, = dg ® QK+ H ® Dok + ((H ® por) o (H @ to ® QK)o (pr,x ® QK)).
Remark 4.3.4. Observe that the diagram

to
H——QH
9 Q(9)
to
K QK




commutes, by definition of the maps to and Q(g). Therefore, there exists
another way of writing the differential Dy, : H ® QK — H ® QK that is

D, =dg ® QK + H® Dok

+((H @ par) o (H2Q(g) @ QK) o (H@to ® QK) o (A @ QK)),

where

Qg) oto : H % o 29 oK

is the new twisting morphism.

At this point, we know from Chapter 2 only that Q(H; K;k) is a chain
complex. Let us see how it can be endowed with a Hopf algebra structure.

Lemma 4.3.5. If H and K satisfy Convention 4.5.3, the one-sided cobar
construction Q(H; K; k) is a Hopf algebra.

Proof. The multiplication
BH @, QK+ H ®1q QK @ H @1 QK — H @4 QK

is the twisted multiplication, defined in Corollary 3.6 in | | and explained
in Remark 2.1.13.
At the level of the underlying graded modules, we define morphisms

N ., ok K[0] 2 K[0] @ Kk[0] 215 | o OF,

Mg, ok HOOK 2222 F o Ho QK 9 QK = (H® QK) ©(H 9 QK),

EH @, oK+ H®OQK 290K, o) ¢ k(0] 2 k0],

(see Reminder 1.2.1, Definition 1.2.2 and Remark 1.2.10 for the expres-
sions of nox, Aqk and eqr). We observe that

(1) the associativity of pg ©1gy UK follows from the fact that the multipli-
cation pqg is associative, and the definition of pgy Q1 QK WAS designed
in order to make it satisfy the Leibniz rule with respect to DtQK (see
Remark 2.1.13 and Corollary 3.6 in | | for details).

2) an easy calculation shows that ok 1s unital with respect to
y HH @, QK p
TH @4, QK

(3) the comultiplication Ay g 1o UK is co-associative, because both Ay and
Aqk are coassociative, and it is counital with respect to €, because Ay
and Aqx are counital regarding ey and eqg, respectively;

(4) the comultiplication Apg Bigy UK satisfies the “dual Leibniz” rule with
respect to Dy, because both (H,dpy,Ap) and (QK, Dok, Aqk) are
differential coalgebras, and Ay is coassociative and co-commutative;
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(5) to see that ny 1, QK is a morphism of comonoids (i.e., is appropriately
compatible with Ap 1o QK and e D1 O k) one uses the compatibility
between ny and Ag, e on the one hand, and the compatibility be-
tween nox and Aok, eox on the other hand;

6) an easy calculation shows that g ok 1s counital with respect to
y HH ®,, p
E€H ®q, QK5

(7) ng D1y UK is compatible with Ay ®1y UK because Ay is coassociative
and co-commutative;

(8) €@y, 0K ©NH ®,, 0k = Idg[), because ey oy = Idy(g), €ak © Nok =
Idyg) and by bifonctoriality of —® —.
To summarize, (1) and (2) imply that (H®QK, DtQ,MH&Q QK TH @4, QK)
is a monoid in ChZ"; (3) and (4) imply that (H ® QK, Dy, A e, 0K, €H @, 0K )

is a comonoid in Chfo; finally, having (5), (6), (7) and (8) allow us to con-
clude that

Q(H; K3 k) = (H @ QK, D, i @, QK MH @4, O s DH @, QK s EH @y, OK)
is a Hopf algebra in Ch , as desired. O

We now state our Main Theorem, which establishes one direction of ho-
motopic Hopf-Galois correspondence for homotopic Hopf-Galois extensions
of chain complexes. This theorem will be proved in Section 4.3.4

Theorem 4.3.6. Let k be a field and g : H — K a morphism of co-
commutative, 1-connected, degree-wise finitely generated Hopf algebras in
Ch]fo, such that Ko = 0. Let ¢ : B — A be a homotopic H-Hopf-Galois
extension in Ch]f0 and consider the following diagram

QA Hi k)" (A H; H)O

\/

A K: ]k ) QUH; K k)

A;K;K)OK

where vy and L denote the normal basis homotopic Hopf-Galois extensions,
associated to Hopf algebras H and K, respectively. If

(1) A is semi-free as a left B-module on a generating graded k-module X,
such that X, is finitely generated for alln > 0; and

(2) g : (H,An,dy) — (K,Agk,dk) is an inclusion of differential graded
k-coalgebras,
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then the map
w: QA H; k) — Q(A; K; k)

is a generalized homotopic Q(H; K;k)-Hopf-Galois extension in Chfo,
Remark 4.3.7. We use the terminology “generalized” to indicate that the map
w: QA H; k) — Q(A; K; k)

has the special property that its codomain Q(A; H;k) is equipped with a
trivial k[0]-coaction, up to homotopy. This follows from putting the map
of dg-algebras w : Q(A; H;k) — Q(A; K;k) into the general perspective,
described in Section 4.1.

More specifically, the morphism of dg-Hopf algebras g : H — K induces
a morphism of dg-Hopf algebras Q(H; ¢;k) : Q(H; H; k) — Q(H; K;k) (see
Lemma 4.3.5, which also holds for K = H), and w fits into the commutative
diagram

w=0(4;g;k)

Q(A; H; k) Q(A; K;k)

lp lpw
Q(A: H: k) @ Q(H: H: k) S8 E09Y) o 4 peoiy @ Q(H: K K).

lg

Q(A; H; k) @ k0]

The coaction maps p : Q(A; H; k) — Q(A; H;k) @ Q(H; H;k) and p, :
Q(A; K3 k) — Q(A; K; k) @ Q(H; K; k) will be defined in Lemma 4.3.10.

The comparison map induced by w and Q(H; g;k) between the objects
of homotopy coinvariants is denoted by

whcoQ(H;g;k) . Q(A, H;k)hco(Q(H;H;k)) - Q(A, K; k)hco(Q(H;K;k))

and will be defined in Section 4.3.4.

We need a series of preliminary results before we can prove Theorem
4.3.6.

4.3.3 Technical preliminaries

Recall from diagram (%) and Theorem 4.2.1 that in the Galois case, the
sub-extension of fields k — EV is G/N-Galois if N is a normal subgroup of
G. So, the meaningful algebraic object, associated to k — E” is the group
quotient G/N.

Why is Q(H; K;k) an appropriate object to consider in the situation of
diagram (% *)? Ie., why can the Hopf algebra Q(H; K;k) be seen as the
right analog of the quotient group G/N from the dual Galois context?
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Our situation is not only dual to (%), but it also needs to be homotopically
coherent.

In the case of a group G acting on a set X, a good model for the homotopy
quotient of the action of G on X, denoted X}, and also called the homotopy
orbit space, is given by the Borel construction. It can be modelled by the
coequalizer

v x EG

Xy = coequal (X % G x EG X x EG),

X XA

Here EG is a contractible space with free G-action A and is cofibrant (because
it can be built as a colimit of CW-complexes), and v : X x G — X is the
G-action on X.

We are interested in the dual situation. We have already observed at
the beginning of this Section that a morphism of Hopf algebras g : H — K
endows H with a K-coaction py g : H — H® K. In this situation, the
object of homotopy K -coinvariants of H, which can also be seen as homotopy
fized points of the K-coaction on H, is given by the equalizer

p QKk[0]

HK .= equal (RH @ k[0] RH®K® k[o]) ,

RH®o

where RH denotes a fibrant replacement of H. It followed from Lemma
2.1.7 and Definition 2.1.11 that a good, homotopically meaningful model for
H"oK is precisely given by the one-sided cobar construction Q(H; K; R).

Remark 4.3.8. In the discussion above the crucial relation between the groups
N and G is codified via “normality”. Given a subgroup inclusion N — G,
the quotient G/N has a group structure (and thus, makes it meaningful to
talk about G/N-Galois extensions), if and only if N is a normal subgroup of
G.

In | |, Emmanuel Farjoun and Kathryn Hess defined and studied
homotopy-invariant and dual notions of normality for maps of monoids, and
of conormality for maps of comonoids within a twisted homotopical category
M.

In particular, if a map of comonoids g : ¢’ — C' is (homotopy) conormal
(see Definition 2.4, | |), then the Borel kernel of g, C\\C’, which models
the homotopy kernel of g (see Definition B.16, | ]), is weakly equivalent
to a comonoid. This codifies the desired situation in a context, dual to the
context of groups. (Moreover, and reciprocally, they also provided conditions
under which a comonoid structure on C'\ \C” implies conormality of g, see
Lemma 2.8, | 1.

We emphasize that in the case M := Chfo, the co-commutativity of H
and K as coalgebras turns out to be crucial for establishing the conormality
of the map g : H — K (see Proposition 2.20 | D.
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Remark 4.3.9. Let g : H — K be a map of co-commutative Hopf algebras,
satisfying Convention 4.3.3. Recall that in Lemma 4.3.5 we defined a Hopf
algebra structure on Q(H; K; k).

In view of our choice of models for fibrant replacements in Alg%, dis-
cussed in Chapter 2, the Borel kernel of g is given exactly by K \ \H =
Q(H; K;k). So, one could apply Proposition 2.20 in | | and conclude
directly that g is conormal, and that the comultiplication Ag g 1 K defined
in Lemma 4.3.5, endows Q(H; K;k) with a coassociative, counital coalgebra
structure. However, this argument does not suffice to prove that Ay D1 QK
is appropriately compatible with the multiplication py » 1o QK tO give a Hopf
algebra structure on Q(H; K;k). The corresponding verifications were done
in Lemma 4.3.5.

The next lemma shows that the algebra Q(A; K;k) has an Q(H; K;k)-
comodule structure.

Lemma 4.3.10. If H and K satisfy Convention 4.5.3, then the differential
algebra Q(A; K;k) admits a Q(H; K;Kk)-coaction

Pw: QA K k) — Q(A; K k) @ Q(H; K k).

This coaction is compatible with the algebra structure and therefore makes

Q(A; K;k) into an Q(H; K;k)-comodule algebra.

Proof. The coaction p,, : Q(A; K;k) — Q(A; K; k) @ Q(H; K; k) is given on
the underlying graded modules by the composite

AR tw QK
_—

ot AR QK PAZRK Ao H 9 OK © QK A®OK® H®QK,

where tw is the twisting morphism. One checks by calculation that p,, is

- coassociative with respect to A (because p4 and Ak are both coas-
sociative and because A is co-commutative);

- counital with respect to € (because pg and Ak are both counital);

- compatible with the unit n4 g qx (because both p4 and Aqg are mor-
phisms of algebras, so, in particular, they are compatible with respec-
tive units);

- compatible with the twisted multiplication pa D1y UK defined in Re-
mark 2.1.13. To see this, it is sufficient to check the compatibility of p,,
with the partial multiplication (1® s~ k)(a®1), for all k € K, a € A.
This works, because p4 and Aqg are both coassociative and because
g is a morphism of Hopf algebras;

- compatible with respect to the differential Dy, : AQ QK — A® QK.
This is a consequence of the fact that p4 and Aqx are compatible with
the differentials d4 and Dqp, respectively.
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Consequently, (Q(A; K;k),pw) is a Q(H; K;k)-comodule algebra in Chﬂfo.
O

Most of the subsequent results have to do with the semi-freeness of certain
objects. This will be an important factor in the proof of the main theorem.

Recall the definition of a semi-free module from Definition 1.2.13. The
following proposition, of a general flavor, will be extremely useful for detect-
ing semi-freeness of various cobar constructions.

Proposition 4.3.11. Let R be a commutative ring and let V,W be graded
R-modules, that are degree-wise R-free and finitely generated, and such that
Vo = Wy = 0. Equip the free algebras TV and T(V & W) with differentials
d and d', respectively, such that d'|pyv = d and such that the extension of
differential graded algebras (T'V,d) — (T(V & W),d') is a free extension of
TV. Then

(a) (T(VeW),d) is semi-free as a left (TV,d)-module; and

(b) (T(Ve W),d) is cofibrant in the category v Mod, equipped with the
model structure right-induced from the projective model structure on
Ch%o, as in Theorem 1.3.5.

Proof. Proof of (a): For all words b € (T'(V @& W),d’) denote by
ly(b) = number of w € W in the word b.

Define an increasing filtration on (T(V @ W),d’) by “word-length in W7,
setting
Fo(T(VeW)) =TV

and
F(T(V&W)) ={beT(VaW): () <k}
for all k > 1. Every F(T(V & W)) is a left TV-submodule of T(V & W),

the action being given by multiplication in TV. Moreover, P~ Fr(T(V &
W))=T(V @& W), as TV-modules. Observe that

Fr1(T(VaeW)) = {beT(VaeW): l((b) <k+1}
= {beT(VaeW): l(b) <k}
S{beT(VaeW): l(b)=k+1}
= F(T(Vew))
d{agwiay - wr1ake : a; € TV, w; € W}
= FpTVew))

TV ® {w1a1 C Wht1Qk41 - W4 € W, a; € TV}

=:Z(k+1)
— F(TVeW)eTVeZ(k+ 1),
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where Z(k + 1) is degree-wise R-free for all k& > 0, because V and W are
degree-wise R-free by assumption. To be able to conclude that T'(V & W)
is semi-free as a left TV-module on Z = @, , Z(k), we should check that
the differential d' : T(V & W) — T(V & W) respects the filtration, i.e., that
d: Z(k+1) - F(T(V @ W)), for all k > 0. This verification is quite
technical, and we distinguish several cases.

Given b = wiay - - - wgy10k4+1 € Z(k + 1), we have £,,(b) = k + 1 and

k+1

dl(b) = Z i(wlal cee wid(ai) cee wk+1ak+1)
i=1
k+1

+ Z +(wiar - d'(w;)a; - - wpr1ak11),
=1

where the signs are given by the Koszul sign rule.
Case 1: d'(w) € TV, for all w e W.

e If d(a) =0, for all a € TV, then

k+1
d'(b) = Z +(wiay - d'(wi)a; - - - wpyp1a841),

€TV
thus £u(d'(b)) = k and d'(b) € F(T(V & W)).
e Suppose now that d'|py = d # 0.
Fix k > 0, and filter Z(k + 1) by degree of elements in TV by setting

k+1

FnZ(k+1) = {wiay -+ wpsr1aps1 € Zpyr 1 Y deg(a;) < m},
i=1

for all m > 0. Clearly, this filtration satisfies Fi, Zx+1 C Frnt1Zk+1
and ®m20 FmZk+1 = Zk+1.
There exists an m > 0 such that b € F},,11Z(k + 1) and we have

k+1
d/(b) = Z j:(wlal tee wid(ai) tee wk+1ak+1)
=1 €Fy Z(k+1)
k+1
+ Z +(wiay - d (w;) a; - Wep1ap41),
i S~——
=1 eTVv

/

L=k

s0 d' (Fry1Z(k +1)) C Fu(T(V e W) ®TV ® FrnZ(k + 1).
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In other words, for any fixed k > 0, the quotient
Fer1(T(Ve W)/ Fu(T(VeWw))

is semi-free as a left T'V-module on the free graded R-module @) =
®m20 Q(m), where
k+1
Q(m) = {arw: - ap1wp1 € Zryr = Y deg(a;) = m}
i=1
is degree-wise free on R for all m > 0. We can therefore apply Lemma
1.2.15 to conclude that T (V@ W) is itself semi-free as a left 7'V-module.

Case 2: d'(W) € TV, i.e., the image of any w € W by d’ might have factors
in both TV and TW.

Write W = WZN

s Where Npi, > 0 is such that W, = 0 for all
n < Npmin- Set

TV & We(Npmt1)) = {Watawgag - - -+ deg(w;) < (Nmin + 1)},

for all | > 0, with TV = T(V & W< (n,...+0))-

For every [ > 0, the inclusion
(T(V O W< (Npint))s d)— (T(Ve We (Npin+141))5 d)

is an extension of dg-algebras, where the differential d’ sends a w €
We(Npmti+1) to d'(w) € T(V & We(y,,.+1)), and, therefore, satisfies
the situation of Case 1. To show that this extension is T'V-semi-
free, one can apply the previous strategy, first filtering elements of
T(V@We(n,mti+1)) by the number of w’s in Wy . 1141 and then
treating both cases where d = 0 and where d # 0.

Finally, since T'(V © W) = colimy>o T(V © W< (.. +1)) as differential

graded algebras, we conclude that the algebra T'(V & W) is semi-free
as a left T'V-module, by Lemma 1.2.15.

Proof of (b): This follows from §9.2 in | |. O
Remark 4.3.12. By | |, every morphism of differential graded algebras
f: B — A admits a factorization

’ \ | / "
(BUTW,d')

where (B UTW,d') is a free algebra over B. Since the proof of Proposition
4.3.11 easily generalizes to the case of a free extension of dg-algebras of the
form (B,dg) — (BUTW,d'), it follows that every morphism of differential
graded algebras f : B — A admits a semi-free replacement, up to homotopy.
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Corollary 4.3.13. Let g : H — K be a morphism of Hopf algebras in Ch=?,
where H and K satisfy Convention /.3.3. Suppose that (H,Ap,dg) —
(K2 H®Z,Ak,dk) is an inclusion of differential graded coalgebras.

The algebra (UK, Dy, ) is then semi-free as a left module over QH on a
generating graded k-module that is degree-wise finitely generated.

Proof. Since we are working over a field, the inclusion H — K splits, and
we have K = H & Z, as graded k-modules, where Z is k-free. The counit
ex : K — k0] is induced by ey + ez : H® Z — k[0], and therefore K =
ker(cg) = ker(ey) @ ker(ez) = H® Z, whence, s 'K = s 'H@s1Z.
Therefore,

QK) := (T(s'K), Dax)

I

(T(s"H® s 'Z), Dak)
(T(s"*HYUT(s™'Z), Do)
= (QH UQZ, DQK),

I

where the differential satisfies

Dag (s 'h) = —s ' (h) £ ) s hyls B,

€(QH)n

for all s7*h € (QH),, and

DQK(S_lz) = —s_ldK(z) :l:Zs_lzi\s_lzi,
——— ,
E(QH)nflLl(QZ)nfl

E(QH@Z)n_l

for all s7'z € (Q2Z),, for all n > 1. We can apply Proposition 4.3.11 to
conclude that the differential graded algebra QK is semi-free as a left Q2 H-
module. O

Lemma 4.3.14. Let g : H — K be a morphism of Hopf algebras in Chfo,
where H and K satisfy Convention 4.3.3. Suppose that (H,Ap,dyg) —
(K= H®Z,Ak,dk) is an inclusion of differential graded coalgebras.

The chain complex Q(A; K;k)heoQULKK) s then semi-free as a left
Q(A; H;k)-module on a generating graded k-module that is degree-wise finitely
generated.

Proof. Observe that

Q(A; K; k)Mo @ULER) = (Q(A; K3 k); Q(H; K k); Q(H; K3 k) Q(HDK k)k[@}
=~ Q(Q(4; K;k); Q(H; K; k); k[0])
= (4 © QK)eOH _ © QK),
Q(g)otn Q(g)ota
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where ¢ denotes the universal twisting morphism

t:H ® QK-—-QH ® QK).
Q(g)ota Q(g)otqn

Since A ® QK =(A®QH) @ QK, and since QK is semi-free as a left
Q(g)otq to QH
module over QH by Corollary 4.3.13, we have that A ((? QK is semi-free
Q(g)otn

as a left module over A@ QH, which implies that (A ® QK)QQH &
ta Q(g)ota t Q(g)oto

QK) is semi-free over A ;X) QH. O

Q

Remark 4.3.15. Lemma 4.3.14, applied to the case K = H and g = Idgy
gives us an isomorphism of chain complexes

s

Q(A; Hil)heo @R = (A0 QH) @ Q(H © QH),
to to

where s denotes the universal twisting morphism

s: H®QH — Q(H @ QH).
to to

Lemma 4.3.16. Let g : H — K be a morphism of Hopf algebras in Ch=?,
where H and K satisfy Convention /.3.3. Suppose that (H,Ap,dy) —
(K2 H®Z,Ak,dk) is an inclusion of differential graded coalgebras.

The tensor product of chain complezes Q(A; K;k) ®  Q(A; K;k) is
Q(A;Hsk)

then semi-free as a left Q(A; K;k)-module on a generating graded k-module
that is degree-wise finitely generated.

Proof. Observe that

QA K k) © QA K k) QK) ® (A ® QK)
Q(A;H;k) Q(g)ota AROQH Q(g)ota
to

I
£
®

~ (A @ QK) ® (A®QH) ® QK)
Q(g)ota ARQRQH to QH
tQ

> (4 @ 9K)® OK,
Q(g)ota QH
where the first isomorphism uses properties of twisted extensions (see Chap-
ter 1in | |), specifically, the fact that the K-comodule structure on A
is created by the morphism g : H — K, which also induces a morphism of
algebras Q(g) : QH — QK.
By Corollary 4.3.13, QK is semi-free as a left module over QH. Thus,

(A ® QK) ® QK is semi-free as a left module over A ® QK. [O
Q(g)ota QH Q(g)ota

Lemma 4.3.17. Let g : H — K be a morphism of Hopf algebras in Ch=?,
where H and K satisfy Convention 4.5.5.
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The tensor product of chain complexes Q(A; K;k) @ Q(H; K;k) is then
semi-free as a left Q(A; K;k)-module on a generating graded k-module that
18 degree-wise finitely generated.

Proof. Tt follows from Convention 4.3.3 that the underlying graded k-module
of Q(H; K;k), H®QK, is degree-wise finitely generated over k, and that
(H®QK)g =k. So, the proof is a direct application of Lemma 1.2.14. [

We need to have one more Lemma in our toolbox before proving Theorem
4.3.6.
Lemma 4.3.18. Let H be a 1-connected Hopf algebra in Chﬂ%0 and let H®

to
QH be the associated acyclic cobar construction. The contracting homotopy

c: H®y, QOH — H @y, QOH
defined by
h@s thy|---|s thy — 0, if deg(h) >0
and
1@s thy|---|s thy — h1 @5 thy| - |s thy,
forallh € H, s7'hy|---|s7'h, € QH, is a morphism of right QH-modules.
Proof. Proposition 10.6.3 in | | shows that ¢ is indeed a contracting

homotopy of chain complexes. We must prove that ¢ respects the right Q2 H-
actions, i.e., that the following diagram commutes in Chlfo.

Hey, QH2QH 2 g, QH @ QH
H®MQHJ/ lH@JMQH
H ey, QH < H®y, QH

Let s7thy|---|s7th, € Q"(H), s7'h}|---|s7th!, € Q™(H), h € H. If
deg(h) > 0, we have

(H_® %QH) 0 (cn @ QHy)(h@ s hy| -+ |s thy@s 0| -+ |sT AL

Cntm(h@s thy| - [s  hn s Ry - - |sTIRL)

= om0 (H@pon)(h@s  hal---[s T hy @ s Y| - [s7 hiy,).

If h =1, then
(H® pam) o (cn @ QH,) (1@ s thy|---|s thy@s |- |s7thl)

= (Houan)(hi®@s the| - |s thy@s thY|---|s 'hl,)
hi®s Yho|---|s  hy|sTRY| - [sTiRL,
Com(1@s el s hnls™ Ry - s hy,)

= Ccormo (H@pon)(1@s thyl - |s thy@s |- [s7 hE,).
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4.3.4 Proof of the Main Theorem (Theorem 4.3.6)

Proof. Since ¢ : B — A is a homotopic H-Hopf-Galois extension, A is
an augmented algebra, by definition. This implies that the domain of w,
Q(A; H; k), and its codomain, Q(A; K;k), are augmented algebras, too, as
required by Definition 2.3.1.

Recall from Definition 2.3.1 and Remark 4.3.7 that to prove that the map
w: QA H;k) — Q(A; K;k) is a generalized homotopic Q(H; K;k)-Hopf-
Galois extension, we need to show that both the Galois functor

W, Woe
(Bo)s MQ(A;K;k) - MQ&;K;R)

and the comparison functor
hcoQU(Higik) \x .
(wheoRHigh) ) . MOdQ(A;K;k)hC"(Q(H;K;k)) —— Modg ;g eyreotimsmn)

are Quillen equivalences. To do this, we will first show that, under the
conditions of this theorem, the maps

Bo: QA K k) ® QA K k) — QA K k)@ Q(H; K; k)
Q(A;H k)

and

whcoQ(H;g;]k) . Q(A, H;k>hco(Q(H;H;k)) _ Q(A, K;k)hco(Q(H;K;k))
are quasi-isomorphisms of chain complexes, and then use criteria from Propo-
sition 1.5.6 and Proposition 1.4.3 to deduce that they induce Quillen equiv-

alences.
Part I. We begin by studying the comparison map

whcoQ(H;g;k) . Q(A, H;k)hco(Q(H;H;k)) _ Q(A, K; k)hco(Q(H;K;k)).
Recall from the proof of Lemma 4.3.14 that

Q4 K;k)hCO(Q(H;K;k)) ~“(A @ QK)QH © QK),
Q(g)otn t Q(g)ota

as chain complexes, where t is the universal twisting morphism

t:H © QK—QH ® QK).
Q(g)otn 2(g)oto

Similarly, recall from Remark 4.3.15 that
QA; Hy k)hee@UER) > (A © QH) @ Q(H @ QH),
to S to

as chain complexes, where s denotes the universal twisting morphism

s:H®QH — Q(H @ QH).
to

to
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hcoQ2(H;g;k)

Therefore, the comparison map w is the map

*=A®Qg) ®QUH RQ(g))

(A®QH)®Q(H @ QH)
to to

S

(A © QK)oQH © QK).
Q(g)ota t Q(g)ota

Claim. To show that ¥ is a quasi-isomorphism in ChZO, it suffices to show
that

OH  ©  QHEeoH) XXRWETE00) g o oH ® QK)
too(ny ® QH) to too(nu ® QK) Q(g)ota

is a quasi-isomorphism in ChZO, where QH € Comodgy, QK € Comodqy,

QH®QH) and Q(H ® QK) are seen as left modules over themselves,
to Q(g)ota
and

tao (g @QH) : QH 2 k[0]@ QH — H@QH — Q(H @ QH),

too (nrg®QK) : QK =k[0]@ QK — HRQK — Q(H ® QK)

are twisting morphisms.

Proof of the Claim: We use a version of Zeeman’s comparison the-
orem for twisted extensions. Consider the map v and, using notation of

Proposition 1.2.23, set N = N’ := A, M = QH ® Q(H @ QH),
tQO(T]H ® QH) to
M = QK ® QH ® QK). The maps v :=Idy and a := Q(g)
tao(ng ® QK) Q(g)otq
are appropriately compatible (see Definition 1.2.5) with twisting morphisms

to: H— QH and Q(g) otq : H — QK, because
Q(g)otg=0(g)otgoldy.

Since A is degree-wise k-flat, Proposition 1.2.23 guarantees that the mor-
phism of twisted extensions

A QH) @ QUHQH) 5 (A4 o QK)eQH © Q)
to s to Q(g)otQ t Q(g)OtQ

is a quasi-isomorphism in Chﬂf0 if and only if the morphism

OH  © @ QHeH) XXk o QH ® OK)
too(ng @ QH) to too(ng ® QK) Q(g)ota

. .. . . >
is a quasi-isomorphism in Chﬂzo. O
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The proof of the fact that ¥ is a quasi-isomorphism breaks down into
several steps, explained in the following commutative diagram of chain com-
plexes.

OH  ®  Q(H®QH) *x QK ® @ QH © QOK)
too(ny @ QH) to too(nu @ QK) Q(g)ota
O «~|QH®Q(T) QO =~ |QK®Q(7)
QH ® QOQH ® H QK ® QOK ® H
Q(1)otgo(nuy ® QH) ( to ) Q(7)otgo(nuy ® QLK) ( Q(g)oto )
® ~|QH®m A ~|QKm
OH ® O?H @ QH QK ® PK © QH
moQ(7)otoo(ny ® QH) ( to ) moQ(7)otoo(ny ® NK) ( Q2 (g)oto )
® ~|[r"®0HROQH O® ~|7'R0VKRQH
QOH ® O?H @ QH OK ® PK © QH
moQ2(t)otqo(ny ® QH)oT’ ( to ) moQ(7)otqo(ny ® K)o’ ( Q2(g)otn )
® o
QH ® Q?H ® QH QK2 PK ® QH
ta to to Q2(g)otn
® :i (5] Nl
QH - QH

If we show Steps @ through @, and Steps @ through ®, then the equal-
ity in the bottom row and the 2-out-of-3 property will imply that J % is a
quasi-isomorphism, using the commutativity of this diagram.

Step ©:
Lemma 4.3.19. Let K be a co-commutative Hopf algebra. The map
7 QK — QK

given by
PRy I R LRy Py - P Py

forallk; € K, 1 <i <mn, for all n > 0, is an isomorphism of differential
graded coalgebras.

Proof. The inverse of 7/ clearly sends s~ ky|---[s7'k1 to s7 k|- [s Ly,
forall k; € K,1<i<n,foralln>0.

The compatibility of 7/ and 7/~ with the comultiplication Aqx : QK —
QK ® QK is checked using the definition of Ak on n-fold elements of QK ,
involving (p,n — p)-shuffles (see Remark 1.2.10). O

118



Lemma 4.3.20. Let g : H — K be a morphism of co-commutative Hopf
, >0
algebras in Chi". The map

T H ® QK -—-QK ® H
Q(g)otqn Q(g)ota

h@s k|- |s thy = 25 hy| - |sT k1 ® R

1s an isomorphism of differential graded coalgebras.

Proof. Recall that the existence of a differential graded coalgebra structure

on H ® QK was shown in Lemma 4.3.5. The proof of this fact for
Q(g)otq

QK ® H isthe same, up to a symmetry.

Q(g)ota

The co-commutativity assumptions on both H and K play a crucial role
in establishing that 7 commutes with the differentials. Let D denote the
differential on H ® QK and D’ denote the differential on QK ® H.

Q(g)ota (g)ota

For all k; € K, 1 < j < n, we use the notation Ag(k;) = >,k l®k§.. Also,

for all h € H, we use the notation Ay (h) =Y, h; @ h.

We have
roD(h@s k| |5 tky) = T(dH(h)®s_1k1\---|s_1k:n
+h® Y s |- s di(ky)] - |s T
j=1
+h SN ks | s kgrls T R s
1 =1

+ Z +h; @5 tg(ht)|s ™ k] - - - |s_1kn)
= :i:silkn| o |sT ey @ dp ()

+Zﬁ:s‘1k| s~ Ly (k)| - [s ki ® R

+> Z 5 | TR 5T gt [sTT R @ B
1 j=1

+ Z +5 k|- s ks g(hY) @ hy
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= Y skl s (k)| o [sT R @R
j=1

DN skl s ks T R [sT R @R

1 j=1
+5 k|- s ey @dp ()
+> ks ][5 R[5 g(ha) @ B

= D'(s'ky|---|sT 'k ®@h)
D'(t(h®s Yki|---|s7ky)),

forallh e H, k; € K, 1 <14 <mn, and the signs are given by the Koszul rule.
Here we used that kj ®k:§- = j:ké ® kj, for all 7,1, since Ag : K - K® K
is co-commutative, that h; @ h' = £h’ ® h;, for all i, since Ay : H — H® H
is co-commutative, and also that g : H — K is a morphism of coalgebras.
Finally, 7 is an isomorphism of differential graded coalgebras, because 7/
is so, by Lemma 4.3.19. O

It follows from Lemma 4.3.20 that

Qr):QH ® QK)—QQK ® H)
Q(g)ota Q(g)ota

is an isomorphism of differential graded algebras, and this completes Step @.

Step O:

Lemma 4.3.21. Let g : H — K be a morphism of Hopf algebras in Ch=?,
satisfying Convention 4.5.3. The Milgram map (see Remark 1.2.10)

m:QOQK®H) — Q*K @ QH

commutes with the differentials on Q(QK ® H) and on Q*°K ® QH.
Q(g)ota Q%(g)otq
Therefore, it induces a morphism of differential graded algebras

m: Q0K © H)—Q*K © QH,
Q(g)ota Q%(g)otq
which is a quasi-isomorphism of the underlying chain complexes. Here, the

codomain algebra QK ® QH is equipped with the multiplication defined
Q2(g)otq
in Corollary 3.6 in [ | (see Remark 2.1.13).

Proof. Recall that the Milgram map is given on generating elements of
QQK ® H) by

0, if deg(w) > 0,deg(h) > 0,
m(s N w@h)) =< 1®@s'h, ifw=1YheH,
sTtwel, ifh=1,Yuw e QK,
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for all sTH(w®h) € QQK @ H).
We use the notation Ag(h) = 3, h ®ht, for all h € H and Aqg(w) =

> W ®@w’ for all w € QK. The differential on Q(QK ® H), denoted
Q(g)ota
by Dy, is given on s~ H(w®h) € Q(QK ® H) by

Di(sH(w®h)) = —sH(Dog(w)©h) s (wedy(h))
+Zis (w|s™ g(h;) @ ')

ZZ:I:S (wj @ hy)|s™H(w? @ h).

On the other hand, the differential on 9’ K ® QH, denoted by Do, is
Q2(g)ota
given on s 'w® s7'h € Q2K ® QH by

Dy(s'w®@sth) = —s_l(DQK(w))QQs_lh:l:Zs_le\s_le@s_lh
J
+slw® s dy(h) + s_1w®z 57 hlsTH!
+s w|s (s g(h)) @ 1.

In view of the definition of the Milgram map, it suffices to check the com-
patibility of m, D1, D in the following three cases.

e I[f w=1, we have for all h € H
moDi(s{(1@h) = m((—1)s*1(1®dH(h)>
+Z Lg(hi) @ hY)
+ Z deg(h —1(1 ® hi)’8_1(1 ® hz))

= —(1®s tdy(h) = (57 (s (g(n)) ©1)
+Z 1)deeh) ] @ s~ h| s~ A,

and

Dyom(s H(1®h)) = Dy(1®s h)
— (o5 (b))
+ Z deg hl Silhi|871hi

—(s ’1( “Hg(h))) @1).

121



e If h =1, we have for all w € QK
moDi(s M (w®l)) = m<—8_1(DQK(’UJ)®1)
+Z 1)de8() s~ (1, @ 1)|s™ (w]®1))

= —(s7'Dox(w )®1)
+ Z 1)des(@i) =Ly st @1,

and

Dyom(s Hw®1)) = Dy(stw®l)
—(s Dok (w)®1)
—l—Z(—l)deg(wj)s*le]s*le ® 1.

o If deg(w) > 1, and deg(h) > 1, then we can actually suppose that
deg(w) > 1 and deg(h) > 1, because it follows from Convention 4.3.3
that H; = (QK); = 0. We then have Dy o m(s~'(w®h)) = 0 and

moDi(s H(w@h)) = m(_s_l(DﬂK(w)@’h)+(—1)|”‘+18_1(w®dH(h))
Jrz “lvlig—1 w|silg(hi)®hi)

+Z 1)lws 1+ 1hal ks [Jw| s w; @ hy)|s~ (w? ®hi))

= (-1 ) lo]+1 g— 1(’w|s_lg(h))®1
(=D FHRIN (L @ s ) - (s lw e 1)
+(=D) (s we1) - 1@s ' h)
= (-1 )—Iv\+1 —1(w|s—1 (h))@l
+(— 1)|h\+|hllv\+(|v\+l)(|h\ Vs lw®s h
+(=1)P=ts Y (w|sTg(h)) @1
+(=D"(sTw@ s h)
(—1) virtg w®871h—|—(—1)‘”|571w®571h
= 0,

where we wrote |z| for deg(x) for space reasons, and where one should

be careful to use the twisted multiplication - on Q’°K ® QH.
Q2(g)otq

This finishes the proof that

m: Q0K © H)—0PK ® QH
Q(g)ota Q2(g)otq

is a quasi-isomorphism of differential graded algebras. O
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To complete Step @, we apply a version of Zeeman’s comparison theorem
for twisted extensions. Using notation of Proposition 1.2.23, set N = N’ :=
OK, M :=QQK ® H), M :=0K ® QH. The maps v := Idog

Q(g)ota Q%(g)otq
and « := m are appropriately compatible (see Definition 1.2.5) with the
twisting morphisms by definition. It follows from Convention 4.3.3 that QK
is degree-wise k-flat, so Proposition 1.2.23 guarantees that the morphism of
twisted extensions

OK ® QOUK ® H)—QK ® (K ® QH)
Q(7)otgo(nu ® QK) Q(g)otq moQ(T)otgo(ny @ NK) Q2(g)otq

is a quasi-isomorphism in Ch—o, because m is a quasi-isomorphism, by
Lemma 4.3.21.

Step ©: This step is immediate because 7/ is an isomorphism of coalge-
bras by Lemma 4.3.19.

Step O:

Lemma 4.3.22. There is an equality of twisted tensor products of chain
complezes

QK ® (K © QH)=QKe2K ® QH.
moQ(7)otqo(ny @ QK )or! Q2(g)otq to Q2(g)otq

Proof. A careful observation of twisted structures shows that the chain com-

plex QK ® O’K ® QH is identical to the chain complex
Q2(g)otq

QK ® (K ® QH).
(2K ®@nam)ota Q%(g)otq

Secondly, for all k; € K, 1 <i¢<mn,n>1, we have

moQ(1)otqo(ny ®QK)07-’(5*1]<;1‘ . \sflkn) _

= j:moQ(T)oth(nH@QK)( |- s k)
= dtmoQ(r)otq(l®s ky|---|s k1)

= jEmOQ(T)( Y@ s k|- |7 k1))

= m(s” ( 1k1""‘3_1kn®1))

— 5—1(8—1k1,...,3—1kn)®1

= ((PK@nan)ota)(s k| - [s k).

This shows that for any element s 'kq|---|s~ 1k, of length n in QK the
twisting morphism

moQ(t)otqgo(np@NK)or : QK - ’K © QH
Q(g)otq
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is equal to the twisting morphism

(PK ®nqu)otg: QK — QK ® QH
Q2 (g)otq

and preserves the internal order of the s~'k;’s, which finishes the proof. [

Step @: The homotopy equivalence

cok @eqri QK @ Q*K — k[0] ® k[0] = k(0]
Q

is a homotopy equivalence of right Q2 K-modules, where k[0] is equipped with

a trivial Q? K-action. The associated contracting homotopy ¢ : QK ® Q" (QK) —
QK @ Q" 1(QK) is also a homotopy of right Q22 K-modules, by Lemma 4.3.18
(note that QK is a 1-connected Hopf algebra, by Convention 4.3.3). There-
fore,

cok Qe @OH : QK @ K ® QH = QOK;QK;QH) — QH
ta Q2(g)otq

is a quasi-isomorphism by the dual of Proposition 7.8 in | |.

Steps @ through ® follow from Steps @ through @, respectively, by set-
ting K := H and g := Idgy.

At this point, we have established that w/¢*2(H:9k) is o quasi-isomorphism.
Use Proposition 1.4.3 to show that the induced comparison functor (wcoH(H;g:k) )
is a Quillen equivalence. By Lemma 4.3.14, the chain complex Q(A; K; k)hco(Q(H;K?k))
is semi-free as a left Q(A; H;k)-module on a generating graded k-module that
is degree-wise finitely generated. We can therefore conclude that (thOQ(H ?g?k))*
is a Quillen equivalence, as desired.

Part II. We now study the Galois map

Bu: QA K k) ® QA K k) — QA4 K k)@ Q(H; K; k).
Q(A;Hk)

From Lemma 4.3.16 and Corollary 4.3.13 it follows that the domain of
0., is given by

QAK k) @ QA4KLK 2 (A @ QK)® QK
Q(A;H k) Q(g)otq QH

QK)®Y,

IR
N
S®
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where Y is a graded k-module of finite type. On the other hand, the
codomain of (3, is

QAKKkQH Kk = (A ® QK)®H & QK)

Q(g)OtQ Q(g)OtQ

>~ (A ® QK)®H®QH®Y)
Q(g)otn to

~ (A ® QK)eH®QH)oY,
Q(g)ota to

where we use again that QK is QH-semi-free on a graded k-module Y of
finite type, by Corollary 4.3.13. To show that

Boi(A ® QK)OY - (A ©® QK)H®QH)®Y
Q(g)otn Q(g)ota to

is a quasi-isomorphism of chain complexes, one proceeds in two steps.
Observe that H@QH — k[0] and both A and QK are degree-wise k-free.
129)

Thus, (A ® QK)®H®QH)-— A ® QK is a quasi-isomorphism
Q(g)otq tQ Q(g)ota
of chain complexes, so that

H.(A ® QK)=H((A ® QK)®H®QH)).
Q(g)otq Q(g)otq to

~

In the second step one uses that the graded modules (A ® QK)®Y
Q(g)ota

and (A ® QK®(H ® QH)) ®Y are filtered, as they are semi-free on
Q(g)otq lo
Y, which is degree-wise finitely generated. Theorem 1.2.18 gives us two

spectral sequences, converging, respectively, to H,(A ® QK) é Y and to
Q(g)otq

H.(A ® QK®H®QH) QY. Using (), the fact that YV is degree-wise
Q(g)otq to
k-free, and the Zeeman Comparison Theorem 1.2.19, one can conclude that

B is a quasi-isomorphism.

Since we know that 3, is a quasi-isomorphism of chain complexes, we
can apply Proposition 1.5.6 to show that the induced Galois functor (3,
is a Quillen equivalence. Indeed, assumption (3) and Convention 4.3.3 al-
low us to use Lemmas 4.3.16 and 4.3.17 to see that the chain complexes
Q(A; K; k) Q(A®H . Q(A; K;k) and Q(A; K; k) ® Q(H; K;k) are both semi-
free as left Q(A; K;k)-modules on generating graded k-modules that are
degree-wise finitely generated. We can therefore conclude that ((,). is a

Quillen equivalence, as desired. O
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4.4 An example

The purpose of this section is to illustrate the context where our Main Theo-
rem can be applied, through an example coming from the world of simplicial
sets. Let k be a field. Given a simplicial set, one can associate to it a dg-
k-algebra, in a natural way, using the cobar construction on the normalized
chain complex of X. If one puts an extra assumption on X, one can even
obtain a co-commutative dg-Hopf algebra from X. In the same vein, a map
of simplicial sets will induce a morphism of dg-k-algebras. Adding (trivial)
coactions of dg-Hopf algebras to the picture will give us data tying together
into a homotopic Hopf-Galois extension of chain complexes over k and allow
to apply our Main Theorem in this context.

Since this section serves mainly as an illustration of differential graded
Hopf-Galois extensions, we chose to be brief “simplicially speaking”. This
means that we will neither reproduce all of the definitions, nor prove all
of the results concerning simplicial sets and associated constructions here.
For details, we refer the reader to the classical reference | |. Another
good reference is | |, which offers a concise reminder on the relevant
simplicial constructions, as well as establishes some facts that we will use.

We will denote by C, : sSet — Ch]f0 the normalized chain complex
functor.

4.4.1 The simplicial context

Let (sSet, x, %) be the monoidal category of simplicial sets, where the monoidal
product is the categorical product, and the unit is the terminal object.

Any object X € sSet is naturally a comonoid, with comultiplication
given by the diagonal Ax : X — X x X and the counit given by the
unique map to the terminal object ¢ : X — *. Consequently, any map
f € sSet(X,Y) endows X with a right Y-comodule structure

A X
XN xxx L x vy
v

p

Let Y € sSet. It is easy to show that the category Comody is equivalent
to the slice category sSet /Y of simplicial sets over Y (see | |, Section
1.2.1). Recall that objects of sSet /Y are morphisms of simplicial sets with
codomain Y, and a morphism from (f : X — Y) € sSet /Y to (g9 : Z —
Y) € sSet /Y is a morphism of simplicial sets a : X — Z such that the
diagram




commutes.
The next lemma is our first step towards dg-algebras.

Lemma 4.4.1. Let k be a field. For any X € sSet, the normalized chain
complez C.(X) has a structure of a differential graded k-coalgebra.

Sketch of the proof: Let X € sSet. The composite

Cy(Ax) AWx x
_—

C.(X) C.(X x X)

Ci(X) @ Ci(X),

A, (x)

where AWx x : C (X X X) — Cy(X) ® C,(X) denotes the Alexander-Whitney
map, endows the normalized chain complex C,(X) with a natural, coassocia-
tive, and counital comultiplication (see | ])- The unique simplicial mor-
phism € : X — * induces a morphism of chain complexes C,(¢) : Cx(X) —
Cy(*) = R which gives the counit map

ec,(x) : Cu(X) — K[0]
compatible with Ac, (x). O

For any pointed simplicial set X € sSet,, we denote by E(X) the sim-
plicial suspension of X (see | ). The idea is that the simplicial set
E(X) is a “shifted version” of X, where a non-degenerate point was added
in degree 0. A crucial property of this construction is the existence, for any
X € sSet,, of a homeomorphism (| X|) ~ |E(X)| between the topologi-
cal reduced suspension of the geometric realization of X and the geometric
realization of E(X).

4.4.2 Obtaining a co-commutative Hopf algebra from a sim-
plicial set

Remark 4.4.2. Henceforth, we will work in the subcategory of sSet, consist-
ing of (0—)reduced pointed simplicial sets, denoted by sSety. The objects of
sSet( are pointed simplicial sets X such that Xy = {x¢} (i.e., they have only
one 0-simplex), and the morphisms are simplicial maps between them. This
restriction on the nature of simplicial sets will guarantee that an important
connectivity condition holds for associated cobar constructions.

Remark 4.4.3. More generally, a simplicial set X is called r-reduced if
X; = {x;}, for 0 <i <r, for any r > 0. Observe that if X is r-reduced then
its suspension E X is (r + 1)-reduced.

For any simplicial set X that is 1-reduced, the chain coalgebra C.(X)
is 1-connected, so its cobar construction Q(C,(X)) is well-defined and is a
coaugmented dg-k-algebra (see Definition 1.2.2). In | |, a coalgebra
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structure on Q(C, (X)) was defined, for any X € sSety. It is given by the
composite

Yy :=mo@aw o UCL(Ax)) : QCL(X)) = Q(CL(X)) @ QCL(X)),

and extended to an algebra morphism. Here @4y is the natural quasi-
isomorphism of chain algebras realizing the strongly homotopy coalgebra
map structure of the Alexander-Whitney map

AWX7X : C*(X X X) — C*(X)®C*(X),

and m denotes the Milgram map (see Remark 1.2.10).

This coalgebra structure is compatible with the algebra structure on
Q(C(X)) and makes Q(C,(X)) into a Hopf algebra. Let G denote the Kan
loop group functor (see | |). Theorem 4.4 in | | establishes that
there exists a quasi-isomorphism Q(C,(X)) — C.(G X), which is a map of
differential graded algebras, and a map of differential graded coalgebras up
to strong homotopy.

Remark 4.4.4. Let k be a field. Lemma 3.1 1in | | shows that for any X €
sSety, the differential graded k-coalgebra C, E(X) is primitively generated
(see Reminder 1.2.1), and thus is co-commutative.

Remark 4.4.5. Theorem 4.9 in | |, applied in the case K := E X, and
Remark 4.4.4 imply that the cobar construction Q(C,E?(X)) on the nor-
malized chains of the double suspension of X will have a primitively gen-
erated coalgebra structure. Being primitively generated, Q(C,E?(X)) is a
co-commutative Hopf algebra in Ch]fo. Therefore, the above construction
gives us an example of how graded co-commutative Hopf algebras can arise,
starting from a reduced simplicial set.

It follows that any morphism of reduced simplicial sets f : X — Y
induces a morphism of co-commutative Hopf algebras

Q(CLE(f)) : Q(CLE*(X)) — Q(C.E*(Y)).

Moreover, since X and Y are reduced, the coalgebras, underlying the associ-
ated cobar constructions Q(Cy E?(X)) and Q(C, E*(Y)), are 1-connected. It
then follows from Proposition 2.20 in | | that the colagebra map, under-
lying the map of Hopf algebras Q(C, E2(f)) : Q(C. E*(X)) — Q(C.EX(Y)),

is conormal (see Remarks 4.3.8 and 4.3.9).
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4.4.3 An example of application of Theorem 4.3.6

We start with the following simplicial data, organized into a commutative
diagram in sSet

W Vv
N e )
E2(x) L g2(y),

where * : W — E?(X) denotes the constant map, sending all w € W, to the
basepoint of E2(X). More precisely, f : X — Y is a map of reduced simplicial
sets, inducing a map on double suspensions E2(f) : E*(X) — E2(Y). The
map ¢ : W — V is a morphism in the slice category sSetq /E?(X), between
¥ : W — E*(X) and ¢ : V — E*(X). As observed in Section 4.4.1, this
implies that V € sSetg is a E*(X)-comodule with coaction

A 1%
VoV v x v S Y B2 (X)
v

)
and that W € sSet has a trivial E*(X)-comodule structure

A *
W= W x W L W< B2(X).
\\\wﬂ
p

We now apply Theorem 4.3.6 to this situation.

Corollary 4.4.6. Let k be a field. Consider the following commutative dia-
gram in sSetg.

w Vv
N ©
B2(X) L EA(Y)

Suppose that

(a) the map f : X — Y is an inclusion of simplicial sets, where X is
reduced, and'Y is 1-reduced, such that for allm >0, (Y/X),, has finite
number of non-degenerate simplices;
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(b) the map ¢ : W — V is an inclusion of reduced simplicial sets, such that
for alln >0, V,, has finitely many non-degenerate simplices;

(c) the map Q(Cx(Q)) : QCL(W)) — Q(C.(V)) is a homotopic Q(C, E*(X))-
Hopf-Galois extension in Chﬂfo.

Then the map

QC.V @ Q2C.E? f:QC,V @ Q*C,E* X — QC.V @ Q*C,E*Y

to to to
in the commutative diagram

QO W ac¢ QC.V

QC,.V @ O2C, E? Xc "X Q0. V @ 02C, E? X @ QC,E2 X
to to to

QC.VRO2C,LE? f QCLVROW2CLE?2 fQQCLE2 f| o,
tQ to to -

QC.V @ OVC.E*Y . _QC.V®0C.E*Y ® QC,E*Y
to to 2]

tQCcy B2y

(where we chose to omit all parentheses for space reasons) is a homotopic

Q(C,EX(X)) 7(523 Q2(C.E2(Y))-Hopf-Galois extension in Chfo.

Proof. We use the notation of Theorem 4.3.6 (however, note that the letter
X has a different role now). It will become clear that the diagram in the
statement of this theorem is of the same form as the diagram (* *) in Section
4.3.1.
Set
H := Q(C,E*(X)) and K := Q(C.E*(Y)).

From Remark 4.4.5 it follows that the map f: X — Y induces a morphism
g 1= Q(C.EX(f)) : QC.EX(X)) — Q(C.EX(Y))
of co-commutative Hopf algebras in ChﬂfO that are
- l-connected, because X and Y are reduced;
- degree-wise finitely generated, by assumption (a);
- and Q(C,E3(Y))y = 0, since Y is 1-reduced.
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This shows that the Hopf algebras H and K satisfy Convention 4.3.3. Ob-
serve that the inclusion f : X < Y induces an inclusion

(9: H— K) = Q(CLE2(f)) : Q(CLE*(X)) — Q(CLE*(Y))

of dg-coalgebras in Ch]fo. Thus, condition (2) of Theorem 4.3.6 holds.
Furthermore, set

B :=Q(C.W) and A= Q(C. V).
The map ¢ : W — V induces a morphism
(p:B—=A) = QC(Q) : QCLW)) — QC(V))

of differential graded k-algebras, where Q(C,(W)) has a trivial Q(C, E*(X))-
structure and Q(C4(V)) has an Q(C, E*(X))-structure p given by the com-
posite

Id ® Q(C+€)
_—

QCL(V)) 2% Q(CL(V)) @ QUCL(V)) Q(CL(V)) ® Q(C, EX(X)).

Recall Notation 1.1.7. It follows from assumption (b) that there is an
isomorphism §C (V') = 1C(W) & §C(V/W) of graded k-modules, and that
1C« (W), 1C« (V) are degree-wise k-free and finitely-generated. Moreover, the
differentials on the free algebras Q(Cy(V)) = T(s7HC (W) @ s~ 150, (V/W))
and Q(C,(W)) = T(s715C(W)) satisfy the condition of Proposition 4.3.11.
So, Q(C,(V)) is semi-free as a left Q(C,(W))-module, on a generating graded
k-module that is degree-wise finitely generated. Thus, condition (1) of The-
orem 4.3.6 holds, as well.

Finally, since H"°K .= Q(H; K;k) = Q(C,E3(X)) ® Q*(C.E3(Y)), it

to

follows from Theorem 4.3.6 that the map

Q(C,V) ® Q2 (CLE2(f)) : Q(C,V) ® Q?(C,E2X) — Q(C,V) ® QO (C,E%Y)

is a homotopic Q(C, E?(X)) ® Q?(C, E*(Y'))-Hopf-Galois extension of chain
to

complexes. ]

We now give an example of reasonable conditions on the simplicial data
in the diagram ([J) that will imply hypothesis (¢) of Corollary 4.4.6.

Example 4.4.7. Suppose we are given the following data:
e (G, a simplicial group,

o W € sSet of finite-type, equipped with a right G-action r : W x G —
W,

e 7 € sSetg of finite type, and
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e 7: 7 — (5, a twisting function.

Denote by WG the Kan classifying space of G (see | ]) and consider
the pullback

GxZ .G x WG

Z———=Ta

of the universal G-bundle G x WG — WG along the map 7 : Z — WG,

vg
induced by the couniversal twisting function vg : WG — G in the commu-
tative diagram

7z
37 l
Wae —2-G.

Now,set V=W x,Z:=W® (G x Z), ie.,
G T

V:zcoequal(WXGXG>7<Z LXGxZ WXG>T<Z)_

W xmagxZ

We then obtain a commutative diagram of reduced simplicial sets

WV =W x, Z

S

Z,

where both W and V' are of finite type. By Corollary 4.3.13 it follows that
QC.V = QC;W%U is semi-free as a left QC,W-module on a generating
graded module U of finite type. One can then show that the induced map
of dg-k-algebras

QCL(C) : QCW — QC.V

is a homotopic QC, Z-Hopf-Galois extension in Chfo.

Let us briefly sketch the main steps of the argument. To show that
QC,(¢) is a homotopic QC\ Z-Hopf-Galois extension, it suffices to show that
inc, () @ QCW — (QCV)heo@C-2) and Boc, ) + QCV @ac,w QCV —
QC,V ®QC.Z are quasi-isomorphisms, using the semi-freeness hypothesis
on 2C.V. Note also that the existence of a Hopf algebra structure on QC,Z
is guaranteed because Z € sSet (see Section 4.4.2).
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We have

(QC,V)heolC-2) =~ QC.V @y, Q*C.Z
~ QCW @y, QC.Z @, Q*CZ
QC,W.

using that
QC.V =QC(W x Z) — QC. W g@ QC,Z,
T Q

which is a consequence of Thm 3.15 and a generalization of Thm 3.16 in |?].
This implies that the comparison map is igc, () is @ quasi-isomorphism.

Because QC.V = QC W <§> U is semi-free as a left QC,W-module, there
is a commuting diagram of QC,W-modules

QCW @y, 0C.Z

/

QC.Ww =
\

QC.W & U.

Using semi-freeness over QC,. W, we will have
(QCW @1, QCLZ) @ (QCW @4, QC.Z) S (QCW @U) ® (QC,W @ U),
QC. W QC W

ie.,

OCW @,4(QC.Z @ QC.Z) = QO,W &(U @ U)

~

QC.VeQC.~Z

which will imply that the Galois map Bqc, (¢) is a quasi-isomorphism, too.

Remark 4.4.8. To apply Corollary 4.4.6 to the simplicial context of the pre-
vious example, one needs to restrict to Z := E? X and to consider a map of
simplicial sets E? f : E? X — E?Y, where both X, Y € sSetq are of finite
type.

Remark 4.4.9. We started this chapter with a review on the classical Galois
correspondence for fields, and John Rognes’s analog of it for ring spectra was
our motivating starting point. We will end it with a very brief remark on
(Hopf)-Galois correspondence results in other contexts.

The Galois correspondence holds for Galois extensions of commutative
rings, if the codomain ring is connected (i.e., if its only idempotents are 0
and 1). More precisely, given a G-Galois extension of commutative rings
«a: R<— S, with S connected, there is a bijection of sets

{separable sub-R-algebras of S} «— {subgroups of G},
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(see Theorem 2.3, | ). (An R-algebra A is called separable if it is
projective as a module over A ®p A, with action given by (a® a’) -z := azxd’,

for all a,a,’z € A).
A detailed discussion on various attempts to establish a Hopf-Galois cor-

respondence for classical Hopf-Galois extensions of algebras can be found in
§6 in | |.
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Chapter 5

Perspectives

As a follow-up to this work, one could consider the following open questions.

e Can one obtain an analog of Theorem 4.3.6 if the hypotheses on the
Hopf algebras H and/or K are relaxed, e.g., if they are not assumed
to be co-commutative?

e How one should proceed if one desires to establish the other direction of
the homotopic Hopf-Galois correspondence in Chfo? More precisely,
the question to answer would be the following.

If ¢ : Triv(B) — A is a homotopic H-Hopf-Galois extension, such

that the underlying morphism factors as B — C % A, when is ¢/
a homotopic H'-Hopf-Galois extension, and what the associated Hopf
algebra H' is exactly?

Note that in the classical Galois case, as well as in the Hopf-Galois
case, this direction of the correspondence is more difficult to establish
(see Chapter 6 in | ).

e Another interesting topic will be to explore the relation of homotopic
Hopf-Galois extensions with localization and Quillen homology.

o It will be interesting to see whether and how it is possible to establish
results similar to Propositions 3.2.7 and 3.3.5 and to Theorem 4.3.6
in other contexts, e.g., working in a simplicial monoidal category, in
a monoidal dg-category, in a monoidal category enriched over spectra,
or in a monoidal category enriched over a model monoidal category V.
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